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VIABILITY AND CONTROL OF A DELAYED SIR EPIDEMIC
WITH AN ICU STATE CONSTRAINT

DiMmITRI BREDA, MATTEO DELLA ROSSA™ AND LORENZO FREDDI

Abstract. This paper studies viability and control synthesis for a delayed SIR epidemic. The model
integrates a constant delay representing an incubation/latency time. The control inputs model non-
pharmaceutical interventions, while an intensive care unit (ICU) state-constraint is introduced to reflect
the healthcare system’s capacity. The arising delayed control system is analyzed via functional viability
tools, providing insights into fulfilling the ICU constraint through feedback control maps. In particular,
we consider two scenarios: first, we consider the case of general continuous initial conditions. Then, as
a further refinement of our analysis, we assume that the initial conditions satisfy a Lipschitz continuity
property, consistent with the considered model. The study compares the (in general, sub-optimal)
obtained control policies with the optimal ones for the delay-free case, emphasizing the impact of
the delay parameter. The obtained results are supported and illustrated, in a concluding section, by
numerical examples.
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1. INTRODUCTION

The optimal control of epidemics (see, for instance [1-4]) starting from the classical SIR model of Kermack
and McKendrick ([5]), has been widely studied in recent years, also because of the COVID-19 pandemic, see [6—
11]. In this paper, we focus on the viability analysis and the synthesis of control strategies for the following
two-dimensional SIR model with delay:

ds ;

7 (B = —b() s(t)i(t = h),

i | | (1.1)
3 () = b(0) s(@)it = h) = it).

Here h > 0 is a given positive number representing a constant delay, modeling the presence of an incuba-
tion/latency time, i.e., assuming a temporal gap between the disease contraction and the development of
infectivity of average individuals. The parameter v € (0,1) represents the natural (and constant) recovery
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rate, while the control parameters are measurable functions b(t) € U := [B,, (] for some 0 < 5, < 5 < 1. The
value 8 models the natural transmission rate of the disease, while 3, represents the minimal attainable trans-
mission rate obtained via non-pharmaceutical policies (social distancing, lockdowns, etc.) The initial conditions
are imposed by prescribing a pair of continuous functions ¢ = (ig, S¢) : [—h,0] — R?2, and by requiring that

i(t) = is(t) and s(t) = s4(t) for all t € [, 0]. (1.2)

The derivatives in (1.1) are meant in a distributional sense and the trajectories are constructed from admissible
controls b € U := L*>((0,4+00); U).

The delayed version (1.1) of the classical Kermack and McKendrick SIR model [5], with a constant trasmission
rate coefficient b = 3, was introduced in [12, 13]. This model has been widely studied, from the stability point
of view, in several papers, as for instance [14, 15]. Optimization and optimal control problems have been more
recently considered in [16] but always in the case of a constant transmission rate. In [13], the nonnegative
constant h represents a time during which the infectious agents develop in a vector and it is only after time
h that the infected vector can infect a susceptible individual. On the other hand, h can also be regarded as a
latency time only after which the infected individual becomes able to transmit the infection. In this slightly
different interpretation, system (1.1) has been considered in the recent Covid-19 studies [17] and [18] but, in
the latter, with a constant transmission rate b = 8. We mention [19, 20] among the recent studies about the
impact of a latency period on Covid-19 transmission.

We consider system (1.1) under an intensive care unit (ICU) constraint on the number of infected (cft.
[21-23]), i.e., we require that

Z(t) <ipy Vt>0, (1.3)

for some fixed 0 < ip; < 1. In this setting, the prescribed level i), represents an upper bound to the capacity of
the health-care system to treat infected patients.

From a theoretical point of view, the delay system (1.1) together with the constraint (1.3) can be seen as
a differential delayed inclusion, as defined in [24-26]. Within this approach, the analysis of (1.1)—(1.3) can be
tackled by using the functional viability tools introduced in [27] and well summarized in [28], Chapter 12. For
recent developments in this area see, for example, [29, 30]. Functional viability analysis provides geometric
characterizations of the notions of uncontrolled forward invariance and wviability (i.e., the property of being
forward invariant under a suitable control). Under some technical restrictions, these ideas allow us to provide
an explicit state-space description of subsets of initial conditions for which the constraint (1.3) is satisfied by
solutions to (1.1), under arbitrary or suitable controls actions.

Viability analysis, as said, implicitly highlights feasible control actions which allow to keep the solutions
of (1.1) in the feasible region (defined by the constraint (1.3)). Consequently, it also provides selection mecha-
nisms for implementing such control actions, in the form of feedback control maps. This selection procedure can
also be tuned according to the minimization of a given cost functional of the form

/ - ) ar, (1.4)
0

where G is a continuous and strictly increasing scalar function. It is worth noting that, in some cases, it could be
more effective to take u(t) := 8 — b(t) as a control function in place of b, and the running cost simply becomes
G(u(t)) (actually, we make this choice in Sect. 5 which is devoted to examples and numerical simulations). Thus,
summarizing, the performed viability analysis allows us to provide a (in general, sub-optimal) feedback strategy,
which depends only on the current and past position of the state, for the optimal control problem (1.1)—(1.3)—
(1.4). We formally compare our viability results with those obtained in the delay-free case (see [23, 31]), which
can be recovered by taking the limit as h — 0.
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We point out that different approaches to the study of delayed optimal control problems have been proposed in
the literature. Notably, we underline that recent researches studied various formulations of Pontryagin principles
for delayed optimal control problems with state constraints, see [32-34] and references therein. The arising
conditions are necessary for optimality of feasible control polices and rely on an advance-differential equation
governing the adjoint states. On the other hand, differently from the delay-free case studied in [23, 31, 35],
these Pontryagin-principle-based conditions have, up to now and for the problem under consideration, been
unable to provide exact closed-form expression for the optimal control policy. On the other hand, viability
analysis provides itself a satisfactory alternative and a flexible tool in building feedback control polices that
only depends on the present and past values of the solutions.

The paper is organized as follows. In Section 2 we introduce the main notation and definitions. We also
provide a self-contained summary of viability analysis tools for delayed differential inclusions, basically borrowed
from [27, 28], together with a novel characterization result for some particular class of (functional) subsets.
In Section 3 we provide a preliminary qualitative analysis of system (1.1), comparing and underlying the
peculiarities of this model with respect to the delay-free case. In Section 4 we provide the applications of
viability analysis for system (1.1) under the state-constraint (1.3); considering two cases.

1. First, we consider initial conditions as general continuous functions ¢ : [—h, 0] — R?, satisfying the ICU
constraint (1.3), and provide a complete viability analysis and the corresponding feedback control policy.

2. We then strengthen our hypothesis, supposing that initial conditions also satisfy a Lipschitz property com-
patible with the considered model. In this setting, we prove that when the delay converges to 0 we are able
to recover the viable regions of the delay-free case studied in [23, 31].

In Section 5 we illustrate our results with the aid of numerical examples, and some concluding remarks are
provided in Section 6. Some technical proofs are postponed in a final Appendix, to avoid breaking the flow of
the presentation.

Notation: We denote by Ry = [0, +00) the set of non-negative reals. Given A C R™ and B C R™, we denote
by C(A; B) and C!(A; B) the set of continuous and continuously differentiable functions from A to B, respectively.
Given z € R™, the scalar |z| is its Euclidean norm. Given two sets A, B, the notation g : A ~» B stands for the
set-valued map g : A — P(B) where P(B) is the power set of B. Given a norm || - || on R, and R > 0, denote
by Bj. (0, R) the closed ball (w.r.t. || - [|) of radius R. Given v, w € R", (v, w) € R denotes the Euclidean scalar
product of v and w. Given x € R", we denote by |z|max := max{|z1|, |z2|,...,|zn|} its max (or infinity) norm.

2. NOTATION AND PRELIMINARIES

2.1. The delayed SIR model: notation and existence of solutions

Let us consider the delay system introduced in (1.1) with state constraint (1.3). Besides those already given in
the introduction, we use the following notation: z := (s,i) € R?, C := C([—h, 0]; R?). Moreover, the components
of a given ¢ € C will be denoted by sy and i4, that is, ¢(t) = (s4(t),i4(¢)) for all t € [—h,0]. Let us define
f:CxU — R? by

f(#,0) := (=bsg(0)ig(—h), bsg(0)ig(—h) —vie(0)), (2.1)
and introduce the set-valued map Fy; : C ~ R? defined by

Fuy(¢) :=={f(9,0) [ b e [Bx, B]}- (2.2)

It can be seen that Fyy has convex and compact values, it is locally bounded and upper semicontinuous (we
refer to [28, 36] for these general concepts).
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For any t € R, consider the map

S(t): C(R;R?) = C
x— S(t)x (2.3)
[St)z](s) :=z(t+s) Vs € [-h,0].

In the delay-systems community, the simplified notation S(¢)x := z; is often used. As the control changes in
the space U, the class of Cauchy problems (1.1)—(1.2) can thus be rewritten as a delayed differential inclusion
of the form

{x’(t) € Fy(S(t)z), (2.4)

S(0)z=¢€eC.

According to [24], a solution to (2.4) is a continuous function z4 : [—h,7) — R?, with 7 > 0, satisfying (2.4) for
almost all ¢t € [0,7) and such that x4 is absolutely continuous on every compact subinterval of [0,7). As done
for the initial condition, the two components of x4 will be denoted by sg and 44, that is, 24 (t) = (s4(t), i4(t))
for all ¢t € [—h, 7). This is consistent with the fact that z,(t) = ¢(¢) whenever ¢t € [—h, 0].

As a preliminary result, we show that, for a remarkable class of initial conditions, solutions exist and are
globally defined.

Let us define the triangle

T:={xcR?|s>0,i>0,s+i<1}

and introduce the set T := C([—h,0];T).

Lemma 2.1. For any initial condition ¢ € T and for any control input b € U, there exists a unique solution
Ty i [—h,+00) = R? to the Cauchy problem (1.1)~(1.2). Moreover, z4(t) € T for every t € [—h,+oc). We will
denote this solution also with x4 (or x®?), when we want to stress the fact that it corresponds to the prescribed
input b.

Proof. Given any ¢ € T and any b € U, the local existence and uniqueness of the solution follows by [37],
Chapter 2, Section 2.6. Let us denote by x4 : [~h,7) — R? 7 > 0, such solution and prove that z,(t) =
(s(t),ip(t)) € T for all t € [0, 7). First we note that, by considering iy : [—h,7) — R as a coefficient and
integrating the first equation in (1.1), we have

$p(t) = 54(0)efo Hip(r=h)dr

Since s4(0) > 0 by hypothesis, this implies that s4(t) > 0 for all ¢ € [0, 7). Using also the non-negativity of the
initial condition, we get

iy (t) = b(t)sg(t)ig(t — h) — vig(t) > —~vig(t) Yt € [0,h)N[0,7T).
By a comparison argument (see for example [38], Lem. 1.2), the previous inequality implies
ip(t) > is(0)e™ " >0 Vt e [0,h)N[0,7T).

By iterating the argument on any interval of the form [kh, (k + 1)h] for k € N, we conclude that i,(t) > 0 for
all t € [0, 7). Now, summing the equations in (1.1) we have

(s9(t) +ig(t)) = —vig(t) VL €[0,7).
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Since, by assumption, i4(0) + s4(0) < 1, this implies that s,(t) +1i4(¢) < 1 for all ¢ € [0, 7). We have thus proved
that if ¢ € T, then x4(t) € T, for all t € [0, 7). Since T' is compact, the results in [37], Theorem 3.1 and Section
2.6, Chapter 2 imply that the solution exists in [0, +00), and the proof is concluded. O

Remark 2.2. We note that, for the model under consideration, the delayed value of the susceptible component
of the state (i.e., s(t —h)) does not appear in the equations. This implies that the solutions to the delayed
Cauchy problem (1.1)—(1.2) only depend on the value of the i-component of the initial condition ¢ € 7 and on
$(0). In other words, the evolution of the susceptible population in the interval [—h,0) does not play any role
in the future evolution of the epidemic.

Well-posedness results, like that of Lemma 2.1, can be found also in [12] for the constant control case and
in [14, 15] for slightly different delayed SIR models. We note that the proof substantially shows that any
triangle of the form {z € R% | s +i < a} for a > 0 is invariant. It is physically reasonable to consider initial
conditions in T, as s,(t) and ig(t) are the fractions of susceptible (resp. infectious) population at time ¢. Thus,
the preliminary Lemma 2.1 can be seen as a permanence result: if the initial condition is a “physically feasible”
curve, the solution, forward in time, remains in the region of physical feasibility, no matter the external input
bel.

2.2. Viability for delay systems: general theory and first results

We recall here the definitions of viability/forward invariance for delay systems and related results ([28],
Chapter 12, [27]). Given any dimension n € N, consider a set valued map F : C([—h,0];R™) ~» R™ (in this
subsection, we write C = C([—h,0];R™)) and a delayed differential inclusion of the form

{z’(t) € F(S(t)x), (2.5)

For the SIR model (1.1) we “a priori” know that solutions exist and are globally defined, for suitable initial
conditions and controls, as proved in Lemma 2.1. For this reason and for the sake of simplicity, in this subsection
we make the following hypothesis.

