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A B S T R A C T

In this thesis we study in details the theory of adjoint forms
which was introduced by Collino and Pirola in [18] in the case
of smooth curves and then generalized in higher dimension
by Pirola and Zucconi in [55]. Useful generalizations are given,
for example for Gorenstein curves, smooth projective hypersur-
faces and fibrations over a smooth curve. The main applications
of this theory concern infinitesimal Torelli problems and crite-
ria which ensure that a family X → B of algebraic varieties
of general type and with Albanese morphism of degree 1 has
birational fibers.
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I N T R O D U C T I O N

Given an n× n matrix T ∈ Mat(n, K), there always exists its
adjoint matrix, T∨, such that by row-column product we obtain
T · T∨ = det(T) · In, where In ∈ Mat(n, K) is the identity matrix.
The theory of adjoint forms considers the above construction
in the context of locally free sheaves. This theory was first in-
troduced by Collino and Pirola in [18] in the case of smooth
curves and later it was extended to any smooth algebraic vari-
ety by Pirola and Zucconi [55]. Since then these ideas have been
fruitfully applied in [5], [17], [25], [26], [54], and [56].

The main idea is the following: let ξ ∈ Ext1(F,OX) be an
extension class associated to the following exact sequence of
locally free sheaves over an m-dimensional smooth variety X:

0→ OX → E → F → 0. (1)

Assume that F is of rank n and that the kernel of the connecting
homomorphism

δξ : H
0(X,F) → H1(X,OX)

has dimension > n + 1. Take an n + 1-dimensional subspace
W ⊂ Ker δξ and a basis B = {η1, . . . ,ηn+1} of W. By choosing
a lifting si ∈ H0(X,E) of ηi, where i = 1, . . . ,n+ 1, we have a
top form Ω ∈ H0(X, detE) from the element s1 ∧ . . .∧ sn+1 ∈⋀n+1H0(X,E). Since detE = detF we actually obtain from Ω a
top form ω of F, which depends on the chosen liftings and
on B. We call such an ω ∈ H0(X, detF) an adjoint form of
ξ,W,B. Indeed consider the n + 1 top forms ω1, . . . ,ωn+1 ∈
H0(X, detF) where ωi is obtained by the element η1∧ . . .∧ η̂i∧
. . .∧ ηn+1 ∈

⋀nH0(X,F). It is easily seen that the subscheme of
X where ω vanishes is locally given by the vanishing of the
determinant of a suitable (n+ 1)× (n+ 1) matrix T and the lo-
cal expressions of ωi, i = 1, . . . ,n+ 1, give some entries of the
adjoint matrix T∨. This explains the name of the theory. To the
n+ 1-dimensional subspace W ⊂ Ker δξ taken above, we asso-
ciate DW and ZW which are respectively the fixed part and the
base locus of the sublinear system given by λnW ⊂ H0(X, detF),
where λn :

⋀nH0(X,F) → H0(X, detF) is the natural homomor-
phism obtained by the wedge product. The theory of adjoint
forms allows to relate the deformation ξ with the adjoint form
ω via the following theorem

1
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Theorem (Adjoint Theorem). Let X be an m-dimensional compact
complex smooth variety. Let F be a rank n locally free sheaf and let
ξ ∈ Ext1(F,OX) be the class of the sequence (1). Let ω be an adjoint
form associated to a subspace W ⊂ H0(X, detF). If ω ∈ λnW then
ξ ∈ Ker (Ext1(F,OX) → Ext1(F(−DW),OX)). Viceversa. Assume
ξ ∈ Ker (Ext1(F,OX) → Ext1(F(−DW),OX)). If h0(X,OX(DW)) =

1, then ω ∈ λnW.

If DW = 0, this theorem characterizes the vanishing of ξ.
The link between adjoint forms and extension classes gives

us a useful tool to study Torelli type problems, in particular in-
finitesimal Torelli problems, which we briefly recall. Let π : X →
B be a family of algebraic varieties. Fix a point 0 ∈ B. We can in-
terpret π : X → B as a deformation of complex structure on X :=

π−1(0). Indeed by Ehresmann’s theorem, after possibly shrink-
ing B, we have an isomorphism between Hk(Xb, C) and V :=

Hk(X, C), for every b ∈ B. Furthermore, dim FpHk(Xb, C) =

dim FpHk(X, C) =: bp,k, where FpHk(Xb, C) =
⨁
r>pH

r,k−r(Xb)

gives the Hodge filtration on Hk(Xb, C). The period map

Pp,k : B→ G = Grass(bp,k,V)

(cf. [38], [66]) is the map which to b ∈ B associates the subspace
FpHk(Xb, C) of V . In [32], [33], P. Griffiths proved that Pp,k is
holomorphic and that the image of the differential

dPp,k : TB,0 → TG,FpHk(X,C)

is actually contained in

Hom(FpHk(X, C), Fp−1Hk(X, C)/FpHk(X, C)).

Setting q = k− p and using the canonical isomorphism

FpHk(X, C)/Fp+1Hk(X, C) ≃ Hq(X,ΩpX)

he showed that dPp,k is the composition of the Kodaira-Spencer
map TB,0 → H1(X, TX) with the map given by the cup product:

dπqp : H
1(X, TX) → Hom(Hq(X,ΩpX),H

q+1(X,Ωp−1X ))

where TX is the tangent sheaf of X.
Putting together the period maps Pp,k for p = 1, . . . ,k, we

obtain a map, which is also called period map

Pk : B→
k∏
p=1

Grass(bp,k,Hk(X, C))

b ↦→ (P1,k(b), . . . ,Pk,k(b))
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(as we will see in details, the appropriate codomain of this map
is strictly contained in this product of Grassmannians). Its dif-
ferential is again a composition

dPk : TB,0 → H1(X, TX) →
⨁
p

Hom(Hk−p(X,ΩpX),H
k−p+1(X,Ωp−1X )).

The k-infinitesimal Torelli problem asks if the differential of the
period map Pk for the local Kuranishi family of X (see Defi-
nition 1.4.4, cf.[43], [49]) is injective. Hence take F = Ω1X, the
cotangent sheaf on X, and consider the extension given by the
Kuranishi family of X along a certain tangent vector to its base
B

0→ OX → Ω1X|X → Ω1X → 0

together with its wedge products

0→ Ωi−1X → ΩiX|X → ΩiX → 0.

Since the Kodaira-Spencer map is bijective for the Kuranishi
family, the infinitesimal Torelli problem can be translated in
the following way: if all the coboundary maps

Hk−p(X,ΩpX) → Hk−p+1(X,Ωp−1X )

coming from the wedge sequences are zero, can we deduce that
the class ξ is zero? As we have seen, the adjoint forms give
information on the vanishing of ξ, hence this theory can be
naturally used for the study of such a problem.

This thesis is structured as follows. In the first chapter we
recall some basic facts from Hodge theory and we give an
overview on the Torelli problems.

The second chapter is focused on the adjoint theory for curves
since this case is peculiar under many aspects and deserves a
distinguished treatment. The case of smooth curves is discussed
following the paper of Collino and Pirola [18]. The theory is ex-
tended also to irreducible Gorenstein curves (see [60]) and this
is the first example where a generalization of adjoint forms is
considered on a singular variety.

The main result is the following:

Theorem. Let C be an irreducible Gorenstein curve and let L be a
locally free sheaf of rank one on C. Consider the extension

0→ OC → E → L → 0

given by an element ξ ∈ Ext1(L,OC) ∼= H1(C,L∨). Call F the fixed
part of the linear system associated to L and assume that F does not
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contain singularities; call M its mobile part. Assume that the map
φM given by M is of degree one and that l := dim |M| > 3. If the
cohomology map

H0(C,E) → H0(C,L)

is surjective, then ξ ∈ Ker (Ext1(L,OC) → Ext1(L(−F),OC)).

See Theorem 2.5.4. The theory of adjoint forms for Gorenstein
curves allows to prove an infinitesimal Torelli type theorem.

Theorem. Let C be an irreducible Gorenstein curve of genus 2 or
non-hyperelliptic of genus > 3, ξ ∈ H1(C,ω∨

C) such that δξ = 0.
Then ξ = 0.

See Theorem 2.5.7.
The third chapter goes deeper along the direction indicated

in [55]. The theory of adjoint forms is studied in details for a
smooth variety X of arbitrary dimension and it is connected
to the presence of particular quadrics, called adjoint quadrics,
vanishing on the canonical image of X.

Definition. An adjoint quadric forω is a quadric in P(H0(X, detF)∨)
of the form

ω2 −
∑

Li ·ωi,

where ω is an adjoint form of W ⊂ H0(X,F), the ωi’s are as above
and Li ∈ H0(X, detF), i = 1, . . . ,n+ 1.

We point out that adjoint quadrics have rank less then or
equal to 2n+ 3.

Denote by |detF| the linear system P(H0(X, detF)) and by
DdetF its fixed part. Set |detF| = DdetF + |MdetF|. We prove a
relation between liftability of adjoint forms and quadrics van-
ishing on the image of the map φ|MdetF |

: X 99K P(H0(X, detF)∨)
associated to |detF|.

Theorem. Let X be an m-dimensional smooth variety. Let F be a
locally free sheaf of rank n such that h0(X,F) > n + 1, let ξ ∈
Ext1(F,OX) and let Y be the schematic image of

φ|MdetF |
: X 99K P(H0(X, detF)∨).

If ξ is such that ξ ∪ω = 0, where ω is an adjoint form associated
to an n + 1-dimensional subspace W ⊂ Ker δξ ⊂ H0(X,F), then
ξ ∈ Ker (Ext1(F,OX) → Ext1(F(−DW),OX)), provided that there
are no ω-adjoint quadrics vanishing on Y.
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See Theorem 3.5.2 and Corollary 3.5.3. Note that this theo-
rem applies directly if Y := φ|MdetF |

(X) is a hypersurface of
P(H0(X, detF)∨) of degree > 2; see Corollary 3.5.6 for a more
general claim.

In this chapter we also prove a criterion for a family π : X → B

of algebraic varieties of general type and with Albanese mor-
phism of degree 1 to have birational fibers.

We say that π : X→B satisfies extremal liftability conditions over
B if the following maps are surjective

(i) H0(X,Ω1X) � H0(Xb,Ω1Xb);

(ii) H0(X,ΩnX) � H0(Xb,ΩnXb).

The families π : X → B which satisfy extremal liftability con-
ditions and such that H0(Xb,Ω1Xb) ̸= 0, that is with irregular
fibers, have the advantage that all the fibers have the same Al-
banese variety. Now by a result called the Volumetric theorem,
see: [55, Theorem 1.5.3], cf. Theorem 3.6.10, we obtain:

Theorem. Let π : X → B be a family of n-dimensional irregular va-
rieties which satisfies extremal liftability conditions. Assume that for
every fiber X the irregularity is > n+ 1, the Albanese map is of de-
gree 1 and that there are no adjoint quadrics containing the canonical
image of X. Then the fibers of π : X → B are birational. In particular
the claim holds if there are no quadrics of rank less then or equal to
2n+ 3 passing through the canonical image of X.

See Theorem 3.6.11.
In Chapter 3 the theory is developed to deal with sequences

like (1) and this can be quite restrictive sometimes. For this
reason in Chapter 4 the results of Chapter 3 are extended to
sequences of the form

0→ L → E → F → 0,

where L is a line bundle possibly different from the structure
sheaf.

In this case detE = L ⊗ detF and liftings s1, . . . , sn+1 ∈
H0(X,E) of η1, . . . ,ηn+1 ∈ H0(X,F) determine a section Ω ∈
H0(X, detE) corresponding to s1 ∧ s2 ∧ . . .∧ sn+1. This section
is called a generalized adjoint form. We define the sections ωi,
i = 1, . . . ,n+ 1, as before and we characterize the case where
Ω belongs to the image of

H0(X,L)⊗ λnW → H0(X, detE)



6 contents

by the natural tensor product map. The game is more com-
plicated than before because the linear system |λnW| is inside
PH0(X, detF) and we have to relate the fixed divisor DW of
|λnW| and the base locus ZW of the moving part MW to forms
which are not anymore inside H0(X, detF). Nevertheless the re-
sult is analogous to the Adjoint theorem.

Theorem. Let X be an m-dimensional complex compact smooth va-
riety. Let F be a rank n locally free sheaf on X and L an invert-
ible sheaf. Consider an extension 0 → L → E → F → 0 corre-
sponding to ξ ∈ Ext1(F,L). Let W = ⟨η1, . . . ,ηn+1⟩ be an n+ 1-
dimensional sublinear system of Ker (δξ) ⊂ H0(X,F). Let Ω ∈
H0(X, detE) be a generalized adjoint form associated to W as above.
It holds that if Ω ∈ Im (H0(X,L)⊗ λnW → H0(X, detE)) then ξ ∈
Ker (Ext1(F,L) → Ext1(F(−DW),L)). Viceversa assume that ξ is
in this kernel. IfH0(X,L) ∼= H0(X,L(DW)), thenΩ ∈ Im (H0(X,L)⊗
λnW → H0(X, detE)).

See Theorem 4.1.12 and Theorem 4.1.13.
Using this result we can study extension classes of sheaves

via adjoint forms. Indeed even if F has no global sections we
can always take the tensor product with a sufficiently ample
linear system M such that F⊗M has enough global sections in
order to apply the theory of adjoint forms.

Applications are given in the following chapter, Chapter 5,
in the case of smooth projective hypersurfaces and of smooth
sufficiently ample divisors of a projective variety. See [61]. By
applying the above idea to the case where X ⊂ Pn, n > 2, is a
hypersurface of degree d > 3 and F := Ω1X ⊗OX

OX(2) we have
a reformulation of the infinitesimal Torelli theorem for X in the
setting of generalized adjoint theory. Recall that given a degree
d form F ∈ C[x0, . . . , xn] the Jacobian ideal of F is the ideal J
generated by the partial derivatives ∂F

∂xi
for i = 0, . . . ,n and by

[34][Theorem 9.8], any infinitesimal deformation ξ ∈ H1(X, TX),
where X = (F = 0), is given by a class [R] in the quotient
C[x0, . . . , xn]/J where R is a homogeneous form of degree d.

Theorem. For a smooth hypersurface X of degree d in Pn with n > 3
and d > 3 the following are equivalent:

i) the differential of the period map is zero on the infinitesimal
deformation

[R] ∈ (C[x0, . . . , xn]/J)d ∼= H1(X, TX)

ii) R is an element of the Jacobian ideal J
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iii) Ω ∈ Im (H0(X,OX(2))⊗ λnW → H0(X,OX(n+ d− 1))) for
the generic generalized adjoint Ω

iv) The generic generalized adjoint Ω lies in J.

See Theorem 5.1.8. An analogous statement holds for smooth
sufficiently ample divisors of a projective variety, see Theorem
5.2.9.

In the last chapter, following González-Alonso [26] we extend
the theory of generalized adjoint forms seen in Chapter 4 to the
case of a fibration over a smooth curve of genus g. The idea is
to construct “global” objects over the base of this fibration in
order to control what happens on the general fiber.





1
P R E L I M I N A R I E S

In this chapter we recall some basic facts from the theory of
Hodge structures and we give an overview on the so called
Torelli problems. For Hodge theory, the main references for de-
tails and missing proofs are Voisin’s books [66],[67] and Peters
and Steenbrink [52]. For period maps and Torelli problems we
refer also to Carlson, Müller-Stach and Peters [10].

1.1 hodge stuctures and polarizations

We start with the definition of Hodge structure:

Definition 1.1.1. A pure Hodge structure of weight k is given
by a free abelian group VZ of finite type and a decomposition of its
complexification

VC := VZ ⊗Z C =
⨁
p+q=k

Vp,q (2)

where Vp,q are complex vector subspaces of VC satisfying Vp,q =

Vq,p.
The numbers hp,q := dimVp,q are the Hodge numbers of the

Hodge structure.

A Hodge structure defines the associated Hodge filtration F·VC

on VC by
FpVC :=

⨁
r>p

Vr,k−r. (3)

The Hodge filtration is a decreasing filtration and satisfies the
following property:

VC = FpVC ⊕ Fk−p+1VC. (4)

Conversely, a decreasing filtration

VC ⊃ · · · ⊃ FpVC ⊃ Fp+1VC · · · (5)

which satisfies (4) determines a weight k Hodge decomposition
on VC by

Vp,q = FpVC ∩ FqVC. (6)

Consider two Hodge structures VZ and WZ of weight n and
m = n+ 2r respectively.

9
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Definition 1.1.2. A morphism of Hodge structures is a mor-
phism of groups φ : VZ → WZ whose complexification φC : VC →
WC maps Vp,q to Wp+r,q+r. Equivalently we ask that φC(F

pVC) ⊂
Fp+rWC. We say that φ is a morphism of type (r, r).

It is not difficult to see that φ induces Hodge structures on
Kerφ, Imφ and Cokerφ compatible with those on V and W.

Definition 1.1.3. An integral polarized Hodge structure of weight
k is given by a Hodge structure of weight k together with a Z-valued
bilinear form

Q : VZ ⊗ VZ → Z (7)

which is symmetric if k is even, alternating otherwise, and its com-
plexification QC satisfies

1. QC(u, v) = 0 for u ∈ Vp,q, v ∈ Vr,s and (p,q) ̸= (s, r)

2. ip−qQC(u,u) > 0 for u ∈ Vp,q,u ̸= 0.

The multiplication by ip−q on Vp,q defines an operator on VC

called the Weil operator and usually denoted by C. Conditions
1 and 2 can be equivalently reformulated in terms of the Hodge
filtration and the Weil operator:

1. the orthogonal complement of FpVC is Fk−p+1VC

2. the hermitian form on VC defined by Q(Cu, v) is positive
definite.

The example of Hodge structure we are interested in is given
by the cohomology of an n-dimensional compact Kähler mani-
fold. For the basic notions we refer again to [66]. Recall the well
known Hodge decomposition

Theorem 1.1.4 (Hodge decomposition). Let X be an n-dimensional
compact Kähler manifold. Let Hp,q(X) be the space of cohomology
classes representable by a closed form of type (p,q). Then there is a
direct sum decomposition

Hk(X, C) =
⨁
p+q=k

Hp,q(X). (8)

Moreover Hp,q(X) = Hq,p(X).

Hence if we take VZ = Hk(X, Z) (modulo torsion) we have
that VC = Hk(X, C) and the Hodge decomposition defines a
Hodge structure of weight k.

We recall now the definition of primitive cohomology.
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Definition 1.1.5. The primitive cohomology is defined as

Hkprim(X, C) = Ker (Ln−k+1 : Hk(X, C) → H2n−k+2(X, C)), k 6 n
(9)

where
L : Hk(X, C) → Hk+2(X, C)

is the Lefschetz operator given by multiplication with the Kähler form
ω.

There is an induced Hodge decomposition on the space of
primitive cohomology:

Hkprim(X, C) =
⨁
p+q=k

H
p,q
prim(X). (10)

Here Hp,q
prim(X) = Ker (Ln−p−q+1 : Hp,q(X) → Hn−q+1,n−p+1(X))

is the space of primitive (p,q)-forms.
Moreover we have a natural bilinear form given by integra-

tion. Call ϵ(k) := (−1)
1
2k(k+1) and

Q(α,β) = ϵ(k)
∫
X
α∧β∧ωn−k [α], [β] ∈ Hk(X, C). (11)

This form is called the Hodge-Riemann form and is symmetric
if k is even, alternating otherwise. It can be proved that

Q(Hp,q(X),Hr,s(X)) = 0 if (r, s) ̸= (q,p) (12)

(hence this holds also for primitive (p,q)-forms) and

Q(Cu,u) > 0 for u ∈ Hp,q
prim(X),u ̸= 0. (13)

When the class of the Kähler form [ω] is integral, i.e. [ω] ∈
H2(X, Z), Q as defined in (11) takes integral values on the in-
tegral classes, hence there is an integral polarized Hodge struc-
ture on the primitive cohomology of X. This is the case when X
is a projective algebraic variety. The converse is also true, that
is if [ω] is integral, then by Kodaira embedding theorem, X is
projective.

A polarized Hodge structure can be defined also on the non-
primitive cohomology Hk(X, C) using the Lefschetz decomposi-
tion. For details see [52, Example 2.10] and [69, Corollary page
77].
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1.2 variations of hodge structures

Let X be a complex manifold.

Definition 1.2.1. A local system on X is a sheaf of abelian groups
locally isomorphic to a constant sheaf of stalk G, where G is a fixed
abelian group.

Given an open cover Ui of X where the local system trivi-
alizes, the transition morphisms are given by Mi,j ∈ Aut(G).
If H is a local system of C-vector spaces, the tensor product
H := H⊗C OX is a sheaf of locally free OX-modules. The associ-
ated holomorphic vector bundle is equipped with a natural flat
connection. Recall that

Definition 1.2.2. A connection on H is a C-linear map ∇ : H →
H⊗Ω1X satisfying the Leibniz rule

∇(f · σ) = f∇(σ) + df⊗ σ (14)

for f a local section of OX and σ a local section of H.

The connection ∇ gives a map

∇ : H⊗Ω1X → H⊗Ω2X (15)

defined by
∇(σ⊗α) = ∇(σ)∧α+ σ⊗ dα. (16)

Definition 1.2.3. The curvature of the connection is defined by

Θ = ∇◦∇ : H → H⊗Ω2X. (17)

If Θ = 0 we say that the connection is flat.

For σ ∈ H, σ =
∑
αiσi in a local trivialization of H, we can

define a connection in the following way:

∇(σ) =
∑

σi ⊗ dαi ∈ H⊗Ω1X; (18)

it is easy to see that this definition does not depend on the
choice of the trivialization.

Definition 1.2.4. This connection is the Gauss-Manin connection
associated to the local system H.

The Gauss-Manin connection associated to a local system is
flat. Conversely, given a holomorphic vector bundle H equipped
with a flat connection, the kernel Ker∇ ⊂ H is a local system
on X. We have the following result:
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Theorem 1.2.5. The construction sketched above gives a bijective cor-
respondence between isomorphism classes of holomorphic vector bun-
dles equipped with a flat connection and isomorphism classes of local
systems of vector spaces.

Definition 1.2.6. A variation of Hodge structure of weight k on
a complex manifold X is given by the following data:

1. a local system HZ of finitely generated abelian groups on X

2. a finite decreasing filtration F· of the holomorphic vector bundle
H = HZ ⊗Z OX by holomorphic subbundles (called the Hodge
filtration).

These data should satisfy:

1. for each x ∈ X the filtration induced by F·H on HZ,x ⊗ C

defines a Hodge structure of weight k.

2. the Gauss-Manin connection ∇ : H → H ⊗Ω1X satisfies the
Griffiths’ transversality condition

∇(FpH) ⊂ Fp−1H⊗Ω1X. (19)

In other words a variation of Hodge structure is a family of
Hodge structures parametrized by a complex manifold.

A morphism of variations of Hodge structures is defined in
the obvious way.

Denote by Z the constant sheaf on X of stalk Z.

Definition 1.2.7. A polarized variation of Hodge structure of
weight k is given by a morphism of local systems on X

Q : H⊗H→ Z (20)

which induces on each fiber a polarized Hodge structure of weight k.

In this thesis we are interested in the geometric case which
arises considering a family of complex manifolds.

Definition 1.2.8. A family of complex manifolds is a proper sub-
mersive holomorphic map φ : X → B between complex manifolds. B
is called base of the family.

We denote by Xb the fiber φ−1(b) over a point b ∈ B. If B is
connected we fix a reference point 0 ∈ B and we see Xb as a
deformation of the fiber X := X0. In this case we say that X is
a family of deformations of X. Now consider the algebra of dual
numbers C[ϵ] := C[t]/(t2).
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Definition 1.2.9. We say that Xϵ → Spec(C[ϵ]) is a first order (or
infinitesimal) deformation of X if we have the following commuta-
tive diagram

X →→

↓↓

Xϵ

↓↓
Spec(C) →→ Spec(C[ϵ]).

(21)

First order deformations arise naturally in the following way:
let φ : X → B be a family of complex manifolds and

Spec(C[ϵ]) → B

a tangent vector in the origin 0 ∈ B. The base change

Xϵ →→

↓↓

X

φ

↓↓
Spec(C[ϵ]) →→ B

(22)

defines a first order deformation Xϵ → Spec(C[ϵ]) of X. It is not
true, however, that all the first order deformations of X come
from a first order neighborhood of a family X → B. Such defor-
mations are said to be obstructed.

We have the following important result:

Proposition 1.2.10. The first order deformations of X are parametrized
by H1(X, TX).

The differential φ∗ : TX → φ∗(TB) of a family gives an exact
sequence of vector bundles over X

0→ TX → TX|X → φ∗(TB)|X → 0. (23)

Since φ∗(TB)|X = TB,0 ⊗OX, we have that this sequence gives in
cohomology a map

ρ : H0(X, TB,0 ⊗OX) = TB,0 → H1(X, TX). (24)

Definition 1.2.11. The map ρ : TB,0 → H1(X, TX) is called the Kodaira-
Spencer map at 0 of the family φ : X → B.

The Kodaira-Spencer map associates to a tangent vector ∂
∂ϵ ∈

TB,0 the corresponding first order deformation Xϵ → Spec(C[ϵ]).
The following theorem is well known and it will be essential

from now on.
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Theorem 1.2.12 (Ehresmann). Let φ : X → B a proper submersion
between differentiable manifolds, where B is a contractible manifold
equipped with a base point 0 ∈ B. There exists a diffeomorphism

T : X → X0 ×B (25)

over B.

In the case of a family of complex manifolds this means that
for every point b ∈ B there exists an open neighborhood U ⊂ B
of b such that φ−1(U) is diffeomorphic to U×Xb. Now consider
a ring of coefficients A (usually A will be Z, Q, R or C) and the
shaves Rkφ∗A, where Rkφ∗ is the k-th derived functor of φ∗.
Rkφ∗A is the sheaf on B associated to the presheaf

V → Hk(φ−1(V),A).

Since we can choose U to be contractible we have

Hk(φ−1(V),A) = Hk(V ×Xb,A) = Hk(Xb,A)

for a fundamental system of neighborhoods of b, hence Rkφ∗A
is a local system on B locally isomorphic to the constant sheaf
of stalk Hk(Xb,A).

Now take A = C and consider a family of Kähler mani-
folds. Let Hk = Rkφ∗C ⊗OB be the holomorphic vector bundle
associated to the local system Rkφ∗C. This vector bundle has
fiber Hk

b = Hk(Xb, C) and the Hodge filtration FpHk(Xb, C) ⊂
Hk(Xb, C) on each fiber defines holomorphic subbundles FpHk ⊂
Hk.

Definition 1.2.13. The holomorphic bundles FpHk are called Hodge
bundles.

Consider the Gauss-Manin connection ∇.

Theorem 1.2.14. The Hodge bundles satisfy the Griffiths’ transver-
sality condition

∇(FpHk) ⊂ Fp−1Hk ⊗Ω1B. (26)

It immediately follows that these data define a variation of
Hodge structure on the local system Rkφ∗Z.

The quotients

Hp,q := FpHk/Fp+1Hk (27)
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have fibers

H
p,q
b = (FpHk)b/(F

p+1Hk)b = F
pHk(Xb, C)/Fp+1Hk(Xb, C)

= Hp,q(X), p+ q = k.
(28)

Thanks to Theorem 1.2.14, the Gauss-Manin connection in-
duces maps

∇p,q
: Hp,q → Hp−1,q+1 ⊗Ω1B. (29)

As ∇ satisfies the Leibniz rule (14), we have that for σ ∈ FpHk

and f ∈ OB

∇(f · σ) = f∇(σ) mod FpHk ⊗Ω1B,

hence
∇p,q

(f · σ) = f∇p,q
(σ)

for σ ∈ Hp,q. In particular we have that ∇p,q is a morphism of
OB-modules which gives on the fibers

∇p,q
b : Hp,q(X) → Hp−1,q+1(X)⊗Ω1B,b.

If we think of ∇p,q
b as a map

∇p,q
b : Hp,q(X)⊗ TB,b → Hp−1,q+1(X),

we have an explicit description given by contraction:

∇p,q
b (σ⊗ v) = σ · ρ(v) (30)

where ρ is the Kodaira-Spencer map introduced in 1.2.11.

Definition 1.2.15. The maps ∇p,q
b are called infinitesimal varia-

tions of Hodge structure.

1.3 the period map and the period domain

Let X be a Kähler manifold and φ : X → B a family of defor-
mations of X. Up to restricting B we may assume that all the
fibers Xb are Kähler manifolds by [66, Theorem 9.23] and that
the Hodge numbers are constant by [66, Section 9.3.2]. We can
also assume that B is contractible, hence by Ehresmann theorem
1.2.12, we have

Hk(X, C) ∼= Hk(Xb, C)

for every b ∈ B.
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Definition 1.3.1. The map

Pp,k : B→ Grass(bp,k,Hk(X, C)) (31)

b ↦→ FpHk(Xb, C) ⊂ Hk(Xb, C) ∼= Hk(X, C),

where bp,k = dim FpHk(Xb, C), is called period map.

Theorem 1.3.2 (Griffiths). The period map Pp,k is holomorphic for
all p,k,p 6 k.

Consider now the differential of the period map at a point
b ∈ B. The tangent space to the Grassmannian Grass(r,V) at a
point W is Hom(W,V/W), hence

dPp,k : TB,b → Hom(FpHk(Xb, C),Hk(X, C)/FpHk(Xb, C)). (32)

Actually it holds

Proposition 1.3.3. The image of dPp,k is contained in

Hom
(
FpHk(Xb, C)

Fp+1Hk(Xb, C)
,
Fp−1Hk(Xb, C)

FpHk(Xb, C)

)
.

By the identification

FiHk(Xb, C)

Fi+1Hk(Xb, C)
∼= Hi,k−i(X)

we have that

dPp,k : TB,b → Hom(Hp,k−p(Xb),Hp−1,k−p+1(Xb)). (33)

The differential of the period map is explicitly described by
contraction:

dPp,k(v)(ω) = ω · ρ(v) (34)

where v ∈ TB,b, ω ∈ Hp,k−p(Xb) and ρ is the Kodaira-Spencer
map. Hence the infinitesimal variation of Hodge structure can
be regarded as the differential of the period map (cf. (30)).

