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ON THE TOPOLOGICAL DEGREE OF THE MEAN FIELD EQUATION
WITH TWO PARAMETERS

ALEKS JEVNIKAR, JUNCHENG WEI, AND WEN YANG

ABSTRACT. We consider the following class of equations with exponential nonlinearities on a compact

surface M:
A hye® 1 hoe ¥ 1
— AU = Y — T — P2 — — T 5
P\ T 1) P\ Ty hae M|

which is associated to the mean field equation of the equilibrium turbulence with arbitrarily signed
vortices. Here hi, ho are smooth positive functions and p1, p2 are two positive parameters.

We start by proving a concentration phenomena for the above equation, which leads to a-priori bound
for the solutions of this problem provided p; ¢ 87N, ¢ = 1,2.

Then we study the blow up behavior when p; crosses 87 and ps ¢ 87N. By performing a suitable
decomposition of the above equation and using the shadow system that was introduced for the SU(3)
Toda system, we can compute the Leray-Schauder topological degree for p; € (0,87) U (87,167) and

p2 ¢ 87N.
As a byproduct our argument, we give new existence results when the underlying manifold is a sphere
and a new proof for some known existence result.

1. INTRODUCTION

In this paper we are concerned with a mean field equation of the followin type

hye* 1 hoe™ 1
Au=py (2 ) (2 M 1.1
u ’”(thleu |M|) pz(thzeu |M|> on M, L)

where A is the Laplace-Beltrami operator, p1, p2 are two positive parameters, hi, hy are smooth positive
functions and M is a compact orientable surface without boundary. Throughout the paper, for the sake
of simplicity we normalize the total volume of M so that |M| = 1.

Equation (1.1) plays an important role in mathematical physics, as it arises as a mean field equation of
the equilibrium turbulence with arbitrarily signed vortices, see Joyce and Montgomery [31] and Pointin
and Lundgren [47]. In this model the vortices are made of positive and negative intensities with the same
value; here u is associated with the stream function of the fluid while p;/ps corresponds to the ratio
of the numbers of the signed vortices. See, for instance, [18, 39, 41, 42, 45] and the references therein.
When the nonlinear term e~ in (1.1) is replaced by e~ with v > 0, the equation (1.1) stands for
a more general type of equation which arises in the context of the statistical mechanics description of
2D-turbulence. For the recent developments of such equation. We refer the readers to [46, 49, 50] and
references therein. Moreover, let us point out that equation (1.1) has some connections with geometry;
in fact, the case p; = p2 turns out to be useful in the construction of constant mean curvature surfaces
as explained in [54, 55].

The goal of this paper is to compute the Leray-Schauder degree of (1.1). To describe the main features
of the problem we will first focus on the one-parameter case (when ps = 0) of (1.1), i.e. the standard
mean field equation. For future purposes, let us consider a generalization of it, in which singular sources
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appear on the right-hand side of (1.1), namely

u
—Auzp(fhzeu—1> —dr > g8, - 1), (1.2)
M q€eS
where S is a finite set of points in M and oy > 0 for all ¢ € S. Roughly speaking, in the blow up analysis
of problem (1.1) when one component of (e*,e™*) blows up and the other one stays bounded, equation

(1.1) resembles the one with singular sources (1.2).

Equation (1.2) has a close relation with geometry as it rules the change of Gaussian curvature under
conformal deformation of the underlying metric. Indeed, when a, = 0 for all ¢ € S, setting § = ¢2"g one
gets

Ay =e A,  —Agjv=Kze® — K,
where K, and Kj are the Gaussian curvatures of (M, g) and of (M, §) respectively. More in general, when
aq # 0 for some g € S, the new metric will have a conic singularity at the point ¢. Equation (1.2) also
appears in mathematical physics in the description of the abelian or non-abelian Chern-Simons gauge
field theory; we refer the interested reader to [11, 22, 23, 33, 44]. There is an extensive literature on (1.2)
in the past decades, see [2, 8, 5, 12, 13, 21, 14, 15, 16, 17, 20, 35, 37, 40, 43, 52, 53].

One of the main difficulties in attacking this kind of problems is due to the lack of compactness; indeed,
the solutions of (1.2) might blow up. This phenomena was treated in [8, 6, 10, 34, 36] where the authors
proved a quantization result. More precisely, if we have blow up at a regular point g € M \ S for a
sequence (u,)p of solutions to (1.2), it holds

h et
lim lim 7fBT(xR)

= 8m.
r—0n—-+oo fM h etn

On the other hand, if blow up occurs at a singular point zg € S with weight 4ra then one has

. . fB,,(xs) hetr
lim lim p—F——— =8n(1+ «).

r—0n—+oo fM h eun
Let us introduce the set X of the critical parameters and as it plays a crucial role for this class of equations:

P :{8N7T+ZQEA87T(1+aq) : ACS, Ne NU{O}}\{O} (1.3)

= {8apm : k=1,2,3,...},

where a; will be defined in (1.4). By some further analysis, see for example [8, 4, 10, 36], from the above
quantization result it follows that the set of solutions to (1.2) is uniformly bounded in C%# for any fixed
B € (0,1) provided that p ¢ 3. Thus, the Leray-Schauder degree d, of (1.2) is well-defined for p ¢ .
It was first pointed out in [34] that this degree should depend only on the topology of M for the case
without singularities and that d(p) = 1 for p < 87. Moreover, by the homotopic invariance of the degree,
we have that it is a constant in each interval (8ajym,8ay117), where ag = 0. Finally, in [15]-[17], Chen
and Lin derived the topological degree counting formula, see Theorem A.

The numbers a; are combinations of the elements of the set ¥ and they can be expressed through the
following generating function Z :

- - s o
:O(x):(1+x+m2+x3+---) X(M)+| lqus(l—xH 7)
=14 cz™ + oz 4+ F ez -, (1.4)

where x (M) denotes the Euler characteristic of M. Moreover, it would be helpful to define a modified

generating function:
- f - s o
Ei@)=(1+z+2>+2°+-) X(MDF] lHqu(l — gltea) (L5)
=14 6z™ + 6z 4+ 4 Gt 4

It is easy to see that

At+z+a?4+23 ) XODF — g Lot boa? + o b + -

b = ( k_kX(M) ) , (1.6)

where



THE TOPOLOGICAL DEGREE OF THE MEAN FIELD EQUATION 3

and

k — x(M) _ (k—X(M))}C'!'(l—X(M)) if k> 1,
k o 1 if k=0.

With these ingredients one can express the Leray-Schauder degree for (1.2) as stated in the following
result.
Theorem A. ([17]) Let d, be the Leray-Schauder degree for (1.2), ai and ¢ be defined in (1.4) and
(1.5), respectively. Suppose 8arm < p < 8agy17m. Then

d, = ¢,

where d, =1 for k = 0.

Remark 1. It is not difficult to see that when o, = 0 for any ¢ € S the above formula can cover the
degree counting formula for the regular case obtained in [15] and it holds d, = bx. On the other hand,
an interesting case is when o, € N for any ¢ € S. In this situation the set ¥ in (1.3) has the form

—_
—

Y = {8nm : n € N} and the generating function Z; in (1.5) can be expressed as

)—X(M)-HH

E1(a:):(1+a:+332+x3+-~- qes(1+x+--~+x%).

By direct computations, when |S| =1 and ay = 2 we can get the explicit representation of =; as follows
Ei(@) =1+ (b + Da + (bo+ b1 + 1)a® + -+ + (b + by + bp_2)z* + - -

and it will appear in Theorem 1.6 and Theorem 1.7.

Concerning the mean field equation (1.1) there are fewer result regarding blow up analysis. However,
one still expects an analogous quantization property to hold. This was indeed proved in [30] for the
case h; = hy = h by exploiting the geometric interpretation of equation (1.1) and a quantization result
concerning harmonic maps; recently, in [29] the authors generalized this result for any choice of the two
positive functions hq, he. For a blow up point p and a sequence (uy, ), of solutions to (1.1) it holds

hebn
lim lim plf&L € 8mN,
r—0n—-+oo fM h evn
he Un
lim lim po fBT(p) € 8nN.
r—0n—+oo fM h e Un

Let us point out that the case of multiples of 87 indeed occurs, see [24, 25].

On the other hand, the topological degree theory for equation (1.1) is still not developed. Indeed,
the existence results of (1.1) rely mainly on variational techniques (Morse theory) and the Lyapunov-
Schmidt reduction method, for example, we refer the readers to [3, 26, 27] for the former method and
[7, 9] for the latter one. The only result regarding the topological degree was obtained in [28] where
the author proved that the degree is always odd provided the two parameters are comparable, namely
p1,p2 € (8km,8(k+ 1)m), k € N.

The aim of this paper is to study the blow up behavior of (1.1) in the first non-trivial case, namely
when p; crosses 87 and p, ¢ 87N. Then, exploiting this analysis we will provide the first degree formula
for this class of equations. It is easy to see that equation (1.1) is invariant by adding constant to the
solutions. Therefore, we assume that | v = 0 and throughout the paper we will always work in the

following space:
f[lz{ueHl(M) : / u:O}.
M

The first step in this program is to understand under which conditions the blow up phenomena occur. We
point out that the following result can be obtained by suitably modifying the argument in [8, 4, 10, 36];
however, it was never proved in full details. We provide here an alternative proof, see Section 2, which is
based on a concentration property of the blowing up solutions and which is interesting by itself.
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Theorem 1.1. Suppose h; are positive smooth functions and p; ¢ 87N, ¢ = 1,2. Then, there exists a
positive constant C such that for any solution of equation (1.1), there holds:

lu(z)| < C Vo € M.

It follows that the topological degree dg¢ of equation (1.1) is well-defined for p; ¢ 87N, ¢ = 1, 2. Observing
that by deforming the equation one gets dsg = d,, for p1 < 8 and py ¢ 87N, where d,, denotes the
degree associated to equation (1.2) with S = (). Moreover, d,, is known by Theorem A; therefore, our
goal in this paper is to compute the degree dgg for p; € (87,167). By the homotopic invariance, we
can get the degree is a constant in each interval (8km,8(k 4+ 1)),k € N. Then our work is reduced to
calculate the difference between the degree for p; € (0,87) and p; € (87, 16m) provided ps is fixed. This
jump might be not zero due to the contribution by the degree of the bubbling solutions for p; crosses
87, po ¢ 87N, see the proof of Theorem 1.7 for more details.
For n € N we let

dsg(n) =dsg for p; € (8nm,8(n+ 1)7), p2 & 87N, (1.7)

we have the following formula:

dsg(n+1) =dsg(n) + {degree of the blow up solutions for p; crosses 8(n + 1)71}.

In order to compute the jump of the degree we start by decomposing u such that © = v; — vy, where
v1, Vg satisfy

h16v17v2
Avy + py <W1>07 Sy 01 =0, -,
hoev2™ 1 .
A’U2+p2 W—l ZO, fMUQZO.
M

Concerning the equation (1.1) and the system (1.8), we have the following result, see Section 2.

Theorem 1.2. Let dse denote the topological degree for the equation (1.1). Then, the topological degree
ds of the system (1.8) is well defined and we have

dsg =ds.

As a consequence of Theorem 1.2, we can rewrite the problem (1.1) in an equivalent way in terms of
the above system (1.8) such that the their degree are coincide. Then we focus on the problem (1.8) and
calculate the degree jump when p; crosses 8w. Specifically, we need to compute the topological degree
of the bubbling solution of (1.8) when p; crosses 87, p2 ¢ 87N. Let us now introduce the Green function

G(z,p):
—AG(z,p) =6, —1in M, with / G(z,p) =0.
M
We will denote R(x,p) as the regular part of the Green function G(x,p). Then, we have the following
result, see Section 3.

Theorem 1.3. Let (vig,var) be a sequence of solutions to (1.8) with (p1k, p2r) — (87, p2), and assume
mﬁX(MmU%) — 00. Then, it holds:

(i) For some p € M we have

hlevlk*l’zk

P Sy haevie—vae — 8oy . (1.9)
(ii) vor — w in C*%(M): moreover the couple (p,w) satisfies

ho ew—S‘n-G(rc,p)
T hpew—57GGn) 1) =0

\Y ( log(hie™")(x) + 47 R(x, 33)) |._ =o.

