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We consider a perturbation of a central force problem of the form

&= v’(m)é—' +eV,U(t,z), =e€R2\{0},

where ¢ € R is a small parameter, V: (0,4+00) — R and U: R x (R2\ {0}) —
R are smooth functions, and U is 7-periodic in the first variable. Based on the
introduction of suitable time-maps (the radial period and the apsidal angle) for the
unperturbed problem (¢ = 0) and of an associated non-degeneracy condition, we
apply an higher-dimensional version of the Poincaré—Birkhoff fixed point theorem to
prove the existence of non-circular 7-periodic solutions bifurcating from invariant
tori at ¢ = 0. We then prove that this non-degeneracy condition is satisfied for
some concrete examples of physical interest (including the homogeneous potential
V(r) = k/r® for a € (—00,2) \ {—2,0,1}). Finally, an application is given to a
restricted 3-body problem with a non-Newtonian interaction.
© 2024 The Author(s). Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).

RESUME

Nous considérons une perturbation d’un probléme de force centrale de la forme

&= v’(|x\)|i—| +eV,U(tz), =ecR2\{0},
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ol € € R est un petit parametre, V': |0, +oo[ =+ R et U: R x (R2\ {0}) — R sont
des fonctions régulieres, et U est T-périodique en la premiére variable. Aprés avoir
introduit deux time-maps appropriés (la période radiale et 1’angle apsidal) pour
le probléme non perturbé (¢ = 0) ainsi qu’une condition de non-dégénérescence
associée, nous avons appliqué une version du théoréme du point fixe de Poincaré—
Birkhoff en dimension élevée pour démontrer I’existence de solutions T-périodiques
non circulaires qui bifurquent d’un tore invariant a € = 0. Nous avons ensuite
prouvé que cette condition de non-dégénérescence est satisfaite pour divers exemples
concrets d’intérét physique (y compris pour le potentiel homogene V (r) = k/r® pour
o € |—00,2[\{—2,0,1}). Nous terminons en donnant une application & un probléme
a trois corps restreint avec une interaction non newtonienne.
© 2024 The Author(s). Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In this paper, we investigate the existence of periodic solutions for systems of differential equations of
the form

jé:V'(|x|)% +eV,U(tx), «eR>\{0}, (1.1)
where € € R is a parameter, V: (0,4+00) — R and U: R x (R?\ {0}) — R are (smooth) potentials, and U
is 7-periodic in the first variable. The above system appears as a perturbation of a central force problem
and we are actually interested in the existence of solutions bifurcating, for ¢ — 0, from the set of 7-periodic
solutions of the unperturbed problem (¢ = 0).

In this setting, a typical strategy consists in looking for periodic solutions bifurcating from the set of
circular solutions of the unperturbed problem. For instance, in [2] the existence of nearly-circular periodic
solutions is proved for the singular problem

x

P +e V. U(t x),

r=—K
where k > 0 and « € (0, 2). The approach in [2] is variational, finding critical points of the associated action
functional via an abstract perturbation theorem previously established in [4], which requires as a crucial
hypothesis that the manifold of critical points for the unperturbed action functional is non-degenerate, in
a suitable sense. Notice that essentially no assumptions on the perturbation term are made in the non-
Newtonian case (that is, @ # 1), while, due to the degeneracy of the Kepler problem, some symmetry
conditions on U are required when o = 1. For further results in a similar spirit see [27,30] and the references
therein.

As it is well-known, however, the central force problem

T

& =V'(|z]) (1.2)

|z|
could have also a great variety of non-circular periodic solutions. This is the case, for instance, for the
—a-homogeneous central force problem

T

B

(1.3)
where a € (0,2) (see [3, p. 7] and [6, Section 2.8]). Notice that, if it exists, a non-circular periodic solution
to (1.2) is actually part of a manifold which is at least two-dimensional, containing in fact all its time-
translations and space-rotations. This is a consequence of the time-invariance and rotational-invariance of
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any central force problem in the plane, corresponding in turn to the existence of two first integrals: the
energy and the angular momentum. Incidentally, we observe that, for the Kepler problem (that is, system
(1.3) for a = 1) the manifold of periodic solutions of a fixed period is actually three-dimensional, containing
all the Keplerian ellipses with fixed major semi-axis and, so, the circular solutions as a special case. On
the contrary, this is not the case for system (1.3) with o € (0,2) \ {1}, for which the set of non-circular
periodic solutions with a given period is the union of two-dimensional tori (see again [6, Section 2.8]). To
the best of our knowledge, the possibility of using tools of nonlinear analysis to bifurcate from non-circular
periodic solutions of system (1.3), and more in general of system (1.2), has not yet been explored. Within
this context, indeed, a serious difficulty consists in checking that a suitable non-degeneracy condition for
the (at least two-dimensional) manifold of solutions holds true.

Alternatively, the existence of periodic solutions of a system like (1.1) can be tackled by using dynamical
system techniques. Indeed, it is well-known that, under mild assumptions, the central force problem (1.2)
can be regarded as a completely integrable Hamiltonian system with two degrees of freedom, so that problem
(1.1) is interpreted as a perturbation of an integrable Hamiltonian system. Then, in a spirit which can be
meant as a periodic counterpart of KAM theory, one could look for periodic solutions bifurcating from
invariant tori of the unperturbed problem, see [12,21] as well as the more recent contribution [28] relying
on a higher-dimensional version of the Poincaré-Birkhoff fixed point theorem [31] (see also [29] for similar
results in the case of one degree of freedom). Within this approach, the difficulty is now that action-angle
coordinates (I, ¢) for the unperturbed problem must be constructed in order to check that the KAM non-
degeneracy condition

det V2KC(I) # 0 (1.4)

is satisfied, where K is the Hamiltonian of the unperturbed problem in action-angle coordinates. A successful
attempt in this direction is recently given in [15] for the perturbed relativistic Kepler problem

d r L eV, U(t )
W\ Y = —KRi 3 a y L)y
dt \ VI [i2/@ ap

where an explicit formula for the Hamiltonian in action-angle coordinates is provided. For the homogeneous
central force problem (1.3), and more in general for problem (1.2), however, this does not seem to be possible.

The main aim of this paper is to provide, in the general setting of problem (1.1), a more explicit non-
degeneracy condition for the application of the above mentioned Hamiltonian perturbation approach. The
crucial ingredients for this are two suitable functions T'(H, L) and ©(H, L), where H and L denote the energy
and the angular momentum of the unperturbed problem, respectively. In more detail (see Section 2.1 for
the precise definitions) the function T is nothing but the time-map for the radial component of a solution
with energy H and angular momentum L, while the function O is the so-called apsidal angle, namely the
angular variation of the solution in a radial period (in turn, such a function © can be meant as a time-map
of a suitable oscillator, as well). The relation between the time-maps T and © and the action-angle variables
for the central force problem (1.2) is independent on the specific choice of the potential V, as discussed in
Section 2.2. Based on these functions T and ©, the non-degeneracy condition proposed in this paper reads
as

OuT(H,L) -8, 0(H,L) — d;T(H,L)- 05O (H,L) # 0. (1.5)

Actually, condition (1.5) is nothing but an equivalent formulation of the usual non-degeneracy condition
(1.4), having however the advantage of depending only on the potential V' appearing in system (1.2) and,
instead, not requiring the explicit knowledge of the Hamiltonian in action-angle coordinates. With this in
mind, our main result reads as follows (see Theorem 3.1 for a more precise statement).
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Theorem 1.1. Let us assume that there exists a T-periodic non-circular solution x* to (1.2) with energy H*
and angular momentum L*. If condition (1.5) holds true at (H*, L*), then for ¢ small enough there exist at
least three T-periodic solutions to system (1.1).

The details of the proof of the above theorem are given in Section 3. Here, we just emphasize that these
three T-periodic solutions to (1.1) are obtained, via the Poincaré-Birkhoff fixed point theorem, bifurcating
from the invariant torus of the unperturbed problem containing the 7-periodic non-circular solution z*, as
well as its time-translations and space-rotations. We also mention that a version of this result can be stated
for perturbations of central force problems driven by the relativistic operator, namely

% (#) =V'(Ja]) = + e V,U(t,z),

V1= @[22 ||

as well (cf. Remark 3.2).

In Section 4, the effectiveness of the non-degeneracy condition (1.5) is investigated in some concrete
problems of physical interest. As a main example (see Section 4.2), we deal with the homogeneous problem
(1.3), in the full range « € (—00,2) with « # 0, thus considering both the case of Keplerian-like problems
(that is, @ > —1) and the case of sublinear/superlinear oscillators (that is, « < —1); incidentally, we recall
that, for @ > 2, system (1.3) does not possess non-circular periodic solutions. For a generic choice of «,
the explicit computation of the time-map T and © and of their derivatives is not possible. However, taking
advantage of the homogeneity of the problem, it is possible to reduce the study of the sign of the left-hand
side of (1.5) to the one of 9y O, that is, to the strict monotonicity of the apsidal angle as a function of
the energy. This issue is investigated in [20,40] and the results therein allow us to conclude that condition
(1.5) holds true provided o # —2 (the harmonic oscillator) and « # 1 (the Kepler problem). In both these
excluded cases, the function © is in fact constant, corresponding to the degenerate picture in which all
bounded orbits are periodic, as provided by the celebrated Bertrand’s theorem (cf. [13]). For perturbations
of the homogeneous problem (1.3), our result thus seems to be essentially sharp. Indeed, by the linear theory
of ODEs, it is well known that periodic solutions to the harmonic oscillator cannot be provided for any
perturbation term, due to resonance phenomena. On the other hand, perturbations of the Kepler problem
have been investigated by assuming further condition on the perturbation term (as in [2], see also [26,32,43])
or meaning the solutions in a generalized sense, allowing collisions with the singularity, see [8,16,17].

Other examples of applications are provided in Section 4.1 and Section 4.3, dealing with the Levi-Civita
equation (cf. [34])

ML kA0,

i= ke —
|| ||+’

and with the Lennard-Jones equation (cf. [33])

T = 724g06i + 48§c712i7 s, 0 >0,
Ed |z
respectively, see the introduction of Section 4 for more details. In the first case, an explicit computation for
the left-hand side of (1.5) is provided and the conclusion is easily obtained. In the latter, instead, we study
the asymptotic behavior of the left-hand side of (1.5) as H goes to its minimum admissible value, eventually
proving that condition (1.5) is satisfied locally. It is worth noticing that for this proof we need to provide
a series of auxiliary results for the derivative of a time-map with respect to a parameter. This analysis is
partially inspired by the well-known papers by Chicone and Schaaf [22,41] and is given in a final Appendix,
which hopefully may have some independent interest.
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In Section 5, we finally present an application of our approach to a restricted planar circular 3-body
problem with a non-Newtonian interaction, precisely

() — g Enlt) — g
En(t) —alor2 T (1) — glerr

§g=GM q € R?,

where G is the gravitational constant, {5y and &, are the heavy bodies with masses M, m > 0, and « € (0, 2)
with a # 1. After a suitable change of variable, such a problem is interpreted as a perturbation, when m — 0,
of the homogeneous problem (1.3), so that Theorem 1.1 can be applied. More precisely, by carefully analyzing
the set of periodic solutions of the unperturbed problem so as to select the invariant tori for the bifurcation,
we show that for any choice of the minimal period of the primaries a plethora of periodic solutions to the
restricted problem can be provided when m is small enough.

To conclude this introduction, we briefly mention that from the non-degeneracy of the unperturbed
problems proved in the paper other consequences can be derived. For instance, standard KAM theorems
(see [6, Chapter 10] and [25]) can be applied to ensure the persistence of quasi-periodic invariant tori for
small and sufficiently smooth perturbation terms.

2. Preliminaries on central force problems

In this section, we summarize some known facts about the central force problem

:'C':V'(|x|)%, z e R2\ {0}, (2.1)

where V': (0, 4+00) — R is a C2-function.
We recall that system (2.1) has two natural first integrals, namely the energy

1.

H = §|$\2 —V(lz|) (2.2)

and the (scalar) angular momentum
L = (z,it). (2.3)
Restricting our analysis to pairs (H, L) such that the corresponding solutions of (2.1) are bounded (periodic
or quasi-periodic) and not rectilinear (that is, L # 0), in Section 2.1, we analyze the dynamics in polar
coordinates, so as to define two suitable functions 7" and © of (H, L) (see formulas (2.5) and (2.6)) which
will play a crucial role in our main result. Then, in Section 2.2, we adopt a Hamiltonian point of view and
we present the construction of the action-angle coordinates in a neighborhood of a fixed invariant torus with

energy H and angular momentum L.

Notice that, by reversing the time (¢ — —t), it is not restrictive to assume that L is positive. This will
be tacitly assumed throughout the paper.

2.1. Periodic solutions
Introducing the polar coordinates
z(t) = r(t) (cos(I(t)),sin(9(1))) = r(t)e™®,

formula (2.3) reads as
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L =r%).

Notice that, since L > 0, the solutions wind around the origin in the counter-clockwise sense. In polar
coordinates (2.2) becomes

1
H= 5# +W(r; L),

where

is the so-called effective potential.
From now on, we assume that

(hw) there exists an open interval J C (0,400) and a continuous function ro: J — (0,+00) such that
for all L € J the function W(-; L) has a (strict) local minimum at r = ro(L) with W'(;L) < 0 on
(r«(L),ro(L)) and W'(-; L) > 0 on (ro(L),r*(L)), for some 0 < r. (L) < ro(L) < r*(L) < 4o0.

Setting

wo(L) = =W(ro(L); L),

for all L € J, by (hw) there exists a value Ho(L) > —wo(L) such that for all H € (—wo(L), Ho(L)) the
equation W (r; L) = H has two solutions 4 (H, L) such that

r_(H,L) € (r«(L),ro(L)), ry(H,L) € (ro(L),r"(L)).
For simplicity, we assume that Hy depends continuously on L, so that the set
A={(H,L)eR*: L e J, He (—wy(L),Ho(L))} (2.4)

is open. For values (H, L) € A, the corresponding orbits in the (r,7)-plane are closed, winding around the
point (ro(L),0) with minimal period given by

7"+(H7L)
T(H,L) =2 / S (2.5)
H—-W(r; L)
r_(H,L)
See Fig. 1 for a graphical representation.
We then consider the function ©: A — R defined by
T(H,L)
O(H,L) = / d(t) dt. (2.6)
0

For all (H,L) € A, ©(H, L) is the variation of the angular component ¥ of a solution x of (2.1) in the radial
period T'(H, L) and is called apsidal angle. We remark that the solution x is periodic if and only if ©(H, L)
is commensurable with 27, that is there exist two coprime positive integers n and k such that
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W(r; L) P
/Tf(HvL)
/" ry(H,L)
ro(L) 0 ro(L) "
O - \\ -~ r
H + - L* ‘ \\\\\\T’+(H,L)
! ~r_(H,L)
—wo(L) |\

Fig. 1. Qualitative graph of W(-; L) with angular momentum L € J (on the left) and representation of the bounded orbit in the
(r,7)-plane with (H,L) € A (on the right).

k
©(H,L) = 2r—. (2.7)
n
More precisely, in such a case the solution x has minimal period nT (H, L) with winding number around the
origin equals to k. Throughout the paper, we will call such solutions periodic solutions of type (n, k).
For further convenience, exploiting the relation 1) = L/r?, we notice that we can provide for ©(H, L) the
more explicit formula

T(H,L) r4(H,L)
L d
r2(t) r2\/H —W(r; L)
0 r_(H,L)
Moreover, via the Clairaut’s change of variable u = 1/r, we have
©(H,L)=LP(H,L), (2.8)

where

P(H,L) = Jjjw

r+(H ) V

In such a way, the computation of ©(H, L) is reduced to the computation of the period P(H, L) of the

(2.9)

abstract oscillator
Lo
sus+ W =H
2

(compare with [6,37,40] for a similar trick).

Remark 2.1. We notice that when (2.7) does not hold the solution z is a quasi-periodic function with two
rationally linearly independent frequencies. Hence, the image of x is a dense subset of the planar annulus
{r € R?®:r_(H,L) < |z| < ry(H,L)}. Unless the function © is constant, the central force problem (2.1)
thus possesses both periodic and quasi-periodic solutions.

According to the celebrated Bertrand’s theorem (cf. [13,37]), there are only two central force problems
for which all bounded solutions are periodic: the harmonic oscillator and the Kepler problem, corresponding
to V(|z|) = —%|2|* and V(|z|) = /|z| with £ > 0, respectively. In such cases the function © is in fact
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constant, precisely © = 7 for the harmonic oscillator and © = 27 for the Kepler problem. See [6, Section 2.8]
for more details. <

2.2. Invariant tori and action-angle coordinates

System (2.1) can be interpreted as the first order Hamiltonian system
i=VyH(z,p), p=-V.H(,p), (2.10)

where
H(z,p) = %Ipl2 —V(lz]), (z,p) € (R*\{0}) x R%.

Notice that, since @ = p along a solution, H(x,p) = H (cf. (2.2)), according to the well-known fact that the
Hamiltonian # is a first integral of system (2.10). We also define

L(z,p) = (x,ip) (2.11)

and observe that £(z,p) = L (cf. (2.3)), thus providing a second first integral of system (2.10).
For a pair (H, L) € A as in Section 2.1 (giving bounded solutions), we consider the level set

Ty = {(z,p) € (R*\ {0}) x R*: H(x,p) = H, L(x,p) = L}.
In principle, 7(#, 1) can be disconnected, so that we focus on the compact connected component
Ty = {(&,p) € Tapy: - (H, L) < |z <y (H, L)} (2.12)

It is easy to check that the assumptions of Liouville-Arnol’d theorem hold true on 7'(0H Ly and thus T(OH L)
is diffeomorphic to a two-dimensional torus T? (cf. [6,11]). This is in agreement with the fact that, given a
solution z of (2.1) with energy H and angular momentum L, the function

Ty 6(t) =zt +N)e?, NER, ¢ €R,

is still a solution of (2.1) with same energy H and angular momentum L.

Following [10], we now describe the construction of the action-angle variables (I, Iz, @1, ¢2) on (H.L)-
In what follows it is convenient to visualize the torus 7EOH L) as in Fig. 2. In particular, when it is useful, we
can describe the points (z,p) € T(OH’L) via the coordinates (r, 7,9, L).

The action variables (I, Is) are defined as

1
L= AHL+L L=L (2.13)
T
where A(H, L) is the area of the bounded region enclosed by the orbit passing through (ry(H, L),0) in the

(r,#)-plane. Of course (I, I5) are constant on T, | .
As for the angles, we take

AR (2.14)

In the above formula
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Y

Fig. 2. The two figures on the top provide a graphical representation of the torus 7'([}7 £y precisely T(Oﬁ £y can be meant as the

cartesian product between the closed orbit of energy H in the (r,7; L)-plane (on the left) and the circle L = L in the (L, ¥)-cylinder
(on the right). The figure at the bottom shows the behavior of a solution z in the plane. Notice that 1 is the angle, measured in
the counter-clockwise sense from ¢ = 0, of the greatest non-positive instant ¢ in which = lies at the pericenter.

e u€[0,T(H,L)) is the time needed to reach the point (r,7) moving in the (r,7)-plane along the orbit
starting at (r_(H, L),0);

e 1 € [0,2m) is the angle, measured in the counter-clockwise sense from ¢ = 0, of the greatest non-positive
instant ¢ in which |z(t)| = r_(H, L), where x is the solution with initial condition (z(0), p(0)) determined
by (r,7,9, L), see Fig. 2.

Notice that, in the definition of ¢4, possible discontinuities of the angle 1) are remedied by the angle defined
by p; in this way, @1 and @9 are continuously well-defined as variables in T = R /27Z.

The above construction of the action-angle coordinates can be done starting from every torus 7% -, with

o (#.L)
(H, L) in a neighborhood of (H, L). Therefore, the transformation

X (z,p) = (I1, L2, 01, 02)

is well-defined for (x,p) in a neighborhood of the fixed torus 7'(0H L) and it is well-known that it provides a
symplectic diffeomorphism from this set onto its image.
In the new variables, system (2.10) takes the simpler form

L=0, ©L,=0, ¢1=0,K(I1,L), ¢2=0,K(, L), (2.15)
where
K(Ii, L) = H(E™ (I1, Iz, ¢1, ¢2)), (2.16)

meaning that in the new coordinates the Hamiltonian X depends only on the action variables.
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Remark 2.2. A similar scenario holds for central force problems driven by the relativistic operator, namely

d T N

with ¢ > 0 denoting the speed of light. Indeed, the above system can be written in the Hamiltonian form

(2.10) with
2 |p2
Hiw,p) = 1+ L = V(jal);

moreover, the angular momentum defined in (2.11) is still a first integral. Introducing the linear momentum

l=<%,p>,

9

for x = re®, one obtains

l
r= 21 12 2’
1/1_,_%/7“
c
. L2 1

l:

3 - V/(T)r
3 1+ 12+ L%)r?
C2

T !

r2 l2+L2/T2’
Vit —a—

where L is the angular momentum. Then, one can first study the dynamics in the (r,)-plane (with L fixed)

so as to define, for closed orbits, the radial period Ty (H, L). Using the equation for 9, the apsidal angle

©.0(H, L) can thus be defined as in (2.6). The construction of the action-angle variables is exactly the same.
The above analysis has been carried out in detail in [15], dealing with the relativistic Kepler problem

d T T
| = -k —,
dt (1/1_ |5U|2/02> |23

where x > 0. In particular, explicit formulas for the radial period and the apsidal angle can be provided,
precisely

2mRed 2
Ta(H,L) = —" s Oa(H,L) = ——— (217)
(c* — H?)3 12
212

See also Remark 3.2. <

3. The main result
In this section, we state and prove our main result for system
i =V (jz) = +eVoU(t, ), =€R2\{0}, (3.1)

||
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where ¢ € R, V: (0,400) — R is C? and U: R x (R%?\ {0}) — R is continuous, 7-periodic in the first
variable, and differentiable with respect to the second variable with V,U continuous in (¢, z).
Using the notation of Section 2, for a energy-angular momentum pair (H, L) € A we set

D(H,L) = 0yT(H,L) - 9,0(H,L) — 0, T(H, L) - 04O (H, L).

Notice that the functions 7' and © are of class C' (see Remark A.1) and so D is a well-defined continuous
function.

With the above notation and recalling the definition of the invariant torus 7'(0H7 L) given in (2.12), the
following theorem can be stated.

Theorem 3.1. Let us assume that, for some (H*,L*) € A, the torus 7'(0H L) is filled by periodic solutions
of minimal period T. If, moreover

D(H*,L*) 0, (3.2)

then there exists €* > 0 such that, for every e # 0 with |e| < €*, system (3.1) has at least three T-periodic
solutions bifurcating from the torus '7'(0 ©Lv)

A couple of remarks about the statement are in order. First of all, we recall that, as discussed in Section 2,
a necessary and sufficient condition for the torus 7on L+ to be filled by periodic solutions is

O(H* L") = 27% (3.3)

for some coprime positive integers n and k; in such a case, we called the corresponding solutions of type
(n, k), meaning that their winding number around the origin is k and the winding number of (r,7) around
the point (ro(L*),0) is n. Hence, in Theorem 3.1 we are implicitly requiring that 7 = nT(H*, L*).

Second, we comment on the expression bifurcating from the torus 7{0 Ly By this, we mean that each of
the above solutions z. remains arbitrarily close, for ¢ — 0, to a solution z of the unperturbed system with
(20(0),20(0)) € T(O « p+- In particular, for & small enough, the solutions z. have winding number around
the origin equal to k. We also remark that, by changing the sign of L, other three solutions (with negative
winding number —k) can be provided.

Proof. The proof relies on a perturbation theorem for completely integrable Hamiltonian systems proved in
[28, Section 2]; more precisely, we are going to apply a simplified version of this result as discussed in [15,
Section 3.1]. To this end, we first write system (3.1) in Hamiltonian form as

T = vaa(x7p)a p= —Vst(l‘,p), (34)
where
19
He(z,p) = 5lpl" = V(z]) —U(t,2),

and we then pass to action-angle variables (I1, I, @1, v2) = X(x, p) in a neighborhood of the torus T(O <L)
as described in Section 2.2. System (3.4) thus takes the form
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Iy = =€ 05, R(t, 11, I, 1, ¢2),
j2 = —g@W'R(Lh,I&@hS@?)v
¢1 =0, K(I1, I2) + € 0, R(L, I, I, 1, 92),

¢2 = 812]C(Il712) + Ea]zR(t7lla 127 P15 ()02)7

(3.5)

where I is defined in (2.16) and

R(taIDIQaSOleOQ) - U(tax(IhIQ?@l?sOQ))v

with x(I1, I, p1, 2) the two-dimensional vector made by the first two components of the four-dimensional
vector X1(I1, Iz, 01, ¢2). System (3.5) looks like a perturbation, for ¢ # 0 and small, of system (2.15).
According to [15, Theorem 3.1], to prove our result we thus need to check that conditions

TVK(IF, 1) € 2nZ? (3.6)
and
det V2KC(I7,13) # 0 (3.7)

are satisfied, where (I7, I3) are the actions corresponding to (H*, L*) via (2.13).

In order to simplify the computations, from now on system (3.5) is meant on the covering space, that is,
the angles ¢1, p2 are allowed take values in the whole real line. With this in mind, recalling (2.15), and in
particular ¢; = 9r,K(I1,I5) for i = 1,2, we deduce that

(p1(7) = 1(0), 2(7) — 92(0)) = TVK(I1, I2). (3.8)

On the other hand, from the explicit expression of the angle variables in (2.14) we have that

@1(7) — 1(0) = 2ﬁﬁ7

p2(7) — 2(0) = (O(H, L) — 2w>ﬁ.

According to (3.3), solutions on 7'(0 « L+ Are periodic of type (n, k) with minimal period 7 = nT(H*, L*).
For such solutions, we thus have

(#1(T) = ¢1(0), p2(7) = ¢2(0)) = 2m(n, k — n).
Recalling (3.8), we infer
VKT, I3) =2n(n, k —n),

so that (3.6) is verified.
As for condition (3.7), we first introduce the notation

O(H,L) = (%ﬁ, (O(H, L) — 2r) )

and
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U(H,L) = (%A(H, L)+ L,L).

The map ® is of class C! since T and © are so. Moreover, the regularity of X~! implies that map ¥ is of
class C! as well. As proved in [6, p. 282], Oy A(H, L) = T(H, L) and so

det DU(H, L) = det 2m 27 # 0.
0 1

Since U is a one-to-one map, we have det DU~ £ 0 as well.
According to this notation and the previous computations, we deduce

OO (1, 1)) = TVK(I, I).

By differentiating, we find

1 1
V2K (I, 1) = = D(®(U (I, I :chbl DU (I, I
(I1,12) = — D(®(Y™ (1, 12))) = — L)t 1) (11, I2)
and, consequently,
1
det V2K (I1, 1) = — det ch’ ~det DU, I5).
T (H,L)=¥—1(I1,I2)

Since DW~1(Iy, I,) is invertible, to prove (3.7) we just need to verify that
det DO(H™*, L*) # 0.

By direct computations (and omitting the dependence on (H, L) to simplify the notation), we have

8HT 8LT
T A A
DO(H, L) = 7 ouT T |
00 — (0 —2m) L= 9,0 — (0 — 2m) ==
T T
so that
detD®(H,L) =

2
.
72

Using assumption (3.2), the conclusion follows. O

Remark 3.1. We observe that, with no changes in the proof, the result is still valid if the perturbation term U
depends also on ¢, that is U = U (¢, z, ¢), provided that U and V.U remain bounded as ¢ — 0. Moreover, by
the local nature of the result, we could assume that U (as well as V' itself) is defined only on a neighborhood
of the planar annulus {z € R?: r_(H*, L*) < |z| < r,.(H*, L*)}. Finally, we mention that the fact that the
periodic solutions filling the torus T&I*’ L) have minimal period equal to 7 is unnecessary. In a similar way,
one could bifurcate from tori made by solutions with smaller minimal period, namely 7 = ¢nT(H*, L*) for
some ¢ > 2. All these observations will be crucial in Section 5. <
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Remark 3.2. A version of Theorem 3.1 for perturbation of relativistic central force fields, namely

d by T
T (W) = V’(|x|)m +eV.U(t,z),
can be provided, as well. Indeed, as explained in Remark 2.2 the construction of the action-angle variables for
the unperturbed problem is exactly the same; accordingly, periodic solutions bifurcating from an invariant
torus of energy H* and angular momentum L* can be found whenever condition (3.2) is satisfied, with
radial period Tye and apsidal angle ©,¢ as in Remark 2.2.

In particular, for the Kepler potential V(|z|) = /|| (with £ > 0), from the explicit formulas (2.17) one
immediately obtains D(H, L) # 0. Thus, the relativistic variant of Theorem 3.1 applies, in agreement with
the analysis performed in [15], requiring instead the explicit computations of the Hamiltonian in action-angle
coordinates. <

4. Some examples

In this section, we present some applications of Theorem 3.1 to various central force problems of physical
interest. More precisely, in Section 4.1 we deal with the (perturbed) Levi-Civita equation

R )

FE EL +eV,U(t,x), K,A>0, (4.1)

introduced in [34] as a relativistic correction of the Kepler problem (see also [1,26] and the references
therein). In Section 4.2 we analyze the (perturbed) homogeneous central force problem

"f:—lim% +eV,U(tz), £>0,a<2 a¢{-21}, (4.2)

modeling sublinear/superlinear oscillators when o < —1 (cf. [7,35]) and generalizing the Kepler problem
when o € (—1,2) (cf. [2,36]). Finally, in Section 4.3 we consider the (perturbed) Lennard-Jones equation

. 6 T 12_7T
T = —24¢0 W + 48¢o B

+eV,U(t,z), ¢,0>0, (4.3)

introduced in [33] to describe intermolecular interactions (see also [14,23] and the references therein).

For all the above problems, we are going to show that Theorem 3.1 can be applied by checking that
condition (3.2) holds true for the unperturbed problem. In Section 4.1 this is done by explicit computations
for the functions T" and ©; in Section 4.2, instead, explicit formula cannot be provided and we take advantage
of the homogeneity of the problem to prove that the sign of D(H, L) is the same as the one of yO(H, L),
which is studied in [20,40]. The application in Section 4.3 is more involved: in this case, we are able to prove
the result only for values of the energy near the minimum, by developing careful asymptotic expansions for
the maps T and © and their derivatives (see Appendix A).

We stress that, in the following, we are just going to prove that condition (3.2) is satisfied, without
caring about the minimal period of the invariant torus from which the bifurcation occurs. Thus, our next
applications have to be meant in the following way: fixed an invariant torus filled by periodic solutions,
with minimal period 7, of the unperturbed problem, at least six 7-periodic solutions (three with positive
angular momentum and three with negative angular momentum) exist if a sufficiently small perturbation
term, periodic in time with the same period 7, is added. The fact that tori filled by periodic solutions always
exist is guaranteed since © is not constant.

Of course, one could also try to study, for a period 7 fixed in advance, if 7-periodic solutions of the
unperturbed problem actually exist (and how many) and then bifurcate from the associated invariant torus.
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This requires however a study of the range of the functions T and © which we will provide only for the
homogeneous potential, see Section 5.1 and Section 5.2.

4.1. Levi-Civita potential

Let us consider the potential

where k, A\ > 0, giving rise to (4.1).
Recalling the notation introduced in Section 2, for every L > 0 we have

L? kA 1 2
W)= g5 =5 — 2 = g (2 + 17 -2),
L?  k  2X 1
7 _ — 2
W(?",L)ff—r3 7“_2+r3 —T—3(/<;r+2)\fL).

Therefore, W'(-; L) changes sign (once) in (0, +00) if and only if
L? > 2
In this case W(+; L) has a unique strict global minimum at

L? — 2\
To(L) = P s

with

H2

wo(L) = —W(’I“()(L);L) = m >

0.
Moreover, W'(-; L) < 01in (0,7¢(L)), and W’(:; L) > 0 in (ro(L), +00). Therefore condition (hyy) is satisfied.
Observing, moreover, that

lim W(r; L) = 400, lim W(r;L) =0,

r—0t r—+400

we infer that the equation W (r; L) = H has exactly two solutions ry (H, L) if and only if —wg(L) < H < 0.
Thus, recalling (2.4), we have

2

A= {(H,L) eR%: L e (V2\ +x0), He (—ﬁo)}

For further convenience, we also observe that the two solutions r1(H, L) satisfy

e 72
(r—ry(H,L))(r —r_(H,L)) =1%+ 7 2’\2HL =0. (4.4)

We are going to compute explicitly T and © and, in consequence, their derivatives. As for T', using (4.4),
we find
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r4+(H,L)

dr
T(H,L) =2 TEWeD
r_(H,L)
r4(H,L)
_ ﬁ rdr
\/jri(H,L) V(re(H, L) —r)(r —r_(H,L))

By performing the change of variable
ro(H,L)+r_(H,L)u? ro(H,L)—r
r= =
u? +1 ’ " r—r_(H,L)’

“+o0
2v/2 ro(H,L)+r_(H,L)u?

we thus obtain

TH,L)=
W= winz
0
— i

_ 2\/§ T+(H7 L) r— (H’ L) u + T+(H7 L) +r- (H7 L) arctan(U)

—H 2 u?+1 2 0
B THK

V2(-H)

Therefore,
3Tk
OuT(H,L) = -——=——-5 >0,  0.T(H,L)=0.

Notice that T is independent on L.
As for O, by exploiting again the change of variable (4.5), we get

T+(H7L) d
O(H,L) = V2L L
r2y/H — W (r;L)
r_(H,L)
ry(H,L)
B V2L ’ dr
V=R (L =)= (D)
“+oo
B 2v2L du
- V—H ry(H,L)+r_(H,L)u?
0
—+oo
2v2L 1 . r_(H,L)
= arctan — U
V—H |\/ri(H,L)-r_(H, L) r+(H,L) o
_ 2w L
VL2 2

This implies that

4\

OyO(H,L) =0, 0,O(H, L)= 2R

< 0.

(4.5)

(4.6)
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Notice that © is independent on H.
Summing up, from (4.6) and (4.7), we can compute

3vV2m2k )\
(—H)H(L2 —20)]

D(H,L) = 0yT(H,L)-0,0(H,L) = —

so that condition (3.2) holds true and Theorem 3.1 can be applied.
Remark 4.1. Notice that the previous computations for T" and © are valid for every A € R. In particular, it is
easily checked that condition (3.2) is satisfied also when A < 0. On the other hand, for A = 0 (corresponding

to the Kepler potential V(r) = k/r) we find D(H,L) = 0 for all (H, L) € A, and so Theorem 3.1 cannot be
applied. Incidentally, notice that in this case © = 27, as already observed in Remark 2.1. <

4.2. Homogeneous potentials

For a € (—00,0) U (0,2) and & > 0, let us consider the potential

giving rise to (4.2).
Recalling the notation introduced in Section 2, for all L > 0 we have

L? K 1 2— 2
WD) =55~ g = gz (2 % —al?), (4.9)
L2 K 1 _
Wi(riL) = =5 + g = 5 (70 = L7). (4.10)

Therefore, W’(-; L) changes sign (once) in (0, 400). Hence, W (+; L) has a unique strict global minimum at

1
L2\ 7=
ramz(—) , (4.11)
K
with
2—a 2 24
wO(L):—W(To(L);L): 5 K2—a [T 2-a > ().

Moreover, W/(-; L) < 0 in (0,79(L)), and W’(;L) > 0 in (ro(L),+00), so that condition (hw ) holds.
Observing furthermore that

lim W (r; L) = 400, lim W(r;L) =0,

r—0+ r—-+00

we deduce that the equation W (r; L) = H has exactly two solutions ry (H, L) if and only if —wo(L) < H < 0.
Thus,

A= {(H,L) €R?: L e (0,400), H € (_22_04%22%%’0)}' (4.12)

We now present two lemmas, showing that the homogeneity of the problem allows us to reduce the
computations of T" and © to the case L = 1.
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Lemma 4.1. For all (H,L) € A, it holds that

2a

T(H,L) = L s T(HL" % 1). (4.13)

Proof. We first observe (and we omit the straightforward proof) that, if r is a periodic function satisfying
the energy relation

then the function p defined as
p(t) = L™ ar(L>at)
satisfies
1 . 2 2a
A"+ W(p(t);1) = HL==.

Denoting by T, and T, the minimal periods of r and p, respectively, it obviously holds that T,, = T'(H, L)
2a
and T, = T(HL?-=,1). Since T, and T}, are related by

T, = L*==T,
the thesis follows. O
Recalling the definition of the function P given in (2.9), in a similar way we have the following.
Lemma 4.2. For all (H,L) € A, it holds that
P(H,L) = L™ 'P(HL 1). (4.14)
Proof. The proof is similar to the one of Lemma 4.1. Indeed, if u is a periodic function satisfying

1 1
T +W<—;L) =H,
2 U

then the function
n(t) = L= u(L™'t)

satisfies

1 1 o

—i? 4 W(—; 1) = HL#.

2 n

Denoting by P, and P, the minimal periods of u and 7, respectively, it holds that P, = P(H,L) and
P, = P(HL?"%1). Since P, and P, are related by

-1
P,=L""F,,

the thesis follows. O
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From the above lemmas, we can obtain the following equalities involving T', ©, and their derivatives.
Lemma 4.3. For all (H,L) € A, it holds that

L—l

orT(H,L) = 5 (2+)T(H,L) + 20HOxT(H, L)), (4.15)
OrO(H,L) = 22_‘3‘(1%6,{@(11, L). (4.16)

Proof. As for (4.15), we differentiate (4.13) with respect to H and L to obtain

OuT(H,L) = L& +35 9y T(HL?= 1),

2 @ (o3
OpT(H, L) = 2+O‘L%*1T(HL%,1)

—

2a

. . 2
+L%0HT(HL2%,1)H—2 @ st
—

24«

2c
L 'T(H,L)+ ——HL '95T(H, L).
2 _« ( 9 )+2_a é’)H ( ) )

Hence, (4.15) follows.
As for (4.16), we first differentiate (2.8) with respect to L to obtain

0r©(H,L)=P(H,L)+ LOLP(H,L). (4.17)
Then, exploiting (4.14), we have

OyP(H,L) = L™ "0y P(HL? = 1),

2

OLP(H,L) = —L 29, P(HL? 5, 1)+ L 0y P(HL?" 1)H-—— L7~
-«
—1 2a .,
= ~L7'P(H,L) + ;——L ' Hoy P(H.L).
-«
Thus, using (4.17) we get
2«
Since 0gy©(H, L) = Loy P(H, L), (4.16) follows. O
Using this lemma, we can finally obtain the following formula for D(H, L).
Lemma 4.4. For all (H,L) € A, it holds that
2+al
D(H,L) = —3 ZT(H, L)oy©(H, L). (4.18)
-«

Proof. Using Lemma 4.3 we have

D(H,L) = 0yT(H,L)-0,0(H,L) — 0,T(H,L) - 04O (H, L) =
20 H
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-1

((2+ a)T(H, L) + 2aH3xT(H, L)) - 04 O(H, L)

2«
24+ al
= —EET(H, L)oy©(H, L)

and the thesis follows. 0O

For a = —2 (corresponding to the harmonic oscillator), we have thus found D(H, L) = 0 for all (H,L) € A
and so Theorem 3.1 does not apply. For a = 1 (corresponding to the Kepler problem) we again have
D(H,L) = 0 since 9y©(H,L) = 0 as shown in Remark 4.1. In the other cases (namely, a < 2 and
a ¢ {—2,0,1}), we know from [20,40] that

>0, ifae(—o00,—2)U(1,2),

(4.19)
<0, ifac(-21)\{0},

OO (H, L) {

for all (H,L) € A. Accordingly

>0, ifae(—c0,1)\{-2,0},
<0, ifae(1,2),

D(H, L) {

for all (H, L) € A. Therefore, condition (3.2) holds true and Theorem 3.1 can be applied.

Remark 4.2 (Monotonicity of © with respect to L). We notice that, using (4.16), we can compute the sign
of 01,0(H, L) thanks to (4.19). Indeed, recalling that H < 0, we obtain

>0, ifae(—o0,—2)U(0,1),
0,0(H. L) if v € (=00, =2) U (0,1)
<0, ifae(-2,00U(1,2),
for all (H,L) € A. Notice that this was explicitly raised as an open problem in [18, p. 25]. <

Remark 4.3 (Logarithmic potential). For a = 0, the definition of the potential V in (4.8) is clearly mean-
ingless. However, the central force problem (4.2) still makes sense, coming from the logarithmic potential

V(r)=—xlogr,

with k > 0. In this case, in spite of the missing homogeneity of V', one can still argue in a similar way as
before. More precisely, exploiting the scaling p(t) = L™1r(Lt) it is easily proved that

T(H,L) = LT(H —log L, 1),
while, using the scaling n(t) = Lu(L~!t), one can deduce that
P(H,L)=L"'P(H —logL,1).
Differentiating these formulas, we reach
OuT(H,L)=L""(T(H,L) — 0uT(H, L))

and
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0LO(H,L) = —L 'oy0(H, L).
Therefore
D(H,L) = ~L'T(H,L)0yO(H, L).

Incidentally, notice that the above formula corresponds exactly to formula (4.18) for a = 0. Now, recalling
[19], we known that 0y©O(H, L) < 0 and so D(H, L) > 0. Hence, also in the case of the logarithmic potential
condition (3.2) is satisfied. We omit the details for briefness. <

4.3. Lennard-Jones potentials

Let us consider the potential
6 12
o o
where ¢, > 0, giving rise to (4.3).
Recalling the notation introduced in Section 2, for every L > 0, we have

2 6 012

L o
W(T‘; L) = 727"2 — 4§T76 + 4§7r12 y
which satisfies
lim W(r;L) = +o0, lim W(r;L) =0.
r—0+ r—-+o00

We analyze the monotonicity of W (-; L). Accordingly, we compute

L? o o'? 1
Wi L) = =5 +245— — 48 = — (= Lr"" + 260" — 486012).
Let us set
n(r) := —L*r'% 4 246057 — 48512
Then,

n'(r) = —=10L%r" + 14450°r® = 2r° (=5 L%r* + 7260°).

Thus, n is strictly increasing in (0,7(L)) and strictly decreasing in (7(L), +00), where
3 3

F(L) = (752 ggj) n(7(L)) = 48co'? [; (?) %;3 — 1},

are the maximum point and the maximum of n, respectively. Since

lim n(r) = —48¢0'* < 0, lim n(r) = —oo,
r—0+ r—+00

a necessary condition to have a zero of W’(r; L) is n(7(L)) > 0, that is
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W(r; L)

P (L)

o
e

—wo(L) | -

Fig. 3. Qualitative graph of W (+; L) for the Lennard-Jones potential with angular momentum L > 0 satisfying (4.20).

2
1\2 72
L? < (—) €§02. (4.20)

If (4.20) holds, then n has exactly two zeros 71 (L) and ro(L) with 0 < r1(L) < r2(L). From this analysis,
we deduce that

W'(L) <0 in (0,71(L)) U (r2(L), +00), W'(;L) >0 in (ri(L),ra(L)).

Hence, condition (hw ) holds for ro(L) = r1(L). See the representation of the graph of W (-; L) in Fig. 3.
Since ro(L) solves n(r) = 0, we have

L?ro(L)* = 2450°%r(L)® — 4850*2 (4.21)
and thus
wo(L) = =W (ro(L); L) = — 40° (2ro(L)® — 50°)
0 - 0 k) - 'I"O(L)Q 0 N

We consider the functions 7' and © defined in the set

2
1\372
A= {(H, LYeR*: L >0, L*< <g) g(dz, He (—wo(L),W(rg(L)))}.
A global study of the sign of D on the set A seems to be a difficult task. Therefore, from now on our analysis
will be local, in the sense that we are going to consider values of H slightly above —wy(L). More precisely,
taking advantage of the results in Appendix A, we compute the limits as H — (—wqo(L))* of 0gT, 0.7,
0y ©, 01,0, in order to show that

lim  D(H,L) >0, (4.22)
Hs(—wo(L))*

for every admissible L sufficiently small. Thus, for every admissible L small enough, there exists a suitable
H(L) > —wo(L) such that D(H, L) > 0 for every H € (—wq(L), H(L)). Hence, D(H, L) # 0 at least on a
non-empty open subset of A.

First, we deal with the function T. To enter the framework of Appendix A, we set V(r) = V(r) and

k = —1. Hence,

1
Qr; L) = W(r; L) + wo(L) = PE (L*r'% — 8¢o%r® + 8o + 2wy (L)r'?).
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The higher order derivatives are the following

W"(r; L) = 7'% (L?r'% — 5660°7° 4 208¢0™?),

12

W"(r; L) = ==z (L*r'% — 11266°1° 4 728¢5'?),
r

12
W (L) = o (5L%r'° — 100850°r% + 10920¢52).

Then, recalling (4.21) and the definition of Q(()i) (L) given in (A.8), we find

3
(L) = NI ((24 — 56)5057(L)® + (—48 + 208)sc'?)
25 .3¢00
e — L 6 6
T,O(L)14 ( TO( ) +50’ ),
25 .3¢00
Q(3) L) = 22> 11r0o(L)6 — 6
o (L) ro(L)5 (11r(L)® — 850°),
25 . 32 (O’G

Using the fact that n'(ro(L)) > 0 together with (4.21), we easily deduce that
QP (L) > o. (4.23)

Moreover, we compute

d L@ 2°-3¢0° 6 6 6
(d—LQO (L) = —W’FO(L) (14(-7"0([1) + 50 ) + GTO(L) ) < O7

where the last inequality follows from (4.23) and the fact that r{(L) > 0 by (A.18) (with ¥ = —1). Now,
omitting the dependence on L, according to definition (A.23) of X, we thus have

2o = 5(Q5Y)? - 305708

10 . 92 2 12
= % [5(117"8 — 850%)% — 3%(—r§ + 50°) (=370 + 44506)}
0

912 . 32 (2,12

= (68r;> — 9200°r§ + 40250'%)> 0.
To

Then, by Proposition A.1, for every admissible L it holds that

lim  OyT(H,L)> 0. 424
(I8 ) O T, L) (424)

Moreover, we have

1250 + 24070 + 72(25)% =

212 .32 2512 ,
S — [(687"(1)2 — 92000 4 40250"%) + 6(—r( + 50°) (11r( — 850°) + 18(—rf + 50°) }
0

912 .32 . 52,12

= (45" = 520°r + 3850"%) > 0.
0
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Then, by Proposition A.1 (with & = —1 and so(L) = ro(L)), for every admissible L it holds that

lim  OT(H,L) <0. (4.25)

H—(—wo (L))

Second, we deal with the function ©. To enter the framework of Appendix A, we set V(u) = V(1/u) and
k = 1. Hence,

1
T()(L)

Qu; L) =W l;L +W L :1L2u274g06u6+4§012u12+w L;L )
w 2 ro(L)

Notice that the minimum point of Q(+; L) is ug(L) = 1/ro(L), with ro(L) defined as above, so that hypothesis
(hw) is satisfied. The derivatives of Q are the following

Q' (u; L) = L*u — 24505u® + 48¢o'2utt,
Q" (u; L) = L* — 12060%u* 4 5280 2u'?,
Q" (u; L) = —480s0%u® + 5280¢0 %,
QW (u; L) = —144060%u? + 47520501208,
From (4.21), we deduce that
L? = 24605 (uo(L))* — 4802 (uo(L))*°, (4.26)

which corresponds to the fact that €'(ug(L); L) = 0. Then, using (4.26), we find

Q(()Z)(L) —95. 3§06U0(L)4 (50’6U0(L)6 _ 1),
(L) = 273560 uo (L) (11°ug (L) ~ 1),
Qé4)(L) = 25 . 32 . 5§0-6U/0(L)2(330'6U0(L)6 _ 1)

As above, one can easily check that
QP (L) >0

and that

<%Qg">) (L) = 2° - 3605uf (L) (4uo(L)? (50%uo (L) — 1) + 3005uo(L)°) < 0.

Omitting again the dependence on L, we have
Zo = 5(2Y)? - 3070l
=9210.32. 525120 [52(110%8 —1)% = 32 (50%u8 — 1) (330%u5 — 1)}
=21.3%. 56200 (385012u(1)2 — 5205 + 4) > 0.
Then, by Proposition A.1 (with & = 1 and so(L) = ug(L)), for every admissible L it holds that

lim  OyP(H,L)>0.
H(~wo(L)*+
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Therefore, recalling (2.8), we have that

i dyO(H, L) > 0. (4.27)
Hes(<wo(L))*+

Next, in order to analyze the sign of 9, ©(H, L), first we compute
u2%o — 240570 up + 24(05)? =
=212. 32625128 [5 (3850 up? — 520%uf + 4) — 30(50%uf — 1) (110°uf — 1) + 6(50%uf — 1)2}
=2'%.3°¢%0 " uf (4250 P ug® + 1600%uf — 4).

Then, recalling again (2.8) and (4.17), by Proposition A.1 (with & = 1 and so(L) = uo(L)), for every
admissible L it holds that
lim 0LO(H,L) =
ooy HOULE)
= lim P(H,L) + lim Loy P(H,L)

H—(—wo(L))* H—(—wo(L))+
2 12
— (27; _— m s ,212,32§2012u8(425012 12+1600 4)
)z 12(97)3
2

= o] () = 222 362020} (4250 2u? + 1600w 4)}.
0 2

Recalling (4.26), we compute the term into the square bracket

215 3335 18uL% (56%u — 1)” — 2% - 3¢o%ul (1 — 206u8) -27 -3¢0 2ug (4250 P ug? + 1600°uf — 4) =

= 212 3260 02 38500 ul — 19050 uf? + 1920°uf - 20).

Regarding the expression inside the brackets as a third order polynomial function of o%u$(L), one can prove
that it change sign once in (0, +00), say ko this point, being negative in (0, kg) and positive in (kg, +00). Since
L — up(L) is a strictly decreasing function (by differentiating (4.26) and using the fact that Q(()z)(L) > 0)
and limyp,_,q+ ug(L) > ko, we conclude that there exists Ly > 0 such that

lim  9.0(H,L) >0, 4.28
g O (H,L) (4.28)

for every admissible L with L < Ly (and strictly positive otherwise).
Summing up, from (4.24), (4.25), (4.27), (4.28) we have that (4.22) holds true.

5. An application to a restricted 3-body problem with non-Newtonian interaction

In this section, we investigate the existence of periodic solutions for a restricted planar circular 3-body
problem, with the interaction between the primaries driven by a —a-homogeneous potential with a € (0, 2).
Our strategy consists in interpreting this restricted problem as a perturbation, when the mass of one of the
primaries tends to zero, of a —a-homogeneous Kepler problem, so as to make an application of Theorem 3.1
possible, as discussed in Section 4.2. Notice that this forces us to assume « # 1, thus excluding the case of
a Newtonian attraction. For the existence of periodic solutions in the Newtonian case see [5,24,38,39] and
the references therein.
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This section is organized as follows. In Section 5.1, we first prove some technical results about the
functions 7" and © for the potential (4.8). Based on this, in Section 5.2, we present a complete analysis of
the periodic solutions of the —a-homogeneous Kepler problem, finding a necessary and sufficient condition
for the existence of 7-periodic solutions of type (n,k). In Section 5.3, we then give the details of the
application to the restricted planar circular 3-body problem.

5.1. Some results about the functions T and © for the —a-homogeneous Kepler problem

Throughout this section, let V' be as in (4.8), with a € (0,2). For future convenience, we observe that
the minimum point ro(L) defined in (4.11) is non-degenerate, indeed by computing

W) = L (30— (a4 e 0), G-

it follows that

B L?(2 - )

W"(ro(L); L) = ro(L)7 > 0. (5.2)

We consider the functions 7" and © defined for (H,L) € A, with A as in (4.12).
The first result ensures the strict monotonicity with respect to H of the function 7' defined in (2.5).

Lemma 5.1. Let « € (0,2). For every (H,L) € A, it holds that OyT(H,L) > 0.

Proof. We are going to exploit the Schaaf’s monotonicity criterion (cf. [41, Theorem 1] and Remark A.2),
thus, in addition to (5.2), we need to prove that

(i) B(W"(r; L))* = 3W" (r; LYW® (; L) > 0 for all r > 7o(L),
(i3) W' (ro(L); L)W' (ro(L); L) < 0.

Preliminarily, recalling the definition of W (-; L) given in (4.9) and the expression of W'(-; L) in (4.10)
and W'(+; L) in (5.1), we compute the higher order derivatives of W (-; L):

W"”(r; L) = 70—1L,)(—12L2 + (a4 1)(a+2)r*"%),
W®(r L) = 74—16(60L2 + (a+ 1) (e +2)(a+ 3)rr*™?).
Then, we get
5(W"(r; L))? = 3W" (r; LYW (r; L) =
= 7'% (=12 + (e + 1) (a + 2)/47“2_0‘)2

- r% (3L2 — (a+ 1)/<or2_a) (60L2 +(a+1)(a+2)(a+ 3)m,2—a)

1 . -
=% [ISOL4 +3(a+1)(3a% — 2500 — 2)L%kr?7%) + (a + 1)2(a + 2) (20 + 1) K212 |
Regarding the expression inside the brackets as a second order polynomial function of r2~% its discriminant

is given by
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A=27(a+1)*2—a)*(a—13)(3a + 1)s*L*.

Hence, A < 0, and thus (7) is satisfied.
Recalling the expression of ro(L) given in (4.11), we can compute

W BRI ) = m <_L2 " agi 1) <_12L2 +(a+)a+2) agi 1)

1 3L*
S T @FariC <0

Therefore, condition (i7) is satisfied. The proof is complete. 0O
The next lemma provides, for a fixed L > 0, the behavior of T'(H, L) and ©(H, L) when H — 0.

Lemma 5.2. For every L > 0, it holds that

lim T(H,L)= 5.3

i (H,L) = +oo0, (5.3)
2

li H L) = ) A4

Jim O(H, L) = 57— (5.4)

Proof. Preliminarily, we notice that, by (4.13) and (4.14), we can reduce to the case L = 1. We start by
proving (5.3). Recalling the definition (2.5), we have

T+ (H,1)
T(H,1) =2 / dr ,
1 K
r_(H,1) H— 272 + ar®

where r4 (H, 1) are the two solutions of the equation H — 515 + =0 with r_(H,1) < r4(H,1). Passing

ar@

to the limit as H — 0~ in the equation, we obtain that

o 2—«
li (H,)=¢_ = — li H 1) = :
aop-T-HD =7 (2) i D) = oo
Therefore, by Fatou’s lemma, we have
+o0 = f/ < liminfT(H,1).
H—0—
2r2 + a'ra

From this, the conclusion follows.
Now we deal with (5.4). At first, we recall that © = 27 for « = 1, so that the limit relation clearly holds.
Thus, we assume « # 1 henceforth. Recalling the definitions (2.6) and (2.9), we have

uy (H)
O(H,1) = P(H,1) = V2 / du

1 K a7
u_ () \/H—§U2+EU

where uy (H) are the two solutions of the equation H — Ju? + £u® = 0 with u_(H) < u.(H). Passing to
the limit as H — 0~ in the equation, we obtain that
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1
li _(H)=0 li H)=—.
g u-(H) =0 g we(H) =27

lim ®(H,1):\/§/L (5.5)

H—0+t _ 1,92 K a'
0\ T2 U

Next, via the change of variable

Q@ 2-a
= ﬂu 2,
we have
1
n d 4 1 d¢ 1 92
\/5/ - = / = {arcsinf} L ,
ST Y NG R o

from which the conclusion follows.

We now give the rigorous justification for passing to the limit under the integral sign, which is here a
rather delicate issue since the direct use of standard theorems is not possible (cf. [42, Section 1.6]). To
overcome this difficulty, it is convenient to use the change of variable described in Appendix A in order to
rewrite O(H, 1) as

p 1
@(H,1)=\/§/ (= (/H + wo(1)sin d)) @

[SE

where

h(u) = sgn (u - TO@) \/%uQ - gua +wo(1),

see Lemma A.3 (together with Remark A.3). Fixing § > 0 small, one has that h=*(y/H + wo(1) sind) >
v > 0 for every ¥ € [-7/2 4 d,7/2] and H € (—wp(1),0], for some v > 0. Since &’ is bounded away from
zero on every compact subinterval of (0,4o00), by uniform convergence we infer that

jus jus

/ 1 / 1
lim dd = / dd. 5.6
H—0- 5 R (h=1(\/H + wo(1) sinv)) 5 R (h=1(y/wo(1) sin¥)) (5:6)
1 —E4
We claim that
S —245
. 1 1
lim dv = / dd, (5.7)
H—0- R (h=Y(\/H + wo(1) sin®)) R (h=1(y/wo(1) sind))

™

[NE]

2

the difficulty now being that h’(u) may vanish as u — 07. Simple computations show that
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W' (u) = ﬁ(a —Du*? 4+ o(u*"?), asu—0".
wo

[N

Thus, in a right neighborhood of u = 0 the function 1/h’ is increasing if a € (0,1) and decreasing if
€ (1,2). As a consequence, for § > 0 small enough the integrand functions

! 9 e {—f —LL&]
W (h=1(\/H + wo(1) sin9))’ 2" 2 ’

are decreasing with respect to H if @ € (0,1) and increasing if « € (1,2). Passing to the limit under the
integral sign is then justified using the Lebesgue theorem in the former case and the monotone convergence
theorem in the latter one. We thus find that (5.7) holds true. Recalling (5.6), we finally conclude

dv.

lim @(H,l):\/i/
H—0~ h'

1
(h=1(y/wo(1)sind))

[SE]

Undoing the change of variable described above, it is easily checked that the integral on the right hand-side
of the above equality coincides with the integral in (5.5). The proof is thus complete. O

5.2. Periodic solutions to the —a-homogeneous Kepler problem
Let us consider the system

.. xz
r = —K |$IT+2’ x e R2 \ {0}7 (58)

where a € (0,2). Our existence result for periodic solutions of (5.8) is the following (as in Section 2, we
limit ourselves to solutions with positive angular momentum).

Theorem 5.1. Let « € (0,2) and a # 1. For all 7 > 0 and for all coprime positive integers n, k, there exists
a periodic solution of (5.8) of type (n, k) and minimal period T if and only if

1 1 .
(2—04’ m) , ifae(0,1),

(\/%,ﬁ>7 ZfOéE(l,Q)

Moreover, the periodic solution is unique, up to time-translations and rotations.

S

% (5.9)

Proof. According to the analysis of Section 2.1, periodic solutions of type (n, k) and minimal period 7 exist
if and only if there exists a pair (H, L) € A, with A as in (4.12), such that

T(H,L) = % and  O(H,L) = 27r%. (5.10)
Moreover, the uniqueness of the periodic solution (up to time-translations and rotations) corresponds to
the uniqueness of such a pair (H, L). Hence, we are going to study the unique solvability of (5.10). From
now on, 7 > 0 and the coprime positive integers n, k are fixed.
Since T is strictly increasing with respect to H by Lemma 5.1, the range of the function T'(-, L) is the
open interval
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m H 21 24a
l T(H,L), lim T(H,L)) = 3
<H (Fua(L))* (H, )7HH1 0- &, )> <\/m ) ,+oo> )

where the last equality comes from Proposition A.1 (see also Remark A.3) and (5.3). Hence, letting

- 2mn

2—«a
ZA; (T\/2—0[)2+a

so that

lim  T(H L)="
Hes(—wo(L))+

we conclude that the first equation of (5.10) is (uniquely) solvable as a function of H if and only if L € (0, L).
Then, for all L € (0, L), let us define H(L) as the unique value such that

T(H(L),L) = (5.11)

-
~
Notice that the function H is of class C* by the implicit function theorem. Moreover, by differentiating
(5.11) with respect to L and exploiting (4.15), we obtain

N T(H(L),L 2 T(H(L),L 20 H(L
aHT(H(L)aL) 2-a 8HT(H(L)3L) 2-a L
For further convenience, we also observe that
lim H(L)L* e =0, lim H(L) = —wo(L). (5.13)
L—0t L—L-

The second equality is obvious. As for the first one, if not, up to a subsequence, T(fI (L)Lg%, 1) is upper-
bounded, and so

T(H(L),L) = LT(H(L)L**%,1) = 0, as L — 0,

in contrast with (5.11).
Now, for L € (0, L), we define

By exploiting (4.16) and (5.12), we find

V(L) = 0y O(H(L), L)H'(L) + 0,0 (H(L), L)

= 9O (H (L), L) <ﬁ/(L) * 22—0404 @>

Finally, recalling (4.19), we have
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Hence, the equation

- k
I(L) =2m—
(L) =2n~

is uniquely solvable if and only if 27r% belongs to the open interval of extrema

lim J(L) and  lim J(L).
L—0+ L—L-

We now compute these limits. First, recalling the scaling formula (4.14), we have

2a

O(H(L),L) = ©(H(L)L?== 1) (5.14)
and, by the first relation in (5.13) and (5.4), we deduce that

2
2—a’

lim (L) = lim ©(H,1) =
—

L—0+

Second, using again (5.14) and the second relation in (5.13), we have

lim J(L) = lim  O(H,1).
L—L~ Ho—wo(L)L2~a

Since wo (ﬁ)ﬁ% = wp(1), from Proposition A.1 (see also Remark A.3), we finally find

~ 2 2
lim (L) = lim O(H1)= o =
i~ H—s—wo(1) \/Q((f)(l) V2 —a

where the last equality comes from the fact that, with the notation of Appendix A Q(u;1) = %uQ - fu® +
wp(1). The proof is complete. O

Notice that condition (5.9) is independent on 7: hence, if a pair (n, k) satisfies it, then there exists a
7-periodic solution of type (n, k) for any 7 > 0. Actually, by the homogeneity of the problem, these solutions

2 (t)
t— 72| — |,
.

where z is the solution of type (n, k) and minimal period equal to 1. From this, it immediately follows the

are of the form

next proposition.

Proposition 5.1. For every T > 0, for every coprime positive integers n,k satisfying (5.9), and for every
integer £ > 1, let xy be the unique periodic solution of (5.8) of type (n,k) and minimal period /€. Then

lim HJC@HOO =0,
£—+00

where ||z¢]|co = maxyer |2e(t)].
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5.8. Periodic solutions galore to a restricted 3-body problem

Let us consider the system

Ear(t) — g En(t) — g
G
Ear(®) — g2 T M () — g

where a € (0,2), G,M,m > 0, and &y,&,, are given functions. The above equation can be meant as a
model for the planar motion of a massless particle ¢ under the attraction of two heavy bodies (the so-called

ij=GM q € R?, (5.15)

primaries) with positions {5 and &, and masses M and m, respectively. The classical case of a Newtonian
attraction (o = 1) gives rise to the usual restricted 3-body problem; here, we deal with the non-Newtonian
case a # 1. For some results about the —a-homogeneous N-body problem, see [9,36] and the references
therein.

From now on, we assume that the primaries move along circular orbits of the —a-homogeneous two-body
problem

- _ ém - £M his _ fM - fm
S =G e S = M T e

Thus, &y and &, are periodic functions with a minimal period 7 > 0, depending on the radii of the circles
on which the primaries move. By normalization, it is possible to set

T =2m, m+M=1, | — Em| =1,
implying G = 1. Finally, we suppose that the center of mass of the primaries is placed at the origin, namely
m&m () + M&p(t) =0, for every t € R.
According to these assumptions,
Ep(t) = me™, Em(t) = —(1 —m)e™,
and therefore from now we deal with

me' — g (1 —m)e’ +¢q
j=(1— : — ‘ , q€R% 5.16
G=(1=m) |meit — g|+2 m|(1 —m)e't + g|ot2 1 (5.16)

In this setting, our result is the following.

Theorem 5.2. Let o € (0,2) and o # 1. Then, for every N > 1 there exists m. > 0 such that, for every
m € (0,m,), there exist N periodic solutions of (5.16) having period 2.

As it will be clear from the proof, the above solutions are obtained, after some suitable change of
variables, as perturbations of periodic solutions of a —a-homogeneous Kepler problem of type (n, k) and
minimal period

2w 27 _ 2w
Le(n k) + 17 Lu(n, k) +2° " lu(n,k) + N’

where £,(n, k) is a sufficiently large integer. The pair (n,k) can be arbitrarily chosen, as long as n,k are
coprime positive integers satisfying condition (5.9). Hence, by varying the pair (n, k) other periodic solutions
can be provided: all of them remain distinct for m > 0 sufficiently small, since they bifurcate from distinct
tori of the unperturbed problem. System (5.15) thus possesses periodic solutions galore.
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Proof. Let us perform the change of variable
x(t) = (1= m)~ =52 (g(t) —me™),

so as to place the primary with larger mass (£,/(t) = me®) at the origin. Therefore, system (5.16) becomes

1 .

1— otz plt )

zfii_mfm (1*771)71 ( Wi) T ‘e e f(lfm)fa}uelt ,
|| [(1—m)” a+zeft 4 g|at2

which is of the form
— +mV, U(t, z,m), (5.17)
with

U(t,z,m) = , + (1 —m) a2 (e 2).

Note that the perturbation term U is singular on the circle of radius (1 — m)_#?, due to possible collisions
with the primary with smaller mass. This radius tends to 1 as m — 07.

We now regard m as a parameter, so as to interpret (5.17) as a perturbation of the —a-homogeneous
Kepler problem (5.8) (with x = 1). Fixing arbitrarily n,k coprime positive integers satisfying condition
(5.9), by Theorem 5.1 the unperturbed problem (m = 0) admits a periodic solution z, of type (n,k) and
minimal period 27 /¢, for every integer £ > 1. Moreover, by Proposition 5.1 there exists £*(n, k) such that
lzelloo < 1/2 if € > £*(n, k). On this open ball, the perturbation term U is well-defined for m small. Thus,
fixed an integer NV > 1, we can apply Theorem 3.1, in the generalized version discussed in Remark 3.1, to
bifurcate from the tori associated with xy«,;, for every ¢ = 1,..., N, as long as m is small enough. The
proof is thus completed. 0O

Appendix A. Some auxiliary results on time-maps and their derivatives

In this appendix, we provide some technical results for the time-maps T and P introduced in Section 2.
More precisely, we are going to provide explicit formulas for both the derivatives with respect to H and L
(see Lemma A.3) and, from this, we compute their limit values as H goes to the minimal value allowed (see
Proposition A.1). The results on the dependence on the energy parameter H are essentially known from
[22,41,42], while the ones for the parameter L seem to be new.

As observed in Section 2, the function 7" and P defined in (2.5) and (2.9) are the period maps of the
nonlinear oscillators
L2
2

1
.9 L . _
7+ 57 Vir)=H

1
2
and

1

1 1
— 2 -r2,2 - _
S+ 5L V( ) H,

u

respectively. We aim to introduce a unifying approach to these two oscillators.
Let I,J C (0,+00) be open intervals and V € C?(I,R). For k € {—1,1}, we define W: I x J — R as

1
W(s; L) = §L2s2k —V(s), (s,L)elxJ.
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In the following, the derivatives with respect to s are simply denoted as W . Observe that W, i = 0,1, 2,
is differentiable with respect to L and

OLW(s; L) = Ls**,
OW'(s; L) = 2kLs*F~1, (A1)
W' (s; L) = 2k(2k — 1) Ls*F 2

for every (s,L) € I x J.
We assume that

(hw) there exists a continuous function so: J — (0,400) such that for all L € J the function W(; L)
has a (strict) local minimum at s = so(L) with W(;L) < 0 on (s«(L), so(L)) and W'(;L) > 0 on
(so(L),s*(L)), for some 0 < s,(L) < so(L) < s*(L) < 4o0.

We set

I, = (s«(L),s*(L)), I={(s,L)eR*: LeJ scl}.

From now on, we implicitly assume that (s, L) € T".
Let us define

wo(L) = —W(so(L); L) (A2)
and
Q(s; L) =W(s; L) + wo(L), (s,L) €T.
From these definitions and from hypothesis (hyy) we plainly deduce that
Q(so(L); L) = Q' (s0(L); L) =0, (A-3)
for every L € J, and that
(s —s0(L)Y(s; L) >0, (A.4)

for every L € J and s € I, \ {so(L)}. As a consequence, for all L € J there exists Ho(L) > —wo(L) such
that for all H € (—wo(L), Ho(L)) the equation Q(s; L) = H + wo(L) has two solutions s4 (H, L) such that

s_(H,L) € (s+(L),s0(L)), sy(H,L) € (so(L),s"(L)).
For simplicity, we assume that Hy depends continuously on L, so that the set
A= {(H,L) elIxJ:wy(l)< H< HO(L)},
is open. We now define

S+(HaL)
ds

To(H,L) = V2 ,
. (o) VH+wo(L) —Q(s; L)

(H,L) € A.
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The function T can obviously be written as

s+(H,L)
ds

To(H,L) = V2 NCE eIl

s—(H,L)

In the above formula we recognize the expressions of the time-maps 7" and P in (2.5) and (2.9), corresponding
to k= —1and V(s) =V(s), and k = 1 and V(s) = V(1/s), respectively, with V defined as in Section 2.

Remark A.l. Via a standard implicit function argument, it is possible to prove that Ty € C1(A). Indeed,
let us denote by s(+; sg, L) the solution of the Cauchy problem

{§+W’(5;L) =0,
s(0) = s9, $(0) =0.

Then, Tg, is implicitly defined by
$(Ta(H,L);s+(H,L),L) =0,

for every (H, L) € A. Since the vector solution (s, $) and s; depend in a C'-way from all their variables,
the conclusion follows by hypothesis (hy). <

In the following, we are going to prove asymptotic estimates on Tq, dgTq and 0T when the energy H
goes to the minimum value allowed —wq(L). To this aim, we assume that

W"(so(L); L) >0, for every L € J, (A.5)

and that V € C*(I). From (A.5) and the regularity of W it follows that sq is differentiable in .J and, from
W (so(L); L) = 0 and (A.1) we have that

2%k Lso(L)2F~1

so(L) = W (so(L): L) (A.6)

for every L € J. Moreover, the regularity of W and s¢ imply that wq is differentiable and, from (A.1) and
(A.2), we have that

wo(L) = =W'(s0(L); L)sp(L) — dLW(so(L); L) = ~0LW(so(L); L) = —Lso(L)*", (A7)
for every L € J.
From the regularity of V and wy, it is immediate to see that Q(; L) € C*(I) and that 9.9, 92Q, O,
and 9;,Q" exist; moreover, setting
OY(L) = QD (so(L); L), i€ {1,2,3,4},
we have

QL) = WO (so(L); L), i€ {1,2,3,4}, (A.8)

for every L € J. In particular, condition (A.5) writes equivalently as
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Q((f)(L) >0, forevery L€ J. (A.9)

It is now convenient to write T, in a different way, by a suitable change of variable in the integral; hence,
recalling and inspired by [22], we first define

h(s; L) = sgn(s — so(L))\/Q(s; L), (s,L) €T. (A.10)

The regularity of 2 and sg directly implies that h € C(T") and ', h” h"',Orh, 0Lk € C(T \ 7), where = is
the set

7:{(37L) el: s=so(L), LGJ}'

Under the supplementary condition (A.11) below, it is possible to show that the regularity properties of the
above functions can be extended to whole domain I, as stated in the next preliminary lemma.

Lemma A.1. Let us assume (A.9) and that

(diLQ((JZ)> (L) #0, for every L € J. (A.11)

Then, it holds that

(i) W, W' 0" e C(T) and for every L € J we have

() (7))}
Wsa(yi) = 2
neo () 1y — — S0D)
o gy - 30 (L)Y (L) — (7 (L))
")) = 12v2 (P (L))} '
(i) Oph,dph’ € C(T) and for every L € J we have
s ) . \/ikLSO(L)Qk_l
P = ey
(A.13)

307 (L) (iﬂff)> (L) + 4kLso(L)**—10{¥ (L)

dL
6v2 (25 (L))?

Aph (so(L); L) =

Proof. Let us first define the set
I={(L)eRxJ: (£+so(L),L) €T}

and observe that (0,L) € i for every L € J. Let us also introduce the functions ?2, h: T — R defined by
A& L) = U+ so(L); L), (& L) €T,

and
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(& L) =sgn(€)\/QUE L), (&, L)€l

respectively.
We will prove that A, ", h",0rh,01,h’ are continuous in I'. Since

(& L) = h(€ + so(L); L), for every (¢, L) €T, (A.14)

and sg € C*(J), this implies the required regularity properties of h and its derivatives.
According to (A.3) and (A.4), we plainly deduce that  satisfies

Q(0,L) ='(0,L) =0, for every L € J, (A.15)
and (~2(§; L) > 0, for every (¢, L) € T with & # 0. As a consequence, for every (£, L) € T with & # 0 we have

RGI
2(Q(&; L))*
20(¢ D)Q"(& L) — (Y(&: L))
4(Q(& L))*
4(Q(&; L))" (& L) — 6Q(& L)L (& L)Q" (& L) + 3(Q'(&; L))° (A.16)

R"(& L) = sgn(€) 8(Q(&; L)%

R'(& L) = sgn(€)

W' (& L) = sgn(é)

3£§(§;L)
2(& L))3

(1) = sgn(e) THERAE RS HIOSE D

OLh(&; L) = sgn (€)

)

showing the continuity of these functions in I'\ {(0,L): L € J}.
Now, let us focus on the continuity at (0, L), with L € .J. From (A.15) we deduce that

9.9(0,L) = 92 ,0(0,L) = 83, .0, L) = 8} ,,,9(0,L) = 0
and that
L (0,L) = 82,Q'(0,L) = 83, . 2(0,L) =0,
for every L € J. Observing that
Q9(0,L) = af (L),
for every L € J, it is immediate to prove the validity of the following Taylor expansions in (0, L) with L € J:

(e, 1) = ;06D + g (9 (D) +3( Lo ) D - D)

v (e o L) e Do o) mew - 1r)

O(‘(gaLfi)F))v (f,L)%(O,E),

¥ (6.0) = 0 (D + 3 (VD + 208 ) Dtz - D)
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(a0 @e (o) e - b +3( 0 e - 17)
O(‘(faL_E)|4)7 (f,L)—)(O,E),

'e.0) =0 (D) + 2 D + (37087 ) D - D)

5(a e o o e - b+ (3500 )@ - 1?)
O((&.L~ D). (6.L)~(0,L),
ﬁ'"(g,m—Qéﬁ’@)mff)(i)u( dLﬂ‘?’))( JL—L)+0(I(6, L=D)). (&L)—(0,L),

oudie.n) = 3 (308 )+ 1 (5o ) +o( o ez - )
ole. L~ DY), (€1) = (0.5,

nit(6.1) = (0 (D + 3 ( S0 + (200 )DL - 1)

Recalling (A.16), quite long but simple computations prove that

(2) /7\\ 1

€n—©p V2
. _ 9(3) L
lim  A'(&L) = %7
(6,L)—(0,L) 3v2(Qy(L))2
. ~ 39(2) T ( L 9(3) )2
lim ) h’“(g;L): 0 ( ) ((g) ( g ( )) (A.17)
(&,L)—(0,L) 12v2 (94 (L))2
lim  dph(& L) =0,
(€,L)—(0,L)
(42 @
lim 9k (& L) = NN
(€,L)—(0,L) 2v2(Qy 7 (L))2

thus showing that the functions i/, k", k", dh, Ok’ can be extended in a continuous way to the whole set
I.

In order to conclude, we observe that the validity of the relations in (A.12) and (A.13) is a consequence

of (A.6), (A.14) and (A.17). Indeed, taking into account (A.8), let us first notice that (A.6) can be written
as

2k Lso(L)2k—1

ST W

, (A.18)

for every L € J. Now, (A.12) follows from the first three relations in (A.17), observing that
W (so(L); L) = AV(0; L), j € {1,2,3},

for every L € J. On the other hand, from (A.14) we infer that
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dLh(so(L); L) = dLh(0; L) — ' (so(L); L)sp(L),
ALl (so(L); L) = OLh'(0; L) — k" (so(L); L)sp (L),

for every L € J. The last relations in (A.17), (A.18) and (A.12) allow then to conclude that (A.13) holds
true. The proof is complete. O

From the above lemma, by means of straightforward computations, it is possible to prove the following

result.

Lemma A.2. Let us assume (A.9) and (A.11). Then, it holds that

" / " 1 2
(" so(L); 1))* = ' (so(L)s DR (s0(L)5 L) = oy (5267 (2))? = 30 (L) (1))
and
W (s0(L); D)ch(so(L); L) — W (so(L); oL (so(L); L) = —3 =0 (L), (A.19)

for every L € J.

According to [22], the function h given in (A.10) can be used to introduce a change of variable in the
integral defining T which transforms it in an integral which is not improper. To this aim, let us first observe
that

Q' (s; L)

m, (s,L) eT'\ 7, (A.20)

h'(s; L) = sgn(s — so(L))

and that h'(s; L) can be extended by continuity to v, as in Lemma A.1.
Moreover, from (A.4), (A.20) and the expression of h'(s; L) when (s, L) € v we infer that

B'(s; L) >0, forevery (s,L) €T,

thus proving that h(-; L) in invertible in Iy, for every L € J.
As a consequence, in the integral defining T, we can introduce the change of variable

s=s(0;H,L) == h" (/H + wo(L)sinf), 0¢ [—g g] (A.21)

Via this transformation, we can prove the following result.

Lemma A.3. Let us assume (A.9) and (A.11). Then, for every (H,L) € A it holds that

[ME]

1
To(H.L)=V2 | 3o dv,
= 7 ls=s(9;H,L)
1 [ 3(h"(s:L)2 — W(s; L)W (s: L
OnTa(H,L) = ﬁ (h"( ))(h’(sl(/))5 LACIEY cos® 9 dv,
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dd
s=s(9;H,L)

)

0uTo(H, L) = y(L)0uTo(H. L) + V2 [ h//(S;L)aLh(sEf?(s_. L}L)/)(?L)aLh/(S;L)

[SIE]

where s = s(0; H, L) is given in (A.21).

Proof. The formulas for T and 9Ty given in Lemma A.3 have been proved in [22, Section 2] in the case
of functions not depending on the parameter L; the proofs given in [22] are valid also in our situation.
As far as the formula for 01T, is concerned, let us first write Tq, as

TQ(H,L):\/§/<p(19;H,L) dv,

w3

for every (H, L) € A, where the function ¢ is defined by

1
h'(s(9; H,L); L)’

p(0,H,L) = (9.H,L) € [-5. 5] x A.
A simple computation shows that

w (L)
2/ H + wo(L)

h'(s(9;H,L); L) Orh/(s(¥;H,L);L)
W(s(0;H,L);L)3  W(s(9;H,L); L)%’

orLp(0,H,L) = —( sind — dph(s(¥; H, L); L))

for every (9, H, L) € [-m/2,7/2] x A. From Lemma A.1 and the regularity of s and wy we deduce that dp¢
is a continuous function in [—7/2,7/2] x A. Hence, we can differentiate Ty, with respect to L and obtain

OrTo(H,L) =2 / Ore(9; H, L) dY,

R

for every (H, L) € A. Integrating by parts and taking into account the expression of dyTq, we obtain the
thesis. O

Remark A.2. The well known Chicone’s criterion [22, Theorem A] for the monotonicity of T with respect
to H follows directly from the integral formula for dgTq, given in Lemma A.3. Indeed, it is straightforward
to check that

3(R"(s;L))* — h'(s; L)W (s; L) = 6Q(s; L)(Q"(s; L))* — 3('(s; L))*Q" (s; L) — 2Q(s; L)' (s; L)Q"(s; L)

and the right-hand side of the above equality is exactly the quantity appearing in the assumption of Chicone’s
result.

On the other hand, the Schaaf’s criterion [41, Theorem 1] provides the monotonicity of Tg with respect
to H whenever the two conditions

(1) 5(Q"(s;L))? — 3Q"(s; L)W (s; L) > 0 for all s > so(L),
(i) Q' (so(L); L)Q" (so(L); L) < 0,

are satisfied. Actually, as shown in the proof of [41, Lemma 1], the above conditions imply that

6Q(s; L)(Q"(5;L1))% — 3(Q (s; L))*Q" (s; L) — 2Q(s; L)Y (s; L)Y (53 L) > 0, (A.22)
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so that Schaaf’s criterion can be considered weaker than Chicone’s one. In spite of this, however, in the
proof of Lemma 5.1, we have chosen to verify hypotheses (i) and (i7) since this seems to be easier than
proving directly Chicone’s assumption (A.22). <

We are now ready to state the result on the asymptotic behavior of T(H, L) and its derivatives as
H — —wo(L). To this aim, let us define

3 2 4
So(L) = 507 (£))* = 3057 ()2 (L), (A.23)
Proposition A.1. Let us assume (A.9) and (A.11). Then, for every L € J the following estimates hold true:

2
QL))

To(H,L) =

lim ,
H—(—wo(L))*

lim  OyTo(H,L)= —
PIRL 1207 (L))

(
. 7L so(L)%F—2
lim oTo(H, L) = _%
H—(—wo(L))* 12(Q57(L))>

Z:O(L)v
(s0(L)220(L) = 248267 (L) (L) 50 (L)
(2) 2
+ 24k(2k — 1)(QP (L)) )
Proof. Recalling (A.21), let us first observe that
lim s(0;H,L) = so(L), uniformly in 6 € [fﬁ I} (A.24)
Hs (—wo (L)) *+ s Ly — 20 ) Yy 279" .

for every L € J. Hence, a simple argument shows that for every L € J the limits of To(H, L), OuTo(H, L)
and 0y Tq(H, L) for H — —wo(L) can be computed passing to the limit under integral sign.
Now, taking into account Lemma A.1, Lemma A.2, Lemma A.3, and (A.24), we immediately obtain

b

lim T(H,L):\/ﬁ% d = —

H=(—wo(D)T Q" (L)= 7, Q57 (L))>

and
lim  OyT(H,L) = i#( (@ (1)) - 30 (09§ (1)) 2 / cos? 9 d9
H—(—wo(L)* V2240 (L) @ (L)%
™
S N1
12(27 (L))}

As for the estimate of 9;,Tq, we first observe that

%ng) (L) = %Q”(SO(L); L) = Q" (s0(L); L)st (L) + 919" (so(L); L),

for every L € J. Recalling (A.1), (A.6) and (A.8) we then obtain
d

EQ(?) (L) =

2k Lso(L)*10 (L)
7 (L)

+0W"(so(L); L)
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2k—1()(3)
_ _ZkLso(L)T 2 (L) + 2k(2k — 1) Lso(L)%*~2

(L)
s 2k—2 2
_ _% (s0()67 (L) = 2k = (L)),

for every L € J. Taking into account (A.7), the first relation in (A.12), (A.19) and the asymptotic estimate
of OgTq we deduce that

i 0,T(H.L) =
o 8 L TEH L)

- T(LSO(L)Qk 2kL80 2k 2 s (3) _ _ (2) 2\/5
s A V3 [ P (5022 (2) - (2% = 1)0 (L))im(‘f)(L))% a9
7 Lso(L)** 2km Lso(L)?k—2

= —MZo(L)—i—

- _% (so(L)QEO(L) — 2kso (L) (L)QP (L) + 24k(2k — 1)(Qg2>(L))2).

B Dy (oD () - ek - 10 (1)

The proposition is thus proved. O

Remark A.3. A careful inspection of the proofs shows that assumption (A.11) is needed only to investigate
the dependence of the time-maps on L. Thus, in particular, the first and the second formula of Proposi-
tion A.1 are valid under the sole assumption (A.9). <
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