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ABSTRACT

Let T = IR/Z be the written additively circle group and u =
(un) be a sequence of integers. Many authors in various areas
of Mathematics gave their attention to the following subgroups
of T and their subsets

ty(T) ={x €T | u,x — 0}.

These subgroups are known with various names, here I refer
to these subgroups as topologically u-torsion subgroups, because
of their strong connection with torsion subgroups. Here, be-
sides these subgroups in the circle group, I consider their nat-
ural generalization for an arbitrary topological abelian group,
with particular attention to the compact case: for a topologi-
cal abelian group X and a sequence of characters v = (vy,) the
following subgroup

sy(X) ={x € X|vn(x) = 0}

is called characterized subgroup.

Here I present some of my research results. In particular, I
give a complete description of the subgroups t,(T) where u
is an arithmetic sequence, that is a strictly increasing sequence
where un|un 41 for every n € IN. I give also some new results
on the study of the Borel complexity of these subgroups, both
in the compact case and in the circle group. Moreover, I present
a structure theorem for the subgroups that admit a finer locally
compact Polish group topology. The latter is a sufficient condi-
tion for a subgroup to be characterized. Furthermore, I give a
complete description of closed characterized subgroups in arbi-
trary topological abelian groups and various useful reductions
to the metrizable case. Presenting these results, I take the op-
portunity to give an exhaustive description of the state of the
art in this topic and to show some applications to other areas of
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Mathematics, with the aim of providing a useful handbook to
an expert audience and a starting point for potential research
purposes to non-expert users.
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INTRODUCTION

MOTIVATIONS AND HISTORY
Motivations

Let (un) be a sequence of integers and let x € [0, 1] be a real
number. The behaviour of the sequence of multiples (u,x), con-
sidered modulo 1 (see [67]), has deep roots in many branches of
Mathematics as Number Theory, Analysis, Dynamical Systems
and Topology.

Recall that a sequence of real numbers (xn) is said to be
uniformly distributed mod 1 if for every [a, b] C [0, 1) one has

w10 <y B} e [a bl

n—o0o n

—b—a,

where {x;} is the fractional part of x;. For every u = (u) € ZN
the set

Wy ={x € [0,1] | (unx) is uniformly distributed mod 1}

is obviously contained in [0, 1] \ Q. According to a celebrated
theorem, proved by H. Weyl in 1916, Wy, = [0,1]\ Q if u =
(p(n)) and p(x) € ZI[x] is a polynomial, whereas p(Wy) =1 for
every one-to-one sequence u € ZN.

On the other hand, if x € [0,1]\ Q then x ¢ W, for appro-
priate u. Indeed, it is well known in Number Theory that if ~>

n

are the convergents of the continued fraction expansion of «,
then |[un«x|, — 0," so & ¢ Wy. Moreover, Larcher proved in
1988 that if the continued fraction expansion of x € R\ Q is
bounded, then

{B €R|[[unBlz — 0}, (1)

1 where || ||, is the distance from the integers .
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coincides with the subgroup (x) + Z of IR, generated by o and
Z, (for more details see Subsection 4.4). This aspect of the distri-
bution of the multiples (unx) (given by (1)), notoriously “com-
plementary" to the uniform distribution, is the backbone of the
present Thesis.

Instead of using the fractional part {x;} and working modulo
1, as done above, one can conveniently work in the circle group
R/Z =T making use of the canonical projection : R — T (in
these terms, one has u,7t(3) — 0 in (1)).

In Harmonic Analysis the behaviour of the sequence of mul-
tiples (unx), (more precisely, the various ways the sequence
may converge to 0) is related to various sets of convergence of
trigonometric series (see Chapter 6 for more details).

In Topology, the behaviour of the sequence (unx), for x € T,
is closely related to two relevant issues. One is related to Haus-
dorff group topologies with or without non-trivial convergent
sequences (for more detail see Chapter 7, where the connection
to the relevant notion of T-sequences is given). As a precur-
sor to the other aspect, the following fact proved by Markov
in [74] can be pointed out: for every sequence u in Z there
exists a Hausdorff group topology T on Z such that the set
U ={uy : n € N}is dense in (Z, ) (i.e., U is potentially dense
[74]). Apparently, Markov was unaware of Weyl’s theorem that
easily provides c-many such topologies by dense embeddings
in T. Recent developments in this line (leading to a complete
solution of Markov’s problem on the description of the poten-
tially dense sets) can be found in [43].

In Topological Algebra the behaviour of the sequence of mul-
tiples (unx) in a topological abelian group is related to topolog-
ically torsion subgroups, as described in the next subsection.

Towards the Definition of Characterized Subgroup
Another precursor of the notion of characterized subgroup is

the generalization of the notion of torsion subgroup. Recall that
an element x of an Abelian group is torsion if there exists k € IN
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such that kx = 0. Braconnier [21] and Vilenkin [84] introduced
independently the notions of topologically torsion and topologi-
cally p-torsion groups, fundamental tools for the study of locally
compact abelian groups.

Definition. A topological abelian group X is said to be
* topologically torsion if n!x — Ox, for every x € X;
* topologically p-torsion if p™x — Ox, for every x € X.

Braconnier and Vilenkin refer to these groups by different
names. The names used here were introduced for the first time
by Robertson in [83].

Later, Armacost in [3] defined the following subgroups of a
topological abelian group X,

Xp ={x e X[p"x = 0} and X! ={x € X | n!x — 0}.

Armacost described Ty, and posed the problem to describe T!.
These notions were unified in the monograph [41], where the
authors introduced, for a sequence q = (qn) of natural num-
bers with g, > 2 for every n > 1, the subgroup

Xq ={x € X|unx — 0},

where un = qoq1 --- qn. Clearly, X,, = Xq for q = (p)n and
X! = Xq for q = (n+ 1),. The first results on the groups
Xq for X = T can be found already in [41, §4.4.2], providing,
among others, a partial answer to Armacost problem. A com-
plete solution of Armacost problem was given by Borel [20],
and independently also in [31]. The latter paper contains also
an attempt to describe the subgroup T4 of T for an arbitrary se-
quence q = (qn). The gap left in [31] was filled in [36], where
a complete description of T4 can be found.

In [29] Dikranjan defined the topologically u-torsion subgroup
tu(X) of a topological abelian group X for an arbitrary sequence
of integers u € ZY in the following manner.
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Definition ([29]). Let X be a topological abelian group and u =
(un) € ZN. The subgroup of X defined by

tu(X) ={x € X | unx — 0}.

is called topologically u-torsion subgroup of X.

Let
t(H) = ﬂ {ta(X) lu € ZN and H < tu(X)}.

and call a subgroup H of a topological abelian group X t-closed
(resp. t-dense) if t(H) = H (resp., t(H) = X). Every topologically
u-torsion subgroup is obviously a t-closed subgroup. Some
groups have only trivial t-closed subgroups ([29, Example 4.11]);
in particular, this holds for the reals R and the group J,, of p-
adic integers:

Example. If X is either R or J,,, then H < X is t-closed if and
only if H ={0}or H =X.

Some results on t-closed subgroups and topologically u-torsion
subgroups can be found also in the Master Thesis of R. Di Santo
[28]. Bird, Deshouillers and Sos [17] proved that every count-
able subgroup of the circle group is a topologically u-torsion
subgroup for an appropriate u. These authors conjectured that
the result could be extended to all compact abelian groups, but
they did not give any explicit hint for a suitable generalization
of the notion of topologically u-torsion subgroup. The necessity
of an appropriate generalization became clear from the follow-
ing surprising theorem.

Theorem ([32]). The only non-discrete locally compact group such
that every countable subgroup is t-closed is the circle group.

The relevant generalization of the notion of topologically u-
torsion group for an arbitrary topological abelian group X was
given in [40], making use of sequences of characters of X, i.e.,
sequences v = (vy ) in the Pontryagin dual X of X (see §A.3.2).
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Definition ([40]). Let X be a topological abelian group. For a
sequence of characters v = (v,) in X let

sy(X) ={x € X|vn(x) — 0}.

Then sy (X) is a subgroup of X. A subgroup H of X is said to
be characterized if H = sy(X) for some sequence v = (vn) of
characters of X. We also say that v characterizes H or that v is
a characterizing sequence for H. Furthermore, let €har(X) denote
the class of all subgroups of X that are characterized.

As T = Z, for u € ZN the subgroup ty(T) of T coincides
with the subgroup sy(T) where the sequence v is formed by
the characters of T defined by vy, : x — unx.

This notion of characterized subgroup is the main topic of
this thesis.

Some historical background on characterized subgroups

We recall here briefly some of the most relevant known re-
sults about characterized subgroups, others can be found in
the main body of the thesis. In doing this we use the numer-
ation of theorems, definitions, etc. from the main body of the
thesis, so that the reader can easily find the theorem, definition,
etc. in the main text.

Eggleston [45] found a remarkable connection between the
behaviour of the sequence of ratios q" = (qn) = (u?:] ) and the
cardinality of t,(T). Call a sequence u € ZN q-bounded (resp. q-
divergent) whenever q" is bounded (resp. whenever q,, — 0).
Then one can formulate the Eggleston Theorem in the follow-

ing way:

Theorem 4.1.11. Let u € ZN, then the following hold.
(1) If uis q-bounded, then |ty (T)| = Ny,

(i1) if w is q-divergent, then |ty (T)| = c.
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A strong impact on this topic had the paper of Raczkowski
[82], where she proved (unaware of the stronger result of Eggle-
ston) that [t,(T)| = c if the sequence u satisfies qn, > n for every
n. She also asked if there exist (Haar-)measure-zero subgroups
of T which are t-dense in T (according to a more general the-
orem due to Comfort, Trigos and Wu [26] if H is a non-(Haar)-
measurable subgroup of T, then H is t-dense in T). A posi-
tive answer, assuming Martin Axiom, was given in [7], where
2°-many such subgroups were constructed (these authors, un-
aware of Eggleston Theorem, provided also a new proof of that
theorem). More generally, and without additional set-theoretic
assumptions, Hart and Kunen, in [57], showed that every com-
pact non-totally disconnected group contains a Haar-null sub-
group that is t-dense. This result was generalized in [9], where
every non-discrete locally compact abelian group was shown
to contain a Haar-null subgroup that is t-dense.

As mentioned above, Biro, Deshouillers and S6s proved that
every countable subgroup of T is characterized and asked for
a generalization of this result to arbitrary compact metrizable
abelian groups. It was first proved by Dikranjan, Milan and
Tonolo [40] that every cyclic subgroup of a maximally almost
periodic (briefly, MAP) topological abelian group is an inter-
section of characterized subgroups (and this property charac-
terizes the MAP groups). This result was later extended by
Lukacs in [72] to all countable subgroups of compact metriz-
able abelian groups. Finally, Beiglbock, Steineder and Winkler
[14] and Dikranjan and Kunen [39] independently proved the
following theorem thereby resolving the problem of Bir6, De-
shouillers and Sos:

Theorem 1.2.1. Every countable subgroup of a compact metrizable
abelian group is characterized.

Moreover, inspired by Eggleston Theorem, Beiglbock, Steine-
der and Winkler proved that every countable subgroup of T
can be characterized by means of a q-bounded sequence (see

[14]).
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Bir6 [16] and Gabriyelyan [52] independently noticed that a
necessary condition for a subgroup of a compact metrizable
group to be characterized is the polishability. A polishable sub-
group of a Polish group is a subgroup that admits a (unique)
finer Polish group topology. Extending ideas already used by
Bir6 and Gabriyelyan, the following metric p, was introduced
in [33] on a compact metrizable abelian group X. This metric,
when restricted to the characterized subgroup sy (X), gives rise
to a finer Polish group topology of sy(X) denoted by py.

Definition 2.1.9. Let X be a compact metrizable abelian group, & be
a compatible metric on X and v = (vy) be a sequence of characters of
X. Let x,y € X and

pv(x,y) = supid(x,y), d(vn(x), vn(y))})
nelN

Gabriyelyan [52] proved that for a characterized subgroup of
a compact metrizable group the topology py is also locally quasi-
convex (see Definition A.3.8). A natural class of locally quasi-
convex groups is that of the locally compact ones. Answering
a question of Gabriyelyan [53], Negro [76] proved that every
subgroup of a compact metrizable abelian group that admits
a finer locally compact Polish group topology is characterized.
This provides the only, so far, sufficient (but not necessary) con-
dition for a subgroup to be characterized. For a compact metriz-
able group X, denote by Pol.(X) the class of the subgroups of
X that admits a finer locally compact Polish group topology.

Characterized subgroups in the non-compact case were stud-
ied by Borel [19], who proved, among others, that all countable
subgroups of R are characterized.

MAIN RESULTS AND CONTENTS OF THE THESIS
This Thesis is divided in three parts and an Appendix. The first

part gives the main properties of characterized subgroups for
arbitrary topological abelian groups with particular attention
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to locally compact abelian groups. The second part is focused
on the circle group, where this notions were introduced and
were the research gave the most relevant results. The third part
presents applications related to characterized subgroups. The
Appendix contains the necessary background in general topol-
ogy and topological groups theory.

The transversality of this topic led to the natural fragmen-
tation of the research on this general topic in various distinct
areas. As a result, many relevant facts were observed and re-
sults were obtained simultaneously (or at least independently)
by several authors. One of the aims of this thesis is to try to fill
this gap by providing an as complete global picture as possible.
To this end we include, among others, many known related re-
sults providing a brief survey on various subtopics (this applies

in full measure to Chapter 4 and to a certain extent to Chapters
6 and 7).

Part I: Characterized subgroups of topological abelian groups

Chapter 1 deals with basic properties of the characterized sub-
groups in the general case of arbitrary topological abelian groups.
In §1.1.1 we isolate three special types of characterized sub-
groups H = sy (X) of a topological abelian group X:

* T-characterized subgroups (when v is a T-sequence in X);

¢ K-characterized subgroups (when v is a one-to-one se-
quence);

* N-characterized subgroups (when H has the form H =
ny(X) =, en kervn).

The K-characterized subgroups were studied by Kunen and
coauthors [DK ,HK1,HK2], while T-characterized were recently
introduced by Gabriyelyan [55]. Obviously, T-characterized sub-
groups are also K-characterized. The N-characterized subgroups,
being annihilators of countable subsets (subgroups) have long
been known and used in duality theory of abelian topological
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groups. They are obviously closed. These are the immediate
implications between these three classes. The remaining non-
trivial connections are thoroughly examined in Chapters 1 and
7.

In §1.1.2 some general properties are given, e.g. character-
ized subgroups are 55 subgroups of index < ¢, as well as the
related discussion of measurability with respect to the Haar
measure when the environment group X is compact.

In §1.1.3 we study the K-characterized subgroups and the
behaviour of characterized subgroups under continuous homo-
morphisms. In the latter direction we show that the inverse im-
age of a characterized subgroup is a characterized subgroup.

As far as the former direction is concerned, we note that the
dense characterized subgroups are K-characterized (see Chap-
ter 7). Therefore, we focus on finding sufficient conditions for
a closed characterized subgroup to be K-characterized. In The-
orem 1.1.22 we show that if H is a dually closed subgroup of a
topological abelian group X, such that X/H has infinite separa-
ble dual, then H is a K-characterized subgroup of X. Let us give
a corollary of this general result covering two opposite case: if
H is a closed characterized subgroup of an abelian topological group X
of infinite index [X : H|, then H is K-characterized in case X is either
compact or discrete (corollaries 1.1.23 and 1.1.24). In particular,

* a closed characterized subgroup H of a compact abelian
group is K-characterized if and only if H is not open.

e every closed non-open subgroup of a compact metrizable
abelian group is K-characterized.

In §1.1.4 we describe the N-characterized subgroups of a
topological abelian group. More precisely, we prove the follow-
ing theorem.

Theorem 1.1.29. Let X be a topological abelian group and H < X.
Then the following are equivalent.

(1) There exists a continuous injection from X/H into TN.

(i1) H is an N-characterized subgroup of X;
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(ii1) H is closed and Gg in Tiv) for some v € )A(N;
(iv) H is closed and G5 in the Bohr topology of X.
If these equivalent conditions hold, then [X : H] < c.

As a consequence of Theorem 1.1.29 one obtains the follow-
ing theorem in the case X is locally compact showing, among
others, that closed characterized subgroups of the LCA groups
are N-characterized.

Theorem 1.2.4. Let X be a locally compact abelian group and H < X.
The following are equivalent:

(1) His a closed characterized subgroup of X;
(i1) H is an N-characterized subgroup of X;
(111) His a closed Gg subgroup and [X : H] < c.

Then we prove another relevant result namely, the reduction to
locally compact metrizable abelian group. More precisely, we gen-
eralize some results from [33] previously proved for compact
abelian groups. These generalizations allow for the following
reduction:

Theorem 1.2.5. A subgroup H of a locally compact abelian group X
is characterized if and only if H contains a closed Gs subgroup K of
X such that H/X is a characterized subgroup of the locally compact
metrizable abelian group X/K.

The last part of Chapter 1 introduces particular subgroups
useful for the study of the structure of characterized subgroups.
One of these kind of subgroups are the countable modulo compact
metrizable (briefly CCM), i.e. subgroups H of X such that there
exists a compact metrizable subgroup K < H of X such that
H/K is countable. In this chapter prevails the tendency to study
characterized subgroups of not necessarily compact (or even
compact-like) groups. Indeed, a great deal of the results are
obtained in maximum generality.

The structure of subgroups in Pol;.(X) is described in Chap-
ter 2:
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Theorem 2.2.17. A subgroup H of a compact metrizable group X
belongs to Pol\.(X) if and only if there exist a CCM subgroup Ho of
H and injective continuous images Ry, ..., Ry of R in X such that

H=R{ &Ry ®---® Ry D Hp.

Moreover, the only infinite compact metrizable abelian group
X, such that the only proper subgroups in ‘Pol.(X) are the
countable ones, is the circle group:

Theorem 2.2.24. Let X be an infinite compact metrizable abelian
group. Then the following are equivalent:

(i) X=T,
(11) whenever H € Pol.(X) and H # X, then H is countable.
(111) whenever H is a proper closed subgroup of X, then H is finite.

Chapter 3 discusses the Borel complexity of a characterized
subgroup of a compact metrizable abelian group, i. e. the “low-
est” class in the Borel Hierarchy where such a set belongs to.
In particular, the following test topology is introduced.

Definition 3.2.2. Let v be a sequence of characters of a compact
metrizable abelian group X = (G, t) and ©J be the group topology on
G with neighbourhood filter at O generated by

{Wn =B, (0)Ine N},

where M denotes the closure in (G,T) of a subset M of X and py is
as in Definition 2.1.9.

We refer to 1y as the Js-test topology with respect to the se-
quence v. This term is motivated by the following useful crite-
rion:

Theorem 3.2.4. Let X = (G, T) be a compact metrizable abelian
group and v € XN, Then

sy(X) € Fo(X) <= s¢(X) € 1.
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By means of the J;-test topology Ty one can describe when
sy(X) is countable.

Theorem 3.2.5. Let X be a metrizable compact abelian group and
v e XN, Then the following are equivalent:

(i) sy(X) is countable;
(i1) Ty is discrete;
(111) T3 1s discrete;
(iv) Ty ls,(x) I8 discrete;
(v) py is discrete.

Since sy(X) is a Borel set, (i) is equivalent also to | sy (X)| < «¢.
Moreover, we describe when the metric topology T,y on X
induced from the metric py defined in Definition 2.1.9 is Polish.

Corollary 3.2.8. If X = (G, ) is a compact metrizable abelian group
and v € XN, then the following are equivalent:

(i) (X, Ty) is Polish;
(i) T = Ty,
(i11) sy(X) is T-open;

(1v) v has no faithfully indexed subsequences and every character
that appears infinitely many times is torsion.

Part II: The circle group

This part is focused on characterized subgroups of the circle
group where this notion coincides with the notion of topologi-
cally u-torsion subgroup. Therefore, in the circle group one has
an additional powerful tool for the study of characterized sub-
groups, namely the sequence of ratios q* = (qn) = (=*7). In
Chapter 4 is a survey on known results on general sequences

and recursive sequences of integers.
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In Chapter 5 we consider strictly increasing sequences of inte-
gers u = (un ) such that un|u,41 for every n € IN, called arith-
metic (or briefly, a-sequences). For these sequences it is possible
to write an element of T, identifying it with its unique preim-
age in [0, 1) via canonical projection in the following manner.
Let u be an a-sequence, let q = (qn) be its sequence of ratios
and o € [0,1). Then there exists a unique sequence (c,,) € NN
such that 0 < ¢y < qn for every n € IN,

v Con
=) ™~ (5.1.1)
n=0

and cn < qn — 1 for infinitely many n. We call (5.1.1) u-repre-
sentation of x and supp,(x) = {n € IN | cn # 0} the u-support
of x. Call a subset of A C IN q-bounded (resp. q-divergent) if
{gn : . € A} is bounded (resp. {qn : n € A} diverges).

For an a-sequence u we provide in Theorem 5.1.6 a complete
description of ty(T) in terms of the u-representation of its ele-
ments. In case the sequence u has the splitting property, i.e. it
can be partitioned in a gq-bounded part and a g-divergent part,
Theorem 5.1.6 can be stated in a more transparent way (see
Corollary 5.2.13). As the theorem is somewhat heavy, we give
below only some of its corollaries.

Corollary 5.2.2. Let x € T. If supp(x) is q-bounded, then x €
tu(T) if and only if c, = O for almost all m € IN.

In other words, when supp(x) is q-bounded, x € t,(T) if and
only if x has a finite u-representation (in particular x is torsion
and its order divides u, eventually).

Corollary 5.2.4. If x € T has q-divergent support, then x € ty(T)

whenever limy, cgupp (x) f]—“ = 0in R.
n

Corollary 5.2.6. If x € T and IN is q-divergent, then x € ty(T) if

and only if lim,, cqupp (x) g—z —0inT.
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Part III: Applications, related arquments and open questions

This part contains some applications and related results about
characterized subgroups.

The term “thin sets”, used in Chapter 6, refers to particu-
lar (measure zero) sets studied in Harmonic Analysis. Some of
these sets are related to the sets of unigueness of a trigonomet-
ric series, i.e. sets were a trigonometric expansion of a peri-
odic function has a unique representation. The notions of D-set
end A-set are closely related to the notion of characterized sub-
group of T. One can define these sets as follows.

Definition. A set E C [0, 1] is

e an Arbault set (briefly, an A-set) if there is an increasing se-
quence of positive integers u = (Un )neN such that

limsinmmu,x =0 forall x € E,
i.e. ||lunx||y — O pointwise on E.

* g Dirichlet set (briefly, a D-set) if there is an increasing se-
quence of positive integers u = (Un )neN such that

(sinmun X )neN converges uniformly to0 on E,

i.e. ||lunx||y — O uniformly on E.

One can extend these notions for subsets E of the circle group
T,i.e. E C T isa D-set if there exists an increasing sequence of
positive integers u such that uyx — 0 uniformly on E.

Clearly, a set E C T is an A-set if and only if E C t,(T)
for some increasing sequence of positive integers u. On the
other hand every D-set is an A-set, but one can prove that an
infinite subgroup of T is not a D-set. In particular this chapter is
focused on a particular kind of sets in [0,1) (as well as their
counterparts in T) defined as follow.

For a subset L of N and an a-sequence u, let K} ={x € [0, 1) :
supp,(x) € L}. According to a result of Marcinkiewicz [73], the
subset K} is a D-set whenever u = (2™) and L is non-large, i.e.
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for every finite F C IN one has L + F # IN. We extend this result
as follows:

Proposition 6.2.6. Let u be an a-sequence, and let L be a non-large
set, then K{ is a D-set and nt(KY{) C t(T), where u* is a subse-
quence of u.

Moreover, we show that this statement can be inverted in
case u = (q") for a positive integer q. In a forthcoming paper
[6] a complete characterization of the sets of the form K} that
are D-sets is obtained when u is an arbitrary a-sequence.

The study of the sets K} gives also the possibility to answer
a question posed in [7], namely:

Theorem 6.2.8. If u is an a-sequence, then there exist v, w C u such
that ty(T) 4+ tw(T) = T.

Chapter 7 is dedicated to another relevant application of
characterized subgroup, namely a better understanding of the
presence of non-trivial convergent sequences in precompact
group topologies.

Definition. Let G be an abelian group. A sequence v in G is called
a

* T-sequence if there exists a Hausdorff group topology t such
that v = 0 ([81]).

e TB-sequence if there exists a precompact group topology T
such that v = 0 ([40]).

The notion of a T-sequence, introduced 25 years ago, turned
out to be a formidable tool in the part of the topological group
theory involving convergent sequences (see [5], [50]-[55],[71],
[77]). The motivation to introduce TB-sequences comes from
the fact that the TB-sequences are T-sequences and are much
easier to come by (as the result below shows).

The relation between characterized subgroups and TB-sequen-
ces comes out by the following fact. If G4 is an abelian group
equipped with the discrete topology and Ty is the initial topol-
ogy of H < Gg, then the following proposition holds.
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Proposition 7.1.3. Let H < (/3:1 and v € GN. The sequence v con-
verges to 0 in Tty if and only if H < sy(Ggq).

Moreover, if oyy is the finest totally bounded topology such
that v =% 0, then

Obv = T3 (Ga)-

Hence, by Peter-Weyl Theorem A.3.10, ovy is Hausdorff (hence
precompact) if and only if sv(Gaq) is dense in Ggq if and only if v is
a TB-sequence. It can be easily deduced from this fact that ev-
ery dense characterized subgroup of a compact abelian group
is T-characterized. The question of whether a closed charac-
terized subgroup H of a compact abelian group X is always
T-characterized turned out to be quite subtle. It was proved
by Gabriyelyan [55] that such a subgroup H is T-characterized
precisely when its annihilator H+ carries a MinAP group topol-
ogy. We give a brief sketch of his proof and provide the follow-
ing theorem describing when a closed characterized subgroup
of a compact abelian group is not T-characterized in terms of
functorial subgroups and cardinal invariants of the groups in
question and their quotient groups (T, (X) denotes the closure
of the subgroup X,):

Theorem 7.2.13. For a compact abelian group X and a Gs-subgroup
H of X the following are equivalent:

(1) H is a not a T-characterized subgroup of X;
(ii) HL does not admit a MinAP group topology;

(111) there exists some m > O such that m(X/H) is finite and non-
trivial.

(iv) eo(X/H) < exp(X/H);

(v) there exists a finite set P of primes so that
(a) H contains the subgroups Tq(X) for all primes q ¢ P,
(b) for every p € P there exist k,, € N with p*»T,(X) C H
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(c) there exists p € P such that p*»—'T,(X) € H and
p 1T, (X) N H has finite index in p*» Ty, (X).

(f) there exists a finite set P of primes so that X/H = ] ],cp Ky,
where each Ky, is a compact p-group and there exists some p €
P and k € IN such that p*K,, is finite and non-trivial.

Comfort, Raczkowski, Trigos-Arrieta, in [27], proved that ev-
ery abelian group G admits families A7 and A;, each consisting

of 22|G|-many pairwise non-homeomorphic precompact group
topologies, such that no T € A; contains non-eventually null
convergent sequences and such that every T € A, has a con-
vergent sequence. To find precompact group topologies with
no non-eventually null convergent sequences, the authors ex-
ploit an observation of Comfort, Trigos-Arrieta and Wu, if H
is a non-measurable, dense subgroup of a compact group K,
then the precompact group topology T that H induces on the
group of characters of K has no non-eventually null convergent
sequences. The latter result is a corollary of Theorem 7.5.3.

The last chapter contains final comments and open ques-
tions.
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BASIC NOTATION

Let N, N} Z, Q and R be respectively the natural, the positive
natural, the integer, the rational and the real numbers. Denote
by T the circle group written additively. If IP denotes the set
of all prime numbers, then for every p € P, Z(p*>°) and Z(p™)
denote respectively the Priifer p-group and the cyclic group of
order p™ where n € IN. Denote by J,, the p-adic integers and by
Q,, the p-adic numbers. Let Ny and ¢ be respectively the infinite
countable cardinal and the cardinality of the continuum. If G
is an abelian group and m € IN, we will denote by G[m]| =
{g € G | mg = 0} the m-torsion subgroup of G and by t(G) =
U, GIm] the torsion subgroup of G. For E C G, let (E) denote
the subgroup of G generated by E.
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Part 1

CHARACTERIZED SUBGROUPS OF
TOPOLOGICAL ABELIAN GROUPS

In this part we establish some basic properties of

the characterized subgroups of arbitrary topologi-
cal abelian groups. A complete description of the

closed characterized subgroups of locally compact

abelian groups is obtained along with a useful re-
duction to the metrizable case. In doing so we ob-
tain as corollaries most of the known relevant re-
sults for compact and locally compact abelian groups
in the literature. The study of the characterized sub-
groups of compact metrizable abelian groups is rel-
evant because of their applications to TB-sequences

(see Chapter 7) and because of the close connection

to and possible generalizations of relevant results

in the circle group T (see Part II). Also some new

results from [35], [37], [38] and some others unpub-
lished are given.






GENERAL PROPERTIES OF CHARACTERIZED
SUBGROUPS

1.1 DEFINITIONS,BASIC FACTS AND SOME REDUCTIONS
1.1.1 Related definitions

Recall the definition of characterized subgroup of a topological
abelian group.

