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Abstract

This work examines the Halpern’s iterative method as a means to create new neural net-
work optimizers that could surpass many current existing approaches. We introduce Halp-
ernSGD, an innovative network optimizer that leverages Halpern’s technique to enhance
the rate of convergence of the Stochastic Gradient Descent (SGD), leading to reduced
carbon emissions in neural network training processes. The combination of Halpern’s
iterative method and Gradient Descent (GD) has led to an algorithm with a quadratic rate
of convergence compared to the simple GD. Experimental comparisons between their sto-
chastic versions show that HalpernSGD achieves greater efficiency than SGD by requiring
fewer training epochs, thus reducing energy consumption and carbon footprint while main-
taining model accuracy. We also compare HalpernSGD with ADAM, identifying potential
improvements to ADAM’s approach in terms of stability and convergence, and suggesting
a future direction for the development of combined optimizers. The implementation for
HalpernSGD can be accessed at: https://github.com/EttoreRitacco/HalpernSGD.git

Keywords Halpern’s iterative method - Optimizers - Gradient descent - Green Al -
Environmental footprint - Carbon emission - Rate of convergence - Metric fixed point
theory - Non-expansive mapping

1 Introduction

Artificial Intelligence (Al) is undergoing an unprecedented period of growth and evolution.
Al advancement is driving the creation and deployment of larger and larger architectures.
These models, primarily based on Deep Neural Networks (DNN5), show improved capabili-
ties across various domains including computer vision (encompassing Segmentation (Sul-
tana et al., 2020; Jain et al., 2023), Object Detection (Kaur & Singh, 2023; Chen et al.,
2023), and Scene Recognition Xie et al., 2020; Chen et al., 2021), natural language process-
ing (utilizing Transformers (Vaswani et al., 2017) and Large Language Models Brown et
al., 2020), and the generation of realistic data (through Variational Autoencoders (Kingma
& Welling, 2014), GANs (Goodfellow et al., 2014), Diffusion Models (Ho et al., 2020), and
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synthetic data generation Manco et al., 2022; Liguori et al., 2021). However, the increasing
complexity of these architectures leads to a significant demand for computational resources,
which in turn gives rise to greater ecological concerns. Indeed, the environmental impact
of Al, especially due to the increased computational intensity, leads to significant carbon
dioxide emissions (Strubell et al., 2020; Xu et al., 2023; Dhar, 2020). It is worth noting that
many studies (Delanoég et al., 2023; Das & J, 2023) emphasize the net reduction in green-
house gas emissions through Al application, especially in industrial contexts. Nevertheless,
the energy consumption of complex neural architectures necessitates addressing Al devel-
opment sustainability. Researchers have proposed various approaches to decrease carbon
emissions during DNN training and inference, including: (7) neural architecture size reduc-
tion, even through transfer learning, accepting quality loss, (i7) hardware optimization using
GPUs or TPUs, (iii) utilization of energy-efficient cloud services in specialized data centers,
(iv) strategic selection of computation unit locations based on energy costs and environ-
mental factors, (v) regularization of the loss function, and (vi) data processing optimization
to minimize information volume. Our research presents an alternative strategy to address
carbon emission reduction. We focus on enhancing the optimization algorithms used in neu-
ral network training. While Gradient Descent (GD) remains popular, alternative methods
exist in literature offering superior convergence rates, potentially reducing training steps
and carbon emissions without compromising model quality. We introduce a new optimizer
based on Halpern’s iterative method (Halpern, 1967), which extends GD (Bottou, 1999)
with quadratic convergence improvement, and implement its stochastic version, namely
HalpernSGD. Our experimentation on established benchmark datasets compares Halper-
nSGD with SGD, demonstrating significant reductions in training epochs and carbon emis-
sions with statistical relevance. Furthermore, we conducted a comparative analysis between
HalpernSGD and ADAM (Kingma & Ba, 2015), a widely-adopted optimizer, exploring
the possibility of developing similar generalization for ADAM to improve its convergence.
The paper’s structure is as follows: Section 2 reviews current literature on carbon emission
reduction strategies; Section 3 explores the theoretical foundations of iterative methods,
specifically GD, Halpern’s algorithm and ADAM; Section 4 and 5 detail our experimental
methodologies and provides analysis of results; and Section 6 presents concluding thoughts.

