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■♥st✐t✉t❡ ❈♦♥t❛❝ts

❉✐♣❛rt✐♠❡♥t♦ P♦❧✐t❡❝♥✐❝♦ ❞✐ ■♥❣❡❣♥❡r✐❛ ❡❞ ❆r❝❤✐t❡tt✉r❛
❯♥✐✈❡rs✐tà ❞❡❣❧✐ ❙t✉❞✐ ❞✐ ❯❞✐♥❡
❱✐❛ ❞❡❧❧❡ ❙❝✐❡♥③❡✱ ✷✵✻
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❤tt♣s✿✴✴❞♣✐❛✳✉♥✐✉❞✳✐t✴

❆✉t❤♦r✬s ❈♦♥t❛❝ts

s✐❧✈❛♥♦✳♣✐t❛ss✐❅❣♠❛✐❧✳❝♦♠
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❚♦ ♠② ❢❛♠✐❧②✳





❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② s❝✐❡♥t✐✜❝ ❛❞✈✐s♦rs ❘✉❜❡♥ ❙♣❡❝♦❣♥❛ ❛♥❞ ❋r❛♥❝❡s❝♦ ❚r❡✈✐s❛♥✳
❚❤❛♥❦s ❢♦r t❤❡✐r ✐♥✈❛❧✉❛❜❧❡ s✉♣♣♦rt✱ ❢♦r t❤❡ ♠❛♥② ❤♦✉rs s♣❡♥t t❤r♦✉❣❤ ❡①♣❧❛♥❛t✐♦♥s ❛♥❞
❞✐s❝✉ss✐♦♥s ♦❢ ♥❡✇ ❛♥❞ ♦❧❞ ✐❞❡❛s✱ t♦ ❛❧❧ s❝✐❡♥t✐✜❝ ✐♥s✐❣❤ts ❛s ✇❡❧❧ ❛s t❤❡ ❝❛r❡❢✉❧ ❝♦rr❡❝t✐♦♥
♦❢ ❛❧❧ ♠② ❞r❛❢ts✳ ■ r❡❛❧❧② ❧✐❦❡❞ ♦✉r ❝♦❧❧❛❜♦r❛t✐♦♥✳ ❙♣❡❝✐❛❧ t❤❛♥❦s t♦ Pr♦❢✳ ❘✐❝❝❛r❞♦
●❤✐❧♦♥✐ ❢♦r t❤❡ s❤♦rt st✐♥ts ■ s♣❡♥t ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❚r❡♥t♦ ✐♥ t❤❡ ♣❛st t❤r❡❡ ②❡❛rs✿
❤✐s ❧❡✈❡❧ ♦❢ s❝✐❡♥t✐✜❝ r✐❣♦✉r ❛♥❞ ❦♥♦✇❧❡❞❣❡ ✐♥s♣✐r❡❞ ♠❡ t♦ ❜❡ ❛s ❣♦♦❞ ❛s ■ ❝❛♥ ❜❡ ✐♥ ✇❤❛t
■ ❞♦✳ ❚❤❛♥❦s t♦ ▼✐❝❤❡❧❡ ▲✐❜r❛❧❛t♦ ❢♦r t❤❡ ♠❛♥② ✐♥t❡r❡st✐♥❣ ❝♦♥✈❡rs❛t✐♦♥ ❛♥❞ ❞✐s❝✉ss✐♦♥
t❤❛t ❦❡♣t ♠❡ ✐♠♣r♦✈✐♥❣ ❛t ♣❡rs♦♥❛❧ ❛s ✇❡❧❧ ❛s s❝✐❡♥t✐✜❝ ❧❡✈❡❧ ❞✉r✐♥❣ t❤❡s❡ t❤r❡❡ ②❡❛rs
❋✐♥❛❧❧②✱ ♠② ❜✐❣❣❡st t❤❛♥❦s ❣♦❡s t♦ ♠② ✇❤♦❧❡ ❢❛♠✐❧②✳ ❚❤❛♥❦s ❢♦r s✉♣♣♦rt✐♥❣ ♠❡ t❤r♦✉❣❤
❛❧❧ t❤❡ ❛❝❛❞❡♠✐❝ ❞❡❣r❡❡s ❛♥❞ ❢♦r t❤❡✐r s❛❝r✐✜❝❡ t❤❛t ■ ❤❛✈❡ ❜❡❡♥ ❛♣♣r❡❝✐❛t✐♥❣ ♠♦r❡ ❛♥❞
♠♦r❡ ✇❤❡♥ ❣r♦✇✐♥❣ ✉♣✳





❆❜str❛❝t

▼✐♠❡t✐❝ ♦r ❝♦♠♣❛t✐❜❧❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛r❡ ❞❡s✐❣♥❡❞ t♦ ♣r❡s❡r✈❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
♣r♦♣❡rt✐❡s ♦❢ ♣❤②s✐❝❛❧ ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s✱ s✉❝❤ ❛s ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✱ ❛t t❤❡ ❞✐s✲
❝r❡t❡ ❧❡✈❡❧✳ ❚♦ t❤✐s ❡♥❞✱ ♠❡t❤♦❞s ♦❢ ❛❧❣❡❜r❛✐❝ t♦♣♦❧♦❣② ❛♥❞ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr② ♣❧❛②
❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ t♦ ❞❡s✐❣♥ ✐ts ❜❛s✐❝ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s✱ ❧✐❦❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ♦r
❞✐s❝r❡t❡ ❍♦❞❣❡ ♦♣❡r❛t♦rs ❛♥❞ t❤❡✐r ❛❧❣❡❜r❛✐❝ r❡❛❧✐③❛t✐♦♥ ❣✐✈❡♥ ❜② ♠❛ss ♠❛tr✐❝❡s✳

■♥ t❤✐s t❤❡s✐s ✇❡ ♣r♦✈✐❞❡ ♥❡✇ ❣❡♦♠❡tr✐❝ ✈✐❡✇♣♦✐♥ts ♦❢ ❧♦✇✲♦r❞❡r ❝♦♠♣❛t✐❜❧❡ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t✇♦ ❦❡② ♣r✐♥❝✐♣❧❡s ✇✐❧❧ ❣✉✐❞❡ ♦✉r ❝♦♥str✉❝t✐♦♥s✳ ❋✐rst✱ ❛ t✐❣❤t
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❛♥❞ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝
❞✉❛❧ ❣r✐❞✳ ❙❡❝♦♥❞✱ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ♠❛ss ♠❛tr✐❝❡s ❛s t❤❡ s✉♠ ♦❢ ❛ ❝♦♥s✐st❡♥t ❛♥❞
❛ st❛❜✐❧✐③❛t✐♦♥ ♣❛rt✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡s❡ ♣r✐♥❝✐♣❧❡s t♦ ❡①t❡♥❞❡❞ ❛♥❞ ✐♠♣r♦✈❡ t❤❡ ❜❛s✐❝
❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ❛t t❤❡ ❝♦r❡ ♦❢ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛s ✇❡❧❧ ❛s t❤❡✐r r❛♥❣❡ ♦❢
❛♣♣❧✐❝❛❜✐❧✐t②✳

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦✈❡❧ ❣❡♦♠❡tr✐❝ ❝♦♥❝❡♣t ♦❢ P0✲❝♦♥s✐st❡♥❝② ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s t❤❡
st❛♥❞❛r❞ ❝♦♥s✐st❡♥❝② r❡q✉✐r❡♠❡♥t ♦❢ t❤❡ ♠✐♠❡t✐❝ ♠❡t❤♦❞s✳ ❋✉♥❞❛♠❡♥t❛❧❧②✱ ✐t s❤♦✇s
t❤❛t ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ ❛ s❡❝♦♥❞❛r② ❣r✐❞✱ ♣r❡❝✐s❡❧②✱ ❛ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞✱ ❛r❡ ♥♦t
♦♥❧② ✉s❡❢✉❧ ❜✉t t❤❡② ❛r❡ ✐♠♣❧✐❝✐t❧② ♣r❡s❡♥t ✐♥ ❧♦✇✲♦r❞❡r ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✱ ❡✈❡♥
✐❢ ♥♦t ♠❛❞❡ ❡①♣❧✐❝✐t✳ ❚❤✐s ❢❛❝t ❤❛s t✇♦ ❝♦♥s❡q✉❡♥❝❡s✳ ❋✐rst✱ ✐t ♣r♦✈✐❞❡s t❤❡ ❡q✉✐✈❛❧❡♥❝❡
❜❡t✇❡❡♥ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞ ❞✐s❝r❡t❡ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤❡s✳ ❙❡❝♦♥❞✱ ✐t ✐s
t❤❡ ❦❡② ♣r✐♥❝✐♣❧❡ t♦ ❡①t❡♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ♠✐♠❡t✐❝ ♠❡t❤♦❞s t♦ ❣r✐❞s ❤❛✈✐♥❣ ❝✉r✈❡❞ ❢❛❝❡s✳
■♥❞❡❡❞✱ ❛❧❧ st❛♥❞❛r❞ ♠✐♠❡t✐❝ ♠❡t❤♦❞s ♦♥❧② ❞❡❛❧ ✇✐t❤ ♣♦❧②❤❡❞r❛❧ ❣r✐❞s✱ t❤✉s ❤❛✈✐♥❣
♣❧❛♥❛r ❢❛❝❡s✳

❚❤❡♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s ❢♦r ❛r❜✐tr❛r②
t❡tr❛❤❡❞r❛❧ ❣r✐❞s ❛♥❞ ♣♦ss✐❜❧② ✐♥❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❛♥✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧s✱ ❞❡❜✉♥❦✐♥❣ t❤❡
❝♦♥✈❡♥t✐♦♥❛❧ ✇✐s❞♦♠ t❤❛t t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ ♣r♦❤✐❜✐ts ❛ s♣❛rs❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r
✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♣r♦✈✐❞❡ ❛ ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥
♦❢ ❜♦t❤ ❡❞❣❡ ❛♥❞ ❢❛❝❡ ♠❛ss ♠❛tr✐❝❡s ❛♥❞ t❤❡✐r s♣❛rs❡ ✐♥✈❡rs❡s ❛s t❤❡ s✉♠ ♦❢ ❝♦♥s✐st❡♥t
❛♥❞ ❛ st❛❜✐❧✐③❛t✐♦♥ ♣❛rt✳

◆❡①t✱ ✇❡ ❛❞❞r❡ss t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s✳ ❈✉rr❡♥t❧②✱ t❤❡
♠♦st ❡✣❝✐❡♥t ♠❡t❤♦❞s t♦ ❝♦♠♣✉t❡ t❤❡♠ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ s♦✲❝❛❧❧❡❞ tr❡❡✲❝♦tr❡❡ ❞❡❝♦♠✲
♣♦s✐t✐♦♥✳ ❍♦✇❡✈❡r✱ tr❡❡✲❝♦tr❡❡ t❡❝❤♥✐q✉❡s s✉✛❡r ❢r♦♠ ✇❡❧❧✲❦♥♦✇♥ t❡r♠✐♥❛t✐♦♥ ♣r♦❜❧❡♠s
t❤❛t ✇❡ s❤♦✇ ❜❡ r❡❧❛t❡❞ t♦ t♦♣♦❧♦❣✐❝❛❧ ♦❜str✉❝t✐♦♥s ♦❢ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❲❡
♣r♦♣♦s❡ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ ❞✐s❝r❡t❡ ▼♦rs❡ t❤❡♦r② t❤❛t ✐s ❛❜❧❡ t♦ ❞❡❛❧ ✇✐t❤ s✉❝❤
t♦♣♦❧♦❣✐❝❛❧ ♦❜str✉❝t✐♦♥s✳

❋✐♥❛❧❧②✱ ✇❡ ❡①t❡♥❞ t❤❡ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❜② ✐♥tr♦✲
❞✉❝✐♥❣ ❛ ♥♦✈❡❧ ♠✐♠❡t✐❝ ✈♦❧✉♠❡ ✐♥t❡❣r❛❧ ♠❡t❤♦❞ t♦ s♦❧✈❡ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠s✳ ■♥t❡❣r❛❧
♠❡t❤♦❞s ❢♦r s♦❧✈✐♥❣ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠s ✉s❡ ❇✐♦t✲❙❛✈❛rt ❧❛✇ t♦ ♣r♦❞✉❝❡ ♥♦♥✲❧♦❝❛❧
❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s t❤❛t ❧❡❛❞ t♦ ❢✉❧❧② ♣♦♣✉❧❛t❡❞ ❣❡♥❡r❛❧✐③❡❞ ♠❛ss ♠❛tr✐❝❡s✳ ❨❡t✱ t❤❡s❡
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❢♦r♠✉❧❛t✐♦♥s ❛r❡ ✈❡r② ❛♣♣❡❛❧✐♥❣ ❜❡❝❛✉s❡ ♦♥❧② t❤❡ ♠❡s❤ ♦❢ ❝♦♥❞✉❝t♦rs ✐s ♥❡❡❞❡❞✳ ❲❡
s❤♦✇ ❤♦✇ ♦✉r ♥♦✈❡❧ ♠✐♠❡t✐❝ ♠❡t❤♦❞ s♦❧✈❡s t❤❡ t❤r❡❡ ♠❛✐♥ ♣r♦❜❧❡♠s ♦❢ ✈♦❧✉♠❡ ✐♥t❡❣r❛❧
♠❡t❤♦❞s✳ ❋✐rst✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❡❧❡♠❡♥ts ✐s s❧♦✇ ❛♥❞ ❛❧s♦
❞❡❧✐❝❛t❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ s✐♥❣✉❧❛r✐t② ✐♥ t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥✳ ❲❡ ❡①♣❧♦✐t ❝♦♥st❛♥t ❜❛s✐s
❢✉♥❝t✐♦♥s t❤❛t ❛❧❧♦✇ ❛ ♠✉❝❤ ❢❛st❡r ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❝♦♥str✉❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
st❛♥❞❛r❞ ♦♥❡ ❜❛s❡❞ ♦♥ t❤❡ ❘❛♦✕❲✐❧t♦♥✕●❧✐ss♦♥ ✭❘❲●✮ ♦r ❘❛✈✐❛rt✕❚❤♦♠❛s ✭❘❚✮ ❜❛s✐s
❢✉♥❝t✐♦♥s✳ ❙❡❝♦♥❞✱ ♦✉r ❜❛s✐s ❢✉♥❝t✐♦♥s ✇♦r❦ ❢♦r ♣♦❧②❤❡❞r❛❧ ❡❧❡♠❡♥ts ✇❤✐❧❡ ♣r♦❞✉❝✐♥❣
t❤❡ s❛♠❡ r❡s✉❧ts ❛s ❘❲● ❛♥❞ ❘❚ ❜❛s✐s ❢✉♥❝t✐♦♥s ❢♦r t❡tr❛❤❡❞r❛❧ ❣r✐❞s✳ ❚❤✐r❞✱ t❤❡ ♥❡✇
❜❛s✐s ❢✉♥❝t✐♦♥s ❛❧❧♦✇ t♦ ❢❛❝t♦r✐③❡ t❤❡ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❛♥❞ t♦ ✐♥tr♦❞✉❝❡ ❛ ♥♦✈❡❧ ❢❛♠✐❧②
♦❢ ❣r♦✉♥❞❜r❡❛❦✐♥❣ ❧♦✇✲r❛♥❦ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❝♦♠♣r❡ss✐♦♥ t❡❝❤♥✐q✉❡s t❤❛t s❤♦✇ s❡✈✲
❡r❛❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ✐♠♣r♦✈❡♠❡♥t ✐♥ ♠❡♠♦r② ♦❝❝✉♣❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt
t❤❛♥ st❛t❡✲♦❢✲t❤❡✲❛rt ❛❧t❡r♥❛t✐✈❡s✱ ❛❧❧♦✇✐♥❣ t♦ s♦❧✈❡ ♣r♦❜❧❡♠s t❤❛t ♦t❤❡r✇✐s❡ ❝❛♥♥♦t ❜❡
❢❛❝❡❞✳
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r✐❝ ❛♣♣r♦❛❝❤❡s ✷✶
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✾✳✸✳✸ ❆ ♣r✐s♠❛t✐❝ ♠❡s❤ ♦❢ ❛ ♣❧❛t❡ ✇✐t❤ s❡✈❡♥ ❤♦❧❡s ❛♥❞ ❛ ♣r✐♥t❡❞ ❝✐r❝✉✐t
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✶✵ ❈♦♥❝❧✉s✐♦♥ ✶✷✾
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✻✳✶ ❘✉♥♥✐♥❣ t✐♠❡s ♦❢ ❆❧❣♦r✐t❤♠ ✸ ❢♦r t❤❡ ♠♦❞✐✜❡❞ ❚❊❆▼ ❜❡♥❝❤♠❛r❦ ❡①❛♠✲
♣❧❡ ❢♦r tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ ❞❡❝r❡❛s✐♥❣ s✐③❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✻✳✷ ❘✉♥♥✐♥❣ t✐♠❡s ♦❢ ❆❧❣♦r✐t❤♠ ✸ ❢♦r ✈❛r✐♦✉s tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ t❤❡ t❤✐❝❦
❇✐♥❣✬s ❍♦✉s❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✻✳✸ ❘✉♥♥✐♥❣ t✐♠❡s ♦❢ ❆❧❣♦r✐t❤♠ ✸ ❢♦r t❤❡ ❋✉r❝❤✬s ❦♥♦tt❡❞ ❜❛❧❧s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✾✳✶ ▼❡s❤ ❞❛t❛ ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥ t✐♠❡ ✐♥ t❤❡ ❲✐♥❞♦✇s ❙❡r✈❡r ❢♦r t❤❡ s♦❧✐❞ s♣❤❡r❡
❜❡♥❝❤♠❛r❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✾✳✷ ▼❡s❤ ❞❛t❛ ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥ t✐♠❡ ✐♥ t❤❡ ❲✐♥❞♦✇s ❙❡r✈❡r ❢♦r t❤❡ ❚❊❆▼
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✾✳✸ P❡r❢♦r♠❛♥❝❡ ❝♦♠♣❛r✐s♦♥ ✐♥ t❤❡ ❲✐♥❞♦✇s ❙❡r✈❡r ❜❡t✇❡❡♥ st❛t❡✲♦❢✲t❤❡✲
❛rt ❛♣♣r♦❛❝❤❡s ❛♥❞ t❤✐s ♣❛♣❡r ❝♦❞❡✳ ❙②♠♠❡tr② ♦❢ t❤❡ ♠❛ss ♠❛tr✐❝❡s ✐s
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✾✳✹ ▼❡s❤ ❞❛t❛ ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥ t✐♠❡ ✐♥ t❤❡ ❲✐♥❞♦✇s ❙❡r✈❡r ❢♦r t❤❡ ❝♦♥❞✉❝t✐♥❣
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▲✐st ♦❢ ❋✐❣✉r❡s

✷✳✶ ❆ ♣♦❧②❤❡❞r❛❧ ❡❧❡♠❡♥t c ∈ C ♦❢ K✳ ✭❛✮ Pr✐♠❛❧ ❛♥❞ ✭❜✮ ❞✉❛❧ ❣❡♦♠❡tr✐❝
❡❧❡♠❡♥ts ♦❢ c✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷✳✷ ❆ t❡tr❛❤❡❞r♦♥ c ∈ C ♦❢ K✳ ✭❛✮ ❉✉❛❧ ❝❡❧❧ c̃n c✳ ✭❜✮ ❉✉❛❧ ❢❛❝❡ f̃e c✳ ✭❝✮ ❉✉❛❧
❡❞❣❡ ẽf c