Definition 1.1.1. Let X be a topological abelian group.

(i) ([40]) For a sequence of characters v = (vy) in X let
sy(X) ={x € X|vn(x) — 0}.

Then sy(X) is a subgroup of X. A subgroup H < X is
said to be characterized if H = sy(X) for some sequence
v = (vn) of characters of X. We also say that v characterizes
H or v is a characterizing sequence for H. Furthermore, let
Char(X) denote the class of all subgroups of X that are
characterized.

(ii) ([57, 58]) For an infinite set V' of characters, denote by
sy(X) ={xeX|VUeVO0) [veV|v(x) & U} < Np},
where V(0) is a filter of neighbourhoods of O.

The following notion is the keystone of the reductions car-
ried out in this chapter.

Definition 1.1.2. Let I' be a set of characters of a topological
abelian group X. The subgroup

nr(X) =nr = ﬂ kery = I'"
x€r

is obviously closed.



4 GENERAL PROPERTIES OF CHARACTERIZED SUBGROUPS

(i) IncaseI' =0, np(X) = X. In case I' = X*, np(X) is the von
Neumann radical of X, denoted, for brevity, by n(X).

(ii) If I' is countable, then nr(X) is obviously a characterized
subgroup of X. Indeed, take as characterizing sequence
a sequence where each character of I" appears infinitely
many times.

Notation 1.1.3. For a given sequence v € XN let Ty = {vn : n € N}
be the support of v. Let ny(X) := nr, (X). The set I can be par-
titioned in the following two subsets.

(i) I° ={vnh €Iy [n €N and I*°m(vy, =vm)};
(i1) r‘(/) =Ty \ 17

Note that, if [7° is infinite, then sre (X) = nre (X).

The characterized subgroup ny(X) is described in the next
subsection.

Remark 1.1.4. Letv € XN Tt is easy to see that ny(X) < sy(X), is
closed. In particular, n(X) < sy(X) for every v € XN,

If H is a subgroup of a topological group X and x € X, then
one may consider x [H€E H, that is a character of H. Sometimes,
to avoid heavy notation, one may write x instead of x [ when
no confusion is possible.

The following definition introduces three specific types of
characterized subgroups.

Definition 1.1.5. Let X be a topological abelian group. A char-
acterized subgroup H of X is

(i) (Gabriyelyan) T-characterized if H = sy(X), where v is
T-sequence of X;

(ii) K-characterized if H = sy(X), where v is a finitely many-
to-one sequence, i.e. I'Y° = ();

(iii) N-characterized if H = ny(X), where v € XN,
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Note that every T-characterized subgroup is also K-charac-
terized. Indeed, every T-sequence contains no constant sub-
sequences. The N-characterized subgroups are closed, while
dense characterized subgroups are even T-characterized (we
shall see in §7 that they are characterized even by a TB-sequence).
In particular, dense characterized subgroups are K-characterized.
We shall see below that closed (even open) subgroups need not
be K-characterized in general. For more detail of T-characterized
subgroups see Subsection 7.2.2.

Remark 1.1.6. Let X be a topological abelian group and v € XN,
(i) If T'Y is infinite, then sy (X) = Sro (X) Nnre (X);
(i) If T'Y is finite, then sy (X) = nre(X).

A\

Therefore, every characterized subgroup is the intersection
of an N-characterized subgroups and a K-characterized sub-

group.
1.1.2 Basic properties

The following lemma lists some basic facts on characterized
subgroups, that appear in [26, 33, 39, 40].

Lemma 1.1.7. Let X be a topological group. If v & XN, then the
followings hold

(1) if ] <X, then sy(J) = sy(X) N J;
(i) if u is any permutation of v, then sy(X) = su(X);
(111) Chav(X) is stable for finite intersection;

(1v) if T1 and T, are two compatible group topologies on an abelian
group G, then Char((G,11)) = Char((G, t2));

(v) sy(X) isan Fy5 set.

Proof. Items (i) and (ii) are obvious. To prove item (iii), if u, v €
)A(N, then take w = (wy,), where w, =u, and wy_ 1 =vq, as
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characterizing sequence of s, (X) Nsy(X). To prove item (iv), just
note that (G, 1) and (G, t2) have the same group of characters.
To prove item (v), note that sy (X) is the following subgroup of
X

1

{x € X | VmdkVvn (n >k = |[vai(x)]| < Tl_l) }

Obviously, Snm = {x € X | [[va(x)|| < -} is a closed subset of
X (indeed it is a counter-image of a closed set in T). It is easy
to see that,

SV(X) — ﬂU ﬂ Sn,m/

m k n>k

that is an F 55 subset of X. ]

Lemma 1.1.8. Let X be a topological abelian group and v & XN,
Then for all compact subgroups K of sy(X), the sequence (vn [x) s
eventually O.

Proof. To prove this lemma one can identify v, (x) with its

unique counter-image v (x) € [0, 1) (see §A.2.1). Let K < sy(X)
be compact and let Ax be the normalized Haar measure on K.
By the Lebesgue dominated convergence Theorem one has

J e2mvn (%) 4, —>J 1dAk = Ac(K) = 1.
K K

—~———

By Proposition A.3.6, I, = fK e27Vn (%) dAy is either 0 or 1 for
every n € N and [, = 1 if and only if v,;, = 0. Therefore, (I,)
is eventually 1 and hence v is eventually O. [

Corollary 1.1.9. If X is compact, then sy(X) = X if and only if the
sequence v is eventually null.

Proof. Follows directly from Lemma 1.1.8. O

Note that, if one drops the compactness, then the above corol-
lary may fail, as showed in the next example.

Example 1.1.10.
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(i) Let N be an infinite countable subgroup of T. As men-
tioned in the introduction, N is characterized in T. There-
fore, N = sy(T) for a non eventually null sequence v &

ZN. 1f u = v [, then u is not eventually null (since N is
dense in T) and s,(N) = N.

(ii) Let X =R and v, = 1/n € R, so that vn(x) =7(5) €T
for every x € R and n € IN.. Obviously, sy(R) =R, even
if v is not eventually null.

(iii) Let X = Qp, where p is a prime. Let v = p™ € @p.
Obviously, sy(Qp) = Qyp, even if v is not eventually null.

Motivated by these examples and by Corollary 1.1.9, one can
introduce the following notion.

Definition 1.1.11. Call a topological abelian group X properly
autocharacterized, if sy(X) = X for a sequence v of non-zero char-
acters v of X.

Items (ii) and (iii) of Example 1.1.10 show that R and Q,, are
autocharacterized.
One can prove the following easy general property:

Proposition 1.1.12. If a topological abelian group X has a topological
direct summand that is properly autocharacterized, then also X is
properly autocharacterized.

Proof. Let X =Y x Zand Y = sy(Y) for some sequence v of non-
zero characters of Y. We shall consider Y and Z as subgroups
of X in the natural way. For every n € IN let u,, be the unique
character of X that extends v,, such that u,, vanishes on Z. Then
un # 0 and the sequence u characterizes X. [

We established in Corollary 1.1.9 that the compact abelian
groups are not properly autocharacterized. Now we prove that
this property describes the compact groups within the larger
class of all locally compact abelian groups. This follows eas-
ily from the above proposition for the locally compact abelian
groups that contain a copy of R. But the general cases requires
the following deeper argument.
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Theorem 1.1.13. If X is a locally compact abelian group, then X is
properly autocharacterized if and only if X is not compact.

Proof. If X is properly autocharacterized, then it is not compact,
according to Corollary 1.1.9.

Assume now that X is not compact. Then X is not discrete.
Then X has a non-trivial null sequence v, — 0. We may assume,
without loss of generality, that vn # 0 for all n. Then v, —
0 in the Bohr topology of X, i.e. for every character x of X,
X(vn) = 0in T. By Pontryagin duality theorem, we can identify
X with the second dual of X. Therefore, for every character
X € X there exists x € X such that x(u) = u(x) for all u € X.
Hence, v (x) — 0 for all x € X. This proves that X =sy(X). [

Notation 1.1.14. Let v = (vn) € XN and denote by v(,) the
sequence (Vn)n>m-

Proposition 1.1.15. Let X be a topological abelian group, F < X
and v € X such that F < sy(X). If the group F is not properly

autocharacterized, then F < ny_ (X) for some m € IN.

Proof. Assume that H = sy(X). Let u € FN denote the sequence
of the restrictions of v, to F. Then F = s,(F), so the sequence
u must be eventually null. Let m € IN such that u,, = 0 for
every n > m. Therefore, all v(,,) restricted to F vanish. Hence

F < nV(m) (X) D

Corollary 1.1.16. If a characterized subgroup H of X is not a prop-
erly autocharacterized group, then H is an N-characterized subgroup
of X.

Proof. If H = sy(X), then H < ny,  (X) for some m € N by
Proposition 1.1.15. Since H = sy(X) = sy, (X) = ny_ (X), we
deduce that H =ny (X) and hence it is N-characterized. [

Lemma 1.1.17 ([26, Lemma 3.10]). Let X be a topological abelian
group and let v be a sequence in X. Then If X is compact and v has
a faithfully indexed subsequence, then sy(X) is a Haar measure zero
subgroup of X (hence with infinite index).
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Proof. Let A be the normalized Haar measure on X. Let H =
sy(X), by Lemma 1.1.7 (v) H is a Borel subgroup and hence a
Haar-measurable subset of X. Suppose for a contradiction that
A(H) > 0. Therefore, by Theorem A.2.13 H is a clopen sub-
group of X, so that [X/H| < Ny. By Theorem A.3.14 X/H = Ht
that is the annihilator of H. Let us prove that having a finite
HL is impossible, obtaining the wanted contradiction. Indeed,
since H is a clopen subgroup of a compact group, by Lemma
1.1.8 one has that (v, [1) is eventually 0. Therefore, v is even-
tually contained in H-. Since, v contains a faithfully indexed
subsequence, one has that H+L is infinite, i.e. the wanted con-

tradiction.
[]

Note that, if X is a connected compact abelian group, then
Lemma 1.1.17 holds for all non-eventually null sequences in
XN, since every measurable proper subgroup of a connected
compact abelian group has measure 0 (see Corollary A.2.7).

Remark 1.1.18. As a consequence of Alexandroff-Hausdorft’s
Theorem (Theorem A.1.9) and Lemma 1.1.7 (v), one has that
every characterized subgroup of a Polish group has cardinality
¢ or Ny. Note also that item (ii) of the above lemma cannot be

inverted, take for example the constant sequence u = (1) in
N,

1.1.3 K-characterized subgroups

We start with a direct consequence of Lemma 1.1.17.

Corollary 1.1.19. If X is a compact abelian group, then every K-
characterized subgroup has measure 0. In particular, no open sub-
group is K-characterized.

This corollary shows that no subgroup of a finite (discrete)
group is K-characterized

The next proposition provides an ample source of examples
of K-characterized open subgroups of finite index showing that
the above corollary may strongly fail in the non-compact case.
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Proposition 1.1.20. Let H be an abelian topological group and let
F be a finite discrete abelian group. Then H is a K-characterized sub-
group of the group X = H x F equipped with the product topology if
and only if H is a properly autocharacterized, group.

Proof. Assume that H is a properly autocharacterized and let
H = sy(H) for some sequence of characters v = (vy,). Obvi-
ously, we can assume without loss of generality that this is a
one-to-one sequence. Let k = |F| = Ifl and let {ay,...,ax} be
a one-to-one enumeration of F. Split v in k subsequences vV,
i=1,...,k. Now define u = (un) by un(x,y) = vg)(x) + ai(y),
where n = i (mod k). Clearly, all characters u, are pairwise
distinct. Moreover, H < sy(X). To show that sy(X) = H it suf-
fices to prove that (0,c) € sy(X) whenever ¢ # 0 in F. Indeed,
pick a; € F such that ai(c) # 0. Then n(0,¢c) = ai(c) 4 0 for
all n with n =1 (mod k).

Now assume that H is a K-characterized subgroup of X and
let H = sy(H) for some one-to-one sequence of characters v =
(vn) of X. Let un := v [ for n € IN. Then the sequence u =
(un ) is finitely many to one, as F is finite. Obviously, H = s, (H),
so H is properly autocharacterized. [

The next proposition was proved in [33] for characterized
subgroups of compact groups. We generalize it in the following
manner.

Proposition 1.1.21. Let X be a topological abelian group, let F be
a closed subgroup and let m : X — X/F be the canonical projec-
tion. If H is a characterized (resp. K-characterized, N-characterized,
T-characterized) subgroup of X/F, then mw—'(H) is a characterized
(resp. K-characterized, N-characterized, T-characterized) subgroup of
X.

— N
Proof. Let H = s¢(X/F) where v € X/F .Itis known that 7t is an

isomorphism (algebraically) from X/F onto F*. If v, = 7t(vy,)
for every n € IN, then 1 (H) = sy(X) where v = (v,,). Indeed,
X € sy(X) if an only if

vn(x) = 0 & v(m(x)) = 0 < mt(x) € H.
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To prove that 7~ '(H) is K-characterized, whenever H is K-
characterized note that if ' = (), then I'>° = 0.

To prove that 1 (H) is N-characterized, whenever H is N-
characterized note that if H = ng(X/F), then ' (H) = ny(X).
Indeed,

va(x) =0 & v (t(x)) =0 < 7t(x) € H.

To prove that 1 (H) is T-characterized, whenever H is T-
characterized note that if v is a T-sequence of X/F, then v is
a T-sequence of X. Indeed, X/F is isomorphic to F that is a

subgroup of X. If T is a Hausdorff topology on )?/\F, that makes
v converging to 0, then by Proposition A.2.3 t* is a Hausdorff

topology on X, that makes v converging to 0.
O

Theorem 1.1.22. If X is a topological abelian group and H is a dually
closed subgroup of X, such that X/H has infinite separable dual. Then
H is a K-characterized subgroup of X.

Proof. Let Y = X/H equipped with the quotient topology. Then
Y is MAP and Y = H- has a countable dense subset D. Accord-
ing to Proposition 1.1.21, applied to the quotient map X — Y, it
suffices to prove that {0} is a K-characterized subgroup of Y. Let
v = {vn : n € N} be a one-to-one enumeration of D. We prove
that sy(Y) = {0}. To this end we have to show that for every
non-zero y € Y there exists a neighbourhood U of 0 in T such
that v, (y) ¢ U for infinitely many n € IN. Actually, we show
that there is a single such U that works fine for all non-zero
y € Y. To this end pick a neighbourhood U of 0 that contains
no non-trivial subgroups of T, for example U = T.. Clearly,
for every non-zero y in Y one has that Ny = {vy(y) : n € IN}
is a non-trivial subgroup of T as Y is MAP and y # 0. If Ny
is infinite, then Ny is dense, so Ny \ U is infinite and we are
done.

Now consider the case when Ny is finite. This implies in
particular, that the order k = o(y) of y is finite. As Ny # {0},
there exists a € N such that a ¢ U by our choice of U. It is
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enough to show that V,, = {v, : v,(y) = a} is infinite. To this
end we write a = vy (y) for some m € IN. Then L =V — v, is
a subgroup of \A(, as L = {y}+. Since {y} is finite, [Y : 1] is finite
as well. So L is infinite, as Y is infinite. Hence, V, is infinite for
every non zero y in Y and vy (y) = a € U for every v, € Vy, as
required. [

Corollary 1.1.23. Let X be a discrete abelian group and H < X such
that w < [X: H] < ¢. Then H is K-characterized.

Proof. This follows by the fact that X//T—l is a compact group of
weight at most ¢ and hence it is separable (see [41]). []

Corollary 1.1.24. If X is a compact metrizable abelian group, then

every closed non-open subgroup of X is K-characterized.

1.1.4 N-characterized subgroups

Lemma 1.1.25. Let X be a topological abelian group and v € XN

Then ny(X) is a (closed) Gs subgroup of X with [X : ny(X)] < c.

Proof. Let @ : X — TN be such that

e(x) = (vo(x),...,vn(x),...).

Hence, ny(X) = (), kerv,, = @' ({0}). Therefore, ny(X) is Gs,
since it is a continuous preimage of {0} € TY, that is a closed
subset of a metrizable group and hence Gs. Finally, observe that
X/ny(X) is isomorphic to a subgroup of T™. ]

Remark 1.1.26.

(i) ny(X) is a closed G5 subgroup in every topology that
makes vy, continuous for every n € IN. In particular, this
holds for any compatible topology.

(i) As a consequence of Lemma 1.1.25, one has that every
characterized subgroup of a topological abelian group,

has index at most ¢. Indeed, ny(X) < sy(X) for every
v € XN and hence [X : sy(X)] < [X:ny(X)] < ¢
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Theorem 1.1.27. Let X be a topological abelian group and H < X.
The following are equivalent:

(i) there exists v € XN such that for every closed F < ny(X) one
has that H/F = sy (X/F), where u = (u,,) and each u,, is the
factorization of vy through the quotient map X — X/F;

(ii) there exists a closed subgroup F of X such that F < H and H/F
is a characterized subgroup of X/F;

(ii1) H is a characterized subgroup of X.

Proof. (i)=(i1). Take F = ny(X).

(ii)=(iii). Since F < H one has H = ' (H/F) and by Propo-
sition 1.1.21 one can conclude.

(ii1))=(@). Let H = sy(X) and F < ny(X). Let 7t : X X = X/F
be the canonical projection. Since F is closed, 7 : X/F — X
is injective with image F-. For every n € N, let v be the
character of X/F defined as follow:

Vi  TU(X) = va (X).

The character v,, is well-defined since F < ny(X) < kerv,.
Hence, v = (vn)n is a sequence of characters of X/F such that
7(vn) = vn. Now, one has that H/F = s3(X/F). Indeed, by
construction, for every h € H/F the following holds \7{(?1) =
vn (h) = 0 and hence H/F C s¢(X/F). Conversely, if x € s3(X/F),
then v (x) = vn(X) — 0. Hence, x € H and so x € H/F. ]

Lemma 1.1.28. If F is a closed G5 subgroup of a precompact group
X, then there exists a continuous injection from X/F into TN, In this
case [X:F] < ¢

Proof. Let F = (), Un, where U,, is an open set in X. Since X
is precompact, for every n € IN there exist k,, € IN, V;, open
neighbourhood of 0 in T*" and f,, : X — T*» continuous such
that U, = f.'(Vy). It is possible to chose V, such that V,
does not contain any non trivial subgroup of T*». Therefore,
for every H C f.1(Vy,) one has that f,,(H) = {0} and hence H <
ker f,,, this holds in particular for F. Moreover, ker f,, < Uy, for

13
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every n € IN and hence F = [\ kerf,. Let 1?; : X/F — Tk be
such that 1;;(32) = fn(x), where x = x + F. Since F < ker f,, one
has that 1?; is well defined. Consider, the map j, from X/F into
M,T* = TN, defined as follows j(X) = (fo(X),...,fn(X),...).
By construction of fr, the map j is a continuous injection from
X/F into TN, The last part of the statement follows obviously
from the first one. L]

Recall that, the Bohr topology of a topological abelian group
X is the coarsest compatible precompact group topology on X,
i.e. Ty (see Subsection A.3.3).

Theorem 1.1.29. Let X be a topological abelian group and H < X.
Then the following are equivalent.

(i) There exists a continuous injection from X/H into TN,
(i1) H is an N-characterized subgroup of X;
(iii) H is closed and G5 in Ty, where v € XN,
(1v) H is closed and G5 in the Bohr topology of X.
In case these equivalent conditions hold, one has [X : H] < «.

Proof. (i)=(ii). Suppose that there exists a continuous injection
j from X/H into TN, If q is the quotient map of X onto X/H, pn
is the n-th projection of TN onto T and vy, = projo q, then
one has the following commutative diagram

X/H 2 TN

X

N
T ST

Therefore, v,, € XN for every n and H = ny(X), where v =

(Vn).
(ii)=-(iii). This follows from Lemma 1.1.25 and Remark 1.1.26

(1)-
(iii)=-(iv). The Bohr topology is finer then .
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(iv)=-(i). This is Lemma 1.1.28.
The last part of the statement is Lemma 1.1.25.
N

Remark 1.1.30. Note that T,y is metrizable since (v) is count-
able (see Subsection A.3.3). Therefore, by Theorem 1.1.29 one
may reduce the study of N-characterized subgroups only for
precompact metrizable groups X.

Corollary 1.1.31. Let H be an open subgroup of a topological abelian
group X. Then the following are equivalent.

(i) H € Char(X);
(i1) X:H] <¢
(i1i) H is N-characterized.

Proof. (i)=-(ii). This is Remark 1.1.26 (ii).

(ii)=-(iii). Let [X : H] < ¢. Since H is open, X/H is discrete and
has cardinality at most ¢. Therefore, there exists a continuous
injection j from X/H into TN. Hence, by Theorem 1.1.29 one
concludes.

(iii)=(i). This is obvious. [

Corollary 1.1.32. For a subgroup H of a discrete abelian group X
the following are equivalent.

(i) H € €har(X);
(i1) [X:H] <¢
(iii) H is N-characterized.

Lemma 1.1.7 (iv) states that if G is an abelian group and
T1, T2 two compatible group topologies on G, then

Char((G, 1)) = Char((G, 12)).

Therefore, it X is a topological abelian group, one may study
characterized subgroups of X equipped with the Bohr topol-
ogy. Hence, the study of characterized subgroups of precom-
pact abelian groups will play a key-role and hence we prefer to

15
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isolate the following result that is a consequence of Theorem
1.1.29. Here we are interested in subgroups of the form ny(X).
Moreover, by Remark 1.1.30 one may reduce the study of this
subgroups in the metrizable case.

Theorem 1.1.33. Let X be a precompact metrizable abelian group
and H < X. The following are equivalent:

(1) His a closed characterized subgroup of X;
(11) H is an N-characterized subgroup of X;
(iii) H is a closed subgroup.

Moreover, in case these equivalent conditions hold, one has [X : H] <
C.

Proof. (iii)=-(ii). Since X is metrizable H is obviously Gs. By
Lemma 1.1.28 there exists a continuous injective homomorphism
j from X/H into TN. Therefore, one can conclude by Theorem
1.1.29.

(ii)=(i). This is obvious.

(i)=(iii). This is obvious. The last part of the statement fol-
lows from Lemma 1.1.25. []

1.2 COMPACT AND LOCALLY COMPACT ABELIAN GROUPS

Here we prove some generalization of the results from [33],
previously stated for compact abelian groups and now general-
ized to locally compact groups. One of the reasons to study
characterized subgroups of compact abelian groups is their
relation with TB-sequences reported in Chapter 7. Moreover,
many authors studied and still study these subgroups in the
circle group. Therefore one may expect to generalize some of
the results obtained for the circle group.

1.2.1  Reduction to locally compact metrizable abelian groups

In [39, 14] the authors proved the following theorem.
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Theorem 1.2.1 ([39, Theorem 1.4],[14]). Let X be a compact metriz-
able abelian group and H < X. If [H| = X, then H is characterized.

It was pointed out, in [30, 14], that the metrizability of X in
the Theorem 1.2.1 is necessary, as stated below.

Remark 1.2.2. Let X be a compact abelian group and H < X be
a countable subgroup. Then H is characterized subgroup of X
if and only if X is metrizable. Indeed, if H = sy(X) for some
v € XN, then ny(X) < sy(X) is a countable closed (compact and
hence finite) G5 subgroup of X such that X/ny(X) is metrizable.
Therefore, X is metrizable too. More precisely, the following are
equivalent, for a compact abelian group X:

¢ X is metrizable;
* there exists a countable characterized subgroup of X;
e every countable subgroup of X is characterized.

As mentioned in Definition 1.1.2, the subgroup of the form
ny(X) are always closed and characterized. The next theorem
describes the closed characterized subgroups of the locally com-
pact abelian groups X by showing that these are precisely the
subgroups of X of the form ny(X). But first we prove the fol-
lowing theorem that is also of independent interest.

Theorem 1.2.3. Let X be a locally compact abelian group. Then X is
a metrizable group of cardinality at most ¢ if and only if there exists
a continuous injective homomorphism from X into T,

Proof. Suppose that X is metrizable and has cardinality at most
c. By the principal structure theorem, X = R™ x Xy, where
n € IN and Xy has an open compact (metrizable) subgroup K.
Clearly, there exists two continuous injective homomorphism
j1 : R™ — TN and j, : K — TN, Therefore, j3 = (j1,j2) :
R™ x K — TN x TN = TN is an injective continuous homo-
morphism too. Let j3 be the continuous extension of j3 on X.
This extension exists since TN is divisible (by Lemma A.2.6)
and R™ x K is open. Let q1 be the quotient map of X onto

17
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X/(R™ x K) and j4 a continuous injective homomorphism from
X/(R™ x K) into TN (this injection exists since X/(R™ x K) is
discrete). If @ = j4 o q one has the following commutative dia-
gram.

X

s e

X/(R™ x K) 245 TN

Note that j = (¢@,j3) is an injective continuous homomor-
phism of X into TN x TN = TN, Indeed, if j(x) = 0, then
@(x) = 0 and j; (x) = 0. By construction of ¢, one has that
x € R™ x K. Since j3 is an injection when restricted on R™ x K
one has hat x = 0.

Conversely, if j is a continuous injective homomorphism from
X into TN, then X has cardinality at most ¢ and {Ox} = i~ ({0 ).
Therefore, {Ox} is a G5 subgroup of X (since it is a continuous
preimage of {Opw} that is G5 in TY) . Hence, X is metrizable by

Theorem A.2.9. []

Theorem 1.2.4. Let X be a locally compact abelian group and H < X.
The following are equivalent:

(1) H s a closed characterized subgroup of X;

(i1) H is a N-characterized subgroup of X;
(111) His a closed G subgroup in the Bohr topology
(1v) His a closed G5 subgroup and [X : H] < c.

Proof. (iv)=-(iii). X/H is a locally compact metrizable group of
cardinality at most ¢, therefore by Theorem 1.2.3 there exists
a continuous injective homomorphism j from X/H into TN.
Therefore, one can conclude by Theorem 1.1.29.

(iii)=-(ii). This follows from Theorem 1.1.29.

(ii)=-(1). This is obvious.
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(i)=(iv). Suppose that H = sy(X) is a closed characterized
subgroup of X. By Remark 1.1.26 (ii) [X : H] < ¢. By Remark
1.1.4 ny(X) < sy(X) and by Lemma 1.1.25 ny(X) it is a closed Gs
subgroup of X. By Theorem A.2.9 X/ny(X) is a locally compact
metrizable abelian group and by hypothesis sy(X) is closed.
Therefore sy (X)/ny(X) is a closed and hence G5 subgroup of the
locally compact metrizable group X/ny(X). Therefore, sy(X) is a
counter-image via canonical projection of a closed G5 subgroup
and hence closed and G5 in X. ]

The following theorem was proved in [33, Theorem B] for
compact abelian groups, one can extend it to locally compact
abelian groups.

Theorem 1.2.5. A subgroup H of a locally compact abelian group X
is characterized if and only if H contains a (closed) G subgroup K of
X such that H/K is a characterized subgroup of the locally compact
metrizable abelian group X/K.

Proof. Follows directly from Theorem 1.1.27, since K is closed
S5 and hence X/K is a locally compact metrizable group by
Theorem A.2.9.

O

In this last part of the subsection, we prove two results that
hold for compact groups. These results refine Theorem 1.2.4
and Proposition 1.1.21.

Theorem 1.2.6 ([33, Theorem A]). Let X be a compact abelian
group and let H < X be closed. Then H is characterized if and only if
it is 95.

Proof. Let H be a closed G5 subgroup of X. By Theorem A.2.9
X/H is compact and metrizable. Hence, |X/H| < ¢, so the equiv-
alence of Theorem 1.2.4 applies.

Conversely, if H is characterized, then H is G5, by Theorem

1.2.4.
[]
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Remark 1.2.7. In the case of locally compact metrizable groups,
the G5 subgroups are precisely the closed subgroups by Theo-
rem A.2.14 and the well-known fact that closed subset of metriz-
able spaces are G5 subset. In particular, if X = T, then Theorem
1.2.6 is an easy consequence of the previous stated fact. Indeed,
in the case of T the closed subgroups are precisely the finite
ones, i.e. Tim|] = {x € T : mx = 0} where m € IN, that are
trivially characterized by the constant sequence u = (m)nenN.

Theorem 1.2.8. If X is a compact abelian group, then for every closed
subgroup H of X the following are equivalent.

(i) H is K-characterized;

(i1) H is a non-open Gs-subgroup of X;
(111) H 1s N-characterized and non-open.
(iv) H is characterized and non-open.

Proof. (iv)=-(iii). This follows by Theorem 1.2.4.

(iii)=-(ii). This follows by Theorem 1.2.6.

(ii)=-(1). X/H is a compact metrizable non discrete (hence in-
finite) group and hence {0x /1, } is K-characterized by Corollary
1.1.24. By Proposition 1.1.21 H is K-characterized.

(i)=(iv). This follows by Corollary 1.1.19.

O

Proposition 1.2.9 ([33]). Let X be a compact abelian group, let F, H
be subgroups of X such that F is closed and F < H < X If m: X —
X/F the canonical projection, then H/F is a characterized subgroup
of X/F, if and only if w1 (H/F) is a characterized subgroup of X.