2 Related work

Training state-of-the-art models such as GPT-3 (with 175 billion parameters) consumed
approximately 1287 MWh of electricity and emitted approximately 552 tonnes of CO,,
based on the average US energy mix (Patterson et al., 2021). Similarly, an analysis of global
data center energy consumption reveals that, while consumption in 2010 was approximately
194 TWh, by 2018 it had risen to 205 TWh, representing approximately 1% of global elec-
tricity consumption and an increase of 6% on 2010. However, over the same period, the
number of computing instances grew by 550%, suggesting a significant improvement in
the energy efficiency of data centers, with the increase in workloads far outstripping the
increase in energy consumption (Masanet et al., 2020). Nevertheless, in a worst-case sce-
nario, the Information and Communication Technology (ICT) sector is projected to con-
sume up to 51% of the world’s electricity and contribute approximately 23% of global
greenhouse gas emissions by 2030, unless significant improvements in efficiency and
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renewable energy integration are achieved (Andrae & Edler, 2015). Another study from the
University of Massachusetts, Amherst, estimates that training large Al models can emit over
626,000 pounds of CO,, nearly five times the emissions of an average American car. The
observed increase in emissions indicates that energy costs are proportional to the size of the
model, with particularly high costs for tuning activities. This underscores the necessity to
integrate energy efficiency into future Al research (Hao, 2019; Altman, 2025). Also studies
such as Xu et al. (2023), Kuo and Madni (2023), and Xu et al. (2021) emphasize the critical
need to incorporate energy efficiency and reduced carbon emissions into machine learn-
ing research and development, aiming for more environmentally sustainable technological
solutions. These papers provide comprehensive insights into the challenges and prospects
of sustainable Al development. In this context, the field of energy-efficient training of deep
neural networks is attracting increasing scientific attention. There are several strategies to
address these challenges, with certain approaches being more extensively developed than
others. Research by Xu et al. (2023) explores the emergence of the Green Al movement,
which promotes sustainable choices in software, hardware and data center operations to
address the environmental impact of Al. In particular, this movement highlights the impor-
tance of strategic site selection and hardware choices for model training. Green learning, as
described in Kuo and Madni (2023), presents an environmentally conscious alternative to
traditional deep learning, emphasizing lightweight model architectures to minimize energy
consumption in both cloud data centers and edge devices. The study (Xu et al., 2021) identi-
fies carbon emissions as a key metric in evaluating green deep learning. It outlines various
strategies to improve energy efficiency, including optimized data utilization, architectural
refinement, and improved training and inference methods. These include techniques such
as transfer learning for intelligent initialization, batch normalization, progressive training
approaches and hyper-parameter optimization, all aimed at achieving an optimal balance
between model accuracy and environmental impact. In addition, in support of more envi-
ronmentally sustainable approaches, Hinton et al. (2015) and Gou et al. (2021) detail knowl-
edge distillation processes, allowing information to be transferred from large and complex
models to more compact and efficient ones, thereby reducing energy and hardware resource
requirements. While these studies demonstrate significant potential for reducing the envi-
ronmental footprint of A, many unexplored approaches remain to be investigated. Our con-
tribution is characterized by an innovative technique for optimizing network parameters.
Indeed, we uniquely focus on optimizer improvement rather than loss function modification
or regularization, unlike common literature approaches. The proposed optimizer is char-
acterized by its convergence properties, which allow a significant reduction in the number
of convergence iterations required. This approach results in notable energy savings and
reduced carbon emissions, demonstrating its potential for advancing energy efficiency and
environmental sustainability in DNN training.

3 Mathematical framework
A challenging aspect in the training of deep neural networks lies in the strategies for mini-

mizing the loss function, which involves solving an unconstrained minimization problem
of the form:
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min £(6),

0cR?

where 0 represents the model parameters in a d-dimensional space. Given the high num-
ber of parameters, or the dimensionality of the space, the search for the optimum of this
minimization problem requires a method that is straightforward to implement, with modest
resource consumption and that is not subject to the ’curse of dimensionality’, i.e. with a rate
of convergence independent on the dimensionality of the space.

For the above reported reasons, the most frequently used approach is gradient descent or
its variants; that is beginning from an initial point #(°) € R? and the update rule is given by

o) = 9 — pwL(e®). (1)

Moreover, gradient-based methods are particularly popular due to the simplicity with which
the gradient can be computed using backpropagation, which can efficiently calculate gradi-
ents in neural networks (see Rumelhart et al., 1986), thus providing a tool for managing an
high number of layers.

