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ABSTRACT

In this thesis we study in details the theory of adjoint forms
which was introduced by Collino and Pirola in [18] in the case
of smooth curves and then generalized in higher dimension
by Pirola and Zucconi in [55]. Useful generalizations are given,
for example for Gorenstein curves, smooth projective hypersur-
faces and fibrations over a smooth curve. The main applications
of this theory concern infinitesimal Torelli problems and crite-
ria which ensure that a family X — B of algebraic varieties
of general type and with Albanese morphism of degree 1 has
birational fibers.
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INTRODUCTION

Given an n x n matrix T € Mat(n, K), there always exists its
adjoint matrix, TV, such that by row-column product we obtain
T-TY =det(T) - I,, where I, € Mat(n, K) is the identity matrix.
The theory of adjoint forms considers the above construction
in the context of locally free sheaves. This theory was first in-
troduced by Collino and Pirola in [18] in the case of smooth
curves and later it was extended to any smooth algebraic vari-
ety by Pirola and Zucconi [55]. Since then these ideas have been
fruitfully applied in [5], [17], [25], [26], [54], and [56].

The main idea is the following: let & € Ext' (F,0x) be an
extension class associated to the following exact sequence of
locally free sheaves over an m-dimensional smooth variety X:

0—-0x—>E&—>F—0. (1)

Assume that J is of rank n and that the kernel of the connecting
homomorphism

8¢ HO(X, F) — H'(X, 0x)

has dimension > n + 1. Take an n + 1-dimensional subspace
W C Ker §; and a basis B = {ny,...,Nny1} of W. By choosing
a lifting s; € HO(X, &) of n;, where i = 1,...,n+ 1, we have a
top form Q € HO(X,det &) from the element s; A...Aspi €
/\n+1 HO(X, €). Since det & = detF we actually obtain from O a
top form w of JF, which depends on the chosen liftings and
on B. We call such an w € H(X,detF) an adjoint form of
&, W, B. Indeed consider the n + 1 top forms wq,...,wn4y €
HO(X, det F) where w; is obtained by the elementn; A... AR A
o ANt € ATHO(X, F). Tt is easily seen that the subscheme of
X where w vanishes is locally given by the vanishing of the
determinant of a suitable (n+ 1) x (n+ 1) matrix T and the lo-
cal expressions of w;, i =1,...,n+ 1, give some entries of the
adjoint matrix TV. This explains the name of the theory. To the
n + I-dimensional subspace W C Ker §; taken above, we asso-
ciate Dy and Zyy which are respectively the fixed part and the
base locus of the sublinear system given by A"W C H°(X, det F),
where A™: A" HO(X,F) — HO(X, det F) is the natural homomor-
phism obtained by the wedge product. The theory of adjoint
forms allows to relate the deformation & with the adjoint form
w via the following theorem
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Theorem (Adjoint Theorem). Let X be an m-dimensional compact
complex smooth variety. Let I be a rank n locally free sheaf and let
& € Ext!(F,0x) be the class of the sequence (1). Let w be an adjoint
form associated to a subspace W C H°(X, detF). If w € A"W then
£ € Ker (Ext'(F,0x) — Ext'(F(—Dw), Ox)). Viceversa. Assume
¢ € Ker (Ext! (F, 0x) — Ext' (F(—Dw), Ox)). IFh°(X, Ox(Dw)) =
1, then w € A"W.

If Dy = 0, this theorem characterizes the vanishing of &.

The link between adjoint forms and extension classes gives
us a useful tool to study Torelli type problems, in particular in-
finitesimal Torelli problems, which we briefly recall. Let t: X —
B be a family of algebraic varieties. Fix a point 0 € B. We can in-
terpret m: X — B as a deformation of complex structure on X :=
7 1(0). Indeed by Ehresmann’s theorem, after possibly shrink-
ing B, we have an isomorphism between H¥(Xp,C) and V :=
H¥(X,C), for every b € B. Furthermore, dim FPH*(X;,,C) =
dim FPH¥(X, C) =: bP¥, where FPH¥(Xp,C) = @, H"™*"(Xy,
gives the Hodge filtration on H¥*(Xy, C). The period map

PPK. B 5 G = Grass(bP¥, V)

(cf. [38], [66]) is the map which to b € B associates the subspace
FPHX(Xy, C) of V. In [32], [33], P. Griffiths proved that PP* is
holomorphic and that the image of the differential

dPP*: Tgo — Tk (x.0)
is actually contained in
Hom(FPH*(X, C), FP~TH (X, C)/FPH¥(X, C)).
Setting q = k —p and using the canonical isomorphism
FPHY(X, C)/FPTTHK(X, C) ~ HI(X, QF)

he showed that dPP’* is the composition of the Kodaira-Spencer
map T — H! (X, Tx) with the map given by the cup product:

dmd: H'(X, Tx) — Hom(H9(X, Q}), HI' (X, Q1))

where Tx is the tangent sheaf of X.
Putting together the period maps PPKforp = 1,...,k, we
obtain a map, which is also called period map

k
P B - HGrass(bp’k, H*(X, C))
p=1
b (PVR(b), ..., P¥(b))
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(as we will see in details, the appropriate codomain of this map
is strictly contained in this product of Grassmannians). Its dif-
ferential is again a composition

dP*: Tgo — H'(X, Tx) = @D Hom(H* P (X, Q}), H* P (X, QF ).
P

The k-infinitesimal Torelli problem asks if the differential of the
period map P* for the local Kuranishi family of X (see Defi-
nition 1.4.4, cf.[43], [49]) is injective. Hence take F = QI, the
cotangent sheaf on X, and consider the extension given by the
Kuranishi family of X along a certain tangent vector to its base
B

O—>OX—>Q;C|X—>Q;(—>O

together with its wedge products
0= Qf " = Q= Q% — 0.

Since the Kodaira-Spencer map is bijective for the Kuranishi
family, the infinitesimal Torelli problem can be translated in
the following way: if all the coboundary maps

HP(X, QF) — H P (x, Q0 )

coming from the wedge sequences are zero, can we deduce that
the class & is zero? As we have seen, the adjoint forms give
information on the vanishing of &, hence this theory can be
naturally used for the study of such a problem.

This thesis is structured as follows. In the first chapter we
recall some basic facts from Hodge theory and we give an
overview on the Torelli problems.

The second chapter is focused on the adjoint theory for curves
since this case is peculiar under many aspects and deserves a
distinguished treatment. The case of smooth curves is discussed
following the paper of Collino and Pirola [18]. The theory is ex-
tended also to irreducible Gorenstein curves (see [60]) and this
is the first example where a generalization of adjoint forms is
considered on a singular variety.

The main result is the following;:

Theorem. Let C be an irreducible Gorenstein curve and let £ be a
locally free sheaf of rank one on C. Consider the extension

0—-0c—E&E—->L—-0

given by an element & € Ext' (£, 0c) = H'(C,£V). Call F the fixed
part of the linear system associated to £ and assume that F does not
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contain singularities; call M its mobile part. Assume that the map
bm given by M is of degree one and that 1 := dim M| > 3. If the
cohomology map

HO(C, &) — H°(C, L)

is surjective, then & € Ker (Ext' (£, 0¢) — Ext!(L(—F),O¢)).

See Theorem 2.5.4. The theory of adjoint forms for Gorenstein
curves allows to prove an infinitesimal Torelli type theorem.

Theorem. Let C be an irreducible Gorenstein curve of genus 2 or
non-hyperelliptic of genus > 3, & € H'(C, w{) such that 5 = 0.
Then & = 0.

See Theorem 2.5.7.

The third chapter goes deeper along the direction indicated
in [55]. The theory of adjoint forms is studied in details for a
smooth variety X of arbitrary dimension and it is connected
to the presence of particular quadrics, called adjoint quadrics,
vanishing on the canonical image of X.

Definition. An adjoint quadric for w is a quadric in P(H°(X, det )V)

of the form
w2 — Z Li - Wy,

where w is an adjoint form of W C HO(X,J), the wy’s are as above
and Li e HO(X,detF),i=1,...,n+1.

We point out that adjoint quadrics have rank less then or
equal to 2n + 3.

Denote by |detJ| the linear system P(HO(X,det¥)) and by
Dget 7 its fixed part. Set [det F| = Dger5 + IMget 7. We prove a
relation between liftability of adjoint forms and quadrics van-
ishing on the image of the map ¢, 11 X -2 P(H(X,detF)V)
associated to |det F|.

Theorem. Let X be an m-dimensional smooth variety. Let J be a
locally free sheaf of rank n such that hO(X,F) > n+1, let & €
Ext! (F, Ox) and let Y be the schematic image of

DM gt X =72 IP(HO(X, det F)Y).

If & is such that £ U w = 0, where w is an adjoint form associated
to an n + 1-dimensional subspace W C Kerd; C H°(X, ), then
£ € Ker (Ext' (¥, 0x) — Ext'(F(—=Dw), Ox)), provided that there
are no w-adjoint quadrics vanishing on Y.
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See Theorem 3.5.2 and Corollary 3.5.3. Note that this theo-
rem applies directly if Y := ¢py,,,/(X) is a hypersurface of
P(H(X,detF)") of degree > 2; see Corollary 3.5.6 for a more
general claim.

In this chapter we also prove a criterion for a family 7t: X — B
of algebraic varieties of general type and with Albanese mor-
phism of degree 1 to have birational fibers.

We say that 7t: X—B satisfies extremal liftability conditions over
B if the following maps are surjective

(1) HO(x’ Qf]x) - HO(Xb/ Q;(b)/
(i) HO(%, Q%) — HO(xb,Q;b).

The families t: X — B which satisfy extremal liftability con-
ditions and such that HO(Xb,Q;(b) # 0, that is with irregular
fibers, have the advantage that all the fibers have the same Al-
banese variety. Now by a result called the Volumetric theorem,
see: [55, Theorem 1.5.3], cf. Theorem 3.6.10, we obtain:

Theorem. Let t: X — B be a family of n-dimensional irregular va-
rieties which satisfies extremal liftability conditions. Assume that for
every fiber X the irregularity is > n + 1, the Albanese map is of de-
gree 1 and that there are no adjoint quadrics containing the canonical
image of X. Then the fibers of m: X — B are birational. In particular
the claim holds if there are no quadrics of rank less then or equal to
2n + 3 passing through the canonical image of X.

See Theorem 3.6.11.

In Chapter 3 the theory is developed to deal with sequences
like (1) and this can be quite restrictive sometimes. For this
reason in Chapter 4 the results of Chapter 3 are extended to
sequences of the form

0—-L—-E—-TF—=0,

where £ is a line bundle possibly different from the structure
sheaf.

In this case deté = L ® detJ and liftings sy,...,sn41 €
HO(X, &) of N1,...,Mns1 € HO(X,F) determine a section Q €
HO(X,det &) corresponding to s; /A'sy /A.../Asy41. This section
is called a generalized adjoint form. We define the sections wj,
i=1,...,n+1, as before and we characterize the case where
Q) belongs to the image of

HO(X, £) @ AW — HO(X, det &)

5
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by the natural tensor product map. The game is more com-
plicated than before because the linear system [A"W/| is inside
PHO(X, detF) and we have to relate the fixed divisor Dy of
AW/ and the base locus Zy of the moving part Myy to forms
which are not anymore inside HO(X, det F). Nevertheless the re-
sult is analogous to the Adjoint theorem.

Theorem. Let X be an m-dimensional complex compact smooth va-
riety. Let F be a rank n locally free sheaf on X and L an invert-
ible sheaf. Consider an extension 0 — L — & — F — 0 corre-
sponding to & € Ext' (F,L). Let W = M1, -+, Mne1) be an n+ 1-
dimensional sublinear system of Ker (6z) C HO(X,F). Let Q €
HO(X, det €) be a generalized adjoint form associated to W as above.
It holds that if Q € Im (H°(X, £) @ A™W — HO(X, det &)) then &
Ker (Ext'(F,£) — Ext'(F(=Dw), £)). Viceversa assume that & is
in this kernel. f H°(X, £) = HO(X, £(Dw)), then Q € Im (H(X, £) ®
A"W — HO(X, det &)).

See Theorem 4.1.12 and Theorem 4.1.13.

Using this result we can study extension classes of sheaves
via adjoint forms. Indeed even if J has no global sections we
can always take the tensor product with a sufficiently ample
linear system M such that 5 ® M has enough global sections in
order to apply the theory of adjoint forms.

Applications are given in the following chapter, Chapter 5,
in the case of smooth projective hypersurfaces and of smooth
sufficiently ample divisors of a projective variety. See [61]. By
applying the above idea to the case where X C P", n > 2, is a
hypersurface of degree d > 3 and F := Q] ®p, Ox(2) we have
a reformulation of the infinitesimal Torelli theorem for X in the
setting of generalized adjoint theory. Recall that given a degree
d form F € C[xo,...,xn] the Jacobian ideal of F is the ideal J
generated by the partial derivatives aa_xFi fori=0,...,n and by

[34][Theorem 9.8], any infinitesimal deformation & € H'(X, Tx),
where X = (F = 0), is given by a class [R] in the quotient
Clxo,...,xnl/d where R is a homogeneous form of degree d.

Theorem. For a smooth hypersurface X of degree d in P™ withn > 3
and d > 3 the following are equivalent:

i) the differential of the period map is zero on the infinitesimal
deformation

[R] € (Clxo, ..., xn)/d)a = H' (X, Tx)

ii) R is an element of the Jacobian ideal J
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iii) Q € Im (HO(X, 0x(2)) @ A"W — H(X, Ox(n +d —1))) for
the generic generalized adjoint QO

iv) The generic generalized adjoint () lies in J.

See Theorem 5.1.8. An analogous statement holds for smooth
sufficiently ample divisors of a projective variety, see Theorem
5.2.9.

In the last chapter, following Gonzélez-Alonso [26] we extend
the theory of generalized adjoint forms seen in Chapter 4 to the
case of a fibration over a smooth curve of genus g. The idea is
to construct “global” objects over the base of this fibration in
order to control what happens on the general fiber.






PRELIMINARIES

In this chapter we recall some basic facts from the theory of
Hodge structures and we give an overview on the so called
Torelli problems. For Hodge theory, the main references for de-
tails and missing proofs are Voisin’s books [66],[67] and Peters
and Steenbrink [52]. For period maps and Torelli problems we
refer also to Carlson, Miiller-Stach and Peters [10].

1.1 HODGE STUCTURES AND POLARIZATIONS

We start with the definition of Hodge structure:

Definition 1.1.1. A pure Hodge structure of weight k is given
by a free abelian group Vz of finite type and a decomposition of its
complexification

Vei=VzozC=  vra (2)
p+q=k

where VP9 are complex vector subspaces of V¢ satisfying VP4 =
VaPp,

The numbers h?9 := dim VP9 are the Hodge numbers of the
Hodge structure.

A Hodge structure defines the associated Hodge filtration F'V¢
on VC by

FPVe = v (3)
=P
The Hodge filtration is a decreasing filtration and satisfies the
following property:
Ve = FPVe @ Fepilve. (4)
Conversely, a decreasing filtration

Ve - DFPVe D PPV (5)

which satisfies (4) determines a weight k Hodge decomposition
on V¢ by
VP = FPVe NFIVe. (6)

Consider two Hodge structures Vz and Wz of weight n and
m = n + 2r respectively.
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Definition 1.1.2. A morphism of Hodge structures is a mor-
phism of groups &: Vz — Wy whose complexification o¢c: Ve —
W maps VP9 to WPT™9%T Equivalently we ask that ¢¢(FPVe) C
FPH"We. We say that ¢ is a morphism of type (r, 7).

It is not difficult to see that ¢ induces Hodge structures on
Ker ¢, Im ¢ and Coker ¢ compatible with those on V and W.

Definition 1.1.3. An integral polarized Hodge structure of weight
k is given by a Hodge structure of weight k together with a Z-valued
bilinear form

Q:Vz®@Vz = Z (7)

which is symmetric if k is even, alternating otherwise, and its com-
plexification Q¢ satisfies

1. Qc(w,v) =0forue VP9 v e V¥and (p,q) # (s,1)
2. iP79Qc(uw, ) > 0 for u € VP9, u # 0.

The multiplication by iP~9 on VP4 defines an operator on V¢
called the Weil operator and usually denoted by C. Conditions
1 and 2 can be equivalently reformulated in terms of the Hodge
filtration and the Weil operator:

1. the orthogonal complement of FPV¢ is F*PH1V

2. the hermitian form on V¢ defined by Q(Cu,V) is positive
definite.

The example of Hodge structure we are interested in is given
by the cohomology of an n-dimensional compact Kihler mani-
fold. For the basic notions we refer again to [66]. Recall the well
known Hodge decomposition

Theorem 1.1.4 (Hodge decomposition). Let X be an n-dimensional
compact Kihler manifold. Let HP9(X) be the space of cohomology
classes representable by a closed form of type (p, q). Then there is a
direct sum decomposition

HYX,C) = @ HP4(X). (8)
p+q=k

Moreover HP-9(X) = HaP(X).
Hence if we take Vz = H¥(X,Z) (modulo torsion) we have
that Vo = H¥(X,C) and the Hodge decomposition defines a

Hodge structure of weight k.
We recall now the definition of primitive cohomology.
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Definition 1.1.5. The primitive cohomology is defined as

Him (X, €) = Ker (L™ HY(X,€) = H™™*2(X,C)), k<n
9)
where
L: H*(X,C) — H*2(X,C)

is the Lefschetz operator given by multiplication with the Kihler form
w.

There is an induced Hodge decomposition on the space of
primitive cohomology:
Hpim (X, C) = @D HYAL(X). (10)
p+q=k
Here HP (X) = Ker (L™ P-4+1: HPA(X) — HMa+InpH (X))
is the space of primitive (p, q)-forms.
Moreover we have a natural bilinear form given by integra-

tion. Call e(k) := (—1)2%(&+1) and

Qo B) = e(k)J aABAWY® (o, [B] € HYX,C). (1)
X

This form is called the Hodge-Riemann form and is symmetric

if k is even, alternating otherwise. It can be proved that

Q(HP(X), H™* (X)) =0 if (r,5) # (q,P) (12)
(hence this holds also for primitive (p, q)-forms) and

Q(Cu,u) >0 foruc Hg’r?m(X),u £ 0. (13)
When the class of the Kdhler form [w] is integral, i.e. [w] €
H?(X,Z), Q as defined in (11) takes integral values on the in-
tegral classes, hence there is an integral polarized Hodge struc-
ture on the primitive cohomology of X. This is the case when X
is a projective algebraic variety. The converse is also true, that
is if [w] is integral, then by Kodaira embedding theorem, X is
projective.
A polarized Hodge structure can be defined also on the non-
primitive cohomology H*(X, C) using the Lefschetz decomposi-
tion. For details see [52, Example 2.10] and [69, Corollary page

771
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1.2 VARIATIONS OF HODGE STRUCTURES

Let X be a complex manifold.

Definition 1.2.1. A local system on X is a sheaf of abelian groups
locally isomorphic to a constant sheaf of stalk G, where G is a fixed
abelian group.

Given an open cover U; of X where the local system trivi-
alizes, the transition morphisms are given by M;; € Aut(G).
If H is a local system of C-vector spaces, the tensor product
H := H®¢ Ox is a sheaf of locally free Ox-modules. The associ-
ated holomorphic vector bundle is equipped with a natural flat
connection. Recall that

Definition 1.2.2. A connection on H is a C-linear map V: H —
H ® Q satisfying the Leibniz rule

V(f-o0)=fV(o)+df®o (14)
for £ a local section of Ox and o a local section of H.
The connection V gives a map
V:Ho Q) - Ho 0k (15)

defined by
Vicea)=V(o) \Na+0o® da. (16)

Definition 1.2.3. The curvature of the connection is defined by
O=VoV:H—He 0% (17)
If © = 0 we say that the connection is flat.

For 0 € 3, 0 = )_;0; in a local trivialization of H, we can
define a connection in the following way:

V(o) =) oi®da € H®Q); (18)

it is easy to see that this definition does not depend on the
choice of the trivialization.

Definition 1.2.4. This connection is the Gauss-Manin connection
associated to the local system H.

The Gauss-Manin connection associated to a local system is
flat. Conversely, given a holomorphic vector bundle H equipped
with a flat connection, the kernel Ker V C J is a local system
on X. We have the following result:
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Theorem 1.2.5. The construction sketched above gives a bijective cor-
respondence between isomorphism classes of holomorphic vector bun-
dles equipped with a flat connection and isomorphism classes of local
systems of vector spaces.

Definition 1.2.6. A variation of Hodge structure of weight k on
a complex manifold X is given by the following data:

1. a local system Hy of finitely generated abelian groups on X

2. afinite decreasing filtration 3 of the holomorphic vector bundle
H = Hz @z Ox by holomorphic subbundles (called the Hodge
filtration).

These data should satisfy:

1. for each x € X the filtration induced by F°H on Hz, ® C
defines a Hodge structure of weight k.

2. the Gauss-Manin connection V: H — H ® Q) satisfies the
Griffiths” transversality condition

V(FPH) c FP1H e QL. (19)

In other words a variation of Hodge structure is a family of
Hodge structures parametrized by a complex manifold.

A morphism of variations of Hodge structures is defined in
the obvious way.

Denote by Z the constant sheaf on X of stalk Z.

Definition 1.2.7. A polarized variation of Hodge structure of
weight k is given by a morphism of local systems on X

Q:H®H—-Z (20)
which induces on each fiber a polarized Hodge structure of weight k.

In this thesis we are interested in the geometric case which
arises considering a family of complex manifolds.

Definition 1.2.8. A family of complex manifolds is a proper sub-
mersive holomorphic map ¢: X — B between complex manifolds. B
is called base of the family.

We denote by Xy, the fiber ¢~ T(b) over a point b € B. If B is
connected we fix a reference point 0 € B and we see X; as a
deformation of the fiber X := X,. In this case we say that X is
a family of deformations of X. Now consider the algebra of dual
numbers Cle] := C[t]/(t?).

13
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Definition 1.2.9. We say that X, — Spec(Clel) is a first order (or
infinitesimal) deformation of X if we have the following commuta-
tive diagram

X Xe (21)

| |

Spec(C) — Spec(Cle]).

First order deformations arise naturally in the following way:
let : X — B be a family of complex manifolds and

Spec(Cle]) —» B

a tangent vector in the origin 0 € B. The base change

Xe X (22)

L

Spec(Cle]) —B

defines a first order deformation X, — Spec(Cle]) of X. It is not
true, however, that all the first order deformations of X come
from a first order neighborhood of a family X — B. Such defor-
mations are said to be obstructed.

We have the following important result:

Proposition 1.2.10. The first order deformations of X are parametrized
by H'(X, Tx).

The differential ¢.: Ty — ¢*(Tg) of a family gives an exact
sequence of vector bundles over X

0— Tx = Tyx — ¢*(Tg)x — 0. (23)

Since ¢*(Tg)jx = Tp, ® Ox, we have that this sequence gives in
cohomology a map

p: HO(X, Tg o ® Ox) = Tgp — H'(X, Tx). (24)

Definition 1.2.11. The map p: Tg g — H' (X, Tx) is called the Kodaira-
Spencer map at 0 of the family ¢: X — B.

The Kodaira-Spencer map associates to a tangent vector % €
Tg o the corresponding first order deformation X, — Spec(Cle]).

The following theorem is well known and it will be essential
from now on.



1.2 VARIATIONS OF HODGE STRUCTURES

Theorem 1.2.12 (Ehresmann). Let ¢: X — B a proper submersion
between differentiable manifolds, where B is a contractible manifold
equipped with a base point 0 € B. There exists a diffeomorphism

T:X — XoxB (25)
over B.

In the case of a family of complex manifolds this means that
for every point b € B there exists an open neighborhood U C B
of b such that ¢—'(U) is diffeomorphic to U x X,. Now consider
a ring of coefficients A (usually A will be Z,Q, R or C) and the
shaves R*}p,A, where R*¢, is the k-th derived functor of ¢s.
R¥,A is the sheaf on B associated to the presheaf

V= HY (¢ (V),A).
Since we can choose U to be contractible we have
H (¢ 1(V),A) = H¥(V x Xp, A) = H*(Xp, A)

for a fundamental system of neighborhoods of b, hence R*¢. A
is a local system on B locally isomorphic to the constant sheaf
of stalk H*(Xp, A).

Now take A = C and consider a family of Kéhler mani-
folds. Let * = R¥$.C ® Op be the holomorphic vector bundle
associated to the local system R¥¢$,C. This vector bundle has
fiber J—C‘g = H*(Xp, C) and the Hodge filtration FPH*(X}, C) C
H* (X4, C) on each fiber defines holomorphic subbundles FPHk C
.

Definition 1.2.13. The holomorphic bundles FPH* are called Hodge
bundles.

Consider the Gauss-Manin connection V.

Theorem 1.2.14. The Hodge bundles satisfy the Griffiths’ transver-
sality condition

V(FPH) c 7P 1H 0 Ql. (26)

It immediately follows that these data define a variation of
Hodge structure on the local system chb*Z.
The quotients

HPA = FPk/FPHT gk (27)

15
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have fibers

3 = (FPHO)/ (TP H), = FPH (X, C)/FPHTH¥ (X, €)
=HM(X), p+q=k
(28)

Thanks to Theorem 1.2.14, the Gauss-Manin connection in-
duces maps

VP a5 g 1at o O (29)

As V satisfies the Leibniz rule (14), we have that for o € FPIH*
and f € Og

V(f-o0) =1fV(o) mod 3’""’9—(1‘®Q]]3,

hence
V(- 0) = V" (0)

for ¢ € HP4. In particular we have that V"' is a morphism of
Op-modules which gives on the fibers

Vi HPA(X) — HPHP (X) @ Qg .
If we think of V)¢ as a map
Vo9 HPA(X) @ Tgp — HPHAHT(X),
we have an explicit description given by contraction:
Villo@v) =0 p(v) (30)
where p is the Kodaira-Spencer map introduced in 1.2.11.
Definition 1.2.15. The maps Vi are called infinitesimal varia-

tions of Hodge structure.