Proof. The necessity is Proposition 1.1.21. To prove the suffi-
ciency one can proceed as follow. Let H = ' (H/F) be charac-
terized by v. Moreover, F < H is a closed (and hence compact)
subgroup of X. Therefore, by Corollary 1.1.9, F is not properly
autocharacterized. By Proposition 1.1.15, F is contained in ny , |
for a sufficiently large m € IN. If 7ty : X/F — X/ny  and q =
my o 7, then q~' (H/ny ) = H = sy(X) = sy, (X). Therefore,



1.2 COMPACT AND LOCALLY COMPACT ABELIAN GROUPS 21

one can apply Theorem 1.1.27 to deduce that H/ny_, is a char-
acterized subgroup of X/ny .. Hence, by Proposition 1.1.21

H/F =7’ (H/nv(m)) is a characterized subgroup of X/T. (]

Note that, the argument of the above proof fails in case X is
not compact. Take for example F = H = X = N, where N is
as in Example 1.1.10. Then one cannot conclude that v | F is
eventually 0. Hence, one cannot conclude that F is contained in
Ny

(m)~
1.2.2  Characterized groups

Note also that, the notion of characterized subgroup is relative
to the environment group X, but one may also give a definition
of characterized group that drops the environment group X.

Definition 1.2.10. An abelian group H is said to be characterized
if there exists a sequence v of characters of its completion H
such that

~

H=s,(H) = {XE H | vy (x) —>oT}.

By the Theorem 1.2.5, one can reduce the problem of the
study of characterized subgroups of locally compact abelian
groups, to the study of these subgroups in locally compact
metrizable abelian groups. If one drops the environment group
X, then one has the following theorem.

Theorem 1.2.11. A locally precompact group H is characterized if
and only if there exists a closed G5 subgroup K of H such that H/K
is a locally precompact metrizable characterized group.

Proof. Let H be a characterized group, i.e. H is a character-
ized subgroup of its locally compact completion H. By Theo-
rem 1.2.5 there exists a closed G5 (locally compact) subgroup
K of H such that H/K is characterized subgroup of the locally
compact metrizable group H/K. Therefore, H/K is metrizable

and H/K ¢ @bat(ﬁ/K). Since H/K = ﬁﬁ(, one has H/K €
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¢h at(]—/l?T(), i.e. H/K is a locally precompact metrizable charac-
terized group.
Conversely, let K be a closed G5 subgroup of H such that

H/K € €har(H/K), Theorem 1.2.5 ensures that H € €har(H),
i.e. H is a characterized group. [

Characterized groups are related to characterized subgroups
by the following proposition.

Proposition 1.2.12. Let H be a locally precompact metrizable abelian
group, then the following are equivalent:

(i) H is characterized;
(ii) H is a characterized subgroup of H;

(111) if X 1s a locally compact metrizable abelian group such that H
has index at most ¢ in X, then H is a characterized subgroup of
X.

Proof. (i)<(ii). This is the definition of characterized group.
~IN ~
(i1)=(ii). Let ve H be such that H = sy(H) and let X be a

locally compact metrizable abelian group such that [X : H] < «.
Note that H is closed (hence G5) and hence dually embedded
(Lemma A.3.5) subgroup of X. Let w € XN be such that v =
w [ 5. Hence, H < sw(X) and H = sy (X) N H. Being closed (and
Gs) in X, the subgroup H is a characterized subgroup of X, by
Theorem 1.2.4, since [X : Fl] < [X : H] < ¢. Therefore, H =
sw(X) NH is a finite intersection of characterized subgroups of
X and hence characterized in X by Lemma 1.1.7(iii).
(iii)=>(i). Take X = H.
O

As Remark 1.1.26 (ii) shows, the restraint [X : H] < ¢ in item
(iii) of the above proposition is necessary.
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1.2.3 CC subgroups

Definitions and related facts

From Theorems 1.2.1 and 1.2.5 one obtains the following corol-
lary.

Corollary 1.2.13 ([33, Corollary B1]). Let X be a compact abelian
group and let H be a subgroup of X that contains a closed G5 subgroup
K such that H/K is countable. Then H is characterized subgroup of
X.

The above corollary was motivated by the following theorem.

Theorem 1.2.14 ([39, Theorem 1.5]). Let X be a compact abelian
group and let H = (J,, oy Fn where for every n € IN one has F, < X
is closed and T < Fr4q. Then H is characterized if and only if there
exists m € IN such that X/F., is metrizable and [F 1 : Fn] < Np
foralln > m.

Theorem 1.2.14 and Corollary 1.2.13 inspired the following
definitions.

Definition 1.2.15. Let X be a topological abelian group. A sub-
group H of X is called:

* countable modulo compact (briefly CC) if there exists a com-
pact subgroup K < H of X such that H/K is countable;

o countable modulo compact G (briefly CCG) if there exists
a compact G5 subgroup K < H of X such that H/K is
countable;

* countable modulo compact metrizable (briefly CCM) if there
exists a compact metrizable subgroup K < H of X such
that H/K is countable;

 countable torsion modulo compact Gs (briefly CTCG) if there
exists a compact G5 subgroup K < H of X such that H/K
is countable and torsion.
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Note that, if H is CTCG or CCG subgroup of a locally com-
pact group X, then H/K is always metrizable in virtue of Theo-
rem A.2.9. Indeed, being K a G5 subgroup of X, then X/K and
hence H/K < X/K is metrizable too. These subgroups appeared
for the first time in [33] with one more restraint, i. e. the authors
ask for their characterizability. But, as one can see in the next
remark, these subgroups are characterized automatically.

Remark 1.2.16.

(i) Clearly the subgroups of Corollary 1.2.13 are the CCG
subgroups of X. Hence every CCG subgroups of compact
abelian group is characterized.

(i) The subgroups treated in Theorem 1.2.14 are precisely
the CTCG subgroups. Indeed, X/F,, is metrizable and
hence, by Theorem A.2.9, Fy, is also a G5 subgroup. Since
Frt1 @ Ful < Xy for all n > m, one has that H/F,;;, =
(Unen Fr)/Fm is countable and hence H is CTCG. Con-
versely, if H is a CTCG subgroup of X, then H/K can be
written as an increasing union of finite torsion subgroup.
If Hn/K are these finite torsion subgroup of H/K, then
H =JHn and [Hy 41 : Hnl < Xp for every n € IN.

Moreover, in [33] the authors proved the following lemma,
that provides a proper characterized subgroup for every infi-
nite compact group.

Lemma 1.2.17 ([33, Lemma 3.6]). Every infinite compact abelian
group has a proper dense CCG (hence characterized) subgroup.

Notation 1.2.18. Denote the collection of CC, CCG, CCM and
CTCG subgroups of a topological abelian group X by cc(X),
ccg(X), cem (X) and c¢eg(X) respectively.

These classes of groups and subgroups are useful in the
study of characterized subgroups as one can see in Chapters
2, where the class ccy (X) plays a key role. While, in Chap-
ter 3, the class cc(X) will be very useful. Moreover, with this
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notation, Corollary 1.2.13 and Theorem 1.2.14, in view of Re-
mark 1.2.16, can be reformulate as follows: Let X be a compact
abelian group, then

c¢cq(X) C ccg(X) C Char(X). (1.2.1)

Relations between classes

As stated in Remark 1.2.16 the subgroups appeared in Theo-
rem 1.2.14 are precisely the CTCG subgroups of X, where X is
compact abelian group. In relation with Theorem 1.2.14, in [33]
the following theorem is proved.

Theorem 1.2.19 ([33, Theorem C]). Let X be a compact abelian
group, then the following are equivalent:

(i) X has finite exponent;
(ii) cieg(X) = Char(X);
(iii) ccg(X) = Char(X);

Being compact is an absolute property;, i. e. independent from
the environment group X, but being G5 is not absolute in this
sense. If H < X, H/K is countable and K < H compact, then K
is a G5 subgroup of H, but not necessarily a G5 subgroup of X.
Therefore, H € c¢(X) does not implies H € ccy(X) in general.
Here we present some further examples that, together with
(1.2.2) and Remark 1.2.21 will point out the relations between
the four classes from Definition 1.2.15.

Example 1.2.20.

(i) Every countable non torsion subgroup of a topological
group is CCM and CCG, but not CTCG;

(ii) Let X be a compact non metrizable group. Then X is a
subgroup of X obviously CTCG and CCG but not CCM,;

(iii) Let X = K x K, where K is a compact non metrizable
group. Then H = K is a subgroup of X CC but neither
CCM, nor CMCG.
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(iv) Let X be a compact non metrizable. Then H = {0} is a
subgroup of X CCM but not CCG.

But, in the case of metrizable group the matter is easier, as
shown in the next remark.

Remark 1.2.21 (Inclusions for metrizable groups). For a metriz-
able abelian group X, the following hold

ctcq(X) C ceg(X) = com (X) = ce(X).

Indeed, Example 1.2.20(i) holds also if X is metrizable and this
proves that cicg(X) € ccy(X). Moreover, every compact sub-
group is also closed and hence G5 since X is metrizable. Finally,
every subgroup of a metrizable group is also metrizable.

Therefore, if one adds the assumption of metrizability in The-
orem 1.2.19, one has the equivalence of all classes of subgroups
seen until this point. But as one can see from example 1.2.20 if
one drops metrizability, the relations between these classes are
quite complicated. The following diagram will clarify the mat-
ter for an arbitrary topological abelian group X

ceg(X) N ? ¢ (X) (1.2.2)

Remark 1.2.22. Note also that if X is a compact non metriz-
able abelian group, then cc, (X) € €har(X) in contrast to (1.2.1)
and so also c¢c(X) € €har(X). Indeed, take H = {0}. Clearly
H € ce(X), but H = {0} is a countable non characterized sub-
group of X, by Remark 1.2.2. Therefore, the following hold for
an arbitrary topological abelian group X

ceeg(x) C ceg(X) C Ehar(X) 2 cem(X) C ce(X).
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CC subgroups of J,,

1
~ pn

n € IN. Clearly, (¢) = Z(p*) = J, and in [40] the authors

proved that s¢(J,) = Z.

Letp € P and ¢ = (cn), where ¢, = e Z(p™) for every

Remark 1.2.23. Recall that the J, is a totally disconnected com-
pact metrizable abelian group and its closed (so compact) sub-
groups are {0} and p"]J,, where n € IN. Therefore, H € cc(J,)
if and only if either H is countable or H contains the clopen
finite index subgroup p"J, for some n € N, i.e. H = p™J,
where m > n. In the latter case, H € ¢¢cy(J,). Hence, one has
the following

cc(Jp) = {countable subgroups} U {clopen subgroups}
# ¢¢q(Jp) = {clopen subgroups} .

In [40], the authors characterized some countable subgroups
of J, in the following manner.

Theorem 1.2.24 ([40, Theorem 3.3]). Let (ny) € INN be strictly
increasing and v = (cn, ), then the following are equivalent:

(i) sv(Jp) = Z;
(ii) sy(Jp) is countable;
(i) Isv(Jp)l <

(1v) the differences ny 41 — ny are bounded.
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POLISHABILITY OF CHARACTERIZED
SUBGROUPS OF COMPACT METRIZABLE
GROUPS

2.1 POLISHABILITY OF Sy(X)

In this section we discuss one of the most useful properties of
characterized subgroup of compact metrizable abelian groups,
namely the polishability, introduced in [65]. As one can see in
this section, the polishability is a necessary condition for a sub-
group of a compact metrizable abelian group to be character-
ized.

2.1.1 Definition and basic properties

Definition 2.1.1. A polishable subgroup H of a Polish group X is
a subgroup that satisfies one of the following equivalent condi-
tions:

(1) there exists a Polish group topology T on H having the
same Borel sets as H when considered as a topological
subgroup of X;

(ii) there exists a continuous isomorphism from a Polish group
P onto H;

(iii) there exists a continuous surjective homomorphism from
a Polish group P onto H.

Remark 2.1.2. Clearly, one can add one more equivalent condi-
tion in the previous definition, i.e. H < X admits a finer Polish
group topology. Moreover, this topology is unique and follows
from Corollary A.2.17.
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Notation 2.1.3. Denote by Po[(X) the class of all polishable sub-
groups of a Polish group X and if H € ‘Bol(X), let p1; denote
the unique Polish topology on H witnessing the polishability
of H.

Not all Borel subgroups of compact metrizable abelian groups
are polishable. A class of non polishable subgroups are those
generated by an infinite Kronecker set.

Definition 2.1.4. A non empty compact subset K, of an infinite
compact metrizable abelian group X, is called Kronecker set, it
for every continuous function f : K — T and ¢ > 0 there exists
a character x € X such that

max {|[f(x) —x(x)|| : x € K} < e.

Example 2.1.5 ([70, pg. 8]). If ®,f € Rsuchthat 0 < ax < 3 < 1
and 7w : R — T is the canonical projection, then the following
set is a Kronecker subset of T™.

Kep = {(n(t), 7(t?), ..., m(t"),...) e TN | t € [«, ] C R}

Theorem 2.1.6 ([16, Theorem 2]). If K is an uncountable Kronecker
set of T, then (K) is not polishable.

Unaware of this result of Bir6, Gabriyelyan generalized it as
follows.

Theorem 2.1.7 ([52, Theorem 2]). If K is an uncountable Kronecker
set of a compact metrizable group, then (K) is not polishable.

2.1.2 The metric py

Theorem 2.1.8 states that €har(X) C Pol(X) for a compact metriz-
able group X. The first step toward this fact was made by
Bir6 in [16], where using a metric from [1], he proved that
Char(T) C Pol(T). In [52], this fact was extended to all com-
pact metrizable abelian group.

Theorem 2.1.8 ([52, Theorem 1]). Let X be a compact metrizable
abelian group, then sy (X) is polishable.
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Then, Gabriyelyan and Dikranjan proved that the following
metric on X give rises to a finer Polish topology when restricted
on sy (X).

Definition 2.1.9 ([33]). Let X be a compact metrizable abelian
group, § be a compatible metric on X and v = (v,) be a se-
quence of characters of X. Let x,y € X and

ov(x,y) = sup{d(x,y), d(vn(x),vn(y))}
nelN

Notation 2.1.10. Let Ty denote the topology on X generated by
py and let py be the unique Polish topology on sy(X), i.e. py =
Ps, (X)-

With this notation, in [33], the authors proved that

Pv = Ty rsV(X) .

As an immediate corollary of Theorems 2.1.8 and 2.1.7 one
has the following one.

Corollary 2.1.11. If K is an uncountable Kronecker set of a com-
pact metrizable group, then (K) is a o-compact non characterized
subgroup.

One may ask if Pol(X) C Char(X). Unfortunately, this is not
true. Indeed, Hjorth, answering in [60] a question of Farah and
Solecki posed in [48], proved that there exist polishable sub-
groups of unbounded Borel complexity (see Section 3.1).

The assignments v — sy(X) and v — T, give rise to two

natural equivalence relations between sequences of characters
of X.

Definition 2.1.12. For two sequences of characters u and v of a
compact metrizable abelian group X let write

e u~v,if syu(X) =sy(X)

e u~rv,if Ty = Ty.
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As mentioned in Remark 2.1.2, the Polish topology witness-
ing the polishability of characterized subgroup is unique, hence
pu = py whenever u ~ v. That is u ~ v always implies 1, [g (x)=
Ty [s,(x), but we do not know if u ~ v implies u ~ v in general.
In the next chapter, we prove that this happens whenever s, (X)
is J ¢ moreover, we prove also that (X, Ty) is Polish only in some
trivial cases, although it is always completely metrizable.

2.1.3 Local quasi-convexity

The polishability is a necessary condition, but as reported in
the previous subsection not a sufficient one. So one can rein-
force the polishability condition. The following theorem, due
to Gabriyelyan, makes a step in this direction.

Theorem 2.1.13 ([52]). If H is characterized subgroup of a compact
metrizable abelian group, then py is also locally quasi-convex.

Notation 2.1.14. Let Poly 4. (X) denote the class of all polishable
subgroups H of a Polish group X such that pyy is also locally
quasi-convex.

Clearly, for a compact metrizable abelian group X, by Theo-
rem 2.1.13 one has that Char(X) C Pol4.(X). One may ask if
Poligc(X) € €har(X). Also this inclusion fails, as showed by
Gabriyelyan.

Example 2.1.15 ([51, 52]). Let H be the following subgroup of
.

H = {(xn) e TN | Z |xnl|| < oo}.

n=1

Gabriyelyan proved that H is not a characterized subgroup of
TN, but is a o-compact, polishable subgroup of TN such that

(H,pn) is reflexive, i.e. (H,pp) = (FT,];), hence by Remark
A.3.9 locally quasi-convex.
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2.2 FINER LOCALLY COMPACT POLISH GROUP TOPOLOGIES
2.2.1 The classes Bol;.(X) and PL

A natural class of groups having both properties, being Pol-
ish and locally quasi convex, is the class of second countable
locally compact abelian groups. Therefore, it makes sense to
consider the subfamily Pol;.(X) of Pol(X), consisting of those
subgroups H € Pol(X) whose Polish topology py is locally
compact. In this connection, Gabriyelyan posed the following
problem.

Problem 2.2.1 ([53, Problem 2.13]). Let Y be a second countable
locally compact abelian and ¢ : Y — X be a continuous injec-
tive homomorphism into a compact metrizable abelian group
X such that ¢(Y) is dense. Is @(Y) a characterized subgroup of
X?

In [76], Negro proved that the answer is affirmative, provid-
ing in this way the first sufficient condition for a subgroup of a com-
pact metrizable group to be characterized. As an easy consequence
of Lemma A.3.5, one has that requiring ¢(Y) to be dense is not
restrictive. Therefore, one can obtain the following theorem.

Theorem 2.2.2 ([76, Theorem 1.7]). If Y is a second countable lo-
cally compact abelian group and ¢ : Y — X is a continuous injective
homomorphism into a compact metrizable abelian group X, then @(Y)
is a characterized subgroup of X.

Remark 2.2.3. Theorem 2.2.2 implies that Pol (X) C Char(X)
for every compact metrizable abelian group X. Indeed, if H €
Poli.(X) and Y denotes the group H equipped with the finer lo-
cally compact group topology, then the inclusionmapi: Y — X
is a continuous injective homomorphism, so i(Y) is a character-
ized subgroup of X by Theorem 2.2.2.

Therefore, the following inclusions hold for a compact metriz-
able abelian group X.

Poly (X) € €har(X) < Poly g (X) € Pol(X).
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In this section, one can find a structure theorem (see Theorem
2.2.17) for the subgroups belonging to ‘Boli.(X), where X is a
compact metrizable abelian group. More precisely, the struc-
ture theorem proved in this section concerns the more general
class PL, of all topological abelian group that admits a finer lo-
cally compact Polish group topology. Proposition 2.2.5 clarifies
the connection between the two classes PL and ol (X), where
X is a compact metrizable abelian group. It is easy to see that
every countable group belongs to P£ and

U{‘BUILC(X) | X is compact and metrizable} C PL. (2.2.1)

but the inverse inclusion does not hold in general, as proved in
the following remark.

Remark 2.2.4. If H € PL, then H is separable and o-compact,
i. e. respectively admits a countable dense subset and H is the
union of countably many compact subsets. But H need not to
be metrizable, e. g. H can be an arbitrary countable group, that
is obviously in PL.

If one considers only subgroups of compact metrizable abelian
groups, i.e. H is a precompact metrizable group (Definition
A.3.18), then (2.2.1) becomes an equality.

Proposition 2.2.5. Let H be a precompact metrizable abelian group.
Then H € PL if and only if H € Poli.(H), where H is the (compact)
completion of H.

~

Proof. If H € Pol.(H), then by (2.2.1) H € PL. Conversely let
H € PL, then H admits a locally compact Polish group topol-
ogy finer then T [, where T is the compact metrizable (hence
Polish) topology on H. Therefore, H is a polishable subgroup
of H, whose unique Polish topology is also locally compact, i. e.

H e f’BO[lc(H)' []

Remark 2.2.6. ccyy (X) € PL for every topological abelian group
X. Indeed, if (H,T) € ccy(X) and K is a compact metrizable
subgroup of countable index, then (T [H)*, i. e. the topology on
H having as a local base in Oy the T [K-open neighbourhoods
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in K (see §A.2.2 for more details), is a locally compact Polish
group topology finer then .

Remark 2.2.6 implies that cc(X) C Pol.(X), for a compact
metrizable group X. By the fact that

cc(X) = ceg(X) = cem(X),
whenever X is metrizable, this refines the inclusion 1.2.1
cc(X) € Poli.(X) C Char(X). (2.2.2)

Sometimes, Polj.(X) = cc(X), as in the case of JJ,, i. e. the group
of p-adic integers.

Example 2.2.7.
PBol(Jp) = cc(Jp) = {countable subgr.} U {clopen subgr.}.

This situation is precisely described in Proposition 2.2.22. In
general, not all subgroups in ‘Pol;.(X) are in cc(X) as proved in
Subsection 2.2.3

2.2.2  Pseudolines

Definition and basic properties

In order to describe PL, one can define the following notion
for a topological abelian group.

Definition 2.2.8. Let X be a topological abelian group. A sub-
group R of X is called pseudoline if R is a continuous isomorphic
image of R. Denote by 9i(X) the class of all pseudolines of X.
One can call line a topologically isomorphic image of RR.

Remark 2.2.9. Obviously, 53(X) C PL where X is an arbitrary
topological abelian group.
Remark 2.2.10.

(i) A pseudoline R in a topological abelian group X is never
compact. Indeed, let f : R — X be a continuous injective
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(ii)

(iii)

(iv)

homomorphism with f(R) = R. Suppose by contradiction
that R is compact. Since both R and R are locally compact
and R is o-compact, the open mapping theorem yields
that f is a topological isomorphism, a contradiction.

Obviously, the pseudolines are separable, so have weight
at most c.

While lines are always closed, being isomorphic to the
complete group R, a pseudoline need not to be closed.
The locally compact (necessarily compact abelian and con-
nected) groups X having a dense pseudoline are known
also under the name of solenoids. It turns out that these
properties, along with the property from item (ii) com-
pletely determine the solenoids (see Theorem A.2.8).

Every closed pseudoline of a locally compact group is
a line. Indeed, if f(R) = R, then R is open by the open
mapping theorem (being R closed in a locally compact
group and hence itself locally compact).

Item (i) of the above remark is also a direct consequence of

the following deeper fact established by Prodanov.

Theorem 2.2.11 ([80]). Every Hausdorff group topology T on R
coarser then the Euclidean one, admits a strictly coarser Hausdorff
group topology v’ < Ton R

Since every compact Hausdortf topology is minimal, no pseu-

(i)

doline can be compact.

Pseudolines vs compact subgroups

Let X(X) denote the set of all compact subgroups of a topolog-
ical group X. Then | K(X) is a subgroup of X.

Lemma 2.2.12 ([37, Lemma 2.17]). Let R be a pseudoline in a topo-
logical abelian group X.

If K is a compact subgroup of G, then RN K {0} if and only
if the subgroup R 4 K of X is compact.
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(i1) The closure of R is not compact (that is R is not contained in
any compact subgroup of X), if and only if RN |J K(X) = {0}

(iii) If R is a line, then RN [ J K (X) = {0}.

Proof. (i) Suppose that RN K # {0}. The closed non-trivial sub-
group RN K of R is either infinite cyclic, or just R (in this case
R < K). In the latter case we are done. In case the subgroup
RN K of R is infinite cyclic, K is a compact subgroup of the
group R+ K such that (R4 K)/K = R/(RNK). Since RN K is an
infinite cyclic subgroup and R is a continuous injective image
of R, the group R/(RNK) is compact and isomorphic to T. This
yields that R + K is compact as well.

It remains to see that, if RN K = {0} then H = R+ K is not
compact. Assume for contradiction that H is compact. The re-
striction of the canonical projection q : H — H/K to R is a
continuous isomorphism as H/K = R algebraically. By the com-
pactness of H we deduce that H/K is compact as well. As Ris a
continuous isomorphic image of IR, this will produce a coarser
compact group topology on R, in contradiction to Prodanov’s
Theorem 2.2.11.

(i1) Assume that R is not contained in any compact subgroup.
Take a compact subgroup K of X. Then R + K contains R, so
cannot be compact. Then (i) implies that RN K = {0}. Since this
holds true for all compact subgroups K of X and since | K(X)
is the union of all compact subgroups of X, one can conclude
that RN J XK (X) ={0}. The converse is obvious.

(iii) It follows immediately from (ii) and Remark 2.2.10 (i), as
any line, being locally compact, is a closed subgroup. [

Remark 2.2.13. In general, pseudolines need not to be precom-
pact (as for example R and every line). On the other hand, in
case a pseudoline non-trivially meets some compact subgroup,
then that pseudoline is precompact by item (ii) of the above
lemma. Moreover, pseudolines of compact groups are never
lines by item (iii) of the above lemma.

Example 2.2.14.
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i) In X = T x T every pseudoline meets a torus. Indeed,
every pseudoline is dense. Therefore, it has a compact
closure, i. e. the whole group X.

(ii)) In X =R x T every pseudoline is a line. Hence, all pseu-
dolines (lines) trivially meet compact subgroups.

(iii) In X =T x T x R (that is not compact) there are pseudo-
lines with compact closure and lines (that are closed but
not compact).

Corollary 2.2.15. A pseudoline cannot contain a non-trivial com-
pact subgroup, so cannot be a CC subgroup.

Proof. Assume that, a pseudoline R, in a topological group X,
contains a non-trivial compact subgroup K of R. Then KNR =
K # {0}, so Lemma 2.2.12 implies that R = R+ K is compact.
This contradicts Remark 2.2.10 (i). []

2.2.3 Description of the class PL

In this section, we prove that the groups in P£ can be written
as a direct sum of finitely many pseudolines and a CCM sub-
group. The next remark is a direct consequence of the structure
Theorem for the LCA groups reported in §A.2.2.

Remark 2.2.16. A locally compact Polish group X has the form
R™ x H, where n € IN and H contains an open compact metriz-
able subgroup K of countable index, i.e. H € c¢y, (X) that is
equal to ccg(X) and cc(X) since X is metrizable.

Theorem 2.2.17 ([37, Theorem 4.6]). A topological abelian group X
belongs to PL if and only if there exist H € ccy (X) and Ry, ..., Rn €
R (X) such that

X=R1&Ry & ---®&R, ®H.

Proof. Let T be the finer locally compact Polish group topology
on X. By Remark 2.2.16 (X, t) = R™ x H where H € cc¢,, ((X, 7))
that is a CCM subgroup of X as well. One can take as R; the
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images of the coordinate lines in IR™. The converse holds by Re-
marks 2.2.6 and 2.2.9 and the fact that finite products of groups
in PL belong to PL. O

As corollaries of Theorem 2.2.17 one obtains the following.

Corollary 2.2.18. Let X be a topological abelian group. The following
implications hold.

X € PLand R(X) =0 = X € cem(X) = X € PL.

Note that the above implications cannot be inverted as shown
in the next example.

Example 2.2.19. For the first implication one can take X = T?
and for the second one X = RR.

Corollary 2.2.20. Every precompact metrizable abelian group in PL
is characterized.

Proof. Let H be a precompact metrizable abelian group in P£
and let T be the finer Polish topology on H. Clearly, H is a
compact metrizable abelian group. Hence, it suffices to apply
Theorem 2.2.2 when X = H, i =id and Y = (H, T). ]

Example 2.2.21. Gabriyelyan proved that every pseudoline in
T? is characterized, i.e. R(T?) C €har(T?). This can be ob-
tained also from Corollary 2.2.20. Indeed, such a group is a
precompact metrizable group in P£ and by Proposition 2.2.5
one can conclude. More generally, every metrizable solenoid
has a characterized pseudoline.

Proposition 2.2.22 ([37, Proposition 4.12]). For an infinite com-
pact metrizable abelian group X the following are equivalent:

(i) R(X) = 0;
(i) Poli(X) = cc(X) = cem (X) = ceg(X).

Proof. Since, by Proposition 2.2.5, H € Bol.(X) if and only if
H € PL, in case R(X) = ), Corollary 2.2.18 yields Pol.(X) =
ce(X).

Conversely, if H € RR(X) # (), then H € Poli.(X). By Corollary
2.2.15, H is not a CC subgroup. [
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As a consequence of Proposition 2.2.22 one obtains Example
2.2.7.

2.2.4 When Boli.(X) \ {X] consist only of countable subgroups

From Corollary 2.2.18 and the fact that the only proper com-
pact subgroups of T are the finite ones, one can deduce the
following theorem.

Theorem 2.2.23 ([37, Theorem 4.10]). Let H < T. Then H €
Poli.(T) if and only if either H =T or H is countable.

Proof. If H € Poly.(T), since R(T) = (), we conclude by Propo-
sition 2.2.22 that H € ¢¢(T). Let K be the compact subgroup
of H of countable index. If K = T, then H = T. Otherwise, K

is a finite subgroup of T, hence H is a countable subgroup of
T. O

The next theorem states that, the only infinite compact metriz-
able abelian group having the property proved in Theorem
2.2.23 is the circle group.

Theorem 2.2.24 ([37, Theorem 4.11]). Let X be an infinite compact
metrizable abelian group. Then the following are equivalent:

(i) X=T;
(i1) whenever H € Pol.(X) and H # X, then H is countable.