On the other hand, the complexity of the loss landscape and its non-convexity prevent the
straightforward application of gradient descent, as it may halt at suboptimal local minima.
The classical adopted strategy is thus to carefully select the learning rate n so that it can
adapt to potential “irregularities” in the landscape.

In this line of research, several celebrated works have introduced adaptive gradient-based
methods that address the challenges posed by the complex loss landscape in deep neural
networks. Foundational methods include SGD (Robbins & Monro, 1951), which introduces
stochasticity; RMSprop (Tieleman & Hinton, 2012), which adjusts learning rates by averag-
ing squared gradients to better cope with non-stationary objectives; AdaDelta (Zeiler, 2012),
which refines AdaGrad’s approach (Duchi et al., 2011) to avoid diminishing learning rates;
and ADAM (Kingma & Ba, 2015), which combines momentum with adaptive learning
rates for faster and more stable convergence. These methods have become central to deep
learning, in particular, ADAM is among the most widely used optimizers. Nevertheless, the
original proof presents several inaccuracies, and its convergence to a local optimum can
be disproven in various cases, as documented in Reddi et al. (2018) and Zou et al. (2019),
depicting situations where it fails to achieve convergence. Furthermore, ADAM can exhibit
oscillatory behavior: research presented in Bock and Weil3 (2019) demonstrates the exis-
tence of 2-limit cycles for this optimizer. Such cycles emerge when considering the scalar
quadratic objective function (see subsection 4.3 for details) This phenomenon describes
a scenario in which, after two iterations of the ADAM optimizer, the system reverts to its
previous state. Consequently, the optimizer alternates between two points in the parameter
space rather than converging to a single point that minimizes f.

In addition to this, we aim to address an imprecision in the original paper, specifically in
Lemma 10.3 (Kingma & Ba, 2015):

Lemma 10.3 Let g = Vfi(0:) and gi; as its i-th element. We define g;.+; € R' as a
vector that contains the i-th dimension of the gradients over all iterations up to t, i.e.
G1:t.i = (91,6, 92,45 - - - » Gt.1)- Assuming that || gi||2 < G and ||gtlco < Goo then it holds
that:
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T gg
E \/ 7? < 2Goo||91:7,il 2
=1

We observed that this result is not true in general, in fact setting g, = % and G, = 1 we
have:

Lo N\
Z 13/2 <2 (Z ﬂ)
t=1

t=1

that implies

2.61 <2.56

which of course is false and it directly represents a counter example for this lemma. It is sig-
nificant to observe that Lemma 10.3 plays a crucial role in analyzing convergence for others
optimizers derived from the ADAM algorithm (e.g. in Dubey et al., 2019).

A detailed analysis of gradient descent algorithms and their generalizations can be found
within the broader class of iterative sequences for approximating fixed points of non-expan-
sive mappings and their generalizations. These concepts have been extensively studied over
recent decades within the field of Metric Fixed Point Theory (Chidume, 2009; Bauschke &
Combettes, 2011; Berinde & Takens, 2007), which provides a comprehensive introduction
to this framework.

In particular, these algorithms are advantageous due to their applicability in infinite-
dimensional spaces, where dimensionality does not impact convergence. Furthermore, they
are particularly adaptable in order to well-suit to the general context of normed spaces.

For a deeper understanding of the algorithm (1), it is useful to conduct analysis in a more
general setting. In particular, the Metric Fixed Point Theory provides a natural generaliza-
tion of the Gradient Descent method, more specifically in relation to the convergence of
iterative mappings that satisfy specific metric-type conditions. This connection has its foun-
dation in a now classical result originally presented in Baillon and Haddad (1977) (see also
Bauschke and Combettes, 2010).

To explicitly state it, we recall that a map T : Dom(T) C R¢ — R? is said to be non-
expansive if it does not alter the distance between points, i.e. if |70 — 78| < ||6 — 8|, for
any 0,0 € Dom(T). We also recall that a fixed point #* for T'is a point which remains fixed
under the action of the map, that is 76* = 6*.