1.3 THE PERIOD MAP AND THE PERIOD DOMAIN

Let X be a Kdhler manifold and ¢: X — B a family of defor-
mations of X. Up to restricting B we may assume that all the
fibers Xy, are Kdhler manifolds by [66, Theorem 9.23] and that
the Hodge numbers are constant by [66, Section 9.3.2]. We can
also assume that B is contractible, hence by Ehresmann theorem

1.2.12, we have
H (X, C) = H*(X;, C)

for every b € B.
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Definition 1.3.1. The map

PPK. B — Grass(bP*, H*(X,C)) (31)
b — FPH*(Xp, C) € H*(Xp, C) = H*(X, C),

where bP* = dim FPH*(Xy, C), is called period map.

Theorem 1.3.2 (Griffiths). The period map PP* is holomorphic for
all p,k,p < k.

Consider now the differential of the period map at a point
b € B. The tangent space to the Grassmannian Grass(r, V) at a
point W is Hom(W, V/W), hence

dPP¥: Tgp — Hom(FPH¥ (X, C), HX (X, C) /FPH (X, C)). (32)
Actually it holds

Proposition 1.3.3. The image of dPP* is contained in

o FPHY(Xp, C)  FPTHK(X,, C)
FPHTHR (X}, C)" FPHR(Xy, C)

By the identification

FiHK (X}, C) e
. - = HWH(X
F‘HHk(Xb,C) ( )
we have that
dPP*: Tgp — Hom(HP*P(Xy), HP - PH (X)), (33)

The differential of the period map is explicitly described by
contraction:
dPPE() () = w - p(v) (34)

where v € Tgp, w € HPA—P(X,) and p is the Kodaira-Spencer

map. Hence the infinitesimal variation of Hodge structure can

be regarded as the differential of the period map (cf. (30)).
Alternatively, using the Dolbeault isomorphism

HPA(X) = HI(X, QF), (35)
see [66, Corollary 4.38], the differential of the period map is
dPP¥: Tg, — Hom(H¥ P(Xy, QF), H< P (X,, Q271).  (36)

Definition 1.3.4. The flag space F,- H*(X,C) parametrizes the de-
creasing filtrations F on H*(X, C) such that dim FPH*(X, C) = bPX.

17
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Of course if X is Kéhler, the Hodge filtration

0=FHNX,C) c--- c FPHY(X,C) C
CFPTHY(X,C) C -+ C FPH¥(X,C) = H¥(X,C)
(37)
is an element of the flag space.

The flag space can be realized as a subspace of the product
of Grassmannian

K
H Grass(bP*, H*(X, C))
p=1
consisting of the k-tuples (W', ..., W¥) such that W' ¢ W=, In
this way it can be seen that the flag space is a complex manifold.
Putting together the period maps PP* for p = 1,...,k, we
obtain a map, which is also called period map,

Pk B — Fp H(X,C) (38)
b (PY*(b),..., P (b)).

By Theorem 1.3.2 we immediately have that P* is holomorphic.
By (34), its differential is

dP*: Tg, — ) Hom(HP*P(Xy), HPHPH(Xy)).  (39)
P
Since we have assumed at the beginning of this section that Xy,
is Kahler for every b € B, it follows that the filtration Pk(b)
satisfies also

FPH¥(Xp, C) @ FePHTHK(Xy, C) = H¥(Xy, C). (40)

This condition defines an open set D C Fo H¥(X,C) and the
image of P* is contained in D.

Definition 1.3.5. D is called period domain.

A similar construction can be done in the case of primitive
cohomology. Consider a family ¢: X — B and assume that
there exists a form w € H2(X,Z) which restricted to X, is a
Kéhler class for every b € B. Under these hypotheses, the prim-
itive cohomology H];rim(Xb, C) admits a polarized Hodge struc-
ture, as we have seen in the previous sections. Furthermore
the intersection form Q is compatible with the identification
H* (X, C) = H¥(X,C).

The Hodge filtration on the primitive cohomology ngim (Xp, C)
satisties
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K
1. FP Hprim(
the non-polarized case

Xp, C) @ FrPHHE (X, C) = HX

K im prim(Xb,C) as in
2. the orthogonal complement of FP ngrim
to Q is FKPHTHK . (X4, C)

prim

(Xp, C) with respect

3. Q(Cu,w) >0 forue HI (Xp),u#0.

prim
See Definition 1.1.3.
Definition 1.3.6. The filtrations of H‘grim(Xb,C) which satisfy 1,2
and 3 define a set Dy C Fb~H‘I§rim(X,C) called polarized period
domain.

We remark that condition 2 is described by holomorphic equa-
tions on Fb-H]P‘,rim(X, C); conditions 1 and 3 are open conditions
on the set of filtrations described by condition 2.

Definition 1.3.7. The map
Pror: B = Dpol (41)

which to b € B associates the Hodge filtration on the primitive co-

homology H‘;rim(Xb,C) = H‘;rim(X,C) is called polarized period
map.

As in the non-polarized case, the polarized period map is
holomorphic. Its differential is given by contraction on the prim-
itive cohomology:

dPso: Tap — €D Hom(HPE P(Xp), HPL AP (X)), (42)

prim prim
P

The period maps we have introduced so far are often called
local, because of the local nature of the base B. In this thesis
we are mostly interested in local period maps, but for the sake
of completeness we recall the notion of global period map. The
difficulty of constructing global period maps lies in the mon-
odromy of B. In fact different homotopy classes of paths in
B may induce distinct isomorphisms of cohomology groups
H*(X,Z) = H*(X}, Z). More precisely to the local system R, Z
is associated a representation

7' (B,0) — Aut(H*(X,Z)). (43)

For details see [66, Corollary 3.10].
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Definition 1.3.8. This representation is called monodromy repre-
sentation and its image is usually denoted by T C Aut(H*(X, Z)).

The period map P*: B — D as defined above associates to
b € B the Hodge filtration on H*(Xy, C) seen as a filtration on
H*(X,C) via the isomorphism H*(X,C) = H*(Xy, C). Since this
isomorphism is no longer unique, we have that such a map is
multivalued. The multivaluedness is controlled exactly by the
monodromy representation, hence

Pk B — D/T (44)
is univalued.

Definition 1.3.9. The map P*: B — D/T is called global period
map.

In the polarized case, the monodromy representation takes
values in the orthogonal group of the quadratic form Q:

7' (B,0) — Aut(H*(X,Q), Q). (45)

Also in this case a global period map as (44) can be constructed.
Such maps are locally liftable and holomorphic, that is for every
point b € B there is a open neighborhood U and a holomorphic
lifting

Pk:U— D (46)

of P¥. Furthermore any such lifting satisfies Griffiths transver-
sality conditions. Conversely, any map B — D/T" which is holo-
morphic, locally liftable and whose local liftings satisfy Grif-
fiths” transversality conditions defines a variation of Hodge
structure with monodromy contained in T'. See [10, Lemma-
Definition 4.5.3].

1.4 TORELLI PROBLEMS

Before introducing the so called Torelli problems we need to
recall a few more facts about families of deformations.

Consider a family ¢: X — B with central fiber Xy = X and
a holomorphic map B’ — B preserving base points. Then the
fiber product X xg B’ yields a new deformation of X.

Definition 1.4.1. The family X xg B’ — B’ is called pullback fam-
ily or family induced by ¢.
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Definition 1.4.2. A family ¢: X — B is called complete if any other
deformation of X is induced by ¢. If the inducing map is unique we
say that the deformation is universal. If its differential at the base
point is unique it is called versal.

Versal families are unique up to isomorphism.
We need the following theorem

Theorem 1.4.3 (Kuranishi). For any compact complex manifold X
there exists a versal deformation with a bijective Kodaira-Spencer
map.

Definition 1.4.4. This family is called Kuranishi family.

Under some hypotheses, for example H?(X, Tx) = 0, we can
assume that the base of the Kuranishi family is smooth.

The classical Torelli theorem for curves states that a smooth
curve of genus g > 1 is determined up to isomorphism by its
Jacobian (as a polarized abelian variety) or, equivalently, by the
polarized Hodge structure on the first cohomology.

For higher-dimensional varieties we can formulate, in anal-
ogy with the case of curves, the global Torelli problem. Denote
by M(X) the set of equivalence classes of complex structures
on a differentiable manifold X. We have a global period map
M(X) — D/T where D denotes as usual the classifying space
of polarized Hodge structures and I is the subgroup of the
orthogonal group Aut(H*(X,Q), Q) given by the elements that
fix H*(X,Z). The global Torelli problem asks if this map is in-
jective, that is if we can reconstruct the complex structure on
X starting from its Hodge structure. If M(X) can be endowed
with the structure of a complex analytic space in a functorial
way, we have that the period map is holomorphic.

The local Torelli problem asks if M(X) — D/T is a local em-
bedding and the generic Torelli problem asks whether the period
map is generically injective. See [11] and [20].

The k-infinitesimal Torelli problem asks if the differential of the
local period map P*: B — D for the Kuranishi family ¢: X — B
is injective at the point 0 € B. In this case we say that the k-
infinitesimal Torelli theorem holds for Xj.

Assume that the base B of the Kuranishi family is smooth, we
have seen in (34) that the differential of the period map is the
composition of the Kodaira-Spencer map and the map given by
cup product:

dP*: Tgo — H'(X, Tx) = @) Hom(H¥ (X, Q}), H* PH(X, QF ).

P
(47)
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Since by definition of Kuranishi family the Kodaira-Spencer
map is bijective, the infinitesimal Torelli problem is reduced
to the study of the map given by the cup product

H'(X, Tx) = @) Hom(H*P(X, OF), H* P (X, QF ). (48)
P

We now describe another useful way to interpret this prob-
lem. If X is a smooth variety, the cohomology space H'(X, Tx)
is isomorphic to Ext’ (Q;o Ox) which is the group that classifies
up to isomorphism exact sequences of the form

0= 0x—=&—=0k—0, (49)

where € is a locally free sheaf of rank dim X 4 1. Such a se-
quence is also called extension. The idea to prove this isomor-
phism is the following: take sequence (49) and dualize it to
obtain

0= Tx = &Y = Ox — 0. (50)

From the associated long exact sequence in cohomology, we

obtain a map
§: HO(X, Ox) — H(X, Tx).

Call & the image of 1 € HO(X, Ox) via §, that is & := §(1). The
class & € H'(X, Tx) is exactly the element of H'(X, Tx) corre-
sponding to the exact sequence (49). We have that & = 0 if and
only if the extension (49) splits, thatis € = Ox @ Q;(. The space
H'(X, Tx) also parametrizes the first order deformations of X
(see Proposition 1.2.10). In fact sequence (50) is isomorphic to
the tangent sequence

0—Tx = Txx = Ox =0 (51)

where X¢ — Spec(Cle]) is the first order deformation associated
to &. Consequently sequence (49) is

0= Ox = Qf_x = Qk — 0. (52)

Furthermore the p-th wedge product of (49) is the exact se-
quence

P
0-0% ' Ae—af—o. (53)

This sequence is associated to an element of Ext' (Q, QE)(_] ). It
can be proved that this group is again isomorphic to Ext' (Ql,0x),
that is we have

Ext'(QF, QF 1) = Ext' (Q), 0x) = H'(X, Tx). (54)
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The class associated to (53) via these isomorphisms is again &.
The coboundary maps arising in cohomology by these exact
sequences

HI(X, QF) — HIT (X, Q% )

are all given by contraction by &.

Hence the infinitesimal Torelli problem for X, that is the in-
jectivity of (48), is reduced to the following question: if all the
coboundary maps

HEP(X, QF) — H P (X, Qb ) (55)

are zero, can we deduce that the class & is zero? In this thesis
we will mostly face the problem in this form.

1.5 INFINITESIMAL TORELLI FOR SMOOTH PROJECTIVE HY-
PERSURFACES

Take a smooth hypersurface V. C IP™ defined by a homoge-
neous polynomial F € Clxy,...,xn] of degree d. Denote by S
the polynomial ring Cl[xy, ..., xn] and by J the Jacobian ideal of

F, that is the ideal of S generated by the partial derivatives g—;

for i = 0,...,n. Both are graduated by the degree: S = Sk
and J = @Hk, where S* = Cl[xo, ..., xnJx and J¢ = JN S*. The
Jacobian ring is by definition the quotient R = S/J. It is also
graduated in the obvious way.

Consider U,, 4 the open subset of IP( Sd) parametrizing smooth
hypersurfaces of degree d. Our hypersurface V is a point of
U, 4, with tangent space

Tu, v = S4/C-F. (56)

Explicitly, every element of the tangent space is the equivalence
class of a curve F+ tG and two such curves F+tG and F +tG’
are equivalent if and only if G — G’ is a multiple of F. It is not
difficult to see that the tangent vectors to the GL(n + 1) orbit
passing through V are exactly given by the Jacobian ideal

3¢/C-FcsYC- T
Consider the exact sequence
0 — Opn — Opn(d) — Oy(d) — 0. (57)
Since H' (IP™, Opn) = 0 we have an isomorphism

HO(V, Oy(d)) = HO(IP™, Opn(d))/C - F =Ty

n,drv'

23
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The incidence variety I := {(U,x) € U, 4 x P™ | x € U} with
the natural projection onto U, 4 gives a family I — U, 4. The
Kodaira-Spencer map of this family is given by the coboundary
of the normal exact sequence

0 — Ty = Tpnjy — Oy(d) =0, (58)
that is
HO(V, 0y(d)) = H'(V, Ty). (59)

It associates to G € HO(V,Oy(d)) the first order deformation
of equation F+tG = 0, t* = 0. By Bott’s Vanishing Theorem,
H' (V,Tpnjy) = O forn > 4 or n = 3 and d # 4, hence the
Kodaira-Spencer map is surjective in these cases. Its kernel is
given by the degree d part of the Jacobian ideal J¢. In particular
we have the following

Lemma 1.5.1. If n > 4 or n = 3 and d # 4 there is an isomorphism
H'(V, Ty) = R4 (60)

It turns out that the Kodaira-Spencer map restricted to the
slice transversal to the GL(n + 1) orbit is an isomorphism and
we obtain a universal family for our smooth hypersurface.

Furthermore we have the following result (see [67, Section 6])

Theorem 1.5.2. There is an isomorphism for every p

Hn—P,P—] (V) ~ defnf1 ) (61)

prim

Under the previous identifications, the infinitesimal variation of Hodge
structure

H'(V, Ty) @ HE PP (V) = HE PPy (62)

prim prim
is given by the polynomial multiplication
Rd ® defnfl N Rd(p+])7n7] . (63)
The study of the infinitesimal Torelli problem in the case of

smooth hypersurfaces of degree d is then reduced to the study
of the injectivity of the map

Rd N @ Hom(R(n—p)d—n—1 , R[n—p—H )Jd—n—1 ) (64)
P

given by the standard polynomial multiplication. Macaulay’s
theorem gives an answer to this problem.
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Theorem 1.5.3 (Macaulay). Set N = (n+1)(d —2). Then RN = C
and for every integer k, the pairing

RF x RN7F — RN (65)
is perfect.
As a corollary we obtain

Corollary 1.5.4. For integers a,b such that b > O and a+b < N,
the map given by the product

R® — Hom(R®, R%"Y) (66)
is injective.

Remark 1.5.5. Macaulay’s theorem actually holds in a more general
setting. Tnke S = Clxy, . .., xn] as before and J the ideal of S generated
by a sequence of n + 1 homogeneous polynomials G; of degree d; > 0
without common zeroes. We say that such a sequence is a regular
sequence. Tuking R = S/J and N = Y ' ydi —n— 1, Theorem
1.5.3 and its Corollary still hold.

Using Corollary 1.5.4, the Infinitesimal Torelli theorem holds
for smooth hypersurfaces if there exist p > 0 such that (n —
pld—m—1>20and (n—p+1)d—m—-1<N=n+1)(d-—2).
This is always the case except for d = 2 (quadratic hypersur-
faces of any dimension) and d = 3,n = 3 (cubic surfaces). This
theorem is due to Griffiths, see [34].
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THE ADJOINT THEORY FOR CURVES

In this chapter we discuss the theory of adjoint forms in the
case of curves. First we deal with smooth curves following the
lines of the original paper by Collino and Pirola [18], then we
give a generalization of this theory for singular curves; in partic-
ular we are concerned with Gorenstein curves (see [60]). Some
applications for Torelli-type problems are given.

2.1 INFINITESIMAL TORELLI PROBLEM FOR CURVES

Let ¢: € — B be a smooth family of smooth curves of genus
g over a complex polydisk B and let O be a reference point in
B. As in the previous chapter, we will denote by C the fiber
Co = 1(0).

In the case of a curve we have that the Hodge decomposi-
tion is given by H'(C,C) = H'?(C) @ HY'(C), hence the (local)
period map P! is simply given by

P B — Grass(g,H] (C,Q)) (67)
b — H'"°(C,) c H'(Cy,C) = H'(C, Q).

As we have seen in the previous chapter, the differential is
given by the composition

Tgo — H'(C, Tc) — Hom(H%(C, wc), H'(C, 0¢)),

where wc is the canonical sheaf of the curve C. If ¢ is the
Kuranishi family of C, then the Kodaira-Spencer map is an iso-
morphism and the infinitesimal Torelli problem asks if

H'(C, Tc) = Hom(H°(C, wc), H'(C, 0¢)) (68)
is injective. This can be dually stated as follows. Write (68) as
H'(C, Te) = HY(C, we)Y @ H'(C, Oc). (69)

The injectivity of this map is equivalent to the surjectivity of
the dual map

HO(C, we) @ HY(C,00)Y — HY(C, To)Y. (70)

27



28

THE ADJOINT THEORY FOR CURVES

By Serre duality we have that
H'(C,0¢)" = H%(C, wc)

and
H'(C,Te)Y = HO(C, wE?),

hence the infinitesimal Torelli problem is equivalent to the sur-
jectivity of

HO(C, we) @ HY(C, we) — HO(C, wE?). (71)

This map is the natural map given by the product of sections
(see [66, Lemma 10.22]).

The answer to the infinitesimal Torelli problem for curves is
well known (cf. [1], [51], [65], [68]).

Theorem 2.1.1 (Infinitesimal Torelli for curves). Let C be a smooth
curve of genus g = 1,2 or g > 3 and C not hyperelliptic. Then the
local period map

P B — Grass(g,H] (C,Q)) (72)

for the Kuranishi family ¢: C — B is an embedding at the point 0
corresponding to C.

Reformulating this result in terms of (71) we have the Noether
Theorem

Theorem 2.1.2 (Noether). Let C be a smooth curve of genus g = 1,2
or g > 3 and C not hyperelliptic. Then the product map

H(C, we) ™ = H(C, w?) (73)
is surjective.

Actually in the case of smooth curves the answer to the global
Torelli theorem is known, as we have recalled in the previous
chapter. Call My the coarse moduli space of complete non-
singular curves of genus g and Ay the moduli space of prin-
cipally polarized abelian varieties of dimension g. Then the
Torelli map t4: Mg — Ag which sends the isomorphism class
of a curve to the isomorphism class of its Jacobian is injective.

Concerning singular curves, there is a large literature about
the problem of extending the Torelli map to a morphism

5 M = A,
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where My is the Deligne-Mumford compactification of Mg (see
[50] and [9]) and .A_g is a suitable compactification of A. Clearly
the problem varies according to the chosen compactification of
Ayg: see [9].

In the case of irreducible stable curves Namikawa proved that
the canonical map from the open set of irreducible stable curves
to the normalization of the Satake compactification of Ag is in-
jective; see: [50, Theorem 7 page 245]. He proved that if C is
an irreducible stable curve of genus g whose normalization is
a non-hyperelliptic curve of genus > 2 then C is uniquely de-
termined by its generalized Jacobian [50, Proposition 9 page
245]. He also showed that the above map can’t be injective over

the divisor N = UE]1 N; where N; is the divisor whose general
points correspond to stable curves with two non-singular irre-
ducible components C;, C, with genus 1 and g — i meeting at
one point.

Note that in the singular case the dualizing sheaf w¢ and
the sheaf of one forms Q[ are different as we will see in more
details. Furthermore we do not have the isomorphism

Ext'(Qf, 0¢) = H'(C, T¢)

and we have to work directly with the group Ext' (QL,0c¢). The
map

Ext'(QF, 0¢) = Hom(H(C,QL), H'(C,0¢)),  (74)

corresponding to (68) in the singular case, is constructed con-
sidering the short exact sequence associated to an element of
Ext'(Q}, Oc) and taking the coboundary map in cohomology.
Hence, (74) fails to be injective if there exists & € Ext’ (Q1C, Oc),
& # 0 such that for one of the associated extensions

O—>OC—>8—>Q1C—>O (75)

the coboundary homomorphism 0;: HO(C,Q1C) — H'(C,0¢) is
trivial.

In this chapter we study the injectivity of (74). In particular
we focus on the general case of Gorenstein curves.

2.2 ADJOINT THEORY FOR SMOOTH CURVES

In this section we introduce the theory of adjoint forms in the
case of smooth curves. We recall the basic definitions and con-
structions as they were introduced by Collino and Pirola in
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[18]. This theory can be generalized in higher dimension and
is suitable for the study of Torelli type problems and variations
of Hodge structure, as we will see in the following chapters.
We will also present a generalization of the adjoint theory for
Gorenstein curves with the aim of tackling the problem given
by the injectivity of (74).

Let C be a smooth curve of genus g and consider a first order
deformation of C. As we have seen in Proposition 1.2.10, it cor-
responds to an element & € H'(C, T¢) and to an exact sequence

0—=0c—E&—=wc—0 (76)

via the isomorphism H'(C, Te) = Ext' (we, O¢).
From (76) we have the long exact sequence in cohomology

0 — HO(O¢) = C — HO(&) = HO(we) 25 HY(0) —
— H'(&) = H'(we) = 0. (77)

We assume that the kernel of o; is of dimension at least 2.
Since the idea is to use this theory for Torelli type problems,
this assumption is not restrictive, because usually 0; is the zero
map.

Fix now a subspace W C Ker d; of dimension 2 and a basis
B ={n1,m2} of W. Since 11 and n; are in the kernel of 5;, by the
exactness of (77), we can pick liftings s1,s; € HO(C, &) of n1,M2.

Following [18], we denote by o the composition

2 2
a: \H(C, &) = H(C, A\ &) = HO(C, we).

The first arrow /\2 HO(C, &) — HO(C, /\2 &) is simply given by
the wedge product on sections of €. The second one follows
from the isomorphism

2
/\ &= we (78)

arising from sequence (76). Since € is a locally free sheaf of rank
2 on C, /\2 & is its determinant sheaf, hence we will denote it
also by det €.

Definition 2.2.1. The form
wgw,3 = «s1 Asz2) € HY(C, we) (79)

is called adjoint form of &, W and B.
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Problem 2.2.2. We want to decide whether this adjoint form wg w
is in the space W. In other words, starting from my,m, we have con-
structed another global differential form wg w s € HO(C, wc). Is this
form really different from our initial data? Or is it just a linear com-
bination of 1 and ny?

The adjoint form depends on the extension class &, on the
space W and on the chosen basis of W as the notation suggests.
It also depends on the choice of the liftings s; and s;, but as we
will see in a moment, this choice is not relevant when looking
at Problem 2.2.2. Since we want to understand if wgw 3 is in
W, we give the following natural definition:

Definition 2.2.3. The class [w w ] € HO(C, wc)/W is called ad-
joint image.

Remark 2.2.4. If we choose another lifting sy of 0y, the forms (s /\
s2) and «(sq /\'sp) differ by a multiple of np. In fact s} A's; —s1 A\
s2 = (s7—s1) /\'sp = c/\'sy, where c is a section ofHO(C, &) coming
from HO(C,Oc¢) (see exact sequence (77)). «(c /\'sp) is of course a
multiple of m; since s is a lifting of ny and c leads to a constant.
Viceversa if we choose another lifting s’ of n, the adjoint forms differ
by a multiple of ny. This means that the answer to Problem 2.2.2 does
not depend on the choice of the liftings sy and s;. In other words while
the adjoint form of Definition 2.2.1 depends on the liftings, the adjoint
image of Definition 2.2.3 does not.

Remark 2.2.5. If we choose another basis B’ of W, both the adjoint
form and the adjoint image change. Let B’ = {n},n}} with

ni =aym +apny fori=1,2.

Then, if sy is a lifting of ni, we can choose s! := aijs1 + aizs2 as
lifting of 0/, for i =1, 2. We have then

a;; a
siAsh=det| 1 T s Asy.
azr a2

Therefore

[we,w,z/] = det (a” a12> [we,w, 5]
ax; az
and the adjoint images related to different basis differ by a nonzero
multiplicative constant. Hence the adjoint image relative to B is zero
if and only if the adjoint image relative to B’ is zero, which means
that also the choice of a basis of W is not relevant for Problem 2.2.2.
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Definition 2.2.6. Denote by [W| C PHO(C, wc) the linear system
associated to W. We call Dyy its fixed divisor.

We want to give a local description of the adjoint form. Re-
strict sequence (76) to an open subset U of C where € and w¢
become trivial. Call dz the local generator of wc, and dz, dt the
local generators of €. Locally we have

Myu = aidz fori=1,2 (80)

and hence
siju = aidz+bidt fori=1,2.

The wedge product s1 A\ s; is then

a; by

s1/\ sy = det ( > dz/\dt

az by
and the adjoint form wzw
wgw B = det <Zl E;) dz.
It follows immediately that w; v 5 vanishes on Dyy.
Lemma 2.2.7. We have an exact sequence
0 — Te(Dw) = Oc ®Oc — wc(—Dw) — 0. (81)

Proof. The sections 1,1, € H°(C, w¢) vanish on Dy, hence can
be lifted to H°(C, wc(—Dw)). We call 7 and 73 the correspond-
ing liftings. The map Tc(Dw) — Oc @ O¢ is given exactly by
—n2,M1, while the map Oc @ Oc — wc(—Dw) is defined by

(a,b) — any + bny. (82)
The exactness of sequence (81) is straightforward. O

Lemma 2.2.8. Sequence (81) fits into a commutative diagram

0——Tc(Dw) —=0c® Oc — wc(—Dw)——=0  (83)

| | |

0 OC & wc 0.

Proof. Call wg w g the lifting of w w 3 in HO(C, wc(—Dw)). The
first vertical map T¢(Dw) — Oc is given by contraction with
Wz w s- The second vertical map is given by s7 and s;.
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The commutativity of the second square is immediate.

We prove locally the commutativity of the first square. For
ni and s; we use the same notation of (80) and following. Take
local expression aj of 7j, that is a; = ajd, where d is a local
equation of Dy. We call f- o a local section of Tc(Dy/). The
composition

Tc(Dw) — Oc®O¢c — &

is given by
f-om— (—af, qf) — —axfs) + ayfsy; = (—aybyf + aybof)dt.
On the other hand
Tc(Dw) = Oc = €
is given by
f-o— f(—azby +@by) — (—azb;f + ayb,f)dt.
O

Definition 2.2.9. We say that the & € H'(C, T¢) is supported on
a divisor D if its image via H'(C, T¢) — H'(C, Tc(D)) is zero.

This can be interpreted as follows. Call pp the map

33

pp: H'(C,Tc) = Ext! (wc, O¢) — H'(C, Te(D)) = Ext! (we(—D), O¢).

pp (&) corresponds to an exact sequence
0= Oc =& = wec(-D)—=0 (84)

which fits in the diagram

0 Oc T wc(—Dw) ——0 (85)
0 OC I wc 0.

If pp(&) = 0, it means that the top row of this diagram splits.
Of course this does not imply that also the bottom row splits.

We can prove the main theorem of this section. It is called Ad-
joint Theorem (cf. [18, Theorem 1.1.8]) and relates the condition
of & being supported on Dy and Problem 2.2.2.

Theorem 2.2.10 (Adjoint Theorem for smooth curves). Let C be
a smooth curve. Consider & € H'(C,T¢) associated to the extension
(76). Define W = (m1,m2) C Ker (8¢) € H°(C, wc) and wg w3 as
above. Call &p,,, the image of & via the morphism pp,,,. We have that
[we,w s8] = 0 if and only if &p,,, = 0.
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Proof. Take the dual of diagram (83)

0 Tc g Oc¢ 0

| | |

0 ——Tc(Dw) —=0¢ ® O¢c — wc(—Dw) —0.
In cohomology we have

HO(eY) H(0¢) = C——H(T¢)

| o )

HO(0¢)#? = €2 —Y> HO(wc(—Dw)) ——= H!(Tc(Dw)).

Since (1) = &, as we have seen in the previous chapter, we
have that p(«(1)) = &p,, . On the other side 3(1) = W w5 (see
Lemma 2.2.8). By commutativity it follows that y(wzw3) =
&py,, hence &p,, = 0 if and only if W w g € Imv. Recall that v
is given by N7 and ;. Hence p,,, = 0 if and only if Wz w3 €
(M1,M2) and this is obviously equivalent to w; we € (M1,M2) =
W. ]

We have an immediate corollary
Corollary 2.2.11. If Dw = 0, [wg w,3] = 0 if and only if & = 0.

The Adjoint Theorem and its corollary are suitable for the
study of Torelli problems because they may be used to prove
that (68) is injective. Actually one can reprove, using this tech-
niques, the infinitesimal Torelli theorem 2.1.1. This is done in
[15]. In this thesis we skip this proof in the case of smooth
curves as we will give a generalization in the case of Goren-
stein curves.

2.3 GORENSTEIN CURVES

In this section we recall some useful preliminaries on Goren-
stein curves.

Definition 2.3.1. A Gorenstein curve is a reduced connected projec-
tive scheme C of pure dimension 1 such that the dualizing sheaf wc
is invertible.

Given a Gorenstein curve C, we can define the sheaf of Kihler
differentials Q]C ; see for instance [40, Chapter II Section 8]. This
sheaf is not locally free as in the smooth case and in general it
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has a torsion part. On the other hand the dualizing sheaf wc is,
by definition of Gorenstein curve, a locally free invertible sheaf
on the curve C.

The sheaves Q[ and wc are isomorphic outside the singular
locus of C and this isomorphism can be completed to a mor-
phism p: Ql — wc, see [31, Page 244]. The morphism p fits
into the following exact sequence:

0-K—=0L5 we—=N=O. (86)

The kernel and the cokernel of p, denoted by K and N respec-
tively, are torsion sheaves supported on the singularities.

Notation 2.3.2. As customary, we denote by Hom(J, G) the group
of morphisms between F and G, and by Hom(F, G) the sheaf given by

u+— Hom(fﬂu, 9|u)

In the same fashion, Ext! (F, G) is the right derived functor of Hom(J, G),

while Ext'(F,G) is the right derived functor of Hom(F, G).

As in the smooth case, the group Ext’ (Q1C, Oc) parametrizes
the first order deformations of C (cf. [63, Corollary 1.1.11]).
The following result gives some important information on this

group:
Proposition 2.3.3. We have an exact sequence

0 — H'(C, Hom(QL, 0¢)) = Ext' (QL, 0c) B R =0 (8y)

where
R = HO(C, ext' (QL, 0c)) = Ext' (K, O¢). (88)

Furthermore Ext' (w¢, O¢) surjects onto the kernel of .

Proof. This sequence can be obtained by the five term sequence
associated to the local to global spectral sequence of Ext’s. This
spectral sequence relates the sheaf Ext with the group Ext:

BP9 = HP(Ext(QE, O¢)) = HPHI = ExtP19(Qf, 0c).  (89)
The five term exact sequence associated to this spectral sequence
0 E° - H - Y - E5° - H? (90)

gives in our case

0 — H'(C, Hom(QL, 0¢)) — Ext'(QL, 0¢) —
— HO(C, ext'(Qf, 0¢)) — 0.

35



36

THE ADJOINT THEORY FOR CURVES

Here we also give an alternative proof because we will use some
of its steps throughout the next sections.
Sequence (86) splits into the following short exact sequences:

0=-K—=Ql 5 —0 (91)

and
00— & — wec—N=0. (92)

Dualizing (91) we have

0 — Hom(d, Oc) — Hom(QL,0c) = 0 — Ext' (®, Oc) —
— ext'(QL,0c) — ext'(K,0¢) = 0 (93)
and in particular we deduce that the dual of the sheaf Q! is

isomorphic to the dual of the sheaf @&. Taking the dual of (92)
we obtain the long exact sequence

0 — Hom(we, Oc) — Hom(d,O¢) — Ext' (N, Oc) —
— &xt'(we, Oc) = Ext! (W, Oc) — 0.

Since the dualizing sheaf is locally free we have that
Ext! (we,0¢) = ext! (Oc¢, (U\é) =0,

see [40, Chapter III, Propositions 6.3 and 6.7]. Hence we deduce
that
ext' (@, 0c) =0;

see also [39, Lemma 1.1].
Now we apply the functor Hom(—, O¢) to (91) and we have
the exact sequence
0 — Hom(, O¢) — Hom(QF, O¢) — 0 — Ext' (@, O¢) —
— Ext'(QF, 0c) — Ext' (K, 0c) — 0.

In particular
0 — Ext' (@, O¢) — Ext' (Qf, Oc) — Ext' (K, 0¢) = 0 (94)

is exact. Note that the sheaf K is supported on the singulari-
ties. On the other hand, the kernel Ext' (@, O¢) parametrizes
the extensions of the sheaf & by the structure sheaf Oc, that is
isomorphism classes of exact sequences of the form

0=>0c—>E&—d—0. (95)
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The sheaves of this sequence are torsion free and hence reflex-
ive (see [39, Lemma 1.1]). This implies that taking the dual se-
quence gives a bijective correspondence between extensions as
(95) and their dual

0= =&Y = 0c—0.
This means that the group Ext' (®, O¢) is isomorphic to
Ext' (O¢, @) = H'(C, V).

Since
@Y = Hom(QL, O¢)

as seen in (93), we conclude that
H'(C, Hom(Qf, O¢)) = Ext' (®, O¢). (96)
Sequence (94) is then our desired sequence
0 — H'(C, Hom(QL,0¢)) — Ext'(QL,0c) = R — 0.

For the last statement, apply the functor Hom(—, O¢) to (92) to
obtain

0 — Hom(w¢, O¢) — Hom(d, Oc) — Ext' (N, O¢) —
— Ext'(we, O¢) — Ext' (@, Oc) — 0.

O

2.3.1  Nodal curves

Nodal curves are an interesting example of Gorenstein curves.

Definition 2.3.4. A point in a projective curve is a node if it has a
neighborhood in the analytic topology which is isomorphic to a neigh-
borhood of the origin in the space (xy = 0) C C%. A nodal curve is
a curve with only nodes as singularities.

Given a nodal curve C, we denote by v: C — C its normaliza-
tion. In this case the situation described above is more explicit.

Around a node P given locally by xy = 0, the sheaf of K&hler
differentials Q[ is generated by dx and dy with the relation
ydx + xdy = 0; see [2, Chapter X].

On the other hand the dualizing sheaf is defined as follows.
Consider Py, ..., Py the nodes of the curve and Q1,Q7, ..., Qn, Q},
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their preimages in the normalization C of C. Then wc is the
subsheaf of

va(ws() Qi+ Q)

given by the sections o with opposite residues in Q; and Q/,
that is
Resq, (o) + ResQ{(G) =0.

A local generator for wc in a neighborhood of a node is by
adjunction w, where F is a local equation for the curve.
Locally near a node P, the map p: QL — wc is given by

dx A d
p(dx) = x =
F
and I Ad
X
p(dy) = —y : J

The stalk Kp of the kernel of p is the C-vector space generated
by xdy = —ydx. To understand the cokernel Np, we note that
the image of p, denoted by @ as in the general case, is generated
by the ideal (x,y) in w¢, that is & = (x,y) - wc. Np is then
wc/(x,y) - wc.

By the explicit description of K in the nodal case, (87) be-
comes

0 — H'(C, Hom(Qg, 0¢)) = Ext' (Qf, 0c) — P Cp, = 0;
i

(97)
see for instance [2, Chapter XI].

The meaning of this sequence is that there are two kinds of
tirst order deformations of C. The deformations coming from
the direct sum @; Cp, are those that give the smoothing of the
nodes. More precisely the generator of Cp, corresponds to the
infinitesimal deformation given by xy = € around the node P;
glued together with the trivial deformation outside a neighbor-
hood of P;.

On the other hand the deformations coming from

H'(C, Hom(QL, O¢))

are locally trivial around the nodes. They can also be seen as
deformations of the pointed curve (C,Q1,Qj, ..., Qn, Qp). This
comes from the fact that

Hom(Qe, 0c) = vi(Te(— D (Qi+ Q). (98)
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We want now to give a Torelli-type theorem for the defor-
mations coming from the group H'(C, }Com(QE, Oc)). For this
purpose we introduce the adjoint theory in the case of a Goren-
stein curve.

2.4 ADJOINT THEORY FOR IRREDUCIBLE GORENSTEIN CURVES

As a first generalization of the adjoint theory seen in Section 2.2,
we work in the case of irreducible Gorenstein curves and more-
over we consider extensions of arbitrary locally free sheaves of
rank one.

Let 3 and £ be two locally free sheaves of rank one on C.
Consider the exact sequence of locally free sheaves

0—-L—>E—-TF =0 (99)

associated to an element & € Ext' (F,£). Since £ is locally free
of rank one, if we tensor this sequence by £ and take the dual,
we obtain again an exact sequence

05 LRF 5L = 0c—0;

see [40, Chapter III, Section 6]. As in the smooth case the image
of 1 € H(C,O¢) via the morphism

HY(C,0¢) = H'(C, L@ FY)
characterizes the extension and gives an isomorphism
Ext' (F,£) = H'(C, L@ FY).

Let 6;: HY(C,9) — H'(C, L) be the connecting homomor-
phism of (99), and let W C Ker (8;) be a vector subspace of
dimension 2. Choose a basis B := {17,132} of W. By definition
we can take liftings s1, s, € HO(C, &) of the sections 11,1;3.

Consider the base locus of W with its natural scheme struc-
ture. It consists of a finite number of smooth points and sin-
gularities. Denote by Dy, the Cartier divisor associated to the
smooth points in the base locus, and by Jyy, the ideal of the
singular points contained in the base locus. The ideal Jy is an
effective generalized divisor on the curve C.

The theory of generalized divisor on Gorenstein curves can
be found in [39].

Definition 2.4.1. A generalized divisor on C is a nonzero subsheaf
of the constant sheaf of the function field X which is also a coherent
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Oc-module. A generalized divisor is effective if it is a nonzero ideal
of Oc, that is if it corresponds to a O-dimensional closed subscheme of
C.

The inverse of the generalized divisor J is locally given by
Jl={feX|f-IC Oc)

Lemma 2.4.2. There is a short exact sequence
0— 3/ (Dw)®%y, - We0c — F(~Dw)®@Jw — 0. (100)

Proof. This is basically Lemma 2.2.7, but here the proof is more
delicate and we spell out some details. Call 77 and 7, the lift-
ings of 7 and n; in HO(F(—Dw) ® Jw). The map

f: FV(Dw) @7y, — W®0Oc
is given by —,17, while
g: W®0c = F(—Dw) ® Iw

is given by
(a,b) — afy + bny.

The surjectivity of g and the injectivity of f come from the
fact that 17, 7M; generate the sheaf 3(—Dw) ® Jy. Obviously
it holds that Imf C Ker g. To see the opposite inclusion take
(a,b) € W® O¢ such that any + b1; = 0, and denote by 1y, 1,
local equations of 17, 7. This means that al; = —bl,. Given a
point P € C, possibly singular, at least one between 1; and 1,
does not vanish in P. Assume for example that 1; is invertible.
Then

a=——= (101)

and since (—%) - F(—Dw) ® Iw C Oc, —% is a local equation

for an element of F¥V(Dw) ® 3\7\). We conclude that (a,b) =
f(2). O
1

Sequence (100) of Lemma 2.4.2 fits into the diagram

0—=FV(Dw) ®%y —=W®O0c —F(—Dw) @ Iy —0

l(shsz) l

0 L e F 0.
(102)
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We can complete the diagram with a morphism w: FV(Dy/) ®
Ty — L

0—FV(Dw) ® %y —= W@ 0O0c — F(—Dw) @ Iy —=0

lw (s1,52) j

0 L € F 0,

that is
w € Hom(FY(Dw) ® 75/, £).

Definition 2.4.3. The morphism w € Hom(FY (D) ® 95, £) is
called an adjoint of W and &.

We want to study the problem:

Problem 2.4.4. Define
®g: Hom(W ® O¢, £) — Hom(FY(Dw) ® Iy, £) (104)

the map obtained applying the functor Hom(—, £) to the first row of
diagram (103). Is w € Im Og?

The morphism w is the generalization of the adjoint form
of Definition 2.2.1 in the case of a Gorenstein curve. In fact in
the smooth case the adjoint form w;w s gives by contraction
the first vertical arrow of diagram (83) while now w is by defi-
nition the first vertical arrow of diagram (103). Furthermore if
the adjoint image [wgw 3] is zero, that is wg w3 = any + bny
for a,b € C, then there is a diagonal map in diagram (83)

0——Tc(Dw) —=0c ® Oc — wc(—Dw)——=0  (105)

| |

Oc € we 0.

given by a and b which makes the upper triangle commutative.
Viceversa if such a triangle is commutative and the diagonal
map is given by a, b, then wg g = any + bn,. This means that
Problem 2.2.2 can be reduced to Problem 2.4.4.

Remark 2.4.5. As in the smooth case, the morphism w depends on
the choice of the liftings s1, sp, whereas the condition w € Im @ does
not. To be more precise if we change liftings s}, s; and construct the
corresponding w', we have that w # w’ in general, but w — w' €
Im (DB-
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Remark 2.4.6. Consider another basis B' := {nj,n3} of W and let
A be the matrix of the basis change. The sections si, s, obtained from
s1, 82 through the matrix A are liftings of nj,n5. It is easy to see
composing with A that w € Im @ if and only if w’ € Im Qg
where w’ is the adjoint constructed from ny,mj.

Theorem 2.4.7 (Adjoint Theorem for Gorenstein curves). Let C
be an irreducible Gorenstein curve. Let F, £ be invertible sheaves on
C. Consider & € Ext'(F, L) associated to the extension (99). Assume
that there exists W = (n1,m2) C Ker (8z) C HO(C,F) and define w
as above. Call &p,,, the image of & via the morphism

Ext'(F,£) 5 Ext'(F(—Dw) @ Jw, £).

We have that w € Im @y if and only if £p,,, = 0.

Proof. Take diagram (103) and apply the functor Hom(—, £).
We obtain

Hom(¢&, L) — = Hom(£, L) Ext!(F, L)

| k .

)

@D 4
Hom(W ® O¢, £) —=> Hom(FY (Dw) @ Iy}, £) —— Ext! (F(~Dw) ® Iw, £).

(106)

Obviously 3(id) = w and, by commutativity, 5(3(id)) =
&py, - We have then £p,, = 0 if and only if w € Im @5. O

2.4.1 Non-singular base locus

If the base locus of 17 and 1, does not contain singular points,
then the situation is easier and it can be more explicitly de-
scribed following [18] and Section 2.2.

Consider again the liftings sy, s; € HO(C, &). The natural map

2 2
A*: AHO(C &) = HO(C, A\ &)
defines the section

w = A%(s7 Asa). (107)

It is easy to see that w is in the image of the natural injection
det E(—Dw) — det €.

Since our sheaves are locally free and the base locus does not
contain the singular points, sequence (100) is

0= FV(Dw) S 0c®0c 5 F(—Dyw) = 0. (108)
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Diagram (103) is now

0—=3"(Dw) — W& 0c —F(~Dw) —=0  (109)

© e |

0 L e F 0,

where the first vertical arrow is exactly given by contraction
with w. In fact we have that det = F® £, and

w € H°(C,det &(—Dy)) = H°(C,F ® L(—Dw))

gives a map FV(Dyw) — L.
Therefore condition w € Im @5 can be written as

w e Im(H(C, L) ® (s1,82) — HO(C, det&)) (110)
or, equivalently,
w € Im (H(C, L) @ W — HO(C, det &)). (111)

The first map is given by the wedge product, the second one
by the fact that deté = £ ® J. Note that if HO(C,£) = 0 this
condition is equivalent to w = 0.

Remark 2.4.8. If L = Oc, then det = F and we can work as in
Section 2.2 with the only difference that we have replaced wc by an
arbitrary locally free sheaf F. We will see w as an element of H°(C, F)
and write condition (111) as w € W.

From the natural map
FYo L = F @ L(Dw)
we have a homomorphism
H'(C, 7V @L) & H'(C,FY @ £L(Dw));

in analogy with Theorem 2.2.10 and Theorem 2.4.7 we call £p,,, =
p(&).

In the case where there are no singularities in the base locus,
Theorem 2.4.7 is formulated in the following easier way:

Corollary 2.4.9. Let C be an irreducible Gorenstein curve. Let F,
L be invertible sheaves on C. Consider & € H'(C,F¥ ® L) associ-
ated to the extension (99). Assume that there exists W = (n1,m2) C
Ker (6;) C HO(C,F) and define w as above. Assume also that the
base locus of W does not contain singularities. We have that w €
Im (H°(C, £) ® W — HO(C, det €)) if and only if &p,,, = 0.

Remark 2.4.10. If Dy = O, then under the same hypothesis we have
w € Im (H°(C, L) ® W — HO(C,det &)) if and only if & = 0.
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2.5 TORELLI-TYPE THEOREM

We want to study the extensions of the dualizing sheaf wc of
a Gorenstein curve C. We need a version of the Castelnuovo
theorem in the case of Gorenstein curves.

Theorem 2.5.1. Let C be an irreducible Gorenstein curve, |D| a base
point free linear system of dimension v > 3 and assume that the map

¢p: C— P’
is birational onto the image. Then the natural map
Sym'H°(C, 0(D)) ® H(C, wc) — H°(C, wc(1D))
is surjective for 1 > 0.

Since |D| is base point free then its general member does not
contain singular points and D is a Cartier divisor. Following [3]
page 151, we proceed by steps.

Lemma 2.5.2 (Castelnuovo). Let £ be an invertible sheaf over C
and D C |D| a base point free pencil given by V.C H(C,O(D)). If

H'(C,0(-D)® L) =0,

then the map
Ve HO(C, L) — HO(C, £(D))

is surjective.

Proof. By the same arguments that give (108), we have the short
exact sequence

0—-0(-D)=Vx®0O—>0(D)—0. (112)

Tensoring by the locally free sheaf £ and taking the correspond-
ing sequence in cohomology, we are done. O

Lemma 2.5.3. Let D C |D| and V be as before. The image of the
natural map

Sym'V @ H%(C, w¢) — HY(C, wc (D)) (113)

has codimension lr — 1.
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Proof. We proceed by induction on L

In the case 1 = 1 the result can be obtained by a simple appli-
cation of the base point free pencil trick and the Riemann-Roch
theorem for Gorenstein curves.

For the case | = 2 consider the sequence

0= wec—=>Vowe(D) = wc(2D) =0 (114)

(see the proof of the previous Lemma). Taking cohomology, it
tits into the following commutative diagram

00— H%wc) —— V@ H%(wc (D)) —— HO(wc(2D)) T
) 0.

0——H(we) —= Ve Ve H (we) — Sym?V @ Ho(we) ——

We are interested in the codimension of the image of the third
vertical map. It can be easily computed since we know the codi-
mension of the image of the second vertical map by the case

L = 1. The codimension is then 2(r— 1)+ 1 =2r—1.
For the general case consider the following diagram

0—=H%wc((1—1)D)) Vo HO(we(ID)) —— H(we((14+1)D)) —= 0

T ! |

0—Sym' '"V@HO(wc) — V@ Sym'Ve HO(we) — Sym'™ ' V@ HO (we) — 0

obtained again by the same methods. The surjectivity of the
tirst row comes from the previous lemma with £ = wc(ID).
Hence we have that the codimension of the image of the last
vertical map is given by the difference between the other two
codimensions. By induction this means that the wanted codi-
mension is 2(rl—1)— (r(1—=1)=1) =7rl+1—-1 =7r(1+1) -1,
as desired. O

We can now prove Theorem 2.5.1.

Proof. Take a general element Py + ...+ P4 of [D| and define
E =P;+...+P1. |ID—E| is a base point free pencil which
gives the exact sequence

0—=0Oc(D—E) = Oc(D) = Oc(D)® O — 0. (115)

By Riemann-Roch and the General position theorem ([3, Page
109]), it is easy to see that h'(C,0c(D —E)) = h!(C,0¢(D)),
hence have that the cohomology sequence

0 — H(C,0¢(D—E)) = H°(C,0¢(D)) — HY(C,O0c(D)®0Of) — 0
(116)
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is exact. This sequence, tensored by with V := HO(C, we(1D)),
tits into the following diagram

0—>V@HO(O(D —E)) —= Ve H’(O(D)) ——= V@ HO (O (D)) —= 0

| | J

0>Ho%(wec((1+1)D—E)) > Ho(we((1+1)D)) = HO (O (D) @ we(1D)) = 0.

We proceed by induction on 1. If | = 0 the previous lemma tells
us that the dimension of the image of Ho(we) @ HO(O(D —E))
in H(w¢(D)) is g + d — r which is exactly the dimension of
HO(wc(D — E)). Hence the first vertical map is surjective. Since
also the third vertical map is surjective we have proved the
claim for 1 = 0.

Now for | > 0 we proceed in the same way to prove that the
middle vertical map is surjective. To prove that the first one is
surjective it is enough to note that the cokernel is H'(we((1—
1)D 4+ E)) which is zero. Hence we have that

V@ H(0(D)) - H(we((1+1)D)) (117)
is onto for 1 > 0. We have the following diagram

HO(0(D)) ® Sym" "HO(O(D)) ® H(w¢) —= Sym'H®(O(D)) ® H®(w¢)

A X

HO(0(D)) ® H(wc((1—1)D)) HO(wc (D))

« is surjective by induction, while {3 is surjective by (117). The
surjectivity of y follows and the theorem is proved. O

We can prove the following theorem. The version for smooth
curves can be found in [15].

Theorem 2.5.4. Let C be an irreducible Gorenstein curve as above,
and let £ be a locally free sheaf of rank one on C. Consider the exten-
sion

0—=>0c—=E—=-L—-0 (118)

given by an element & € Ext' (£, 0c) = H'(C,LY). Call F the fixed
part of the linear system associated to £ and assume that F does not
contain singularities; call M its mobile part. Assume that the map
bm given by M is of degree one and that 1 := dim M| > 3. If the
cohomology map

HO(C, &) — HO(C, L) (119)

is surjective, then & = 0.
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Proof. Take Pq,...,P_; points in general position in ¢ (C) and
call D := } P;. The hyperplanes passing through the points P;
form a pencil and we take generators n; and 1, of HO(C, £L(—D —
F)).

We have the following diagram

0 0 (120)
0 Oc & L(-D—F)—=0
|
0 Oc e L 0
L ®@Opyr L ®Op4r
0 0.

The top row is an extension associated to an element
£ eHI(C,LY(D+F)).

The surjectivity of HO(C, &) — HO(C, L) implies the surjectiv-
ity HO(C,&) — HO(C,L(—D — F)) as can be seen by the above
diagram, thus the sections 1n; and n; can be lifted to HO(C, &).
Furthermore the space W := (n;,m;) coincides with the whole
space HO(C, £L(—D — F)), hence an adjoint w constructed from
1M1 and n; is forced to be in the space W. Hence Remark 2.4.8
and Corollary 2.4.9 can be used to deduce that £ =0, since W
is base point free by the General Position Theorem; see [3, Page
109].
Thus & is in the kernel of the map

H'(C,£Y) = H'(C, LY (D +F)) (121)

for every D as above. We want to show that this implies that £
is in the kernel of

H'(C,£V) — H'(C, LY (F)), (122)

thatis & = 0.
We have the injective map

HO(C, we ® L(—D —F)) = HO(C, we ® L), (123)
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which factors as

HO(C, we ® £(—D —F)) 28 HO(C, we ® £(—F)) — HO(C, we ® L),
(124)
We consider now &f as an element of the dual of H°(C, we ®
L(—F)); the fact that & is in the kernel of (121) means that
Im ®p C ker &.
Define

K:= < U Im CDD> c HY(C, wc ® L(—F)). (125)
(C)

DeDiv*
deg D=1-1
D general

We will show that K = H°(C, w¢e ® £(—F)) and this will prove
our thesis. To do this define

HO(C, £(—D — F)) 22 HO(C, £(—F)) (126)

and

K’::HO(C,wC)®< U Im(i)D>cHO(C,wC)®HO(C,L(—F)).
(C)

DeDivt
deg D=1-1
D general
(127)
Since <UD€DiV+(C) Im ®D> is equal to HO(C, £L(—F)) we have
deg D=1-1
D general
K’ = H°(C, w¢) @ HO(C, £L(—F)). (128)

Now it is easy to see that the natural morphism K’ — HO(C, we ®
L(—F)) factors through K as in the following diagram

K H(C, we ® L(—F)) (129)

|

KI

The diagonal arrow is surjective by Theorem 2.5.1 and we de-
duce that K = H%(C, we ® £(—F)), as wanted. H

2.5.1 Extension classes of wc: the Gorenstein case

Recall that an irreducible Gorenstein curve C of arithmetic genus
Pa = 2 is hyperelliptic if there exist a finite morphism C — P! of



2.5 TORELLI-TYPE THEOREM

degree 2. It is well known that if p, > 1, then wc is base point
free and if pq > 3, then C is not-hyperelliptic if and only if w¢
is very ample; see for example [39, Theorem 1.6].