(iii) whenever H is a proper closed subgroup of X, then H is finite.

Proof. (i) = (ii). This is Theorem 2.2.23.

(ii) = (iii). One has to see that if H is an infinite closed sub-
group of X, then H = X. Clearly, H € Bol,.(X). Indeed, one can
take as py the restriction T [ of the topology T on X. Since
H € Pol.(X), one can deduce from (ii) that either H = X, or H
is countable. Being H an infinite compact group, H is uncount-
able. Hence, H = X.

(iii) = (ii). This is a classical duality argument. Suppose now
that all proper closed subgroups of X are finite. Let G = X the
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discrete dual group of X. If B is a non-zero (closed) subgroup of
G, then B = H for some proper closed (hence, finite) subgroup
H of X. Moreover H = G/H>. Since H is finite, G/B = H = H is
finite. Therefore, every non-zero subgroup of G has finite index
and hence G = Z. This proves that X = T.

L]
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BOREL COMPLEXITY OF CHARACTERIZED
SUBGROUPS OF COMPACT METRIZABLE
GROUPS

The first part of this Chapter is devoted to the introduction of
the Borel complexity of characterized subgroups. In the second
part the study of the J; subgroups is treated with particular
attention.

3.1 BASIC DEFINITIONS AND KNOWN FACTS
3.1.1 Basic definitions and notations

The Borel complexity of a Borel set is the “lowest” class in the
Borel Hierarchy (see §A.1) where such a set belongs to. Recall
that the first six classes of the Borel Hierarchy are the following.

Notation 3.1.1.

{Gs sets} G50 sets}

{open sets} C C
{closed sets} C {TFssets}] C {Fss5-sets}

where Gs-sets are countable intersections of open sets, ' sets
are countable unions of closed sets, G5, sets are countable
unions of G5 sets and Fs;5 sets are countable intersections of
F o, sets.

Note that if X is metrizable, then the diagonal inclusions hold
too. More precisely,

{open sets} C F5 C G55 and {closed sets} C G5 C Fss.

Moreover, if X is an uncountable Polish space, then all the in-
clusions listed above are proper (see [63] for more details).
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In this Thesis we treat, mainly, Borel subgroups instead of
subsets, hence let &45(X), §5(X), &s55(X) and Fo5(X) denote re-
spectively the class of G5 subgroups, Js subgroups, G5 sub-
groups and J 55 subgroups of a given topological group X (e. g.
an J,5 subgroup means a subgroup that is an J5 set as a
subset, etc.).

3.1.2 Known facts

As proved in Lemma 1.1.7 (v) every characterized subgroup is

an J55 subgroup. That is, for every topological group X one
has

Char(X) € Fos(X) (3.1.1)
Farah and Solecki proved the following theorem.

Theorem 3.1.2 ([48, Theorem 2.1]). For every uncountable Polish
group there exists Borel subgroups of unbounded Borel complexity.

As a consequence of the above Theorem and (3.1.1) one con-
cludes that not all Borel subgroups are characterized. As re-
called in §2.1.2, Hjorth improved Theorem 3.1.2 proving the
following one.

Theorem 3.1.3 ([60]). For every uncountable Polish group there ex-
ists Polishable subgroups of unbounded Borel complexity.

As a consequence of the previous theorem, one has that nei-
ther all polishable subgroups are characterized.

Theorem 1.2.6 states that &45(X) C €har(X) whenever X is
compact. If X is also infinite it is possible to prove that this in-
clusion is proper. Indeed, Lemma 1.2.17 proves that there exists
H € ccg(X) proper and dense. By Theorem A.2.14 H cannot be
Ss and it is characterized by (1.2.1).

Also the inclusion €har(X) C Fo5(X) is proper for an infinite
compact abelian group X. Indeed, as stated in Theorem 2.1.7
every subgroup generated by an infinite Kronecker set is not
Polishable and hence not characterized. This kind of subgroup
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is obviously J5, so neither §4(X) C €har(X) nor Fos(X) C
Char(X).

Moreover, Theorem 1.2.19 states that if X has finite exponent
Char(X) = cey(X) that are obviously J subgroups. The fol-
lowing theorem summarizes all inclusions and non-inclusions
treated before.

Theorem 3.1.4 ([33]). For every infinite compact abelian group X,
the following inclusions hold:

65(X) & €har(X) & Fos(X) and Fo(X) € Ehar(X). (3.1.2)
If in addition X has finite exponent, then
Char(X) C Fe(X). (3.1.3)

Clearly, one has €hat(X) & §¢(X) in (3.1.3), due to the second
part of (3.1.2).

It was proved in [55], that the implication exp(X) < co =(3.1.3)
in the final part of the above Theorem can be inverted.

Theorem 3.1.5 ([55]). Char(X) C §o(X) for a compact abelian
group X if and only if X has finite exponent.

To prove Theorem 3.1.5 Gabriyelyan produced a non J char-
acterized subgroup for every compact abelian group X of infi-
nite exponent.

Remark 3.1.6. More precisely, Gabriyelyan produced a non J
characterized subgroup for T, J, and | [ Z(u,,) where (uy) €
NNand 1 <ug <--- <upy <....Since every compact abelian
group of infinite exponent has an open subgroup that is iso-
morphic either to T or J, or | [ Z(un), this proves Theorem
3.1.5. A first step towards this direction was made in [2], where
in different settings, Arbault proved that t,(T) for u = (227) is
not F.

Remark 3.1.7. Moreover, in §2.2 the class Pol;.(X) is defined and
described. It is easy to see that

PBol(X) € Fo(X),
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for every Polish group X. Indeed, every locally compact Polish
space is o-compact (i.e. countable union of compact subset).
That is (H, pn) is o-compact in the finer locally compact Polish
group topology p = py, where sy(X) = H fora v & XN (since
Pol(X) € Char(X)). Since py = Ty [s,(x), one has that H is o-
compact also Ty and hence in the coarser original topology of
X.

Furthermore, every countable subgroup of an infinite com-
pact metrizable group X belongs to Pol}.(X). Theorem 2.2.24
proves that Pol;.(X) = {countable subgroups} U {X} if and only
it X = T. Therefore, when X # T there are J; subgroups other
then the countable ones. As stated in (2.2.2) cc(X) C Pol(X)
and if X has pseudolines then in cc(X) C Pol.(X).

Hence, the study of the J, characterized subgroups is an
interesting matter.

3.2 J 5 SUBGROUPS
3.2.1 T s-test topology

Notation 3.2.1. If x is an element of a metrizable group X, then
let B4(x) denote the d-ball centred in x of radius r for a com-
patible metric d.

This subsection describes when a given characterized sub-
group is J. In order to do this, the following test topology is
useful.

Definition 3.2.2. Let v be a sequence of characters of a compact
metrizable abelian group X = (G, ) and tJ be the topology
on G such that its filter of neighbourhoods of 0 in G is gener-
ated by

{Wn =B (0):ineN},

where M denotes the closure in (G, T) of a subset M of X and
Pv is as in Definition 2.1.9.
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One can refer to Tty as the JF-test topology with respect to
the sequence v (if no confusion is possible, one shall omit the
index v).

Remark 3.2.3. The J test topology is a metrizable group topol-
ogy such that

TC 1y C Ty.

The fact that {W,, | n € IN} of Definition 3.2.2 is a countable
decreasing chain of symmetric sets such that W), + W5, C
W, proves that 1y is a metrizable group topology.

The inclusion T C ty follows from the fact that for all U € ©
and every x € U, there exists a closed ball in T centred in x of

radius % for a certain n € IN, denoted by B? /n(x), where 0 is a

compatible metric with T, such that B (X)) =x+ BS m(0) C U
Hence, by the fact that for every x,y € X one has py(x,y) =
sup, .10, y), d(vn(x),va(y))} = 0d(x,y), the next inclusion
holds BT, (0) 2 Bf;n(O).

For the inclusion Tty C Ty, note that for every x € W,,, where
W, is as in Definition 3.2.2, there exists m > n such that x +
BT, (0) C Wh.

The topology 17 is called J test topology due to the follow-
ing theorem.

Theorem 3.2.4 ([38, Theorem A]). Let X = (G, t) be a compact
metrizable abelian group and v € XN, Then

sy(X) € F5(X) <= sy(X) € Ty.

Proof. Suppose that sy(X) = |J,, Fin for some closed sets F;;, of
(G, T). As sy(X) is a subgroup, we can assume without loss of
generality that F,,, = —Fy, is symmetric for each m € IN. Ob-
viously, these Fy,, are py-closed as well. So, applying the Baire
category Theorem to the Polish space (sy(X), py), one deduces
that F,,, has a non-empty interior for some mg. Since Fy,, is
closed in (G, T), there exists some xp € F,, and n € IN such
that

‘pr

n (x0) = x0 + By (0) C Finy C sy(X).

1/
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Hence ,sy(X) is T -open since it is a subgroup.

Conversely, let sy(X) € Ty, then there exists n € IN such that
Wh C sy(X). Let D C sy(X) be a py-dense countable subset.
Then D +W,, = sy(X) and hence sy(X) = [Jgep d + Whn. Since
W,, are t-closed, then d + W,, are t-closed. ]

3.2.2  Countable subgroups vs J s test topology

It follows immediately from the fact that 7y [ (x) is the finer
Polish topology py on sy(X), that the group (sy(X), py) is dis-
crete if and only if it is countable. Moreover, one can prove that
sy(X) is countable if and only if Ty = Ty is discrete in the whole
X.

Theorem 3.2.5 ([35, Theorem 2.32]). Let X be a metrizable compact
abelian group and v € XN, Then the following are equivalent:

(i) sy(X) is countable;
(i) |sv(X)| < ¢
(i11) Ty 18 discrete;
(iv) T3 is discrete;

(V) Ty ls,(x) I8 discrete;
(vi) vy is discrete.

Proof. (i)<(ii). This is a consequence of (3.1.1) (see Remark
1.1.18).

(1)=(iii). Indeed if sy(X) is countable, then it is obviously J.
Hence, sy(X) is a ty-open, by Theorem 3.2.4. Moreover, Ty is
discrete when restricted to sy(X) since the topology that wit-
nesses the polishability of sy(X) is unique. Thus, sy(X) is both
Ty-open and Tty-discrete. Consequently, Ty is discrete.

(iii))=(iv). This follows from the definition of tJ.

(iv)=-(v). This is obvious.

(v)=-(vi). It follows from the fact that py = Ty [ (x) is finer
then 17 s, (x)-
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(vi)=(i). It follows from the fact that (sy(X), py) is separable.
[]

3.2.3 Some consequences on the topology Ty

Recall that the topology Ty, where v & XN and X is a com-
pact metrizable abelian group, is defined in the whole X and
it is induced from the metric py defined in §2.1.2. Moreover,
Ty [s,(x)= Pv. Furthermore, recall that for u,v € XN , one has
u ~ v whenever sy (X) = sy (X) and u ~ v whenever 1y, = T1y.

Remark 3.2.6. Theorem 3.2.5 yields that in general u ~ v does
not imply u ~ v. Indeed, every countable subgroup has the
same associated topology, i. e. the discrete one.

The following corollary, in relation with Remark 3.2.6, proves
that the topology Ty, does not depend on the choice of v, when-

ever sy(X) € §o(X).

Corollary 3.2.7 ([38, Corallary A1]). Let sy(X) € §(X), where X
is a compact metrizable abelian group and v € XN, If u € XN such
that u ~ v, then u ~ v.

Proof. Let H = sy(X) = sy(X). Recall that Ty and T, coincide
when restricted to H, since the topology witnessing the pol-
ishability of H is unique. Moreover, as H € §(X), H is t$-open
and hence also ty-open. Analogously, H is Ty-open. Hence, Ty
and T, coincide on a subgroup that is open in both topologies.
Therefore, they coincide on the whole group X. [

As previously, recalled 1, | sy(X) is Polish. The following
corollary answers question [35, Question 4.6], proving that Ty
is Polish only in some trivial cases.

Corollary 3.2.8 ([38, Corollary Az2]). If X = (G, T) is a compact
metrizable abelian group and v € XN, then the following are equiva-
lent:

(i) (G, ty) is Polish;

(i1)) T =Ty,
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(i11) sy(X) is T-open;

(iv) v has no faithfully indexed subsequences and every character
that appears infinitely many times is torsion.

Proof. (i)<(ii) Since T is Polish, by uniqueness of px, one has
that T = Ty.

(ii)=-(iii) If T = 1y, then py = Ty |5, (x)= T [s,(x)- By Lavrenti-
eff Theorem (see Theorem A.1.8) sy(X) € &5(X). Moreover, by
Corollary A.2.15

&5 (X) = {closed subgroups of X}.

Therefore, sy(X) € §5(X), by Theorem 3.2.4 sy(X) is T$-open
and hence also t-open.

(iii))=(iv) If H = sy(X) is T-open, then H has finite index.
Thus, if u is the normalized Haar measure on X, then u(H) > 0
and hence by Lemma 1.1.17 v has no faithfully indexed sub-
sequences. Let v, be a character that appears infinitely many
times in v. Since v, (H) = 0, the following character of X/H is

well defined
Vn X+ H— v (x).

Since X/H is finite, then v (X/H) = v, (X) < T is finite. If
m = exp(vn(X)), then mv,(x) = 0 for all x € X. Therefore,
mv, = O>A(, 1.e. v 1S torsion.

(iv)=(ii) Let Iy° be the finite set of all characters that appear
infinitely many times in v, i. e. the following

[° ={vn |n €N and (I°mvy =vm)}.

By Remark 1.1.6(ii) one has that sy(X) = nre(X). Since each
vn € [{° is torsion, one has that exp(vn (X)) is finite and hence
X/kervy = vnp(X) < T is finite. Therefore, since I'° is finite
nre(X) has finite index in X. Hence nrx(X) = sy(X) is a 1-
clopen subgroup and hence also a Ty open. Therefore, T = Ty
(since the topologies have a common open subgroup of finite
index). []



Part 11

THE CIRCLE GROUP

Characterized subgroups were introduced for the
first time in the circle group. Moreover, character-
ized subgroups are related also to Diophantine ap-
proximation (see [13, 15, 18, 45, 69, 66]), Dynamical
System and Ergodic Theory (see [79] and [87]). In
this part a theorem from [36] appears, where a com-
plete description of t,(T) is given, when u is such
that un[un 1. A panoramic on the main results ob-
tained in the circle group is also given.






GENERAL AND RECURSIVE SEQUENCES

4.1 BASIC PROPERTIES AND NOTATIONS
4.1.1  Some basic facts

Lemma 4.1.1 ([10, Lemmaz2.1]). If u € ZN and d € N, then
(%) € tu(T) if and only if dlun, eventually.

Notation 4.1.2. For u € ZN and p € P, let v;, be the additive
p-adic valuation and
np(u) :=liminfvy, (un) € N U{oo}.
n—oo

Since, the torsion subgroup of the torus t(T) = Q/Z =
D, ep Z(p>), the following proposition holds.

Proposition 4.1.3 ([10, Proposition 2.3]). For u € ZN one has
that

t(ta(T)) = P Z(p™™).

peP

Notation 4.1.4. If u,v € ZN, then one can write uAv instead of
lWAly, where A is the symmetric difference and I, and Ty are
the supports (see Notation 1.1.3) respectively of u and v. One
can write also |u| to denote the sequence of the absolute value
of u i. e. the sequence (jun]).

Note that the order of the sequence is not relevant and in
general if v = (Jun|), then u ~ v (i.e. t,(T) = ty(T)). There-
fore, in the case of integer sequences one may study only the
sequences of natural numbers.

Proposition 4.1.5 ([7, Proposition 2.5]). If u,v € ZN have no
constant subsequences, then the following hold

53



54

GENERAL AND RECURSIVE SEQUENCES

(1) if [ulAv| < Ny, then u ~ v;
(ii) u ~ w, whenever w = |u|;

(ii1) there exists a strictly increasing sequence of positive integers w
such that u ~ w.

Proof. Item (i) is obvious since there exists 1 € IN such that
fup:n>U={v,:n>1}L

Item (ii) follows from the fact that 0 € T has a local base of
symmetric sets.

To prove item (iii), take w as an opportune enumeration of
the set {jun|:un # fum ¥m,n € N}. Clearly since u has no

constant subsequences |[WA |u|| < Ny and hence by item (i) and
(ii) tu(T) = tw(T). ]

Remark 4.1.6. Note that the implication in item (i) cannot be

inverted. Indeed, let u = (p™) and v = (p?™), one can prove
that ty,(T) = ty(T) while [uAv| = X,.

The next proposition is a direct consequence of Corollary
1.1.9, but for X = T one can prove it directly without using
Lemma 1.1.8.

Proposition 4.1.7 ([7, Example 2.8]). Ifu € ZN, then t,(T) =T
if and only if u is eventually 0.

Proof. Clearly, if u is eventually 0, then t,(T) = T.

Conversely, suppose that u is not eventually 0. One can dis-
tinguish two cases, namely u contains a constant subsequence
or not.

In the first case, if u contains the constant subsequence uy =
m for all n, then t,(T) < T[ml, hence t,(T) is countable and
therefore is not the whole T.

In the second case, without loss of generality, one can sup-
pose that u is a strictly increasing sequence of positive integers,
by Proposition 4.1.5. Therefore u,, — co. Let Iy = [¢,1 — €] with
0 < ¢ < 1/2 and for every n > 0 define I, C I,,_; such that
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diam(I,,) = diam(Ip)/un. One can define such closed intervals
as I,, = [e+ 6,1 —¢— 6, ] where

s _diam(lo) —diam(In) _

2
12— (1-20)(un— 1)
2 2un, '
Let x € []1n, clearly unx € [p for all n € IN hence ||[unx|| > e.
Therefore, x ¢ t,(T). ]

4.1.2  The Eggleston Theorem

Notation 4.1.8. Let u € ZN. Denote by q* = q the sequence
(qh)neN = (gn)n where for every n € IN® one has qn =
Un/un—1 and qo = up. If no confusion is possible, one can
omit the superscript u.

Remark 4.1.9. With the above notation, u, = qo - - - qn for every
n € IN.

Definition 4.1.10. Call a sequence u € ZN q-bounded (q-diver-
gent) if q" is bounded (qn — 00).

The following Theorem, first proved by Eggleston, under-
lines the relation between the behaviour of the sequence q and
the cardinality of t,(T).

Theorem 4.1.11 ([45],[7, Theorem 3.1, Theorem 3.3]). Ifu € Z~,
then the following hold:

(1) If uis q-bounded, then |ty (T)| = Ny,
(i1) if w is q-divergent, then |ty (T)| = c.

Notation 4.1.12. If u € ZN, then denote by q_ = q“ and by
q+ = q% respectively liminf g, and lim sup q. Moreover, de-
note by qs = q% and by q; = qf respectively supiqn | n € IN}
and inf{q, | n € IN}.

Remark 4.1.13. Clearly, g+ < qs and q; < q—.
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The next proposition shows that the implications of Theorem
4.1.11 cannot be inverted.

Proposition 4.1.14 ([7, Remark 3.5]). If u is a strictly increasing
sequence of integers, then, for every m € IN, there exists a strictly
increasing sequence of integers v such that ty(T) = t,(T), q¥*. =m
and q¥. = +o0.

Proof. Let (uy, ) be a subsequence of u such that uy_ ,/uy, —
+00 and uy_ /un — 4o00. Define v as follows:

2

Uk if n is odd,;

n+1
Vo = < 2

MU, + Un if n is even.
\ 2

That is von—1 = ux,, and vy, = muyg,_, + un. Clearly, q¥. =m
and q% = +oo. Moreover, if upx — 0, then u, — 0, hence,
Von—1 — 0 and vy, — 0. Therefore, vi,x — 0. Conversely, if
vqp — 0, then vy, —von_1 = upx — 0. ]

Hence, for every sequence q-bounded or q-divergent, one
can construct a sequence that is neither q-bounded nor q-di-
vergent that characterizes the same subgroup.

4.2 Ty FOR A SEQUENCE OF INTEGERS U

Proposition 4.2.1 ([38, Proposition B]). If u is a strictly increasing
sequence of positive integers with q§ < oo, then Ty is discrete. More
precisely, B’Y (0) = {0} in T.

2qY%

Proof. Let ¢ = 21]5 and x € B£"(0). Therefore, the following
holds

|x|| < € and ||unx|| < € for every n € IN. (4.2.1)

Here, we prov that x = 0. To do this one will need the fol-
lowing claim. In particular one has that
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Claim: Let x be the unique pre-image in [0, 1) of an element x
of T via canonical projection (see §A.2.1). If x < ¢, then unXx
|unx|| < e, for every n € IN.

To prove the claim one can argue by induction. For n =

0 one has that uy < qs hence upx < gqsx < (gse < %

Hence, upx = ||uox|| < ¢ (this holds since if nx < %, then
|nx| = nx). Assume that n > 0 and unx < ¢ holds true.
Then U, 1x < qsunx < gsé < % and hence u,1x < %
Therefore, (4.2.1) yields ¢ > ||[un+1%|| = un+1x. This con-
cludes the inductive argument and the proof of the claim.
According to (4.2.1), one has that either 0 <X < eor1—e <
X < 1. In case 0 < X < ¢, the Claim proves ,for all n € NN,
that unx < ¢ and hence x < =. Since u is strictly increasing,
one has that x = Or and hence x = Og. The second case, i.e.
1 —¢ < x < 1 cannot occur. Indeed, if 1 —¢ < x < 1, then
y=1—X>0andy < . Moreover, by Claim, 7t(y) € B£*(0), by

previous argument, y = Or, a contradiction.

[]

4.3 INCLUSIONS BETWEEN CHARACTERIZED SUBGROUPS

This section proposes a results from [46] and [47], inspired by
a result of Arbault, that describes when t,(T) < ty(T) in case
q" — oo and a recent result from [11] that extends to R the
result of Elias.

Notation 4.3.1. Let Z = (z;;)i; be a row-column-(countably)
infinite real valued matrix, i.e. zi; € R and 1,j € IN. Denote
by zi = (zi;); the i-th row of Z and denote by z) = (zi;);
the j-th column. Recall that, for x = (xi); € RN the 1-norm is
|x]|; = 2_; Ixil and the co-norm is ||x||,, = sup; {Ixil}.

4.3.1  Good expansion

Definition 4.3.2. Let m € Z and u € ZN be a strictly increasing
sequence such that up = 1. A sequence z € P Z is a good
expansion of m with respect to u if

57



58

GENERAL AND RECURSIVE SEQUENCES

u
m = Z zauy and Yn € N, szuj < ==,
nelN j<n

Theorem 4.3.3 (Existence of good expansions). For every strictly
increasing sequence of integers u with uy = 1 and every m € Z,
there exists a good expansion z of m w.r.t. u.

Proof. One can find ng € N such that /m| < u,,/2. Putz,, =0
for all n > nop.

For every n < ng the element z,, is defined recursively from
no to 0. Let my,+1 = m. For n < ny, let zy, = [mn41/unl, that
is the nearest integer' to mn1/un, put mp = Mpy1 —zZpUn.
Note that since up = 1 then mp = 0 and hence

Mn1 = Z Zju;, (4.3.1)

IR

then, for n = ny, the first part of the definition of good ex-
pansion is satisfied. Let us prove the second part; for n < ng

one has [y, 1/un — zn| < 1/2, hence by (43.1) |- 21| =
Mn| = Mnpt1 —zZnun| < un /2 for every n < ng. On the other

hand if n > ngy one has ‘Z zjuj‘ = m| < un,/2 < un/2

j<m
since u is strictly increasing.
O

Definition 4.3.4. Let Z = (z; ;)i jen a row-finite infinite integer
matrix, i.e. zi € P Z, for every row z;, where i € IN. Let
z) denote the j-th column of Z. Let u be a strictly increasing
sequence of integers with ug = 1 and let v € ZN. One can say
that Z is a good expansion matrix (briefly g.e.m.) of v with respect
to u if, for all i € N, z; is a good expansion of v; with respect
to u. In this case v = Zu.

note that in some cases the nearest integer is not unique; Elias proved that
these are the only cases such that the good expansion is not unique.
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4.3.2 Theorem [47, Theorem 1.2]

Definition 4.3.5. A row-finite infinite integer matrix Z satisfies
the Arbault-Elias conditions (briefly A-E conditions) if the follow-
ing conditions are satisfied.

(1) for all j € IN there exists k; € IN such that for all i > k;,
Zij — 0;

(2) there exists s € IN such that foralli € N, } ;- |zi,j| < s.
These conditions can be stated also in the following way;
(1*) Z is a column-finite matrix;
(2*) the sequence (||zi]|)1 is bounded.

Theorem 4.3.6 ([46, 47]). Let u,v € NN, If u is q-divergent, uy =
1, v is strictly increasing and Z is a g.e.m. of v w.r.t. u, then ty(T) <
ty(T) if and only if Z satisfies the A-E conditions.

Note that, the previous theorem, for u = 22" was proved by
Arbault in [2]. The sufficiency of the A-E conditions is easy and
it can be proved as follows.

Proof. Let Z be a g.e.m. of v w.r.t. u satisfying the A-E con-
ditions and x € t,(T). Let s € IN satisfying the second A-E
condition. For any ¢ > 0 there exists n. such that for every
n > ng, |[unx|| < ¢. Let ke € IN such that, for all n < n. and
all i > k¢, zi n = 0. Therefore, for every i > k. one has

€
[vixll < D lzinl funxll < < 3 lzinl <.
nelN nelN

Therefore, x € ty(T). ]

4.3.3 Extension of inclusion from T to R

Inspired by Theorem 4.3.6 and using techniques from [86], Bar-
bieri, Giordano Bruno and Weber generalized the result of Elias.
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More precisely, they prove the following theorem for a sequence
u € (R\ {0})N such that |qn| — oo and a row-finite integer infi-
nite matrix Z that is not necessarily a g.e.m..

Theorem 4.3.7 ([11, Theorem 3.10]). Let u € (R\ {0})N be such
that |qn| — oo, let Z be a row-finite integer infinite matrix and
v = Zu. Assume that:

(1) Vi,n € N, (ngn Zij = 0=V < n,zZij = O)/

(2) Z) is bounded for every j € IN;

7
(3) limsup; % < 1.

Then sy(IR) C sy(IR) if and only if Z satisfies the A-E conditions.

Note that in case u € ZN, s4(R) = ' (t,(T)) and t,(T) <
ty(T) if and only if s4(IR) C sy (IR).

Corollary 4.3.8 ([11, Corollary 3.11]). Let u € (R \ {O})N be such
that |qn| — oo, let Z be a row-finite integer infinite matrix and

v = Zu. Let 0 < T < 1 be such that |Zj<n zm-uj‘ < Tluny1l for

every n,i € IN. Then t,(T) < ty(T) if and only if Z satisfies the A-E
conditions.

Remark 4.3.9. Note that for a g-divergent integer sequence u
and T = %, Corollary 4.3.8 is Theorem 4.3.6. Indeed, in this
case Z is a g.e.m. satisfying the A-E conditions.

4.4 CYCLIC SUBGROUPS

In this section we state a relevant result from [17] due to V.T.
S6s. The author found a characterizing sequence for every in-
finite cyclic group, i.e. those ones generated by an irrational
element of T. This characterizing sequence is strictly related to
the sequence of convergents of the continued fraction expan-
sion of the generating element.
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Definition 4.4.1. A continued fraction is an expression of the
following form

Qo + 1 = lag; ar,..., an]

and infinite continued fraction an expression of the previous form
where the sequence (an) is infinite, that one can denote by

lag; A1, e.n, Qp, ...l

It is well known that, p € R is rational if and only if its con-
tinued fraction expansion is finite. Moreover, one can define the
sequence of convergents for a real number p as follows.

Definition 4.4.2. Let [ap; a1,...,an,...] be the continued frac-
tion expansion of a real number p (in case p is rational consider
the sequence (an) finite). Denote by * the following rational
number [ap; aj, ..., an], where gcd(mn,sn) = 1 and call it the
n-th convergent of p.

Example 4.4.3 (The Golden Ratio). Let ¢ = \/52“ be the cele-
brated golden ratio. It is well known that d? —d—1=0, hence

¢ = —¢1_1 , that implies ¢ = %—11 — and so on. Therefore, ¢ =

(1;1,...,1,...]. Thus, the sequence of convergents is (;—") =

n

(f?—:‘), where fo = f1 =1 and f42 = fn41 + fr for every n,
i.e. f = (f,) is the Fibonacci sequence. Moreover, the fractional
part of the golden ratio {¢} = —1=1[0;1,1,...,1,...] has as
convergents the following sequence = = ff“ where f = (f;,)

. . . Sn n+1 ,
is the Fibonacci sequence.

Theorem 4.4.4 ([69, Larcher]). Let o« € T\ Q/Z and let x be its
unique pre-image in [0, 1) via canonical projection. If s = (sn), the
sequence of denominators of the convergents of «, is bounded, then
<(X> = t5(T).

Remark 4.4.5 (Quadratic irrational). Recall that a quadratic irra-
tional is an irrational element & € R such that ax? +bx+c¢ =0
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for some a,b,c € Z. It is a well known fact, due to Lagrange,
that o is a quadratic irrational if and only if & has an infinite pe-
riodic continued fraction expansion. Therefore, such elements
satisty the hypothesis of Larcher Theorem.

