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 A B S T R A C T

A volume-averaged population balance model is presented for predicting drop breakup in turbulent liquid–
liquid dispersions with varying dispersed-phase viscosity. The approach is based on a zero-dimensional 
population balance equation and incorporates hydrodynamic information through the cumulative distribution 
function of the turbulent dissipation rate over the vessel volume, extracted from validated single-phase CFD 
simulations. Using the cumulative distribution of turbulent dissipation rate, instead of reconstructing its 
probability density function through histogram binning, yields numerically stable solutions, faster quadrature 
convergence, and substantially fewer discretization nodes.

The model is evaluated against a dedicated experimental dataset covering nine operating conditions, 
obtained by combining three dispersed-phase viscosities with three impeller rotation speeds. Drop size dis-
tributions were measured, enabling assessment of both moment-based metrics and distribution-level features. 
Analysis of these data motivated a novel, flexible daughter distribution function based on a weighted sum 
of two beta distributions. The formulation captures asymmetric and multimodal fragment patterns at high 
viscosity and improves the representation of the small-diameter region, especially the number-weighted mean 
size and the left-hand tail, while classical shapes remain adequate at low viscosity.

Across all conditions, the model predicts the Sauter mean diameter with deviations ranging from approxi-
mately 5% at low viscosity to about 50% at high viscosity. The increasing discrepancies with viscosity highlight 
the need for more accurate breakup rate descriptions and for experiments resolving daughter size statistics at 
high viscosity ratios. Overall, the framework provides a practical route for screening breakup models and for 
analysing viscosity effects in turbulent dispersions while retaining the full drop size distribution.
1. Introduction

Liquid–liquid dispersions are widely used in extraction and reaction 
engineering. The interfacial area is controlled by the balance between 
interfacial forces and turbulent mixing, and it governs mass-transfer 
and reaction rates (Lohse and Zhang, 2020; Rodriguez et al., 2025). 
The evolution of the drop size distribution (DSD) reflects a balance 
between disruptive hydrodynamic contributions and stabilizing interfa-
cial forces, both strongly modulated by fluid properties (Ribeiro et al., 
2011; Rodriguez et al., 2025). Among these, viscosity has long been rec-
ognized as a key factor: increasing the viscosity of either phase modifies 
drop deformability, affects breakup time scales, and promotes filament 
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formation and satellite production (Calabrese et al., 1986; Grace, 1982; 
Stamatoudis and Tavlarides, 1985). These effects intensify under the 
inhomogeneous turbulence typical of mechanically agitated systems, 
where distinct flow structures, ranging from inertial eddies to intense 
shear regions, interact with drops of different sizes (Maaß and Kraume, 
2012). Recent studies further show that viscosity can alter the dominant 
breakup mechanism, shifting from eddy-mediated deformation at low 
viscosity to elongational stretching at higher viscosity, with enhanced 
satellite production (Hardy et al., 2025; Carrillo De Hert and Rodgers, 
2019, 2018). Steady-state DSDs measured in stirred tanks exhibit a tran-
sition from monomodal to bimodal shapes as dispersed-phase viscosity 
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increases, with a rapidly growing fraction of satellite drops (Carrillo 
De Hert and Rodgers, 2018). These findings highlight the need for 
models that incorporate viscosity-sensitive breakup mechanisms and 
account for the strong spatial variability of turbulent dissipation within 
stirred reactors.

Despite extensive research, reliable prediction of DSDs in mechan-
ically agitated systems remains challenging (Solsvik and Jakobsen, 
2015). Breakup events occur across a wide range of spatial and tem-
poral scales, and the governing mechanisms depend sensitively on 
viscosity ratio, turbulence intensity, and local flow topology (Liao and 
Lucas, 2009; Solsvik et al., 2013). Modest variations in viscosity can 
lead to qualitatively different fragmentation pathways and markedly 
different DSDs, especially in the small-𝑑 tail where satellite drops 
accumulate. These complexities make it difficult to transfer breakup 
models between operating conditions and highlight the need to account 
for the spatial variability of turbulent dissipation and for the effect of 
viscosity on breakup.

Accurate DSD measurements are essential for understanding
breakup mechanisms and validating population balance models. Over 
several decades, a broad range of experimental techniques has been 
developed, differing mainly in image acquisition and drop detection 
strategies. Early works relied on in-situ probes or endoscopic imaging 
inside stirred tanks (Kraume et al., 2004; Maaß et al., 2010, 2011; 
Khalil et al., 2010), often combined with classical image-processing 
methods such as the Circular Hough Transform (Illingworth and Kittler, 
1988; Khalil et al., 2010; Becker et al., 2014). These approaches provide 
real-time access to the local DSD but are limited by optical distortions, 
depth-of-field constraints, and reduced sensitivity to the smallest drops. 
To overcome these issues, ex-situ and sampling-based methods were 
developed (Desnoyer et al., 2003; EL-Hamouz et al., 2009; Singh 
et al., 2008, 2009; Carrillo De Hert and Rodgers, 2019), enabling 
reliable detection of sub-100 μm drops by analysing extracted samples 
using laser diffraction or high-resolution imaging. Such approaches are 
particularly valuable in geometries where reflective surfaces, baffles, 
or small volumes hinder in-situ imaging (Hardy et al., 2025). Ad-
vances in pattern-matching algorithms (Maaß and Kraume, 2012) and 
machine-learning-based detectors (Krizhevsky et al., 2017; Ilonen et al., 
2018; Burke et al., 2024) have further improved drop identification, 
particularly for satellite drops under challenging optical conditions. 
Recent studies have also leveraged synthetic training data to improve 
performance (Bana et al., 2024).

Furthermore, the experimental information required to support 
breakup modelling is inherently distributed across multiple scales. 
Population-level measurements (Singh et al., 2009; Ribeiro et al., 
2011), single-drop visualizations (Maaß et al., 2007; Maaß and Kraume,
2012), and swarm-scale observations (Zhou et al., 2017, 2019, 2021a) 
each resolve different aspects of the fragmentation process, but di-
rect comparison is hindered by differences in operating conditions, 
fluid properties, and measurement protocols. In addition, both the 
operational definition of a breakup event and the procedures used to 
infer breakup frequencies vary markedly across studies, limiting cross-
scale consistency and, in some cases, producing estimates that are 
incompatible with the PBE framework (Håkansson, 2020). These issues 
complicate the assessment of breakup kernels and underscore the need 
for reliable datasets obtained under well-characterized flow conditions 
that are representative of the target application.

From a modelling standpoint, breakup mechanisms remain chal-
lenging to describe. Classical hydrodynamic arguments relate the max-
imum stable drop size to a balance between turbulent stresses and 
interfacial tension. In fully turbulent flows, this balance leads to the 
well-known Hinze scaling, in which the critical diameter scales as 𝜀−2∕5, 
where 𝜀 is the turbulent dissipation rate, and depends on a critical 
Weber number that incorporates material properties (Hinze, 1955). 
Viscosity further complicates this picture by influencing deformation 
dynamics and the effective stress balance. Early studies quantified 
2 
viscous dissipation within the drop and its impact on breakup thresh-
olds (Calabrese et al., 1986). Later work by Davies (1987) and Clark 
(1988a,b) linked internal viscous damping, deformation time scales, 
and the transition between inertial and viscous breakup modes, thereby 
bridging scaling arguments and PBE formulations.