Theorem 1 (Baillon-Haddad) Let f:R% — R be a convex and differentiable map,

whose differential V[ is L-Lipschitz and fix 5 € (0,2/L). Then the "forward” operator
F: H — H defined by F = (I — BV) is averaged non-expansive, i.e.

F=M+(1-X\T

for some constant A € (0, 1) and T : H — H non-expansive. Moreover
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0" € argmin f(z) < 0" = F0* <— 0" = T06",

that is, the set of fixed points for 7 coincides with arg min f.
In view of this Theorem, the iterative procedure (1) can be equivalently reformulated as

0y € R4 )
Orsr = Ao + (1 — \)TO,n

where ) is a real parameter in [0, 1) and 7'is a non-expansive map. The convergence analysis
thus becomes equivalent to demonstrating that the sequence #,,, converges to a fixed point
0* of T. It can be proven that algorithm (2) converges in norm to a fixed point of the opera-
tor 7, which translates to V f(6*) = 0, recalling the above statement (Chidume, 2009). The
iterative process defined in (2) is known as the Krasnoselskii-Mann Algorithm and both its
convergence properties and convergence rate have been extensively studied. For a detailed
introduction to the topic, we recommend consulting the comprehensive works Berinde and
Takens (2007) and Chidume (2009). Due to the fair general nature of the setting, the con-
vergence speed of the previous algorithm is currently stated in terms of rate of asymptotic
regularity, that is by evaluating the operator residual norm &, := ||0,, — T0.,||. Finding an
upper bound for this rate in the Kransoselskii-Mann iteration had been a persistent challenge
in Fixed Point Theory, lastly solved by Baillon and Bruck (1996) ( see also Cominetti et al.

(2014) for a more general case) by proving that the estimate &,,, < % ﬁ holds

for the general setting of Banach spaces and for any non-expansive map 7. We highlight that,
under this setting, the convergence rate (i.e., the residual norm) is €, = O(1/y/m). When
the above mentioned evaluation of the convergence rate is applied to themapT = I — SV f,
the well-known result concerning the convergence rate of the Gradient Descent algorithm
is recovered.

Among the techniques currently used for enhancing the asymptotic regularity rate, we
cite the Nesterov process adopted in Bot and Nguyen (2023), where it is proved that Kras-
noselskii-Mann iteration with momentum reaches an asymptotic regularity rate of O(#)

Within the framework of Metric Fixed Point Theory, another approach has demonstrated
significant effectiveness: the Halpern iterative procedure, given by

0y € R?
Ot = Amtt + (1 — A )TOrn

where u € R? is a fixed element, termed anchor, and {),,} is a sequence of parameters in
(0, 1), whose properties will be later examined.

The Halpern iterative method, originating from Halpern (1967), represents a traditional
approach to approximating fixed points of non-expansive mappings. This methodology, in
recent years, has garnered significant attention (see e.g. Diakonikolas, 2020; Lee & Kim,
2021; Yoon & Ryu, 2021) due to the higher rate of asymptotic regularity O(1/m), which is
quadratic with respect to both the Krasnoselskii-Mann iteration and, by extension, the Gra-
dient Descent method. This fact had been explicitly noted in Sabach and Shtern (2017) for
the finite dimensional setting and by F. Lieder in Lieder (2021) for the infinite dimensional
case. While a full investigation of lower bounds for Halpern iterations’ asymptotic regular-
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ity rate remains incomplete, initial progress has been made in establishing a preliminary
lower bound for the error sequence |0,,, — 6*| in Colao and Marino (2021).

Regarding the sequence of step-dependent coefficients \,,, in Xu (2002) it has been
proved the convergence of the entire sequence 6,, to the solution 6* under the following
conditions:

o0

(i) lim Ap =0,(ii) Y Ap =00, and (iii) lim An —Amo1 g
m—oo 1

m—o0 Am

We observe that these conditions are mild enough to include the choice A,;, = 1/m, which
seems to guarantee the best rate of asymptotic regularity.

4 Optimization comparison

To gain deeper insights into the intrinsic behavior of the HalpernSGD optimizer independent
of neural network training, we conducted additional experiments using two widely recog-
nized benchmark functions in optimization research: the Rastrigin and Rosenbrock func-
tions. These functions are known for their complex, non-convex landscapes, making them
ideal for assessing the convergence properties and robustness of optimization algorithms.

