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ABSTRACT: We show that we can derive the asymptotic Einstein’s equations that arises
at order 1/r in asymptotically flat gravity purely from symmetry considerations. This
is achieved by studying the transformation properties of functionals of the metric and
the stress-energy tensor under the action of the Weyl BMS group, a recently introduced
asymptotic symmetry group that includes arbitrary diffeomorphisms and local conformal
transformations of the metric on the 2-sphere. Our derivation, which encompasses the
inclusion of matter sources, leads to the identification of covariant observables that provide
a definition of conserved charges parametrizing the non-radiative corner phase space. These
observables, related to the Weyl scalars, reveal a duality symmetry and a spin-2 generator
which allow us to recast the asymptotic evolution equations in a simple and elegant form
as conservation equations for a null fluid living at null infinity. Finally we identify non-
linear gravitational impulse waves that describe transitions among gravitational vacua and
are non-perturbative solutions of the asymptotic Einstein’s equations. This provides a
new picture of quantization of the asymptotic phase space, where gravitational vacua are
representations of the asymptotic symmetry group and impulsive waves are encoded in
their couplings.
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1 Introduction

The program of local holography is grounded in the fundamental role played by symmetries.
It aims to provide a new description of quantum geometry in terms of the representation
theory of the gravitational symmetries associated to the codimension-2 surface bounding
a general finite region in spacetime, the corner [1-10]. Since the seminal work of Emmy
Noether [11], the notion of symmetry has represented a very helpful and effective tool to
unravel the correct description of the fundamental forces of Nature, both at the classical
and, in the case of the Standard Model and Condensed Matter, in the quantum regime.
We believe that this invaluable tool will ultimately prove itself crucial also to guide us
through the ultimate and most impervious stretch of this discovery journey, leading to the
quantization of gravity.

From this perspective, it is fundamental to understand the pivotal role of symmetries in
describing the properties of a gravitational system in a finite bounded region of spacetime.
The full power of the Noether theorem for local symmetries implies that the symmetry
charges are supported by codimension two surfaces lying at the corner of the spacetime
region under consideration [1]. This symmetry group lying at the corner can naturally be
split into ‘kinematical’ symmetries that carries no symplectic flux and are readily quan-
tizable and ‘dynamical’ symmetries that include supertranslations along the null normals
and which carry fluxes.! The study of the kinematical gravitational symmetries of a finite
bounded region of spacetime has been performed originally in [1] for the Einstein-Hilbert
formulation of gravity and then further extended to other first order formulations in [7, 8].

These analyses have led to the notion of corner symmetry group, which is the kinemati-
cal subgroup generated by internal gauge transformations and the residual diffeomorphisms
which vanish at the corner. In the Einstein-Hilbert formulation, the corner symmetry al-
gebra gg has been shown [1] to have the semi-direct sum structure

gs = diff (S) ®sl(2,R)”, (1.1)

where diff(S) corresponds to the Lie algebra generated by diffeomorphisms tangent to
the corner S and 5[(2,R)S the Lie algebra generated by the surface boosts that linearly
transform the normal plane of .S in a position-dependent way.

The inclusion of normal supertranslations that move the corner has led to the notion
of extended corner symmetry group in [14, 15] and given by

08" = (diff($) ®sl(2,R)*) © (R?)*, (1.2)

where the second semi-direct sum involves the two normal time translations.

At the same time, it has been shown in [16] that a similar semi-direct sum struc-
ture (1.2) captures the symmetries of a general non-stationary null surface at finite dis-
tance equipped with a thermal structure. This group was dubbed Weyl BMS, or BMSW

'Recent developments appeared shortly after the first version of this manuscript have allowed us to also
include supertranslation as canonical transformation into the gravitational phase space by extending this
with a dressing field [12, 13].



for short, in [17] and shown two satisfy two key properties. On the one hand, it is a sub-
group of the extended corner symmetry group: the subgroup that preserves, up to scale,
the canonical null generator of the null surface. On the other hand, it is also the symmetry
group of null infinity.

More precisely, the Lie algebra of BMSW possesses a semi-direct sum structure

bmsw := (diff(S) O R}, ) ORF, (1.3)

where Rgv denotes the Weyl transformations labeled by functions W on the sphere, while
R% denotes the super-translations labelled by weight 1/2 densities 7" on the sphere. This
algebra contains all the known extensions of the BMS algebra [18-20] that have been
recently introduced as candidates for the gravitational symmetries of null infinity in [21-25].
Besides super-translation transformations, it includes arbitrary sphere diffeomorphisms
and local Weyl rescalings of the 2D sphere metric at Z. Importantly, it has been shown
in [15] that the extended corner symmetry algebra (1.2) reduces to the bmsw Lie algebra
in the limit » — oo, with the Weyl rescaling corresponding to the 5[(2,R)S generator
preserving the null generator of Z, while the RT*S: contribution corresponds to the normal
super-translation along Z. This result provides clear evidence that the local holography
program can be equally well applied to null infinity and this is what we concentrate on in
this manuscript.

From this perspective, it is fundamental to understand the full power of symmetries
in describing the properties of a gravitational system, and investigate the role of the kine-
matical subgroup of BMSW as well as the role of supertranslations. Therefore, our goal
is to understand how far the symmetry principle can take us in the description of a grav-
itational system and its asymptotic dynamics, and from there to the quantum realm of
gravity. We aim to establish that the dominant asymptotic Einstein’s equations can be
recovered purely from a symmetry argument. A first indication that this is indeed possible,
in the context of null infinity, comes from the analysis of [17], where a new charge bracket
generalizing a previous proposal of Barnich and Troessaert [22], and derived from first prin-
ciples in [15], was introduced to represent the bmsw Lie algebra in terms of the Noether
charges associated to it. It was shown that the demand that the BMSW Lie algebra being
represented at all times along Z without any 2-cocycle extension is equivalent to imposing
the asymptotic Einstein’s equations at null infinity. On a similar vein, evidence that the
asymptotic symmetry group is strong enough to reconstruct the MHV sector of S-matrix
amplitudes has been given by Banerjee et al. [26-29]. Providing evidence that symmetry
can be strong enough to significantly constraint S-matrix amplitudes is one of the corner-
stones of the program of local holography [30-32]. Our work can be viewed as a classical
and group-theoretical analog of this quest. It provides new evidence that symmetry might
be strong enough to determine the dynamics. Let us point out that an approach similar in
spirit has been applied in [33] to relate the study of dynamics in Carrollian geometries to
the analysis of symmetries at null infinity; in this case though the group of interest is the
boundary group of Carrollian diffeormorphism, not the corner symmetry group.

Here, we exploit the BMSW group structure in order to derive the asymptotic Ein-
stein’s equations at null infinity in a more direct way, making the symmetry argument even



more explicit. More precisely, in section 3, after deriving the symmetry transformations
of the asymptotic metric components, we first identify a set of semi-covariant observables
(NAB 74 M, M, P4, Tap). They are defined as Bondi metric functionals that do not
possess quadratic anomalies, under the BMSW transformations. They also transform ho-
mogeneously (i.e. tensorially) under the non-extended BMSW group, namely when time
super-translations are not included. In section 3.5 we show that these are in direct relation
with the five asymptotic Weyl scalars [34-36] at null infinity. We then look for com-
binations containing time derivatives of the semi-covariant observables, which transform
homogeneously, that is with no anomalies at all, under the BMSW group. This singles out
five relations which express the asymptotic Einstein’s evolution equations at leading order
in the large-r expansion around null infinity in an elegant and simple form. As derived in
section 4, these read

JA = %DBNAB, (1.4a)
M= %DAJA + éCABNAB : (1.4D)
M= %DAjA + %CABNAB ; (1.4c)
Pa = DaM + DsM + CapJ", (1.4d)
Tap = DAPs) + g (CapM+ CapM) . (1.4e)

In the expressions above N48 = N4B g the time derivative of the news tensor; the tilde
denotes a notion of duality in the gravitational phase space at null infinity that we introduce
in section 3 and it encompasses the notion of dual gravitational charges introduced in [37—
39] and further studied in [40—44]. The Einstein’s evolution equations recast as in (1.4)
exhibit a manifest invariance under this duality transformation. Moreover, we show how
the symmetry argument can be applied in the presence of matter as well, allowing us to
derive the correct combination of stress-energy tensor components (and their derivatives)
that source the Einstein’s evolution equations.

While our derivation of the asymptotic Einstein’s evolution equations is totally inde-
pendent from the Newman-Penrose formalism, the final form of the equations agree with
their central results [34-36]. This can be seen by exploiting the explicit relation between
the semi-covariant observables and the asymptotic Weyl scalars, summarized in section 3.5,
and showing that (1.4) agrees with the Newman-Penrose derivation of the time evolution
of the asymptotic Weyl scalars. The advantage and novelty of our approach is the explicit
derivation of the symmetry transformations for these observables from the Bondi gauge
variables (see also [17, 45]) and the emphasis that invariance under the BMSW asymptotic
symmetry group is enough to ensure the derivation of the equations of motion. This repre-
sents the first main result of the paper. It gives a posteriori a justification for the success
of the Penrose-Newman formalism, by showing that it is naturally adapted to the concept
of asymptotic symmetries. This sets the stage for the rest of our analysis and it opens the
way towards a quantum analysis.



More precisely, in section 5 we focus our attention on the non-radiative phase space.
The no radiation condition is defined by the vanishing of the time derivative of the news
tensor, that is N48 = 0, which provides a more relaxed definition of non-radiative phase
space than the usual condition N48 = 0, and corresponds to the case where no outgoing
radiation is registered at Z. We can, under the no radiation condition, integrate the
evolution equations and we construct a new set of conserved charges (ja, m,m,pa,tAB)
defined in terms of the covariant ones. These charges parametrize the non-radiative corner
phase space on Z and their transformation properties are obtained to be

Serwyyit = [Ly +4W] 4, (1.5a)
A T .4

Sawyym = [Ly +3W]m+ j 04T + 5 Daj”, (1.5b)
- T .

Serwyym = [Ly + 3W]m +5404T + EDAjA , (1.5¢)

3 ~ T = ,
d(r.wy)PA = [Ly +2W]pa + i(mé?AT + moaT) + B <8Am + Oam + CABJB) , (1.5d)

8 2 1 1.
drwy)tas = [Ly +W]tap + §p<AaB>T +T (3D<Ap3> + §cABm + 26A3m> ,  (1.5e)

where T, W,Y are transformation parameters which are functions of the coordinates on
the celestial sphere and label respectively supertranslations, Weyl rescalings and tangent
diffeomorphisms. This set of transformations represents the second main result of the
paper as it generalizes? to the BMSW group the one identified by Barnich et al. [46-48]
in the Penrose-Newman formalism for the extended BMS group [21, 22]. Our derivation
provides a more direct and independent derivation of these transformation laws from the
Bondi formalism. These transformations constitute the starting point for the construction
in [49] of the moment map between the non-radiative corner phase space of null infinity and
the dual Lie algebra of its full symmetry group. Indeed the charge conservation and the
closure of symmetry transformations are two indicators that the charges can be understood
as moment maps representing the action of an extended symmetry group on the asymptotic
gravity phase space. Even if the explicit action of the new spin-2 charge ¢t 4p on the gravity
phase space has now been revealed in [50, 51],% establishing that these conserved charges,
including the dual mass and the spin two charge aspect, define a moment map for a
generalization of the BMS group still needs to be carried out.

In order to understand the relationship between the charge aspects we revealed and
the radiation, we investigate in section 6 how an initial vacuum state of the non-radiative
phase space is changed by an impulsive gravitational wave localized at u = 0, transitioning
into a new vacuum. To do so, we find the non-linear impulsive solutions that describe
this transition by integrating the evolution equations (1.4) in the case where the Weyl
tensor component Np is proportional to a delta function d(u) through an impulse news

?In [46-48] the metric is restricted to be conformally spherical and the diffeomorphisms are restricted
to be local Killing vector fields. Our derivation relax this restriction and includes the full group of sphere
diffeomorphism.

3These two references have also appeared on the arXiv shortly after the first version of this manuscript.



function on the 2-sphere. By demanding continuity of the induced metric, we are able
to integrate all the evolution equations without encountering distributional singularities.
Quite surprisingly, we find that all the Weyl scalars are activated by the gravitational
impulse. This is in contrast with the usual solution for an impulsive gravitational wave

where only one Weyl scalar is non-vanishing [52-60] — although other Weyl scalars can
be activated from collisions —. More precisely, the remaining covariant charges are of
the form

where the label NR denotes the non-radiative expressions given in (5.9), R1 a distributional
radiative component linear in the impulse news and R2 a secular radiative component
quadratic in the impulse news. The explicit expressions for the impulsive wave transition
represent the third main result of the paper and they are given in section 6.1.

We present our conclusions in section 7 and many technical derivations of various
relations used in the main text in a series of appendices A, B, C, D.

Notation. We use units in which 87G = 1 and ¢ = 1. Greek letters are used for spacetime
indices and uppercase Latin letters {A, B, C,...} for coordinates over the 2D sphere. The

symbol Z is used when the right-hand side is evaluated at future null infinity Z. We denote
the symmetric, trace-free part of a tensor Typ with the brackets (-), namely

1
Tiam) =5 (TAB +Tpa — CJABqCDTCD) ; (1.7)

where gap is the asymptotic metric on the two-sphere.