Alternatively, using the Dolbeault isomorphism

Hp,q(X) ∼= Hq(X,ΩpX), (35)

see [66, Corollary 4.38], the differential of the period map is

dPp,k : TB,b → Hom(Hk−p(Xb,ΩpX),H
k−p+1(Xb,Ωp−1X )). (36)

Definition 1.3.4. The flag space Fb·Hk(X, C) parametrizes the de-
creasing filtrations F· on Hk(X, C) such that dim FpHk(X, C) = bp,k.
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Of course if X is Kähler, the Hodge filtration

0 = Fk+1Hk(X, C) ⊂ · · · ⊂ FpHk(X, C) ⊂
⊂Fp−1Hk(X, C) ⊂ · · · ⊂ F0Hk(X, C) = Hk(X, C)

(37)

is an element of the flag space.
The flag space can be realized as a subspace of the product

of Grassmannian
k∏
p=1

Grass(bp,k,Hk(X, C))

consisting of the k-tuples (W1, . . . ,Wk) such thatWi ⊂Wi−1. In
this way it can be seen that the flag space is a complex manifold.

Putting together the period maps Pp,k for p = 1, . . . ,k, we
obtain a map, which is also called period map,

Pk : B→ Fb·H
k(X, C) (38)

b ↦→ (P1,k(b), . . . ,Pk,k(b)).

By Theorem 1.3.2 we immediately have that Pk is holomorphic.
By (34), its differential is

dPk : TB,b →
⨁
p

Hom(Hp,k−p(Xb),Hp−1,k−p+1(Xb)). (39)

Since we have assumed at the beginning of this section that Xb
is Kähler for every b ∈ B, it follows that the filtration Pk(b)

satisfies also

FpHk(Xb, C)⊕ Fk−p+1Hk(Xb, C) = Hk(Xb, C). (40)

This condition defines an open set D ⊂ Fb·H
k(X, C) and the

image of Pk is contained in D.

Definition 1.3.5. D is called period domain.

A similar construction can be done in the case of primitive
cohomology. Consider a family φ : X → B and assume that
there exists a form ω ∈ H2(X, Z) which restricted to Xb is a
Kähler class for every b ∈ B. Under these hypotheses, the prim-
itive cohomology Hkprim(Xb, C) admits a polarized Hodge struc-
ture, as we have seen in the previous sections. Furthermore
the intersection form Q is compatible with the identification
Hk(Xb, C) ∼= Hk(X, C).

The Hodge filtration on the primitive cohomologyHkprim(Xb, C)

satisfies
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1. FpHkprim(Xb, C)⊕ Fk−p+1Hkprim(Xb, C) = Hkprim(Xb, C) as in
the non-polarized case

2. the orthogonal complement of FpHkprim(Xb, C) with respect
to Q is Fk−p+1Hkprim(Xb, C)

3. Q(Cu,u) > 0 for u ∈ Hp,q
prim(Xb),u ̸= 0.

See Definition 1.1.3.

Definition 1.3.6. The filtrations of Hkprim(Xb, C) which satisfy 1,2
and 3 define a set Dpol ⊂ Fb·H

k
prim(X, C) called polarized period

domain.

We remark that condition 2 is described by holomorphic equa-
tions on Fb·Hkprim(X, C); conditions 1 and 3 are open conditions
on the set of filtrations described by condition 2.

Definition 1.3.7. The map

Pkpol : B→ Dpol (41)

which to b ∈ B associates the Hodge filtration on the primitive co-
homology Hkprim(Xb, C) ∼= Hkprim(X, C) is called polarized period
map.

As in the non-polarized case, the polarized period map is
holomorphic. Its differential is given by contraction on the prim-
itive cohomology:

dPkpol : TB,b →
⨁
p

Hom(Hp,k−p
prim (Xb),H

p−1,k−p+1
prim (Xb)). (42)

The period maps we have introduced so far are often called
local, because of the local nature of the base B. In this thesis
we are mostly interested in local period maps, but for the sake
of completeness we recall the notion of global period map. The
difficulty of constructing global period maps lies in the mon-
odromy of B. In fact different homotopy classes of paths in
B may induce distinct isomorphisms of cohomology groups
Hk(X, Z) ∼= Hk(Xb, Z). More precisely to the local system Rkφ∗Z

is associated a representation

π1(B, 0) → Aut(Hk(X, Z)). (43)

For details see [66, Corollary 3.10].
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Definition 1.3.8. This representation is called monodromy repre-
sentation and its image is usually denoted by Γ ⊂ Aut(Hk(X, Z)).

The period map Pk : B → D as defined above associates to
b ∈ B the Hodge filtration on Hk(Xb, C) seen as a filtration on
Hk(X, C) via the isomorphism Hk(X, C) ∼= Hk(Xb, C). Since this
isomorphism is no longer unique, we have that such a map is
multivalued. The multivaluedness is controlled exactly by the
monodromy representation, hence

Pk : B→ D/Γ (44)

is univalued.

Definition 1.3.9. The map Pk : B → D/Γ is called global period
map.

In the polarized case, the monodromy representation takes
values in the orthogonal group of the quadratic form Q:

π1(B, 0) → Aut(Hk(X, Q),Q). (45)

Also in this case a global period map as (44) can be constructed.
Such maps are locally liftable and holomorphic, that is for every
point b ∈ B there is a open neighborhood U and a holomorphic
lifting

P̃k : U→ D (46)

of Pk. Furthermore any such lifting satisfies Griffiths’ transver-
sality conditions. Conversely, any map B→ D/Γ which is holo-
morphic, locally liftable and whose local liftings satisfy Grif-
fiths’ transversality conditions defines a variation of Hodge
structure with monodromy contained in Γ . See [10, Lemma-
Definition 4.5.3].

1.4 torelli problems

Before introducing the so called Torelli problems we need to
recall a few more facts about families of deformations.

Consider a family φ : X → B with central fiber X0 = X and
a holomorphic map B ′ → B preserving base points. Then the
fiber product X×B B ′ yields a new deformation of X.

Definition 1.4.1. The family X×B B ′ → B ′ is called pullback fam-
ily or family induced by φ.
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Definition 1.4.2. A familyφ : X → B is called complete if any other
deformation of X0 is induced by φ. If the inducing map is unique we
say that the deformation is universal. If its differential at the base
point is unique it is called versal.

Versal families are unique up to isomorphism.
We need the following theorem

Theorem 1.4.3 (Kuranishi). For any compact complex manifold X
there exists a versal deformation with a bijective Kodaira-Spencer
map.

Definition 1.4.4. This family is called Kuranishi family.

Under some hypotheses, for example H2(X, TX) = 0, we can
assume that the base of the Kuranishi family is smooth.

The classical Torelli theorem for curves states that a smooth
curve of genus g > 1 is determined up to isomorphism by its
Jacobian (as a polarized abelian variety) or, equivalently, by the
polarized Hodge structure on the first cohomology.

For higher-dimensional varieties we can formulate, in anal-
ogy with the case of curves, the global Torelli problem. Denote
by M(X) the set of equivalence classes of complex structures
on a differentiable manifold X. We have a global period map
M(X) → D/Γ where D denotes as usual the classifying space
of polarized Hodge structures and Γ is the subgroup of the
orthogonal group Aut(Hk(X, Q),Q) given by the elements that
fix Hk(X, Z). The global Torelli problem asks if this map is in-
jective, that is if we can reconstruct the complex structure on
X starting from its Hodge structure. If M(X) can be endowed
with the structure of a complex analytic space in a functorial
way, we have that the period map is holomorphic.

The local Torelli problem asks if M(X) → D/Γ is a local em-
bedding and the generic Torelli problem asks whether the period
map is generically injective. See [11] and [20].

The k-infinitesimal Torelli problem asks if the differential of the
local period map Pk : B→ D for the Kuranishi family φ : X → B

is injective at the point 0 ∈ B. In this case we say that the k-
infinitesimal Torelli theorem holds for X0.

Assume that the base B of the Kuranishi family is smooth, we
have seen in (34) that the differential of the period map is the
composition of the Kodaira-Spencer map and the map given by
cup product:

dPk : TB,0 → H1(X, TX) →
⨁
p

Hom(Hk−p(X,ΩpX),H
k−p+1(X,Ωp−1X )).

(47)
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Since by definition of Kuranishi family the Kodaira-Spencer
map is bijective, the infinitesimal Torelli problem is reduced
to the study of the map given by the cup product

H1(X, TX) →
⨁
p

Hom(Hk−p(X,ΩpX),H
k−p+1(X,Ωp−1X )). (48)

We now describe another useful way to interpret this prob-
lem. If X is a smooth variety, the cohomology space H1(X, TX)
is isomorphic to Ext1(Ω1X,OX) which is the group that classifies
up to isomorphism exact sequences of the form

0→ OX → E → Ω1X → 0, (49)

where E is a locally free sheaf of rank dimX + 1. Such a se-
quence is also called extension. The idea to prove this isomor-
phism is the following: take sequence (49) and dualize it to
obtain

0→ TX → E∨ → OX → 0. (50)

From the associated long exact sequence in cohomology, we
obtain a map

δ : H0(X,OX) → H1(X, TX).

Call ξ the image of 1 ∈ H0(X,OX) via δ, that is ξ := δ(1). The
class ξ ∈ H1(X, TX) is exactly the element of H1(X, TX) corre-
sponding to the exact sequence (49). We have that ξ = 0 if and
only if the extension (49) splits, that is E ∼= OX ⊕Ω1X. The space
H1(X, TX) also parametrizes the first order deformations of X
(see Proposition 1.2.10). In fact sequence (50) is isomorphic to
the tangent sequence

0→ TX → TXϵ|X → OX → 0 (51)

where Xϵ → Spec(C[ϵ]) is the first order deformation associated
to ξ. Consequently sequence (49) is

0→ OX → Ω1Xϵ|X → Ω1X → 0. (52)

Furthermore the p-th wedge product of (49) is the exact se-
quence

0→ Ω
p−1
X →

p⋀
E → Ω

p
X → 0. (53)

This sequence is associated to an element of Ext1(ΩpX,Ωp−1X ). It
can be proved that this group is again isomorphic to Ext1(Ω1X,OX),
that is we have

Ext1(ΩpX,Ωp−1X ) ∼= Ext1(Ω1X,OX) ∼= H1(X, TX). (54)
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The class associated to (53) via these isomorphisms is again ξ.
The coboundary maps arising in cohomology by these exact

sequences
Hq(X,ΩpX) → Hq+1(X,Ωp−1X )

are all given by contraction by ξ.
Hence the infinitesimal Torelli problem for X, that is the in-

jectivity of (48), is reduced to the following question: if all the
coboundary maps

Hk−p(X,ΩpX) → Hk−p+1(X,Ωp−1X ) (55)

are zero, can we deduce that the class ξ is zero? In this thesis
we will mostly face the problem in this form.

1.5 infinitesimal torelli for smooth projective hy-
persurfaces

Take a smooth hypersurface V ⊂ Pn defined by a homoge-
neous polynomial F ∈ C[x0, . . . , xn] of degree d. Denote by S
the polynomial ring C[x0, . . . , xn] and by J the Jacobian ideal of
F, that is the ideal of S generated by the partial derivatives ∂F

∂xi

for i = 0, . . . ,n. Both are graduated by the degree: S =
⨁
Sk

and J =
⨁

Jk, where Sk = C[x0, . . . , xn]k and Jk = J ∩ Sk. The
Jacobian ring is by definition the quotient R = S/J. It is also
graduated in the obvious way.

ConsiderUn,d the open subset of P(Sd) parametrizing smooth
hypersurfaces of degree d. Our hypersurface V is a point of
Un,d, with tangent space

TUn,d,V = Sd/C · F. (56)

Explicitly, every element of the tangent space is the equivalence
class of a curve F+ tG and two such curves F+ tG and F+ tG ′

are equivalent if and only if G−G ′ is a multiple of F. It is not
difficult to see that the tangent vectors to the GL(n+ 1) orbit
passing through V are exactly given by the Jacobian ideal

Jd/C · F ⊂ Sd/C · F.

Consider the exact sequence

0→ OPn → OPn(d) → OV(d) → 0. (57)

Since H1(Pn,OPn) = 0 we have an isomorphism

H0(V ,OV(d)) ∼= H0(Pn,OPn(d))/C · F = TUn,d,V .
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The incidence variety I := {(U, x) ∈ Un,d × Pn | x ∈ U} with
the natural projection onto Un,d gives a family I → Un,d. The
Kodaira-Spencer map of this family is given by the coboundary
of the normal exact sequence

0→ TV → TPn|V → OV(d) → 0, (58)

that is
H0(V ,OV(d)) → H1(V , TV). (59)

It associates to G ∈ H0(V ,OV(d)) the first order deformation
of equation F+ tG = 0, t2 = 0. By Bott’s Vanishing Theorem,
H1(V , TPn|V) = 0 for n > 4 or n = 3 and d ̸= 4, hence the
Kodaira-Spencer map is surjective in these cases. Its kernel is
given by the degree d part of the Jacobian ideal Jd. In particular
we have the following

Lemma 1.5.1. If n > 4 or n = 3 and d ̸= 4 there is an isomorphism

H1(V , TV) ∼= Rd. (60)

It turns out that the Kodaira-Spencer map restricted to the
slice transversal to the GL(n+ 1) orbit is an isomorphism and
we obtain a universal family for our smooth hypersurface.

Furthermore we have the following result (see [67, Section 6])

Theorem 1.5.2. There is an isomorphism for every p

H
n−p,p−1
prim (V) ∼= Rdp−n−1. (61)

Under the previous identifications, the infinitesimal variation of Hodge
structure

H1(V , TV)⊗Hn−p,p−1
prim (V) → H

n−p−1,p
prim (V) (62)

is given by the polynomial multiplication

Rd ⊗ Rdp−n−1 → Rd(p+1)−n−1. (63)

The study of the infinitesimal Torelli problem in the case of
smooth hypersurfaces of degree d is then reduced to the study
of the injectivity of the map

Rd →
⨁
p

Hom(R(n−p)d−n−1,R(n−p+1)d−n−1) (64)

given by the standard polynomial multiplication. Macaulay’s
theorem gives an answer to this problem.
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Theorem 1.5.3 (Macaulay). SetN = (n+ 1)(d− 2). Then RN ∼= C

and for every integer k, the pairing

Rk × RN−k → RN (65)

is perfect.

As a corollary we obtain

Corollary 1.5.4. For integers a,b such that b > 0 and a+ b 6 N,
the map given by the product

Ra → Hom(Rb,Ra+b) (66)

is injective.

Remark 1.5.5. Macaulay’s theorem actually holds in a more general
setting. Take S = C[x0, . . . , xn] as before and J the ideal of S generated
by a sequence of n+ 1 homogeneous polynomials Gi of degree di > 0
without common zeroes. We say that such a sequence is a regular
sequence. Taking R = S/J and N =

∑n
i=0 di − n − 1, Theorem

1.5.3 and its Corollary still hold.

Using Corollary 1.5.4, the Infinitesimal Torelli theorem holds
for smooth hypersurfaces if there exist p > 0 such that (n −

p)d− n− 1 > 0 and (n− p+ 1)d− n− 1 6 N = (n+ 1)(d− 2).
This is always the case except for d = 2 (quadratic hypersur-
faces of any dimension) and d = 3,n = 3 (cubic surfaces). This
theorem is due to Griffiths, see [34].
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In this chapter we discuss the theory of adjoint forms in the
case of curves. First we deal with smooth curves following the
lines of the original paper by Collino and Pirola [18], then we
give a generalization of this theory for singular curves; in partic-
ular we are concerned with Gorenstein curves (see [60]). Some
applications for Torelli-type problems are given.

2.1 infinitesimal torelli problem for curves

Let φ : C → B be a smooth family of smooth curves of genus
g over a complex polydisk B and let 0 be a reference point in
B. As in the previous chapter, we will denote by C the fiber
C0 = φ

−1(0).
In the case of a curve we have that the Hodge decomposi-

tion is given by H1(C, C) = H1,0(C)⊕H0,1(C), hence the (local)
period map P1 is simply given by

P1 : B→ Grass(g,H1(C, C)) (67)

b→ H1,0(Cb) ⊂ H1(Cb, C) ∼= H1(C, C).

As we have seen in the previous chapter, the differential is
given by the composition

TB,0 → H1(C, TC) → Hom(H0(C,ωC),H1(C,OC)),

where ωC is the canonical sheaf of the curve C. If φ is the
Kuranishi family of C, then the Kodaira-Spencer map is an iso-
morphism and the infinitesimal Torelli problem asks if

H1(C, TC) → Hom(H0(C,ωC),H1(C,OC)) (68)

is injective. This can be dually stated as follows. Write (68) as

H1(C, TC) → H0(C,ωC)∨ ⊗H1(C,OC). (69)

The injectivity of this map is equivalent to the surjectivity of
the dual map

H0(C,ωC)⊗H1(C,OC)∨ → H1(C, TC)∨. (70)

27
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By Serre duality we have that

H1(C,OC)∨ ∼= H0(C,ωC)

and
H1(C, TC)∨ ∼= H0(C,ω⊗2

C ),

hence the infinitesimal Torelli problem is equivalent to the sur-
jectivity of

H0(C,ωC)⊗H0(C,ωC) → H0(C,ω⊗2
C ). (71)

This map is the natural map given by the product of sections
(see [66, Lemma 10.22]).

The answer to the infinitesimal Torelli problem for curves is
well known (cf. [1], [51], [65], [68]).

Theorem 2.1.1 (Infinitesimal Torelli for curves). LetC be a smooth
curve of genus g = 1, 2 or g > 3 and C not hyperelliptic. Then the
local period map

P1 : B→ Grass(g,H1(C, C)) (72)

for the Kuranishi family φ : C → B is an embedding at the point 0
corresponding to C.

Reformulating this result in terms of (71) we have the Noether
Theorem

Theorem 2.1.2 (Noether). Let C be a smooth curve of genus g = 1, 2
or g > 3 and C not hyperelliptic. Then the product map

H0(C,ωC)⊗2 → H0(C,ω⊗2
C ) (73)

is surjective.

Actually in the case of smooth curves the answer to the global
Torelli theorem is known, as we have recalled in the previous
chapter. Call Mg the coarse moduli space of complete non-
singular curves of genus g and Ag the moduli space of prin-
cipally polarized abelian varieties of dimension g. Then the
Torelli map τg : Mg → Ag which sends the isomorphism class
of a curve to the isomorphism class of its Jacobian is injective.

Concerning singular curves, there is a large literature about
the problem of extending the Torelli map to a morphism

τg : Mg → Ag
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where Mg is the Deligne-Mumford compactification of Mg (see
[50] and [9]) and Ag is a suitable compactification of Ag. Clearly
the problem varies according to the chosen compactification of
Ag: see [9].

In the case of irreducible stable curves Namikawa proved that
the canonical map from the open set of irreducible stable curves
to the normalization of the Satake compactification of Ag is in-
jective; see: [50, Theorem 7 page 245]. He proved that if C is
an irreducible stable curve of genus g whose normalization is
a non-hyperelliptic curve of genus > 2 then C is uniquely de-
termined by its generalized Jacobian [50, Proposition 9 page
245]. He also showed that the above map can’t be injective over

the divisor N = ∪[g2 ]

i=1Ni where Ni is the divisor whose general
points correspond to stable curves with two non-singular irre-
ducible components C1, C2 with genus i and g− i meeting at
one point.

Note that in the singular case the dualizing sheaf ωC and
the sheaf of one forms Ω1C are different as we will see in more
details. Furthermore we do not have the isomorphism

Ext1(Ω1C,OC) ∼= H1(C, TC)

and we have to work directly with the group Ext1(Ω1C,OC). The
map

Ext1(Ω1C,OC) → Hom(H0(C,Ω1C),H
1(C,OC)), (74)

corresponding to (68) in the singular case, is constructed con-
sidering the short exact sequence associated to an element of
Ext1(Ω1C,OC) and taking the coboundary map in cohomology.
Hence, (74) fails to be injective if there exists ξ ∈ Ext1(Ω1C,OC),
ξ ̸= 0 such that for one of the associated extensions

0→ OC → E → Ω1C → 0 (75)

the coboundary homomorphism δξ : H
0(C,Ω1C) → H1(C,OC) is

trivial.
In this chapter we study the injectivity of (74). In particular

we focus on the general case of Gorenstein curves.

2.2 adjoint theory for smooth curves

In this section we introduce the theory of adjoint forms in the
case of smooth curves. We recall the basic definitions and con-
structions as they were introduced by Collino and Pirola in
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[18]. This theory can be generalized in higher dimension and
is suitable for the study of Torelli type problems and variations
of Hodge structure, as we will see in the following chapters.
We will also present a generalization of the adjoint theory for
Gorenstein curves with the aim of tackling the problem given
by the injectivity of (74).

Let C be a smooth curve of genus g and consider a first order
deformation of C. As we have seen in Proposition 1.2.10, it cor-
responds to an element ξ ∈ H1(C, TC) and to an exact sequence

0→ OC → E → ωC → 0 (76)

via the isomorphism H1(C, TC) ∼= Ext1(ωC,OC).
From (76) we have the long exact sequence in cohomology

0→ H0(OC) = C → H0(E) → H0(ωC)
δξ→ H1(OC) →

→ H1(E) → H1(ωC) → 0. (77)

We assume that the kernel of δξ is of dimension at least 2.
Since the idea is to use this theory for Torelli type problems,
this assumption is not restrictive, because usually δξ is the zero
map.

Fix now a subspace W ⊂ Ker δξ of dimension 2 and a basis
B = {η1,η2} of W. Since η1 and η2 are in the kernel of δξ, by the
exactness of (77), we can pick liftings s1, s2 ∈ H0(C,E) of η1,η2.

Following [18], we denote by α the composition

α :

2⋀
H0(C,E) → H0(C,

2⋀
E) → H0(C,ωC).

The first arrow
⋀2H0(C,E) → H0(C,

⋀2
E) is simply given by

the wedge product on sections of E. The second one follows
from the isomorphism

2⋀
E ∼= ωC (78)

arising from sequence (76). Since E is a locally free sheaf of rank
2 on C,

⋀2
E is its determinant sheaf, hence we will denote it

also by detE.

Definition 2.2.1. The form

ωξ,W,B := α(s1 ∧ s2) ∈ H0(C,ωC) (79)

is called adjoint form of ξ, W and B.
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Problem 2.2.2. We want to decide whether this adjoint form ωξ,W,B
is in the space W. In other words, starting from η1,η2 we have con-
structed another global differential formωξ,W,B ∈ H0(C,ωC). Is this
form really different from our initial data? Or is it just a linear com-
bination of η1 and η2?

The adjoint form depends on the extension class ξ, on the
space W and on the chosen basis of W as the notation suggests.
It also depends on the choice of the liftings s1 and s2, but as we
will see in a moment, this choice is not relevant when looking
at Problem 2.2.2. Since we want to understand if ωξ,W,B is in
W, we give the following natural definition:

Definition 2.2.3. The class [ωξ,W,B] ∈ H0(C,ωC)/W is called ad-
joint image.

Remark 2.2.4. If we choose another lifting s ′1 of η1, the forms α(s1∧
s2) and α(s ′1 ∧ s2) differ by a multiple of η2. In fact s ′1 ∧ s2 − s1 ∧
s2 = (s ′1− s1)∧ s2 = c∧ s2, where c is a section of H0(C,E) coming
from H0(C,OC) (see exact sequence (77)). α(c ∧ s2) is of course a
multiple of η2 since s2 is a lifting of η2 and c leads to a constant.
Viceversa if we choose another lifting s ′2 of η2 the adjoint forms differ
by a multiple of η1. This means that the answer to Problem 2.2.2 does
not depend on the choice of the liftings s1 and s2. In other words while
the adjoint form of Definition 2.2.1 depends on the liftings, the adjoint
image of Definition 2.2.3 does not.

Remark 2.2.5. If we choose another basis B ′ of W, both the adjoint
form and the adjoint image change. Let B ′ = {η ′1,η

′
2} with

η ′i = ai1η1 + ai2η2 for i = 1, 2.

Then, if si is a lifting of ηi, we can choose s ′i := ai1s1 + ai2s2 as
lifting of η ′i, for i = 1, 2. We have then

s ′1 ∧ s
′
2 = det

(
a11 a12

a21 a22

)
s1 ∧ s2.

Therefore

[ωξ,W,B ′] = det

(
a11 a12

a21 a22

)
[ωξ,W,B ′]

and the adjoint images related to different basis differ by a nonzero
multiplicative constant. Hence the adjoint image relative to B is zero
if and only if the adjoint image relative to B ′ is zero, which means
that also the choice of a basis of W is not relevant for Problem 2.2.2.
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Definition 2.2.6. Denote by |W| ⊂ PH0(C,ωC) the linear system
associated to W. We call DW its fixed divisor.

We want to give a local description of the adjoint form. Re-
strict sequence (76) to an open subset U of C where E and ωC
become trivial. Call dz the local generator of ωC, and dz,dt the
local generators of E. Locally we have

ηi|U = aidz for i = 1, 2 (80)

and hence
si|U = aidz+ bidt for i = 1, 2.

The wedge product s1 ∧ s2 is then

s1 ∧ s2|U = det

(
a1 b1

a2 b2

)
dz∧ dt

and the adjoint form ωξ,W,B

ωξ,W,B|U = det

(
a1 b1

a2 b2

)
dz.

It follows immediately that ωξ,W,B vanishes on DW .

Lemma 2.2.7. We have an exact sequence

0→ TC(DW) → OC ⊕OC → ωC(−DW) → 0. (81)

Proof. The sections η1,η2 ∈ H0(C,ωC) vanish on DW , hence can
be lifted to H0(C,ωC(−DW)). We call η1 and η2 the correspond-
ing liftings. The map TC(DW) → OC ⊕ OC is given exactly by
−η2,η1, while the map OC ⊕OC → ωC(−DW) is defined by

(a,b) ↦→ aη1 + bη2. (82)

The exactness of sequence (81) is straightforward.

Lemma 2.2.8. Sequence (81) fits into a commutative diagram

0 →→ TC(DW) →→

↓↓

OC ⊕OC →→

↓↓

ωC(−DW) →→

↓↓

0

0 →→ OC →→ E →→ ωC →→ 0.

(83)

Proof. Callωξ,W,B the lifting ofωξ,W,B inH0(C,ωC(−DW)). The
first vertical map TC(DW) → OC is given by contraction with
ωξ,W,B. The second vertical map is given by s1 and s2.
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The commutativity of the second square is immediate.
We prove locally the commutativity of the first square. For

ηi and si we use the same notation of (80) and following. Take
local expression ai of ηi, that is ai = aid, where d is a local
equation of DW . We call f · σ a local section of TC(DW). The
composition

TC(DW) → OC ⊕OC → E

is given by

f · σ ↦→ (−a2f,a1f) ↦→ −a2fs1 + a1fs2 = (−a2b1f+ a1b2f)dt.

On the other hand

TC(DW) → OC → E

is given by

f · σ ↦→ f(−a2b1 + a1b2) ↦→ (−a2b1f+ a1b2f)dt.

Definition 2.2.9. We say that the ξ ∈ H1(C, TC) is supported on
a divisor D if its image via H1(C, TC) → H1(C, TC(D)) is zero.

This can be interpreted as follows. Call ρD the map

ρD : H1(C, TC) ∼= Ext1(ωC,OC) → H1(C, TC(D)) ∼= Ext1(ωC(−D),OC).

ρD(ξ) corresponds to an exact sequence

0→ OC → E ′ → ωC(−D) → 0 (84)

which fits in the diagram

0 →→ OC →→ E ′ →→

↓↓

ωC(−DW) →→

↓↓

0

0 →→ OC →→ E →→ ωC →→ 0.

(85)

If ρD(ξ) = 0, it means that the top row of this diagram splits.
Of course this does not imply that also the bottom row splits.

We can prove the main theorem of this section. It is called Ad-
joint Theorem (cf. [18, Theorem 1.1.8]) and relates the condition
of ξ being supported on DW and Problem 2.2.2.

Theorem 2.2.10 (Adjoint Theorem for smooth curves). Let C be
a smooth curve. Consider ξ ∈ H1(C, TC) associated to the extension
(76). Define W = ⟨η1,η2⟩ ⊂ Ker (δξ) ⊂ H0(C,ωC) and ωξ,W,B as
above. Call ξDW

the image of ξ via the morphism ρDW
. We have that

[ωξ,W,B] = 0 if and only if ξDW
= 0.
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Proof. Take the dual of diagram (83)

0 →→ TC →→

↓↓

E∨ →→

↓↓

OC →→

↓↓

0

0 →→ TC(DW) →→ OC ⊕OC →→ ωC(−DW) →→ 0.

In cohomology we have

H0(E∨) →→

↓↓

H0(OC) = C
α →→

β
↓↓

H1(TC)

ρ
↓↓

H0(OC)
⊕2 = C2

ν →→ H0(ωC(−DW))
γ →→ H1(TC(DW)).

Since α(1) = ξ, as we have seen in the previous chapter, we
have that ρ(α(1)) = ξDW

. On the other side β(1) = ωξ,W,B (see
Lemma 2.2.8). By commutativity it follows that γ(ωξ,W,B) =

ξDW
, hence ξDW

= 0 if and only if ωξ,W,B ∈ Imν. Recall that ν
is given by η1 and η2. Hence ξDW

= 0 if and only if ωξ,W,B ∈
⟨η1,η2⟩ and this is obviously equivalent to ωξ,W,B ∈ ⟨η1,η2⟩ =
W.

We have an immediate corollary

Corollary 2.2.11. If DW = 0, [ωξ,W,B] = 0 if and only if ξ = 0.

The Adjoint Theorem and its corollary are suitable for the
study of Torelli problems because they may be used to prove
that (68) is injective. Actually one can reprove, using this tech-
niques, the infinitesimal Torelli theorem 2.1.1. This is done in
[15]. In this thesis we skip this proof in the case of smooth
curves as we will give a generalization in the case of Goren-
stein curves.

2.3 gorenstein curves

In this section we recall some useful preliminaries on Goren-
stein curves.

Definition 2.3.1. A Gorenstein curve is a reduced connected projec-
tive scheme C of pure dimension 1 such that the dualizing sheaf ωC
is invertible.