In this analysis, we compare HalpernSGD against standard optimizers such as SGD and
ADAM. The results, presented both quantitatively and visually, illustrate the distinct opti-
mization trajectories and oscillatory dynamics of each method as they navigate the search
space toward the global minimum. In particular, HalpernSGD demonstrates smoother con-
vergence patterns and improved stability compared to the baseline optimizers.

This new evaluation complements our prior experiments on real datasets by providing a
controlled environment to study the optimizer’s fundamental characteristics and validate its
effectiveness beyond standard neural network training scenarios. We exploited the PyTorch-
optimizer package.'

4.1 The Rastrigin function

The Rastrigin function is a well-known benchmark for optimization algorithms due to its
non-convex nature, containing a number of local minima that often can trick the optimizers
to converge to a suboptimal value (Rastrigin, 1974). It is defined as:

flz,y) =20+ (J:2 + 4% — 10cos(27wx) — 10 Cos(2ﬂ'y)) .

Among the local minima, its global minimum is located at (z,y) = (0,0), where the func-
tion reaches the lowest value f = 0.

From Figs. 1, 2, 3, and 4 we observe the trajectory landscapes of the three optimizers, in
all cases starting from the point (—2, 3.5) and across different learning rates. It is important
to note that all the three optimizers fail to reach the global minimum, since all the algorithms
are trapped in local minima, thus failing to suitably explore the search space. However, the

Uhttps://github.com/jettify/pytorch-optimizer
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Fig. 3 Optimizers trends comparison for the Rastrigin function with 0.005 learning rate

position of the anchor, chosen randomly in our setting, significantly influences the path
chosen by HalpernSGD, thus permitting to avoid certain local minima where both ADAM

and SGD are instead attracted.

Figures 1 to 4 clearly show how HalpernSGD results in a better exploration of the land-
scape due to the randomness of the anchor given that the iteration forces the convergence to
a minimum point in proximity to the anchor.

Analyzing the iterations to convergence, see Fig. 5, it can be pointed out that the Halper-
nSGD outperforms the competitors in all the considered learning rates except for the high-
est one. Eventually, Fig. 6 show a faster rate of convergence for the HalpernSGD iteration
despite large oscillations in the initial steps.
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4.2 The Rosenbrock function

The Rosenbrock function is characterized by the region hosting the unique minimum value
to be a quasi-plateau with a nearly zero gradient (Rosenbrock, 1960). It is defined as:

fla,y) = (1 —2)* +100(y — 2*)*.
The global minimum is located at (z,y) = (1,1), where the function reaches the lowest

value f = 0. From Figs. 7, 8, 9, and 10 we observe the trajectory landscapes of the three
optimizers, in all cases starting from the point (-2.0, 2.0).
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The Figures clearly show how HalpernSGD outperforms ADAM and standard SGD for
all the considered learning rates. In particular, HalpernSGD finds the global minimum in all
cases. On the contrary, due to the low values for the learning rates SGD is never capable of
finding the global minimum, while ADAM is able to reach it only in the last 2 cases (see
Figs. 9 and 4). As for the Rastrigin case, also in this case the advantage of HalpernSGD is
partially counterbalanced by a more oscillating trend in searching the space.

Finally, Fig. 11 shows an even more faster rate of convergence for the HalpernSGD itera-
tion for the case of the Rosenbrock function.

4.3 Comparison between ADAM and Halpern GD

In this section we will take a closer look at the comparison between Adam and Halpern
based optimization algorithms. In particular, we will discuss the differences in terms of
convergence guarantees. Indeed, in Bock and Weil3 (2019) it had been shown that ADAM
might fail to converge to a minimum of a strictly convex quadratic function for a broader
class of parameters. While, for Halpern based algorithms and as we already mentioned, the
convergence to a minimum is ensured under the assumption of the function being convex
and Lipschitz continuous.

Specifically, following Bock and Weif (2019), the sequence {w;} generated by ADAM
can exhibit stable limit cycles of period two, despite the objective being of the form

fw) = %wTC’w,
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with C symmetric and positive definite. These phenomena are not limited to pathological
hyperparameter choices but can persist even for standard settings such as 3; = 0.9 and
B2 = 0.999.