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷✳✸ ✭❛✮ ❚❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ sq✉❛r❡ r❡s✐st♦r ❜❡♥❝❤♠❛r❦ ✭h = 1♠✱ d = 4♠✱
❛♥❞ l = 2♠✮✳ ❚❤❡ t✇♦ ❡❧❡❝tr♦❞❡s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ r❡❞ ❛♥❞ ❜❧✉❡✳ ✭❜✮
❚❤❛♥❦s t♦ t❤❡ s②♠♠❡tr②✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❤❛s ❜❡❡♥ r❡❞✉❝❡❞ t♦
♦♥❡ ✐♥ ❡✐❣❤t ♦❢ t❤❡ r❡s✐st♦r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸✳✶ P♦❧②❤❡❞r❛❧ ❣r✐❞ ♠❛❞❡ ❜② ✷ t❡tr❛❤❡❞r❛ ❛♥❞ ✸ sq✉❛r❡ ♣②r❛♠✐❞s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸✳✷ ❆ ❝✉❜✐❝ ❝❡❧❧ c✳ ❆ s❡t ♦❢ ❉♦❋sΦ ❛r❡ ❛tt❛❝❤❡❞ t♦ ❢❛❝❡s✳ ❚❤✐s ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢
❉♦❋s t❤❛t ❛r❡ ♥♦t ✐♠❛❣❡ ♦❢ ❛♥② ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞ ✉♥❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥
♠❛♣ PF
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✸✳✸ ❆ t❡tr❛❤❡❞r♦♥ t♦ ✐❧❧✉str❛t❡ t❤❡ ❣❡♦♠❡tr✐❝ q✉❛♥t✐t✐❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣r♦♦❢
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✸✳✹ ❚❤❡ s❡r✐❡s ♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡st ✭❛✮✳ ❲❡ s❡t t❤❡ ✈♦❧t❛❣❡ ❜❡t✇❡❡♥ t❤❡
t✇♦ ❡❧❡❝tr♦❞❡s✱ r❡♣r❡s❡♥t❡❞ ✐♥ ❣r❛② ✐♥ t❤❡ ♣✐❝t✉r❡✱ t♦ 1❱✳ ✭❜✮ ❊❧❡❝tr✐❝
✜❡❧❞ E ♣r♦❞✉❝❡❞ ❜② t❤❡ SP ❢♦r♠✉❧❛t✐♦♥✳ ✭❝✮ ❈✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ J

♣r♦❞✉❝❡❞ ❜② t❤❡ SP ❢♦r♠✉❧❛t✐♦♥✳ ✭❞✮ ❊❧❡❝tr✐❝ ✜❡❧❞E ♣r♦❞✉❝❡❞ ❜② t❤❡ V P
❢♦r♠✉❧❛t✐♦♥✳ ✭❡✮ ❈✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ J ♣r♦❞✉❝❡❞ ❜② t❤❡ V P ❢♦r♠✉❧❛t✐♦♥✳ ✸✺

✸✳✺ ❚❤❡ ♣❛r❛❧❧❡❧ ♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡st ✭❛✮✳ ❲❡ s❡t t❤❡ ✈♦❧t❛❣❡ ❜❡t✇❡❡♥
t❤❡ t✇♦ ❡❧❡❝tr♦❞❡s✱ r❡♣r❡s❡♥t❡❞ ✐♥ ❣r❛② ✐♥ t❤❡ ♣✐❝t✉r❡✱ t♦ 1❱✳ ✭❜✮ ❊❧❡❝tr✐❝
✜❡❧❞ E ♣r♦❞✉❝❡❞ ❜② t❤❡ SP ❢♦r♠✉❧❛t✐♦♥✳ ✭❝✮ ❈✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ J

♣r♦❞✉❝❡❞ ❜② t❤❡ SP ❢♦r♠✉❧❛t✐♦♥✳ ✭❞✮ ❊❧❡❝tr✐❝ ✜❡❧❞E ♣r♦❞✉❝❡❞ ❜② t❤❡ V P
❢♦r♠✉❧❛t✐♦♥✳ ✭❡✮ ❈✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ J ♣r♦❞✉❝❡❞ ❜② t❤❡ V P ❢♦r♠✉❧❛t✐♦♥✳ ✸✺

✸✳✻ ❚❤❡ ❢♦✉r ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❣r✐❞s ✉s❡❞ t♦ ❞✐s❝r❡t✐③❡ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡
sq✉❛r❡ r❡s✐st♦r ✐♥ ❋✐❣✳ ✷✳✸✳ ✭❛✮ str✉❝t✉r❡❞ t❡tr❛❤❡❞r❛❧ ❣r✐❞✳ ✭❜✮ ✉♥str✉❝✲
t✉r❡❞ t❡tr❛❤❡❞r❛❧ ❣r✐❞✳ ✭❝✮ str✉❝t✉r❡❞ ❤❡①❛❤❡❞r❛❧ ❣r✐❞✳ ✭❞✮ ♣♦❧②❤❡❞r❛❧
❣r✐❞ ✇✐t❤ s✉❜❣r✐❞❞✐♥❣✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
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①✈✐✐✐ ▲✐st ♦❢ ❋✐❣✉r❡s

✹✳✶ ❙tr✉❝t✉r❡ ♦❢ ♠❛tr✐① PF ✳ ❋❛❝❡ ✈❡❝t♦r ♦❢ ❡❛❝❤ ✐♥t❡r♥❛❧ ❢❛❝❡ ❛♣♣❡❛rs ♦♥
t✇♦ ❞✐✛❡r❡♥t r♦✇s ✇✐t❤ ♦♣♣♦s✐t❡ s✐❣♥✱ ✇❤❡r❡ t❤❡ t✇♦ r♦✇s ❝♦rr❡s♣♦♥❞ t♦
t❤❡ ✉♥✐q✉❡ t✇♦ ❡❧❡♠❡♥ts s❤❛r✐♥❣ t❤❡ ✐♥t❡r♥❛❧ ❢❛❝❡❀ ✐♥st❡❛❞✱ ❡❛❝❤ ❜♦✉♥❞✲
❛r② ❢❛❝❡ ❛♣♣❡❛rs ♦♥❧② ✐♥ ♦♥❡ ❜❧♦❝❦ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✉♥✐q✉❡ ❡❧❡♠❡♥t
❝♦♥t❛✐♥✐♥❣ ✐t✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✐♥t❡r♥❛❧ ❢❛❝❡ fi ✐s s❤❛r❡❞ ❜❡t✇❡❡♥ ❡❧❡✲
♠❡♥ts c, c′ ❛♥❞ ✐ts ❢❛❝❡ ✈❡❝t♦r fi ❛♣♣❡❛rs ✇✐t❤ ♦♣♣♦s✐t❡ s✐❣♥ ♦♥ ❞✐✛❡r❡♥t
r♦✇s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❧❡♠❡♥ts c, c′❀ t❤❡ ❜♦✉♥❞❛r② ❢❛❝❡ fk ✐s ❝♦♥t❛✐♥❡❞
✐♥ t❤❡ ✉♥✐q✉❡ ❡❧❡♠❡♥t c′′ ❛♥❞ ✐ts ❢❛❝❡ ✈❡❝t♦r fk ❛♣♣❡❛rs ♦♥❧② ✐♥ t❤❡ r♦✇s
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✹✳✷ ❆ ❝✉r✈❡❞ ❣r✐❞ ♣❛rt✐t✐♦♥✐♥❣ t❤❡ ❝✉❜❡ r❡s✐st♦r ✇❤❡r❡ ❛❧❧ ✐♥t❡r♥❛❧ ❢❛❝❡s ♦❢ ❡❛❝❤
❡❧❡♠❡♥t ❛r❡ ❝✉r✈❡❞✳ ✭❛✮ ❯♥✐❢♦r♠ ❡❧❡❝tr✐❝ ✜❡❧❞ r❡❝♦♥str✉❝t❡❞ ✐♥s✐❞❡ ❡❛❝❤
❝✉r✈❡❞ ❡❧❡♠❡♥t❀ ✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ ✈❛❧✉❡✳ ✭❜✮ ■♥ r❡❞✱ ❞✉❛❧
❣r✐❞ str✉❝t✉r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ P0✲❝♦♥s✐st❡♥t ❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs
s♦❧✉t✐♦♥ ♦❢ ✭✹✳✺✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✹✳✸ ❆ ❝✉r✈❡❞ ❣r✐❞ ♣❛rt✐t✐♦♥✐♥❣ t❤❡ ❝✉❜✐❝ r❡s✐st♦r ✇❤❡r❡ ❛❧❧ ✐♥t❡r♥❛❧ ❢❛❝❡s ♦❢
❡❛❝❤ ❡❧❡♠❡♥t ❛r❡ ❝✉r✈❡❞✳ ✭❛✮ ❯♥✐❢♦r♠ ❡❧❡❝tr✐❝ ✜❡❧❞ r❡❝♦♥str✉❝t❡❞ ✐♥s✐❞❡
❡❛❝❤ ❝✉r✈❡❞ ❡❧❡♠❡♥t❀ ✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ ✈❛❧✉❡✳ ✭❜✮ ■♥ r❡❞✱
❞✉❛❧ ❣r✐❞ str✉❝t✉r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ P0✲❝♦♥s✐st❡♥t ❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣✲
❡r❛t♦rs s♦❧✉t✐♦♥ ♦❢ ✭✹✳✺✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✺✳✶ ✭❛✮ ●❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ sn,e c
✳ ✭❜✮ ●❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ ln,f c

✳ ✺✷
✺✳✷ ✭❛✮ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♣❛t❝❤ t❡st ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛♥ ❡❧❡❝tr✐❝ ❝♦♥❞✉❝t✐♦♥

♣r♦❜❧❡♠ ✐♥s✐❞❡ ❛ ♣❧❛♥❛r r❡s✐st♦r✳ ✭❜✮ ❆❧❧ ♠❡♥t✐♦♥❡❞ ❢♦r♠✉❧❛t✐♦♥s ❛r❡ ❛❜❧❡
t♦ r❡tr✐❡✈❡ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✉♣ t♦ ♠❛❝❤✐♥❡ ♣r❡❝✐s✐♦♥ ♦r ✐t❡r❛t✐✈❡
s♦❧✈❡r t♦❧❡r❛♥❝❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✺✳✸ ✭❛✮ ❚❤❡ s❡r✐❡s ♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡st✳ ✭❜✮ ❊❧❡❝tr♦st❛t✐❝ ✜❡❧❞ E ♦❜✲
t❛✐♥❡❞ ✇✐t❤ t❤❡ s❡r✐❡s✳ ✭❝✮ ❈✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ J ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡
s❡r✐❡s✳ ✭❞✮ ❚❤❡ ♣❛r❛❧❧❡❧ ♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡st✳ ✭❡✮ ❊❧❡❝tr✐❝ ✜❡❧❞ E

♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♣❛r❛❧❧❡❧✳ ✭❢✮ ❈✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ J ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡
♣❛r❛❧❧❡❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✺✳✹ ❘❡s✉❧ts ❢♦r t❤❡ sq✉❛r❡ r❡s✐st♦r ❜❡♥❝❤♠❛r❦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✻✳✶ ✭❛✮ ❊❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡ ♦❢ ❢r❡❡ ♣❛✐r (σ, τ)✳ ✭❜✮ ■♥t❡r♥❛❧ ❝♦❧❧❛♣s❡ ♦❢ ♣❛✐r
(σ, τ)❀ t❤❡ r❡s✉❧t✐♥❣ ❝❡❧❧ ❝♦♠♣❧❡① ✐s ♥♦t ♠♦r❡ s✐♠♣❧✐❝✐❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✻✳✷ ✭❛✮ ❚❤❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① K✳ ✭❜✮ ❊❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡ ♦❢ t❤❡ ❢r❡❡ ♣❛✐r
(e1, f2)✳ ✭❝✮ ■♥t❡r♥❛❧ ❝♦❧❧❛♣s❡ ♦❢ t❤❡ ♣❛✐r (e5, f2)❀ ♥♦t❡ t❤❛t t❤❡ ❣❡♦♠❡tr✐❝
r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❝❡❧❧ ❝♦♠♣❧❡① ✐s ♥♦t ♠♦r❡ s✐♠♣❧✐❝✐❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✻✳✸ ●❡♥❡r❛❧ ❜❧♦❝❦ str✉❝t✉r❡ ♦❢ ♠❛tr✐① C ♣r♦❞✉❝❡❞ ❜② ❆❧❣♦r✐t❤♠ ✸✳ ✳ ✳ ✳ ✳ ✳ ✽✷
✻✳✹ ❚✇♦ ✈✐❡✇s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ✸✲❞✐♠❡♥s✐♦♥❛❧ t❤✐❝❦❡♥✐♥❣ ♦❢ ❛ ❇✐♥❣✬s ❤♦✉s❡

✇✐t❤ t✇♦ r♦♦♠s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹
✻✳✺ ❆ ❦♥♦tt❡❞ s♣❛♥♥✐♥❣ ❛r❝ ✐♥ ❛ ✸✲❜❛❧❧ Ω ❛t t❤❡ ❝♦r❡ ♦❢ ❋✉r❝❤✬s ❝♦♥str✉❝t✐♦♥✳ ✽✺

✽✳✶ ❚❤❡ ❤❡①❛❤❡❞r♦♥ v ✉s❡❞ ✐♥ t❤❡ ❝♦✉♥t❡r❡①❛♠♣❧❡✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡
♥♦❞❡s ❛r❡ pf1 = (0, 0, 0)T ✱ pf2 = (2, 0, 0)T ✱ pf3 = (0, 1, 0)T ✱ p4 =
(1, 1, 0)T ✱ p5 = (0, 0, 1)T ✱ p6 = (2, 0, 1)T ✱ p7 = (0, 1, 1)T ✱ p8 = (1, 1, 1)T ✳ ✾✻



▲✐st ♦❢ ❋✐❣✉r❡s ①✐①

✽✳✷ ❊①❛♠♣❧❡s ♦❢ ❝♦❤♦♠♦❧♦❣② ❣❡♥❡r❛t♦rs H2(K, ∂K) ❛♥❞ H1(∂K) ❢♦r ❛ s♦❧✐❞
t♦r✉s✳ ❛✮ ❚❤❡ s✉♣♣♦rt ♦❢ ❛ r❡♣r❡s❡♥t❛t✐✈❡ g ∈ H2(K, ∂K) ❣❡♥❡r❛t♦r✳ ❜✮
❚❤❡ ❞✉❛❧ ♦❢ g ✐s ❛ ❝②❝❧❡ ♠❛❞❡ ♦❢ ❞✉❛❧ ❡❞❣❡s t❤❛t ❛r❡ ❞✉❛❧ t♦ t❤❡ ❢❛❝❡s ♦❢
g✳ ❝✮ ❚❤❡ s✉♣♣♦rt ♦❢ t✇♦ r❡♣r❡s❡♥t❛t✐✈❡s g1, g2 ♦❢ t❤❡ H1(∂K) ❣❡♥❡r❛t♦rs
♦❢ ∂K✳ ❞✮ ❚❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❤♦♠♦❧♦❣② ❣❡♥❡r❛t♦r D(g1) ✐s ❝♦♥st✐t✉t❡❞
❜② ❞✉❛❧ ❡❞❣❡s t❤❛t ❛r❡ ❞✉❛❧ t♦ t❤❡ ♣r✐♠❛❧ ❡❞❣❡s ♦❢ g1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✾✳✶ ❉♦✉❜❧❡ ✐♥t❡❣r❛❧ ❝❛❧❝✉❧❛t✐♦♥ ♦✈❡r ❛ t❡tr❛❤❡❞r♦♥ ❜② ✈❛r②✐♥❣ ✐♥t❡❣r❛t✐♦♥ ♦r✲
❞❡r n✳ ❋♦r t❤❡ ❞♦✉❜❧❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥✱ ❛t ❡❛❝❤ ♣♦✐♥t ♦❢ t❤❡ ❣r❛♣❤✱
❛ ♣❛✐r ♦❢ n ✐♥t❡❣r❛t✐♦♥ ♦r❞❡rs ✐s ✐♥t❡♥❞❡❞ t♦ ❜❡ ❛♣♣❧✐❡❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✾✳✷ ❉♦✉❜❧❡ ✐♥t❡❣r❛❧ ❝❛❧❝✉❧❛t✐♦♥ ♦✈❡r ❛ ♣❛✐r ♦❢ t❡tr❛❤❡❞r❛ ✇❤♦s❡ ♠✉t✉❛❧ ❞✐s✲
t❛♥❝❡ ✐s s✉❝❝❡ss✐✈❡❧② ✐♥❝r❡❛s❡❞✳ ❆s ❛ r❡❢❡r❡♥❝❡ ✈❛❧✉❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❡rr♦r
❢♦r t❤✐s t❡st✱ t❤❡ ✏Sing.Extr., O(x16)✧ ❝❛s❡ ✐s ✉s❡❞ s✐♥❝❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s
♣❧♦t t❤✐s ❛♣♣r♦❛❝❤ ✇❛s s❤♦✇♥ t♦ ❜❡ ❛❝❝✉r❛t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✾✳✸ ❋❧♦✇ ❝❤❛rt ♦❢ t❤❡ ✐t❡r❛t✐✈❡ s②st❡♠ s♦❧✉t✐♦♥ ✇✐t❤ ▲■▼❊✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹
✾✳✹ ❖❤♠✐❝ ❧♦ss❡s tr❡♥❞ ❢♦r s✐♠♣❧✐❝✐❛❧ ❛♥❞ ❤❡①❛❤❡❞r❛❧ ♠❡s❤❡s s✉❝❝❡ss✐✈❡❧② r❡✲

✜♥❡❞✳ ❚♦♣✿ Pdiss ❝♦♥✈❡r❣❡♥❝❡ ✈❡rs✉s t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✳ ❇♦tt♦♠✿
Pdiss ❝♦♥✈❡r❣❡♥❝❡ ✈❡rs✉s ♠❡s❤ ❡❧❡♠❡♥ts nv✳ ❋♦r t❤✐s ❝❤❛rt PREF

diss = 111.49
♠❲✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽

✾✳✺ Real(J) ❝♦❧♦✉r ♠❛♣ ❛t f = 50 ❍③ ✐♥ t❤❡ ❚❊❆▼ ✼ ❝♦♥❞✉❝t✐♥❣ ♣❧❛t❡✳ ✳ ✳ ✶✷✵
✾✳✻ ❘❡❛❧ ♣❛rt ♦❢ t❤❡ ✈❡rt✐❝❛❧ ✐♥❞✉❝t✐♦♥ ✜❡❧❞ ❝♦♠♣♦♥❡♥t ❛❧♦♥❣ ❆✶✲❇✶ s❛♠♣❧❡

❧✐♥❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵
✾✳✼ ❘❡❛❧ ♣❛rt ♦❢ t❤❡ ✈❡rt✐❝❛❧ ✐♥❞✉❝t✐♦♥ ✜❡❧❞ ❝♦♠♣♦♥❡♥t ❛❧♦♥❣ ❆✷✲❇✷ s❛♠♣❧❡

❧✐♥❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶
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✾✳✾ ▲❡❢t✲❜♦tt♦♠ ❝♦r♥❡r ♦❢ ❚❊❆▼ ✼ ♠❡s❤ ♠❛❞❡ ♦❢ ♠✐①❡❞ ❤❡①❛❤❡❞r❛ ❛♥❞ tr✐❛♥✲

❣✉❧❛r ♣r✐s♠s✳ ■♥ t❤❡ ✐♥s❡t✱ ❢♦r t❤✐s ♠❡s❤✱ Real(J) ❝♦❧♦✉r ♠❛♣ ❛t f = 50.0
❍③ ✐s s❤♦✇♥ ❛s ❛ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ♦♥❡ ♣r❡✈✐♦✉s❧② ♦❜t❛✐♥❡❞ ✐♥ ❋✐❣✳ ❋✐❣✳ ✾✳✺✳✶✷✸