This mechanistic diversity is reflected in the variety of breakup 
kernels proposed. Turbulent-eddy-interaction models, such as those of 
Luo and Svendsen (1996) and Martínez-Bazán et al. (1999), empha-
size inertial forces or energy transfer, while shear-based or capillary-
constraint models, such as those of Lehr et al. (2002) and Zhao and Ge 
(2007), highlight velocity gradients or interfacial limitations. Hybrid 
and intermittency-based formulations incorporate turbulence fluctua-
tions or multiscale interactions (Podgórska, 2006; Qi et al., 2020). 
Reviews by Liao and Lucas (2009) and Solsvik et al. (2013) pointed out 
the lack of a universal breakup model: kernels calibrated for specific 
systems may perform poorly when transferred to different geometries, 
viscosity ratios, or flow regimes.

Viscosity-driven changes in breakup mechanisms introduce further 
variability. Hardy et al. (2025) showed that increasing the viscosity 
of the continuous phase can shift breakup from eddy-driven deforma-
tion to elongational, wall-driven stretching, producing long filaments 
and numerous satellites. Similar behaviour occurs for highly viscous 
dispersed phases (Becker et al., 2014; Solsvik and Jakobsen, 2015; 
Carrillo De Hert and Rodgers, 2018). Overall, these observations in-
dicate that breakup is strongly conditioned by the local hydrodynamic 
environment, and that viscosity can modify both breakup thresholds 
and fragmentation pathways, with the largest discrepancies typically 
occurring in the small-𝑑 tail.

In mechanically agitated dispersions, breakup can be slow compared 
with turbulent mixing, so drops sample a rapidly renewed local envi-
ronment that can be described statistically (Bałdyga and Bourne, 1992). 
The hydrodynamics can then be summarized through hydrodynamic 
quantities, such as the average turbulent dissipation rate used in the 
model of Coulaloglou and Tavlarides (1977) or the volume-based tur-
bulent dissipation rate distribution of Buffo et al. (2016), while breakup 
is modelled independently as a process acting on the evolving size 
distribution. This decoupled description is most appropriate at low 
dispersed-phase volume fraction and high mixing intensity, where the 
hydrodynamics of the dispersed phase has limited influence on the 
continuous phase (Marchisio and Fox, 2013).

Accordingly, this study proposes a volume-averaged population bal-
ance model for predicting drop breakup in turbulent liquid–liquid 
dispersions. The drop size distribution is assumed to be spatially ho-
mogeneous, while the spatial variability of turbulent dissipation rate is 
retained through the distribution of 𝜀 obtained from validated single-
phase Computational Fluid Dynamics (CFD) simulations. In this sense, 
the model is simpler than a spatially resolved CFD–PBM formula-
tion, but it still accounts statistically for the heterogeneous turbulent 
environment experienced by the drops.

The turbulent dissipation rate distribution is incorporated through 
its cumulative distribution function (CDF), rather than through a proba-
bility density function reconstructed from histogram bins. This extends 
the volume-averaged approach of Buffo et al. (2016), where the spa-
tial variability of 𝜀 was included through a volume-based probability 
density function. The use of the CDF avoids the sensitivity to his-
togram discretization associated with PDF reconstruction from CFD cell 
values, while preserving the advantage of using the full dissipation-
rate distribution instead of a single representative value. This choice 
is also supported by experimental evidence showing that a single 
representative 𝜀, such as the volume-averaged dissipation rate, and 
classical Hinze-type arguments are insufficient to reproduce observed 
DSDs (Carrillo De Hert and Rodgers, 2018, 2019).

Alongside the use of the cumulative distribution of turbulent dis-
sipation rate, a flexible daughter distribution function based on a 
weighted sum of two beta distributions is introduced. The proposed 
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Fig. 1. Geometry of the stirred tank. In red, the position of the sampling tube. 
(For interpretation of the references to colour in this figure legend, the reader 
is referred to the web version of this article.)

form preserves mass, accommodates asymmetric or multimodal frag-
mentation outcomes, and captures satellite formation, which becomes 
increasingly relevant as viscosity alters breakup mechanisms. The 
model is assessed using a dedicated dataset comprising nine operating 
conditions obtained by combining three dispersed-phase viscosities 
with three impeller speeds. Full DSDs and multiple mean-diameter 
metrics are available, enabling detailed validation. While previous 
studies provide phenomenology and empirical correlations (Carrillo 
De Hert and Rodgers, 2018, 2019), comprehensive datasets explicitly 
designed for model validation remain comparatively rare. By combin-
ing the turbulent dissipation rate distribution with DSD measurements, 
the present dataset supports evaluation of both distribution-level and 
moment-based metrics. This enables quantitative assessment of breakup 
kernels and daughter distribution functions.

The remainder of this manuscript is organized as follows. Section 2 
describes the experimental system and measurement procedures. Sec-
tion 3 presents the population-balance framework, including the use of 
the cumulative distribution of turbulent dissipation rate and the two-
beta daughter distribution function. Section 5 compares predictions and 
measurements. Section 6 summarizes the main findings and outlines 
directions for future extensions.

2. The system and the experimental setup

The stirred tank used in this study was previously employed for 
liquid–liquid investigations (Laurenzi et al., 2009; Maluta et al., 2020). 
It consists of a cylindrical, flat-bottomed vessel with diameter 𝑇  and 
height 𝐻 , both equal to 232mm. The tank is equipped with four equally 
spaced baffles of width 𝑇 ∕10. Agitation is provided by a single Rushton 
turbine mounted on a central shaft. The impeller diameter is 𝐷 =
76.6mm (𝐷∕𝑇 = 1∕3) and the off-bottom clearance is 𝐶 = 𝑇 ∕2. The 
liquid height 𝐻𝐿 is maintained at 𝐻 , corresponding to a total volume 
of 9.8L. A schematic of the tank is shown in Fig.  1.