Formally, ADAM in batch mode can be viewed as a non-autonomous dynamical system
of the form

W41 = T(wt)a

where the iteration map T evolves according to:

mey1 = Bimy + (1= B1)V f(wy),
Vg1 = Bovg + (1 = B2)V f(w) © V f(wy),

Mt

Vi1 G e’

Wi41 = W — O+

The non-convergence of ADAM can be then proved by showing the existence of the afore-
said 2-limit-cycles, i.e. periodical points w such that T2 (w) = w, even with bias correction.
In contrast, the Halpern iteration defined as:

A+ (1= )T (wy),

W41
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converges in norm to a fixed point w* of the operator 7, which translates to V f(w*) =0
even in the more general case of convex and Lipschitz continuous functions f in infinite
dimensional spaces (see e.g. Qi & Xu, 2021 for details).

Additionally, Halpern iterations exhibit a linear rate of asymptotic regularity, that is the
rate of convergence of the quantities ||w;+1 — w;|| or, equivalently, ||w; — T'(w;)]| in a mild
setting (see Kornlein, 2015; Sabach & Shtern, 2017; Cheval & Leustean, 2025 for details).

5 Experimental evaluation

We performed a comparative study of Halpern’s iterative method and Gradient Descent
by examining their stochastic versions, considering the necessity of mini-batch usage in
neural network training. This led to the comparison of two algorithms: HalpernSGD and the
widely recognized SGD. Given that both algorithms leverage variable learning rates (refer
to Section 3), we opted for the learning rate sequence 7,, = 19/+/m, where m denotes the
update step (distinct from epochs), and 7 is the starting learning rate. Through empirical
experimentation to find optimal rates for both optimizers, we chose an initial rate of 1.15.
Additionally, in the HalpernSGD, we set A,;, = 0.02/m. Alongside HalpernSGD and SGD,
we included the ADAM optimizer for baseline comparison, which is an adaptive learning
rate optimization algorithm that builds on SGD. Our experiments were conducted on five
renowned benchmark datasets:

e Iris® consists of 150 samples from 3 iris flower species, with each sample containing 4
descriptors: sepal length, sepal width, petal length, and petal width.

e Optical Recognition of Handwritten Digits (Orhd)’ involves the task of recognizing
handwritten digits (0-9) from 1, 797 images. The original 32 x 32 images were parti-
tioned into 4 x 4 blocks, counting the on pixels in each block, resulting in an 8 x 8 input
matrix where each value is within [0, 16].

e MNIST* comprises 70, 000 gray-scale images (28 x 28) of handwritten digits (0-9)
dedicated to digit recognition, with each pixel serving as an input feature.

e FashionMNIST (FM)’ is an alternative to MNIST, containing 70,000 grayscale
28 x 28 images of fashion items categorized into 10 classes (e.g., shirts, shoes, bags).
In our experiments, we randomly subsample 33% of the full dataset to reduce compu-
tational cost.

e CORA?® is a citation network dataset comprising 2,708 machine learning publications
classified into 7 categories. Each paper is represented by a sparse binary word vector of
dimension 1,433, indicating the presence of specific terms. The dataset includes 5,429
citation links and is commonly used for node classification in graph-based learning.

Zhttps://archive.ics.uci.edu/dataset/53/

3 https://archive.ics.uci.edu/dataset/80/
“http://yann.lecun.com/exdb/mnist/

5 https://github.com/zalandoresearch/fashion-mnist
®https:/huggingface.co/datasets/gcaillaut/cora/
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The optimal learning rates identified for ADAM were 0.001, 0.001, 0.01, 0.001, and 0.001,
respectively, for the datasets.

The selected datasets are employed to evaluate optimizer performance across three dif-
ferent neural network architectures. The Iris, Orhd, and MNIST datasets are used to train a
feedforward neural network (Fig. 12(a)) composed of an input layer and an output layer with
dataset-specific dimensions (4 — 3 for Iris, 64 — 10 for Orhd, and 784 — 10 for MNIST),
along with three hidden linear layers of sizes 128, 64, and 32. Leaky ReLU activations are
applied in the hidden layers, and the output layer uses a softmax activation to produce class
probabilities.

The FashionMNIST dataset is used to train a convolutional neural network (Fig. 12(b))
designed for image classification, consisting of a single convolutional layer (16 channels,
kernel size 7, stride 7), followed by a max pooling layer (kernel size 4, stride 4), a flattening

)

— N[ )

N[ )
—

3
& g Py Py

®
o o — 3 — 3 — Og
> = o = 0] = o c 3 w
o <) Y o L o Q S a o
(=N 2 = 3 = 3 = T o =
5 ) = S Py ) = -2 <
S a3 ) = ) 3 ) 5 = o
c — Q. — — < o x
= x c < cC < c o a

= S
5 ~ [e2] w
ﬁ 0 H N
= — U

——

—

—

(a) Feedforward Neural Network.

N ) N ()
4 m

o
o 5 o] 3 n
c 3 < )
= S~z — o
T © ~ T o [ o
c W= "0 cC = o x D = wn
&+ 93 =0 & 3 X [ o b
— =0 N3 — o T - o 3 =
= QT o2 —~ = O X = b3 3
Xt XR®EL 5o 2 3
S9N NO =3 &6 a x
X N ® X & m =3 X
= - X jag= o a
) = o = 1S

o

&

\ J \ N\ v/

(b) Convolutional Neural Network.

—_—

:saineay
n1eyd

8 Py
z 2
@) c
o @
3 »
2 @

AUODNOO

z
o
=%
[o]
2
N
N
o
©

95501 :se8p3
80/Z :SOPON

—
)
m
Q
% z
@ o}
5 s
g 3
o
(%}
@ (o]
2
&

—

(¢) Graph Convolutional Network.

Fig. 12 The design of the neural networks utilized in the experiments
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Table 1 Comparative analysis for HalpernSGD (H-SGD), SGD and ADAM

Dataset Optimizer Loss Epochs Accuracy Emission (ug) Time (s)

Tris SGD 0.60 & 0.05 0.95 £0.05
H-SGD 0.64 £ 0.12 226 = 117 0.92 £0.12 0.43 £0.19 0.39 £0.19
ADAM 0.58 £ 0.01 209 + 155 0.97 £0.01 0.50 +£0.33 0.46 +£0.32

Orhd SGD 1.57 £ 0.06 0.89 £ 0.06
H-SGD 1.53+£0.03 115427 0.94 £0.03 0.92 +£0.27 0.58 £0.13
ADAM 1.50 £ 0.01 0.96 + 0.01

MNIST SGD 1.61 £ 0.00 0.85 £ 0.00
H-SGD 1.58 £0.04 1107 £ 282 0.88 £ 0.04 179.42 4 44.96 166.77 £ 42.36
ADAM 1.50 £ 0.01 195 +45 0.96 + 0.00 31.93 + 7.42 32.03 +£7.41

FM SGD 1.99 +£0.03 0.51 £0.03
H-SGD 1.98 £ 0.03 9255 + 885 0.51 £0.03 144666.67 £ 30141.34 1535.66 + 278.68
ADAM 1.84 £ 0.04 1649 + 238 0.62 £ 0.04 20121.32 + 2945.64 214.13 £ 30.10

CORA SGD 86639 + 29031 604.26 + 202.58 600.75 + 200.17
H-SGD 0.87 = 0.04 94265 + 5082 0.75 £0.02 656.45 + 34.68 652.54 + 34.01
ADAM 0.44 + 0.02 2138 + 218 0.86 & 0.01 15.19 £ 1.53 17.16 £ 2.58

Entries in bold represent outcomes that statistically exceed HalpernSGD, while those in show inferior

performance. Normal text is used when there’s no significant statistical difference from HalpernSGD

operation, and a final fully connected layer projecting to 10 output classes. ReLU is applied
after the convolution, and softmax is used at the output.

Finally, the CORA dataset is used to train a two-layer Graph Convolutional Network
(GCN), where the first GCN layer maps 1433-dimensional node features to an 8-dimen-
sional hidden representation, followed by ReLU activation, and the second GCN layer maps
the hidden features to a 7-dimensional output corresponding to the target classes. The model
is shown in Fig. 12(c).

To ensure a fair and consistent comparative analysis of the optimizers, all experiments
were conducted using identical neural network architectures, identical initializations, and
the same loss function, namely CrossEntropy loss.

