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Abstract

Using the nice properties of the w-divisible weight and the w-divisible groups, we prove a
factorization theorem for compact abelian groups K; namely, K = Ktor × Kd, where Ktor is
a bounded torsion compact abelian group and Kd is a w-divisible compact abelian group. By
Pontryagin duality this result is equivalent to the same factorization for discrete abelian groups
proved in [9].

1 Introduction

The main concept used in this paper is the following one, introduced and studied in [5]. We denote
by w(G) the weight of a topological group G, while N+ indicates the set of positive integers.

Definition 1.1. Let G be a topological abelian group. The divisible weight of G is

wd(G) = inf{w(mG) : m ∈ N+}.

A topological abelian group G is w-divisible if w(G) = wd(G) ≥ ω (i.e., w(mG) = w(G) ≥ ω for every
m ∈ N+).

In particular, an infinite discrete abelian group G is w-divisible if and only if |mG| = |G| for every
m ∈ N+.

This definition is different from the original definition from [5], where instead of w(mG) = w(G) ≥
ω one imposes the stronger condition w(mG) = w(G) > ω, which rules out all second countable
abelian groups (in the discrete case all countable abelian groups). Since this is somewhat restrictive
from the point of view of the current paper, we adopt this slight modification here.

It is worth to observe also the following relation of the divisible weight with a previously defined
cardinal invariant of abelian groups. Indeed, in [14] (see [8, §35]) the final rank of an abelian p-group
G, for p a prime, was defined as

finr(G) = inf
n∈N

rp(p
nG),

where rp denotes the p-rank. Since finr(G) = wd(G) in case rp(p
nG) is infinite for every n ∈ N+, the

divisible weight can be viewed as a natural generalization of the final rank to all (topological) abelian
groups.
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In Section 2 we recall known general properties of w-divisible abelian groups and we prove some
new results, paying a special attention to the discrete case.

Let wD be the class of all w-divisible discrete abelian groups; it is worth underlining immediately
that this class contains those of all torsion-free abelian groups and of all divisible abelian groups. Since
these classes are respectively the torsion-free class and the torsion class of two different torsion theories,
following [2, 11] we recall that a pair (T ,F) of non-empty subclasses of the category of (topological)
abelian groups is called a torsion theory if and only if:

(a) Hom(T, F ) = 0 for every T ∈ T and every F ∈ F ;

(b) T and F are maximal with respect to (a).

Moreover,

(i) T is a torsion class if and only if it is closed under quotients, coproducts and extensions;

(ii) F is a torsion-free class if and only if it is closed under subobjects, products and extensions.

Every torsion theory t = (T ,F) can be obtained by means of a radical r as follows (see [2]). A
preradical r associates to every abelian group G its subgroup r(G) in such a way that f(r(G)) ⊆ r(G)
for every homomorphism of abelian groups f : G→ H. The preradical r is a radical if r(G/r(G)) = 0
for every abelian group G. It is an idempotent preradical if in addition r(r(G)) = r(G) for every
abelian group G.

If r is an idempotent preradical, let Tr = {G : r(G) = G} and Fr = {G : r(G) = 0}. It is known
that if r is an idempotent radical, then tr = (Tr,Fr) is a torsion theory. For every torsion theory
t = (T ,F) one associates an idempotent radical as follows. For every abelian group G there exists a
unique greatest subgroup Gt of G such that Gt ∈ T and G/Gt ∈ F (with Gt =

∑
{T ⊆ G : T ∈ T }).

Moreover, the correspondence rt : G 7→ Gt is an idempotent radical (if t is hereditary, then rt is
hereditary too). So starting from an idempotent radical r, we have that rtr = r. In other words, there
is a bijective correspondence between all idempotent radicals and all torsion theories.