✾✳✶✵ ▼❡s❤ ❡❧❡♠❡♥ts ❛♥❞ t♦t❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❝♦♠♣❛r✐s♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹
✾✳✶✶ ▼❛✐♥ ♣✐❝t✉r❡✿ ❝♦❧♦✉r ♠❛♣ ♦❢ t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ ✐♥

t❤❡ ❝♦♥❞✉❝t✐♥❣ ♣❧❛t❡ ✇✐t❤ s❡✈❡♥ ❤♦❧❡s✳ ■♥s❡t✿ ❛ ❞❡t❛✐❧ ♦❢ t❤❡ tr✐❛♥❣✉❧❛r
❢❛❝❡s ♦❢ t❤❡ ♣r✐s♠s ❢♦r♠✐♥❣ t❤❡ ♠❡s❤ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ♦♥❡ ❢♦✉rt❤ ♦❢ t❤❡
♦r✐❣✐♥❛❧ ♠❡s❤✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

✾✳✶✷ ▼❛✐♥ ♣✐❝t✉r❡✿ ❝♦❧♦✉r ♠❛♣ ♦❢ t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ ✐♥
❛ P❈❇ ❝♦✐❧✳ ■♥s❡t✿ ③♦♦♠ ♦❢ ❝✉rr❡♥t ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽
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▼✐♠❡t✐❝ ♦r ❝♦♠♣❛t✐❜❧❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛r❡ ❞❡s✐❣♥❡❞ t♦ ♣r❡s❡r✈❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
♣r♦♣❡rt✐❡s ♦❢ ♣❤②s✐❝❛❧ ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s✱ s✉❝❤ ❛s ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s✱ ❛t t❤❡ ❞✐s✲
❝r❡t❡ ❧❡✈❡❧✳ ❚♦ t❤✐s ❡♥❞✱ ♠❡t❤♦❞s ♦❢ ❛❧❣❡❜r❛✐❝ t♦♣♦❧♦❣② ❛♥❞ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr② ♣❧❛②
❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛❧❧ t❤❡ ❞✐s❝r❡t❡ str✉❝t✉r❡s ♥❡❝❡ss❛r② t♦ ❞❡✈❡❧♦♣ ❛ ❝♦♠✲
♣❛t✐❜❧❡ ❞✐s❝r❡t❡ ❢r❛♠❡✇♦r❦ ❛r❡ ♣✉t t♦❣❡t❤❡r ❜② t❤r❡❡ ❜❛s✐❝ ✐♥❣r❡❞✐❡♥ts✳

❚♦ ❜❡❣✐♥ ✇✐t❤✱ ❛ ❝❤♦✐❝❡ ♦❢ ❞✐s❝r❡t❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ s❝❛❧❛r ❛♥❞ ✈❡❝t♦r ✜❡❧❞s ♦♥ ❛
❣✐✈❡♥ ♣♦❧②❤❡❞r❛❧ ❣r✐❞ ✐s ♥❡❝❡ss❛r②✱ ❛♥❞ ✐s ❣✐✈❡♥ ❜② ❛rr❛②s ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭❉♦❋s✮
❬✶❪✳ ❚❤❡s❡ ❉♦❋s ❛r❡ ❞❡✜♥❡❞ t❤r♦✉❣❤ t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛♣ ✭♦r ❞❡ ❘❤❛♠ ♠❛♣ ❬✷❪✮✱ ✐✳❡✳ t❤❡
✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ✜❡❧❞s ♦♥ s♣❡❝✐✜❝ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts✱ ✇❤❡r❡ t❤❡✐r ❣❡♦♠❡tr✐❝ ❧♦❝❛❧✐③❛t✐♦♥
r❡s✉❧ts ❢r♦♠ t❤❡ ♣❤②s✐❝❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ✜❡❧❞s ❬✶❪✱ ❬✸❪✳ ❆♥ ❛rr❛② ♦❢ ❉♦❋s ❤❛s ❛ ❝♦✉♥t❡r♣❛rt
♥♦t✐♦♥ ✐♥ ❛❧❣❡❜r❛✐❝ t♦♣♦❧♦❣② ❬✹❪✱ ❝❛❧❧❡❞ ❝♦❝❤❛✐♥ ❬✶❪✳

◆❡①t✱ ❞✐s❝r❡t❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❛❝t✐♥❣ ♦♥ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛r❡ r❡q✉✐r❡❞✳ ❚❤❡s❡
❛r❡ ♦❜t❛✐♥❡❞ ❜② ♠✐♠✐❝❦✐♥❣ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠ ♦❢ ❝❛❧❝✉❧✉s✱ ♥❛♠❡❧② t❤❡ ❙t♦❦❡s
t❤❡♦r❡♠✱ ❛♥❞ t❤❡② r❡s✉❧t ✐♥ t♦♣♦❧♦❣✐❝❛❧ ♦♣❡r❛t♦rs✱ ❛s t❤❡② ❛r❡ ❞❡✜♥❡❞ t❤r♦✉❣❤ ✐♥❝✐❞❡♥❝❡
♠❛tr✐❝❡s ♦❢ t❤❡ ❣r✐❞ ❬✶❪✱ ❬✺❪✱ ❬✸❪✳ ❚❤✐s ❤❛s ❛ ❝♦✉♥t❡r♣❛rt ✐♥ ❝♦♥❝❡♣ts ♦❢ ❛❧❣❡❜r❛✐❝ t♦♣♦❧♦❣②
❛s ✇❡❧❧✱ ❜❡✐♥❣ t❤❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ❛ ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝♦❜♦✉♥❞❛r② ♦♣❡r❛t♦r
❬✹❪✳ ❙♦✱ t❤❡ ❝♦❜♦✉♥❞❛r② ♦♣❡r❛t♦r ✐s t❤❡ ❞✐s❝r❡t❡ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t✱ ❝✉r❧ ❛♥❞
❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦rs ❬✶❪✳

❋✐♥❛❧❧②✱ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs r❡♠❛♣ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❜❛❝❦ t♦ ❝♦♥t✐♥✉♦✉s ✈❡❝t♦r✲
✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✱ t❤✉s ♣r♦✈✐❞✐♥❣ ❛ ❧❡❢t ✐♥✈❡rs❡ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛♣✳ ❚❤❡ ❝♦♠♣♦s✐t✐♦♥
♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❝♦♥str✉❝t✐♦♥ ♠❛♣ ♣r♦✈✐❞❡s ❛♥ ✐♥t❡r✲
♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r✳ ❆ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦r ✐s s❛✐❞ t♦ ❜❡ ♦❢ ❧♦✇✲♦r❞❡r ✇❤❡♥ t❤❡ ❛❝t✐♦♥
♦❢ t❤✐s ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r ❧❡❛✈❡s ✜①❡❞ ❡❧❡♠❡♥t✲✇✐s❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s✳

■♥ t❤✐s t❤❡s✐s ✇❡ ❢♦❝✉s ♦♥ ❧♦✇✲♦r❞❡r ♠❡t❤♦❞s ❢♦r ✈❛r✐♦✉s r❡❛s♦♥s✳ ❋✐rst ♦❢ ❛❧❧✱ ♠♦st r❡❛❧
t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s ❛r❡ ❧❛r❣❡ ❛♥❞ t❤❡✐r ❡①❛❝t s♦❧✉t✐♦♥s ❛r❡ ❤❛r❞❧② ❡✈❡r s♠♦♦t❤✳
■♥ t❤❡s❡ ❝❛s❡s✱ ❧♦✇✲♦r❞❡r ♠❡t❤♦❞s ❛r❡ ♦❢t❡♥ ♣r❡❢❡rr❡❞ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢
✉♥❦♥♦✇♥s✳ ▼♦r❡♦✈❡r✱ ❤✐❣❤ ♦r❞❡r s❝❤❡♠❡s s✉✛❡r ❢r♦♠ t❤❡ ❧❛❝❦ ♦❢ ❤✐❣❤ ♦r❞❡r r❡♣r❡s❡♥t❛✲
t✐♦♥ ♦❢ ❝✉r✈❡❞ ❣❡♦♠❡tr② ✐♥ ♦✛✲t❤❡✲s❤❡❧❢ ♠❡s❤ ❣❡♥❡r❛t♦rs✳ ❋✐♥❛❧❧②✱ ♣❤②s✐❝❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝
♣❛r❛♠❡t❡rs ❛r❡ ❣❡♥❡r❛❧❧② ❦♥♦✇♥ ✇✐t❤ ❛ t♦❧❡r❛♥❝❡ ✐♥ t❤❡ ♣❡r❝❡♥t r❛♥❣❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t
❡①tr❡♠❡ ❛❝❝✉r❛❝② ❝❛♥ ❜❡ ❤❛r❞❧② ❥✉st✐✜❡❞ ❢♦r r❡❛❧✲❝❛s❡ ✐♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳
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❆ ❝❡♥tr❛❧ r♦❧❡ ♣❧❛②❡❞ ❜② r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✐s ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡
❍♦❞❣❡ ♦♣❡r❛t♦r ❬✷❪✱ ❬✻❪✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ ❞✐s❝r❡t❡ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❞✐s❝r❡t❡
✈❡❝t♦r ✜❡❧❞s ❛♥❞ ✐t ✐s r❡q✉✐r❡❞ t♦ s❛t✐s❢② t✇♦ ♣r♦♣❡rt✐❡s ❬✼❪✱ ❬✽❪✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❛
♣♦❧②♥♦♠✐❛❧ ❝♦♥s✐st❡♥❝② ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ✐s ❛♥ ❡①❛❝t♥❡ss ♣r♦♣❡rt② ♦♥ ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❢❛♠✐❧②
♦❢ ♣♦❧②♥♦♠✐❛❧s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r t❤❡ ❧♦✇✲♦r❞❡r ❝❛s❡ ✇❡ ✇❛♥t t♦ ❡♥❢♦r❝❡ P0✲♣♦❧②♥♦♠✐❛❧
❝♦♥s✐st❡♥❝②✱ ✇❤❡r❡ s②♠❜♦❧ P0 r❡❢❡rs t♦ ❡①❛❝t♥❡ss ❢♦r ❝♦♥st❛♥t ✜❡❧❞s ✭✐✳❡✳ ♣♦❧②♥♦♠✐❛❧s ♦❢
❞❡❣r❡❡ 0✮✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❛ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ❡♥s✉r❡s t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳ ❋r♦♠ t❤❡ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ♣❛t❝❤ t❡st ❝❛♥ ❜❡ ✉s❡❞ t♦ t❡st ✐❢
❜♦t❤ r❡q✉✐r❡♠❡♥ts ❛r❡ s❛t✐s✜❡❞ ❬✾❪✳ ❇♦t❤ ❝♦♥s✐st❡♥❝② ❛♥❞ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ st❛t❡❞
❛t ❛ ❣❧♦❜❛❧ ❧❡✈❡❧✱ s✐♥❝❡ t❤❡② ❛r❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❣❧♦❜❛❧ ♠❛ss ♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ t❤❡
❛❧❣❡❜r❛✐❝ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ ❍♦❞❣❡ ♦♣❡r❛t♦r✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ ✇✐❧❧ s❡❡✱ t❤❡ ❣❧♦❜❛❧
♠❛ss ♠❛tr✐① ✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s✱ ❛♥❞ t❤❡ ❧❛tt❡r ❛r❡ ❝♦♥str✉❝t❡❞ ❢r♦♠
❧♦❝❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳ ❚❤✉s✱ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ❣❧♦❜❛❧ ♠❛ss ♠❛tr✐① t❤❛t s❛t✐s❢② t❤❡
❝♦♥s✐st❡♥❝② ❛♥❞ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♠✉st st❛rt ❛t t❤❡ ❧♦❝❛❧ ❧❡✈❡❧ ✇✐t❤ ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡
♦❢ ❧♦❝❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳

❆ ✇❡❧❧ ❡st❛❜❧✐s❤❡❞ ❞❡s✐❣♥ str❛t❡❣② ❞❡❝♦♠♣♦s❡s ❛ ❧♦❝❛❧ ♠❛ss ♠❛tr✐① ❛s t❤❡ s✉♠ ♦❢
❛ ❝♦♥s✐st❡♥t ❛♥❞ ❛ st❛❜✐❧✐③❛t✐♦♥ ♣❛rt ❬✶✵❪✱ ❬✽❪✳ ❙✉❝❤ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ♠❛ss
♠❛tr✐① ✐s s✉❣❣❡st✐✈❡ s✐♥❝❡ ❡❛❝❤ t❡r♠ ♣❧❛② ❛ s♣❡❝✐✜❝ r♦❧❡✱ ♥❛♠❡❧②✱ t❤❡ ❝♦♥s✐st❡♥t t❡r♠ ❡♥✲
❢♦r❝❡s t❤❡ ❝♦♥s✐st❡♥❝② ♣r♦♣❡rt② ✇❤✐❧❡ t❤❡ st❛❜✐❧✐③❛t✐♦♥ t❡r♠ ❡♥s✉r❡s ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡♥❡ss✳
❙✐♥❝❡ t❤❡ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ♦❢ ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s ❛r❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✱ ❛ s✐♠✐❧❛r
❞❡❝♦♠♣♦s✐t✐♦♥ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ♣❡r❢♦r♠❡❞ ♦♥ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❬✶✶❪✳

❲❡ ❝❛♥ ✐❞❡♥t✐❢② t✇♦ ♠❛✐♥ ❛♣♣r♦❛❝❤❡s t♦ ❞❡s✐❣♥ ❧♦✇✲♦r❞❡r ❝♦♠♣❛t✐❜❧❡ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡s✳ ❚❤❡ ✜rst ❛♣♣r♦❛❝❤ r❡❧✐❡s ♦♥ ❛ ♣r✐♠❛❧✲❞✉❛❧ ❣r✐❞ str✉❝t✉r❡ ❛♥❞ t❤❡ r❡❧❛t❡❞ st❛❣✲
❣❡r❡❞ ♣♦s✐t✐♦♥✐♥❣ ♦❢ t❤❡ ❞✐s❝r❡t❡ ✈❛r✐❛❜❧❡s✳ ■♥ t❤✐s ❝❛t❡❣♦r② ❢❛❧❧ ♠♦st ♣❤②s✐❝s✲❝♦♠♣❛t✐❜❧❡
❞✐s❝r❡t✐③❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ s♦ ❢❛r✱ ❧✐❦❡ t❤❡ ❉✐s❝r❡t❡ ●❡♦♠❡tr✐❝ ❆♣♣r♦❛❝❤ ✭❉●❆✮ ❬✶✷❪✱
❬✶✸❪✱ ❬✶✹❪✱ ❝❡❧❧ ♠❡t❤♦❞ ✭❈▼✮ ❬✶✺❪✱ ❬✺❪✱ ❬✶✻❪✱ ❣❡♥❡r❛❧✐③❡❞ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡s ❬✶✼❪ ❛s ✇❡❧❧ ❛s
✐♥ ❈♦♠♣❛t✐❜❧❡ ❉✐s❝r❡t❡ ❖♣❡r❛t♦rs ✭❈❉❖✮ ❬✶✽❪✱ ❬✶✾❪✱ ❬✶✶❪✳ ❖♥❝❡ ❛ ❞✉❛❧ ❣r✐❞ str✉❝t✉r❡
✐s ❛ss✉♠❡❞ ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣ ❛s ♣❛rt ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✱ t❤❡ ❝♦♥s✐st❡♥❝② ❝♦♥❞✐✲
t✐♦♥ ✐s s❛t✐s✜❡❞ ❜② r❡s♦rt✐♥❣ t♦ t❤❡ s♦ ❝❛❧❧❡❞ ❇♦ss❛✈✐t✬s ❝♦♥s✐st❡♥❝② ❝r✐t❡r✐♦♥ ❬✼❪✱ ❬✶✼❪✱
❛♥❞✱ ❛s ❛❧r❡❛❞② r❡❝♦❣♥✐③❡❞ ✐♥ ❬✶✶❪✱ ❬✶✾❪✱ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❤❛✈❡ ❛ ❝❧❡❛r ❣❡♦♠❡tr✐❝
✐♥t❡r♣r❡t❛t✐♦♥ ❜❡✐♥❣ ❞❡✜♥❡❞ ❜② ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞✉❛❧ ❣r✐❞✳

■♥ ♦t❤❡r ♣❤②s✐❝s✲❝♦♠♣❛t✐❜❧❡ ♠❡t❤♦❞s ❧✐❦❡ t❤❡ ▼✐♠❡t✐❝ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ♠❡t❤♦❞
✭▼❋❉✮ ❬✶✵❪✱ ❬✽❪✱ ❋✐♥✐t❡ ❱♦❧✉♠❡s ✭❋❱✮ ❬✷✵❪✱ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❛r❡ ❞❡✜♥❡❞ ❜② ♠✐♠✲
✐❝❦✐♥❣ t❤❡ ❝♦♥t✐♥✉♦✉s ❙t♦❦❡s t❤❡♦r❡♠✱ ❜✉t ✇✐t❤♦✉t ✐♥tr♦❞✉❝✐♥❣ ❛t ❛❧❧ ❛ ❞✉❛❧ ❣r✐❞✳ ❚❤✐s
str❛t❡❣② ♦❢ ❞❡s✐❣♥✐♥❣ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✐s ❛❧s♦ ❡♠♣❧♦②❡❞ ✐♥ t❤❡ ❤✐❣❤ ♦r❞❡r ❣❡♥❡r✲
❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ▼❋❉ s❝❤❡♠❡s ❬✷✶❪✱ ❛♥❞ ✐♥ s♦♠❡ r❡❝❡♥t ❤✐❣❤ ♦r❞❡r ❝♦♠♣❛t✐❜❧❡ ♠❡t❤♦❞s
❧✐❦❡ ❉✐s❝r❡t❡ ❉❡✲❘❤❛♠ ▼❡t❤♦❞ ✭❉❉❘✮ ❬✷✷❪ ❛♥❞ ❱✐rt✉❛❧ ❊❧❡♠❡♥t ▼❡t❤♦❞s ✭❱❊▼✮ ❬✷✸❪✱
❬✷✹❪✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ t❤❡ ❧♦✇✲♦r❞❡r ✈❡rs✐♦♥ ❛s ❛ ❧✐♠✐t ❝❛s❡✳

■♥ t❤✐s t❤❡s✐s ✇❡ ♣r♦✈✐❞❡ ♥❡✇ ❣❡♦♠❡tr✐❝ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ✈✐❡✇♣♦✐♥ts ♦❢ ❧♦✇✲♦r❞❡r ❝♦♠✲
♣❛t✐❜❧❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳ ❚✇♦ ❦❡② ♣r✐♥❝✐♣❧❡s ✇✐❧❧ ❜❡ ✉s❡❞ ❡①t❡♥s✐✈❡❧② t❤r♦✉❣❤♦✉t t❤✐s
t❤❡s✐s✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❛♥❞ t❤❡ ❜❛r②❝❡♥tr✐❝
❞✉❛❧ ❣r✐❞ ❛♥❞ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s ✐♥t♦ ❛ ❝♦♥s✐st❡♥t
❛♥❞ ❛ st❛❜✐❧✐③❛t✐♦♥ ♣❛rt✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡s❡ ♣r✐♥❝✐♣❧❡s t♦ ✐♠♣r♦✈❡ ❛♥❞ ❡①t❡♥❞ t❤❡ ❜❛s✐❝
❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ♦❢ ❧♦✇✲♦r❞❡r ♠✐♠❡t✐❝ s❝❤❡♠❡s✳



✶✳ ■♥tr♦❞✉❝t✐♦♥ ✺

❚❤❡s✐s ♦✈❡r✈✐❡✇ ❛♥❞ ❝♦♥tr✐❜✉t✐♦♥s

❚❤❡ t❤❡s✐s ♥❡✇ ❣❡♦♠❡tr✐❝ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ✈✐❡✇♣♦✐♥ts ♦❢ ❧♦✇✲♦r❞❡r ❝♦♠♣❛t✐❜❧❡ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡s ❛♥❞ ✐s ❛rt✐❝✉❧❛t❡❞ ✐♥ t✇♦ ♣❛rts✳