We will need the following

Theorem 2.5.5. If C is a non-hyperelliptic Gorenstein curve, then
the homomorphism

SymlHO(C, we) — HO(C, wlc) (130)
is surjective for 1 > 1.

Proof. This is the Max Noether theorem for Gorenstein curves.
It follows from Theorem 2.5.1. See also [46]. O

Theorem 2.5.6. Let C be a non-hyperelliptic Gorenstein curve and
£ e HI(C, wg). Consider the morphism

Wp: H'(C, w) = H'(C, w{(P)) (131)

associated to a smooth point P € C. If &p := Wp(E) = O for every P,
then & = 0.

Proof. The proof follows closely the proof of Theorem 2.5.4.
Via Serre duality applied to Wp we obtain

Wy == 0p: HY(C, wE*(—P)) — HO(C, wE?).

Following the proof of Theorem 2.5.4 we set K := ([ Upec Im @p) C

HO(C, w%z) and diagram (129) becomes

K¢ HO(C, wE?) (132)

|

HO(C/wC) X HO(C/ (,UC)

Here the diagonal arrow is surjective by Max Noether theorem.

Hence, as in the proof of Theorem 2.5.4, K = H°(C, w%z) and
the claim follows. N

The next theorem gives the injectivity of the restriction of (74)
to H'(C, wg):

Theorem 2.5.7. Let C be an irreducible Gorenstein curve of genus 2
or non-hyperelliptic of genus > 3, & € H'(C, w{) such that 5z = 0.
Then & = 0.
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Proof. Case pq = 2. Take & € H'(C, w). Since h%(C, w¢) =2 we
have that W = (n1,m2) = H%(C, w¢). This means that an adjoint
w constructed from 17 and n; is forced to be in the space W.
By Remark 2.4.8 and Corollary 2.4.9 we have immediately that
&p,, = 0. Since wc is base point free, Dy = 0 and we are done.

Case pq = 3. Note that we can’t apply Theorem 2.5.4. Assume
that p, = 3 and take a point P € C. By [39, Proposition 1.5] we
have

h(C, we(=P)) = h(C,we) —1=2.

Take & € H'(C, wg) and consider the extension associated to
&p, that is the first row of the diagram

0 0 (133)
0 OC & wc(—P) —0
0 OC & wc 0

By the fact that wc(—P) has only two linearly independent
global sections it follows that if we construct the adjoint w
starting from a base ny,n; of HO(C, wc(—P)), then the adjoint
is forced to be a linear combination of n,n,. Hence Corollary
2.4.9 can be applied and &p = 0 for every P € C. Note that wc
is very ample and in particular this means that, for any P € C,
wc(—P) has no base points. By Theorem 2.5.6, § = 0 and we
are done.

Case pq > 3. If pa > 3 we can apply Theorem 2.5.4 with
L = wc. In fact we is very ample and its associated map is
an embedding. Also in this case the base locus is zero, hence
& = 0. Note that the same proof given for p, = 3 does not
work in this case since h°(C, wc(—P)) > 2 and an adjoint w
constructed from 1,1, € H%(C, wc(—P)) is not forced to be a
linear combination of 1, ;. H
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2.5.2 Infinitesimal deformations of Gorenstein curves

The above analysis of the extensions of the dualizing sheaf
wc of a Gorenstein curve C gives information also on the in-
finitesimal deformations of C. Take & € Ext! (Q}:,OC) in the
kernel of u in (87). By Proposition 2.3.3, we can find a lifting
£ € Ext' (we, O¢) of &. Of course if & is zero, then also &, is zero.
We have proved the following

Theorem 2.5.8. Let C be an irreducible Gorenstein curve and let
¢ € Ext! (QF, O¢) be an infinitesimal deformation of C. Assume that
¢ € ker(p: Ext! (QE,OC) — R), see Proposition 2.3.3. Then & can
be lifted to an element & of Ext' (wc, Oc). Moreover if C is of genus
2 or non-hyperelliptic of genus > 3 and &g = 0 then & = 0.

Remark 2.5.9. In general it seems not a trivial problem to use the
condition 6z = 0 to obtain &¢ = 0.

2.6 REDUCIBLE NODAL CURVES

Unlike the irreducible case, for reducible Gorenstein curves
there is no hope to have, in general, an infinitesimal Torelli-
type theorem. Consider C a nodal curve with two components
meeting transversely in n nodes. Note that all the results of
Section 2.3 still hold in this case.

Sequence (97) and isomorphism (98) give the short exact se-
quence

0 — H'(Cy, Te, (= ) P)) @ HY(Cy, Te, ZP
(134)
— Ext'(QF,0¢) = @Cpi 0

i=1

where C; and C; are the disjoint components of the normaliza-
tion of C. From now on call D := }_P; the divisoron C;,i =1, 2,
induced by the intersection points.

As in the irreducible case we study the first order deforma-
tions coming from the kernel of this sequence, that is the defor-
mations & € Ext’ (Q1C, Oc) which can be written as & = &; @ &,,
with & € H'(C;, Tc,(—D)) associated to an exact sequence

0— Oc, — & — wc, (D) = 0. (135)

Note that the curves C; are smooth, hence Q]Ci is the dualiz-
ing sheaf wc, of C;.
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Definition 2.6.1. We say that & satisfies the split liftability condi-
tion if the deformations &, 1 = 1,2, lift all the corresponding global
sections in (135), that is 8z, = 8¢, = 0.

In the final subsections of this chapter we present explicit
cases where even if  satisfies the split liftability condition, & #
0.

To see which kind of deformations can be used to provide
such examples note that the image of &; in H'(C;, Tc,) gives an
extension of wc, which fits into the following diagram

0 0 (136)
0 Oc, € we, 0
|
0 Oc, &q wc, (D) ——0
wc, ® Op == wc, ® O0p
0 0

Now assume that the map HO(Cy, &) — HO(Ci,wCi(D)) is
surjective, that is d;, = 0, then it is easy to see that HO(C;, é\i) —
HO(Ci,wci) is also surjective. If, for example, C; is of genus
2 or non-hyperelliptic of genus > 3, then we deduce by the
infinitesimal Torelli theorem for smooth curves that the first
row of (136) splits. Hence &; is in the kernel of

H'(Cy, Te, (D)) — H'(Cy, Tc,).
By the exact sequence
0— Tc,(=D) = T¢; = Teyp — 0 (137)

we know that this kernel is not zero if g(C;) > 1.
Thus the natural place to look for non-trivial split-liftable de-
formations is the kernel of (137).

2.6.1 Split liftability and nonzero deformations

Consider C = RU C with R a smooth rational curve and C an
arbitrary smooth curve meeting transversely in n points. We
want to study how the situation varies with n.
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If n =1, sequence (134) is
0 — HY(C, Ta(—P)) @ H'(R, Tr(—P)) — Ext' (Qf, Oc) — Cp — 0.

We write & = Ex @ &g. In this case wx(P) has the base point P
hence even if the extension & lifts everything, it may be differ-
ent from zero and supported on P; see Theorem 2.5.4.

If n = 2, the situation is more complicated. Sequence (134) is

0 — H'(C, Te(—P—Q)) — Ext'(Qf, 0¢c) = Cp®Cq — 0

because H' (R, To(—P — Q)) = g(R) = 0 since R is rational. This
means that our deformation & € Ext’ (Q1C, Oc) comes from an
element &x € H'(C, Te(—=P —Q)) (recall that we are studying
the deformations in the kernel of (134)). Note that the sheaf
we(P+ Q) is base point free. Now if C is of genus 2 Or non-
hyperelliptic of genus > 3 the map induced by the linear system
HO(C, we(P+Q)) is of degree one since the canonical map of
C is already of degree one. Hence in this case Theorem 2.5.4
applies and the lifting hypothesis 8; . = 0 implies £~ = 0. If C
is hyperelliptic, the same conclusions holds if [P + Q| is not the

g5 linear system. In fact the map given by H°(C, ws(P+ Q)) has
degree 2 since the canonical map has degree 2 and we prove
that it has degree 2 only if [P + Q| is the gJ. In fact assume that
the degree is 2, then the image of C in ]P(HO(wC(P +Q))Y) =P9
is a (nondegenerate) curve of degree g. Hence it is projectively
isomorphic to the rational normal curve; see [37, Page 179]. The
morphism factors as

¢Zp! - py

and |P + Q| is exactly the g.
If n = 3, sequence (134) is
3
0 — H'( ZP )) = Ext'(Q¢, 0¢c) = @) Cp, — 0
i=1

since H' (R, Tr(— Y_P;)) = 0 by duality. Hence as in the previ-
ous case we deal only with £a. Assume that 8¢, = 0. Since
we () Pi) is very ample, by Theorem 2.5.4 we have that £~ = 0
and we deduce that & = 0. This means that in this case the split
liftability condition implies that & = 0.

On the other hand assume that n > 3. Sequence (134) is

0= H'(C,Ta(—= > PY)OH' (R Tr(— ZP

— Ext'(QL,0¢0) — @Cpi —0.

i=1

53



54

THE ADJOINT THEORY FOR CURVES

Now H'(R, Tr(— 5 P;)) # 0, so take a nonzero element &g. It
corresponds to a sequence

O—)OR%SR%wR(ZPi)%O.

By the fact that H'(R,Og) = 0, we immediately deduce that
8¢, = 0, whereas &r # 0. Hence taking & = 0 @ &g we have that

in this case the split liftability condition does not imply that
£ =0.

2.6.2  Liftability of global sections and nonzero deformations

Take a plane curve C = C; + C; where C; is a smooth quadric
and C; is a smooth cubic. As before we are interested in the
deformations & € Ext' (d,0c) = H'(C,®Y). To show that in-
finitesimal Torelli theorem does not hold in this case we have
to show that the map

H'(C, @) = HY(C, @)Y @ H'(C, O¢) (138)

is not injective. This map is exactly (74) restricted to H'(C, ®").
Dualizing, we have to show that

H°(C, we) @ HO(C, ) — H(C, & ® we) (139)

is not surjective.

By [2, Sequence 2.13 page 91] we have that & = v,(w¢), so
we can easily compute the dimensions of the vector spaces ap-
pearing in (139). We obtain that ho(C, we) =6and hO(C, d) = 1.
On the other hand v*(wc) = w(D) where D is the divisor in-
duced by the intersection points on the normalization C; see |2,
Page 101]. Hence we have by the projection formula

ho( ® we) = ho(vi(we) @ we) = ho(vi(we @ we(D))) = 9.

Hence (139) is not surjective.
Another example is given by C = C; + C; with C; a smooth
quartic and C; a line. We consider again the map

HO(C, we) @ HY(C, &) — HO(C, d @ we).
This map fits into the diagram

(140)

HO(C,(,UC) ® HO(C/(D) ﬁHO(C/

|

SymzHO(C, we)

® wc)

~— &<« o

HO(C, wE?).
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The second row is surjective by [4, Theorem 1] and [23, The-
orem 3.3] and it is easy to compute that its kernel, which we
denote by K, has dimension 6. Call V' the image of HO(C, we) ®
HO(C, @) in SymzHO(C, wc). V has dimension 15 whereas h(C, & ®
wc) = 11, hence it will be enough to prove that K’ := Ker (V —
HO(C, ® ® wc)) has dimension > 5.

We have that h°(C, @) = 3 and h°(C, w¢) = 6, hence take a
basis {11, 15,13} of H°(C, &) and complete it to a basis

{L1, 15,13, b1, by, b3}

of H%(C, w¢). The sheaf wc is by adjunction O¢(2) and its
global sections can be seen as quadrics restricted to C. Recall
by Section 2.3 that & is the subsheaf of w¢ consisting of the
sections vanishing on the nodes of C, therefore ly,1,,13 are
quadrics vanishing on the four nodes of C, and hence on the
line C,.

Now the elements of K are quadrics vanishing on the canon-
ical image of C C P> and an element of K is in K’ if it is
zero when restricted on the plane (; = 1, = 13 = 0) C P°.
The image of C; in IP° is a smooth rational curve contained in
this plane and it is easy to see by the linear independence of
11,15, 15, by, by, bz that the dimension of K’ is at most one less
than the dimension of K, hence we are done.

Remark 2.6.2. As we have seen at the beginning of this chapter, in
the case of smooth curves the infinitesimal Torelli theorem is equiva-
lent to the Noether theorem. This is no longer true for singular curves
as these examples clearly show. Look at diagram (140), the second row
is surjective (this is the Noether theorem) while the first row is not
(hence the infinitesimal Torelli does not hold).

The Noether theorem still holds in many (singular) cases. For irre-
ducible curves see [46], for reducible curves see [4] and [23].






THE ADJOINT THEORY IN HIGHER
DIMENSION

The theory of adjoint forms for higher dimensional varieties
was introduced by Pirola and Zucconi in [55]. In this chapter we
present a slight generalization (see [59]) and we point out an in-
teresting correlation among adjoint forms, quadrics vanishing
on the canonical image of a variety and Torelli problems.

3.1 THE ADJOINT FORM

Let X be a compact complex smooth variety of dimension m
and let J be a locally free sheaf of rank n on X. Since this
theory was created with the purpose of studying the sheaf of
holomorphic 1-forms on X, that is § = Ql, in [55] there is the
additional hypothesis that m = n. Here we want to point out
that this assumption is not necessary, hence we will allow the
case m # n. Fix an extension class & € Ext'(F, Ox) associated
to the exact sequence:

O—>(‘)Xd—€>8—>?—>0. (141)

Giving a morphism Ox — € is equivalent to the choice of a
global section de € HO(X, &), hence we denote the morphism
and the associated section in the same way. The Koszul resolu-
tion associated to the section de € H°(X, &) is given by taking
the wedge product with this section:

2
0= Ox, 5 879° \ e ¥ dete "0,

This long exact sequence splits into n + 1 short exact sequences,

05 0xBellg o, (142)
2 2
058 NeB AT =0, (143)
n—1 n
0> ATEAeBdets -0, (144)
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0— detF % dete — 00, (145)

each corresponding to  via the natural isomorphism

i i—1
Ext'(F,0x) = Ext' (A F, \ F)

where i = 0,...,n. In particular (145) gives an isomorphism
detJ = det € corresponding to (78) of the previous chapter. As
in the case of curves we have an isomorphism

Ext' (F,0x) = Ext' (0x, FY) = H'(X, FY)

and we still denote by & the element of H'(X,F") which cor-
responds to our extension (141). The coboundary homomor-

phisms
. . . ] . j_]
57 H'(X, \ F) = H* (X, \ F)

are computed by the cup product with &£ We denote 62’] simply
by d £
Call A™*! the natural map given by wedge product

n+1
AM A\ HO(X, &) = HO(X, det €). (146)

Composing with the isomorphism (145) we have a map

n+1
A N\ HO(X, &) — HO(X, det &) — HO(X, det F). (147)

Let W C Ker (8:) C HO(X, F) be a vector subspace of dimen-
sion n+ 1 and let B := {ny,...,Mny1} be a basis of W. By def-
inition we can take liftings si,...,sn41 € HO(X, &) such that
P1(si) =ni. If we consider the natural map

AT /n\HO(x, F) — HO(X, det F),
we can define the subspace A"W C H(X, det F) generated by
wi =AM A AR ANy )
fori=1,...,n+1.
Definition 3.1.1. The section
wewp :=A(s1/\---Aspy1) € HO(X, det F).

is an adjoint form of £, W, B.
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Definition 3.1.2. The class

(s wal € HO(X, det 5)
EWB AW
is an adjoint image of W by &.

Notation 3.1.3. Sometimes, when there is no ambiguity, we will de-
note wg w ¢ simply by w.

The problem we want to study is the analogue of Problem
2.2.2:

Problem 3.1.4. Is the adjoint form wgw s in the subspace N"W?
Equivalently, is the adjoint image [w¢ v 5] equal to 07

Concerning the well-posedness of this problem we have the
following remarks:

Remark 3.1.5. The class [wg w 3] depends on &, W and B only. The
form wg w3 depends also on the choice of the liftings s1,. .., sny1.
Hence the answer to Problem 3.1.4 does not depend on the choice of
the liftings. Cf. Remark 2.2.4.

Remark 3.1.6. If we consider another basis B = {ny,...,m/ .} of
W, then [wgw.s] = klwgw s/] where X is the determinant of the
matrix of the change of basis. In particular [wg w s] = 0 if and only
if lwgw sl =0. Cf. Remark 2.2.5.

Lemma 3.1.7. If [wg w 3] = O then we can find liftings t; € H°(X, €)
of i, i = 1,...,m+1, such that A" (t1 A+ Atny1) = 0 in
HO(X,deté&). In particular with this choice we have wgw g = 0 in
HO(X, det F).

Proof. Take si,...,sn41 € HO(X, €) liftings of ny,...,Mny1. By
hypothesis there exist a; € C such that

n+1 n+1
Wews =D aiwi =) ai AT A- - ATRA Anag).
i=1 i=1

(148)
This means that

n+1
A (st A Asnpr) = > @AM (1A ASA - Aspar Ade)

i=1

since A" (sy A~ A A---Asny1/Ade) corresponds to A™ (17 A
c - AN/ -+ ANyt ) via the isomorphism det F = det €. Define
a new lifting for the element n;:

t =i+ (—1 )n—iai - de.
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We have

A A Atg) =AM (s A Aspg)—
n+1
=Y @AM (s A ASA - Asng Ade) =0

i=1

Definition 3.1.8. If A"W is nontrivial we denote by
A"W| C P(HO(X, det F))

the induced sublinear system. We call Dyy the fixed divisor of this
linear system and Zy the base locus of its moving part

M| € P(HO(X, det F(—Dw))).

Definition 3.1.9. We say that an extension & € Ext' (F,Ox) is sup-
ported on a divisor D if

¢ € Ker Ext' (¥, 0x) — Ext' (F(—D), Ox).

See Definition 2.2.9.

3.2 LOCAL EXPRESSION OF THE ADJOINT FORM

Take an open neighborhood U C X where the sheaves € and F
of sequence
0—>0x—=E—=>F—=0

trivialize. Take local generators (oy,...,0n) of F. Hence € is
generated on U by (o7,..., on, de). We can write the sections 1;

n
- i
My =) bj-o;
j=1

and N
Siju IZb}-O‘]’ +ct-de.
j=1
The wedge product A (s7 A+ Aspyq) is then

b] ... bl !

n
/\“”(51/\~~/\sn+1)|u: : : Colror A Aon Ade.
CHELER U

c
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The isomorphism det £ = detJ is locally given by dropping
de, hence

b] ... bl
Wew By =| @ . Co A Ao (149)
CHEL U

The forms w; can be locally computed similarly and we have
that

b] bl
i1 i1

= b] bT‘ o1 A\---Non (150)
b%—H b1+1
... by
USRI U

hence we always have a relation
_ Al n n+l
Wew,sy =C¢ Wiyt (=) wnpy

but this is only local on U and the c's are not necessarily com-
plex numbers.

As we have pointed out in the Introduction, the local expres-
sions of the sections w; give some entries of the adjoint matrix

of (149).
3.3 THE ADJOINT THEOREM

There is a natural map of Ext groups

n—I1 n—I1

Ext' (det 7, /\ F) — Ext' (det F(—Dw), /\ F) (151)

coming from the morphism F(—Dy/) — J. Under the isomor-
phisms
n—I1
H'(X,FY) = Ext' (detF, /\ F)
and
n—1

H'(X, FY(Dw)) = Ext' (det F(—Dw), A F),
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(151) is
H'(X,5Y) & H'(X, 7Y (Dw));

following the notation of the previous chapter we call &p,, =
p(£). Hence we have an extension &™) corresponding to &p,,,
and fitting the diagram

0 0
0—=A"'7F em x det F(—Dy) —=0
| :
0—= A" A E Pn detF 0

detJ ®p, Op,, ==detF ®p, Op,,
0 0.
(152)

We prove a slightly more general version of [55, Theorem
1.5.1]. The proof is also slightly different because it does not
use the Grothendieck duality. This theorem is the analogue of
Theorem 2.2.10 for varieties of arbitrary dimension but without
the assumption F = Q1.

Theorem 3.3.1 (Adjoint Theorem). Let X be an m-dimensional
compact complex smooth variety. Let F be a rank n locally free sheaf
on X and & € H! (X, ?v) the extension class of the exact sequence
(141). Let W C Ker (8;) € HO(X,F) and [w] one of its adjoint im-
ages. If [w] = 0 then & € Ker (H'(X,FY) — H'(X, TV (Dw))).

Proof. By Remark 3.1.6, the vanishing of [w] does not depend
on the choice of a particular basis of W, hence choose an arbi-
trary basis B ={n3,...,Mny1} of W.

By hypothesis, w € A"W, hence by Lemma 3.1.7 we can
choose liftings s; € HO(X, &) of n; with A1 (s7 A+~ Aspiq) = 0.
Consider

n
SIAASA - Asng € \H(X, €)

and define Q; its image in H%(X, A™ €) through the natural map.
By construction pn(Q;) = w;, where we remind the reader that
Wi =AM A AMRA - ANnyt). Since Dy is the fixed divisor
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of the linear system [A"W| and the sections w; generate this
linear system, then the w;’s are in the image of

det F(—Dyy) 2 det 7,
so we can find sections @; € H°(X, det F(—Dyy)) such that
d- @©; = wy, (153)

where d is a global section of Ox(Dw) with (d) = Dyw. Hence,
using the commutativity of (152), we can find liftings Q; €
HO(X, €M) of the sections Q;,i=1,...,n+ 1.

The evaluation map

n+1 B
Pox - ™
i=1

given by the global sections Q;, composed with the map « of
(152), induces a map p which fits into the following diagram

' ox D ox (154)
| lu
0—= A9 em % . detF(—Dy) —=0.

The morphism p is given by the multiplication by @; on the
i-th component. Consider the sheaf Im {i. Locally, on an open
subset U, we write

n
Siju = Z b} <05+ ct-de, (155)
j=1

where (o7,...,0n,de) is a family of local generators of . By
the fact that A" (sy A--- Asni1) =0 we have

b ... b2 b] ... bl
: . C]—|—"'+(—])n Cn+]:O,
USSR el Y .. o
Obviously also
bi by bl ...l
b]_|_..._|_(_])n : f b}H_]:O
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forj =1,...,n, where recall from the previous section that

2 2 1 1
b2 ... b2 bl ... bl
. . . VAR 4 .
n+1 +1
AR b ... bY

are respectively the local expressions of the sections wy, ..., Wn41.
Now let dy; be a local equation of d € H°(X, Ox(Dw)). By (153)
we have

b ... b3

: :dU'f1l
CHRENU e

bl ... bl

: =du - o
bl ... bt

where the functions f; are local expressions of @;. Then we have
du-(fr-c' - 4 (=) npg - ™) =0

and
du- (f1-b] + -+ (=1) s - b1 =0

for j = 1,...,n. Since by definition dy vanishes on Dy N U,
then on U
1 ! + o (=) M M =0

and
f 'b)] +o (1) Mg -b]TL—H =0

forj =1,...,n. We immediately obtain
fros14+- -+ (=1)"ny1 - snp =0. (156)

By definition the scheme Zy, N U is given by (f; =0,...,f41 =
0). Let P € U be a point not in supp(Zy/). At least one of the
functions f; can be inverted in a neighbourhood of P, for exam-
ple let the germ of f; be nonzero in P. We have then a relation

$1=02"82+ -+ gnt1 - Sntl
and so we can easily find holomorphic functions h; such that

Q; =h;- O
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fori=2,...,n+ 1. Since

n
em % Ae
is injective, then we have
O; =hi- Oy

fori=2,...,n+ 1. The section Q; is nonzero, otherwise Q; = 0
fori=1,...,n+1and thenalso w; =0fori=1,...,n+1, but
this fact contradicts our hypothesis that A"W is not trivial (see
Definition 3.1.8). In particular we have proved that the sheaf
Im i has rank one outside Zy,. Furthermore, since it is a sub-
sheaf of the locally free sheaf &™), then Im i is torsion free.
Denote Im fi by £.
By definition

Im p = detF(—Dw) ®Iz,,.
The morphism
a: €M™ 5 detF(—Dyy)
restricts to a surjective morphism, that we continue to call «,
L5 Imy,

between two sheaves that are locally free of rank one outside
Zw. The kernel of « is then a torsion subsheaf of £, which is
torsion free, hence « gives an isomorphism £ = Im p.

Since X is normal (actually it is smooth) and Zyy has codi-
mension at least 2, we have that the inclusion

eM 5 (£V)Y = det F(—Dyy)

gives the splitting

1 TN
0o—=A"'F em) det F(—Dy) — 0.

Since &p,, is the element of H'(X, Y (Dw)) associated to this
extension, we conclude that £p,,, = 0.
]

Comparing this theorem to the Adjoint Theorem for smooth
curves 2.2.10 we see that in the case of curves there is an equiv-
alence between the conditions £p,, = 0 and [w = 0], while in
this case we have only one implication. We prove now a theo-
rem which gives an inverse of this result.
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3.3.1 An inverse of the Adjoint Theorem

Let X be a smooth compact complex variety of dimension m
and J a locally free sheaf of rank n. Let & € H' (X, F) be the
class associated to the extension (141). Fix W = (n1,...,Mnt1) C
Ker (6;) C HO(X, F) a subspace of dimension n + 1 and take an
adjoint form w = wgw s for chosen sy,...,sn41 € HO(X, &)
liftings of respectively 1y, ...,Mn+1. As above set A\"W| = Dyy +
IMyy/|. Note that by construction the adjoint form w can be lifted
to HO(X, det F(—Dw/)).

Theorem 3.3.2. Assume that h°(X, Ox(Dw/)) = 1. If &p,, = O then
[w] =0.

Remark 3.3.3. If n = m = 1 an arqument identical to the one
of Theorem 2.2.10 gives our thesis without the additional hypothesis
hO(X, Ox(Dw)) = 1. Hence we only need to deal with the remaining
cases.

We start with a couple of technical Lemmas

Lemma 3.3.4. If &p,, = O, there exists a lifting Q € H(X, A" €) of
w.

Proof. Let (w) = Dw + C be the decomposition of the adjoint
divisor in its fixed component and in its moving part.
By (152), that is

0 0
0—=A\"'7F em x det F(—Dyy) —=0
| :
0—=A"'7F A" E Pn det F 0

det.rf@ox ODW — detff@ox ODW

0 0

take a global lifting c € HO(X, det F(—Dw)) of w. Since &py, =0,
¢ can be lifted to a section e € HO(X, €M), Define Q = (e). By
commutativity the claim follows. O
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Lemma 3.3.5. Under the hypothesis of Lemma 3.3.4, there exists a

global section
n—1

weHX, A\ F&0c)
such that 5(u) = &Ep,,, where & is the coboundary homomorphism of

n—I1 n—I1

n—1
0> ANF-C) = ANF-> ANFo0c—0. (157

Proof. Consider the commutative diagram:

0 0 0

0 A" T F(-C)—— = A" E(-C) — 2~ et F(—C) —0
G

0 AV F de A" E on detF 0

H H
0——=A""1F R0, 0c —> A" E®oy Oc —=>detT @, Oc — 0

0 0 0

By Lemma 3.3.4 we have the global section Q.
By commutativity, H3(Q|c) = 0. Hence there exists

n—I1

weH(X, A\ F&0c)

such that Hy(pn) = Qfc. It remains to show that 6(u) = &p,, .

To do this we consider the cocycle {€43} which gives & with
respect to an open cover {U} of X. For any « there exists vy, €
A" F(Ug) such that:

Qly, = wa+va/ANde (158)

where w, is obtained by the analogous expression to the one
in equation (149) but on A™ €. A local computation on Ug N Ug
shows that wg — wy = Exp(w) A\ de, where the notation &g (w)
indicates the natural contraction. Since we have a global lifting
of w, this cocycle must be a coboundary. Hence by (158)

(Vg —Ya) Nde = wp — wy = Egp(w) A de,

that is yp — va = &qp(w). Note that the sections y4 are local
liftings of p. Indeed by the injectivity of H;, it is enough to
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show that (v« /\ de)lc = Qlc, and this is obvious by (158) and
by the fact that wy|c = 0. Since the morphism

n—1

n—1
A\ F=O)(UxnlUg) = A F(ULNUp)

is given by multiplication by cnp, where c4p is a local equation
of C on U, N Ug, then the desired expression of the coboundary
d(u) is given by the cocycle

Ye— Yo Eaplw)

By the above local computation, we see that this cocycle gives
&p,, Via the isomorphism

n—1
H'(X, \ F(=C)) = H'(X, FY(Dw)). (159)

This is easy to prove since &p,, is locally given by &qp - dug,

where dyp is the equation of Dy on Uy N Ujg, so the image

aoc[i'docﬁ'ccxﬁ . E»oc[i(w)
Cocﬁ - Co‘ﬁ

which is exactly (). o

of &p,, through the isomorphism (159) is

7

We can now prove Theorem 3.3.2.

Proof. We split the proof into two parts.
First Part. In the first step of the proof we construct a global
section

n
Q' e H(X, \ €(—0))
which restricts, through the natural map A" €(—C) — detF(—C),
to d € H(X,detF(—C)), where (d) = Dyy. By Lemma 3.3.5
there exists p € HO(X, /\nq F® Oc¢) such that 5(u) = &p,, -
Now we use our hypothesis &£p,,, = 0 to write (i) = 0. Then

there exists a global section fi € HO(X, /\“_1 J) which is a lifting
of w. Define

n
Q:=0-pAde e H(X, A\ &).

By construction Q is a new lifting of w which now vanishes
once restricted to C:

Qlc =Qlc —pAdelc = Qlc —Ha(p) =0

(recall by Lemma 3.3.5 that Hy(p) = Q|c). The wanted section
Q" € HO(X, A" €(—C)) is the global section which lifts Q and
by construction satisfies pn(G1(Q’)) = w and G,(Q') = d.
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Second Part. In the second part we show that [w] = 0 using
the section Q' from the first part: the existence of Q' together
with the fact that h%(X, Ox(Dy/)) = 1 will force the adjoint w to
be a linear combination of 1y, ..., Mna1-

The global sections w; = AMm A... AR A .. ANW4) €
HO(X,det F) generate A"W and by definition they vanish on
Dyy, that is there exist global sections @; € HO(X, det F(—Dw))
such that w; = @; - d. We consider now the commutative dia-
gram

0—=0Oy(-C)—2-WR0x —2=F——-0 (160)
e, b
0 Oy —d e P g 0.

The homomorphism (3 is locally defined by

(f1, oo ) = (D) 514+ frg - s
and similarly pj o 3 is given by

(f1, oo frn) = (=D - fag M.

The homomorphism o7y is the factorization of this map and
it defines F. The homomorphism « is defined in the following
way: if f € Ox(—C)(U) is a local section, then @; are sections of
the dual sheaf Ox(C) and, locally on U, « is given by

f= (01(f),..., Onp1(f)).

We want to verify that the first square is commutative. If we
write locally n; = 3" ; bj - 0j, and

n
SiZZb}-O‘j—l—Cl-de,
=1

then
b2 b2 , bl b} 1
) =0 |fu| : Dol —, . ful — | =
Blx(f)) =B | fu » ,+1 i ul - iy
n
b} bl bt bn
b2 b2 1 b! bl 1
=(=1"fu| : S L Aty : ag !
CHal biH b bT
b] b, !
bZ bZ CZ 1
:fu ! " adEZ(fu~Cu)d€,
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where fy and dy are local holomorphic functions which repre-
sent the sections f and d respectively. The first equality uses the
fact that the determinants appearing in the first line are the lo-
cal equations of the sections w; (see also the proof of Theorem
3.3.1); the last equality comes from the fact that the determi-
nant in the second to last line is the local equation of w, and
w = d-c. To dualize diagram (160) we recall the sheaves iso-
morphisms F = AV F(—C—Dy)and &Y = A" E(—C — Dy).
Moreover we also recall the isomorphism WY = A™W, given
by
n"—=mALLARA AT

wheren', ..., " is the basis of WY dual to the basis 11, . . ., 1
of W. Define

el =mALAMA AN
Now we dualize (160):

— vV
0 Fv Y A" W@ 0x —E > det F(—Dyy)

T

0——=A"""F(—C—Dw) —= A" E(—C—Dy) Ox

(161)
Here o is the evaluation map given by the global sections @,
not necessarily surjective. Nevertheless we tensor by Ox(Dw )
and we obtain

a4

AW @ HO(X, Ox(Dw)) HO(X, det F)

. :

HO(X, A" €(—C)) HO(X, Ox(Dw)).

The section Q' € HO(X, A™ &(—C)) constructed in the first part
of the proof gives in H°(X, det F) the adjoint w. By commutativ-
ity -

w = (BV(Q").
By our hypothesis ho(X, Ox(Dw)) = 1, the section d is a basis of
HO(X, Ox(Dw)), so (e1®4d, ..., ens1 ® d) is a basis of the vector
space A" W ® HO(X, Ox(Dyw/)). We have then

n+1

BV(Q") :Zci‘ei®d
imT
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where ¢; € C and

o L n+1 n+1 n+1
w=a"BY(Q)) =a() ci-eg®d) =) ci-®i-d=) ci-wy
i=1 i=1 i=1

and hence [w] = 0. O

We remark that in the case h®(X, Ox(Dw/)) = 1, Theorem 3.3.1
and Theorem 3.3.2 give a full characterization for the condition
&py, = 0, that is

E,DW =0 iff [(U = 0]

In the particular case Dy, = 0, the hypothesis h°(X, Ox(Dw)) =
1 is trivially true and this characterization simply is

&E=0 iff [w=0]

3.4 AN INFINITESIMAL TORELLI THEOREM

As an easy consequence of the Adjoint Theorem we have the
infinitesimal Torelli theorem for primitive varieties with py =
q=n+1.

We recall that any irregular variety X comes equipped with
its Albanese variety Alb(X) and its Albanese morphism

alb : X — Alb(X).

Definition 3.4.1. A fibration is a surjective proper flat morphism
f: X — Z with connected fibers between the smooth varieties X and
Z. A fibration f: X — Z is irregular if Z is an irreqular variety.

A smooth irregular variety X is said to be of maximal Albanese
dimension if dimalb(X) = dim X. If dimalb(X) = dim X and
alb: X — Alb(X) is not surjective, that is q(X) > dim X, X is said
to be of Albanese general type.

A fibration f: X — Z is called a higher irrational pencil if Z is of
Albanese general type. An irreqular variety X is said to be primitive
if it does not admit any higher irrational pencil; see: [12, Definition
1.20], [25, Definition 1.2.4].

Note that irregular fibrations (resp. higher irrational pencils)
are higher-dimensional analogous to fibrations over non-rational
curves (resp. curves of genus g > 2).

If X is primitive, the Generalized Castelnuovo-de Franchis
Theorem (see [12, Theorem 1.14]), implies that the maps

k
A\ HO(X, Q)) — HO(X, QF)
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do not map to 0 decomposable elements.

Corollary 3.4.2. Let X be an n-dimensional primitive variety of gen-
eral type such that pg = q = n+ 1. If Q) is globally generated by
global sections then the infinitesimal Torelli theorem holds for X.

Proof. Take W = HO(X, Q;(). Since X is primitive,
AW = (w1, ..., wnp) = HOX, wy).

By the Torelli hypothesis W = Ker §;, we can construct an ad-
joint form w; ¢ and obviously w; w s € A"W. Hence, by The-
orem 3.3.1, &p,, = 0. If Q) is generated by global sections then
Dyw = 0, which implies that & = 0. O

In a similar way we have

Corollary 3.4.3. Let X be a surface of general type such that py =
q = 3, K% = 6 and the canonical system |Kx| is base point free. Then
the infinitesimal Torelli theorem holds for X.

Proof. Indeed a surface of general type such that p; = q =3
and K% = 6 is the symmetric product of a non-hyperelliptic
curve of genus 3 by [13, Proposition 3.17, (i)]. Hence the proof
is similar to the one of Corollary 3.4.2. O

Remark 3.4.4. Note that for surfaces of general type which are the
symmetric product of a hyperelliptic curve of genus 3, the infinites-
imal Torelli theorem does not hold by [51]. Indeed D exists and
it is a rational —2 curve; see: [13, Proposition 3.17, (ii)]. Hence an
infinitesimal Torelli deformation is supported on D al-

3.5 ADJOINT QUADRICS

Consider a locally free sheaf J of rank n over an m-dimensional
smooth variety X. Naturally associated to J there is the invert-
ible sheaf det 3 and the natural homomorphism:

n
Av: A HO(X, F) = HO(X, det ). (162)
We denote by AMH?(X, F) its image. Consider the linear system
P(A"HO(X, F))

and call Dy its fixed component and |[Mg]| its associated mobile
linear system. Moreover we denote by | det J| the linear system
associated to detJ and by Dgery, Mgetg respectively its fixed
and its movable part; that is: |det F| = Dgetg + |Mget 5/. Finally
note that Dyt 5 is a sub-divisor of Dy.
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Definition 3.5.1. An adjoint quadric for w, or simply w-adjoint
quadric, is a quadric in the projective space P(H°(X, det F)V) which
can be written in the form

w' =) Li-w,

where w is an adjoint form of & and W C HO(X, F), wi == A" A
W AMA L ANe) € HO(X, det F) and 1y € HO(X, det F).

Obviously an adjoint quadric has rank less than or equal to
2n 4+ 3, and, if it exists, it is constructed by the extension class
E.

The following theorem relates adjoint quadrics and adjoint
forms. It turns out that the absence of adjoint quadrics is strictly
related to the vanishing of the adjoint image.

Theorem 3.5.2. Let X be an m-dimensional smooth variety. Let F
be a locally free sheaf of rank n such that hWO(X,F) > n+1, let
& € HY(X,FY) and let Y be the schematic image of

GiMger s X - P(HO(X, det F)Y).

If & is such that 62’“((») = 0, where w is an adjoint form associated
to an n + 1-dimensional subspace W C Kerd; C H°(X, ), then
[w] = 0, provided that there are no w-adjoint quadrics vanishing on
Y.

Proof. Let B = {n1,...,Mn+1} be a basis of W. Set w; for i =
1,...,m+1 as above and denote by @; € HO(det F(—Dyw/) ®
Jz,,) the corresponding sections via

0 — H(X,detF(—Dw) ®Jz,,) — HO(X, det F).

Recall that A"W = (wy, ..., wnp1) C HO(X,detTF) is the vector
space generated by the sections w;. The standard evaluation
map

n
AW & 0x — det F(—Dw) ® Iz,

given by @y, ..., Mn41 results in the following exact sequence

O—>:K—>/\nW® Ox —=detF(—Dw) ®jzw—>0
(163)
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which is associated to the class &’ € Ext' (det F(—Dy/) ®J zwr K).
This sequence fits into the following commutative diagram (cf.

(161))

0—— K —=A"W® 0x — det F(—Dy) ® Iz, — 0

] |

0 gV e Ox 0,

where f is the map given by the contraction by the sections
(—1)™ 1%, for i = 1,...,m+1, and g is given by the global
section

o € H(X,detF(—Dw) ®Iz,,)

corresponding to the adjoint w. We have the standard factoriza-
tion

0—— K —— A"W & Ox — det F(—Dy) ®Iz,, —=0

| ]

0 T L]) Ox 0
0 FV ev Ox 0

where the sequence in the middle is associated to the class & €
H' (X, ) which is the image of & € H' (X, F) through the map
H' (X, ") - H'(X,K). In particular we obtain the commutative
square

HO(X, det F(—Dw) ® Jz,,) —= H' (X, X)

| o

HO(X, Ox)

By commutativity we immediately have that the image of o
through the coboundary map

HO(X, det F(—Dw) ® Iz,,) — H'(X, X)
is £”. Tensoring by detJ, the map F — X gives

FVodetF —=K@detF

H/
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and, since &-w € H'(X, Y @ det F)issentto £ - w € H'(X, K ®
det F), we have that

H'(MEUw) =" w,

where & U w is the cup product.
By hypothesis 62’“((1)) =fUw =0¢€HX A", so also
£" w=0¢c H'(X,X ®detT), hence the global section

0w € H(X,detF(—Dw) ® Iz, @ detF)
is in the kernel of the coboundary map
HO(X, det F(—Dw) ® Iz, @ detF) — H'(X, X @ detF)
associated to the sequence

0 —K@detF —= A\"W®detF —— detF(—Dw/) ® Iz, ® detF ——0.

(164)
This occurs iff there exist LY € HO(X,detF), i =1,...,n+1
such that

G-w:ZL{Iwbi. (165)
i=1

This relation gives the following relation in HO(X, det F¥2):

w-w:ZL{T-wi. (166)
i=1

Assume now that the adjoint form w is not in the vector space
A"W. Then the equation (166) gives an adjoint quadric. By con-
tradiction the claim follows. O

Corollary 3.5.3. Under the above hypotheses, & is a supported defor-
mation on Dyy; that is, &p,,, is trivial.

Proof. The claim follows by Theorem 3.5.2 and by Theorem
3.3.1. 0

Remark 3.5.4. Consider a generically globally generated sheaf I of
rank n = dim X. By [55, Proposition 3.1.6], if W is a generic n + 1-
dimensional subspace of HO(X, F), then Dy = Dyy.

This allows us to prove the following

Corollary 3.5.5. Under the hypotheses of Theorem 3.5.2, if we further
assume that I has rank n = dim X and W is generic in HO(X, F), it
follows that & is a deformation supported on Dy, that is Ep,; is trivial.
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Proof. 1f W is a generic n + 1-dimensional subspace of H°(X, J),
we have that Dy = Dyy. Then the claim follows by Corollary

3.5.3. [

Note that there are cases where these hypotheses easily ap-
ply:

Corollary 3.5.6. Let X be an n-dimensional smooth variety. Let F be
a locally free sheaf of rank n. Assume that

DMy ot X > P(HO(X, det F)Y)

is a non trivial rational map such that its schematic image is a com-
plete intersection of hypersurfaces of degree > 2. Let & € H'(X, FY).
If 5 = 0 and ég’n(w) = 0, where w is an adjoint form associated
to a generic .+ 1-dimensional subspace W C HO(X, F), then & is a
deformation supported on Dy. In particular if Dy = 0 then & = 0.

Proof. The claim follows directly by Corollary 3.5.5. O

Corollary 3.5.7. Let X be an n-dimensional variety of general type
with irregularity > n + 1 and such that its cotangent sheaf is gener-
ated by global sections. Suppose also that there are no adjoint quadrics
containing the canonical image of X. Then the infinitesimal Torelli the-
orem holds for X. In particular it holds if there are no quadrics of rank
less than or equal to 2n + 3 passing through the canonical image of
X.

Proof. By Corollary 3.5.5, any & € H'(X, Tx) such that §; = 0
and 62’“(&)) = 0, where w is an adjoint form associated to a
generic n + 1-dimensional subspace W C H%(X,Q}), is sup-
ported on the branch locus of the Albanese morphism and,
since we have assumed it to be trivial, then the trivial infinites-
imal deformation is the only possible case. O

Remark 3.5.8. As a typical application we obtain infinitesimal Torelli
for a smooth divisor X of an n + 1-dimensional Abelian variety A
such that p4(X) = n + 2; for explicit examples consider the case of a
smooth surface X in a polarization of type (1,1,2) in an abelian 3-fold
A. The invariants of X are pyg(X) = 4, q(X) = 3 and K2 = 12. The
canonical map is in general a birational morphism onto a surface of
degree 12. See [14, Theorem 6.4].
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3.6 FAMILIES WITH BIRATIONAL FIBERS
3.6.1  Albanese type families

Theorem 3.5.2 provides a criterion to understand which fami-
lies of irregular varieties of general type have birational fibers.

To study a family 7t: X — B of irregular varieties it is natural
to consider the case where it comes equipped with a family
p: A — B of Abelian varieties; that is, the fiber Ay := p~'(b) is
an Abelian variety of dimension a > 0.

Definition 3.6.1. Let 7: X — B be a family of irregular varieties of
general type and p : A — B a family of Abelian varieties. A morphism
®: X—A will be called a family of Albanese type over B if:

* O fits into the commutative diagram
A

R %
B

® The induced map $v: Xy — Ay of @ on Xy, is birational onto
its image Y.

X

® The cycle Yy, generates the fiber Ay, as a group.

See: [55, Definition 1.1.1.]. We remark that a > n ( cf. see [41,
p-311 and Corollary to Theorem 10.12,(i)]). We shall say that
two families over B, ® : X — Aand ¥ : Y — A, of Albanese
type have the same image if it is true fiberwise, that is ¢, (Xp) =
Py (Yp) for every b € B.

Remark 3.6.2. Albanese type families have a good behaviour under
base change. In fact let | : B’ — B be a base change, then pu*(®) =
® xid : X xgB' — A xp B is an Albanese type family over B’ .
In particular for a connected subvariety C — B the base change of
®: X—A to C is well defined and it will be denoted by Oc: Xc —
Ac.

If s: B — A is a section of p : A — B, we define the translated
family @ : X — A of @ by the formula:

Qs (x) = O (x) + s(7t(x)).

Notice that ®s : X — A is a family of Albanese type. Two
families @ and ¥ over B are said to be translation equivalent if

77
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there exists a section o of p such that the images of ®, and ¥
(fiberwise) coincide.

We are interested in a condition that guarantees that, up to
restriction, the fibers of the restricted family are birationally
equivalent. For the reader’s convenience we recall the following
definition given in [55, Definition 1.1.2]:

Definition 3.6.3. Two families of Albanese type ®@: X—A and ®: X'—.A’

over, respectively, B and B’ will be said locally equivalent, if there
exist an open set U C B an open set W' C B’ and a biregular map
pw: U — U:= w(U’) C B such that the pull-back families w*(®y)
and CD{l, are translation equivalent. We will say that @ is trivial if
X =XxB, A=AxBand mia(®(Xp)) = ma(P(Xp,)) for all b
where ma: A X B — A is the natural projection.

Example 3.6.4. The standard example of Albanese type family is
given by a family m : X — B with a section s: B — X. Indeed
by s: B — X we have a family p: Alb(X) — B whose fiber is
p~(b) = Alb(Xy); the section gives a family @: X — Alb(X) with
fiber:

alb(Xb) : Xp — Alb(Xb)

If we also assume that ¢y = alb(Xy) has degree 1 onto the image

then ®: X — Alb(X) is an Albanese type family. We will call X %
Alb(X) an Albanese family.

We will use the following;:

Proposition 3.6.5. An Albanese type family ®: X — A is locally
equivalent to a trivial family if and only if the fibers Xy are bira-
tionally equivalent.

Proof. See [55, Proposition 1.1.3]. O

3.6.2  Families with liftability conditions

To find conditions which ensure that the fibers of a family
mi: X — B are birationally equivalent, it is natural to understand
conditions on Albanese type families whose associated family
of Abelian varieties is trivial. The easiest condition to think of
is given by the condition of liftability for any 1-form.

Proposition 3.6.6. Let ®: X — A be an Albanese type family such
that for every b € B the map H°(X, QL) — HO(Xb,Q;(b) is surjec-
tive. Then up to shrinking B the fibers of p: A — B are isomorphic.
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Proof. Let y, € Ext! (Q}\b, Oa, ) be the class given by the family
p: A — B, that is the class of the following extension:
0— 0a, — Ql”Ab — Q}\b — 0.

— T :
Now ¢;O0a, = Ox, and the map ¢;05, — cl)?;QA‘Ab is generi-
cally injective, hence it is injective because otherwise the kernel
would be a torsion subsheaf of Ox, . Thus we have the following
exact sequence

0= ¢50a, = GpQpa, — GpQa, — 0
which fits into the following diagram

* * 1 * M1
0——=bp0a, —=pQpp, — Pp Q3 —0

| |

1
QXb O-

1

In cohomology we have

HO (X, b5 Q) ) — H' (Xp, Ox,)

| |

HO(Xb,Q;(b) —— H(Xp, 0x,)

so, by commutativity and by the surjectivity hypothesis
HO(X, QF) — HO (X, Q, ),
we immediately obtain
HO(Xp, b3 QY a, ) = HO(Xp, 7O}, )
and hence the coboundary
Syt HO(Ap, Q) = H'(Ap, Oa,)

is trivial.
Then by [18, Page 78] we conclude. O

For an Albanese type family ®: X — A such that H°(X, Q) —
HO(Xy, Q;(b) we can say more. Actually up to shrinking B, it is
trivial to show that for every b € B it holds that Alb(X,) = A
where A is a fixed Abelian variety. For later reference we state:
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Corollary 3.6.7. Let ®: X — A be an Albanese type family such
that HO(X, QL) — HO(Xy, Q) .) where b € B. Then for every b € B
there exists an open nezghbourhood U such that the restricted family
Oy : Xy — Ay is locally equivalent to W: Xy — A x U, where A
is an Abelian variety. Moreover there exists another Abelian variety
A such that for every b € U it holds that A = Alb(Xy) and the
natural morphism A — A gives a factorization of ¥: Xy — AxU
via alb(Xy): Xy — A x WL

Definition 3.6.8. We say that a family f: X—B of relative dimension
n satisfies extremal liftability conditions over B if

* HO(X, Q}) - HO(Xy, Q) );

e HO(X, Q) — Ho(xb,Q;b).

This definition means that all the 1-forms and all the n-forms
of the fibers are obtained by restriction from the family X. Com-
paring the two conditions with the hypotheses of Theorem 3.5.2,
they ensure that 5; = 0 and 62’“ =0.

Remark 3.6.9. Let X be a smooth variety such that alb(X): X —
Alb(X) has degree 1. Let f: X — Z be a fibration of relative di-
mension n such that the general fiber £~1(y) = Xy is smooth of gen-
eral type and with irreqularity q > m + 1. By rigidity of Abelian
subvarieties, the image of the map Alb(Xy) — Alb(X) is a (trans-
late of a) fixed abelian variety A. If, moreover, we have surjections
HO(X, Q)) — HO(Xy,Q1 ) and HO(X,QF) — HO(X QF ), then
A = Alb(Xy) and takzng a sufficiently small polydisk around any
smooth fibre of f we obtain a family which satisfies extremal liftability
conditions.

The main theorem of this section is based on the Volumetric
Theorem; see [55, Theorem 1.5.3]:

Theorem 3.6.10. Let ®: X — A be an Albanese type family such
that p: A — B has fibers isomorphic to a fixed Abelian variety A.
Let W C HO(A, Q) be a generic n + 1-dimensional subspace and
Wy C HO(Xb,Q;(b) its pull-back over the fiber Xy. Assume that for
every point b € B it holds that w ., » € A"Wy where &, €
H' (Xy, Tx, ) is the class given on Xy by m: X — B, then the fibers of
ni: X — B are birational.

Proof. See [55, Theorem 1.5.3]. ]
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Theorem 3.6.11. Let ©: X — A be a family of Albanese type whose
associated family of n-dimensional irreqular varieties : X — B sat-
isfies extremal liftability conditions. Assume that every fiber X of
m: X — B has irregularity > n+ 1 and that there are no adjoint
quadrics through the canonical image of any fiber X. Then the fibers
of m: X — B are birational.

Proof. Since our claim is local in the analytic category, up to
base change, we can assume that B is a 1-dimensional disk and
that t: X — B has a section. More precisely we take two points
in B and a curve C connecting them, then make a base change
from B to C. Therefore in the rest of this proof B is a curve.
By proposition 3.6.6 p: A — B is trivial. Moreover the Albanese
family alb(X): X — Alb(X) exists and by Corollary 3.6.7 we can
also assume that Alb(X) = A x B.

We denote by &, € H! (Xp, Tx, ) the class associated to the
infinitesimal deformation of Xy induced by 7t: X — B.

Let B :={dz,...,dzn1} be a basis of an n + T-dimensional
generic subspace W of H(A, Q). For every b € B let n;(b) :=
alb(Xp)*dzi, i = 1,...,n+ 1. By standard theory of the Al-
banese morphism it holds that By, := {n1(b),...,Nny1(b)} is a
basis of the pull-back Wy, of W inside HO(Xy, Q;b ). Let wi(b) :=

—

AT M)A AN (D) A L ANR (D)) fori=1,... ,n+
1. Since ®: X — A is a family of Albanese type, dim AW}, > 1,
actually by [55, Theorem 1.3.3] it follows that A"W}, has dimen-
sion n + 1, and we can write:

)\Tle = <(1)] (b)/ coey, Wnp (b)>

Let wy = wg, w3, be an adjoint image of W,
By Theorem 3.5.2 it follows that wy, € A™W,. By Theorem
3.6.10 we conclude. O

The above theorem gives, in particular, an answer to the generic
Torelli problem if the fibers of m: X — B are smooth minimal
with unique minimal model. Indeed we have:

Corollary 3.6.12. Let : X — B be a family of n-dimensional irreg-
ular varieties which satisfies extremal liftability conditions. Assume
that every fiber X is minimal, it has a unique minimal model and
its Albanese morphism has degree 1. If there are no adjoint quadrics
containing the canonical image of X, then the generic Torelli theorem
holds for m: X — B. In particular the claim holds if no quadric of
rank < 2n + 3 contains the canonical image of X.

Proof. Since the fiber X has a unique minimal model the claim
follows directly by Theorem 3.6.11. O
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3.7 EXAMPLES

We discuss a couple of examples of varieties whose canonical
image is not contained in any adjoint quadric. Consider the
product X = C; x C; of two canonical curves of genus 3. The
space of first order deformations of X, H'(X, Tx), is isomorphic
to the direct sum H'( Cy,Te,) @ H'(C,, Tc, ), hence every defor-
mation & of X is uniquely associated to a pair &1, &;. We con-
sider a first order deformation ¢ satisfying the Torelli hypothe-
sis &y = 0. The canonical map of X is given by the Segre embed-
ding
X =Cy x C; = P?xP?— P*.

We call Xy, X1, X; the coordinates on IP? = P(H%(C;, wc, )V) and
Yo, Y1,Y, those on P? = ]P(HO(Cz,wCZ)V). On X we take the 1-
forms ny,1m32,M3 corresponding to X7 + Yy, X; +Y; and X5 + V).
Since they are linearly independent we can construct the ad-
joint form w and the sections w; as described above. A simple
computation shows that if both the adjoint image of Xj, X; and
the adjoint image of Y7, Y; are zero (on Cy and C; respectively),
then also the class of w is zero. On the other hand, assume that
at least one of the adjoint images on the curves, for example
the adjoint on Cj, is not zero. Then, changing coordinates if
necessary, we can assume that it is Xj. In the usual coordinates
ui,j on ]PS, we have that w; = Uz/z — u]/z, wry; = U1,2 — U]/],
w3 = Uy, — Uy and the expression of the adjoint form w
contains, for example, the term Ug,. We want now to show
that there are no adjoint quadrics of w containing the image of
X C IP8. Cohomological computations on the Segre embedding
show that, since the image of C; in IP? is not contained in any
quadric (it is in fact a quartic), the quadrics of IP® vanishing on
X are exactly those vanishing on the image of IP? x IP2. Now, an
adjoint quadric of w, that is a quadric in the form w? —_ L - wy,
is homogeneous of degree 2 and contains the term Uaz which
comes from w? and is not simplified by the sum Y L; - w; (this
is obvious looking at the expressions of the w;). It is easy to
see that such a quadric is not contained in the ideal of IP? x IP?,
which is generated by the quadrics U; ;U — Ui Uy ;. Hence,
with our choice of the sections 1;, we have proved that there
are no adjoint quadrics of w containing the canonical image of
the product of two canonical curves of genus 3.

A similar computation can be done for the product of two
canonical curves C; and C; of genus 4. The main difference
is that the canonical image of C; in P is the complete inter-
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section of a quadric and a cubic. Assume that these quadrics
are of rank 4 and choose coordinates Xy, X1, X3, X3 on P? =
P(H(Cy, we,)Y) and Yy, Y1,Y2,Y; on PP = P(H%(Cy, we,)Y)
such that the quadric containing C; is Xp - X7 —X;- X3 = 0
and the quadric containing C; is Yy - Y7 — Y2 - Y3 = 0. Taking
M1,M2,M3 corresponding to X; + Y7, X3 + Y3 and X; + Y3 we have
wy = Uz3—U3 wy; = Uj3—Uj; and w3 = Uj3—Usz;. As
before if the adjoint classes on the curves are zero, then also
the adjoint class on the product is zero. In the other case in
the expression of w there are always terms (like for example
Ug 3 or U 3) that prevent an adjoint quadric w? — 5 L; - w; to
be in the ideal of C; x C; inside IP'°. The difference with the
case of genus 3 is that one has to consider also quadrics van-
ishing on C; x C,, but not on IP3 x IP3, that is the quadrics of
the form U - uu —Up;- US,)' =0and Uy - U]',1 — Ui, - uj,3 =0
which come from Xo-X; —X5- X3 =0and Yp-Y1—Y2-Y3 =0
respectively. The case where at least one of the quadrics con-
taining the canonical image of the curves is of rank 3 is simi-
lar. If for example the canonical image of C; is contained in a
quadric of rank 3, we take coordinates such that this quadric
is Xo - X1 —Xp - X3 — X; - X = 0, then the computations are the
same as in the rank 4 case.

Theorem 3.6.11, and consequently Corollary 3.6.12, applies
directly to the families whose fiber X has canonical map which
is not an isomorphism and X is an irregular variety such that its
canonical image Y is a (possibly very singular) hypersurface of
degree > 2 or a (possibly very singular) complete intersection
of hypersurfaces of degree > 2: see also Remark 3.5.8. Many of
these examples are not well studied in the literature.

As far as other possible examples are concerned, the class
of minimal irregular surfaces with very ample and primitive
canonical bundle should be worthy of study. Indeed we re-
mind the reader that the space Qi , of quadrics of the projective
space P™ of rank < k has dimension k(n —k + 1) + (k;“]) -1,
and letting n = py(S) — 1, by Riemann-Roch theorem the di-
mension of the vector space of quadrics containing S = Y is
ho(IP™, Is /pn (2)) = (“;2) — K% —x(0s). Now to apply our the-
ory in the case n = 2 we have to take k = 2n + 3 = 7; hence,
imposing the natural condition K% +x(0g) = 7n—15, it is at
least reasonable, by the obvious dimensional computation, to
expect that, for such a generic irregular surface, Q7 ,, is a direct
summand of HO(P™, Jg spn(2)). Then Corollary 3.6.12 applies to
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give generic Torelli theorem for such irregular surfaces of gen-
eral type (with Albanese map of degree 1 and irregularity > 4).

Clearly if X is a variety such that there exists a divisor D
with h(X,Ox(D)) > 2 and h%(X,Ox(Kx — D)) > 2 then the
usual argument of the Petri map for curves gives a quadric of
rank 3 or 4 containing the canonical image. It is also easy to
construct varieties such that this D exists. Nevertheless our the-
orem requires that no adjoint quadrics exist, so it can happen
that those low rank quadrics obtained by Petri-like arguments
are not adjoint quadrics. The geometry of 1-forms and of the
quadrics of low rank through the canonical image is an inter-

esting question as the problem of finding conditions such that
Q7 NHO(PP™, Jg /pn (2)) = {O}.



GENERALIZED ADJOINT FORM

The adjoint theory developed in Chapter 3 deals with exact
sequences of the form

0—-0x—=>E—->F—0

and, as we have seen, it is useful for the study of Torelli type
problems for irregular varieties. In this chapter on the other
hand we want to develop the tools for the study of a broader
class of varieties. In particular we will generalize the adjoint
theory of Chapter 3 for sequences of the form

0L —-E-TF =0

where £ is a locally free sheaf of rank 1 possibly different from
the structure sheaf Ox.

4.1 THE THEORY OF GENERALIZED ADJOINT FORMS

Let X be a smooth m-dimensional compact complex smooth
variety and
0=>0x—=E&—=-F—=0 (167)

a short exact sequence of locally free sheaves on X with J of
rank n. In the previous chapters we have introduced the theory
of adjoint forms which is suitable for the study of the extension
class associated to such a sequence. However, one condition is
essential for the theory to work:

e WOX,F) >n+1.

Sometimes this can be quite restrictive, hence we want to by-
pass this requirement. The first idea is to take the tensor prod-
uct of sequence (167) with a sufficiently ample line bundle £
and obtain the exact sequence

0= L—-E0L—-TFTxL—0. (168)

We can choose £ in such a way that h®(X,F® £) > n + 1. This
new sequence is still associated to the same extension class

~

as before, since there is a natural isomorphism Ext'(F,0x) =
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Ext'(F ® £, £). Therefore the study of (167) is equivalent to the
study of (168) under this point of view.

In this way we have bypassed the problem on the number
of global sections, but another obstruction to the application of
the adjoint theory arises: the leftmost term of (168) is not the
structure sheaf Ox, but an invertible sheaf £. In this chapter we
want to develop a generalized version of the adjoint theory that
will be able to deal with sequences of the form

0O—-L—>E—-F =0 (169)

and hence solve the aforementioned problems.

As we have seen in the previous chapters the adjoint theory is
well-suited for the study of Torelli-type problems for irregular
varieties with ¢ > n + 1. In fact in this cases the exact sequence
associated to an infinitesimal deformation is

O—>OX—>Q:1X|X—>Q;(—>O

and by hypothesis h°(X, Q}) = q > n + 1. The generalized ver-
sion we present in this chapter can deal not only with irregular
varieties with g < n, but also with regular varieties. In particu-
lar we analyze the case of smooth projective hypersurfaces.

4.1.1  Definition of generalized adjoint form

Let X be a smooth compact complex variety of dimension m
and let J and £ be two locally free sheaves on X of rank n
and 1 respectively. Consider the exact sequence of locally free
sheaves

0=-L—>E—-F =0 (170)

associated to an element & € Ext'(F,£) = H'(X,FY ® £). Re-
call that the invertible sheaf detJ := A" J fits into the exact
sequence

n—1 n

0> ANFeL— \&—detF—0, (171)

which still corresponds to & under the isomorphism Ext'(F,£) =
Ext'(detF, A" ' F® L) = H'(X,FV ® £). Furthermore det ¥ sat-
isfies

detF ® L = deté. (172)
Note that sequence (171) corresponds to sequence (144) of the
previous chapter while isomorphism (1772) corresponds to (145).
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Let &;: HO(X,F) — H'(X, £) be the connecting homomorphism
related to (170), and let W C Ker (8;) be a vector subspace of
dimension n + 1. Choose a basis B :={ny,...,Nn1} of W. Take
liftings s1, ..., 8041 € HO(X, &) of the sections 11, ..., Mny1. If we
consider the natural map

n

n
A AHOX &) = HOX, A\ €)
we can define the sections
Qi =A"s1 A ASA L A ST (173)

fori=1,...,n+41. As in the previous chapter, denote by wj,
fori=1,...,n+1, the section A"(; A... A /A ... \Nns1) €
HO(X, det F). We have that wj is the image of Q; via the mor-
phism

n
HO(X, A\ &) = HO(X, det ).

The vector subspace of HO(X, det F) generated by wq,..., wn4g
is denoted again by A"W.

Definition g4.1.1. If A"W is nontrivial, it induces a sublinear system
A"W| ¢ P(HO(X,detF)) that we will call adjoint sublinear sys-
tem. We call Dyy its fixed divisor and Zy the base locus of its moving
part [Myy| C P(HO(X, det F(—Dw))).

Definition 4.1.2. As in the previous chapters, we say that an exten-
sion & € Ext'(F, L) is supported on a divisor D if

¢ € KerExt' (7, £) — Ext' (F(—=D), £). (174)

Definition 4.1.3. The section Q € H®(X,det &) corresponding to
S /\.../\Sn+1 via

n+1
AT A HO(X, €) — HO(X, det ) (175)

is called generalized adjoint form.

Remark 4.1.4. It is easy to see by local computation that this section
is in the image of the natural injection det E(—Dw) ® Jz,, — det .

We want to find a condition corresponding to the one in Prob-
lem 3.1.4. Note that in that case the condition w;w g € A"W
can be written equivalently as

wews € Im (HO(X, 0x) © A"W — HO(X, det F))
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by the obvious reason that HO(X, Ox) = C. Hence in the general
case this condition can be replaced by

Q e Im (HY(X, £) @ A"W — HO(X, det &)). (176)

Note that since det € is no longer isomorphic to detJ, we have
a difference in the codomain. Using the commutativity of

HO(X, L) @ A" € —=HO(X, L) ® detT

\ l

deté&,
(176) can be equivalently written as
Q eIm (H°(X, £) ® (Q;) — HO(X, det&)). (177)

Note that the map in (177) is given by the wedge product, while
the map in (176) by the isomorphism (172).

Remark 4.1.5. If H°(X, £) = 0, then these conditions are equivalent
to O = 0.

Remark 4.1.6. As in the previous chapter, the choice of the liftings is
not relevant for our purposes. Take different liftings sq,...,s] ; €
HO(X, &) of M1, ..., Mnp1 and call Q! € HOAX, \"€) and Q' €
HO(X, det €) the corresponding sections constructed as above. Obvi-

ously

Im (HO(X, £) ® (Q;) — HO(X,det&)) =
=Im (H°(X, £) ® (Q]) — H°(X, det &),

since they are both equal to ITm (H°(X, £) ® A"W — HO(X, det €)).
It is also easy to see that () € Im (HO(X, £) ® (Q;) — HO(X, det &))
iff Q' € Im (HO(X, £) ® (Q) — H(X, det &)).

Remark 4.1.7. Consider another basis B' = {ny,...,m/ 1} of W
and let A be the matrix of the basis change. The sections sq,...,s;
obtained from si,...,sn+1 through the matrix A are liftings of the
new basis ny,...,M), . The section Q' := AM (5] AN NSl )
satisfies Q' = detA - Q. Moreover Q € Im (H°(X, L) ® (Q;) —

HO(X, det €)) iff Q' € Im (HO(X, £) ® (Q]) — HO(X, det &)).

Lemma 4.1.8. If Q € Im (H°(X, £) ® (Q;) — HO(X,det&)), then
we can find liftings t; € HO(X,&),i=1,...,n+1, such that Q =
/\n+1(t1 Ao NAthg) =0.
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Proof. By Remark 4.1.5, the proof is trivial if HO(X,L) = 0.
Hence we assume h°(X, £) > 0. By hypothesis there exist o; €
HO(X, £) such that

n+1
Q= Z 03 AN Qi/ (178)

i=1
that is
n+1
SIA /A Spyr = Zs1 ANASEA LA sp Aoy
i=1
for a choice of liftings sy, ..., sn+1 0of 11,...,Mn41. We can define
new liftings:

Now, since

n+1
AL At =s1AL A — ) SIALLASALL Asn Ay,

i=1
we immediately deduce Q = 0. O
Notation 4.1.9. From now on for simplicity call Y3 the map
Yo HO(X, £) ® (Q;) — HO(X, det &). (179)
Then conditions (176) and (177) read QO € Im Y.

From the natural map
7YoL — 5 ®L(Dw)
we have a homomorphism
H'(X, 5 @ L) 5 H' (X, 5 ® £(Dw));

we call &p,, = p(&).

4.1.2  Castelnuovo’s free pencil trick

The case where both £ and F are of rank one, while X has di-
mension m, is peculiar. In this case W = (n,m2) C HO(X, F)
has dimension two; as usual we choose liftings s1, s, € HO(X, &)
of ny,m2. Note also that w; = 1; and w; = 7y, in particular
W = AW so Dy is the fixed part of W and Zyy is the base
locus of its moving part. Call 7j; € H%(X, F(—Dyy)) the sections
corresponding to the n;’s via HO(X, F(—Dw)) — HO(X,F). The
following lemma is well known and it is the core of the Castel-
nuovo base point free pencil trick (see Lemma 2.4.2).
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Lemma 4.1.10. We have an exact sequence
0 — FY(Dw) > Ox ® Ox > F(—Dw) ® 7z, =0  (180)

where the morphism 1 is given by contraction with —fiy and 1, while
v is given by evaluation with 7, on the first component and 1j on the
second one.

It is easy to see by local computation that sequence (180) fits
into the following commutative diagram

0 Fv ev LY 0
l'DW L(Shsz) Q

0 ﬁ-ﬂ'ﬂ\/(Dw) i Ox @ Ox s F(—Dw) ®jzw —0.
(181)
The morphism €Y — Ox @ Ox is given by contraction with the
sections —s; and s;, the morphism LY — F(—Dw) ® Iz, by
contraction with the adjoint 3. We can prove now the following

Theorem 4.1.11. Let X be an m-dimensional complex compact smooth
variety. Let F, L be invertible sheaves on X. Consider & € H' (X, FV @
L) associated to the extension (170). Define W = (n1,12) C Ker (8¢) C
HO(X, F) and Q as above. We have that Q € ImVYg if and only if

&py = 0.

Proof. Tensoring (181) by £ and passing to cohomology we have
the following diagram

HO(EY ® L) C H'(FY @ L)

1(51,—52) B lp

HO(L @ £) —Y> HO(F(—Dw) ® Iz, @ £) ——= H! (Y (D) ® £).
(182)
Obviously (1) = Q and, by commutativity, 5(3(1)) = &p,,-
We have then £p,, = 0 if and only if O € Im (H(L @ £) >
H(F(—Dw) ® Jz,w ® £)). Since v is given by the sections i,
and fjj, this condition is equivalent to QO € Im (HO(X, L)@ W —
HO(X,det &)), since det& = F® L. O

4.1.3 The Adjoint Theorem
We go back now to the general case with J locally free of rank

n. By obvious identifications the natural map

n—1 n—1

Ext'(detd, \ 7 ® L) — Ext'(detF(—Dw), \ F® L)
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gives an extension €™ and a commutative diagram:
0 0
0—=A""FoL gm) x det F(—Dy) —0
| w
0—=A""FoL A" E det F

det?@ox ODW — detff@ox ODW

(183)

Theorem 4.1.12 (Generalized Adjoint Theorem). Let X be an m-
dimensional complex compact smooth variety. Let F be a rank n lo-
cally free sheaf on X and £ an invertible sheaf with HO(X, L) # 0.
Consider an extension

0 L—-E—-TF =0

corresponding to & € Ext'(F,£) = H'(X, Y ® L). Define W =
M1, ,Mny1) C Ker (8z) € HO(X, F) and Q as above.

IfQ € ImWg then & € Ker(H'(X, TV ® L) — H'(X, T ®
L(Dw))).

Proof. By the hypothesis () € Im ¥4 and by lemma (4.1.8), we
can choose liftings s; € H(X, &) of n; with Q = 0.

Since Dyy is the fixed divisor of the linear system [A"W/| and
the sections w; generate this linear system, then the w; are in
the image of

det F(—Dyw) — det T,

so we can find sections @; € H°(X, det F(—Dyy)) such that
@i - d = wy, (184)

where d is a global section of Ox(Dw) with (d) = Dyw. Hence,
using the commutativity of (183), we can find liftings Q; €
HO(X, &™) of the sections Q;. The evaluation map

n—+1 -
Doy & em
i=1
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given by the global sections Q;, composed with the map o« of
(183), induces a map p which fits into the following diagram

A Ox A Ox
.
0—=A""FoL e % . detF(—Dy) —=0.

We point out that the morphism u is given by multiplication
by @; on the i-th component. The sheaf Imfi is torsion free
since it is a subsheaf of the locally free sheaf &™). Moreover,
since QO = 0, a local computation shows that Im i has rank one
outside Zyy. On the other hand the sheaf Im p is by definition

Imp = detF(—Dw) ®Iz,,.
The morphism
«: &M — det F(—Dyy)
induces a surjective morphism, that we continue to call «,
Imifi % Im v

between two sheaves that are locally free of rank one outside

Zyy. This morphism is also injective, because its kernel is a tor-

sion subsheaf of the torsion free sheaf Im {i, hence it is trivial.
We have proved that

Im i = detF(—Dw) ®Iz,,,

SO
eM 5 Imp)YY = detF(—Dy).
This isomorphism gives the splitting

1 TN
0—= A" T®L em) det F(—Dyy) —0.

Since &p,, is the element of H'(X, Y ® £L(Dw)) associated to
this extension, we conclude that £p,, = 0.
We have proved the Generalized Adjoint Theorem. O

4.1.3.1 An inverse of the Generalized Adjoint Theorem

As in the previous chapter, we have an inverse of the General-
ized Adjoint Theorem.
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Theorem 4.1.13. Let X be an m-dimensional complex compact smooth
variety. Let F be a rank n locally free sheaf on X and L an invert-
ible sheaf. Consider an extension 0 — L — & — F — 0 corre-
sponding to & € Ext'(F,L). Let W = M, eoMne1) be an+1-
dimensional sublinear system of Ker (6z) C HO(X,F). Let Q €
HO(X, det &) be an adjoint form associated to W as above. Assume
that HO(X, £) = HO(X,L(Dw)). If & € Ker(H'(X, 7V ® £) —
H' (X, 5" ® £L(Dw))), then Q € Im V¥s.

Proof. If F is a rank one sheaf, then Theorem 4.1.11 gives the
thesis without the extra assumption H°(X, £) = HO(X, £(Dw)).
We assume then rank F > 2.

In the remaining cases the proof is very similar to the one
of Theorem 3.3.2. The hypothesis HO(X, £) = HO(X, £L(Dy)) re-
places HO(X, Ox (D)) = C. O

By the Generalized Adjoint Theorem and Theorem 4.1.13 we
deduce the following

Corollary 4.1.14. If Dy = 0, then £ = 0 iff Q € Im (H%(X,£) ®
AW — HO(X, det &)).

4.2 GENERALIZED ADJOINT QUADRICS

The notion of adjoint quadric introduced in the previous chap-
ter can be generalized also in this context. With the same nota-
tions introduced in Section 3.5, we give the following

Definition 4.2.1. A generalized adjoint quadric for Q) is a quadric
in P(HO(X, det &)Y) of the form

QZZZEi-O'i,

where Q) is a generalized adjoint of W C HO(X, F) and o3, E; are ele-
ments ofHO(X, deté) fori=1,...,n+1 with oy € Im HO(X, L) ®
AW,

Theorem 4.2.2. Let X be a m-dimensional smooth compact variety

where m > 2. Let J be a generically globally generated locally free

sheaf of rank n such that h°(X,F) > n+1. Let Y be the schematic im-

age of Py, .2 X --» P(HO(X, det €)Y) and assume that HO(Y, Jy(2))
contains no adjoint quadrics, where Jy is the ideal sheaf of Y. Assume

also that the map HO(X,det&) ® HO(X, L) — HO(X,deté& ® L) is

surjective. If W C Ker 8¢ is an n + 1-dimensional subspace and the

associated adjoint () is sent to zero by the cup product with &, then

Q € Tm Vs,
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Proof. Let B ={ny,...,Mn+1} be a basis of W. Set w; := A" (1 A
CAMA L ANg) € HO(X, detF) where i = 1,...,n+1,
and denote by @; € HO(det F(—Dyw/) ® Jz,,) the correspond-
ing sections via 0 — HO(X, det F(—Dw) ® Izw) — HO(X, det F).
The standard evaluation map A" W ® Ox — det F(—Dw) ®Jz,,
given by @1, ..., W41 results in the following exact sequence

0—= K —= A"W® 0x —detF(—Dy) ® Iz,, —= 0

(185)
which is associated to the class &’ € Ext' (det F(—Dy/) @ Iz XK).
This sequence fits into the following commutative diagram

0——= K —— A\"W & Ox —>det F(—Dy) ®Jz,, —0

1 |

0 FV ev LV 0,

where f is the map given by the contraction by the sections
(—1)“1%s;, fori = 1,...,m+1, and g is given by the global
section o € HO(X, det 8( DW) ® Jz,,) corresponding to the ad-
joint Q (cf. 4.1.4). Tensoring by £ we obtain

0 T A"W® L —det&(—Dw) ® Iz, — 0
0—=FV®L VoL Ox 0.

We have the standard factorization

0 9H< A"W® L —det&(—Dw) ® Iz, — 0
0 T T Ox 0
0—=TFVRL VL Ox 0

where the sequence in the middle is associated to the class & €
H' (X, K) which is the image of & € H'(X, Y ® L) through the
map H' (X, @ £) — H'(X,X). In particular we obtain the
commutative square

HO(X, det &(—Dw) ® Iz, ) — H! (X, X)

| e

HO(X, Ox)
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By commutativity we immediately have that the image of o
through the coboundary map
HO(X, det E(—Dw) ®Jz,,) — H'(X,X)

is £”. Tensoring by £ ® det €, the map F — X gives

FV@L@detE —= K @ deté (186)
|
AV F o 82

and, since £-Q € H'(X,FY @ L ® det&) is sent to &’ -Q €
H' (X, K @ det &), we have that

H'(M(EUQ)=¢&"-Q, (187)

where £ U Q) is the cup product. By hypothesis EUQ = 0 €
H' (X, AV F @ L52), so also &"-Q = 0 € H'(X, X @ deté€),
hence the global section o-Q € HO(X, det&(—Dw) @ Iz ®
det €) is in the kernel of the coboundary map

HO(X, det &(—Dw) ®Jz,, @ detF) — H' (X, K @ det &)

associated to the sequence

n
0 = K®deté —>/\W®L®det8 —
— det&(—Dw) ® Iz, ®det€& — 0.

This occurs iff there exist LY € HO(X, L @deté),i=1,...,n+1

such that
n+1

o Q=) L{ ;. (188)
i=1

Since by hypothesis HO(X,det&) @ HO(X, L) — HO(X,det& @ L)
is surjective, we can write LY = EY - 17 where EY ¢ HO(X, det &)
and 17 € H°(X, £). The relation (188) gives the following rela-
tion in HO(X, det & ® det &):

n+1 n+1
Q-Q=>) (/-10) wy=) E{(I{ wy). (189)
i=1

i=1

Assume now that Q is not in the image of HO(X, L) @ A"W —
HO(X,det&). Then (189) gives a nontrivial adjoint quadric in
HO(Y,Jy(2)). A contradiction. H
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Corollary 4.2.3. Under the same hypotheses assume also that n =
tkF = dimX, if &£ € H'(X,FY @ L) is such that &; = 0 and
EUQ = 0, where Q is the adjoint form associated to a generic
n + 1-dimensional subspace W C HO(X,J), then & is a supported
deformation, that is, &y 1s trivial.

Proof. Take W a generic n + 1-dimensional subspace of H°(X, F).
By Theorem 4.2.2 we have that O € ImV¥g, hence we apply
Theorem 4.1.12 and we deduce that £p,,, = 0. By the fact that
Dg = Dw (see Remark 3.5.4), we conclude. O

Recall the following definition ([30]):

Definition 4.2.4. We say that a property holds for a sufficiently am-
ple line bundle £ on a projective variety X if there exists an ample line
bundle Ly such that the property holds for all £ with £L ® 551 ample.

A key observation is given in the following general lemma

Lemma 4.2.5. Let X be a projective variety and F a locally free sheaf
of rank . on X. If £ is a sufficiently ample line bundle, then the
natural map

n

J\HO(X, F & £) = H(X, det(F ® £)) (190)
is surjective.

Proof. First take an ample line bundle £ such that 3 ® £; is
generated by its global sections; see [40, Definition on page 153].
That is we have an exact sequence

0— Ko — HUX,FRL)®Ox = F@ Ly — 0.
The wedge of this sequence is
n
0= X1 = A\H(X,F® L) @ Ox — det(F @ £;) = 0.
Since H' (X, K1) may not be zero, we take £, such that H' (X, K @

LY) = 0; cf. [40, Chapter III, Theorem 5.2 (b)]. We have the exact
sequence

n
05 @LY - AHX, F@L)®LY = det(FR Ly ®Ly) — 0.

By hypothesis the map

n
AHX, F®L1) @ HO(X, £3) — HO(X, det(F @ L1 & £;))
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is surjective. Now consider the following commutative diagram

ATHO(X, F @ L1) @ HO(X, £}) —— HO(X, det(F @ £1 ® £3))

! |

A" HOX, F@ L£1) @ HO(X, £7)) ——= A"HO(X,F® L1 ® L))

where all the maps are natural. The top horizontal map is sur-

jective by what we have just seen. The first vertical map is in-
duced by

VIQUIA...AVRRQUL = (VIA... AV R (UL ®...0Uyn)

and we can assume that it is surjective since £; is ample enough
to have that
Sym™(H°(X, £;)) — HO(X, £})

is surjective. Hence the second vertical arrow is surjective and
taking £ = £ ® £, the lemma is proved. O

Remark 4.2.6. This lemma, applied to the case we are interested in,
shows that if we tensor the sequence

0->0x—=E&—=-F—=0 (191)

by an invertible sheaf L sufficiently ample, then every section of
HO(X, det(& ® L)) can be obtained by an element of /\nH HO(X, & ®
L). This means that every element of HO(X, det(& ® L)) is a linear
combination of suitable adjoint forms.

We have then

Theorem 4.2.7. Let & € H! (X, F), & # 0 be a nontrivial extension
class associated to the exact sequence

0—->0x—>E&—=>F—0. (192)

If £ is sufficiently ample, then there exist N € IN such that for every
n >N

7. A"TTHO(X, & @ £8M) — HO(X, det(& ® L&M)) is surjective
2. We can construct an adjoint Q) for the twisted sequence
0= LM 5 E@ L 5 FRLE =0

and there exist E;, o; € HO(X, det(& QL)) fori=1,...,n+
1, such that Q% = Y ;- 0y, i.e. there are adjoint quadrics.
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Proof. The first part is a direct consequence of the previous
lemma.

For the second part, note that for £ sufficiently ample the
sequence

0= LM 5 ERLOM 5 FRLE™ — 0
satisfies
e HOX,F®L®™) >n+1,
o HO(X, det(€®L5M)) @ HO(X, £2™) — HO(X, det(€ ® L) ®

L%M) is surjective,
e HI(X, £®M) =0.

We can assume that F @ L% is generated by global sections,
hence D4y en = 0 and &p = &. By Corollary 4.2.3, we
conclude.

FRLEM

]

4.2.1 Adjoint quadrics and Syzygies

There is another way to look at adjoint quadrics. Following [28],
we recall the notion of syzygy.

Consider a field k and a finite dimensional vector space V
over k. S(V) will denote the symmetric algebra on V. Then if we
take a graded S(V)-module B = P, Bq we have the standard
Koszul complex

p+1 p p—1
d,_ d
o= A V@B ”Qq“/\V@)Bq A V@B = ...

(193)
The maps d, q are constructed as follows.
The identity i € V¥ @ V gives the contraction

P p—1
AV—= Avev
which, composed with the multiplication

is the map dy 4:

ANPVeB—= AP 'VeVeB,.

I

/\p—1 Ve Bq+1
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The cohomology groups K, q associated to this complex are
called Koszul cohomology groups and they are strictly related
to the so called syzygies of B.

The syzygies can be introduced as follows. Consider a mini-
mal free resolution of B of the form

P SV—a) @Mig = P S(V)(—q) @Mg,q — B — 0.
qa=q1 qa=d1
(194)
This resolution exists provided that dimy Bq < oo for all q and
{q € Z | Bq # 0} is bounded from below.

Definition 4.2.8. The syzygies of order p and weight q for the S(V)-
module B are the vector spaces M, q.

In particular M 4 is the vector space generated by the degree
q generators of B as §(V)-module, and M,  is generated by the
primitive relations of weight ¢ among the generators of B. That
is, an element of M; 4 is a relation } ;u;x; such that x; are
generators of degree e; and u; are elements of S(V) of degree
q — ei. The term primitive means that this relation is not a linear
combination of relations of lower weight.

The relation between syzygies and Koszul cohomology is
clear thanks to the following theorem: c.f. [28, Theorem 1.b.4].

Theorem 4.2.9. As vector spaces over k, Ky g = Mp p1q.

We are interested in the following application. Consider X a
smooth projective variety and & € H'(X,FV ® £) associated to
the extension

0—-L—>EE—-TF—=0. (195)

As usual we also assume that J is locally free and generically
globally generated of rank n such that h%(X,F) > n +1.
With the notation above, take

V :=Im (H(X, £) @ HO(X, det F) — HO(X,det &))

and
B =P HX, qdet&).
qez
Then B is an S(V)-module and we have the following

Proposition 4.2.10. Assume that V is strictly contained in HO(X, det &)
and that HO(X, £) ® HO(X,det&) — HO(X,det& @ L) is surjective.
Assume that the deformation & satisfies 5z = 0 and £ U Q = 0, where
Q is the adjoint form associated to a generic n + 1-dimensional sub-
space W C HO(X, F). If K17 = My 2 =0, then &p,, = 0.
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Proof. Consider a generic subspace W C H°(X,J) and an asso-
ciated generalized adjoint Q. If

Q eIm (HY(X, £) @ A"W — HO(X, det &),

we are done by Theorem 4.1.12 and Remark 3.5.4. Otherwise
Q and o; can be taken as generators of B, hence every adjoint

quadric
_O.z — Z Li - 03

can be seen as an element of M;,. Since this is zero by hy-
pothesis it follows that Q?—5Y Li-ojisnota primitive relation
among the generators of B. Hence there are no adjoint quadrics
and, by Corollary 4.2.3, the deformation is supported on the
base locus Dy. H



APPLICATIONS OF THE GENERALIZED
ADJOINT FORM: SMOOTH HYPERSURFACES

In this chapter the theory of generalized adjoint forms is ap-
plied to the case of smooth projective hypersurfaces and of
smooth sufficiently ample divisors of a projective variety. See
[61].

5.1 INFINITESIMAL TORELLI THEOREM FOR PROJECTIVE
HYPERSURFACES

We start with the study of smooth hypersurfaces of the projec-
tive space IP™.

5.1.1  Meromorphic 1-forms on a smooth projective hypersurface

Let V C P™ be a smooth hypersurface defined by a homoge-
neous polynomial F € C[xy,...,xn] of degree degF = d. An
infinitesimal deformation & € Ext’ (Q{,, Ov) of V gives an exact
sequence for the sheaf of differential forms Q!:

0— Oy — Q{W — Q{, — 0. (196)

We assume that n > 3, hence H°(V, Ql/) = 0 and we are facing
the problem described at the beginning of Chapter 4. As we
have seen the idea is to twist (196) by a suitable integer a such
that Q{,(a) has at least n = rank (Q{/) + 1 global sections. Using
the exact sequence

0 = Oy(—d) = Qpnyy = Qy — 0 (197)

one can compute that a = 2 is enough for this purpose, that
is hO(V, Q{,(Z)) > n. So from now on we will consider the se-
quence

0= 0v(2) = Qyy(2) = QY(2) > 0 (198)

which again corresponds to
£ € Ext'(Qy(2),0v(2)) = Ext' (Qy, 0v) = H'(V, Ty).

Denote by J the Jacobian ideal of F, that is the ideal of C[xy, . .., Xn]
generated by the partial derivatives g—XFi fori=0,...,n. As we
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have seen in Section 1.5, the deformation & is given by a class
[R] of degree d in the quotient Cl[xy,...,xnl/d. If we choose a
representative R for this class, then F+tR = 0, for small t, is the
equation of the hypersurface that is the associated deformation
of V.

From now on fix an infinitesimal deformation & and a repre-
sentative R of its corresponding class.

Putting together sequence (198) and the conormal exact se-
quence (197) we obtain the diagram

0— Oy(2) — Q{?W(ZJ ——0l(2)——0

QI]PTL|V(2)
Ov(2—4d)
0
which can be completed as follows
0 0 (199)

Since the deformation £ of (198) comes from R € HO(IP™, Op(d)),
then it gives the zero element in H'(V, Tpnjv), hence we have
that the sheaf § in (199) is a direct sum § = Oy (2) & Q] npy(2)-
This can be seen also from the fact that G is the restriction to
V of the tensor product with Opn(2) of the sheaf of Kdhler dif-
ferentials on the product of P™ and a disk. Hence we have a
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natural morphism ¢: Q]]Pn‘v(Z) — Q{Nv(Z) which fits in the dia-
gram

0 0 (200)

The morphism ¢ gives in a natural way a morphism
¢": HO(V, det(Qpnpy (2))) — HO(V, det(Qyy(2)))
hence, since
HO(V, det(Qpny(2))) = HO(V, Oy(n—1)) (201)
and
HO(V, det(Qy(2))) = HO(V, Oy(n+d—1)), (202)
¢™ can be seen as a map
o™ HO(V, Oy(n—1)) — HO(V, Oy(n+d—1)).
We can write explicitly the isomorphism (201). Note that
HO(IP™, Qpn (2n)) = HO(V, Qfwy(20))
is surjective, so we will focus on the rational n-forms on P™.

These forms may be written as w = % where

n
V=3 (—Dixi(dxoA.. . Adq AL Adxy)
i=0

1

gives a generator of HO(P™, Opn(n+1)) and deg Q = degP +
(n+1). This comes for example by [34, Corollary 2.11] and it
is easy to see. In fact take a rational n-form with poles along
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Q = 0. On the chart xg # 0 with coordinates z; = x;/x¢ it can

be written as g((zz)) dzy A - - /A dz, for some polynomial P. Since

dzy A---Adzy =d (x1/x0) A= Ad (xn/X0) = Y

n+1
X0
we immediately obtain by homogenization that the rational
form is q
xoegQP(X)

v.
Xgeg P41 Q(X)

In particular deg Q = degP +n + 1.

In our case Q is a polynomial of degree 2n, hence P has
degree n — 1. This identification depends on the (noncanonical)
choice of the polynomial Q and gives an isomorphism

HO(V, Qfnpy(2n) — HO(V, Oy(n— 1))
defined by wyy, + P.

Proposition 5.1.1. ¢™ is given via the multiplication by the polyno-
mial R (modulo F).

Proof. Locally we can see V in the product A x IP™ of the pro-
jective space with a disk; here V is defined by the equation F +
tR = 0. Hence d(F+tR) = OinQ{?, thatis dF+dt-R+dR-t=0.

Call K . Since V is smooth, there exist i such that
W = (K 7é O) 1s a nontrivial open subset; let for example U
be nontrivial. Take local coordinates z; = ;—; in the open set
(xo # 0) NUy. Then we have

Rdt th
dzy = —— — — — Z P d (203)
which gives in V (that is for t = 0)
Rdt F
dz; = _F_] - ﬁdlt (204)

The image ¢™(w)y) is then obtained by the substitution of (204)

P(z) dzi /\.../\dz,, which is the local form of ¥ Q ¥ Hence

Q)
P(z) P(z)R(z)
dzqy /A...Ndz, :——dt/\dz AL /N dzn.
Q) Q(2)Fi(z) :
If we homogenize we obtain on Uj
PY PR o | — —~
Q" an Z( 1) 'sgn(i—1)xidt AdxoAdxy ... Adxg AL A dxn

i1
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Hence
PR - —— =
dM(wpy) = ~oF > (=D sgn(i—Dxidt Adxo Adxy ... Adx A
1A
and it is clear that ¢™ is given by multiplication with R. O

5.1.2 A canonical choice of adjoints on a hypersurface of degree d >
2

We want now to construct adjoint forms associated to the se-
quence (198).

Remember that n > 3, so that H'(V, 0y(2)) = H'(V, Oy (2 —
d)) = 0, and we can lift all the global sections of HO(V, Q{/(Z))
both in the horizontal and in the vertical sequence of (200).

We take 11, ...,1Mn € HO(V, Q{,(Z)) global forms and we want
to find liftings sy,...,sn € HO(V, Q{?W(Z)). This can be done
since H'(V, Oy(2)) is zero. A generalized adjoint is then the
global section of the sheaf det(Q{W(Z)) = Oy(n+d—1) given
by Q:= A"(s1A...Asy) € HO(V, det(Q{?W(zm.

We point out another interesting way to compute this gener-
alized adjoint form using Proposition 5.1.1.

Consider the sequence (197), that is the vertical sequence in
(200). Since H' (V, Oy (2—d)) = 0, we can find liftings 83,...,3n €
HO(V, QI]P“\V(Z)) of the sections 11y, ..., n. Furthermore they are
unique if d > 2. We can thus consider the adjoint form associ-
ated to (197) given by Q=AY 5 A...A $n). This adjoint is
independent from the deformation &; it depends only on V and
its embedding in IP". If d > 2, then Qis unique.

To describe O explicitly we first consider the exact sequence

0= Qpn(2—d) = Qpn(2) = Qpny(2) — 0.

If d > 2, the vanishing of H(P™, QL..(2—d)) and H'(P™, QL. (2—
d)) (cf. Bott Formulas), gives the isomorphism HO(P™, Qﬂm (2)) =
HO(V, Q]]in(Z)). Hence, the forms §; are the restriction on V of
global rational 1-forms. By [34, Theorem 2.9] we can write

1 &
§i = 6 Z L;dX] (205)
=0

where deg Q = 2 and L} is a homogeneous polynomial of de-
gree 1 which does not contain x; in its expression. Hence

- ) _—
Q=A"EA.A&) === Mdxo A+ Adxg A Adxy
i=0

Q" &

105
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where M; is the determinant of the matrix obtained by

Ly ... L§
: : (206)
| U

removing the i-th row. Since Q is a rational n-form on P™, fol-
lowing [34, Corollary 2.11] it can be written as 5—\5, and we de-

duce that
M;

(=)o
for all i = 0,...,n. P is a polynomial of degree n —1 and
it corresponds to Q) via the isomorphism HO(V, QEH‘V(Zn)) =~

(207)

HO(V, Oy(n —1)). Hence by Proposition 5.1.1 we have that the
form Q € HO(V, Oy(n+d—1)) given by PR is a canonical choice
of adjoint form for W = (n1,...,Mn) and &.

Remark 5.1.2. Alternatively this can be seen using the Euler se-
quence on V:
n+1
0= Oy = @ Ov(1) = Tpap — 0. (208)
This sequence, dualized and conveniently tensorized gives

n+1
0 = Qpny(2) = @ Ov(1) = Ov(2) — 0. (209)
i=1

The sections §; are associated via the first morphism to an n + 1-uple
of linear polynomials (LY, ..., L1). Then, taking the wedge product of
(209) we obtain an exact sequence

n /n+l n+1
0= Qfny(2n) = 0y(n—1) = /\ (@ ovm)) =P ovin) -

— QE;RV(Zn) — 0

where the morphism Oy(n—1) — @“H Ov(n) is given by

G+— (Gxg,..., (—1)"Gxp).
Since Q = A™M§ A... A&, € HO(V, Oy (21)) is sent exactly
to (LY,...,LY) A A (LS, .., L) = (My,...,My) (using the

same notation as above), then we conclude that Q corresponds in
HO(V, Oy (n — 1)) to a polynomial P which satisfies

My

i
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5.1.3 The adjoint sublinear systems obtained by meromorphic 1-forms

To study the conditions given in (176) and (177), we need to
describe the sections

= A" (HALAGALL A € H(V, O (2n - 2))

(cf. (173)) and their images in
HO(V, Oy (2(n = 1))) = H(V, Oy(n + d - 3))

that we have denoted by wj.
A computation similar to the above shows that
Qi=A"T(EALLAGALLANAG) =
210
Qn Y Midxo A ABGA LA BGA. . Adxy 210

j<k

where M}k is the determinant of the matrix obtained by (206)
removing the i-th column and the j-th and k-th rows. On the
other hand, rearranging the expression of [34, Theorem 2.9] we
can write

Qp = inzAlZ k+]sgn( —j)xxdxo /.. /\dx]/\ /\dxkA AN dxn)

j k#j
(211)
with deg A} =n—2.
Comparing (210) and (211) gives
}k = (_1 )Hk(A}Xk — XjA]i(). (212)

As before this can be computed also via the Euler sequence.
We call

=Y (1) ¥sgn(k—jIxedxo A AdG AL AdGA. LA dxn.
P

Note that the sections Zj, forj = 0, ..., n give a basis of H(V, Q%nﬂv( nj).

Proposition 5.1.3. w; = Z]- A} -Fj in HO(V,Oy(n+d—3))

Proof. It is enough to show that the image of =Z; through the
morphism Q%nrv(n) — Oy(d—1) is F;. Consider the exact se-
quence of the tangent sheaf of V:

0 — Ty = Tpnyy — Ov(d) — 0. (213)



108

SMOOTH HYPERSURFACES

The beginning of the Koszul complex is

n n—1
/\TIP“|V X O\/(—d) — /\ T]pnw
which, tensored by Oy (—n), gives
n—I1

/\ Tpny ® Oy(-—n—d) — /\ Tpnyy ® Oy(—n). (214)

This is exactly the dual of Q;;ﬂv(n) — Ovy(d —1). Hence we

only need to show that the morphism (214) composed with the
contraction by =;

n—1

/\ Tpnjy ® Oy(—n) = Ov

is the multiplication by F;. This is easy to see by a standard local
computation. ]

Remark 5.1.4. We immediately have that the polynomials associated
to the sections w; are in the Jacobian ideal of V.

Condition (176), that is
Q € Im (H(V,0v(2)) @ A"W — HO(V, Ov(n+d—1))),

can be written, modulo F, as

RP:Zwi'Si:ZA}'Fj'SiI (215)
ij

where degS; = 2. In particular this implies that RP is in the
Jacobian ideal of V.

Proposition 5.1.5. The base locus Dyy of the linear system |N"W/| is
zero for the generic W.

Proof. By [55, Proposition 3.1.6] it is enough to prove that HO(V, Q{/(Z))
generically generates the sheaf Q},(2) and that DHO(V,Q{, (2)) = 0.

We have an explicit basis for H(V, Ql,(2)) given by

xXi de —Xj dXi
Q

where 1 < j and deg Q = 2. The vector space A"H°(V, Q!,(2)) C
HO(V, Oy(n+d—3)) is obviously nonzero, hence HO(V, QL(Z))
generically generates the sheaf Q}(2).

(216)
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It remains to prove that D,y v.al@) = 0. An easy compu-

tation (for example by induction) shows that AMH°(V, Q{/(Z))
contains all the polynomials of the form

oF
XigpXip e Xq, ) a_X) (217)

where {i1,...,in 2} C{1,...,n+1}and j € {i;,...,in_2}. Since
V is smooth, these polynomials do not vanish simultaneously
on a divisor, hence Do v.al@) = 0, and we are done. O

5.1.4 On Griffiths” proof of infinitesimal Torelli Theorem

As we have seen in Section 1.5, the deformation § is trivial
if and only if R lies in the Jacobian ideal J of the variety V.
Furthermore the infinitesimal Torelli for hypersurfaces states
that the differential of the period map is injective if and only if
this possibility does not occur. In this section we want to find
equivalent conditions to these facts involving generalized ad-
joint forms. As we have pointed out at the beginning of this
chapter, we remark that even if we consider the exact sequence
(198)
0= 0v(2) = Qpy(2) = QY(2) =0,

and its corresponding adjoint forms, via the isomorphism
Ext' (Q}(2),0v(2)) = Ext'(Q, 0v) = H'(V, Ty)

we will obtain information on the original (untwisted) sequence,
and hence on R.

The following lemma gives the first important translation
into the setting of adjoint forms

Lemma 5.1.6. R is in the Jacobian ideal J if and only if for the generic
adjoint Q) it holds that

Q eIm (H(V,0v(2) @ A"W — HO(V, Oy (n+d —1))).

Proof. If Q € Im (HO(V, Ov(2)) @ A"W — HO(V, Oy(n+d—1))),
then by the Generalized Adjoint Theorem, £p,, = 0. Since
Dw = 0 by the previous proposition, the deformation is triv-
ial, hence R lies in the Jacobian ideal.

Viceversa if R € J, the deformation is trivial and by Theorem

4.1.13, we have that Q € Im (H°(V, Ov/(2)) @ A"W — HO(V, Oy (n+

d—1))). H

109
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Our theory gives another characterization for the class [R] to
be trivial.

Proposition 5.1.7. Assume that degR = d > 3. Then R is in
the Jacobian ideal J if and only if RP € J for every polynomial
P e H(V,Oy(n—1)) corresponding to a generalized adjoint QO €

HO(V, Oy (2n)).

Proof. One implication is trivial.

To prove the other one the idea is to show that every mono-
mial of HO(V, Oy(n—1)) corresponds to a suitable generalized
adjoint. Hence, if RP € J for every polynomial P € HO(V, Oy (n—
1)) corresponding to a generalized adjoint, we have that

R - HY(V,Oy(mn—1))C{

and we are done by Macaulay Theorem (cf. Theorem 1.5.3 and
[67, Theorem 6.19 and Corollary 6.20]).

We work by induction, since HO(P™, Opn(n—1)) — HO(V, Oy (n—
1)) is surjective. The base of the induction is for n = 2. A simple
computation shows that the map

2
/\ HO(P%, Q2 (2)) = HO(IP2, 0p2 (1))

is surjective because its image contains the canonical basis of
degree one monomials.

For the general case we show that every monomial of degree
n —1 is given by a generalized adjoint. Consider the natural
homomorphism:

/\HO(P™, Qpn (2)) = HO(P™, Opn (n— 1))

and take a monomial M with deg M = n — 1. There is a variable
xi which does not appear in M. We restrict to the hyperplane
xi = 0 and we use induction on X—le, where x; appears in M.
There exist s1,...,8n_1 € HO(H’“*],Q]}M,1(Z)) with s A -+ A
sn—1 which corresponds to %, that is

)

MY/
Ace Agy 1= —"
where

n
Y= 3 (1)xldxo A Adxg e Adxc s A din)
k=0,k£i
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gives a basis of HO (PP, QE;L (n)). It is easy to see that

(dexi—xide) B MYy

Q Q™'
i.e. M corresponds to a generalized adjoint, which is exactly
our thesis. O

S1A - Asp 1A

Putting together these results and the classical facts recalled
in Section 1.5, we obtain the following theorem

Theorem 5.1.8. For a smooth hypersurface X of degree d in IP™ with
n > 3 and d > 3 the following are equivalent:

i) the differential of the period map is zero on the infinitesimal
deformation

[R] € (Cl&, ..., Enl/T)a ~ H'(X,Ox)

ii) R is an element of the Jacobian ideal J

i) Q € Im (H°(X, 0x(2)) ® A"W — HO(X, Ox(n+d —1))) for
the generic generalized adjoint QO

iv) The generic generalized adjoint () lies in J.

This theorem is a new formulation of the Griffiths” infinites-
imal Torelli for smooth projective hypersurfaces ([34, Theorem
9.8]) in the setting of adjoint forms.

5.2 INFINITESIMAL TORELLI THEOREM FOR SMOOTH SUF-
FICIENTLY AMPLE HYPERSURFACES

The same ideas of the previous section work in general for a
sufficiently ample divisor of a smooth algebraic variety.

Take an n-dimensional smooth variety Y and a sufficiently
ample line bundle L on Y. Let s € H°(Y, L) be a global section
and X the corresponding divisor. Assume that X is smooth. As
in the case of smooth projective hypersurfaces, we can describe
the infinitesimal variation of Hodge structure via a ring multi-
plication.

5.2.1 Pseudo-Jacobi Ideal

In the case that we are studying, the usual Jacobian ideal can
be replaced by the so called pseudo-Jacobi ideal introduced in
[30] and [277]. We briefly recall how it is constructed.

111
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Given a line bundle L on Y, consider the extension
0—>Oy—>ZLl)Ty—>O (218)

with extension class —cj(L) € H'(Y, QL). Y| is a sheaf of differ-
ential operators of order less or equal to 1 on the sections of L.
In an open subset of Y with coordinates xj, ..., xn this sheaf is
free and is generated by the constant section 1 and the sections
Dj, for i =1,...,n, which operates on the sections of L by
Di(f-1) = o 1
aXi

where 1 is a trivialization of L. The operators D; are sent to aixl
in TY

In particular to a global section s of L, we can associate a
global section ds of L® . If locally s = f -1, then ds is given

by
— " of v
_ v
ds=f-1-1 —i—é_ aXi-l-Di (219)

where {1V, DY, el DTVl} is a local basis of ZY dual to{1,Dq,...,Du}.
Given a line bundle E, the contraction by ds gives a map

E®I LY —E.

To give an idea in the case E = Oy, the contraction £} ® LY -
Oy is given explicitly in local coordinates by

of

Xl

ap - 1v®1+Zal V@D aqp- 1‘+Zal

i=1

Definition 5.2.1. The pseudo-Jacobi ideal Jg s is the image of the
map
HOY,E® Ly @ LY) — HO(Y, E). (220)

Definition 5.2.2. The quotient HO(Y,E)/ Jt s is denoted by Rg s and
is called pseudo-Jacobi ring.

The usual Jacobian ideal of a homogeneous polynomial F of
degree d is recovered taking L = Opn(d) and E = Opn (k). In
this case it easy to see that | = ““ 1 Opn(1) and sequence (218)
is the Euler sequence

n+1
0 — Opn %@O]Pn(]) — Tpn — 0. (221)
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The pseudo-Jacobi ideal Jo,, (k) F C HO(P™, Opn (k) is gener-

ated by aaTFO/ eel, %, that is the degree k part of the usual Jaco-
bian ideal.

In the case of a smooth algebraic variety Y of dimension
n with a smooth hypersurface X, we take L to be the sheaf
Oy(X), the section s € HO(Y,L) is such that X = div(s), and
E = L = Oy(X). We consider the deformations of X inside of
the ambient space Y. Exactly as in the case of projective hy-
persurfaces, such an infinitesimal deformation of X is given by
X+1tR = 0, t* = 0, where R € HO(Y,L). Define Aut(Y,L) =
{f: Y = Y such that f*(L) = L}. The Kuranishi family for X is
constructed as in the case of smooth projective hypersurfaces
using the incidence variety (see Section 1.5) and its base is
S/Aut(Y, L) where

S ={(s) € |L| | the corresponding divisor is smooth}.

We have
Proposition 5.2.3. The tangent space to S/Aut(Y,L) at X is R ;.

See [27, Corollary page 48]. This means that an infinitesi-
mal deformation is trivial if and only if R is an element of the
pseudo-Jacobi ideal J; ;. We will denote by P the period map
associated to the Kuranishi family. The fact that L is sufficiently
ample allows to prove the following theorem, [27, Proposition

page 45].

Theorem 5.2.4. The derivative of the period map is given by the
multiplication

RL,S — @ Hom(RKy®Lq+1,s’ RKY®Lq+2,s). (222)
q

Hence, as in the previous section, the infinitesimal Torelli
problem is reduced to the study of the injectivity of a map given
by multiplication. A positive solution is given by a suitable gen-
eralization of Macaulay Theorem 1.5.3 (see [30] and [27]).

Theorem 5.2.5 (Generalized Macaulay’s Theorem). Let Y and X
as above. Then

1. RK%@LnJr],S = C

2. For any fixed bundle A, for L sufficiently ample, the multiplica-
tion map

Rikgas ® RK%®Ln+1fk®Av,5 — RK%@LWH,S ~=C (223)
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is is a perfect pairing provided that

k k
HUY, A A\ Z) =HY Y, A A\Z) =0 i k#0,1,n

(224)
or
H(Y,A®Z)=0 if k=1 (225)
or
n
HY (Y, A@ \Z) =0 if k=n (226)

The infinitesimal Torelli theorem for sufficiently ample smooth
divisors can be also proved directly without using Macaulay’s
theorem, see [30].

5.2.2 Infinitesimal Torelli and generalized adjoint

We study the deformations of a smooth sufficiently ample hy-
persurface X in a smooth algebraic variety Y of dimension n > 2
using the theory of generalized adjoint forms. The goals are the
same of Section 5.1.4.

An infinitesimal deformation & € Ext' (Q;(, Ox) = H' (X, Tx)
of X gives an exact sequence

0—0x — Q;qx — Q; — 0. (227)

As in the case of the hypersurfaces of P™, we consider de-
formations inside the ambient Y, that is deformations given by
R € P(H°(Y,Oy(X))). Hence we have that & is in the image of
the map HO(Y, Oy(X)) — H'(X, Tx) coming from the normal ex-
act sequence

0— Tx — Tyx = Ox(X) =0

and the restriction sequence
0— Oy — Oy(X) = Ox(X) = 0.

Take the tensor of sequence (227) by an ample divisor H, such
that

1. X—H is ample
2. the cohomology groups HY(Y, Oy(H)) vanish for i > 1

. the sheaf Oy(Ky+nH) is generated by global sections, that
is we have an exact sequence

(V)

0= J— Oy @ H(Oy(Ky +nH)) — Oy(Ky +nH) — 0
(228)
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4. H(Y,7® Oy(Ky +n(X—H))) =0
5 h(Y,Qy(H)) > n
6. DQ;( m) =0 1ie. Q(H) is generated by global sections.

This can be done since X is sufficiently ample.
Consider the diagram

0 (229)

0

0 —— Ox(H) — Qyy (H) ——= Q) (H)

QL‘X(H)
Ox(H—X)
0.

It easy to see using the hypotheses on H and the Kodaira Van-
ishing theorem that H' (X, Ox(H)) = H' (X, Ox(H — X)) = 0. Hence
all the global meromorphic 1-forms of QJ (H) can be lifted both
to HO(X, Q&‘X(H)) and HO(X, QL‘X(H)).

Diagram (229) can be completed as follows

0 0 (230)
0 — Ox(H) —>Q}C‘X(H) Ql(H) 0
0 — Ox(H) S Q‘Y|X(H) —0

Since our deformation comes from HO(Y, Oy(X)) by hypothesis,
then the horizontal sequence completing diagram (230) is asso-



116

SMOOTH HYPERSURFACES

ciated to the zero element of H' (X, Tyix). Therefore we have the
splitting of the second row and a map ¢ as follows

0 0

0 — Ox(H) Ol

0 — Ox(H) —= Ox(H) ® QL‘X(H) — Q‘Y|X(H) —0
Ox(H—X) Ox(H—X)
0 0
(231)

Note that det(QL‘X(H)) = Q;_1 (—X+nH) and det(Q;qX(H)) =
QY ' (nH).

Proposition 5.2.6. The map
o™ HO(X, QF (=X +nH)) — HO(X, Q¥ (nH))
is given by the section Ryx € H%(X, Ox(X)).

Proof. This is a local computation. Take on Y local coordinates
X1,...,Xn—1,Y such that X is given by y = 0. Then locally the
deformation of X is given by y +tr = 0, where 7 is a local
equation of R. From d(y + tr) = 0 we obtain on X that dy =
—rdt. Hence if a section of HO(X, det(Q]WX)) is locally given by

a-dx; A...ANdxn_1 /Ady, then its image in HO(X, det(Q‘,‘x'X)) is
—radx; /A ...\ dx,_1 /A dt. Tensoring by nH gives our thesis.
O

Consider n global sections 1y, ..., My € H°(X, Q;((H)). By our
hypotheses on H, we can choose unique liftings §1,...,5, €
HO(X, Q) (H)). Call O € HO(X, Q%' (—X +nH)) the associ-
ated generalized adjoint form. If we take s7 := ¢(31),...,sn :=

$(3n) € HO(X, Q;QX(H)), we have that the generalized adjoint
Q e HO(X, det(Q;ﬂX(H))) = HO(X, Q;‘l (nH)) corresponding to

s1/\---Aspis Q =Q-R. We point out that Q does not depend
on the deformation &, while QO obviously does.
We can prove a theorem analogous to 5.1.6.
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Theorem 5.2.7. Assume that W = (07 ...,Mn) is a generic subspace
in HO(X, Q) (H)) with A\"W £ 0. Then R is in the pseudo-Jacobi
ideal Jo,(x)s if and only if the adjoint form Q is in the image of
HO(X, Ox(H)) @ AW — HO(X, QF ' (nH)).

Proof. Since DQ;( ) = 0 by our hypotheses on H, by Remark
3.5.4 it follows that Dyy = 0. If R is in the pseudo-Jacobi ideal,
then the deformation & is zero, hence Q € ImHO(X, Ox(H)) ®
AW — HO(X, Q;q (nH)) by Theorem 4.1.13. Viceversa if Q €
Im HO(X, Ox(H)) @ A"W — HO(X, Q%' (nH)), then the deforma-
tion is supported on Dy, by Theorem 4.1.12. We have already
seen that Dy, = 0, hence we are done. O

The generalized version of Macaulay’s Theorem 5.2.5, gives
the following result.

Proposition 5.2.8. Let X be a sufficiently ample divisor on Y. As-
sume that the hypotheses (225) holds for A = Oy. Then the infinites-
imal deformation R is in the pseudo-Jacobi ideal Jo. (x) s if and only
ifRQ € darn(nHx),s for every section Q € HO(Y, Q% (nH)) which
restricts to a generalized adjoint relative to the vertical exact sequence
of diagram (229).

Proof. Note that a generalized adjoint relative to the vertical
sequence of diagram (229) is in fact an element of

HO(X, (QF (nH))ix) = HO(X, QF ' (=X +nH)).

We want to apply the generalized version of Macaulay theorem
mentioned above with A = Oy and k = 1. We only know that
RQ € 3Q{/1(nH+X)’S for Q € HO(Y, QY (nH)) which restricts to a
generalized adjoint. So now we prove that this is enough to
have that

R-H(Y, QF(nH)) C dapmmix)s:

Consider the restriction sequence
0 — Qy(nH —X) — Oy(nH) = QY (nH)x — 0.

By the hypotheses on H it is easy to see that

0 — H(Y, Q¥ (nH—X)) — H(Y, Q¥ (nH)) — H(X, Q}(nH);x) — 0

is exact. By Lemma 4.2.5 we can also assume that all the global
sections of HO(X, Q¥ (nH)x) are in fact linear combinations of

generalized adjoints. Hence our hypothesis that RQ € QP (MH-X),s
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for every section Qc HO(Y, QY (nH)) which restricts to a gen-
eralized adjoint in HO(X, OF(nH)x), together with the fact that
the map

HO(Y, Q% (nH — X)) — HO(Y, Q% (nH)))

is given by the multiplication by s, which is an element of the
pseudo-Jacobi ideal, implies that

R-HO(Y, Q% (nH)) C donmiix),s

Now we apply Macaulay theorem to deduce that R is in the
pseudo-Jacobi ideal. It is enough to show that

Ron nx—nH),s © RanmH),s = Rigznjmx)s

is surjective. This follows from the surjectivity at the level of
the HO:

HO(Y, Q% (nX — nH)) @ HO(Y, Q% (nH)) — HO(Y, (Q3M) (nX)).
In fact take the sequence (228)
0—J— Oy @ H(Q¥(nH)) = QF(nH) — 0
and twist it by the sheaf Of(n(X —H)) to obtain
0= I® Q¥ (n(X—H)) = O (n(X — H)) ® HY(Q} (nH)) —
— (QF)(nX) — 0.

Since, by our choice of H, h(I® QY (n(X—H))) = 0, we con-
clude. ]

Putting the results together we have the following theorem
that is a version of the infinitesimal Torelli theorem for a suffi-
ciently ample smooth divisor in the setting of generalized ad-
joint forms.

Theorem 5.2.9. The following are equivalent for a smooth hypersur-
face X if X is sufficiently ample.

i) The differential of the period map AP (see Theorem 5.2.4) is zero
on the infinitesimal deformation R € HO(Y, Oy(X))

ii) R is an element of the pseudo-Jacobi ideal 3¢, (x),s

i) Q € ImHO(X, Ox(H)) @ A"W — HO(X, QF ' (nH)) for the
generic generalized adjoint ()
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if furthermore condition (225) holds for A = Oy, then 1),ii),iii) are
also equivalent to

iv) RQ € danmHix),s for Q € HO(Y, Qv (nH)) which restricts to
a generalized adjoint form in HO(X, (QF(nH))x).

Remark 5.2.10. If A = Oy, condition (225) holds trivially for Y =
IP™ since in that case L1 = @ Opn (1). This condition is also satisfied
when Y = Grass(k, n) is a Grassmannian variety. In fact from the
exact sequence

0—-0y—-21—>Ty—0

and the vanishing H'(Oy) = H'(Ty) = 0 we have that H'(Y, %) =
0.
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The theory of adjoint forms presented in the previous chapters
is mostly used to deal with infinitesimal deformations X —
Spec(C[e]) and to study the restriction sequence arising from
them:

0— 0x — Q;qx — Q; — 0. (232)

A first extension to the case of a fibration over an algebraic
curve X — B was made by Gonzélez-Alonso in [26]. In the
last chapter of this thesis we extend the theory of generalized
adjoint forms seen in Chapter 4 to the case of a fibration over a
smooth curve of genus g.

6.1 A “GLOBAL” DEFORMATION

From now on take f: X — B a proper morphism of smooth
complex varieties, where the base B is a smooth curve and X
has dimension m + 1. Denote by B® C B the open set of regular
values, that is the set such that a fiber X}, is smooth if and only
if b € B We will call X° = f~1(B?) the union of the smooth
tibers. As customary, we assume that the f is not isotrivial, that
is its smooth fibers are not isomorphic.
Consider an exact sequence on X

0—-L—>EE—-TF =0 (233)

where £ is locally free of rank one, € is locally free of rank
n+1 and 7 is locally free of rank n on X°. The example to
have in mind is the exact sequence defining the sheaf of relative

differentials Q& /B

0— ffwg — Q) — Q;C/B — 0. (234)
The restriction of sequence (233) on a smooth fiber Xj, is
0= Lix, = €x, = Jx, = 0 (235)

In the explicit case of (234) this is exactly the well-known se-
quence
0 — Ox, — Q&‘Xb — Q;(b —0 (236)
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that we have deeply studied in the previous chapters. Sequence
(235) is associated to the element

& € H' (X, (L ® erv)|xb) — Ext! (Fixyr Lixy, )- (237)

The key to encode all these extensions in a unique object is the
notion of relative Ext sheaf.

Definition 6.1.1. Given a morphism of schemes f: X — Y, the rel-
ative Ext sheaves, denoted by SxtE(H’,—), is the p-th right derived
functor of f.Hom(F,—).

For a complete dissertation on relative Ext sheaves we refer
to [8, Chapter 1]; see also [26, Appendix]. Here we only recall a
few properties that we will need in the following;:

Theorem 6.1.2. The sheaves Ext} satisfy

1. If fis projective and F, G are coherent Ox-modules, then Sxtf (,9)
is a coherent Ox-module

2. For any U C Y open subset, it holds that

Ext}(F, G)u = Ext} (Fe1 (uy, G )

3. €xtP(Ox,§) = RPF,S

4. If £ and N are locally free sheaves of finite rank on X and Y,
respectively, then

Ext(F@L,—@fN) = et (F,— @ LY @ fN) =
= &xt?(F,—2LY)@N

5. For any Ox-modules F, G there is a spectral sequence
BP9 = RPf.Ext9(F, G) = Ext?T9(F, 9)

where ExtY is the usual Ext sheaf (see Notation 2.3.2).

This spectral sequence is referred as local to global spectral se-
quence.
In the case we are studying, the right sheaf to consider is

G = Extl(F, L)

where J, £ are the same appearing in sequence (233). Note that
GV is torsion free over B and hence it is locally free.



6.1 A “GLOBAL” DEFORMATION

Lemma 6.1.3. There is an injection
RUL(L®F) =G

which is an isomorphism over an open dense subset of BC. In particu-
lar, for a general b € B® we have the isomorphism

G®C(b) =H' (X, (L ®FY)x,) = Ext! (Fix,, Lix,)-
Proof. From the local to global spectral sequence
ED9 = RPf.Ext(T, L) = Ext? T 9(F, L) (238)
we have the associated five term exact sequence
0— E;’O —H'— Eg’] — E%’O — H2. (239)
The firs two terms give the desired injection
0 — R'f.Hom(F, L) — Ext}(F, L). (240)

Furthermore note that on X°, J is locally free, hence by the
previous theorem we have

9|BO = 8xt1]:(3‘~|xo,,£‘xo) = Sxt]]c((f)xo, (?\/ ®£)‘x0) =

(241)
=RUL((L®TF) o) = R'L(L ® F ). !

The last statement comes from the proper base change theorem
[40, Theorem 12.11]. ]

From the Grothendieck spectral sequence, see [48, Theorem
12.10], applied to the functor of global sections I" and the func-
tor f.JHom we obtain the following spectral sequence:

BN = HP(B, &xt{(F, L)) = ExtP*9(F, L). (242)
The associated five term exact sequence is
0 — H'(B, f.Hom(F, L)) — Ext' (F,£) 5 H(B, éxtL(F, L)) —
— H2(B, f.Hom(F, L)) — Ext*(F, L).

The fourth term is zero because B is a curve, hence p is sur-
jective. Calling & € Ext'(F,£) the element corresponding to
sequence (233), we have that the map

p: Ext'(F,£) — HO(B,9) (243)

maps ¢ to a global section p(&) of § which associates to the
general b € BO the element &, € H'(Xp, (£ ® ff\/)p(b) as defined
in (237); see [44, Lemma 2.1].
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Definition 6.1.4. Take D C X a divisor and define
F(—=D) :=Ker (T — Fp) (244)
and
Sp = Ext{(F(—D), L). (245)
Denote by Dy, the restriction Dix, of D to the fiber Xy,

Since we have the inclusion F(—D) — J, by the fact that the
relative Ext functors are contravariant in the second component,
we obtain a map § — Gop.

Remark 6.1.5. By the same arquments of Lemma 6.1.3, we have that
Sp ® C(b) = Ext' (Fx, (—Dy), Lix, ) for general b € B.

Comparing with Chapter 4, the sheaf G takes the place of
Ext' (7, £) and Gp that of Ext' (F(—=D), £). Therefore the condi-
tion of being supported given in Definition 4.1.2, that is

£ € KerExt' (7, £) = Ext' (F(—D), £),
is replaced by
p(&) € KerH(X,§) — H°(X, p). (246)

By what we have seen so far, if §p is torsion-free, (246) is
equivalent to &y, being supported on Dy, (in the sense of Defini-
tion 4.1.2) for the general b € B.

If p(&) € KerH%(X,3) — H°(X, Gp), we have that in the dia-

gram
0 ﬁ T F(—D) —=0 (247)
0 L & F 0

the top row splits when restricted to the general fiber. Of course
this does not mean that the top row itself splits.

6.2 THE ADJOINT MAP

Following [26], we reformulate condition (176) in a more intrin-
sic way. Take sequence (235)

0—=Lix, = Ex, = Fx, 20 (248)

where Xy, is a smooth fiber and take W C HO(Xb,S’|Xb) a sub-
space of dimension n + 1 contained in the kernel of the cobound-
ary map

8e,: HO(Xo, Fix, ) — H' (Xo, Lix, )-



6.2 THE ADJOINT MAP

Calling W C HO(X, €x, ) the preimage of W, we have the short
exact sequence

O—>H°(Xb,L|Xb) SW W0 (249)

and hence the resolution

no A n+l  ntl
HO(Xp, Lix, ) ® AW S AW—= Aw=o. (250)

As in the previous chapters call A"W the image of A" W in
HO(Xp, det Fx, ), then we have the following commutative dia-
gram

HO(Xb/L\Xb) ®/\nwé/\n+1 Wé/\n—i_l W_—>0

l Yw yw
HO(Xp, £1x, ) @ AW —Yo HO(Xy, det €, ) A 0
(251)
where A := H°(Xy, det €x, )/ (Im pyw). The map Vyy is given by
the wedge product of sections of &x_ and it defines vy since
the first square is commutative.

Definition 6.2.1. The map vy is called adjoint map associated to
W.

Condition (176), that is
Q € Im (HY(X, £x,) ® A"W — HO(X, det €, ),

can be written now as Im py, = Im ¥y, or, equivalently, as vy, =
0. Note that Im py C Im ¥y is always true.

The Generalized Adjoint Theorem 4.1.12 together with its in-
verse 4.1.13 in this language is

Theorem 6.2.2. If vy = 0, then &, is supported on Dyy. Viceversa
if & is supported on Dy and H(Ly, (Dw)) = H(Lx,), then
Yw = 0.

Instead of considering only one subspace W C Kerd;,, we
can consider the previous construction at the level of the Grass-
mannian variety G := Grass(n+1,Ker 8¢, ). Given a vector space
V, denote by Vg the trivial vector bundle over G of fiber V. Call
S C HO(Sbe)G the tautological bundle over G and ScC HO(SXb)G
its preimage. The exact sequence of vector bundles

n+1 n+1

HO(Xp, Lix, )@ A\S = A 8= /\ s—o. (252)
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gives (250) on every point W € G.
We have an analogous of Diagram (251)

HO(Xb/L\Xb) ®/\ng /\n—H g—>/\n+1 [Sq——

| -

HO (X, £1x,,) ®/\n5—H>HO(Xb,detglxb)G A 0
(253)

where u is given by the composition of

n
HO(Xp, L1x,) ® \ 8 = HO(Xu, Lix, ) ® HO(Xy, det Fix, )
and
HO(Xp, £x,, ) ® HO(Xp, det Fix, ) — H(Xp, det Ex, )g

and A denotes the quotient HO(Xy, det €x, )6/ (Im p). Note that

i is not necessarily an injection and A is not necessarily a vector
bundle.

Definition 6.2.3. The map v is called adjoint map.

By construction, the map v gives vyy at any point W € G.

63 GLOBAL ADJOINT MAP

We go back to the entire fibration f: X — B and to the exact
sequence
0L —-E—-TF—=0. (254)

Recall that 7 is locally free only on X° and define
F=detex L. (255)

We have that F is a line bundle and Fjyo = detFyo. In the
explicit case where (254) is

0— ffwp — QF — Q&/B —0, (256)

the sheaf J is the relative dualizing sheaf w- B =Wy ®f* wy.
We restrict sequence (254) to the general fiber and we obtain
the following diagram

0 L e F 0
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Assumption 6.3.1. Assume that the map
HO(X, €)/HO(X, £) = HO(Xp, Fix,)
is injective for the general fiber. Call V := HO(X, &)/HO(X, £).

Of course we have that V is a subset of Ker ;. The key idea
is that this space does not depend on the fiber and gives a
common subspace in order to apply the adjoint theory.

Note that on the case of (256) this assumption is true since
V =HO(X, Q%C)/f*HO(B, wg) naturally injects in HO(Xy, Q;(b) by
standard properties of abelian varieties; see [26].

Now denote by G := Grass(n + 1, V) the Grassmannian vari-
ety of n 4 T-dimensional subspaces of V and by Y the product
Y:=BxG.Call pg: Y = B and pg: Y — G the natural pro-
jections. The tautological bundle &y C Og ® V on G gives via
pullback the bundle § := p:8y on Y. Of course § is a vector
subbundle of Oy ® V.

Denote by S the preimage of 8 inside Oy ® H°(X, €). We have
the exact sequence of vector bundles

0 HYX, L) ROy =8 —8—0 (257)

which, for a point (b,W) € Y with b € BY, is basically (249).
From (257) we obtain

n+1 n+1

HO( L) e AS— A S— A

Define
n+1 B
v: /\ 8 — ppf.deté
via the composition of the wedge product

n+1
/\ HO(X, &) ® Oy — HO(X, det &) @ Oy

and the evaluation map
HO(X, det &) @ Oy — pif. det&.

This map sends the image of HO(X, L) ® /\n’g into the image of
ppfl ® A" S, that is the following diagram is commutative

HO(X, L)@ A8 ——= AT S — = AT s —— 0

T

ppfl ® A" S8 ——=pjf.deté A 0
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where A = pif. det&/Im (pif.L @ A" 8). It is clear that over a
point (b,W) € Y with b € B?, the map v is the adjoint map
of Diagram (251), whereas its restriction to {b} x G gives the
adjoint map of Diagram (253). Note that the map

n
pefl ® /\ 8§ — ppf.deté

is not necessarily an inclusion, hence A is not necessarily a vec-
tor bundle on Y. If we want A to be a vector bundle we have to
make the further assumption that the image of

n
/\ 8§ — ppf.T
has all the fibers of the same dimension.

Definition 6.3.2. The map v is the global adjoint map of the fibra-
tion f: X — B.

Since the global adjoint map is constructed by gluing to-
gether the adjoint maps of each fiber, it allows to control, to
a certain extent, p(§).

Theorem 6.3.3. If for the general b € B there exists W C V such
that v is zero over the point (b, W) €Y, then &y is supported on Dy,
Furthermore if the divisors Dy, C Xy, glue together to a divisor D C X
and if Gy is torsion-free, then p(&) € Ker H°(B,§) — HO(B, Gp).



CONCLUSIONS AND FUTURE WORK

There are still many open questions that may lead to interesting
results. In particular we point out two of them.

The first one, concerning Chapter 3, is the study of the adjoint
quadrics vanishing on the canonical image of a variety X. In the
last section of Chapter 3 we have considered some examples
of algebraic varieties without adjoint quadrics through their
canonical image. Still it should be possible to find more inter-
esting and exotic cases, for example studying surfaces with spe-
cific invariants. This could provide new examples of varieties
for which the infinitesimal Torelli theorem holds; see Corollary
3.5.7.

The second question is suggested by Remark 5.2.10. In Chap-
ter 5, comparing the section on smooth projective hypersurfaces
and the section on smooth sufficiently ample divisors of a vari-
ety Y, one can see that in the second case a lot of the explicitness
is lost. For example the sheaf Opn (2) which allows to apply the
generalized adjoint theory is replaced by a certain ample Oy(H).
Since in the case Y = Grass(n, k) the cohomologies of the twists
of the cotangent sheaf are classically known, see [64], it should

be possible to achieve almost the same level of explicitness of
P™.
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