Given a Gorenstein curve C, we can define the sheaf of Kähler
differentials Ω1C; see for instance [40, Chapter II Section 8]. This
sheaf is not locally free as in the smooth case and in general it
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has a torsion part. On the other hand the dualizing sheaf ωC is,
by definition of Gorenstein curve, a locally free invertible sheaf
on the curve C.

The sheaves Ω1C and ωC are isomorphic outside the singular
locus of C and this isomorphism can be completed to a mor-
phism ρ : Ω1C → ωC, see [31, Page 244]. The morphism ρ fits
into the following exact sequence:

0→ K→ Ω1C
ρ→ ωC → N→ 0. (86)

The kernel and the cokernel of ρ, denoted by K and N respec-
tively, are torsion sheaves supported on the singularities.

Notation 2.3.2. As customary, we denote by Hom(F,G) the group
of morphisms between F and G, and by Hom(F,G) the sheaf given by

U ↦→ Hom(F|U,G|U).

In the same fashion, Ext1(F,G) is the right derived functor of Hom(F,G),
while Ext1(F,G) is the right derived functor of Hom(F,G).

As in the smooth case, the group Ext1(Ω1C,OC) parametrizes
the first order deformations of C (cf. [63, Corollary 1.1.11]).
The following result gives some important information on this
group:

Proposition 2.3.3. We have an exact sequence

0→ H1(C,Hom(Ω1C,OC)) → Ext1(Ω1C,OC)
µ→ R→ 0 (87)

where
R ∼= H0(C,Ext1(Ω1C,OC)) ∼= Ext1(K,OC). (88)

Furthermore Ext1(ωC,OC) surjects onto the kernel of µ.

Proof. This sequence can be obtained by the five term sequence
associated to the local to global spectral sequence of Ext’s. This
spectral sequence relates the sheaf Ext with the group Ext:

E
p,q
2 = Hp(Extq(Ω1C,OC)) ⇒ Hp+q = Extp+q(Ω1C,OC). (89)

The five term exact sequence associated to this spectral sequence

0→ E1,02 → H1 → E0,12 → E2,02 → H2 (90)

gives in our case

0→ H1(C,Hom(Ω1C,OC)) → Ext1(Ω1C,OC) →
→ H0(C,Ext1(Ω1C,OC)) → 0.
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Here we also give an alternative proof because we will use some
of its steps throughout the next sections.

Sequence (86) splits into the following short exact sequences:

0→ K→ Ω1C → ω̂→ 0 (91)

and
0→ ω̂→ ωC → N→ 0. (92)

Dualizing (91) we have

0→ Hom(ω̂,OC) → Hom(Ω1C,OC) → 0→ Ext1(ω̂,OC) →
→ Ext1(Ω1C,OC) → Ext1(K,OC) → 0 (93)

and in particular we deduce that the dual of the sheaf Ω1C is
isomorphic to the dual of the sheaf ω̂. Taking the dual of (92)
we obtain the long exact sequence

0→ Hom(ωC,OC) → Hom(ω̂,OC) → Ext1(N,OC) →
→ Ext1(ωC,OC) → Ext1(ω̂,OC) → 0.

Since the dualizing sheaf is locally free we have that

Ext1(ωC,OC) ∼= Ext1(OC,ω∨
C) = 0,

see [40, Chapter III, Propositions 6.3 and 6.7]. Hence we deduce
that

Ext1(ω̂,OC) = 0;

see also [39, Lemma 1.1].
Now we apply the functor Hom(−,OC) to (91) and we have

the exact sequence

0→ Hom(ω̂,OC) → Hom(Ω1C,OC) → 0→ Ext1(ω̂,OC) →
→ Ext1(Ω1C,OC) → Ext1(K,OC) → 0.

In particular

0→ Ext1(ω̂,OC) → Ext1(Ω1C,OC) → Ext1(K,OC) → 0 (94)

is exact. Note that the sheaf K is supported on the singulari-
ties. On the other hand, the kernel Ext1(ω̂,OC) parametrizes
the extensions of the sheaf ω̂ by the structure sheaf OC, that is
isomorphism classes of exact sequences of the form

0→ OC → E → ω̂→ 0. (95)
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The sheaves of this sequence are torsion free and hence reflex-
ive (see [39, Lemma 1.1]). This implies that taking the dual se-
quence gives a bijective correspondence between extensions as
(95) and their dual

0→ ω̂∨ → E∨ → OC → 0.

This means that the group Ext1(ω̂,OC) is isomorphic to

Ext1(OC, ω̂∨) ∼= H1(C, ω̂∨).

Since
ω̂∨ ∼= Hom(Ω1C,OC)

as seen in (93), we conclude that

H1(C,Hom(Ω1C,OC)) ∼= Ext1(ω̂,OC). (96)

Sequence (94) is then our desired sequence

0→ H1(C,Hom(Ω1C,OC)) → Ext1(Ω1C,OC) → R→ 0.

For the last statement, apply the functor Hom(−,OC) to (92) to
obtain

0→ Hom(ωC,OC) → Hom(ω̂,OC) → Ext1(N,OC) →
→ Ext1(ωC,OC) → Ext1(ω̂,OC) → 0.

2.3.1 Nodal curves

Nodal curves are an interesting example of Gorenstein curves.

Definition 2.3.4. A point in a projective curve is a node if it has a
neighborhood in the analytic topology which is isomorphic to a neigh-
borhood of the origin in the space (xy = 0) ⊂ C2. A nodal curve is
a curve with only nodes as singularities.

Given a nodal curve C, we denote by ν : C̃→ C its normaliza-
tion. In this case the situation described above is more explicit.

Around a node P given locally by xy = 0, the sheaf of Kähler
differentials Ω1C is generated by dx and dy with the relation
ydx+ xdy = 0; see [2, Chapter X].

On the other hand the dualizing sheaf is defined as follows.
Consider P1, . . . ,Pn the nodes of the curve andQ1,Q ′

1, . . . ,Qn,Q ′
n
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their preimages in the normalization C̃ of C. Then ωC is the
subsheaf of

ν∗(ωC̃(
∑

Qi +Q
′
i))

given by the sections σ with opposite residues in Qi and Q ′
i,

that is
ResQi

(σ) + ResQ ′
i
(σ) = 0.

A local generator for ωC in a neighborhood of a node is by
adjunction dx∧dy

F , where F is a local equation for the curve.
Locally near a node P, the map ρ : Ω1C → ωC is given by

ρ(dx) = x
dx∧ dy

F

and
ρ(dy) = −y

dx∧ dy

F
.

The stalk KP of the kernel of ρ is the C-vector space generated
by xdy = −ydx. To understand the cokernel NP, we note that
the image of ρ, denoted by ω̂ as in the general case, is generated
by the ideal (x,y) in ωC, that is ω̂ = (x,y) ·ωC. NP is then
ωC/(x,y) ·ωC.

By the explicit description of K in the nodal case, (87) be-
comes

0→ H1(C,Hom(Ω1C,OC)) → Ext1(Ω1C,OC) →
⨁
i

CPi → 0;

(97)
see for instance [2, Chapter XI].

The meaning of this sequence is that there are two kinds of
first order deformations of C. The deformations coming from
the direct sum

⨁
i CPi are those that give the smoothing of the

nodes. More precisely the generator of CPi corresponds to the
infinitesimal deformation given by xy = ϵ around the node Pi
glued together with the trivial deformation outside a neighbor-
hood of Pi.

On the other hand the deformations coming from

H1(C,Hom(Ω1C,OC))

are locally trivial around the nodes. They can also be seen as
deformations of the pointed curve (C̃,Q1,Q ′

1, . . . ,Qn,Q ′
n). This

comes from the fact that

Hom(Ω1C,OC) ∼= ν∗(TC̃(−
∑

(Qi +Q
′
i))). (98)
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We want now to give a Torelli-type theorem for the defor-
mations coming from the group H1(C,Hom(Ω1C,OC)). For this
purpose we introduce the adjoint theory in the case of a Goren-
stein curve.

2.4 adjoint theory for irreducible gorenstein curves

As a first generalization of the adjoint theory seen in Section 2.2,
we work in the case of irreducible Gorenstein curves and more-
over we consider extensions of arbitrary locally free sheaves of
rank one.

Let F and L be two locally free sheaves of rank one on C.
Consider the exact sequence of locally free sheaves

0→ L → E → F → 0 (99)

associated to an element ξ ∈ Ext1(F,L). Since L is locally free
of rank one, if we tensor this sequence by L∨ and take the dual,
we obtain again an exact sequence

0→ L⊗F∨ → L⊗ E∨ → OC → 0;

see [40, Chapter III, Section 6]. As in the smooth case the image
of 1 ∈ H0(C,OC) via the morphism

H0(C,OC) → H1(C,L⊗F∨)

characterizes the extension and gives an isomorphism

Ext1(F,L) ∼= H1(C,L⊗F∨).

Let δξ : H0(C,F) → H1(C,L) be the connecting homomor-
phism of (99), and let W ⊂ Ker (δξ) be a vector subspace of
dimension 2. Choose a basis B := {η1,η2} of W. By definition
we can take liftings s1, s2 ∈ H0(C,E) of the sections η1,η2.

Consider the base locus of W with its natural scheme struc-
ture. It consists of a finite number of smooth points and sin-
gularities. Denote by DW the Cartier divisor associated to the
smooth points in the base locus, and by IW the ideal of the
singular points contained in the base locus. The ideal IW is an
effective generalized divisor on the curve C.

The theory of generalized divisor on Gorenstein curves can
be found in [39].

Definition 2.4.1. A generalized divisor on C is a nonzero subsheaf
of the constant sheaf of the function field K which is also a coherent
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OC-module. A generalized divisor is effective if it is a nonzero ideal
of OC, that is if it corresponds to a 0-dimensional closed subscheme of
C.

The inverse of the generalized divisor I is locally given by
I−1 := {f ∈ K | f · I ⊂ OC}.

Lemma 2.4.2. There is a short exact sequence

0→ F∨(DW)⊗ I−1W →W ⊗OC → F(−DW)⊗ IW → 0. (100)

Proof. This is basically Lemma 2.2.7, but here the proof is more
delicate and we spell out some details. Call η1 and η2 the lift-
ings of η1 and η2 in H0(F(−DW)⊗ IW). The map

f : F∨(DW)⊗ I−1W →W ⊗OC

is given by −η2,η1, while

g : W ⊗OC → F(−DW)⊗ IW

is given by
(a,b) ↦→ aη1 + bη2.

The surjectivity of g and the injectivity of f come from the
fact that η1,η2 generate the sheaf F(−DW) ⊗ IW . Obviously
it holds that Im f ⊂ Kerg. To see the opposite inclusion take
(a,b) ∈ W ⊗ OC such that aη1 + bη2 = 0, and denote by l1, l2
local equations of η1,η2. This means that al1 = −bl2. Given a
point P ∈ C, possibly singular, at least one between l1 and l2
does not vanish in P. Assume for example that l1 is invertible.
Then

a = −
bl2
l1

(101)

and since
(
− b
l1

)
· F(−DW)⊗ IW ⊂ OC, − b

l1
is a local equation

for an element of F∨(DW) ⊗ I−1W . We conclude that (a,b) =

f(−bl1 ).

Sequence (100) of Lemma 2.4.2 fits into the diagram

0 →→ F∨(DW)⊗ I−1W
→→ W ⊗OC →→

(s1,s2)
↓↓

F(−DW)⊗ IW →→

↓↓

0

0 →→ L →→ E →→ F →→ 0.
(102)
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We can complete the diagram with a morphism ω : F∨(DW)⊗
I−1W → L

0 →→ F∨(DW)⊗ I−1W
→→

ω
↓↓

W ⊗OC →→

(s1,s2)
↓↓

F(−DW)⊗ IW →→

↓↓

0

0 →→ L →→ E →→ F →→ 0,
(103)

that is
ω ∈ Hom(F∨(DW)⊗ I−1W ,L).

Definition 2.4.3. The morphism ω ∈ Hom(F∨(DW)⊗ I−1W ,L) is
called an adjoint of W and ξ.

We want to study the problem:

Problem 2.4.4. Define

ΦB : Hom(W ⊗OC,L) → Hom(F∨(DW)⊗ I−1W ,L) (104)

the map obtained applying the functor Hom(−,L) to the first row of
diagram (103). Is ω ∈ ImΦB?

The morphism ω is the generalization of the adjoint form
of Definition 2.2.1 in the case of a Gorenstein curve. In fact in
the smooth case the adjoint form ωξ,W,B gives by contraction
the first vertical arrow of diagram (83) while now ω is by defi-
nition the first vertical arrow of diagram (103). Furthermore if
the adjoint image [ωξ,W,B] is zero, that is ωξ,W,B = aη1 + bη2
for a,b ∈ C, then there is a diagonal map in diagram (83)

0 →→ TC(DW) →→

↓↓

OC ⊕OC →→

↓↓↙↙

ωC(−DW) →→

↓↓

0

0 →→ OC →→ E →→ ωC →→ 0.

(105)

given by a and b which makes the upper triangle commutative.
Viceversa if such a triangle is commutative and the diagonal
map is given by a,b, then ωξ,W,B = aη1 + bη2. This means that
Problem 2.2.2 can be reduced to Problem 2.4.4.

Remark 2.4.5. As in the smooth case, the morphism ω depends on
the choice of the liftings s1, s2, whereas the conditionω ∈ ImΦB does
not. To be more precise if we change liftings s ′1, s

′
2 and construct the

corresponding ω ′, we have that ω ̸= ω ′ in general, but ω−ω ′ ∈
ImΦB.
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Remark 2.4.6. Consider another basis B ′ := {η ′1,η
′
2} of W and let

A be the matrix of the basis change. The sections s ′1, s
′
2 obtained from

s1, s2 through the matrix A are liftings of η ′1,η
′
2. It is easy to see

composing with A that ω ∈ ImΦB if and only if ω ′ ∈ ImΦB ′

where ω ′ is the adjoint constructed from η ′1,η
′
2.

Theorem 2.4.7 (Adjoint Theorem for Gorenstein curves). Let C
be an irreducible Gorenstein curve. Let F, L be invertible sheaves on
C. Consider ξ ∈ Ext1(F,L) associated to the extension (99). Assume
that there exists W = ⟨η1,η2⟩ ⊂ Ker (δξ) ⊂ H0(C,F) and define ω
as above. Call ξDW

the image of ξ via the morphism

Ext1(F,L)
ρ→ Ext1(F(−DW)⊗ IW ,L).

We have that ω ∈ ImΦB if and only if ξDW
= 0.

Proof. Take diagram (103) and apply the functor Hom(−,L).
We obtain

Hom(E,L) →→

↓↓

Hom(L,L) →→

β

↓↓

Ext1(F,L)

ρ

↓↓
Hom(W ⊗OC,L)

ΦB →→ Hom(F∨(DW)⊗ I−1
W ,L) δ →→ Ext1(F(−DW)⊗ IW ,L).

(106)

Obviously β(id) = ω and, by commutativity, δ(β(id)) =

ξDW
. We have then ξDW

= 0 if and only if ω ∈ ImΦB.

2.4.1 Non-singular base locus

If the base locus of η1 and η2 does not contain singular points,
then the situation is easier and it can be more explicitly de-
scribed following [18] and Section 2.2.

Consider again the liftings s1, s2 ∈ H0(C,E). The natural map

Λ2 :

2⋀
H0(C,E) → H0(C,

2⋀
E)

defines the section

ω := Λ2(s1 ∧ s2). (107)

It is easy to see that ω is in the image of the natural injection
detE(−DW) → detE.

Since our sheaves are locally free and the base locus does not
contain the singular points, sequence (100) is

0→ F∨(DW)
i→ OC ⊕OC

ν→ F(−DW) → 0. (108)
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Diagram (103) is now

0 →→ F∨(DW) →→

ω
↓↓

W ⊗OC →→

(s1,s2)
↓↓

F(−DW) →→

↓↓

0

0 →→ L →→ E →→ F →→ 0,

(109)

where the first vertical arrow is exactly given by contraction
with ω. In fact we have that detE ∼= F⊗L, and

ω ∈ H0(C, detE(−DW)) ∼= H0(C,F⊗L(−DW))

gives a map F∨(DW) → L.
Therefore condition ω ∈ ImΦB can be written as

ω ∈ Im (H0(C,L)⊗ ⟨s1, s2⟩ → H0(C, detE)) (110)

or, equivalently,

ω ∈ Im (H0(C,L)⊗W → H0(C, detE)). (111)

The first map is given by the wedge product, the second one
by the fact that detE ∼= L⊗ F. Note that if H0(C,L) = 0 this
condition is equivalent to ω = 0.

Remark 2.4.8. If L = OC, then detE ∼= F and we can work as in
Section 2.2 with the only difference that we have replaced ωC by an
arbitrary locally free sheaf F. We will seeω as an element ofH0(C,F)
and write condition (111) as ω ∈W.

From the natural map

F∨ ⊗L → F∨ ⊗L(DW)

we have a homomorphism

H1(C,F∨ ⊗L)
ρ→ H1(C,F∨ ⊗L(DW));

in analogy with Theorem 2.2.10 and Theorem 2.4.7 we call ξDW
:=

ρ(ξ).
In the case where there are no singularities in the base locus,

Theorem 2.4.7 is formulated in the following easier way:

Corollary 2.4.9. Let C be an irreducible Gorenstein curve. Let F,
L be invertible sheaves on C. Consider ξ ∈ H1(C,F∨ ⊗ L) associ-
ated to the extension (99). Assume that there exists W = ⟨η1,η2⟩ ⊂
Ker (δξ) ⊂ H0(C,F) and define ω as above. Assume also that the
base locus of W does not contain singularities. We have that ω ∈
Im (H0(C,L)⊗W → H0(C, detE)) if and only if ξDW

= 0.

Remark 2.4.10. If DW = 0, then under the same hypothesis we have
ω ∈ Im (H0(C,L)⊗W → H0(C, detE)) if and only if ξ = 0.
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2.5 torelli-type theorem

We want to study the extensions of the dualizing sheaf ωC of
a Gorenstein curve C. We need a version of the Castelnuovo
theorem in the case of Gorenstein curves.

Theorem 2.5.1. Let C be an irreducible Gorenstein curve, |D| a base
point free linear system of dimension r > 3 and assume that the map

φD : C→ Pr

is birational onto the image. Then the natural map

SymlH0(C,O(D))⊗H0(C,ωC) → H0(C,ωC(lD))

is surjective for l > 0.

Since |D| is base point free then its general member does not
contain singular points and D is a Cartier divisor. Following [3]
page 151, we proceed by steps.

Lemma 2.5.2 (Castelnuovo). Let L be an invertible sheaf over C
and D ⊂ |D| a base point free pencil given by V ⊂ H0(C,O(D)). If

H1(C,O(−D)⊗L) = 0,

then the map
V ⊗H0(C,L) → H0(C,L(D))

is surjective.

Proof. By the same arguments that give (108), we have the short
exact sequence

0→ O(−D) → V ⊗O → O(D) → 0. (112)

Tensoring by the locally free sheaf L and taking the correspond-
ing sequence in cohomology, we are done.

Lemma 2.5.3. Let D ⊂ |D| and V be as before. The image of the
natural map

SymlV ⊗H0(C,ωC) → H0(C,ωC(lD)) (113)

has codimension lr− 1.
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Proof. We proceed by induction on l.
In the case l = 1 the result can be obtained by a simple appli-

cation of the base point free pencil trick and the Riemann-Roch
theorem for Gorenstein curves.

For the case l = 2 consider the sequence

0→ ωC → V ⊗ωC(D) → ωC(2D) → 0 (114)

(see the proof of the previous Lemma). Taking cohomology, it
fits into the following commutative diagram

0 →→ H0(ωC) →→ V ⊗H0(ωC(D)) →→ H0(ωC(2D)) →→ C →→ 0

0 →→ H0(ωC) →→ V ⊗ V ⊗H0(ωC) →→

↑↑

Sym2V ⊗H0(ωC) →→

↑↑

0.

↑↑

We are interested in the codimension of the image of the third
vertical map. It can be easily computed since we know the codi-
mension of the image of the second vertical map by the case
l = 1. The codimension is then 2(r− 1) + 1 = 2r− 1.

For the general case consider the following diagram

0 →→ H0(ωC((l− 1)D)) →→ V ⊗H0(ωC(lD)) →→ H0(ωC((l+ 1)D)) →→ 0

0 →→ Syml−1V ⊗H0(ωC) →→

↑↑

V ⊗ SymlV ⊗H0(ωC) →→

↑↑

Syml+1V ⊗H0(ωC) →→

↑↑

0

obtained again by the same methods. The surjectivity of the
first row comes from the previous lemma with L = ωC(lD).
Hence we have that the codimension of the image of the last
vertical map is given by the difference between the other two
codimensions. By induction this means that the wanted codi-
mension is 2(rl− 1) − (r(l− 1) − 1) = rl+ l− 1 = r(l+ 1) − 1,
as desired.

We can now prove Theorem 2.5.1.

Proof. Take a general element P1 + . . . + Pd of |D| and define
E = P1 + . . . + Pr−1. |D − E| is a base point free pencil which
gives the exact sequence

0→ OC(D− E) → OC(D) → OC(D)⊗OE → 0. (115)

By Riemann-Roch and the General position theorem ([3, Page
109]), it is easy to see that h1(C,OC(D − E)) = h1(C,OC(D)),
hence have that the cohomology sequence

0→ H0(C,OC(D−E)) → H0(C,OC(D)) → H0(C,OC(D)⊗OE) → 0

(116)
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is exact. This sequence, tensored by with V := H0(C,ωC(lD)),
fits into the following diagram

0 →→ V ⊗H0(O(D− E)) →→

↓↓

V ⊗H0(O(D)) →→

↓↓

V ⊗H0(OE(D)) →→

↓↓

0

0 →→ H0(ωC((l+ 1)D− E)) →→ H0(ωC((l+ 1)D)) →→ H0(OE(D)⊗ωC(lD)) →→ 0.

We proceed by induction on l. If l = 0 the previous lemma tells
us that the dimension of the image of H0(ωC)⊗H0(O(D− E))

in H0(ωC(D)) is g + d − r which is exactly the dimension of
H0(ωC(D− E)). Hence the first vertical map is surjective. Since
also the third vertical map is surjective we have proved the
claim for l = 0.

Now for l > 0 we proceed in the same way to prove that the
middle vertical map is surjective. To prove that the first one is
surjective it is enough to note that the cokernel is H1(ωC((l−
1)D+ E)) which is zero. Hence we have that

V ⊗H0(O(D)) → H0(ωC((l+ 1)D)) (117)

is onto for l > 0. We have the following diagram

H0(O(D))⊗ Syml−1H0(O(D))⊗H0(ωC) →→ →→

α
↓↓↓↓

SymlH0(O(D))⊗H0(ωC)

γ

↓↓
H0(O(D))⊗H0(ωC((l− 1)D))

β →→ →→ H0(ωC(lD))

α is surjective by induction, while β is surjective by (117). The
surjectivity of γ follows and the theorem is proved.

We can prove the following theorem. The version for smooth
curves can be found in [15].

Theorem 2.5.4. Let C be an irreducible Gorenstein curve as above,
and let L be a locally free sheaf of rank one on C. Consider the exten-
sion

0→ OC → E → L → 0 (118)

given by an element ξ ∈ Ext1(L,OC) ∼= H1(C,L∨). Call F the fixed
part of the linear system associated to L and assume that F does not
contain singularities; call M its mobile part. Assume that the map
φM given by M is of degree one and that l := dim |M| > 3. If the
cohomology map

H0(C,E) → H0(C,L) (119)

is surjective, then ξF = 0.
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Proof. Take P1, . . . ,Pl−1 points in general position in φM(C) and
call D :=

∑
Pi. The hyperplanes passing through the points Pi

form a pencil and we take generators η1 and η2 ofH0(C,L(−D−

F)).
We have the following diagram

0

↓↓

0

↓↓
0 →→ OC →→ Ê →→

↓↓

L(−D− F)

↓↓

→→ 0

0 →→ OC →→ E →→

↓↓

L →→

↓↓

0

L⊗OD+F

↓↓

L⊗OD+F

↓↓
0 0.

(120)

The top row is an extension associated to an element

ξ̂ ∈ H1(C,L∨(D+ F)).

The surjectivity of H0(C,E) → H0(C,L) implies the surjectiv-
ity H0(C, Ê) → H0(C,L(−D− F)) as can be seen by the above
diagram, thus the sections η1 and η2 can be lifted to H0(C, Ê).
Furthermore the space W := ⟨η1,η2⟩ coincides with the whole
space H0(C,L(−D− F)), hence an adjoint ω constructed from
η1 and η2 is forced to be in the space W. Hence Remark 2.4.8
and Corollary 2.4.9 can be used to deduce that ξ̂ = 0, since W
is base point free by the General Position Theorem; see [3, Page
109].

Thus ξ is in the kernel of the map

H1(C,L∨) → H1(C,L∨(D+ F)) (121)

for every D as above. We want to show that this implies that ξ
is in the kernel of

H1(C,L∨) → H1(C,L∨(F)), (122)

that is ξF = 0.
We have the injective map

H0(C,ωC ⊗L(−D− F)) → H0(C,ωC ⊗L), (123)
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which factors as

H0(C,ωC⊗L(−D−F))
ΦD→ H0(C,ωC⊗L(−F)) → H0(C,ωC⊗L).

(124)
We consider now ξF as an element of the dual of H0(C,ωC ⊗
L(−F)); the fact that ξ is in the kernel of (121) means that
ImΦD ⊂ ker ξF.

Define

K :=

⟨ ⋃
D∈Div+(C)
degD=l−1
D general

ImΦD

⟩
⊂ H0(C,ωC ⊗L(−F)). (125)

We will show that K = H0(C,ωC ⊗L(−F)) and this will prove
our thesis. To do this define

H0(C,L(−D− F))
Φ̂D→ H0(C,L(−F)) (126)

and

K ′ := H0(C,ωC)⊗

⟨ ⋃
D∈Div+(C)
degD=l−1
D general

Im Φ̂D

⟩
⊂ H0(C,ωC)⊗H0(C,L(−F)).

(127)

Since

⟨⋃
D∈Div+(C)
degD=l−1
D general

Im Φ̂D

⟩
is equal to H0(C,L(−F)) we have

K ′ = H0(C,ωC)⊗H0(C,L(−F)). (128)

Now it is easy to see that the natural morphism K ′ → H0(C,ωC⊗
L(−F)) factors through K as in the following diagram

K ↘ ↙ →→ H0(C,ωC ⊗L(−F))

K ′

↑↑ →→ →→
(129)

The diagonal arrow is surjective by Theorem 2.5.1 and we de-
duce that K = H0(C,ωC ⊗L(−F)), as wanted.

2.5.1 Extension classes of ωC: the Gorenstein case

Recall that an irreducible Gorenstein curve C of arithmetic genus
pa > 2 is hyperelliptic if there exist a finite morphism C→ P1 of
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degree 2. It is well known that if pa > 1, then ωC is base point
free and if pa > 3, then C is not-hyperelliptic if and only if ωC
is very ample; see for example [39, Theorem 1.6].

We will need the following

Theorem 2.5.5. If C is a non-hyperelliptic Gorenstein curve, then
the homomorphism

SymlH0(C,ωC) → H0(C,ωlC) (130)

is surjective for l > 1.

Proof. This is the Max Noether theorem for Gorenstein curves.
It follows from Theorem 2.5.1. See also [46].

Theorem 2.5.6. Let C be a non-hyperelliptic Gorenstein curve and
ξ ∈ H1(C,ω∨

C). Consider the morphism

ΨP : H
1(C,ω∨

C) → H1(C,ω∨
C(P)) (131)

associated to a smooth point P ∈ C. If ξP := ΨP(ξ) = 0 for every P,
then ξ = 0.

Proof. The proof follows closely the proof of Theorem 2.5.4.
Via Serre duality applied to ΨP we obtain

Ψ∨
P := ΦP : H

0(C,ω⊗2
C (−P)) → H0(C,ω⊗2

C ).

Following the proof of Theorem 2.5.4 we set K :=
⟨⋃

P∈C ImΦP
⟩
⊂

H0(C,ω⊗2
C ) and diagram (129) becomes

K ↘ ↙ →→ H0(C,ω⊗2
C )

H0(C,ωC)⊗H0(C,ωC)

↑↑ →→ →→
(132)

Here the diagonal arrow is surjective by Max Noether theorem.
Hence, as in the proof of Theorem 2.5.4, K = H0(C,ω⊗2

C ) and
the claim follows.

The next theorem gives the injectivity of the restriction of (74)
to H1(C,ω∨

C):

Theorem 2.5.7. Let C be an irreducible Gorenstein curve of genus 2
or non-hyperelliptic of genus > 3, ξ ∈ H1(C,ω∨

C) such that δξ = 0.
Then ξ = 0.
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Proof. Case pa = 2. Take ξ ∈ H1(C,ω∨
C). Since h0(C,ωC) = 2 we

have that W = ⟨η1,η2⟩ = H0(C,ωC). This means that an adjoint
ω constructed from η1 and η2 is forced to be in the space W.
By Remark 2.4.8 and Corollary 2.4.9 we have immediately that
ξDW

= 0. Since ωC is base point free, DW = 0 and we are done.
Case pa = 3. Note that we can’t apply Theorem 2.5.4. Assume

that pa = 3 and take a point P ∈ C. By [39, Proposition 1.5] we
have

h0(C,ωC(−P)) = h0(C,ωC) − 1 = 2.

Take ξ ∈ H1(C,ω∨
C) and consider the extension associated to

ξP, that is the first row of the diagram

0

↓↓

0

↓↓
0 →→ OC →→ Ê →→

↓↓

ωC(−P)

↓↓

→→ 0

0 →→ OC →→ E →→

↓↓

ωC →→

↓↓

0

ωC ⊗OP

↓↓

ωC ⊗OP

↓↓
0 0.

(133)

By the fact that ωC(−P) has only two linearly independent
global sections it follows that if we construct the adjoint ω
starting from a base η1,η2 of H0(C,ωC(−P)), then the adjoint
is forced to be a linear combination of η1,η2. Hence Corollary
2.4.9 can be applied and ξP = 0 for every P ∈ C. Note that ωC
is very ample and in particular this means that, for any P ∈ C,
ωC(−P) has no base points. By Theorem 2.5.6, ξ = 0 and we
are done.