To assess whether a statistically significant difference exists among the optimizers ana-
lyzed, we employed the 5 x 2 cross-validated paired #-test as proposed by Dietterich (1998),
adopting a significance level of 95%. Within the cross-validated paired #-test framework,
each training dataset is divided into a primary training subset and a validation subset, with a
ratio of 20 : 80. The validation set was used to determine the stopping criterion during train-
ing: training was terminated if the validation loss did not improve by more than 10~* for
at least 30 consecutive epochs, or if the maximum number of epochs was reached: 10,000
for all datasets except CORA, for which the limit was set to 100,000. Optimization algo-
rithms are evaluated based on their best loss value on the validation subset, their compre-
hensive accuracy across a balanced test dataset to reflect predictive capabilities, the number
of epochs required to achieve convergence, their CO2 emissions measured in micrograms
to assess environmental impact, and the elapsed training time, measured in seconds. This
latter metric was quantified using the CodeCarbon tool”. The experimental work was per-
formed on a MacBook Pro M1 equipped with 32 GB of RAM, with no reliance on GPU
acceleration.

The implementation of HalpernSGD is available at: https://github.com/EttoreRitacco/H
alpernSGD.git.

Table 1 provides a summary of the outcomes of our experiments, presenting the average
and standard deviation for each metric.

"https://codecarbon.io/
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Excluding the CORA dataset, it is evident that HalpernSGD markedly surpasses SGD in
terms of the number of epochs, reduced carbon emissions and elapsed training time across
all experiments while maintaining predictive accuracy as indicated by the insignificant dif-
ferences in validation loss and overall test accuracy, as stated in Section 3. In particular, for
the FashionMNIST dataset, the SGD approach exceeded the 10,000-epoch limit without
converging to a stable fixed point. Training was therefore halted upon reaching the maxi-
mum number of epochs.

Regarding the CORA dataset, both SGD and HalpernSGD reach the 100,000-epoch limit
in several runs of the statistical test. Consequently, this experiment can be interpreted as a
fixed-budget comparison: given the same number of epochs, how do the two optimizers
behave? It is clearly observable that HalpernSGD achieves significantly lower loss val-
ues and higher overall accuracy compared to SGD. This observation suggests two possible
interpretations. One is that HalpernSGD’s trajectory comes closer to a convergence point
shared with SGD, which aligns with the findings discussed in Section 4.2. The other is that
HalpernSGD has identified a path leading to a better local minimum, similar to the behavior
observed in Section 4.1. Consequently, HalpernSGD exhibits less favorable results in terms
of required epochs for convergence, training time and carbon emissions.

In examining the biggest datasets (MNIST, FashionMNIST and CORA), ADAM emerges
as the primary competitor. For the Iris dataset, despite the absence of significant statistical
disparities between HalpernSGD and ADAM, and for the Orhd dataset, HalpernSGD tends
to yield lower CO2 emissions and elapsed training times. This is potentially attributable
to fewer iterations required for HalpernSGD to achieve convergence or ADAM’s higher
memory consumption. Specifically, ADAM necessitates consideration of previously used
learning rates at each iteration. Additionally, it sometimes faces challenges with oscillatory
behaviors and convergence; thus, it could be beneficial to integrate ADAM with the Halpern
method, known for its good convergence properties and stability.

6 Conclusion and future work

This paper represented an extension of the investigations carried out in Foglia et al. (2024).
In particular, we investigated iterative methods for approximating fixed point of non-expan-
sive mappings and analyzed their application to neural network loss function minimization,
leveraging the Baillon-Haddad theorem and convergence in the abstract infinite-dimen-
sional setting. These methods enable the derivation of an optimization algorithm for neural
network training with a fast convergence rate.

We developed the HalpernSGD optimizer, based on Halpern iteration, and compared its
performance against SGD and ADAM on benchmark datasets. The results show that Halp-
ernSGD and SGD have similar fitting performance, but HalpernSGD achieves convergence
in fewer iterations, resulting in lower carbon footprint. However, it is important to acknowl-
edge that it does not outperform established methods such as ADAM in terms of accuracy
or generalization, even if ADAM is affected by convergence issues and oscillatory behavior,
which can also be observed in simple loss landscapes.

This study should therefore be considered a proof of concept leading for further explora-
tion and refinement of environmentally conscious optimization algorithms. Our future work
will focus on integrating the robust convergence properties of Halpern’s method with the
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adaptive efficiency of optimizers such as ADAM. We hope that this initial effort will inspire
the research community to further advance this promising direction, contributing to the
development of more sustainable and energy-efficient machine learning techniques.
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