The two immiscible liquids are demineralized water, with density 
𝜌𝐶 = 1000 kgm−3, viscosity 𝜇𝐶 = 1 × 10−3 Pa s, and refractive index 
𝑛 = 1.33, and three polydimethylsiloxane (PDMS) silicone oils (Macon 
Research S.r.l.) with kinematic viscosities and densities, respectively 
equal to 2 cSt, and 867 kgm−3 (𝑜𝑖𝑙1), 10 cSt, and 941 kgm−3 (𝑜𝑖𝑙2) and 
100 cSt, and 974 kgm−3 (𝑜𝑖𝑙3). The interfacial tension for each oil is 
equal to 𝜎 = 0.021Nm−1, and their refractive index is 𝑛 = 1.43. Each 
experiment was performed by injecting 0.1% vol. of silicone oil into the 
water-filled tank and agitating at impeller rotational speeds of 500 rpm, 
600 rpm, and 700 rpm to ensure complete dispersion. Under these con-
ditions, the flow is fully turbulent, with a rotational Reynolds number 
between 50000 and 70000. By combining three impeller speeds and 
three viscosities, a total of nine operating conditions were investigated.
3 
The dispersed phase was injected near the impeller using a rigid 
needle, and each test was allowed to reach steady state for two hours. 
Local coordinates were defined using a cylindrical reference frame 
with origin at the tank bottom centre, radial coordinate 𝑟 directed 
towards the wall, and axial coordinate 𝑧 directed upward. Sampling 
was performed using a rigid PLA tube (inner diameter 7mm) inserted 
at 𝑧 = 200mm and 𝑟∕𝑇 = 0.28, while avoiding air entrainment. The 
influence of tube position, diameter, and withdrawal rate on sample 
integrity was assessed at the beginning of the campaign.

Drop size distributions were measured using a Spraytec laser-
diffraction system (Malvern Panalytical) equipped with a wet disper-
sion unit. A 100mL aliquot was collected and immediately transferred 
to the Spraytec unit. A stirrer recirculated the sample through the 
measurement cell between transmitter and receiver. Recirculation flow 
rate, sample volume, and measurement duration were adjusted at 
each operating condition. Scattered-light patterns were recorded for 
30 s and averaged over sliding 10 s windows to obtain a discretized, 
volume-weighted DSD. The measured drop-size distributions refer to 
equivalent-sphere diameters. While no direct information on drop 
shape, deformation, or topology is retained, this approach provides 
full spectral information across the entire size range, in contrast to 
the moment-based metrics most commonly reported in the literature. 
Following Triballier et al. (2003), the use of Lorenz–Mie inversion 
ensures accurate sizing of fine drops. Obscuration levels were kept 
below 10%, well below the 60% multiple-scattering threshold, ensuring 
negligible error from the correction algorithm of the instrument.

For each condition, the mean and coefficient of variation (CoV) 
of the volume fraction in each size class were determined from sev-
eral independent acquisitions. To propagate this variability to integral 
quantities, a Monte Carlo resampling approach was used Ghanem and 
Doostan (2006) and Rochman et al. (2014). Class-wise volume fractions 
were perturbed according to their measured CoV, renormalized to 
preserve total disperse phase volume, and the diameters recomputed 
for each realization. The 16th–84th percentile of the resulting ensem-
ble was taken as an approximate confidence interval. This procedure 
assumes largely uncorrelated bin-to-bin variations and captures the 
dominant experimental uncertainties (sampling, dilution, and optical 
response) without introducing unrealistic coherent ±CoV perturbations.

3. Mathematical model

As previously mentioned, the evolution of the drop size distribu-
tion (DSD) is modelled using a zero-dimensional, volume-averaged 
population balance framework. A detailed derivation of the governing 
equations is provided in Buffo et al. (2016). Starting from the definition 
of the local expected number of drops per unit volume
𝑛̂(𝑑, 𝐱, 𝑡) d𝑑 d𝐱,

representing the number of drops with diameter between 𝑑 and 𝑑 + d𝑑
located between 𝐱 and 𝐱+d𝐱 at time 𝑡, the Population Balance Equation 
(PBE) describing the evolution of the DSD can be written as (Marchisio 
and Fox, 2013; Ramkrishna, 2000): 
𝜕𝑛̂(𝑑, 𝐱, 𝑡)

𝜕𝑡
+ ∇ ⋅ (𝐔 𝑛̂(𝑑, 𝐱, 𝑡)) = 𝑆̂(𝑑, 𝐱, 𝑡). (1)

The first term on the left-hand side is the accumulation term, the second 
accounts for convection in physical space, while the source term 𝑆̂
accounts for changes in the DSD due to breakup. When mixing time 
scales are shorter than breakup time scales (Buffo et al., 2016), the DSD 
may be assumed spatially homogeneous. A volume-averaged DSD can 
then be defined as: 

𝑛(𝑑, 𝑡) = 1
𝑉 ∫𝑉

𝑛̂(𝑑, 𝐱, 𝑡) d𝐱, (2)

and by integrating each term of Eq. (1), one obtains: 
d𝑛(𝑑, 𝑡)

= 1 𝑆̂(𝑑, 𝐱, 𝑡) d𝐱, (3)

d𝑡 𝑉 ∫𝑉
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where the convective contribution vanishes due to spatial homogeneity. 
The remaining source term may depend on local flow conditions, 
particularly the turbulent dissipation rate 𝜀(𝐱), which varies strongly 
in stirred tanks. Expressing the source term in terms of the spatial 
distribution of 𝜀 gives: 
1
𝑉 ∫𝑉

𝑆̂(𝑑, 𝐱, 𝑡) d𝐱 = ∫

∞

0
𝑆(𝜀, 𝑑, 𝑡) 𝑓 (𝜀) d𝜀, (4)

where 𝑓 (𝜀) d𝜀 denotes the fraction of tank volume experiencing dissi-
pation rates between 𝜀 and 𝜀 + d𝜀. The distribution satisfies: 

∫

+∞

0
𝑓 (𝜀) d𝜀 = 1, ∫

+∞

0
𝑓 (𝜀) 𝜀 d𝜀 = 𝜀̄, (5)

with 𝜀̄ the volume-averaged dissipation rate.
Eq. (4) shows how breakup kernels can be averaged over the vessel 

volume by using the distribution of turbulent dissipation rate. If this 
distribution is introduced through a probability density function, 𝑓 (𝜀)
must be reconstructed from the discrete set of CFD cell values, typically 
by assigning the cell volumes to a finite number of bins. The resulting 
histogram depends on the selected bin width and bin boundaries. 
This dependence is most evident in the tails of the dissipation-rate 
distribution, where only a small number of cells may contribute to each 
bin, while the breakup kernel can still be sensitive to large values of 
𝜀. To avoid this histogram reconstruction, we use the corresponding 
cumulative distribution function 𝑐(𝜀) of the turbulent dissipation rate:
𝑓 (𝜀) d𝜀 = d𝑐(𝜀).

Substituting this into Eqs.  (3) and (4) yields: 
d𝑛(𝑑, 𝑡)

d𝑡
= ∫

1

0
𝑆(𝜀(𝑐), 𝑑, 𝑡) d𝑐. (6)

Eq. (6) shows that the population balance equation is still written 
for the number density function 𝑛(𝑑, 𝑡). The cumulative distribution 
function 𝑐(𝜀) enters only in the evaluation of the volume-averaged 
breakup source term, where the integration is performed with respect 
to the cumulative volume fraction, with fixed limits from 0 to 1, instead 
of using an approximation of 𝑓 (𝜀) reconstructed from histogram bins. 
In this way, the numerical evaluation does not require selecting a 
bin width or bin boundaries for the turbulent dissipation rate distri-
bution. The monotonic behaviour of 𝑐(𝜀) further improves numerical 
robustness.

This use of the cumulative distribution function should be distin-
guished from cumulative or inverse-cumulative formulations of the 
population balance equation, where the cumulative distribution of the 
particle size distribution is used as part of the numerical solution 
strategy (Peterson et al., 2022). Here, the PBE is still solved for the 
number density function, while the CDF is used only to represent the 
spatial distribution of turbulent dissipation rate.

With the breakup source term written explicitly, Eq. (6) becomes: 
d𝑛(𝑑, 𝑡)

d𝑡
= ∫

+∞

𝑑
𝛽(𝑑, 𝑙) ℎ̄(𝑙) 𝑛(𝑙, 𝑡) d𝑙 − ℎ̄(𝑑) 𝑛(𝑑, 𝑡), (7)

where 𝛽(𝑑, 𝑙) is the daughter distribution function (DDF) and the 
volume-averaged breakup kernel ℎ̄(𝑑) is: 

ℎ̄(𝑑) = ∫

1

0
ℎ(𝜀(𝑐); 𝑑) d𝑐. (8)

This formulation is particularly relevant given that, in stirred tanks, 
drop sizes and local turbulence conditions do not always fall within the 
range where inertial-subrange scaling arguments are expected to hold, 
and viscosity effects further modify the local stress environment (Car-
rillo De Hert and Rodgers, 2018, 2019). Integrating ℎ(𝜀; 𝑑) over the full 
dissipation-rate distribution provides a more consistent representation 
of the underlying physics than using a single representative 𝜀.

To model the breakup frequency of viscous drops, the kernel pro-
posed by Zhou et al. (2021b, 2022) is adopted:

ℎ(𝜀, 𝑑) =
8𝜎(1 +𝑊 𝑒)

√

2 2
𝐶1𝜇𝑑𝑑 + 𝑑 𝐶1𝜇𝑑 + 𝐶2 8𝜌𝑑𝜎𝑑(1 +𝑊 𝑒)

4 
⋅
2

√

𝜋
𝛤𝑢𝑝𝑝𝑒𝑟

(

3
2
,

9𝐶3
4𝑊 𝑒

+ (25∕18 − 1)𝐶4
3𝑂ℎ

4
√

𝑊 𝑒

)

, (9)

where 𝐶1 = 14, 𝐶2 = 8, 𝐶3 = 0.365, and 𝐶4 = 3 are the parameter values 
reported by Yu et al. (2025). Here, 𝜇𝑑 and 𝜌𝑑 are the dispersed-phase 
viscosity and density, 𝛤𝑢𝑝𝑝𝑒𝑟 denotes the regularized upper incomplete 
gamma function, and the Ohnesorge number is: 

𝑂ℎ =
𝜇𝑑

√

𝜌𝑑𝑑𝜎
. (10)

The dependence on 𝜀 enters through the integral-length scale Weber 
number: 

𝑊 𝑒 = 3
8
(2𝜋)−2∕3

1.5𝜌𝑐𝜀2∕3𝑑4∕31∕3

𝜎
, (11)

where  is the turbulent integral length scale and is taken here as 
the impeller height following Zhou et al. (2022). Including , 𝜇𝑑 , and 
𝑂ℎ relaxes the common assumption that breakup is governed solely 
by inertial-range eddies at the drop scale, as in classical kernels such 
as those of Coulaloglou and Tavlarides (1977) and Alopaeus et al. 
(2002), and explicitly accounts for viscous damping effects in the 
breakup frequency. Additionally, drop deformation is not explicitly 
resolved in the present framework, which is formulated in terms of 
equivalent diameters. Capturing three-dimensional drop morphology 
would require resolved experimental or numerical data and is outside 
the scope of the present work.

A comparison between this kernel and those of Coulaloglou and 
Tavlarides (1977) and Alopaeus et al. (2002) is shown in Fig.  2, for 𝑜𝑖𝑙1
and 𝑜𝑖𝑙3, at a representative dissipation rate 𝜀 = 10 m2 s−3. Fig.  2 shows 
that the Coulaloglou and Tavlarides model is effectively insensitive 
to dispersed-phase viscosity: the predicted curves nearly coincide for 
the two oils. In contrast, the Alopaeus kernel captures the expected 
viscosity dependence, with breakup frequency decreasing as dispersed-
phase viscosity increases; at low viscosity it converges towards the 
Coulaloglou and Tavlarides prediction, whereas at higher viscosity 
it yields smaller frequencies at fixed drop diameter. The kernel by 
Zhou et al. (2022), referred to as the Zhou kernel hereinafter, exhibits 
a similar qualitative viscosity dependence but predicts substantially 
lower breakup frequencies in the drop size range relevant to the present 
study. In particular, the breakup frequency approaches zero at a di-
ameter of about 0.3mm. For reference, the Kolmogorov length scale 
under these conditions is approximately 20 μm, suggesting that breakup 
occurs primarily in the inertial subrange. The markedly smaller breakup 
rates predicted by the formulation of Zhou et al. (2022) imply slower 
approach to steady state, an aspect not investigated experimentally here 
but suitable for future time-resolved studies coupling modelling and 
measurement. Finally, the Zhou et al. (2022) kernel does not include 
an explicit dependence on continuous-phase viscosity. This limitation is 
not critical for the present dataset, where water was used as the contin-
uous phase in all experiments, but it becomes relevant when extending 
the framework to systems in which the continuous-phase viscosity is 
varied. Continuous-phase viscosity can change the breakup pathway 
from drop–eddy interactions to filament stretching and satellite forma-
tion (Hardy et al., 2025). Therefore, future extensions should consider 
the role of both phase viscosities, supported by dedicated experiments 
in which the continuous-phase viscosity is varied systematically.

Another important aspect in modelling drop breakup is the DDF 
𝛽(𝑑, 𝑙). In our previous work (Maluta et al., 2021b), we critically 
assessed different DDF shapes and showed that the expression pro-
viding the best agreement with experiments is the one describing 
the formation of multiple daughters from a single mother drop. This 
behaviour has been recently confirmed by both numerical and exper-
imental studies (Farsoiya et al., 2023; Carrillo De Hert and Rodgers, 
2018). Although debate persists regarding whether DDFs should be U-
shaped, bell-shaped, M-shaped, or multimodal (Liao and Lucas, 2009), 
it is now evident that the breakup outcome is strongly influenced by 
the local hydrodynamics (Farsoiya et al., 2023). As a result, different 
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Fig. 2. Breakup frequency from three literature kernels as a function of mother drop diameter. Blue line: Coulaloglou and Tavlarides (1977); orange line: Alopaeus 
et al. (2002); green line: Zhou et al. (2021b, 2022). Water–oil system at 𝜀 = 10 m2 s−3. Panels: (a) 𝑜𝑖𝑙1; (b) 𝑜𝑖𝑙3.  (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.)
daughter size patterns and thus different DDF shapes can arise under 
different local flow conditions. In stirred tanks, where the hydrody-
namic environment varies widely in space and time, adopting a single 
prescribed DDF shape is therefore unlikely to be universally adequate. 
Several phenomenological DDFs have been proposed in the literature 
(Liao and Lucas, 2009), in which the distribution shape is expressed as a 
function of local hydrodynamic variables. However, these formulations 
are typically developed and calibrated under specific conditions, and 
they do not account for the wide range of hydrodynamic variability 
encountered in practical agitated reactors. For this reason, the present 
work adopts a statistical approach in which the DDF does not depend 
explicitly on hydrodynamic variables. A new, flexible DDF is introduced 
that satisfies the usual requirements, i.e., its zeroth- and third-order 
moments match the total number of fragments and the mother volume, 
while retaining sufficient flexibility to represent different fragmentation 
mechanisms. Specifically, a weighted sum of two beta probability 
density functions is considered: 
𝛽(𝑥) = 𝑁𝑠𝑝𝑠(𝑥) +𝑁𝑙𝑝𝑙(𝑥), 𝑥 ∈ (0, 1) (12)

where 𝑥 is the daughter-to-mother volume ratio (𝑥 = 𝑉𝑑∕𝑉𝑚), 𝑁𝑠 and 
𝑁𝑙 denote the number of small and large daughters, and 𝑝𝑠 and 𝑝𝑙 are 
normalized beta distributions: 

𝑝𝑖(𝑥) =
𝑥𝛼𝑖−1(1 − 𝑥)𝛽𝑖−1

𝐵(𝛼𝑖, 𝛽𝑖)
, 𝑖 ∈ {𝑠, 𝑙}. (13)

The normalization factor is: 
𝐵(𝛼, 𝛽) =

𝛤 (𝛼)𝛤 (𝛽)
𝛤 (𝛼 + 𝛽)

. (14)

The parameters 𝛼𝑖 and 𝛽𝑖 are expressed in terms of two physically 
interpretable quantities: 
𝛼𝑖 = 𝜅𝑖𝜇𝑖, 𝛽𝑖 = 𝜅𝑖(1 − 𝜇𝑖), (15)

where 𝜇𝑖 represents the mean daughter-to-mother volume ratio for 
group 𝑖 and 𝜅𝑖 controls the width of the distribution (larger 𝜅𝑖 yields 
narrower distributions). Conservation of total fragment number and 
mother volume imposes a constraint between 𝜇𝑠 and 𝜇𝑙, so that only 
one of them can be independently selected: 

𝜇𝑙 =
1 −𝑁𝑠𝜇𝑠

𝑁𝑙
. (16)

With the five parameters {𝑁𝑠, 𝑁𝑙 , 𝜇𝑠, 𝜅𝑠, 𝜅𝑙}, this DDF can represent 
a wide range of observed breakup outcomes, from symmetric binary 
splits to highly skewed fragmentation with numerous small daughters. 
Examples of the distributions generated by this parametrization are 
shown in Fig.  3. The figure illustrates how the proposed DDF 𝛽(𝑥)
covers different breakup behaviours. In the left panel, three repre-
sentative regimes are shown: a U-shaped density that concentrates 
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probability near extreme splits 𝑥 → 0, 1 (blue line), a symmetric bell-
shaped density peaked at 𝑥 ≈ 0.5 (orange line), and an M-shaped, 
bimodal density with two interior modes and a trough near 𝑥 ≈ 0.5
(green line). In the right panel, enforcing two large fragments (𝑁𝑙 = 2) 
together with many small ones produces highly skewed multimodal 
distributions with sharp peaks at small 𝑥; increasing 𝑁𝑠 and decreasing 
𝜇𝑠 shifts probability towards smaller daughter fractions and accentuates 
these peaks. The green (binary, M-shaped) and black (ten-fragment) 
curves are included only as illustrative examples of the parametrization; 
the remaining curves are those used to model breakup in the present 
systems. Overall, the parametrization provides a consistent way to 
represent daughter size distributions across breakup regimes that vary 
with viscosity and local dissipation, while remaining compatible with 
the population balance formulation used here.

4. Numerical details

4.1. Description of the CFD setup

To obtain the volume-weighted cumulative distribution function 
of 𝜀, 𝑐(𝜀), single-phase RANS simulations were performed in Open-
FOAM 11. The flow field was computed by solving the steady, incom-
pressible Reynolds-averaged Navier–Stokes equations:

∇ ⋅ 𝐮 = 0, (17)

𝜌𝐶 (𝐮 ⋅ ∇)𝐮 = −∇𝑝 + ∇ ⋅
[

(𝜇𝐶 + 𝜇𝑡)(∇𝐮 + ∇𝐮𝑇 )
]

, (18)

where 𝐮 is the mean velocity, 𝑝 the pressure, and 𝜇𝑡 the eddy viscosity. 
Turbulence was modelled using the standard 𝑘–𝜀 formulation:

∇ ⋅ (𝜌𝐶𝑘𝐮) = ∇ ⋅
[(

𝜇𝐶 +
𝜇𝑡
𝜎𝑘

)

∇𝑘
]

+ 𝑃𝑘 − 𝜌𝐶𝜀, (19)

∇ ⋅ (𝜌𝐶𝜀𝐮) = ∇ ⋅
[(

𝜇𝐶 +
𝜇𝑡
𝜎𝜀

)

∇𝜀
]

+ 𝐶1𝜀
𝜀
𝑘
𝑃𝑘 − 𝐶2𝜀𝜌𝐶

𝜀2

𝑘
, (20)

where 𝑘 and 𝜀 are the turbulent kinetic energy and its dissipation rate, 
and the turbulence production term is 𝑃𝑘 = 2𝜇𝑡𝐸𝑖𝑗𝐸𝑖𝑗 with 𝐸𝑖𝑗 =
1
2 (𝜕𝑖𝑢𝑗 + 𝜕𝑗𝑢𝑖). The turbulent viscosity is 𝜇𝑡 = 𝜌𝐶𝐶𝜇𝑘2∕𝜀, with model 
constants 𝐶𝜇 = 0.09, 𝐶1𝜀 = 1.44, 𝐶2𝜀 = 1.92, 𝜎𝑘 = 1.0, and 𝜎𝜀 =
1.3. Impeller rotation was treated using the steady Multiple Reference 
Frame (MRF) approach. No-slip boundary conditions were applied to 
all solid surfaces, including the top, since the experimental tank is 
equipped with a lid; zero-normal-gradient conditions were used for 𝑘, 
𝜀, and 𝑝.