Clearly, an example of quadratic irrational is the golden ra-
tio.
Example 4.4.6 (The golden ratio and the Fibonacci sequence).
A direct consequence of the Larcher Theorem is that (nt(¢)),
where ¢ is the golden ratio and 7 the canonical projection, is
characterized by the Fibonacci sequence. Indeed, by Example

4.4.3 the sequence of the denominators of the convergents of ¢
is the Fibonacci sequence f.

For the general case of an arbitrary o« € T\ Q/Z, S6s proved
the following theorem.

Theorem 4.4.7 (S6s [17]). Let « € T\ Q/Z, let « be its unique
pre-image in [0, 1) via canonical projection and

x=1[0;a1,...,0an,...].

If (sn) is the sequence of denominators of the convergents of x and u
is the following sequence

{ksn 1 <k< an—H}/

then (o) = ty(T).

4.5 A DESCRIPTION FOR RECURSIVE SEQUENCES

It is easy to prove that, if [ag; a7,...] is an infinite continued
fraction and ™ is its sequence of convergents, then for every
n € IN the following hold

Th4+2 = Qn2Tn41 +Tn;
Sn+2 = Qn4+2Sn+41 1 Sn.
Hence, by Theorem 4.4.4 one has that certain cyclic group

are characterized by a sequence s satistying a second order re-
currence linear relation.
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In this section, we report a description of subgroups charac-
terized by sequences satisfying a recurrence linear relation of
finite order, with particular attention to those of second order.

4.5.1 Recurrence relations of finite order

Let k € N*, up,...,ux_1 € Z and b, ; € Z for every n € IN*
and 1 € {1,...,k}. Here, we consider sequences u & ZN of the
following form:

Un = bn,1un—1 + bn,Zun—Z + - bn,kun—k/ (451)

where n > k.

Notation 4.5.1. Denote by Z.., the set of all the sequences of the
form (4.5.1) and by B; = {bn i | n € IN*}, for every i € {1,...k}
and by B = J*_; B;.

The next structure theorem for t, (1) considers only u € Zrec,
when B is bounded.

Theorem 4.5.2 ([10, Theorem 3.12]). Let u € Zye, . If B is bounded
and Py = {p cP|3d*°Mn,i) € ]Nz,plbnli}, then the following hold:

(i) tu(T) = t(tu(T)) ® H, where H is torsion free. If Poy =
{p € PInp(u) = oo}, then Poy C Pg;

(i1) if By is bounded for every i € {1, ...k}, then torsion free rank
ro(H) of His ro(H) = ro(t(t(T))) <k;

(111) if bnx # O, for every n € IN, then there exists Hop < H
such that Hy = Z%M) gnd H/Hy = EBPE% Z.(p>)v where
0 <jp <ro(H) forallp € Px.

4.5.2  Recurrence relations of second order

A sequence u in Zre, is a sequence satisfying a relation of the
following form:

U = AnUn—1+ bnUn_2; (4.5.2)
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where up,u1,an,bn € Z, for every n > 2. In that case the
elements of sequence q" have the following form:

(4.5-3)

Here, we consider u € Zye., where up,u1,an, € N* and by, €

IN, let Z,;.., denote the set of all sequences like these. Moreover,

let z,, denote, for every natural n > 2, the following rational

number %. In this way one has that
1 77 b
m=—1]= (4-5-4)
W iod

In this settings, one can refine Theorem 4.5.2, for k = 2, in
the following manner.

Theorem 4.5.3 ([10, Corollary 4.5]). If u € Z,,.,, then ty(T) is not
torsion whenever z,, — 0. If, moreover, the sequences (an ), (bn) are
bounded, then the following are equivalent:

(i) tu(T) is not torsion;
(i1) 1o(tu(T)) =1;
(i11) z,, — O.

Corollary 4.5.4 ([10, Corollary 4.8]). If u € Z,,., then the follow-
ing hold.

(1) If an > bn > 0 for every n > 2, then ty(T) is not torsion.

(11) If an < by for everym €= 2 and (by,) is bounded, then t,(T)
is torsion.

Proof. (i). If u is not q-divergent, then } | -, (a“_nb“ + q1n) di-
verges. One can prove that this is equivalent to the fact that
zn — 0. Therefore, Theorem 4.5.3 entails that t,(T) is not
torsion. If u is q-divergent, then Theorem 4.1.11 implies that

ty(T')| = ¢ and in particular t,(T) is not torsion.
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(ii). One can prove that z,, does not Converge to 0. Indeed,

by (4.5.3) one has that g, < bn — 14+ 2= qn_ and therefore, 2— >
1) gn
Egniﬂz?)ql = Qn. By (4.5-4) Zn 2 u1 [[= Qi = W Q2 >
q
u](q:+1)' []

Theorem 4.5.5 ([10, Theorem 4.10]). Let (an) € Nﬂf be bounded,
u € N satisfy un = anun_1+un_2, g = gcd(ug, ur), Ao, A1 €
IN be such that g = [Aoug + Aruql. If (1) satisfies rn — AnTn_1 +
Tn—2, Wheretg = Ao and 1 = Ay, then the sequence ;™ ™ converges to

an irrational number x € R and ty(T) = (n(x)) & (7 (é)% where

Tt is the canonical projection of R onto T.

Remark 4.5.6. If {a, | n € IN} are the coefficient of an infinite
continued fraction, then up = sp = 1 and hence gcd(up,u1) =
1. Therefore, Theorem 4.5.5 implies Theorem 4.4.4

Theorem 4.5.7 ([10, Theorem 4.12]). Let u € Z,;., be such that

n = bn € IN for every m € IN. Then ty(T) = ¢ if and only if u is
not q-bounded.

Let u satisty (4.5.2), where the sequence a,, = a € IN* and
bn = b € IN* for every n € IN. In this case Corollary 4.5.4
entails the following proposition

Proposition 4.5.8. Let u € N be such that w,, = au,_1+
bun_p, where a,b € IN*. Then a > b if and only if t,(T) is not
torsion.

In particular, if a > b, then t,,(T) is infinite. In [8], the authors
proved when the torsion subgroup of t,(T) is infinite.

Proposition 4.5.9 ([8, Theorem 3.9]). Let u € NI be such that
Un = AQUp_1 + buny_2, where a,b € IN*. Then t(t,(T)) is infinite
if and only if ged(a,b) > 1 or u is a geometric progression, i.e.
Un = upA™ ! with A € N*.

From the previous propositions one can obtain the following
corollary.
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Corollary 4.5.10 ([10, Corollary 5.4]). Let u € INY be such that
Un = QUp_1 + bun_p, where a,b € IN*. Then t,(T) is infinite
if and only if either a > b or ged(a,b) > 1 or u is a geometric
progression.
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5.1 A DESCRIPTION OF ty(T) FOR A-SEQUENCES

Definition 5.1.1. A strictly increasing sequence of integers u =
(un ) is called arithmetic (or briefly, an a-sequence) if wn U 41
for every n € IN.

If u is an a-sequence, then q" is a sequence of integers.

5.1.1 The canonical u-representation

Proposition 5.1.2 (Existence of the u-representation [78]). Let
u be an a-sequence, let q = (qn ) be its sequence of ratios and « €
[0, 1). Then there exists a unique sequence ¢* = ¢ = (cn) € NN
such that 0 < cn < qn forevery n € IN,

X = i C—n, (5.1.1)

and cn < qn — 1 for infinitely many n.

Proof. Indeed, let co = |upo|, where | | denotes the integer
part. Hence,

Co 1 1
X —— < = | .
Wo Wo U1

Suppose that cg, ..., cx are defined for some k > 0, where

and o — ax < uik The (k + 1)-th element of ¢ is cxy1 =

[ W1 (00— o) | []
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Notation 5.1.3. Call a representation as in (5.1.1) the (canonical)
u-representation of o« and call ¢ the sequence of coefficients of
the u-representation (or briefly ¢ is the u-representation of ).
Very often, in this section, one can refer to an element x € T
as its unique preimage x in [0, 1) (i.e. . with respect to 71 see
§A.2.1) without distinction.

For x € T with u-representation (5.1.1), let

* supp(x) ={n € N |cn # 0} and
* suppq(x) ={n€N|cn =qgn—1T}h
Call an infinite set A of naturals
* q-bounded if the sequence {qn : n € A}is bounded;

e qg-divergent if the sequence {qn, : n € A} diverges to infin-
ity.
Clearly, u is g-divergent if and only if IN is q-divergent.

Remark 5.1.4. If (5.1.1) is a canonical representation, then

C C
L IR nt +--- < (5.1.2)

Jn+1 qn+1 " dn+t

for all t,n € IN. Indeed, (5.1.2) is a u*-representation for

* = (uy) where uy, = qny1- gnikr-

u

5.1.2 Statement of the theorem and lemmas

The theorem

The goal of this section is to prove the Theorem 5.1.6, that
completely describes the elements of t,(T), when u is an a-
sequence, but first one can introduce the following notation.

Notation 5.1.5. Let A, B be two set. One can write A C* B if and
only if |A\ B| < Ny, while A =* B if and only if |A A B| < Np.
Moreover let denote the family of all infinite subset of IN by
[N,
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Theorem 5.1.6 ([36] Theorem 2.3). Let u be an sequence, x € T
with u-representation c. Then x € t,(T) if and only if either supp(x)
is finite or if supp(x) is infinite and for all A € [IN]¥¢ the following
holds:

(a) If A is q-bounded then

(a1) if A C* supp(x), then A+1 C* supp(x), A C* suppq(x)

. 1
and lim, c A CTCT ‘j = 1in R.
n

Moreover, if A+ 1 is q-bounded, then A +1 C* suppgq(x)
as well;

(az) if A Nsupp(x) is finite then limpca q =01in R.

Moreover, if A + 1 is q-bounded, then (A ( + 1) Nsupp(x)
is finite as well.

(b) If A is q-divergent, then limy c A g—z — limpca CTC‘;:] =01in
T.

Remark 5.1.7. Obviously, item (b) imposes the restriction only

on A Nsupp(x) (since c, = 0 for all n ¢ supp(x)). Hence, one
can consider only subsets A of supp(x) in item (b).

Theorem 5.1.6 was obtained discovering a gap in [31, Theo-
rem 2.2], where item (a2) of Theorem 5.1.6 is completely miss-
ing. The next example explains the necessity to add (a2).

Example 5.1.8. As usual, set (2k+1)!I! =1-3-..(2k+ 1), con-
sider the sequences of ratios q" = (qn ) and hence un, = q1- - qn
and ¢ = (cn) defined as follows for every n > 0 (consider
do :],uo =2 al’ldCo :O)Z

)
2 if nis even

dn = <
n if n is odd.

)
22k —1)!! if n = 2k is even
Up = < and (5.1.3)

\Zk(Zk—l— D ifn=2k+11is odd
)
0 if n is even

\n—1 if n is odd
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Letx =3 7 ™.

With these data the hypothesis of [31, Theorem 2.2] is satis-
fied. Indeed, supp(x) = {odds numbers}\ {1} and so it is in-
finite. If A C supp(x) is infinite, then A is g-divergent (i.e,
limnca qn = o0). From (5.1.3) one can deduce

lim n _ lim n_—1 =0 in T, (5.1.4)
neA (n neA n
that is (b2) from [31, Theorem 2.2] holds true. Hence x verifies
item (b) from [31, Theorem 2.2]. Yet x & t,(T) as ur_1x —
% #0in T.

On the other hand, (a2) in Theorem 5.1.6 is not satisfied.
Indeed, let A be the set of all even natural numbers. Then
A Nsupp(x) = 0 is finite and A is g-bounded. Nevertheless,

Cn+1 Cn n—1

lim = lim —=Ilm — =1 in R,
NecA n+1 neA+1 (gn n—oo M

while this limit must equal 0 according to (a2) of Theorem 5.1.6.

To prove Theorem 5.1.6 one need first the following lemmas.

Lemmas

Notation 5.1.9. Let x € [0,1) with u-representation (5.1.1). For
n € N*and t € IN set

C C
Ont(x) =24+ nit

dn qn"'qn+t.

(5.1.5)

The motivation to introduce this “partial term” in the rep-
resentation of u,_1x — [un_1x/, that is the fractional part of
Un_1%, denoted by {u,,_1x}, comes from the following lemma.

Lemma 5.1.10. [31, Lemma 3.1] For x € [0, 1) represented as in
(5.1.1), for every naturaln € N* and t € N

{Wnttx}

qn " (gn+t

Un_1x} = On,t (x) + Z Ot (x). (5°1-6)

In particular, for t = 0 one has

Un—1x} = oy {u“X}. (5.1.7)

n Jdn
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Proof. We prove first that
C C C
{un_pc}: L + ntl + nt2 + -+
Idn dngdn+1 dndn+19n+2
C
4 ntt 4+ (5.1.8)
qn " gn+t
Indeed,
( 00
C Cn— C
fun 1) =dup 1 |+t ) =
\ qo qo - dn-1 T Uk
4 00 C
_ ~k
o ana 3 2
\ k=n
C C C
_J 4 n+1 4 n+2 bt
dn dngn+1 dndn+19n+2
C
44 ntt 4.
qn " gn+t
C C C
_tn i n—+1 4 n—+2 IS
dn qndn+1 dndn+19dn+2
C
4ot n+t 4.
Jn - (n+t
since the last term is less than 1 (as ¢;, = qm — 1 can not occur
for all m > n by the definition of u-representation).
By (5.1.8)
C C C C
{un_wc} :_n_l_ n—+1 4 n+2 FEN n+t 4
dn 9ndn+1  9ndn+19n+2 dn =" fgn+t
] C C
n nttel n+t+h o)
On " gn+t \ 9n+t+1 dn+t+1" " gdn+t+h

Analogously, (5.1.8) gives also

Cn+t+1 Cn4t+2 Cn+t+h

Un4tx}= + +
Jn+t+1 In+t+19n+t+2 dn+t+1 """ In+t+h

Replacing {un 4 ¢x} in the above equality we obtain (5.1.6). [
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Notation 5.1.11. t,(T) is already defined. Let, for every A €

N0, t,(T)a ={x € T | limnEA unx = 0}. For all A € [IN]¥o

one has t,(T) C ty(T)A and tu(T) = (o tu(T)A-
Furthermore, t(u, o) = Tt({unoc}) and suppq( x) C supp(x).

Lemma 5.1.12. If A € [N]™0 and x € ty(T)a_1, then

(1) if A C* supp(x) and q-bounded, then limnca {un_1x} =1
in R and A C* suppgq(x)

(i1) if A Nsupp(x) is finite, then limnca {un_1x} =0 in R.

Proof. (i) Let q := 1+ maxneaiqn}. The hypothesis A C* supp(x)
yields cn > 1 for almost all n € A. So by (5.1.7) we get

no
{(un_1x} > > o L for almost all n € A, (5.1.9)

dn  (

Since x € ty(T)a_1, one concludes that lim,ca {un_1x} =1
in IR.
Now since {un_1x} = 1 in R, by (5.1.7) and (5.1.9) we have

1_L <]_l < x) = S +{unx} _ Cn + 1
n qJ dn dn dn

for almost all n € A. Thatis, qn —1 < ¢cn + 1 and hence ¢, =
dn — 1 (@s ¢cn > qn —2), for almost all n € A. This proves
A C* suppq(x).

(ii) As A Nsupp(x) is finite by (5.1.7), {un—1x} =0+ {12'#:} <
% for almost all n € A. Since x € ty(T)a_1, we conclude that
limpca {un_1x} =0in RR. ]

For the sake of convenience, sometimes, one can apply (5.1.6)

, . : Cn
with t+ 1 and split oy, t1(X) in o t(x) + qn---a::m to get also

Un4t+1 X}

In *  Jn4t+1

{Un—1%} =0nt41(x) +

(5.1.10)
C u X
n (X) | n+t+1 | { n+t+1 }

In - In+t+1  dn - Qn+t41
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Along with (5.1.6), this gives the following obvious, but useful
estimate:

Cn+t+1 4~ (t+2)
Jn - gn+t41

On,t (X) <{un_1x} < On,t (X) +
(5.1.11)

The following is a well-known fact that is useful for the
proof.

Fact 5.1.13. Let (an)n be a sequence in a topological space X
and a € X. Then a,, — a if and only if for all infinite A C IN
there exists an infinite A’ C A such that lim,,co’ an = a.

Indeed, the necessity is obvious. For the sufficiency, suppose
by contradiction that a, - a. Thence there exists an open
neighbourhood U of a, such that there exists an infinite sub-
set A of N such that a,, ¢ U for every n € A and hence for all
infinite A’ C A we get lim,ca’ an # a in contradiction with
our hypothesis.

5.1.3 The proof

Necessity

Suppose supp(x) is infinite and let x € t,(T) and A € [IN]*o.
(a) Suppose A is q-bounded and consider two cases.
(a1) Let A C* supp(x). As x € t,(T), we have x € ty(T)a_1
as well. Since A is g-bounded, Lemma 5.1.12(i) entails A C*
suppq(x) and 1 = limpea {un—1x} in R. Hence, by (5.1.7),

I = lim (C—n + {unx}> = lim (Qn—1 +{unx})

neA qu qn ncA qTL
— lim (1 — 1 —{unx}).
neA Jdn

This yields limy ez (22X ) — 0 and therefore
y dn

lim {unx} =1, (5.1.12)
necA
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as A is g-bounded. By the definition of u-representation, ¢, 11 <
dn+1 — 1 for all n € IN. By (5.1.7) one has that

Cn+1_%{un+1x}<:cn+1‘F1

Unx} = < 1
qn+1 qn+1 qn+1
Hence, (5.1.12) entails 1 = lim,,ca {unx} < limpca C“cﬁl—‘:f < 1
1.e.
]
lim S0 (5.1.13)

neA  (n+1

From (5.1.13) and the fact that qn+1 > 2 for each n € A we
deduce that ¢u.1 +1 > 1 (i.e, chi1 # 0) for almost all n € A,
i.e. A+ 1 C* supp(x). By the first part of the proof, applied to
A + 1, we conclude that in case A + 1 is g-bounded this gives
A+ 1 C* suppgq(x).

(az) Let ANsupp(x) be finite. By item (ii) of Lemma 5.1.12,
limyea {un—1x} = 0 in R, hence according to Lemma 5.1.10
(witht = 1)

0 = lim {up_1x} = lim <C—n Gl {un+1x}>
neA neA \dn  dndn+1  gdndn+1

) Cn+1 {un+17<})
=04+ lim ( + 1.1
neA \ qndn+1 dndn+1 (5 4)

Hence, limca %‘#ﬂz} = limpca ﬁ =0 (forallm € N
we have cn,un > 0 and qn > 0). The g-boundedness of A
yields limp ¢ A ;E L =0.

If A+ 1 is g-bounded, then the vanishing of the last limit
implies that (A + 1) Nsupp(x) is finite.

(b) Suppose A is q-divergent (i.e. limnca qn = 00). By (5.1.7)

we get

0 = lim 71 {un_1x}) = lim 714 (C—n + {unx})
neA necA Jdn dn

Along with {unx} < 1 and limnca qn = 00, this yields

1ﬂn7ﬁ (EE) = Q.
neA dn
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Some preliminaries for the sufficiency

Before starting the proof of the sufficiency, one can reformulate
the necessary conditions in a stronger iterated version that will
be frequently used in the sequel.

Notation 5.1.14. For any A € [IN]¥¢ and t € IN let

t

Se(A) = | J(A+1).
1=0

Since the aim is to compute

i . . {Un+t7<}
Im{u,_1x}=1m o X Iim
nEA{ n—1%J neA ntl H—neA o JERRIRIRN o I
: : Cn+t+1
— lim o, +(x) 4+ lim —
am n,t (%) A b Bresd (5.1.15)
{Unyirix}

+ lim
ncA bn s bn_|_t_|_]

4

one can use the second or the third part of (5.1.10) depending
on whether there exists some t such that S¢(A) is g-bounded,
but Sy 1(A) is not g-bounded. Note that in case such a t ex-
ists, one can assume without loss of generality that A +t+4 1 is
actually q-divergent, by passing to an appropriate A’ € [A]® 0,
One can fix this in the following claim.

Claim 5.1.15. Suppose x € [0, 1) with u-representation (5.1.1) for
an arithmetic sequence u such that (a) and (b) of Theorem 5.1.6

hold. Let A € [IN]¥¢ be g-bounded. If S;(A) is q-bounded for
some integer t > 0, then

1. if A C* supp(x), then S¢(A) C* suppq(x),

, Cn + 1
lim
neA+t+1  (n

=1inR

and there exists ny € IN such that for all n € A with
n > nt

ont(x)=1— ] >1—2"W (5.1.16)
qn - (n+t

75
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Moreover, if A +1t+ 1 is g-divergent, then

im % — im S g (5.1.17)
neA+t+1 qﬂ neA qu—|—t—|—1
and
lim Wnt 1) = 0. (5.1.18)

NEA (n " n4t+1

2. if ANsupp(x) is finite then S¢(A) N supp(x) is finite as
well (so there exists ny € IN such that o, +(x) = 0 for all

n € A withn > ny) and limneAﬁ = 0 in RR.

Moreover, if A +t+ 1 is g-divergent, then (5.1.18) holds
true.

In the light of Fact 5.1.13, to prove the sufficiency it is enough
to prove that, if (a) and (b) of the Theorem 5.1.6 hold, then for
all infinite A C IN there exists an infinite A’ C A such that
lim,ecar m(un_1x) = 0 and hence 7t(x) € tu(T).

Sufficiency

If supp(x) is finite, let np := max{n | cn # 0}. Then for all
n > np one gets upx € Z, so x € ty(T).

Suppose now that supp(x) is infinite and satisfying condi-
tions (a) and (b); one need to prove that x € ty(T). For this
purpose, according to Notation 5.1.11 and Fact 5.1.13, one can
check that, for all A € [IN]®¥¢ there exists A’ € [A]¥° such that
limpear m{un—1x}) = 0.

Indeed, one can assume without loss of generality that either
A C supp(x) or A Nsupp(x) = 0.

Case 1. Assume that A is g-bounded.

Subcase 1.1. Assume that there exists an integer t > 0 such
that A +t+ 1 is not g-bounded, while A 4+ s is q-bounded for
all s e {n € N | n < t},i.e. S¢(A) is g-bounded. Choosing an
A’ € [A]®0 such that A’ +t + 1 is g-divergent, without loss of
generality one can assume, limpcaA qnyt4+1 = 0.
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Then (5.1.18) holds, so (5.1.15) becomes

: : Cn+t+1
1 _xp=1 1.
lim - = lim (nafa) + 2]

If A C supp(x), then (5.1.17) and (5.1.16) of Claim 5.1.15(1)
imply

]
Iim{u,_1x} = lim (1 — + Crttt] ) = 1.
neA neA qn - gn+t qn - gn4t+1

(5.1.20)

If ANsupp(x) = 0, then by (5.1.15) and Claim 5.1.15(2) we
get

Iim{u,_1x} = lim ntt+] = 0.

neA NEA (n " (n+4t+1

(5.1.21)

In both these cases we have lim,ca t({un,_1x}) = 0.

Subcase 1.2. Assume that S¢(A) is g-bounded for all integers
t > 0.

Let e > 0. Pick a t € N such that 2~ (**1) < ¢, According to
Claim 5.1.15 we can chose ny € IN such that

(i) (5.1.16) holds for all n € A such that n > ny, in case
A C supp(x); or

(i) ont = 0 and -2+ < ¢ hold for all n € A such that

. In+t+1
n > ny, in case A Nsupp(x) = 0.

In case (i), (5.1.11) and (5.1.16) imply

l—e<{un_1x}<1forn > n¢in A.

Hence lim, c A{un_1x} = 1in IR. Therefore, lim,,c o m({un_1x}) =

0.
By (5.1.11) in case (ii) one has

{fun_1x} < 2¢ forn > ny in A.

So lim,ca{un_1x} = 0in R and hence lim,,ca m({u,_1x}) = 0.

77



ARITHMETIC SEQUENCES

Case 2 Assume that A is not q-bounded. Hence, there exists
A’ € [A]™0 such that limpca’ gn = 00. By (5.1.7) and hypothe-
sis (b) of the theorem, one has

lim 7({un_ix})) = lim 7 (C—“ n {““X}> — lim ({““X}> |
neA’ neA’ dn dn neA’ dn
(5.1.22)

Since {unx} < 1 and lim, A’ qn = 00, we conclude that the last
limit is O.

5.2 COROLLARIES

The following simple claim will be needed in the proofs of the
entire section.

Claim 5.2.1. If A4+ 1 C* A for an infinite subset A of IN, then A
is a co-finite subset of IN.

Proof. Fix a one-to-one increasing enumeration A = {ny : k €
IN}. By our assumption there exists ko such that for all k > ko
one has ny +1 € A. Hence, ny, +1 € A, sony, +1 =ny, 41 €
A. Since ko + 1 > ko, one has ny 41+ 1 = (ng, +1)+1 € A.
Analogously, ny, + m € A for all m € IN, in other words A is
co-finite. This proves the claim O

5.2.1 Restriction on the support

Corollary 5.2.2. [31, Corollary 2.4] Let x € T. If supp(x) is q-
bounded, then the following are equivalent:

(i) x € tua(T);
(i1) cn = 0 for almost all n € IN.

Proof. (ii) — (i) See the sufficiency’s proof of Theorem 5.1.6 in
case supp(x) is finite.

(i) — (ii) Suppose supp(x) is infinite. By (a1) of Theorem
5.1.6, setting A = supp(x), we get supp(x) +1 C* supp(x).
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Hence supp(x) is co-finite by Claim 5.2.1. Then the whole set
N is g-bounded. Therefore, (a71) applied to A = IN implies that
suppgq(x) is co-finite, a contradiction. O

Corollary 5.2.3 ([36] Corollary 3.4). Suppose that x € T has q-
divergent support. Then x € ty(T) if and only if the following two
conditions are satisfied:

(1) limy, cqupp () ;2 =0inT and

(i1) limycp/ % = 0 in R for every infinite I’ C supp(x) such that
[" —1is q-bounded.

Proof. Let I = supp(x). If x € t4(T), then (i) holds true by
item (b) of Theorem 5.1.6 applied to A = I. Assume that A =
[’ —1is g-bounded for some infinite I’ C I. Then A N1 is finite,

as I is g-divergent. Then by (a;) applied to A, lim, <1/ q—z =

limca CC]“ L =0 in RR. This proves (ii) and the necessity.

To establish the sufficiency, assume that (i) and (ii) hold true.
According to Theorem 5.1.6, to prove that x € t,(T) one needs
to check (a) and (b). Since (b) immediately follows from (i), one
needs to prove only (a). Let A be an infinite q-bounded set
in IN. Then A N1 is finite, so we need to check only (a;), i.e.
limpca :“: L = (0 (since the final assertion of (a,) follows from
this equality, as mentioned in the final part of the proof of the
necessity of (ay)). Let I’ = (A + 1) N L. If this set is infinite, then
(ii) applies and this concludes. If I’ is finite, one can conclude

that ¢, =0 for almost all n € A + 1 and hence lim, ¢ 41 % =
0. N

The following results was established in [31]:

Corollary 5.2.4. Suppose x € T has q-divergent support. Then x €

tu () whenever limy, cqupp () ;2 =0in R

Proof. Follows immediately from Corollary 5.2.3 as the hypoth-
esis implies both (i) and (ii) from that Corollary. ]

The next corollaries, still following obviously from Corollary
5.2.3, will be useful in the applications.

79
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Corollary 5.2.5. Suppose x € T has q-divergent support. Then x &
tu(T) whenever limy, cgupp () 2—2 #0inT.

Corollary 5.2.6. Suppose that IN is q-divergent. Then for x € T

x € tu(T) if and only if imy, cqupp(x) % = 0in T.

Corollary 5.2.7. For an a-sequence u the following are equivalent:
(i) |t(T) =¢
(ii) tu(T) is uncountable;
(iii) tu(T) contains non-torsion elements;

(iv) q is not bounded.

Proof. The implications (i) = (ii) = (iii) are trivial. The implica-
tion (iii) = (iv) follows from Corollary 5.2.2.

The implication (iv) = (i) can be deduces directly from The-
orem 4.5.7, but in this case, one can deduce deduce this impli-
cation from Corollary 5.2.5.

Let I € IN be a g-divergent set witnessing our hypothesis
(iv). For every infinite subset J of T let xj = ) | ; uin Then
xj # xj» whenever ] # ]’ € [I]™°, so the set M = {xj : ] € [[]*°}
has size c¢. It remains to note that M C t,(T) due to Corollary
5.2.4. []

Proposition 5.2.8. If u is a q-divergent a-sequence, then t,(T) is
not divisible.