The torsion-free abelian groups and the torsion abelian groups form the fundamental example of
torsion theory; indeed, the torsion abelian groups are the torsion class Tt of this torsion theory, while
the torsion-free abelian groups form the torsion-free class Ft; here t is the radical associating to every
abelian group G its torsion subgroup t(G). Furthermore, recall that an abelian group is reduced if it
has no non-trivial divisible subgroup; the reduced abelian groups and the divisible abelian groups form
another torsion theory, where the divisible abelian groups are the torsion class Td and the reduced
abelian groups are the torsion-free class Fd; here d is the radical associating to every abelian group
G its maximal divisible subgroup d(G).

Going back to the class wD of all w-divisible discrete abelian groups, note again that wD contains
the torsion-free class Ft of the first named torsion theory and the torsion class Td of the second one.
What remains outside of wD are the bounded torsion abelian groups; more precisely, if B denotes
the class of all bounded torsion abelian groups, then wD and B have trivial intersection. So now we
discuss the properties of the pair (B, wD) with respect to those of torsion theories.

The choice of this specific pair is corroborated by the forthcoming discussion. Indeed, in analogy
to the concept of reduced abelian groups versus divisible abelian groups, one would like to consider
that of w-reducibility versus w-divisibility; in this direction one can define a topological abelian group
G to be w-reduced if G does not contain any non-trivial w-divisible subgroup. It is easy to see that
the w-reduced abelian groups are precisely the bounded torsion ones (see Lemma 2.7).

In the following table we summarize the stability properties of the classed wD (see Section 2) and
B, to better understand the situation of the pair (B, wD), which is not a torsion theory, but appears
to be something like a torsion theory with the stability properties mixed in some way.
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extensions subobjects quotients products coproducts

wD yes no no yes yes
B yes yes yes no no

In particular, this shows clearly that wD is not a torsion-free class neither a torsion class of some
torsion theory, and analogously B cannot be a torsion class. On the other hand, it should be desirable
to introduce some general notion of “mixed” torsion theory that captures the pair (B, wD). Indeed,
with respect to the pair (B, wD) we discuss and prove a decomposition theorem. Going into the
details, in [9] the following decomposition theorem was proved; we state it using the terminology of
w-divisibility.

Theorem 1.2. [9, Lemma 4.1] Let G be a discrete abelian group. Then G = Gtor ⊕Gd, where Gtor is
bounded torsion and Gd is w-divisible.

In the dual situation (with respect to Pontryagin duality), this factorization was already pointed
out in [5, Remark 4.8] in the case of abelian pro-p groups. For a discrete abelian group G, we denote
by Ĝ the Pontryagin dual of G; in this case Ĝ is a compact abelian group. Moreover, G is bounded
torsion precisely when Ĝ is bounded torsion and G is w-divisible precisely when Ĝ is w-divisible. So
in Section 3 we prove the following decomposition theorem for compact abelian groups K. Indeed, we
see that such a group K can be split as a direct product of a bounded torsion compact abelian group
and a w-divisible compact abelian group. As explained above, it is worth to observe clearly that by
Pontryagin duality our theorem is equivalent to [9, Lemma 4.1] (here Theorem 1.2).

Theorem 1.3. Let K be a compact abelian group. Then K splits topologically in a direct product
K = Ktor × Kd, where Ktor is a bounded torsion compact abelian group, while the compact abelian
group Kd is w-divisible.

As an application of Theorem 1.3 we find the same factorization for some non-compact topological
abelian groups, for example for an abelian group endowed with its Bohr topology (see Corollary 3.5).
One of the reasons for which the factorization is available for the Bohr topology is that it is a functorial
topology, so in particular it distributes on finite direct products (see for example [8] for more details
on functorial topologies).

Let us thickly underline at this point that the factorization K = Ktor ×Kd of Theorem 1.3 is not
unique, and the subgroup Kd is w-divisible, but it is not necessarily the greatest w-divisible subgroup
of K (see Example 4.1).