Assumption 2.3. For any ¢ € C there exist at least a solution to (2.5), and maximal solutions are defined
on R+.

Definition 2.4. Given I C C, we say that

1. K is forward invariant for (2.5) if for any ¢ € K and any solution z, to (2.5), starting at ¢, we have
S(t)xy € K for all t € Ry;

2. K is viable for (2.5) if for any ¢ € K there exists a solution x4 to (2.5), starting at ¢, for which it holds
that S(t)zy € K for all t € Ry.

The following concept of feasible directions (see [28], Def. 12.2.1) is useful in providing a geometric
characterization of forward invariance and viability.

Definition 2.5. Given a subset L C C and ¢ € K, the set of feasible directions to IC at ¢ is defined by
Di(¢) :={v e RWe >0, 37 € (0,¢) and ¢, € C(R;R™) such that

S(0)¢r = ¢, S(r)pr €K, M € B(v.e)}, (2.6)

where B(v,¢) denotes the closed ball of R™ with radius ¢ and centered in v.

In our setting, a more concise representation of the set of feasible directions can be given in terms of the
classical notion of Bouligand contingent cone, recalled below.



6 D. BREDA ET AL.
Definition 2.6. Consider K C R™ and x € K, the Bouligand contingent cone to K at x is defined by
Tk (z) :={veR" | It — 0,t; >0, vy — v such that z + txvy € K Vk € N}

It is well-known that, if the set K is convex, the Bouligand contigent cone coincides with the classical tangent
cone of convex analysis, i.e.,

Tr(xz)=cl({v e R" | IX >0 and Jy € K such that v = Ay — 2)}), (2.7)
see [36], Theorem 6.9. If = € int(K), then Tk (x) = R™. Moreover, if the set K C R" is defined by
K={zeR" | g(x) <0,ie{l,...,M}}, (2.8)

for some g¢1,...,g9m € CH(R™;R), then, for any x € K such that g;(x) =0 for all i € I C {1,..., M} (and
gj(x) # 0 for j ¢ I) and, under the constraint qualification assumption

Jug € R™ such that (Vg;(x),v9) >0Viel,
we have
Tk (z) ={v eR" | (Vgi(z),v) <0Viel}, (2.9)
see [39], Section 4.1.1.
In the sequel, the subset I C C will represent the set of initial conditions of the epidemic model (1.1). As

anticipated in the Introduction, we are going to consider two different kinds of initial conditions, sharing the
same set K C .S C R" of traces in 0. First, we take the subset g C C defined by

Ks={peC|¢0)e K, ¢t)cSVte[-h,0]}. (2.10)

Besides this large set, we consider the following smaller sets of Lipschitz continuous initial conditions, i.e., given
a constant L > 0, we take

Ksp={¢€Cp|¢(0) € K, ¢(t) € SVt € [-h,0]}, (2.11)
where Cy, ||| denotes the set of functions ¢ € C that are L-Lipschitz in [—h, 0] w.r.t. the norm || - [| in R", i.e.,

llp(t1) — d(t2)|| < L|ty — o, for all ¢1,t5 € [—h,0]. In the following statement we characterize the set of feasible
directions of Definition 2.5 for these different choices of initial conditions.

Lemma 2.7. Consider a set K C R"™ and a convex set S O K. The following characterization of the set of
feasible directions to Kg in (2.10) holds:

Dis(¢) =Tk (¢(0)) Vo € Ks. (2.12)
Moreover, given L > 0, we have
Dy . (¢) = Tk (¢(0)) N By (0, L) Vo€ Ks,1, (2.13)

where By (0, L) denotes the closed ball of R™ with the norm || - ||, having radius L and center 0.
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Proof. First of all, we note that given x € K we have
Tk(z) ={v e R" | It — 0, t > 0, vy — v such that ||vg|| = ||v| and = + txvy € K Vk € N}, (2.14)

i.e., we can add, without loss of generality, the constraint ||vg|| = ||v]| to the sequences of vectors in Definition 2.6.
Indeed, this is clear if v = 0 € Tk (x). When, instead, 0 # v € Tk (x), starting from some sequences ¢, > 0 and
v € R™\ {0} such that tx — 0, vy — v and = + ¢,v, € K, Vk € N, the claim is proved by taking the modified
Hlm‘”tk and vy, = ka.

Let us note, moreover, that it is enough to prove (2.13), since the proof of (2.12) can be easily obtained from
the latter, by sending L to 4oc.

Given ¢ € Ks,r, let us start by proving the inclusion Tk (¢(0)) N By (0, L) € Dk, (¢). For v € Tk (4(0)) N
B0, L), let t; and vg be two sequences as in (2.14). Given any € > 0 consider a k € N large enough such
that ¢, < € and |Jvg — v|| < e. Define 7 = t;, and consider ¢ € C([0,7]; R™) defined by 9(s) = ¢(0) + svy, for
any s € [0, 7]. By convexity of S, ¢(s) € S for all s € [0, 7]. Moreover, 1 is L-Lipschitz, since ||’ (s)|| = ||vk|| =
lv|| < L, for any s € [0,7]. We then define ¢, = ¢ x 1) € C([—h,7];R™), where * denotes the concatenation in
time. To prove that v € Dx, (¢) we have to verify that ¢, satisfies the conditions (2.6) of Definition 2.5, with
K = Kg,r. We trivially have S(0)¢, = ¢ and, moreover, S(7)¢,(0) = ¢,(7) = ¢(0) + txvr € K. We also note
that S(7)¢(s) € S for all s € [—h,0] and that S(7)¢d, is L-Lipschitz. We have thus proved that S(7)¢, € Ks 1.
Also the remaining condition in (2.6) holds since

sequences ty =

6. (7) - 6,(0) _ o(0) + tkt:k —0O _ e By (v,9),

thus concluding the proof of the claimed inclusion.

We now prove the opposite inclusion, D, (¢) € Tk (¢(0)) N By (0, L). Given any v € Dx, ;(¢) and any k € N,
consider € = %, 7 € (0,¢) and 9, as in Definition 2.5. Define ¢t = 7 and v, = M. By definition of Kg 1,
we have

T T

To conclude, we recall that t, < + — 0 and v; — v and thus [|v|| < L. Hence v € Tx(¢(0)) N By.(0, L), and
the proof is concluded. O

Remark 2.8. We note that in Lemma 2.7 we have proven, in particular, that the sets Di,(¢) and Di, 1(¢)
are independent of the set S, which constrains the past values of the initial conditions. Indeed, Di4(¢) and
Dis,r(¢) only depends on the “arrival” set K and on the final position ¢(0) (and on the Lipschitz constant
L > 0, in the case of D, (¢)). This property, which holds for sets of the form (2.10) and (2.11), is crucial in
the subsequent analysis.

In the next statement we specialize the main result concerning viability theory, namely Theorem 12.2.2 [28],
to the case in which the set K is of the form (2.10) or (2.11).

Theorem 2.9. Consider a set-valued map F : C ~» R™ which is upper semicontinuous with nonempty, convex
and compact values and suppose that Assumption 2.3 holds. Given compact and convez sets K C S C R", and
L >0, aset KCC of the form (2.10) or (2.11) is forward invariant for (2.5) (resp. viable) if and only if

F(¢) C Dx(9) Vé € K,
(resp.) F(6) N Di(6) # 0 ¥ ¢ € K.
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Proof. For the case K of the form (2.10), we apply [24], Corollary 1.1, recalling by Lemma 2.7 that Dx(¢) =
Tk (4(0)) for all ¢ € K.

In the case K defined as in (2.11) we follow the argument of Theorem 12.2.2 in [28], after having observed that
the closedness of K in R™ implies that KC is closed with respect to the norm of uniform convergence. We point
out that, since the solutions are globally defined (Asm. 2.3), the sub-linear growth assumption of F required
in [28] is not needed here. O

In spite of the fact that the sets of feasible directions are independent of S, the characterization of invariant
(resp. viable) sets, in fact, depends on the past, since the conditions of Theorem 2.9 must by verified on the
(S, L)-depending set K of initial conditions. As a consequence, when the set S C R" is fixed in (2.10) and (2.11),
a notion of maximality of the set K (of the traces ¢(0) of the initial conditions ¢ € ) cannot neglect the past
behavior of the functions ¢. We thus give now an appropriate definition which distinguishes between initial
conditions in Kg and Kg .

Definition 2.10. Consider a set H C C, aset S C R™ and an upper semicontinuous set-valued map F' : C ~» R™
with nonempty, convex and compact values. A set K C S is said to be

e the maximal forward invariant set with H-past in S for (2.5) if K is the largest set such that
K:={peH|¢p0)eK, ¢(s)cSVse|[-h,0}

is forward invariant (in the sense of Def. 2.4).
e the maximal viable set with H-past in S for (2.5) if K is the largest set such that

K:={peH| &) €K, ¢(s)€SVse[-h,0}

is viable (in the sense of Def. 2.4).
When H = C the H-prefix is dropped.

2.3. Viability for the delayed SIR model

For the set-valued map Fy; : C([—h, 0], R?) ~» R? of the delayed SIR model introduced in (2.2), Theorem 2.9
specializes in the following statement.

Corollary 2.11. Given compact and convez sets K C S C R? and L > 0, a set K C C([—h,0];R?) of the
form (2.10) or (2.11) is forward invariant (resp. viable) for (2.4) if and only if

f(9,b) € Dx(9) Vo € K Vb € [By, B,
(resp.) Vo € KL, b€ [Bs, 8] : f(4,b) € Dic(o).

3. QUALITATIVE ANALYSIS OF SOLUTIONS

In this section we collect some properties of (solutions to) the Cauchy problem (2.4) under arbitrary inputs b €
U. Tt is worth recalling that (2.4) is nothing else than an equivalent formulation for (1.1)—(1.2).

By Lemma 2.1, we have that for every initial condition ¢ € T a solution to the Cauchy problem for (2.4)
exists and its values belong to 7. Our aim is now to study the asymptotic behavior of such solutions.

First, we note that the case in which ¢ = (sg,i4) € T is such that i4(t) = 0 for every ¢t € [—h,0] is not
physically relevant. Nevertheless it is trivial, since in this case (s4(t),i4(t)) = (54(0),0) for all t € R. For this
reason, in the rest of this section we assume that

iy %0 in [—h,0]. (3.1)
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Let us call 7 the set of all ¢ € T satisfying (3.1).
Our first result is inspired by [12], in which the case of a constant b(t) is treated; here we adapt the argument
to the time-varying case.

Lemma 3.1. Consider any control input b € U, and any ¢ € To. Then, s4 is non-increasing in [0, +00), and it
holds that

. . o . _ l
fl}}'i-noo l(b(t) o 07 f—1>15-noo S¢(t> = S¢,00 € [O? /8*)7

where sy o depends only on b, ¢(0) and fi)h ig(T) dr.
Moreover,

1. if s4(0) > 0, then
(a) $4,00 >0,
(b) ig(t) > 0 for allt > h,
(¢c) sg4 is strictly decreasing in [2h, +00);
2. if the input b is eventually essentially constant, i.e., if there exist T > 0 and bs € [y, ] such that
b(t) = boo for almost all t € [T',400), then sy o < 5.

Proof. For every ¢ € To, s¢(-) : Ry — R, is non-increasing since, by the invariance of T stated in Lemma 2.1,
we have s;,(t) < 0 for all ¢ € Ry. Moreover, sy (-) is bounded from below by 0 and thus the limit

i sy (1) = 55,00

exists and belongs to [0,1]. Define Ny(t) := s¢(t) + iy(t). We have that
NY(t) = —iglt), t € Ry, (3.2)

and thus also Ny(t) is a non-increasing function and admits a non-negative limit, by Lemma 2.1. Since iy(t) =
Ny(t) — s4(t), also iy admits a limit i4 o, which is non-negative again by Lemma 2.1.