❉✐✛❡r❡♥t✐❛❧ ♠❡t❤♦❞s

P❛rt ■ ❞❡❛❧s ✇✐t❤ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠✉❧❛t✐♦♥s ✉s✐♥❣ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞ t❤❡
❢✉♥❞❛♠❡♥t❛❧ ❝♦♥❝❡♣ts t❤❛t ✇✐❧❧ ❜❡ r❡❝✉rr❡♥t t❤r♦✉❣❤♦✉t t❤❡ t❤❡s✐s✳ ❋✐rst ♦❢ ❛❧❧✱ t❤❡
❜❛s✐❝ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ♦❢ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✇❡ ✐♥tr♦❞✉❝❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❛♥❞ ✇❡ ✐❧❧✉str❛t❡ ❤♦✇ t♦ ❝♦♥str✉❝t ❧♦❝❛❧
♠❛ss ♠❛tr✐❝❡s ❛♥❞ ❣❧♦❜❛❧ ♠❛ss ♠❛tr✐❝❡s✱ ✐♥ t❤✐s ♦r❞❡r✱ st❛rt✐♥❣ ❢r♦♠ t❤❡♠✳ ❚❤❡ ❝♦♥❝❡♣t
♦❢ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✐s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❈❤❛♣t❡r ✸✱ ✇❤❡r❡ ✇❡ s❤♦✇ t❤❛t
st❛♥❞❛r❞ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ✉s✐♥❣ ❙t♦❦❡s t❤❡♦r❡♠ ❧❡❛❞ t♦ r❡❝♦♥str✉❝t✐♦♥
♦♣❡r❛t♦rs ❞❡✜♥❡❞ ❜② ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞✳ ❚❤✐s r❡s✉❧t s❤♦✇s
t❤❛t t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✉s❡❞ ✐♥ t❤❡ t✇♦ ♠❛✐♥ ❢❛♠✐❧✐❡s ♦❢ ❧♦✇✲♦r❞❡r ❝♦♠♣❛t✐❜❧❡
♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❚❤❡♥✱ t❤❡ ♥♦✈❡❧ ❝❧❛ss ♦❢ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥
♦♣❡r❛t♦rs ✐s ♣r❡s❡♥t❡❞✱ ❡①♣❧❛✐♥✐♥❣ ❤♦✇ ✐t ❡①t❡♥❞s t❤❡ ❝❧❛ss✐❝❛❧ ❝♦♥s✐st❡♥❝② r❡q✉✐r❡♠❡♥t
♦❢ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳ ■♥ ❈❤❛♣t❡r ✹ ✇❡ ❡①♣❧♦✐t P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥
♦♣❡r❛t♦rs t♦ ❞❡s✐❣♥ ❛ ♥❡✇ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ♦♥ ❣r✐❞s ❤❛✈✐♥❣ ❝✉r✈❡❞ ❢❛❝❡s✳
❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ♣r♦✈✐❞❡ ❛ ❢♦r♠✉❧❛t✐♦♥ ✇❤♦s❡ ❝♦♥✈❡r❣❡♥t s❝❤❡♠❡ ✐s ❛ s②♠♠❡tr✐❝ ❞✐s❝r❡t❡
♣r♦❜❧❡♠ t❤❛t ✉s❡s ♦♥❡ ❉♦❋ ❢♦r ❡❛❝❤ ❝✉r✈❡❞ ❢❛❝❡✳ ■♥ ❈❤❛♣t❡r ✺✱ ✇❡ ♣r♦✈✐❞❡ ❛ ♥❡✇
❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s ♦♥ ❛r❜✐tr❛r② t❡tr❛❤❡❞r❛❧ ❣r✐❞s✳ ❚❤✐s r❡s✉❧t
❛♥s✇❡rs t♦ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠ ♦♥ ✇❤❡t❤❡r t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ ❛❧❧♦✇s ❢♦r s✉❝❤ ❛
s♣❛rs❡ r❡❛❧✐③❛t✐♦♥✳ ❚❤❡ ❦❡② ♣♦✐♥t ♦♥ ✇❤✐❝❤ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐s ❜❛s❡❞ ❛r❡ ✐♥❞❡❡❞ t❤❡
t✇♦ ♣r✐♥❝✐♣❧❡s ❤✐❣❤❧✐❣❤t❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❚♦ ❝♦♥❝❧✉❞❡ P❛rt ■✱ ✐♥
❈❤❛♣t❡r ✻ ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s✳

■♥t❡❣r❛❧ ♠❡t❤♦❞s

P❛rt ■■ ♦❢ t❤✐s t❤❡s✐s ✐s ❞❡✈♦t❡❞ t♦ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s✳ ■♥t❡❣r❛❧ ❢♦r♠✉❧❛t✐♦♥s ❛♣♣❧✐❡❞ t♦
❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♣r♦❜❧❡♠s ❤❛✈❡ ❜❡❝♦♠❡ ♣♦♣✉❧❛r s✐♥❝❡ ♠❛♥② ②❡❛rs ❛❣♦ ❡s♣❡❝✐❛❧❧② ❢♦r t❤❡
st✉❞② ♦❢ ❢✉❧❧ ✇❛✈❡ ♠♦❞❡❧s ✉s❡❞ t♦ st✉❞② ❡❧❡❝tr♦♠❛❣♥❡t✐❝ s❝❛tt❡r✐♥❣ ❧✐❦❡✱ ❛♠♦♥❣ ♦t❤❡rs
♠❡t❤♦❞s✱ t❤❡ ♣❛rt✐❛❧ ❡❧❡♠❡♥ts ❡q✉✐✈❛❧❡♥t ❝✐r❝✉✐t ✭P❊❊❈✮ ♣r♦♣♦s❡❞ ✐♥ ✶✾✼✹ ❜② ❆✳ ❊✳
❘✉❡❤❧✐ ❬✷✺❪✳ ❚❤❡ ❡①♣❧♦✐t❛t✐♦♥ ♦❢ s✉❝❤ ❛ ❢♦r♠✉❧❛t✐♦♥ t♦ st✉❞② ❡❞❞② ❝✉rr❡♥ts s✉❝❝❡ss✐✈❡❧②
st❛rt❡❞ ❛r♦✉♥❞ t❤❡ ✬✾✵s ✇✐t❤ t❤❡ ✇♦r❦s ♦❢ ❘✳ ❘✉❜✐♥❛❝❝✐✱ ❘✳ ▼❛rt♦♥❡ ❛♥❞ ●✳ ❆❧❜❛♥❡s❡
❬✷✻✱ ✷✼❪ ❜② ✇❤♦♠ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s t❤❡s✐s ❛r❡ ✐♥s♣✐r❡❞ ❛♥❞✱ s✐♠✉❧t❛♥❡♦✉s❧②✱ ✇✐t❤
t❤❡ r❡s❡❛r❝❤ ❛❝t✐✈✐t② ♦❢ ▲✳ ❑❡tt✉♥❡♥ ❛♥❞ ▲✳ ❘✳ ❚✉r♥❡r ❬✷✽❪✳ ❋✐♥❛❧❧②✱ ♠♦r❡ r❡❝❡♥t❧②✱ t❤❡
t♦♣✐❝ ❤❛s ❜❡❡♥ r❡❞✐s❝♦✈❡r❡❞ ❢♦r ✐♥st❛♥❝❡ ❜② ●✳ ▼❡✉♥✐❡r ❬✷✾❪✱ ❛♠♦♥❣ ♦t❤❡rs✳

■♥t❡❣r❛❧ ❢♦r♠✉❧❛t✐♦♥s ❛♣♣❧✐❡❞ t♦ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠s ❛r❡ st✐❧❧ ❛♥ ♦♣❡♥ ✐ss✉❡ ✐♥ t❤❡
❝♦♠♠✉♥✐t② ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝s ❞✉❡ t♦ t✇♦ ♠❛✐♥ ✇❡❛❦♥❡ss❡s✳ ❋✐rst✱ t❤❡
✐♥t❡❣r❛❧ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥ ✉s❡❞ t♦ ❧✐♥❦ t❤❡ ♠❛❣♥❡t✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ t♦ t❤❡ ❝✉rr❡♥t
❞❡♥s✐t② ❧❡❛❞s t♦ ❛ ❞❡♥s❡ ♠❛tr✐① ✇❤♦s❡ s✐③❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ sq✉❛r❡ ♦❢ t❤❡ ♥✉♠❜❡r
♦❢ ❉♦❋s ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❚❤✐s ❞❡♥s❡ ♠❛tr✐① ❧❡❛❞s t♦ st♦r❛❣❡ tr♦✉❜❧❡s ✇❤❡♥ ✐t ❤❛s t♦ ❜❡
❛ss❡♠❜❧❡❞ ❛♥❞ t♦ ♠❡♠♦r② ♦✈❡r✢♦✇s ✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ s♦❧✉t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
r❡s❡❛r❝❤❡rs ❤❛✈❡ tr✐❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s♦❧✈❡rs ❛♥❞ r❡❞✉❝❡ t❤❡ s✐③❡ ♦❢ t❤❡
♠❛tr✐① ❜② ❝♦♠♣r❡ss✐♦♥ t❡❝❤♥✐q✉❡s✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ♠❛tr✐① st♦r❛❣❡ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧②



✻ ✶✳ ■♥tr♦❞✉❝t✐♦♥

❢❛❝❡❞ ✐♥✐t✐❛❧❧② ❜② r❡s♦rt✐♥❣ t♦ ❢❛st ♠✉❧t✐♣♦❧❡ ♠❡t❤♦❞s ❛s ✐♥ ❬✸✵✱ ✸✶❪ ❛♥❞ t❤❡♥ ❜② ♠❡❛♥s
♦❢ ❡✛❡❝t✐✈❡ ❝♦♠♣r❡ss✐♦♥ t❡❝❤♥✐q✉❡s ❧✐❦❡ t❤❡ ❛❞❛♣t✐✈❡ ❝r♦ss ❛♣♣r♦①✐♠❛t✐♦♥ ✭❆❈❆✮ ❬✸✷✱
✸✸❪ ❛♥❞ t❤❡ ✉s❡ ♦❢ ❤✐❡r❛r❝❤✐❝❛❧ ♠❛tr✐① ❛❧❣❡❜r❛ ❬✸✹❪✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s ❛❧❧♦✇ t♦ s♦❧✈❡
♣r♦❜❧❡♠s ✉♣ t♦ ✷✵✱✵✵✵ ❉♦❋s ✇✐t❤♦✉t ❛♥② ❝♦♠♣r❡ss✐♦♥ ✇❤❡r❡❛s ✐♥ ♣❛st ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡
❝❛❧❝✉❧❛t♦rs ♠❡♠♦r② ✐♠♣♦s❡❞ t♦ ❞❡❛❧ ✇✐t❤ ❛ ♥✉♠❜❡r ♦❢ ❉♦❋s ♦❢ ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡
s♠❛❧❧❡r✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐❢ ❢r♦♠ ♦♥❡ ❤❛♥❞ t❤❡ ✐ss✉❡ ♦❢ t❤❡ s②st❡♠ s♦❧✉t✐♦♥ ❤❛s ❜❡❡♥ ❛❧♠♦st
❝♦♠♣❧❡t❡❧② ❢❛❝❡❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ♣r♦♣♦s❛❧ ♦❢ ♥❡✇ t❡❝❤♥✐q✉❡s t❤❛t ❝❛♥ ♣r♦❞✉❝❡
❢✉rt❤❡r st❡♣s ❢♦r✇❛r❞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❧✐♠✐t✐♥❣ t❤❡ ♣r♦❜❧❡♠ s✐③❡ ✐s ❛♥ ❛s♣❡❝t ♦♥ ✇❤✐❝❤
s♦♠❡ ✇♦r❦ ❤❛s st✐❧❧ t♦ ❜❡ ❞♦♥❡✳

❚❤✐s ♣❛rt ♦❢ t❤❡ t❤❡s✐s ♣r♦✈✐❞❡s t❤❡ ❢♦✉♥❞❛t✐♦♥s ♦❢ ♥♦✈❡❧ ❝♦♠♣❛t✐❜❧❡ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s
❢♦r s♦❧✈✐♥❣ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠s t❤❛t ♠✐t✐❣❛t❡ t❤❡ ✐ss✉❡s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ♦❢ ✐♥t❡❣r❛❧
♠❡t❤♦❞s✳ ■t ✐s r❡♠❛r❦❡❞ t❤❛t t❤✐s ♠❡t❤♦❞ ✐s ❞❡❧✐❜❡r❛t❡❧② ❢♦❝✉s❡❞ ♦♥ ❧♦✇✲♦r❞❡r ♠❡t❤♦❞s
❢♦r t❤❡ s❛♠❡ r❡❛s♦♥s ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ ❧♦✇✲♦r❞❡r ♠❡t❤♦❞s
❡♥❛❜❧❡ ❛ ❝❧❡❛r ❝✐r❝✉✐t ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ r❡❛s♦♥
❢♦r t❤❡ s✉❝❝❡ss ♦❢ ❝♦♠♣✉t❡r ❝♦❞❡s ❧✐❦❡ ❋❆❙❚❍❊◆❘❨ ❬✸✵❪✳

❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ❢♦r t❡tr❛❤❡❞r❛❧ ❣r✐❞s ✐s s✉r✈❡②❡❞ ✐♥ ❈❤❛♣t❡r ✼✳
■♥ ❈❤❛♣t❡r ✽ ✇❡ ♣r❡s❡♥t t❤❡ ♥♦✈❡❧ ▼✐♠❡t✐❝ ❱♦❧✉♠❡ ■♥t❡❣r❛❧ ✭▼❱■✮ ♠❡t❤♦❞✳ ■t ✐s

❜❛s❡❞ ♦♥ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ✇✐t❤ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧
❣r✐❞ t❤❛t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❡❧❡♠❡♥t✲✇✐s❡ ❝♦♥st❛♥t ❢❛❝❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❚❤❡② ❝❛♥ ❜❡
t❤♦✉❣❤t ❛s t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❘❲● ❛♥❞ ❘❚ ❜❛s✐s ❢✉♥❝t✐♦♥ ❢♦r ❤❡①❛❤❡❞r❛❧ ♦r ❡✈❡♥
❣❡♥❡r❛❧ ♣♦❧②❤❡❞r❛❧ ❡❧❡♠❡♥ts ❜❡❝❛✉s❡ t❤❡② ♣r♦❞✉❝❡ t❤❡ s❛♠❡ st✐✛♥❡ss ♠❛tr✐① ❛s t❤❡ ❘❚
❛♥❞ ❘❲● ✐♥ ❝❛s❡ ♦❢ t❡tr❛❤❡❞r❛❧ ♠❡s❤❡s✳ ❲❡ ❝♦♠♣❛r❡ t❤❡ ♥♦✈❡❧ ♠✐♠❡t✐❝ ✐♥t❡❣r❛❧ ♠❡t❤♦❞
✇✐t❤ r❡s♣❡❝t t♦ ♣r❡✈✐♦✉s ♠❡t❤♦❞s ♣r♦♣♦s❡❞ ✐♥ ❧✐t❡r❛t✉r❡ ❛♥❞ ✇❡ s❤♦✇ t❤❛t t❤❡② ♣r♦❞✉❝❡
t❤❡ s❛♠❡ s♦❧✉t✐♦♥ ✐♥ t❡r♠s ♦❢ ❝✉rr❡♥t ❞❡♥s✐t② ✐♥ t❤❡ ❝❛s❡ ♦❢ t❡tr❛❤❡❞r❛❧ ♠❡s❤❡s✳ ❲❡ ❛❧s♦
♣♦✐♥t ♦✉t ❤♦✇ ♦✉r ♠❡t❤♦❞ s❤♦✉❧❞ ❜❡ ♣r❡❢❡rr❡❞ s✐♥❝❡ ✐t ❛❧❧♦✇s ❛ ❝❧❡❛r ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥
t❡r♠s ♦❢ ❡❧❡❝tr✐❝ ❝✐r❝✉✐ts ✇❤❡r❡❛s t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ✇✐t❤ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤❡s ✇❤❡r❡
✇❡ s❤♦✇ t❤❛t ♠❛ss ♠❛tr✐❝❡s ♣r♦❞✉❝❡❞ ✇✐t❤ ❘❚ ♦r ❘❲● ❢❛❝❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❢♦r ❤❡①❛✲
❤❡❞r❛ ❛r❡ ♥♦t ❝♦♥s✐st❡♥t✳ ❍❡♥❝❡✱ s✉❝❤ ♠❛ss ♠❛tr✐❝❡s ❝❛♥♥♦t ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ❛r❜✐tr❛r②
♣♦❧②❤❡❞r❛❧ ❡❧❡♠❡♥ts✳

❋✐♥❛❧❧②✱ ✐♥ ✾✱ ✇❡ ♣r❡s❡♥t t✇♦ ❣r♦✉♥❞❜r❡❛❦✐♥❣ ❛❞✈❛♥t❛❣❡s ✐♥❞✉❝❡❞ ❜② t❤❡ ✉s❡ ♦❢ t❤❡
♥♦✈❡❧ ▼❱■ ♠❡t❤♦❞✳ ❋✐rst✱ ✐t ❡♥❛❜❧❡s ❛ ❢❛st❡r ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s❡ ✐♥t❡❣r❛❧ ♠❛tr✐❝❡s
❛♥❞✱ ✐♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✉s❡ ♦❢ ❛ ❢❛st❡r s✐♥❣✉❧❛r✐t② ❡①tr❛❝t✐♦♥ t❡❝❤♥✐q✉❡ t♦ ❝♦♠♣✉t❡ t❤❡✐r
❞✐❛❣♦♥❛❧ t❡r♠s ❛❝❝✉r❛t❡❧②✳ ❙❡❝♦♥❞✱ ✐t ❡♥❛❜❧❡s ❛♥ ♦r✐❣✐♥❛❧ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡s❡ ❞❡♥s❡
✐♥t❡❣r❛❧ ♠❛tr✐❝❡s✳ ❚❤❡ ❜❡♥❡✜ts ♦❢ t❤✐s ♥❡✇ ❢❛❝t♦r✐③❛t✐♦♥ ✇❤❡♥ ❝♦✉♣❧❡❞ ❡✐t❤❡r ✇✐t❤ ❧♦✇✲
r❛♥❦ ❝♦♠♣r❡ss✐♦♥ t❡❝❤♥✐q✉❡s ♦r ✇✐t❤ ❜❧❛❝❦ ❜♦① ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ t❤❡ ❋❛st ▼✉❧t✐♣♦❧❡
▼❡t❤♦❞ ❬✸✻❪ ❛r❡ ❡①♣♦s❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ ❝r✐t✐❝❛❧❧② t♦ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt✳



2
▼✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛✐♥ ✐♥❣r❡❞✐❡♥ts ✇❤✐❝❤ ❧✐❡ ❛t t❤❡ ❢♦✉♥❞❛t✐♦♥s ♦❢ ❛♥②
♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳ ❙♣❡❝✐❛❧✐③❡❞ ❞❡✜♥✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ❢♦r t❤❡ ❧♦✇✲♦r❞❡r ❝❛s❡✳

✷✳✶ ●❡♦♠❡tr② ♦❢ ♣r✐♠❛❧ ❛♥❞ ❞✉❛❧ ❣r✐❞

❚❤❡ ❞♦♠❛✐♥ ♦❢ ✐♥t❡r❡st ♦❢ t❤✐s t❤❡s✐s ✐s ❛ ❝❧♦s❡❞ ❛♥❞ ❜♦✉♥❞❡❞ ♣♦❧②❤❡❞r❛❧ ❞♦♠❛✐♥ Ω ♦❢ R3

✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r②✳ ❲❡ ❛ss✉♠❡ t❤❛t Ω ❤❛s tr✐✈✐❛❧ t♦♣♦❧♦❣②✱ ✐✳❡✳✱ ✐t ✐s ❤♦♠❡♦♠♦r♣❤✐❝
t♦ ❛ ❝❧♦s❡❞ 3✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❧❧ ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ Ω ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❛♥❞ ✐ts ❜♦✉♥❞❛r②
∂Ω ✐s ❝♦♥♥❡❝t❡❞ ✭∂Ω ✐s ❤♦♠❡♦♠♦r♣❤✐❝ t♦ ❛ 2✲s♣❤❡r❡ ✐♥❞❡❡❞✮❀ s❡❡ ❬✸✼❪ ✭❙❡❝t✐♦♥ ✻✮ ❛♥❞
❬✸✽❪ ✭❙❡❝t✐♦♥ ✸✮✳