In particular, this shows that to the pair (B, wD) it is not possible to associate a radical as in the
case of torsion theories described above. Indeed, for example the sum of all w-divisible subgroups of
an abelian group G is not necessarily w-divisible.

We leave open the following problem, asking for a possible generalization of the factorization given
by Theorem 1.3 and up to where this extension is available.

Problem 1.4. (a) Find a topological abelian group G admitting no factorization as in Theorem 1.3.

(b) Can Theorem 1.3 be extended to all locally compact abelian groups?

In the final Section 4 we collect some applications of Theorem 1.3 to the problem of finding dense
free abelian subgroups of compact groups, recently studied from different point of views in [1] and [3].
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2 w-Divisible groups

We start this section recalling the general properties of w-divisible abelian groups proved in [5].

Lemma 2.1. [5, Lemma 3.1] Let G =
∏
i∈I Gi where each Gi is a topological group. If Gi is w-divisible

for every i ∈ I, then G is w-divisible.

The quotient of a w-divisible abelian group need not be w-divisible; indeed, take for example Jcp
and its quotient Z(p)c, where p is a prime and Jp denotes the p-adic integers and Z(p) the cyclic group
with p many elements.

Lemma 2.2. [5, Claim 3.2] Let G be a topological abelian group.

(a) There exists m ∈ N+ such that wd(G) = w(mG) = wd(mG); in particular, mG is w-divisible.

(b) If H is a subgroup of G, then wd(G) ≥ wd(H) and wd(G) ≥ wd(G/H);

(c) If G is precompact and L is a precompact continuous image of G, then wd(G) ≥ wd(L).

Lemma 2.3. [5, Claim 3.6] If n ∈ N+, G1, . . . , Gn are topological abelian groups and G = G1×. . .×Gn,
then wd(G) = max{wd(G1), . . . , wd(Gn)}. In particular, G is w-divisible if and only if Gi is w-divisible
for some i = 1, . . . , n such that w(G) = w(Gi).

This works with a finite number of groups but fails to be true in general taking infinitely many
groups; indeed, for example take K =

∏
p Z(p)ω1 with Kp = Z(p)ω1 , then wd(K) = w(K) while

wd(Kp) = 1 for every prime p.

We state explicitly some clear properties of w-divisible discrete abelian groups that apply in the
proof of Theorem 1.3 given below. Note that the first two in (a) and (b) follow directly from the
definitions and from the properties of the weight. The statement in (c) is a corollary of (b) since for
an abelian group G the quotient G/t(G) is torsion-free, hence w-divisible. Furthermore, the property
in (d) can be given in a stronger form, requiring only the subgroup of maximum cardinality to be
w-divisible.

Lemma 2.4. Let G be a discrete abelian group.

(a) If G =
⊕

i∈I Gi for a family {Gi : i ∈ I} of subgroups of G, and Gi is w-divisible for every i ∈ I,
then G is w-divisible.

(b) If H is a w-divisible subgroup of G and G/H is w-divisible, then G is w-divisible.

(c) If t(G) is w-divisible, then G is w-divisible.

(d) If the subgroups H1, . . . ,Hn of G are w-divisible, then also H1 + . . .+Hn is w-divisible.

In spite of item (a) and unlike the property of divisibility, the weaker property of w-divisibility is
not preserved under taking direct limits. Moreover, note that if G is a w-divisible abelian group and
B is a bounded torsion abelian group such that w(B) ≤ w(G) (so |B| ≤ |G| in case the groups are
discrete), then G×B is still w-divisible.

Remark 2.5. Let G be a discrete abelian group. Item (c) of Lemma 2.4 states that G is w-divisible if
its torsion subgroup t(G) is w-divisible. Write now t(G) =

⊕
p tp(G), where tp(G) is the p-torsion part

of G for every prime p. By Lemma 2.4(a) we have that t(G) is w-divisible if tp(G) is w-divisible for
every prime p. Clearly, the converse implication does not hold true in general. On the other hand, the
Pontryagin dual of a torsion abelian group G is a totally disconnected compact abelian group K, and
the w-divisibility of such K is discussed in details in [5, §4] in terms of the topological p-components
Kp (which correspond to the p-torsion parts of G) since K =

∏
pKp.
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The following easy relation between the divisible weight of a compact abelian group and that of
its discrete Pontryagin dual group was already observed in [5].