Case pa > 3. If pa > 3 we can apply Theorem 2.5.4 with
L = ωC. In fact ωC is very ample and its associated map is
an embedding. Also in this case the base locus is zero, hence
ξ = 0. Note that the same proof given for pa = 3 does not
work in this case since h0(C,ωC(−P)) > 2 and an adjoint ω
constructed from η1,η2 ∈ H0(C,ωC(−P)) is not forced to be a
linear combination of η1,η2.
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2.5.2 Infinitesimal deformations of Gorenstein curves

The above analysis of the extensions of the dualizing sheaf
ωC of a Gorenstein curve C gives information also on the in-
finitesimal deformations of C. Take ξ ∈ Ext1(Ω1C,OC) in the
kernel of µ in (87). By Proposition 2.3.3, we can find a lifting
ξ̃ ∈ Ext1(ωC,OC) of ξ. Of course if ξ̃ is zero, then also ξ is zero.
We have proved the following

Theorem 2.5.8. Let C be an irreducible Gorenstein curve and let
ξ ∈ Ext1(Ω1C,OC) be an infinitesimal deformation of C. Assume that
ξ ∈ ker(µ : Ext1(Ω1C,OC) → R), see Proposition 2.3.3. Then ξ can
be lifted to an element ξ̃ of Ext1(ωC,OC). Moreover if C is of genus
2 or non-hyperelliptic of genus > 3 and δξ̃ = 0 then ξ = 0.

Remark 2.5.9. In general it seems not a trivial problem to use the
condition δξ̃ = 0 to obtain δξ = 0.

2.6 reducible nodal curves

Unlike the irreducible case, for reducible Gorenstein curves
there is no hope to have, in general, an infinitesimal Torelli-
type theorem. Consider C a nodal curve with two components
meeting transversely in n nodes. Note that all the results of
Section 2.3 still hold in this case.

Sequence (97) and isomorphism (98) give the short exact se-
quence

0→ H1(C1, TC1
(−

∑
Pi))⊕H1(C2, TC2

(−
∑

Pi)) →

→ Ext1(Ω1C,OC) →
n⨁
i=1

CPi → 0
(134)

where C1 and C2 are the disjoint components of the normaliza-
tion of C. From now on callD :=

∑
Pi the divisor on Ci, i = 1, 2,

induced by the intersection points.
As in the irreducible case we study the first order deforma-

tions coming from the kernel of this sequence, that is the defor-
mations ξ ∈ Ext1(Ω1C,OC) which can be written as ξ = ξ1 ⊕ ξ2,
with ξi ∈ H1(Ci, TCi

(−D)) associated to an exact sequence

0→ OCi
→ Ei → ωCi

(D) → 0. (135)

Note that the curves Ci are smooth, hence Ω1Ci
is the dualiz-

ing sheaf ωCi
of Ci.
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Definition 2.6.1. We say that ξ satisfies the split liftability condi-
tion if the deformations ξi, i = 1, 2, lift all the corresponding global
sections in (135), that is δξ1 = δξ2 = 0.

In the final subsections of this chapter we present explicit
cases where even if ξ satisfies the split liftability condition, ξ ̸=
0.

To see which kind of deformations can be used to provide
such examples note that the image of ξi in H1(Ci, TCi

) gives an
extension of ωCi

which fits into the following diagram

0

↓↓

0

↓↓
0 →→ OCi

→→ Êi →→

↓↓

ωCi

↓↓

→→ 0

0 →→ OCi
→→ Ei →→

↓↓

ωCi
(D) →→

↓↓

0

ωCi
⊗OD

↓↓

ωCi
⊗OD

↓↓
0 0.

(136)

Now assume that the map H0(Ci,Ei) → H0(Ci,ωCi
(D)) is

surjective, that is δξi = 0, then it is easy to see that H0(Ci, Êi) →
H0(Ci,ωCi

) is also surjective. If, for example, Ci is of genus
2 or non-hyperelliptic of genus > 3, then we deduce by the
infinitesimal Torelli theorem for smooth curves that the first
row of (136) splits. Hence ξi is in the kernel of

H1(Ci, TCi
(−D)) → H1(Ci, TCi

).

By the exact sequence

0→ TCi
(−D) → TCi

→ TCi|D
→ 0 (137)

we know that this kernel is not zero if g(Ci) > 1.
Thus the natural place to look for non-trivial split-liftable de-

formations is the kernel of (137).

2.6.1 Split liftability and nonzero deformations

Consider C = R ∪ Ĉ with R a smooth rational curve and Ĉ an
arbitrary smooth curve meeting transversely in n points. We
want to study how the situation varies with n.
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If n = 1, sequence (134) is

0→ H1(Ĉ, TĈ(−P))⊕H
1(R, TR(−P)) → Ext1(Ω1C,OC) → CP → 0.

We write ξ = ξĈ ⊕ ξR. In this case ωĈ(P) has the base point P
hence even if the extension ξĈ lifts everything, it may be differ-
ent from zero and supported on P; see Theorem 2.5.4.

If n = 2, the situation is more complicated. Sequence (134) is

0→ H1(Ĉ, TĈ(−P−Q)) → Ext1(Ω1C,OC) → CP ⊕ CQ → 0

because H1(R, TR(−P −Q)) = g(R) = 0 since R is rational. This
means that our deformation ξ ∈ Ext1(Ω1C,OC) comes from an
element ξĈ ∈ H1(Ĉ, TĈ(−P −Q)) (recall that we are studying
the deformations in the kernel of (134)). Note that the sheaf
ωĈ(P +Q) is base point free. Now if Ĉ is of genus 2 or non-
hyperelliptic of genus > 3 the map induced by the linear system
H0(Ĉ,ωĈ(P +Q)) is of degree one since the canonical map of
Ĉ is already of degree one. Hence in this case Theorem 2.5.4
applies and the lifting hypothesis δξĈ = 0 implies ξĈ = 0. If Ĉ
is hyperelliptic, the same conclusions holds if |P+Q| is not the
g12 linear system. In fact the map given by H0(C,ωĈ(P+Q)) has
degree 6 2 since the canonical map has degree 2 and we prove
that it has degree 2 only if |P+Q| is the g12. In fact assume that
the degree is 2, then the image of Ĉ in P(H0(ωĈ(P+Q))∨) = Pg

is a (nondegenerate) curve of degree g. Hence it is projectively
isomorphic to the rational normal curve; see [37, Page 179]. The
morphism factors as

Ĉ
2:1→ P1 → Pg

and |P+Q| is exactly the g12.
If n = 3, sequence (134) is

0→ H1(Ĉ, TĈ(−
3∑
i=1

Pi)) → Ext1(Ω1C,OC) →
3⨁
i=1

CPi → 0

since H1(R, TR(−
∑
Pi)) = 0 by duality. Hence as in the previ-

ous case we deal only with ξĈ. Assume that δξĈ = 0. Since
ωĈ(

∑
Pi) is very ample, by Theorem 2.5.4 we have that ξĈ = 0

and we deduce that ξ = 0. This means that in this case the split
liftability condition implies that ξ = 0.

On the other hand assume that n > 3. Sequence (134) is

0→ H1(Ĉ, TĈ(−
∑

Pi))⊕H1(R, TR(−
∑

Pi)) →

→ Ext1(Ω1C,OC) →
n⨁
i=1

CPi → 0.
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Now H1(R, TR(−
∑
Pi)) ̸= 0, so take a nonzero element ξR. It

corresponds to a sequence

0→ OR → ER → ωR(
∑

Pi) → 0.

By the fact that H1(R,OR) = 0, we immediately deduce that
δξR = 0, whereas ξR ̸= 0. Hence taking ξ = 0⊕ ξR we have that
in this case the split liftability condition does not imply that
ξ = 0.

2.6.2 Liftability of global sections and nonzero deformations

Take a plane curve C = C1 +C2 where C1 is a smooth quadric
and C2 is a smooth cubic. As before we are interested in the
deformations ξ ∈ Ext1(ω̂,OC) = H1(C, ω̂∨). To show that in-
finitesimal Torelli theorem does not hold in this case we have
to show that the map

H1(C, ω̂∨) → H0(C, ω̂)∨ ⊗H1(C,OC) (138)

is not injective. This map is exactly (74) restricted to H1(C, ω̂∨).
Dualizing, we have to show that

H0(C,ωC)⊗H0(C, ω̂) → H0(C, ω̂⊗ωC) (139)

is not surjective.
By [2, Sequence 2.13 page 91] we have that ω̂ ∼= ν∗(ωC̃), so

we can easily compute the dimensions of the vector spaces ap-
pearing in (139). We obtain that h0(C,ωC) = 6 and h0(C, ω̂) = 1.
On the other hand ν∗(ωC) = ωC̃(D) where D is the divisor in-
duced by the intersection points on the normalization C̃; see [2,
Page 101]. Hence we have by the projection formula

h0(ω̂⊗ωC) = h0(ν∗(ωC̃)⊗ωC) = h
0(ν∗(ωC̃ ⊗ωC̃(D))) = 9.

Hence (139) is not surjective.
Another example is given by C = C1 +C2 with C1 a smooth

quartic and C2 a line. We consider again the map

H0(C,ωC)⊗H0(C, ω̂) → H0(C, ω̂⊗ωC).

This map fits into the diagram

0

↓↓
H0(C,ωC)⊗H0(C, ω̂)

↓↓

→→ H0(C, ω̂⊗ωC)

↓↓

Sym2H0(C,ωC) →→ H0(C,ω⊗2
C ).

(140)
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The second row is surjective by [4, Theorem 1] and [23, The-
orem 3.3] and it is easy to compute that its kernel, which we
denote by K, has dimension 6. Call V the image of H0(C,ωC)⊗
H0(C, ω̂) in Sym2H0(C,ωC). V has dimension 15whereas h0(C, ω̂⊗
ωC) = 11, hence it will be enough to prove that K ′ := Ker (V →
H0(C, ω̂⊗ωC)) has dimension > 5.

We have that h0(C, ω̂) = 3 and h0(C,ωC) = 6, hence take a
basis {l1, l2, l3} of H0(C, ω̂) and complete it to a basis

{l1, l2, l3,b1,b2,b3}

of H0(C,ωC). The sheaf ωC is by adjunction OC(2) and its
global sections can be seen as quadrics restricted to C. Recall
by Section 2.3 that ω̂ is the subsheaf of ωC consisting of the
sections vanishing on the nodes of C, therefore l1, l2, l3 are
quadrics vanishing on the four nodes of C, and hence on the
line C2.

Now the elements of K are quadrics vanishing on the canon-
ical image of C ⊂ P5 and an element of K is in K ′ if it is
zero when restricted on the plane (l1 = l2 = l3 = 0) ⊂ P5.
The image of C2 in P5 is a smooth rational curve contained in
this plane and it is easy to see by the linear independence of
l1, l2, l3,b1,b2,b3 that the dimension of K ′ is at most one less
than the dimension of K, hence we are done.

Remark 2.6.2. As we have seen at the beginning of this chapter, in
the case of smooth curves the infinitesimal Torelli theorem is equiva-
lent to the Noether theorem. This is no longer true for singular curves
as these examples clearly show. Look at diagram (140), the second row
is surjective (this is the Noether theorem) while the first row is not
(hence the infinitesimal Torelli does not hold).

The Noether theorem still holds in many (singular) cases. For irre-
ducible curves see [46], for reducible curves see [4] and [23].
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The theory of adjoint forms for higher dimensional varieties
was introduced by Pirola and Zucconi in [55]. In this chapter we
present a slight generalization (see [59]) and we point out an in-
teresting correlation among adjoint forms, quadrics vanishing
on the canonical image of a variety and Torelli problems.

3.1 the adjoint form

Let X be a compact complex smooth variety of dimension m
and let F be a locally free sheaf of rank n on X. Since this
theory was created with the purpose of studying the sheaf of
holomorphic 1-forms on X, that is F = Ω1X, in [55] there is the
additional hypothesis that m = n. Here we want to point out
that this assumption is not necessary, hence we will allow the
case m ̸= n. Fix an extension class ξ ∈ Ext1(F,OX) associated
to the exact sequence:

0→ OX
dϵ→ E → F → 0. (141)

Giving a morphism OX → E is equivalent to the choice of a
global section dϵ ∈ H0(X,E), hence we denote the morphism
and the associated section in the same way. The Koszul resolu-
tion associated to the section dϵ ∈ H0(X,E) is given by taking
the wedge product with this section:

0→ OX0
dϵ→ E

∧dϵ→
2⋀
E

∧dϵ→ · · · ∧dϵ→ detE ∧dϵ→ 0.

This long exact sequence splits into n+ 1 short exact sequences,

0→ OX
dϵ→ E

ρ1→ F → 0, (142)

0→ F
dϵ→

2⋀
E
ρ2→

2⋀
F → 0, (143)

· · ·

0→
n−1⋀

F
dϵ→

n⋀
E
ρn→ detF → 0, (144)

57
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0→ detF dϵ→ detE → 0→ 0, (145)

each corresponding to ξ via the natural isomorphism

Ext1(F,OX) ∼= Ext1(
i⋀
F,
i−1⋀

F)

where i = 0, . . . ,n. In particular (145) gives an isomorphism
detF ∼= detE corresponding to (78) of the previous chapter. As
in the case of curves we have an isomorphism

Ext1(F,OX) ∼= Ext1(OX,F∨) ∼= H1(X,F∨)

and we still denote by ξ the element of H1(X,F∨) which cor-
responds to our extension (141). The coboundary homomor-
phisms

δ
i,j
ξ : Hi(X,

j⋀
F) → Hi+1(X,

j−1⋀
F)

are computed by the cup product with ξ. We denote δ0,1ξ simply
by δξ.

Call Λn+1 the natural map given by wedge product

Λn+1 :

n+1⋀
H0(X,E) → H0(X, detE). (146)

Composing with the isomorphism (145) we have a map

Λ :

n+1⋀
H0(X,E) → H0(X, detE) → H0(X, detF). (147)

Let W ⊂ Ker (δξ) ⊂ H0(X,F) be a vector subspace of dimen-
sion n+ 1 and let B := {η1, . . . ,ηn+1} be a basis of W. By def-
inition we can take liftings s1, . . . , sn+1 ∈ H0(X,E) such that
ρ1(si) = ηi. If we consider the natural map

λn :

n⋀
H0(X,F) → H0(X, detF),

we can define the subspace λnW ⊂ H0(X, detF) generated by

ωi := λ
n(η1 ∧ · · ·∧ η̂i ∧ · · ·∧ ηn+1)

for i = 1, . . . ,n+ 1.

Definition 3.1.1. The section

ωξ,W,B := Λ(s1 ∧ · · ·∧ sn+1) ∈ H0(X, detF).

is an adjoint form of ξ,W,B.
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Definition 3.1.2. The class

[ωξ,W,B] ∈
H0(X, detF)

λnW

is an adjoint image of W by ξ.

Notation 3.1.3. Sometimes, when there is no ambiguity, we will de-
note ωξ,W,B simply by ω.

The problem we want to study is the analogue of Problem
2.2.2:

Problem 3.1.4. Is the adjoint form ωξ,W,B in the subspace λnW?
Equivalently, is the adjoint image [ωξ,W,B] equal to 0?

Concerning the well-posedness of this problem we have the
following remarks:

Remark 3.1.5. The class [ωξ,W,B] depends on ξ,W and B only. The
form ωξ,W,B depends also on the choice of the liftings s1, . . . , sn+1.
Hence the answer to Problem 3.1.4 does not depend on the choice of
the liftings. Cf. Remark 2.2.4.

Remark 3.1.6. If we consider another basis B ′ = {η ′1, . . . ,η
′
n+1} of

W, then [ωξ,W,B] = k[ωξ,W,B ′] where k is the determinant of the
matrix of the change of basis. In particular [ωξ,W,B] = 0 if and only
if [ωξ,W,B ′] = 0. Cf. Remark 2.2.5.

Lemma 3.1.7. If [ωξ,W,B] = 0 then we can find liftings ti ∈ H0(X,E)
of ηi, i = 1, . . . ,n + 1, such that Λn+1(t1 ∧ · · · ∧ tn+1) = 0 in
H0(X, detE). In particular with this choice we have ωξ,W,B = 0 in
H0(X, detF).

Proof. Take s1, . . . , sn+1 ∈ H0(X,E) liftings of η1, . . . ,ηn+1. By
hypothesis there exist ai ∈ C such that

ωξ,W,B =

n+1∑
i=1

aiωi =

n+1∑
i=1

ai · λn(η1 ∧ · · ·∧ η̂i ∧ · · ·∧ ηn+1).

(148)
This means that

Λn+1(s1∧ · · ·∧ sn+1) =
n+1∑
i=1

aiΛ
n+1(s1∧ · · ·∧ ŝi∧ · · ·∧ sn+1∧dϵ)

sinceΛn+1(s1∧ · · ·∧ ŝi∧ · · ·∧ sn+1∧dϵ) corresponds to λn(η1∧
· · ·∧ η̂i∧ · · ·∧ ηn+1) via the isomorphism detF ∼= detE. Define
a new lifting for the element ηi:

ti := si + (−1)n−iai · dϵ.
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We have

Λn+1(t1 ∧ · · ·∧ tn+1) = Λn+1(s1 ∧ · · ·∧ sn+1)−

−

n+1∑
i=1

aiΛ
n+1(s1 ∧ · · ·∧ ŝi ∧ · · ·∧ sn+1 ∧ dϵ) = 0.

Definition 3.1.8. If λnW is nontrivial we denote by

|λnW| ⊂ P(H0(X, detF))

the induced sublinear system. We call DW the fixed divisor of this
linear system and ZW the base locus of its moving part

|MW | ⊂ P(H0(X, detF(−DW))).

Definition 3.1.9. We say that an extension ξ ∈ Ext1(F,OX) is sup-
ported on a divisor D if

ξ ∈ Ker Ext1(F,OX) → Ext1(F(−D),OX).

See Definition 2.2.9.

3.2 local expression of the adjoint form

Take an open neighborhood U ⊂ X where the sheaves E and F

of sequence
0→ OX → E → F → 0

trivialize. Take local generators (σ1, . . . ,σn) of F. Hence E is
generated on U by (σ1, . . . ,σn,dϵ). We can write the sections ηi

ηi|U =

n∑
j=1

bij · σj

and

si|U =

n∑
j=1

bij · σj + ci · dϵ.

The wedge product Λn+1(s1 ∧ · · ·∧ sn+1) is then

Λn+1(s1 ∧ · · ·∧ sn+1)|U =

⏐⏐⏐⏐⏐⏐⏐⏐
b11 . . . b1n c1

...
. . .

...
...

bn+1
1 . . . bn+1

n cn+1

⏐⏐⏐⏐⏐⏐⏐⏐ · σ1 ∧ · · ·∧ σn ∧ dϵ.
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The isomorphism detE ∼= detF is locally given by dropping
dϵ, hence

ωξ,W,B|U =

⏐⏐⏐⏐⏐⏐⏐⏐
b11 . . . b1n c1

... . . . ...
...

bn+11 . . . bn+1n cn+1

⏐⏐⏐⏐⏐⏐⏐⏐ · σ1 ∧ · · ·∧ σn. (149)

The forms ωi can be locally computed similarly and we have
that

ωi|U = λn+1(η1 ∧ · · ·∧ η̂i ∧ · · ·∧ ηn+1) =

=

⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐

b11 . . . b1n
... . . . ...

bi−11 . . . bi−1n

bi+11 . . . bi+1n
... . . . ...

bn+11 . . . bn+1n

⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐
· σ1 ∧ · · ·∧ σn (150)

hence we always have a relation

ωξ,W,B|U = c1 ·ω1|U + · · ·+ (−1)ncn+1 ·ωn+1|U

but this is only local on U and the ci’s are not necessarily com-
plex numbers.

As we have pointed out in the Introduction, the local expres-
sions of the sections ωi give some entries of the adjoint matrix
of (149).

3.3 the adjoint theorem

There is a natural map of Ext groups

Ext1(detF,
n−1⋀

F) → Ext1(detF(−DW),
n−1⋀

F) (151)

coming from the morphism F(−DW) → F. Under the isomor-
phisms

H1(X,F∨) ∼= Ext1(detF,
n−1⋀

F)

and

H1(X,F∨(DW)) ∼= Ext1(detF(−DW),
n−1⋀

F),
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(151) is
H1(X,F∨)

ρ→ H1(X,F∨(DW));

following the notation of the previous chapter we call ξDW
=

ρ(ξ). Hence we have an extension E(n) corresponding to ξDW

and fitting the diagram

0

↓↓

0

↓↓
0 →→

⋀n−1
F →→ E(n) α →→

ψ
↓↓

detF(−DW)

·DW

↓↓

→→ 0

0 →→
⋀n−1

F →→
⋀n

E
ρn →→

↓↓

detF →→

↓↓

0

detF⊗OX
ODW

↓↓

detF⊗OX
ODW

↓↓
0 0.

(152)
We prove a slightly more general version of [55, Theorem

1.5.1]. The proof is also slightly different because it does not
use the Grothendieck duality. This theorem is the analogue of
Theorem 2.2.10 for varieties of arbitrary dimension but without
the assumption F = Ω1X.

Theorem 3.3.1 (Adjoint Theorem). Let X be an m-dimensional
compact complex smooth variety. Let F be a rank n locally free sheaf
on X and ξ ∈ H1(X,F∨) the extension class of the exact sequence
(141). Let W ⊂ Ker (δξ) ⊂ H0(X,F) and [ω] one of its adjoint im-
ages. If [ω] = 0 then ξ ∈ Ker (H1(X,F∨) → H1(X,F∨(DW))).

Proof. By Remark 3.1.6, the vanishing of [ω] does not depend
on the choice of a particular basis of W, hence choose an arbi-
trary basis B = {η1, . . . ,ηn+1} of W.

By hypothesis, ω ∈ λnW, hence by Lemma 3.1.7 we can
choose liftings si ∈ H0(X,E) of ηi with Λn+1(s1∧ · · ·∧ sn+1) = 0.
Consider

s1 ∧ · · ·∧ ŝi ∧ · · ·∧ sn+1 ∈
n⋀
H0(X,E)

and defineΩi its image inH0(X,
⋀n

E) through the natural map.
By construction ρn(Ωi) = ωi, where we remind the reader that
ωi := λ

n(η1∧ · · ·∧ η̂i∧ · · ·∧ηn+1). SinceDW is the fixed divisor
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of the linear system |λnW| and the sections ωi generate this
linear system, then the ωi’s are in the image of

detF(−DW)
·DW−→ detF,

so we can find sections ω̃i ∈ H0(X, detF(−DW)) such that

d · ω̃i = ωi, (153)

where d is a global section of OX(DW) with (d) = DW . Hence,
using the commutativity of (152), we can find liftings Ω̃i ∈
H0(X,E(n)) of the sections Ωi, i = 1, . . . ,n+ 1.

The evaluation map

n+1⨁
i=1

OX
µ̃−→ E(n)

given by the global sections Ω̃i, composed with the map α of
(152), induces a map µ which fits into the following diagram⨁n+1

i=1 OX

µ̃
↓↓

⨁n+1
i=1 OX

µ

↓↓
0 →→

⋀n−1
F →→ E(n) α →→ detF(−DW) →→ 0.

(154)

The morphism µ is given by the multiplication by ω̃i on the
i-th component. Consider the sheaf Im µ̃. Locally, on an open
subset U, we write

si|U =

n∑
j=1

bij · σj + ci · dϵ, (155)

where (σ1, . . . ,σn,dϵ) is a family of local generators of E. By
the fact that Λn+1(s1 ∧ · · ·∧ sn+1) = 0 we have⏐⏐⏐⏐⏐⏐⏐⏐

b21 . . . b2n
... . . . ...

bn+11 . . . bn+1n

⏐⏐⏐⏐⏐⏐⏐⏐ c
1 + · · ·+ (−1)n

⏐⏐⏐⏐⏐⏐⏐⏐
b11 . . . b1n
... . . . ...
bn1 . . . bnn

⏐⏐⏐⏐⏐⏐⏐⏐ c
n+1 = 0.

Obviously also⏐⏐⏐⏐⏐⏐⏐⏐
b21 . . . b2n
... . . . ...

bn+11 . . . bn+1n

⏐⏐⏐⏐⏐⏐⏐⏐b
1
j + · · ·+ (−1)n

⏐⏐⏐⏐⏐⏐⏐⏐
b11 . . . b1n
... . . . ...
bn1 . . . bnn

⏐⏐⏐⏐⏐⏐⏐⏐b
n+1
j = 0
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for j = 1, . . . ,n, where recall from the previous section that⏐⏐⏐⏐⏐⏐⏐⏐
b21 . . . b2n
... . . . ...

bn+11 . . . bn+1n

⏐⏐⏐⏐⏐⏐⏐⏐ , . . . ,
⏐⏐⏐⏐⏐⏐⏐⏐
b11 . . . b1n
... . . . ...
bn1 . . . bnn

⏐⏐⏐⏐⏐⏐⏐⏐
are respectively the local expressions of the sectionsω1, . . . ,ωn+1.
Now let dU be a local equation of d ∈ H0(X,OX(DW)). By (153)
we have ⏐⏐⏐⏐⏐⏐⏐⏐

b21 . . . b2n
... . . . ...

bn+11 . . . bn+1n

⏐⏐⏐⏐⏐⏐⏐⏐ = dU · f1,

...⏐⏐⏐⏐⏐⏐⏐⏐
b11 . . . b1n
... . . . ...
bn1 . . . bnn

⏐⏐⏐⏐⏐⏐⏐⏐ = dU · fn+1

where the functions fi are local expressions of ω̃i. Then we have

dU · (f1 · c1 + · · ·+ (−1)nfn+1 · cn+1) = 0

and
dU · (f1 · b1j + · · ·+ (−1)nfn+1 · bn+1j ) = 0

for j = 1, . . . ,n. Since by definition dU vanishes on DW ∩ U,
then on U

f1 · c1 + · · ·+ (−1)nfn+1 · cn+1 = 0

and
f1 · b1j + · · ·+ (−1)nfn+1 · bn+1j = 0

for j = 1, . . . ,n. We immediately obtain

f1 · s1 + · · ·+ (−1)nfn+1 · sn+1 = 0. (156)

By definition the scheme ZW ∩U is given by (f1 = 0, . . . , fn+1 =
0). Let P ∈ U be a point not in supp(ZW). At least one of the
functions fi can be inverted in a neighbourhood of P, for exam-
ple let the germ of f1 be nonzero in P. We have then a relation

s1 = g2 · s2 + · · ·+ gn+1 · sn+1

and so we can easily find holomorphic functions hi such that

Ωi = hi ·Ω1
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for i = 2, . . . ,n+ 1. Since

E(n) ψ→
n⋀
E

is injective, then we have

Ω̃i = hi · Ω̃1

for i = 2, . . . ,n+ 1. The section Ω̃1 is nonzero, otherwiseΩi = 0
for i = 1, . . . ,n+ 1 and then also ωi = 0 for i = 1, . . . ,n+ 1, but
this fact contradicts our hypothesis that λnW is not trivial (see
Definition 3.1.8). In particular we have proved that the sheaf
Im µ̃ has rank one outside ZW . Furthermore, since it is a sub-
sheaf of the locally free sheaf E(n), then Im µ̃ is torsion free.
Denote Im µ̃ by L.

By definition

Imµ := detF(−DW)⊗ IZW .

The morphism

α : E(n) → detF(−DW)

restricts to a surjective morphism, that we continue to call α,

L
α→ Imµ,

between two sheaves that are locally free of rank one outside
ZW . The kernel of α is then a torsion subsheaf of L, which is
torsion free, hence α gives an isomorphism L ∼= Imµ.

Since X is normal (actually it is smooth) and ZW has codi-
mension at least 2, we have that the inclusion

E(n) ⊃ (L∨)∨ ∼= detF(−DW)

gives the splitting

0 →→
⋀n−1

F →→ E(n) →→ detF(−DW) →→
↙↙

0.

Since ξDW
is the element of H1(X,F∨(DW)) associated to this

extension, we conclude that ξDW
= 0.

Comparing this theorem to the Adjoint Theorem for smooth
curves 2.2.10 we see that in the case of curves there is an equiv-
alence between the conditions ξDW

= 0 and [ω = 0], while in
this case we have only one implication. We prove now a theo-
rem which gives an inverse of this result.
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3.3.1 An inverse of the Adjoint Theorem

Let X be a smooth compact complex variety of dimension m
and F a locally free sheaf of rank n. Let ξ ∈ H1(X,F∨) be the
class associated to the extension (141). FixW = ⟨η1, . . . ,ηn+1⟩ ⊂
Ker (δξ) ⊂ H0(X,F) a subspace of dimension n+ 1 and take an
adjoint form ω = ωξ,W,B for chosen s1, . . . , sn+1 ∈ H0(X,E)
liftings of respectively η1, . . . ,ηn+1. As above set |λnW| = DW +

|MW |. Note that by construction the adjoint formω can be lifted
to H0(X, detF(−DW)).

Theorem 3.3.2. Assume that h0(X,OX(DW)) = 1. If ξDW
= 0 then

[ω] = 0.

Remark 3.3.3. If n = m = 1 an argument identical to the one
of Theorem 2.2.10 gives our thesis without the additional hypothesis
h0(X,OX(DW)) = 1. Hence we only need to deal with the remaining
cases.

We start with a couple of technical Lemmas

Lemma 3.3.4. If ξDW
= 0, there exists a lifting Ω ∈ H0(X,

⋀n
E) of

ω.

Proof. Let (ω) = DW + C be the decomposition of the adjoint
divisor in its fixed component and in its moving part.

By (152), that is

0

↓↓

0

↓↓
0 →→

⋀n−1
F →→ E(n) α →→

ψ
↓↓

detF(−DW)

·DW

↓↓

→→ 0

0 →→
⋀n−1

F →→
⋀n

E
ρn →→

↓↓

detF →→

↓↓

0

detF⊗OX
ODW

↓↓

detF⊗OX
ODW

↓↓
0 0

take a global lifting c ∈ H0(X, detF(−DW)) ofω. Since ξDW
= 0,

c can be lifted to a section e ∈ H0(X,E(n)). Define Ω := ψ(e). By
commutativity the claim follows.
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Lemma 3.3.5. Under the hypothesis of Lemma 3.3.4, there exists a
global section

µ ∈ H0(X,
n−1⋀

F⊗OC)

such that δ(µ) = ξDW
where δ is the coboundary homomorphism of

0→
n−1⋀

F(−C) →
n−1⋀

F →
n−1⋀

F⊗OC → 0. (157)

Proof. Consider the commutative diagram:

0

↓↓

0

↓↓

0

↓↓
0 →→ ⋀n−1 F(−C) →→

↓↓

⋀n E(−C)
G2 →→

G1

↓↓

detF(−C) →→

↓↓

0

0 →→ ⋀n−1 F
dϵ →→

H1

↓↓

⋀n E
ρn →→

↓↓

detF →→

↓↓

0

0 →→ ⋀n−1 F⊗OX
OC

H2 →→

↓↓

⋀n E⊗OX
OC

H3 →→

↓↓

detF⊗OX
OC

→→

↓↓

0

0 0 0

By Lemma 3.3.4 we have the global section Ω.
By commutativity, H3(Ω|C) = 0. Hence there exists

µ ∈ H0(X,
n−1⋀

F⊗OC)

such that H2(µ) = Ω|C. It remains to show that δ(µ) = ξDW
.

To do this we consider the cocycle {ξαβ} which gives ξ with
respect to an open cover {Uα} of X. For any α there exists γα ∈⋀n−1

F(Uα) such that:

Ω|Uα
= ωα + γα ∧ dϵ (158)

where ωα is obtained by the analogous expression to the one
in equation (149) but on

⋀n
E. A local computation on Uα ∩Uβ

shows that ωβ−ωα = ξαβ(ω)∧dϵ, where the notation ξαβ(ω)

indicates the natural contraction. Since we have a global lifting
of ω, this cocycle must be a coboundary. Hence by (158)

(γβ − γα)∧ dϵ = ωβ −ωα = ξαβ(ω)∧ dϵ,

that is γβ − γα = ξαβ(ω). Note that the sections γα are local
liftings of µ. Indeed by the injectivity of H2, it is enough to
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show that (γα ∧ dϵ)|C = Ω|C, and this is obvious by (158) and
by the fact that ωα|C = 0. Since the morphism

n−1⋀
F(−C)(Uα ∩Uβ) →

n−1⋀
F(Uα ∩Uβ)

is given by multiplication by cαβ, where cαβ is a local equation
of C on Uα ∩Uβ, then the desired expression of the coboundary
δ(µ) is given by the cocycle

γβ − γα

cαβ
=
ξαβ(ω)

cαβ
.

By the above local computation, we see that this cocycle gives
ξDW

via the isomorphism

H1(X,
n−1⋀

F(−C)) ∼= H1(X,F∨(DW)). (159)

This is easy to prove since ξDW
is locally given by ξαβ · dαβ,

where dαβ is the equation of DW on Uα ∩ Uβ, so the image

of ξDW
through the isomorphism (159) is ξαβ·dαβ·cαβ

cαβ
=

ξαβ(ω)
cαβ

,
which is exactly δ(µ).

We can now prove Theorem 3.3.2.

Proof. We split the proof into two parts.
First Part. In the first step of the proof we construct a global

section

Ω ′ ∈ H0(X,
n⋀
E(−C))

which restricts, through the natural map
⋀n

E(−C) → detF(−C),
to d ∈ H0(X, detF(−C)), where (d) = DW . By Lemma 3.3.5
there exists µ ∈ H0(X,

⋀n−1
F⊗OC) such that δ(µ) = ξDW

.
Now we use our hypothesis ξDW

= 0 to write δ(µ) = 0. Then
there exists a global section µ̄ ∈ H0(X,

⋀n−1
F) which is a lifting

of µ. Define

Ω̃ := Ω− µ̄∧ dϵ ∈ H0(X,
n⋀
E).

By construction Ω̃ is a new lifting of ω which now vanishes
once restricted to C:

Ω̃|C = Ω|C − µ̄∧ dϵ|C = Ω|C −H2(µ) = 0

(recall by Lemma 3.3.5 that H2(µ) = Ω|C). The wanted section
Ω ′ ∈ H0(X,

⋀n
E(−C)) is the global section which lifts Ω̃ and

by construction satisfies ρn(G1(Ω ′)) = ω and G2(Ω ′) = d.
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Second Part. In the second part we show that [ω] = 0 using
the section Ω ′ from the first part: the existence of Ω ′ together
with the fact that h0(X,OX(DW)) = 1 will force the adjoint ω to
be a linear combination of η1, . . . ,ηn+1.

The global sections ωi := λn(η1 ∧ . . . ∧ η̂i ∧ . . . ∧ ηn+1) ∈
H0(X, detF) generate λnW and by definition they vanish on
DW , that is there exist global sections ω̃i ∈ H0(X, detF(−DW))

such that ωi = ω̃i · d. We consider now the commutative dia-
gram

0 →→ OX(−C)
α →→

·C
↓↓

W ⊗OX
γ →→

β
↓↓

F̄ →→

ι

↓↓

0

0 →→ OX
dϵ →→ E

ρ1 →→ F →→ 0.

(160)

The homomorphism β is locally defined by

(f1, . . . , fn+1) ↦→ (−1)nf1 · s1 + · · ·+ fn+1 · sn+1
and similarly ρ1 ◦β is given by

(f1, . . . , fn+1) ↦→ (−1)nf1 · η1 + · · ·+ fn+1 · ηn+1.

The homomorphism ι ◦ γ is the factorization of this map and
it defines F̄. The homomorphism α is defined in the following
way: if f ∈ OX(−C)(U) is a local section, then ω̃i are sections of
the dual sheaf OX(C) and, locally on U, α is given by

f ↦→ (ω̃1(f), . . . , ω̃n+1(f)).

We want to verify that the first square is commutative. If we
write locally ηi =

∑n
j=1 b

i
j · σj, and

si =

n∑
j=1

bij · σj + ci · dϵ,

then

β(α(f)) = β

⎛⎜⎜⎝fU
⏐⏐⏐⏐⏐⏐⏐⏐
b21 . . . b2n
...

. . .
...

bn+1
1 . . . bn+1

n

⏐⏐⏐⏐⏐⏐⏐⏐
1

dU
, . . . , fU

⏐⏐⏐⏐⏐⏐⏐⏐
b11 . . . b1n
...

. . .
...

bn1 . . . bnn

⏐⏐⏐⏐⏐⏐⏐⏐
1

dU

⎞⎟⎟⎠ =

= (−1)nfU

⏐⏐⏐⏐⏐⏐⏐⏐
b21 . . . b2n
...

. . .
...

bn+1
1 . . . bn+1

n

⏐⏐⏐⏐⏐⏐⏐⏐
1

dU
s1 + · · ·+ fU

⏐⏐⏐⏐⏐⏐⏐⏐
b11 . . . b1n
...

. . .
...

bn1 . . . bnn

⏐⏐⏐⏐⏐⏐⏐⏐
1

dU
sn+1 =

= fU

⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐

b11 . . . b1n c1

b21 . . . b2n c2

...
. . .

...
...

bn+1
1 . . . bn+1

n cn+1

⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐
1

dU
dϵ = (fU · cU)dϵ,
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where fU and dU are local holomorphic functions which repre-
sent the sections f and d respectively. The first equality uses the
fact that the determinants appearing in the first line are the lo-
cal equations of the sections ωi (see also the proof of Theorem
3.3.1); the last equality comes from the fact that the determi-
nant in the second to last line is the local equation of ω, and
ω = d · c. To dualize diagram (160) we recall the sheaves iso-
morphisms F∨ ∼=

⋀n−1
F(−C−DW) and E∨ ∼=

⋀n
E(−C−DW).

Moreover we also recall the isomorphism W∨ ∼=
⋀nW, given

by
ηi ↦→ η1 ∧ . . .∧ η̂i ∧ . . .∧ ηn+1

where η1, . . . ,ηn+1 is the basis ofW∨ dual to the basis η1, . . . ,ηn+1
of W. Define

ei := η1 ∧ . . .∧ η̂i ∧ . . .∧ ηn+1.

Now we dualize (160):

0 →→ F̄∨ γ∨

→→ ⋀nW ⊗OX
α∨

→→ detF(−DW)

0 →→ ⋀n−1 F(−C−DW) →→

↑↑

⋀n E(−C−DW) →→

β∨

↑↑

OX

·C

↑↑

→→ 0.
(161)

Here α∨ is the evaluation map given by the global sections ω̃i,
not necessarily surjective. Nevertheless we tensor by OX(DW)

and we obtain

⋀nW ⊗H0(X,OX(DW))
α∨ →→ H0(X, detF)

H0(X,
⋀n

E(−C)) →→

β∨

↑↑

H0(X,OX(DW)).

·C
↑↑

The section Ω ′ ∈ H0(X,
⋀n

E(−C)) constructed in the first part
of the proof gives in H0(X, detF) the adjoint ω. By commutativ-
ity

ω = α∨(β∨(Ω ′)).

By our hypothesis h0(X,OX(DW)) = 1, the section d is a basis of
H0(X,OX(DW)), so (e1 ⊗ d, . . . , en+1 ⊗ d) is a basis of the vector
space

⋀nW ⊗H0(X,OX(DW)). We have then

β∨(Ω ′) =
n+1∑
i=1

ci · ei ⊗ d
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where ci ∈ C and

ω = α∨(β∨(Ω ′)) = α∨(

n+1∑
i=1

ci ·ei⊗d) =
n+1∑
i=1

ci · ω̃i ·d =

n+1∑
i=1

ci ·ωi,

and hence [ω] = 0.

We remark that in the case h0(X,OX(DW)) = 1, Theorem 3.3.1
and Theorem 3.3.2 give a full characterization for the condition
ξDW

= 0, that is

ξDW
= 0 iff [ω = 0].

In the particular case DW = 0, the hypothesis h0(X,OX(DW)) =

1 is trivially true and this characterization simply is

ξ = 0 iff [ω = 0].

3.4 an infinitesimal torelli theorem

As an easy consequence of the Adjoint Theorem we have the
infinitesimal Torelli theorem for primitive varieties with pg =

q = n+ 1.
We recall that any irregular variety X comes equipped with

its Albanese variety Alb(X) and its Albanese morphism

alb : X→ Alb(X).

Definition 3.4.1. A fibration is a surjective proper flat morphism
f : X → Z with connected fibers between the smooth varieties X and
Z. A fibration f : X→ Z is irregular if Z is an irregular variety.

A smooth irregular variety X is said to be of maximal Albanese
dimension if dim alb(X) = dimX. If dim alb(X) = dimX and
alb : X → Alb(X) is not surjective, that is q(X) > dimX, X is said
to be of Albanese general type.

A fibration f : X→ Z is called a higher irrational pencil if Z is of
Albanese general type. An irregular variety X is said to be primitive
if it does not admit any higher irrational pencil; see: [12, Definition
1.20], [25, Definition 1.2.4].

Note that irregular fibrations (resp. higher irrational pencils)
are higher-dimensional analogous to fibrations over non-rational
curves (resp. curves of genus g > 2).

If X is primitive, the Generalized Castelnuovo-de Franchis
Theorem (see [12, Theorem 1.14]), implies that the maps

k⋀
H0(X,Ω1X) → H0(X,ΩkX)
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do not map to 0 decomposable elements.

Corollary 3.4.2. Let X be an n-dimensional primitive variety of gen-
eral type such that pg = q = n+ 1. If Ω1X is globally generated by
global sections then the infinitesimal Torelli theorem holds for X.

Proof. Take W = H0(X,Ω1X). Since X is primitive,

λnW = ⟨ω1, . . . ,ωn+1⟩ = H0(X,ωX).

By the Torelli hypothesis W = Ker δξ, we can construct an ad-
joint form ωξ,W,B and obviously ωξ,W,B ∈ λnW. Hence, by The-
orem 3.3.1, ξDW

= 0. If Ω1X is generated by global sections then
DW = 0, which implies that ξ = 0.

In a similar way we have

Corollary 3.4.3. Let X be a surface of general type such that pg =

q = 3, K2X = 6 and the canonical system |KX| is base point free. Then
the infinitesimal Torelli theorem holds for X.

Proof. Indeed a surface of general type such that pg = q = 3

and K2X = 6 is the symmetric product of a non-hyperelliptic
curve of genus 3 by [13, Proposition 3.17, (i)]. Hence the proof
is similar to the one of Corollary 3.4.2.

Remark 3.4.4. Note that for surfaces of general type which are the
symmetric product of a hyperelliptic curve of genus 3, the infinites-
imal Torelli theorem does not hold by [51]. Indeed DΩ1

X
exists and

it is a rational −2 curve; see: [13, Proposition 3.17, (ii)]. Hence an
infinitesimal Torelli deformation is supported on DΩ1

X
.

3.5 adjoint quadrics

Consider a locally free sheaf F of rank n over anm-dimensional
smooth variety X. Naturally associated to F there is the invert-
ible sheaf detF and the natural homomorphism:

λn :

n⋀
H0(X,F) → H0(X, detF). (162)

We denote by λnH0(X,F) its image. Consider the linear system

P(λnH0(X,F))

and call DF its fixed component and |MF| its associated mobile
linear system. Moreover we denote by |detF| the linear system
associated to detF and by DdetF, MdetF respectively its fixed
and its movable part; that is: |detF| = DdetF + |MdetF|. Finally
note that DdetF is a sub-divisor of DF.
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Definition 3.5.1. An adjoint quadric for ω, or simply ω-adjoint
quadric, is a quadric in the projective space P(H0(X, detF)∨) which
can be written in the form

ω2 =
∑

Li ·ωi,

where ω is an adjoint form of ξ and W ⊂ H0(X,F), ωi := λn(η1 ∧

. . .∧ η̂i ∧ . . .∧ ηn+1) ∈ H0(X, detF) and Li ∈ H0(X, detF).

Obviously an adjoint quadric has rank less than or equal to
2n+ 3, and, if it exists, it is constructed by the extension class
ξ.

The following theorem relates adjoint quadrics and adjoint
forms. It turns out that the absence of adjoint quadrics is strictly
related to the vanishing of the adjoint image.

Theorem 3.5.2. Let X be an m-dimensional smooth variety. Let F

be a locally free sheaf of rank n such that h0(X,F) > n + 1, let
ξ ∈ H1(X,F∨) and let Y be the schematic image of

φ|MdetF |
: X 99K P(H0(X, detF)∨).

If ξ is such that δ0,nξ (ω) = 0, where ω is an adjoint form associated
to an n + 1-dimensional subspace W ⊂ Ker δξ ⊂ H0(X,F), then
[ω] = 0, provided that there are no ω-adjoint quadrics vanishing on
Y.

Proof. Let B = {η1, . . . ,ηn+1} be a basis of W. Set ωi for i =

1, . . . ,n + 1 as above and denote by ω̃i ∈ H0(detF(−DW) ⊗
IZW ) the corresponding sections via

0→ H0(X, detF(−DW)⊗ IZW ) → H0(X, detF).

Recall that λnW := ⟨ω1, . . . ,ωn+1⟩ ⊂ H0(X, detF) is the vector
space generated by the sections ωi. The standard evaluation
map

n⋀
W ⊗OX → detF(−DW)⊗ IZW

given by ω̃1, . . . , ω̃n+1 results in the following exact sequence

0 →→ K →→
⋀nW ⊗OX →→ detF(−DW)⊗ IZW

→→ 0

(163)
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which is associated to the class ξ ′ ∈ Ext1(detF(−DW)⊗ IZW ,K).
This sequence fits into the following commutative diagram (cf.
(161))

0 →→ K →→
⋀nW ⊗OX →→ detF(−DW)⊗ IZW

→→ 0

0 →→ F∨ →→

↑↑

E∨ →→

f

↑↑

OX

g

↑↑

→→ 0,

where f is the map given by the contraction by the sections
(−1)n+1−isi, for i = 1, . . . ,n+ 1, and g is given by the global
section

σ ∈ H0(X, detF(−DW)⊗ IZW )

corresponding to the adjoint ω. We have the standard factoriza-
tion

0 →→ K →→
⋀nW ⊗OX →→ detF(−DW)⊗ IZW

→→ 0

0 →→ K →→ L →→

↑↑

OX

g

↑↑

→→ 0

0 →→ F∨ →→

↑↑

E∨ →→

↑↑

OX →→ 0

where the sequence in the middle is associated to the class ξ ′′ ∈
H1(X,K) which is the image of ξ ∈ H1(X,F∨) through the map
H1(X,F∨) → H1(X,K). In particular we obtain the commutative
square

H0(X, detF(−DW)⊗ IZW ) →→ H1(X,K)

H0(X,OX)

↑↑

→→ H1(X,K).

By commutativity we immediately have that the image of σ
through the coboundary map

H0(X, detF(−DW)⊗ IZW ) → H1(X,K)

is ξ ′′. Tensoring by detF, the map F∨ → K gives

F∨ ⊗ detF →→ K⊗ detF

⋀n−1
F

Γ

→→
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and, since ξ ·ω ∈ H1(X,F∨⊗detF) is sent to ξ ′′ ·ω ∈ H1(X,K⊗
detF), we have that

H1(Γ)(ξ∪ω) = ξ ′′ ·ω,

where ξ∪ω is the cup product.
By hypothesis δ0,nξ (ω) = ξ ∪ω = 0 ∈ H1(X,

⋀n−1
F), so also

ξ ′′ ·ω = 0 ∈ H1(X,K⊗ detF), hence the global section

σ ·ω ∈ H0(X, detF(−DW)⊗ IZW ⊗ detF)

is in the kernel of the coboundary map

H0(X, detF(−DW)⊗ IZW ⊗ detF) → H1(X,K⊗ detF)

associated to the sequence

0 →→ K⊗ detF →→ ⋀nW ⊗ detF →→ detF(−DW)⊗ IZW
⊗ detF →→ 0.

(164)
This occurs iff there exist Lσi ∈ H0(X, detF), i = 1, . . . ,n + 1

such that

σ ·ω =

n+1∑
i=1

Lσi · ω̃i. (165)

This relation gives the following relation in H0(X, detF⊗2):

ω ·ω =

n+1∑
i=1

Lσi ·ωi. (166)

Assume now that the adjoint form ω is not in the vector space
λnW. Then the equation (166) gives an adjoint quadric. By con-
tradiction the claim follows.

Corollary 3.5.3. Under the above hypotheses, ξ is a supported defor-
mation on DW ; that is, ξDW

is trivial.

Proof. The claim follows by Theorem 3.5.2 and by Theorem
3.3.1.

Remark 3.5.4. Consider a generically globally generated sheaf F of
rank n = dimX. By [55, Proposition 3.1.6], if W is a generic n+ 1-
dimensional subspace of H0(X,F), then DF = DW .

This allows us to prove the following

Corollary 3.5.5. Under the hypotheses of Theorem 3.5.2, if we further
assume that F has rank n = dimX and W is generic in H0(X,F), it
follows that ξ is a deformation supported onDF, that is ξDF

is trivial.
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Proof. If W is a generic n+ 1-dimensional subspace of H0(X,F),
we have that DF = DW . Then the claim follows by Corollary
3.5.3.

Note that there are cases where these hypotheses easily ap-
ply:

Corollary 3.5.6. Let X be an n-dimensional smooth variety. Let F be
a locally free sheaf of rank n. Assume that

φ|MdetF |
: X 99K P(H0(X, detF)∨)

is a non trivial rational map such that its schematic image is a com-
plete intersection of hypersurfaces of degree > 2. Let ξ ∈ H1(X,F∨).
If δξ = 0 and δ0,nξ (ω) = 0, where ω is an adjoint form associated
to a generic n+ 1-dimensional subspace W ⊂ H0(X,F), then ξ is a
deformation supported on DF. In particular if DF = 0 then ξ = 0.

Proof. The claim follows directly by Corollary 3.5.5.

Corollary 3.5.7. Let X be an n-dimensional variety of general type
with irregularity > n+ 1 and such that its cotangent sheaf is gener-
ated by global sections. Suppose also that there are no adjoint quadrics
containing the canonical image of X. Then the infinitesimal Torelli the-
orem holds for X. In particular it holds if there are no quadrics of rank
less than or equal to 2n+ 3 passing through the canonical image of
X.

Proof. By Corollary 3.5.5, any ξ ∈ H1(X, TX) such that δξ = 0

and δ0,nξ (ω) = 0, where ω is an adjoint form associated to a
generic n + 1-dimensional subspace W ⊂ H0(X,Ω1X), is sup-
ported on the branch locus of the Albanese morphism and,
since we have assumed it to be trivial, then the trivial infinites-
imal deformation is the only possible case.

Remark 3.5.8. As a typical application we obtain infinitesimal Torelli
for a smooth divisor X of an n + 1-dimensional Abelian variety A
such that pg(X) = n+ 2; for explicit examples consider the case of a
smooth surface X in a polarization of type (1, 1, 2) in an abelian 3-fold
A. The invariants of X are pg(X) = 4, q(X) = 3 and K2 = 12. The
canonical map is in general a birational morphism onto a surface of
degree 12. See [14, Theorem 6.4].
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3.6 families with birational fibers

3.6.1 Albanese type families

Theorem 3.5.2 provides a criterion to understand which fami-
lies of irregular varieties of general type have birational fibers.

To study a family π : X → B of irregular varieties it is natural
to consider the case where it comes equipped with a family
p : A → B of Abelian varieties; that is, the fiber Ab := p−1(b) is
an Abelian variety of dimension a > 0.

Definition 3.6.1. Let π : X → B be a family of irregular varieties of
general type and p : A → B a family of Abelian varieties. A morphism
Φ : X→A will be called a family of Albanese type over B if:

• Φ fits into the commutative diagram

X

π
↘↘

Φ →→ A

p
↙↙

B

• The induced map φb : Xb → Ab of Φ on Xb is birational onto
its image Yb.

• The cycle Yb generates the fiber Ab as a group.

See: [55, Definition 1.1.1.]. We remark that a > n ( cf. see [41,
p.311 and Corollary to Theorem 10.12,(i)]). We shall say that
two families over B, Φ : X → A and Ψ : Y → A, of Albanese
type have the same image if it is true fiberwise, that is φb(Xb) =
ψb(Yb) for every b ∈ B.

Remark 3.6.2. Albanese type families have a good behaviour under
base change. In fact let µ : B

′ → B be a base change, then µ∗(Φ) =

Φ× id : X×B B
′ → A×B B

′
is an Albanese type family over B

′
.

In particular for a connected subvariety C ↪→ B the base change of
Φ : X→A to C is well defined and it will be denoted by ΦC : XC →
AC.

If s : B→ A is a section of p : A → B, we define the translated
family Φs : X → A of Φ by the formula:

Φs(x) = Φ(x) + s(π(x)).

Notice that Φs : X → A is a family of Albanese type. Two
families Φ and Ψ over B are said to be translation equivalent if
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there exists a section σ of p such that the images of Φσ and Ψ
(fiberwise) coincide.

We are interested in a condition that guarantees that, up to
restriction, the fibers of the restricted family are birationally
equivalent. For the reader’s convenience we recall the following
definition given in [55, Definition 1.1.2]:

Definition 3.6.3. Two families of Albanese typeΦ : X→A andΦ ′ : X
′→A

′

over, respectively, B and B ′ will be said locally equivalent, if there
exist an open set U ⊂ B an open set U ′ ⊂ B ′ and a biregular map
µ : U ′ → U := µ(U ′) ⊂ B such that the pull-back families µ∗(ΦU)
and Φ

′

U
′ are translation equivalent. We will say that Φ is trivial if

X = X× B, A = A× B and πA(Φ(Xb)) = πA(Φ(Xb0)) for all b
where πA : A×B→ A is the natural projection.

Example 3.6.4. The standard example of Albanese type family is
given by a family π : X → B with a section s : B → X. Indeed
by s : B → X we have a family p : Alb(X) → B whose fiber is
p−1(b) = Alb(Xb); the section gives a family Φ : X → Alb(X) with
fiber:

alb(Xb) : Xb → Alb(Xb).

If we also assume that φb = alb(Xb) has degree 1 onto the image
then Φ : X → Alb(X) is an Albanese type family. We will call X Φ→
Alb(X) an Albanese family.

We will use the following:

Proposition 3.6.5. An Albanese type family Φ : X → A is locally
equivalent to a trivial family if and only if the fibers Xb are bira-
tionally equivalent.

Proof. See [55, Proposition 1.1.3].

3.6.2 Families with liftability conditions

To find conditions which ensure that the fibers of a family
π : X → B are birationally equivalent, it is natural to understand
conditions on Albanese type families whose associated family
of Abelian varieties is trivial. The easiest condition to think of
is given by the condition of liftability for any 1-form.

Proposition 3.6.6. Let Φ : X → A be an Albanese type family such
that for every b ∈ B the map H0(X,Ω1X) → H0(Xb,Ω1Xb) is surjec-
tive. Then up to shrinking B the fibers of p : A → B are isomorphic.
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Proof. Let µb ∈ Ext1(Ω1Ab
,OAb

) be the class given by the family
p : A → B, that is the class of the following extension:

0→ OAb
→ Ω1A|Ab

→ Ω1Ab
→ 0.

Now φ∗
bOAb

= OXb and the map φ∗
bOAb

→ φ∗
bΩ

1
A|Ab

is generi-
cally injective, hence it is injective because otherwise the kernel
would be a torsion subsheaf of OXb . Thus we have the following
exact sequence

0→ φ∗
bOAb

→ φ∗
bΩ

1
A|Ab

→ φ∗
bΩ

1
Ab

→ 0

which fits into the following diagram

0 →→ φ∗
bOAb

→→ φ∗
bΩ

1
A|Ab

→→

↓↓

φ∗
bΩ

1
Ab

↓↓

→→ 0

0 →→ OXb
→→ Ω1

X|Xb
→→ Ω1Xb

→→ 0.

In cohomology we have

H0(Xb,φ∗
bΩ

1
Ab

)

↓↓

→→ H1(Xb,OXb)

H0(Xb,Ω1Xb)
→→ H1(Xb,OXb)

so, by commutativity and by the surjectivity hypothesis

H0(X,Ω1X) � H0(Xb,Ω1Xb),

we immediately obtain

H0(Xb,φ∗
bΩ

1
A|Ab

) � H0(Xb,φ∗
bΩ

1
Ab

)

and hence the coboundary

δµb : H
0(Ab,Ω1Ab

) → H1(Ab,OAb
)

is trivial.
Then by [18, Page 78] we conclude.

For an Albanese type familyΦ : X → A such thatH0(X,Ω1X) �
H0(Xb,Ω1Xb) we can say more. Actually up to shrinking B, it is
trivial to show that for every b ∈ B it holds that Alb(Xb) = A

where A is a fixed Abelian variety. For later reference we state:



80 the adjoint theory in higher dimension

Corollary 3.6.7. Let Φ : X → A be an Albanese type family such
that H0(X,Ω1X) � H0(Xb,Ω1Xb) where b ∈ B. Then for every b ∈ B
there exists an open neighbourhood U such that the restricted family
ΦU : XU → AU is locally equivalent to Ψ : XU → Â×U, where Â
is an Abelian variety. Moreover there exists another Abelian variety
A such that for every b ∈ U it holds that A = Alb(Xb) and the
natural morphism A → Â gives a factorization of Ψ : XU → Â×U
via alb(XU) : XU → A×U.

Definition 3.6.8. We say that a family f : X→B of relative dimension
n satisfies extremal liftability conditions over B if

• H0(X,Ω1X) � H0(Xb,Ω1Xb);

• H0(X,ΩnX) � H0(Xb,ΩnXb).

This definition means that all the 1-forms and all the n-forms
of the fibers are obtained by restriction from the family X. Com-
paring the two conditions with the hypotheses of Theorem 3.5.2,
they ensure that δξ = 0 and δ0,nξ = 0.

Remark 3.6.9. Let X be a smooth variety such that alb(X) : X →
Alb(X) has degree 1. Let f : X −→ Z be a fibration of relative di-
mension n such that the general fiber f−1(y) = Xy is smooth of gen-
eral type and with irregularity q > n + 1. By rigidity of Abelian
subvarieties, the image of the map Alb(Xy) −→ Alb(X) is a (trans-
late of a) fixed abelian variety A. If, moreover, we have surjections
H0(X,Ω1X) � H0(Xy,Ω1Xy) and H0(X,ΩnX) � H0(X,Ω

n
Xy

), then
A = Alb(Xy) and taking a sufficiently small polydisk around any
smooth fibre of f we obtain a family which satisfies extremal liftability
conditions.

The main theorem of this section is based on the Volumetric
Theorem; see [55, Theorem 1.5.3]:

Theorem 3.6.10. Let Φ : X → A be an Albanese type family such
that p : A → B has fibers isomorphic to a fixed Abelian variety A.
Let W ⊂ H0(A,Ω1A) be a generic n+ 1-dimensional subspace and
Wb ⊂ H0(Xb,Ω1Xb) its pull-back over the fiber Xb. Assume that for
every point b ∈ B it holds that ω

ξb,Wb,Bb
∈ λnWb where ξb ∈

H1(Xb, TXb) is the class given on Xb by π : X → B, then the fibers of
π : X → B are birational.

Proof. See [55, Theorem 1.5.3].
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Theorem 3.6.11. Let Φ : X → A be a family of Albanese type whose
associated family of n-dimensional irregular varieties π : X → B sat-
isfies extremal liftability conditions. Assume that every fiber X of
π : X → B has irregularity > n + 1 and that there are no adjoint
quadrics through the canonical image of any fiber X. Then the fibers
of π : X → B are birational.

Proof. Since our claim is local in the analytic category, up to
base change, we can assume that B is a 1-dimensional disk and
that π : X → B has a section. More precisely we take two points
in B and a curve C connecting them, then make a base change
from B to C. Therefore in the rest of this proof B is a curve.
By proposition 3.6.6 p : A → B is trivial. Moreover the Albanese
family alb(X) : X → Alb(X) exists and by Corollary 3.6.7 we can
also assume that Alb(X) = A×B.

We denote by ξb ∈ H1(Xb, TXb) the class associated to the
infinitesimal deformation of Xb induced by π : X → B.

Let B := {dz1, . . . ,dzn+1} be a basis of an n+ 1-dimensional
generic subspace W of H0(A,Ω1A). For every b ∈ B let ηi(b) :=
alb(Xb)∗dzi, i = 1, . . . ,n + 1. By standard theory of the Al-
banese morphism it holds that Bb := {η1(b), . . . ,ηn+1(b)} is a
basis of the pull-backWb ofW inside H0(Xb,Ω1Xb). Letωi(b) :=

λn(η1(b)∧ . . .∧ηi−1(b)∧ η̂i(b)∧ . . .∧ηn+1(b)) for i = 1, . . . ,n+
1. Since Φ : X → A is a family of Albanese type, dim λnWb > 1,
actually by [55, Theorem 1.3.3] it follows that λnWb has dimen-
sion n+ 1, and we can write:

λnWb = ⟨ω1(b), . . . ,ωn+1(b)⟩.

Let ωb := ωξb,Wb,Bb
be an adjoint image of Wb.

By Theorem 3.5.2 it follows that ωb ∈ λnWb. By Theorem
3.6.10 we conclude.

The above theorem gives, in particular, an answer to the generic
Torelli problem if the fibers of π : X → B are smooth minimal
with unique minimal model. Indeed we have:

Corollary 3.6.12. Let π : X → B be a family of n-dimensional irreg-
ular varieties which satisfies extremal liftability conditions. Assume
that every fiber X is minimal, it has a unique minimal model and
its Albanese morphism has degree 1. If there are no adjoint quadrics
containing the canonical image of X, then the generic Torelli theorem
holds for π : X → B. In particular the claim holds if no quadric of
rank 6 2n+ 3 contains the canonical image of X.

Proof. Since the fiber X has a unique minimal model the claim
follows directly by Theorem 3.6.11.
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3.7 examples

We discuss a couple of examples of varieties whose canonical
image is not contained in any adjoint quadric. Consider the
product X = C1 × C2 of two canonical curves of genus 3. The
space of first order deformations of X, H1(X, TX), is isomorphic
to the direct sum H1(C1, TC1

)⊕H1(C2, TC2
), hence every defor-

mation ξ of X is uniquely associated to a pair ξ1, ξ2. We con-
sider a first order deformation ξ satisfying the Torelli hypothe-
sis δξ = 0. The canonical map of X is given by the Segre embed-
ding

X = C1 ×C2 ↪→ P2 × P2 ↪→ P8.

We call X0,X1,X2 the coordinates on P2 = P(H0(C1,ωC1
)∨) and

Y0, Y1, Y2 those on P2 = P(H0(C2,ωC2
)∨). On X we take the 1-

forms η1,η2,η3 corresponding to X1 + Y1, X2 + Y2 and X1 + Y2.
Since they are linearly independent we can construct the ad-
joint form ω and the sections ωi as described above. A simple
computation shows that if both the adjoint image of X1,X2 and
the adjoint image of Y1, Y2 are zero (on C1 and C2 respectively),
then also the class of ω is zero. On the other hand, assume that
at least one of the adjoint images on the curves, for example
the adjoint on C1, is not zero. Then, changing coordinates if
necessary, we can assume that it is X0. In the usual coordinates
Ui,j on P8, we have that ω1 = U2,2 − U1,2, ω2 = U1,2 − U1,1,
ω3 = U1,2 − U2,1 and the expression of the adjoint form ω

contains, for example, the term U0,2. We want now to show
that there are no adjoint quadrics of ω containing the image of
X ⊂ P8. Cohomological computations on the Segre embedding
show that, since the image of Ci in P2 is not contained in any
quadric (it is in fact a quartic), the quadrics of P8 vanishing on
X are exactly those vanishing on the image of P2×P2. Now, an
adjoint quadric ofω, that is a quadric in the formω2−

∑
Li ·ωi,

is homogeneous of degree 2 and contains the term U20,2 which
comes from ω2 and is not simplified by the sum

∑
Li ·ωi (this

is obvious looking at the expressions of the ωi). It is easy to
see that such a quadric is not contained in the ideal of P2 × P2,
which is generated by the quadrics Ui,jUk,l − Ui,lUk,j. Hence,
with our choice of the sections ηi, we have proved that there
are no adjoint quadrics of ω containing the canonical image of
the product of two canonical curves of genus 3.

A similar computation can be done for the product of two
canonical curves C1 and C2 of genus 4. The main difference
is that the canonical image of Ci in P3 is the complete inter-
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section of a quadric and a cubic. Assume that these quadrics
are of rank 4 and choose coordinates X0,X1,X2,X3 on P3 =

P(H0(C1,ωC1
)∨) and Y0, Y1, Y2, Y3 on P3 = P(H0(C2,ωC2

)∨)

such that the quadric containing C1 is X0 · X1 − X2 · X3 = 0

and the quadric containing C2 is Y0 · Y1 − Y2 · Y3 = 0. Taking
η1,η2,η3 corresponding to X1+ Y1, X3+ Y3 and X1+ Y3 we have
ω1 = U3,3 −U1,3, ω2 = U1,3 −U1,1 and ω3 = U1,3 −U3,1. As
before if the adjoint classes on the curves are zero, then also
the adjoint class on the product is zero. In the other case in
the expression of ω there are always terms (like for example
U0,3 or U2,3) that prevent an adjoint quadric ω2 −

∑
Li ·ωi to

be in the ideal of C1 × C2 inside P15. The difference with the
case of genus 3 is that one has to consider also quadrics van-
ishing on C1 × C2, but not on P3 × P3, that is the quadrics of
the form U0,i ·U1,j −U2,i ·U3,j = 0 and Ui,0 ·Uj,1 −Ui,2 ·Uj,3 = 0
which come from X0 · X1 − X2 · X3 = 0 and Y0 · Y1 − Y2 · Y3 = 0

respectively. The case where at least one of the quadrics con-
taining the canonical image of the curves is of rank 3 is simi-
lar. If for example the canonical image of C1 is contained in a
quadric of rank 3, we take coordinates such that this quadric
is X0 · X1 − X0 · X2 − X1 · X2 = 0, then the computations are the
same as in the rank 4 case.

Theorem 3.6.11, and consequently Corollary 3.6.12, applies
directly to the families whose fiber X has canonical map which
is not an isomorphism and X is an irregular variety such that its
canonical image Y is a (possibly very singular) hypersurface of
degree > 2 or a (possibly very singular) complete intersection
of hypersurfaces of degree > 2: see also Remark 3.5.8. Many of
these examples are not well studied in the literature.

As far as other possible examples are concerned, the class
of minimal irregular surfaces with very ample and primitive
canonical bundle should be worthy of study. Indeed we re-
mind the reader that the space Qk,n of quadrics of the projective
space Pn of rank 6 k has dimension k(n− k+ 1) +

(
k+1
2

)
− 1,

and letting n = pg(S) − 1, by Riemann-Roch theorem the di-
mension of the vector space of quadrics containing S = Y is
h0(Pn, IS/Pn(2)) =

(
n+2
2

)
− K2S − χ(OS). Now to apply our the-

ory in the case n = 2 we have to take k = 2n+ 3 = 7; hence,
imposing the natural condition K2S + χ(OS) > 7n− 15, it is at
least reasonable, by the obvious dimensional computation, to
expect that, for such a generic irregular surface, Q7,n is a direct
summand of H0(Pn, IS/Pn(2)). Then Corollary 3.6.12 applies to
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give generic Torelli theorem for such irregular surfaces of gen-
eral type (with Albanese map of degree 1 and irregularity > 4).

Clearly if X is a variety such that there exists a divisor D
with h0(X,OX(D)) > 2 and h0(X,OX(KX −D)) > 2 then the
usual argument of the Petri map for curves gives a quadric of
rank 3 or 4 containing the canonical image. It is also easy to
construct varieties such that this D exists. Nevertheless our the-
orem requires that no adjoint quadrics exist, so it can happen
that those low rank quadrics obtained by Petri-like arguments
are not adjoint quadrics. The geometry of 1-forms and of the
quadrics of low rank through the canonical image is an inter-
esting question as the problem of finding conditions such that
Q7,n ∩H0(Pn, IS/Pn(2)) = {0}.



4
G E N E R A L I Z E D A D J O I N T F O R M

The adjoint theory developed in Chapter 3 deals with exact
sequences of the form

0→ OX → E → F → 0

and, as we have seen, it is useful for the study of Torelli type
problems for irregular varieties. In this chapter on the other
hand we want to develop the tools for the study of a broader
class of varieties. In particular we will generalize the adjoint
theory of Chapter 3 for sequences of the form

0→ L → E → F → 0

where L is a locally free sheaf of rank 1 possibly different from
the structure sheaf OX.

4.1 the theory of generalized adjoint forms

Let X be a smooth m-dimensional compact complex smooth
variety and

0→ OX → E → F → 0 (167)

a short exact sequence of locally free sheaves on X with F of
rank n. In the previous chapters we have introduced the theory
of adjoint forms which is suitable for the study of the extension
class associated to such a sequence. However, one condition is
essential for the theory to work:

• h0(X,F) > n+ 1.

Sometimes this can be quite restrictive, hence we want to by-
pass this requirement. The first idea is to take the tensor prod-
uct of sequence (167) with a sufficiently ample line bundle L

and obtain the exact sequence

0→ L → E⊗L → F⊗L → 0. (168)

We can choose L in such a way that h0(X,F⊗L) > n+ 1. This
new sequence is still associated to the same extension class
as before, since there is a natural isomorphism Ext1(F,OX) ∼=

85
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Ext1(F⊗L,L). Therefore the study of (167) is equivalent to the
study of (168) under this point of view.

In this way we have bypassed the problem on the number
of global sections, but another obstruction to the application of
the adjoint theory arises: the leftmost term of (168) is not the
structure sheaf OX, but an invertible sheaf L. In this chapter we
want to develop a generalized version of the adjoint theory that
will be able to deal with sequences of the form

0→ L → E → F → 0 (169)

and hence solve the aforementioned problems.
As we have seen in the previous chapters the adjoint theory is

well-suited for the study of Torelli-type problems for irregular
varieties with q > n+ 1. In fact in this cases the exact sequence
associated to an infinitesimal deformation is

0→ OX → Ω1X|X → Ω1X → 0

and by hypothesis h0(X,Ω1X) = q > n+ 1. The generalized ver-
sion we present in this chapter can deal not only with irregular
varieties with q 6 n, but also with regular varieties. In particu-
lar we analyze the case of smooth projective hypersurfaces.

4.1.1 Definition of generalized adjoint form

Let X be a smooth compact complex variety of dimension m
and let F and L be two locally free sheaves on X of rank n
and 1 respectively. Consider the exact sequence of locally free
sheaves

0→ L → E → F → 0 (170)

associated to an element ξ ∈ Ext1(F,L) ∼= H1(X,F∨ ⊗ L). Re-
call that the invertible sheaf detF :=

⋀n
F fits into the exact

sequence

0→
n−1⋀

F⊗L →
n⋀
E → detF → 0, (171)

which still corresponds to ξ under the isomorphism Ext1(F,L) ∼=
Ext1(detF,

⋀n−1
F⊗L) ∼= H1(X,F∨⊗L). Furthermore detF sat-

isfies
detF⊗L ∼= detE. (172)

Note that sequence (171) corresponds to sequence (144) of the
previous chapter while isomorphism (172) corresponds to (145).



4.1 the theory of generalized adjoint forms 87

Let δξ : H0(X,F) → H1(X,L) be the connecting homomorphism
related to (170), and let W ⊂ Ker (δξ) be a vector subspace of
dimension n+ 1. Choose a basis B := {η1, . . . ,ηn+1} of W. Take
liftings s1, . . . , sn+1 ∈ H0(X,E) of the sections η1, . . . ,ηn+1. If we
consider the natural map

Λn :

n⋀
H0(X,E) → H0(X,

n⋀
E)

we can define the sections

Ωi := Λ
n(s1 ∧ . . .∧ ŝi ∧ . . .∧ sn+1) (173)

for i = 1, . . . ,n+ 1. As in the previous chapter, denote by ωi,
for i = 1, . . . ,n+ 1, the section λn(η1 ∧ . . .∧ η̂i ∧ . . .∧ ηn+1) ∈
H0(X, detF). We have that ωi is the image of Ωi via the mor-
phism

H0(X,
n⋀
E) → H0(X, detF).

The vector subspace of H0(X, detF) generated by ω1, . . . ,ωn+1
is denoted again by λnW.

Definition 4.1.1. If λnW is nontrivial, it induces a sublinear system
|λnW| ⊂ P(H0(X, detF)) that we will call adjoint sublinear sys-
tem. We callDW its fixed divisor and ZW the base locus of its moving
part |MW | ⊂ P(H0(X, detF(−DW))).

Definition 4.1.2. As in the previous chapters, we say that an exten-
sion ξ ∈ Ext1(F,L) is supported on a divisor D if

ξ ∈ Ker Ext1(F,L) → Ext1(F(−D),L). (174)

Definition 4.1.3. The section Ω ∈ H0(X, detE) corresponding to
s1 ∧ . . .∧ sn+1 via

Λn+1 :

n+1⋀
H0(X,E) → H0(X, detE) (175)

is called generalized adjoint form.

Remark 4.1.4. It is easy to see by local computation that this section
is in the image of the natural injection detE(−DW)⊗ IZW → detE.

We want to find a condition corresponding to the one in Prob-
lem 3.1.4. Note that in that case the condition ωξ,W,B ∈ λnW

can be written equivalently as

ωξ,W,B ∈ Im (H0(X,OX)⊗ λnW → H0(X, detF))



88 generalized adjoint form

by the obvious reason that H0(X,OX) = C. Hence in the general
case this condition can be replaced by

Ω ∈ Im (H0(X,L)⊗ λnW → H0(X, detE)). (176)

Note that since detE is no longer isomorphic to detF, we have
a difference in the codomain. Using the commutativity of

H0(X,L)⊗
⋀n

E →→

→→

H0(X,L)⊗ detF

↓↓
detE,

(176) can be equivalently written as

Ω ∈ Im (H0(X,L)⊗ ⟨Ωi⟩ → H0(X, detE)). (177)

Note that the map in (177) is given by the wedge product, while
the map in (176) by the isomorphism (172).

Remark 4.1.5. If H0(X,L) = 0, then these conditions are equivalent
to Ω = 0.

Remark 4.1.6. As in the previous chapter, the choice of the liftings is
not relevant for our purposes. Take different liftings s ′1, . . . , s

′
n+1 ∈

H0(X,E) of η1, . . . ,ηn+1 and call Ω ′
i ∈ H0(X,

⋀n
E) and Ω ′ ∈

H0(X, detE) the corresponding sections constructed as above. Obvi-
ously

Im (H0(X,L)⊗ ⟨Ωi⟩ → H0(X, detE)) =

= Im (H0(X,L)⊗
⟨
Ω ′
i

⟩
→ H0(X, detE)),

since they are both equal to Im (H0(X,L)⊗ λnW → H0(X, detE)).
It is also easy to see that Ω ∈ Im (H0(X,L)⊗ ⟨Ωi⟩ → H0(X, detE))
iff Ω ′ ∈ Im (H0(X,L)⊗

⟨
Ω ′
i

⟩
→ H0(X, detE)).

Remark 4.1.7. Consider another basis B ′ := {η ′1, . . . ,η
′
n+1} of W

and let A be the matrix of the basis change. The sections s ′1, . . . , s
′
n+1

obtained from s1, . . . , sn+1 through the matrix A are liftings of the
new basis η ′1, . . . ,η

′
n+1. The section Ω ′ := Λn+1(s ′1 ∧ . . . ∧ s

′
n+1)

satisfies Ω ′ = detA ·Ω. Moreover Ω ∈ Im (H0(X,L)⊗ ⟨Ωi⟩ →
H0(X, detE)) iff Ω ′ ∈ Im (H0(X,L)⊗

⟨
Ω ′
i

⟩
→ H0(X, detE)).

Lemma 4.1.8. If Ω ∈ Im (H0(X,L)⊗ ⟨Ωi⟩ → H0(X, detE)), then
we can find liftings ti ∈ H0(X,E), i = 1, . . . ,n+ 1, such that Ω̃ :=

Λn+1(t1 ∧ . . .∧ tn+1) = 0.
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Proof. By Remark 4.1.5, the proof is trivial if H0(X,L) = 0.
Hence we assume h0(X,L) > 0. By hypothesis there exist σi ∈
H0(X,L) such that

Ω =

n+1∑
i=1

σi ∧Ωi, (178)

that is

s1 ∧ . . .∧ sn+1 =

n+1∑
i=1

s1 ∧ . . .∧ ŝi ∧ . . .∧ sn+1 ∧ σi

for a choice of liftings s1, . . . , sn+1 of η1, . . . ,ηn+1. We can define
new liftings:

ti := si + (−1)n−iσi.

Now, since

t1∧ . . .∧ tn+1 = s1∧ . . .∧ sn+1−

n+1∑
i=1

s1∧ . . .∧ ŝi∧ . . .∧ sn+1∧σi,

we immediately deduce Ω̃ = 0.

Notation 4.1.9. From now on for simplicity call ΨB the map

ΨB : H0(X,L)⊗ ⟨Ωi⟩ → H0(X, detE). (179)

Then conditions (176) and (177) read Ω ∈ ImΨB.

From the natural map

F∨ ⊗L → F∨ ⊗L(DW)

we have a homomorphism

H1(X,F∨ ⊗L)
ρ→ H1(X,F∨ ⊗L(DW));

we call ξDW
= ρ(ξ).

4.1.2 Castelnuovo’s free pencil trick

The case where both L and F are of rank one, while X has di-
mension m, is peculiar. In this case W = ⟨η1,η2⟩ ⊂ H0(X,F)
has dimension two; as usual we choose liftings s1, s2 ∈ H0(X,E)
of η1,η2. Note also that ω1 = η2 and ω2 = η1, in particular
W = λ1W so DW is the fixed part of W and ZW is the base
locus of its moving part. Call η̃i ∈ H0(X,F(−DW)) the sections
corresponding to the ηi’s via H0(X,F(−DW)) → H0(X,F). The
following lemma is well known and it is the core of the Castel-
nuovo base point free pencil trick (see Lemma 2.4.2).
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Lemma 4.1.10. We have an exact sequence

0→ F∨(DW)
i→ OX ⊕OX

ν→ F(−DW)⊗ IZW → 0 (180)

where the morphism i is given by contraction with −η̃1 and η̃2, while
ν is given by evaluation with η̃2 on the first component and η̃1 on the
second one.

It is easy to see by local computation that sequence (180) fits
into the following commutative diagram

0 →→ F∨ →→

·DW
↓↓

E∨ →→

(−s1,s2)
↓↓

L∨ →→

Ω
↓↓

0

0 →→ F∨(DW)
i →→ OX ⊕OX

ν →→ F(−DW)⊗ IZW
→→ 0.
(181)

The morphism E∨ → OX ⊕OX is given by contraction with the
sections −s1 and s2, the morphism L∨ → F(−DW)⊗ IZW by
contraction with the adjointΩ. We can prove now the following

Theorem 4.1.11. Let X be anm-dimensional complex compact smooth
variety. Let F, L be invertible sheaves on X. Consider ξ ∈ H1(X,F∨⊗
L) associated to the extension (170). DefineW = ⟨η1,η2⟩ ⊂ Ker (δξ) ⊂
H0(X,F) and Ω as above. We have that Ω ∈ ImΨB if and only if
ξDW

= 0.

Proof. Tensoring (181) by L and passing to cohomology we have
the following diagram

H0(E∨ ⊗L) →→

(s1,−s2)

↓↓

C →→

β

↓↓

H1(F∨ ⊗L)

ρ

↓↓
H0(L⊕L)

ν →→ H0(F(−DW)⊗ IZW
⊗L)

δ →→ H1(F∨(DW)⊗L).
(182)

Obviously β(1) = Ω and, by commutativity, δ(β(1)) = ξDW
.

We have then ξDW
= 0 if and only if Ω ∈ Im (H0(L⊕ L)

ν→
H0(F(−DW) ⊗ IZW ⊗ L)). Since ν is given by the sections η̃2
and η̃1, this condition is equivalent to Ω ∈ Im (H0(X,L)⊗W →
H0(X, detE)), since detE = F⊗L.

4.1.3 The Adjoint Theorem

We go back now to the general case with F locally free of rank
n. By obvious identifications the natural map

Ext1(detF,
n−1⋀

F⊗L) → Ext1(detF(−DW),
n−1⋀

F⊗L)
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gives an extension E(n) and a commutative diagram:

0

↓↓

0

↓↓
0 →→

⋀n−1
F⊗L →→ E(n) α →→

ψ

↓↓

detF(−DW)

↓↓

→→ 0

0 →→
⋀n−1

F⊗L →→
⋀n

E →→

↓↓

detF →→

↓↓

0

detF⊗OX
ODW

↓↓

detF⊗OX
ODW

↓↓
0 0.

(183)

Theorem 4.1.12 (Generalized Adjoint Theorem). Let X be an m-
dimensional complex compact smooth variety. Let F be a rank n lo-
cally free sheaf on X and L an invertible sheaf with H0(X,L) ̸= 0.
Consider an extension

0→ L → E → F → 0

corresponding to ξ ∈ Ext1(F,L) ∼= H1(X,F∨ ⊗ L). Define W =

⟨η1, . . . ,ηn+1⟩ ⊂ Ker (δξ) ⊂ H0(X,F) and Ω as above.
If Ω ∈ ImΨB then ξ ∈ Ker (H1(X,F∨ ⊗ L) → H1(X,F∨ ⊗

L(DW))).

Proof. By the hypothesis Ω ∈ ImΨB and by lemma (4.1.8), we
can choose liftings si ∈ H0(X,E) of ηi with Ω = 0.

Since DW is the fixed divisor of the linear system |λnW| and
the sections ωi generate this linear system, then the ωi are in
the image of

detF(−DW) → detF,

so we can find sections ω̃i ∈ H0(X, detF(−DW)) such that

ω̃i · d = ωi, (184)

where d is a global section of OX(DW) with (d) = DW . Hence,
using the commutativity of (183), we can find liftings Ω̃i ∈
H0(X,E(n)) of the sections Ωi. The evaluation map

n+1⨁
i=1

OX
µ̃→ E(n)
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given by the global sections Ω̃i, composed with the map α of
(183), induces a map µ which fits into the following diagram⨁n+1

i=1 OX

µ̃
↓↓

⨁n+1
i=1 OX

µ

↓↓
0 →→

⋀n−1
F⊗L →→ E(n) α →→ detF(−DW) →→ 0.

We point out that the morphism µ is given by multiplication
by ω̃i on the i-th component. The sheaf Im µ̃ is torsion free
since it is a subsheaf of the locally free sheaf E(n). Moreover,
since Ω = 0, a local computation shows that Im µ̃ has rank one
outside ZW . On the other hand the sheaf Imµ is by definition

Imµ = detF(−DW)⊗ IZW .

The morphism

α : E(n) → detF(−DW)

induces a surjective morphism, that we continue to call α,

Im µ̃
α→ Imµ

between two sheaves that are locally free of rank one outside
ZW . This morphism is also injective, because its kernel is a tor-
sion subsheaf of the torsion free sheaf Im µ̃, hence it is trivial.

We have proved that

Im µ̃ ∼= detF(−DW)⊗ IZW ,

so
E(n) ⊃ (Im µ̃)∨∨ ∼= detF(−DW).

This isomorphism gives the splitting

0 →→
⋀n−1

F⊗L →→ E(n) →→ detF(−DW) →→
↙↙

0.

Since ξDW
is the element of H1(X,F∨ ⊗ L(DW)) associated to

this extension, we conclude that ξDW
= 0.

We have proved the Generalized Adjoint Theorem.

4.1.3.1 An inverse of the Generalized Adjoint Theorem

As in the previous chapter, we have an inverse of the General-
ized Adjoint Theorem.
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Theorem 4.1.13. Let X be anm-dimensional complex compact smooth
variety. Let F be a rank n locally free sheaf on X and L an invert-
ible sheaf. Consider an extension 0 → L → E → F → 0 corre-
sponding to ξ ∈ Ext1(F,L). Let W = ⟨η1, . . . ,ηn+1⟩ be a n + 1-
dimensional sublinear system of Ker (δξ) ⊂ H0(X,F). Let Ω ∈
H0(X, detE) be an adjoint form associated to W as above. Assume
that H0(X,L) ∼= H0(X,L(DW)). If ξ ∈ Ker (H1(X,F∨ ⊗ L) →
H1(X,F∨ ⊗L(DW))), then Ω ∈ ImΨB.

Proof. If F is a rank one sheaf, then Theorem 4.1.11 gives the
thesis without the extra assumption H0(X,L) ∼= H0(X,L(DW)).
We assume then rank F > 2.

In the remaining cases the proof is very similar to the one
of Theorem 3.3.2. The hypothesis H0(X,L) ∼= H0(X,L(DW)) re-
places H0(X,OX(DW)) = C.

By the Generalized Adjoint Theorem and Theorem 4.1.13 we
deduce the following

Corollary 4.1.14. If DW = 0, then ξ = 0 iff Ω ∈ Im (H0(X,L)⊗
λnW → H0(X, detE)).

4.2 generalized adjoint quadrics

The notion of adjoint quadric introduced in the previous chap-
ter can be generalized also in this context. With the same nota-
tions introduced in Section 3.5, we give the following

Definition 4.2.1. A generalized adjoint quadric forΩ is a quadric
in P(H0(X, detE)∨) of the form

Ω2 =
∑

Ei · σi,

where Ω is a generalized adjoint of W ⊂ H0(X,F) and σi, Ei are ele-
ments of H0(X, detE) for i = 1, . . . ,n+ 1 with σi ∈ ImH0(X,L)⊗
λnW.

Theorem 4.2.2. Let X be a m-dimensional smooth compact variety
where m > 2. Let F be a generically globally generated locally free
sheaf of rank n such that h0(X,F) > n+ 1. Let Y be the schematic im-
age ofφ|MdetE|

: X 99K P(H0(X, detE)∨) and assume thatH0(Y, IY(2))
contains no adjoint quadrics, where IY is the ideal sheaf of Y. Assume
also that the map H0(X, detE)⊗H0(X,L) → H0(X, detE⊗ L) is
surjective. If W ⊂ Ker δξ is an n+ 1-dimensional subspace and the
associated adjoint Ω is sent to zero by the cup product with ξ, then
Ω ∈ ImΨB.
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Proof. Let B = {η1, . . . ,ηn+1} be a basis of W. Set ωi := λn(η1 ∧
. . . ∧ η̂i ∧ . . . ∧ ηn+1) ∈ H0(X, detF) where i = 1, . . . ,n + 1,
and denote by ω̃i ∈ H0(detF(−DW) ⊗ IZW ) the correspond-
ing sections via 0 → H0(X, detF(−DW)⊗ IZW ) → H0(X, detF).
The standard evaluation map

⋀nW⊗OX → detF(−DW)⊗ IZW
given by ω̃1, . . . , ω̃n+1 results in the following exact sequence

0 →→ K →→
⋀nW ⊗OX →→ detF(−DW)⊗ IZW

→→ 0

(185)
which is associated to the class ξ ′ ∈ Ext1(detF(−DW)⊗ IZW ,K).
This sequence fits into the following commutative diagram

0 →→ K →→
⋀nW ⊗OX →→ detF(−DW)⊗ IZW

→→ 0

0 →→ F∨ →→

↑↑

E∨ →→

f

↑↑

L∨

g

↑↑

→→ 0,

where f is the map given by the contraction by the sections
(−1)n+1−isi, for i = 1, . . . ,n+ 1, and g is given by the global
section σ ∈ H0(X, detE(−DW)⊗ IZW ) corresponding to the ad-
joint Ω (cf. 4.1.4). Tensoring by L we obtain

0 →→ K̃ →→
⋀nW ⊗L →→ detE(−DW)⊗ IZW

→→ 0

0 →→ F∨ ⊗L →→

↑↑

E∨ ⊗L →→

↑↑

OX

↑↑

→→ 0.

We have the standard factorization

0 →→ K̃ →→
⋀nW ⊗L →→ detE(−DW)⊗ IZW

→→ 0

0 →→ K̃ →→ A →→

↑↑

OX

↑↑

→→ 0

0 →→ F∨ ⊗L →→

↑↑

E∨ ⊗L →→

↑↑

OX →→ 0

where the sequence in the middle is associated to the class ξ ′′ ∈
H1(X, K̃) which is the image of ξ ∈ H1(X,F∨ ⊗L) through the
map H1(X,F∨ ⊗ L) → H1(X, K̃). In particular we obtain the
commutative square

H0(X, detE(−DW)⊗ IZW ) →→ H1(X, K̃)

H0(X,OX)

↑↑

→→ H1(X, K̃).
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By commutativity we immediately have that the image of σ
through the coboundary map

H0(X, detE(−DW)⊗ IZW ) → H1(X, K̃)

is ξ ′′. Tensoring by L⊗ detE, the map F∨ → K gives

F∨ ⊗L⊗ detE →→ K̃⊗ detE

⋀n−1
F⊗L⊗2

Γ

→→ (186)

and, since ξ ·Ω ∈ H1(X,F∨ ⊗ L ⊗ detE) is sent to ξ ′′ ·Ω ∈
H1(X, K̃⊗ detE), we have that

H1(Γ)(ξ∪Ω) = ξ ′′ ·Ω, (187)

where ξ ∪Ω is the cup product. By hypothesis ξ ∪Ω = 0 ∈
H1(X,

⋀n−1
F ⊗ L⊗2), so also ξ ′′ ·Ω = 0 ∈ H1(X, K̃ ⊗ detE),

hence the global section σ ·Ω ∈ H0(X, detE(−DW) ⊗ IZW ⊗
detE) is in the kernel of the coboundary map

H0(X, detE(−DW)⊗ IZW ⊗ detF) → H1(X, K̃⊗ detE)

associated to the sequence

0→ K̃⊗ detE →
n⋀
W ⊗L⊗ detE →

→ detE(−DW)⊗ IZW ⊗ detE → 0.