2 Future null infinity

Let us introduce Bondi coordinates z# = (u,r, UA), where u labels null outgoing geodesic
congruences which intersect infinity along 2d spheres, r is a parameter along these geodesics
measuring the sphere’s radius (r is the luminosity distance) and ¢ denotes coordinates

on the celestial sphere. In these coordinates, the metric is given by [18, 19, 61]
TA 1B
ds? = —2e2#du (dr + ®du) + r*y4p (daA - r2du> (dO’B - T2du> . (2.1)

This metric satisfy the Bondi gauge conditions given by

Grr = 0, grA = 07 8r\ﬁ =0. (22)



In addition to the gauge condition we impose extended* Bondi asymptotic boundary con-
ditions [21, 47, 62|, which are given by

-1, ;guu =0, ;guA =0, Ougap = 0. (2,3)

1=

Gur

In this work we assume the usual Bondi like asymptotic boundary conditions which imply
that the metric components (®, 3,745, T4) have the following fall-off behavior®

A
O = Flu,o?) - M(“ﬁ") +o(rly, (2.4a)
A
p= 1000 o), (2.4b)
2 AB
T4 = UA(u,0?) — 5 (Pg 4+ CpcUC +0pb)(u, o) +o(r™ 1), (2.4c)
Cap(u,0?) 1 1 Eap(u,0? _
yaB = qa(u,0?) + % + 2 (DAB + 4qABC’CDCCD> (u, o) + % +o(r73).

(2.4d)

The expansions of the different coefficients are needed to obtain the expansion of the metric
g dxtdz” to order O(r~1). Here M is the Bondi mass aspect, U4 is the asymptotic
velocity, C'4p is twice the asymptotic shear. If one restricts gap to be the round sphere
metric §4p with R(§) = 2, one recovers the restricted Bondi boundary conditions. We will
avoid doing that in the following and keep the asymptotic conditions just stated. Because
of the Bondi determinant gauge condition the symmetric tensors Cap, Dap, Eap are all
traceless when contracted with the inverse asymptotic metric ¢Z. The O(r~2) factor in the
metric expansion is uniquely determined by the Bondi gauge condition; the demand that
logarithmic anomalies vanish requires Dap = 0 [63] and we assume this in the following.
When evaluating the asymptotic, we use the metric g4p to lower and raise the indices
{A, B, ...} on the 2-sphere.

The leading asymptotic Einstein’s equations (EEs) give a first relation

OuqaB =0, (2.5)

which can be understood as a boundary condition, implying the wu-independence of the
leading order of the metric component g45. While we derive from symmetry all the other
EEs, this one is assumed and taken as a boundary condition from now on. There is then

“Note that we do not require R(q) = 2 which is why we call our boundary conditions extended.

5This is a restrcition of our analysis: one could be more general by allowing b to be order 1 and by
allowing ® to admit a term growing linearly in . We follow here the original treatment [18-20] and all the
subsequent extensions [21-25] of asymptotic symmetries of null infinity, we have chosen fall-off conditions
that do not include these terms from the beginning in order to simplify the rest of the analysis. We come
back to this point at the beginning of section 4.

6Since dr is of order O(r), gur needs to be expanded to order O(r~?), since gap = 7°vap, Yap needs
to be expanded to order O(r~3) and since gya = yapT*, T needs to be expanded to order O(r~1), to
achieved O(r™') for the expansion of the metric g, dz*dz".



a second set of asymptotic vacuum Einstein’s equations given by the relations”

R
Ep = —ﬂ:o, (2.6)
4
1
EA.=U"+ 5DBC/“-“‘ =0, (2.7)
1
Eb = b + §CABCAB == 0, (28)

where D, is the covariant derivative associated with gap. These can be understood as
constraints between phase space data and we will show below how they can be obtained
simply from the BMSW transformation properties and the requirement of covariance under
it. The next two asymptotic equations are

1

EM .— M
4

1 1
D,DpNA4B — AR+ gNABNAB =0, (2.9)
Ef = Pa— DaM — 2Dy (CPCNes) ~ 1Capd"R

1
~ 1 De (DADBCBC - DCDBCAB)

1 1
— ZDB (NBCCAC — CBCNAc) + ZNBCDACBC =0, (2.10)

and they correspond to evolution equations for the energy aspect M and the momentum
aspect P4. At the order we are working in, the last asymptotic equation is an evolution
equation for the spin-2 tensor F4p. It was written explicitly in the gauge we are adopting
here by Nichols in [64]

: 1 1 1
EX, = Eap — 5MCap = 2 DiaPp) — %DMD@(CCDCCD)
1 1
— ZCABNCDCCD + gEACCCBGDEDEDCCCD . (2.11)

These three evolution equations are derived as well using our symmetry argument.

2.1 BMSW vector fields

The infinitesimal BMSW diffeomorphisms introduced in [17] are spacetime diffeomorphisms
preserving the boundary conditions above. These are labelled by a vector field Y4 on S
representing asymptotic diffeomorphisms of the celestial sphere, a super-translation pa-
rameter 1" and a Weyl transformation parameter W, which are all independent of u and r.
The BMSW vector fields can be conveniently written, as §(,y), in terms of the parameter
T =7(T,W) given by

T: =T+ ulW, T=W, 7 =0. (2.12)

"The boundary condition (2.5) together with the Einstein’s equation (2.6) clearly imply that the leading
order of gy, is time independent, namely 0, F = 0.



The BMSW vector fields §(;y are characterized as the bulk vector fields preserving the

Bondi gauge and asymptotic conditions (2.2), (2.3) which evaluate on Z to &,y L E(T,y),
where the asymptotic BMSW vector fields are

iy i=T0u+ Y04 — 710,
= Ty + W (ud, —rd,) + YA0,. (2.13)

We see that with the first parametrization 7 labels time translations, while 7 labels con-
formal rescaling. In the second parametrization T labels time translations, while W labels
asymptotic boosts.

To write down explicitly the bulk extension &, y, it is convenient to define

oo d /
4B — (/ Tf;e?%f‘3> , (2.14)
T

which is such that T4B £ 0 and ro, I8 = —%eQﬁWAB . The corresponding vector fields are

of the form®
§ELT7y) =T, (2.15a)
§hyy =Y = 1"P0pT, (2.15b)

1 1 .

oy =7 <2DA(IAB(937') + ﬁTAaAT — T) . (2.15¢)

We can check that W (o) induces a Weyl rescaling of the celestial sphere, as

Ley/q= (DsY? —2W) /g, (2.16)

where ¢ := det(qap). The generalized BMS group proposed in [23, 25] is recovered by
setting W = %D Y4, so that the condition d,/q = 0 is preserved by the symmetry trans-
formations.

2.2 BMSW symmetry transformations

The boundary BMSW symmetry group is asymptotically generated by the vector fields
§(r,v)- Its Lie algebra is isomorphic to the double semi-direct sum [17]

bmsw = (diff(S) B R}, ) BRF. (2.17)

The first factor ]Rﬁ, denotes the Weyl transformations labeled by functions W on the
sphere, while the second factor R% denotes the super-translations labelled by functions T'
on the sphere of density weight 1/2. The commutators are given by

[g(n,ylp E(Tz,YQ)] = g(ng,Ylg)' (2.18)

¥We have used that, thanks to the Bondi gauge, we have D} Z* = \%8A(\ﬁZA) = ﬁ@A(\/EZA) =

DaZ#, for a generic vector Z on the sphere, with D’} the covariant derivative associated to yaB.



Here we parametrized the (Rjj, ®R3) by functions on the sphere 7 = T + ulW which are
linear in time and we have denoted

Tio = T1T9 — ToT1 + Y1[7'2] - YZ[Tl] ) Ylg = [YleQ]fie’ (2‘19)

where Y[r] := YA0,7.

The quantities of physical interests such as (gap, Cap, F, M,b,U4, P4) are functionals
@i(gu,,) of the metric. The transformations of these functionals are given by the chain rule
5(773/)(1)@' =/ (g%ﬁg(ﬂmgwj. In practice, to evaluate the variations 5(T7y)<1>" we use that g,
is determined by ®; and we evaluate the condition

,Cg(ﬂy)gwj[q) ] = ng,[q) + 6(5(7,)/)(1) ] 70 . (2.20)

The explicit derivations are given in appendix A.
By focusing on the metric component g4p, one can easily derive the transformations

d(ryvy94aB = [Ly — 27]qap, (2.21a)
S(ry)CaB = [0y + Ly — 7| Cap — 2D (4 DT . (2.21b)

Taking the trace of ¢ implies that
SV = [DaY ™ = 27] /3. (2.21¢)

Taking the time derivative Nap = Cap and the divergence of the shear (D-C )B .= D,4CAB
implies that

8(-v)Nap = [70u + Ly] Nap — 2D 407, (2.21d)
S¢ryy(D-C)B = [r0, + Ly + 37)(D-C)8 + (NPA9sr — CPA9,47) — (R(q)0PT + 9P AT).
(2.21e)

The second equality is established in appendix B. Next, focusing on the g, component,
one can derive the two transformations

1
O = [Ly +27] F + S AT, (2.21f)
1
S(ryyM = [TOy + Ly + 37| M + <2DBNAB + aAF> oAt
1\ AB [P . 1A, . A
+ ZN DOt + ZC DAO0pT + §(EU6A7' — EUaAT) , (2.21g)

where E‘é is the asymptotic Einstein’s equation (2.7). The g,, component gives the trans-
formation

1 1
S(ry)b = [T0u + Ly + 27 b+ gcf”f’DAa_:;T + ZEgaAT. (2.21h)

~10 -



From the Lie derivative of the g,4 component we can read off the transformation of the
two functionals

SryyUa = [TO0u+ Ly +7]Ua + %(4F8AT + O4AT) + %(CABam — N4Bogr), (2.21i)
Sry)Pa = (700 + Ly + 27| Pa + 3MOsT — écBCNBCaAT + 3 CasN"Cocr

+ Z(DADCCBC — DpDeCAC)0Pr + iaA(CBCDBDCT)

- %DMDB)TDCC’BC + Cap <FaBT + iaBAT) — 2E,047 . (2.21j)

The hatted equality refers to the fact that we have used the asymptotic equations Eé =0
to simplify the r.h.s. of expression (2.21j).

Finally the most extensive calculation concerns the variation of the traceless component
EAp. One finds in appendix A.4.1 that

5(7-,Y)EAB = [Tau + Ly + %]EAB

4 1
+ g (P<A + ZDDCDCCC<A - 88<Ab> aB>T

1
+ 5 (CCDDCcAB — CABDCc'CD) opT — D(ACB>CCCD6DT

1 16 32
+4bD<A83>T — ZCABCCDDcapT — EE;,D<A8B>T+ ?8<AEb€)B>7-. (2.22)

2.3 Relation to the extended corner symmetry group

As shown in [1], the corner symmetry group is the gravitational symmetry associated to a
generic codimension-2 surface called corner. This surface can be thought of as bordering
a bounded region of space. The corner symmetry algebra is simply the subalgebra of
diffeomorphisms that do not change the position of the corner surface. It is given by the
semi-direct sum of the surface diffeomorphism and surface boosts. Explicitly, we have

as = diff(S) ®sl(2,R)” . (2.23)

Its extension to include time translations normal to the surface yields the notion of the
extended corner symmetry algebra, as revealed in [14, 15], which includes also two copies
of R corresponding to the surface translations along the two normal directions. Its explicit

structure is given by
98" = (diff($) ®sl(2,R)*) © (R?)*. (2.24)

As shown in [15], the bmsw Lie algebra (2.17) corresponds to a subalgebra of the extended
corner symmetry algebra g&® in the bulk, where the RI*?V contribution is given by one of
the sl(2,R) generators (namely, the one preserving the null generator of Z), while the R
contribution corresponds to one of the two normal super-translations (namely, the one
along 7). We can thus understand the BMSW group as the » — oo limit (a contraction)

of the extended corner symmetry group.

- 11 -



3 Anomalies

The anomaly operator A, associated with a functional O of conformal dimension s is
given by

A0 = 5(T,y)0 — (Tau + Ly + s7)0. (3.1)

This anomaly measures the difference between the natural action of the BMSW group
on O and its field space action. By construction the anomaly only depends on 7. The
transformation rules reported in the previous section have the general structure

5(r3)O = [T0y + Ly + 57|04+ LEOAT + LHOaT + Q567 Dadp + Q5P Dadpt.  (3.2)

The first term is the homogeneous transformation that involves the scale weight? s of
the functional O. All scale weights of the different functionals can be found by assigning
scale weight s(ds?) = 0, while s(r) = s(dr) = +1 and s(u) = s(du) = —1 in the metric
expansion, hence the scale weight of 9, is +1. Functionals that transform homogeneously
are sections of the scale bundle P.'° The inhomogeneous terms are of two types: (Lé, Eé)
which we call linear anomalies and terms (QéB, QéB ) which are the quadratic anomalies.
An example of anomaly is

A;Cup = —2D40pT . (3.3)

The functional O is said to be tensorial when both linear and quadratic anomalies vanish.
The first examples of tensorial combinations are the quantities gap, N Ap which satisfy

Argap =0, A;Nap=0. (3.4)

They are operators of scale weight (—2,+1) respectively. The main theme of our paper is
that we can recover the equations of motion by identifying the tensorial combinations. For
instance, we can easily see from the previous expressions that the asymptotic equations of
motion (2.5), (2.7), (2.8) all transform tensorially: Ep := R — 1F as a section of weight 2,
E; as a section of weight 2, E’g as a vector of weight 3.

Another class of operators which will be of interest to us is the pseudo-tensors of
weight s. These are characterized by the fact that the quadratic anomaly and the anomaly
I_Jé linear in 7 vanish while the linear anomaly Lé does not. The pseudo-tensors can
be understood as tensorial for the subgroup of symmetry that does not include super-
translations.

The next example we want to study involves the Liouville stress tensor [25]. Given a
metric g4p we can define its Liouville stress tensor'! to be the symmetric traceless tensor
Tap(q) such that

1
DATAB 4 5VBR =0. (3.5)

95 can also be understood as a boost weight.

10We call scale bundle a line bundle P — T over Z whose automorphism group includes the asymptotic
BMSW vector fields (2.13).

" The conserved energy momentum tensor of Liouville is Tap := Tap + %qABR(q). Its trace is qABTAB =
R(q). The tensor Tap(q) is also called the Geroch tensor when ¢ = e®¢ [65].
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The fact that this tensor can be uniquely determined follows first from the fact that the
equation DATAB =0 implies, when S is a sphere, that TAB(Q) = 0. Second, from the
following covariance properties under Weyl transformation with parameter W and diffeo-
morphism ¢ : § = S

Tap(e®Vq) = Tap(q) — 2(DAWDpyW + DiaDpyW),  ¢*(Tap(q)) = Tan(¢*(q)).
(3.6)

Indeed, by the uniformization theorem, any metric on the sphere can be written as ¢ =
eW*(g). So the transformation properties (3.6) allow one to determine Tap(g). This
means that the combination

NAB = NAB — TAB(q) (37)

possesses no anomaly A;Nap = 0. It is a tensor operator of scale weight 0. From this we
can construct a covariant current

1 = 1 1
JA = ZDpNBA=_-pDpNAB 4 Z9AR, (3.8)
2 2 4
where the second equality follows from (3.5). The covariant current yields the Weyl scalar

W3, it possesses no quadratic anomaly and it is a pseudo-tensor of dimension 4
1.
ST = [rOu + Ly +47] T4 + S N4 0pr. (3.9)

This can be seen by taking the time derivative of (2.21e) (an alternative derivation is
given in appendix B). The explicit relation between all the covariant observables and the
Weyl scalars is shown in section 3.5. Since N48 is a tensor and J4 is a pseudo-tensors
whose anomaly vanish when N48 = 0, we can define the non-radiative vacua to be such
that 74 =0 =N Ap- The non-radiative vacua are transformed into each other by the
symmetry transformations.

3.1 Covariant mass

We are interested in combinations of the physical quantities parametrizing the Bondi met-
ric (2.1) that transform as pseudo-tensors, with no quadratic anomaly and no Weyl linear
anomaly. To this aim, we introduce the notion of covariant mass

1
M:=M+ gCABNAB . (3.10)

The justification for this name comes from the fact that, by means of (2.21g), (2.21b),

12

(2.21d), the quantity above transforms'~ as

S(ryyM = [10y + Ly + 37| M + T0aT. (3.11)

We thus see that only a linear anomaly term appears in the transformation of M and
moreover that the linear anomaly depends only on 7, not 7. A nontrivial consistency

12We recall that the hatted equality refers to the fact that we use the asymptotic equations Ef} =0.
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check for this formula comes from the fact that the variation of J4 does not contain any
quadratic anomaly terms, as shown by (3.9).

This indicates also that if the non-radiative structure J4 = 0 = N AB is satisfied,
then the covariant mass aspect M transforms homogeneously. Moreover, flat vacua can
be defined by the conditions M = 0 = J4 = N4B. These were parametrized and studied
in [25, 66).

3.2 Duality and covariant mass

In this section we show that it is possible to construct from Cap, Nap and their derivative
another scalar of dimension 3 that possesses no quadratic anomaly: the dual covariant
mass. To describe its construction, let us introduce the volume form on S denoted esp
and given by %e apdo? A doB = \/Zjdza. Raising one of its indices with the metric, one
gets the complex structure

ea? = es0qPB, eaBeg® = —52. (3.12)
The complex structure is a tensor of weight 0
5(773/)6143 = (704 + Ly )ea®. (3.13)

We can use this complex structure to define a duality transform for the traceless tensors
C, N and the derivatives. We introduce the notation

Cap =ea“Cop = ep“Cac, Nap = es“Nep = e5%Nac, Vi = eaPVp.
(3.14)
Note that the equality € 46Cop =¢ B?C 'sc is only valid for symmetric traceless tensors.
The tilde operation is a duality Nap = —Nap, and we have the properties
VAWA = —VAWA, NABVB = —NABVB, (3.15)

where we denoted V4 = ¢4BV5. In particular, this means that

(D-N), =esPDNep = (D-N)a=—(D-N)a. (3.16)

The tensor esp can be used to convert 2-forms on the sphere into (pseudo)-scalars. In
particular, given Jap = Jap] a 2-form on S this can be written as

1. .
Jap =gJean, T = ABJap. (3.17)
An identity that we will repeatedly use in the following derivations is the condition that
D(aNp“0ct = DoN€ o, (3.18)

which follows from the Fierz identity Dy N, BCE)C]T = 0 and the fact that N is traceless. It
will also be useful to simplify some tensors using the identity

eapetP = 6568 — 6R6. (3.19)
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Given these preliminaries we can now present the construction of the dual covariant mass.
From the transformation (2.21e) of (D-C)p we conclude in appendix B that

S(ry)(DaA(D-C)) = [0y + Ly + 37](Da(D-C)Y) + 4T 2047 + (NP Dpdct + CPC Dpoct).
(3.20)
This means that the following combination

M= %(DA(D-C*)A) + écABNAB, (3.21)

called the covariant dual mass, possesses no quadratic anomalies. The explicit transforma-
tion follows from the transformations (3.20) and (2.21b), (2.21d) and it is given by

S(ryyM = [T0y + Ly + 3F|M + T0ar . (3.22)
This is in absolute parallel with the mass transformation formula (2.21g). Note that the
role of the mass aspect M is played here by the “vorticity” of the fluid with velocity U 4:
1
<

~ 1
M= ——e*BD,Up = 1

5 Da(D-C)Y). (3.23)

The covariant mass M and the dual covariant mass M determine respectively the real and
the imaginary part of the Weyl scalar ¥y at 7.

3.3 Covariant momentum

We now focus on the construction of the covariant momentum. The transformation of the
momentum'® is given in (2.21j). In order to analyze and simplify this equation, one can
follow the same strategy as the one that led to the definition of the covariant mass and
look for counter-terms that cancel all the quadratic anomaly terms proportional to D 90T
and A7. To do so one first establishes, using (2.21e) again, that

S(ryy(DcCPCRA) = [10u + Ly + 27|(DcCBCpa) + Cap(NBC0cT — CPC0ct)
— Cap(ROPr + 0P A7) — 2D 4 DpyrDcCCP . (3.24)

We also use that
1 . 1 1
S(ry)0a (—?)QCBCCBC> 2 (70, + Ly + 27]04 (—32030030> + éaA(c”ffCDBaCT)
~ 1y (CBeCPC) dar — L 0B, (3.25)
327w \7BC 16 B¢ ‘ ‘

This means that the last three terms in the variation (2.21j) of P4 can therefore be cancelled
by the modification

1 1
Py =Py + X(DCCCB)CBA + EaA(CBCCBC) ) (3.26)

BTo compare these transformations with the one of [22, 25] one needs to use that Ng = Pa + 9ab.
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which defines the covariant momentum and yields the Weyl scalar ¥;. To compute explic-
itly the variation of this covariant momentum one uses that

CapCPC = L(CppCPP)S,  CapNPC = L(CapNPP)o5 + S(CupNPP)erC
(3.27)
This means that the variation of the covariant momentum drastically simplifies into
S(ry)Pa = [rOu+ Ly + 27Pa + 3Mapd’r, (3.28)
where the tensor M 4p is given by
Mup == Mqap + Meap (3.29)

and the double hatted equality refers to the fact that we have used both asymptotic equa-
tions Eff 2 0 £ E,,.

The momentum transformation involves the mass and dual mass on a symmetric level.
It is a clear improvement from the cumbersome transformation (2.21j) and it exhibits, as
anticipated, a self-dual symmetry of the transformation rules. This expression also provides
a powerful and nontrivial consistency check of (2.21j). Indeed, since P4 does not contain
quadratic anomaly, its variation should also be expressed only in terms of semi-covariant
tensors that do not contain quadratic anomalies. This is indeed the case since both M and
M are semi-covariant. To summarize, the transformation property (3.28) of the covariant
momentum is self-dual and given by

8ryyPa = (704 + Ly +27|Pa +3 (Mar + Mdat) . (3.30)

3.4 Covariant stress

We finally focus on the construction of the covariant spin-2 observable. It is easy to see
that the first two terms in the last line of (2.22) are cancelled in the following combination

1
Tag =3 (EAB — wCABCCDCCD> , (3.31)

which defines the covariant stress and yields the Weyl scalar Wy. Using the definition of
the covariant momentum, we can write its transformation as (see appendix A.4.1)

Oz v)TaB =10y + Ly +7|Tap +4Pa0p)T
3 3
+5 (C°PDcCap — CapDcCP) Opt —3D(4CpycCPOpT + ia<A(CC~,JCCD)aB>T
—4EbD<A83>T. (332)
We can simplify this expression considerably using the identity
1 1
3 (CDCDCCAB - CABDCCCD> = D(4CpycCp — 18<A(CCECCE)QB)D ;o (3.33)
that can be proven using complex coordinates. Finally, this means that we simply have
5(7.’}/)7;13 = [TOu + Ly + 7] Tan —|—4'P<A33>T. (3.34)

Again a drastic simplification from the original transformation (2.22).
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3.5 Covariant tensors and Weyl scalars

In order to elucidate the relation between the covariant observables introduced above and
the Weyl scalars in the Newman-Penrose formalism [34, 35] at null infinity, let us introduce
a doubly-null tetrad (¢,t, m,m) adapted to the 2 + 2 foliation defined by two null vectors
¢,t transverse to the sphere and a complex dyad m,m tangent to the sphere, with ¢48 =
2mAmB) . Explicitly, in the Bondi coordinates (u,r) on Z these vectors are given by

(=8,, t=08, m=m"d,. (3.35)

By contracting the Weyl tensor W, ,» with the tetrad field above, we obtain the 5 Weyl
scalars (W4, U3, Wo, Uy, ¥y). The asymptotic values of the Weyl scalars, which are deter-
mined by the peeling theorem, are respectively given by (%NAB, TAM —iM,Pa, Tan)
(see appendix D of [17])

Uy = —Wimtm = % NABmamp + o(r™1), (3.36a)
W3 = —Wipm = r%jf“m +o(r7?), (3.36b)
W =~ Waas + Wamn) = -5 (M+i80) + o), (3.360)
Uy o= —Waem = %PAWLA +o(r™, (3.36d)
U = —Wimem = %anAmB +o(r79). (3.36€)

This means that the covariant observables are simply, and up to normalisation, the asymp-
totic Weyl scalars.

4 EOM from symmetry

In the previous section we have constructed the tensor N4Z and the pseudo-tensors
(TJ A,M,M,PA,QB)- By design these are covariant under the kinematical part of the
bmsw algebra and they represent the metric data up to order 1/r in the metric expansion.
We now want to explore their covariance properties under supertranslations and derive
from it the asymptotic evolution equations, that appear as restrictions on the free data.
The strategy that defines our symmetry argument is as follows. For a given scale weight
s and a given spin, we first identify the combinations of free data that transform with that
weight and are covariant under the action of the BMSW infinitesimal transformations. The
associated asymptotic EEs are then obtained by setting those combinations to zero. To be
more precise the first step of the argument requires identifying quantities denoted £ which
are now tensorial under the full symmetry group including supertranslaions. One can then
argue that in the absence of sources, that is for pure gravity, the only possible consistent
equation is £ = 0. The reason we put the r.h.s. of the equation equal to zero instead of
1 say is that £ can be understood as transforming in the coadjoint representation of the

BMSW group. It would be inconsistent to fixed & = 1 as the transformed value g€g~*,
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for g an element of the BMSW group, would now be different from 1. The only option
is to have an equality of the form & = O where O is an object that transforms under the
coadjoint representation of BMSW. In the absence of matter no such object exists and the
only admissible coadjoint orbit that can source the equation is O = 0. Later in the section
we identify, in the presence of matter, which combination of the energy-momentum tensor
transforms in the same orbit as £. This leads to a proposal for the asymptotic equations
of motion in the presence of matter.

Let us emphasize that the derivation of Einstein’s equation from symmetry is only
valid for the asymptotic equations of motion that arises in a 1/r expansion of the metric.
The rest of the equations that allow to reconstruct the bulk metric, through the radial
evolution, are not derived in that way but they are assumed to hold. This is consistent
with the holographic perspective where the boundary is assumed to have a unique bulk
reconstruction. Let us also emphasize that going from the identification of a tensor £ to
the imposition £ = 0 as an equation of motion is not new. It is the same strategy that
Einstein used to derive the equation G, = 0 from a gauge symmetry argument [67].

Before focusing on the derivation of the set of Einstein’s equations, we need to dis-
tinguish the equations that are derived from a symmetry argument form the ones that
are imposed as boundary conditions. The only equations that we impose as boundary
conditions are listed in (2.3), which in particular contain the equation (2.5). It is possi-
ble to relax these boundary conditions and perform a more full fledge analysis where the
equation (2.5) is also derived from symmetry, but we do not do this here.

We now look systematically at the metric components that transform homogeneously
under the full BMSW group. One starts by the scalar data of weight s = 1. At this weight
there is only one datum of weight s = 1 that transforms homogeneously under BMSW
transformations. It is the scalar given by by which labels the term of order by /r in the
expansion of 3, which transforms as d(;y)b1 = [TOy + Y494 + 7]b1. Since this is the only
datum of s = 1 that transforms homogeneously, the covariant relation b; = 0 falls in the set
of covariant relations to impose in the absence of external sources and it is thus included
in the set of asymptotic EEs derived using exclusively BMSW transformation properties.

For the next steps we analyze the two scalar invariants of weight s = 2 and the spin one
invariant of weight s = 3, representing evolution equations for covariant observables. This
allows us to apply our symmetry argument for an immediate derivation of the Einstein’s
equations (2.6), (2.7), (2.8). More precisely, from the transformations of the 2d Ricci
scalar under the metric rescaling qap — e % gap and (2.21f) it is immediate to see that
the combination

Ep=F— ——= (4.1)
transforms homogeneously as a scalar of weight s = 2, namely
5(7—,Y)5F = [Ly +27]EF. (4.2)

Hence the EE (2.6) is recovered as the covariant expression £ = 0. From the transforma-
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tions (2.21e), (2.21i), it is straightforward to show that the combination
E =U"+ %DBCAB (4.3)
transforms homogeneously as a vector of weight s = 3, namely
8- )€ = [TOu + Ly + 37EF . (4.4)

This shows that the EE (2.7) is also recovered as the covariant expression & = 0.
Similarly to the case for &, from the transformations (2.21b), (2.21h) we see right
away that the scalar combination

1
& :=b+ —CupCAB (4.5)
32
transforms as
1
Oy = [T0u + Ly +27] & + zgg‘am. (4.6)

Therefore, on-shell of the previously just derived EE & = 0, we recover (2.8) as well from
the requirement of covariance under the BMSW group action.

Now that we have shown that our symmetry argument can be applied to derive both
Einstein’s equations (2.7), (2.8), in the following we will at times go on-shell of these two
equations in order to simplify some of the expressions. We recall that imposition of (2.7)
alone is denoted by a single hat while impositions of (2.8) as well by a double hat. In
particular, we point out already that, when including matter sources in our analysis, we
will refrain from imposing (2.8) as the combination b+ 3—126' 4BCAB picks up a stress-energy
tensor contribution in the Einstein’s equations and this needs to be taken properly into
account when studying covariance properties of matter terms as well. This means that
some of the transformations derived in sections 4.1, 4.2, 4.3 will need to be generalized to
include terms proportional to &; this is done in appendix A.

4.1 Mass evolution from symmetry

The goal of this section is to show that, quite remarkably, the symmetry transformation
of M completely determines its equation of motion. To see this, one evaluates the trans-
formation of the covariant mass time derivative and the current divergence

SryyM = [Ty + Ly + 47] M + 0,(T9a7) ,

1.
8(ry) DT = [10y + Ly +47] DT +20,(T*Dat) + 5NABD 0BT, (4.7)

where we used that %D ANAB = 7B This means that the quantity

E:=M— %DAJA - %NABCAB (4.8)
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transforms homogeneously under the symmetry transformation. Therefore, the covariant
conservation equation is £ = 0 or

M — %DAJA = —éNABNAB, (4.9)
when written in terms of the original variables.

This is one of the Einstein’s equation which is derived purely from symmetry principle.
If one uses a fluid analogy where M plays the role of the energy density, we see that —74
is the energy transport current while %N 48NAB plays the role of the entropy production.
The expression (4.8) in terms of the covariant quantities shows that when no radiation is
present, which corresponds to the condition N4z = 0, then the covariant mass is conserved

. 1
M — 5DAJA = 0. (4.10)
The same can be followed for the dual mass, using that

5(T,Y)'/\j( = [Tau + EY + 47']./\;1 + au<jAaAT>,

~ ~ ~ 1 =
3(ryyDAT? = [0y + Ly +47] DaT ™ +20,(T*Dar) + 5NABD 0BT, (4.11)
from which we deduce that the quantity
- L1 - 1=
E=M-— 5DAJA - gNABCAB (4.12)

transforms homogeneously under the symmetry transformation. Therefore, the covariant
conservation equation for the dual mass is € = 0.

4.2 Momentum evolution from symmetry

We can establish in a similar manner that the asymptotic evolution equation for the mo-
mentum can be written as £4 = 0, with (see also details in appendix C)

Ep = ?A—aAM—éA./\;l—CABJB, (4.13)

a vector that transforms homogeneously under the BMSW group. The goal is show that
the anomaly of £4 vanishes when € and & vanish, namely

AEAZ0. (4.14)

We rely on the duality between the covariant mass and dual mass to simplify the proof.
Let us first focus on the quadratic anomalies, which we denote Ag). From the trans-

formation properties derived in appendix B, we can write

1
A(T2)3AM = 78D 0T = jBD<A63>7- + ijAATa
- - -~ -~ 1 -
APOAM = TP Dadpr = =T Diadpym + 5T Peapr

1
= jBD<A8B)T - ijAAT,

AP C TP = 278D 40p T, (4.15)
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from which it is straightforward to see that
APe 20, (4.16)
since AP P, £ 0 as immediate from (3.30).

Let us now look at the linear anomaly Agl). Using again the results of appendix B, we

can write
ADP, 2 3MIr + 3MIu + 3MIur + 3MIuT (4.17)
AWOIUM 2 947 M + 3047 M + DT BOpT, (4.18)
AWM = Bar M + 3047 M + DaTPogr
AWC TP = %CABNBcacT = i(CBcNBC)aAT + i(CBCJ\?BC )OAT . (4.19)
Moreover, given the identity
DaJp+ DaJp = qap(DcIC) + eap(DcTC), (4.20)
we have

(CpeNBO) (CreNBO)| dar

_ ! _ !
4 4
= 28047 4+ 2047 =0, (4.21)

AWEL £ oM — (DeTC)

T

AT + [2/\2 —(DeJC)

on-shell of & = 0 = £. We thus see that also the equation of motion for the momentum,

€4 =0, can be derived from purely symmetry principles.

4.3 Stress tensor evolution from symmetry

Let us show that the same strategy applies to the spin-2 equation of motion as well. For
the spin-2 sphere metric component we have seen in (3.34) that the combination Typ =
3 (EAB - %C’ABCCDCCD ) has no quadratic anomaly. The goal is two show that the
combination

3 .
5 (CapM + CapM) (4.22)
is also free of anomaly on-shell of the momentum evolution equation £4 = 0 and therefore it
determines the tensorial equation of motion. Since the quadratic anomaly of Tap vanishes,

Eap = Tap — D(aPp)

one only needs to evaluate the following quadratic anomalies

||>»

3 5 5 . ~
A.(,.Q) (D<APB> + 5 (CABM + CABM)> 3(MD<AaB>T + MD(A&B>T
— MD40pT — MDMBBV)
_0, (4.23)

where we used the result in appendix B for the anomaly of the quantity DaPp, as well
as (2.21b).
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We are thus left to show that the linear anomaly vanishes too. For the same quantities
as in (4.23), we have

AW (D(uPp)) £ 4P 07 + P(ad)™ +3Da Mg +3DaMIgT,  (4.24)
3 3
AW <0A3M> = JCapdocr, (4.25)
AW (26,501 = 204570 4
+ (5048 =3 ABJ " OcT . (4.26)

Therefore, combining these together we have

AW (D Py + 3 VY

¥ (aPp) + 5 (CABM + CABM)
) s 3 3.
= 4P A0 T + Pa0pT + 3D 4 MIp)T + 3D 4 MOIpyT + §CABjCacT + icABjCacT
: 5 3 c 35  sc

= 40u(P(adp7) = 3 (Pra = DaM + DiaM) 97 + SCapT “do7 + S Capd “do

= 46u(P<A83>7') - 35<A83>T. (427)
This was simplified by using the identity

CaBOcT — éABécT = CC<AaB>T — CN'C<A53>T = ZCC<A83>T. (4.28)

We also used the definition of the momentum equation of motion (4.13). From this, taking
the time derivative of (3.34), we conclude that AWg, B = 0 as well once we use £4 = 0.

4.4 DMatter sources

The previous results show that the multiplet (&, E Ex,E B) of evolution equations trans-
forms homogeneously under the BMSW symmetry group. More precisely, we have

)€ = [10u + Ly + 47]5, (4.29)

S(ry)€ = [T0u + Ly +47]E (4.30)

5(7. y)gA = [TOy + Ly + 37)Ea + 2E04T + 258AT (4.31)
5(7. y)EAB = [T0y + Ly + 27)Eap + 3E A83> (4.32)

We have seen as well that the asymptotic Einstein’s equations constraining the metric
functions F, U, b transform as

5(77;/)5}7 = [Ly + 27| EF,
S )& = [70u + Ly + 37IET,

1
Ory)Eb = 70w+ Ly +27]8, + €7 O (4.33)

This is the first main result of this paper, namely the derivation of asymptotic Ein-
stein’s equations at null infinity from the unique demand of constructing tensorial operators
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starting from the time derivative of the pseudo-tensors (M,M,PA, Tap). We now want
to extend our symmetry argument also to the case where matter sources are present and
use it to derive the asymptotic EEs coupled to matter.

Let us start by showing that a transformation structure similar to (4.29) for the asymp-
totic vacuum Einstein’s equations is reproduced by the conservation equations of matter.
We consider matter sources with stress-energy tensor (SET) T),,. We restrict our analy-
sis to stress-energy tensor components that preserve the following asymptotic Einstein’s
equations

Er =0 Ef. (4.34)

These conditions mean (see [17], section 8, for more general conditions) that the stress-
energy tensor components have the following expansions [24]

1. 1 .

Tup = ;T(IAB + ﬁTAB + 0(T‘2) , (4.35a)
1 . _ 1. _

T = ﬁTuu +o(r™?), Tus = ﬁTuA +o(r7?), (4.35b)
1.~ -3 -3

TTA:T—3 rA+o(r™), Ty =o0(r™7), (4.35¢)
1 .

T = — T + o(r73). (4.35d)

As shown in appendix D.1, the asymptotic components of the stress-energy tensor
transform as

5<T vy Tuu = [T04 + Ly + 47T, (4.36a)

I = [0+ Ly + 3T]T, (4.36h)

5 Ty = [T0u + Ly +27]T, (4.36¢)

S¢ryyTua = [T0u + Ly + 3#|Tya — TOaT + TyuOart, (4.36d)

5 Ty = [10u + Ly + 28T — Trp0a7 + TOaT, (4.36¢)
5(77Y)T<AB> = [70u + Ly + 27T ap)

+ 27, 40p) ™ — 213,407 — 2T D 40p)T (4.36f)

where the 72 component of 745 is given by Tap = Thqap + T( 4By~ From these transfor-
mations we can identify the conservation equations as the combinations that transform as
pseudo-tensors.'* These are (see appendix D.2 for their derivation)

C:=0,T +2T,  CL:=0,Tra—0aT,  C%:=04T) +2T4, (4.37)
which transform as
6(T7y)C = [T@u + Ly + 37"](:',

S¢ry)Ch = [T0u + Ly + 37]Ch — COat,
8(rv)Ca = [T0u + Ly + 37]C3 + COaT. (4.38)

1Strictly speaking its is the combination C} + C?q which transforms as a pseudo tensor.
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The proof follows from

5(T,Y)8UTTA = [10y + Ly + 3710uTp 4 — (0T — T)Oa7 + 0T 04T,
6(T,Y)6AT = [0y + Ly + 37"]8AT + 3T6A7" + 8UT8AT ,
Sry0aTrr = [10u + Ly + 2810aT s + Trrdar + 213,047 . (4.39)

Applying our symmetry argument, one then recovers the result that the conservation
equations are given by C = 0, C}l =0, C124 = 0. Using that the leading order of the Einstein
equation component G,, = T}, (see, e.g., [17]) implies

T = -8, (440)

we see that the conservation equations mean

A

T =4E,,  Tpa =404E,. (4.41)
The asymptotic EEs coupled to matter read'®
E=0, £E+85=0, E4+8a=0, Eap+Sap=0, (4.42)
where the sources are given by
1. . 1, - 3 . 1 . 3.
S = 5T Sa=Tua+ QOAT, Sap = 5Tiap) — ZD(AaB>Trr —5TCas.
(4.43)
The sources S,S4 above agree with the ones written in [24], once we recall that the mo-
mentum N4 used by Flanagan and Nichols relates to our through N4 = P4 + 0ab; they
also agree with the expansion of the Einstein tensor components near null infinity in terms
of the asymptotic EEs written in [17]. The source S4p matches the one written in [64],
again after proper translation of the momentum definition.'6
This form of the sources is derived in appendix D.3, again applying our symmetry
argument. More precisely, the expressions (4.43) are obtained by demanding that EEs
coupled to matter transform homogeneously under the BMSW symmetry group as

ey (E+8) = [T0u + Ly +47](E+S), (4.44)
S(ry)(Ea+8a) = [TOu + Ly + 37](Ea + Sa) + 2(E + 8)0ar + 2£0aT, (4.45)
Sry)(EaB + Sap) = [0y + Ly + 27)(Eap + Sa) + 3(Ea + Sa)0p) T - (4.46)

Notice that we have removed the double hat symbol over the equal signs as the E; asymp-
totic equation is sourced by the SET component T, (4.40) and it thus contributes to the
definition of the covariant tensors encoding the EEs in the presence of matter.

5Given the topological nature of the dual mass charge, the corresponding EE does not acquire a
source term.

16The expansion of the (AB)-component of the Einstein tensor containing Eap was not completed in [17],
thus we cannot compare the expression of the Sap source with that reference.
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5 Properties of the covariant observables

Let us now summarize the covariance properties that we have revealed so far and the nested
structure that organizes them. The covariant observables are the radiative observable

NAB .= N4B (5.1)

corresponding to the truly free data at Z* encoding the two polarizations of the outgoing
gravitational radiation, and the corner observables (J4, M, M, P4, Tap) defined as

1 1
J* = 5DpNP + 20" R(q), (5.2a)
1
M= M + éNABCAB7 (5.2b)
~ 1 ~ 1 -~
M= ZDB(D‘C)B + gNABCAB ; (5.2¢)
1 1
Py = PA+T6DA(CBCCBc)+ZCAB(D-C)B, (5.2d)
1
Tap =3 (EAB - chB(CCDcCD)) , (5.2)
and corresponding to initial data. They transform as follows
Sy NP = [18, + Ly + 57| NP, (5.3a)
1
5(T,Y)jA = [Tau + Ly + 47—] jA + iNABaBT, (53b)
S(ryyM = [0y + Ly + 37] M + T 404, (5.3¢)
S(ryyM = [0y + Ly + 37]M + T 0ar, (5.3d)
d(r,yyPa = [TOw + Ly + 27| Pa + 3 (MQAB + MGAB> B, (5.3¢)
8(rv)Ta = [T0u + Ly + 7] Tap + 4P40p T . (5.3f)

These transformation properties show a clear pattern where the linear anomaly of each
covariant quantity of conformal dimension s is uniquely determined by the ones of conformal
dimension s — 1.

The requirement of covariance under the full BMSW group gives the equations of

motion
JA = %DB/\[AB, (5.4a)
M= %DAJA + %CAB/\/AB, (5.4b)
M = %DAjA + éGAB/VAB, (5.4c)
Pa=DsM+ DaM+CapJ?, (5.4d)
Tag = DiaPp) + g (CapM+CapM) . (5.4e)
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We can now combine the action on the soft observable with the equations of motion to
write down the action of the symmetry group on the corner phase space variables. That
is, the phase space obtained after imposition of the constraint equations. This gives us the
on-shell actions

Sy T = [Ly +47] T4 + %NABaBT + %DBNAB, (5.52)
Sy M = [Ly + 37 Mt TA0a7 + <DAJA 4 iCAB/\/AB> , (5.5D)
S(ryyM = [Ly + 3T M + TA0a7 + g <DAjA + iCAB/\YAB> , (5.5¢)
S(ry)Pa = [Ly +27] Pa + 3(MOAT + MOaT) + 7 (8AM + OuM + CABJB) . (5.5d)
S¢rv)Ta = [Ly + 7] Tap+4Pa0pT + 7 <D<APB> + gCABM + zéABM). (5.5¢)

This information is enough to recover the equations of motion which are given by
T4 = 6(170)\,’7‘4, M = da,0M, Pa = 61,00Pa Tap = 01,00 TaB (5.6)
where 7 = 1 denotes the constant function on the sphere.

5.1 Non-radiative phase space

The non-radiative phase space is obtained after imposing the no-radiation condition!”
NAB =, (5.7)
This means that we have
CaB =unap +cap, (5.8)

where nap and cap are time independent. Once the no-radiation condition is imposed, we
can solve the evolution equations (5.4) explicitly as follows (we use the label NR to denote

7The fact that this is a correct quantity to set to zero in the absence of radiation follows from the fact
the it transforms covariantly under the BMSW transformations (as well as under the standard BMS group).
Our choice of no-radiation condition is motivated by the demand that the corner charges be conserved in
time, as shown below, and it corresponds to a Weyl tensor of Petrov type I. However, one can argue that
this choice is conventional. Another accepted choice is to call radiation ImWs, W3, ¥, since they depends
explicitely on the shear and its time derivative only and to include in the charges ReW,, Wy, ¥y, which
represent independent data. This is the choice adopted in [25], where it was demanded the vanishing of
the shifted news tensor (3.7), also transforming with no anomaly, and of the dual mass. In this second
perspective the conventional notion of no radiation would be to impose that ImWs, U3, ¥, vanish, with a
Weyl tensor of type II. Ultimately understanding what is the right notion of no-radiation should be related
to whether the charges not included in the radiation are not only conserved but also form a coadjoint orbit.
So far it only has been proven that the even stronger non-radiative condition Im¥y = U3 = Wy = Uy =0,
which is of Petrov type D, forms a coadjoint orbit (see e.g. [49]). Understanding whether the no-radiation
condition we work with here qualifies under this criterion still needs to be investigated.
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the non-radiative solutions)

jANR:jAa (59&)
MNR:ergDAjA, (5.9Db)
MNR=m+gDA5 : (5.9¢)
2
~ . u .
PER:QPA+u(DAm+DAm+cABJB)+7(D<ADB>-HLAB)JB, (5.9d)
Nk _ b 3 -
Tig =3tap+u(2 <APB>+2(mCAB+mCAB)
3u? 1 1 1 - 1 1 5
— | |sDuDp += —DaDpy+=nap|m+-D i€+ =coaDpyi©
+ 5 ({3 (A B)+2?1AB} m+ {3 (A B)"‘QnAB} m+3 (ACBYC) +6CC<A B)J )
(1D uDpDeyiC+ 1D o2 Dpyj¢ 5.9
+u g PatBla)] +6 (AMB)YC) +3nC(A BYJ | (5.9e)

where (ja4, m,m,pa,tap) are constant tensors on the sphere. In fact, given the evolution
equations (5.4a), (5.4b), (5.4c), it is immediate to see that j* = 1 = m = 0. For pa
and t4p the proof goes as follows. From the evolution equation (5.4d) and the expan-
sions (5.9b), (5.9¢), we get

7jA =Dgm+ DAﬁl + CABJB + g(DADBjB — DADBjB + QHABJB)
= (DAm+DAT~TL+CABJB)+u(D<ADB> —i—nAB)jB, (5.10)
where we used the identity
DsDp — DaDp =2D4Dp . (5.11)
Next, from the evolution equation (5.4e) and also the expansion (5.9d), we get

Tas = 2D(appy + u(DaDpym + DsDpyinn + Dialepci€))
2

+ %(D<ADBDC)jC + Dialnpyci€))
+ ;chB + gméAB + 3?“ <;CABchC + %6A3chc + mnap + ﬁmAB)
+ 322(%31)0]'0 +7apDcj©), (5.12)
and we use that
iCABDCjC + iéABchc = %CC(ADBWC (5.13)

to arrive at

: 3 -
Tap = 2D(app) + 5 (meap + méap)

v

1 . 1 ) .
+ u2 (2D<ADBDC>]C =+ §D<A7”LB>CJC + 2nC<ADB)JC> . (514)

3
m+ |DaDpy + iﬁAB

- . 5 .
i+ Dyacpyci© + 2¢c<ADB>JC>

3
D(ADB> + §nAB
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The conserved quantities (jA, m,m,pa,tap) represent the charges parametrizing the
non-radiative corner phase space. They encode on Z the physical content of the spacetime.
We come back to this important point in a moment.

Let us first remark that, in the asymptotic analysis of symmetry, it is often customary
to define a stronger version of the no radiation condition to be specified by

NAB —o,  g4=o0, (5.15)

and the spacetime is said to be strongly non-radiative. The second condition means that
naAB + %RqAB is the Liouville energy-momentum tensor. In this case, the conservation
equations look simpler, with M R = m and MNR = /i independent of time and

PYR = 2pa + u(Dam + D) , (5.16)

3 _
Tan = 3tap +u (2D(ApB) + §(mCAB + mCAB)>
+2(
2

5.2 Symmetry transformations

m +

~ 3
D(ADB) + —naB m) . (5.17)

2

3
D<ADB> + 571,43

Under a symmetry transformation the shear components transform as

Srwyyeas = [Ly = Weas — [2DuDp) = nap| T, (5.18)
Serwyynas = Lynap — 2D A Dpy W, (5.19)

while the symmetry transformations of the conserved charge aspects are given by

Srwyyi = [Cy +4W] 4, (5.20a)
R A T = 4
dagwyym = [Ly +3W]m+ 05T + 5 Daj”, (5.20b)
~ -~ ~A T ~A
Sawyym = [Ly +3W]m + 04T + T Daj”, (5.20¢)
A 3 - T )
O wy)pa = [Ly +2W]pa+ 5(mIaT +maT) + 5 (aAm + Damn + cABjB) , (5.20d)

||»

orwy)tas

8 2 1 |
[Ly + W]tap + §p<A83>T +T <3D<Ap3> + 3CABM + 2CABm> . (5.20e)

These transformation properties represent the second main result of the paper. There are
two important aspects related to them we now highlight.

First, we see that the conserved charge aspects parametrizing the corner phase space
transform homogeneously for the asymptotic corner symmetry group (see section 2.3) where
T = 0. Second, and most importantly, the transformations (5.20) are conjectured to define
a moment map between the corner phase space at Z and the dual Lie algebra of the
extended corner symmetry group of null infinity. This fundamental conjecture, that will
be investigated in [68], gives a precise meaning to our claim above that the conserved
charges (j4,m,m,pa,tAp) parametrize the corner phase space at Z.
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6 An impulsive wave solution

Now that we have found the non-radiative solutions N 4p = 0 we investigate the nature of
the non-linear impulsive solutions that describe the fundamental transitions among vacua.
An impulsive gravitational wave or gravitational impulse is an ezact solution of the vac-
uum Einstein’s equations of motion. Their study goes back to the work of Aichelburg and
Sexl [52] and of Szekeres, Khan and Penrose [53, 54]. Their mathematical study through a
cut and paste approach started with the work of Penrose [55]. The study of spherical impul-
sive waves has continued and followed many formal mathematical developments since then,
see [56—60], supplemented by the study of their collisions [60, 69, 70] and the relationship
with the memory effects [71, 72]. It is important to appreciate that impulsive waves that
are asymptotically flat have to be spherical; this excludes the extensively studied pp-waves,
which are planar.

A gravitational impulse is analogous to the gravitational shock wave studied thoroughly
by Dray and 't Hooft [73-75], in the sense that they are, by definition, solutions of the Ein-
stein’s equations that produce radiation localized on a null hypersurface, the hypersurface
u = cste. Gravitational impulses'® are fundamentally different in nature from shock waves
though, in the sense that a shock wave needs a non-vanishing energy-momentum source
while a gravitational impulse does not need any energy-momentum source. Gravitational
impulses are made of pure geometry. It is interesting to realize that the gravitational
impulse solution we are constructing here is a solution of full non-linear gravity. Its lin-
earization is related to the so called gravitational soft mode introduced by Strominger et al.
in [76, 77] and studied more thoroughly in [78-83]. Let us also point out that plane-fronted
gravitational impulses were considered in [84] as solutions to the gluing conditions between
interfaces of bounded finite regions in a discrete gravitational context.

6.1 Impulsive wave phase space

A shock wave localized at u = 0 describes the transition between an initial vacuum labelled
by O~ = (cip:"ap: jA_,M_,/\;l_,PE, Tap) to the corresponding out vacuum labelled
by OF. By definition a non-expanding gravitational impulse solution satisfies'?
Cap = (chip +unjip)f(u) + (chp + unyp)o(—u),
=cap +unap + (éap +unap)e(u), (6.1)
where we denote é4p := (¢} 3 —c, ;) the jump across the impulse and cap == 3 (clp+cip)
the average value (similarly for n4p and nap). In the last line above, we have introduced

the step function

e(u) == %[O(U) —0(—u)], é(u) = d(u), (6.2)

where 0(u) := 9,6(u) is the derived delta function.

8Here we defer from the accepted nomenclature of Penrose [55] who calls an impulsive gravitational
wave a gravitational wave whose metric is continuous but not Cy on some (null) hypersurface, while shock
waves refer, for him, to metrics which are Ci. The curvature tensor of an impulsive gravitational wave
is proportional to a delta function while the curvature tensor of a shock wave is proportional to a step

function.
19We used that 6(u) + 0(—u) = 1.
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An impulsive wave corresponds to the choice where the induced metric is continuous.
This means that we impose ¢4p = 0. This condition is necessary in order to ensure that
the energy flux is finite.?? This continuity condition means that

NABZHAB+T°LAB6(U), (6.3)
Nap =napd(u),
and we see that the Weyl tensor component N4 g is proportional to a delta function.

We can now easily integrate out the evolution equations and express the evolution
of the covariant quantities (J A,M,/\;I,PA,'E;B) in terms of the conserved quantities
(ja, m,m,pa,tap), which have the property that they are constant in time in the non-
radiative zone u < 0 and u > 0 before and after the gravitational impulse, and the impulse
strength nap.

Let us start with the current J4. It is immediate to see that the solution to (5.4a)
can be written as

T4 w) = TR+ T4
1

1 1
= ZDAR(q) + 5DBnAB + —e(u)Dpn?B | (6.5)

2

where we made explicit its structure as a sum of the non-radiative solution (5.9a) and a
distributional radiative component linear in 7n4p.
To get the mass evaluation one integrates the evolution equation (5.4b)

M= %DAJA + %CAB/\/AB. (6.6)
The first term can be easily integrated if one uses that
Oulue(u)] = e(u) + ud(u) = e(u). (6.7)
The product C4pN4E contains product of distribution which are evaluated using
ud(u) =0, e(u)d(u) =0, ue(u)d(u) = 0, e(u)d(u) = 0. (6.8)
Explicitly, we get?!
CaNAB = [cap + unap + ue(u)iap)iBo(u) = capnBo(u) = dy[capnPe(u)]. (6.9)
This means that we obtain the solution
M(u) = MNE L pmRE
=m+ gDAjA + 1e(u) capnP + iue(u) DaDpnAEB. (6.10)

8

20When éap # 0, we have that NagNAB = éAB&ABé(u)2 + ... which is ill defined.
21We use the following regularization
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We see that the covariant mass is the sum of a non-distributional component MNR_ which
agrees with the non-radiative expression (5.9b), and a distributional radiative component
MR which is linear in the impulse radiative news figp. A similar analysis gives the
expression for the dual mass in the presence of an impulse

M(u) = MR 4
=1+ gDAjA + %e(u) capn B + iue(u) DaDghAB. (6.11)
The expression for the covariant momentum can be obtained by integrating out (5.4d)
Pa = DaM + DaM + CapJ?. (6.12)

To perform the integration one uses the expansion

) 1 . 1 . . 1. .
CapJ? = [cap +unapli® + Ze(u)capDen®? +ue(u) | =napDen®? +napi?| + ZuiapDen®?

2 2 2
(6.13)
where we used that €2(u) = 1 as a distribution. The final expression is given by
Pa =Pyt + P + PR
2
~ B . U )
=2pa +u(Dam+ Dam + capi®) + ?(D(ADB) +nap)j”®
1 .
+ gue(u) {DA(CBchBC) + DA(CBcﬁBC) + 4CABD07(’LCB}
1 .
+ §u26(u) {DADBDcTDLBC + DADBDcﬁBC + QHABDc’rolCB + 4701143‘7'3}
u? . CB
+ ZnABDCn . (6.14)

We see that the covariant momentum is the sum of the non-radiative expression Py given
in (5.9d), a distributional expression P}! proportional to the impulse news 745 and a
secular component 7352 quadratic in the impulse news.

Finally, the expression for the stress tensor can be obtained by integrating out (5.4e)
Tag = DiaPp) + g (CapM+ CapM) . (6.15)

A similar analysis shows that the solution can be written as
Tap = Tap + Tap + Tis » (6.16)
showing that the stress tensor can be decomposed into a non-radiative component 7;1‘\15”, a

distributional radiative component 7% linear in fiap and a secular radiative component
TR2 quadratic in f4p. The non-radiative component is already given in (5.9¢). The
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distributional radiative component reads

3 . - o
Tas= 6% ue(u) [capcepn®P +éapcopi®”]

1 . o .
EUQE(U) [D<A (DB> (CCDnCD)+DB> (CCDnCD)+4cB>CDDnDC)

6 ~ 2 3 . - 3 5 L2
+3(CABDCDDTLCD+CABDCDDnCD)+5(nABcCDnCD+nABCCDnCD)+12(mnAB+mnAB)

1 . P . .
+oue(u) [DH (DgyDcDph“P+DpyDeDpin©P +2npyc Dpi®P +4fip)05¢)

+3<nABDcDDﬁCD+ﬁABDcDDﬁCD)+6<chCﬁAB+chcﬁAB>] , (6.17)

while the secular radiative components is

3u?
R2
TAE = 32

oY
8

2 E,CD
[nABCCDn + napccpn

by (6.18)

. . ° 2 2 5 .
nABDcDDTLCD + nABDcDDnCD + gD(A(nB>CDDn

6.2 Recovering Penrose’s solution

The solution first described by Penrose in [55], and obtained by a holomorphic gluing along
a null-cone of two portions of flat space, is a particular example of the construction we have
just given. Penrose’s solution can be revealed by imposing that

cap=0, Dpnaif =0. (6.19)

Under these conditions, we see that the radiative components of the current, mass, mo-
mentum and stress tensor all vanish

Ji=0, MB=0=M%  PR=-0, TH =0. (6.20)

The Penrose’s solution is characterized by demanding that the non-radiative component is
also flat. This means that the only non-vanishing component is the radiative one N48 =
nAB§(u). This solution is integrable in the bulk exactly. It is obtained by patching up two
flat space solutions

2

ds* = —2dudr + du? + i ’ BE ———5dzdz, (6.21)

along the sphere at © = 0. The key element is to recognize that the asymptotic news can
be written as a Schwarzian derivative

h/

where h is holomorphic. The full solution can then be obtained by the following matching

! B 2 _
f. = {h, z}——3< ) = (R}, (6.22)

condition at © =0

r 2|2 -
(r,2,2)y = (MM,h(z),h(Z)> . (6.23)
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7 Conclusions

Exploiting the BMSW extension [17] of the residual diffeomorphism symmetry of null
infinity, we have constructed in section 3 charges associated to all the Weyl scalars and that
transform semi-covariantly, i.e. with only linear anomaly appearing, under the action of the
BMSW group. The characterization of the full phase space of Z led us to the introduction
of a duality transform and in particular to the definition of the dual covariant mass (3.21).
We have shown in section 4 how the sole demand of anomaly freedom is enough to recover
the asymptotic Einstein’s equations coupled to matter, written as evolution equations for
the covariant charges, by identifying the quantities that transform homogeneously under
the symmetry transformations.

This derivation of the gravitational dynamics from purely a symmetry principle high-
lights the central role of the extended corner symmetry algebra, revealed in [14, 15], in pro-
viding a local holographic description of gravity. In particular, borrowing the terminology
from representation theory, we have seen how the evolution equations can be understood as
intertwiners for the BMSW group, as they imply that a given combination is left invariant
by the action of the this group, whose Lie algebra represents a subalgebra of the extended
corner symmetry one [15].

More precisely, our derivation of the asymptotic evolution Einstein’s equations as the
functionals of the gravitational phase space variables left invariant by the asymptotic sym-
metry group opens a new way to think about the quantization of gravitational dynamics
in terms of representation theory structures associated to the quantization of this group.
Among these, the intertwiner space represents the subspace of invariant tensors in the ten-
sor product of a given set of irreducible representations of the quantum symmetry algebra.
One can then envisage a regularization procedure where a notion of intertwiner can be used
to fuse tensor products of irreducible representations associated to corners at consecutive
instants of time at Z, so that a quantum version of constraint equations is holographically
implemented. In order for this strategy to correctly capture the gravitational dynamics at
the quantum level it is crucial to identify a basis where the propagating degrees of free-
dom of the radiation for general spacetimes can be represented explicitly and possibly in a
non-perturbative manner.

Within this program of describing the gravitational dynamics starting from the repre-
sentation of the corner symmetry group, we have taken here a further step in this direction
in section 5 by identifying the conserved charges that define the non-radiative corner phase
space. We have shown that they transform under a representation of the extended corner
symmetry group. This statement is supported by the transformation properties (5.20).
We have then studied a fundamental vacua transition process by solving the evolution
equations in the presence of an impulsive gravitational wave, representing an exact solu-
tion of the vacuum Einstein’s equations. Interestingly, we found that all the Weyl scalars
in the asymptotic corner phase space are non-vanishing. The solutions consist of a vac-
uum component, given by the conserved charges describing the non-radiative phase space,
and a radiative component. The latter contains a distributional contribution linear in
the gravitational impulse news and a secular contribution quadratic in it. This opens the
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way towards a description of an arbitrary signal as a succession of gravitational impulses.
The next step in the program is to ensure that the representation that we have identified
for the conserved charges can be understood as a coadjoint representation. Imposition
of asymptotic dynamics at the quantum level can then be phrased in terms of a notion
of intertwiners between the irreducible representations of the asymptotic symmetry group
and the quantum numbers associated to radiation in an impulsive wave basis.

Let us conclude by pointing out an interesting implication of our strategy in recovering
the asymptotic dynamics of gravity. A natural question is whether our symmetry argument
can implement any constraint on modifications of gravitational dynamics beyond Einstein’s
theory. An answer to this question can be provided by relying on the relatively recent
discovery of the equivalence between soft graviton theorems and asymptotic symmetries
(see [30-32] for reviews). In particular, the leading, subleading and sub-subleading tree-
level soft theorems have been shown to be equivalent to respectively the covariant mass
and dual mass EOM (5.2b), (5.2¢), the covariant momentum EOM (5.2d), and the spin-2
charge EOM (5.2e) [50]. Moreover, it was shown in [85, 86] that tree-level soft graviton
theorems at leading and subleading orders do not receive higher derivative corrections,
while the sub-subleading soft graviton theorem corrections vanish for pure gravity. One
exception where we expect corrections to the sub-subleading soft theorem, which is beyond
the scope of our analysis here, is when gravity is coupled to a dilaton field. We can thus
conclude that our strategy to derive asymptotic evolution equations at leading order in
the large-r expansion around null infinity uniquley determined by symmetry is unaffected
by higher derivative corrections to vacuum general relativity at leading, subleading and
sub-subleading orders.
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A Action of the symmetry

We want to find (5(T,y)CI>" such that

ﬁé(ﬂy)guu[@i] = aeg,uu[q)i + 6(’5(7',)/)(1)2'] (Al)

e=0

In this section we concentrate on the case where ® = {b, F, M,Ux, Pa,qaB,Cap, EaB}.
It will prove convenient to express the BMSW vector fields {;y) (2.15) in the form

= 1 1 1
é-("—’Y) = f(r,Y) + ;§1 + ﬁgg + 553 ) (A2)
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where E(T,y) =70y + Y204 — 710, is the asymptotic component given in (2.13). The lower
order vector fields & = y;-Aé)A + pird, only have tangential and radial components. Their
expression is derived from (2.15b), (2.15¢) and the expansion of

oo g /
JAB _ / dr’ ¢28,AB
T

r'2
Vg 1 oup " (2 L cp ) -4

S - _—C I _(Zv4+ —=C“PC, . A3
= R LR cp ) +o(r™) (A:3)

The expansion of the tangential vector is

1 8

yit = —o4r, T QC’ABaBT, vy = <2b - 3Eb> or, (A.4)

while the radial components are given by

1
pP1 = iATa (A5)
1 1

pr=—1 <DACABaBT + 2CABDAaBTE§aAT> , (A.6)

1

4 4 4
p3 = — (38Ab8Ar - gaAEbaAT + (b - Eb> Ar+ o

. PAGur + ;C’ACUC(?AT> (A7)

The metric components read as

1
Juu = —2¢e28 4 T—27ABTATB

2M 1
= —2F + == + 5 (aapU"U” — 4Fb) + o(r ™), (A.8)
2 -

Qur = —62B =-1- erb + O(T’ 2) y (Ag)
— (A.10)

B 2 1 B —1
Jau = —yaB Y :—UA—i—% PA—§CABU +0ab +0(T ): (A~11)
gar =0, (A12)

1 1

9ap = r*vap = r°qap + rCap + ZCIABCCDCCD + o Eap+ o(r™1). (A.13)

In order to compute their symmetry transformations, we use the field expansion (A.2)
and write a general field transformation as

(5(7.75/) = 55‘ + AT , (A.14)
where
0g :=T0u + Ly + 57, (A.15)

with s the conformal weight of the given quantity and A, its anomaly.
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Al gur
We start with

ngur = £"0ugur + Guu0r€" + gurOr€" + guAargA + gru0u€" . (A.16)

The dominant contribution is obtained by replacing & — ¢ and we find that gy, transforms
as a scalar of weight [—r0,], since

6591“" = Tqur + ACYgur - *Targur . (A17)
Given the notation y4 = 3,y /r’, p = 3, pi/r, the anomaly is given by

ATgur - yAaAgur + prargur + gurar (7'/7) + guAaryA

1 1
- _87" </02) - UAa’r (ylA) + 0(7'72)
T T

= _%2 B (DACABﬁBT + ;CABDAGBT—E§0A7> + U%o,7| + o(r_2)
2 1 aB L4 2
=—3 {SC Dyopt + 4EU6AT} +o(r=°). (A.18)
Now, since gy = —2(1 + b/r2) + o(r~2), this means that we have
S(ryyb = [TOy + Y404 + 27]b + éCABD 40T + iEéaAT, (A.19)
where we used that
EA :=U4 + %DBCAB 20. (A.20)

A2 gy,
Next, we look at
Leguu = € Ouguu + £ 0guu + € 0rguu + 20uu0ub"” + 2902006 + 290 0uE". (A21)
This means that g, transforms as a scalar of weight [2 — rd,], since
0gGuu = TGuu + Ly Guu + T(2 = 70;) Guu- (A.22)
The anomaly is given by
Arguu = Yy 0aGuu + pTOr Guu + 29ua0uy™ + 27 gurp
= —g (yl [F]+ UAQ{‘) -2 (Pl + %fb) +o(r™h)

2 1 1 1 .
= —Af+ - <8A7'6AF + 5DANABaBT + 40 (OABDA837'> + 5(EgaAr' - E{}@Ar)) +o(r 1.
(A.23)
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We can thus read off the field variations

1
Sir)F = [rdu + Ly + 28] F + S A%, (A.24)

1
S(ryyM = [T04 + Ly + 37| M + <2DBNAB + 6AF> oAt

1 1 1 .
+ ZNABD 40T + Zc“‘BDAaBT' + §(E{}aA+ — Ef}0aT). (A.25)
A.3 guA
Next, we rewrite
1
gauw = —Us + ;VA + 0(7”_1) , (A.26)

where, following (2.4c) and (2.4d), we have

2 1
Vy = 3 (PA — §CABUB + 8Ab> , (A.27)

and compute
Legau = € gau + 9aBOuE" + 94u0uE" + guuOAE" + gupdaE” + gurda™ . (A.28)
This means that g4, transforms as a vector of weight [1 — r9,], since
6ggau = Tdau + Ly gau + 7(1 — 10r)gAu. (A.29)
The anomaly is given by
Argaw=prorgauty® Dpgau+ganduy” +9uudam+9unday” — gurda(rt) +r9urdap
_ 1 Bp.U +< - —i—} C CCD) <1-B+1~B+1-B)
Y1 DpUat| 17045 ap+948CcD SO g gl
+ (2F+ 2?) aAr—% <UB+iVB) DA0PT— <1+7?2b> Oa (r%+p1+ip2> +o(r 1),
=U2a+CapYy —2F0aT—0ap1

1 1
—1—; [QMaAT-Q-ﬂJaAi'—aApQ—y{BDBUA-i-UBDAaBT'HJ:SA+CABQQB+4CCDCCDQ1A:|
1 AB 1 AB . 1
=§N 837'—50 837‘—2F8AT—§8AA7-
1 B B . . 8. 8 .
—|—; DpUr0°T+U DAaBT-i-QbaAT—i-?baAT—gEbaAT—gEbaAT

1 1 1
+§CABNBC30T+ §CABCBC<90+— ZCCDCCDaA"T

=0

1 1
+504 (DCCCBaBT+2CCBDCaBT—E{§aBT) +2MOAT+2b047 |, (A.30)
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from which we can read off the transformations
1 1
S¢ryyUa = [10u + Ly + 7] Us + 5(4F3A7' + 04AT) + 5 (CABagi' — NA3837'> , (A.31)
1 .
Ory)Va = 10w+ Ly +27] Va + CapNTCO0T + 2MOAT + 20047 + 4b0s 7
1 1
+ 3 (DADCCCB — DBDCCCA) oBr + ZaA (CCBDCaBT)
1_p 1 B 8. 8 .
+ EEUDAaBT—I— DgEya — §DAEUB 0°T — gEbaAT — gEbaAT. (A.32)
We can now use
1 .
8(ry)(0ab) = [0y + Ly + 27](0ad) + gaA((715*0193807) + bOAT + 20047, (A.33)

1 1
5(T’y)(CABUB) =[r0, + Ly + 27"](CABUB) + ZCBcchaAf' — §CABNBC(907'

1
+ 5Cap(AFO°T + 0% A7) + Dy aDpyTDcCYP
—2D4DpyTER (A.34)
to finally compute, on-shell of Eé =0, the momentum transformation
3 1 B
O y)Pa = 50 y)Va+ 506v)(CapU”) = §(7.y)(9ab)
1 1
= [T@u + Ly + 27"]PA +3MOoysT — §CBCN308AT + §CABNBCacT
1
+ FCapdPr + ZCABaBAT
1
+ § (DADCCCB — DBDCCAc) oBr + =04 (CCBD0837>
4 4
1 .
+ 5D ADp TDcCYP — 2E,047 . (A.35)

We see that the momentum transformation does not contain any anomaly term proportional
to OaT.

A.4 Sphere metric

We compute here the anomaly of the sphere metric component E4p in the expansion (2.4d).
The Lie derivative of the metric component gap yields

Legap = E"0ugap + £°0cgaB + € 0rgan + 29(4u0p)E" + 290(40R)EC . (A.36)

This means that g4p transforms as a tensor of weight —[rd,], since

6¢9aB = T7gaB + Ly gap — Trorgap. (A.37)
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The anomaly is given by

Argap=(Ly+pro.)(r*vap)+29ua0p)T
1
= (Ly, +p170r) (r*qaB) +29u(a0p)T

1 1

+ ;(ﬁyl +p170,) (rCap)+ ﬁ(ﬁyz +p2r9,) (r*qaB)
1
3

1 1 1
+ = (Lys +p310,) (r’qas) + T—Q(Eyz + 0210, ) (rCap)+ ;(ﬁyl +p170;) <4qABC’CDCCD>

r3
=r(Ly,qaB+2p1948)+ [(Ly,048+2p2qa8+ Ly, Cap+p1Cap) —2U405)T]

1 1
+ - (ﬁyg qaB+2p3gaB+ Ly, Cap+p2Cap+Ly, <4QABCCDCCD) >

4 1
—|—37 <P(A—2CC(AUC+6(A(J> 83)7’4-0(7"71). (A38)

Therefore, we can write

Arqap =0, (A.39a)

A:Cap = Ly,qaB + 2p19a8 = —2D (40T, (A.39b)

Ar (iQABCCDCCD> = Ly,qaB + 202948 + L4, Cap + p1Cap — 2U 49T, (A.39¢)
ArEAp = Ly;qaB + 2p3q4B + Ly, Cap + p2Cap + Ly, (iQABCCDCCD)

+ % (P( e %CC( AU + 0 Ab) Op)T - (A.39d)

The first two anomaly relations in (A.39) yield (2.21a), (2.21b). The third one can be

evaluated to be

1 1 1
A, (qABCCDCCD> = ——qapC“PDcopr — CoaDpyd° 1 + 5CaBAT

4 2
= —qapC“’Deopr, (A.40)
where we have used??
1
CoDp)d°r = 5CapDcd T, (A.41)

and it is thus consistent with (A.39a), (A.39b), as A, (%qABCCDCCD> = %qABCCDATCCD.

22The relation (A.41) is an application of the general property that, for any pair of 2 X 2 symmetric and
traceless matrices A, B, the identity

A Bpyo =0

holds. Then (A.41) follows from Aap = Cap and Bap = D(40p)T.
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A.4.1 Stress tensor anomaly

We can now compute our quantity of interest, namely
4 4
A, Eap =4 <b— 3Eb> D(A83)7+48(A (b— 3Eb) 83)7’
4 o 4 c 4 L e I oo
-2 g@cba T — gacha T+ | b— §Eb AT+ gP doT + 50 UcOpT | qaB

1 1
+ %CCDE)CTDDCAB +Co(aDp)(C“PopT) — 5Can (DcCCDaDT + 2(JCDDC3D7>

1 1
— 5CCDCCDD(AaB)T —ZqAB[“)CTaC(CDECDE)

=—8qaBOcE,0C¢T4+8qaBOcbOC T

4 1
+ 3 (P(A — §CC(AUC +6(Ab) 83)7

1
= 4bD(A83)7- - 2qABbAT - ZCABCCDDcaDT
4 1 c 2 p_ 1.cp D
+§ P(A_§CC(AU —88(Ab 8B)T—§QAB P —50 Uc—80%b ) OpT
1
+3 (C°PDcCuap+CoaDpCP + CopDACP — CupDcCOP) Opr
+ 168(Ab63)7' - qABCCDUCaDT
16 16
— gEbD<AaB)T — §8<AEbaB>T . (A42)
On-shell of the asymptotic Einstein’s equation E’é = 0, we thus have
. 1 cD
ATEAB = 4bD<AaB>T — ZCABC Dc@DT

4 1
+ g (P(A - iUCCCV‘ — 88<Ab> 83)7’

+ % (C°PDeCap — CanDeCO) opr
+ CoaDpy CCPOpT + 160,460, T
— 13—6EbD<A83>7' — 13—68<AE1,83>7'. (A.43)
The last line can be simplified since
CoaDpyCPOpT +160,4b0p) 7 = D 4(CpycCP)dpT — D aCpycCPOpT + 160,400 T
= 1604Es0p) 7 — D(4Cpy)cC“POpT . (A.44)
This means that the spin 2 anomaly is given, on-shell of Eé =0, by

4 1
ArEap = 3 (P<A - §UCCC<A — 88<Ab> aB>T

1
+3 (CCDDCCAB - CABDCCCD) dpT — DACpy:CPopT
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1
+ 4bD<AaB>T — ZCABCCDDCaDT
16 32
— ?EmeaBy + §8<AEbaB>T. (A.45)

We could use the definition of the covariant momentum P=Ps—3CcaU% + 1504(CpcCB)

to rewrite

4
AEap = §P<A83>T

1
+35 (CCDDCCAB — CABDCCCD> OpT

1
+ 18<A(CCDCCD)8B>T - D(ACB>COCD(9DT
1 1
— CepCPDiadp)T — 1 CapC7 DedpT
~ SED (A.46)

B Variations

In this section we compute the behavior under symmetry transformation of different quan-
tities.

« Connection.

One establishes that
1 ep
,qC

5 (DA5(T,Y)QBD + Dpd(ry)qap — DD5(T,Y)QAB)

ST =

1
= 5qu’ (DaDBYp + DDaYp + [Da, Dp|Ys + [Dp, DplYa)

—q“P (Datqpp + Dp7qap — DpiqaB)

1 .
= DaDp)Y© + 5 (Rppa® + Rapp®) YP — 2D 4755 , (B.1)
where we used that [D4, D|Ve = RapcPVp and [Da, D]V = REpapVP. This

means that the contribution to the anomaly due to 7 is due to the presence of Weyl
rescaling and given by

A TS = —Da76G — D6 + D qap (B.2)
A, T45 = —2Dp7. (B.3)

Given a vectorial section V4 of scale s it can be checked that the anomaly only
depends on T

5(T7y)DAVC = DA5(77y)VC + 5(T,y)PgBVB
= [10y + Ly + 7] (DAVE) + AL (D4VE). (B.4)
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To evaluate the anomaly one establishes that

5, DAVC = D6,V + (5,15 VE
= Da[rVE + 57V] = (Da70§ + Dp765 — D %qap) V7
= [rDaVY + 57 DAV
+DATVE 4 s(DaA)VE = (DatVE + 5§V P D — DOV,
(B.5)

which means that even if V4 is a section of weight s its spatial derivative contains
an anomaly given by

A (DAVY) = DarVE + s(Dat)VE + A TGV
= DAtV + s(Daf)VE — (DaiVE + 6§V EDpi — DO#Vy) .
(B.6)

Similarly, the anomaly for the derivative of a form of weight s is
Ar(DaVi) = DatVig + s(Da#)Vis + (DaVi + VaDpi = VEDeiqap) . (B7)

D . C vector.
One evaluates

A (DpCYB) = N4Bopr 4+ 3C“Bapt + DA,.COP + A TG ,CA8 + A TE ,CAC
= N4Bopr +3C°Pagi — 2D DBOC) + — 4CACH 47
= N9Bopr — c“Bapr — 2ADr + DY Ar
= N9Bogr — ¢Bogt — R(q) D1 — DC AT, (B.8)

where we used that
1
[A, Do)t = [DB, De)DBr = RB ppeDPr = 5R(q)DCT. (B.9)

JA vector.
Given the definition (3.8) of the vector 74, and by means of (2.21e) and

S(ryy(0AF) = g6,y (0cF) + 0c Fé (7 vy
= ¢, v)(0cF) — (DAYY + DY O F + 270 F
= 06z F) — (DAYC + DEYM)IcF + 2794 F
1
= [10, + Ly + 47] (84F) + 2F847 + iaAAT', (B.10)

we compute

1.
ST = [0+ Ly +47] T4 + S NP 0pr. (B.11)
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A similar calculation shows that
Se) T = [10u + Ly +47] T4 + %J\LTABaBr. (B.12)
Next, we can write
8-y (DaT ™) = Da(6(- 31T ) + (0rvT4p) T 7 (B.13)
from which, by means of (B.3), we get
Sray (DATA) = [0y + Ly + 47] DaT ™ +20,(T D7) + % NABD O .
(B.14)
where we have used
%DANAB = JB (B.15)
and
DALy TN + TBDpDAYA = Ly(DaT?). (B.16)
We also have
S(ry)(CaBT?) = 6(ry)CapT® + Capd(ry)T"”
= [0y + Ly +37]CapT "

— 27D 4Dpy7 + %CABNBoacT
= [70y + Ly + 37| CapT?
— DeNPCD 4Dyt — 20°FD 4Dy + %CABNBcacT
= [70y + Ly + 37| CapT?

1 .
+5CapN et — (DeNC +20°F) Diadgyr.  (BAT)

o Covariant mass M.
Given the covariant mass transformation (3.11), we have

O(r,y)(0aM) = 04(0(7,y)M)
= [70y + Ly + 37 04M
+ OaTM + 3047 M
+ D JBopT + TPD 40T . (B.18)
e Derivative D4 (D-C)p-

From (2.21e) we see that (D-C)p is a generalized tensor of dimension 1 and hence
its anomaly is

Ar(Da(D-C)pg))) = Dat(DC Npic) + (Diat) (D Cpie) + Dia(A-D-C)py
= D47(DYNp)c) + (Dja#) (D Cpic)
+ D[A(NB]CﬁcT — 03}0607" — R(q)DB]T — DB}AT)
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= D[AT(QDCNB]C + DB]R) — (N[ACDB]acT + C[BCDA]aci')
= AD( 47 Tp) — (N|a“Dp10cT + Cip©Dadct). (B.19)

Contracting this identity with e*? gives the identity
A (DA(D-CY) = 4T 2047 — (NABD 4051 + CAB D 40p7). (B.20)

Dual covariant mass M.
From the definition (3.21) and the relation (B.20), we can derive

~ 1 ~ 1 ~ ~
A M = ZA(DA(D-CYY) + 5 (A CapNAP + CapA, NAP)

- 1 - -
= J40a7 — L(N*PD20p7 + CPDr0pt

1 - 1., -
= D0 N — 2CapD 10T

= JTA0ar. (B.21)
From this anomaly and the definition (3.8), we can further compute

(57—7)/(5,4./\;1) = 5,4(5773/./\;()
= [70y + Ly + 37] Y
+ OATM + 3047 M
+ DaJBopr + TP DAdpT. (B.22)
Covariant momentum Py.

Given the covariant momentum transformation (3.30), we want to compute the
anomaly of the quantity D2Pp. From the relation

Ar(DaPg) = Da(A;Pg) — (AT5p)Pp, (B.23)

and the anomaly (B.2), we see that the last term in (B.23) yields the following
contribution to the anomaly

(5§8A7" + 52337" — qBAaDi')PD = 2Pu0pyT — qpaPpOP+
= 2P40pyT . (B.24)

Therefore, we have

A (DsPB) = DaTPR +2047Pp + 2P40p) T
+3DAMOIBT + 3DAMOBT + 3MD 40T + 3MD49p7.  (B.25)

Modbius derivative.
We now want to analyse the transformations of “M6bius derivative operator” [D< ADp,)
+ 3napl¢ for a section of conformal weight s, and the transformation of [D 4 Dpy +
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5nAB] 4B for a vector of weight s + 1. One starts with the computation of the con-
formal anomaly

0w DiaDpyd = —SwTipDcd + Diadw Dpyé
=2DuWDpy¢ + sDaDp)(W¢)
= 2(8 + 1)D<AWDB>¢+SWD(ADB>¢+S¢D<ADB>W (B26)

Combining this with the fact that dwnap = —2D 4 DpyW, we find that

S
ow D(ADB> + —nap| ¢ = sW

S
5 D(ADB> +§nAB

(25 + 2(8 + 1)D(AWDB)¢7
(B.27)

which shows that the Mébius combination [D< aDpy + 5na B} possesses no quadratic
anomaly and that it is tensorial for sections of conformal weight s = —1.
Similarly, one evaluates

SwDDpV? = swT'GpDoVP + Dia(6wT 5y V) + DiaDpyswV'?
= 2D WD VZ — 2D 4(DpyWV?)) + sD 4Dy (WVP)
=2(s = 2)D AW Dp) VP + sWD4Dpyo + (s — 2)pD g Dy W.
(B.28)

Combining this with the fact that dwnap = —2D 4 DpyW, we find that

w |DiaDp) + (ng)nw} VE = sW |DisDp + (sgz)nAB] VB +2(s—2)DaWDp VP,
(B.29)
which shows that the Mo6bius combination [D< aDpy + @;—2)71 AB]VB possesses no

quadratic anomaly and that it is tensorial for vectorial sections of conformal weight
s =2.

C Derivation of the momentum evolution equation

Given the metric parametrization (2.4), the asymptotic Einstein’s equation for the momen-
tum P, is given by [17, 22, 25]

. 1
Py =DM + gDA(CBCNBc)

+ CagDPF
1
4
1
4

1 1
- ZDB(NACC'CB) + ZDB(NCB@@ : (C.1)

NYBD,Cop

(DBDBDCCAC - DBDADCCBC)
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Recalling the definition (3.26) of the covariant momentum, we can write
: 1
Pa=DaM+ 2Da(CPNpo) + CapDPF
L \oB 1 B 1 B 1 CB
—ZN DACCBﬁLZNAB(D‘C) +ZCAB(D‘N) +§8A(C Nc¢pB)
1
— D7 (Dp(D-C)a = Da(D-C)p)

1
— ZDB(NACCCB — NBCCCA) (C.2)

1 1
=Dy (M + 8CBCNBC> + Cap <2DBNAB + DBF> + DBJ[AB]

- %NCBDACCB + ENAB(DC)B - icAB(D-N)B + é@A(CCBNCB)
1
— —DB(N,CCop — Ng¥Cep) (C.3)

8
= DaM + DyM —f-C'ABJB

1 1 1 1
- 1NC‘BDACCB + 1z\fAB(D-(J)J—”‘ — 1(JAB(D.N)B + gaA(CCBJ\fCB)

1
— gDB(NACCCB — Ng“Cea), (C.4)
where we have used the definitions (3.8), (3.29), (3.21). The terms in the second and third

lines of (C.4) can be expanded and simplified as

1 1 1 1
—ZNCBDACCB + ZNAB(D-C)B - ZCAB(D.N)B + §aA(CCBJ\foB)

1 1
—g(DBNACCCB — NBCDpCey) - g(J\IAB(D-C)B —(D-N)2Cpy)

1
Jrg(]\/vCBDBC'CA — CCBDBNAc)

1 1 1
— gNAB(D.C)B — éCAB(D.N)B + Z(CCBD[ANB]C — N“®D4Cpic).  (C.5)

Now we use that

eape’P = 6§68 — 686§ (C.6)
to massage terms like
1 - 1~ .
CP’D(yNpjc = §6ABCBC(D-N)C = 5CAB(D-N)B, (C.7)

where Npo = eg*Nyc. This means that the contributions in the second and third lines
of (C.4) can be written as

é(NAB(D-C)B — Nap(D-C)B] = Z[Cup(D-N)B — Cap(D-N)B]. (C.8)

!
8
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Finally, since N is symmetric and traceless, we can derive the relation
Nap(D-C)? = Nap(D-C)", (C.9)
and similarly
Cap(D-N)B = Cup(D-N)P . (C.10)
We thus arrive at the sought after expression
Pa =DM+ DM+ CupT". (C.11)

Note that, since CupJ? = CapJ B we can write the momentum evolution equation in a
completely self-dual manner as

) N | I
Pa=DaM+DaM + 5 (CapT” + Capd") . (C.12)

D Stress-energy tensor

D.1 SET anomaly proof

We give here the explicit derivation of the transformation properties of all the SET compo-
nents (4.36). From the analysis of appendix A, we can see immediately that the component

A

T, transforms as a scalar of weight 4, since
0¢Tu = TTun + Ly Tun + 7(2 = 70,) T (D.1)
The anomaly is given by
ArToy = y20uTyu + proyTuy + 2T,40uy™ + 20T yrp = o(r™2) (D.2)
which implies
ATy =0. (D.3)
The component T4 transforms as a vector of weight 3 since from

£ETAU = gyauTAu + TAua’ugu + TAraugr + TABa’ugB + TuuaAgu + TuraAET + TuBaAgB
(D.4)

we have that
0¢Tau =TTy + Ly Tau + #(1 = 70,)Tau (D.5)
The anomaly is given by
ArTaw = y" DpTaw + proyTay + Tardul” + TapOuy® + Tu0at + Tur0a&” + Tupday®

1~ . 1. _
= —r—2T8AT + ﬁTwﬁAT +o(r?), (D.6)
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from which
ATy = —TOuT + TiyuOat . (D.7)
From the Lie derivative of the T4 component

LeTap = £"0uTap + E90cTap + € 0. Tap + 2T, 40p)E" + 2T, a0p)E" + 2T o(a0p)E°
(D.8)

it is immediate to see that 7' transforms as a scalar of weight 3, since
0¢Tap = 7Tap + LyTap — 710, Tap (D.9)
and gap has conformal dimension —2, while TAB transforms as a tensor of weight 2. It

is also easy to see that T has no anomaly, since both the leading terms in Tap and gap

2

have no anomaly. At the same time, the anomaly of the == component of T4p given by

TAB = T2(]AB + T<AB> can be read off of
ArTag =y 0cTap + 10, Tap + 2Ty a0p)T — 2T140p) (1) + 2T(a0p)y°  (D.10)
and it is given by
N ~ 1 ~ ~ N ~
A;Tap = —quacTacT — §QABTAT + QTU(AaB)T — 2TT(A83)% — QTD(AaB)T
C A 3 ~ 2~ C - .
= —qap0- TOT — §QABTAT + qaBTucd™ 7 — qaBTrcOcT
+ 2T, (40pyT — 20, 40p) 7 — 21D 40T . (D.11)

This means that

ATTQ = (90T(90T — gTAT + TucacT — Trcaci' (D.12)
and
A’TT<AB> = 2Tu<AaB>T - 2TT<A83>T' - 2TD<A83>T. (D13)

The component TM transforms as a vector of weight 2 since from
LeTrr =0, Tyr + 2T00,E" + 2T00,&" + 2T740,8" (D.14)
we have that
LT = T + Ly Tor — 72+ 70,) Ty . (D.15)
The anomaly is given by

AT, = yADATrr + PT&"TM‘ + 2Trr8r(rp) + QTTAaryA 5 (Dlﬁ)
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from which
AT, =0. (D.17)
The component T, 4 transforms as a vector of weight 2 since from
LeTra =0T + Tru0a€™ + Tpp0aE™ + Tp0aE5 + Tar0,6" + Tapd,6®  (D.18)
we have that
LeToa =7Toa+ LyToa —+(1+r0,)Tra . (D.19)
The anomaly is given by

A7'7j7‘A = yADATrA + prarTrA + TruaAT + TrraA§T + TrBaAyB + TAT&" ("”P) + TABaTyB )
(D.20)

from which
A Typ = =Ty 0a7 +TOAT. (D.21)
Notice that this anomaly is consistent with the conservation equations C, (7124 in (4.37) as
A;OAT e = 0yTrOpT + 210047 = —2T0aT + 2T 007 . (D.22)
It also follows that the vector T rA transforms with weight 3 and anomaly
A,Typ = —Toydat + TOaT + T047
— 707 + 37047, (D.23)
consistently with the conservation equation C} in (4.37) as

AOAT = 8, T + 3T . (D.24)

D.2 Conservation equations proof

Here we derive the SET conservation equations (4.37). These follow from
VHT,, = g (a,JT,w — T Ty — F‘,jpTc,u) =0, (D.25)

and the inverse metric components given by

g =0, (D.26a)
g = -2, (D.26D)
2M
g =20 =2F — Z— 4 o(r7Y) (D.26¢)
T
gt =0, (D.26d)
T4 U4
Ar __—28 _ -2
g =—e Py +o(r °), (D.26¢)
g8 = l’yAB = iqAB - iCAB + o(r) (D.26f)
r2 r2 r3 : '
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Let us consider first the component v = r. We have
0= g" (9pTur = 15, Top — 17, T,,)
+ 9" (9pTor = T, oy = T, Ty )
+ 9" (9 Tar =T, Tor = T7,T50)
1

= {—&JA}T - qABTqAB} + 0(7‘_4) , (D.27)

C —15§

where only the spin connection component I'z = 0% contributes at the leading order.

We thus obtain the conservation equation
C:= 0,1 +2T =0. (D.28)
Next, we consider the component v = u and we obtain
0= 6" (9pTuw = T3y Tow — T3, T
+ 9 (9T = 19, T = T3, T )
+ g™ (9)Tau = T%,Tou — 17, T5)

_ 1 {2Tuu - 2Tuu} +o(r ), (D.29)

r3

where only the spin connection component I'j 5 = rqap contributes at the leading order.
We thus see that this component yields a trivial relation.
Finally, the component v = A yields

0= 9" (9,Tur — T5,Tya = T%,Ton)
+ 9 (95 Toa = T9,Toa = T%,Toy )

+gP° (3pTBA — T, 154 — FZPTUB)

1

= 7“73 [QTuA — (9UTTA + chDCTAB — QTUA] + O(T_3) ) (D.30)

where again only the spin connection component I'y 5 = rgap contributes at the leading
order. We thus obtain the conservation equation

Cl:=0,Tps— 04T =0. (D.31)

Combining the two conservation equations (D.28), (D.31) one gets the third conserva-
tion equation

C3% = 0aTrr + 21,4 = 0. (D.32)
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D.3 Sources

Let us derive the explicit expressions (4.43) for the matter sources by applying our symme-
try argument. We start with the covariant mass and momentum equations. By inspection
of the conformal weights under the BMSW group action, we can consider the general ansatz

1 /. X ~ ~
§i=3 (Tww+ BT) ,  Sa:=Tua+adal, (D.33)
with «a, 8 two free numerical coefficients to be determined. It follows that
Siry)Sa = [0u+ Ly + 37]Sa + Tuudat + aT0aT + (3a — 1)T047 . (D.34)

Next, given the definition (3.26) of the covariant momentum and the transforma-
tion (2.21j), one gets that

8(r,v)yPa = [10u + Ly +27|Pa + 3 (M@AT + MéAT) — 2,047 (D.35)
Using that in the presence of matter we have 4E, = T, this means
L1 I
and
S(ry) (Ea+84a) = [TOu + Ly + 37] (Ea + Sa) + 2E0ar
1/4 1\ =« “ 3
+2 (5 +3 (Tuu + (a - 2) T)) our + 1T <3a _ 2) oar. (D.37)
We thus see that we need o = 1/2 to remove the anomaly and then the sources read

~ ~ 1 ~
S =Ty, Sp=Tua+ §8AT, (D.38)

DN |

so that
O(ry) (Ea+S8a) = [T0u + Ly +37] (Ea + Sa) +2(E+ S) Oat + 2E0T . (D.39)

For the spin-2 asymptotic EE, compatibility of the conformal weights suggests that we
start with the ansatz

Sap == ’YT<AB> + ﬁD<A83>Trr + CTCAB . (D.40)
By means of the transformations (D.13) and

5(T7y)D<AaB>Tm» = [Tau + Ly + 2%]D<A83>TTT + 28uD<ATW83>T + 6D<ATT7«83>7"
+ 04T+ D(40p)T + 217, D 40p T, (D.41)
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where note that the coefficient 6 above involves using (4.39) and a contribution from
_5(T7y)F€43>8CTW, we have

O(r,v)SaB = [TOu + Ly + 27]SaB
+ |:2/7T’LL<A — 45D(AT} aB>7'
+ {_27TT<A + 6/8D<AT7'1'} 63)7—

—2[y+ B+ TD40p T
+ 28T, D a0p)7 - (D.42)

Next, we can use the definition (4.22) to compute the off-shell of the E, equation of
motion anomaly

Ar€ap = —2E,D(40p)T — 4By D 40p) 7 + 20, 4E40p 7 , (D.43)
which follows from (D.35) and the covariant spin-2 pseudo-tensor transformation (see (A.46))
Sry)Tap = [TOu + Ly + 7] Tap + 4P40pyT — AE4D (4 0py T . (D.44)

By demanding
Orx)(Ean + Sap) = [rOu + Ly +27](Ean + Sap) +3 (Eu+ Sa) dpyr,  (D.45)

we can fix the coefficients 3, ~, ( from the conditions

25 + % ~0, (D.46)
—2(7+6+C)—%:0, (D.47)
—2yTop 4+ 68DAT,, =0 — —2v =128, (D.48)
29T + @ - 45) oal =3 (TM + ;aAT) . (D.49)

It is immediate to see that the system of equations is solved by
f=-7, 7=3, (=-1 (D.50)
from which

3
Sap = 5
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