The mesh consisted of approximately 5.5 × 106 hexahedral cells, 
with a characteristic spacing ℎ = 0.8mm near the blades. Second-
order schemes were employed for spatial discretization. Grid conver-
gence was assessed using three systematically refined meshes and the 
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Fig. 3. Left panel: three daughter distribution functions for binary breakup. Blue line (U-shape) with 𝑁𝑠 = 1, 𝑁𝑙 = 1, 𝜇𝑠 = 0.1, 𝜅𝑠 = 10 and 𝜅𝑙 = 10; orange line 
(bell-shape) with 𝑁𝑠 = 1, 𝑁𝑙 = 1, 𝜇𝑠 = 0.5, 𝜅𝑠 = 50 and 𝜅𝑙 = 50; green line (M-shape) with 𝑁𝑠 = 1, 𝑁𝑙 = 1, 𝜇𝑠 = 0.1, 𝜅𝑠 = 20 and 𝜅𝑙 = 20. Right panel: DDF for two 
large daughters and varying numbers of small ones. Red line with 𝑁𝑠 = 8, 𝑁𝑙 = 2, 𝜇𝑠 = 0.05, 𝜅𝑠 = 50 and 𝜅𝑙 = 200; black line with 𝑁𝑠 = 18, 𝑁𝑙 = 2, 𝜇𝑠 = 10−4, 
𝜅𝑠 = 50 and 𝜅𝑙 = 200.  (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 4. Discretized volume-weighted probability density function of turbulent dissipation rate inside the stirred tank for different numbers of bins 𝑁 at 500 rpm. 
Left: 𝑁 = 10; centre: 𝑁 = 100; right: 𝑁 = 1000.
Table 1
Grid-convergence verification of the single-phase hydrodynamic simulation at 
500 rpm. The verification quantity is the dissipation-based power number 
𝑁𝜀

𝑃 = 𝑃𝜀∕(𝜌𝑁3𝐷5). The Richardson-extrapolated value is 𝑁𝜀
𝑃 ,ext = 4.97.

 Grid Cells ℎ [mm] 𝑁𝜀
𝑃  [–] GCI [%] 

 G1 5.5 × 106 0.80 4.86 2.79  
 G2 2.2 × 106 1.10 4.60 9.48  
 G3 0.60 × 106 1.60 3.71 34.06  

dissipation-based power number, 𝑁𝜀
𝑃 = 𝑃𝜀∕(𝜌𝑁3𝐷5), as the verification 

quantity, where 𝑃𝜀 is obtained from the volume integral of the turbulent 
dissipation rate. The results of this study are reported in Table  1. 
The three-grid sequence showed monotonic convergence from 𝑁𝜀

𝑃 =
3.71 on the coarsest grid to 𝑁𝜀

𝑃 = 4.86 on the finest grid, with a 
Richardson-extrapolated value 𝑁𝜀

𝑃 ,ext = 4.97. The corresponding grid 
convergence index (GCI) decreased from 34.06% on the coarsest grid to 
2.79% on the finest grid. The finest grid, G1, was therefore selected for 
generating the turbulent-dissipation cumulative distribution functions 
used in the population-balance calculations. Previous analyses showed 
that 𝑁𝜀

𝑃  obtained with the finest mesh differed by less than 3% from the 
experimental value. Local velocity fluctuations and dissipation profiles 
were in reasonable agreement with the measurements of Baldi et al. 
(2004) and Escudié and Liné (2003), consistent with the limitations of 
steady MRF–RANS modelling (Maluta et al., 2021a).

The validity of neglecting the dispersed phase in the CFD simula-
tions was confirmed experimentally in Maluta et al. (2021a), where PIV 
measurements in single-phase water and in dilute (0.1 vol%) diesel–
water dispersions showed overlapping mean and fluctuating velocity 
profiles. The single-phase 𝜀 field is therefore considered representative 
of the continuous-phase hydrodynamics in the dilute systems examined.
6 
From the CFD results, the volume-averaged dissipation rates were 
𝜀̄ = 0.75m2 s−3, 1.31m2 s−3, and 2.08m2 s−3 at 500 rpm, 600 rpm, and 
700 rpm, respectively. Fig.  4 shows volume-weighted PDFs of 𝜀 con-
structed using different numbers of bins 𝑁 . Increasing 𝑁 increases the 
resolution of the histogram but also amplifies statistical noise, espe-
cially in the tails. By contrast, Fig.  5 shows the cumulative distribution 
function 𝑐(𝜀) obtained directly from the CFD cell values, yielding a 
smooth and strictly monotonic function suitable for evaluating the 
integral in Eq. (6) with a robust numerical quadrature. As shown in Fig. 
5, the distributions are similar across the three impeller speeds, while 
increasing rotation shifts the curve towards higher dissipation levels.

4.2. Details on the solution of the PBE

Eq. (7) was solved for the number density function 𝑛(𝑑, 𝑡) using the 
fixed-pivot method of Kumar and Ramkrishna (Ramkrishna, 2000). The 
size coordinate was discretized into 45 classes between 1 μm and 1mm, 
matching the 45 size classes provided by the static light-scattering 
instrument and enabling direct comparison between numerical and 
experimental DSDs. This discretization concerns the drop size distri-
bution and is distinct from the numerical treatment of the turbulent 
dissipation rate distribution. The initial DSD was taken as a Dirac 
delta centred in the largest size class. Time integration was performed 
using a high-order backward differentiation formula as implemented in
scipy. The breakup rate integral in Eq. (8) was evaluated using Gauss–
Legendre quadrature with 50 nodes, after piecewise-linear interpolation 
of the cumulative distribution function of turbulent dissipation rate 
constructed directly from all CFD cell values. In this way, the volume-
averaged breakup frequency is evaluated without histogram binning of 
the dissipation-rate distribution. The number of quadrature nodes was 
selected based on the error analysis reported in the following section. 
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Fig. 5. Volume-weighted cumulative distribution function of turbulent dissipation rate for three impeller speeds.
Final simulation times were selected based on time-sensitivity tests, and 
steady state was assumed once the relative change in the Sauter mean 
diameter between two consecutive time steps fell below 1%. The code 
was written in Python and is available on Zenodo, together with the 
data reported in this work (Maluta et al., 2026).

5. Results

5.1. Comparison between PDF and CDF approaches

Before solving Eq. (7), the numerical evaluation of Eq. (8) was as-
sessed by comparing two ways of treating the turbulent dissipation rate 
distribution: reconstruction of its probability density function through 
histogram binning, as in Buffo et al. (2016), and direct use of its cu-
mulative distribution function. In the PDF-based evaluation, changing 
the number of bins modifies both the resolution of the dissipation-
rate distribution and the statistical noise in each bin, particularly in 
the high-𝜀 tail. The CDF-based evaluation avoids this choice because 
the cumulative distribution is constructed directly from the ordered 
CFD cell values. Fig.  6 reports the relative error in the averaged 
breakup frequency ℎ̄(𝑑) at a fixed droplet diameter, as a function of 
the PDF bin count 𝑁 and the number of quadrature nodes used in 
the CDF formulation. The reference value of ℎ̄(𝑑) was obtained by 
integrating over a CDF constructed directly from all CFD cell values, 
i.e., without binning. For comparable discretization sizes, using the 
cumulative distribution of 𝜀 gives errors that are approximately two 
orders of magnitude smaller than those obtained when the probability 
density function of 𝜀 is reconstructed from histogram bins.