❲❡ ❝♦♥s✐❞❡r ❛ ♣♦❧②❤❡❞r❛❧ ❝❡❧❧ ❝♦♠♣❧❡① ✭♦r ♣♦❧②❤❡❞r❛❧ ♠❡s❤✮ s✉❜❞✐✈✐s✐♦♥ K ♦❢ Ω✳
❊❧❡♠❡♥ts ♦❢ K ❛r❡ ❝❛❧❧❡❞ ❝❡❧❧s✳ ❆ k✲❝❡❧❧ σ ✐s ❛ k✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s❡t ✐♥ R3 ❤♦♠❡♦♠♦r♣❤✐❝
t♦ ❛ ❝❧♦s❡❞ k✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❧❧✳ ❆ 0✲❝❡❧❧ ✐s ❛ ♣♦✐♥t ♦❢ R3✳ ❈r✉❝✐❛❧❧②✱ k✲❝❡❧❧s ❛s ❞❡✜♥❡❞
❛❜♦✈❡ ❝❛♥ ❜❡ ❝✉r✈❡❞✳ ❍♦✇❡✈❡r✱ t❤❡ st❛♥❞❛r❞ ▼❋❉ r❡q✉✐r❡s k✲❝❡❧❧s t♦ ❜❡ ♣❧❛♥❛r ✭♦r ✢❛t✮✳
❆ k✲❝❡❧❧ ✐♥ K ✐s ♣❧❛♥❛r ✐❢ ✐t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ k✲❞✐♠❡♥s✐♦♥❛❧ ❤②♣❡r♣❧❛♥❡ ♦❢ R3✳ ❲❡ ❡q✉✐♣
❡❛❝❤ k✲❝❡❧❧ ✐♥ K ✇✐t❤ ❛♥ ✐♥♥❡r ♦r✐❡♥t❛t✐♦♥✳

❚❤❡ ❣r✐❞ K ❤❛s t❤❡ str✉❝t✉r❡ ♦❢ ❛ ✭r❡❣✉❧❛r✮ ❝❡❧❧ ❝♦♠♣❧❡①✱ ♥❛♠❡❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡
❝♦♥❞✐t✐♦♥s ❤♦❧❞ ❬✸✾❪✿

✶✳ ❋♦r ❡❛❝❤ k✲❝❡❧❧ σ ✐♥K ✐ts ❜♦✉♥❞❛r② ∂σ ✐s ❛ ✉♥✐♦♥ ♦❢ (k−1)✲❝❡❧❧s ✐♥K ❢♦r k ∈ {1, 2, 3}
❬✸✾❪✳

✷✳ ●✐✈❡♥ ❞✐st✐♥❝t k✲❝❡❧❧s σ, τ ✱ t❤❡✐r ✐♥t❡rs❡❝t✐♦♥ σ ∩ τ ✐s ❡✐t❤❡r ❡♠♣t② ♦r ✐s ❛ ✉♥✐♦♥ ♦❢
❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ ❝❡❧❧s ✐♥ K✳

✸✳ ●✐✈❡♥ ❛ l✲❝❡❧❧ σ ❛♥❞ k✲❝❡❧❧ τ ✇✐t❤ l ≤ k✱ σ ̸= τ ❛♥❞ σ ∩ τ ̸= ∅✱ ✇❡ ❤❛✈❡ σ ∩ τ ⊂ ∂τ ✳

❲❡ ❢♦❝✉s ♦♥ t❤❡ ✸✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ t❤✉s ✇❡ ❤❛✈❡ ✸✲❝❡❧❧s ✭❡❧❡♠❡♥ts✮✱ ✷✲❝❡❧❧s ✭❢❛❝❡s✮✱
✶✲❝❡❧❧s ✭❡❞❣❡s✮ ❛♥❞ ✵✲❝❡❧❧s ✭♥♦❞❡s ♦r ✈❡rt✐❝❡s✮✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❝❡❧❧ ❝♦♠♣❧❡① K ❛s K =
(N,E, F,C)✱ ✇❤❡r❡ N ✐s t❤❡ s❡t ♦❢ ♥♦❞❡s✱ E ✐s t❤❡ s❡t ♦❢ ❡❞❣❡s✱ F ✐s t❤❡ s❡t ♦❢ ❢❛❝❡s ❛♥❞
C ✐s t❤❡ s❡t ♦❢ ❡❧❡♠❡♥ts ♦❢ K✳ ❲❡ ❞❡♥♦t❡ ❜② c ❛ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t✱ ❜② f ❛ ❢❛❝❡✱ ❜② e ❛♥
❡❞❣❡ ❛♥❞ ❜② v ❛ ♥♦❞❡✳



✽ ✷✳ ▼✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s

❲❡ ❞❡♥♦t❡ ❜② |·| ❡✐t❤❡r t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ ❛ s❡t ♦r t❤❡ ♠❡❛s✉r❡ ♦❢ ❛ ❝❡❧❧ ✐♥ K✳ ❋♦r
✐♥st❛♥❝❡✱ |F | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❢❛❝❡s ✐♥ K✱ |f | ✐s t❤❡ ❛r❡❛ ♦❢ ❢❛❝❡ f ∈ F ❛♥❞ |c| ✐s t❤❡
✈♦❧✉♠❡ ♦❢ ❡❧❡♠❡♥t c ∈ C✳

❆ ♣♦❧②❤❡❞r❛❧ ❝❡❧❧ ❝♦♠♣❧❡① K ✐s s✐♠♣❧✐❝✐❛❧ ✐❢ ❛❧❧ ✐ts ❝❡❧❧s ❛r❡ s✐♠♣❧✐❝✐❡s ❛♥❞ t❤❡ ❜♦✉♥❞✲
❛r② ♦❢ ❡❛❝❤ ❝❡❧❧ ❤❛s t❤❡ ♥❛t✉r❛❧ s✐♠♣❧✐❝✐❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❬✸✾❪✳ ■❢ K ✐s s✐♠♣❧✐❝✐❛❧✱ K ✐s
❛❧s♦ ❝❛❧❧❡❞ ❛ tr✐❛♥❣✉❧❛t✐♦♥ ♦❢ Ω✳

▲❡t X ❜❡ ❛♥② s❡t ❛♠♦♥❣ N,E, F, ♦r C✳ ■❢ σ ✐s ❛ ❝❡❧❧ ♦❢ K✱ ✇❡ ❞❡♥♦t❡ ❜② X(σ) t❤❡
s✉❜s❡t ❞❡✜♥❡❞ ❜②

X(σ) := {τ ∈ X | σ ⊂ τ}, ✭✷✳✶✮

✐❢ ✭✽✳✾✮ ✐s ♥♦t ✈♦✐❞✱ ♦r ♦t❤❡r✇✐s❡✱

X(σ) := {τ ∈ X | τ ⊂ σ}. ✭✷✳✷✮

❆s ❛♥ ✐♥st❛♥❝❡ ✐♥st❛♥❝❡✱ C(e) = {c ∈ C | e ⊂ c} ✐s t❤❡ s❡t ♦❢ ❝❡❧❧s ♦❢ C ❝♦♥t❛✐♥✐♥❣ t❤❡
❡❞❣❡ e ❛♥❞ E(c) = {e ∈ E | e ⊂ c} ✐s t❤❡ s❡t ♦❢ ❡❞❣❡s ♦❢ c ∈ C✳

c

e

fn

(a)

f

(b)n

bf

ef̃

ñc

bfj

bfi
be

fẽ

❋✐❣✉r❡ ✷✳✶✿ ❆ ♣♦❧②❤❡❞r❛❧ ❡❧❡♠❡♥t c ∈ C ♦❢ K✳ ✭❛✮ Pr✐♠❛❧ ❛♥❞ ✭❜✮ ❞✉❛❧ ❣❡♦♠❡tr✐❝
❡❧❡♠❡♥ts ♦❢ c✳

e

n

c

f

n

c

(b) (c)

f

f

2

1

e

n

c

(a)

f1

❋✐❣✉r❡ ✷✳✷✿ ❆ t❡tr❛❤❡❞r♦♥ c ∈ C ♦❢ K✳ ✭❛✮ ❉✉❛❧ ❝❡❧❧ c̃n c✳ ✭❜✮ ❉✉❛❧ ❢❛❝❡ f̃e c✳ ✭❝✮ ❉✉❛❧
❡❞❣❡ ẽf c

✳



✷✳✶✳ ●❡♦♠❡tr② ♦❢ ♣r✐♠❛❧ ❛♥❞ ❞✉❛❧ ❣r✐❞ ✾

■♥t❡r❧♦❝❦❡❞ ✇✐t❤ t❤❡ ♣r✐♠❛❧ ❣r✐❞K✱ ❛ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ ❬✹❪✱ ❬✶❪✱ ❬✸❪ K̃ = (Ñ , Ẽ, F̃ , C̃)
✐s ✐♥tr♦❞✉❝❡❞✱ ✇❤❡r❡ t❤❡ s❡ts Ñ , Ẽ, F̃ ❛♥❞ C̃ ❝♦♥t❛✐♥ ❞✉❛❧ ♥♦❞❡s✱ ❞✉❛❧ ❡❞❣❡s✱ ❞✉❛❧ ❢❛❝❡s
❛♥❞ ❞✉❛❧ ❝❡❧❧s✱ r❡s♣❡❝t✐✈❡❧②✳ ❊❛❝❤ ❣❡♦♠❡tr✐❝ ❡♥t✐t② ♦❢ t❤❡ ❞✉❛❧ ❣r✐❞ ✐s ✐♥ ♦♥❡✲t♦✲♦♥❡
❝♦rr❡s♣♦♥❞❡♥❝❡ ✭s♦✲❝❛❧❧❡❞ ❞✉❛❧✐t② ♣❛✐r✐♥❣✮ ✇✐t❤ ❛ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥t ♦❢ t❤❡ ♣r✐♠❛❧ ❣r✐❞
❛♥❞ ✐t ✐s ❝♦♥str✉❝t❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ s✉❜❞✐✈✐s✐♦♥ ❬✹❪ ♦❢ t❤❡ ♣r✐♠❛❧ ❣r✐❞✱
s❡❡ ❋✐❣✳ ✷✳✷✳ ❲✐t❤ s②♠❜♦❧ ✏∼✑ ✇❡ ❞❡♥♦t❡ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞✉❛❧ ❣r✐❞✱ t❤✉s✱
✇❡ ❞❡♥♦t❡ ❛ s✐♥❣❧❡ ❞✉❛❧ ♥♦❞❡ ❛s ñ✱ ❛ ❞✉❛❧ ❡❞❣❡ ❜② ẽ✱ ❛ ❞✉❛❧ ❢❛❝❡ ❜② f̃ ❛♥❞ ❛ ❞✉❛❧ ❝❡❧❧
❜② c̃✱ r❡s♣❡❝t✐✈❡❧②✳ ❲✐t❤ ❛ s✉❜s❝r✐♣t ✇❡ ✐♥❞✐❝❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✭✉♥✐q✉❡✮ ❣❡♦♠❡tr✐❝
❡❧❡♠❡♥t ♦❢ t❤❡ ♣r✐♠❛❧ ❣r✐❞✱ t❤✉s✱ t❤❡ ❞✉❛❧ ♦❢ ❛ ♣r✐♠❛❧ ♥♦❞❡ n ✐s ❛ ❞✉❛❧ ❝❡❧❧ c̃n✱ t❤❡ ❞✉❛❧
♦❢ ❛ ♣r✐♠❛❧ ❡❞❣❡ e ✐s ❛ ❞✉❛❧ ❢❛❝❡ f̃e✱ t❤❡ ❞✉❛❧ ♦❢ ❛ ♣r✐♠❛❧ ❢❛❝❡ f ✐s ❛ ❞✉❛❧ ❡❞❣❡ ẽf ❛♥❞
t❤❡ ❞✉❛❧ ♦❢ ❛ ♣r✐♠❛❧ ❝❡❧❧ c ✐s t❤❡ ❞✉❛❧ ♥♦❞❡ ❞❡♥♦t❡❞ ❛s ñc✳

❚♦ ❞❡s❝r✐❜❡ t❤❡ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♣❛✐r ♦❢ ❣r✐❞s✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❈❛rt❡s✐❛♥
s②st❡♠ ♦❢ ❝♦♦r❞✐♥❛t❡s ✇✐t❤ s♣❡❝✐✜❡❞ ♦r✐❣✐♥ ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② x = (x1, x2, x3)

T ∈ R3 t❤❡
❝♦♦r❞✐♥❛t❡s ♦❢ ✐ts ❣❡♥❡r✐❝ ♣♦✐♥t✳ ▲❡t ✉s ✜rst ❞❡s❝r✐❜❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ r❡str✐❝t✐♦♥ ♦❢
❞✉❛❧ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts t♦ ❛♥ ❡❧❡♠❡♥t c✱ ❛s t❤❡ ♦♥❡ ♣✐❝t✉r❡❞ ✐♥ ❋✐❣✳ ✷✳✷✳ ❚❤❡ ❣❡♦♠❡tr✐❝
❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❞✉❛❧ ♥♦❞❡s✱ ❞✉❛❧ ❡❞❣❡s✱ ❞✉❛❧ ❢❛❝❡s ❛♥❞ ❞✉❛❧ ❝❡❧❧s ✐s ❜❛s❡❞ ♦♥ t❤❡
❜❛r②❝❡♥tr✐❝ s✉❜❞✐✈✐s✐♦♥ ❛s ❢♦❧❧♦✇s✳ ❚♦ ❜❡❣✐♥ ✇✐t❤✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❜❛r②❝❡♥t❡rs ♦❢ ❝❡❧❧s
✐♥ K✳ ❚❤❡ ❜❛r②❝❡♥t❡rs ♦❢ ❛♥ ❡❞❣❡ e✱ ❢❛❝❡ f ❛♥❞ ♦❢ ❛♥ ❡❧❡♠❡♥t c ❛r❡ ❞❡✜♥❡❞✱ r❡s♣❡❝t✐✈❡❧②✱
❛s ❢♦❧❧♦✇s

be =
1

|e|

∫︂

e

x de , bf =
1

|f |

∫︂

f

x df , bc =
1

|c|

∫︂

c

x dc , ✭✷✳✸✮

✇❤❡r❡ |e|, |f | ❛♥❞ |c| ❞❡♥♦t❡ t❤❡ ❧❡♥❣t❤ ♦❢ ❡❞❣❡ e✱ t❤❡ ❛r❡❛ ♦❢ ❢❛❝❡ f ❛♥❞ t❤❡ ✈♦❧✉♠❡ ♦❢
❡❧❡♠❡♥t c✱ r❡s♣❡❝t✐✈❡❧②✳

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✇✐❧❧ ❡♠♣❧♦② ❛ ❣❡♥❡r❛❧✐③❡❞ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧
❣r✐❞ ✐♥ ✇❤✐❝❤ t❤❡ ❞✉❛❧ ♥♦❞❡ ñc ✐s ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t ✐♥ R3 ❛♥❞ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧②
❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❜❛r②❝❡♥t❡r bc ♦❢ t❤❡ ❝❡❧❧ c✳ ❲❡ r❡❢❡r t♦ s✉❝❤ ❛ ❝♦♥str✉❝t✐♦♥ ❛❣❛✐♥ ❛s
❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞✱ ❛❧t❤♦✉❣❤ t❤❡ ❞✉❛❧ ♥♦❞❡ ❞♦❡s ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❜❛r②❝❡♥t❡r bc
♦❢ t❤❡ ❡❧❡♠❡♥t c✳ ❆ ❞✉❛❧ ❡❞❣❡ ẽf c

✐s ❛ s❡❣♠❡♥t ✇❤✐❝❤ ❥♦✐♥s ñc ✇✐t❤ t❤❡ ❜❛r②❝❡♥t❡r bf ♦❢
❛ ♣r✐♠❛❧ ❢❛❝❡ f ✳ ❆ ❞✉❛❧ ❢❛❝❡ f̃e c ✐s ❛ q✉❛❞r✐❧❛t❡r❛❧ ♣❧❛♥❡ s✉r❢❛❝❡ ✇❤♦s❡ ✈❡rt✐❝❡s ❛r❡ ñ✱
t❤❡ ❜❛r②❝❡♥t❡rs ♦❢ t❤❡ ♣❛✐r ♦❢ ♣r✐♠❛❧ ❢❛❝❡s ❤❛✈✐♥❣ ❡❞❣❡ e ✐♥ ❝♦♠♠♦♥ ❛♥❞ t❤❡ ❜❛r②❝❡♥t❡r
be ♦❢ e✳ ❆ ❞✉❛❧ ❝❡❧❧ c̃n c ✐s ❛ r❡❣✐♦♥ ✇❤♦s❡ ❜♦✉♥❞❛r② ✐s ♠❛❞❡ ♦❢ ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❞✉❛❧
❢❛❝❡s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❞❣❡s ♦❢ c ❤❛✈✐♥❣ t❤❡ ♥♦❞❡ n ✐♥ ❝♦♠♠♦♥✱ ❛♥❞ ♣♦rt✐♦♥s ♦❢ ❢❛❝❡s ♦❢
c ❤❛✈✐♥❣ t❤❡ ♥♦❞❡ n ✐♥ ❝♦♠♠♦♥✳ ❉✉❛❧ ❡❞❣❡ ẽf ✱ ❞✉❛❧ ❢❛❝❡ f̃e ❛♥❞ ❞✉❛❧ ❝❡❧❧ c̃n ❛r❡ ❡♥❞♦✇❡❞
✇✐t❤ ♦✉t❡r ♦r✐❡♥t❛t✐♦♥ ❬✶❪✱ ❬✸❪✱ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❡❛❝❤ ♦❢ t❤❡ ♣❛✐rs (e, f̃e), (f, ẽf ), (n, c̃n)
❛r❡ ♦r✐❡♥t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r✐❣❤t✲❤❛♥❞ r✉❧❡✳

❚♦ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts e, f, f̃ c, ẽ c ♦❢ t❤❡ ♣r✐♠❛❧ ♦r ♦❢ t❤❡ ❞✉❛❧
❣r✐❞✱ ✇❡ ❛ss♦❝✐❛t❡ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡❝t♦rs e,f , f̃ c, ẽ c r❡s♣❡❝t✐✈❡❧②✳ ❊❛❝❤ ♦❢ t❤❡s❡
✈❡❝t♦rs✱ ✇✐❧❧ ❜❡ r❡♣r❡s❡♥t❡❞ ✇✐t❤ ❛ ❝♦❧✉♠♥ ✈❡❝t♦r ♦❢ ✐ts ❝❛rt❡s✐❛♥ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ❡❞❣❡
✈❡❝t♦r e ✐s

e :=

∫︂

e

te de, ✭✷✳✹✮

✇❤❡r❡ te ✐s t❤❡ ✉♥✐t ✈❡❝t♦r t❛♥❣❡♥t t♦ ❡❞❣❡ e ❛t ❛♥② ❣✐✈❡♥ ♣♦✐♥t✳ ◆❡①t✱ t❤❡ ❢❛❝❡ ✈❡❝t♦r
f ✐s

f :=

∫︂

f

nf df ✭✷✳✺✮



✶✵ ✷✳ ▼✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s

✇❤❡r❡ nf ✐s t❤❡ ✉♥✐t ✈❡❝t♦r ♣❡r♣❡♥❞✐❝✉❧❛r t♦ ❢❛❝❡ f ❛t ❛♥② ❣✐✈❡♥ ♣♦✐♥t✳ ■♥ ❛ s✐♠✐❧❛r ✇❛②✱
✈❡❝t♦r ẽf c

