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A MEAN FIELD EQUATION INVOLVING POSITIVELY
SUPPORTED PROBABILITY MEASURES: BLOW-UP
PHENOMENA AND VARIATIONAL ASPECTS

ALEKS JEVNIKAR, WEN YANG

ABSTRACT. We are concerned with an elliptic problem which describes a mean
field equation of the equilibrium turbulence of vortices with variable intensities.

In the first part of the paper we describe the blow-up picture and high-
light the differences from the standard mean field equation as we observe non-
quantization phenomenon.

In the second part we discuss the Moser-Trudinger inequality in terms of
the blow-up masses and get the existence of solutions in a non-coercive regime
by means of a variational argument, which is based on some improved Moser-
Trudinger inequalities.

1. INTRODUCTION

We are concerned with the following equation:

hle“ 1 hge““ 1
W —aen (g ) o (e ~ )
where hi,hs are smooth positive functions, p;,pe are two positive parameters,
a € (0,1) and M is a compact orientable surface with Riemannian metric g. For
simplicity we always assume the total volume of M is |[M]| = 1.

Equation (1) is motivated by turbulence flows and it was first proposed by On-
sager [29]. More precisely, in case the circulation number density is ruled to a
probability measure, under a deterministic assumption on the point vortex inten-
sities, see for example [34], the model is the following:

e 1
®) ~Au=p / o ( - ) P(da),
[-1,1] fM ecu dVg ‘Ml

where u corresponds to the stream function of a turbulent flow, P is a Borel prob-
ability measure defined on the interval [—1, 1] describing the point vortex intensity
distribution and p > 0 is a constant related to the inverse temperature. We restrict
our discussion to the choice P(da) = 701(da) + (1 — 7)da(dex), where a € (0,1)
and 71 € [0,1]. Moreover, we will see it differs from the different-sign case (i.e.
a < 0) not only on the study of the blow-up local masses but also on the associated
Moser-Trudinger inequality.

2000 Mathematics Subject Classification. 35J61, 35J20, 35R01, 35B44.
Key words and phrases. Geometric PDEs, Mean field equation, Blow-up analysis, Variational
methods.
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When P(da) = 1, equation (2) turns to be the standard mean field equation

he" 1

® o= (esay, ).
The latter equation is motivated both in geometry and mathematical physics as it is
related to the prescribed Gaussian curvature problem and the mean field equation
of Euler flows. The equation (3) has attracted a lot of attentions in the past decades
and we refer the readers to [2, 6, 7, 5, 17, 18, 24, 35, 37].

The study of (3) is well-understood now. For our purpose we shall state the
result on the quantization obtained in [4, 19, 20]. For a sequence of solutions {uy}
to (3) which blows-up at Z, we have the local blow-up mass

_ hevr
(4) lim lim p Jo,0

e = 8.
50 k— oo fM hews dVy,

A direct consequence of the above quantization result is the blow-up phenomenon
can occur only for p € 87N.

Recently, the latter result was extended to the symmetric case in [14], where
P(da) = 701 (de) + (1 — 7)d_1(d—1). It is known as the sinh-Gordon equation (see
[13] for an analogous problem):

5 Au — hie* 1 hoe ™ 1

) em (thleudVg |M|> P <th2€_udVg |]\4>7

In the asymmetric case of (1) there are by now just partial results, see for example
[26, 27, 28, 31, 33].

We treat the problem (1) by following the ideas in [14] which is concerned for
the equation (5) (this idea was first introduced in [21] for the SU(3) Toda system).
However, the situation is quite different for the same-sign case, where we may meet
a new blow-up situation which yields non-quantization phenomenon as highlighted
in Theorem 1.1 and in Remark 1.1. Before we state the results, let us first fix some
notation for later use. Since the problem (1) is invariant by translation we will
often work in the following space:

HY (M) = {u e HY(M) : /MudVg = 0}.

For a sequence of solutions uy to (1) as p; x — pi, @ = 1,2, we consider the normal-
ized functions

(6) Uk = Uk — log/ hl e'r d‘/g, U = AU — log/ hg Uk dVg,
M M
which satisfy

—Auy e = pri (hie"" = 1) + apap (hae*>* — 1),
and we define the blow-up set S = S; U S, where

(7) S; :{p eM : Hxp} C M, xp — p, uik(z) — —&—oo}7 1=1,2.

The first result is the following

Theorem 1.1. Let u, € HY(M) be a sequence of solutions to (1) with a € (0,1)
and let u; i, S be defined as above. Then, by passing to a subsequence if necessary,
the following alternatives hold true:
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(1) (compactness) S =0 and uy is uniformly bounded in L°°(M).
(2) (blow-up) S # 0 and it is finite. It holds

(8)  prrhiet —=r 4+ Z m1(p)dp, p2,khoe"?* — o + Z ma(p)dy,
pES1L pES?

in the sense of measures, where r; € LY(M) N LS (M \ S;), i =1,2 and

m;(p) = lim lim pi,k/B ( )h,-e“““ dVy.
(P

r—0 k—+oo
Moreover, we have:
(a) Ifa e [%, 1), then (mq(p), ma(p)) is one of the following types:

) sro. (0.55). (mima),

8
where my € (0,87), ma € (0, 7;) In addition (m1, m2) satisfies
a

mi +amso > 81 and (mq + amsy)? = 8w(my + my).

(b) Ifa € (0,3), then (m1(p),ma(p)) is one of the following types:

8w 8t 167
(10)  (87,0), (0a2> (87r,a2—), (m1,me),  (8mm, mm),

a
1
where my € (0,87), ma € (87; - —GW, 87;) and (mq,ms) satisfies
a a ' a

8
my + amo > o 8r and (mq+ am2)2 = 8n(my + ma),
a
while m € N, m > 1 and n,, satisfies (8mm + anm,)? = 87 (87m + ).

We list here some remarks concerning the latter result.

Remark 1.1. Theorem 1.1 exhibits drastic differences from the standard mean
field equation (3) and the opposite-sign case, see for example (5). Indeed, the local
blow-up masses are not quantized any more as we have the type (mi,ma) in (9),
(10) for equation (1). This phenomenon is due to the same-sign structure: the
reason s that in the opposite-sign case the local blow-up mass is given by a globally
defined solution of —Av = e® (or —Av = a?e~), while our problem could exhibit
a fully blow-up phenomenon which may lead us to consider an equation of the form
—Av = €¥ + ae™: the latter equation was recently considered in [38] and gives rise
to the type (m1,m2) in (9), (10).

Remark 1.2. Results in the spirit of Theorem 1.1 were observed also in [9, 22] for
what concerns Liouville-type systems which are a generalization of (3), i.e.

A XN: ( hje“j 1 )
“Dui=) i | 7o o )
j=1 ! fM hjeuj d‘/g |M|
where A = (a;;) is a N x N matriz. Observe that equation (1) can be considered
as a Lioville system with
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The authors in [9, 22] show that the blow-up limits, see (4), form a hypersurface
provided that A is irreducible, invertible and A~ is nonnegative. However, it is
known that the matriz associated to the mean field equation we are interested in
is degenerate and hence mon invertible and the strategy introduced for Liouville
systems can not be carried out in our setting.

Remark 1.3. From the description in (10) if a € (0, 3) and ma(p) # 0 we could
get a minimum mass. This in turn gives us some partial information about the
boundedness of the solutions to (1), see Theorem 1.2 (see also the existence result of
Theorem 1.3). On the other hand, for a € [%, 1) a manimum mass is not guaranteed
and we can not derive either boundedness properties or the existence of solutions to
(1).

Remark 1.4. Different from the opposite-sign case, we will show in Theorem 1.2
that if S1 # 0 the residual r1 of the first component uy i, in (8) vanishes, i.e. r1 = 0.
We have been informed that this fact was already known by Prof. T. Ricciardi and
Prof. T. Suzuki. This crucial property will be used in the proof of the compactness
result of the Theorem 1.2.

Remark 1.5. By means of the local blow-up mass (9), (10) in Theorem 1.1 we can
interpret the sharp Moser-Trudinger inequality associated to (1) obtained in [26],
see the discussion in Section 3.

The strategy of the proof for Theorem 1.1 is the following: the main point is to
determine the local masses in (9), (10). To this end we shall restrict our attention
to a blow-up sequence of solutions to (1). Then it is standard to get the desired
conclusion, see for example Section 5 in [23]. On the other hand, the convergence in
(8) is by now well-known and is obtained by similar arguments as in [33]. By means
of a selection process we can find a finite number of disks where, after scaling, the
blowing-up sequence of solutions to (1) tends to some globally defined Liouville-
type equations, see Remark 1.1. In each disk the local mass is then given by the
classification results on the local blow-up limits of the globally defined Liouville
equations and the Pohozaev identity. Finally, we study the combination of the
bubbling disks and get the desired result.

Remark 1.6. In a forthcoming paper, we shall consider the existence of blowing-up
solutions to (1) with (mq, ma) type local mass, see (9), (10). On the other hand,
we believe the last possibility in (10) could be ruled out.

By exploiting the above result we will derive the following compactness property,
which will be used later on.

Theorem 1.2. Let u € H'(M) be a solution to (1). Suppose that a € (0,%) and

8 16
that p1 ¢ 87N, pay < —721- -2 Then, there exists a fixed constant C > 0 such that
a a

lu(z)| < C, Vo e M.

Notice that the assumption on ps is related to the minimum local blow-up mass
of (my,mg) in (10).

In the second part of the paper we will introduce a variational argument to get the
existence result in a non-coercive regime, see Theorem 1.3. The argument will rely
on the analysis developed for the mean field equation (3): a similar approach was
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used in [25, 39] in treating the SU(3) Toda system and the sinh-Gordon equation
(5), respectively. The Euler-Lagrange functional of (3) is given by I,, : H'(M) — R,

1
(11) L(u) = 7/ Vul? dV, —p<1og/ hev v, —/ udVg).
2 M M M

By the standard Moser-Trudinger inequality

- 1
(12) 87r10g/ e dv, < 5/ |Vul? dV, + Chrg, ﬂ:][ udVy,
M M M

we have I, is bounded from below and coercive if p < 87. Then we can apply
the direct minimization methods. For larger values of the parameter the problem
becomes subtler and one needs the improved version of the Moser-Trudinger in-
equality obtained in [8] which are based on some macroscopic division of e* over
the surface. It is a key point to show that if p < 8(k + 1)m, k € N and I,(u) is
sufficiently negative, then e* can not be spreading around and as a result it starts
to accumulate around at most k points. Such configuration resembles the space of
the k-th formal barycenters of M

k k
i=1 i=1
It is then possible to construct suitable min-max scheme based on the latter set,
exploiting the crucial fact that it has non-trivial topology, and finally we can get
existence of solutions to (3).
For the general equation (1) there is an analogous associated functional J, :
H' (M) =R, p=(p1,p2)

1
To(w) = 3 /M |Vaul?dVy, — py <log /M hie" dV, — /MudVg>

— p2 <log hoe®™ dV, —/ au dVg> .
M M

In this framework a sharp Moser-Trudinger inequality was obtained in [26] (actually,
in a much more general setting). We point out that the case supp P C [0, 1] presents
striking differences from the opposite-sign case, see for example equation (5). We
postpone this discussion to Section 3: we suspect that the difference is due to the
third possibility of the local blow-up mass (9), (10) in Theorem 1.1.

The literature on the existence issue is limited in this framework: it turns out
that the sinh-Gordon case is more treatable and one can get both existence and
the multiplicity results, see [1, 3, 10, 11, 12, 16] (see also [15] for what concerns an
asymmetric sinh-Gordon equation). In the asymmetric case of (1) there are very few
results: in the recent paper [32] the authors provide existence results to (1) under
the assumption that p; are not too large and the parameter a is sufficiently small.
This work is actually motivated by the latter paper and our aim is to give both a
possible sharper condition on a as well as some interpretation for the condition on a
based on the local blow-up mass obtained from Theorem 1.1, see also Remark 1.7.

Exploiting the above argument for the mean field equation (3) and the compact-
ness property in Theorem 1.2, we can get the following existence result.

8 16
Theorem 1.3. Suppose that a € (O7 %) and that p; ¢ 87N, py < a—g — Tﬂ-. Then,

equation (1) is solvable.

(14)
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The assumptions in the latter result are somehow sharp in the sense that they are
related to the minimum local blow-up mass of (m1, ms) given in (10) of Theorem 1.1.

Remark 1.7. As mentioned before, this paper is motivated by [32] where (1) is
studied on a bounded domain Q C R? with Dirichlet boundary conditions. We point
out that in the latter work the authors exclude boundary blow-up: since our blow-up
analysis is purely local the same conclusions of Theorems 1.1, 1.2 hold true in this
setting. Moreover, by assuming 2 has non trivial homology it is possible to run the
variational method to deduce Theorem 1.3 in bounded domains.

We organize the paper in the following way: in Section 2 we study the blow-up
phenomenon related to equation (1) in bounded domains, we obtain the possible
values of the local blow-up masses and then give the proof of the Theorem 1.1
and Theorem 1.2, in Section 3 we introduce the min-max scheme and obtain the
existence result of Theorem 1.3.

Notation

The average of u is denoted by @ = f,, udV;. The sublevels of the functional .J,
will be denoted by

(15) Jy ={ue H' (M) : J,(u) < L}.
Letting M (M) be the set of all Radon measures on M, the Kantorovich-Rubinstein

distance is defined as
[ rdw= [ sdus
M M

The symbol B,.(p) stands for the open metric ball of radius r and center at p. When
there is no ambiguity we will write B, C R? for balls which are centered at 0.

Throughout the paper the letter C' will stand for positive constants which are
allowed to vary among different formulas and even within the same lines. To stress
the dependence of the constants on some parameter we add subscripts to C, for
example Cs. We will write 0,(1) to denote quantities that tend to 0 as & — 0 or
o — +o00; the symbol O, (1) will be used for bounded quantities.

(16) d(p1,p2) = sup
Ifllzip<1

s K1, f2 EM(M)

2. BLOW-UP ANALYSIS

In this section we are going to perform the blow-up analysis and prove Theo-
rems 1.1, 1.2, see the discussion after Theorem 1.1.
Let uy, be a sequence of blow-up solutions to the following equation with (p1 &, p2.x) —

(Pl;PQ):
(17) —Auk. = kahleul’k + aplkhge““ in Bl,

where uy i, ug i, are defined in (6), such that fM uy, dVy = 0 and 0 is the only blow-up
point in By, more precisely:

18 in < C(K), ; — 00.
(18) chlgf(\{o}u’k_ (") zeg’?,ai)il,z{u7k($)} >
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Furthermore, we suppose that
(19)

hl(O) = hQ(O) =1, < hz(.ﬁ) <, ||hz($)||C3(B1) <C, Vere By, i=1,2,

Ql=

for some constant C > 0. We can assume
(00 fualo) wrl) <€ VayeoB [ gt <
B,

where C' is independent of k. Indeed, the assumption on the bounded oscillation
can be obtained through the Green’s representation. To simplify the notation, the
local masses are usually defined as

1
(21) 0; = lim lim —/ pi khie"".
Bs

60 k—oo 27

Remark 2.1. To fiz the notation and to make clear the blow-up analysis we remark
the following: since we are working over a compact surface, all the arguments are
intended in local charts around the blow-up points. More precisely, let ¥ be a local
chart centered around a blow-up point p. Then, g = e¥ (dx% + dz%), where

¥(0) =0, A = —2KeY

and K is the Gaussian curvature. Clearly, the coefficient functions hy,hs in (1)
in this local chart are scaled accordingly, see for example [19] or Section 5 in [23]
for full details. For simplicity and with a little abuse of notation we will neglect the
latter scaling.

The result concerning the local masses in Theorem 1.1 can be rephrased as
follows:

Theorem 2.1. Let o; be defined as in (21). Suppose uy, satisfies (17), (18), (20),
with a € (0,1) and h; satisfy (19). Then, it holds:

(a) Ifa e [%, 1), then (o1,09) is one of the following types:
4
(470)7 (O>a2> ) (O[7ﬁ),
. 4
with o € (0,4), B € (0, 2) such that
a

a+af >4 and (a+apf)? =4(a+p).

(b) Ifa € (0,3), then (o1,02) is one of the following types:

wo, (0.). (15-3). @8 @mow).

a? a

4 8 4
with a € (0,4), 8 € (2 - -, 2) such that
a a’a

a+aﬁ>§—4 and (a+a5)2:4(a+5)

and with m € N, m > 1, v, such that (4m + aym)? = 4(4m + v).
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In order to prove the Theorem 2.1, we introduce a suitable selection process for
the equation (17).

Proposition 2.2. Let uy, be a sequence of blow-up solutions to (17) with ui k, us k
defined in (6). Suppose u;y satisfies (18) and (20) with a € (0,1) and h; satisfies
(19), i = 1,2. Set My(z) = max;=12{w;kx(x)}. Then, there exist finite sequences

of points ¥y, = {z¥,--- 2k} (all x? — 0, j =1,---,m) and positive numbers
%, 1% — 0 such that,
(1) My, = maxi—i o{u; k(2§)} = maxp () oy o{uin} forj =1, m.
J

(2) eXP(%AMk,j)l;€ — o0 forj=1,---,m.
(3) Let ep; = e 2Mri. In each By (x%) we define the dilated function
J

(22) Uik = Ui k(€k ;Y + w?) + 2logeyg,j, 1=1,2.

Then we have the following possibilities:

(a) v1,, converges to a solution of Av + pre’ = 0 and vo — —00 over
compact subsets of R%, where p1=limg_ o0 p1,k OT

(b) va converges to a solution of Av + ange” =0 and v1  — —o0 over
compact subsets of R2, where p2 =limg_ 4o p2i O7

(c) vik,vak converges to vi and ve Tespectively, where vi,vy satisfies
Avy + p1e”* + ap2e¥? = 0 and vo = avy + ¢ with some constant c.

(4) There exits a constant Cy > 0 independent of k such that

My (z) + 2log dist(x, Xy) < Cq, Vx € By.

Proof. The proof is in the same spirit of the one used in [21, Proposition 2.1] and
[14, Proposition 2.1]. However, compared with the sinh-Gordon case, it is more
complicate for the same sign case. Therefore, we would like to give a sketch of the
proof and point out the differences.

Let My(2¥) = max,ep, My(z). By assumption we clearly have ¥ — 0. Let
1k, U2,k be defined in (22) with «¥, My, ; replaced by z}, My (z}) respectively. By
the definition of €41 and (22), we have v; ;, < 0,7 = 1,2. We note that v, j, satisfies,
(23)

Avy g + p1ihie’™ + apg phae’* =0,  Avay + apy phie’* + a’pa phoe’* = 0.
Therefore, we can deduce that |Av; | is bounded. By standard elliptic estimate,

|vi k(2) — i ,(0)] is uniformly bounded in any compact subset of R?. Since u; ; and
ug 1, has the following relation

auy = Uk + log/ hoe®* — alog/ hie®*,
M M

U1 g, gk reaches their maximal value at the same point. If ugx(2F) < My (z}).
Then uy ;(z}) = Mg(2%), v1,(0) = 0 and vy, converges in C? (R?) to a func-
tion vy, while the other component vg ; — —oco over compact subsets of R?. As a

consequence, we have the limit of vy j satisfies the following equation:
(24) Avy +p1e’ =0  in R%

This is one of the alternatives listed in the third conclusion and we can follow the
arguments in [14, Proposition 2.1] to find I§¥ such that

(25)  My(z)+2logle —a¥| < C, lx—ab| <1F,  e3mrGDF 5 oo,
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The case uy i (z¥) < My(2¥) can be treated similarly and we can also find I¥
such that similar estimates as in (25) hold. The left possibility is the situation
when uj 1 (2¥) and ug (2¥) are comparable. Without loss of generality, suppose
cx = ugk(xF) — up k(2F). According to our assumption, ¢y is uniformly bounded
and we assume ¢, — ¢g as k — 0o by passing to a subsequence if necessary. Then
the limit of the corresponding sequence vy j, v2, satisfy

(26) Avy + p1e® + poae’® =0, V9 = avi + ¢g.

We can rewrite the equation (26) as

(27) Avy + p1€ + paaie® =0, a; = ae®.

By [30, Theorem 1.1] we have equation (27) admits a solution if and only if
(28) = % - (p1e”* + p2aie®™) € (max {4, % — 4} , j) .
Furthermore, we have the following estimate on the asymptotic behavior on v;,
(29) lvy +nlog(lyl +1)| < C inR%,  |vy 4 anlog(ly| + 1)| < C in R?.
From (28) we can get an > 2. Then we can take Ry — oo such that

(30) vik(y) +2logly| <C, ly| < Ry, i=1,2.

In other words, we can find I¥ — 0 such that
My, (z) +2log |z — 2¥| < C, |x — 2| < 1¥,

and

e%M’“(m?)l’f — 00, as k — oo.
Then we consider the function My, ()42 log |z—2%|. If the function M}, (z)+2log |z —
2¥| is bounded in whole B, then the selection process is terminated. Otherwise,
we can use a similar argument in [14, Proposition 2.1] or [21, Proposition 2.1] to

find % and 1%, where
My, (z) +2log |z — x5 < C, |z — 25| <15 and 6%1‘/1’“(‘”’3’5)#2C — 0.

We can continue such process if the function My, (z) + 2log dist(x, {z%, #5}) is un-
bounded. Since each bubbling area contributes a positive mass, the process stops
after finite steps due to (20). Finally we get

Y = {a¥ a2k
and it holds
(31) My (z) + 2log dist(z, X) < C,
which concludes the proof. ([l

From the last conclusion of Proposition 2.2, we can get a control on the upper
bound of the behavior for the blow-up solutions outside the bubbling disks and the
following Harnack type inequality.

Proposition 2.3. For all x € By \ Xk, there exists a constant C independent of x
and k such that

(32) lwik(x1) — uik(x2)| < C, Va1,z0 € B(z,d(z,Xy)/2).

Proof. We can modify the arguments in [14, Lemma2.1] or [21, Lemma2.4] to get
Proposition 2.3. (]
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Let ), € Xy and 73, = 3d(xk, Sp \ {21 }), then for z,y € By, (z)) and |z — x| =
ly — x| we can get u; k(z) = u; x(y) + O(1), i = 1,2 from Proposition 2.3. Hence
Ui k() = Uy 5, (1) + O(1) where r = |z, — x| and

1
ﬂlgjk(’@:f/ Ui -
) Qﬂ- 8B7‘($k) )

We say u; i, has fast decay at € By if
(33) u; k(z) + 2logdist(z, Xg) < —Ny
holds for some Nj, — oo for i = 1,2. On the other hand, we say u; ; has slow decay
at x if
u; k() + 2log dist(x, Xg) > C,
for some C' > 0 independent of k. It is known from the following lemma that it is

possible to choose r such that both u;, ¢ = 1,2 have the fast decay property, see
[14, Lemma 3.1] and [21, Lemma 3.2].

Lemma 2.4. For all e, — 0 with X C B, /2(0), there exists I, — 0 such that
lp > 2¢e and

maX{aLk—(lk—),ﬂ,Q,k(lk)} + 2log I, — —o0,

where U; i (r) == 5 fBBT Wi k-

Furthermore, in each bubbling disk B« (x;‘) obtained in Proposition 2.2, we can
J

choose some suitable ball such that both u;,7 = 1,2 have the fast decay property
on the boundary of such ball: this fact plays an important role in getting the local
Pohozaev identity, which is an essential tool in determining the local mass, see
Remark 2.2.

By straightforward computations we have the following Pohozaev identity:

/ (x - Vhipy ge"t* + - Vhopa pe“>*) + / (2p1, kh1€“V* + 2pg phoet? k)
B,

B,
= / r <|81,u1,k
OB,

It is possible to choose suitable r = [, — 0 such that
1
2T Blk

(34)

1
2_ *|V’U,17k|2 +/ r (plvkhleul’k -+ p27kh2€u2’k) .
2 aB,

kahie’U«i,k =0; + 0(1),2 = 1,2

and both u; ; have fast decay property on 0By, , where o; are introduced in (21).
We point out that the fast decay property is important because it leads to the
second term on the right hand side of (34) is o(1). By (34) one can derive that

(35) 4(0’1 + 0'2) = (0’1 + CIO'Q)Z.

For the detailed proof of (35) we refer the readers to [14, Proposition 3.1]. In addi-
tion, we have the following remark which will be used frequently in the forthcoming
argument.

Remark 2.2. We have already observed that the fast decay property is crucial in
evaluating the Pohozaev identity (34). Moreover, let ) C ¥y and assume that

dist (X%, OB, (pr)) = o(1) dist(Zx \ Xy, dBi, (pr))-
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If both components u; i,i = 1,2 have the fast decay property on 0By, (py), namely
max{u; y(x)} < —2log|z — px| — Nk, = € IBy, (pr),

for some Ny — +oo. Then, we can evaluate a local Pohozaev identity as in (34)
and get

(G¥ () + ad5(10))” = 4 (55 () + 55 (11)) + (1),
where

1
&y (k) = */ pikhie" ", i=1,2.
2 By, (px) 7

We note that if By, (pr) NSk = 0 then 6¥(l) = o(1),i = 1,2 and the above formula
clearly holds.

To understand the local blow-up limit we have to study the contribution of the
local mass from each bubbling disk. Without loss of generality we may assume that
0 € Xy (after suitable translation if necessary). Let 7, = $dist(0, $ \ {0}). We set

1
of(r) = —/ pihiet* i =1,2,
2T B,.(0)

for 0 < r < 13 and T k(r) = ﬁ faB (0) Yik- By using equation (17) we get the
following key property:

d 1 ou 1 —of(r) — ack(r
oo gl [ e L[ g, oot ek)
2B, B,

" 21

dr v 27r r
(36) K 2 k
d _ ) 1 / Oug 1 / A —aoi(r) —a*o5(r)
—U r)—=—— = — U = .
dr 2" 217 Jop, Ov 2nr Jp. 2k r
Moreover, from the selection process we have
max{uy (), uz,k(x)} + 2log|z| < C, |z| < 7%.

We recall that if both components have fast decay property on 9B,.(0) for » € (0, 7%),
then of (r), ok (r) satisfy

(0% (r) + aok(r)” = 4 (o} (r) + o5 (1)) + o(1),

see Remark 2.2. Furthermore, we have the following result on the description of
the local blow-up mass contributed in By, (0).
Proposition 2.5. Suppose (17)-(20) hold for uy and h;. Then, we have:
(a) If a € [3,1), then (of(7k),05(mk)) is a small perturbation of one of the
following types:
4
(470)7 0,a7 ’ (Ogﬁ),

with o, B as in the point (a) of the Theorem 2.1 and both u; i, are fast decay
on 0B, .
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(b) Ifa€ (0,%), then (0§ (1), 05 (7)) is either a small perturbation of one of
the following types:

ao. (03). (1%-3). @,

with o, B as in the point (b) of the Theorem 2.1 and both u, i, are fast decay
on OB, , or of(ry) = 4+ o(1) and uy . is fast decay on OB, .

Remark 2.3. The latter result is different in nature from the sinh-Gordon (5)
and other opposite-sign cases where the fast decaying component is the one with the
bigger local mass. On the contrary, here we can assert both components have fast
decay if we exclude the o¥ (1) = 4 + o(1) case.

Proof of Proposition 2.5. The proof is mainly followed by the argument in [21,
Proposition 5.1] and [14, Proposition 4.1], with some modifications. We start by
sketching the idea of the strategy: first of all we distinguish the cases whether the
maximal values of u; j, are comparable or not. The first step is to consider a suitable
scaling around the maximum point to get a Liouville-type equation defined in R2.
By standard classification results we can then recover some information about the
local blow-up mass at this scale. The idea is then to understand how much mass
we get when enlarging the scale. To this end, we use (36) to deduce whether wu; j
have fast decay or not, see (33). As long as u;j have fast decay one can argue
as in [14, Lemma 4.1] to show the mass almost does not increase. On the other
hand, whenever one of u; ;. has fast decay and the other one has slow decay we can
apply [14, Lemma 4.2] to show that the mass indeed increase and the increment
is obtained by applying the Pohozaev identity, see Remark 2.2. The procedure is
then iterated for a finite number of times to get the desired properties.

The argument goes as follows: as explained in the proof of Proposition 2.2, both
components obtain its maximal at the same point, which is here by assumption
¥ = 0. Let

—2logéy, = max{ul)k(xlf),uzk(xlf)} = Ergax(o) max{uy (), uz k() }.
TEDry

We set
k Tk
v; (y) = ik (0ky) + 21og by, ly| < o
Suppose the maximal values of u, (z) are comparable: as in Proposition 2.2 it
holds that v} converges to v;, where v; verifies the following
(37) Avy + pre” +apze” =0, vg = avy + ¢,

for some constant c¢y. Then, from [38, Proposition 3.2] and [30, Theorem 3.1] we
have (37) admits a solution if and only if

1 4 4
= — (p1e® + apoe®?) € (max {4, - — 4} , ) .
21 Jgre a a

In addition, we have the following estimate on the asymptotic behavior on v;,

(38) n

(39)  |ur+nlog(lyl+ 1) <CinR?  |vy+anlog(ly|+1)| < C in R%.
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From (38) we have an > 2. As a consequence, we can choose R — oo (we assume
that Ry = o(1)7y/dx) such that
1 f.c

1 A
pikhi(Ory)e” = o— [ pie” +o(1).

4
( O) 2 R2

2 BRk

For » > Ry, we point out that

1
of(0kr) = . /Br piihi (Ory) e

Then we get 0% (6, Ri,) = 5= [z pi€”" + o(1). Now, we consider the behavior of the
solutions from Bs, g, to B,,. First we note that on 0Bs, g, by estimate of the local
energies in (38) and by (36) we get

%(ﬂi7k(r) +2logr) < 0.

The latter property together with (40) implies that both w; ;, are fast decay from
Bs,r, to B;,. Therefore, following a similar argument in [14, Lemma 4.1], we
conclude that the local blow-up mass of each component only changes by o(1) and
both components remains fast decay on 0B;, . This gives raise to the («, 8) type in
the points (a), (b).

If the maximal values of u;j are not comparable, then we have two cases:
w1 g (28) < ug p(a¥) or up k(2¥) > ug p(2¥). When the former case happens, we
shall get v; ;, = —oo uniformly in any compact subsets of R2, while Vg, converges
to a solution which satisfies
(41) Av + a?pye’ = 0.

Then by the quantization of the limit equation (41) we can choose Ry — oo such
that

1 1 4
(42) 7/ prh (§y)e’t @) = o(1), */ pa.kha(Ory)es @ = — +o(1).
™ BRk BRk- a

2

For » > Ry, we clearly have

. 1 ok (1
ok (6pr) = 2—/ pirhi(Ory)e’t @),
™ B,
4
Then we have 0¥ (5, Ry) = o(1) and ok (5, Ry,) = o + o(1). By using the equation
(36), we have

d
%(ﬂi,k(r) +2logr) <0,

as before, we could get both components are fast decay up to 0B;, and each com-
4

ponent only changes by o(1). Hence, we end up with the <0, 2) type in the points
a

(a), (b).
The left case is uy 5 > ug . Similarly, we could find Ry — oo such that
1 s 1 :
(43) o / prEh (Gry)et ™ = 44 0(1), = / pakha(Sky)et> ™ = o(1).
27T BRk 271— BRk

Then we have of (6, R) = 4+0(1) and % (6, Ry,) = o(1). If a > 1 then < (up (1) +
2logr) < 0 and as before each component only changes by o(1): we get the (4,0)
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type in the point (a). On the other hand, for a < % we can not determine the sign of
%(ﬁzvk(’/‘) +2logr). Then we get the following alternatives: for r > Ry either both
v; 1, have fast decay property up to 9B, (and we get (o7 (7x), 05 (%)) = (4,0)+0(1))

or there exists Ly € (Ry,7x/dk) such that vy j, has the slow decay
v5(y) = —2log Ly — C,  |y| = Ly,
for some C > 0, while
vi(y) < —2logly| = Nk, [Rel <yl < Ly,

for some Ny — +oo. If the latter happens and Ly = o(1)71/dk, we can repeat the
arguments in [14, Lemma 4.2] to find Ly, such that Ly /Ly — oo and Ly, = o(1)75 /0
and both components have fast decay:

vF(y) < —loglyl = N, |yl =L, i=1,2,
for some N, — oco. Moreover, by the Pohozaev identity, see Remark 2.2, o’f(ékik) =

_ ] _

4+ o(1) and 05 (0xLx) = — — —. Then as r grows from 6Ly to 7%, we have both
a a

U satisfy %(m,k(r) + 2logr) < 0. Hence, both components have fast decay up

to OB,, and the energies are o (05, L) + o(1), respectively. Hence, we end up with

4
the <4, ? —

8
> type in the point (b).
a

If instead L = O(1)1/dk, by Proposition 2.3 we directly conclude that the
first component has fast decay while the second one has slow decay. Moreover,
o¥(1x) = 4 + o(1), while 05(7;) can not be determined at this point. Thus, we

finish the proof. (|

After analyzing the behavior of the bubbling solution w;, j in each disk, we turn
to consider the combination of the bubbling disks in a group. The concept of group
for this kind of problems was first introduced in [21]. Roughly speaking, the groups
are made of points in Xj which are relatively close to each other but relatively far
away from the other points in 3.

Definition. Let G = {p},-- ,pq} be a subset of ¥ with more than one point in
it. G is called a group if
(1) dist(pi?,pf) ~ dist(p¥, p¥), where pf,pé‘?,p’;,pf are any points in G such that
pf # p¥ and pf # pk.

dist(pf, p¥)
dist(p¥, px)

(2)

— 0, for any pr € X \ G and for all pf,pf € G with p¥ # pé‘

We note that from Proposition 2.3 if both components u;j, have fast decay
around one of the disks in a group, they are forced to have fast decay around all
the disks in this group. More precisely7 suppose B« (%), | B, x (z k) are all the
bubbling disks in some group, where 75 = Jdist(z¥, Ek \ {.I‘k}) By the definition of
group, all the Tl ,Il=1,--- ,mare comparable. Suppose both u; ;, have fast decay:
then we can find Ny — oo such that all the disks in this group are contained in
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(44) o (Nkrlk) = Zaf (B.rjk, (J;f)) +o(1), i=1,2,

where
1

k k Uik .
| Bk i ) = - i ki L =1,2.
g; ( TJ@(.’L'J) ) / k(x&)p,k (& (3
Erj J

Roughly speaking, the local blow-up mass contribution comes just from the local
blow-up mass in each bubbling disk.
From Proposition 2.5, if there is a bubbling disk such that

(a’f (BTjk (x;?)) ok (BTjk (x;?))) e{ (o, ;) +o(1), (4, c;iQ - i) +o(1),

(45)
(a, 8) + 0(1)},

where (o, 8) satisfies the relation listed in Proposition 2.5, we can conclude both
components u; ;,¢ = 1,2 have fast decay. Then we claim there is at most one
bubbling disk in this group. If not, suppose there are more than one bubbling disk:

B,k (x%), -+, B (), m > 2. From Remark 2.2 o (B k(T )) satisfies
1 m

(46)
(oF (B @) + a0k (B (b)) = 1 (o} (Bou(ah) + 0% (Boa(ah)) +o00),
for j=1,---,m and, by (44)

(47)

+ an: ok (BT]& (:c;“)) + o(1).

However, when m > 2, it is impossible for (46) and (47) to hold simultaneously.
Thus, we prove the claim.

Therefore, if there are more than one bubbling disk in some group, then all of
the local energies o¥ (B k(2 )) must be a small perturbation of 4 with wu; j fast

decay and ug j, slow decay. Then we can choose Nj, — oo such that both u;j are
fast decay on 9B, -, (0) and

(48) F (Byr, (0 iof(Bk ) o(1) = 4m + o(1),
=1

with m > 1. Furthermore, of (By, (0)),05 (Bn, (0)) satisfy

(49)  (oF (Bn(0)) + a0k (Bx,(0))" =4 (0 (Bnr, (0)) + 0§ (Bxr, (0))
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If the quadratic equation (4m + ax)? = 4(4m + z) admits solution ~,,, i.e.,
(50) (4m + avym)? = 4(4m + ),

then we can get

(51) (oF (Bnr,.(0)) .05 (B, (0))) = (41, %m) + o(1).

Since m > 1 we observe that for a > % the equation (50) does not admit solutions
and hence this type of local mass is not present for this range of the parameter a.
Furthermore, from (36) we can see that us  is still the fast decay component in
Bnr, \ Br, - In conclusion, if there is only one bubbling disk, then the local blow-up
mass of the area covered by this group is one of the following

(00,(8) (1D ).

where (a, ) satisfy the relation listed in Proposition 2.5 (the third type is not
present for a > %), or there are multiple bubbling disks in this group, and the
associated local blow-up mass is (4m, ¥,,) where ~,, satisfies (4m+avym,)? = 4(4m+
Ym), m > 1. We point out that except for the case («, ) the local blow-up mass
of the first component is always a perturbation of a multiple of 4 and wu; j is fast
decaying. Then, we start to combine the groups, which is very similar as the
combination of the bubbling disks. We continue to include the groups which are
far away from 0: from the selection process we have only finite bubbling disks and
as a result the combination procedure will terminate in finite steps. Then, we can
take s, — 0 with ¥; C Bs, (0) such that both components u; j are fast decay on

0B, (0). Therefore, we have o¥(s¥), ok(s5) is a small perturbation of one of the

following types
4 4 8
{(470)a <07 aQ) ’ <4a ? - a) a(avﬂ)v (4m77m)} )

where 7, satisfies (50), m > 1, and («, ) satisfy the condition stated in Propo-
sition 2.5 (the third and the last types are not present for a > %) On the other
hand, we have

o; = lim oF(sp), i=1,2.
k—o00

It follows that o1, o9 satisfy the quantization property of Theorem 2.1 and we finish
the proof.

We end this section by giving the proof of the compactness property of Theo-
rem 1.2.

Proof of Theorem 1.2. We prove this theorem by contradiction. Suppose the conclu-
sion is wrong. Then S # (). In order to derive a contradiction, we need an improved
version of the second conclusion in Theorem 1.1. We claim that if S; # ), then

(52) prehie™* =" my (p)d,,
PES1L

in other words, we claim r; = 0 if S; # (). It is equivalent to fM hiet* dVy — o0.
If the claim is not true, then we have [ a P1e"* dVy is uniformly bounded and so is
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Sy hoe®s dV, by Holder’s inequality. Letting

Cﬁh:/Thw%dK” (E;:i/ hae®* dV,
M M

we can find two positive constants C; and Cs such that C; < Cj, < Cy. Then, we
can write (1) as (recall |M| = 1)

Auy + Crgpr phie™ + aCoppa phoe®™ — p1 i — apa i = 0.
We decompose up = vig + v2r, where v; satisfy
Avig + Cipprphie? e’ =0 in B.(p),
v =0 on 0B, (p),
and
Avg 4 aCoppz phee®™* — p1x —apz =0 in B(p),
Vg = Uk on 0B,(p),
where r is chosen such that B,(p) NS = {p}. Since [, (p) € dVy is uniformly

bounded we have e®“* € Lu (B, (p)). Using Green’s representation formula we can
conclude uy, is uniformly bounded in M \ S. By standard elliptic estimate, we can
get vg is uniformly bounded in B,.(p). Then vy satisfies

Avyg + hge?™ =0 in B,(p),
vig =0 on 9B,(p),

where hy, = Ci;p1,5h1€"?* is uniformly bounded. Since uj blows-up at p we apply
Y.Y. Li’s result [19] to deduce Cigp1 rhie™ = hie’* — 8md, in B,(p). This
contradicts to the assumption [ o e dVy is bounded. Hence, we finish the proof
of the claim.

(53)

It follows that if S7 # 0 we get py ghie®tr — Zpesl m1(p)d,. Since we are

. . 8t 167
assuming a < 5 and pz < 2z g we can not have a local mass of the type
(a, B) in the Theorem 1.1. Therefore, the local mass of uq, is a multiple of 87
around the blow-up point, i.e. m1(p) is multiple of 87 for every p € S;. Then, we
get p; € 87N. Contradiction arises. Therefore, S; = () and Sy # (). Since the blow-

up mass (87,0) was already considered in the latter argument, from Theorem 1.1

8 8
we have ma(p) = —;T for any blow-up point p € S;. This leads to ps > —Z and it
a a
8T 167
contradicts the assumption ps < — — ——. Thus, 5 is also empty. Therefore, we
a a

prove the theorem.
O

3. VARIATIONAL ANALYSIS

In this section we will introduce the variational argument needed for the existence
result of Theorem 1.3. We will start by discussing about the Moser-Trudinger
inequality associated to (1) and its improved version. Next we construct a min-
max scheme based on the barycenters of M, see (13), which yields the existence
of solutions to (1). The latter argument is quite standard now, see for example
[25, 39], so we shall only give the crucial steps.
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3.1. Moser-Trudinger inequality. As already pointed out in the Introduction,
a sharp Moser-Trudinger inequality in this setting was obtained in [26]. More
precisely, let

(54) Jp(u) = % /M \Vul?dV, — p /I (log /M e(u=1) dvg) P(da)

be the energy functional associated to the general problem (2), Jp is bounded from
below if and only if

K
(55) p < 8minf P(K+) 5+ Ky CIiNsuppP
(fKi aP(da))
where K is a Borel set and I; = [0,1] and I_ = [-1,0). In the case P(da) =

P(da) = 701 (da) + (1 — 7)d,(der), with a € (0,1) and 7 € [0, 1], the functional (54)
is reduced to

1
J5(u) = 7/ \Vul|? dVy, — pr (log/ hie* dV, —/ udVg)
2 M M

—p(1—71) <log/ hoe®™ dV, —/ audVg) ,
M M

while the sharp inequality (55) is given by

. 1 1 1
(56) p§877m1n{7_’a2(17‘)7(T+a(17—))2}’

by taking K = {1}, K = {a} and K = {a, 1}, respectively. In the notation of the

functional J, in (14), where p = p1 + p2 and 7 = pl’jrlpz, 1—7= pl’jfpz, we get
equivalently
1 1
1<87Tmin{, —, pLt P2 2}
p1 a*p2” (p1+ap2)

which implies that all the following conditions have to be satisfied:

8
(57) pr<s8m p<—g, o (pt ap2)® < 87(p1 + p2).

Some comments are needed here: the first value in (57) is related to the standard
Moser-Trudinger inequality (12), while the first two values are the sharp inequality’s
constants in the opposite-sign case, see for example (5). On the other hand, in the
same-sign case the sharp inequality changes due to the last value in (57). By means
of the Theorem 1.1 we can interpret the latter quantity in terms of the local blow-
up masses in (9), (10). Indeed, the first two values in (57) correspond to the first
two masses in (9), (10) while the last one in (57) is related to the fully blow-up
mass, see also Remark 1.1, which is the third (resp. fourth) possibility in (9) (resp.
(10)). The third local mass in (10) is nothing but the limit case of the fully blow-up
situation and represents the infimum of the latter fully blow-up masses. On the
other hand, the last type of local mass in (10), which we denote here by (o1, 02),
does not give any further restriction on the parameters in the Moser-Trudinger
inequality since o7 > 8.

Let us see now what kind of Moser-Trudinger inequality we will need in the
sequel. Recall that in the existence result of Theorem 1.3 we assume a < % and
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8r 167
p2 < — — ——. Under the latter assumptions we can derive by straightforward

a2
calculations that the sharp condition in (57) is given by p; < 87 (namely, the last
bound in (57) does not give any restriction on p;). In other words, we deduce the

following inequality:

_ - 1
(58) 87T10g/ e dV, +p2,alog/ et gy, < 5/ \Vul?dVy + Cir,g,
M M M

8r 16w
— ———- We point out that our assumptions

are sharp in the sense that if po > poq, th% latter inequality does not hold true
with respect to (8, p2).

Inequality (58) gives boundedness from below and coercivity of the functional J,,
in (14) for p1 < 87 and p2 < p24. In the non-coercive regime what we really need
is an improved version of it. It is by now well-known how to deduce following type
of results, see in particular [39] (see also [3, 13] for more general results), hence we
only sketch the process.

where w = f,, udV, and we set py , =

Proposition 3.1. Let ps, be defined as above and let§ > 0,60 >0,k € N, {S;}F_, ¢ M
be such that d(S;, S;) > 6 fori # j. Then, for anye > 0 there exists C = C (¢,6,0,k, M)
such that if u € H' (M) satisfies

/e“dngﬁ/ evdv,,  Vie{l,... .k},
S M

it follows that
1+e¢

8k log/ e" " dVy + paa log/ =0 gy, < |Vul? dV, + C.
M M M

Proof. We list the main steps for the reader’s convenience. One may assume @ = 0
and u is decomposed so that v = v + w, with = w = 0 and v € L*>®(M). Such
decomposition will be suitably chosen in the final step. By a covering argument,
see for example [3, 13, 25], there exist § >0, § > 0 and {Q,}*_, € M such that
d(2;,9;) > 6 for i # j and

(59)

/ e“dngg/ e" dVy, / e““dngg/ e dVy, Vne{l,... k}
Qn M o M

Next we take k cut-off functions 0 < x,, < 1 such that

(60) X”L‘Qn = ]_7 anM\(B§/2(Qn)) EO, |VXTL| S C&, n = 1,...,k.

The assumption (59) on the volume spreading of u implies

(61) log/ e"dv, < log/
M

€ dVy +Cs < 1og/ X dVy + o]l e (ar) + C.
Q, M

Reasoning similarly for au in €; and using the Moser-Trudinger inequality (58) we
obtain

1
srlog [ eV + paalos [ e aVy < 5 [ [VOaw)P v, + Clolliq)
M M 2 M
(62)
+(87r+ap2,a)/ x1wdVy + C.
M
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By the Poincaré’s and Young’s inequalities it is possible to show

(63) / xiwdV, < s/ |Vw|? dV, + C..
M M

while the gradient term can be estimated by the Young’s inequality as follows:

(64) / V)P, < (1+9) /

|Vwl|?dV, +C€5/ w? dV.
BS/Q(QI) M

For m = 2,...,k we use the spreading of v and the standard Moser-Trudinger
inequality (12) and the same argument as above to get

1
87rlog/ e dVy < ;LE/
(65) N Far2

+ CE,S/ w?® dVy + C|lv]| Lo (ary + C.
M

|Vwl|? dV, + 5/ |V |?
() M

By combining (62), (65) and recalling that the sets §2; are disjoint we end up with
1
8k7rlog/ e dVy + p2.a log/ e dVy < j/ |Vw|* dV, —l—a/ |Vw|* dV,
M M 2 Ju M
(66) + 0673/ w? AV, + Cllvl| = (ar) + C.
M

Finally, we can suitably choose v,w by means of a decomposition of u relative to
a basis of eigenfunctions of —A in H'(M) with zero average condition to estimate
the left terms, see for example [13, 25]. O

Proposition 3.1 tells us that in the case when J, is sufficiently negative, the
functions e* can not be spread over the surface (otherwise we would have a lower
bound on J,) and hence they are close to the set M} in (13): more precisely,
recalling JX in (15) and d in (16), it holds the following (see for example [39] for
the first part of the statement and [3] for the second one).

Proposition 3.2. Suppose p1 € (8km,8(k+ 1)w), k € N and p2 < pa,q. Then, for
any € > 0 there exists L > 0 such that if u € JP_L then

hle“
d| ——— M ) <e.
(thle“d%’ k) )

Moreover, for L sufficiently large there exists a continuous retraction
U b = M.

3.2. Min-max scheme. We construct now the min-max scheme which yields ex-
istence of solutions to (1). We observed in the previous subsection that the low
sublevels J - L are mapped to the set My, see Proposition 3.2. The min-max scheme
will be based on the latter set: to this end we need the following key result which
asserts that M} and the associated map ¥ are a good description of J L in the
sense that one can define a reverse map such that the composition of them is ho-

motopic to the identity map, see for example [3, 25, 39]. Recall the map ¥ in

8 16
Proposition 3.2 and that ps , = —;T — —W.
a a
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Proposition 3.3. Suppose p1 € (8km,8(k+ 1)7), k € N and p2 < pa,q. Then, for
L sufficiently large there exists a continuous map

®: My — JF,
such that Uo ® = Idyy, .

Proof. We sketch the proof for the reader’s convenience. For large L and the
parameter A > 0 to be defined in the sequel we consider ¢ := Zle ti6y, € My,

2
(@7 Prole logzt (i)

and define ® = @ : My, — H'(M) by ®5(0) = pr,. We need to show
(68) Jo(pre) = —00  as A — +o0, uniformly in o € M.

Concerning the gradient part we claim that

1
(69) - / Vro(@)P dV, <(16k7 + 0x(1)) log A + C.
M
It is indeed possible to show the following two estimates:
(70) [Voro(@)] < CA, for every x € M,

where C' is a constant independent of A\, o € M}, and

4
(71) IVoro ()] < T (@) for every x € M,
where dpn(2) = 4_1{11n d(x,x;).
We consider then) 7
1 1
3 | We@Pa, =5 [ Ve @Pdy,
2Jm 2JU,By (@)

>

_|_

DN | =

/ Vipno(@)[ dV,.
M\U;, By (i)

From (70) we get
[ ew@Pa,<c
U; B1 (=)

i

We then introduce the sets
A; = {m eM:d(x,x;) = rrlun d(z, x])}
J_
and by (71) we obtain

.,
- IVoro(@)?dV, < 8 / v, +C
2 M\U; B% (x4) Z Ai\B1 1 (z4) mzn( ) g

< (16k7r +ox(1)) log A+ C.

For the part involving the nonlinear term we claim

(72) log /M efre dVy = —2log A+ O(1).
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It is enough to estimate

|
M (1+ N2d(z,T)?)

for some fixed T € M. By a change of variables it is easy to show that

1 )
/M (1+ )\Qd(x,f)z)2 Wo= AT O

which gives the claim in (72).
Concerning the average part we claim that

(73) /M Pro dVy = —(4+ 0x(1)) log A+ O(1).

For simplicity we show the latter estimate just for £ = 1. It holds
oo (x) = —4log(max{1, \d(z, z1)}) + O(1), x1 € M.

We have
/ OrodVy = —4/ log(Ad(z, z1)) dV, — 4/ dV, + 0(1)
M M\B%(zl) B%(xl)
= —4logA[M\ By ()] - 4/ log(d(x, 1)) dV, + O(1).
A M\Bj (1)

Recalling that we have |M| =1 the claim (73) is proved.
Finally, using first the Jensen’s inequality involving the part e*(¥*=~%x0) and
then (69), (72), (73) we deduce

1
Jo(re) = 5/ [Voro QdVg —p1 (log/ hie?>o dV, —/ Oro dVg)
M M M
— p2 (log/ hoe®?*-e dV, —/ P dVg>
M M

1
5/ [Voro QdVg —p1 (log/ hie?>e dV, f/ Or o dVg)
M M M

(16km — 2p1 + 0x(1)) log A + O(1),

which proves (68) since by assumption p; > 8km.
We prove now the final assertion of the proposition. It is standard to see that

IN

IN

ePr.o
fM e#re dV,

in the sense of measures, see for example [3, 25, 39]. We point out that the map ¥
in Proposition 3.2 is a retraction: it follows then that

. ePro
I _>
(fM erre dVg) ”

which gives the desired homotopy ¥ o ® = Idyy, . O

— 0, as A — +oo,

We are now in the position to construct the min-max scheme and to prove the
Theorem 1.3.
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Proof of Theorem 1.8. Let M), be the topological cone over M, i.e.
(74) My =(My x [0,1]) / (M x {1}),

where the equivalence relation identifies all the points in My x {1}. We choose
L > 0 so large that the map U : Jp_L — M}, in Proposition 3.2 is well-defined and
let A > 1 be so large such that J,(¢x o) < —4L uniformly in o € My, where ¢y ,

is given in (67). We then consider the following family of functions
(75) H :{h : My — H*(X) : h is continuous and h(0,0) = ro, 0 € Mk},

which clearly is non-empty: indeed, h(c, s) = (1—35) px .o, s € [0,1], ¢ € My belongs
to H. Letting
c, = inf sup J,(h(m)),
P e me%k P( ( )>
the key property is that
cp > —2L.

Indeed, assuming by contradiction that ¢, < —2L and there would exist a map
h € H with sup, 77, Jp(h(m)) < —L. Then, let m = (o,t), with ¥ € My, from
Proposition 3.2 we can conclude the map ¢ — ¥ o h(-,¢t) would be a homotopy
in My between ¥ o ¢y, (for ¢ = 0) and a constant map (for ¢t = 1 due to the
equivalence relation in (74)). But this is impossible since M}, is non-contractible
and since W o ¢y , = W o ® = Id,;, by Proposition 3.3. Therefore we deduce the
desired estimate.

On the other hand, by construction and by the choice of A > 1 we have

sup sup J,(h(m)) = sup J,(pre) < —4L.
he€H medM, o€ My,

We conclude that the functional J, has a min-max structure which in turn yields
a Palais-Smale sequence. However, we cannot directly conclude the existence of a
critical point, since it is not known whether the Palais-Smale condition holds or
not. It is then standard to follow the monotonicity argument introduced in [36] to
get in a first step bounded Palais-Smale sequences and then a sequence of solutions
to (1) relative to p1 x — p1 € (8km,8(k+ 1)), p2.r — p2 < pa,q- It is then sufficient
to apply the compactness result in Theorem 1.2 to deduce convergence to a solution
of (1). O
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