Lemma 2.6. Let G be a discrete abelian group. Then wd(G) = wd(Ĝ).
Consequently, G is w-divisible if and only if Ĝ is w-divisible.

Proof. Let K = Ĝ. Since nG ∼= n̂K for every n ∈ N+, one has |nG| = w(nK), hence the conclusion
follows.

In the following proposition we see that the bounded torsion abelian groups, that clearly are
precisely the w-reduced abelian groups, coincide also with the abelian groups admitting no non-trivial
w-divisible quotient.

Proposition 2.7. Let G be a discrete (or compact) abelian group. Then the following conditions are
equivalent:

(a) G has no non-trivial w-divisible subgroups (i.e., G is w-reduced);

(b) G is bounded torsion;

(c) G has no non-trivial w-divisible quotient.

Proof. We prove the result for a discrete abelian group G, the compact case follows by Pontryagin
duality and applying Lemma 2.6.

(b)⇒(a) and (b)⇒(c) are trivial. To see that (a)⇒(b) use the fact that there exists always m ∈ N+

such that mG is w-divisible by Lemma 2.2(a), so mG = 0 by hypothesis.
(c)⇒(b) Assume that mG 6= 0 for every m ∈ N+. We find a non-trivial w-divisible quotient of G.
By our assumption, for every m ∈ N+ there exists gm ∈ G such that mgm 6= 0. Let H = 〈gm :

m ∈ N+〉; in particular, H is countably infinite and is not bounded torsion. By Zorn’s Lemma there
exists a subgroup M of G maximal with respect to the property M ∩H = 0. Let q : G → G/M be
the canonical projection. Then q(H) ∼= H as M ∩H = 0, and by the maximality of M in G we have
that q(H) is essential in G/M . This implies that G/M is countably infinite. We see that m(G/M)
has the same cardinality of G/M for every m ∈ N+. To this end let m ∈ N+; as |G/M | ≥ |m(G/M)|
it suffices to see that m(G/M) is infinite. This holds true as mH is an infinite subgroup of m(G/M),
since H is not bounded torsion.

Observe that the stronger property contained in the equivalence (a)⇔(c) does not hold for the
classical reduced abelian groups. Indeed, there exist examples of reduced abelian groups with divisible
quotients, such as Z(ω) that admits a surjective homomorphism onto Q. On the other hand, if an
abelian group G has no divisible quotients, then it has no divisible subgroups. To complete this com-
ment on Proposition 2.7, we add that abelian groups G with no divisible quotients were characterized
in [6] for example as those abelian groups admitting no surjective homomorphism on Z(p∞) for any
prime p, where Z(p∞) denotes the Prüfer group.

We show now that the class of w-divisible abelian groups contains that of monothetic groups. In
the compact case this can be considered as a particular case of Theorem 1.3.

Proposition 2.8. Let G be a monothetic group. Then G is w-divisible.

Proof. Let x be a topological generator of G, that is G coincides with the closure of C = 〈x〉 ∼= Z; in
particular, w(C) = w(G) as C is dense in G. Let m ∈ N+; we have to verify that w(mG) = w(G). Since
mC is dense in mG, we have w(mC) = w(mG). Moreover, mC has finite index in C, so also the closure
mC of mC in C has finite index in C, so mC is open in C and therefore w(mC) = w(mC) = w(C).
now we can conclude that w(mG) = w(mC) = w(C) = w(G), as wanted.
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The last part of this section is dedicated to the w-divisibility of three specific functorial topologies.
We start recalling that the Bohr topology of an abelian group G is the initial topology of all homomor-
phisms G → T = R/Z, namely, the characters of G, where T is equipped with the compact quotient
topology of R/Z; we denote by G] the abelian group G endowed with its Bohr topology, which is in
particular a precompact abelian group.