These numerical advantages carry over to the PBE predictions. Fig.  7 
shows the time evolution of the Sauter mean diameter, 𝑑32(𝑡), obtained 
by evaluating Eq. (8) with each approach for the same breakup model 
and operating condition. The PDF-based results do not exhibit clear bin 
convergence even at 𝑁 = 1000, with noticeable differences in both 
the transient and the steady values. In contrast, the results obtained 
using the cumulative distribution of 𝜀 converge at about 50 quadrature 
nodes, yielding overlapping 𝑑32(𝑡) profiles and steady values consistent 
with the finest PDF discretization. Overall, the CDF formulation pro-
vides a more robust and efficient evaluation of Eq. (8), with reduced 
quadrature noise and minimal sensitivity to PDF binning. Based on 
these results, Gauss–Legendre quadrature with 50 nodes is adopted for 
the remainder of this work.
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5.2. Comparison between different daughter distribution functions

Fig.  8 compares experimental cumulative drop size distributions 
with numerical predictions obtained using the U-shaped, bell-shaped, 
and 20-fragment daughter distribution functions shown in Fig.  3. For 
the 𝑜𝑖𝑙1 dispersion, the experimental CDFs have similar shapes at all im-
peller speeds and shift towards smaller 𝑑 as the rotation rate increases. 
The 𝑜𝑖𝑙3 dispersion shows a different trend: a plateau emerges in the 
small-𝑑 region, indicating a substantial population of satellite drops. 
At 500 rpm, the plateau extends approximately from 10 to 13 μm and 
corresponds to CDF values around 10%, whereas at 700 rpm it extends 
from 7 to 11 μm with CDF values around 5%. None of the considered 
DDFs reproduces this plateau.

From a modelling perspective, the U-shaped and M-shaped DDFs 
show identical predictions under the present operating conditions. The 
bell-shaped and 20-fragment DDFs overlap at higher CDF values (>0.6). 
For CDF values above 0.8, all DDFs provide similar predictions, system-
atically shifted towards smaller diameters relative to the experiments. 
The U-shaped and M-shaped DDFs better match the CDF slope over 
0.2 < CDF < 0.8, although they generally underestimate drop sizes, par-
ticularly at higher viscosities. The bell-shaped DDF predicts narrower 
distributions, underestimating both the fraction of small drops and the 
fraction of large drops. The proposed DDF increases the fraction of 
small daughter drops, producing a longer left tail. This improves qual-
itative agreement for the 𝑜𝑖𝑙3 dispersion but overestimates the small-𝑑
tail for the 𝑜𝑖𝑙1 dispersion. Despite this improvement, the proposed DDF 
does not reproduce the plateau observed experimentally.

Fig.  9 summarizes the comparison between experimental and nu-
merical values of the number-weighted mean diameter 𝑑10, the Sauter 
mean diameter 𝑑32, and the mass-weighted mean diameter 𝑑43. Exper-
imental error bars correspond to the 16th to 84th percentile range 
obtained from Monte Carlo resampling (see Section 2). Only one curve 
is shown for the U-shaped and M-shaped DDFs, as they yield identical 
results. For 𝑑10, shown in Fig.  9(a), the bell-shaped and U-shaped DDFs 
reproduce the experimental trends for the 𝑜𝑖𝑙1 dispersion, whereas the 
20-fragment DDF does not. The closest agreement is obtained for the 
𝑜𝑖𝑙2 dispersion, where the 20-fragment DDF captures both the trend 
and the absolute magnitude. For the 𝑜𝑖𝑙3 dispersion, the 20-fragment 
DDF again performs best overall, although discrepancies remain at 
500 rpm. Because 𝑑10 is number-weighted and therefore sensitive to the 
fine-drop population, overprediction of 𝑑  indicates an overestimation 
10
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Fig. 6. Relative error in the averaged breakup frequency ℎ̄(𝑑) as a function of the discretization of the turbulent dissipation rate distribution. The PDF-based 
evaluation follows Buffo et al. (2016) and uses 𝑁 histogram bins. The CDF-based evaluation uses Gauss–Legendre quadrature with a prescribed number of nodes.
Fig. 7. Time evolution of the Sauter mean diameter 𝑑32(𝑡) obtained from the population balance solved with (a) PDF- and (b) CDF-based quadratures using 
different discretizations.
of the mean size of the small-drop population, which may lead to 
underestimation of emulsion stability.

For 𝑑32, Fig.  9(b), all DDFs predict similar trends for the 𝑜𝑖𝑙1 and 
𝑜𝑖𝑙3 dispersions, also showing good quantitative agreement at the low-
est viscosity, with deviations on the order of 5%. At high viscosity, 
simulations consistently underestimate 𝑑32, most probably due to an 
underprediction of the number of large drops. The proposed DDF 
performs slightly worse than the bell-shaped one, as the increased 
production of small daughters has limited influence on 𝑑32, which scales 
with the square of the droplet diameter.

For 𝑑43, Fig.  9(c), the trend with impeller speed is captured by all 
DDFs, but absolute values are consistently underestimated, particularly 
at 100 cSt. Because 𝑑43 is mass-weighted, this indicates an underpredic-
tion of large drops. Such discrepancies may lead to overestimation of 
mixture homogeneity in engineering modelling, since large drops are 
more prone to segregation.

5.3. Comparison of number-based PDFs

Fig.  10 shows the number-based drop size probability density func-
tions for the three viscosities at 700 rpm, normalized by the correspond-
ing maximum Kolmogorov–Hinze diameter (𝑑𝐻 = 193 μm). Experimen-
tally, the 𝑜𝑖𝑙  dispersion exhibits a unimodal distribution with a narrow 
1
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peak shifting towards smaller 𝑑 as rotation increases. The 𝑜𝑖𝑙2 disper-
sion becomes distinctly bimodal, with one peak at small diameters 
corresponding to satellite drops a few percent of the Kolmogorov–Hinze 
diameter. With the 𝑜𝑖𝑙3 dispersion, multiple peaks appear, forming a 
broad distribution which spans nearly three orders of magnitude. In 
all cases, the largest observed drop diameters are comparable to 𝑑𝐻 : 
approximately 0.7 𝑑𝐻  at low viscosity and up to 5 𝑑𝐻  at high viscosity. 
This confirms that the Kolmogorov–Hinze diameter remains a useful 
reference for the maximum stable size under turbulent breakup.

Across all viscosities, the numerical DDFs predict similar distri-
bution shapes, with limited sensitivity to dispersed-phase viscosity. 
Conversely, the experimental distributions vary markedly with vis-
cosity, indicating that the breakup kernels, although incorporating 
viscosity effects, may underestimate their influence. The bell-shaped 
DDF reproduces the 𝑜𝑖𝑙1 dispersion case well but fails to capture the sec-
ondary peaks or broad distributions observed at higher viscosities. The 
U-shaped DDF yields similar peak positions but more skewed shapes. 
The proposed DDF produces a bimodal distribution that improves 
agreement for the 𝑜𝑖𝑙3 dispersion by generating a longer left tail, but it 
does not reproduce the secondary peak observed in the 𝑜𝑖𝑙2 dispersion 
or the narrow unimodal distribution in the 𝑜𝑖𝑙  dispersion. All DDFs 
1



F. Maluta et al. International Journal of Multiphase Flow 203 (2026) 105854 
Fig. 8. Volume-based cumulative distribution functions for different viscosities and impeller speeds, obtained experimentally and from PBE simulations using 
different DDFs.
predict maximum drop diameters around 0.3–0.4 𝑑𝐻 , underestimating 
the upper tail, particularly in viscous systems.

The observed numerical trends align with the regimes reported 
by Carrillo De Hert and Rodgers (2018): accurate predictions are 
obtained at low dispersed-phase viscosity, where the DSD remains 
narrow and dominated by inertial breakup. The discrepancies increase 
at intermediate viscosity, where the distributions broaden and become 
weakly bimodal, and become largest at high viscosity, where satellite-
rich left tails dominate the DSD. In this high-viscosity regime, the 
breakup-only model underpredicts both the small-drop plateau and the 
large-drop right tail. This suggests that the adopted breakup frequency 
may underestimate the resistance of viscous drops to deformation, 
particularly in the large-drop tail. Coalescence among the numerous 
small fragments produced at high dispersed-phase viscosity may also 
affect the steady-state DSD, even at the dilute global volume fraction 
considered here. However, the present experiments were designed 
to assess breakup under dilute conditions, not to separate breakup 
and coalescence contributions. Including coalescence would require 
additional closures for collision frequency and coalescence efficiency, 
introducing modelling choices that cannot be tested independently 
with the available steady-state DSDs. It would therefore be difficult 
to determine whether differences between predictions and experiments 
arise from the adopted breakup frequency, from the daughter distribu-
tion function, or from the coalescence description. The proposed DDF 
improves the prediction of the left tail by enabling multimodality and 
9 
asymmetric fragment distributions, but it cannot compensate for inac-
curacies originating from the breakup frequency. Targeted single-drop 
or local-swarm experiments, or numerical simulations resolving daugh-
ter size distributions at different viscosity ratios, would be required to 
determine its parameters more reliably across operating conditions.

The role of continuous-phase viscosity also remains outside the 
scope of the present dataset. All experiments were performed with 
water as the continuous phase, while only dispersed-phase viscosity 
and impeller speed were varied. The available data therefore do not 
allow the effect of continuous-phase viscosity on the breakup fre-
quency to be assessed. Although previous studies show that increasing 
continuous-phase viscosity can change the breakup pathway, a quan-
titative extension of the breakup frequency to account for this effect 
would require dedicated experiments in which the continuous-phase 
viscosity is varied systematically.

These results also clarify the intended role of the model. At its 
present level of closure, the model should be regarded primarily as 
a tool for analysing breakup kernels and daughter distribution func-
tions, rather than as a final design model for liquid–liquid dispersions. 
Similar volume-averaged population balance models have provided 
useful predictions when the relevant turbulent scales are appropriately 
represented (Buffo et al., 2016; Maluta et al., 2021b; Raponi et al., 
2023; Maluta et al., 2025). The present model has the additional ad-
vantage of retaining the full drop size distribution at low computational 
cost, allowing direct comparison with measured distributions. If the 
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Fig. 9. Comparison between experimental and numerical mean diameters obtained using different DDFs for all investigated viscosities and impeller speeds. (a) 
𝑑10, (b) 𝑑32, (c) 𝑑43.
objective is limited to a few selected moments or their ratios, such 
as 𝑑32, moment methods, including quadrature-based moment methods 
(Marchisio and Fox, 2013), may be more computationally efficient; 
the present approach is instead useful when the distribution shape, 
the small-drop tail, and the large-drop tail are included in the model 
assessment.

6. Conclusions

A volume-averaged population balance model has been developed 
to describe drop breakup in turbulent liquid–liquid dispersions in me-
chanically agitated systems. The model solves the population balance 
equation for a spatially homogeneous drop size distribution, while 
the spatial variability of turbulent dissipation rate is retained through 
the distribution obtained from CFD. The model introduces two main 
improvements with respect to previous volume-averaged formulations: 
(i) the turbulent dissipation rate distribution is included through its cu-
mulative distribution function, avoiding the reconstruction of a binned 
probability density function, and (ii) the daughter distribution function 
10 
is written as a weighted sum of two beta distributions, so that asym-
metric and multimodal daughter distributions can be represented while 
preserving mass. In the evaluation of the breakup kernel, the cumu-
lative distribution formulation reduced the numerical error by about 
two orders of magnitude relative to the probability density approach 
and required fewer than fifty quadrature nodes to obtain discretization-
independent results. The proposed daughter distribution function pro-
vides additional flexibility in the production of small fragments, which 
is particularly relevant at high dispersed-phase viscosity, where stan-
dard distribution shapes do not reproduce the experimentally observed 
left tail dominated by satellite drops.

A comprehensive experimental dataset was collected over multiple 
impeller speeds and dispersed-phase viscosities, providing full drop 
size distributions rather than only averaged metrics. This enabled a 
comparison with both distribution features and integral quantities such 
as 𝑑10, 𝑑32, and 𝑑43. The trends with viscosity and rotation rate are 
consistent with empirical regimes reported in the literature (Carrillo 
De Hert and Rodgers, 2018, 2019), including the emergence of satellite 
drops at high dispersed-phase viscosity. At low viscosity, the adopted 
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Fig. 10. Number-based drop size probability density functions obtained experimentally, shown in grey, and from PBE simulations using different DDFs at 700 rpm. 
The abscissa is normalized by the maximum Kolmogorov–Hinze diameter.
 

breakup kernel combined with standard DDF shapes from the literature 
provides the closest overall agreement with the experiments, consistent 
with a predominantly inertial breakup regime. At higher viscosity, 
discrepancies emerge in the distribution shape and in the mean diam-
eter metrics, with the largest deviations occurring when satellite drops 
produce an extended left tail. A two-beta DDF was therefore introduced 
to improve the representation of the small-diameter region. While this 
improves agreement in the left tail, remaining discrepancies indicate 
that further improvements must also address the breakup frequency 
model.

The systematic underprediction of the right-hand tail across all 
models suggests that this discrepancy is unlikely to originate from 
the DDF alone. It is more consistent with limitations of the present 
breakup-only description: the adopted breakup frequency may under-
estimate viscous resistance to deformation, while coalescence among 
the many small fragments produced at high viscosity may also affect 
the steady-state DSD. While coalescence is often expected to be weak 
at low dispersed-phase loading, it may become relevant even at the 
0.1 vol% conditions considered here when many small fragments are 
produced. Dedicated experiments measuring daughter size distributions 
and breakup frequencies at high viscosity ratios would be required 
to refine the breakup kernel and to determine the proposed DDF 
parameters quantitatively.

Future work will extend the experimental conditions investigated in 
this study, together with the modelling framework, to higher dispersed-
phase loadings, where coalescence can be assessed more directly, and 
11 
to systems with varying continuous-phase viscosity, so that its effect 
on the breakup frequency can be quantified and validated. From a 
methodological perspective, the proposed model is compatible with 
turbulent dissipation rate distributions obtained from Large Eddy Sim-
ulation (LES) and Direct Numerical Simulation (DNS), and it is suitable 
for uncertainty quantification and design optimization of industrial 
emulsifiers.
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