This occurs iff there exist Lσi ∈ H0(X,L⊗ detE), i = 1, . . . ,n+ 1

such that

σ ·Ω =

n+1∑
i=1

Lσi · ω̃i. (188)

Since by hypothesis H0(X, detE)⊗H0(X,L) → H0(X, detE⊗L)

is surjective, we can write Lσi = Eσi · lσi where Eσi ∈ H0(X, detE)
and lσi ∈ H0(X,L). The relation (188) gives the following rela-
tion in H0(X, detE⊗ detE):

Ω ·Ω =

n+1∑
i=1

(Eσi · lσi ) ·ωi =
n+1∑
i=1

Eσi · (lσi ·ωi). (189)

Assume now that Ω is not in the image of H0(X,L)⊗ λnW →
H0(X, detE). Then (189) gives a nontrivial adjoint quadric in
H0(Y, IY(2)). A contradiction.
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Corollary 4.2.3. Under the same hypotheses assume also that n =

rk F = dimX, if ξ ∈ H1(X,F∨ ⊗ L) is such that δξ = 0 and
ξ ∪Ω = 0, where Ω is the adjoint form associated to a generic
n + 1-dimensional subspace W ⊂ H0(X,F), then ξ is a supported
deformation, that is, ξDF

is trivial.

Proof. TakeW a generic n+1-dimensional subspace ofH0(X,F).
By Theorem 4.2.2 we have that Ω ∈ ImΨB, hence we apply
Theorem 4.1.12 and we deduce that ξDW

= 0. By the fact that
DF = DW (see Remark 3.5.4), we conclude.

Recall the following definition ([30]):

Definition 4.2.4. We say that a property holds for a sufficiently am-
ple line bundle L on a projective variety X if there exists an ample line
bundle L0 such that the property holds for all L with L⊗L−1

0 ample.

A key observation is given in the following general lemma

Lemma 4.2.5. Let X be a projective variety and F a locally free sheaf
of rank n on X. If L is a sufficiently ample line bundle, then the
natural map

n⋀
H0(X,F⊗L) → H0(X, det(F⊗L)) (190)

is surjective.

Proof. First take an ample line bundle L1 such that F ⊗ L1 is
generated by its global sections; see [40, Definition on page 153].
That is we have an exact sequence

0→ K0 → H0(X,F⊗L1)⊗OX → F⊗L1 → 0.

The wedge of this sequence is

0→ K1 →
n⋀
H0(X,F⊗L1)⊗OX → det(F⊗L1) → 0.

SinceH1(X,K1) may not be zero, we take L2 such thatH1(X,K1⊗
Ln2 ) = 0; cf. [40, Chapter III, Theorem 5.2 (b)]. We have the exact
sequence

0→ K1⊗Ln2 →
n⋀
H0(X,F⊗L1)⊗Ln2 → det(F⊗L1⊗L2) → 0.

By hypothesis the map

n⋀
H0(X,F⊗L1)⊗H0(X,Ln2 ) → H0(X, det(F⊗L1 ⊗L2))
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is surjective. Now consider the following commutative diagram⋀nH0(X,F⊗L1)⊗H0(X,Ln2 ) →→ H0(X, det(F⊗L1 ⊗L2))

⋀n(H0(X,F⊗L1)⊗H0(X,L2))

↑↑

→→
⋀nH0(X,F⊗L1 ⊗L2)

↑↑

where all the maps are natural. The top horizontal map is sur-
jective by what we have just seen. The first vertical map is in-
duced by

v1 ⊗ u1 ∧ . . .∧ vn ⊗ un → (v1 ∧ . . .∧ vn)⊗ (u1 ⊗ . . .⊗ un)

and we can assume that it is surjective since L2 is ample enough
to have that

Symn(H0(X,L2)) → H0(X,Ln2 )

is surjective. Hence the second vertical arrow is surjective and
taking L = L1 ⊗L2 the lemma is proved.

Remark 4.2.6. This lemma, applied to the case we are interested in,
shows that if we tensor the sequence

0→ OX → E → F → 0 (191)

by an invertible sheaf L sufficiently ample, then every section of
H0(X, det(E⊗L)) can be obtained by an element of

⋀n+1H0(X,E⊗
L). This means that every element of H0(X, det(E⊗ L)) is a linear
combination of suitable adjoint forms.

We have then

Theorem 4.2.7. Let ξ ∈ H1(X,F), ξ ̸= 0 be a nontrivial extension
class associated to the exact sequence

0→ OX → E → F → 0. (192)

If L is sufficiently ample, then there exist N ∈ N such that for every
n > N

1.
⋀n+1H0(X,E⊗L⊗n) → H0(X, det(E⊗L⊗n)) is surjective

2. We can construct an adjoint Ω for the twisted sequence

0→ L⊗n → E⊗L⊗n → F⊗L⊗n → 0

and there exist Ei,σi ∈ H0(X, det(E⊗L⊗n)) for i = 1, . . . ,n+
1, such that Ω2 =

∑
Ei · σi, i.e. there are adjoint quadrics.
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Proof. The first part is a direct consequence of the previous
lemma.

For the second part, note that for L sufficiently ample the
sequence

0→ L⊗n → E⊗L⊗n → F⊗L⊗n → 0

satisfies

• H0(X,F⊗L⊗n) > n+ 1,

• H0(X, det(E⊗L⊗n))⊗H0(X,L⊗n) → H0(X, det(E⊗L⊗n)⊗
L⊗n) is surjective,

• H1(X,L⊗n) = 0.

We can assume that F ⊗ L⊗n is generated by global sections,
hence DF⊗L⊗n = 0 and ξDF⊗L⊗n = ξ. By Corollary 4.2.3, we
conclude.

4.2.1 Adjoint quadrics and Syzygies

There is another way to look at adjoint quadrics. Following [28],
we recall the notion of syzygy.

Consider a field k and a finite dimensional vector space V
over k. S(V) will denote the symmetric algebra on V . Then if we
take a graded S(V)-module B =

⨁
q∈Z Bq we have the standard

Koszul complex

· · · →
p+1⋀

V ⊗Bq−1
dp−1,q+1→

p⋀
V ⊗Bq

dp,q→
p−1⋀

V ⊗Bq+1 → . . .

(193)
The maps dp,q are constructed as follows.

The identity i ∈ V∨ ⊗ V gives the contraction

p⋀
V →

p−1⋀
V ⊗ V

which, composed with the multiplication

V ⊗Bq → Bq+1

is the map dp,q:⋀p V ⊗Bq →→

dp,q →→

⋀p−1 V ⊗ V ⊗Bq

↓↓⋀p−1 V ⊗Bq+1

.
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The cohomology groups Kp,q associated to this complex are
called Koszul cohomology groups and they are strictly related
to the so called syzygies of B.

The syzygies can be introduced as follows. Consider a mini-
mal free resolution of B of the form

· · ·
⨁
q>q1

S(V)(−q)⊗M1,q →
⨁
q>q1

S(V)(−q)⊗M0,q → B→ 0.

(194)
This resolution exists provided that dimk Bq < ∞ for all q and
{q ∈ Z | Bq ̸= 0} is bounded from below.

Definition 4.2.8. The syzygies of order p and weight q for the S(V)-
module B are the vector spaces Mp,q.

In particularM0,q is the vector space generated by the degree
q generators of B as S(V)-module, and M1,q is generated by the
primitive relations of weight q among the generators of B. That
is, an element of M1,q is a relation

∑
i uixi such that xi are

generators of degree ei and ui are elements of S(V) of degree
q− ei. The term primitive means that this relation is not a linear
combination of relations of lower weight.

The relation between syzygies and Koszul cohomology is
clear thanks to the following theorem: c.f. [28, Theorem 1.b.4].

Theorem 4.2.9. As vector spaces over k, Kp,q ∼=Mp,p+q.

We are interested in the following application. Consider X a
smooth projective variety and ξ ∈ H1(X,F∨ ⊗L) associated to
the extension

0→ L → E → F → 0. (195)

As usual we also assume that F is locally free and generically
globally generated of rank n such that h0(X,F) > n+ 1.

With the notation above, take

V := Im (H0(X,L)⊗H0(X, detF) → H0(X, detE))

and
B =

⨁
q∈Z

H0(X,qdetE).

Then B is an S(V)-module and we have the following

Proposition 4.2.10. Assume that V is strictly contained inH0(X, detE)
and that H0(X,L)⊗H0(X, detE) → H0(X, detE⊗L) is surjective.
Assume that the deformation ξ satisfies δξ = 0 and ξ∪Ω = 0, where
Ω is the adjoint form associated to a generic n+ 1-dimensional sub-
space W ⊂ H0(X,F). If K1,1 ∼=M1,2 = 0, then ξDF

= 0.
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Proof. Consider a generic subspace W ⊂ H0(X,F) and an asso-
ciated generalized adjoint Ω. If

Ω ∈ Im (H0(X,L)⊗ λnW → H0(X, detE)),

we are done by Theorem 4.1.12 and Remark 3.5.4. Otherwise
Ω and σi can be taken as generators of B, hence every adjoint
quadric

Ω2 −
∑

Li · σi
can be seen as an element of M1,2. Since this is zero by hy-
pothesis it follows that Ω2 −

∑
Li · σi is not a primitive relation

among the generators of B. Hence there are no adjoint quadrics
and, by Corollary 4.2.3, the deformation is supported on the
base locus DF.
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In this chapter the theory of generalized adjoint forms is ap-
plied to the case of smooth projective hypersurfaces and of
smooth sufficiently ample divisors of a projective variety. See
[61].

5.1 infinitesimal torelli theorem for projective

hypersurfaces

We start with the study of smooth hypersurfaces of the projec-
tive space Pn.

5.1.1 Meromorphic 1-forms on a smooth projective hypersurface

Let V ⊂ Pn be a smooth hypersurface defined by a homoge-
neous polynomial F ∈ C[x0, . . . , xn] of degree deg F = d. An
infinitesimal deformation ξ ∈ Ext1(Ω1V ,OV) of V gives an exact
sequence for the sheaf of differential forms Ω1V :

0→ OV → Ω1V|V → Ω1V → 0. (196)

We assume that n > 3, hence H0(V ,Ω1V) = 0 and we are facing
the problem described at the beginning of Chapter 4. As we
have seen the idea is to twist (196) by a suitable integer a such
thatΩ1V(a) has at least n = rank (Ω1V)+ 1 global sections. Using
the exact sequence

0→ OV(−d) → Ω1Pn|V → Ω1V → 0 (197)

one can compute that a = 2 is enough for this purpose, that
is h0(V ,Ω1V(2)) > n. So from now on we will consider the se-
quence

0→ OV(2) → Ω1V|V(2) → Ω1V(2) → 0 (198)

which again corresponds to

ξ ∈ Ext1(Ω1V(2),OV(2)) ∼= Ext1(Ω1V ,OV) ∼= H1(V , TV).

Denote by J the Jacobian ideal of F, that is the ideal of C[x0, . . . , xn]
generated by the partial derivatives ∂F

∂xi
for i = 0, . . . ,n. As we

101
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have seen in Section 1.5, the deformation ξ is given by a class
[R] of degree d in the quotient C[x0, . . . , xn]/J. If we choose a
representative R for this class, then F+ tR = 0, for small t, is the
equation of the hypersurface that is the associated deformation
of V .

From now on fix an infinitesimal deformation ξ and a repre-
sentative R of its corresponding class.

Putting together sequence (198) and the conormal exact se-
quence (197) we obtain the diagram

0

0 →→ OV(2) →→ Ω1
V|V(2)

→→ Ω1V(2)

↑↑

→→ 0

Ω1
Pn|V(2)

↑↑

OV(2− d)

↑↑

0

↑↑

which can be completed as follows

0 0

0 →→ OV(2) →→ Ω1
V|V(2)

↑↑

→→ Ω1V(2)

↑↑

→→ 0

0 →→ OV(2) →→ G →→

↑↑

Ω1
Pn|V(2)

↑↑

→→ 0

OV(2− d)

↑↑

OV(2− d)

↑↑

0

↑↑

0.

↑↑

(199)

Since the deformation ξ of (198) comes from R ∈ H0(Pn,OnP(d)),
then it gives the zero element in H1(V , TPn|V), hence we have
that the sheaf G in (199) is a direct sum G = OV(2)⊕Ω1Pn|V(2).
This can be seen also from the fact that G is the restriction to
V of the tensor product with OPn(2) of the sheaf of Kähler dif-
ferentials on the product of Pn and a disk. Hence we have a
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natural morphism φ : Ω1
Pn|V(2) → Ω1

V|V(2) which fits in the dia-
gram

0 0

0 →→ OV(2) →→ Ω1
V|V(2)

↑↑

→→ Ω1V(2)

↑↑

→→ 0

0 →→ OV(2) →→ G →→

↑↑

Ω1
Pn|V(2)

↑↑

→→
φ

↖↖

0

OV(2− d)

↑↑

OV(2− d)

↑↑

0

↑↑

0.

↑↑

(200)

The morphism φ gives in a natural way a morphism

φn : H0(V , det(Ω1Pn|V(2))) → H0(V , det(Ω1V|V(2)))

hence, since

H0(V , det(Ω1Pn|V(2)))
∼= H0(V ,OV(n− 1)) (201)

and

H0(V , det(Ω1V|V(2))) ∼= H0(V ,OV(n+ d− 1)), (202)

φn can be seen as a map

φn : H0(V ,OV(n− 1)) → H0(V ,OV(n+ d− 1)).

We can write explicitly the isomorphism (201). Note that

H0(Pn,ΩnPn(2n)) → H0(V ,ΩnPn|V(2n))

is surjective, so we will focus on the rational n-forms on Pn.
These forms may be written as ω = PΨ

Q where

Ψ =

n∑
i=0

(−1)ixi(dx0 ∧ . . .∧ d̂xi ∧ . . .∧ dxn)

gives a generator of H0(Pn,ΩnPn(n+ 1)) and degQ = degP +

(n+ 1). This comes for example by [34, Corollary 2.11] and it
is easy to see. In fact take a rational n-form with poles along



104 smooth hypersurfaces

Q = 0. On the chart x0 ̸= 0 with coordinates zi = xi/x0 it can
be written as P(z)

Q(z)dz1 ∧ · · ·∧ dzn for some polynomial P. Since

dz1 ∧ · · ·∧ dzn = d (x1/x0)∧ · · ·∧ d (xn/x0) =
1

xn+10

Ψ

we immediately obtain by homogenization that the rational
form is

x
degQ
0 P(x)

x
degP+n+1
0 Q(x)

Ψ.

In particular degQ = degP+n+ 1.
In our case Q is a polynomial of degree 2n, hence P has

degree n− 1. This identification depends on the (noncanonical)
choice of the polynomial Q and gives an isomorphism

H0(V ,ΩnPn|V(2n)) → H0(V ,OV(n− 1))

defined by ω|V ↦→ P.

Proposition 5.1.1. φn is given via the multiplication by the polyno-
mial R (modulo F).

Proof. Locally we can see V in the product ∆× Pn of the pro-
jective space with a disk; here V is defined by the equation F+
tR = 0. Hence d(F+ tR) = 0 inΩ1V, that is dF+dt ·R+dR · t = 0.

Call Fi := ∂F
∂xi

. Since V is smooth, there exist i such that
Ui = (Fi ̸= 0) is a nontrivial open subset; let for example U1
be nontrivial. Take local coordinates zi = xi

x0
in the open set

(x0 ̸= 0)∩U1. Then we have

dz1 = −
Rdt

F1
−
tdR

F1
−
∑
i>1

Fi
F1
dzi (203)

which gives in V (that is for t = 0)

dz1 = −
Rdt

F1
−
∑
i>1

Fi
F1
dzi (204)

The image φn(ω|V) is then obtained by the substitution of (204)

in P(z)
Q(z)dz1 ∧ . . .∧ dzn, which is the local form of P(ξ)Ψ

Q(ξ) . Hence

P(z)

Q(z)
dz1 ∧ . . .∧ dzn = −

P(z)R(z)

Q(z)F1(z)
dt∧ dz2 ∧ . . .∧ dzn.

If we homogenize we obtain on U1

PΨ

Q
= −

PR

QF1

∑
i ̸=1

(−1)i−1sgn(i−1)xidt∧dx0∧ d̂x1 . . .∧ d̂xi∧ . . .∧dxn
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Hence

φn(ω|V) = −
PR

QF1

∑
i ̸=1

(−1)i−1sgn(i−1)xidt∧dx0∧ d̂x1 . . .∧ d̂xi∧ . . .∧dxn

and it is clear that φn is given by multiplication with R.

5.1.2 A canonical choice of adjoints on a hypersurface of degree d >
2

We want now to construct adjoint forms associated to the se-
quence (198).

Remember that n > 3, so that H1(V ,OV(2)) = H1(V ,OV(2−
d)) = 0, and we can lift all the global sections of H0(V ,Ω1V(2))
both in the horizontal and in the vertical sequence of (200).

We take η1, . . . ,ηn ∈ H0(V ,Ω1V(2)) global forms and we want
to find liftings s1, . . . , sn ∈ H0(V ,Ω1

V|V(2)). This can be done
since H1(V ,OV(2)) is zero. A generalized adjoint is then the
global section of the sheaf det(Ω1

V|V(2)) = OV(n+ d− 1) given
by Ω := Λn(s1 ∧ . . .∧ sn) ∈ H0(V , det(Ω1

V|V(2))).
We point out another interesting way to compute this gener-

alized adjoint form using Proposition 5.1.1.
Consider the sequence (197), that is the vertical sequence in

(200). SinceH1(V ,OV(2−d)) = 0, we can find liftings s̃1, . . . , s̃n ∈
H0(V ,Ω1

Pn|V(2)) of the sections η1, . . . ,ηn. Furthermore they are
unique if d > 2. We can thus consider the adjoint form associ-
ated to (197) given by Ω̃ := Λn(s̃1 ∧ . . .∧ s̃n). This adjoint is
independent from the deformation ξ; it depends only on V and
its embedding in Pn. If d > 2, then Ω̃ is unique.

To describe Ω̃ explicitly we first consider the exact sequence

0→ Ω1Pn(2− d) → Ω1Pn(2) → Ω1Pn|V(2) → 0.

If d > 2, the vanishing ofH0(Pn,Ω1Pn(2−d)) andH1(Pn,Ω1Pn(2−

d)) (cf. Bott Formulas), gives the isomorphismH0(Pn,Ω1Pn(2)) =

H0(V ,Ω1
Pn|V(2)). Hence, the forms s̃i are the restriction on V of

global rational 1-forms. By [34, Theorem 2.9] we can write

s̃i =
1

Q

n∑
j=0

Lijdxj (205)

where degQ = 2 and Lij is a homogeneous polynomial of de-
gree 1 which does not contain xj in its expression. Hence

Ω̃ = Λn(s̃1 ∧ . . .∧ s̃n) =
1

Qn

n∑
i=0

Midx0 ∧ · · ·∧ d̂xi ∧ · · ·∧ dxn
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where Mi is the determinant of the matrix obtained by⎛⎜⎜⎝L
1
0 . . . Ln0
...

...
L1n . . . Lnn

⎞⎟⎟⎠ (206)

removing the i-th row. Since Ω̃ is a rational n-form on Pn, fol-
lowing [34, Corollary 2.11] it can be written as PΨ

Qn , and we de-
duce that

Mi

(−1)ixi
= P (207)

for all i = 0, . . . ,n. P is a polynomial of degree n − 1 and
it corresponds to Ω̃ via the isomorphism H0(V ,Ωn

Pn|V(2n))
∼=

H0(V ,OV(n− 1)). Hence by Proposition 5.1.1 we have that the
formΩ ∈ H0(V ,OV(n+d−1)) given by PR is a canonical choice
of adjoint form for W = ⟨η1, . . . ,ηn⟩ and ξ.

Remark 5.1.2. Alternatively this can be seen using the Euler se-
quence on V :

0→ OV →
n+1⨁

OV(1) → TPn|V → 0. (208)

This sequence, dualized and conveniently tensorized gives

0→ Ω1Pn|V(2) →
n+1⨁
i=1

OV(1) → OV(2) → 0. (209)

The sections s̃i are associated via the first morphism to an n+ 1-uple
of linear polynomials (L0i , . . . ,L

n
i ). Then, taking the wedge product of

(209) we obtain an exact sequence

0→ ΩnPn|V(2n)
∼= OV(n− 1) →

n⋀(
n+1⨁

OV(1)

)
=

n+1⨁
OV(n) →

→ Ωn−1
Pn|V

(2n) → 0

where the morphism OV(n− 1) →
⨁n+1

OV(n) is given by

G ↦→ (Gx0, . . . , (−1)nGxn).

Since Ω̃ = Λn(s̃1 ∧ . . .∧ s̃n) ∈ H0(V ,Ωn
Pn|V(2n)) is sent exactly

to (L00, . . . ,L
n
0 ) ∧ . . . ∧ (L0n, . . . ,Lnn) = (M0, . . . ,Mn) (using the

same notation as above), then we conclude that Ω̃ corresponds in
H0(V ,OV(n− 1)) to a polynomial P which satisfies

Mi

(−1)ixi
= P.
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5.1.3 The adjoint sublinear systems obtained by meromorphic 1-forms

To study the conditions given in (176) and (177), we need to
describe the sections

Ω̃i := Λ
n−1(s̃1 ∧ . . .∧ ˆ̃si ∧ . . .∧ s̃n) ∈ H0(V ,Ωn−1

Pn|V
(2n− 2))

(cf. (173)) and their images in

H0(V ,Ωn−1V (2(n− 1))) = H0(V ,OV(n+ d− 3))

that we have denoted by ωi.
A computation similar to the above shows that

Ω̃i = Λ
n−1(s̃1 ∧ . . .∧ ˆ̃si ∧ . . .∧ s̃n) =

=
1

Qn−1

∑
j<k

Mi
jkdx0 ∧ . . .∧ d̂xj ∧ . . .∧ d̂xk ∧ . . .∧ dxn

(210)

where Mi
jk is the determinant of the matrix obtained by (206)

removing the i-th column and the j-th and k-th rows. On the
other hand, rearranging the expression of [34, Theorem 2.9] we
can write

Ω̃i =
1

Qn−1

∑
j

Aij(
∑
k ̸=j

(−1)k+jsgn(k− j)xkdx0∧ . . .∧ d̂xj∧ . . .∧ d̂xk∧ . . .∧dxn)

(211)
with degAij = n− 2.

Comparing (210) and (211) gives

Mi
jk = (−1)j+k(Aijxk − xjA

i
k). (212)

As before this can be computed also via the Euler sequence.
We call

Ξj :=
∑
k ̸=j

(−1)k+jsgn(k− j)xkdx0∧ . . .∧ d̂xj∧ . . .∧ d̂xk∧ . . .∧dxn.

Note that the sections Ξj, for j = 0, . . . ,n give a basis ofH0(V ,Ωn−1
Pn|V

(n)).

Proposition 5.1.3. ωi =
∑
jA

i
j · Fj in H0(V ,OV(n+ d− 3))

Proof. It is enough to show that the image of Ξj through the
morphism Ωn−1

Pn|V
(n) → OV(d− 1) is Fj. Consider the exact se-

quence of the tangent sheaf of V :

0→ TV → TPn|V → OV(d) → 0. (213)
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The beginning of the Koszul complex is

n⋀
TPn|V ⊗OV(−d) →

n−1⋀
TPn|V

which, tensored by OV(−n), gives

n⋀
TPn|V ⊗OV(−n− d) →

n−1⋀
TPn|V ⊗OV(−n). (214)

This is exactly the dual of Ωn−1
Pn|V

(n) → OV(d − 1). Hence we
only need to show that the morphism (214) composed with the
contraction by Ξi

n−1⋀
TPn|V ⊗OV(−n)

Ξi→ OV

is the multiplication by Fi. This is easy to see by a standard local
computation.

Remark 5.1.4. We immediately have that the polynomials associated
to the sections ωi are in the Jacobian ideal of V .

Condition (176), that is

Ω ∈ Im (H0(V ,OV(2))⊗ λnW → H0(V ,OV(n+ d− 1))),

can be written, modulo F, as

RP =
∑

ωi · Si =
∑
i,j

Aij · Fj · Si, (215)

where degSi = 2. In particular this implies that RP is in the
Jacobian ideal of V .

Proposition 5.1.5. The base locus DW of the linear system |λnW| is
zero for the generic W.

Proof. By [55, Proposition 3.1.6] it is enough to prove thatH0(V ,Ω1V(2))
generically generates the sheaf Ω1V(2) and that DH0(V ,Ω1

V (2)) = 0.

We have an explicit basis for H0(V ,Ω1V(2)) given by

xidxj − xjdxi
Q

(216)

where i < j and degQ = 2. The vector space λnH0(V ,Ω1V(2)) ⊂
H0(V ,OV(n+ d− 3)) is obviously nonzero, hence H0(V ,Ω1V(2))
generically generates the sheaf Ω1V(2).
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It remains to prove that DH0(V ,Ω1
V (2)) = 0. An easy compu-

tation (for example by induction) shows that λnH0(V ,Ω1V(2))
contains all the polynomials of the form

xi1xi2 . . . xin−2

∂F

∂xj
(217)

where {i1, . . . , in−2} ⊂ {1, . . . ,n+ 1} and j /∈ {i1, . . . , in−2}. Since
V is smooth, these polynomials do not vanish simultaneously
on a divisor, hence DH0(V ,Ω1

V (2)) = 0, and we are done.

5.1.4 On Griffiths’ proof of infinitesimal Torelli Theorem

As we have seen in Section 1.5, the deformation ξ is trivial
if and only if R lies in the Jacobian ideal J of the variety V .
Furthermore the infinitesimal Torelli for hypersurfaces states
that the differential of the period map is injective if and only if
this possibility does not occur. In this section we want to find
equivalent conditions to these facts involving generalized ad-
joint forms. As we have pointed out at the beginning of this
chapter, we remark that even if we consider the exact sequence
(198)

0→ OV(2) → Ω1V|V(2) → Ω1V(2) → 0,

and its corresponding adjoint forms, via the isomorphism

Ext1(Ω1V(2),OV(2)) ∼= Ext1(Ω1V ,OV) ∼= H1(V , TV)

we will obtain information on the original (untwisted) sequence,
and hence on R.

The following lemma gives the first important translation
into the setting of adjoint forms

Lemma 5.1.6. R is in the Jacobian ideal J if and only if for the generic
adjoint Ω it holds that

Ω ∈ Im (H0(V ,OV(2))⊗ λnW → H0(V ,OV(n+ d− 1))).

Proof. If Ω ∈ Im (H0(V ,OV(2))⊗ λnW → H0(V ,OV(n+ d− 1))),
then by the Generalized Adjoint Theorem, ξDW

= 0. Since
DW = 0 by the previous proposition, the deformation is triv-
ial, hence R lies in the Jacobian ideal.

Viceversa if R ∈ J, the deformation is trivial and by Theorem
4.1.13, we have thatΩ ∈ Im (H0(V ,OV(2))⊗λnW → H0(V ,OV(n+
d− 1))).
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Our theory gives another characterization for the class [R] to
be trivial.

Proposition 5.1.7. Assume that degR = d > 3. Then R is in
the Jacobian ideal J if and only if RP ∈ J for every polynomial
P ∈ H0(V ,OV(n− 1)) corresponding to a generalized adjoint Ω̃ ∈
H0(V ,Ωn

Pn|V(2n)).

Proof. One implication is trivial.
To prove the other one the idea is to show that every mono-

mial of H0(V ,OV(n− 1)) corresponds to a suitable generalized
adjoint. Hence, if RP ∈ J for every polynomial P ∈ H0(V ,OV(n−
1)) corresponding to a generalized adjoint, we have that

R · H0(V ,OV(n− 1)) ⊂ J

and we are done by Macaulay Theorem (cf. Theorem 1.5.3 and
[67, Theorem 6.19 and Corollary 6.20]).

We work by induction, sinceH0(Pn,OPn(n−1)) → H0(V ,OV(n−
1)) is surjective. The base of the induction is for n = 2. A simple
computation shows that the map

2⋀
H0(P2,Ω1

P2(2)) → H0(P2,OP2(1))

is surjective because its image contains the canonical basis of
degree one monomials.

For the general case we show that every monomial of degree
n − 1 is given by a generalized adjoint. Consider the natural
homomorphism:

n⋀
H0(Pn,Ω1Pn(2)) → H0(Pn,OPn(n− 1))

and take a monomialMwith degM = n− 1. There is a variable
xi which does not appear in M. We restrict to the hyperplane
xi = 0 and we use induction on M

xj
, where xj appears in M.

There exist s1, . . . , sn−1 ∈ H0(Pn−1,Ω1
Pn−1(2)) with s1 ∧ · · · ∧

sn−1 which corresponds to M
xj

, that is

s1 ∧ · · ·∧ sn−1 =
MΨ ′

xj ·Qn−1

where

Ψ ′ =
n∑

k=0,k ̸=i
(−1)kxk(dx0 ∧ · · ·∧ d̂xi · · ·∧ d̂xk · · ·∧ dxn)
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gives a basis of H0(Pn−1,Ωn−1
Pn−1(n)). It is easy to see that

s1 ∧ · · ·∧ sn−1 ∧
(xjdxi − xidxj)

Q
=
MΨ

Qn
,

i.e. M corresponds to a generalized adjoint, which is exactly
our thesis.

Putting together these results and the classical facts recalled
in Section 1.5, we obtain the following theorem

Theorem 5.1.8. For a smooth hypersurface X of degree d in Pn with
n > 3 and d > 3 the following are equivalent:

i) the differential of the period map is zero on the infinitesimal
deformation

[R] ∈ (C[ξ0, . . . , ξn]/J)d ≃ H1(X,ΘX)

ii) R is an element of the Jacobian ideal J

iii) Ω ∈ Im (H0(X,OX(2))⊗ λnW → H0(X,OX(n+ d− 1))) for
the generic generalized adjoint Ω

iv) The generic generalized adjoint Ω lies in J.

This theorem is a new formulation of the Griffiths’ infinites-
imal Torelli for smooth projective hypersurfaces ([34, Theorem
9.8]) in the setting of adjoint forms.

5.2 infinitesimal torelli theorem for smooth suf-
ficiently ample hypersurfaces

The same ideas of the previous section work in general for a
sufficiently ample divisor of a smooth algebraic variety.

Take an n-dimensional smooth variety Y and a sufficiently
ample line bundle L on Y. Let s ∈ H0(Y,L) be a global section
and X the corresponding divisor. Assume that X is smooth. As
in the case of smooth projective hypersurfaces, we can describe
the infinitesimal variation of Hodge structure via a ring multi-
plication.

5.2.1 Pseudo-Jacobi Ideal

In the case that we are studying, the usual Jacobian ideal can
be replaced by the so called pseudo-Jacobi ideal introduced in
[30] and [27]. We briefly recall how it is constructed.
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Given a line bundle L on Y, consider the extension

0→ OY → ΣL
τ→ TY → 0 (218)

with extension class −c1(L) ∈ H1(Y,Ω1Y). ΣL is a sheaf of differ-
ential operators of order less or equal to 1 on the sections of L.
In an open subset of Y with coordinates x1, . . . , xn this sheaf is
free and is generated by the constant section 1 and the sections
Di, for i = 1, . . . ,n, which operates on the sections of L by

Di(f · l) =
∂f

∂xi
· l

where l is a trivialization of L. The operators Di are sent to ∂
∂xi

in TY .
In particular to a global section s of L, we can associate a

global section d̃s of L⊗ Σ∨L . If locally s = f · l, then d̃s is given
by

d̃s = f · l · 1∨ +

n∑
i=1

∂f

∂xi
· l ·D∨

i (219)

where {1∨,D∨
1 , . . . ,D∨

n } is a local basis of Σ∨L dual to {1,D1, . . . ,Dn}.
Given a line bundle E, the contraction by d̃s gives a map

E⊗ ΣL ⊗ L∨ → E.

To give an idea in the case E = OY , the contraction ΣL ⊗ L∨ →
OY is given explicitly in local coordinates by

a0 · l∨ ⊗ 1+
n∑
i=1

ai · l∨ ⊗Di ↦→ a0 · f+
n∑
i=1

ai ·
∂f

∂xi
.

Definition 5.2.1. The pseudo-Jacobi ideal JE,s is the image of the
map

H0(Y,E⊗ ΣL ⊗ L∨) → H0(Y,E). (220)

Definition 5.2.2. The quotient H0(Y,E)/JE,s is denoted by RE,s and
is called pseudo-Jacobi ring.

The usual Jacobian ideal of a homogeneous polynomial F of
degree d is recovered taking L = OPn(d) and E = OPn(k). In
this case it easy to see that ΣL = ⊕n+1i=1 OPn(1) and sequence (218)
is the Euler sequence

0→ OPn →
n+1⨁

OPn(1) → TPn → 0. (221)



5.2 sufficiently ample hypersurfaces 113

The pseudo-Jacobi ideal JOPn(k),F ⊂ H0(Pn,OPn(k)) is gener-
ated by ∂F

∂x0
, . . . , ∂F

∂xn
, that is the degree k part of the usual Jaco-

bian ideal.
In the case of a smooth algebraic variety Y of dimension

n with a smooth hypersurface X, we take L to be the sheaf
OY(X), the section s ∈ H0(Y,L) is such that X = div(s), and
E = L = OY(X). We consider the deformations of X inside of
the ambient space Y. Exactly as in the case of projective hy-
persurfaces, such an infinitesimal deformation of X is given by
X + tR = 0, t2 = 0, where R ∈ H0(Y,L). Define Aut(Y,L) =

{f : Y → Y such that f∗(L) = L}. The Kuranishi family for X is
constructed as in the case of smooth projective hypersurfaces
using the incidence variety (see Section 1.5) and its base is
S/Aut(Y,L) where

S = {(s) ∈ |L| | the corresponding divisor is smooth}.

We have

Proposition 5.2.3. The tangent space to S/Aut(Y,L) at X is RL,s.

See [27, Corollary page 48]. This means that an infinitesi-
mal deformation is trivial if and only if R is an element of the
pseudo-Jacobi ideal JL,s. We will denote by P the period map
associated to the Kuranishi family. The fact that L is sufficiently
ample allows to prove the following theorem, [27, Proposition
page 45].

Theorem 5.2.4. The derivative of the period map is given by the
multiplication

RL,s →
⨁
q

Hom(RKY⊗Lq+1,s,RKY⊗Lq+2,s). (222)

Hence, as in the previous section, the infinitesimal Torelli
problem is reduced to the study of the injectivity of a map given
by multiplication. A positive solution is given by a suitable gen-
eralization of Macaulay Theorem 1.5.3 (see [30] and [27]).

Theorem 5.2.5 (Generalized Macaulay’s Theorem). Let Y and X
as above. Then

1. RK2Y⊗Ln+1,s
∼= C

2. For any fixed bundle A, for L sufficiently ample, the multiplica-
tion map

RLk⊗A,s ⊗ RK2Y⊗Ln+1−k⊗A∨,s → RK2Y⊗Ln+1,s
∼= C (223)
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is is a perfect pairing provided that

Hk−1(Y,A⊗
k⋀
ΣL) = H

k(Y,A⊗
k⋀
ΣL) = 0 if k ̸= 0, 1,n

(224)
or

H1(Y,A⊗ ΣL) = 0 if k = 1 (225)

or

Hn−1(Y,A⊗
n⋀
ΣL) = 0 if k = n (226)

The infinitesimal Torelli theorem for sufficiently ample smooth
divisors can be also proved directly without using Macaulay’s
theorem, see [30].

5.2.2 Infinitesimal Torelli and generalized adjoint

We study the deformations of a smooth sufficiently ample hy-
persurface X in a smooth algebraic variety Y of dimension n > 2
using the theory of generalized adjoint forms. The goals are the
same of Section 5.1.4.

An infinitesimal deformation ξ ∈ Ext1(Ω1X,OX) ∼= H1(X, TX)
of X gives an exact sequence

0→ OX → Ω1X|X → Ω1X → 0. (227)

As in the case of the hypersurfaces of Pn, we consider de-
formations inside the ambient Y, that is deformations given by
R ∈ P(H0(Y,OY(X))). Hence we have that ξ is in the image of
the map H0(Y,OY(X)) → H1(X, TX) coming from the normal ex-
act sequence

0→ TX → TY|X → OX(X) → 0

and the restriction sequence

0→ OY → OY(X) → OX(X) → 0.

Take the tensor of sequence (227) by an ample divisor H, such
that

1. X−H is ample

2. the cohomology groups Hi(Y,OY(H)) vanish for i > 1

3. the sheaf OY(KY+nH) is generated by global sections, that
is we have an exact sequence

0→ I → OY ⊗H0(OY(KY +nH)) → OY(KY +nH) → 0

(228)
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4. H1(Y, I⊗OY(KY +n(X−H))) = 0

5. h0(Y,Ω1Y(H)) > n

6. DΩ1
X(H)

= 0 i.e. Ω1X(H) is generated by global sections.

This can be done since X is sufficiently ample.
Consider the diagram

0

0 →→ OX(H) →→ Ω1
X|X(H)

→→ Ω1X(H)

↑↑

→→ 0

Ω1Y|X(H)

↑↑

OX(H−X)

↑↑

0.

↑↑

(229)

It easy to see using the hypotheses on H and the Kodaira Van-
ishing theorem thatH1(X,OX(H)) = H1(X,OX(H−X)) = 0. Hence
all the global meromorphic 1-forms of Ω1X(H) can be lifted both
to H0(X,Ω1

X|X(H)) and H0(X,Ω1Y|X(H)).
Diagram (229) can be completed as follows

0 0

0 →→ OX(H) →→ Ω1
X|X(H)

↑↑

→→ Ω1X(H)

↑↑

→→ 0

0 →→ OX(H) →→ G →→

↑↑

Ω1Y|X(H)

↑↑

→→ 0

OX(H−X)

↑↑

OX(H−X)

↑↑

0

↑↑

0.

↑↑

(230)

Since our deformation comes from H0(Y,OY(X)) by hypothesis,
then the horizontal sequence completing diagram (230) is asso-
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ciated to the zero element of H1(X, TY|X). Therefore we have the
splitting of the second row and a map φ as follows

0 0

0 →→ OX(H) →→ Ω1
X|X(H)

↑↑

→→ Ω1X(H)

↑↑

→→ 0

0 →→ OX(H) →→ OX(H)⊕Ω1Y|X(H) →→

↑↑

Ω1Y|X(H)

↑↑

→→

φ

←←

0

OX(H−X)

↑↑

OX(H−X)

↑↑

0

↑↑

0.

↑↑

(231)
Note that det(Ω1Y|X(H))

∼= Ωn−1X (−X+nH) and det(Ω1
X|X(H))

∼=

Ωn−1X (nH).

Proposition 5.2.6. The map

φn : H0(X,Ωn−1X (−X+nH)) → H0(X,Ωn−1X (nH))

is given by the section R|X ∈ H0(X,OX(X)).

Proof. This is a local computation. Take on Y local coordinates
x1, . . . , xn−1,y such that X is given by y = 0. Then locally the
deformation of X is given by y + tr = 0, where r is a local
equation of R. From d(y+ tr) = 0 we obtain on X that dy =

−rdt. Hence if a section of H0(X, det(Ω1Y|X)) is locally given by
a · dx1 ∧ . . .∧ dxn−1 ∧ dy, then its image in H0(X, det(Ω1

X|X)) is
−radx1 ∧ . . . ∧ dxn−1 ∧ dt. Tensoring by nH gives our thesis.

Consider n global sections η1, . . . ,ηn ∈ H0(X,Ω1X(H)). By our
hypotheses on H, we can choose unique liftings s̃1, . . . , s̃n ∈
H0(X,Ω1Y|X(H)). Call Ω̃ ∈ H0(X,Ωn−1X (−X + nH)) the associ-
ated generalized adjoint form. If we take s1 := φ(s̃1), . . . , sn :=

φ(s̃n) ∈ H0(X,Ω1
X|X(H)), we have that the generalized adjoint

Ω ∈ H0(X, det(Ω1
X|X(H))) = H

0(X,Ωn−1X (nH)) corresponding to

s1∧ · · ·∧ sn is Ω = Ω̃ ·R. We point out that Ω̃ does not depend
on the deformation ξ, while Ω obviously does.

We can prove a theorem analogous to 5.1.6.
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Theorem 5.2.7. Assume that W = ⟨η1 . . . ,ηn⟩ is a generic subspace
in H0(X,Ω1X(H)) with λnW ̸= 0. Then R is in the pseudo-Jacobi
ideal JOY(X),s if and only if the adjoint form Ω is in the image of
H0(X,OX(H))⊗ λnW → H0(X,Ωn−1X (nH)).

Proof. Since DΩ1
X(H)

= 0 by our hypotheses on H, by Remark
3.5.4 it follows that DW = 0. If R is in the pseudo-Jacobi ideal,
then the deformation ξ is zero, hence Ω ∈ ImH0(X,OX(H))⊗
λnW → H0(X,Ωn−1X (nH)) by Theorem 4.1.13. Viceversa if Ω ∈
ImH0(X,OX(H))⊗ λnW → H0(X,Ωn−1X (nH)), then the deforma-
tion is supported on DW by Theorem 4.1.12. We have already
seen that DW = 0, hence we are done.

The generalized version of Macaulay’s Theorem 5.2.5, gives
the following result.

Proposition 5.2.8. Let X be a sufficiently ample divisor on Y. As-
sume that the hypotheses (225) holds for A = OY . Then the infinites-
imal deformation R is in the pseudo-Jacobi ideal JOY(X),s if and only
if RΩ̃ ∈ JΩn

Y (nH+X),s
for every section Ω̃ ∈ H0(Y,ΩnY (nH)) which

restricts to a generalized adjoint relative to the vertical exact sequence
of diagram (229).

Proof. Note that a generalized adjoint relative to the vertical
sequence of diagram (229) is in fact an element of

H0(X, (ΩnY (nH))|X) = H
0(X,Ωn−1X (−X+nH)).

We want to apply the generalized version of Macaulay theorem
mentioned above with A = OY and k = 1. We only know that
RΩ̃ ∈ JΩn

Y (nH+X),s
for Ω̃ ∈ H0(Y,ΩnY (nH)) which restricts to a

generalized adjoint. So now we prove that this is enough to
have that

R ·H0(Y,ΩnY (nH)) ⊂ JΩn
Y (nH+X),s

.

Consider the restriction sequence

0→ ΩnY (nH−X) → ΩnY (nH) → ΩnY (nH)|X → 0.

By the hypotheses on H it is easy to see that

0→ H0(Y,ΩnY (nH−X)) → H0(Y,ΩnY (nH)) → H0(X,ΩnY (nH)|X) → 0

is exact. By Lemma 4.2.5 we can also assume that all the global
sections of H0(X,ΩnY (nH)|X) are in fact linear combinations of
generalized adjoints. Hence our hypothesis that RΩ̃ ∈ JΩn

Y (nH−X),s
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for every section Ω̃ ∈ H0(Y,ΩnY (nH)) which restricts to a gen-
eralized adjoint in H0(X,ΩnY (nH)|X), together with the fact that
the map

H0(Y,ΩnY (nH−X)) → H0(Y,ΩnY (nH)))

is given by the multiplication by s, which is an element of the
pseudo-Jacobi ideal, implies that

R ·H0(Y,ΩnY (nH)) ⊂ JΩn
Y (nH+X),s

.

Now we apply Macaulay theorem to deduce that R is in the
pseudo-Jacobi ideal. It is enough to show that

RΩn
Y (nX−nH),s

⊗ RΩn
Y (nH),s

→ R(Ω2n
Y )(nX),s

is surjective. This follows from the surjectivity at the level of
the H0:

H0(Y,ΩnY (nX−nH))⊗H0(Y,ΩnY (nH)) → H0(Y, (Ω2nY )(nX)).

In fact take the sequence (228)

0→ I → OY ⊗H0(ΩnY (nH)) → ΩnY (nH) → 0

and twist it by the sheaf ΩnY (n(X−H)) to obtain

0→ I⊗ΩnY (n(X−H)) → ΩnY (n(X−H))⊗H0(ΩnY (nH)) →
→ (Ω2nY )(nX) → 0.

Since, by our choice of H, h1(I⊗ΩnY (n(X−H))) = 0, we con-
clude.

Putting the results together we have the following theorem
that is a version of the infinitesimal Torelli theorem for a suffi-
ciently ample smooth divisor in the setting of generalized ad-
joint forms.

Theorem 5.2.9. The following are equivalent for a smooth hypersur-
face X if X is sufficiently ample.

i) The differential of the period map dP (see Theorem 5.2.4) is zero
on the infinitesimal deformation R ∈ H0(Y,OY(X))

ii) R is an element of the pseudo-Jacobi ideal JOY(X),s

iii) Ω ∈ ImH0(X,OX(H))⊗ λnW → H0(X,Ωn−1X (nH)) for the
generic generalized adjoint Ω
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if furthermore condition (225) holds for A = OY , then i),ii),iii) are
also equivalent to

iv) RΩ̃ ∈ JΩn
Y (nH+X),s

for Ω̃ ∈ H0(Y,ΩnY (nH)) which restricts to
a generalized adjoint form in H0(X, (ΩnY (nH))|X).

Remark 5.2.10. If A = OY , condition (225) holds trivially for Y =

Pn since in that case ΣL =
⨁

OPn(1). This condition is also satisfied
when Y = Grass(k,n) is a Grassmannian variety. In fact from the
exact sequence

0→ OY → ΣL → TY → 0

and the vanishing H1(OY) = H1(TY) = 0 we have that H1(Y,ΣL) =
0.
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The theory of adjoint forms presented in the previous chapters
is mostly used to deal with infinitesimal deformations X →
Spec(C[ϵ]) and to study the restriction sequence arising from
them:

0→ OX → Ω1X|X → Ω1X → 0. (232)

A first extension to the case of a fibration over an algebraic
curve X → B was made by González-Alonso in [26]. In the
last chapter of this thesis we extend the theory of generalized
adjoint forms seen in Chapter 4 to the case of a fibration over a
smooth curve of genus g.

6.1 a “global” deformation

From now on take f : X → B a proper morphism of smooth
complex varieties, where the base B is a smooth curve and X

has dimension m+ 1. Denote by B0 ⊂ B the open set of regular
values, that is the set such that a fiber Xb is smooth if and only
if b ∈ B0. We will call X0 = f−1(B0) the union of the smooth
fibers. As customary, we assume that the f is not isotrivial, that
is its smooth fibers are not isomorphic.

Consider an exact sequence on X

0→ L → E → F → 0 (233)

where L is locally free of rank one, E is locally free of rank
n + 1 and F is locally free of rank n on X0. The example to
have in mind is the exact sequence defining the sheaf of relative
differentials Ω1

X/B

0→ f∗ωB → Ω1X → Ω1X/B → 0. (234)

The restriction of sequence (233) on a smooth fiber Xb is

0→ L|Xb
→ E|Xb

→ F|Xb
→ 0. (235)

In the explicit case of (234) this is exactly the well-known se-
quence

0→ OXb → Ω1X|Xb → Ω1Xb → 0 (236)

121
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that we have deeply studied in the previous chapters. Sequence
(235) is associated to the element

ξb ∈ H1(Xb, (L⊗F∨)|Xb) = Ext1(F|Xb
,L|Xb

). (237)

The key to encode all these extensions in a unique object is the
notion of relative Ext sheaf.

Definition 6.1.1. Given a morphism of schemes f : X → Y, the rel-
ative Ext sheaves, denoted by Extpf (F,−), is the p-th right derived
functor of f∗Hom(F,−).

For a complete dissertation on relative Ext sheaves we refer
to [8, Chapter 1]; see also [26, Appendix]. Here we only recall a
few properties that we will need in the following:

Theorem 6.1.2. The sheaves Extpf satisfy

1. If f is projective and F,G are coherent OX-modules, then Extpf (F,G)
is a coherent OX-module

2. For any U ⊂ Y open subset, it holds that

Extpf (F,G)|U ∼= Extpf (F|f−1(U),G|f−1(U))

3. Extpf (OX,G) = Rpf∗G

4. If L and N are locally free sheaves of finite rank on X and Y,
respectively, then

Extpf (F⊗L,−⊗ f∗N) ∼= Extpf (F,−⊗L∨ ⊗ f∗N) ∼=

∼= Extpf (F,−⊗L∨)⊗N

5. For any OX-modules F,G there is a spectral sequence

E
p,q
2 = Rpf∗Extq(F,G) =⇒ Extp+qf (F,G)

where Extq is the usual Ext sheaf (see Notation 2.3.2).

This spectral sequence is referred as local to global spectral se-
quence.

In the case we are studying, the right sheaf to consider is

G := Ext1f(F,L)

where F,L are the same appearing in sequence (233). Note that
G∨ is torsion free over B and hence it is locally free.
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Lemma 6.1.3. There is an injection

R1f∗(L⊗F∨) → G

which is an isomorphism over an open dense subset of B0. In particu-
lar, for a general b ∈ B0 we have the isomorphism

G⊗ C(b) ∼= H1(Xb, (L⊗F∨)|Xb)
∼= Ext1(F|Xb

,L|Xb
).

Proof. From the local to global spectral sequence

E
p,q
2 = Rpf∗Extq(F,L) =⇒ Extp+qf (F,L) (238)

we have the associated five term exact sequence

0→ E1,02 → H1 → E0,12 → E2,02 → H2. (239)

The firs two terms give the desired injection

0→ R1f∗Hom(F,L) → Ext1f(F,L). (240)

Furthermore note that on X0, F is locally free, hence by the
previous theorem we have

G|B0
∼= Ext1f(F|X0 ,L|X0) ∼= Ext1f(OX0 , (F∨ ⊗L)|X0) ∼=

∼= R1f∗((L⊗F∨)|X0) = R1f∗(L⊗F∨)|X0 .
(241)

The last statement comes from the proper base change theorem
[40, Theorem 12.11].

From the Grothendieck spectral sequence, see [48, Theorem
12.10], applied to the functor of global sections Γ and the func-
tor f∗Hom we obtain the following spectral sequence:

E
p,q
2 = Hp(B,Extqf (F,L)) =⇒ Extp+q(F,L). (242)

The associated five term exact sequence is

0→ H1(B, f∗Hom(F,L)) → Ext1(F,L)
ρ→ H0(B,Ext1f(F,L)) →

→ H2(B, f∗Hom(F,L)) → Ext2(F,L).

The fourth term is zero because B is a curve, hence ρ is sur-
jective. Calling ξ ∈ Ext1(F,L) the element corresponding to
sequence (233), we have that the map

ρ : Ext1(F,L) → H0(B,G) (243)

maps ξ to a global section ρ(ξ) of G which associates to the
general b ∈ B0 the element ξb ∈ H1(Xb, (L⊗F∨)|Xb) as defined
in (237); see [44, Lemma 2.1].
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Definition 6.1.4. Take D ⊂ X a divisor and define

F(−D) := Ker (F → F|D) (244)

and
GD := Ext1f(F(−D),L). (245)

Denote by Db the restriction D|Xb
of D to the fiber Xb.

Since we have the inclusion F(−D) → F, by the fact that the
relative Ext functors are contravariant in the second component,
we obtain a map G → GD.

Remark 6.1.5. By the same arguments of Lemma 6.1.3, we have that
GD ⊗ C(b) ∼= Ext1(F|Xb

(−Db),L|Xb
) for general b ∈ B.

Comparing with Chapter 4, the sheaf G takes the place of
Ext1(F,L) and GD that of Ext1(F(−D),L). Therefore the condi-
tion of being supported given in Definition 4.1.2, that is

ξ ∈ Ker Ext1(F,L) → Ext1(F(−D),L),

is replaced by

ρ(ξ) ∈ KerH0(X,G) → H0(X,GD). (246)

By what we have seen so far, if GD is torsion-free, (246) is
equivalent to ξb being supported on Db (in the sense of Defini-
tion 4.1.2) for the general b ∈ B.

If ρ(ξ) ∈ KerH0(X,G) → H0(X,GD), we have that in the dia-
gram

0 →→ L →→ Ê →→

↓↓

F(−D) →→

↓↓

0

0 →→ L →→ E →→ F →→ 0

(247)

the top row splits when restricted to the general fiber. Of course
this does not mean that the top row itself splits.

6.2 the adjoint map

Following [26], we reformulate condition (176) in a more intrin-
sic way. Take sequence (235)

0→ L|Xb
→ E|Xb

→ F|Xb
→ 0 (248)

where Xb is a smooth fiber and take W ⊂ H0(Xb,F|Xb
) a sub-

space of dimension n+1 contained in the kernel of the cobound-
ary map

δξb : H
0(Xb,F|Xb

) → H1(Xb,L|Xb
).



6.2 the adjoint map 125

Calling W̃ ⊂ H0(Xb,E|Xb
) the preimage of W, we have the short

exact sequence

0→ H0(Xb,L|Xb
) → W̃ →W → 0 (249)

and hence the resolution

H0(Xb,L|Xb
)⊗

n⋀
W̃

∧→
n+1⋀

W̃ →
n+1⋀

W → 0. (250)

As in the previous chapters call λnW the image of
⋀nW in

H0(Xb, detF|Xb
), then we have the following commutative dia-

gram

H0(Xb,L|Xb
)⊗
⋀n W̃ →→

↓↓

⋀n+1 W̃ →→

ν̃W
↓↓

⋀n+1W →→

νW

↓↓

0

H0(Xb,L|Xb
)⊗ λnW µW →→ H0(Xb, detE|Xb

) →→ A →→ 0

(251)
where A := H0(Xb, detE|Xb

)/(ImµW). The map ν̃W is given by
the wedge product of sections of E|Xb

and it defines νW since
the first square is commutative.

Definition 6.2.1. The map νW is called adjoint map associated to
W.

Condition (176), that is

Ω ∈ Im (H0(X,L|Xb
)⊗ λnW → H0(X, detE|Xb

)),

can be written now as ImµW = Im ν̃W , or, equivalently, as νW =

0. Note that ImµW ⊂ Im ν̃W is always true.
The Generalized Adjoint Theorem 4.1.12 together with its in-

verse 4.1.13 in this language is

Theorem 6.2.2. If νW = 0, then ξb is supported on DW . Viceversa
if ξb is supported on DW and H0(L|Xb

(DW)) = H0(L|Xb
), then

νW = 0.

Instead of considering only one subspace W ⊂ Ker δξb , we
can consider the previous construction at the level of the Grass-
mannian varietyG := Grass(n+1, Ker δξb). Given a vector space
V , denote by VG the trivial vector bundle over G of fiber V . Call
S ⊂ H0(FXb)G the tautological bundle over G and S̃ ⊂ H0(EXb)G
its preimage. The exact sequence of vector bundles

H0(Xb,L|Xb
)⊗

n⋀
S̃ →

n+1⋀
S̃ →

n+1⋀
S → 0. (252)
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gives (250) on every point W ∈ G.
We have an analogous of Diagram (251)

H0(Xb,L|Xb
)⊗
⋀n

S̃ →→

↓↓

⋀n+1
S̃ →→

ν̃
↓↓

⋀n+1
S →→

ν

↓↓

0

H0(Xb,L|Xb
)⊗
⋀n

S
µ →→ H0(Xb, detE|Xb

)G →→ A →→ 0

(253)
where µ is given by the composition of

H0(Xb,L|Xb
)⊗

n⋀
S → H0(Xb,L|Xb

)⊗H0(Xb, detF|Xb
)G

and

H0(Xb,L|Xb
)⊗H0(Xb, detF|Xb

)G → H0(Xb, detE|Xb
)G

and A denotes the quotient H0(Xb, detE|Xb
)G/(Imµ). Note that

µ is not necessarily an injection and A is not necessarily a vector
bundle.

Definition 6.2.3. The map ν is called adjoint map.

By construction, the map ν gives νW at any point W ∈ G.

6.3 global adjoint map

We go back to the entire fibration f : X → B and to the exact
sequence

0→ L → E → F → 0. (254)

Recall that F is locally free only on X0 and define

F̃ := detE⊗L∨. (255)

We have that F̃ is a line bundle and F̃|X0
∼= detF|X0 . In the

explicit case where (254) is

0→ f∗ωB → Ω1X → Ω1X/B → 0, (256)

the sheaf F̃ is the relative dualizing sheaf ωX/B = ωX ⊗ f∗ω∨
B .

We restrict sequence (254) to the general fiber and we obtain
the following diagram

0 →→ L →→

↓↓

E →→

↓↓

F →→

↓↓

0

0 →→ L|Xb
→→ E|Xb

→→ F|Xb
→→ 0.
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Assumption 6.3.1. Assume that the map

H0(X,E)/H0(X,L) → H0(Xb,F|Xb
)

is injective for the general fiber. Call V := H0(X,E)/H0(X,L).

Of course we have that V is a subset of Ker δξb . The key idea
is that this space does not depend on the fiber and gives a
common subspace in order to apply the adjoint theory.

Note that on the case of (256) this assumption is true since
V = H0(X,Ω1X)/f

∗H0(B,ωB) naturally injects in H0(Xb,Ω1Xb) by
standard properties of abelian varieties; see [26].

Now denote by G := Grass(n+ 1,V) the Grassmannian vari-
ety of n+ 1-dimensional subspaces of V and by Y the product
Y := B×G. Call pB : Y → B and pG : Y → G the natural pro-
jections. The tautological bundle SV ⊂ OG ⊗ V on G gives via
pullback the bundle S := p∗GSV on Y. Of course S is a vector
subbundle of OY ⊗ V .

Denote by S̃ the preimage of S inside OY ⊗H0(X,E). We have
the exact sequence of vector bundles

0→ H0(X,L)⊗OY → S̃ → S → 0 (257)

which, for a point (b,W) ∈ Y with b ∈ B0, is basically (249).
From (257) we obtain

H0(X,L)⊗
n⋀
S̃ →

n+1⋀
S̃ →

n+1⋀
S.

Define

ν̃ :

n+1⋀
S̃ → p∗Bf∗ detE

via the composition of the wedge product

n+1⋀
H0(X,E)⊗OY → H0(X, detE)⊗OY

and the evaluation map

H0(X, detE)⊗OY → p∗Bf∗ detE.

This map sends the image of H0(X,L)⊗
⋀n

S̃ into the image of
p∗Bf∗L⊗

⋀n
S, that is the following diagram is commutative

H0(X,L)⊗
⋀n

S̃ →→

↓↓

⋀n+1
S̃ →→

ν̃
↓↓

⋀n+1
S →→

ν

↓↓

0

p∗Bf∗L⊗
⋀n

S →→ p∗Bf∗ detE →→ A →→ 0
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where A = p∗Bf∗ detE/Im (p∗Bf∗L⊗
⋀n

S). It is clear that over a
point (b,W) ∈ Y with b ∈ B0, the map ν is the adjoint map
of Diagram (251), whereas its restriction to {b} × G gives the
adjoint map of Diagram (253). Note that the map

p∗Bf∗L⊗
n⋀
S → p∗Bf∗ detE

is not necessarily an inclusion, hence A is not necessarily a vec-
tor bundle on Y. If we want A to be a vector bundle we have to
make the further assumption that the image of

n⋀
S → p∗Bf∗F̃

has all the fibers of the same dimension.

Definition 6.3.2. The map ν is the global adjoint map of the fibra-
tion f : X → B.

Since the global adjoint map is constructed by gluing to-
gether the adjoint maps of each fiber, it allows to control, to
a certain extent, ρ(ξ).

Theorem 6.3.3. If for the general b ∈ B0 there exists W ⊂ V such
that ν is zero over the point (b,W) ∈ Y, then ξb is supported on Db.
Furthermore if the divisorsDb ⊂ Xb glue together to a divisor D ⊂ X

and if GD is torsion-free, then ρ(ξ) ∈ KerH0(B,G) → H0(B,GD).



C O N C L U S I O N S A N D F U T U R E W O R K

There are still many open questions that may lead to interesting
results. In particular we point out two of them.

The first one, concerning Chapter 3, is the study of the adjoint
quadrics vanishing on the canonical image of a variety X. In the
last section of Chapter 3 we have considered some examples
of algebraic varieties without adjoint quadrics through their
canonical image. Still it should be possible to find more inter-
esting and exotic cases, for example studying surfaces with spe-
cific invariants. This could provide new examples of varieties
for which the infinitesimal Torelli theorem holds; see Corollary
3.5.7.

The second question is suggested by Remark 5.2.10. In Chap-
ter 5, comparing the section on smooth projective hypersurfaces
and the section on smooth sufficiently ample divisors of a vari-
ety Y, one can see that in the second case a lot of the explicitness
is lost. For example the sheaf OPn(2) which allows to apply the
generalized adjoint theory is replaced by a certain ample OY(H).
Since in the case Y = Grass(n,k) the cohomologies of the twists
of the cotangent sheaf are classically known, see [64], it should
be possible to achieve almost the same level of explicitness of
Pn.
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