Proof. For every a-sequence there exists k > 1, k € IN, such
that t := 1/k+Z € t,(T) (take for example k = u,, for
no € IN¥, then unt = 0 in T for every n > ny, since u,, di-
vides u,, for every n > ngp). Our hypothesis about ¢, ensures
the existence of a sequence of non-negative integers c such that
limn_ e 7(cn/gqn) = 1/k and kcn < gn for every n € IN.
Hence, for x € [0,1) with u-representation ¢, i.e. x =} " 4 &,
one has x ¢ t,(T) by Corollary 5.2.6. Then

o0

ke
= kx = —— €ty (T
y XnZ:]unE“()
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by Corollary 5.2.6 since

lim 7 (kc_n> = 0.

n—o00 qn
Suppose now that there exists z € t,(T), such that y = kz. This
means that kx = kz and therefore k(x —z) = 0 in T, that is
x —z =nt for some n € Z. Then x = z+ nt € t,(T) since nt €

ta(T) by the choice of t. This contradiction (with x ¢ t,(T))
shows that t,(T) is not divisible. ]

5.2.2 Restriction on the sequence of ratios

Here we consider sequences u such that the sequence q" splits
in to a q-bounded parts and a q-divergent part.

Definition 5.2.9. We say that the sequence q" of natural num-
bers has the splitting property if there exists a partition IN =
BYUI" = BUI, such that

(a) B and I are either empty or infinite

(b) I is g-divergent, in case I is infinite;

(c) B is g-bounded, in case B is infinite.

We say that B and I witness the splitting property for q. Note
the B and I are uniquely defined up to a finite set (i.e., if B’ UT’

is another partition witnessing the splitting property for q, then
B’ =*Band I’ =* I).

The following is an useful criterion to establish when a se-
quence is splitting.

Proposition 5.2.10. A sequence q has the splitting property if and
only if there exists a natural number M such that the set [M, m] N
1qn | n € IN} is finite for every m > M.

Proof. Assume that q has the splitting property. Set M = 1 it
B=0,and M = max{qn | n € B}+1if B # (). Then [M, m] N
(qn) = IM,m]N{gn | n € I} is finite (since lim, <1 g, = o0 in
the case I # 0).

Conversely, let m € IN be such that the set [M, m| N (qn)
is finite for every m > M. Set E ={n € N | qn € [0,M)} and
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S = IN\ E. If Eis infinite and S is finite, then one may set B = IN
and [ = (). If E and S are infinite, then one may set B = E and
I = S. If E is finite, then S is infinite one may set B = () and
I = IN. Clearly, B and I witness the splitting property for q. [

Example 5.2.11. For every positive integer n write n = 297ny,
where nj is odd. Then, thanks to the last criterion, we get that
the sequence q = (qn) does not have the splitting property:.

Our next aim is to simplify Theorem 5.1.6 in the case when
q" has the splitting property. The simplification consists in re-
ducing the number of the infinite sets A in the text of that
theorem, by using, for a fixed x € T, only three infinite sets,
B%(x), BY, (x) and I¥(x), related to x and u (if no confusion is
possible one can omit the superscript u).

Notation 5.2.12. Let u be an a-sequence such that q" has the
splitting property. For an element x € [0, 1), with u-representa-
tion ¢, one can define the following subsets of IN

Bs(x) = B Nsupp(x),
Bn(x) = B\ Bg(x) and
Is(x) = INsupp(x).

According to Remark 5.1.7 the set I\ Is(x) will play no rele-
vant role in the sequel. Note that the sets Bs(x) and By (x) are
q-bounded, while Is(x) is g-divergent whenever it is infinite.

The next corollary is a characterization of topologically tor-
sion elements of T, in the case when q has the splitting prop-
erty.

Corollary 5.2.13. Suppose that u is an a-sequence such that q has
the splitting property. If x € T has u-representation c, then x €
tu(T) if and only if the following conditions hold.

(i) Bs(x)+1 C* supp(x), Bs(x) C* suppq(x) and if Bs(x) is

infinite, then lim,, ¢ (x) C“q+—1:1 =1inlR;

(ii) if BN (x) is infinite, then imp ey () &F =0in R.
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(ii1) if Is(x) is infinite, then lim, 1, (x) 70 (%) =0inT.

Proof. Necessity. Suppose x € ty(T), hence, (a) and (b) of The-
orem 5.1.6 hold true. One needs to check (i), (ii) and (iii).

(i) If Bs(x) is finite there is nothing to prove. If Bs(x) is infi-
nite, then to get (i) it suffices to apply (a1) of Theorem 5.1.6 to
A=DB S (X)

(ii) Assume By (x) is infinite. By (a2) of Theorem 5.1.6, ap-
plied to A = Bn(x), one gets lim, ¢ A % =0in R.

(iii) Suppose Is(x) infinite. By (b) of Theorem 5.1.6, applied
to A = Is(x), one obtains lim,,ca 7 (;—2) =0in T.

Sufficiency. Suppose now (i), (ii) and (iii) hold, we have to
check that (a) and (b) of theorem 5.1.6 hold too. Let A € [IN]¥o,

(a) Suppose that A is q-bounded.

(a1) If A C* supp(x), then A C* Bs(x) by the g-boundedness
of A. Hence Bs(x) is infinite. By (i), Bs(x) +1 C* supp(x),
Bs(x) C* suppq(x) and lim, cpg(x) % = 1 in R. Since
A C* Bs(x), one has A +1 C* supp(x), A C* suppq(x) and
limpea 2532 =1in R,

(a2) If ANsupp(x) is finite, then A C* Bn(x) by the q-
boundedness of A, hence By (x) is infinite and by (ii)

. C 1 .
lim 2 —  lim
NeEA (n+1 neBNn(x) dn+1

in R therefore (a2) of the theorem holds.

(b) Suppose that A is q-divergent. Then we can assume with-
out loss of generality that A C I = Is(x) U In(x). On the other
hand, according to Lemma 5.1.13, we can assume also that
A C supp(x). Hence A C Is(x). Since A is infinite, then also

Is(x) is infinite. Hence lim, c1 () 70 <%) = 0 in T due to (iii).
Consequently, limpca 7 ( %) = 0. O

Corollary 5.2.14. Suppose that u is an a-sequence such that q has
the splitting property and x € t,(T). If Bs(x) is infinite, then 1s(x)
is infinite.
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Proof. Let A = Bs(x) 4+ 1\ Bs(x). By Corollary 5.2.13
Bs(x)+1C"supp(x) and Bs(x) C" suppq(x) (5.2.1)

Then the first inclusion in (5.2.1) implies that A C* supp(x) \
Bs(x) = Is(x). So the corollary will be proved if one shows that
A is infinite.

Arguing for a contradiction assume that A is finite, i.e., Bs(x) +
1 C* Bs(x). By Claim 5.2.1,

Bs(x) is co-finite in IN. Now the second inclusion in (5.2.1)
yields that suppg(x) is co-finite in IN as well, in contradiction
with definition of u-representation. [

As an application of the above corollary, one can obtain a
new proof of Corollary 5.2.2.

5.3 Tuy FOR AN ARITHMETIC SEQUENCE OF INTEGERS U
5.3.1 t(ty(T)) is a dense subgroup of (ty(T), pu)

The polishability of t, (T) holds for a general integer sequence,
but in the case of an a-sequence we can produce a simple
subgroup witnessing the separability of ty(T). If u is an a-
sequence, it makes sense to consider the subgroup tt,(T) of
ty(T) formed by all x € T having the sequence ¢ = (cn ) of
its u-representation (5.1.1) definitely zero. It can be proved that
tty(T) = t(tu(T)) when u is an a-sequence where t(t,(T))
is the torsion subgroup of ty(T). In general, if we consider
an element not in t, (1), it is possible that this element is tor-
sion but its canonical representation is not finite. Take for ex-

ample an element with a periodic representation (5.1.1), where
u=((10)").

Proposition 5.3.1. If u is an a-sequence, then tty (1) = t(ty(T)).

Proof. The inclusion tt,(T) C t(ty(T)) is obvious. Let x =
v € t(ty(T)) = tu(T) N Q/Z, where a, b are coprime and
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a < b. Hence, there exists m € IN such that Vn > m, |[un x| <
%. In particular,

1 a
Hum ‘ < 5 & HumBH =0« bluma.

q
b
Hence, u,a = 1b for some 1 € IN and hence x = ¢ ﬁ Ifl<

qdm, then —= is a finite canonical representation of x. Otherwise
m

letl = qmlm +1m, withrTy < qm and put ¢y =1 Let k <m,
if lx < qk—1 put cx—1 = lk, otherwise put cx_1 = 11 where
L = qr—1lk—1 +1k—1 and rx_7 < qx—1. Clearly, since a < b
and hence | < uy, = q7 - - - qm, this procedure stops in at most
m steps. L]

Remark 5.3.2. In other words Proposition 5.3.1 is : Let u be an
a-sequence and x € ty(T) with infinite support, then x is irrational.
Hence, by Corollary 5.2.4, if (qn ) is not bounded, then there ex-
ists x € ty(T) that is irrational. In this case one can prove that
there are ¢ many irrational elements in t,(T). Moreover, as an-
other corollary, one can obtain the following: If u is a q-divergent
a-sequence, then every element with a periodic u-representation is ir-
rational

Proposition 5.3.3 ([Proposition D][38]). If u is an a-sequence, then
t(ty(T)) is a dense subgroup of (ty(T), pu)-

Proof. By Proposition 5.3.1 we have to prove that tt,(T) is a
dense subgroup of (t,(T), T,).

If u is g-bounded by Theorem 5.2.2 t,(T) = t,(T).

Suppose u is not g-bounded, hence there exists qn, — oo.
Let x € ty(T) with canonical representation (5.1.1) and ¢ > 0. It
suffices to find x’ € t,(T) such that x —x’ € B (0).

Let k* € IN such that:

(i) Vk = K", qn, > %}

(i) VYn = nys, [lunx|| < e.

If

Cn Cn
x' = E — and x" = E —
Un Un

85
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then x = x" +x" and x’ € t4(T). Hence, it is enough to prove
that x” € BP(0), i.e., ||lusx”|| < ¢ holds for all s € IN (note that
without loss of generality one may consider uy = 1, therefore
we will check also that ||x”]|| < ¢).

If s > nyx, then [[usx”|| = [Jus(x —x")|| < [Jusx|| + [Jusx'|| <
e + 0.
If s < ny+, then
Cn U
o] € = 3 St
Un
n>nyx
_ ] (an*+1 RS an*+t _|_>
ds+1 """ Jnyx \gny«+1 Jn«+1 " dns+t

Since (cn,) is a u-representation,

Crys Crps
(nk+1_|_”._|_ le—|—t +‘)<1
s +1 Onp++1 " s+t
. . 1
holds, according to Remark 5.1.4. By (i), o anes < ¢ and
hence ||[usx”|| < e. O

5.3.2  pyu-balls when u is an a-sequence

By Theorem 4.1.11, the subgroup t,(T) is countable, when q¥ <
oo. Hence, the topology T, restricted to t,(T) is discrete, and
actually (T, ty) is discrete, by Theorem 3.2.5. In addition one
can specity which balls are trivial as showed in 4.2.1.

Notation 5.3.4. Let

St ={meN|gm=q}}
and

Ss={melN|gqm =4}

It turns out that the closed py-ball {x € T : pu(x,0) < 1/q% }
centered at 0 has size ¢. Moreover, if SY is a big set in IN (i.e,,
the gaps between two consecutive elements of S'} are bounded),

then actually |[B°} (0)| = ¢. To prove this, one needs the follow-

9+
ing lemma.
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Lemma 5.3.5. Let u be a strictly increasing a-sequence with q% <

00, let
S=ni<nz---<ng<---}CSY
. (5.3.1)
withdy =njy1—my =2 2for1=1,2,...
and let
] ] ] ]
Xs = — + — + e (5.3.2)

3 Uny

(i) If v << Ny, then |un—1xs|| < |jun,—1xs|| and

] ] ]
< — < Jlun—1xs|| <

5 2~ qu Ony Ony = Oy
] ] ]
< — +
ny Ony = Gy Ony = Ay
(5.3-3)
(i) pu(xs,0) = max{||xs||, sup{|lun,—1xs|| : k € IN}}
(iii) If S" # Sis as in (5.3.1), then xs # Xs/.
Proof. (a) Clearly, one has
] ] ]
lun, —1xs|| = - + =l
iy Oy = Ay Oy = Oy
SO
] ]
- < [un—1xs| <
Oy Ony " Anyey
1 1 : (5:3-4)
— +
Jny Iny = Gy Ony = nags

This proves (5.3.3).

To prove the first assertion one has to show that, for all values
of n satisfying ny < n < ny41, the biggest value of ||un,_1xs]|
is obtained for n = ny. Indeed, as n < ny, 1, one has that
lun—1xs]| is

1 1 1 _H

\ - '
dn = qnyg qn - (qny 2 dn = qny,s

< .
295

<

~ ~ n N u
n = Qny,, 2™ gl
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Obviously, 2;—1 < q1—$ — de_}(qi)' Hence, (5.3.3) and (5.3.5)

yield [[un—ixs| < [[un,—1xs].
(ii) Let us first prove that if 0 < n < ny, then |[u,_1xs]| <
|[un,—1xs||- Indeed,

1 1 1 1

< < S qu T
1 1 >
. B < un, —1xs]|,

dn;  qnq " gn,

where the first inequality is obtained in analogy with (5.3.5),
while the last one follows from (5.3.4) with k = 1 . Now the
assertion follows from (ii), (5.3.6), the definition of py and the
obvious inequality py(xs,0) > max{||xs||, sup{|[un,—1xs]| | k €
IN}.

(iii) It is easy to see that

st(q"‘+1_1 PSSl +...+q“2_1>+

Uny+1 Un,+2 Un, (5 3 7)
— 1] — 1] e
+(q“3+1 4o )+
Un; 41 Un,

Since infinitely many coefficients ¢; = 0 (e.g., those with ny <
j < M2kx+1), (5.3.7) is the canonical representation of xs. The

same holds for xg/. It is clear now, that xg # x5 when S # S/,
[]

Proposition 5.3.6 ([38, Proposition C]). Let u be an a-sequence
with bounded ratio sequence and let Oy = my41 — My, where S =
{mk | k € N and my < mk+1}.

(1) there are ¢ many elements x € T with py(x,0) = q1—1 when the
sequence dy 1s unbounded;

(i1) if the sequence &y is bounded, then

BPu (O)‘ = .
o
Proof. Pick a subsequence S of S% = (my) as in (5.3.1), such
that ny > my, so that u,, > 2q%. Hence,

1 1
<

Un,  2q%

Ixs | < (5.3.8)
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From the Lemma 5.3.5 we have

1 1

q-+
: - ! + 1 <
an an c e an+1 an e an+2 ~ (539)
o 1 1 1
h q_|_ N qf’_k+1 T de‘|‘dk—|—1 )

If the sequence of differences 01 = my_+1 —my is unbounded,
then we can choose S such that (dy) is divergent, then (5.3.8),
(5.3.9) and item (iii) of the lemma 5.3.5 ensure that py(0,xs) =
q1—1. Since there are ¢ many subsequences S of S} with this
property, this proves item (i) in view of Lemma 5.3.5(iii).

Now assume that the sequence (8x) is bounded. Pick a sub-
sequence S of S as in (5.3.2), such that dy = ny41 —ny < d

for some d and for all k. From the equality in (5.3.5) one has
1 1 1

|un—_1xs]| < — +
Jny Oy " Oy Ony " Anys

1 1 (1__ 1 )
qi Jny = Inye g i1 +1 " Ay

< ]
T qu (q4)detT 2

Hence, from (5.3.8) and in view of Lemma 5.3.5(b) one can
deduce xs € B} (0). To get ‘B‘E(O)‘ = ¢ take ¢ many subse-

qY qY
quences S of Sy a+s above and use+item (iii) of Lemma 5.3.5. [

Taking an a-sequence with q'} = q% and S% = S% big (in the
sense that 6., is bounded) in Proposition 5.3.6 will show that

the radius 21111 in Proposition 4.2.1 cannot be increased to #.
S S
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5.3.3 When ty(T) is Ty-open

Proposition 5.3.7. If u is an a-sequence with t,(T) € Ty, then the
sequence of ratios (qn ) is bounded.

Proof. Assume for a contradiction that

lim gqn, = oo (5.3.10)

for some subsequence {qn, | t € IN}J. One can assume without

loss of generality that qn, > 2 for all t. We prove that t,(T) gé

Tu. To do that one can prove that B (0) ¢ t,(T) for every € < 5

Hence one can find an element x € Bp (0) such that x & t,(T )
Let x € [0,1) be such that

- C
X = Z —; (5.3.11)
mn un
where ¢, = 0 if n # n¢ for every t otherwise if n = n¢ ¢, =
| qne/4]. Note that (5.3.11) is a u-representation of x, as

dn:€ _ In, _
A < 3 < qn, — |

Cnt < (5'3'12)

for every t.

Let us prove that t(x) = x € BE(0). Pick s € IN and find a
positive r € IN such thatn,_1 <s < n, —1.

Hence, one has the following congruence modulo 1

Cs+1 Cst2
us =2 S+ 4+ S+ 4t
Js+1 Js+1(s+42
Cn,—1 Cn,
+ n e n 4.
Js+1 " qn,—1 ds+1 """ qn,
. dn; €
By construction ¢s41 = --+ = ¢cn,—1 = 0 and ¢n; < 3
. . Cn.
for all j > r, according to (5.3.12). Therefore, q—nJ < 3, hence

Cn.

j < £._1
G S 2735 . This yields
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Hence for every s one has |[usx| < 5§ < ¢, i.e. x € B£(0).

As qua — 1< ¢cn, < tha’ the following inequality holds

3 1 < Cn

4_qnt \qnt h

[ m

Cnt

Therefore, (5.3.10) implies that converges to 7 # 0. By

qnt

Corollary 5.2.5, this yields x ¢ t,(T). ]

The above proposition fails in the case of a general sequence
of integers. Indeed, if H is a countable subgroup of T, then H is
characterized by some sequence u that need not have bounded
ratios (in case u has bounded ratios, one can replace u by some
u* ~ u with q% = oo, according to Proposition 4.1.14).

o1

5.4 F s SUBGROUPS CHARACTERIZED BY MEAN OF A-SEQUENCES

Theorem 5.4.1 ([38, Theorem E]). The following are equivalent for
an a-sequence w in Z.:

(i) (qn) is bounded;
(ii) tu(T) < Q/Z;
(111) to () is countable;
(iv) tu(T) € §o(T);

(v) tu(T) is Tq-open;

(vi) tu(T) is Ty-open.

Proof. The implication (i)=-(ii) follows by Theorem 5.2.2; while
(ii)=-(iii)=-(iv) are obvious.

(iv)=-(v) follows by Theorem 3.2.4,

(v)=-(vi) follows from the fact that T, C Ty;

(vi)=(i) follows from Proposition 5.3.7. []

Corollary 5.4.2 ([38, Corollary E]). If u is an a-sequence with un-
bounded sequence of ratios, then ty(T) ¢ §o(T).
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This corollary covers the results from [23] and [55] with u =
(22") and u = (n!).

Some implications of Theorem 5.4.1 hold for a general se-
quence of integers u, while others are no more valid as showed
in the next examples.

Example 5.4.3 ((i)#(ii)<~(iii)). If u is the Fibonacci’s sequence,
then (qn) is bounded, so t,(T) is countable (by virtue of The-
orem 4.1.11), i.e. (i) and (iii) of Theorem 5.4.1 holds. Indeed
Unp = Un_1+Uun_2 foralln > 1 and up = u; = 1. Hence,
gn =g =1+ "= <2foralln € N.

On the other hand tu( ) is the infinite cyclic group gener-
ated by the fractional part of the golden ratio as mentioned in
Example 4.4.6. In particular, t,(T) is not torsion.

Remark 5.4.4 ((ii)#(1)<~(iii)). Take any infinite subgroup H of
Q/Z. By Remark 4.1.14, H has a characterizing sequence such
that its sequence of ratios is unbounded. This proves the non-
implication (ii)#(i) in Theorem 5.4.1. As (ii) implies (iii), this
witnesses also the non-implication (iii)#(1)

From Theorem 3.2.4 one has the equivalence between (iv)
and (v).



Part III

APPLICATIONS, RELATED ARGUMENTS
AND OPEN QUESTIONS

Characterized subgroups have several links with other
branches of mathematics, one of these is Harmonic
Analysis, where the sets of uniqueness for a trigono-
metric series are closely related to characterized sub-
groups (see [23, 47, 61, 62, 64]). These techniques
give the possibility to answer positively [7, Problem
5.1(b)]. Moreover, we present one of the main appli-
cation in topology, namely the study of precompact
group topologies with and without convergent se-
quences.






TRIGONOMETRIC THIN SETS

In this chapter, after a brief historical introduction on thin sets
of Harmonic Analysis, some original results from [6] are pre-
sented. In particular, special Dirichlet sets related to arithmetic
sequences are studied, which allow for a solution of an open
problem from [7].

6.1 THIN SETS
6.1.1 Sets of uniqueness and N-sets

Let S,p(x) be the following series

a - .
70 + ; (an cos 2tnx + by, sin 2nx) (6.1.1)

where a = (an),b = (b)) € RN (by = 0 for simplicity) and
x € R. The series S,p(x) is called a trigonometric (or, Fourier)
series. From the well-known Fourier formulas one has that some
“good enough” periodic real functions f admit a trigonometric
expansion, i. e. there exists a,b € RN such that f(x) = S,p(x). In
this case, the following is a natural problem to pose.

Problem 6.1.1 (Uniqueness Problem). In case a real function f ad-
mits a trigonometric expansion, is such an expansion unique?

Clearly, the trigonometric expansion of f is unique if and
only if for every a,b,a’,b’ such that f(x) = S p(x) = Sarp/(x)
one has that (an, —aj,) = (bn —by,) = 0 for every n € IN. So
Problem 6.1.1 is equivalent to the problem to find when, for
a given trigonometric series S, 1, the sequences a, b are identi-
cally 0. In 1870 Cantor proved that this occurs if S,p(x) con-

verges to O for all but finitely many x € [0, 1]. Young extended

95
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this by showing that countably many exceptions are still possi-
ble. The first notion of smallness related to trigonometric series
comes from this aspect of uniqueness.

Definition 6.1.2. A set A C [0, 1] is said to be a set of uniqueness
(shortly U-set), if every trigonometric series S, p(x) converging
to 0 outside A is identically O.

The second notion of smallness comes from series S, , (x) that
do not converge absolutely everywhere.

Theorem 6.1.3 (Denjoy-Lusin). If S, (x) converges absolutely on
a set A C [0,1] that is either non-meager or has positive Lebesgue
measure, then

Y (lanl+bnl) < oo, (6.1.2)
n=1

i.e., Sap(x) converges absolutely everywhere.

In order to get a more concise description of these sets of
absolute convergence one can introduce some notation. For a
pair of sequences a = (an)nen and b = (bn Jnen, let

Cap =1x € [0,1] : S;p(x) is absolutely convergent}.

Hence, Denjoy-Lusin Theorem can be given also in the fol-
lowing counterpositive form:

Corollary 6.1.4 (Denjoy-Lusin). For sequences a and b of real num-
bers the following conditions are equivalent:

(a) C,p is a meager set of Lebesgue measure zero;
(b) Ga,b 7& [O/ 1J;
(c) the sequences a and b fail (6.1.2).

The following notion (investigated first by Fatou) was named
in honor of Niemytzki:

Definition 6.1.5. A set A C [0, 1] is said to be an N-sef if and
only if A C C,p # [0, 1] for some sequences a and b.
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By Corollary 6.1.4 every N-set is a meager set of Lebesgue
measure zero.

Inspired by a theorem of Salem, Arbault proved the follow-
ing:

Theorem 6.1.6 ([2]). The set A C [0,1] is an N-set if and only if
there are reals pn > 0, n € IN such that ) °_; pn = oo and the
series Y >°_4 py Sinmnx converges absolutely on A.

For a sequence p = (pn)nen Of non negative real numbers
let
oo

No={x€l0,1]: Z pn sintnx is absolutely convergent}.

n=I1

Clearly, N, = [0,1] if and only if > > ; pn < oo. This ex-
plains the restraint }_>°_; pn = oo in the above theorem, which
can be announced also as follows:

A C [0,1] is an N-set if and only if there are reals
Ppn = 0 such that A C N, for p = (pn)nen and

D n—1Pn = 00.
6.1.2 A-sets, D-sets and wD-sets

Finally, we state the definitions with more connections to char-
acterized subgroups of T:

Definition 6.1.7 (Arbault). A set A C [0, 1] is an A-set if there is
an increasing sequence of positive integers u = (un )nen such
that lim sintu,,x = 0 for all x € A.

Notation 6.1.8. Denote by ||x||, the distance from the integers
of a real number x. Moreover, denote by =z the congruence
modulo Z. Hence, for every x1,x2 € R one has that ||x1||, =
|x2]| if and only if either x1 =z x or x1 =z —x3.

Remark 6.1.9. A set A C [0, 1] is an A-set if and only if 7t(A) C
ta(T) for some increasing sequence of positive integers u, i.e.
|unx||, — O pointwise on A.
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Definition 6.1.10. Let A C [0, 1].

(a) A is a Dirichlet set (briefly, D-set) if there is an increas-
ing sequence of positive integers u = (un)nen such that
(sin 7tun X)nenN converges uniformly to 0 on A;

(b) A is a weakly Dirichlet set (briefly, wD-set) if is Borel and
for every positive Borel measure p on [0, 1] there is an in-
creasing sequence of positive integers u = (U )nenN such
that limn o0 [ 5 €27 — 1]dp = 0.

Lemma 6.1.11. A subset A of (0,1] is a D-set if and only if there
exists an increasing sequence of positive integers (Un )neN such that
(Jlunx|lz)nen uniformly converges to 0 on A.

) such that &« = & + k for some

N[ —

4

N —

Proof. Let x € R and & € [—
k € Z. Then

Sin Ttun X < [sin mun x| = [sin mun x| < [mun x| = tiun x| = 7]|unx||,

Therefore, if |[unx||, — 0 uniformly also sinmtu,x — 0 uni-
formly.
Conversely,

SIN 7TW X

[unx|lz = hinx| < [munx| < [tan Tun x| = |tan mup x| =

COS TTU X

Since sin(x) = cos(x — 5), if sintu,x — O uniformly, then
cos munx — 1 uniformly, hence ||[un x|, — 0 uniformly:. []

Remark 6.1.12. Let A C [0,1] be a D-set and u € ZN witnessing
that, then:

(i) A is also an A-set, in particular t(A) C t,(T);

(i) if B C A, then B is a D-set too and u witnesses that also
for B;

(iii) as a consequence of Lemma A.1.3 one has that if A is a
D-set, then A is a D-set.



6.1 THIN SETS 99

6.1.3 Thin sets of the circle group

Remark 6.1.13. The thin sets defined until this point are de-
fined as subsets of [0, 1]. Since these notions hold for periodic
functions, one can extend this notions for subsets A of the cir-
cle group T applying this definitions to the unique preimages
7(1_1 (A)in[0,1),e.g. A C Tisa D-setof T if and only if 711_1 (A)
isa D-setof [0,1],i.e. A C T is a D-set if and only if there exists
an increasing sequence of positive integers u such that u,x — 0
uniformly on A.

Notation 6.1.14. One can denote by 91(T), 2A(T), D(T) and wD(T)
respectively the class of all N-sets, A-sets, D-sets and wD-sets
of T.

Proposition 6.1.15. Every characterized subgroup of T is a wD-
subgroup of 'T.

Proof. The proposition is a consequence of the Dominated Con-
vergence Theorem. Indeed, consider t,(T) where u is a se-
quence of integers. Let x € ty(T) and let x be its unique preim-
age in [0,1). Then eZmiunx _y 1 by definition of t,(T). Since
‘ezmunﬂ < 1, the Dominated Convergence Theorem implies
that

lim J e?™ X _ 1|du =0, where A = 7(1_] (ta(T)).
A

n—oo

Therefore, A is a wD-set of [0, 1] and hence t,(T) is a wD-set
of T. ]

Theorem 6.1.16 ([61, pg. 49]). A Borel set A C T is an N-set if
and only if it i1s contained in a o-compact wD-set (or equivalently,
wD-subgroup)

As a consequence of Proposition 6.1.15 and previous theo-
rem one has the following chain of inclusion.

Char(T) NFe(T) € wD(T) NFe(T) € N(T) NFo(T).
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Indeed, by Proposition 6.1.15 one has that Char(T) C w®D(T).
For the second inclusion note that, an 5 wD-subgroup of T
(so o-compact) is also an N-set by Theorem 6.1.16. Theorem
5.4.1 proves that t,(T) € §+(T) if u is a q-divergent a-sequence.
In [55], Gabriyelyan proved that t,(T) ¢ §+(T), whenever u =
(n!), but much earlier Arbault in [2] proved that t,(T) is not an
N-set, for u = (22"),, and hence, by previous inclusions, not in
§o(T).

An infinite characterized subgroup cannot be a D-set as Propo-
sition 6.1.17 shows.

Proposition 6.1.17. If A is a dense subset of T, then A is not a
D-set.

Proof. Suppose that A is D-set, by Remark 6.1.12(iii) one has
that A = T is a D-set. But, this is impossible, since T can be
characterized only by an eventually null sequence by Proposi-

tion 4.1.7. []
Corollary 6.1.18. If H is an infinite subgroup of T, then H is not a
D-set.

Proof. Every infinite subgroup of T is dense. O

6.2 D-SETS AND CHARACTERIZED SUBGROUPS OF T

In this section, we study a special kind of D-sets, introduced
by Marcinkiewicz, defined starting from an a-sequence u and

a subset L of IN, which properties allow for an answer to [7,
Problem 5.1(b)].

6.2.1 Definition and properties of K}

Definition 6.2.1. Let L C IN and u be an a-sequence, the fol-
lowing subset of [0, 1) is defined:

lﬁ — {X -~ [O,]) . Suppu(X) g L}/

where supp,(x) is the support of the u-representation of x
(see Notation 5.1.3). Note that KX, = [0, 1).
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Lemma 6.2.2. Let L1,L; C IN and u be an a-sequence.
(1) If L1 C Ly, then K‘ﬁ1 C K{z.

(ii) If L = Ly ULy, then K{ + KY{ 2 K{. If, in addition, Ly N
Ly =0, then K} +K{ =K¥.

(111) If Ly ULy =N, then K‘ﬁ] + K{Z D [0, 1). If, in addition, Ly, L,
is a partition of N, K{ +K{_ =10,1).

Proof. (i) is clear and (iii) follows from (ii).

(ii) If x € KY', then x = ZieL1uL2  for some a; € Z; there-
fore, x = D i, it + 2ie,1, o € KY, +K{,. Conversely, if
[1NLy, =0 and x € KL, + K, then supp(x) C Ly UL, and so
x € KT,

(iii) is a direct consequence of (ii). []

Definition 6.2.3. Let L C IN be infinite and not cofinite. Let
Gt = {GI |1 € N} be the family of the connected components of
IN \ L (i.e. maximal subsets, with respect to the inclusion, of
consecutive numbers). If

Gr={mb<ml+1< - <mt—1<mty,

then m! — 1, m;" + 1 € L. Call the elements of G" the gaps of L

and denote by (gL ),, the sequence of the length of the gaps of
Lie gk = ‘GH =mu-—mk +1.

Remark 6.2.4. Let L C IN, recall that a large set is as in Definition
A.3.17. Note that if L is finite, then L is obviously non-large, on
the other hand if L is cofinite, then L is large. Therefore, one
can consider only infinite non-cofinite L C IN. In the latter case
the following are equivalent definitions of non-large set.

(i) for every finite F C IN one has L +F # IN (or equivalently
(L—F)NIN # N);

(ii) L has gaps of unbounded length, i. e. there exists a subse-
quence (g%k)k of (g-), such that 91L1k — 00.

101



102

TRIGONOMETRIC THIN SETS

(i)=-(ii). Suppose that (ii) does not hold, i. e. (g& ), is bounded.
Therefore, there exists M > |GL | for every n € IN. By definition
of GL, one has that L+{0,1,..., M} = N.

(ii)=(i). Suppose that (ii) holds. Let F ={0,...,M}and n € N
such that g- > M. Then there exists t € G- such thatt ¢ L+F,
hence L + F # IN.

Example 6.2.5. (i) If L is the set of elements of an arithmetic
progression, then L is large. Indeed, the gaps of L are
bounded by the common difference of the arithmetic pro-
gression;

(ii) If L is the set of elements of a geometric progression with
common ratio strictly greater then 1, then L is non-large.

(iii) f L = {kzn Ine IN}, the L is non-large.

In [23] the authors refers to non-large sets as colacunary sets,
note also that K¥ are defined only for u = (22"),,.

6.2.2 KY isa D-set for an a-sequence u and a non-large set L

The following results were proved in the case of u = (22") by
Marcinkiewicz in [73].

Proposition 6.2.6. Let u be an a-sequence, and let L be a non-large
set, then K{ is a D-set and m(K{) C t,(T), where u* is a subse-

quence of u. More precisely, if G, = {mnk,...mnk} is a sub-
sequence of gaps of L such that gy — oo, then one can choose
u* = (um%k_] )k.

Proof. In this proof one can omit the superscript L. It suffices

to prove that ‘umnk_mHZ — 0 uniformly on Kj'. For x € KY,

letx =) i1 % be its u-representation. Recall that ¢; < q; — 1
for every i € IN and hence
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00
Z Ci
Z . Uy
1="Mn, +1 -

Um,, —1 Cmp, +1 N Cmp, +2 L
qmnk+1 q%+1q&+2

Z

/N

Qmn, * Gmg, Qmn, +1 Qmn, +19my, +2

o ]
X 29nk'

The last inequality holds since q; > 2 for every i and

(ankﬂ — 1 qm,, +2 — 1 )
+ +o-- ] <

qmnk—|—1 qmnk—|—1 qmnk—|—2

by Remark 5.1.4. Let ¢ > 0, then there exists k¢ such that for

every k > k. one has that Zg%k < ¢&. Hence for every x € K{

and every k > kg, < ¢. Hence, one can choose u* =

umnk_m‘

(umnk—1 )k-
[]

The next corollary, that is a direct consequence of Proposition
6.2.6 and Lemma 6.2.2(iii), proves that there exist couples of D-
sets (hence sets of measure 0) such that their sums are [0, 1).

Corollary 6.2.7. Let L C IN be a non-large set with non-large com-
plement N\ L and let u be an a-sequence. Then KY and Ky are
two D-sets such that K} + KH“\I\L = 1[0,1)

The next Theorem gives a positive answer to Problem |[7,
Problem 5.1(a)], asking whether there exist two non trivial se-
quences v,w € ZN such that t,(T) + tw(T) = T. Recall that
tu(T) = T if and only if u is eventually null (see Proposition
4.1.7). Therefore, the next theorem provides two proper charac-
terized subgroups such that their sum is the whole torus.

1 Jm,, +1 — 1 Jmy, 42— 1
< k —|_ k —|_...>|
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Theorem 6.2.8. If u is an a-sequence, then there exist two sequences
v, W C u such that ty(T) + t(T) = T.

Proof. Consider L7 and L,, two complementary non-large sub-
set of IN, an example of such a pair of complementary non-
large subsets of N can be found in the next example. By Corol-
lary 6.2.7 K‘ﬁi for i = 1,2 are two D-sets such that 7T(KIE1) -+
n(Kt{,) = T. By the second part of Proposition 6.2.6, one has
that 7T(K1]:) C ty(T) and W(K‘ﬁz) C tw(T), where v and w are
two suitable subsequence of u. O

Note that t,(T) < ty(T) Ntw(T), since v and w are subse-
quences of u.

Example 6.2.9. Let u be an a-sequence and let (ny ) be an increas-
ing sequence of positive integers such that (ny;1 —nyg) — oo.
If v.= (un, )k and w = (un,, )k, then ty(T) + tw(T) = T.
Indeed,

Ly = U Mox—1,n2¢) and Ly = U Mok, N2k41).
KEN KeEN

By the hypothesis L1 and L, are two complementary non-large
subset of IN, n(Kt) C ty(T) and n(K{z) C tw(T).

Remark 6.2.10. In the previous example v and u are two q-
divergent sequences. Note also that if t,(T) 4 t,(T) = T nei-
ther u nor v can be g-bounded, since characterized subgroups
are (Haar) measure-zero sets. Indeed, if u is q-bounded, then
tu(T) is countable. Therefore, t,(T) + ty(T) is countable union
of measure-zero sets. By o-additivity of the measure, t,(T) +
ty(T) is a measure-zero subgroup and hence t,(T) +t,(T) # T,
since T has positive measure.

6.2.3 When KY is a D-set implies L is non-large

It is natural to ask when the implication of Proposition 6.2.6
can be inverted. Here, we consider sequences of the form u =
(q™)n for ¢ € IN™. In [6] the authors consider arbitrary q-
bounded a-sequences.
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Proposition 6.2.11. Let A C T be a D-set, ny,...,ny € Z, then
A +nA+ - +n A isa D-set.

Proof. Let (un,) witness that A is a D-set, then (u, ) proves also
that n1A +n2A +---+niA is a D-set too. Indeed, let x; € A
forie{l,...,k}. Then

k
Un E n{X{
1=1

where m = max{|ni|[1i=1,...,k}. Since |[unxi| = O uniformly,
for every i € {1,...,k} one can conclude that

k k
<Y Ml <m Y funxill,
1i=1 1=1

k
Un Z nixi|| = 0 uniformly.
i=1
[]
Lemma 6.2.12. Ifu = (q™), where ¢ € N7, L C N and m € N,
then Tt(K‘(lL_m)mN) = mt(q™K}).

Proof. Without loss of generality and for the sake of simplicity,
here one can consider ugp = o = 1 and cp = 0. Let y € K{ then
Y =2 ner g for some cn. Hence,

C Ck+
la™yllz=| )_ qn’fm = 2 qkm
nel k>0
n>m Z keL—m 7

Therefore, (q™y) € Tt(K‘(lL_mmN).
Conversely, let x € K _,,)nN. Hence

x= ) T gwm=zd" ) T
q q q
ke(L—m)NIN nel nel

n>m

Thus, 7t(x) € (q™KY). ]

Proposition 6.2.13. Let u = (q™) for a natural positive number q.
Then Ky is a D-set if and only if L is non-large.
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Proof. By Proposition 6.2.6 one has the sufficiency.

Necessity. Let L be a large set, hence there exist F = {1,2,..., m}
such that (L —F) "IN = IN. Suppose by contradiction that KY is
a D-set. Then by Propositions 6.2.11 and Lemma 6.2.12 one has
that T = 7([0,1)) = n(Kn) = 7K1 —p)n) € (K1) +--- +
m(Ki—m) = 7(qKy) + 7(q?Ky) + -+ + (q™Ky) = qm(Kp) +
.-+ 4+ qMm(Kp) is a D-set of T, a contradiction. ]



CONVERGING SEQUENCES IN PRECOMPACT
GROUP TOPOLOGIES

7.1 DEFINITIONS AND BASIC PROPERTIES

Notation 7.1.1. If v is a sequence in an abelian group G and Tt a
group topology for G, one can denote by v — 0 the fact that v
converges to Og in (G, 7). Moreover, let G4 denote the group G
equipped with the discrete topology. As in Definition A.3.21, it
H < Gq one can denote by Ty the initial topology of H (i. e. the
coarsest topology that makes H continuous).

Recall that a precompact group topology is a Hausdortf to-
tally bounded group topology (see Definition A.3.18). More-
over, a topological group X is precompact if and only if its
completion X is compact.

Definition 7.1.2. Let G be an abelian group. Call a sequence v
in G a TB-sequence if there exists a precompact group topology
T such that v = 0.

Note that, this chapter deals with sequences v € G, some-
times it is convenient, for the purposes of the chapter, to iden-

—~IN

tify a sequence v € GN with its counterpart in G4 . In this
sense, we shall write sy (Ggq).

Proposition 7.1.3 ([40, Proposition 3.1]). Let H < Gqand v €
GN. The sequence v converges to 0 in Ty if and only if H < sy(Ggq).
Proof. By the definition of T, v — 0 in Ty if and only if

X(vn) — 0in T for all x € H. If one identifies v,, with v}, € (/S\d,
then x(vn) = v (X). Therefoi‘g, Vi (x) =X(vn) = 0in T for all
x € Hif and only if H < sy(Gg). ]
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Notation 7.1.4. Since the supremum of a family of totally bounded
group topologies is still totally bounded, one can define the

Obv

finest totally bounded topology oy such that v—= 0.
Note that if v is not a TB-sequence, then oy is not Hausdorff.

Remark 7.1.5. Since the assignment H — T is monotonically
increasing with respect to the inclusion, as an immediate con-
sequence of Proposition 7.1.3 one has that

) — .
bv TSV(Gd)

By Comfort-Ross Theorem A.3.24, all the precompact group
topology on G are of the form Ty, where H < hom(G, T) sep-
arates the points of G. Hence by Peter-Weyl Theorem A.3.10
H < G} separates the points of G if and only if H is dense

in (/SE. In particular, from Theorem A.3.24, one can deduce the
following proposition.

Proposition 7.1.6 ([40, Proposition 3.2]). Let G be an abelian
group and v € GN. Then the following hold:

N

sv(Ga)l;

(i) w(G, oby) =

—

(ii) ovy is Hausdorff (hence precompact) if and only if sy(Gq) s
dense in Ggq if and only if v is a TB-sequence;

N

(ii1) Opy is metrizable if and only if sy(Gq) is countable and dense
n Gd,'

(iv) Oy 1S linear if and only if sv(Gq) is torsion.

Remark 7.1.7. One can prove that for any abelian group G one
has that (G, tH)* = H, where H < G}. If v is a sequence in G,
then

N

((G,06v)) = (G, 0by)" = 5v(Ga).

In general, if one considers these groups equipped with the rel-

e~

L ——

ative compact-open topologies one has (G, opy) # (G, Opy). If
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/\

A

(G, obv) = (G, opy) one says that (G, oyvy) determines (G, Opy)
(see [27]). Independently, Aufenhofer and Chasco proved that
every dense subgroup of a metrizable abelian group determines
the group (see [4] and [24]). So, in case SV(@) is countable and
dense in Gg, by Proposition 7.1.6 v is a TB-sequence and oy is

L ———— L ——

metrizable and hence (G, opy) = (G, 0py) and hence (G, opy) i
discrete. As an immediate consequence one has that

—_— —~

(G/ va) 7& (SV(Gd)/T fsv(é\d)),

where T is the compact topology of Ga.

Remark 7.1.8. Every characterized precompact group (see Def-
inition 1.2.10) gives rise to a TB-sequence in the discrete dual
of its compact completion. Indeed, by Proposition 2.2.5 if H is
a characterized precompact group, then H = sy(H) and it is
obviously dense in its compact completion H. Therefore, v is a
TB-sequence of H*.

Lemma 1.2.17 and Corollary 2.2.20 provide some examples
of precompact characterized proper subgroups and hence of
non-trivial TB-sequence.

Example 7.1.9. (i) As a consequence of Lemma 1.2.17 one has
that every infinite compact abelian group has a non even-
tually null TB-sequence. Indeed, a proper CCG dense sub-
group is characterized by a non eventually null sequence,
that is a TB-sequence.

(ii) As a consequence of Corollary 2.2.20 and Example 2.2.21
one has thatif G = S*, where S is a solenoid, then G has a
non trivial TB-sequence v such that (G, oyy) is not metriz-
able. Indeed, every dense pseudoline is characterized and
has cardinality c.
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7.2 TB-SEQUENCES VS T-SEQUENCES
7.2.1  Precompact topologies and Hausdorff topologies

Definition 7.2.1 ([81]). Let G be an abelian group and let v €
GN. If there exists a Hausdorff group topology that makes v
converging to 0, then v is said to be a T-sequence.

Clearly, every TB-sequence is a T-sequence but the converse
is not true. As a corollary of Proposition 7.1.6 one has the fol-
lowing.

Corollary 7.2.2. If H is a dense characterized subgroup of a compact
abelian group X, then H is a T-characterized subgroup of X.

The problem of finding a T-sequence that is not a TB-sequence
is quite hard. An example of such a sequence can be found
in [71, Corollary 4.5], where a T-sequence that is not a TB-
sequence of Z(p*°) is studied.

Protasov and Zeleniuk proved that if v is a T-sequence, then
there exists the finest group topology witnessing that v is a
T-sequence. Let oy denote that topology. In [81], the authors
proved the following deep properties for oy.

® 0oy is never metrizable;
® 0y IS never precompact.

Therefore,

Oby 7 Ovy.

The following fact was established in [40, 52] .

Fact 7.2.3. If v is a TB-sequence of an infinite abelian group G,
then for every group topology o on G such that

Obv g O g Ovy,

one has that

—

SV(Gd) — (G/ va)* — (G/ G)* — (G/ GV)*' (7-2-1)
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In particular, oyy, 0 and oy are compatible, i.e. they have the
same characters group. More precisely, opy is the Bohr topol-

ogy of Oy, i.e. Opy = T(G o, )*-

Theorem 7.2.4 ([52, Theorem 4]). If v is a T-sequence of an infinite
countable abelian group G, then

A

(G,0v) = (sv(Ga)bv)

Recall that a topological group X is reflexive if and only if ocx
is a topological isomorphism. In particular X = X.

Remark 7.2.5. Note that in general (G, oy) is not reflexive, since

—

(G, 0v) # (G, 0y). Indeed, in case u is q-bounded, then t,(T)

A

is countable and hence (Z, 0y) = (tu(T), py) is discrete, by The-
orem 3.2.5. Therefore, its dual is compact. On the other hand
oy 1s never precompact so (Z, oy) is not reflexive. This holds
for every sequence v of a countable group G that characterizes
a countable dense subgroup of the compact metrizable group
(/SE as stated in Corollary 7.2.7.

The following theorem, proved in [52], describes when (G, oy)
is reflexive. Recall that ¢o(T) = {x € TN | x — 0}.

Theorem 7.2.6 ([52, Theorem 5]). Let v be a T-sequence of a count-
ably infinite abelian group G. Then (G, oy) is reflexive if and only if
the following three conditions hold:

(1) v is a TB-sequence;
(i) (sv(Ga),py) is dually embedded® in Gq x co(T);
(ii1) (G, oy) is locally quasi-convex.

The following corollary, that follows from Theorem 3.2.5, Propo-
sition 7.1.6 and Remark 7.2.5 underlines the relations between
the topologies that appear in this Thesis.

Corollary 7.2.7. Let v be a TB-sequence of a countably infinite
abelian group G. Then the following are equivalent:

1 Considered in the natural way as a subgroup of Gq x co(T).
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(i) oypy is metrizable;
(ii) sy(X) is countable;
(ii1) Ty 18 discrete;

(iv) T3 1s discrete;

(v) py is discrete;

A

(vi) (G, oy) is countable and discrete;

A

(vii) (G, opy) is countable and discrete.
If the previous equivalent conditions hold, then oy is not reflexive.

Proof. (i)=-(ii). This follows by Proposition 7.1.6(iii).
(ii)<(iii)<(iv)<(v). This is Theorem 3.2.5.
(v)=-(vi). This follows by Theorem 7.2.4.
(vi)=(vii). This follows by the fact that oy, C oy.
(vii)=-(i). This follozv\s by Proposition 7.1.6(iii) and the facts

Obv =T, (g, and sv(Ga) = (G, opy)™.
If the conditions (i)-(vii) hold, Remark 7.2.5 implies that oy
is not reflexive. []

7.2.2 MAP, AMAP and MinAP groups
For a topological group X, recall that n(X) is the von Neumann
radical of X (see Definition 1.1.2).
Definition 7.2.8. A group X = (G, o) is said to be
(i) maximally almost periodic (briefly MAP) if n(X) = {0};

(ii) almost maximally almost periodic (briefly AMAP) if n(X) is
finite;

(iii) minimally almost periodic (briefly MinAP) if n(X) = X.
Remark 7.2.9. A group X = (G, 0) is

(i) MAP if and only if the Bohr topology is Hausdorff, i. e. X
separates the points of X;
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(i) MinAP if and only if the Bohr topology is indiscrete, i.e.
X ={0}

In [52, Therorem 4] Gabriyelyan observed that if u is a T-
sequence of an infinite countable abelian group G, then

n(G, oy) = sv(ézl)L algebraically. (7.2.2)

Therefore, the following fact is an immediate consequence of

(7.2.2).
Fact 7.2.10. Let v be a T-sequence of an infinite countable abelian
group G. Then the following hold.

(i) (G,oy) is MAP/\if and only if vis a IB-sequence. Indeed,
Il(\G, ov) = sy(Gq)~ is {0} if and only if sy(G4) is dense in
Gg.

(ii) (G, oy) is MinAP if and only if SV((/S:l) ={0}and G = (v).

In relation with fact 7.2.10, in [71], Lukécs found a T-sequence
in Z(p™) that is not a TB-sequence, providing in this way an
example of an AMAP group. More precisely, he found a char-
acterizing sequence v for p™J, < J, for a fixed m € IN, i.e.
sv(Jp) = p™Jp. In this way, being J, /p™]J, finite, then

sv(Jp)T =n(Z(p™), oy) # {0} is finite.

Therefore, (J, oy) is AMAP. Further results in this direction
were obtained by Nguyen [77]. Finally, Gabriyelyan [50] proved
that an abelian group G admits an AMAP group topology if
and only if G has non trivial torsion elements.

The following theorem, due to Gabriyelyan, links the notions
of T-characterized subgroup and MinAP topology.

Theorem 7.2.11 ([55]). Let X be a compact abelian group and let H
be a closed subgroup of X. Then, H is a T-characterized subgroup of
X if and only if H is G5 and H+ carries a MinAP topology.

Following [41, §4], for a topological abelian group X and a
prime number p we denote by T, (X) the closure of the sub-
group Xp. In case X is compact, one can prove that

Tp(X) ={mX:m e Ny, (m,p) =1} (7.2.3)
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In particular, T, (X) contains the connected component c(X) of
X. More precisely, if X/c(X) = HP(X(C(X))p is the topologi-
cally primary decomposition of the totally disconnected com-
pact group X/c(X), then

Tp(X)/C(X) = (X/C(X))p = Tp(X/C(X))-

Following [42], we say that d € IN is a proper divisor of
n € IN provided that d ¢ {0,n} and dm = n for some m € IN.
Note that, according to our definition, each d € IN \ {0} is a
proper divisor of 0.

Definition 7.2.12. Let G be an abelian group.

(i) For n € IN the group G is said to be of exponent n if
nG = {0}, but dG # {0} for every proper divisor d of n.
In this case, we call n the exponent of G and denote it

by exp(G). If exp(G) > 0, G is called bounded, otherwise,
unbounded.

(ii) ([56]) If G is bounded, then the essential order eo(G) of
G is the smallest positive integer n such that nG is finite.
If G is unbounded, we define eo(G) = 0.

Let us recall that a closed subgroup X of a compact abelian
group X is characterized if and only if H is a G5 subgroup,
i. e. the quotient group X/H is metrizable. In the next theorem
we aim to give a detailed description of the closed character-
ized subgroups H of X that are not T-characterized in terms
of various functorial subgroups or appropriate cardinal invari-
ants of X and its quotients. This explains the blanket condition
imposed on H to be a G5 subgroup of X.

Theorem 7.2.13. For a compact abelian group X and a Gs-subgroup
H of X the following are equivalent:

(1) H is a not a T-characterized subgroup of X;

(ii) H+ does not admit a MinAP group topology;
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(ii1) there exists some m > O such that m(X/H) is finite and non-
trivial.

(iv) eo(X/H) < exp(X/H);

(v) there exists a finite set P of primes so that
(a) H contains the subgroups Tq(X) for all primes q ¢ P,
(b) for every p € P there exist k,, € N with p*»T,(X) CH

(c) there exists p € P such that p*»—'T,(X) € H and
p*r 1T, (X) N H has finite index in p*» T, (X).

(vi) there exists a finite set P of primes so that X/H = [ [ cp Kp,
where each K, is a compact p-group and there exists some p €
P and k € IN such that p*K,, is finite and non-trivial.

Proof. The equivalence of (i) and (ii) was proved in Theorem
7.2.11. For reader’s convenience and for the sake of complete-
ness we give a short sketch of the proof closely following Ga-
briyelyan’s proof.

According to the reduction results from Chapter 1, to prove
that H is a T-characterized subgroup of X it is equivalent to
prove that {0} is a T-characterized subgroup of X/H. In other
words, we can assume that H = {0} and X is a metrizable com-
pact abelian group (so X is a countable abelian group). If vis a
T-sequence in X with sy(X) = {0}, then oy is a MinAP topology
on X, by Fact 7.2.10 (ii).

The other implication is based on the following subtle ob-
servation in [55]: if a countable abelian group G admits a MinAP
group topology, then it admits also a MinAP group topology of the
form oy, where v is a T-sequence in G. Applying this result to the
dual X, we deduce that there exists a T-sequence v in G such
that oy is a MinAP topology on X. By Fact 7.2.10 (ii), we deduce
that sy (X) = {0}

To prove the equivalence of (ii) and (iii) we recall the main
theorem in [44]: a group G does not admit a MinAP group
topology precisely when there exists some m > 0 such that mG
is finite and non-trivial. In our case G = H= is the dual of X/H.
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Since G = X//T—l, we deduce that mG = mm = mm). As
mm) is finite precisely when m(X/M) is finite, we deduce
that m(X/H) is finite and non-trivial.

Let us check the equivalence of (iii) and (iv). To this end let
G = X/H. If (iii) holds, then exp(G) > m > eo(G), according to
Definition 7.2.12. This proves the implication (iii) — (iv). If (iv)
holds, then m := eo(G) > 0 satisfies (iii), as mG is finite and
non-trivial.

According to (iii), K = X/H is a bounded group. Hence we
can write K = [ [ cp Kp, where each Ky, is a compact p-group.
According to the rest of (iii), m(X/H) is finite and non-trivial.
Therefore, there exists p € P such that mK,, # 0 is finite. Let p*
be the highest power of p dividing m. Then mK,, = p*K,, # 0
is finite. This proves the implication (iii) — (vi).

(vi) — (v) Write X/H = HPEP Kp as in (f), where each K, is
a compact p-group. Let p*r = exp(K,) and let p5K,,, be finite
and non-trivial for some pp € P and k € IN.

Obviously, all primes q € P are coprime to the exponent
m = exp(X/H) of X/H. As mX < H, we deduce from (7.2.3)
that

Tq(X) <H, forall primes q ¢ P. (7.2.4)

This proves (a).

Next, we deduce from (7.2.4) that c(X) < H.

The quotient groups X’ = X/c(X) and H’ = H/c(X) are to-
tally disconnected, hence X’ =[], X}, and H" = [ [, H},. Here

X]’3 = T,(X)/c(X) and H]’3 = T, (H)/c(X) for every prime p.
(7.2.5)

Furthermore, X" = [ [,cp X}, x [ [¢p Xg- From (7.2.4) we de-

duce that X, € H for all g ¢ P. Therefore, [ [,»p X; < H' and
H' = [, ep Hp X [[qep X§.- Hence, X/H = [ ,cp X,/H], and
consequently, X/, /H/ = K, for all p € P. Hence, p** X/, < H)
for all p € P. Equivalently, p*r T, (X) < H for p € P. This proves

(b).
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As pi°K,, is finite and non-trivial, we deduce that k < kyp,.
Kpy—1

Therefore, p, Kp, is still finite and non-trivial. Hence
Kpo—1
popo XT/JO 7( H{Jo’
SO
Kpo—1
P’ Tp, € H.

To prove the second assertion in (c) note that the finiteness of
Ps°Kp, yields that
Ko —1 Ko —1
pipo (X]/DO/H1/90) = (pOpO X]/Do + H]/Do)/H]/?o
Kpq—1 Ko, —1
= pOPO X{?o/(H{Do mpOpO X{Jo)
is finite. Hence, from (7.2.5) we deduce that

Koo —1
Po 0 Tpo(X)N T (H)

has finite index in p]gpo - Ty, (X). Therefore,

kpi—1 kpi—1
PP Ty X)NH=pg™ Ty, (X) N Ty, (H)

has finite index in pgp°_1 Ty, (X).

(v) — (iii) Let m’ be the product of all ¢ when q runs over
P and let m = m’/p. Then an argument similar to the above
argument shows that m(X/H) # {0} is finite. ]

Corollary 7.2.14. If H is a closed subgroup of a compact abelian
group X that does not contain the connected component c(X) of X,
then H is T-characterized if and only if it is characterized.

Proof. Assume that H is characterized. Then H is a Gs-subgroup
of X by Theorem 1.2.6 Let q : X — X/H be the quotient homo-
morphism. Then q(c(G)) is a non-trivial connected subgroup
of X/H, hence the group X/H is unbounded as its connected
component c¢(X/H) is a non-trivial divisible group subgroup
of X/H by Lemma A.2.6. According to Theorem 7.2.13, H is
T-characterized. [
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The following theorem trivially follows by Corollary 7.2.14.

Theorem 7.2.15 ([55]). If H is a subgroup of a compact connected
abelian group, then H is a T-characterized subgroup if and only if H
is a characterized subgroup.

Corollary 7.2.16 ([55, Theorem 1.14]). Let X be a compact abelian.
All G5 subgroups of X are T-characterized if and only if X is con-
nected.

Proof. If X is connected, then one can apply Corollary 7.2.14 to
deduce that all G5 subgroups of X are T-characterized. In case
X is not connected, then X has a proper open subgroup H, as
the connected component of X is an intersection of clopen sub-

groups [59]. By Corollary 1.1.19, H is not even K-characterized.
O

7.3 SS-PRECOMPACT TOPOLOGIES

Definition 7.3.1 ([34]). A precompact group X = (G, o) (as well
its precompact topology o) is said to be singular sequence pre-
compact (briefly ss-precompact) if 0 = opy, where v € GN (and
hence v is a TB-sequence).

Remark 7.3.2. 1t is known that every precompact group topol-
ogy on G is of the form T, where H < Gq is dense. Clearly,
TH is ss-precompact if and only if H is a dense characterized
subgroup of (/3:1. Since (G, tH)* = H, by Fact 7.2.3, one has
that a precompact group (G, o) is ss-precompact if and only if
(G, 0)* is a dense characterized subgroup of é;.

The description of these groups is important, since it gives
a description of all metrizable precompact countably infinite
abelian groups, as stated in the next theorem proved in [34].

Theorem 7.3.3 ([34, Theorem A]). Let X be a metrizable precom-
pact topological abelian group. Then X is ss-precompact if and only
if X is countable. Moreover, every TB-sequence witnessing the ss-
precompactness generates a finite index subgroup of X.
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As a corollary one has the following.

Corollary 7.3.4 ([34, Corollary A]). Let (G, o) be a countably in-
finite precompact metrizable abelian group. Then G admits a group

A

topology o' which is strictly finer than o and (G, o’) = (G, o).

More precisely, o’ is oy, where v is the TB-sequence such that
O = Opy-

Moreover, the countable ss-precompact groups are important
since they are closely related to characterized subgroups.

Problem 7.3.5. The following problems are equivalent due to
Remark 7.3.2 and Proposition 7.1.6:

* Describe all countable ss-precompact groups.

* Describe all dense characterized subgroups of compact
metrizable groups.

Clearly, the density condition is not restrictive, since a sub-
group of a compact group is characterized if and only if it is a
characterized subgroup of its closure.

Theorem 7.3.6 ([34, Theorem C]). For a precompact group (G, o)
the following are equivalent:

(1) (G, o) is ss-precompact;

(i1) (G, o) has a countable B-embedded (see Definition A.3.2) ss-
precompact subgroup.

Recall that a topological space is said to be pseudocompact if
its image via real-valued continuous functions is bounded.

Corollary 7.3.7 ([34, Corollary C1]). A pseudocompact Hausdorff
group is ss-precompact if and only if it is finite.

Recall also that the tightness of a topological space X is the
minimal cardinal k > Ny such that, for every x € X and every
S C X with x € S there exists Q C S such that x € Q and |Q| < «.
Moreover, a topological group is hereditarily disconnected if its
connected component (i.e. the maximal connected subgroup)
is trivial.
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Theorem 7.3.8 ([34, Theorem DJ]). Let X be an ss-precompact group.
Then

(1) X is hereditarily disconnected,

(11) X has countable tightness.

7.4 TB-SEQUENCES OF Z

From Proposition 7.1.6 for G = Z and the fact that every infi-
nite subgroup of T is dense one obtains the following corollary.

Corollary 7.4.1 ([7, Proposition 2.4]). Let u € ZN. Then the
following hold:

(1) ovu is Hausdorff (hence precompact) if and only if t4(T) is
infinite;

(i1) Oy 1s metrizable if and only if |ty (T)| = No.

Corollary 7.4.2. Let u € ZN such that t,(T) is infinite. Then the
following hold

(1) If u is q-bounded, then oy is precompact and metrizable;

(11) If uis q-divergent, then ovy is precompact and w(Z., 0py) =
C.

Example 7.4.3. (i) if u = (p"), then opy is a precompact lin-

ear metrizable group topology on Z such that u —2% 0;

(ii) if u = (n!), then opy is a precompact non linear non

metrizable group topology on Z such that u —>% 0;

(iii) [7] if u is the Fibonacci sequence, then oy, is a precom-
pact metrizable non-linear group topology on Z such

that u —2% 0.

As a consequence of the results of Subsection 4.5.2 from [10]
one can obtain the following theorem.

Theorem 7.4.4 ([8, Theorem 4.6]). Let u € 25, and an > by
for every n € IN. Then
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(1) u is a TB-sequence;
(i1) w(Z, 0py) = ¢ if and only if u is not q-bounded;
(iii) Oy is metrizable if and only if u is q-bounded;

(iv) Ovy 1s linear if and only if u is q-bounded and by, = 0 in-
finitely many times.

Moreover, from results of Subsection 4.5.2, Theorem 4.5.2
and Remark 7.1.7 one can deduce the following theorem.

Theorem 7.4.5 ([8, Theorem 4.11]). Let u € Z,. be such that

recs

an = aand b, = b € IN* for every n € IN. Then the following
hold:

(1) Oy has a countable O-neighbourhood basis;

(i1) The following are equivalent:
(a) Opy 1S metrizable;
(b) u is a TB-sequence;

(c) a > borgcd(a,b) > 1oruisa geometric progression.

(iii) Ovyy is linear if and only if a < b. If u is a TB-sequence and
a < b, then the completion of (Z, ovy) 1s a compact totally dis-
connected group isomorphic to Z.(m) x Hpeipoo Z.(p>), where
P ={p € P Inp(u) = oo} and p { m for every p € P.

For a-sequences, the following corollary holds.

Corollary 7.4.6. If u is an a-sequence, then u is a TB-sequence.
Moreouver, the following are equivalent:

(1) uis q-bounded;
(i1) ty(T) is countable
(iii) Opy 1S metrizable;
(iv) Ovy IS linear;

(v) tu(T) € §o(T);
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(vi) tu(T) is Ty -open;
(vii) T is discrete;
(viii) ty(T) is Ty-open;

(ix) Ty is discrete;

(x) pu is discrete;

/\

(x1) (Z,0y) is discrete;

A

(xii) (Z,0vy) 1S discrete.
If the previous equivalent conditions hold, then oy is not reflexive.

Proof. (1)< (ii)<(v)-(x). This is Theorem 5.4.1.

(ii)<(iii) < (iv). This is Corollary 7.4.1.

(ii)<(xi)<(xii). This is Corollary 7.2.7.

If the conditions (i)-(xii) hold, then Reamark 7.2.5 implies
that o, is not reflexive. (]

7.5 PRECOMPACT GROUP TOPOLOGIES WITHOUT CONVERG-
ING SEQUENCES

The following notion, introduced in [40] is a counterpart of t-
density and t-closedness.

Definition 7.5.1 ([40]). Let X be a topological group. For a sub-
group H of X one can define the following subgroup of X

g(H) = [{sv(X) [ H < sy(X)}.
A subgroup H of X is said to be
e g-denseif g(H) = X;
e g-closed if g(H) = H.

Remark 7.5.2. H is a g-dense subgroup of a topological abelian
group X if and only if for every K € €har(X) \ {X} one has that
H £ K.
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Theorem 7.5.3. Let G be an abelian group and let H be subgroup
of X = Gq. Then H is dense and g-dense if and only if (G, TH) is a
precompact group without non-eventually null convergent sequences.

Proof. Suppose that H is dense and g-dense. Since H is dense,
then Tty is a precompact group topology. Since H is g-dense,
one has that for every K € €har(X) \ {X} one has that H £ K, as
stated in Remark 7.5.2. Therefore, by Proposition 7.1.3 (G, TH)
is a precompact group without non-eventually null convergent
sequences.

Conversely, if (G,TH) is a precompact, then H is dense. By
Proposition 7.1.3, if (G, TH) has no convergent sequences one
has that for every K € €har(X) \ {X} one has that H £ K, i.e. by
Remark 7.5.2 H is g-dense. []

Corollary 7.5.4 ([27]). Let G be a torsion free abelian group and let
H be a dense subgroup of X = Ga. If H is non-(Haar)-measurable
subgroup of X, then (G,TH) is a precompact group without non-
eventually null convergent sequences.

Proof. Note that X = Gq is connected by Proposition A.3.16(1).
Hence, the corollary follows by the fact that every proper char-
acterized (hence measurable) subgroup of a compact connected
abelian group has measure 0 (see Lemma A.2.7) and the fact
that every subgroup of a measure zero subgroup is measur-
able (and it is measure zero too). Therefore, for every K &
Char(X) \ {X} one has that H £ K. Consequently, H is g-dense.
Hence, by Theorem 7.5.3 one can conclude. ]

In [27], the authors find 2|X|-many non-measurable, dense
subgroups, proving that there exists 2/X/-many precompact group
topologies on G without non-eventually null convergent se-
quences.
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OPEN QUESTIONS

8.1 CHARACTERIZED SUBGROUPS OF TOPOLOGICAL ABELIAN
GROUPS

8.1.1 N-characterized, K-characterized and T-characterized subgroups

Example 1.1.10 shows that the argument of the proof of Propo-
sition 1.2.9 does not hold. Nevertheless the following question
still remains open.

Question 8.1.1. Does Proposition 1.2.9 holds also for non-compact
groups?

Some steps towards answering the above question are made
in Proposition 1.1.15.

Corollary 1.1.23 shows that every subgroup H of a discrete
abelian group X such that w < [X : H] < ¢ is K-characterized.
But the following examples shows that this is not a necessary
condition to be a K-characterized subgroup of a discrete abelian
group (see also Proposition 1.1.20).

Example 8.1.2. Consider X = Z and H = 2Z. Let v = (v,) €
Z. = T be such that v,, = 21—“ + % Hence H = sy (X) and [X :
H] = 2.

Therefore, one may pose the following question.

Question 8.1.3. Are the finite index subgroups of discrete abelian
group K-characterized?

In relation to the same Corollary 1.1.23, one may ask to de-
scribe the T-characterized subgroups of a discrete abelian group.

Problem 8.1.4. Describe the T-characterized subgroups of the
discrete abelian groups.
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8.1.2  Polishability

In Chapter 2 we see that €har(X) C Poly,.(X) for every com-
pact metrizable group X. But unfortunately, the inverse inclu-
sion does not hold. More precisely, for X = TN Example 2.1.15
proves the following non-inclusion.

Polige (X) NFo(X) £ Char(X). (8.1.1)

It is natural to ask if this non-inclusion holds for all compact
metrizable abelian groups. Recently Gabriyelyan proved that
the following related non-inclusion holds for every compact metriz-
able non-totally disconnected abelian group.

Pol(X) NFo(X) € Char(X). (8.1.2)
Question 8.1.5 ([54]). Does (8.1.2) holds also for totally discon-
nected compact metrizable abelian groups?

The following question remains open also for non-totally dis-
connected compact abelian groups.

Question 8.1.6 ([54]). Does (8.1.1) holds also for all compact
metrizable abelian groups? Does it holds for X =T7?

Corollary 3.2.7 proves that v ~ u whenever sy (X) = sy4(X) €
Js(X). Therefore, the following question arises naturally.

Question 8.1.7 ([35, Question 4.5]). If sy (X) = su(X) € Fs(X), is
vV~ u?

8.2 THE CIRCLE GROUP
8.2.1 General Sequences

Theorem 6.2.8 proves that there exists u,v € ZN such that
tu(T) 4+ ty(T) = T. This answers to Question [7, Question 5.1
(b)], but remains unanswered the following question.

Question 8.2.1 ([7, Question 5.1 (a)]). When does there exists
u,v € ZN such that ty(T) + ty(T) = tw(T) for a given w € ZN?
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We proved in Theorem 5.4.1 that the J; subgroups charac-
terized by means of a-sequences are countable. Moreover, The-
orem 2.2.24 proves that Pol;.(T), that is obviously contained in
So(T), consist of T and the countable subgroups. Hence, it is
natural to pose the following question.

Question 8.2.2. Are the countable subgroups the only proper
characterized J; subgroups of T?

8.2.2  Arithmetic Sequences

Remark 8.2.3. If a-Char(T) denotes the set of all subgroups of T
characterized by an a-sequence, then

{closed subgroups} = &;5(T) C a-Char(T) N Fs(T).

An example witnessing the above proper inclusion is t,(T) €
So(T)\ &5(T) where u = (p™). More generally all countably
infinite t,(T) € a-Char(T) witness that proper inclusion, where
u 1S an a-sequence.

To give an exhaustive description of Chat(T) and a-Char(T),
in terms of Borel complexity, it is needed to establish if there
exists a sequence u such that t,(T) ¢ &ss(T). This kind of
sets is called Fy5-complete (or TT9-complete using the Descrip-
tive Set-Theoretic terminology, see [63]), that is, in plain words,
a set among the most complex in J45(T). Hence question of
whether Chat(T) C B54,(T) remains open.

Question 8.2.4. (1) ([55]) Does there exists a sequence of inte-
gers u such that t,(T) ¢ Gs5(T)?

(i) What about a-sequences u?

8.2.3 Thin Sets

In Chapter 6 we prove that (K} ) is a D-set contained in t,+(T)
for a suitable subsequence u* of u, when L is non-large. There-
fore, (mt(K}')) < t,+(T). Obviously, every finite set of T is a D-set

u
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and therefore (F) is characterized, whenever F is finite. On the
other hand in [70] the authors prove that every Kronecker set is
a D-set, but Bir6 proved that for every uncountable Kronecker
set K of T one has (K) is not polishable and hence not charac-
terized. So it make sense to pose the following questions.

Question 8.2.5. (i) If L is non-large, is (7t(K}')) characterized?

(i) Under what conditions, for a D-set E of T (E) is charac-
terized?



Part IV

APPENDIX






TOPOLOGICAL SPACES AND GROUPS

Here, some classical results and notions used in this Thesis are
presented. Moreover, we recall some basic properties of the cir-
cle group, that is one of the main object studied in this Thesis.

A.1 TOPOLOGICAL SPACES

Definition A.1.1. A topological space is said to be Polish if it is
a complete metrizable separable space.

Theorem A.1.2 ([63, Theorem 5.3]). If X is an Hausdorff locally
compact space, then the following are equivalent:

(i) X is second countable;
(i1) X is metrizable and o-compact;
(i11) X is Polish;
(iv) X is homeomorphic to an open subset of a compact metrizable

space.

Lemma A.1.3. If X is a topological space and (fn )neN 1S a sequence
of continuous real-valued functions on X that uniformly converges to
0 on a dense subset D of X, then (fn )nen uniformly converges to 0
on X.

Proof. Pick an ¢ > 0. Then there exists no € IN such that
fn(x)] < € for all m > np and every x € D. For n > ng the
set frﬂ ([—¢, +¢€]) is closed and contains the dense subset D of
X, so coincides with X; in other words, |[f; (x)| < e foralln > ny
and x € X. Therefore, f,; uniformly converges to 0 on X. [

Let B(X,T) denote the o-algebra of Borel subsets of (X, T).
One can define Zg(X), l'lg(X) subfamilies of B(X,t) for 1 < & <
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w1, where wj is the first uncountable ordinal, in the following
mannet.

Q(X) ={U C X | U open in X},
M2(X) ={A C X|X\A € ZZ(X)},

{
{
ToX) = {UAn [An €TIR (X),&n <& m € ]N} .

Hence Z?(X) = {open sets of X} e ]'l? (X) = {closed sets of X}.
Moreover ZS(X) — {F, of X} and WS(X) = {Gs of X}. More gen-
erally,

9 1(X) = (ME(X)) o := {count. unions of sets in TTZ (X)},
ﬂ2+1 (X) = (Z%(X))g, := {count. intersec. of sets in Z%(X)}.

In particular, the following equalities hold.

BX)= |J 22X = | mX).

E<wi E<wi
Definition A.1.4. Let X be a topological space.

o If (X,S) is a measurable space, then it is called a standard
Borel space if there is a Polish topology T on X with S =
B(X,T).

e A subset of X is called nowhere dense if its closure has
empty interior.

e A subset of X is meager (or first category) if it is the union
of a countable collection of nowhere dense subsets.

* A subset A of X is said to have the Baire property if there
is an open set U such that the symmetric difference (U \
A)U (A\U) is a set of first category, i.e. it is a count-
able union of nowhere dense sets. Some authors use the
terminology almost open.
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Remark A.1.5. In a topological space, every Borel set has the
Baire property. Moreover, the sets having the Baire property
form the smallest o-algebra containing all open sets and all
meager sets.

Definition A.1.6. A function f : X7 — X5, where X1, X5 are two
topological spaces, is said to be Borel (Baire) measurable if and
only if f~'(U) is a Borel set (has the Baire property) for every
open set U.

Remark A.1.7. Every Borel measurable function is a Baire mea-
surable function.

Theorem A.1.8 (Lavrentieff Theorem). Let X be a Polish space
and A C X, then A is Polish with the subset topology if and only if
A isa Gg subset of X.

Recall that the Cantor space is € = ({0, 1}N, 1) where 7 is the
product topology induced from the discrete one on {0, 1}.

Theorem A.1.9 (Alexandroff-Hausdorff (see [63, Theorem 13.6])).

Let X be a Polish space and A be a Borel subset of X. Then either A
is countable or A contains a homeomorphic image of C.

A.2 TOPOLOGICAL GROUPS
A.2.1  The circle group

One can define the circle group as the subgroup of the com-
plex numbers (C,-) of all elements with norm 1. That is the
following subgroup,

T = {e“™ |x € R}. (A.2.1)

Equivalently, one can define the circle group as the quotient
group R/Z. Indeed, if m: R — R/Z is the canonical projection
and if for every x € R/Z one chooses x € 1 (x), then one can
define the following isomorphism ¢ : x — e?™* from R/Z to
T.
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It is easy to prove that T with the topology induced from the
euclidean one of C is a topological group as well R/Z with
the quotient topology induced from th e euclidean one of R.
Moreover, @, defined above, is a topological isomorphism from
R/Z to T. In this Thesis, it is preferable to deal with the additive
notation of the circle group i.e. R/Z, that one can denote by T.

In the circle, in the usual metric the distance between two
points is the length of the minimal arc connecting the two
points. This metric is a compatible metric with the usual topol-
ogy, i. e. the quotient topology from the euclidean one in IR.

Sometimes, it is preferable to deal with elements of the pre-
image of an element x € T with respect to the canonical pro-
jection 7t : R — T rather than the elements of T. For example,
one can consider the following restriction of 7,

M =T f[o,1)3 [O,]) — IR/Z, (A.2.2)
11
=Tl y; [_2’ Z) S R/Z. (A.2.3)

In this way one can define the norm in T in the following
two equivalent ways. Let x € T

Il min{x, 1 —x} if%/:ﬂf?](x),‘
X p—
x| if x =71, ' (x).

A.2.2  Locally compact groups and compact groups

Theorem A.2.1 ([59, Theorem 5.11]). Let X = (G, ) be an Hau-
dorff group. Then H < X is a locally compact subgroup of X (with
the relative topology) if and only if H is closed. Hence every locally
compact group is complete.

Definition A.2.2. For a subgroup H of an abelian group G and
a group topology T on H, one can denote by T the group topol-

ogy on G, having as a local base at 0 precisely the T-open neigh-
bourhoods of 0 in H.
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Proposition A.2.3. Let X be an abelian group and H < X.

*

(i) If T is a group topology on G, then t [{,2 Tand Hisa T [};-
open subgroup of the topological group (G, T [},);

(i1) T is Hausdorff if and only if T is Hausdorff;

(ii1) (G,T*) is locally compact if and only if (H,T) is locally com-
pact.

Theorem A.z.4 (Principal Structure Theorem). Every locally com-
pact abelian group is topologically isomorphic to R™ x Xo where X
contains a compact open subgroup and n € IN.

Theorem A.2.5 (Open Mapping Theorem). Let X and Y be locally
compact topological groups and let ¢ be a continuous homomorphism
of X onto Y. If X is o-compact, then @ is open.

Lemma A.2.6 ([59, Theorem 24.25]). Let X be compact abelian
group. Then X is connected if and only if it is divisible.

Corollary A.2.7. Let u be a finite-additive (translational) invariant
finite measure on a compact connected abelian group X. Every proper
w-measurable subgroup of X has measure zero.

Proof. Suppose p(X) = 1. Let H be a proper p-measurable sub-
group of X. Since X is divisible (by Lemma A.2.6), the index [T :
H] is infinite and hence by finite-additivity u(H) = 0. Indeed, if
w(H) > 0, then there exist n such that u(H) > % Let a; + H for
i=1,...,n distinct cosets of H, then 1 > p (> " ;ai+H) =
nu(H), a contradiction. ]

Theorem A.2.8 ([59][41]). Every compact connected abelian group

of weight < ¢ non isomorphic to T is a solenoid.

A.2.3 Metrizable groups and Gg sets

Proposition A.2.9. If X is a locally compact Hausdorff abelian group
and H < X a closed subgroup, then the following are equivalent.

(1) Hisa Gs subgroup of X;
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(i1) The quotient group X/H is a metrizable group.

Proof. (ii)=-(i). If X/H is a metrizable Hausdorff group (Haus-
dorffness is given by the fact that H is closed). By Birkhoff-
Kakutani’s Theorem Og /iy has a countable base of open neigh-
bourhood, let {U,, : n € IN} be that base. Hence

H=m"0g )= "([] Un) =[] 7" (Un),
nelN nelN

i.e. His a G5 subgroup of G. (i)=(ii). [22, Corollary of Theorem
2].
L]

Lemma A.z2.10 ([22, Corollary 1 of Theorem 1]). Let X be a a
locally compact group, O € G5(X) and ex € O. Then there exists a
compact Gs subgroup N of X such that N C O and X/N is a complete
metrizable locally compact group.

Theorem A.z2.11 ([68][Theorem 2 §34]). If H is a meager G5 sub-
space of a complete metrizable group, then H is nowhere dense.

Theorem A.z2.12 (Banach-Kuratowsky-Pettis). If X is a topologi-
cal group and H C X with the Baire property and non-meager, then
intf(HH™') % (

The above theorem is a generalization of the Steinhaus-Weil
Theorem.

Theorem A.2.13 (Steinhaus-Weil). If X is a locally compact group
and H C X a positive (left) Haar measure subset, then int(HH™') #
0.

Theorem A.z2.14. If X is a locally compact group and H < X is a
Gs-subgroup, then H is closed.

Proof. Clearly, if H is G5 of X, then H is a G5 of its closure H.
Note that H is also locally compact, by Theorem A.2.1. There-
fore, one may suppose that H is a dense G5 subgroup of X. By
Lemma A.2.10, there exists a compact subgroup of X such that
K < H and X/K is a complete metrizable locally compact group.
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Therefore, H/K is a G5 dense subgroup and hence its closure
has (obviously) non empty interior (hence, it is not nowhere
dense). Thus, by Theorem A.2.11, H/K is non meager. Hence,
by Theorem A.2.12, H/K is open and so H is open too and thus
closed. O

Corollary A.2.15. Let X be a locally compact metrizable abelian
group. H < X is closed if and only if it is a G5 subgroup.

Proof. If H is closed, then the quotient X/H is still metrizable.
Hence by proposition A.2.9 H is Gs.
The converse is the Theorem A.2.14 []

From Theorem A.2.12, one can deduce the following theo-
rem.

Theorem A.2.16 ([12]). Let f : X7 — X, be a Baire measurable
homomorphism between Polish groups. Then f is continuous. If more-
over, f(X7) 1s not meager, f is also open.

Corollary A.2.17. Any Borel measurable algebraic isomorphism be-
tween Polish groups is a topological isomorphism. In particular, if a
group G admits two Polish group topologies with the same Borel sets,
these topologies coincide.

Remark A.2.18. If a group carries two different Polish group

topologies they are incomparable.

A.3 PONTRYAGIN DUAL AND CHARACTERS
A.3.1  The characters group

Definition A.3.1. Let X = (G, T) be a topological abelian group.

* An homomorphism x € hom(G,T) is said to be a charac-
ter of X if it is continuous with respect to t. Denote by X*
the group of all characters of X.

e Call two group topologies t1 and T, on G compatible if
(G,m1)" =(G,12)".

137



138

TOPOLOGICAL SPACES AND GROUPS

* Denote by X the character group X* equipped with the
compact-open topology, i.e. that one having as a base of
neighbourhood of 0 the family of sets

W(K, U) ={x € X* | x(K) € U},

where K C X is compact and U is an open neighbourhood
of Or. Call X the dual group (or Pontryagyn dual) of X.

Definition A.3.2. A subgroup H of a topological abelian group

X is said to be B-embedded if every character x € (G/H)q is
continuous in the quotient topology of G/H.

Definition A.3.3. A subgroup H of a topological group X is
said to be dually embedded if for every O € H*, there exists x €
X* such that x [y= 1.

Definition A.3.4. A subgroup H of a topological group X is
dually closed it for each x € X\ H, there exists a character x of
X that separates H and x, i.e. x is identically zero on H and

x(x) # 0.

Lemma A.3.5 ([59, Lemma 24.4][75, Theorem 27]). Let X be a
locally compact abelian group. If H is a closed subgroup of X and 1 is
a continuous character of H, then there exists a continuous character
X of X such that x(x) = VP(x) forallx € H,i.e. x [n=1V i.e. His
dually embedded in X.

Proposition A.3.6 ([59, 23. 19]) Let X be a compact abelian group
and x € X. Then Jx e2™X(x) dx = 0 unless x = O, in which case
the integral is 1.

Definition A.3.7. A subset A of a topological abelian group X
is called quasi-convex if for every x € X\ A there exists x € X
such that

X(A) C Ty and x(x) ¢ T

where T is the image of the segment [—7, 7| with respect to
the natural quotient map m: R — T.
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Definition A.3.8. A topological group (G, t) (as well as its
topology 7) is called locally quasi-convex if (G, t) has a basis of
neighborhoods of 0 consisting of quasi-convex subsets of (G, T).

Remark A.3.9. Vilenkin in [85] proved that for every topological
abelian group X, its dual X is locally quasi-convex. Indeed, if
one consider the set

W(K, T, ) = {x e X | x(K) C T+},
where K is a compact subset of X, i.e. K € K(X), then
{W(K, T4 ) | K € K(X)}

is a neighbourhood basis of e.

Theorem A.3.10 (Peter-Weyl the abelian case). Let X be a discrete
abelian group. A subgroup H < X separates the points of X if only if
H is dense in X.

A.3.2  Pontryagin duality

Theorem A.3.11 (Pontryagin-van Kampen). If X is a locally com-
pact abelian group, then

ox 1 X — X where ox (x) 1 x = x(x);
is a topological isomorphism.

Definition A.3.12. Call a topological abelian group X = (G, 1)
(as well its topology) reflexive if xx is a topological isomor-
phism.

Proposition A.3.13. Let X be a topological abelian group.
(1) If X is locally compact, then X is locally compact;
(i1) if X is compact, then X is discrete;

(ii1) if X is discrete, then X is compact.
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Theorem A.3.14. If X is a locally compact abelian group and H is a
closed subgroup, then

(i) ([59, 23.25]) X/H = HL and the adjoint of the canonical pro-
jection is the isomorphism;

(11) ([59, 24.5]) if H is open or compact H = >?/HL

P

(111) w(X) = w(X).

Corollary A.3.15. Let H be a subgroup of locally compact abelian
group. Then (H-)+ = H.

Proposition A.3.16. If X is a compact abelian group, then
(1) X is connected if and only if X is torsion-free;
(i1) X is totally disconnected if and only if X is torsion;
(iii) ¢(X) = (t(X))*.
(iv) w(X) =X

(v) X is metrizable if and only if X is countable.

A.3.3 Topologies induced by characters

Definition A.3.17. A subset A of an abelian semigroup G is
said to be a large set if there exist a finite subset F of G such that
F+A=0G.

Definition A.3.18. A topological abelian group is said to be
totally bounded (as well its topology) if every open non-empty
subset is a large subset. A Hausdorff totally bounded group
is called precompact. Analogously, a subset E of a topological
abelian group is totally bounded if for every open neighbour-
hood U of 0, there exists a finite subset F of E such that F+U D
E.

Definition A.3.19. A topological abelian group is called locally
precompact if it is Hausdorff and there exists an open precom-
pact neighbourhood of 0.
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Remark A.3.20. One can prove that precompact groups are pre-
cisely topological isomorphic images of dense subgroup of com-
pact groups. Therefore, precompact groups are precisely the
groups with compact completion. Analogously, the locally pre-
compact groups are precisely the groups with locally compact
completion.

Definition A.3.21. Let G be an abelian group and H C hom(G, T).
Let Ty be the weakest group topology on G that makes each
character of H continuous. That is the topology generated by
the following pre-base

{x "(B)|BecB, xcH]

where B is a base of the usual topology in T. Call such a topol-
ogy the initial topology of H.

Proposition A.3.22 ([25]). The map
H— TH

is monotonically increasing with respect to the inclusion.
Proposition A.3.23 ([25]). If H C hom(G, T), then T = T(n).

Theorem A.3.24 (Comfort-Ross [25][Theorem 1.2]). Let (G, T) be
a topological abelian group. Its topology T is totally bounded if and
only if there exist H < G* such that T = ™.

Moreover the following hold

(1) w(G,tH) = [H|and H1 < Hy if and only if Ty, C TH,,
(11) (G, tH) is Hausdorff if and only if H separates the points of G;

(ii1) (G, T ) is linear (there exists a local base at O consisting of
open subgroups) if and only if H is torsion.

A linear topology in Z generated by a torsion subgroup of
T is the p-adic topology.
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Example A.3.25 (p-adic topology). Let H = Z(p™) < T = Z* be
the Priifer group for a prime p. Then T4 = T, where 1, is the
p-adic topology, i. e. the topology such that V. (0) is generated
by p"Z for n € IN.

Indeed, if x S 1 +— p]_“ + Z, then V., (0) is generated by

1
o1
Hrom =X, <<_Pm’pm)>

One has Uy . =p"Z for every m > n.
Note that the p-adic topology is Hausdorff, since Z(p*°) is
infinite and hence dense in T = Z.

Example A.3.26 (Filirstenberg topology [49]). Let T be the Fiirsten-
berg topology, i.e. the topology such that {(nZ |[n € IN, }is a
base of V.,.(0) and {p"Z | p € P, n € N} is a pre-base.
Let H=0Q/Z = EBPEIPZ(pOO), that is the torsion subgroup
of T. Then Ty = T4 and hence it is linear. Indeed, T4 =
sup {Tp | p € P} =sup {tz(p=) | p € P} =10,z.

Also the Firstenberg topology is Hausdorff and hence pre-
compact.
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