✐s t❤❡ ❡❞❣❡ ✈❡❝t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞✉❛❧ ❡❞❣❡ ẽf c
❀ ❢♦r ✐♥st❛♥❝❡✱

ẽf c
:= bf − ñc, ✭✷✳✻✮

s❡❡ ❋✐❣✳ ✷✳✷❜✳ ❱❡❝t♦r f̃e c ✐s t❤❡ ❢❛❝❡ ✈❡❝t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞✉❛❧ ❢❛❝❡ f̃e c✳ ❋❛❝❡
✈❡❝t♦r f̃e c ✐s ❡q✉❛❧ t♦

f̃e c
:=

1

2

(︁
ẽfi c

× (be − ñc)− ẽfj c
× (be − ñc)

)︁
, ✭✷✳✼✮

✇❤❡r❡ fi, fj ❛r❡ t❤❡ ✉♥✐q✉❡ t✇♦ ❢❛❝❡s s✉❝❤ t❤❛t e = fi∩fj ✱ ✇✐t❤ i = i(e) ❛♥❞ j = j(e)✱ ❛♥❞
✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ❡①♣r❡ss✐♦♥ ✐♥❞✉❝❡s t❤❡ ❝♦rr❡❝t ♦r✐❡♥t❛t✐♦♥ ♦♥ f̃e c✱ s❡❡ ❋✐❣✳ ✷✳✷❜✳

◆♦✇✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❞✉❛❧ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts r❡str✐❝t❡❞ t♦ ❛ s✐♥❣❧❡
❡❧❡♠❡♥t c✱ ✇❡ ✐♥tr♦❞✉❝❡ ❞✉❛❧ ❡❞❣❡s✱ ❞✉❛❧ ❢❛❝❡s ❛♥❞ ❞✉❛❧ ❝❡❧❧s ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧
❣r✐❞✳ ❲❡ ❞❡✜♥❡ ❛ ❞✉❛❧ ❡❞❣❡ ẽf ❛s t❤❡ ♣✐❡❝❡✇✐s❡ s❡❣♠❡♥t ♠❛❞❡ ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ t✇♦
s❡❣♠❡♥ts ẽf c1

❛♥❞ ẽf c2
✱ ✇✐t❤ c1, c2 ∈ C(f)✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡❝t♦r ẽf ✐s ❞❡✜♥❡❞ ❛s

❢♦❧❧♦✇s
ẽf :=

∑︂

c∈C(f)

ẽf c
. ✭✷✳✽✮

❆ ❞✉❛❧ ❢❛❝❡ f̃e ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♣♦❧②❤❡❞r❛❧ s✉r❢❛❝❡ ♠❛❞❡ ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ f̃e c✱ ✇✐t❤
c ∈ C(e)✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✉❛❧ ❢❛❝❡ ✈❡❝t♦r f̃e ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

f̃e :=
∑︂

c∈C(e)

f̃e c. ✭✷✳✾✮

❆ ❞✉❛❧ ❝❡❧❧ c̃n ✐s ❞❡✜♥❡❞ ❛s t❤❡ r❡❣✐♦♥ ♠❛❞❡ ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ c̃n c✱ ✇✐t❤ c ∈ C(n)✱ t❤❛t
✐s c̃n :=

⋃︁
c∈C(n) c̃n c✳ ◆♦t❡ t❤❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ ❡❛❝❤ ❞✉❛❧ ❝❡❧❧ ❞❡❝♦♠♣♦s❡s ✐♥t♦ ❞✉❛❧

❡❞❣❡s ❛♥❞ ❞✉❛❧ ❢❛❝❡s✳

▲❡t X ❜❡ ❛♥② s❡t ❛♠♦♥❣ E,F ❛♥❞ ❧❡t X̃ ❜❡ ❛♥② s❡t ❛♠♦♥❣ Ẽ, F̃ ✳ ●✐✈❡♥ ❛ ♥♦♥✲❡♠♣t②
r❡❣✐♦♥ Ω′ ⊂ Ω ♦❢ R3✱ ✇❡ ❞❡✜♥❡

XΩ′ := {x ∩ Ω′, x ∈ X}, X̃Ω′ := {x̃ ∩ Ω′, x̃ ∈ X}, ✭✷✳✶✵✮

❛s t❤❡ s✉❜s❡ts ♦❢ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ X ❛♥❞ X̃ r❡str✐❝t❡❞ t♦ Ω′✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡
s❡q✉❡❧ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡ Ω′ ✐s ♦♥❡ ❛♠♦♥❣ ❛ ❝❡❧❧ c ∈ C✱ ❛ ❞✉❛❧ ❝❡❧❧ c̃ ∈ C̃✱ ♦r
t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❞✉❛❧ ❝❡❧❧ c̃ t♦ t❤❡ ❝❡❧❧ c✱ c̃ c✳ ❆s ❛♥ ✐♥st❛♥❝❡✱ Ec̃ := {e ∩ c̃, e ∈ E}
❝♦♥t❛✐♥s t❤❡ r❡str✐❝t✐♦♥ ♦❢ ♣r✐♠❛❧ ❡❞❣❡s t♦ t❤❡ ❞✉❛❧ ❝❡❧❧ c̃✳ ❖❜s❡r✈❡ t❤❛t Ec, Fc ❝♦✐♥❝✐❞❡
✇✐t❤ t❤❡ s✉❜s❡ts ♦❢ ❛❧❧ ❡❞❣❡s ❛♥❞ ❢❛❝❡s ♦❢ c✳ ❙✐♠✐❧❛r❧②✱ Ẽ c̃, F̃ c̃ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ s✉❜s❡ts
♦❢ ❛❧❧ ❞✉❛❧ ❡❞❣❡s ❛♥❞ ❞✉❛❧ ❢❛❝❡s ♦❢ c̃✳

❋✐♥❛❧❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛tr✐❝❡s XΩ′ , X̃Ω′ ✇❤♦s❡ r♦✇s ❝♦❧❧❡❝t ❣❡♦✲
♠❡tr✐❝ ✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❧❡♠❡♥ts ♦❢ t❤❡ s❡ts ✐♥ ✭✷✳✶✵✮✳ ❆s ❛♥ ✐♥st❛♥❝❡✱ r♦✇s ♦❢ Ec̃

❝♦♥t❛✐♥ ❡❞❣❡ ✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❞❣❡s ✐♥ Ec̃✳



✷✳✷✳ ❉❡❣r❡❡s ♦❢ ❋r❡❡❞♦♠ ✶✶

✷✳✷ ❉❡❣r❡❡s ♦❢ ❋r❡❡❞♦♠

❲❡ ❞❡✜♥❡ ❛ ❞✐s❝r❡t❡ ✜❡❧❞ ❛s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭❉♦❋s✮✳ ❉♦❋s ❛r❡ ❛rr❛②s
♦❢ r❡❛❧ ♥✉♠❜❡rs ✇❤♦s❡ ❡♥tr✐❡s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❡✈❛❧✉❛t✐♥❣ t❤❡ ♣❤②s✐❝❛❧ s❝❛❧❛r ♦r ✈❡❝t♦r
✜❡❧❞s ♦♥ t❤❡ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♠❡s❤ ❜② ♠❡❛♥s ♦❢ ✐♥t❡❣r❛t✐♦♥ ❬✹✶❪✱ ❬✶❪✱ ❬✼❪✳ ❚❤❡
♦♣❡r❛t✐♦♥ ♦❢ tr❛♥s❧❛t✐♥❣ ❛ s✉✣❝✐❡♥t❧② s♠♦♦t❤ s❝❛❧❛r ♦r ✈❡❝t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ✐♥t♦ ❉♦❋s
❛r❡ ♣❡r❢♦r♠❡❞ ❜② ♣r♦❥❡❝t✐♦♥ ♠❛♣s✱ ❝❛❧❧❡❞ ❛❧s♦ ❞❡ ❘❤❛♠ ♠❛♣s ❬✷❪✱ ❬✼❪✳

▲❡t u ❜❡ ❛ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r s❝❛❧❛r ❢✉♥❝t✐♦♥ s♦ t❤❛t ✇❡ ❝❛♥ t❛❦❡ ✐ts ♣♦✐♥t✇✐s❡ ✈❛❧✉❡s✳
❲❡ ❞❡♥♦t❡ ✇✐t❤ SN t❤❡ s♣❛❝❡ ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ SN ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❜❡
H1(Ω)∩C0(Ω)✳ ◆♦❞❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r PN ♠❛♣s u ♦♥t♦ ✐ts ♥♦❞❡ ❉♦❋s uN = PN (u)✱
✇❤❡r❡ t❤❡ ❡♥tr② ♦❢ uN ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♥♦❞❡ n ✐s

uN
n = u(n). ✭✷✳✶✶✮

❲❡ ❞❡♥♦t❡ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ ♥♦❞❡ ❉♦❋s ❜② N = R|N |✳
▲❡t u ❜❡ ❛ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ✈❡❝t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ s♦ t❤❛t t❤❡ ✐♥t❡❣r❛❧s ♦❢ ✐ts

t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ❛❧♦♥❣ t❤❡ ❣r✐❞ ❡❞❣❡s✳ ❲❡ ❞❡♥♦t❡ ✇✐t❤ SE t❤❡
s♣❛❝❡ ♦❢ ❛❧❧ s✉❝❤ ❢✉♥❝t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ SE ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❜❡ Hs(Ω)✱ ✇✐t❤ s > 1✳
❊❞❣❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r P E ♠❛♣s u ♦♥t♦ ✐ts ❡❞❣❡ ❉♦❋s uE = P E(u)✱ ✇❤❡r❡ t❤❡ ❡♥tr②
♦❢ uE ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❞❣❡ e ✐s

uE
e =

∫︂

e

u · te de. ✭✷✳✶✷✮

❲❡ ❞❡♥♦t❡ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ ❡❞❣❡ ❉♦❋s ❜② E = R|E|✳
◆♦✇✱ ❧❡t u ❜❡ ❛ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ✈❡❝t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ s♦ t❤❛t t❤❡ ✐♥t❡❣r❛❧s ♦❢

✐ts ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥t ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ♦♥ t❤❡ ❣r✐❞ ❢❛❝❡s✳ ❲❡ ❞❡♥♦t❡ ✇✐t❤ SF t❤❡ s♣❛❝❡
♦❢ ❛❧❧ s✉❝❤ ❢✉♥❝t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ SF ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❜❡ Hs(Ω)✱ ✇✐t❤ s > 1

2 ✳ ❋❛❝❡
♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r PF ♠❛♣s u ♦♥t♦ ✐ts ❢❛❝❡ ❉♦❋s uF = PF (u)✱ ✇❤❡r❡ t❤❡ ❡♥tr② ♦❢ uF

❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❢❛❝❡ f ✐s

uF
f =

∫︂

f

u · nf df. ✭✷✳✶✸✮

❲❡ ❞❡♥♦t❡ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ ❢❛❝❡ ❉♦❋s ❜② F = R|F |✳
▲❡t u ❜❡ ❛ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r s❝❛❧❛r ❢✉♥❝t✐♦♥ s♦ t❤❛t ✇❡ ❝❛♥ t❛❦❡ ✐ts ✐♥t❡❣r❛❧s ♦♥

❝♦♠♣❛❝t s✉❜s❡ts ♦❢ Ω ❛r❡ ✇❡❧❧✲❞❡✜♥❡❞✳ ❲❡ ❞❡♥♦t❡ ✇✐t❤ SC t❤❡ s♣❛❝❡ ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥s✳
❋♦r ✐♥st❛♥❝❡✱ SC ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❜❡ L1(Ω)✳ ❈❡❧❧ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r P C ♠❛♣s u ♦♥t♦
✐ts ♥♦❞❡ ❉♦❋s uN = P C(u)✱ ✇❤❡r❡ t❤❡ ❡♥tr② ♦❢ nC ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❝❡❧❧ c ✐s

uC
c =

∫︂

c

u dc. ✭✷✳✶✹✮

❲❡ ❞❡♥♦t❡ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ ♥♦❞❡ ❉♦❋s ❜② c = R|C|✳
▲❡t X ❜❡ ❛♥② s❡t ❛♠♦♥❣ N , E ,F ♦r C✳ ❋♦r ❛ ❣✐✈❡♥ ❡❧❡♠❡♥t c✱ ✇❡ ❞❡♥♦t❡ ✇✐t❤ Xc

t❤❡ ✈❡❝t♦r s✉❜s♣❛❝❡ ♦❢ ❛❧❧ ❉♦❋s ♦❢ X t❤❛t ❛r❡ ❛tt❛❝❤❡❞ t♦ ❝❡❧❧s ♦❢ c✳ ❚❤❡♥✱ t❤❡ ❧♦❝❛❧
♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ♦♥ c ✐s ❞❡✜♥❡❞ ❛s PX

c : SX
c → Xc✱ ✇❤❡r❡ SX

c ✐s ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧
✈❡❝t♦r s✉❜s♣❛❝❡ ♦❢ SX ❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ♠❛♣ PX

c ✐s ❜✐❥❡❝t✐✈❡ ♦♥ Xc✳ ❚❤✉s✱
✇❡ ❝❛♥ s❡t ✉♣ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛ ✈❡❝t♦r ✜❡❧❞ u ∈ SX

c ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣



✶✷ ✷✳ ▼✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s

❉♦❋s✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❝♦♥str✉❝t ❡①♣❧✐❝✐t❧② t❤❡
s♣❛❝❡ SX

c s✐♥❝❡ ♦♥❧② ✐ts ❣❡♥❡r✐❝ ♣r♦♣❡rt✐❡s ✇✐❧❧ ❜❡ ✉s❡❞✳
▲❡t PX

c ❜❡ t❤❡ ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♠❛♣ PX
c : SX

c → Xc t♦ t❤❡
✈❡❝t♦r s✉❜s♣❛❝❡ ♦❢ ❝♦♥st❛♥t s❝❛❧❛r ♦r ✈❡❝t♦r ✜❡❧❞s✳ ❙♣❡❝✐✜❝❛❧❧②✱ r♦✇s ♦❢ PE

c ,P
F
c ❝♦❧❧❡❝t t❤❡

❝♦❡✣❝✐❡♥ts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛♥❞❛r❞ ❜❛s✐s ♦❢ R3 ♦❢ t❤❡ q✉❛♥t✐t✐❡s
∫︁
e
te de ❛♥❞

∫︁
f
nf df ✱

r❡s♣❡❝t✐✈❡❧②✳ ●✐✈❡♥ ❛ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞ u ❞❡✜♥❡❞ ♦♥ c✱ ❜② ❙t♦❦❡s t❤❡♦r❡♠✱ t❤❡ ❧❛tt❡r
✐♥t❡❣r❛❧ q✉❛♥t✐t✐❡s ❝❛♥ ❛❧s♦ ❜❡ ❝♦♠♣✉t❡❞ ♦♥ ❛♥② ❤♦♠♦❧♦❣♦✉s ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥t✳ ■♥
♣❛rt✐❝✉❧❛r✱ ♠❛tr✐❝❡s PE

c ❛♥❞ PF
c ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

PF
c = Fc =

⎛
⎜⎜⎝

✳✳✳
fT

✳✳✳

⎞
⎟⎟⎠ , PE

c = Ec =

⎛
⎜⎜⎝

✳✳✳
eT

✳✳✳

⎞
⎟⎟⎠ . ✭✷✳✶✺✮

■♥ t❤❡ s❡q✉❡❧ ✇❡ ✇✐❧❧ ❛❧s♦ ♥❡❡❞ t❤❡ ❞✉❛❧ ❝♦✉♥t❡r♣❛rt ♦❢ ♠❛tr✐❝❡s PE
c ,P

F
c ✳ ❲❡ ❞❡♥♦t❡

❜② P
˜︁E
ñc

t❤❡ ♠❛tr✐① ✇❤♦s❡ r♦✇s ❝♦❧❧❡❝t ❡❞❣❡ ✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❞✉❛❧
❡❞❣❡s t♦ c ❝♦♥str✉❝t❡❞ ✉s✐♥❣ t❤❡ ❞✉❛❧ ♥♦❞❡ ñc✳ ❋♦r t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ ñc ❝♦✐♥❝✐❞❡
✇✐t❤ t❤❡ ♦r✐❣✐♥✱ ✇❡ ✉s❡ t❤❡ s②♠❜♦❧ P ˜︁E

c ✳ ■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✇❡ ❞❡♥♦t❡ ✇✐t❤ P
˜︁F
ñc

t❤❡ ♠❛tr✐①
✇❤♦s❡ r♦✇s ❝♦❧❧❡❝t ❞✉❛❧ ❢❛❝❡ ✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❞✉❛❧ ❢❛❝❡s t♦ c✱
❝♦♥str✉❝t❡❞ ✉s✐♥❣ t❤❡ ❞✉❛❧ ♥♦❞❡ ñc✳ ❋♦r t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ ñc ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡
♦r✐❣✐♥✱ ✇❡ ✉s❡ t❤❡ s②♠❜♦❧ P ˜︁F

c ✳

✷✳✸ ❉✐s❝r❡t❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs

❖♥❡ ❦✐♥❞ ♦❢ ❡q✉❛t✐♦♥ t❤❛t ✇❡ ✜♥❞ ✐♥ ♣❤②s✐❝❛❧ t❤❡♦r✐❡s ❛r❡ t❤❡ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ❬✶❪✱ ❬✸❪✳
❆ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ✉s✉❛❧❧② ❛r✐s❡s ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❢♦r♠ ♦❢ ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥s ❛♥❞
t❤✉s✱ ✐♥ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ✇❡ ♥❡❡❞ ✐ts ❞✐s❝r❡t❡ ❝♦✉♥t❡r♣❛rt✳ ❙t♦❦❡s t❤❡♦r❡♠ ♣r♦✈✐❞❡s
❞✐s❝r❡t❡ ❝♦✉♥t❡r♣❛rts ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❣r❛❞✐❡♥t✱ ❝✉r❧ ❛♥❞ ❞✐✈❡r❣❡♥❝❡ ❬✹✶❪✱ ❬✶❪✱
❬✺❪✳ ❉✐s❝r❡t❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❢♦r ❜♦t❤ t❤❡ ♣r✐♠❛❧ ❛♥❞ t❤❡ ❞✉❛❧ ❣r✐❞
❛♥❞ t❤❡② ❛r❡ ❞❡✜♥❡❞ ✐♥ ♠❛tr✐① ❢♦r♠ ❜② ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ♦❢ t❤❡ ♣❛✐r ♦❢ ❣r✐❞s ❬✶❪✳ ❆♥
❡♥tr② ♦❢ t❤❡s❡ ♠❛tr✐❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❣✐✈❡♥ ♣❛✐r ♦❢ ♦r✐❡♥t❡❞ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢
t❤❡ ♣r✐♠❛❧ ♦r ❞✉❛❧ ❣r✐❞ ✐s ❡q✉❛❧ t♦ 0✱ ✐❢ t❤❡ t✇♦ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ❛r❡ ♠✉t✉❛❧❧② ✐♥❝✐❞❡♥t✱
♦t❤❡r✇✐s❡✱ 1 ✐❢ t❤❡✐r ♠✉t✉❛❧ ♦r✐❡♥t❛t✐♦♥s ❛r❡ ❝♦♠♣❛t✐❜❧❡ ❛♥❞ −1 ✐❢ ♥♦t ❬✸❪✳ ❋r♦♠ t❤❡✐r
❞❡✜♥✐t✐♦♥ ❞✐s❝r❡t❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❡♥❝♦❞❡ t❤❡ t♦♣♦❧♦❣② ♦❢ ♣r♦❜❧❡♠✿ ❜❡✐♥❣ ♠❡tr✐❝
❢r❡❡✱ ❛♥② str❡t❝❤✐♥❣ ♦r ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♠❡s❤ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡✐r ❢♦r♠✳

❚❤❡ ❞✐s❝r❡t❡ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r ♠❛♣s ♥♦❞❡ ❉♦❋s ✐♥ N t♦ ❡❞❣❡ ❉♦❋s ✐♥ E ✱ ❛♥❞ ✐s
❞❡✜♥❡❞ t❤r♦✉❣❤ t❤❡ ❛❝t✐♦♥ ♦❢ ❛ ♠❛tr✐①

GRAD(uN ) := GuN , ✭✷✳✶✻✮

✇❤❡r❡ G ✐s t❤❡ |E| × |N |✲♠❛tr✐① ♦❢ ✐♥❝✐❞❡♥❝❡ ♥✉♠❜❡rs ❜❡t✇❡❡♥ ♥♦❞❡s ❛♥❞ ❡❞❣❡s✳
❚❤❡ ❞✐s❝r❡t❡ ❝✉r❧ ♦♣❡r❛t♦r ♠❛♣s ❡❞❣❡ ❉♦❋s ✐♥ E t♦ ❢❛❝❡ ❉♦❋s ✐♥ F ✱ ❛♥❞ ✐s ❞❡✜♥❡❞

t❤r♦✉❣❤ t❤❡ ❛❝t✐♦♥ ♦❢ ❛ ♠❛tr✐①

CURL(uE) := CuE , ✭✷✳✶✼✮



✷✳✹✳ ❘❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✶✸

✇❤❡r❡ C ✐s t❤❡ |F | × |E|✲♠❛tr✐① ♦❢ ✐♥❝✐❞❡♥❝❡ ♥✉♠❜❡rs ❜❡t✇❡❡♥ ❡❞❣❡s ❛♥❞ ❢❛❝❡s✳
❚❤❡ ❞✐s❝r❡t❡ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦r ♠❛♣s ❢❛❝❡ ❉♦❋s ✐♥ F t♦ ❝❡❧❧ ❉♦❋s ✐♥ C✱ ❛♥❞ ✐s

❞❡✜♥❡❞ t❤r♦✉❣❤ t❤❡ ❛❝t✐♦♥ ♦❢ ❛ ♠❛tr✐①

DIV(uF ) := DuF , ✭✷✳✶✽✮

✇❤❡r❡ D ✐s t❤❡ |C| × |F |✲♠❛tr✐① ♦❢ ✐♥❝✐❞❡♥❝❡ ♥✉♠❜❡rs ❜❡t✇❡❡♥ ❢❛❝❡s ❛♥❞ ❝❡❧❧s✳

✷✳✹ ❘❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs

❘❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❛r❡ ❞❡s✐❣♥❡❞ t♦ r❡♠❛♣ ❉♦❋s ✐♥t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥t✐♥✉♦✉s
✈❡❝t♦r ✜❡❧❞✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r✱ ✇❤❡r❡ t❤❡ ❞❡ ❘❤❛♠ ♠❛♣ ✐s t❤❡
♦❜✈✐♦✉s ❝❛♥❞✐❞❛t❡✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦r ✐s ✢❡①✐❜❧❡ ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡
♠❛♥② ♣♦ss✐❜❧❡ ✇❛②s ✐♥ ✇❤✐❝❤ ❣❧♦❜❛❧ ♣❤②s✐❝❛❧ q✉❛♥t✐t✐❡s ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ t♦ ❛ ❧♦❝❛❧ ✜❡❧❞
r❡♣r❡s❡♥t❛t✐♦♥✳

▲❡t RX
c : Xc → SX

c ❜❡ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦r ❢r♦♠ t❤❡ ✈❡❝t♦r s♣❛❝❡ Xc ♦❢ ❉♦❋s
r❡str✐❝t❡❞ t♦ ❡❧❡♠❡♥t c✳ ■♥ ❬✽❪✱ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❛r❡ r❡q✉✐r❡❞ t♦ s❛t✐s❢② ❛ ♥✉♠❜❡r
♦❢ ❢♦r♠❛❧ ♣r♦♣❡rt✐❡s t❤❛t ✐♥✈♦❧✈❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ❛♥❞ t❤❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❞✐s❝r❡t❡
❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ ❧♦✇✲♦r❞❡r ❝❛s❡✱ ❢r♦♠ t❤✐s s❡t ♦❢ ♣r♦♣❡rt✐❡s ✐t ✐s
s✉✣❝✐❡♥t t♦ r❡q✉✐r❡ t❤❛t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs s❛t✐s❢② ♦♥❧② t❤❡ s♦ ❝❛❧❧❡❞ ❛❝❝✉r❛❝②
♣r♦♣❡rt② ❬✽❪✿ RX

c ✐s ❛ ❧❡❢t ✐♥✈❡rs❡ ♦❢ PX
c ✱ ✐✳❡✳

(RX
c ◦ PX

c )(u) = u, ∀u ∈ SX
c . ✭✷✳✶✾✮

❆s ✇❡ ✇✐❧❧ s❡❡✱ s✐♥❝❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❧♦✇✲♦r❞❡r ❝❛s❡✱ ✇❡ ♥❡✈❡r ♥❡❡❞ ❛♥ ❡①♣❧✐❝✐t
❡①♣r❡ss✐♦♥ ❢♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦r✱ ❜✉t ♦♥❧② ✐ts ❛✈❡r❛❣❡❞ q✉❛♥t✐t✐❡s ♦✈❡r ❛ ❝❡❧❧
❝♦♠❡ ✐♥t♦ ♣❧❛②✳ ❚♦ t❤✐s ❡♥❞ ✐♥ ♠✐♥❞✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❛✈❡r❛❣❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦r
RX

c : Xc → SX
c ❛s ❛ ♠❛♣ ✇❤♦s❡ ✈❛❧✉❡s ❛r❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s ✐♥ c✱ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

RX
c (uX

c ) :=
1

|c|

∫︂

c

RX
c (uX

c ) dc, ∀uX
c ∈ Xc. ✭✷✳✷✵✮

▲❡t RX
c ❜❡ t❤❡ ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❧✐♥❡❛r ♠❛♣ RX

c ✳ ❚❤❡ ❛❝❝✉r❛❝② ♣r♦♣❡rt②
r❡q✉✐r❡s t❤❛t RX

c ✐s ❛ ❧❡❢t ✐♥✈❡rs❡ ♦❢ PX
c ✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ RX

c (im(PX
c )) = RX

c (im(PX
c ))

❛♥❞ im(PX
c ) ⊂ Xc✳

❆♥ ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt② t❤❛t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❤❛✈❡ t♦ s❛t✐s❢② ✐s t❤❡ s♦ ❝❛❧❧❡❞
P0✲❝♦♥s✐st❡♥❝② ❛♥❞ ✐t ✇✐❧❧ ❜❡ ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳ ■♥❢♦r♠❛❧❧②✱ t❤❡s❡ ❛r❡ t❤❡
r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♥str✉❝t ❛ ❣❧♦❜❛❧ ♠❛ss ♠❛tr✐①✱ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ r❡❝✐♣❡ ❞❡t❛✐❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✺ ❛♥❞ ❙❡❝t✐♦♥ ✷✳✺✳✶✱ t❤❛t s❛t✐s✜❡s t❤❡ P0✲❝♦♥s✐st❡♥❝②
♣r♦♣❡rt②✳

✷✳✺ ▼✐♠❡t✐❝ ✐♥♥❡r ♣r♦❞✉❝ts✿ ▼❛ss ♠❛tr✐❝❡s

▲❡t ✉s ❝♦♥s✐❞❡r ❛ s②♠♠❡tr✐❝✱ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ 3 × 3 ♠❛tr✐① Kc r❡♣r❡s❡♥t✐♥❣ ❛♥ ❤♦♠♦✲
❣❡♥❡♦✉s ♠❛t❡r✐❛❧ ♣r♦♣❡rt② ♦❢ ❛♥ ❡❧❡♠❡♥t c✳ ❲❡ ✇❛♥t t♦ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t ♦♥
✈❡❝t♦r s♣❛❝❡s N , E ,F ❛♥❞ C t❤❛t ✐s ❛ ❧♦✇✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ L2 ♣r♦❞✉❝t



✶✹ ✷✳ ▼✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s

❜❡t✇❡❡♥ t✇♦ ❝♦♥t✐♥✉♦✉s ✈❡❝t♦r ✜❡❧❞s u,v

⟨uX
c ,vX

c ⟩X ,c =

∫︂

c

u · (Kc v)dV +O(h|c|), ∀u,v ∈ SX
c , ✭✷✳✷✶✮

✇❤❡r❡ h ❞❡♥♦t❡s ❛ ❝❤❛r❛❝t❡r✐st✐❝ s✐③❡ ♦❢ t❤❡ ♠❡s❤ ❛♥❞ uX
c ,vX

c ❛r❡ t❤❡ ❉♦❋s r❡str✐❝t❡❞
t♦ ❛ ❝❡❧❧ c ♦❢ u ❛♥❞ v✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ♠❛tr✐① ❢♦r♠
t❤r♦✉❣❤ ❛ s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐① MX

c ✇❤✐❝❤ ❛❝ts ♦♥ t❤❡ ❧♦❝❛❧ ❉♦❋s

⟨uX
c ,vX

c ⟩X ,c = (uX
c )TMX

c vX
c . ✭✷✳✷✷✮

■♥ ✈✐❡✇ ♦❢ ✭✷✳✷✶✮✱ t❤❡ ❧♦❝❛❧ ♠❛tr✐① MX
c ♠✉st ❝♦♥t❛✐♥ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♠❛t❡r✐❛❧

♣r♦♣❡rt② Kc ♦♥ c✳
❲❡ ✇❛♥t t♦ ❞❡s✐❣♥ MX

c ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝♦♥❞✐t✐♦♥s
❬✼❪✱ ❬✶✼❪✱ ❬✹✷❪✱ ❬✽❪✿

✶✳ ❙②♠♠❡tr✐❝✳

✷✳ P♦s✐t✐✈❡✲❞❡✜♥✐t❡✳

✸✳ ❈♦♥s✐st❡♥❝② ❝♦♥❞✐t✐♦♥ ❬✽❪✿ ✇❤❡♥❡✈❡r u ✐s ❛ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞ ❛♥❞ v ∈ SX
c ✱ t❤❡

❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ❡✈❡r② ❡❧❡♠❡♥t c

(uX
c )TMX

c vX
c =

∫︂

c

u · (Kc v) dc, ∀v ∈ SX
c . ✭✷✳✷✸✮

❙✉♣♣♦s❡ t❤❛t ✇❡ ✇❛♥t t♦ s❛t✐s❢② t❤❡ t❤r❡❡ r❡q✉✐r❡♠❡♥ts ❛❜♦✈❡✳ ❯♥❞❡r t❤❡ ❛❜♦✈❡
❛ss✉♠♣t✐♦♥s✱ ✇❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ❛♥ ❡q✉✐✈❛❧❡♥t ❛❧❣❡❜r❛✐❝ ❢♦r♠ ♦❢ t❤❡ ❝♦♥s✐st❡♥❝② ❝♦♥❞✐t✐♦♥
✭✷✳✷✸✮✳

▲❡t u ❜❡ ❛ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞✱ ❛♥❞ ❧❡t v ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ SX
c ✳ ❲❡ ❝❛♥ r❡✇r✐t❡ ✐♥

❛♥ ❡q✉✐✈❛❧❡♥t ✇❛② t❤❡ ❝♦♥s✐st❡♥❝② ❝♦♥❞✐t✐♦♥ ✭✷✳✷✸✮ ❛s

(PX
c (u))TMX

c vX
c =

∫︂

c

u · (Kc R
X
c (vX

c )) dc, ∀vX
c ∈ Xc. ✭✷✳✷✹✮

❙✐♥❝❡ u ✐s ❝♦♥st❛♥t ✐♥s✐❞❡ c✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛tr✐① ❢♦r♠ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r PX
c ✳

■♥ ❛❞❞✐t✐♦♥✱ s✐♥❝❡ ❜♦t❤ u ❛♥❞ K ❛r❡ ❝♦♥st❛♥t ✐♥s✐❞❡ t❤❡ ❝❡❧❧ c✱ ❜② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ ♠❛tr✐① RX

c ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❛✈❡r❛❣❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦r RX
c ♦♥ t❤❡ ❝❡❧❧ c✱ ✐t

❢♦❧❧♦✇s t❤❛t
uT (PX

c )TMX
c vX

c = |c|u · (Kc R
X
c vX

c ), ∀vX
c ∈ Xc. ✭✷✳✷✺✮

❚❤❡ ❛❜♦✈❡ ❡q✉❛❧✐t② ♠✉st ❤♦❧❞ ❢♦r ❡✈❡r② ✈❡❝t♦r u ❛♥❞ ❉♦❋ vX
c ✱ t❤✉s ✇❡ ♦❜t❛✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥
(PX

c )TMX
c = |c|Kc R

X
c . ✭✷✳✷✻✮

❇② tr❛♥s♣♦s✐♥❣ ❜♦t❤ ♠❡♠❜❡rs ✇❡ ❝❛♥ ✜♥❛❧❧② ✇r✐t❡

MX
c PX

c = |c| (RX
c )T Kc. ✭✷✳✷✼✮

❈♦♥❞✐t✐♦♥ ❡①♣r❡ss❡❞ ✐♥ ✭✷✳✷✼✮ ✐s ❝❛❧❧❡❞ ❛❧❣❡❜r❛✐❝ ❝♦♥s✐st❡♥❝② ❝♦♥❞✐t✐♦♥ ✐♥ ♠✐♠❡t✐❝ ❧✐t❡r✲
❛t✉r❡ ❬✽❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ s❤♦✇ t❤❛t ❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✷✼✮ ❝❛♥ ❛❧✇❛②s ❜❡ ✇r✐tt❡♥



✷✳✺✳ ▼✐♠❡t✐❝ ✐♥♥❡r ♣r♦❞✉❝ts✿ ▼❛ss ♠❛tr✐❝❡s ✶✺

❛s t❤❡ s✉♠ ♦❢ t✇♦ t❡r♠s✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ s♦❧✉t✐♦♥ ♣r♦♣♦s❡❞ ✐♥ ❬✽❪✳

❚❤❡♦r❡♠ ✶✳ ▲❡t Kc ❜❡ ❛ s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐①✱ ❛♥❞ ❧❡t RX
c ❜❡ ❛ ❧❡❢t

✐♥✈❡rs❡ ♦❢ PX
c ✳ ▲❡t α = (α1, . . . , αn−3) ∈ (R+)n−3 ❜❡ ❛♥② (n − 3)✲✉♣❧❛ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧

♥✉♠❜❡rs ❛♥❞ ❧❡t Dα ❜❡ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇❤♦s❡ ❞✐❛❣♦♥❛❧ ❡♥tr✐❡s ❛r❡ α1, . . . , αn−3✳ ▲❡t
w = (w1, . . . ,wn−3) ❜❡ ❛♥② ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ im(PX

c )⊥ ❛♥❞ ❧❡t Wc ❜❡ t❤❡ ♠❛tr✐①
✇❤♦s❡ ❝♦❧✉♠♥s ❛r❡ t❤❡ ✈❡❝t♦rs w1, . . . ,wn−3✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝♦♥s✐st❡♥t ♠❛tr✐① Cc ❛♥❞
st❛❜✐❧✐③❛t✐♦♥ ♠❛tr✐① Sc ❜② s❡tt✐♥❣

Cc := |c|(RX
c )TKc R

X
c ✭✷✳✷✽✮

❛♥❞
Sc := WcDαW

T
c . ✭✷✳✷✾✮

✳

❚❤❡♥ t❤❡ ♠❛tr✐① MX
c ❞❡✜♥❡❞ ❛s

MX
c = Cc + Sc ✭✷✳✸✵✮

✳ ✐s s②♠♠❡tr✐❝✱ ❝♦♥s✐st❡♥t ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❲❡ ❝❛❧❧ Cc t❤❡ ❝♦♥s✐st❡♥t t❡r♠ ♦❢ MX
c ✱

❛♥❞ Sc t❤❡ st❛❜✐❧✐③❛t✐♦♥ t❡r♠ ♦❢ MX
c ✳

Pr♦♦❢✳ ■t ✐s ❝❧❡❛r t❤❛t ♠❛tr✐① MX
c ✐s s②♠♠❡tr✐❝✱ ♣♦s✐t✐✈❡✲s❡♠✐❞❡✜♥✐t❡ ❛♥❞ ❜② ❞✐r❡❝t

s✉❜st✐t✉t✐♦♥ ✐t s❛t✐s✜❡s ✭✷✳✷✼✮✳ ▲❡t z ∈ R|X | ❜❡ s✉❝❤ t❤❛t zTMX
c z = 0✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡

t❤❛t M ✐s ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡✱ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t z = 0✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ zTMX
c z = 0 ✐s

❡q✉✐✈❛❧❡♥t t♦ r❡q✉✐r❡ t❤❛t (RX
c z)TKc R

X
c z = 0 ❛♥❞ (WT

c z)
TDα(W

T
c z) = 0✳ ❙✐♥❝❡ Kc ✐s

s②♠♠❡tr✐❝ ❛♥❞ ❞❡✜♥✐t❡✲♣♦s✐t✐✈❡✱ ❛♥❞ ❡❛❝❤ αi ✐s ♣♦s✐t✐✈❡✱ t❤❡ ❧❛tt❡r ❝♦♥❞✐t✐♦♥ ✐s ✐♥ t✉r♥
❡q✉✐✈❛❧❡♥t t♦ RX

c z = 0 ❛♥❞ z ∈ im(PX
c )✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ z = PX

c y ❢♦r s♦♠❡ y ∈ R3

❛♥❞ 0 = RX
c z = RX

c PX
c y = y✳ ❚❤✉s z = PX

c y = 0✱ ❛s ❞❡s✐r❡❞✳

✷✳✺✳✶ ●❧♦❜❛❧ ♠❛ss ♠❛tr✐①

❋♦r ❡❛❝❤ c ∈ C✱ ❧❡t OX
c ❜❡ t❤❡ ♠❛tr✐① ✇❤✐❝❤ ❛ss✐❣♥s ❉♦❋s ♦❢ c ✇❤❡♥ ✐t ✐s ❛♣♣❧✐❡❞ t♦ ❛♥

❡❧❡♠❡♥t ♦❢ X ✳ OX
c ✐s ❛ ♠❛tr✐① ♦❢ s✐③❡ |Xc| × |X | ❛♥❞ ❡✈❡r② r♦✇ ❤❛s ❡①❛❝t❧② ♦♥❡ ❡♥tr②

❡q✉❛❧ t♦ 1 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❡❧❡♠❡♥t ✇❤✐❝❤ ✐s ✐♥ c ❛♥❞ ③❡r♦ ❡✈❡r②✇❤❡r❡ ❡❧s❡✳ ❋♦r ❡❛❝❤
c ∈ C✱ ❧❡t MX

c ❜❡ ❛ ❧♦❝❛❧ ♠❛ss ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ c✱ ✇❤❡r❡ MX
c ✐s ❞❡✜♥❡❞ ❛s ✐♥

❚❤❡♦r❡♠ ✶✳ ❯s✐♥❣ t❤✐s ❞❡✜♥✐t✐♦♥✱ ✇❡ ♦❜t❛✐♥

(uX )TMXvX =
∑︂

c∈C

(︁
OX

c uX
)︁T

MX
c

(︁
OX

c vX
)︁
= (uX )T

(︂ ∑︂

c∈C

(OX
c )TMX

c OX
c

)︂
vX , ✭✷✳✸✶✮

❢r♦♠ ✇❤✐❝❤ ❢♦❧❧♦✇s t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❣❧♦❜❛❧ ♠❛ss ♠❛tr✐①

MX =
∑︂

c∈C

(OX
c )TMX

c OX
c . ✭✷✳✸✷✮



✶✻ ✷✳ ▼✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s

✷✳✻ ❉❡r✐✈❡❞ ❞✐s❝r❡t❡ ♦♣❡r❛t♦rs

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞❡r✐✈❡❞ ❞✐s❝r❡t❡ ♦♣❡r❛t♦rs ˜︂GRAD✱ ˜︂CURL

❛♥❞ ˜︁DIV ✇❤✐❝❤ ❛r❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❛ ❞✉❛❧✐t② r❡❧❛t✐♦♥ ❢r♦♠ t❤❡ ❞✐s❝r❡t❡ ♦♣❡r❛t♦rs
GRAD✱ CURL ❛♥❞ DIV✱ r❡s♣❡❝t✐✈❡❧②✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t t❤❡ ❞✐s❝r❡t❡ s♣❛❝❡s N ✱ E ✱ F
❛♥❞ C ❛r❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ✐♥♥❡r ♣r♦❞✉❝ts ❛s ❞❡t❛✐❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✺ ❛♥❞ ❙❡❝t✐♦♥ ✷✳✺✳✶✳

▲❡t ✉s ♥♦✇ ❞❡✜♥❡ t❤❡ ❞❡r✐✈❡❞ ♦♣❡r❛t♦rs✳ ❚❤❡ ❛❞❥♦✐♥ts ♦❢ t❤❡ ❞✐s❝r❡t❡ ❞✐✛❡r❡♥t✐❛❧
♦♣❡r❛t♦rs GRAD✱ CURL ❛♥❞ DIV ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② GRAD∗✱ CURL∗ ❛♥❞ DIV∗✳ ■t
✐s ❝♦♥✈❡♥✐❡♥t t♦ r❡♥❛♠❡ t❤❡ ❛❞❥♦✐♥ts ♦♣❡r❛t♦rs ❛s ❢♦❧❧♦✇s ˜︂GRAD ∼= −DIV∗✱ ˜︂CURL ∼=

CURL∗ ❛♥❞ ˜︁DIV ∼= −GRAD∗✳ ❇② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ DIV∗ ❛♥❞ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥
˜︂GRAD ∼= −DIV∗ ✇❡ ♦❜t❛✐♥

⟨uF ,GRAD pC⟩F = −⟨uF ,DIV∗ pC⟩F = ⟨DIV uF , pC⟩C , ∀u
F ∈ F , pC ∈ C. ✭✷✳✸✸✮

❆s uF ❛♥❞ pC ❛r❡ ❛r❜✐tr❛r② ✐t ❢♦❧❧♦✇s t❤❛t

˜︂GRAD ∼= −DIV∗ = −MF−1
DIVTMC . ✭✷✳✸✹✮

❇② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ CURL∗ ❛♥❞ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ˜︂CURL ∼= −CURL∗ ✇❡
♦❜t❛✐♥

⟨uE , ˜︂CURLwF ⟩E = ⟨uE , CURL∗ wF ⟩E = ⟨CURLuE ,wF ⟩F , ∀u
E ∈ E , wF ∈ F

✭✷✳✸✺✮

❢♦r♠ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ t❤❛t

˜︂CURL = ME−1
CURLTMF . ✭✷✳✸✻✮

❙✐♠✐❧❛r❧②✱ t❤❡ ❞✉❛❧✐t② r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞✐s❝r❡t❡ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r GRAD ❛♥❞ ✐ts
❛❞❥♦✐♥t ˜︁DIV ∼= GRAD∗ ✐♠♣❧✐❡s t❤❛t

⟨qN , ˜︁DIV wE⟩N = −⟨qN ,GRAD∗ wE⟩N = −⟨GRAD qN ,wE⟩E , ∀q
N ∈ N , wE ∈ E

✭✷✳✸✼✮

❢r♦♠ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ t❤❛t

˜︁DIV = −MN−1
GRADTME . ✭✷✳✸✽✮

✷✳✼ ❈❤❛✐♥s ❛♥❞ ❝♦❝❤❛✐♥s

❲❡ ❞❡✜♥❡ ❛ ♥❡✇ ♦❜❥❡❝t✱ ❝❛❧❧❡❞ ❛ r❡❛❧ k✲❝❤❛✐♥✳ ❆ k✲❝❤❛✐♥ a ♦❢ K ✐s ❛ ❢♦r♠❛❧ ❧✐♥❡❛r ❝♦♠✲
❜✐♥❛t✐♦♥ ♦❢ k✲❝❡❧❧s a =

∑︁r
i=1 aiσi✱ ✇❤❡r❡ σi ❛r❡ k✲❝❡❧❧s ✐♥ K ❛♥❞ ai ❛r❡ r❡❛❧ ❝♦❡✣❝✐❡♥ts✳

❚❤❡ ♥✉♠❜❡r r ❞❡♥♦t❡s t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ k✲❝❡❧❧s ✐♥ K ❛♥❞ ✐s ❛♥② ♥✉♠❜❡r
❛♠♦♥❣ |N |, |E|, |F | ♦r |C|✳ ❚❤❡ s❡t ♦❢ k✲❝❤❛✐♥s✱ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥❛t✉r❛❧ ❛❞❞✐t✐♦♥ ❛♥❞
s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ♣r♦✈✐❞❡s ❛ r❡❛❧ ✈❡❝t♦r s♣❛❝❡✳ ❲❡ ❞❡♥♦t❡ ✐t ❜② Ck(K)✳ ◆♦t❡ t❤❛t
❡❛❝❤ k✲❝❡❧❧ ✐s ❛❧s♦ ❛ k✲❝❤❛✐♥✳ ■❢ σ ✐s ❛ k✲❝❡❧❧✱ ❜② −σ ✇❡ ❞❡♥♦t❡ t❤❡ ❝❡❧❧ σ ❜✉t ✇✐t❤ ♦♣♣♦s✐t❡



✷✳✼✳ ❈❤❛✐♥s ❛♥❞ ❝♦❝❤❛✐♥s ✶✼

♦r✐❡♥t❛t✐♦♥✳ ❚❤❡ s❡t ♦❢ ❛❧❧ k✲❝❡❧❧s ❢♦r♠ ❛ ❜❛s✐s ❢♦r Ck(K)✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s
❢♦r Ck(K)✳ ❲❡ ✐❞❡♥t✐❢② t❤❡ ❜♦✉♥❞❛r② ♦❢ ❡❛❝❤ k✲❝❡❧❧ ✇✐t❤ t❤❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡
(k − 1)✲❝❡❧❧s ✐♥ ∂σ ❞❡✜♥❡❞ ❜② s❡tt✐♥❣

∂σ :=

r∑︂

i=1

wi ρi, ✭✷✳✸✾✮

✇❤❡r❡ wi ✐s ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ρi ⊂ ∂σ ❛♥❞ ✐♥ t❤✐s ❝❛s❡✱ wi ✐s ❡q✉❛❧ t♦
+1 ✐❢ ρi ❤❛s t❤❡ ♦r✐❡♥t❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② t❤❛t ♦❢ σ ❜② ✉s✐♥❣ t❤❡ r✐❣❤t✲❤❛♥❞ r✉❧❡ ❛♥❞ −1
♦t❤❡r✇✐s❡ ❬✹✸❪✳

❚❤❡ r❡❛❧ ✈❡❝t♦r s♣❛❝❡ ♦❢ k✲❝❤❛✐♥s ❛♥❞ t❤❡ r❡❛❧ ✈❡❝t♦r s♣❛❝❡ ♦❢ (k − 1)✲❝❤❛✐♥s ❛r❡
❝♦♥♥❡❝t❡❞ ❜② ❛ ❧✐♥❡❛r ♠❛♣ ❝❛❧❧❡❞ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ∂k : Ck(K) → Ck−1(K)✳ ❲❡ ❞❡✜♥❡
t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ❜② ❧✐♥❡❛r✐t② ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❝❤❛✐♥s ❜② s❡tt✐♥❣

∂ka :=
r∑︂

i=1

ai ∂σi, ✭✷✳✹✵✮

✇❤❡r❡ a =
∑︁r

i=1 aiσi ❛s ❛❜♦✈❡✳ ◆♦t❡ t❤❛t ✭✷✳✹✵✮ ✐s ✇❡❧❧✲❞❡✜♥❡❞ s✐♥❝❡ K ✐s ❛ ❝❡❧❧ ❝♦♠♣❧❡①✳
❙✐♥❝❡ K ✐s ❛ ❝❡❧❧ ❝♦♠♣❧❡①✱ ✐t ❝❛♥ ✈❡r✐✜❡❞ t❤❛t ∂k−1 ◦ ∂k = 0 ❢♦r k ∈ {1, 2, 3}❀ s❡❡✱ ❢♦r
❡①❛♠♣❧❡ ❬✸✾❪✳

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ k✲❝♦❝❤❛✐♥✳ ❆ k✲❝♦❝❤❛✐♥ b ❛❝ts ♦♥ ❛ k✲❝❤❛✐♥
t♦ ♣r♦❞✉❝❡ ❛ r❡❛❧ ♥✉♠❜❡r ❛♥❞ t❤❡r❡❢♦r❡ k✲❝♦❝❤❛✐♥s ❛r❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢
Ck(K)✳ ❲❡ ❞❡✜♥❡ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ k✲❝♦❝❤❛✐♥s Ck(K) t♦ ❜❡ t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ ❧✐♥❡❛r
❢✉♥❝t✐♦♥❛❧s b : Ck(K) → R✳ ❲❡ ❞❡♥♦t❡ t❤❡ ✈❛❧✉❡ ♦❢ ❛ k✲❝❤❛✐♥ a ✉♥❞❡r ❛ k✲❝♦❝❤❛✐♥ b
❛s ⟨b , a⟩ := b(a)✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s {σi ∈ Ck(K) | i = 1, . . . , r} ♦❢
t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ k✲❝❤❛✐♥s Ck(K)✳ ❋r♦♠ ❜❛s✐❝ ❧✐♥❡❛r ❛❧❣❡❜r❛✱ t❤❡r❡ ❡①✐st ✉♥✐q✉❡ ❧✐♥❡❛r
❢✉♥❝t✐♦♥❛❧s {σi ∈ Ck(K) | i = 1, . . . , r} s✉❝❤ t❤❛t

⟨σi , σj⟩ = δij , ✭✷✳✹✶✮

✇❤❡r❡ δij ✐s t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛✳ ❚❤❡ s❡t {σi ∈ Ck(K) | i = 1, . . . , r} ❞❡✜♥❡❞ ❜② ✭✷✳✹✶✮
❢♦r♠ ❛ ❜❛s✐s ❢♦r t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ k✲❝♦❝❤❛✐♥s Ck(K)✱ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ ❝❛♥♦♥✐❝❛❧ ❞✉❛❧
❜❛s✐s✳ ❲❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❝❤❛✐♥s ❛♥❞ ❝♦❝❤❛✐♥s✳
❚❤✐s ❝❤❛✐♥✲❝♦❝❤❛✐♥ ♥❛t✉r❛❧ ❞✉❛❧✐t② ②✐❡❧❞s t❤❡ r❡❛❧ ❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠ φk : Ck(K) →
Ck(K) s❡♥❞✐♥❣ ❡❛❝❤ σi t♦ σi✳ ❲❡ ✇✐❧❧ ✇r✐t❡ ❛ ❣❡♥❡r✐❝ k✲❝♦❝❤❛✐♥ b ∈ Ck(K) ❛s ❛ s✉♠
b =

∑︁r
i=1 biσ

i ✇✐t❤ r❡❛❧ ❝♦❡✣❝✐❡♥ts bi✳
❋♦r k✲❝♦❝❤❛✐♥s✱ ✐♥ ✐♥t✐♠❛t❡ ❛♥❛❧♦❣② ✇✐t❤ ❝❤❛✐♥s✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ❝♦❜♦✉♥❞❛r② ♦♣❡r❛t♦r

δk : Ck(K) → Ck+1(K) ❛s t❤❡ ❞✉❛❧ ♦❢ t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r✱ ✐✳❡✳✱ ✐t ✐s ❞❡✜♥❡❞ ❜②
r❡q✉✐r✐♥❣ t❤❛t✱ ❢♦r ❡✈❡r② b ∈ Ck(K) ❛♥❞ a ∈ Ck+1(K)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t② ❤♦❧❞s

⟨δkb , a⟩ = ⟨b , ∂k+1a⟩. ✭✷✳✹✷✮

■♥ ♠✐♠❡t✐❝ ♠❡t❤♦❞s t❤❡ ❝♦❜♦✉♥❞❛r② ♦♣❡r❛t♦r δk ❛❝ts ❛s ❛ ❞✐s❝r❡t❡ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❡
❝♦♥t✐♥✉♦✉s ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❬✹✹✱ ✹✸❪✳ ❙♣❡❝✐✜❝❛❧❧②✱ δ0 ❛❝ts ❛s t❤❡ ❞✐s❝r❡t❡ ❣r❛❞✐❡♥t✱
δ1 ❛s t❤❡ ❞✐s❝r❡t❡ ❝✉r❧ ❛♥❞ δ2 ❛s t❤❡ ❞✐s❝r❡t❡ ❞✐✈❡r❣❡♥❝❡✳

❆ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥ ✉s✐♥❣ ✭✷✳✹✷✮ s❤♦✇s t❤❛t δk ◦ δk−1 = 0 ❢♦r k ∈ {1, 2}✳
❚❤❡s❡ r❡❧❛t✐♦♥s ♠✐♠✐❝ t❤❡ str✉❝t✉r❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❬✹✹✱ ✹✸❪✳ ■♥



✶✽ ✷✳ ▼✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s

♣❛rt✐❝✉❧❛r✱ ❞✐s❝r❡t❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❢♦r♠ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡①

C∗ = · · ·
δk−1

−−−→ Ck(K)
δk

−→ Ck+1(K)
δk+1

−−−→ · · · , ✭✷✳✹✸✮

✇❤❡r❡ Ck(K) = 0 ✐❢ k < 0 ♦r k > 3✳ ❙✐♥❝❡ t❤❡ ❞♦♠❛✐♥ Ω ✐s t♦♣♦❧♦❣✐❝❛❧❧② tr✐✈✐❛❧ t❤❡
s❡q✉❡♥❝❡ ✐s ❡①❛❝t ❢♦r k ̸= 0✱ ✐✳❡✳ ✐t s❛t✐s✜❡s im(δk−1) = ker(δk) ❢♦r k ̸= 0✳

■♥ t❤❡ ❝❛s❡ ♦❢ k✲❝❤❛✐♥s✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ❝❤♦✐❝❡ ♦❢ ❛ ❜❛s✐s ❣✐✈❡♥ ❜② t❤❡ ❝❛♥♦♥✐❝❛❧
❜❛s✐s✳ ❯s✐♥❣ t❤❡ ✐s♦♠♦r♣❤✐s♠ φk : Ck(K) → Ck(K)✱ ✇❡ ❤❛✈❡ ❛❧s♦ ✜①❡❞ ❛ ❝❛♥♦♥✐❝❛❧
❞✉❛❧ ❜❛s✐s ❢♦r Ck(K)✳ ❙✐♥❝❡ t❤❡ ❝♦❜♦✉♥❞❛r② ♦♣❡r❛t♦r δk ✐s ❛ ❧✐♥❡❛r ♠❛♣ ❜❡t✇❡❡♥ Ck(K)
❛♥❞ Ck+1(K)✱ ✐t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞✱ ✉s✐♥❣ t❤❡ ✜①❡❞ ❜❛s❡s ♦❢ Ck(K) ❛♥❞ Ck+1(K)✱ ❛s
❛ ♠❛tr✐①✳ ❚❤✉s✱ t♦ r❡♣r❡s❡♥t t❤❡ ❝♦❜♦✉♥❞❛r② ♦♣❡r❛t♦r ❛s ❛ ♠❛tr✐①✱ ✇❡ ♠✉st ❛❧✇❛②s
❡①♣❧✐❝✐t❧② st❛t❡ ✇❤✐❝❤ ❜❛s❡s ❛r❡ ❝❤♦s❡♥ ❛♥❞✱ ✐♥ ❢❛❝t✱ ✇❡ ✇✐❧❧ s♦♦♥ s❡❡ t❤❡ ❜❡♥❡✜ts ♦❢
❝❤❛♥❣✐♥❣ t❤❡ ❜❛s❡s✳

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r ❛♥ ❛r❜✐tr❛r② ❜❛s✐s ❢♦r t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ k✲❝❤❛✐♥s Ck(K)✳ ❲❡
❞❡♥♦t❡ ✐t ❜② Bk = {. . . , ξi, . . . }✳ ❯s✐♥❣ t❤❡ ✐s♦♠♦r♣❤✐s♠ φk : Ck(K) → Ck(K)✱ φk(Bk) =
{. . . , ξi = φk(ξi), . . . } ✐s ❛ ❜❛s✐s ❢♦r Ck(K)✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ t❛❦❡ t❤✐s ♣r♦❝❡ss ♦❢
❝❤♦♦s✐♥❣ ❛ ❜❛s✐s ❢♦r Ck(K) ❢♦r ❣r❛♥t❡❞✳ ❲❤❡♥ t❤✐s ✐s ❞♦♥❡✱ ✇❡ s❛② t❤❛t ✇❡ ❤❛✈❡ ❝❤♦s❡♥
❛ ❜❛s✐s B =

⋃︁
k Bk ❢♦r t❤❡ ❡♥t✐r❡ ❝❤❛✐♥ ❝♦♠♣❧❡① C∗✱ ✐✳❡✳ ❛ ❜❛s✐s ❢♦r ❡❛❝❤ Ck(K)✳ ❲❡

✇r✐t❡ (C∗,B) t♦ ❞❡♥♦t❡ ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① ✇✐t❤ ❛ ❜❛s✐s✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ˆ︁B
❢♦r C∗ t♦ ❜❡ t❤❡ ❜❛s✐s ˆ︁B =

⋃︁
k
ˆ︁Bk ✇❤❡r❡ ❡❛❝❤ ˆ︁Bk ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ❢♦r Ck(K)✳

❍❛✈✐♥❣ ❝❤♦s❡♥ ❜❛s❡s ✐♥ Ck(K) ❛♥❞ ❤❡♥❝❡ ✐♥ Ck(K)✱ ✇❡ ❞❡♥♦t❡ ❜② Dk t❤❡ ♠❛tr✐①
❛ss♦❝✐❛t❡❞ ✇✐t❤ δk ❢♦r k ∈ {0, 1, 2}✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❞✐s❝r❡t❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs
✐♥ ❙❡❝t✐♦♥ ✷✳✸ ✇❡ ❤❛✈❡ t❤❛t G = D0✱ C = D1 ❛♥❞ D = D2✳ ❲❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ D3 ❛s t❤❡
♥✉❧❧ ♦♣❡r❛t♦r ❢r♦♠ C3(K) t♦ 0✳

❲❡ r❡♣r❡s❡♥t k✲❝❤❛✐♥s ❛♥❞ k✲❝♦❝❤❛✐♥s ❜② ✈❡❝t♦rs ♦❢ s✐③❡ r t❤❛t ❝♦♥t❛✐♥ t❤❡ r❡❛❧
♥✉♠❜❡rs ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦r❞❡r❡❞ ❜❛s❡s✳ ❆ k✲❝❤❛✐♥ a =

∑︁r
i=1 aiξi ✐♥ ❛ ❜❛s✐s

{. . . , ξi, . . . } ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❝♦❧✉♠♥ ✈❡❝t♦r Rr ∋ a = (a1 · · · ar)
T ❛♥❞ ❛ k✲❝♦❝❤❛✐♥

b =
∑︁r

i=1 biξ
i ✐♥ t❤❡ ❜❛s✐s {. . . , ξi = φk(ξi), . . . } ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❝♦❧✉♠♥ ✈❡❝t♦r

Rr ∋ b = (b1, · · · br)
T ✳

✷✳✽ ▼✐♠❡t✐❝ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ st❛t✐♦♥❛r② ❝✉rrr❡♥t ❝♦♥✲
❞✉❝t✐♦♥ ♣r♦❜❧❡♠

❚❤❡ st❛t✐♦♥❛r② ❝✉rr❡♥t ❝♦♥❞✉❝t✐♦♥ ✐s ❛ P♦✐ss♦♥ ♣r♦❜❧❡♠ ