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LTLs (pLTL) is the variant of LTL; featuring only past temporal modalities, and is naturally
interpreted at the end of a finite trace. It is known that each property definable in LTL¢ is
also definable in pLTL, and vice versa (they are expressively equivalent). The same goes for
the safety and cosafety fragments of Linear Temporal Logic over infinite traces (LTL), when

IT(:{HVI‘;ZT?]' logic compared to G(pLTL) and F(pLTL) formulas, respectively, that is, pLTL formulas prefixed by
Succinctness a globally and an eventually modality. However, despite being extensively used in practice,
LTL¢ to the best of our knowledge, there is no systematic study of their succinctness. Moreover,
Pure past LTL when considering (co)safety fragments of LTL devoid of binary temporal modalities, there

are no known characterizations based on pLTL.
In this paper, we investigate succinctness issues for LTL; and (co)safety fragments of
LTL when compared with their pure past counterparts. First, we provide a pure past
characterization of the (co)safety fragments of LTL devoid of binary temporal modalities.
Then, we prove that the (co)safety fragments of LTL have pure past counterparts that can
be exponentially more succinct. Finally, we show that the same holds for LTL; with respect
to pLTL, and viceversa: LTL; and pLTL are incomparable when succinctness is concerned.
© 2024 The Authors. Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In this paper, we investigate succinctness issues for Linear Temporal Logic over finite traces (LTLs) and the safety and
cosafety fragments of Linear Temporal Logic over infinite traces (LTL).

LTL¢ is a modal logic that extends Propositional Logic with temporal modalities for reasoning about time and it is inter-
preted over finite sequences of states, called traces or words. It semantically differs from standard LTL, which is interpreted
over infinite traces, and it is extensively used in many areas of Artificial Intelligence (Al), including automated synthe-
sis [1-3], planning [4-6], and business process management [7,8], where a finite temporal dimension is often involved. In
the last years, the pure past version of LTL; (pLTL for short), whose formulas involve only past modalities and are evaluated
at the last state of a finite trace, gained momentum in Al as well. It is well known that pLTL and LTL; are expressively
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equivalent [9-11], i.e., all properties expressible in LTL; are also expressible in pLTL and vice versa. Since the 80s, pLTL has
been advocated as a suitable declarative, logic programming language [12,13]. What is hard to deny is that certain proper-
ties, like, for instance, those characterizing planning problems (“to reach a goal while always obeying to a safety rule”) are more
naturally expressed using past modalities [9] (goal AH safety_rule). In any case, the most important feature of pLTL is
arguably to enjoy a compilation into deterministic finite automata of singly exponential size [11,14], a result that cannot be
achieved for LTLs [15].

As for LTL, an important class of properties that it allows one to formulate is the set of safety properties, i.e., properties
expressing the fact that “something bad never happens”, like, for instance, a deadlock or a simultaneous access to a critical
section. This class of properties is captured by the Safety-LTL logic, defined as LTL in negation normal form (NNF) devoid
of the until (U) operator. There is a tight connection between such a safety fragment of LTL and the pure past logic pLTL:
Safety-LTL is expressively equivalent to G(pLTL), that is the set of formulas of type G(cr) where « is a pLTL formula and G
is the globally modality. Formulas of G(pLTL) constrain a formula « of pLTL to be true at each time point of an infinite trace.

Dual to the safety fragment is the cosafety fragment of LTL, which expresses properties of the form: “something good will
eventually happen”, and it is captured by coSafety-LTL, defined as LTL in NNF devoid of the release (R) modality. In analogy
to the case of safety, coSafety-LTL is expressively equivalent to F(pLTL), that is, the set of formulas of type F(«), where « is
a pLTL formula and F is the eventually modality, forcing o to be true in at least a prefix of an infinite trace.

While Safety-LTL and coSafety-LTL admit a pLTL-based characterization in terms of G(pLTL) and F(pLTL), respectively,
to the best of our knowledge, there is no similar investigation in the literature for smaller safety and cosafety fragments.
Among them, we would like to mention the logics LTL[X, F] and LTL[X, G] [16]. LTL[X, F] is the fragment of coSafety-LTL
devoid of binary temporal modalities. There is no study that systematically addresses the problem of finding which pLTL-
based fragment of F(pLTL) captures LTL[X, F]. Similarly, there is no pLTL-based characterization of LTL[X, G], the fragment
of Safety-LTL devoid of binary temporal modalities.

In spite of the relevance of LTL; and of all the above-mentioned safety and cosafety fragments of LTL, to the best of
our knowledge, there is no systematic study of their succinctness with respect to their pLTL-based counterparts, that is,
the study of those properties (if any) which are definable in one logic with formulas of small, polynomial size, but such
that all formulas in the other logic would require exponential size or more. The importance of addressing succinctness
issues is twofold. On the one hand, the study of succinctness is an important theoretical tool, that joins the investigation
of computational complexity and expressive power (see, for instance, the work by Hella and Vilander [17] comparing first-
order logic with basic modal logic and p-calculus in terms of succinctness by means of formula size games). On the other
hand, it may help in choosing the right formalism when dealing with problems like model checking and reactive synthesis.

The main contributions of the paper can be summarized as follows. First, we look for a pLTL-based characterization of
LTL[X, F] and LTL[X, G]. As for LTL[X, F], one might be tempted to consider the logic F(pLTL[Y, O]), that is, the fragment of
F(pLTL) featuring as past modalities the past counterparts of modalities X and F, namely, modalities Y (yesterday) for X and
O (once) for F, as a good candidate. We prove that it is not, as there are formulas in LTL[X, F] that cannot be expressed in
it. The main contribution of this part is to show that the addition of modality ¥ (weak tomorrow) to F(pLTL[Y, O]) suffices
to obtain a fragment, that we denote by F(pLTL[Y, Y, O]), which is expressively equivalent to LTL[X, F]. Interestingly, the
proof of this result is based on an original notion of closure under pseudo-stuttering, which can be viewed as a generalization
of the stuttering condition given by Sistla in [18]. An analogous result holds for LTL[X, G]: we prove that G(pLTL[Y, ¥, H]),
where modality H (historically) is the past counterpart of G, is expressively equivalent to LTL[X, G].

Then, we focus on succinctness issues for the considered safety and cosafety fragments of LTL with respect to their pLTL-
based counterparts. We first show that G(pLTL) can be exponentially more succinct than Safety-LTL, that is, there exists a family
of properties which can be expressed in G(pLTL) by means of formulas of size n such that the size of all Safety-LTL formulas
defining them is at least exponential in n. By a duality argument, we derive a similar result for the cosafety case: F(pLTL) can
be exponentially more succinct than coSafety-LTL. Whether, conversely, Safety-LTL (resp., coSafety-LTL) can be exponentially
more succinct than G(pLTL) (resp., F(pLTL)) remain - to the best of our knowledge - an open question. We address the
same problem for safety and cosafety fragments devoid of binary temporal modalities proving that G(pLTL[Y,Y,H]) and
F(pLTL[Y, 2 O]) can be exponentially more succinct than LTL[X, G] and LTL[X, F], respectively. In a recent work [19], Geatti et
al. show that, for these fragments, the vice versa holds as well.

Finally, we prove that pLTL can be exponentially more succinct than LTLs and vice versa. This result has three important
consequences: 1. it shows that, despite being expressively equivalent, LTL; and pLTL are incomparable when succinctness
is concerned; 2. it confirms the conjecture formulated in [20], derived from the complexity gap between the realizability
problem of LTL¢, which is 2EXPTIME-complete, and pLTL, which is EXPTIME-complete; 3. it proves that any translation from
LTL¢ to pLTL (and vice versa), for which we only know a triply exponential upper bound [11], has at least an exponential
complexity in the size of the initial formula. Table 1 summarises the main results of the paper.

The paper is organized as follows. In Section 2, we provide the necessary background. Section 3 studies the pLTL-based
counterparts of LTL[X, F] and LTL[X, G]. In Section 4, we investigate the succinctness of Safety-LTL and coSafety-LTL with
respect to their pure past counterparts G(pLTL) and F(pLTL), respectively, and we do the same for the fragments devoid of
binary temporal modalities. Section 5 proves that pLTL can be exponentially more succinct than LTL;, and vice versa. Finally,
Section 6 summarizes the achieved results and points out some future research directions.

This paper extends a previous conference paper [21]. In particular, the completely new parts are those on the expressive
equivalence of LTL[X, F] and F(pLTL[Y, ¥, 0], and its safety counterpart (Section 3), and on their succinctness (in Section 4).
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Table 1

Overview of the results of the paper.
Ref. Past Future
Theorem 1 F(pLTL[Y, O]) is strictly less expressive than LTL[X, F]
Theorem 2 G(pLTL[Y,l-I]) is strictly less expressive than LTL[X, G]
Theorem 3 F(pLTL[Y, Y, O]) is expressively equivalent to LTL[X, F]
Theorem 4  G(pLTL[Y, Y, H]) is expressively equivalent to LTL[X, G]
Theorem 5 G(pLTLY, Y, H]) can be exp. more succinct than LTL[X, G]
Theorem 5 G(pLTL) can be exp. more succinct than  Safety-LTL
Theorem 6 F(pLTL[Y, Y, O]) can be exp. more succinct than  LTL[X, F]
Theorem 6 F(pLTL) can be exp. more succinct than  coSafety-LTL
Theorem 7  pLTL can be exp. more succinct than  LTL¢
Theorem 8 and vice versa

2. Background
In this section, we give the necessary background on the temporal logic of linear time and finite state automata.
2.1. Linear temporal logic with past

Let AP be a set of atomic propositions. A formula ¢ of Linear Temporal Logic with Past (LTL+P , for short) is built as
follows:

¢d=p|l-ploVo|loAd Boolean connectives
| X¢ | iq& | pUo | pRe future modalities
| Yo | qu | S | pT past modalities

where p € AP, X stands for next, X for weak next, U for until, R for releases, Y for yesterday, Y for weak yesterday, S for since,
and T for triggers. Note that, w.Lo.g., the proposed definition of LTL+P assumes formulas to be already in Negation Normal
Form (NNF), that is, negations are applied only to proposition letters. For any formula ¢, the size of ¢, denoted by |¢], is
the size of the (smallest) syntax tree of ¢.

Let o € 2AP)T U (2AP)® be a word (or trace) over the alphabet 227 . We define the length of o as |o| =n, if 0 =
(00, ...,00_1) € 2AP)T (in this case we say that ¢ is a finite trace), and as || = w, if o € 2AP)® (in this case we say
that o is an infinite trace). For any 1 <i < j < |o|, we define of; j; as the interval of o from position i to position j. We
caEt 7e;ny subset of (2AP)* a language of finite words over 2AP . Similarly, a language of infinite words over 247 is any subset of
47)e.

The satisfaction of an LTL+P formula ¢ by o at time 0 <i < |o|, denoted by o,i = ¢, is defined as follows:

o,iE=piff peoy;

o,iE-piff pgoj;

o,iEp Vv iffo,iE¢r or o,iE=¢o;

o,iEm A iffo,iE=¢1 and 0,1 = ¢2;

o,iEX¢iffi+1<|o|and o,i+ 1 ¢;

o,iE=Xg iffeitheri+1=|o| oro,i+1E ¢;

o,iEYgiffi>0and o,i— 1 ¢;

o,iE=Ye iff either i=0or o,i— 1 ¢;

0,1 = ¢1Ug¢; iff there exists i < j < |o]| such that o, j = ¢7, and o,k = ¢ for all k, with i <k < j;

0,1 = ¢1S¢; iff there exists j <i such that o, j = ¢», and o,k = ¢ for all k, with j <k <i;

0,i = ¢1Rey iff either o, j = ¢, for all i < j < ||, or there exists i <k < |o| such that o,k |=¢1 and o, j = ¢, for all
i<j<k

o 0,i = ¢1Tey iff either o, j = ¢, for all 0 < j <i, or there exists k <i such that o,k =¢1 and o, j =¢; foralli > j>k.

We say that o is a model of ¢ (written as o = ¢) iff 0,0 = ¢. The language of infinite (resp., finite) traces of ¢, denoted
by L(¢), is the set of traces o € (2AP)® (resp., o € (2A7)*) such that o |= ¢. Notice that, given o € (247)?, it holds that
o,iEX¢ iff 0,1 =X, for every i < .

We use the standard shortcuts T :=p v —p and L := p A —p, for some p € AP, the future modalities F¢ = TU¢
(eventually) and G¢ := 1 R¢ (globally), and the past modalities O¢ := TS¢ (once) and H¢ := LT¢ (historically).

From now on, given a linear temporal logic IL, with some abuse of notation, we denote by IL also the set of formulas of
IL. A pure future (resp., past) formula is an LTL+P formula devoid of occurrences of past (resp., future) modalities. We denote
by LTL (resp., pLTL) the set of pure future (resp., pure past) formulas, and we denote by LTL; the logic LTL interpreted on
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finite traces. Similarly, we denote by LTL;+P the logic LTL+P interpreted on finite traces. Notice that if ¢ belongs to pLTL,
then we interpret ¢ on finite words only, and we say that o € (227)™ is a model of ¢ if and only if ¢, |0| — 1 = ¢, that is,
each ¢ in pLTL is interpreted in the last state of a finite word (i.e., pLTL is the pure past fragment of LTL;+P ).

Finally, given a set S C {X,X,F,U, G, R} (resp., S € {Y,Y¥,0,S,H,T}) of future (resp., past) modalities, we denote by
LTL[S] (resp., pLTL[S]) the set of LTL (resp., pLTL) formulas whose temporal modalities belong to S (if S is the set of all
future or past modalities, respectively, we omit it). In the following, we define the syntactic safety fragment of LTL, denoted
by Safety-LTL, as the fragment LTL[X, R] [22-24] (observe that, given the equivalence of X and X over infinite traces, this
fragment can be considered as a notational variant of LTL[X, R]). Similarly, we define the syntactic cosafety fragment of LTL,
denoted by coSafety-LTL, as the set of LTL[X, U] formulas.

Finally, we denote by G(pLTL[S]) (resp., F(pLTL[S])) the set of LTL + P formulas of the form Go (resp., Fa), with
o € pLTL[S]. Observe that the semantics of G(pLTL[S]) and F(pLTL[S]) formulas is given on infinite words, but with the
subformulas « € pLTL[S] always evaluated at the last time point of finite prefixes of infinite traces.

Let us first introduce the notion of expressive equivalence of two logics.

Definition 1. Let = := 247 . Two linear temporal logics I and I’ interpreted on finite (resp., infinite) traces are expressively
equivalent iff, for any language £ C Tt (resp., £ C ©%), there exists a formula ¢ € IL such that £(¢) = L iff there exists a
formula ¢’ € I’ such that £(¢') = L.

It holds that LTL; and pLTL are expressively equivalent, as stated by the following proposition.
Proposition 1 ([9-11]). LTL and pLTL are expressively equivalent.

A fundamental result by Chang et al. [23], based on the work done by Zuck [10], establishes the expressive equivalence
of Safety-LTL and G(pLTL), and of coSafety-LTL and F(pLTL), when interpreted over infinite traces.

We now define what it means that a linear temporal logic I can be exponentially more succinct than a linear temporal
logic I”. We use the Q-notation f(n) € 2(g(n)) to denote that the function f is asymptotically bounded from below by g.
Similarly, we use the O-notation f(n) € O(g(n)) to denote that f is asymptotically bounded from above by g.

Definition 2 ([25]). Let I and I.” be two linear temporal logics. We say that I can be exponentially more succinct than IL’
over infinite (resp., finite) traces iff there exist a set of atomic propositions AP and a family of languages {£;}n=0 € (247)®
(resp., {Laln>0 € (247)*) such that, for any n > 0,

o there exists a formula ¢ € I. over AP such that its language over infinite (resp., finite) traces is £, and |¢| € O(n), and
o for all formulas ¢’ € L’ over AP, if the language of ¢’ over infinite (resp., finite) traces is £y, then |¢’| € 2%,

2.2. Finite-state automata

A Nondeterministic Finite-state Automaton (NFA, for short) is a tuple A = (ZAP, Q,I, A, F), where 24P s a finite
(nonempty) alphabet, Q is a finite set of states, I C Q is the set of initial states, A € Q x 247 x Q is the transition re-
lation, and F C Q is the set of final states. We define the size of A, denoted by |.4], as the number of its states |Q |.

A run 7 of A over the word o = (09, 01, ..., on_1) € (2AP)* is a finite sequence of states 7 = (go, 1, ..., qn) such that
(qi, 0i,qiy1) € A, forall 0<i<n—1.Arun w = (qo,q1, ..., qn) is accepting if q, is a final state of A, that is, g, € F.

Given an NFA A= 247, Q,I, A, F), a word o € (2A7)* is accepted by A iff there exists an accepting run of .4 over o.
The language of A, denoted by L(.A), is the set of (finite) words accepted by .A.

For every LTLs+P formula ¢, with [¢| =n, over a set of proposition letters AP, we can effectively build an NFA whose
language is exactly £(¢) and whose size is at most exponential in n.

Proposition 2 ([15,11,26,27]). For any formula ¢ of LTL#P , with |¢| = n, there exists an NFA A such that L(¢) = L(A) and
lA] € 20™.

This construction for LTLs+P does not have a direct reference in the literature, but it follows from what showed in [15,11]
for LTLs and pLTL, respectively, as well as from the results obtained in [26] and [27].

3. Expressiveness of cosafety and safety fragments of LTL devoid of binary temporal modalities

In this section, we investigate the expressiveness of cosafety and safety fragments devoid of binary temporal modalities.
First, we show that over infinite words F(pLTL[Y, O]) is not expressively equivalent to LTL[X, F], proving that there are
LTL[X, F] formulas that are not equivalent to any F(pLTL[Y, O]) formula. An analogous negative result holds, by duality, for
G(pLTL[Y, H]) and LTL[X, G]. We then prove that LTL[X, F] and F(pLTL[Y,Y,O]) are expressively equivalent over infinite
words, that is, any language L is definable in LTL[X, F] if and only if it is definable in F(pLTL[Y, Y, O]). The proof is based
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on the novel notion of closure under pseudo-stuttering. We then dualize the result obtaining that LTL[X, G] is expressively
equivalent to G(pLTL[Y, Y, H]).

3.1. Expressive non-equivalence of F(pLTL[Y, O]) (resp., G(pLTL[Y, H])) and LTL[X, F] (resp., LTL[X, G])

We first prove that F(pLTL[Y, O]) is not expressively equivalent to LTL[X, F], showing that there exists a formula of
LTL[X, F]whose language is not definable in F(pLTL[Y, O]). The proof is based on the following characterization of languages
recognized by F(pLTL[Y, O]) formulas.

Proposition 3. Let ¢ := Fyr be a formula of F(pLTL[Y, O])over a set of atomic propositions AP and let T := 24P It holds that
L(P)=X* - L) T2

Proof. By the semantics of modality F, it holds that L(¢) = L(¥) - % (recall that, since ¥ € pLTL[Y, O], the models of
are, by definition, finite traces o such that o, |o| — 1 = ). It suffices to show that £L(y) = X* - L(v) for all formulas ¢
of pLTL[Y, O]. Proving that L£(y) € ¥* - L(v) is trivial: for all o € L(¥), we choose ¢ € T*, having that ¢ - o, that is, o,
belongs to X* - L().

We have to prove that ¥* - L(y) C L(y/). We first prove, by induction on the structure of v, that for all o € £L(y) and
for all o’ € ¥, it holds that ¢’ - o € L(¥).

Base Case. Let ¢ = p, for some p € AP, and let o € L(¥). Since p € AP, and, by hypothesis, o € L(p), we have that
o’ -0 € L(p) for all 0’ € T*.

Inductive step. We distinguish a few cases.

Case: ¥ = ¥1 A Y. By hypothesis, o € L(¥1 A ¥2), and thus it holds that o € £(¥1) and o € L(y2). By inductive
hypothesis, o’ - 0 € L(), for all o’ € &*, and o’ - 0 € L(Y,), for all o’ € *. This is equivalent to ¢’ - o € L(1) and
o' -0 € L(Yn), for all 0’ € T*, that is ¢’ - 0 € L(¥1) N L(Y2). Therefore, 6’ -0 € L(Y1 Ay) for all o’ € T*.

Case: ¥ = Y1 V ¥2. By hypothesis, o € L(¥1 V ¥2), and thus it holds that either o € L(¥1) or o € L(17). By inductive
hypothesis, either o’ - o € L(¥1), for all o’ € *, or 0’ -0 € L(y), for all 6’ € T*. Since L(1) € L(¥1) U L(¥2) and
L(Wr2) € L(Yr1) U L(3Yr2), this is equivalent to ¢’ - o € L(f1) U L(Wr2), for all ¢’ € *. Therefore, 0’ - 0 € L1 V ¥r2), for all
o’ € T*.

Case: vy = Yyr1. By hypothesis o € L(Y/1), and thus it holds that |o| > 1 and ¢” € L(y), where ¢” is the word
obtained from o by removing the last state. By inductive hypothesis, ¢’ - ¢” € L(y1), for all ¢’ € ¥*. By the semantics of
modality Y, for all a € %, it holds that ¢’ - ¢” - a = Y. In particular, if we choose a as the last state of o, we have that
0’0 =Yy, for all 0’ € T*.

Case: yy = Oyr1. By hypothesis o € £(Ov), and thus it holds that 6” € £(v1), where ¢” is some (not necessarily proper)
prefix of o. By inductive hypothesis, ¢’ - " € L(3), for all o’ € *. By the semantics of modality O, for all T € ¥, it holds
that ¢’ - ¢” - T = Ov. In particular, if we choose 7 as the suffix of o obtained by removing ¢” from o, we have that
0’0 Oy, for all 0’ € T*.

We now prove that X* - L() € L(¥). Let o be a word in X* - L(¥). It holds that 0 = ¢’ - ¢” for some ¢’ € ¥* and
o’ € L(). Since we proved that, for all T € £(y) and t/ € £*, it holds that /- T € L(¥), in the particular case in which
t'=0'and T =0”, we have that 0’ - 0" € L(V), i.e, 0 € L(¥). O

Following Proposition 3, to prove that F(pLTL[Y, O])is not expressively equivalent to LTL[X, F] it suffices to construct an
LTL[X, F] formula whose language is not of the form ¥* - £- X%, This is done by the next proposition.

Proposition 4. There exists a formula ¢ of LTL[X, F] such that L(¢) is not definable in F(pLTL[Y, O]).
Proof. Consider the LTL[X, F] formula ¢ := p over the set of atomic propositions AP := {p}. Let = := 2P We have that
L(p) = {p} - T?®. Clearly, L(¢) # X* - L - Z? for every L C X*. Therefore, by Proposition 3, L(¢) is not expressible in
F(pLTL[Y,O]). O

The following theorem directly follows.
Theorem 1. F(pLTL[Y, QO))is not expressively equivalent to LTL[X, F].

By duality, we get the following result.

Theorem 2. G(pLTL[Y, H])is not expressively equivalent to LTL[X, G].

Proof. Towards a contradiction, suppose that the statement does not hold, that is, suppose that G(pLTL[Y, H])and LTL[X, G]
are expressively equivalent. In particular, we have that, for any alphabet ¥ := 2AP and for any language £ C ¢, given a
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L 12 l+2 ly Lo +1
B = .
ORI e 9
e RN

4 642t 41

Fig. 1. Visualization of pseudo-stuttering. On the left, the £(¢) language. On the right, two words, each with its own interval of positions where wstutt(-, -)
cannot be applied. Formulas p AYg A YYp and q Vv (p A Yq) hold in each word at the end of the intervals of length c; =2 and c; =1, respectively.

formula ¢ € LTL[X, G] such that £(¢) = £, there exists a formula ¥ € G(pLTL[Y, H]) such that L) = L. Let ¢ be a formula
of LTL[X, F], as in Proposition 4, and let ¢ be the NNF (Negation Normal Form) of —¢. Given the equivalence of X and X
over infinite traces, it holds that ¢ € LTL[X, G], and £(¢) = L(¢). By our assumption, we have that there exists a formula
¥ of G(pLTL[Y, H])such that L) = L(¢). By taking the NNF of —y, we obtain a formula ¥ of F(pLTL[Y,O]) such that
L) =L{) = L(¢), contradicting Proposition 4. O

As we will see below, it follows from 'Lheorem 3 and Theorem 4 that LTL[X, F] and LTL[X, G] are indeed strictly more
expressive than F(pLTL[Y, O]) and G(pLTL[Y, H]), respectively.

3.2. Closure under pseudo-stuttering

We now prove that LTL[X, F] is expressively equivalent to F(pLTL[Y, ¥,0]. In [16], a transformation of LTL[X, F] for-
mulas into equivalent F(pLTL[Y, Y, O]) ones is given, and thus it suffices to show the opposite direction, that is, for every
F(pLTLLY, v, 0O]) formula there exists an equivalent LTL[X, F] one. We prove this result in two steps: (i) we show that all
languages definable in F(pLTL[Y, Y,oD enjoy a suitable model-theoretic property IP; (ii) we prove that all languages for
which the property P holds are definable in LTL[X, F]. We define the property IP as a generalization of the stuttering prop-
erty introduced by Sistla in [18], and we call it closure under pseudo-stuttering. Intuitively, the pseudo-stuttering condition
imposes that a finite number of finite intervals of a trace remain untouched, while all the other positions can be arbitrarily
modified, without altering the membership to the language.

Let ¥ :=24P where AP is a finite set of atomic propositions. The definition of the property of closure under pseudo-
stuttering is based on the following operator wstutt(-, -).

Definition 3 (The wstutt(-, -) operator). For any o := (0g,...,0j,...) € 2t U X? and any 0 <i < |o|, we define the set of
words wstutt(o, i) € =T U ¢ as follows:

wstutt(o, i) = U(ao,...,a, Oiy...)
aex

Definition 4 (Pseudo-stuttering). Let £ C X U . We say that £ is closed under pseudo-stuttering iff there exist n € N and
C1,...,cn € N such that, for all o € £, there exist I1,...,l; € N such that, for all k & J;_;-,[li.li +¢i] and 0 <k < |o|, it
holds that wstutt(o, k) € L. o

We point out that Definition 3 applies to languages of both finite and infinite words. Moreover, we notice that, in Defi-
nition 4, n may be equal to 0 and positions I, ..., I, as well as the sizes c1, ..., ¢, of the intervals, need not to be different
from each other.

Example. Consider the set of atomic propositions AP = {p, q} and the following formula ¢:

F((@V (P AYQ) AO(P AYqAYYD))

The language of ¢ is L(¢) =" -1-X*- K- X%, where K :=33U (3¢ - Xp) and I := %, - g - Xp, with g := {{q}, {p. q}}
and X, = {{p}, {p, q}}. The language L(¢) is closed under pseudo-stuttering. In fact, if we choose n=2,c1 =2 and c; =1,
then Definition 4 is fulfilled. Fig. 1 visualizes how Definition 4 applies to L(¢).

Conversely, the language of the F(pLTL) formula F(pSq A Or) is not closed under pseudo-stuttering. To see it, consider
any word o in the language in which q is fulfilled before r. Let i and j be the positions of o in which g and r are
fulfilled, respectively. Since in the interval between i (excluded) and j (included) proposition p must hold, the application
of wstutt(-, -) inside this interval is forbidden. But since there are infinitely many words in the language of F(pSq A Or) for
which such an interval is of increasing length, there is no way to choose an appropriate length for the interval as requested
by Definition 4.

Differences with standard stuttering. The definition of pseudo-stuttering differs from that of stuttering [18] in two respects:

e pseudo-stuttering can both repeat a letter at a certain position, like standard stuttering, and change the letter at that
position;



A. Artale, L. Geatti, N. Gigante et al. Information and Computation 302 (2025) 105262

e there is a finite number of intervals (whose number and whose length is given a priori to the language) where pseudo-
stuttering is forbidden; in contrast, in standard stuttering, all positions can in principle be stuttered.

3.3. Closure under pseudo-stuttering of F(pLTL[Y, ¥, O])-definable languages

We now prove that all languages definable in F(pLTL[Y, ¥,0]) are closed under pseudo-stuttering. We first prove
that all languages (of finite words) definable in pLTL[Y, Y, Olare closed under pseudo-stuttering. Recall that formulas of
pLTL[Y, Y, Olare interpreted at the last position of a finite word.

Lemma 1. For every formula ¢ € pLTL[Y, Y, O}, it holds that £(¢) is closed under pseudo-stuttering.
Proof. Let ¢ be a formula of pLTL[Y, ¥, OJover a set of atomic propositions AP, and let ¥ := 2" We proceed by induction

on the structure of ¢.

Base case. Let ¢ = p, for some p € AP. We prove that L£(¢) is closed under pseudo-stuttering. Following Definition 4, we
let n=1 and c; =0. Let 0 € L(¢). Since ¢ = p, it holds that for every k < |o| — 1, that is, for all positions but the last one,
if any, and for all o’ € wstutt(o, k), we have that o’ = ¢. Therefore, with Iy = |o'| — 1, we have that for each k ¢ [I1, 11 +¢1],
i.e, for each k < |o| — 1, it holds that wstutt(o, k) = ¢. The case for ¢ = —p is analogous.

Inductive step. We proceed by structural induction.
Case: ¢ = ¢1 A ¢. By inductive hypothesis, we have that both £(¢1) and L(¢;) are closed under pseudo-stuttering, that
is (in the case of ¢1),

Ini3ci...cp, Yo € Ligy) AL 05,
Vk & U [l}, l,-1 + c,-l] . (k < |o| = wstutt(o, k) C L(¢1)) (1

1<i<m

and (in the case of ¢»)

Iny3c?. ..cgz Vo € L(¢p) .32, ..lﬁz .

vkg | 2.2+ (k< o] — wstutt(o, k) S L(¢2)) (2)
1<i<np
We take n:=n; +ny and, for all 1 <i <n, we take ¢; ;= c} if i <nq, and ¢; == c? otherwise. We prove that, for all

o € L(¢1 A ¢2), the trace o satisfies the conditions in Definition 4. Let o be any trécg in L(¢1 A ¢2). By the semantics of
conjunction, we have that o € £(¢1) N L(¢2). We know that there exist positions [} ...I} and I$...I12 with the properties
of Egs. (1) and (2), respectively. For all 1 <i <n, we define [; := l} ifi<nqg, orlj= 11.27’11 otherwise. Since the intervals in
Ur<izn, [} 1} +¢!1 are also in Uy i, [li. li +ci1, by Eq. (1), for all k & U ;< [li. i ], with k < ||, we have wstutt(o, k) €
L(¢1). Similarly, since the intervals in ( J; <;p, [I2, [? +-c?] are also in |J; -, [li. li +¢i], by Eq. (2), for all k ¢ U, <, [l li+cil,
with k < |o|, we have wstutt(o, k) C L(¢2).

It follows that, for all k & | J; <j,lli, li + cil, with k < |o’|, we have wstutt(c, k) € L(¢1) N L(¢2), that is, wstutt(o, k)
L(¢1 A ¢2). Therefore, L(¢1 A ¢7) is closed under pseudo-stuttering.

Case: ¢ = ¢1 V ¢. By inductive hypothesis, we have that both £(¢1) and L(¢;) are closed under pseudo-stuttering, that
is, Egs. (1) and (2) hold. As for the case of conjunctions, we take n:=nj +ny and, for all 1 <i <n, we take ¢; := cl.1 ifi <ni,
and ¢; == C,-z,n otherwise. We prove that, for all o € L(¢), the trace o satisfies the conditions in Definition 4. Let o be any
trace in L(¢). Since ¢ = ¢1 V ¢, we have that either o = ¢ or o = ¢. Without loss of generality, suppose that o = ¢1.
We know that there exist positions l% .. .l,l11 with the properties of Eq. (1). For each 1 <i <n, we define [; := li] if i <ny,
and l; :== 0 otherwise. Notice that setting [; to 0 for i > ny is an arbitrary choice: any other value would still be correct.
Since the intervals in (J;<j, [I} . I} +¢]] are also in J;_;<,[li. I +¢il, by Eq. (1), for all k & J; i, [li. li + ¢i], with k < [o],
we have wstutt(o, k) C L(¢1). Since L(¢1) C L(p1) U L(¢2) = L(¢1 V ¢2), we have that wstutt(o, k) € L(¢p1 V ¢2), for all
k & Jq<j<plli.li +ci] and k < |o|. The case o = ¢, is completely symmetric, and thus we can conclude that L£(¢1 V ¢7) is
closed under stuttering.

Case: ¢ = Y¢4. By inductive hypothesis, we have that £(¢1) is closed under pseudo-stuttering, that is, Eq. (1) holds. We
define n =n; + 1 and, for every 1 <i <n, we set ¢; = C1-1 if i <nq, and ¢; = 0 otherwise. In other words, we concatenated
a point-interval to the right. We prove that, for all o € £L(Y¢1), the trace o satisfies the conditions in Definition 4. Let
o € L(Y¢1). By the semantics of modality Y, it holds that |o| > 1 and ¢’ € L(¢1), where o’ is the trace obtained from o
by removing the last state.

We know that there exist positions Ij...I} such that for every k & ;i< [l .I! 4+ ¢!, with k < |¢’, it holds
wstutt(o’, k) € L(¢1). By the semantics of modality Y and by definition of wstutt(-,-), we have that wstutt(c’ - a,k) €
L(Y¢1), for all a € T and all k & Uiy, (I} 1] +¢]1U {lo”]}, with k < |o/| 4 1. For each 1 <i <n, we define l; =1 if
i <ni, and l; := |o| — 1 otherwise. In such a way, we let the new interval to start at the very last position of o. Since

7
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o =0'-a, for some a € %, and since (J;;lli. li + cil = Uy<icy, [} I} + ¢/ 1U{|0']}, we have that wstutt(o, k) S L(Yé1),
for all k & | Jq<j<plli,li + ci] such that k < |o’|. Therefore, £(Y¢1) is closed under pseudo-stuttering.

Case: ¢ :7¢1. By inductive hypothesis, we have that L£(¢7) is closed under pseudo-stuttering, that is, Eq. (1) holds.
We define n=n; + 1 and, for every 1 <i <n, we set ¢; == c} if i <nq, and ¢; := 0 otherwise, that is, we concatenated
a point-interval to the right. We prove that, for all ¢ € £(Y¢1), the trace ¢ satisfies the conditions of Definition 4. Let
o€ £(7¢1). By the semantics of modality Y, it holds that either [o|=1 or ¢’ € L(¢1), where ¢’ is the trace obtained from
o by removing the last state. The proof for the latter case is identical to the proof for Y¢¢, so we focus on the former case.
For each 1 <i <n, we let [; =0. Since || =1, we have that there is no k < |o| such k & (J;-;<,[li, i + cil, and thus the
implication is trivially true. Therefore, £(Y¢1) is closed under pseudo-stuttering.

Case: ¢ = O¢4. By inductive hypothesis, we have that £(¢7) is closed under pseudo-stuttering, that is, Eq. (1) holds. We
put n=ny and, for each 1 <i <n, we set ¢; = c,.l. We prove that, for all o € £(O¢1), the trace o satisfies the conditions
of Definition 4. Let o € £(O¢7). By the semantics of modality O, it holds that ¢’ € L(¢1), where ¢’ is some prefix of o. We
know that there exist positions I ...I} such that for all k & ;- [I.I! 4 ¢/1, with k < o[, it holds that wstutt(c”, k) C
L(¢1). For each 1 <i<n, weletlj = l}. By the semantics of modality O, for all 0” € £* and all k & | J; ;< [li, i + ci], with
k <|o’| + |o”], it holds that wstutt(c’-o”,k) € L(O¢;). Since 0 =o'’ - o” for some o” € ¥*, it holds that wstutt(o, k) C
L(O¢n) for every k & J;<j<plli, li +cil, with k < |o|. Therefore, £(O¢1) is closed under pseudo-stuttering. O

Lemma 2. For every formula ¢ € F(pLTL[Y, ¥, 0)), it holds that L(¢) is closed under pseudo-stuttering.

Proof. Let ¢ = F(¢¢) be a formula of F(pLTL[Y,Y,O]) over a set of atomic propositions AP and let ¥ :=24P. Since,
by Lemma 1, £(¢1) is closed under pseudo-stuttering, it holds that:

Ini3ci...cp, Vo € Ligy) . AL .0,
vkg | 10 +cl1. (k <|o| — wstutt(o, k) S L($1) 3)

1<i<m

Let n=n; and, for all 1 <i<n, let ¢; = cl.l. Consider a word o € L(F(¢1)). By the semantics of modality F, it holds that
there exists a position | € N such that o[qu € L(¢1), where og ) is the prefix of o up to position I. We know that there exist
I} ...1}, such that, for all k ¢ Ui <izn, uh 1l + 1, with k < |o|, we have that wstutt(c, k) € L(¢1). Clearly, for all ¢’ € =
and all k &y <i<,, [I] I + ¢/, it holds that wstutt(ajo ) - 0/, k) € L(F(¢1)). Since & = oo,y - 0" for some o € T, we have
that wstutt(o, k) € L(F(¢1)). Therefore, L(¢) is closed under pseudo-stuttering. O

3.4. Expressive equivalence of LTL[X, F] and F(pLTL[Y, ¥, O])
We now prove that every language closed under pseudo-stuttering is definable in LTL[X, F].

Lemma 3. Let APbe a set of proposition letters and let = := 2P For every language £ € S that is closed under pseudo-stuttering,
there exists a formula ¢ of LTL[X, F] over AP such that L(¢) = L.

Proof. Let £ C X% be a language closed under pseudo-stuttering. By Definition 4, there exist n € N and cq, ..., c; € N such
that, for all o € £, there exist I, ...,I7 such that, for all k ¢ Uliiﬁn[l?, I7 + ¢, it holds that wstutt(o, k) € L.

To begin with, we make the following preprocessing step. For all o € £ and all 1 <i < j <n such that [I7,IJ +¢]N
[l‘j’,l;? + cj] # ¥, we merge the two intervals into the bigger interval [I7,I7 +¢;]U [l‘j’,l;’ + ¢;] (notice that if some pair of
indexes i, j satisfies the condition, the condition is also satisfied by all pairs i, k, with i <k < j).

Once such a step has been completed, the resulting picture is as follows.

e All intervals are disjoint. In general, preprocessing may cause a decrease of both the value n and the number of ¢;, as
well as of the number of I, for a given o € L.

o If, for some o, we merged [I7,[ + ¢;] and [l;-’,l‘j’ + ¢;], then the resulting interval is of length at most c; + c;. This, in
turn, may have caused other intervals (in a different word o) to overlap and thus it triggered the merge of two other
intervals. In the worst case, we merged all n intervals into one, big interval of size at most ¢1 + - -+ + cp.

e In general, the merge of two intervals [I7, 17 + ¢;] and [l(jT,l;.’ +¢j], with i < j, forces the replacement of [If, 1 + ¢;]
by [I,17 + c}], with ¢} > ¢;. Now, by Definition 4, the sizes of the intervals must be the same for all & € £. Luckily, by
Definition 3, if wstutt(o, k) < £ for all k & [I;,l; + ¢;], then wstutt(o, k) < L for all k & [I;,]; +¢;], for any ¢; > ¢;, and thus
we can safely replace ¢; by c;.

We can thus conclude that, after the preprocessing, there exist m € N, with m <n, and d4, ...,dy € N such that, for all
o € L, there exist at most m positions I, ..., 7 such that all intervals [I{,[{ 4 d;] are disjoint from each other, and for all
k¢ U]sigm[l?’ I7' +d;], it holds that wstutt(o, k) € L. We say “at most m positions” because, for some o € £, it may be

8
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the case that [l‘7 l" +dj1 C[I7, 17 +d;], for some i, j with i < j, and thus position j must be ignored as [l;’,l;? +d;] has
actually been mcorporated into [lf’, 17 +d;] by the merging operation.
For each 1 <i <m (those words for which i is missing are simply ignored), we define:

I; = U Olig 19 +d;]

oel

It is worth pomtmg out that the cardinality of each I; is finite. More precisely, |I;| < |(2A7)%|. Moreover, for each 1 < i<m,
we define I I as the subset of I; consisting of those intervals which are adjacent to intervals in [;_; (the case ofI I needs
a special treatment)

i _ {o'el; |7 =0} ifi=1
b {o’el,-|l§’/=l§’7/1+d,-_1+l} otherwise

The rationale for the construction of an LTL[X, F] formula is the following. For each i, we constrain each interval in I;
with a sequence of nested occurrences of modality X. We start from the last i, that is, i =m, and move backwards. For each
formula corresponding to an interval in I; \If'd] that we created, we introduce an occurrence of modality F, because there
is at least a position between [I7 |,I7 | 4-d;_1] and [I7,I7 +d;] that is stuttered. However, not all intervals T € I; can be
combined in this way with all mtervals in 7/ elj_1, because 7 and 7’ might be extracted from different o € L. To avoid
this problem, we define S C Iy x --- x I; as the set of “good” sequences of intervals. Formally, we say that a sequence

(o1,...,0™), where o € I;, for each 1 <i <m, is good for £ if and only if there exists a word o € £ such that all intervals
in (o!,...,0™) appear in ¢ in the same order. We define S C Iy x --- x I,y as the set of good sequences for £. S is finite
and its cardinality is at most |((2A7)dmax)M| where dmex is the greatest among dj, .. ., dm.

As a preliminary step, given a state s € & (= 247), we define:
state(s) := /\p A /\—|p
pes pés
Moreover, for all o € ¥ and all formulas ¢ in LTL[X, F], we define:
lo]—1
interval(o, ¢) = /\ XK (state(op) A X,
k=0
where X! denotes the nesting of i occurrences of modality X.
We are now ready to define the LTL[X, F] formula equivalent to £. Let S C I; x --- x I, be the set of good sequences for

L.Foreach t:=(c!,...,0™ €S and each 1 <i <m+ 1, we define:
T ifi=m+1
frm(t,i) = { interval(c!, frm(z,i+ 1)) ifi<mando' e Iad]

F(interval(c!, frm(t,i+1))) otherwise

The formula ¢ is defined as follows:

¢ = \/ frm(z, 1)

Formula ¢ clearly belongs to LTL[X, F]. We prove that £(¢) = L. To this end, we preliminarily state the following property.

Claim. Let S be the set of good sequences for L, for all 1 <i <m+ 1, it holds that:
£(\/ frm(z, i) = {01he 001 |0 € L}
TeS

where h{ | =17 | +d;_1+1ifi> 1, and h{_; := 0 otherwise.

Proof. We proceed by induction on i.

Base case. For i =m + 1, we have that frm(r,m+ 1) =T, for all T € S. Therefore, by definition of £rm(.,-), we have that
L\ ;s £rm(t,m + 1)) = . Moreover, being i =m + 1, {U[hi’,pw} | o € L} is equal to {043 o) | 0 € L}. Now, since, by
definition, hJ, is the position immediately after the end of the last interval of o, and since, by hypothesis, £ is closed under
pseudo-stuttering, we have that wstutt(o, k) € £ for all k > hf,. By definition of wstutt(., -), it follows that {ojpg ) | 0 €
L} = 5. Therefore L(\/;cs frm(t,m+1)) == {09 o0y | 0 € L}.

9
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Inductive step. Let i <m. By definition of £rm(-, -), we have that:

\/ frm(t,i)= \/ interval(ai, frm(z,i+ 1)) Vv

T€eS adj

olel;

\/ F(interval(o',frm(z,i+1)))

(riel,-\liadj
By inductive hypothesis, £(\/ o5 frm(z,i+ 1)) = {U[h;’,oo] | o € L£}. By the semantics of the temporal modalities in
frm(z,i), and by the inductive hypothesis, we have that:

£(\/ frmz. i) =( | J oH- {017 o) | 0 € L}U

T€S adj

= U oY tompalo s

) di
otel\I{Y

olel

Moreover, since, by definition, h{ ; is the position immediately after the end of the (i — 1™ interval of o, and since, by
hypothesis, £ is closed under pseudo-stuttering, we have that:

{0y a1 lo €LYy = | o) {opg.oe |0 € L}U
adj
=*( U Ui)'{U[h;’,oo] |o €L}

adj

olel

olel\I
It follows that £L(\/,cs frm(7, 1)) = {U[h?,l,w] loel}. O

By definition, h7; =0, for i =1, and thus L(\/,csfrm(t.1)) = {oj0.0c) | 0 € L} = L. Since by definition ¢ =
V¢es £rm(z, 1), we have that L(¢p)=L. O

From Lemmas 2 and 3, the next lemma directly follows.
Lemma 4. Every language definable in F(pLTL[Y, Y, 0)) is also definable in LTL[X, F].

Pairing Lemma 4 with the transformation of LTL[X, F] formulas into equivalent F(pLTL[Y, 2 O]) ones given in [16], we
have the next theorem.

Theorem 3. LTL[X, F] and F(pLTL[Y, Y, 0]) are expressively equivalent.

From Theorem 3 and Lemma 3, it also follows that the set of languages definable in LTL[X, F] is the maximal set of
languages closed under pseudo-stuttering. _
Finally, by dualizing Theorem 3, we can prove the equivalence of LTL[X, G] and G(pLTL[Y, Y, H]).

Theorem 4. LTL[X, G] and G(pLTL[Y, 7, H]) are expressively equivalent.

Proof. Suppose by contradiction that this is not the case, that is, one of the following two alternatives hold:

(i) there exists a formula ¢ in LTL[X, G] Sllch that all ¥ in G(pLTL[Y, 7, H]) are such that £L(¢) # L(¥);
(ii) there exists a formula ¢ in G(pLTL[Y, Y, H]) such that all ¥ in LTL[X, G] are such that £(¢) # L().

Without loss of generality, we focus on the former case; the latter one is analogous.

Let ¢’ be the formula obtained by transforming into NNF (Negation Normal Form) the formula —¢. Clearly, ¢’ is a formula
of LTL[X, F] and £(¢') = L£($). By Theorem 3, there exists a formula ¥’ in F(pLTL[Y, Y, O]) such that £(y') = L£(¢'). Now,
let ¥ be the formula obtained by turning into NNF the formula —’. Clearly, ¥ is a formula of G(pLTL[Y, Y, H]) such that
L) =L). Since L(Y') = L(¢') = L(p), we have that L() = L(¢) (contradiction). Hence, alternative (i) must be false.
Since an analogous proof can be given for alternative (ii), it follows that LTL[X,G] and G(pLTL[Y,Y,H]) are expressively
equivalent. O

10
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4. Succinctness of safety and cosafety fragments of LTL+P

In this section, we consider the succinctness of various safety and cosafety future fragments of LTL with respect to their
past counterpart over infinite words. In particular, we prove that:

1. G(pLTL[Y, Y, H]) and G(pLTL) can be exponentially more succinct than LTL[X, G] and Safety-LTL, respectively (the safety
case);

2. F(pLTL[Y,Y,0]) and F(pLTL) can be exponentially more succinct than LTL[X,F] and coSafety-LTL, respectively (the
cosafety case).

4.1. The safety case

The proof of the safety case follows from the result by Markey that LTL+P can be exponentially more succinct than LTL,
when interpreted over infinite traces [25]. In the following, we show the details of the proof.

Let AP = {po,..., pn} be a finite set of proposition letters. Consider the family of languages M, over the alphabet 247
proposed by Markey in [25]: for each n > 0, M, consists of all and only those infinite traces in which any position of the
trace that agrees with the initial state on p1, ..., pn also agrees on pg, and vice versa. Formally, for each n > 0, we define:

M, :={o € @AP)? |Vk>0.Vie(l,...,n}.
(pi € o) <> pi € 0p) <> (Po € Ok <> Po € 00)}

In [25], Markey proves that, for any n > 0, any formula of LTL expressing M, is at least of size exponential in n. Since
LTL[X, G] and Safety-LTL are proper subfragments of LTL, i.e., each LTL[X, G] formula and each Safety-LTL formula are also
LTL formulas, it follows that, for any n > 0, any formula of LTL[X, G] and any formula of Safety-LTL expressing M, is at least
of size exponential in n.

Lemma 5. For any n > 0 and any formula ¢ € LTL[X, G] U Safety-LTL, if £L(¢) = My, then |¢| € 29™.

However, for each n > 0, there is a formula in G(pLTL[Y, ¥, H]) (and thus a formula in G(pLTL)) of size linear in n that
captures Mp:

G((/\(pi © HY L — pi))) < (po < HYL — po)).)

i=1

Notice the crucial role of the subformula YL in hooking the initial state of the trace. The next theorem directly follows.

Theorem 5.

o G(pLTL[Y, 2 H]) can be exponentially more succinct than LTL[X, G];
e G(pLTL) can be exponentially more succinct than Safety-LTL.

4.2. The cosafety case

We now dualize the previous result to the cosafety case, and obtain the succinctness lower bound of F(pLTL[Y, ¥,0)
and F(pLTL) with respect to LTL[X, F] and coSafety-LTL, respectively.

We first prove a more general result on “dual” temporal logics (which are defined below), and then we instantiate the
result to the specific case of F(pLTL) and G(pLTL) (and of F(pLTL[Y,Y,O]) and G(pLTL[Y, Y, H])). We define dual logics as
follows.

Definition 5 (Dual logics). Given two linear temporal logics I and L, we say that L is a dual logic of L iff

1. for any formula ¢ € L, the transformation in negation normal form of —¢ (denoted as nnf(—¢)) belongs to L, and
2. for any formula ¢ € L, the transformation in negation normal form of —¢ (denoted as nnf(—¢)) belongs to L.

We would like to point out that being a dual logic is a symmetric property.
The following lemma proves that duality (as for Definition 5) preserves succinctness.

Lemma 6 (Duality Lemma). For any pair of linear temporal logics IL. and I, if I, can be exponentially more succinct than IL’, then L
can be exponentially more succinct than I/, where IL (resp., L") is a dual logic of IL (resp., I").

11
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Fig. 2. Example of a word o in C;.

Proof. Since by hypothesis I can be exponentially more succinct than IL’, there exists a formula ¢ € IL of size n such that,
for all ¢/ eI, if L(¢') = L(¢), then |¢'| € 2%, Let ¢ be the negation normal form of —¢, i.e., ¢ = nnf(—¢). By definition:

1. ¢ belongs to L,
2. L(¢) =L(—¢), and
3. ¢ € O).

Suppose, by contradiction, that the thesis does not hold, that is, for all formulas ¥ eI of size s = || there exists a formula
Y’ € I/ such that E(w) = L(y) and [y’] is less than exponential in s. In particular, for ¥ := ¢, this means that there exists
a formula ¥/ m I’ such that £(y') = L(¢) and |1/f | is less than exponential in n (recall that n is the size of ¢).

Now, let x’ be the negation normal form of —. It holds that:

1. x’ is a formula in I/,
2. L(x")=L(¢), and
3. X' e O(Y'D.

Since the size of ¥ is less than exponential in n, the size of |x'| is less than exponential in n as well. Hence, £(¢) can be
defined in I’ with a formula of size less than exponential in n, which contradicts the hypothesis. O

Since, by definition, F(pLTL) and coSafety-LTL are dual logics of G(pLTL) and Safety-LTL, respectively, by Lemma 6
and Theorem 5, the next theorem follows.

Theorem 6.

o F(pLTL[Y, Y, 0]) can be exponentially more succinct than LTL[X, F];
e F(pLTL) can be exponentially more succinct than coSafety-LTL.

4.3. Open problems

To complete the picture, we make a guess about the succinctness of the (co)safety fragments of LTL. To the best of our
knowledge, it is still an open question whether coSafety-LTL (resp., Safety-LTL) can be exponentially more succinct than
F(pLTL) (resp., G(pLTL)).

We conjecture that coSafety-LTL can be n! (n factorial) more succinct than F(pLTL). Let AP = {p;}_, U{q;}]_, be a finite

set of atomic propositions. Consider the following family of languages C,, over the alphabet ¥ = 2“473, where n > 0:
n
Cn={oe@*™)?|3k=0. N@h=k.(gieonAVl.k<l<h.pieo)).
i=1
For any n > 0, C, consists of the infinite traces for which there exists a time point k such that, for each i € {1,...,n}, q; will

eventually be realized in the future of k and p; holds until (and excluding) that point (cf. Fig. 2).
While Cy, is definable in coSafety-LTL with a formula of linear size in n like F(/A\"_, (piUq;)), using F(pLTL) one is forced
to enumerate all possible orders among ¢y, ..., g, with a formula of the form:

F( \/ @AY Pz 1)SPr1) Az

mwell
Y(Pra) A Pr@)S(Pr) APr@) Adr@) A - -
n—1
Y(/\ Pr)S@rm A /\pm)» M),
i=1 i=1
where IT is the set of permutations of {1,...,n}. This, in turn, forces the formula to be at least of size n!.

Conjecture 1. For any n > 0, the language Cj, is not expressible in F(pLTL) with a formula of size less than n!.

12
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Fig. 3. Example of a word o in Aj.

We conjecture the same for the dual case of Safety-LTL and G(pLTL).

Finally, let us consider the succinctness of LTL[X, F] with respect to F(pLTL[Y, ¥, O]). In [19], it has been recently shown
that LTL[X, F] can be exponentially more succinct than F(pLTL[Y, ¥, 0). Together with Theorem 6, this shows the incom-
parability of LTL[X, F] and F(pLTL[Y, 2 O]) when succinctness is concerned. Again, the same holds for the safety case of
LTL[X, G] and G(pLTL[Y, ¥, H]). Interestingly, [19] proves that an automata-theoretic approach cannot be used to show that
LTL[X, F] can be exponentially more succinct than F(pLTL[Y, 2 Q)).

5. LTL¢ can be exponentially more succinct than pLTL, and vice versa

In this section, we prove that LTL; can be exponentially more succinct than pLTL and vice versa. This shows that, despite
being expressively equivalent, LTL; and pLTL are incomparable when succinctness is concerned.

5.1. pLTL can be exponentially more succinct than LTL¢

We begin by proving that pLTL can be exponentially more succinct than LTLs. Let AP = {po, p1,..., Pn} be a finite set
of proposition letters. Consider the following family of languages over the alphabet 247, where n > 0.

An:={0 € @*")" |3k > 0. (/\(pi € 0k < pi € 50))} 4)
i=0

For any n > 0, the language A, is the set of finite words over 2" containing a position which agrees with the initial state
on the evaluation of all proposition letters in AP (cf. Fig. 3).

We prove that all formulas of LTL; defining A, are at least of size exponential in n. On the contrary, as shown by the
following lemma, A, can be expressed in pLTL by formulas of linear size in n, for any n > 0.

Lemma 7. For any n > 0, there exists a formula ¢ € pLTL such that L(¢) = A, and |¢| € O(n).

Proof. For any n > 0, let ¢4, be the formula:

O(/\(pi < YOYL A pi)))
i=0

It is worth noticing the key role of the weak yesterday modality, and, in particular, of the subformula YL, in hooking
the initial state of a word. We prove that L(¢4,) = A,. For any o € (2APY* and any n > 0, it holds that o € A, if and
only if 3k > 0. /\?:o(Uk = pi <> 0o E pi). This, in turn, is equivalent to 3k < |o|.(k#0 A /\?:o(ak = pi <> 09 = pi)) and
thus to 3k < |o'| . Al_o(0k = pi <> Gh. (h <k Ah =0 A 0y = pi))). Therefore, o = O(Alo(pi <> YO(YL A pj))). Clearly,
|$a,l €OMm). O

To prove that, for any n > 0, A, is not expressible in LTL; with formulas of size less than 2%™ we make use of an
auxiliary family of languages. For each n > 0, we define the language B, over the alphabet 247 with AP = {po, p1, ..., Pn}
as follows:

n
By:={o e 2*")" |3 = 0.3k > h.(/\(pi € ok < pi € on))}
i=0
For any n > 0, By is the set of finite words over 24" containing two (distinct) positions that agree on the interpretation of
all the proposition letters in AP (cf. Fig. 4). Clearly, A, C By, for any n > 0.

We now show that if A, was expressible in LTL; in space less than exponential in n, then the property B, would be
expressible in LTL¢ in space less than exponential as well.

Lemma 8. If there exists a formula of LTL; for Ay of size less than exponential in n, then there exists a formula of LTL; for By, of size
less than exponential in n.

13



A. Artale, L. Geatti, N. Gigante et al. Information and Computation 302 (2025) 105262

Po Po
—P1 —P1
D2 D2
o) Op, Ok Olo|-1

Fig. 4. Example of a word o in B;.

Proof. Let y4, be a formula of LTL; for A, of size less than exponential in n. Consider the formula F(y/a,): we prove that
its language is exactly B,. For any o € 2%)" and any n > 0, it holds that ¢ = F(¥a,) iff 3k > 0. o ) = ¥a,, where
opk,—] is the suffix of o starting at k. This amounts to say that 3k >0.3h > k. (/\?:0(0/< & pi <> oy = pi)). Equivalently,
o € By. Moreover F(ya,) belongs to LTL; and it is of size less than exponential in n. O

We now show that there cannot exist formulas of LTLs, and, in general, of LTLs+P , defining B,, whose size is less than
exponential in n. In order to prove it, we first show that any NFA accepting B, is of size at least doubly exponential in n.

Lemma 9. For any n > 0 and any NFA A over the alphabet 24P, if £(A) = B, then | A| € 2270,

Proof. Let n >0 and let {(ap, ...,az—1) be any permutation of the 2" subsets of {p1, ..., pn} (note that this set does not
include the proposition letter pg € AP). Let K be any subset of {0, ..., 2" — 1} and let K be the complement set of K. We
define bX in this way: bX :=a;, if i € K; and bX := a; U {po}, otherwise. We define ok as the sequence (bX,b¥X, ... bK ).

Suppose by contradiction that there is an NFA A for B, of size less than doubly exponential in n. Consider the words o -
ok (obtained by concatenating ok with itself), o - o (the concatenation of o with itself), and o - o (the concatenation
of ox with o). By construction, ok - ok contains (at least) two positions that pairwise agree on the interpretation of all
symbols in AP and thus it belongs to B,. The same holds for o - o as well. Nevertheless, o - o contains no such
positions and so it does not belong to Bj. Hence, for any K C {0,...,2" — 1}:

1. ok - ok is accepted by A;
2. o¢ - o is accepted by A;
3. ok - o is not accepted by A.

Now let 7 (resp., ') be any accepting run of A over the word oy - ok (resp., o - o). Let q (resp., ¢') be the 2"-th state of
7 (resp., ’). Suppose that g =¢q’ and let 7”7 be the sequence obtained by appending the suffix of 7’ starting at its 2"-th
state to the prefix of 7 of length 2" —1, ie, " = (mo, ..., Ton_1, Tn, ”ﬁul* ...). By construction, 7" is an accepting run
of A over the word oy - 0%, which is a contradiction. Hence, the 2"-th states of 77 and 7" must be distinct. This means that
A has to contain at least a state for every choice of K C {0, ...,2" — 1}. Since there are 22" of such possible choices, this
means that .4 has to contain at least 22°" states. O

By exploiting the singly exponential translation of LTL{+P formulas into equivalent NFAs(Proposition 2), we can prove
that, for any n > 0, the language B, is not expressible in LTLs+P, and, in particular, in LTL¢, in space less than exponential.

Lemma 10. For any formula ¢ € LTL;+ P, if L(¢) = By, then |¢| € 2%,
Proof. Suppose by contradiction that this does not hold, i.e., there exists a formula ¢ € LTL; 4+ P such that £(¢) = B, and
|¢| is less than exponential in n. Then, by Proposition 2, it holds that there exists an NFA A such that £(A) = B, and |A|

is less than doubly exponential in n, which is a contradiction with Lemma 9. O

From Lemmas 8 and 10, it follows that the family of languages A, cannot be expressed in LTL; with formulas of size less
than exponential in n.

Lemma 11. For any n > 0 and any formula ¢ € LTLy, if L(¢) = Ay, then || € 290,
The following theorem is a direct consequence of Lemmas 7 and 11.

Theorem 7. pLTL can be exponentially more succinct than LTL;.

Comparison with Markey’s proof about LTL.+P and LTL In [25], Markey proves that LTL+P can be exponentially more succinct
than LTL. In particular, he exploits the result by Etessami et al. [28] that there are no Biichi automata of size less than
doubly exponential for the family of languages I, (for all n > 0), defined as the language of infinite traces in which any two
positions that agree on pq, ..., pn, agree also on py.
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Fig. 5. Example of a word o in A; .

In principle, one may think of exploiting I, interpreted over finite trace (let us denote it by I5%) to prove that any NFA
recognizing [;¢ is at least of doubly exponential size in n, and use it as a base to prove that pLTL can be exponentially
more succinct than LTLs. This would require to restate and reprove the theorem by Etessami et al. [28] over finite traces.
While we believe it possible, we followed a simpler (and more useful) path by showing that there is another family of
properties, in our case B, (which is arguably simpler than I;, and I;¢), for which each NFA explodes double-exponentially.

5.2. LTLs can be exponentially more succinct than pLTL

We now show that LTL; can be exponentially more succinct than pLTL. Together with Theorem 7, this shows that LTL;
and pLTL are incomparable with respect to succinctness.

We first define the notions of reverse language and reverse logic. Given an alphabet ¥ = 24P and a language £ C =% of
finite words over X, we define the reverse language of L as the set:

L™ ={0c'ex" |0/ =0n, foroc =0p...00€Land0 <i <n}.

We then define reverse logics as follows.

Definition 6 (Reverse logics). Given two linear temporal logics I. and IL.—, we say that IL.~ is a reverse logic of IL iff:

1. for any formula ¢ € IL, there is a formula ¢’ € L™ so that £L(¢) = L(¢)~ and |¢'| = |@];
2. for any formula ¢’ € IL.—, there is a formula ¢ € I so that L(¢') = L(¢)~ and |p| = |¢’|.

Clearly, being a reverse logic is a symmetric property: IL is a reverse logic of IL. ™ if and only if L.~ is a reverse logic of
L.

As an example, consider the logic pLTL and any formula ¢ € pLTL. By replacing any occurrence of temporal modalities Y,
¥, s, and T in ¢ by X, X, U, and R, respectively, we obtain a formula ¢’ such that: (i) it belongs to LTL; ; (ii) its size is |¢;
(iii) L(¢) = L(¢’)~. Therefore, LTL; is a reverse logic of pLTL, and vice versa.

The next lemma proves that, for any pair of linear temporal logics I, L.~ such that L is a reverse logic of IL—, if
a language £ with a compact definition in IL is not succinctly definable in I.—, then £~ (the reverse language of L) is
compactly definable in IL.—, but its definitions exponentially blow-up in L.

Lemma 12 (Reverse lemma). Let I. and IL.™~ be two linear temporal logics such that 1L~ is a reverse logic of IL.. Moreover, let ¢ € I
be such that, for every W € L=, L) = L(¢) implies || € 29(“/””. Then, there exists ¢’ € L~ such that: (i) L(¢') = L(p); (ii)
|¢'| = |¢|; (iii) for every ¥ € I, L() = L(¢') implies || € 220D,

Proof. Assume that ¢ € IL is a formula such that, for any v € .7, if £L(y/) = L(¢), then || € 22U0¢D and, by contradiction,
assume that for any formula ¢’ € L~ such that L(¢') = L(¢)~ and |¢’| = |¢], there exists a formula ¥ € I such that
L)) = L(¢') and || is sub-exponential in |¢’|. Since L.~ is a reverse logic of IL, for any formula ¢’ € L.~ such that
L(¢")=L(¢p)” and |¢’'| = ||, by Definition 6, there exists a formula g € I. such that:

o L(Yr)™ = L(Y) and, since L() = L(¢") and L(¢") = L(#)~, then L(Yr) = L(¢);
e |Yr|=|¥| and thus || is sub-exponential in |¢|.

This contradicts the hypothesis. It follows that there must be a formula ¢’ € L™ such that £(¢") = L(¢)~ and |¢'| = |¢],
and, for all y €L, if L(y) = L(¢'), then |y| € 290D, O

From Lemma 12, we get a concrete family of languages that are definable by LTLs formulas of polynomial size, but such

that any pLTL formula defining them requires at least an exponential amount of space.
For any n > 0, let A, be the language given in the previous section, and let A, be defined as follows (cf. Fig. 5):

n
Ay ={oe@*P)" 1Tk <lo|—1.(/\(pi €0k < pi € To1-1)))
i=0
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For every n > 0, A, can be expressed in LTL; in space linear in n by the following formula:

F(/\ (pi & XF(XL A pi))).
i=0

Since LTL; is a reverse logic of pLTL, by Lemmas 11 and 12, every formula of pLTL for A, requires an amount of space at
least exponential in n. This leads immediately to the following lemma <nd theorem.

Lemma 13. For any n > 0 and for any formula ¢ € pLTL, if L(¢) = A then |p| € 29,
Theorem 8. LTL; can be exponentially more succinct than pLTL.

5.3. Some meaningful implications of the incomparability result

We have shown that the logics LTLs and pLTL, despite being expressively equivalent (Proposition 1), are incompara-
ble with respect to succinctness. We now point out some implications of such an incomparability result that are worth
discussing.

Succinctness and Realizability. Realizability is the problem of establishing whether there is a strategy implementing a given
formula. Formally, given a formula ¢ € LTL; (resp., pLTL) over a set of variables C U/, where C and U are the sets of control-
lable and uncontrollable variables, respectively, the realizability problem for LTL; (resp., pLTL) is the problem of establishing
whether there exists a strategy s : (2/)+ — 2€ such that, for all sequences (Ug, Uq,...) € 24)7, it holds that there exists
k € N so that the prefix from 0 up to k of (Ug Us({Up)), U; Us({Ug,U1)),...) is a model of ¢.

Even though LTL; and pLTL have the same expressive power, the complexity of their realizability problem is different:
while LTL; realizability is 2EXPTIME-complete [1], pLTL realizability is EXPTIME-complete [20]. This is due to the fact that,
starting from any LTL; formula ¢ of size n, it is not possible to build a Deterministic Finite Automaton (DFA) recognizing L(¢)
of singly exponential size in n; on the contrary, this is possible for pLTL formulas, thanks to the fact that “since past already
happened”, there is no need to introduce nondeterminism [11,14,20].

In [20], the exponential gap between the two complexities, and the fact that LTLs and pLTL are expressively equivalent,
led to the conjecture that any translation from LTLs formulas to equivalent pLTL ones requires at least an exponential blowup
in the size of the resulting formulas. The results proved in this paper (in particular, Lemma 13) confirm this conjecture: any
translation in pLTL of the LTLs formula F(AL,(pi < XF(XL App)), which defines the language Ay, requires at least an
exponential blowup.

Succinctness helps in choosing the most convenient formalism for realizability. The succinctness results that we proved for LTL;
and pLTL may help in choosing the right formalism to express a given property when the time complexity of realizability
is considered. As a matter of fact, consider the family of languages A, (Eq. (4)), and suppose one wants to solve the
realizability problem for A;,, for a given partition of the variables py, ..., pn into controllable and uncontrollable. There are
two possibilities:

(i) to formalize A, in pLTL (in linear size) and to use pLTL realizability algorithms, which are singly exponential in the
worst case, or

(ii) to formalize the language in LTL;, with at least an exponential blowup, by Lemma 11, and to use LTL¢ realizability
algorithms, which are doubly exponential in the worst case.

While the former option requires, in the worst case, only a singly exponential amount of time, the latter requires a triply
exponential amount of time, in the worst case. This shows how the results on the succinctness of LTLs and pLTL can tremen-
dously help in choosing the best performing algorithm.

The fact that LTLs can be exponentially more succinct than pLTL has an important implication as well. The realizability
problem for the family of languages A, has the same worst-case time complexity (doubly exponential in n) irrespectively
of whether we choose to formalize A; in LTL; or in pLTL. In other words, the family of languages A, cancels out the
advantages of the past in realizability.

Translation of LTLyinto pLTL. Recall that LTL¢ and pLTL are expressively equivalent (Proposition 1). To the best of our knowl-
edge, the most efficient translation of LTL; into pLTL is the one reported in [11] that performs the following steps:

1. build an NFA for the original formula;
2. turn the NFA into a DFA via determinization;
3. build a pLTL formula from the DFA using the Krohn-Rhodes cascaded decomposition [29].

Since all three steps may introduce, in the worst case, an exponential blow up, the whole translation is triply exponential
in the size of the initial formula. Maler and Pnueli proved that such a translation, in particular the third step, has an
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exponential lower bound [29]. In this respect, Theorem 8 proves that any translation from LTL; to pLTL (not only the above
one) has a lower bound at least exponential.

6. Conclusions

In this paper, we provided a pure past characterization of the (co)safety fragments of LTL devoid of binary temporal
modalities, and we studied the succinctness of LTL; and of (co)safety fragments of LTL with respect to their pure past
counterparts.

We first investigated the expressiveness of cosafety and safety fragments of LTL devoid of binary temporal modalities. By
using the novel notion of pseudo-stuttering, we proved that LTL[X, F] is expressively equivalent to F(pLTL[Y, ¥, O]). Interest-
ingly, as a by product, we obtain that LTL[X, F] is the maximal fragment of LTL closed under pseudo-stuttering. By duality,
we derived that LTL[X, G] is expressively equivalent to G(pLTL[Y, ¥, HD.

Then, we focused on succinctness. First, we dealt with safety and cosafety fragments, and compared them with their
pLTL-based canonical forms. As for safety, we showed that G(pLTL[Y, ¥, H]) and G(pLTL) can be exponentially more succinct
than LTL[X, G] and Safety-LTL, respectively. As for cosafety, we proved that F(pLTL[Y,Y,O]) and F(pLTL) can be exponen-
tially more succinct than, respectively, LTL[X, F] and coSafety-LTL. Together with the recent work in [19], this entails that
LTL[X, F] and F(pLTL[Y, Y, O]), as well as LTL[X, G] and G(pLTL[Y, ¥, H]), are incomparable with respect to succinctness.

Finally, we proved the incomparability of LTL; and of pLTL with respect to succinctness. We first showed that a family
of properties A, admits a formalization in pLTL with formulas of linear size, while all formulas in LTL; for A, are at least
of exponential size. By using the Reverse Lemma, we proved that the vice versa holds as well, i.e., LTL; can be exponentially
more succinct than pLTL. This result confirmed the conjecture formulated in [20] about the lower bound to the complexity
of translating LTL¢ into pLTL.

The study of the maximal fragment of LTL; that does not incur in the exponential blow-up in the translation into pLTL
is surely a problem worth studying, for both its theoretical implications and its applications in reactive synthesis. Proving
Conjecture 1 is an interesting future research direction as well, which may require more sophisticated techniques to prove
the lower bound, like, e.g., Ehrenfeucht-Fraissé games [30], Adler-Immermann games [31], or the proof system used in [19]
to show the succinctness of LTL[X, F]. Finally, while we know that the lower bound for the translation of LTL; into pLTL is
at least exponential, the only known upper bound is triply exponential. A tighter lower bound or more efficient algorithms
for the problem are definitely worth investigating.
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