Aw +
- ( (1.10)

P
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The system (1.10) is called the shadow system of (1.8). Similar systems were obtained in [38] and [19].
We say (p,w) is a non-degenerate solution of (1.10) if the linearized system in (p,w) admits only trivial
solution. By using the transversality theorem, we will prove in Section 3 that we can always choose
two positive functions hq, he such that the solutions of (1.10) are non-degenerate. Since the topological
degree is independent of hy, he, we may assume that all the solutions of (1.10) are non-degenerate and this
non-degenerate property is necessary in our approach. On the contrary, for any non-degenerate solution
(p,w) of (1.10) we can construct a sequence of bubbling solutions (vig,va ) of (1.8) with pi — 8,
p2 ¢ 87N such that (1.10) holds and vep — w.

We will see that for a sequence of bubbling solutions which blows up a point p, the rate of |p1 — 87|
plays a crucial role in all the arguments (see for example Theorem 1.5) and it is related to the following
quantity:

l(p) = Alog h1(p) — p2 + 87 — 2K (p), (1.11)
where K (p) is the Gaussian curvature at p.

Theorem 1.4. Let (p,w) be a non-degenerate solution of (1.8), p2 ¢ 87N and suppose l(p) # 0, where
I(p) is given in (1.11). Then, there exists a sequence of bubbling solutions (vik,vay) to (1.8) with p1r, — 87
such that (1) and (ii) of Theorem 1.3 hold true.

Roughly speaking, the proof of the above result will follow by considering the solutions of (1.8) in the
set of the bubbling solutions satisfying (i) and (ii) of Theorem 1.3 and showing that the associated degree
is not zero. More precisely, we will get the conclusion of Theorem 1.4 once we prove Theorem 1.5, see
Sections 4, 5 and 6.

Due to the presence of this kind of solutions, we need to compute the topological degree of (1.8)
contributed by these bubbling solutions. In particular we will see it is enough to consider the bubbling
solutions contained in the subset S,, (p, w) X S,, (p,w), see (4.15) and (4.16) in Section 4 for the definition
of S, (p,w), i =1,2. Let dr(p, w) denote the degree contributed by the solutions (vix, vax) € Sy, (p, w) X
Sy, (p,w) and dg(p, w) denote the degree of the shadow system (1.10) contributed by the Morse index
of (p,w). Then we have the following result (see Section 6 for the argument concerning the following
results).

Theorem 1.5. Let py ¢ 87N and suppose that (p,w) is a non-degenerate solution of (1.10) and l(p) # 0,
where l(p) is given in (1.11). Let dp(p,w) and ds(p,w) be defined as above. Then

dr(p,w) = —sgn(p1 — 87) ds(p, w).
Once we get Theorem 1.5, it is natural for us to consider the degree of the shadow system. The idea of

solving this problem is to decouple the system (1.10) and then to use Theorem A to get the degree of the
first equation in (1.10). The explicit result is stated in the following:

Theorem 1.6. Assume ps ¢ 87N. Then the set of solutions (p,w) for (1.10) is pre-compact in the space
M x Hy(M). Let dg denote the topological degree for (1.10). Then

ds = x(M) (b, 4 bp—1 + be—2), p2 € (8km,8(k 4 1)), (1.12)
where b_1 = b_y = 0.
Finally, by using the Theorems 1.5, 1.6 and the fact that dsg = d,, for p; < 8w, which is given in
Theorem A (see also Remark 1), we derive our main result:

Theorem 1.7. Let dge denote the topological degree for (1.1), then

bk7 P1 S (07871—)7
pr— 1
dsc { be — X(M) (b + bi1 + by_s), p1 € (8m,16m), P2 € Bkm 8 1m),

where b_1 = b_o = 0.

It is easy to see that when x (M) < 0 we have by > 0, so that dgg > 0. Therefore we recover the following
existence result first obtained in [3].

Corollary 1.8. Let p; € (0,87) U (87, 167), p2 ¢ 87N and suppose x(M) < 0. Then dsg > 0 and the
equation (1.1) has a solution.
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When M is a sphere, we have dgg = —1 for p1,p2 € (8m,16m) by direct computations. This result
confirms the fact of the degree is odd stated in [28] and gives a new proof of the following existence result
first obtained in [26].

Corollary 1.9. Let p1,p2 € (8m,167) and suppose M is a sphere. Then dsg = —1 and the equation
(1.1) has a solution.

Compared with the Toda system, see [38], we have dsg = 0 for p; € (8m,167), p2 € (167,247) and we
can not deduce the existence of solutions to (1.1). Furthermore, we get a new existence result when the
underlying manifold is a sphere when p; € (8, 167), p2 € (247, 327).

Theorem 1.10. Let p; € (87,167), po € (247,327) and suppose M is a sphere. Then dsg = 2 and the
equation (1.1) admits solutions.

The paper is organized as follows. In Section 2 we will prove the a-priori bound of the solutions to
equation (1.1) and we will establish the degree equivalency of problems (1.1) and (1.8). In Section 3
we will study the blow up phenomena for p1, — 87, p2 ¢ 87N and we will derive the shadow system
(1.10). In Section 4 we describe the set of all the possible bubbling solutions of the equation (1.8). In
Section 5 we use the description of the bubbling solutions obtained in Section 4 to get the leading terms
of the projections associated to the degree problem. In Section 6 we give the proofs for Theorems 1.4-1.7.
Finally, in the Appendix we present some useful estimates.

2. THE CONCENTRATION PHENOMENON AND THE EQUIVALENT FORMULATION

In this section we will start by giving the proof of the a-priori bounds of the solutions to equation (1.1),
see Theorem 1.1. The main ingredient will be the concentration phenomena of Lemma 2.2. Then we will
prove Theorem 1.2, namely that the two problems (1.1) and (1.8) are equivalent for what concerns the
degree theory.

In order to prove Theorem 1.1 we need the following preparations. For a sequence of bubbling solution
ug, of (1.1), we set

Up,1 = Uk — log/ hie"*,
M

Upo = —Up — 1og/ hoe™ "k,
M
Then, we have
—Aupy = p1(h1 e'rl — 1) — p2 (h2 eUr2 — 1) on M.

The blow up sets for u;,1 and uy 2 are given by
S; :{p eM : Hap}t C M, xp — p, 1i]£nuk7i(a:k) — —&—oo}7 i=1,2, (2.1)

and we define & = &1 U G,. Throughout the paper, without other explanation we always assume the
convergence holds by passing to a subsequence if necessary. By using the Jensen’s inequality and recalling
that we are working in H' we have

Up = Up,1 + log/

hie"* > w4 +/ up +C>up1 +C
M M

and similarly for uy o. Therefore, we deduce that if p is a blow up point of uy 1 or uy,2, then p is also a
blow up point of ux or —uy respectively. For any p € G, we finally define the local mass by

1
; = lim lim — ihie"ti 2.2
Tpsi 61—>0k—1+oo 2w /Bs(p) pittic ’ ( )
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which will play a crucial role in proving Theorem 1.1. We start by observing that from the result in [29]
we have 0, ; > 4 for some i = {1,2} for any p € &. A consequence is that |&| < 400, namely that the
blow up points & C M form a finite set. Moreover, we can prove the following result.

Lemma 2.1. Suppose p € &; for some i € {1,2}. Then o, ; > 0.

Proof. We prove the lemma by contradiction. Without loss of generality we assume p € &5 and 02 = 0.
We start by proving that
lup(z)] < Cin K CC M\ & (2.3)

for some C' > 0 depending on the set K. Indeed, let M7 = Upes By, (p) with ro such that K cC M\ M.
Using the Green’s representation we have

ug(x) :/M G(z,z) (pl(hle“’“vl — 1) — pa(hge*2 — 1))

= [ Gl (pr (e = 1) = pa(nets= — 1)
My

+/ G(z,z2) (pl(hle“’“’l — 1) — pa(hoe™s2 — 1))
M\M,
Since G(z, z) is bounded for z € M; and x € K, it is not difficult to prove that

G(z,z2) (pl(hle“’“ — 1) — pa(hoe™? — 1)) = 0(1).
M,
On the other hand, in M \ M uy,; are bounded above by some constant which depends on r¢, thus it is
easy to deduce that

/ G(z, 2) (pl(hle“"‘~1 — 1) — pa(hge™s? — 1)) =0(1).
M\M,

This proves the claim. We point out that by the same argument one gets that uj; has bounded oscillation
in any compact subset of M \ &. This fact will be then used in the proof of Theorem 1.1.

Now, by assumption og, = 0. Therefore, we can take ry such that

/ pghgeuk’z S s (24)
By (p)
for all k and ro < 1d(p,& \ {p}). On 9B,,(p), by (2.3)
lug| < C on 0B, (p). (2.5)
Let 41 satisfy the following equation
N hqe%k .
AAulk =p1 (W - 1) in By, (p), (2.6)
U1 = Uk on 0By, (p).
We set 11 = log + Usg, where Uop and g satisfy
Adoy, = pr 580 in Bry(p), Qo = u,  on OBy, (p), 27)
Az, = —p1 in By, (p), Uz =0 on 0By, (p).

Exploiting the maximum principle we directly get o, < maxpp, (p) ur < C by (2.5) in By, (p). Moreover,
clearly |ts;| < C by elliptic estimates. Thus, we conclude that

1 <C in By (p). (2.8)
We write now —ug = U1y + Usgk + U1k, where @1y and ugy satisfy
Al}lk - —92% %n B’I"g (p)a 1:14116 =0 on aBTo (p)7 (29)
Adigg, = pa in By, (p), tgr, =0 on 0By, (p).

As before we have |idgx| < C in By, (p). Letting gi = Gox + U1k, the first equation in (2.9) can be written
as
hQ@gk

Wef“k =0in B,,(p), ik =0 on OB, (p). (2.10)

Adigy, + p2
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By Jensen’s inequality and recalling that we are working in H' we observe that
/ hoe™ "k > Celu —ur >C >0.
M

we have Vj, < C in B, (p), for some C' depending on ry. Moreover,

/ Vkeﬂ““ <.
By (p)

It follows that by [10, Corollary 3] we have |i1;] < C' and hence
—up = Uiy + Uop + g < C in By, (p).

We conclude that uy o = —uy, — log fM hee™% < C'in By, (p), which contradicts the fact that uy o blows
up at p. The proof is completed. O

Finally, setting Vi, = pg%,
M

using (2.4) we get

The crucial property of the blowing up sequences to (1.1), which will be used in the proof of Theorem 1.1,
is stated in the next lemma.

Lemma 2.2. Suppose uy1,ux,2 both blow up at p € M and let
(0p1,0p2) = (2m(m + 1),2m(m — 1)).
Then

upy — —oo in By (p) \ {p},
where g is small enough such that B,,(p) N (& \ {p}) = 0.

Proof. Suppose by contradiction the claim is not true. From the proof of Lemma 2.1 we know that uy
has bounded oscillation in any compact subset of M \ &. It follows that uy;1 > —C on 0B, (p), for
some C. Without loss of generality, we assume m = 2. The proof of the cases m > 3 are similar. Let
fie = p1(hpe 1 — 1) — pa(hoe™2 — 1) and zj be the solution of

—Az, = fir  in By, (p),
{ zp =—C on 0By, (p). (2.10)

Clearly from the proof of Lemma 2.1 we have |ug| is bounded in B,,(p) \ {p}. As a consequence, we can
conclude fi; — f1 uniformly in any compact set of B,,(p) \ {p}. Moreover, by assumption we get

/ fix = 167 4+ o(1) as rg — 0. (2.12)
Br, (p)
By the maximum principle we observe that uy 1 > 2z in B, (p). It follows that

/ et < / ekl < oo. (2.13)
BTO (p) BTO (p)

On the other hand, since the regular part of the Green function is bounded, by the Green’s representation
formula we have

1
zk(x) = —/ —In|z — y|(p1(hre™* — 1) — pa(hoe™2 — 1)) + O(1). (2.14)
By (p) 27

For any x € B,,(p) \ {p} we let r = %dist(x,p) and we split the above integral in the following way:

1
zi(x) = — / —In|z — y|(p1(h1e"* — 1) — pa(hoe™*2 — 1)) + O(1)
By (p) 2T

1
=— / > In |z — y|(p1(h1e"* — 1) — pa(hge™2 — 1))
BT‘O (p)ﬁBr(z) m

1

- / Py In|z — y|(p1(h1e"* — 1) — pa(hoe™*2> — 1)) + O(1).
Br (P)\Br(z) g

By the assumption uy ; are uniformly bounded above in B, (z), ¢ = 1,2; it follows that

‘ / In |z — y[(p1(h1e™* — 1) — pa(hoe™™? — 1))‘ <C,
Brg (p)ﬁBr(:E)



THE TOPOLOGICAL DEGREE OF THE MEAN FIELD EQUATION 9

for some C' > 0 depending only on z. For y € B,,(p) \ Br(x), recalling (2.12), it is not difficult to see
that

/ In [z — yl(p1 (hae™* — 1) — pa(hae™ > — 1)) = (167 + o(1)) In |z — p| + O(1),
Bry (P)\Br(z)

Therefore, we get that z(z) is uniformly bounded by some constant that depends on x only. Thus, we
have z; — z in C2 (B, (p) \ {p}), where z satisfies

loc
{ —Az=f, in By \{p}
2= _C on 9B, (p).

Then, for any ¢ € C5°(By,(p)), by standard arguments and using (2.12) one gets

lim o(~Az) = lim (0(z) — o)) (~Azk) + () / Ji + 167
k—=+oo /B, (p) k—=+oo /B, (p) Bro (p)

:/ o(x) fr + 167p(p).
By (p)

Thus, —Az = fi + 1670, in By, (p). Therefore, we have z(x) > 8log I’ﬂiip\ +0(1) as © — p and we deduce

/ e’ = oo,
By (p)

a contradiction to (2.13). The proof is concluded. 0

By using these lemmas we are now in position to prove the bound of the solution to equation (1.1) in
Theorem 1.1.

Proof of Theorem 1.1. We can write (1.1) as
—Auy, = P1 (hl ekt — 1) — P2 (h2 etk — 1) on M.

Thus, by elliptic estimates it is enough for us to prove that us ; are uniformly bounded above. Suppose
this is not true.

At first, we claim that &; # (. If not, uy; is uniformly bounded above while uy o blows up. Let
ﬁgk = hgoe "% and we write up = w1 — Usk, where w1, and uoy, satisfies

{Aulk + p1(het —1) =0, S uk =0,
hopet2k _ _
Auzk+p2(m—l)—0, fMUQk—O.

By the LP estimate, u;j, is bounded in W?2P for any p > 1 and hence we deduce that uq is bounded in
CL@ for any o € (0,1). After passing to a subsequence, uy;, converges to #; in C®. We conclude that
ng — hoe~™ in C1®. By the fact that ug 2 blows up, also ugy blows up. Therefore, we are in position to
apply the result in [36] and get ps € 87N, which contradicts to our assumption. Thus &; # (. Similarly,
Sy # 0.

By similar arguments one can show that &1 NSy # 0. In fact, suppose &1 NSy = . Let p € Ga, and
take ro small enough such that B, (p)N(S\{p}) = 0. Let hop = hoes* and we decompose uy 2 = usg+uag
such that usy and w4 satisfy

{ Augg, — p1(hpe"t —1)=0 in B,,(p), usp = 0 on 0By, (p),

. 2.15
Augy, + p2(hore™* —1) =0 in By, (p), Ugp = Ug2 on OBy, (p). ( )

By construction uy 1 is uniformly bounded from above in B, (p), hence R, converges to some function
in C1*(B,,(p)). On the other hand, uy blows up at p and by the result in [34] we get

euar (P™)
uay, — log <C in By, (p), (2.16)

pZ;LQk(p(k))e”Mc(P(k)) ) (2 2
L+ 8 |$ — p( )|
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where gy (p(k)) = maxp, (p) U4k. From (2.16) and by the definition of hsy we have

Ugp — —00 in By ) \ {p} and pohoe"*? — 870, in By, (p). (2.17)
As a consequence, we have
P2 = thH;o pghge“’“ = 87T|62‘, (218)

a contradiction to our assumption ps ¢ 87N, so 61 NSy # 0.
Let p € 61N Sq, and 0, 4,7 = 1,2 be the local masses. Applying the result in [29] we deduce
(Op1,0p2) = (Qm(m —1),2m(m + 1)) or (2m(m +1),2m(m — 1))
for some integer m > 0. By Lemma 2.1 we have m > 2. Suppose for example that 0,1 = 2m(m + 1)
and o, 2 = 2m(m — 1). Applying Lemma 2.2 we have that uj 1 concentrates, i.e. ug; — —oo uniformly
in any compact set of By, (p) \ {p}. Since uy 1 has bounded oscillation outside the blow up set, see the

argument after (2.3), it follows uy 1 — —oo uniformly in any compact set of M \ &;. Reasoning as before
we get

prhie"™! — a4 Z 0q + 4mm(m + 1)0, with ay = 8nm for some integer n, (2.19)
7€61\{p}

which implies p; € 87N and thus we get a contradiction. Following exactly the same process we can also

get a contradiction if (0,1, 0p,2) = (2m(m—1),2m(m+1)). This concludes the proof of the Theorem 1.1.

O

The second part of this section is concerned with the proof of Theorem 1.2, that is the equivalence of
the topological degree between the equation (1.1) and the system
Avy+pr (B2 —1) =0, [, 01=0,

v —v
Jag Paevr=v2

h2€v27"11 — J— p—
AUQ + P2 fI\/I hoev2—v1 1) = 07 fM V2 = 07

(2.20)

where u = v{ — vs.

Proof of Theorem 1.2. By Theorem 1.1 we have that the degree dg¢ is well defined for p1, p2 ¢ 87N. As
we discussed in the introduction, we decompose v = v; — vy, where vy, vy satisfy (2.20).

It is easy to see that such decomposition is unique, i.e. for a given solution u to (1.1) we can find a
unique solution (vy,v2) to (2.20) such that u = v; — v2. On the other hand, if (vy,v2) is a solution to
(2.20), u = vy — vy is automatically a solution to (1.1).

Consider now a solution (v, v2) to (2.20). We start by observing that since v; — w3 is a solution to (1.1),
it is bounded for p; ¢ 87N, i = 1,2, see Theorem 1.1. Moreover, notice that fM e"17v2 > (' > 0 by Jensen’s
inequality. Therefore, by elliptic estimates we get also v1, vy are bounded provided p; ¢ 87N, =1,2. It
follows that the topological degree ds of the system (2.20) is well defined in this range of parameters.

Next, we prove that the Morse index of a solution u to (1.1) is exactly the same as the Morse index of
the corresponding solution (v, vs) to (2. 20) We consider the linearized equation of (1.1) at u,

L(6) =Ad + py 1 f = s ’“e / hiets
M

+p2fhh e_u¢ Pz T hzee P /M hoe™"¢.
If ¢ is an eigenfunction of the linearized operator of L with negative eigenvalue A, i.e.
L)+ Xp=0 with A <0, (2.21)
we decompose ¢ as ¢ = ¢; — ¢2, where ¢ and ¢, satisfy

hle“ hle“ w o
Ay +01W(¢1 — ¢2) — le /M hie“(p1 — p2) + A1 = 0,
hoe™" hoe™™ —u _
Ay + p2 T e (2 — ¢1) — p27(fM e )2 /M hae™"(¢p2 — ¢1) + A2 = 0. (2.22)
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In the following, we claim there is a map between ¢ and such (¢1, ¢2) and this map is one to one. Indeed,
for any function ¢ and parameter \ negative, we consider the following system:

hle" h1€u /
A+Npr+pp———¢—p1—F— | hie“¢p=0,
( Jort Jar h16u¢ n (far ne)® Ju e

hoe™ hoe ™ / _
A4+ A — hoe "¢ = 0. 2.23
(A+ X2 szMh2e_u¢+,02(th26_u>2 e ¢ (2.23)

For fixed ¢ and X negative, we can always solve (2.23) and get a unique solution (¢1, ¢2). While for any
solution (¢1,¢2) of (2.23) and A negative, ¢ = ¢1 — @2 is automatically a solution of (2.21). Hence, we
prove the claim.

On the other hand, we can see that (2.22) is nothing but the linearized equation of (2.20) at (v1, v2).
Therefore, the Morse index of the solution u to (1.1) is same as the Morse index of the solution (vq, v2) to
(2.20). According to the definition of the topological degree and since the decomposition for u is unique,
we can conclude that the topological degree of these two equations are the same.

O

3. SHADOW SYSTEM

The first goal of this section is to provide a proof of Theorem 1.3 by studying the blow up phenomena
for p1x — 87, por — p2 with py ¢ 87N. In the second part of the section we will prove that it is possible
to choose hi, ho such that the associated shadow system is non-degenerate.

Proof of Theorem 1.3. Let pa ¢ 87N and (p1x, p2r) — (87, p2). Consider a sequence of solutions (vyy, vag)
to (1.8) such that maxys(vig, vax) — +00.

We claim that vo), converges to some function w in C1%(M) (passing to a subsequence if necessary)
and that vy, blows up at only one point.

Indeed, we have that ur = v1x — vag is a solution of (1.1). Then, from the proof of Theorem 1.1,
—up = Vo — v1x is uniformly bounded above: by using Jensen’s inequality and the classical elliptic
estimates, from the second equation in (1.8) we conclude vy is uniformly bounded in C1'® and hence
the first part of the claim is proved. As a consequence we deduce that maxys v — +o0o. Furthermore,
noticing that p; — 8, vy blows up at only one point, say p € M.

We write the first equation in (1.8) as
et
Avig + p1g <”“ - 1) =0, (3.1)

Jar hayevte

where hip = hie~ V2. We define 61, = v1p — log fM hie¥*. Due to the C1® convergence of iLU€7 we can
apply the following result of Li [34]:

Ak
01, — log ; <lj A 5| <c for |z — p®| < ro, (3.2)
h ek
(1 4 Pik 1k(§ ) |1’—p(k)|2>
where A\, = 015 (p®)) = max;ep, (p) 01k It follows that
hle'Ulk_U2k

D1 — —oo in M\ {p} and Plk — 8mdp, (3.3)

fM hievik—v2k
This conclude the first part of Theorem 1.1. Moreover, in this setting the authors in [14] proved that
V(log(hie™™) + 4w R(z, x)) |o=p= 0, (3.4)

which gives the second equation in (1.10).
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Reasoning as in Lemma 2.4 in [38], one can use the following property in [14]:
e

(1 + Plkﬁlk(g(“)@i“ |z — p(k)|2>2

Vi —V | log <c for |z — p®| < ro

and get vor — w in C%%(M). From this convergence we are in position to apply the main result in [34],
which asserts that
v — 87G(x, p) in C%*(M \ {p}).

The above convergence jointly with v, — w in C*%(M) yields that w satisfies the following equation:

h 6111787rG(:v,p)
Aw + pa (fM ow 8 Gs) 1) =0. (3.5)
This proves the first equation in (1.10). Therefore, we finish the proof of Theorem 1.2.
O

The second part of this section is devoted in showing the non-degeneracy of the shadow system (1.10),
see Proposition 3.2. This will be carried out by applying the well-known transversality theorem, which
can be found [1, 48] and the references therein. Although we can suitably adapt the argument in [38],
for the sake of completeness we give the details here.

First, we give some notations. Let H, B and £ be Banach manifolds with H and £ separable. Let
F:HxB—&beaC* map. Wesay y € £ is a regular value if every point z € F~1(y) is a regular point;
x € H x B is a regular point of F'if D, I : T,(H x B) — Tp(y)€ is onto. We say a set A is a residual set
in B if A is a countable intersection of open dense sets in B, which implies in particular that A is dense
in B (B is a Banach space), see [32].

Theorem 3.1 ([1, 48]). Let H, B, € be as above and let F : H x B — & be a C* map. If 0 is a regular
value of F and Fy, = F(-,b) is a Fredholm map of index less than k, then the set

{b € B:0is a regular value of Fb}

is residual in B. In particular, the above set is dense in B.
With this in hand we can now prove the following result, which will be used crucially in the sequel
when we construct approximate blow up solutions to (1.8).

Proposition 3.2. There exist hy, ho positive smooth functions such that the solutions to the shadow
system (1.10) are non-degenerate.

Proof. Following the notations in Theorem 3.1, we denote
H=W2P(M)x M, B=C>*(M)xC>* (M), &=R>xW (M),
where
WP (M) = {f €W | /Mf = 0}, WOP(M) := {f €Lr| /Mf = 0}.

We consider the map

Aw + po (—hzewigﬂc(zm) - 1)

jM h26w787rG(z,p)

T(vav hlth) = (36)
Vlog (hie™ + 4 R(z,x))(p)
Clearly, T is C'. In order to apply Theorem 3.1, we have to prove that
(i) T(-,-, h1, ha) is a Fredholm map of index 0,
(ii) 0is a regular value of T.
We start by proving (i). We have
To(w,p,hi, h ,V
T, (w0,p, o o)) = | A0 h2) 10, ) (37)

Tl(w7p7 hl,hg)[¢7l/] '
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where

h26w78ﬂ'G(a:,p)
To(w.p. o ha)lb, 1] = Ab + po oy ¢
M

— P2 h2€w_8wa(m’p) / hgew_SWG(x’p)(b
sy haeEn)E |,
hoew—8TG(z,p)
[y hae®=37GG@n)
hoew—87G(:p)
([, haev—57CGp))2

— 8mpa VG(z,p) v

+ 87Tp2

/ hge“’_s’rG(x’p)VG(a:,p) -V
M

Ty (w, p, hy, ha)[p, V] :Vi(log hie™" + 47 R(x, a:)) le=p v — Vo(p).

The idea now is to decompose the map in the following way:

Toul00]= | 1t |1+ | 72 | (33)
where
Ty, =0, Tio =11,

h2 ew—87rG(z,p)

To1(w,p, b1, ho)[d, v] =A¢ + P2f h2ew—87rG(a:,;D)¢
M

h26w787rG(;v,p) e
_ hoeW—87G(x:p)
P2, haew—87G D)2 /M 2¢ 2

and

hoew—8mG(zp)

f hoew—87G(z,p)
e —E7G (D)

f hoew—87G(z.p))2

To2(w, p, hi, ho)[¢, V] = — 8mpy VG(z,p)v

+ 871'[)2

/ hoe?—STCEEPIT G (2, p)u.

Let T, = [ ;0 ] and To = [ g‘”
11 12

that T; is a Fredholm operator of index 0. Combining the Sobolev inequality and the fact that R? is
a finite Euclidean space, it is possible to show that Ty is a compact operator. Therefore, by classical
operator theory, see for example [32], we get %1 + %5 is also a Fredholm linear operator with index 0. We
conclude that T is a Fredholm map with index 0 and (i) is proved.

} . In this way we notice that ¥, is a symmetric operator; it follows

We are left with the proof of (ii), i.e. that 0 is a regular value. One gets

0
Ty, ’ 7h 7h H| = 1 1
by (W, p, A, ho)[Hi Vhflf (p) — (Zlh) Hi(p) }

and
Ty, (w,p, hy, ha)[Ho]

Hye?—87C(=.p) hope®—87G(x.p) w—87G(z,p)
_ [ P2 [M hoew—87G(z,p) — P2 fM hpew—87G(z,p))2 fM H2€ .

0

By choosing v = 0 and H; such that Vhlfl (p) — %Hl (p) = V¢ we obtain

Ttlu (w7p7h17h2)[¢3 ]+Tlil(w7pah1ah2)[Hl}

hyev—87G(@.p)

o W —87G (@.p) P
A¢ + '02—] hacw—87C (@) ¢ —p2 Tur }212ew787rG(m,p))2 fM hoew =87 (z,P)¢

7

0
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which is a symmetric operator and hence a Fredholm operator of index 0. For this choice of v and Hi,
we claim that

{ g } - (ﬂi),p(w7p7 hi, h2)[, V] +T}Ill(wap,h1,h2)[H1]) + Ty, (w, p, ha, ha)[Ha],

for all f € WP, One can observe that it is enough to prove that only ¢ = 0 can satisfy

h2€w787rG(w,p) h26w787rG(w,p)
e Ker{A- S — hoeW—87G(z:p),
¢ er{ P e snGlen | P2 ([ ppensnGan)? /M 2€

and

H w—87G(z,p) h w—8rG(z,p)
<¢)’ . 2€ _ . 2€ - . H2€w—87rG(m,p)> —0,
fM h2ew 87 G(x,p) (IM thw 87rG(1,p))2 M
for all Hy € C%%(M). The latter property can be rewritten as
h ew—87rG(ac,p) H h ew—87rG(ac,p) 3 H
<¢’ P 2 - p)}TQ — 2 e 2/ hoet 87rG(w,p)72> =0.
Jas hae L) (fys hoe ) ha

‘We set now

h26w787rG(:r,p) h2ew787rG(z,p) w—87C ()
T haev—57G@n) P2 ([ pyeu—snGen) )2 /M hae -
Since ¢ € Ker(L) we have that

/ L) -Ha=0, VH,e WOP(M). (3.9)
M

On the other hand C%%(M) is dense in W% (M) and
h2ew78‘n’G(r,p) . h26w78ﬂG(z,p)
<¢7 P2 fM h2€w_8ﬂ-G($’p) Hy — po (f]v[ h2ew—87rG(1-,p))2 v

h26w78ﬂG(z,p)F2> _ O7

therefore, we get
/ A¢p-Hy =0, ¥V Hye WP (M). (3.10)
It follows that "
Ap=0 in M, / ¢ =0, (3.11)
which yields ¢ = 0. Thus the claim holds true. "

On the other hand, one can find two functions H; ; and Hj o such that
VHi (p) — Vhy
hy (h1)?

Hiy 1 (p) = (1,0),

and
VH B Vhi

I (p) )2

Hi5(p) = (0,1).
Then it is not difficult to see that

|: 2 :| - DT(w7p7h17h2)[¢7V}7

for all ¢ € R?. This concludes the proof that the differential map is onto. Hence we get (ii), i.e. that 0 is
a regular point of 7.

Applying Theorem 3.1 we have that
{(hl, he) € B : 0 is a regular value of T'(-, ~,h1,h2)}
is residual in B. Since T'(w, p, h1, hs) is a Fredholm map of index 0 for fixed hy, he, we have
{(hl, he) € B : the solution (w,p) of T'(-,-, h1,hy) =0 is non—degenerate}

is residual in B. In particular, it is dense in B. Thus, we can choose hy, ho > 0 such that the solution of
(1.10) is non-degenerate. O
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Remark 2. Recall that

I(p) = Alog ha(p) — p2 + 87 — 2K (p)
plays a crucial role in the arguments. A consequence of Theorem 3.2 is that we can always choose h; and
ha to make both the solutions to the shadow system (1.10) non-degenerate and I(p) # 0.

4. THE SET OF BLOWING UP SOLUTIONS

The aim of this section is to describe the set of all possible bubbling solutions of (1.8): in particular,
we shall prove that they are contained in the set S,, (p, w) % Sy, (p, w) when p; — 8w, pa ¢ 87N, where
the definition of S, (p,w),i = 1,2 is given in (4.15) and (4.16). The latter description will be used to
calculate the topological degree of (1.8). For the sake of simplicity we assume M has a flat metric near
a neighborhood of each blow up point (for the general description, see for example [15]).

The strategy is the following: observing that the first equation in (1.8) can be written as

hyevtt
Avyg + P1k lii —1] =0,
Jag e

where

ﬁk = hie 2k,
Since hy — h in C%(M), see Section 3, all the estimates in [14, 15] can be applied in this framework.
To this end we recall now all the tools introduced in [14, 15], which are now based on a non-degenerate
solution (p,w) of (1.10).

Let (p,w) be a non-degenerate solution of (1.10) and set

h = hle_w. (41)
We notice that
Vo (logh + 47R(x, ) |o=p= V4 (log h(x) + 8T R(x,p)) |2=p= 0. (4.2)
For a point ¢ such that |¢ — p| < 1 and A > 1, we introduce
o
U(z) = log . (4.3)

p)
(1 + mf;(q) Az — q‘z)

It is known that U(x) satisfies

AU(z) + p1h(g) eV =0 in R?, Ug) = max U(z) =\ (4.4)
Following the argument in [14, 15] we define
H(z) = exp {log Z((g + 87 R(x,q) — 87 R(q, q)} -1, (4.5)
and h(q) AH (q) \?
S:)‘+210g<p18q>+87TR(Q’Q)+2plh(;J)€,\' (4.6)

Remark 3. We point out that in case we do not have flat metric around the blow up points, the function
H in (4.5) should be modified using a conformal function ¢ which in particular satisfies A¢ = —2Ke?.
Keeping this in mind, in the following arguments one gets AH(q) = I(q) C.

Furthermore, let o¢(t) be a cut-off function:

N 1 if |t| <To,
oo(t) = { 0 if |t| > 2ro. (4.7)

Set o(x) = o¢(Jz — ¢|) and
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Finally, let n(z) such that

n(q) =0, Vn(g) =0. (4.8)

The existence of the above function 1 was proved in [15, Lemma 2.1]. Furthermore, the following result
holds true.

{ An+pih(g) e’ (n+J(z)) =0  on R?

Lemma 4.1. ([15]) Let R = 4/ %(q) er. For h € C*%(M) and large X there ezists a solution n satisfying
(4.8) and the following:

. 8AH (q)

i) n(z)=—

W =)
(ii) 1, Van, 8qn, Oan, Vadgn, Vi0an = O(A?¢™>)  on Bay,(q).

2
e (log (Rlz —q| + 2)) +0(\e™™) on Bar,(q),

The blow up solutions will be very well approximated by the following functions v,z 4, see Proposition 4.2
below:

vg(x) = (U(x) + n(z) + 87 (R(z,q) — R(q,q)) + s)a(x) + 871G (z,q) (1 — o(z)),

Vg = \Tlﬂ Jas Vas (4.9)
Vg0 = a(vg — Ug)-

We notice that vy () depends on ¢ and A\. We will show that the error term in the approximation belongs

to following sets:

oY = {¢> € H' (M) \ /M V¢ - Vo, = /M Vo -V, = /M Ve - Vv, = 0} , (4.10)
and
Oé?f\{ipEWQ’p(M) ‘ /¢0}, p>2. (4.11)

The idea will be then to consider the following decomposition
H' = O((;/)\ @ {linear subspace spanned by vy, 9\v4 and 8qvq}.

For future references, for any (g, \) we define

pih(q)  2AH(q) o _5 =
t=A+8mR(q,q) +2lo + Ae N =T, =5 —T,. 4.12

The last construction is concerned with p; # 8m. For a non-degenerate solution (p,w) of (1.10) we
define A(p1) such that

2(Alog h(p) + 87 — 2K (p))
h(p)

where K (p) is the Gaussian curvature in p. By (1.10) we have e 87¢(@P) | ,_ = 0 and Aw(p) = ps.
Therefore

p1— 8T = Ap1) e M) (4.13)

Alog h(p) + 87 — 2K (p) =Alog hi(p) — p2 + 87 — 2K (p). (4.14)
We stress that to be A(p;) well-defined one has to require
Aloghi(p) — p2 + 87 — 2K (p) # 0.

Let ¢, be a positive constant, which will be chosen later. Recall the definitions of Oég, O((I?))\ in (4.10)
and (4.11), respectively. For p; # 87 we set
Spy (pyw) = {vl = vgra+ 0| la—pl < 1 (pr) e V),
A= A(p1)| < eth(pr) ™! Ja— 1] < exh(pr) "2e M),
¢e O;R and @] g1 (ary) < c1A(p1) 67’\(“)}, (4.15)
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and
Spa(pw) = {v2 = w + v | 4 € OF and i < cxX(pr) e, (4.16)

where [|[9[l. = [[¢|lw2.e (ar)-

The goal is to prove that for a sequence of bubbling solutions (v1x, vax) of (1.8), p1x — 87, pa ¢ 87N,
we have
(’Ulkv U2k> € Splk, (pa w) X sz (pv w)'
More precisely:

Proposition 4.2. Let (v1k,ver) be a sequence of blow up solutions of (1.8) for p1x. — 8w, pa & 87N: in
particular vy, blows up at p, weakly converges to 87G(z,p) and vor, — w in C**(M). Suppose (p,w) is
a non-degenerate solution of (1.10) and

Aloghi(p) — p2 + 87 — 2K (p) # 0. (4.17)
Then, there exist g, A}, ar, ¢y, ¥y such that
Vig = Vg Arar T Op, U2k = W+ Uy, (4.18)

and (vig, var) € Sy, (0, w) X Sy, (P, w).
Proof. Recall that vy and vy satisfy

hqieVlk ~V2k
Avig + p1k (W - 1) =0,

e (4.19)

Avai + po (25250 1) =0
We write the first equation of the above system as

hyevik
Avig +pig [ ——— —1] =0, (4.20)
Jar Towerr
where R
hi = hie 2% = he™¥* and P = Vo — W. (4.21)

We recall now the following fact: since hy, — h in C2%(M), see Section 3, all the estimates in [14, 15] can
be applied in this framework. This will lead to the approximation of vix. In the second step we use the
latter approximation jointly with the non-degeneracy of the shadow system (1.10) to get the estimate of
the error term in the approximation of vg; and in turn of the error of vig.

We follow the arguments in [14, 15]. All the details can be found in these papers. Let g be the
maximal point of ¥ near p, where

Uik = V1 — log/ By e¥1*.
M
As in page 13 of [14] we let

>‘k = 6116(@1@) — log/ iLk ev““.
M
Around ¢ we set

~ e)‘k

Ui(z) = log - 5 -
(1 4 b éc(‘Ik) M|z — Qk|2)

where gy, is chosen such that . R

VUk((jk) =V log hk((jk).
It is easy to check that |g —Gx| = O(e~**). Then the error terms of the approximation inside and outside
By, (gr) are given by

Mg (x) = V1 — Uk(y)—(SﬂR(x, qr) — SWR(qk,qk)), in By (gr), (4.22)

&r(2) = vig(z) — 87G (z, qi) = D1k () — 87G(x, q1) — D1k, in M\ By, (qx)- (4.23)
From the Lemma 5.3 in [14] we have

&e(z) = O(Mpe %) for x € M\ By, (qr). (4.24)
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By a straightforward computation, see page 20 in [14], the error term 7, satisfies

Adji + pu b (i) €7 Hi(w, 7ix) = 0, (4.25)
where (see also (4.29))

Hy(x,t) =exp {1og ;LL:((;)) + 87 (R(z, qc) — R(qr, ar)) + t} -1

=Hy(z) +t+ O([t*),
and

Hy(z) = exp {log ?IZ:((;)) + 87 R(x, qx) — 8T R(qx, Qk)} - L

Except for the higher-order terms, equation (4.25) resembles the one in (4.8). By Theorem 1.4 in [14]

one has g
i (2) = —————— AHy(gr) e (log(Ri|z — qi| +2)) + O\, e ™), (4.26)
Pk P (qr)

for & € Bay,(qr), where Ry, = 1/ 7/’”%&’;(%)6*'«.

Moreover, from [14, Theorem 1.1, Theorem 1.4 and Lemma 5.4], we have the following estimates:

2(Alog hi(qr) + 87 — 2K (qi))

p1k — 8T = = e M+ O(e M), (4.27)
hi(ar)
- h 2AH
D1k + A + 2log Puchie(ar) + 87 R(qk, qr) + w)\i e M =0\, e M), (4.28)
8 p1ehi(qr)
and
[VHy(qr)| = O\ e ). (4.29)

With these preparations, we now let 7, be defined as in (4.8) and vg, x..q, be defined as in (4.9) with
q = qr, A=A, a = a;, = 1 and h replaced by hj. From the Lemma 4.1 and (4.26) we deduce that

ne(z) = + O(Ape ) for = € Bay, (qk)- (4.30)
For x € By, (qx), recalling the definition of s in (4.6):

plkﬁk(Qk)

Vg Apsan = f]k(x) + ni(z) + (SWR(x,qk) — SWR(qk,qk)) + Ax + 2log 3

QAH]C (Qk)

prrh(gr)
where Ty, stands for the average of vg, . From [15, Lemma 2.2 and Lemma 2.3], we have

Vg — TG (x,qx) = O\ e ™) in M\ By, (qr), and Ty = O(A\pe ). (4.31)
By (4.22), (4.28), (4.30) and (4.31), we have

+ 8T R(qr, qr) + Me M — T,

Uik — Vg Ap,ar, = U1k + log /M hie"™ = Vg, Aar
= ik — Up — (87R(x,2) — 87 R(x, qi)) — () + O(Ar e ™)
= fie(x) — me(z) + O\ e ™) = O(Ape ™) (4.32)
for x € By, (qx). For x € M \ By, (qx), by (4.23) and (4.31) we get
Vik — Vgp apan, = Uik — STG (2, qr) — (Vg — 8TG(x, qr)) + Ty, = O(Ap e ).
Thus, we conclude that
Vik = Vqy Ap,ax T Pk where ||¢g | Lo (ar) < EXR e M, (4.33)

where ¢ is independent of .
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Next, to get the estimate of the error ¢, we evaluate it on the linearized operator of the first equation
in the shadow system (1.10). By using vor, = w + 9% and the second equation of (4.19) we get

L) =T + L +1I, (4.34)
where
h ew787rG(z,p)
ﬁ(d’k) = Ay, +p2f 2h2€w—87rG(m,p) Vi
M
h2ew—87rG(x,p) w—8nwG(z,p)
— P2 (IM h26w787rG(a:7p))2 /]Vl(h26 wk)
h2€w787rG(z,p)
-8 VG 5 -
G- )
h2ew—87rG(ac,p) w—87G (,p)
L hoeWt¥r—v1k hoewt¥r—8mG(z,qx)
o [y hoevtvr—vie e Jag hoewtin=8nGlean)”
L thw—Sﬂ'G(z,p) h26w+1/)k—87"G($7p)
2 = P2 f]\/[ hQG’LU*Sﬂ'G(l’,p) — P2 fM h2ew+1pk787rG(a:,p)
h2€w787TG(I,p)
+ p2 fM hoew—87G(z,p) Yk
hzew—87rG(w,p) _—
_ h w—8nG(x,p)
P2 (fM h2€w787rG(:L’,p))2 /M( 2€ "/}k)v
and
h2ew+wk—8ﬂ-G(m,qk) hgew-i‘?l)k—gﬂG(LP)
I3 =—p2 wHr —87G(z,qk) P2 w1 —8mG (z,p)
fM th ’ fM h2€ '
h2ew—87rG(m,p)
_ 8 VG 9 -
e [y hoev=87G(@:p) (VG(@,p)ar = p))
h2€w—87rG(r,p) w—87G(x,p)
+ 8mp2 (fM hoew—87G(z.p))2 /M (th (VG(z,p)(ak — p)))

Reasoning as the proof in [38, Lemma 3.2] and decomposing the domain into B,,(qx) and M \ B,,(qx),
it is not difficult to show that I; = O(Ax e=**) and Iy = O(|1x||?). Concerning I3, we divide it into three
parts: ]13 = ]131 + 1[32 + Hgg, where
h2€w+wk78ﬂ'0(a:7qk) h26w+wk787rG(z,p)
I31 = —
3 P27  hpew BTG (war) TP [ haevtx—87G(p)

h26w+¢'k—87"c($7p)
— 87Tp2 fM h2€w+’¢'k—87TG($;P) (VG(xap)(Qk - p))

h2 eer'L/Jk —87G(z,p)

w1 —87G(z,p) _
e B (e (VG(wp)ar — 7)),

h2ew_87rG(m7p) w—81G(x
([ hoew—87G(zp))2 /M <h2e @P/(VG(z, p) (g —p)))

h2 ew+1/)k —87G(z,p)

(fM h261u+1,[1k—87rG(1,p))2

I32 = 8mpo

~ 8mpo [ (et om0 (V6w p)as - ),
M
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and
h26w+¢k*87TG(93’P)
33 = 8mp2 [ hpewtii—srGap) (VG(z,p)(gr —p))

ho ew—Sﬂ'G(x,p)

—8nG(x,
thQQw 7G(z,p

— 8mpy 7 (VG(@,p)(ar —p)).

It is not difficult to see
I31 = O(lgk — pI*),  Is2 = O()||¥|lslar —pl,  Iss = O1)||9]|«]ax — pl-

In conclusion we have the following estimate

L) = o) |vhxll« + O([vell2 + Ave ™) + O(lp — al?)- (4.35)

Now, to get the estimate of the error |p — qx| we evaluate it on the linearized operator of the second
equation in the shadow system (1.10). By the definition of Hy, (see below (4.25)) and (4.29), we have

VH;(qr) = Vg h(qr) — Vr(qr) + 8TV R(qr, qr) = O(Ape *). (4.36)
By (4.2) and (4.36), using Taylor’s expansion we have
V2(log h(p) + 87 R(p, p)) (qr — p) — Vb (p)
= Vlogh(qr) — Vor(ar) + 87V R(qr, a) — (Vlog h(p) + 87V R(p, p))
+ Vi (ar) — Vr(p) + O(lp — qi*)
= VHi(qe) — VH(p) + O(Ip — @ lnll«) + Olp — axl?), (4.37)
= O(\ke ™)+ O(Ip — a9 ]l) + Olp — axl?), (4.38)
where v depends on p. In the last step we used VH(p) = 0.
Using the estimates (4.35)-(4.37) and the non-degeneracy of (p,w), we obtain

1Yk« + 1P — | < C(Ake_“ +o()llvell + llvell + Ip — %2)7 (4.39)

where C' is a constant independent of k and 1. Therefore, we have
[Vrlle = Oke™*), | = gr = O(\re™ ™). (4.40)
By the above estimates, together with (4.13), (4.21) and (4.27) we obtain that
M = Apik) = ON(p1k) ™), b = 4+ O(N(p1x) e X)), g — p| = O(A(pax) e X)) (4.41)

and
Vg — w = O(A(p1y) e NPre)), (4.42)

We replace hy, by h in the definition of v, and denote the new function still by v,. By the second estimate
in (4.40) we have

Vgp — Vg = O(A(p1g) e AP0,
Then we set
Vg Ao = Ug — Ug. (4.43)
From (4.33) and (4.43) it follows
Vik — Vgaa = O(N(p1p) e NP1, (4.44)

Finally, once we get the existence of v, » , with the above property, by [15, Lemma 3.2] one can deduce
that there exists a unique triplet (g;, A}, ay) that satisfy the condition in the definition (4.15) of S,,, (p, w)
and ¢* € O((I?,/\z such that
Vik = Vgzaz,ap T Pk - (4.45)
Therefore, we conclude
(vlkv UQk) € Splk (pa w) X sz (pv w)'
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From the latter result we are able to characterize the blow up situation.

Theorem 4.3. Suppose hy, hy are two positive C*® function on M such that
(a) Any solution (p,w) of (1.10) is non-degenerate.
(b) Aloghi(p) — p2 + 87 — 2K (p) # 0.

Then, there exist eg > 0 and C > 0 such that for any solution of (1.8) with p1 € (87 — €0, 87 + €9), p2 ¢
87N, we have the following alternative: either

(i) |vil,|v2] £C, Vx e M,
or
(i) (v1,v2) € Sy, (p,w) x Sy, (p,w) for some solution (p,w) of (1.10).

Remark 4. As we have pointed out in the Introduction, for a sequence of solutions bubbling around a
point p, the rate of |p1, — 87| is related to

l(p) = Alog i (p) = po + 81 — 2K (p)-
More precisely, as observed in [15] (see also [17, 38]) we get that
sgn(p1r — 8m) = sgn(l(p)),

see for example (4.27) (and (4.41)). We will see how this fact plays a role in the proof of Theorem 1.7
(see also Theorem 1.5).

5. ANALYSIS OF THE NONLINEAR OPERATOR

Our final goal is to compute the degree of the following nonlinear operator:
hlevlf'UZ
P1 (ﬁ - 1)
U1 — f hiev1l 2
( v ) = (-a)™! e
P2 (fM hae"2="1 )

In this section we will analyze the latter operator in the space S,, (p, w) % Sp, (p, w). Set

T(or,v9) = ( 2E002) ) _ - Jag paeri s : (5.1)
TQ(Ul, ’Ug) hoe2”"1 1
P2 Jos hae?271
We know that the degree can be calculated by considering the contributions of the blowing up solutions
as p1 — 8m. We have proved in Proposition 4.2 that all the blowing up solutions are contained in the set
Sp1(p,w) x Sy, (p, w), see the definitions (4.15) and (4.16). Furthermore, we will actually prove that such

bubbling solutions do exist. The latter result is a byproduct of the degree formula of the operator (5.1)
(i.e. Theorem 1.5), see also the discussion in the Introduction.

We shall study the operator (5.1) in the space S,, (p, w) X Sp, (p, w). Any vy in S,, (p, w) is represented
by (¢, A, a, ¢) while any ve in S,, (p, w) is represented by (w, ). Therefore, the nonlinear operator v, +
Ty (v1,v2) can be expressed according to this representation. In this way we will be able to get the
leading terms of the latter operator in the set S,, (p,w) x S,,(p,w). On the other hand, the operator
vy + T5(v1,v2) has a simpler for and it will be studied in the next section. We will see that this will lead
to count the degree on a finite-dimensional space (at least for what concerns vy + T7(vy,v2)).

We start by analyzing the term pihie" ™72, Let v1 = vgr,a + @ € Sy, (p,w) and y = « — ¢. Recalling
the definitions (4.3), (4.5), (4.6), (4.9), (4.12) and that t = s — 7, for x € B,,(q) we get

h(z)
h(q)
It follows that in B, (q), by Taylor expansion we have

Vg, 20 (2) +log =U+t+H(@)+n+(a— 1)U +s)+0(a— 1yl + 1] + 7).

prhue” = = () e 14 (@ = 1)(U +5) + 1+ H(z) + (a = DOy + OB, (5:2)



22 ALEKS JEVNIKAR, JUNCHENG WEI, AND WEN YANG
where
B =Aa—1[+ || + |H(z)| + [vg].
Therefore, letting ¢ = ¢ — ¢ we have in B, (q)
p1h1e” 72 = (1 4+ @)prhe’s™ e + (¥ — 1 — @)prhe?a e

= pih(g) " [ 14 (a = 1)U +5) + 0+ H(@) + (@ = )O(y) +¢| + B, (53)

where
E=(e —1—@)prhe’ s> + pih(q) e"HO(p* + 5%). (5.4)

Using the latter expression for p; hi€”* ~2 we are in position to obtain the following estimate for [ o Prhae”r b2,

Lemma 5.1. Let vi = vgra+ ¢ €S, (p,w) and vy =w+ ¢ € S,,(p,w). Then as p1 — 8, p2 ¢ 87N,
we have

16 A
/ prh1e? "2 = 8mwe' (1 — 9(q)) + iAH(q)—/\et +16mA(a — 1)’ + O(|a — 1|e* +1). (5.5)

M p1h(q) e
Proof. The proof of Lemma 5.1 is by direct computations, we refer the readers to [15, Lemma 4.1] and
[38, Lemma 4.3] for details. O

By Lemma 5.1 and noting that A =t + O(1), see (4.12), we get

Sy prhie’r v 167 Y
IMIET o 87 —8 + ——AH(@ e + 167\ (a — 1
o T — 8m(q) i@ (@)Ae mA(a —1)
+O0(la—1]) +0(e™™). (5.6)

It is not difficult to see that — 1 should be small. Indeed, we have

e
} v —v
Jog haevr—vz

et 1 < fM P1 hie¥t 7‘)2)
]2 e —

S
Sy haevi—v2 et [\, prhievi—v2 et
=0+0(la—1]) +0(e™?), (5.7)
where 6 is defined by
1 167 _
0= (o1 —8m) - h g M @A+ 8Tis(g) 1670 - n]. (5.8)
Let
et -
B:‘fhle“l—w_l‘—’—ﬁ’ (5.9)
M
and
p1hie’r—"2
E=(e”-1- @)W +pih(g) e” (O(¢*) + O(5?)). (5.10)
M
Consider now W =1+ (Wf”l_” - 1>. Then, in B,,(q) we have by (5.3)
h V1 —U2 h Vg, \,a h Vg,\,a
o = ()P + (e — 1= )

Jag haerr—v2

—1>—|—(a—1)(U+5)

Ja evi=vs

= pih(g)e” [1 + <

Jar nevi=vs

6t

V11—V
fM hyevr—v2

+(a—1)O(|y|)+n+H+<p+O(ﬁ2)} +E. (5.11)
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Thus, in By, (q) we get

prhie’r™2
Al 4T = Avy + P
('Ul + 1(U17U2)) v+ fM hievi—vz P
h 61)1—’02
= a(AU+A77)+A¢+87ra+'0117 —p1

Ja evi=vs
Plhlevl —v2

:AQS—aplh(q)eU{lJrnJrH*VyH'y} F8T—pr e =D+ T
M

= A¢+ (87 — p1) + 8m(a— 1) + p1h(q) eV [(a —1DU+s—1)4(a—1)O(lyh+

t

+ Yy + (fM hleq;l—vz

- 1) 0 @] +E. (5.12)

Since vy, — Uy — 87G(x, ¢) is small in Ba,,(q) \ Br,(q), see [15, Lemma 2.2], we just write
A(Ul + Ty (v, 112)) = A¢ + alA(vy — 87G(z,q)) + 87 — p1 + 87(a— 1)

h _
+ f hple’u17U2 ea(vq7'Uq787rG'(w,q))+87raG(:c,q)+4p. (513)
Ml

On M \ Ba,,(q) we have instead

h _
A(vl + Ty (vy, UQ)) =Ap+8r—p1+8r(a—1)+ P sraG(za)+e—av, (5.14)
fM hlevl—vg

From the representation given in (5.12)-(5.14) it is possible to get the leading terms of the operator
v1 + T4 (v1,v2) in the set Sy, (p, w) x Sy, (p,w). Recall that we are considering the decomposition

H' = O((;/)\ @ {linear subspace spanned by vy, 9\v4 and 6'qvq}. (5.15)

Proposition 5.2. Let vy = vy 50+ ¢ € Sy, (p,w), v2 =w+ 1 € S,,(p,w). Then as p1 — 8, pa ¢ 87N,
we have

(1)
(V(v1 + T1(v1,v2)), V1) = B(¢, ¢1) + O(A ei)\)”d)lHH(}(M), (5.16)
where

B(p, d1) = /M V¢ -V —/B ( )Plh(Q) eV oo,
o (a

is a positive symmetric, bilinear form satisfying B(d, ¢) > COH¢>||%11(M) for some constant cq > 0.
(2)
(V(v1 4+ T1(v1,v2)), VOgug) = — 87V H(q) + 87V(q)
+O<)\|a—1|—|—‘8t—1—77/1((])‘4—)\6’\), (5.17)
Jar e
(3)

(V (01 + T1(v1,02)), VOsvg) = — 167(a — 1) (A —1+log ’”f;@ + 47 R(q, q)) — 8n(0 — ¥(q))

+0 <|a—1|—|—/\2e_%/\) (5.18)
(4)

(V(vi + Ti(v1,v2)), Vog) = (2)\ — 2+ 87R(q,q) + 2log p1i;(q)>

x (V(v1 + Th(v1,v2)), VOrvg) + 16m(a — 1)A
+ O8]l (ary + O(Ne™™), (5.19)
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We can prove Proposition 5.2 by straightforward computations which follows the argument in [15, 38].
The sketch of the process is given in the Appendix.

We point out that being B(¢, ¢1) positive definite will be crucially used in the degree analysis. Roughly
speaking, we can deduce that the part concerning ¢ does not affect the sign of the total degree.

6. PROOF OF THE MAIN THEOREMS 1.5-1.7

In this section we shall prove the main Theorems 1.5-1.7 and Theorem 1.4. We are concerned with the
topological degree of the operators v; + T;(v1,v2), i = 1,2. The strategy will be the following: we just
note that due to the decomposition (5.15), v1 = vg,x,a + @, v2 = w+1 is a solution of v1 + 171 (v1,v2) = 0,
if and only if all the left-hand sides of (5.16)-(5.19) vanish.

In order to solve the system (5.16)-(5.19) and vg 4+ To(v1,v2) = 0, the first step is to deform the
operators v; + T;(v1,v2), i = 1,2, to simpler operators v; + TP (v1,v2). Recall the definition of B(¢, ¢1)
in Proposition 5.2. We define the operators I + T}, t € [0,1], i = 1,2, through the following relations:

(Vo1 + T} (v1,02)), Vér) = €V (1 + Ta(v1,12)), Vor) + (1 — )B(¢,¢1)  for g1 €O, (6.1)
(V(v1 + Tt (v1,v2)), VOqug) = ¥V (v1 + T (v1,v2)), VOqug) + (1 — ) ( — 87V H(q) + 87VY(q)), (6.2)

(V(v1 + T{(v1,v2)), VOrvg) = t{(V(v1 + T1(v1,v2)), VOrv,) — 87(1 — t) [Q(a — DA+ (60— w(q))}, (6.3)

(V (o1 + Ti(v1,02)), Vo) = t] (2 + O()) (V{01 + T (01, 02)), VOrvg)
+O)|6]| + O()\e‘A)} 4 16m(a — DA, (6.4)

while for the second component

¢ L h26w+w—87rG(m,q)
vy + Ty (v1,v9) = t(vg + To(vy,v2)) + (1 — 1) (w—&—w—pg(—A)_ (f e r —1)) , (6.5)
M2 ’

where the coefficients O(1) in (6.4) are those terms in (5.19) so that T3 (v, ve) = T (v1,v2). We clearly
have

Ui—FTi(Ul,UQ)Z’Ui—FT'il(Ul,vg), i=1,2.
During the deformation from T} to T, i = 1,2, we have the following result, which will be then used in
the analysis of the associated degree.

Lemma 6.1. Assume py —8m # 0, p2 ¢ 87N and let (p, w) be a non-degenerate solution of (1.10). Then,
there exists 1 > 0 such that (vi + Tt (v1,v2),v2 + T4 (v1,v2)) # 0 for (v1,v2) € (S, (p,w) X S, (p,w))
and t € [0,1] if |p1 — 87| < &1 and ps is fized.

Proof. One should take (v1,vs) € Sp, (p,w) X Sy, (p, w), where S,, (p, w) stands for the closure of S,, (p, w),
i =1, 2, such that

(v1 4+ T (v1,v2),v2 + Ty (v1,v2)) =0, for some t € [0, 1].

The goal is then to prove that (vi,v2) ¢ 9(S,, (p,w) x Sy, (p,w)). The strategy is to use the estimates in
the decomposition (5.16)-(5.19), while for what concerns the estimates for the second component ve one
should exploit also the non-degeneracy of (p,w) to (1.10).

Since the proof of Lemma 6.1 is quite standard now and we will skip the details: similar arguments
can be found in [15, Lemma 4.3], [17, Lemma 4.1] and [38, Lemma 5.1]. O

The goal is to compute the following degree:
dT(p7 U)) = deg((vl + Tl (Ula ’Ug), Vg + TQ(Ula U?)) ) Sp1 (p7 ’LU) X sz (pa IU), 0) . (66)

As we have pointed out, we want to reduce this computation to a finite-dimensional problem (at least
for v1 + T1(v1,v2)). In order to do this we set

810, w) = {(4:1,0) - vyra + 6 € 5, (p,w), 0 € OR )
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and define the map ®, = (9,1, Pp2, Pp 3, Ppa) by

By = (V0 + TV01,02)), V0u0,),
D, =(V(vy + Tlo(vl,vg)), Vorvg),
®, 3 = (V(vg + TP (v1,v2)), Vug),

D, 4 = vy + T (v1,02).

We notice that due to the decomposition (5.15) and by the fact that B(¢, ¢1) is positive definite, the
projection in the ¢ direction does not change the sign of the total degree. Moreover, by Lemma 6.1 and
the invariance of the degree we have

deg((v1+T1(U17U2)av2 +T2(U17’U2));Sp1 (p7w) X SP2(p7w)a0> = deg(@,,,Sf(p,w) X sz(p7 UJ),O) (67)

We are now able to compute the right-hand side of (6.7) and prove Theorem 1.5.

Proof of Theorem 1.5. We have here to compute the degree dr(p,w) in (6.6) and prove that is relates to
the degree dg(p, w) of the shadow system (1.10) contributed by the Morse index of (p, w). To do this we
compute the right-hand side of (6.7).

We start by noting that

AH(q) >\>
b, 0 =— — 87 — 167 e 6.8
p,2 (pl p1h(q) ( )
and
0,1 0Py,  0%,5 0Pp3 0P,3 0Pp4 0Pps 0 (6.9)
O Oa  Oa O  9¢  da  OX '
It is easy to see that ®,; =0, ®,3 =0 and ®, 4 = 0 if and only if
qg=p, a=1, =0, (6.10)
and @, 2 = 0 if and only if
167
— 81 = H(g)xe . 6.11
p1 @) (q) (6.11)

One can show that if |p; — 87 is taken sufficiently small, equation (6.11) possesses a unique solution
A = Ai(p1). Hence, (p,Ai(p1),a,0) is the only solution of ®, = 0, where a = 1. To obtain the degree of
®,, at (p, \1(p1),a,0) we have to get the number of negative eigenvalues of the following matrix:

r 8<I>p,1 8@,,,1 6<I>,,,1 6‘I>p=1 T
dq DN da o
0P, 2 0P, 2 0P, 2 0Py 2
dq D) da o
M= 9Pps  O0Pps OPp3  OPp3
dq oA da o
0Dy, 4 0Py 4 OPp 4 0Dy, 4
Jq oA da oY

We point out that iy is an eigenvalue of M if there exist v € R?, X\,a € R and ¥ such that

M = pM

> 9 X
> 9 T

(—A) 1w
We set N(T) as the number of the negative eigenvalues (with multiplicity) of the matrix T. Let

0Pp1  0Pp,1 0P, 2 0Py
dp G X da
= and =
M 90,4 0D, .4 Mo [ 90,5 0D, 1
op oY oA da

By using (6.9) we conclude that
N(M) = N(M;)+ NMa),
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or equivalently
sgn(det(M)) = sgn(det(My)) sgn(det(My))

= sgn(det(M,)) sgn(a§§’2> sgn(%).

Therefore,

(%). (6.12)

) 0
deg ((PP;Sl(p,w)xsz(p,w),O) = (—1NM) Sgn(ipz) sgn( ="

First, by its definition it is easy to see that

0D, .5

To compute —5%=, recall that we are considering ¢ = p. We have

8,0 167

ox — piblp)

AH(p)he ™ +0(e™ ™).

Thus, by (6.11) we deduce
09, 5

- —(p1 — 87) + O(e™™).

Up to now we got from (6.12)
deg (<I>p; ST (p, w)xS,, (p, w), 0) = —sgn(p; — 8m) (=1)NM),

It remains to compute N(Mj). One has 8;’2}’1 [¥] = V¥(p) and

oP h w—87G(z,p) h w—8rG(x,p)
pAwy:W—Qﬁnﬂ (m 26Uh%mw)>w_m o€ 2/ @xw&@@ﬂw).
81/} fM hsoe P (fM h2€w—87rG(:C,p)) M

Therefore, we deduce
v A Pp,1,Ppa) v —V?H(p)-v+VY¥(p)
— , J = 6.13
M(\If) | (. ¥) J(w T, ! (6.13)
where
h w—8nwG(z,p) h w—8nwG(x,p)
. € B se _ / (h26w—87rG(a:,p)\I})
fM h2ew7 us (CE,P) (fM h2ew787'rG(aj7p)) M
h2ew78ﬂ'G(z,p)

fJVI h2 ew—8rG(z,p)

Ty=—V+(-A)"" <

— 8mp2 (VG(z,p) -v)

ho ew—Sﬂ'G(r,p)

w—87G (x,p) .
+ 8mpo 0. h2€w—87rG(x,p))2 /M |:h2€ P (VG(x,p) u)})

We observe that (6.13) coincides with the eigenvalue problem of the linearized equation of (1.10) around
the solution (p,w). Thus, we get that N(M;) is exactly the number of the negative eigenvalues of the
linearized equation of (1.10), namely (—1)NM1) = dg(p,w), the degree of the shadow system (1.10)
contributed by the solution (p,w). Therefore, we conclude that

dr(p, w) = —sgn(py — 87) ds(p, w).
This concludes the proof of the Theorem 1.5.

As a consequence, we can state the following:

Proof of Theorem 1.4. Theorem 1.4 follows from the Theorem 1.5, see also the discussion in the Intro-
duction and at the beginning of the Section 5.

O
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The next step is to compute the total degree of the shadow system (1.10). The strategy will be to

decouple the system (1.10) and then to use Theorem A to get the degree of the first equation in (1.10).

In order to decouple the system and to simplify the problem we introduce the following deformation:
Aw + ps (Lﬁﬁ_l) — 0,

[M hQEw—Ser(.'I:,p)

(S0) teo,1]. (6.14)

v (log(hye(1-9) + 4wR<x,x>)‘ 0,

a=p
Clearly, we are starting from the system defined in (1.8) and we end up with a decoupled system. During
the deformation from (S7) to (Sp) we have the following result, which will be then used in the degree
analysis.

Lemma 6.2. Let py ¢ 87N. Then there exists a uniform constant C,, such that for all solutions to
(6.14) we have |w| gy < Cp,.

Proof. Since ps ¢ 87N, by classic results concerning the blow up analysis of equation (1.2), see [8], any
solution of

w—87G(x,p)
hae ) 1) =0 (6.15)

Aw + py (fM hoew—87G(z.p -

is uniformly bounded above. The proof of the lemma follows then by using classical elliptic estimates. [

Proof of Theorem 1.6. Since the topological degree is independent of hy and hs, by the Theorem 3.2 we
can always choose hy and hy such that the solutions to the shadow system (1.10) are non-degenerate.
Let ds, denote the Leray-Schauder degree for (1.10). By Lemma 6.2 and the invariance of the degree,
we have just to compute the topological degree of (6.14) when t = 1, namely
Aw + ps (—h“‘ew’s”c“”’) - 1) =0

Tos hae”—87G@.p)

(6.16)
V(loghy + 47 R(z, I))LT:]) =0

Since this is a decoupled system, the topological degree is given by the product of the degree of first

equation and the degree contributed by the second equation. By the Poincare-Hopf Theorem, the degree

of the second equation is simply x(M), i.e. the Euler characteristic of M. On the other hand, using

Theorem A with S| =1 and o, = 2 (see also Remark 1), the topological degree for the first equation is

b + bg—1 + br—2, where by is given (1.6). Therefore,

dsy = X(M) (by, + bp—1 + bg—2). (6.17)

This concludes the proof of Theorem 1.6.
O

Finally, we are now in position to prove the main Theorem 1.7.
Proof of Theorem 1.7. Theorem 1.7 is a consequence of Theorems 1.5, 1.6, 4.3 and Theorem A.

First of all, because the topological degree is independent of h; and hs, by Remark 2 we can always
choose h; and hg such that both the solutions to the shadow system (1.10) are non-degenerate and
I(p) # 0, where l(p) is given in (1.11).

Using the notation introduced in (1.7) we have to prove that
dsc(2) = by — x(M) (by + b1 + br—2).

As discussed in the Introduction, we know that
dsc(2) =dsa(1) + {degree of the blow up solutions for p; crosses 871'}.

Since the degree of the bounded solutions stays constant when p; crosses 8w, the degree jump is due to
the blow up solutions for p; = 87 in the following way:

dsc(1) — d_ = dsg(2) — dy, (6.18)

where d_,d, stands for the degree contributed by the bubbling solutions when p; — 87~ and p; —
87T respectively. By Theorem 4.3 we know that all the blow up solutions are contained in the set
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Sy (p,w) x S, (p, w) for some solution (p,w) of (1.10) such that I(p) # 0. Moreover, the degree of each
of these blow up solutions is given by Theorem 1.5. On the other hand, from the Remark 4 we know that
sgn(p1 — 8m) = sgu(l(p)).

Therefore, from (6.18) we deduce
dsa(1) = Y ds(p,w) =dsa(2)+ > ds(p,w
1(p)<0 1(p)>0
hence the jump is given by
dsa(2) —dsa(1) = — > ds(p,w) = —ds,
U(p)#0
where dg is the total degree of the shadow system (1.10). By Theorem 1.6 we get
dsa(2) — dsa(1) = =x(M) (bg + br—1 + bi—2),
where by, is defined in (1.6). Together with the fact that dgg (1) = b, we finish the proof of Theorem 1.7.
O

7. APPENDIX: PROOF OF PROPOSITION 5.2

In this section we will give the proof of Proposition 5.2 which is based on the decomposition of
A(v1 4 T1(v1,v2)) in (5.12)-(5.14). We follow here [15, 38]. Let

e)\
_ fBrO (0) W’U(y) dy 1 A
N T r v(y) dy.
o (

fR2 Wdy 1+€)\|y|2)2
We start by pointing out the following Poincare-type inequality:

€>\ 9
/B ©) aropme? @< cllinm, o + ). (7.1)
o

for some constant ¢ = ¢(rg) independent of .

Concerning the part which contains F, see (5.10) we let 2 > 0 be small, which will be chosen later.
Write
E=FE*4+E-,
with

E if |p] > ey _ 0 if o > e
+ ’ _ )
ET = { 0 if || <ea, and BT = E if || < ea.

As A — oo, we have
Bt — O(elsal—&-k)
and

E~ = p1h(q) " (O(¢%) + O(8%)).

Recall now v1 € S, (p,w) (see (4.15)) is in the form vy = vgra + ¢, ¢ € O((Ilg\ (see (4.10)). We have
the following result.

Lemma 7.1. ([15, Lemma 6.4],[17, Lemma A]) Let U(z) and o be defined as in (4.3) and (4.7), respec-
tively. Assume ¢ € Oé,ll)\. Then there is a constant ¢ and € > 0 such that for large X\ it holds

/ Ugdy = O(N2e |l a), (72)
BTO(Q)

and

[ (1V6r = ity Vo)) = ¢ [ vop. (7.3
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Proof of Proposition 5.2. The proof is based on the proof of [15, Lemma 4.2] and [38, Lemma 4.4] and we
shall sketch the process here. We start with part (1). Let ¢ € O((Ll))\ and ¢ € 01(172;. Recall v1 = vg 5,0 + ¢,

RS Oé’lg\ and vo = w4+ Y, Y € Og?;\. In order to get the estimates we consider
(V(v1 4+ T1(v1,v2)), Vo) = —(A(vy + Ty (v1,v2)), d1).
Recall the decomposition of A(vy + T1(v1,v2)) in (5.12)-(5.14). We write
\Y% (vl + Ty (v, UQ)),V¢1> = / Vo -V — / p1h(p) eV ¢ ¢1 + remainder terms
By (q)
:=B(¢, 1) + remainder terms. (7.4)

Clearly, B is a symmetric bilinear form in O((;/)\ and by the second part of the Lemma 7.1, B(¢, ¢) >
Co||¢||§{1(M) for some ¢o > 0. For the remainder terms, recalling that [, ¢ = 0 and by the first part of
the Lemma 7.1 we deduce

/ (87r(a71)+(87r7p1))¢1 :0,
M

[ )] = 002N el (75)
By (q)
Still by using Lemma 7.1 and by (5.7) we conclude that the term concerned with m 1 is small.
Using [VH(q)| < CAe™? for v; € S,, (p,w) we obtain
/ o TH = pahla) 61 = 006 s (7.6)
ro (4

By Lemma 7.1, we have
/ ( )plh(Q) eV(a—1)(U +s—1)¢1 = O(la = 1)1l ary = O e Moallarany. (7.7
By (g

For ET and E~ we obtain

/ |E+¢1|<</ |E+|2>
By, (9) By (p)

/ B¢ < / prh(g) ¥ (O(¢2) + O(62)é
By (q) By (q)

W=
[

(/ ¢%> = O\ e M ullm(ar), (7.8)
By (q)

and

)\3
= O(e2) ([0l (ay + X e~ NIl a2 ar) + O < > 11l m (s (7.9)

provided 5 is small.
For the term which involves 1, we have

’/B <q>p1 wa‘_’/g <q>p1 @ 410~ vla +’/m(zz)’g1 q) e’ 19(q)
=0(\e” )H¢1HH1(M)- (7.10)

We consider now the terms in M \ B;,,(q). By [15, Lemma 2.2] we get
A
/ A(’Uq - 87TG(£L’,(]))¢1 =0 (A) ||¢)1||H1(M) (711)
B2r0( )\Bm(q) €

For the nonlinear term in AT (vy,v2) on M \ By, (q) we have

/ | = O (/ e*61| +/ |e82¢1> — 0|1l .
M\ By, (q) |o|>e2 lp|<e2
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Because [, hie”' ™" ~ e*, we deduce
prhie?r =2 B B
/ T e 91 = 0 A>/ e?lin] = O(eonlarr(an)- (7.12)
M\ B (q) fM 1€ M\ By (q)

It is easy to see that the remaining parts in M \ B, (q) are small.
Combining (7.4)-(7.12), we get

(V(v1 +T1(v1,v2)), V1) = (Vo, V1) — / p1h(q)e” ppr + O(Xe™ )bl (any-

By (q)

We prove now part (3). First, we note that by the definition of v, see (4.9), and by Lemma 4.1:

p1h(a) A 2
_ _ 1€ lz—dq| 2AH(q) (o _» _ 2 -\
vy = (2 o e . + O |:’I7+ (e Ne o=0+0\U)c+0Ne"). (7.13)

21 oAy — g
Since ¢ € O;R, we have fM V¢ - VO vy = 0. It is not difficult to get

/ vy = / (1+0\U) +0(N2e ) = O(N\2e™?). (7.14)
By, (q) By, (9)
Then
(87(a—1) + 87 — p1) / g = O(N3e V). (7.15)
By (q)

Again by (7.13), we have
/ p1h(q) e¥ v, = 81+ O(N\%e™?) (7.16)
By (q)
and
2
/ prh(q) e¥ {—210g (1 + Meﬂx - q|2)] O\vg =81+ 0O (A)\) . (7.17)
By (q) 8 €
Combining (7.16) and (7.17) we deduce
/ p1h(q) eV (U + s — 1)0\v, = 167\ — 167 + 167 log %(Q) + 6472 R(q,q) + O(Ne ™). (7.18)
Br, (9)

Using a scaling argument it is possible to show that

/ la = 1lp1h(g) Y O(lz — q))drvy = O(e™2)|a = 1] = O(Ae™#%). (7.19)
Brq(9)
and
1% A? U 2 -3\
p1h(q) e” VH(q) - (x — q)Oxvg = O | —; e’ |z —q| = O(\e™27), (7.20)
Bro(q) € Br,(q
where we have used that VH(q) - (x — ¢) is an odd function.
Next, we estimate the term ¢J\v, and ¥0dxve. By notice that
0= / Vo - Voyu, = — / PA(Orv,) = plh(q)/ V@ \U + O(Ne ]l an)- (7.21)
M M Bry(q)
Hence, by Lemma 7.1 and (7.21), we have
/B ( )plh(q)eU¢ OMvg = ON2e™ M@l i (ary = O(NPe™), (7.22)
roq

and

/ w p1h(q) eV pozv, = 8m(q) + O(xe™3%). (7.23)
By (g
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By (7.13), Lemma 7.1 and the Moser-Trudinger inequality,

/ B+ 0y0,| < O(e=?) and / B~ 0yu,| = O(N%e 2, (7.24)
BT‘[)(q) B"O(q)

Consider now M \ B, (q) and observe that by definition dyv, = 0 on M \ Ba,,(¢q). On the other hand
in By, (q) \ Br,(q) we have the following estimates:

V11— 2
v1—v2 __ 13 plhle T _ -\ ¢ _ L
ez = O(e?), 7},}\/{ T O(e™)e?, Oy =0 o)
By the Moser-Trudinger inequality,
h V1 — U2
/ PIE  giv, = O(NPe™2). (7.25)
M\ By (q) Jag haerr=v2
By [15, Lemma 2.2] and d\v, = O(A%e™*), we have
/ Aoy — By — 87G(2,)) - vy = O(N3e 2, (7.26)
Barg (Q)\BTO (9)
It is easy to see that the remaining parts in M \ B, (q) are small.
Combining (7.13) to (7.26), we obtain
h
(V(v1 +T1(v1,v2)), Vorvy) = — (a — 1) (167r)\ — 167 + 167 log P1 4(q) + 647? R(q, q))

t

e s
N 8W<W - 1) +8m1)(q) + O(Ae™2%). (7.27)

This proves part (3).

We consider now part (4). We start by observing that
(V(v1 + Ti(v1,02)), Vug) = (V(v1 + T1(v1,02)), V(vg = 7g)) = —(A(v1 + Ti(v1,v2)), (vg — Vg))-
Note that

[87(a—1) + 87 — 2p1](vg —Ty) =0 and / V¢ -V(vg—74) =0.
M M

On B;,(p) we have

h h /\2
vy — Ty = 2X — 2log(1 + /MT(Q) Mz — q|*) + 87 R(q,q) + O(|y|) + 2log A S(Q) +0 <6)\) . (7.28)

We use (7.28) to compute [,, prhe (U + s — 1)(vg — Ty). After a scaling argument one can show that

h A
/ p1h(q) eV log <1 + L@)e’\bc - q|2> =81+0 ()\) , (7.29)

Bry (@) 8 ¢

h 2 A2

/ p1h(q)e? [log(l + mT@eMx - q|2)} =16r+ O (A> , (7.30)

By (q) €

and
U p1h(a) » 2 -
o )plhe log 1+T6 |z — q| O(Jx —q|) = O(e™27). (7.31)
ro (@

Therefore, by (7.29)-(7.31),

h
/ prhe’ (U + s — 1)(vg — T,) = [2567r23(q, q) + 647 log 22 8(‘1) - 167r] A+ 32702 — 647X + O(1).
B, (Q)
’ (7.32)

Similarly, we have

h ,
/ prh(q) ¥ (vg — Ty) = 16\ — 167 + 6472 R(q, q) + 167 log 22 4(q) L O(e ), (7.33)
By (q)
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and
/ pih(g) e’ O(lx — q) (v, = Ty) = O(he™2%). (7.34)
B, (9)
We have VH(q) = O(Ae ). By (7.28) and by the fact that VH(q) - (x —q) is an odd function, we deduce
/ p1h(q) UV H(q) - (z — ) (v, — By) = O(A2e~ 2, (7.35)
B, (9)
By Lemma 7.1 we get

h
/ (0 oty ) = / (@) e s = 2t0g (14 2400 - ) 4 O - a)
o (4 ro (@

— / p1h(q) eV {)\ +s—2log (1 + Me’\m — q|2> + O(|x — Q)]
By (q) 8

= Ol ary + o()[[¥ ]|« = 167 A (q)- (7.36)
Similarly as in the proof of part (3), we have [, @ E(vy, —vy) = O(Xe™?*). Since v, = O(1) on
0
M\ B,,(q), by [15, Lemma 2.2],

/ Ao, — 87G(2,9))(0g — Tg) = O(Ae ™). (7.37)
Bary (9)\Bry (9)

We focus now on the integral outside By, (q). We have ([,, hie"*7¥2)~! = O(e™*) and
h
/ ey, — ) = / O(e™) e~ = 0(e™). (7.38)
Barg (a)\Bro () Jas 11 €77 Bz (0)\Bro ()

Similarly we can prove

plhl V1 —U2 a7 —A
————e (vg —Ty) = O0(e™7). (7.39)
/M\327-0(q) fM h16v17v2 q q

It is easy to see that the remaining parts in M \ B,,(¢) are small.
By (7.32)-(7.39), we have
(V{1 + Ti(v1,02), V(vg = 7))

= (2\ — 2+ 87R(q, q) + 2log ”1’;(‘” WV (v1 + T1(v1,v02)), VOrvg)
+167(a — DA+ 0|l ar) + o[ ]« + O e™). (7.40)

We conclude now with the proof of part (2). We observe that
(V(v1 + T1(v1,v2)), VOqvg) = (VOq(v1 + T1(v1,v2)), V(vg — Vg)).
Since ¢ € O((;/)\ we get (Vo, VO, (vg — Ty)) = 0. Moreover, using [, ,(vy — U4) = 0 we obtain
/M(87r(a — 1) + 81 —2p1)0y(vg — Ty) = 0.

For x € B,,(q), by [15, Lemma 2.1] one has

9qh(q) ( 2AH(q) AZ)
00y = — VU + -2 U + 09, | 2logh(q) + —
i ng NPT
+ 870,R(2.q) o=y +O(|z — gl) + O(A2e ™). (7.41)
Since V, U is symmetric with respect to ¢ in B, (gq),
/ p1h(q) eV (U + 5 —1)V,U = / p1h(q) eV O(|z — q| + N\2e™)V,U = O(1). (7.42)
By (q) Bry(q)

Hence, noting the fact that 9 U is bounded, we deduce

[ @@ s =10, ~ ) = OW) (7.43)
Brq(q)
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For the other terms in (5.12), it is possible to get the following estimates:

[ @ o, -5, = 0, (7.44)
By (q)
[ i) OG- doy(w, - 5,) =01, (7.45)
By (9)
/| P U TH() - (2= VU = (87 OO VH(G), (7.46)
and, using VH(q) = O(\e™?),
/B ( )plh(q) U VH(q) - (z — q)94(vy —Ty) = 8TVH(q) + O(\e™2%). (7.47)

For the term which involves ¢, we have

2
[ u-n= [ pn@eoors [ pn@es(0(5) 00 -a).
ro (@ ro\d

Brq ()
(7.48)
Using (V¢, VI, (v, — T4)) = 0 one gets
0 :/ V¢Vozug = —/ DA (Dqvq)
M M
[ oihla) U a,U6 -+ 0,10ghe) [ piha) o+ OO [0l s an
By (q) By (q)
By (7.2) and the above equality, we have
[ 2mhta)Pa,06 = 00N 6l o
By (9)
On the other hand, for the terms concerning [#f”wz — 1 and 9, we obtain
JM
U el el
hg)e” | —————1—19 | 04(vy —Ty) = —87V +O(—1— >,
[P0 (g~ 1) e =) = —859000) + 0 (1o — 1000

where we used

[, @ T~ )VU = (874 0l Tulo)
roq
and (7.44). We can see that 9,(v, — 7,) = O(e2*). Hence, as in the proof of part (3) we have
/ Ed, (vg —Ty) = O(\2e3),
Br, (a)
We consider now M \ B,,(¢). In this case ,(vq —T4) = O(1). Hence by [15, Lemma 2.2] we get
/ Avg = 87G(2, q)) - Oq(vg — Vq) = O(A e_’\).
Barg (@)\Brq (q)

Since [,, h1e”*7"> = O(e™*), it is not difficult to see that the integral of the products of d,v, and the
nonlinear terms in (5.13) and (5.14) are of order O(e™*).

The estimates above imply
(V(v1 + Ti(v1,v2)), VOq(vg — Ug))

t

fM hlevl—vg

This concludes the proof of part (2) and of the proposition.

=—81VH(q)+ 81Vi(q) + O ()\|a -1+
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