On the other hand, by integrating (3.2) on a time interval [T, 400) with T > 0, and using that iy > 0, we
get

ig(T) dT =

/°° : No(T) = 8p.00 — g0 No(T) ~ 59,00 (3.3)
T v B Y

From the last inequality we immediately get that iy o = lim;_,o0 4 (t) = 0, and the first equality in (3.3) becomes

e Np(T) — $p.00
/ ig(r) dT = W for every T > 0. (3.4)
T

To conclude the proof of the first part of the statement, it remains to show that sy oo < /3%
We use here the notation b(t) = 5, + v(t) with v € L>®(R;[0, 8 — 54]). By integrating the first equation
in (1.1) for ¢ > h, and performing a simple change of variable, we obtain

55(t) = 55(0) exp (- /O “b(r)io(r — B) dT)

0 t—h t—h
= 54(0) exp < /41 b(T + h)ig(T) dr — B*/O ig(T)dr — /0 (T + h)ig(T) d7'> )
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As t — 400, we have

5500 = 55(0) exp <_ /_ Oh b(r + h)is(r) dr — B /0 " io(r)dr — /O o + hig(r) dT) . (3.5)

By using the equation (3.4) with 7' = 0 to substitute the integral fooo ie(T)dr in (3.5), we obtain

0 S
5600 = 50(0) exp <_ / b(r + hig(r) dr — / o(r + hYig(r) dr - %(]\@(0) - 3¢,Oo)) (36
—h 0
Equation (3.6) can be written in the equivalent form

Spm0€” 700 = M(,b)sg(0)e T (3.7)

with
0 o) 5
M(¢,b) :=exp (—/ b(T + h)ig(T) dT — / (T + h)ig(T) dT — ;W’(O))) .
—h 0
Since i4(t) is not identically zero in [—h, 0] then M (¢,b) < 1. By this inequality and (3.7), then we get
T Y. —225,4(0)
b,00€ < 54(0)e” 7 (3.8)

Let us now introduce the function g(z) := zef%*z, which is increasing in [0, 7-] and decreasing in [5-, +00).
If s45(0) < 4 then the claim (spo < 7-) follows by the monotonicity of ss. Let us consider then the case
54(0) > g—* and assume by contradiction that s¢ oo > % Since 4,00 < 54(0), by the monotonicity of ¢ in the
interval [7-, +-00) we have g(s¢,0c) = g(s4(0)), so contradicting (3.8). This completes the proof of the first part
of the statement.

Let us now start proving the “moreover” part (1) of the statement.

If 54(0) > 0, from (3.7), we have sy o > 0, that is (1)(a).

To prove (1)(b), we first show that there exists a 7 € [0, h] such that i,(7) > 0. Since iy is continuous and not
identically zero in [—h, 0], there exist 6 € (0,h) and € > 0 such that i4(s) > 0 for all s € (—h+ 6 —e,—h + ).
Since s4(0) > 0, we have already proven that sg(t) > s4_ > 0 for all £ € R;. Suppose by contradiction that
ig(s) =0, for all s € [0,5]. We have

—h+4

) )
i0(8) = /0 b(8)56(5)io(s — h) ds > Brss.m /O (s — h) ds > Busioe / io(s)ds > 0,

—h+d—¢

leading to a contradiction. We can thus fix 7 € [0, 4], such that is(7) > 0. Since i} (t) > —7ig(t), by the
comparison principle (see [38], Lem. 1.1) it holds that

ig(t) > ig(r)e 7T, (3.9)

thus proving that iy (t) > 0 for all ¢t > h, that is (1)(b).
Assertion 1(c) is a direct consequence of (1)(a) and (1)(b), because s4(t) = —b(t)s4(t)ie(t —h) < 0if ¢ > 2h.
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Let us now prove (2). Suppose that there exists T > h and b € [By, 8] such that b(t) = beo, for almost all
t € [T, +00). By integrating the first equation of (1.1) on the interval [T, t] for a ¢ > T + h, we obtain

56(t) = s4(T) exp (— / b Yig(r — 1) d7> — (T exp <—boo / L) dr— b / B dT> .

T T—h T

By taking the limit as ¢ — 400, we have

T 00
S¢.00 = S¢(T) exp <boo/ ig(T) dr — boo/ ig(T) d7'> . (3.10)

T—h T

By using the equation (3.4) to substitute the integral [ iy () d7 in (3.10), and manipulating, we see that s4
satisfies the equation

_boo g _boo (T)
Spo0€ 7 ¢ = Mp(p,bs)se(T)e” v °¢ (3.11)

with

T
MT(¢7 boo) ‘= eXp <_boo/ iti’(T) dr — b;o(zdﬁ(T))) <1

T—h

since by (1)(b) if iy(t) is not identically zero in [—h,0], then i4(T") > 0. Recalling that s4 .0 < s4(7T'), and
arguing as in the proof of the first part of the statement we see that (3.11) implies s¢ 00 < 7. O

In the delay-free case, i.e., when h = 0 the value s = 2 is the herd immunity threshold, see for example [23, 31]
and references therein. In this case, if s4(0) < % and i4(0) > 0, (1.1) immediately implies that iy : Ry — R is
strictly decreasing. In the subsequent statement we show that % is an important threshold also in the delay

case (when h > 0): if at the current instant the susceptible population s is smaller than this value, the number
of infected people i will not exceed again the maximum value attained in the last h time units.

Lemma 3.2. Consider any control input b € U. Given any ¢ € Ty and any 7 € Ry, define ©(p,7) 1=

fnaf ]i¢(t). Then, for any ¢ € Ty such that s4(0) < %, we have
te|r—h,T

ig(t+7) <7(¢,7), VT €Ry Vit € [0,h]. (3.12)

Proof. Consider any 7 € R, and suppose by contradiction that there exists a 7 € [, 7 + h] such that is(7) >
7(¢, 7). Consider

7 =max{t € [1T,7] : is(t) =7(p,7)},

which exists by continuity and because iy (7) <7(¢, 7) and iy (7) > 7 (¢, 7). Moreover, 71 < 7. Then, by definition
of 71, it holds that i,(t) >7 (¢, 7) for all ¢ € [, 7]. We have

7

b(t)s4(t)ig(t —h) = vig(t) dt <o, 7) + 7/ (ip(t — h) =7(¢, 7)) dt <7(0,7),

T1

7

iol7) = is(r) + [

T1

where, in the last inequality, we used that iy(t —h) <7(¢, ) for all t € [11, 7] because t — h € [T — h, 7], and
that s, (t) < s4(0) < 4, for all £ > 0. This leads to a contradiction which concludes the proof. O
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In Lemma 3.2, rephrasing, we have proved that, for any ¢ € 7y such that s4(0) < %, the function ¢
15(t)iglloo = max,epo,p) ig(t — s) is non-increasing. This should be compared with the delay-free case (see [23,
31]), in which, if the initial condition (s4(0),i(0)) is such that s4(0) < 4 and is(0) > 0, we have that the
function t — i,(t) is strictly decreasing. In this regard, Lemma 3.2 provides a “weak” decreasing property of
the infectious component 4 of the state in the delay case. We want to stress the fact that, when h > 0, (3.12)
does not imply that i, be monotonic (which, in fact, might be not).

4. VIABILITY ANALYSIS AND CONTROL

Given a parameter 0 < ip; < 1 (representing the maximal acceptable proportion of infected), we are going
to analyze the cases in which the trajectories of (1.1)/(2.4) stay (can be forced to be in) the feasible set

C={zeT|i<iu). (4.1)

4.1. Arbitrary feasible initial conditions

In this subsection we consider the case in which the controller has a limited knowledge on the past evolution
of the epidemics: we suppose that it is only known that in the past h time units, the value of iy did not exceed
the safety threshold iy;. More formally, we will assume the following.

Assumption 4.1. The initial condition ¢ € C satisfies ¢(t) € C for all ¢t € [—h,0].

Now, we are going to introduce some additional state-space curves which characterize the (maximal) forward
invariant and viable sets with past in C of (1.1) (see Def. 2.10). In particular, we characterize the boundaries of
these regions by providing the “worst case behavior” for the two cases b = 8 and b = S, respectively. We will
thus consider (backward) solutions of (1.1) with an artificial value of i(t — h), fixed equal to iy, as formalized
in the sequel. The backward solution for b = § with initial point s(0) = /8, i(0) = ips, will be proven to define
the boundary I'g of the forward invariant set, see Figure 1. The boundary I'g, of the viable set, which is also
drawn in the figure, will be analogously obtained by taking the backward solution for b = 3, starting from

$(0) = v/Bx and i(0) = ips.

4.1.1. Construction of the curve I'g
Let us define U5 = (55,75) : R4 — R? as the solution to the linear system

s'(t) = Birs(t),
{"'(t) = —Bins(t) + 7i(t), (4.2)

with initial condition s(0) = % and #(0) = ips. Since the system is linear, the unique solution can be explicitly
computed to be

wl

_ y Biat _ . t 1_t7 if ﬁlM =7
s55(t) = =e”"™t  75(t) = ipe” ) i =)t teRy. 4.3
5( ) 5 5( ) M {BZM;’Z;(Zig v , if BZM 7& v, + ( )

Let us denote by Tz > 0 the unique solution of the equation 7g(t) = 0 that is the unique time at which Ug
crosses the s-axis. It turns out to be

1 if Biy =
Tg{’ if Biy =1y, (4.4)

1 Bi if Bi
mln%a if Bin # -
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Let us denote

~ ( ) Y eﬂiM7 if BZM =7 ( )
sp:=355(13) = - ; o o 4.5
O\ (B )™, it Biar £

Since g is strictly increasing, we can define I'g : [},55] — Ry as the function representing the curve ¥g in
[0,T3] as a graph i(s) = I'z(s). By dividing the equations in (4.2), we note that I'g is the solution of the Cauchy
problem

; - vi(s)
{’Ll(s) = 71 + ﬂi}us’ (46)

By integrating, we have

Ty(s) = csY + -2, ifw=#1,
P c1s — slog(s), ifw=1,

v

with w = c= (%)ﬂJ(iM - m) and ¢; =1+ log(%). By basic calculus arguments one can show that

al
Binr’

I is strictly decreasing and concave in [4,53], and thus the hypograph {(s, i) € R?|s € [5.58], i <Ts(s)} is
convex, see Figure 1.

4.1.2. Construction of the curve I'g,

Similarly, we denote by ¥g, = (34,,75,) : R4 — R? the unique solution to the system (given by replacing (3
with £, in (4.2))

S/(t) = B*ikfs(t)v
i'(t) = —Buins(t) +vi(t),

with initial condition s(0) = 7~ and (0) = in. The solution, the interception time Tz, with the s-axis, and
Sg, = 5g, (I3, ), can be explicitly written by replacing S with g, in (4.3), (4.4) and (4.5), respectively.
As before, in the interval [0, 7}, ] we represent the curve W, by a graph i(s) = I'g, (s) with I'g, : [, 55,] —

R defined by

Ty (s) = 89 4 ﬁip if wy #1, (4.7)
P Ce18 — slog(s), ifw,=1, .

with we = 725-, ¢ = (55) 7 (in — m) and ¢,;1 = 1+log(F:). Also I'g, is strictly decreasing and concave
in its domain. In Figure 1 we have depicted the curve I'g, for arbitrarily chosen values of 7y, 8, and i,.

The next theorem will characterize the maximal forward invariant and viable sets with past in C = {z €
T |i<ipn}, in terms of the following subsets of C:

R:=([0,2] x [0,in])NT, A:=RU{(s,4) €T |s€[F,35],i <Tp(s)}, (4.8)
Re = ([0, 3] < [0,in]) T, B:=R,U{(s,9) €T | s€[5,55], i <Tp,(s)} '
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) Sy
Z]\/[ e —tn s s ettt R
A B S2 ¢
I's L's,
0l Y . - ~ o~
B Bx Sp S8,

FIGURE 1. Plot of the regions in Theorem 4.2 for the values ip; = 0.4, v/8 = 0.2, v/5, = 0.3.
The orange region represents the maximal forward invariant set A with past in C, while the
whole colored corresponds to the set B, that is the maximal viable set with past in C. The red
line S; and the orange curve Ss represent the sets in which the control policy in Theorem 4.7
is possibly discontinuous.

Theorem 4.2. 1. The set A C C defined by
A:={peC|¢0)e A, ¢(t)eCVte|[-h0}

is forward invariant, and A is the mazimal forward invariant set with past in C, in the sense of
Definition 2.10.
2. The set B C C defined by

B:={peC|¢0)e B, ¢t)eCVtel|-h,0]}
is viable, and B is the mazimal viable set with past in C, in the sense of Definition 2.10.

Proof. Let us prove the forward invariance of A by applying Corollary 2.11 with X = A. There, the invariance
condition is written in terms of the set D 4 of feasible directions which, in turn, is characterized in Lemma 2.7
(with Kg=A, S=Cand K = A) as

Da(¢) = Ta(#(0)) Vo € A.

Summarizing, we have to prove that

f(#,0) € Ta(¢(0)) Ve AVDbe By, ], (4.9)

where f(¢,b) is given in (2.2).

It is enough to consider the case ¢(0) € A, because if ¢(0) € Int(A) then T4 (¢p(0)) = R™ and condition (4.9)
is straightforwardly satisfied.

The set A has a piecewise C'! boundary and can be written in the form (2.8). Thus, we can use the charac-
terization of T'4(¢(0)) given by (2.9). In checking (4.9), by continuity of f, we can restrict ourselves to consider
only the ¢(0) that belong to the (relative) interior of each piece of A and prove that the scalar product of
f(¢,b) with a (outer) normal vector v # 0 to A in ¢(0) turns out to be non-positive.

Let us then distinguish the following cases corresponding to the relative interior of different pieces of JA.

1. i4(0) = 0. Since f(¢,b) = (—bs4(0)ig(—h), bsy(0)ig(—h)) and v = (0, —1) is a normal vector to the halfplane
{i > 0}, then we have (v, f) = —bs4(0)ig(—h) <0, Vb € B, B].
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2. 54(0) = 0. We have that f(¢4,b) = {(0, —vis(0))}. Since v = (—1,0) is a normal vector to A at (s4(0),44(0))
then we have (v, f) = 0.
3. $4(0) < F and iy(0) = ip. Since v = (0,1), we have

(v, f) = bsp(0)ig(—h) — vig(0) = bsp(0)ig(—h) — vim < (% —1)yin <0

for every b € [B,, O]

4. 54(0) € (%,?B) and i4(0) = I'3(s4(0)). Let us denote, for simplicity, ¢(0) = (so,%0) and observe that any
normal vector v = (v1,v3) # 0 to A at (sg,ip) satisfies v1 > 0 and vy > 0. This vector v is, by definition,
perpendicular to the tangent vector (1,I7(so)). Since, by (4.6), we have I';(so) = —1 + 10_ then

Bsoim

Yig
Bsoim

0 = ((v1,v2), (1, F%(SO)» = + F/ﬁ(SO)UQ =01 — U2+ V2
if and only if

0 = —(v2 — v1)Bsoin + v2yio,

from which we also deduce that vy > v1. Then, we have
(v, f(#,0)) = (v2 — v1)bsoiy(—h) — vayio < (vo —v1)Bsoing — vayio = 0.

The proof of forward invariance of A is thus completed. We now prove the maximality. Consider any set A # A
such that A ¢ A C C, and suppose by contradiction that A := {¢ €C|¢(0) e A, ¢(s)eCVs e [—h,O]} is

forward invariant. We can now consider a particular ¢¢ € A satisfying ¢¢(0) € A \ 4, i.e.,
v
S0 (O) > B’ Lo (0) > Fﬂ(s% (0))5 (4'10)

and ig,(t) = ip for all t € [—h, —¢] for a given € € (0, h). Since A is supposed to be forward invariant, the

solution (84, (t), %4, (t)) of (1.1) corresponding to the control b = 3 belongs to A for every t € R,.. Moreover, in
the interval [0, h — €], it coincides with the solution of the linear system (where ips replaces i(t — h))

S/(t) = —Bims(t),
{"'(t) = +Bins(t) — i(t), (4.11)

with initial condition (s(0),7(0)) = ¢o(0). We note that the system (4.11) is the time-inversion of system (4.2),
i.e., it is defined by the same vector field with opposite sign. This implies that i(s) = I'g(s) represents the graph
of a solution of (4.2), as well as (4.11). By uniqueness of solutions of (4.11), inequality (4.10) implies 44, (t) >
I'5(s4,(t)) for all t € [0, h —e]. Thus (s4, (), ig,(t)) ¢ Aforallt € [0, h—¢], while (s¢,(t),i4,(t)) € A, by forward
invariance of A. We can now iterate the argument, considering a ¢, € A such that ¢;(0) = ($po(h—€),14,(h—¢)),
and i, (t) = ip for t € [—h, —¢]. The solution (s4, (t), %4, (£)) to the system (1.1) corresponding to the control b =
B again coincides in [0, h — €], with the solution of (4.11) with initial condition (s(0),4(0)) = ¢1(0). Proceeding
similarly to define ¢y, € A, we have that the solutions (S¢x (1), 14, (t)) have the property that iy, (t) > Ig(se, (1))
for all t € [0,h — €] and all k € N. We now join all curves ¢, by considering ¢ : R, — R? defined by

B(t) = (55(t),i5(t) = (s¢, (t = k(h —¢€)),ig, (t —k(h—¢))) ifte€lk(h—e¢), (k+1)(h—¢)], keN.
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By construction we have that ¢(t) € ﬁ\ Aforall t € Ry, and ¢ satisfies the Cauchy problem defined by the
linear system (4.11) with initial condition ¢(0) = ¢o(0). The Cauchy problem for (4.11) with initial condi-
tion (s(0),4(0)) = ¢o(0) can be explicitly solved. In particular, we have sz(t) = s(0)e” 7", Since s(0) > 3
(see (4.10)), in T = ——log(*2) > 0 we have s55(T) = 4. By the uniqueness of solutions of (4.11), we have

Binm v
therefore

i5(T) > Ts(s5(T)) = rﬁ(%) =i

Thus, ¢(T) ¢ C D Z, leading to a contradiction.

The proof of part (2) of the statement proceeds in a similar way, that is, we prove the viability of B by
applying Corollary 2.11 with = B (see (2.10)) and Lemma 2.7 with Kg = B, S = C and K = B. In the
current case, we have to prove that

Vo eB, 3be 8., 8] : f(o,b) € Tr(4(0)), (4.12)

where f(¢,b) is given in (2.2), and it is enough to consider the case ¢(0) € OB (since otherwise Tp(¢(0)) = R™).
As before, since the set B has a piecewise C'! boundary we can restrict ourselves to consider only the ¢(0)
that belong to the (relative) interior of each piece of 9B and prove that the scalar product of f(¢,b) with a
normal vector v # 0 to B in ¢(0) turns out to be non-positive.
We explicitly develop the non-trivial cases only. In the case 0 < s4(0) < - and iy(0) = irr, by computing
the scalar product of f(¢,b) with the normal vector v = (0, 1), we obtain

(v, f) =054 (0)ip(—h) — 7ip(0) = bsg(0)ig(—h) — vimr < (bl — )i,

*

which is non-positive if b < f,, and thus f(¢,8x) € Tr(¢(0)). Now suppose that ¢(0) = (sg,4g) is such that
s0 € (4-,5p,) and T'g, (s0) = io. Again, a normal vector to B at (so,%o) is of the form w = (w1, w2) # 0, with
wy,wz > 0, and, by definition of I'g, it satisfies

(U}Q — wl)ﬂ*soiM — ’LUQ"YiO = 0, (413)
which also implies wy > w1. We have
(w, f(9,Bx)) = (w2 — w1)Besoip(—h) — wavyig < (w2 — w1)Besoin — wayip = 0, (4.14)

and (4.12) is satisfied. This proves that B is viable. The maximality follows by an argument analogous to the
one used in proving (1). O

Besides the state equation (1.1) and the state constraint (1.3), we consider now a cost functional of the form

J(u) = /O  Glu) a, (4.15)

where u(t) :== 8 — b(t) and G : Ry — R, is a convex and strictly increasing function, satisfying G(0) = 0.

Problem 4.3 (Optimal Control Problem Pg4.). Given the initial data ¢ € C, minimize over all admissible
controls u € Y

e the cost functional (4.15),
e under the ICU constraint (1.3) on the trajectory of (1.1).

In the sequel we refer to this formulation as problem Py.
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We first prove that a solution to the optimal control problem Py exists, for initial conditions in C.
Theorem 4.4. For any initial condition ¢ € C, the optimal control problem Py admits a solution.

Proof. Let us denote for simplicity I = (0, +00). To prove the existence of an optimal solution we observe that
it is equivalent to prove the existence of a minimizer of the functional J> : L>(I;[0, 8 — B,]) x W1>°(I; R?) —
[0, +00] defined by

Joo(u» S, Z) = J(u) =+ XA(uv S, 2) + Xi<imr (Z)a (4'16)

where A is the set of admissible pairs, that is all control-state vectors (u,s,4) that satisfy the initial value
problem for the state equation (1.1) with initial condition ¢ € C, while x5 denotes the indicator function of A
that takes the value 0 on A and +oco otherwise; similarly, the function xi<i,, (¢) is 0 if i(t) < ips for every t € I,
and +oco otherwise.

On the domain of J° we consider the topology given by the product of the weak* topologies of the spaces
L>* and W, and aim to prove sequential lower semicontinuity and coercivity of the functional J> with
respect to this topology. By the Direct Method of the Calculus of Variations (see, for instance, Buttazzo
[40], Sect. 1.2), these properties imply the existence of a solution to the minimum problem. They are direct
consequences of the fact that the space of controls is weakly* compact, that the assumptions on the integrand
imply that the cost functional J is weakly* lower semicontinuous (see, for instance, [31], Thm. 5.1) and the
fact that the sets A and {i < iy} are closed with respect to the weak* convergence. The claimed closedness
of such sets follows by the application of Rellich compactness theorem, which ensures that weakly* converging
sequences in W1°°(I) are, up to subsequences, uniformly converging on every bounded subinterval of I (see for
instance [41], Thm. 8.8 and Rem. 10). To prove it in details, let us consider a sequence (uy, Sn,i,) € A weakly™
converging in L>(I) x W1>°(I,R?) to (u,s,i) and satisfying i,, < i for every n € N. Then, we easily get that
in(-—h) =iglon + inl(h+oo0) Weakly™ converges to i(- — h) = iglin) + i1(h,400) in L°(I). Then we can pass
to the limit in the state equations and, by uniqueness of the limit, we obtain that (u, s, i) € A. Moreover, i < iy
by the local uniform convergence. O

Remark 4.5. In proving the existence of an optimal control (Thm. 4.4), we have chosen to work with the single-
valued function formulation of the control problem (Problem 4.3). It is worth noting that the same problem can
be also stated in terms of the functional differential inclusion (2.4). In the latter case, the existence follows by
the compactness of the set of trajectories, which can be proven by using, for instance, Theorem 3 (Chapter 4,
Sect. 7) of Aubin and Cellina [42]) (we acknowledge an anonymous referee for this remark). Nevertheless, to
check the assumption of the mentioned Theorem 3, the semicontinuity of the cost functional and the closure of
the ICU constraint, we would be led to work with topologies equivalent to those used in the proof of Theorem 4.4
and to the same computations.

The performed viability analysis provides a route for designing a state-dependent control policy (also known
as state-feedback control) in order to minimize/bound the cost (4.15) and to fulfill the state constraint (1.3).
Indeed, in Theorem 4.2 we have proven that, for any initial condition ¢ € B, there exists at least a control action
for which the corresponding solution satisfies S(t)z4 € B for all t € Ry. Rephrasing, we have proven that the
so-called regulation map (see [28], Def. 6.1.2)

Us(¢) :=A{b €[5+, ] | f(¢,b) € Dp(¢)},

in non-empty for every ¢ € B. We recall that, by Lemma 2.7, we have D (¢) = T(¢(0)), which is a closed set (see
Def. 2.6 and characterization (2.7)). This implies that Ug(¢) is compact, for every ¢ € B, since f(¢,-) : R — R?
is continuous for every ¢ € B.
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The so-called greedy control strategy consists in selecting, for every ¢ € B, a control g(gb) € Ug(¢) by (locally)
minimizing the running cost G in (4.15) among all controls that keep the solution inside the viable set. Precisely,

b(¢) := arg yonin G(B8 —b) = maxUp(¢), (4.17)

where the second equality follows by the fact that the function b +— G(8 — b) is strictly decreasing.
In the subsequent statement, we explicitly develop the expression in (4.17).

Lemma 4.6. Let I's, : [7,53.] = [0,in] be the curve defined in (4.7) and B C C be the set defined in (4.8).

Let us introduce the sets

S1 = co{(G i), (i)} € 0B,

Sy:={(s,i) €T |se [61,3\5*] and i =Tg, (s)} C OB.
The greedy control policy b : B — [Bx, B] defined in (4.17) turns out to be

B, ' if $(0) € B\ (51U S2),
b(¢) = { min {8, %} if $(0) € Sy, (4.18)
min {8, B, 7295}, if 6(0) € S,

with the convention 1/0 = 4o0.

Proof. The expression (4.18) is obtained by explicitly solving the maximum problem in (4.17). We proceed by
cases.

e Let us suppose that ¢ € C is such that ¢(0) € B\ (S1 U S3). We first note that, by definition of S; and
S2, we have B\ (S1US2) C AU int(B) (for a graphical illustration, see Fig. 1). If ¢(0) € int(B) then
Dg(¢) = Tr(4(0)) = R? and thus, trivially, Ug(¢) = [B., B]. If ¢(0) € A, by the viability analysis provided
in Theorem 4.2, we have that, for every b € B4, 8], f(¢,b) € Ta(¢(0)) = Da(¢) C Dp(¢); this implies that
Us(¢) = [Bx, B]- In both cases, b(¢) = max[S,, 8] = B.

e If ¢ € C is such that ¢(0) € S, we have that Ds(¢) = Tr(4(0)) = {(v1,v2) € R? | v < 0}. By the expression
(2.1) of f, and since i4(0) = a7, then we get

Us(¢) = {b € [Bx, 8] | bss(0)ig(—h) = vin <0},

implying that E(qﬁ) = max Up(¢) = min{g, %}.
e Finally, suppose ¢ € C is such that ¢(0) € Ss. As stated in equation (4.13) in the proof of Theorem 4.7, we

have that

Ds(¢) = Tp(¢(0)) = {f € R* | (w, f) < 0}
where w = (w1, ws) € R? is a non-zero normal vector to B (or, equivalently, to the curve I',) at ¢(0), thus

satisfying wy > wy > 0 and (w2 — w1)Bxs6(0)ipr — weyiy(0) = 0, as in (4.13). Recalling the definition of f
in (2.1), we thus have

Us(¢) = {b € [B, ] | (w, f(¢,0)) <0} ={b € [Bs, B] | (w2 — w1)bsg(0)ig(—h) — wayie(0) < 0}
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Using the fact that (ws — w1)Bx5¢(0)in = wayie(0), we have

b(6) = maxUs(@) = mind, 7 — zf;;z(<§))i¢(h) } = min{8, 8, #(%

ig(—h)"

as required.
O

In the following statement we provide some important properties of the greedy control strategy and of the
resulting controlled (also known as closed-loop) solutions.

Theorem 4.7 (greedy control policy and closed-loop solutions). Given the function F:B - R? defined by
F(¢) = f(¢,b(9)) (with f defined in (2.1)), there exists a solution x4 : [—h,+00) — R? to

2'(t) = F(S(t)x),
{S(O)x =¢ € B, (4.19)

where the operator S(t) has been introduced in (2.3).
Given any ¢ € B, we have that

1. zy(t) € B for allt € Ry;
2. defining by : Ry — [Bs, 8] b

by (t) := b(S(t)wy), (4.20)

with b defined as in (4.18), it holds that
(a) x4 is the unique solution to the Cauchy problem (1.1)—(1.2) with b = by;

(b) by is eventually constant equal to B;
(c) the corresponding cost (4.15) is finite.

Moreover, if ¢ € BN Ty (i.e., avoiding the trivial case of iy identically zero in [—h,0]), we also have
3. there exists a T = T(¢) > 0 such that x4(t) € R (see (4.8)) for allt > T.
Remark 4.8. Let us make the following remarks.

1. The control policy E¢ introduced in (4.20) can be more explicitly written as follows:

N B, if (s4(t),14(1)) € B\ (51U 52),
by(t) = ¢ min {B, 5 &% b i (s6(1),16(t)) € Si, (4.21)
min {3, B*% - h }, if (s¢(t),ig(t)) € Sa.

Thus, the controller only needs to know the actual state of the epidemic (i.e., (s¢(t),i4(t))) and the infected
population at time ¢ — h, (i.e., i4(t — h)) to successfully implement the greedy control strategy.

2. The control b(¢) is well-defined for ¢ such that ¢(0) € S; N Ss. Indeed, if ¢(0) € S; N Sy = {(F i)} we

have @i —hy = e (Cay N

3. The case in which b(¢) = B, only occurs when ¢(0) € Sy and iy(—h) = ip. Hence, the case in which by (¢) = S,
for a.e. t in an interval J only occurs when (s4(t),%4(t)) € S2 and is(t — h) = ips for all t € J. This scenario
may happen only in the time interval [0, h] and for a suitable initial condition. Then, in general, one cannot
expect that a constant control regime 5¢ = [, occurs, except than in some very particular cases.
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Proof. As a preliminary step to the proof of the existence of a solution to the Cauchy problem (4.19), we note
that

F(¢) € D() V¢ € B. (4.22)

Indeed, for any ¢ € B we have b(¢) = max Up(¢) € Ug(¢). Thus, F(¢) = f(¢,b(¢)) € Da(¢) by definition of
Us(¢).

Under this condition, the existence of solutions x4 to (4.19) is proved in Lemma A.1 in Appendix, together
with the property S(t)z, € B, for all ¢t € Ry, which implies S(t)z4(0) = z4(t) € B, for all t € Ry. Then, part
(1) of the statement is proved.

To prove (2)(a), it is enough to observe that

F(S(t)ag) = [(S(t)xs, by(t)) = (=bo(t)ss()ig(t — ), by (t)s(t)ig(t — k) = vig(t)),

which means that the solution x4 to (4.19) is also a solution to (1.1)—(1.2) with b = g¢, and such Cauchy problem

has a unique solution by Lemma 2.1. Of course, this implies (a posteriori) that also (4.19) has a unique solution.
Let us now prove (2)(b). In Lemma 3.1 we have proven that lim;_, 4 14(t) = 0 and 4 00 = limy— 1 5¢(t) €

[0, 4-). Then, there exists a T1(¢) > 0 such that z4(t) ¢ S1 U Sz for all ¢ > T3 (). By (4.18) and (4.20), this

implies that by (t) = b(S(t)zs) = B for all t > T1(¢), since S(t)x4(0) = z4(t) ¢ S1 U S2. This proves (2)(b).
(2)(¢) holds since

—+o0

- T1(¢) _ T1(¢)
G(B —bs(t)) dt = /0 G(B —by(t)) dt < /0 G(B — B.)dt = Ty()G(B — By).

0

To prove part (8), suppose ¢ € BN Ty. Since we have proven that by is eventually equal to 3, by part (2)
of Lemma 3.1 we have that sy o € [0, %), which in turns implies that there exists a T'= T(¢) > 0 such that

54(t) < 4 (and thus z4(t) € R) for all t > T', and the proposition is completely proved. O

A first direct consequence of the existence of the “greedy” feedback control policy defined in (4.18) is stated
below.

Corollary 4.9. For any prescribed initial condition ¢ € B, the optimal control problem Py admits a solution
with a finite cost.

Proof. The proof directly follows by Theorem 4.4 and assertion (3) of Theorem 4.7. O

Remark 4.10. We note that the invariance/viability regions in Theorem 4.2 are independent of h. In particular,
they do not converge, as h — 0, to the regions obtained in the delay-free case (see [23, 31, 35]), recalled also in
the subsequent Theorem 4.15. In the next subsection we strenghten Assumption 4.1 by bounding the velocity
of the past evolution of the epidemic. This allows us to obtain a viability analysis and a control policy which do
depend on the parameter h > 0, and that converge, in a sense that will be clarified, to the solutions provided
for the delay-free case.

4.2. Lipschitz continuous initial conditions

In the previous subsection we supposed to have limited information on the past evolution of the epidemic,
only considering Assumption 4.1. We hereafter assume that, in the past h time units, the epidemic dynamic
not only was under the warning level (i.e. i,(t) < ip for all ¢ € [—h,0]), but also was evolving with a limited
“speed” compatible with the epidemic model. More formally we assume the following.
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Assumption 4.11. Given a threshold 0 < ij; < 1 consider any L € R such that
L > ip max{3,v} > 0. (4.23)
We assume that the initial condition ¢ € C of (1.1) satisfies
o(t) e C Yte[—h,0,
with C' = {(s,i) € T | i <ipn}, and
G ECL e = {0 €C | p(t1) — @(t2)|max < Llt1 — ta| Vi1,t2 € [=h,0]},

where |2|mayx = max{|z1], |z2|}, for any z = (z1,22) € R

Remark 4.12. The choice of the infinity/max norm is motivated by the fact that the dynamics in (1.1) are
only affected by the delayed value of the i-component (i(—h)), while the delayed s-component (s(—h)) does
not play any role. The max norm, which, intuitively, is only affected by the “worst case” of any component
(considered separately), is thus a natural choice. Nevertheless, the subsequent analysis can be adapted to the
choice of any other norm in R2.

Remark 4.13. The lower bound (4.23) on the Lipschitz constant L > 0 is motivated by noting that, for any
x = (s,1) € C such that i < iy we have

| — Bsi| < Bips and |Bsi — yi| < ip max{s3,~v}.
Thus,
1f(6.0)lmax <L ¥heC, Vbel, (4.24)

and, hence, L > iy max{3,~} represents a uniform upper bound to the speed modulus of the solution to (1.1)
with initial condition ¢ € C such that ¢(s) € C, for all s € [—h,0]. Intuitively, in Assumption 4.11, we are
supposing that the epidemic, in the past uncontrolled interval of time [—h, 0], has evolved at a bounded speed,
and this bound is assumed to be not smaller than the one holding forward in time, according with the model.

In order to retrace the analysis performed in Subsection 4.1, we need to introduce auxiliary (non-delayed)
systems that mimic the “worst-case” behaviour of the delay system (1.1). Since the considered initial conditions
are supposed to satisfy Assumption 4.11, we first define a scalar function that models the maximal gap between
i(0) and i(—h). Namely, for any L,h > 0, we consider the Lipschitz continuous function %y : R — R (see
Fig. 2) defined by

—iM, if i < —ip; — Lh,
b)) =i+ Lh, if —in —Lh<i<in — Lh, (4.25)
M, if ipg — Lh < 1.

As done in Subsection 4.1, we are now going to introduce additional state-space curves which characterize the
(maximal) forward invariant and viable sets with past in C of (1.1) (see Def. 2.10). Actually, we characterize
the boundaries of these regions by providing the “worst case behavior” for the two cases b = 8 and b = 4,
respectively. We will thus consider (backward) solutions of (1.1) with an artificial value of i(t — h), fixed equal
to ¥ 5 (i(t)), as formalized in the sequel. It is worth noting that if Lh > ips than we have 1y 5, (i) = iy for any
1 > 0 and we recover exactly what we done in Subsection 4.1. The backward solution for b = 8 with initial point
s(0) = /B, i(0) = ipr, will be proved to define the boundary I'g 1, 5 of the forward invariant set, in orange in
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Yr,n(7)

IM T

ipng—Lh [3Ys

FIGURE 2. The truncating function v, 5 defined in (4.25).

Figure 3. An analogous construction will be done for b = f, to obtain the boundary I'g, 1 of the maximal
viable sets.

4.2.1. Construction of the curve I'g 1,

Let us consider the non-linear differential equation

(4.26)

S(t) = Bs(thpra (D)),
() = —Bs(DL(i()) +ild).

The right-hand side in (4.26) is locally Lipschitz, and since |9, (i)] < ipr for all ¢ € R, we also have that
|(Bsthr,n (1), =Bsthr,n(i) + 7i)|max < A[(S,7)[max, V(s,4) € R?, (4.27)

for a suitable A > 0. This implies that, for any prescribed initial condition, the solution to (4.26) is unique and
globally defined, see [38], Theorem 2.17. We thus denote by ¥gs 1, = (Ss,.n, 28,0,n) : R4 — R? the solution
to (4.26) corresponding to the initial condition (s(0),i(0)) = (3, 7ar). We define

Tg.1,n = Sup{fz 0 | 7ﬁ,L,h(t) >0Vte [0,7?)}.

Let us denote 3g,1, 5 1= limtﬁT;L . 55.2.1(t). Since the solutions to (4.26) satisfy s(t) = sge” JowrnGm)dr anq
(i) > 0 for any ¢ € Ry, we have that Sg 15, is strictly positive and strictly increasing in [0, 73,1, 1)

Thus, we can define I'g 1, : [§,5p,2,n) — R4 as the function representing the curve Vg 15 in [0,T3,,n) as
a graph i(s) = I'g 1 (s). In Lemma A.2 in Appendix we show that I'g 1, 5, is strictly decreasing and concave in
[5.88,2,n). Since lims_@[;L ) I'g,1.n(s) > 0, we have that 5g 1, 5, is finite. In turn, this implies that T 1, 5, < +00.
Indeed, suppose by contradiction that Tp,1,n = +00; then 55 1 ;. (t) = 855 L. (t)VL,n(18,0,1(t)) > yLh for all
t € (0,T3,0,n) = (0,400), in contradiction with 5g 15 = lim, ;-  3g,1,1(t) < 4+00. Moreover, recalling that

B,L,h

58,1,1(t) is continuous and strictly increasing, Tz 1 5 < +o0o implies that

lim Tgrn(s)= lim Tgra(Ssrnt)= lm 7510t =0,

SA):S‘\E,L,h =Ty 1 t—=T5 1 h

where the last equality follows by definition of Tz 1, . We can thus extend I'g 1, ;, on the closed interval [%, S8.1.h)
by setting I'z 1 1(53,1,n) = 0. See Figure 3 for a graphical representation of such curve.
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FicuRE 3. The figure shows qualitative graphs of the curves introduced in
Theorem 4.14, Lemma 4.19 and Proposition 4.20. In orange we plot the graphs of the
functions I'g 1, 5, and I'g, 1, 5. In black the curves I'g and I'g, corresponding to the case studied
in Subsection 4.1, while in blue the curves I'g g and I'g, o corresponding to the (invariant and
viable) sets in the delay-free case.

4.2.2. Construction of the curve I'g, . p

Similarly, denote by Vs, 1. n = (35,.0,h, 75,.1,n) : Rt — R? the solution to the differential equation

{s’(t) = Bus(t)rn(i(t)) (4.28)

i'(t) = —Bus(t)r n(i(t) + vi(t)

with initial condition (s(0),(0)) = (4, in). We consider T, 15 = sup{t > 0| 23+ ,n(t) > 0 Vt € [0,t)}, define
S8,.L,h = hmt*Tﬁi,L,h 5s, 1,1 (t), and represent the curve Wg, 1 : (0,73, .n) — R* asagraphi(s) = I'g, x(s),
with I'g, r.n : [%,gg*,L’h) — R4, see Figure 3. In Lemma A.2, it is proved that I'g, 1, is concave and strictly
decreasing, also implying that Sg, 15 is finite. Arguing as before, we can thus extend I's, 1 by continuity on
[%;‘/S\ﬁ*,L,h] by setting Fﬂ*,L,h(/S\ﬁ*,L,}J =0.

We can now provide the viability result.

Theorem 4.14. Consider the sets R, R, C C defined in (4.8), and define the sets A n, Br.n C C by

AL,h = RU {(S,i) eT | CES [%7/8\5’[/’}1}, 1 < Fﬁ7L,h(S)}7
(4.29)

Brp = R, U {(Sai) €T|se [%»gﬂ*,hh]a i < FB*,L,h(S)}
*

The following propositions hold.

1. Ap p is the mazimal forward invariant set with Cr, ... -past in C.
2. Brn is the mazimal viable set with Cp ... -past in C.

Proof. The idea behind the proof is essentially the same of the proof of Theorem 4.2, and it relies on Lemma 2.7
and Corollary 2.11. We start by proving that Ay, = {¢ € Cp ... | #(0) € AL, ¢(s) € C Vs e [—h,0]} is
forward invariant. As always, it is enough to consider ¢ € Ay, ;, such that ¢(0) € 0Ay j, and prove that Fyy(¢) C
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T, ,(#(0)) N By.,..(0,L). By (4.24), it sufficies to prove that

Fy(¢) € Ty, (¢(0)). (4.30)

Let us consider two cases.

1. Giventheset D = {(s,i) € T'| s < 3}, we note that AND = A N D. Hence, in D the analysis performed for
A in Theorem 4.2 applies also to Ay, ,. Therefore, the inclusion (4.30) holds true in the case ¢(0) € 0Ar ,ND.

2. In the remaining case, in which ¢(0) = (s, 40) with so € (3,5s,,n] and io = I'g,,n(s0), We denote the unique
normal vector (up to positive scalar multiplication) to Az at (so,i9) by v = (v1,v2) € R?\ {0}. It is, by
definition, perpendicular to the tangent vector (1,I; ; ; (s0)). Since I'; ;  (s0) < 0 (by Lem. A.2), we have
that v; > 0,v9 > 0, and (by normality)

0 = v1Bs0¢r,n(i0) — v2Bs0%r 1 (t0) + voyio = —(v2 — v1)BsoYr k(o) + v2yio, (4.31)

also proving that vy > v1. We note that, by Assumption 4.11, we have ig(—h) < min{ias, 30+ Lh} = ¥r 5 (d0).
Considering any b € [y, 8] and using (4.31), we obtain

(v, f(¢,0)) = (v2 — v1)bsoig(—h) — vayio < (vo — v1)Bs0r,n(i0) — vayip = 0,

which proves (4.30) also in this case.

This concludes the proof of forward invariance of Ay ;. The proofs of maximality of Ar j; and assertion (2)
follow by arguments similar to the ones provided in the proof of Theorem 4.2, and are left to the reader. O

Differently from the viability analysis performed in Theorem 4.2, the regions defined in Theorem 4.14 do
depend on the delay parameter h > 0. We will show that they converge, in a sense we are going to clarify,
to the invariance/viability regions for the delay-free case, as h — 0. To this aim, let us summarize here the
main viability and invariance results obtained in [23], Section 2 for the delay-free system of ordinary differential
equations

{s/(t) = —b(t)s(t)i(t), (4.32)
' b(t)s(t)i(t) — vi(t).

~
<
—~
~
~
I

Theorem 4.15 (Theorem 2.3, [23]). The following propositions hold true for the delay-free system (4.32).

1. The maximal forward invariant set contained in C (the all-control zone A in [25]) , is given by
A :={z=(s,9) € C|s<Tgo(s)},
where

Tgo(s) = {iM’ Fo0<s<3p (4.33)

%—I—z’M—s+%log(gs), if s

(AVARVAN
@R ®

2. The mazimal viable set contained in C (the feasible set B in [25]), is given by

By :={x = (s,i) € C'| s <Tg, 0(s)},
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where

Fo o(s) in, ifO<s< 4,
B.,0(8) = , . ) ¥
FFiv—s+ %log(%s), ifs> 4.

Remark 4.16. We have chosen to denote the maximal sets by A and By instead than A and B as in [23] to
stress the fact that these sets corresponds to the delay h = 0.

We now study and characterize the dependence of the sets Ay, and By j on the parameter 2 > 0, and their
relations with the sets A, B defined in Subsection 4.1 for an arbitary continuous initial condition, and the sets
Ag, By corresponding to the delay-free case. To these aims, we introduce the Cauchy problems

(So) : {x/(t)) = 9(a(t)), (4.34a)

(Sen) {x'u)) = 912 (1)) (4.34b)

with x = (s,1), g(x) := (8si, —Bsi +~i) and g () := (Bs¢¥r (i), —Bstr n(i) +vi). We note that the system

in (4.34b) has been already considered in (4.26), and the function I'g 1, 5, introduced immediately after, is the

graph, in the (s, i)-plane, of the solution to Sy, . Similarly, for s > %, the function I'g ¢ appearing in (4.33) is the

graph of the solution to the delay-free problem (4.32) with b(t) = 3, as well as to its time-reversed version Sy.
As a preliminary step, we study the asymptotic behaviour of the solution to Sp.

Lemma 4.17. The Cauchy problem Sy admits a unique solution x(t) = (s(t),i(t)), t € Ry. Moreover, it satisfies
the following properties:

1. s and i are strictly positive;

2. s is strictly increasing, and i is non increasing;

3. limyy 40 8(t) =: 85,0 < +00 and limy_, 4 o0 i(t) = 0;

4. 3p,0 is equal to the unique element of [, +00) such that I'zo(S,0) = 0.

Proof. Since g is a smooth function, then it is locally Lipschitz and there exists a unique solution defined on a
maximal interval [0,7), 7 > 0.

(1) By integration we have s(t) = %ef(; Bi€)dE > 0 and i(t) = ippelo (PO dE 5 0 for all ¢ € [0,7).

(2) Since s'(t) = Bs(t)i(t) > 0 for all t € [0,7), we have that s is strictly increasing. Similarly, i'(t) =
—Bs(t)i(t) +vi(t) < —B%i(t) +vi(t) < 0, proving that i is non-increasing.

As a consequence, we have

|9(s(8),i(8))| < Binels(®)] +vina

for every ¢ € [0, 7), which implies that 7 = oo (otherwise, the solution could be extended on a right neighborhood
of 7) and the solution exists on [0, +00) as claimed in the first part of the statement.

(3) By summing the equations, integrating in [0, t] and substituting the function (¢) under the integral with
its expression obtained by the first equation, we get

i) = 2 4 ing — s(t) + L1og(Zs(t)) vt eR,. (4.35)

3 B o8y®
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The limits in (&) exist by monotonicity. If, by contradiction, §g,9 = +oco then the previous equation would imply
lim¢—, 100 @(t) = —o0, leading to a contradiction with (7). Assuming, by contradiction, that lims_, . i(t) =:
78,0 > 0, we have that there exists ¢ > 0 such that

s'(t) > /3%”;0 =120 50, vix 4,
contradicting 55,0 < +o00.
/) By taking the limit as t — 400 in (4.35), we get 0 = L + 1457 — S50 + 2% log 8%5.0), that is, T'50(35.0) =0
B B, B ~°B, B,0\°8,
see (4.33)). The uniqueness simply follows by the strict monotonicity of I'g o in the interval [, co). O
B, B

Remark 4.18. Also the Cauchy problem Sy ; admits a unique solution zp, 5 (t) = (spn(t),ir,4(t)), t € Ry.
Moreover, sy, p, is strictly positive but (it is easy to prove that) iy must take also negative values.

We are now able to prove the aforementioned convergence result.

Theorem 4.19. Let us consider h > 0, h' > 0, L > 0 and the sets defined in Theorem 4.2, Theorem 4.14 and
Lemma 4.15. The following propositions hold.

1. If Lh > iy, thenAZAL,h andeBL,h.
2. AQAL,h anngBL,h.
3. Ifh Z h/, then AL,h g AL,h/ and BL,h g BL,h’-

4- Upso AL = Ao, and U~ Br,n = Bo.

Proof. Proposition (1) follows by the fact that, if Lh > ips, then ¢ 5 (¢) = ipr for all 4 > 0 and thus the curves
defining A, Ay, , and B, By, j, coincide, i.e., I'g =I'g 1 5 and I'g, =I'g, 5 in their respective domains.

About (2), we recall from Subsection 4.1 that I'g is the restriction to [},3p] of the solution to the scalar
32537 with initial condition z(%) = ip, see (4.6). Similarly, by dividing the
equations in (4.26), I'g 1, turns out to be the solution to

differential equation i'(s) = —1 +

7i(s)

) = =1 GG

(4.36)

with the same initial condition. Since ¢y, 5, (i) < i for all i € R, by the Comparison Lemma (see for example [38],
Lem. 1.2) we have

Ts(s) <Tprn(s) Vs e %,ﬁﬁ],

proving that A C Ay ;. The proof of the inclusion B C By, j, follows the same argument.

Proposition (3) follows again by a similar comparison argument, noting that, if A’ < h, then ¢, 5/ (i) < ¥ (%)
for all i € R.

To prove (4), we first show that (J,-, Ar,n € Ao. Let us start by recalling that I'z o(s), for s € [%,?570], is
the graph of the solution to the delay-free problem (4.32) with b = . Hence, it is the solution in [%, $5,0] to the
scalar differential equation

i(s) = -1+ L
()= -1+
with initial condition i(3) = ép. On the other hand, we have already seen that I'g 1, in [4,5s,1,n], is the

solution to (4.36) with the same initial condition i(}) = is. Since m <1 for all i € [0,ip] and all h > 0,
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we have, again by a comparison argument, that I's 1 (s) < I'so(s) for all h > 0 and for all s € [}, 5p,2,]. This
in particular yields Ar , C Ag for all h > 0, implying (- Az,n € Ao.

Since Ag = int(Ap), to prove the converse inclusion it is enough to show that

int(Ao) € | J AL.n- (4.37)
h>0

To this aim, it is useful to recall that, as s > 3, the curves I's g and I'g z 5, defining the (boundaries of) the sets
Ap and Ay j, are the graphs, in the (s,4)-plane, of the solutions to the problems (Sp) and (S 5), respectively.
Thus, as a preliminary step, we prove that the solutions to (Sg ) defined in (4.34b) pointwise converge, as
h — 0, to the solution to (Sp) defined in (4.34a), by verifying the hypotheses of Lemma A.3. Let us denote by
z = (3,7) : Ry — R? the solution to (Sp) and by 1., = (sp.h,irns) : Ry — R? the solution to (Sg ). It can be
proved that the vector fields gr, » : R? — R? are uniformly locally Lipschitz, i.e., for any compact set K C R"
there exists a Mg > 0 such that

lgr.n(21) — 90,0 (22)|max < Mk |21 — Z2|max, VR >0, V1,20 € K, (4.38)

by using the inequality |, 5 (32) — ¥r,n(41)] < min{2ips, |32 — 41|} for all i1, 2 € R and all A > 0. By Lemma 4.17,
there exists a compact set @ C [}, 400) X [0,in] such that that () € Q, for all ¢ € R;. We also note that
Y1, 5 converges uniformly to the identity Id(i) =4 in [0,4a] as h goes to 0. Thus, gz, 5 is converging uniformly
to g in Q. Recalling the sublinear bound in (4.27), all the hypotheses of Lemma A.3 are verified. We can thus
conclude that }lllg}) xrn(t) = z(t), for all t € Ry,

Let us now consider any point z = (s,,7.) € int(Ag). If z € A, then (4.37) trivially follows by point (2). Let
us thus suppose that z € int(Ap) \ 4, i.e., % < s, < 3g,0 and max{0,Tz(s;)} < i, <Tgo(s;). By Lemma 4.17,
since s, < $g,o there exists T, > 0 such that 5(7,) > s,. By Lemma 4.17 we also have 7(7,) > 0. By pointwise
convergence of xy j to T, there exists h > 0 small enough such that sp.a(Ty) > s, for all h < h. Thus, by
continuity of sy, 5, for any h < h we can choose 75, € (0,T;) such that sz () = s.. In (0,h), the function
h +— 75, is bounded from below by 0 and bounded from above by T, and thus there exists a sequence h,, — 0"
such that ngrfoo Th, = T for some 7 € [0,T}]. By Lemma A.3 we have that, up to a subsequence, xp , — T

uniformly in [0,7%], as n — +00. We thus have:

Jim T, (s2) = Mm L, (szn, (h,) = Hm ipn, (mh,) = 27) = L o(s:).

Since i, < I'g(s,) this implies that there exists h, > 0 such that
iz < FB,L,hz (sz) < FB,O(sz)v

implying that z € Apn, C UysoAL,n- We have thus proved that int(Ag) C (U~ AL,n, as claimed.
The argument for By, ;, and By is similar. O]

In Figure 3 the results of Lemma 4.19 can be visualized in a particular case.

As in the case studied in Subsection 4.1, Theorem 4.14 provides a tool in designing a feedback control policy
(the so-called greedy control strategy). To be concise, we develop here only the technical details and send back
the unaccustomed reader to Subsection 4.1 for an introduction to the greedy control strategy.

Given the set of functions

Buyi= {6 €Cp s | 6(0) € B, 6(s) €C Vs € [—h, 0]},
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we consider, for every ¢ € By, p,, the greedy control strategy

g = i —b) = 4.
L. (9) argbeUrélng((ﬁ)G(ﬁ ) =maxUs, , (¢), (4.39)

where

Usy,(9) :={b e [B, 8] | f(¢,b) € Dp, ,(9)}-

By computing the maximum in (4.39), as done in Lemma 4.6 for the continuous initial conditions case, one
obtain the following explicit expression

3, if qf)(O) € BL,h \ (Sl U SQ’L’}L)7
brn(¢) = { min {5, %}, if ¢(0) € 51, (4.40)

54(0)ig(

14 (0 .
min {8, 3, 2L2L4E0Y - if 6(0) € Shpn,
with the convention 1/0 = +o0. In the expression above, the set S; is the same defined in Lemma 4.6, while

SQ’Lyh = {(S,i) eT ‘ s € [l,

ﬁ gﬁ*,L,h} and 7= I‘B“L’h(s)},

where g, 1.n : [57,88,.2,n] = [0, 0] represents the solution of (4.28) in the plane (s, 7).
The properties of the greedy control policy and the resulting controlled (closed-loop) solutions are summarized
in the following statement.

Theorem 4.20 (greedy control policy for Lipschitz continuous initial conditions). Given the function Fy, :
Brn — R? defined by Frn(¢) = f(¢,br.n()) (see (2.1)), there exists a solution x4 : [—h,+0o0) — R? to the
Cauchy problem

z'(t) = Frn(S(t)x), (4.41)
S(O)$=¢€BL7h. ’
Given any ¢ € By, we have that
1. xy(t) € Bry, for allt € Ry.
2. Defining by, .6 : Ry — [Bx, 5] by
brno(t) = bra(S(t)zs), (4.42)

it holds that B
(a) x4 is the unique solution to the Cauchy problem (1.1)~(1.2) with b =br j, 4;

(b) br n.e is eventually constant equal to f;
(c) the corresponding cost (4.15) is finite.

Moreover, if ¢ € Br, N To (i.e. avoiding the trivial case of iy identically zero in [—h,0]), then
3. there exists a T =T(¢) > 0 such that z4(t) € R for allt > T.
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Remark 4.21. The control policy ’I;LJW : Ry — [Bs, f] in (4.42) can be rewritten as follows:

N B, if (s¢(t),i¢(t)) € Br,n \ (S1US2,0.n),
brns(t) = min {8, oy}, if (s6(t),is(1)) € S, (4.43)
min {8, B, LAY i (5,(2),76(2) € So.

Proof. The proof relies on arguments similar to the ones of Theorem 4.7, using the viability analysis performed
in Theorem 4.14. A preliminary step to the proof of existence of a solution to the Cauchy problem (4.41),
consists in noting that

Fpn(¢) = f(¢7gL,h(¢)) € D5, ,(¢) = Tp,, (6(0)) N By.,..(0,L) V¢ € B (4.44)

This is a direct consequence of the fact that fl;Lyh(gb) € Us, ,(¢) for every ¢ € B, which implies (4.44) by
definition of Ug, , (¢).

Under this condition, the existence of solutions x4 to (4.41) is proved as in Lemma A.1 in Appendix, together
with the property S(t)xzy € Br p, for all t € Ry, which implies S(¢)z4(0) = z4(t) € Br p, for all t € Ry. Then,
part (1) of the statement is proved.

The proof of the remaining part of the statement proceeds exactly as done in the proof of Theorem 4.7, just
under the necessary notational adaptation. O

A direct consequence of Proposition 4.20 in terms of the optimal control problem P, defined in Problem 4.3
is stated below.

Corollary 4.22. Given any h > 0 and any L > 0, the optimal control problem Py admits a solution with a
finite cost, for any initial condition ¢ € By, .

5. EXAMPLES AND NUMERICAL SIMULATIONS

In the sequel, with the aid of numerical examples, we illustrate the greedy control schemes introduced in the
previous section (Thm. 4.7 and Thm. 4.20).

In all examples, the epidemic parameters are chosen according to the state of knowledge of the COVID-19
epidemic in Ttaly in autumn 2021 (see [31], Ex. 4.3). Consequently, we specialize (1.1) by choosing

v =0.0714, B=05, B, =0.185, iy = 0.02L.

The reader interested in understanding how such parameters have been chosen is refereed to [31], Example 4.3.
An appropriate latency period would be between 4 and 6 ([43-45]). We consider here a delay h = 6, which is
large enough to appreciate the effect of the delay in numerical computations.

Example 5.1 (constant initial condition). We start by considering a constant initial condition ¢o(t) = g :=
(s0,%0) := (0.45,0.001) for all ¢t € [—h,0]. This means that, at time 0, we have a small fraction of infected
population, and almost half of the remaining individuals are susceptible. Moreover, this constant initial condition
case models an isolated-in-time spreading event at time —h; then, nothing happens (s and 4 stay constant) till
time 0 after which the infection can be transmitted.

Since hmax{f3,~v} > 1, for every L > 0 satisfying (4.23) we have Lh > ips;. By Theorem 4.19 (1), this implies
that the control strategy described in Subsection 4.2 is equivalent to the one introduced in Subsection 4.1.
Roughly speaking, the delay parameter h = 6 is large enough to prevent any gain in imposing the Lipschitz
condition in Assumption 4.11. We thus consider the “greedy” control policy by, described in Theorem 4.7. This
is possible, since it can be verified that ¢¢ belongs to viable set B (see Thm. 4.2).
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FIGURE 4. Solutions for the constant initial condition ¢g(t) = z¢ = (0.45,0.001). The dotted
black lines in the pictures above represent the optimal control upep,(t) and the value of ipcp(t),
respectively, as computed by Bocop. The red lines represent the greedy control uge, (t) = 8 —
bg, (t) described in Theorem 4.7, and the i-component of the solution, respectively, computed
with MATLAB. In the pictures below, on the left, we plotted the trajectory of the solution x4,
corresponding to the greedy control ug,, with the curves S; and Sy in Theorem 4.7 plotted in
dotted red and black lines, respectively, together with the curve I'g, representing the boundary
of the set A defined in Theorem 4.2, plotted in green. On the right, the same plot for the
solution x4, corresponding to the control upcp.

The numerical computation of the greedy control wug,(t) := S —5¢0 (t) and the corresponding solution
Tpo = (S¢g,t¢,) are performed in MATLAB and plotted in red in Figure 4. In the same figure, we compare
the performance of this control strategy with the “optimal” one numerically obtained by the algorithmic opti-
mal control toolbox Bocor ([46]), and denoted by upep. In the most recent versions, BocOP handles certain
classes of delay problems, including the one considered here, for a constant initial condition. As a template for
the numerical simulation we used Example 9.1 in [47]. We have chosen the Gauss’s II method and a discretiza-
tion detail of 10 time steps per day. It can be observed that the two control actions appear to be close one to the
other. On the other hand, it can be noted that g, starts its action earlier with respect to ucp, as illustrated in
zoomed detail inside the small bottom-right box of Figure 4. Moreover, differently from the optimal one up.p,
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FIGURE 5. The value of the cost J for different constant initial conditions in B. On the right,
the viable zone B of the (s, 7)-plane is represented with different colors for different values of J.
The color scale goes from dark green, corresponding to a null cost, to light yellow corresponding
to the highest values. The curve in black, crossing the set B, represents the relative boundary
(T's) of the set A. On the left, the 3D graph of the map = — J(z).

the control strategy ue, does not provide any time interval at the maximum regime (3, (corresponding to a
lockdown policy), according to what already expected in Remark 4.8 (2).

The suboptimality of ug, is also highlighted by the numerical computation of the costs. Considering for
simplicity G = Id in (4.15), it reads

“+o0 +oo
J(tgy) = / un(®dt= [ B0 (5.1)

and MATLAB returns the value J(ug,) = 38.766, while BoCOP gives J(upep,) = 38.5263.

It is worth noting also that, while BocOP provides an approximated optimal solution in some minutes, the
computation time of the suboptimal greedy strategy with MATLAB is of the order of a couple of seconds.

In order to further analyze the effectiveness and performance of the greedy control strategy, in Figure 5 we
plot the function  — J(x) := J(ugy,) by considering constant initial conditions ¢, (t) = z in [~h, 0], for = € B,
and where ug, = 3 — bs, with by, defined in (4.20). As expected, the value of J(z) is 0 when x € A, while J
increases in value as the initial condition approaches the set S; U Sy C OB (using the notation in Thm. 4.2, see
also Fig. 1).

We then apply the greedy control policy described in Theorem 4.7 to different initial conditions (reaching
the same point (sg, i9) = (0.45,0.001) € T at time 0). This allows us to evaluate the dependence of the control,
the corresponding solution and the corresponding cost, on the past/delayed behaviour of the initial condition.

Example 5.2 (exponentially decaying initial condition). We now consider the situation in which at time t = —h
there is an initial proportion of exposed population that is not infectious, but it is recovering with rate equal
to 7. We thus consider ¢; : [—h, 0] — R? defined by

$1(t) = (s0,i0e” "), t€[—h,0]. (5.2)
The constancy of the s-component of the initial condition can be assumed without loss of generality, because the

dynamics in system (1.1) does not depend on the delayed value of s. It can be numerically verified that ¢; € B,
and thus the control introduced in Theorem 4.7 is feasible also for this initial condition. The control ug, and
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FIGURE 6. The control ug, obtained, via Theorem 4.7, for the initial condition ¢; defined
in (5.2), and the corresponding infected population i4,.

i¢2 (t)
cAim

FIGURE 7. The i-component of ¢5 defined in (5.3), in the interval [—h, 0].

the corresponding i-component of the solution, ¢, , are depicted in Figure 6. Compared to the constant initial
condition case depicted in Figure 4, we note that we have a slightly “perturbed behaviour” of the i-component
in the first time steps, due to the greater value of the initial condition in [—h, 0]. Besides this slight discrepance
in the very short term, the proposed feedback control u,, and the corresponding behaviour of the solution are
qualitatively equivalent to the ones obtained with the constant initial condition ¢q. Also the cost J(¢p1) = 38.799
is again close to the cost J(¢g) corresponding to the constant initial condition.

Example 5.3. We finally consider a third initial condition motivated by mathematical interest. We take
¢2 : [—h,0] — R? defined by

. iap — lo
¢2(t) = (SOa 1o + 1 “5h (1 - e5t))7 te [_hv 0}7 (53)
—e
i.e., we consider an exponentially decreasing i-component, starting at ¢ = iy; at ¢t = —h and reaching ¢ = iy at

t = 0. The function 44, : [~h,0] — R is illustrated in Figure 7, and it models an initial condition close to the
“worst case” used in the proof of Theorem 4.7: it remains close to the maximal admissible iy; before rapidly
decreasing to the initial value 7.

The resulting solution and control are depicted in Figure 8. With respect to the previous cases of Figure 4
and Figure 6, we note that we have an initial non-monotonic evolution of the i-component and of the control
ug,. We also note that the control action starts earlier, since the solution reaches earlier the curve Sy defined
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FIGURE 8. The control ug, obtained, via Theorem 4.7, for the initial condition ¢, defined
n (5.3), and the corresponding infected population i4,. In the upper-right squares, we highlight
the non-monotonic behaviour of ug, and 44, in the initial part of the epidemic horizon.

in Theorem 4.7 (as can be numerically verified). This discrepancy is also reflected by the value J(¢2) = 41.004,
which is larger than the costs corresponding to the initial conditions ¢y and ¢, previously computed.

6. CONCLUSIONS

This paper is concerned with a viability analysis and control synthesis of a delayed SIR model under an
ICU state-constraint, where a constant delay represents an incubation/latency time. As a by-product of the
considered functional viability tools, we provided feasible control actions driving the solutions to a safe set,
according to a cost functional to be minimized. Two scenarios were examined: in the first the initial conditions
are simply continuous, while in the other they satisfy a suitable Lipschitz continuity assumption. In the latter
case, we studied the dependence of the obtained results on the delay parameter. The theoretical developments
have been illustrated via a numerical example inspired by the recent COVID-19 epidemic.

As a consequence of the viability analysis, we obtained that the forward invariant and viable zones in the
delayed case are smaller than the corresponding ones for the undelayed problem, and their amplitude is non
increasing as a function of the delay. This suggests, as expected, that the controller should be conservative and
anticipate his/her action with respect to what he/she would have done in the absence of a delay. Qualitatively,
on the other hand, the control action is similar to the case without delay, and the greedy strategy turns out to
be rather effective. In practice, under viable initial conditions, it consists in putting in action the algoritms

e (4.21), if no sufficient information is available on the very first part of the epidemic (for instance in case
of a new unknown epidemic), or
e (4.43), if the epidemic behavior is sufficiently known since the beginning.

In particular, supposing that the initial state belong to the set B\ (S1 U Sz) (with S5 replaced by S 15 if we

are opting for the second strategy), the controller should do nothing till the epidemic trajectory reaches the
boundary regions S7 (i.e., ¢ = ips) or S, and only then

1. if Sy is reached, then approximate the saturation regime i = ip; by taking b(t) = min {,8, e Z”(ft h)}

until reaching the immunity threshold s = 7,

. if Ss is reached, then keep the trajectory close to the boundary by taking b(¢) = min {6 B wL ”(l t))}

(Wlth ¥ n(i) =i if we are opting for the first strategy) until the set Sy is reached and then proceed as

in the previous step.
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Of course if, instead, the initial state belongs to Sy (resp. S2 or Sz ) then it is enough to implement the
control action (1) (resp. (2)) since the beginning.

This control scheme is provided in a state-feedback form and thus the controller only needs to observe the
evolution of the epidemic in the previous h time units to efficiently implement the strategy.
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APPENDIX A. TECHNICAL PROOFS
In this Appendix we collect some technical results.

Lemma A.1. Assume that F(¢) € Ds(¢) for any ¢ € B. Then, there ezists a solution x4 to the Cauchy problem (4.19).
Moreover, any mazimal solution is global, i.e., dom(xg) = [—h,+00), for all € B, and it holds that S(t)xy € B, Vt €
Ry. A similar result holds when B is replaced by Br.n, and F is replaced by Fr .

Proof To prove the existence of solutions, we consider first a convex regularization of the (possibly discontinuous) map
: B — R?, by considering the set-valued map G : B~ R? , defined by
&(6) {F(9)} = {f($.8)}, if ¢(0) € B\ (S1US), (A1)
co{f(#:8),F(6)}. if 9(0) € S1U S, '

Note that if ¢(0) € Si, we can also write G(¢) = co{f(¢,B), f(¢, min{B, S(p(o’;’:f( h>})} while, if ¢(0) € Sz we have

G(¢) = co{f(¢, B), f(¢, min{B, B.- - Z(Mh) }. The map G : B ~» R? is obtained by considering the Krasovskii regularization

(see [48], Def. 2.2 for the definition for finite dimensional maps) of the F : B — R? in B, defined by

G(¢) = [ co{F(¢) | ¢ € Buo(¢,2) N B},

e>0

where Boo(¢,€) 1= {¢ € C | sup,e_y, g [¢(t) = (t)|max < e}. By definition, G : B — R? has non-empty, compact and

convex values, and F(¢) € é((b) for all ¢ € B. We now prove that G is also upper semicontinuous, i.e.,
Vo €B, Ve >035>0such that ¢ € Boo(4,0) N B = G(p) € G(8) + By (0, €).

Let us take ¢ € B and proceed by cases.

1. If ¢(0) € B\ (81U Ss), the conclusion easily follows by observing that G(¢) = {f(¢,8)}, the map f(-,8) : B — R? is
continuous with respect to || - ||oc in B and the set B\ (S1 U S2) is relatively open in B.

2. If ¢(0) € Sy \ Sz, we distinguish the following two sub-cases.
(a) If ig(—h) = 0, there exists § > 0 such that, if ||¢ — ¢||c < J then

Yim Yim
B8 < < - )
(55 +0)8 ~5(0)ip(—h)

and thus b(p) = 8, implying G(¢) = {f(¢, 8)}, and concluding the proof in this case.
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(b) In the case is(—h) > 0, we note that for any &’ > 0 there exists § > 0 such that ||¢ — ¢|lec < & implies

ij\j iI\/I
Yim _ g <.

56(0)ig(—h) 54(0)ip(=h)1 —

Given € > 0, by continuity of f : C x U — R?, of the min operator, and by the previous inequality, there exists a
0 > 0 such that [|¢ — ¢|lec < ¢ implies

() = co{f (¢, ), (. min{B, %})}

(0)ip(—h)
. Yim
g co {f(¢7 ﬂ) + BHmax (07 5)7 f((ba mln{67 m} + B|'|max(078)}
_ . Yinr X
= co{f(#,B), f(¢, min{p, m})} + Bl e (0,8) = G(@) + By, (0,€),

where we used the fact that, for any z1, 22 € R™ and any convex set K C R" it holds that
co{z1 + K, 2o + K} = co{z1,22} + K.

We have thus proved the upper semicontinuity in this case.
3. Let ¢(0) € S2 \ S1. The case ig(—h) = 0 can be treated as in the previous case. If ig(—h) > 0, the claim follows by
continuity of the function i — B*i% when ¢ # 0, by adapting the argument of the previous case.
4. For ¢(0) € S1 N S2 = {(5-,inm)}, it suffices to recall that in this case we have

Yim i

5o ()ig(—h) ~ P ig(-hy

and the same continuity argument can thus be applied.

Summarizing, the set-valued map G:C—R" is upper semicontinuous with non-empty, compact and convex values.
By assumption, F(¢) € Di(¢) for all ¢ € B. Since F(¢) € G(¢) for all ¢ € B, this implies

Gp)NDp(p)#o VoeEB.

We can thus apply [24], Theorem 1.1 (which is the local version of Thm. 2.9) proving that, for any ¢ € B there exist a
7> 0 and a function x4 : [~h,T) — R? satisfying

zy(t) € é(S(t)xd,) for a.e. t € [0,7),
S(0)zy = ¢, (A.2)
S(t)xy € B YVt €[0,7).

The fact that 7 = 400, i.e. that maximal solutions are defined on [—h, +00), follows again by viability analysis, since B
is compact and thus solutions cannot explode in finite time, see [24], Page 12, Proof of Theorem 1.1.

To conclude the proof we show that, for any ¢ € B, the only viable direction in G(¢) is given by the vector F(¢),
that is

{F(¢)} = G(#) N Ds(9) Yo € B, (A:3)
thus proving that any solution to (A.2) is a solution to (4.19).
By definition of G (see (A.1) and the two lines after) the claim is trivially true if, either,

° ¢(O) S B\ (Sl USQ)7 or
° ¢(O) €51 and 8 < %, or
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e ¢(0) € Sz and 3 < Bﬁ

We then proceed by analyzing the following two remaining cases, only. To this aim it is useful to note that, by Lemma 2.7,
the claimed proposition (A.3) is equivalent to

{F(¢)} = G(¢) N Ts(8(0)) V¢ € B. (A.4)

1. Let ¢(0) € S; and 8 > %. Considering the vector v = (0, 1), normal to B at ¢(0), and recalling (2.1), we
have

R I p—L — '}
and

(v, £(#,8)) = Bss(0)ig(=h) = vip(0) > 0.

Hence, by convexity, (v,g) > 0 for all g € G(6), g # F(¢). This proves (A.4), and hence (A.3), in the current case.
2. If ¢(0) € Sz and B > ﬁ*%l%h), we can argue as in the first part of the proof of Theorem 4.7, case (c). There, we

proved that, denoted by w € R? the unique normal vector (modulo positive scalar multiplication) to B at ¢(0), it
holds

and (w, f(¢,8)) > 0. Now, by convexity, we have (w, f) > 0 for all f € é(qb), f# ﬁ(qﬁ), concluding the proof.
O

Lemma A.2. For any value of v > 0, 8> B, > 0,0 <iyn <1 and for any h > 0, the functions I'g,pn : [%,gg’[,,h) — Ry
and U, Ln: [6%7§B*,L,h) — R4 defined in Subsection 4.2 are strictly decreasing and concave. Moreover, the sets Arp.n
and Brn defined in Theorem 4.1} are convez.

Proof. We recall that I's,L,n : [%,55,L,n) — R is defined as the graph in the plane (s, ) of the solution of (4.26) with initial
condition (s(0),4(0)) = (3,inm). Since stpr,n(é) > 0 for all s € [%,55,.,1) and i € [0,+00), we can divide the equations
in (4.26) by this quantity, obtaining that I'g 1, is solution to the differential equation

d . ~i(s)
—i(s)=—-14+ ——F—,
as " = 7 B o)
with initial condition (%) = iar, in the interval [}, 35p,1,n). For simplicity, in what follows we write I's,,n(s) := i(s), for
all s € [%,3\5)1,,;1).
First we note that %(%) =0 and
d?%i v 1
Ly =-Z<o.
ds? (,3) ~ <

This implies that 7 is strictly decreasing in a right-neighborhood N of s(0) = 7 and, hence, i(s) = I'g,,n(s) < in for all
s € N. On the other hand, as long as ¢ < iy and s > %, we have

di N

ey <
ds(s)_ +ﬂ5<0’
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since m <1 for all i <ip. This implies that i is strictly decreasing in [}, 5p,,n), and by definition of 5 1,n we
also have that i(s) > 0 for all s € [%fs\g,L,h). We now show that its derivative is also decreasing, proving concavity. By
definition of v, 1, (i(s)), we have

i(s) X, if ing — Lh < i(s) < in,
Yrn(i(s)) o, 0 <i(s) <in— Lh.
We note that both the functions z i and z — ﬁ are strictly increasing in [0, +00); since we have proved that
i(s) is strictly decreasing in [},55,1,1), s0 is s % Then the function
di ~i(s)
s —(8) =14+ —"—A—|
as Bshr,n(i(s))

is also decreasing, concluding the proof of concavity of I's,,n in [F,55,L,1)-

The set Ap  defined in (4.29) is then convex, since defined as the intersection of the convex set T' with the hypo-graph
of a concave function.

The proof for I's, .L.n : [5-,356.,0,n) = Ry is similar. O

Lemma A.3. Given an interval I = [0,7) (with, possibly, T = +00), consider a continuous function g : R™ — R™ and
xo € R™. Suppose there exists x : I — R"™, solution to

@'(t) = g(z(t), =(0) = zo,

and that there exists a compact set Q C R™ such that z(t) € Q for allt € 1. For a given a > 0, for any h € (0,a) consider
gn : R = R" such that:

e gp is uniformly converging to g in Q as h — 0,
e gn are uniformly locally Lipschitz, i.e., for any compact set K C R™ there exists Mk > 0 such that

lgn (1) — gn(z2)] < Mk|z1 — x2|, Vh € (0,a), V1,22 € K. (A.5)
e g are uniformly sublinear in norm, i.e., there exist A > 0, B > 0 such that
lgn(x)| < Alz| + B, Vhe€ (0,a), Vx € R". (A.6)
Let us denote by yn : I — R™ the solution to
y' () = gn(y(®), y(0) = 0.
Then g is Lipschitz and sublinear in norm in Q, and we have

lim |z(t) —yn(t)| =0 Vtel.
h—0+

Moreover, for every compact interval J C I, there exists a sequence hy, — 0 such that yp, converges uniformly to x on J.

Proof. Let us fix t € I. By (A.6), using Gronwall’s inequality (see [38], Lem. 2.7) we have that

lyn(t)| < R := |zo|e™ + Z(eAt —1), Yhe (0,a). (A7)
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Given the compact set K = Q U B (0, R), consider Mx > 0 as in (A.5). Now, for all h € (0,a), we have

lun (£) — (t)] < / 191 (un(0)) — g(x(6))] db
< / 191 (un(8)) — gn(x(8)) | d6 + / 191 (2(8)) — 9((0))| db
< My / lun(6) — 2(6)] d6 + / 191 (2(6)) — g((6))) do

By uniform convergence, for every £ > 0 there exists h € (0,a) such that, for any h < h, it holds that (recall that ¢ is
fixed)

() — 2(t)] < M / 1un(6) — 2(6)] d6 + <.

Applying again the Gronwall’s Inequality ([38], Lem. 2.7) this implies that
[y (t) — 2 (t)] < ee™'x".
We have, thus, proved that

limn [y (8) — ()] =0,

as required. Let us now take a compact subinterval J C I. By (A.7), the functions y; are uniformly bounded on J, i.e.,
there exists C' > 0 such that |y (t)] < C for all h € (0,a) and for all ¢ € J. Moreover, by (A.6) we have |gn(t)] < AC + B
for all for all h € (0,a) for all ¢ € J. In other words, the derivatives of the functions y; are uniformly bounded in J
and this implies that the functions y; are equicontinuous on J. By Ascoli-Arzela’s theorem, there exists a subsequence
Yh,, that uniformly converges on J. By the pointwise convergence proven above, we then have yp, — z uniformly on J,
concluding the proof. O



	Viability and control of a delayed SIR epidemicwith an ICU State Constraint
	1 Introduction
	2 Notation and preliminaries
	2.1 The delayed SIR model: notation and existence of solutions
	2.2 Viability for delay systems: general theory and first results
	2.3 Viability for the delayed SIR model

	3 Qualitative analysis of solutions
	4 Viability analysis and control
	4.1 Arbitrary feasible initial conditions
	4.1.1 Construction of the curve 
	4.1.2 Construction of the curve 

	4.2 Lipschitz continuous initial conditions
	4.2.1 Construction of the curve ,L,h
	4.2.2 Construction of the curve ,L,h


	5 Examples and numerical simulations
	6 Conclusions

	References
	Appendix A Technical proofs