We give now the following consequence of the nice property of the Bohr topology to have the
maximal possible weight, that is

w(G]) = 2|G| (2.1)

for any abelian group G. The second part of the proposition is an independence result in ZFC.

Proposition 2.9. Let G be an abelian group. If G is w-divisible then G] is w-divisible.
Moreover, the validity of the converse implication is independent in ZFC.

Proof. By the equality in (2.1) and by hypothesis, for any m ∈ N+ we have

w(mG]) = 2|mG| = 2|G| = w(G]),

hence wd(G
]) = w(G]).

Assume GCH (Generalized Cardinal Hypothesis). If G] is w-divisible, then by (2.1) we have that

2|mG| = w(mG]) = w(G]) = 2|G|

for every m ∈ N+. By GCH we can conclude that |mG| = |G| for every m ∈ N+, that is G is
w-divisible.

Assume now LH (Lusin Hypothesis), that implies the equality 2ω = 2ω1 . Let G =
⊕

ω Z⊕
⊕

ω1
Z(2).

Then G] is w-divisible, while G is not w-divisible. Indeed, |G| = ω1 and |2G| = ω, so G is not w-
divisible. On the other hand, by (2.1) we have w(mG]) = w(G]) for every m ∈ N+, hence G] is
w-divisible.

We consider now other two functorial topologies. Indeed, for an abelian group G, the profinite
topology γG has all finite-index subgroups as a base of the neighborhoods of 0, while the natural
topology νG has the countable family of subgroups {mG : m ∈ N+} as a base of the neighborhoods of
0.

It is worth to recall that in [4, Theorem 2.13] it was proved that for any abelian group the profinite
topology is the infimum of the natural topology and the Bohr topology. Moreover, the profinite
topology coincides with the Bohr topology precisely when the abelian group is bounded torsion.

We recall the following two computations of the weight respectively of the natural and the profinite
topologies given in [4, Theorem 3.6 and Theorem 3.3]. We first remind that an abelian group G is
residually finite if G is isomorphic to a subgroup of a direct product of finite abelian groups; moreover,
G is residually finite precisely when γG is Hausdorff. In this case we have

w(G, νG) = ω · sup{|G/pG| : p prime} (2.2)

and
w(G, γG) = ω · sup{2|G/pG| : p prime}. (2.3)

Using these equalities we can prove the counterpart of Proposition 2.9 also for the natural and the
profinite topology, assuming the abelian group G to be also torsion-free, so necessarily w-divisible.

Proposition 2.10. Let G be an infinite residually finite torsion-free abelian group. Then (G, νG) and
(G, γG) are w-divisible.
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Proof. Let m ∈ N+. Since G is torsion-free, we have that |G/pG| = |mG/pmG| for every prime p. By
the equality in (2.2) and by hypothesis,

w(mG, νG) = ω · sup{|mG/pmG| : p prime} = ω · sup{|G/pG| : p prime} = w(G, νG).

Since m ∈ N+ was chosen arbitrarily, we conclude that wd(G, νG) = w(G, νG).
By the equality in (2.3) and by hypothesis,

w(mG, γG) = ω · sup{2|mG/pmG| : p prime} = ω · sup{2|G/pG| : p prime} = w(G, γG).

Since m ∈ N+ was chosen arbitrarily, we conclude that wd(G, γG) = w(G, γG).

3 Splitting compact abelian groups

We define now a special kind of direct products and direct sums of cyclic p-groups, that give rise to
direct products of cyclic p-groups which are w-divisible.

Definition 3.1. Let p be a prime and let αn be cardinals for n ∈ N+. A direct sum
⊕

n∈N+
Z(pn)(αn)

or a direct product
∏
n∈N+

Z(pn)αn is called uniform if for every n ∈ N+ there exist infinitely many
m ≥ n such that αm ≥ αn.

Consider the product K =
∏
n∈N+

Z(pn)αn and set

αK = sup
n∈N+

αn.

For every n ∈ N+, let βn = supm≥n αm, and note that this is a descending sequence:

αK = β1 ≥ β2 ≥ . . . ≥ βn ≥ βn+1 ≥ . . . ;

in particular βn ≤ αK for every n ∈ N+. So let also

γK = min
n∈N+

βn;

clearly, in general γK ≤ αK .
In case the product K is equipped with the product topology, then αK = w(K), moreover βn =

w(pn−1K) for every n ∈ N+ and so γK = wd(K). So we have the following

Lemma 3.2. Let p be a prime, let αn be cardinals for n ∈ N+, and let K =
∏
n∈N+

Z(pn)αn. Then
the following conditions are equivalent:

(a) K is uniform;

(b) γK = αK ;

(c) K is w-divisible.

Before giving the proof of Theorem 1.3, we need to prove the following particular case.

Lemma 3.3. Let p be a prime, let αn be cardinals for n ∈ N+, and let K =
∏
n∈N+

Z(pn)αn. Then
there exists m ∈ N+ such that

K = Ktor ×Kd,

where Ktor =
∏m
n=1 Z(pn)αn is bounded torsion and Kd =

∏∞
n=m+1 Z(pn)αn is w-divisible.
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Proof. In the above notations, there exists m ∈ N+ such that γK = βm, so that for every n > m in
N+ one has βn = βm, i.e., there exist infinitely many k ∈ N+ such that αk ≥ αn. This m works, as
Kd =

∏∞
n=m+1 Z(pn)αn is uniform by construction, hence w-divisible in view of Lemma 3.2.

Now we recall another particular case of Theorem 1.3, pointed out without proof already in [5,
Remark 4.8]. For reader’s convenience we show how to deduce it from [5, Remark 4.5].

Lemma 3.4. Let p be a prime. Theorem 1.3 holds true for every abelian pro-p group K.

Proof. Let X = K̂ be the discrete Pontryagin dual of K, which is a p-group. According to [5, Remark
4.5], there exists a subgroup B of X, such that

(a) B =
⊕

n∈N+
Z(pn)(αn) for some cardinals αn with n ∈ N+;

(b) for every m ∈ N+, letting

B1,m =
m⊕
n=1

Z(pn)(αn) and B2,m =
∞⊕

n=m+1

Z(pn)(αn),

the group X factorizes as
X = Xm ⊕B1,m, (3.1)

where Xm = pmX +B2,m.

By Lemma 3.3 applied to the Pontryagin dual
∏
n∈N+

Z(pn)αn of B, we can choose m ∈ N+ in such a
way to have the “tail” B2,m of the direct sum B = B1,m⊕B2,m to be w-divisible. Since psB2,m remains
w-divisible for every s ∈ N, by choosing m eventually bigger, one can achieve to have simultaneously
pmX w-divisible. Then Xm = pmX+B2,m is w-divisible by Lemma 2.4(d) as a sum of two w-divisible
subgroups.

Hence, the factorization in (3.1) provides a factorization K = Ktor ×Kd of K, where Ktor = B̂1,m

is bounded torsion and Kd = X̂m is w-divisible by Lemma 2.6.

We are now in position to prove our decomposition theorem.

Proof of Theorem 1.3. Assume first that K is totally disconnected. Then K splits in a direct
product K =

∏
pKp, where Kp is a pro-p group for every prime p. By Lemma 3.4, Kp = Bp × K∗p

where Bp is bounded torsion and K∗p is w-divisible. Then K∗ =
∏
pK
∗
p is still w-divisible by Lemmas

2.4(a) and 2.6. Let B =
∏
pBp and let pkp be the exponent of Bp for every prime p. If B is w-divisible,

then K = B ×K∗ is w-divisible too by Lemmas 2.4(a) and 2.6, so we are done.
Assume now that B is not w-divisible, so wd(B) < w(B). By Lemma 2.2(a) there exists m ∈ N+

such that mB is w-divisible. Denote by π the finite set of prime divisors of m and let

B′ =
∏
p∈π

Bp and B′′ =
∏
p∈P\π

Bp.

Taking eventually a power of m in place of m, one can achieve to have mB′ = 0, i.e., B′ = B[m],
where B[m] = {x ∈ B : mx = 0}. Moreover, mB′′ = B′′. Hence, from B = B′ × B′′ one concludes
that mB′′ = B′′ = mB is w-divisible. Therefore, Kd = B′′ ×K∗ is w-divisible by Lemmas 2.4(a) and
2.6, and we get the desired factorization

K = B′ × (mB ×K∗) = B′ × (B′′ ×K∗) = B[m]×Kd.

This concludes the totally disconnected case.
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Consider now the general case and the totally disconnected quotient K/c(K). According to the
above argument, K/c(K) splits in a direct product K/c(K) = B × D, where B = (K/c(K))tor is
bounded torsion and D = (K/c(K))d is w-divisible.

Let q : K → K/c(K) be the quotient map, and let K0 = q−1(B). Then the compact group K0 has
c(K0) = c(K) and K0/c(K0) ∼= B bounded torsion. Therefore, K0 splits, i.e., K0

∼= c(K0)×K0/c(K0).

Indeed, the annihilator c(K0)
⊥ of c(K0) in the discrete abelian group K̂0 is bounded torsion, as c(K0)

⊥

is topological isomorphic to the dual group of K0/c(K0), which is bounded torsion. It is known that

a bounded torsion subgroup of a discrete abelian group splits, so in this case K̂0
∼= ĉ(K0) × c(K0)

⊥,
therefore K0

∼= c(K0)×K0/c(K0).
In particular, there exists a continuous section s : K0/c(K0) ∼= B → K0, that is a (necessarily

injective) continuous homomorphism. Then B∗ is in the range of s and so it is bounded torsion,
q(B∗) = B and K0 = c(K0) × B∗ = c(K) × B∗. Let Kd = q−1(D); then obviously K = B∗ + Kd.
To see now that B∗ ∩ Kd = 0, assume b ∈ B∗ ∩ Kd. Then q(b) ∈ B ∩ K∗d = 0, so b ∈ c(K). As
c(K)∩B∗ = 0, we conclude that b = 0. Hence, we have a direct sum K = B∗×Kd. To check that the
product topology on B∗ ×Kd coincides with the topology of K we recall that the product topology
on B∗ ×Kd is the finest group topology that induces on both component B∗ and Kd the respective
given topologies. In particular, the product topology is finer than the compact topology of K. Since
also the product topology is compact, both topologies coincide. This proves that K = B∗ ×Kd is the
desired factorization.

The following is an easy application of Theorem 1.3 and Proposition 2.9.

Corollary 3.5. Let G be an abelian group. Then G] = G]tor ×G
]
d, where Gtor is bounded torsion and

G]d is w-divisible.

4 Applications and final remarks

The following example shows that the factorization in Theorem 1.3 is not unique and that Kd need
not be the greatest w-divisible subgroup of K.

Example 4.1. Let K = ZA2 × T, where A is any uncountable set. So one can consider Ktor = Z(2)A

and Kd = T. Now KB = Z(2)B × T is w-divisible for every countable subset B of A. Hence also
K = Z(2)A\B ×KB is another factorization of K in the sense of Theorem 1.3.

One can also show that there is no greatest closed w-divisible subgroup of K. Indeed, if H is
a non-trivial closed w-divisible subgroup of K, then H necessarily contains T, so H has the form
H = L× T, where L is a closed metrizable subgroup of Z(2)A. As K itself is not w-divisible, L does
not coincide with Z(2)A, so one can find a closed metrizable subgroup L′ of Z(2)A properly containing
L. Then H ′ = L′ × T is a w-divisible subgroup of K properly containing H.

On the other hand, considering the factorization K = Ktor × Kd given by Theorem 1.3, since
Ktor is bounded torsion, there exists m ∈ N+ such that mK ⊆ Kd; therefore, one can assert that up
to multiplication by a natural number m, the subgroup Kd built in the proof of the theorem is the
greatest w-divisible subgroup of K. More precisely, if K = B×D, where B is a closed bounded torsion
subgroup and D is a closed w-divisible subgroup of K, then mKd = mK ⊆ D and m1D = m1K ⊆ Kd,
where m1 is the exponent of B.

As an application of the factorization in Theorem 1.3, and of the known result recalled in Fact 4.2,
we give now in Corollary 4.3 a new proof of the crucial implication in [3, Corollary 2] (the converse
implication is immediate); the latter result is a characterization of compact abelian groups admitting
a dense free abelian subgroup, that is the main topic of [3]. For a topological abelian group G we
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denote by d(G) the density character of G, that is the minimal cardinality of a dense subset of G;
moreover, r(G) denotes the free rank of an abelian group G.

Fact 4.2. [5, Corollary 3.9] Let K be a compact abelian group. Then r(K) = 2wd(K).

This in the above fact is fundamental relation between the divisible weight and the free rank of a
compact abelian group, namely a topological invariant and a purely algebraic one.

Corollary 4.3. Let K be a compact abelian group. Then K admits a dense free abelian subgroup if
and only if d(K) ≤ r(K).

Proof. Let F be a dense free abelian subgroup of K; then d(K) ≤ |F | ≤ r(K); in particular, d(K) ≤
r(K).

Assume now that d(K) ≤ r(K). By Theorem 1.3 we can factorize K as K = Ktor × Kd, where
Ktor is a bounded torsion compact abelian group and Kd is a w-divisibile compact abelian group. Let
m ∈ N+ be the exponent of Ktor. Then wd(K) = w(mK) = w(Kd) and r(K) = r(Kd).

By Fact 4.2 we have r(Kd) = 2wd(Kd) = 2w(Kd), in particular r(Kd) > w(Kd). Now a direct
inductive proof (see [1]) provides a dense free abelian subgroup F of Kd such that F = F ′ ⊕ F ′′, with
F ′ and F ′′ proper dense free abelian subgroups of Kd of maximal free rank, that is r(F ) = r(F ′) =
r(F ′′) = r(Kd) = r(K).

By hypothesis r(K) ≥ d(K) and d(K) ≥ d(Ktor) as Ktor is a quotient of K. So there exists a dense
subgroup D of G such that |D| ≤ r(K). Consequently there exists also a surjective endomorphism
f : F → D such that f(F ′) = D and f(F ′′) = 0. In particular, ker f ⊇ F ′′ and so ker f is dense in F ,
therefore the graph Γf of f is dense in D × F , which is dense in K = Ktor ×Kd. Hence Γf is dense
in K. Moreover, Γf ∼= F is a free abelian subgroup of K of maximal free rank.

Note that the dense free abelian subgroup F of K in the above corollary can be chosen of maximal
rank r(K), as r(K) ≥ c for a compact abelian group K.

In the next corollary we collect several applications of the factorization in Theorem 1.3 obtained
in the forthcoming paper [1].

Corollary 4.4. [1] Let K be a compact abelian group.

(a) If K admits a dense free abelian subgroup, then there exists an independent family {Fi : i ∈ I}
of size |K| of dense free abelian subgroups of K.

(b) There exists a pair of dense subgroups D1, D2 of K with finite intersection D1 ∩D2.

(c) The pair D1, D2 in item (b) can be chosen so that every dense subgroup of K contains D1 ∩D2.
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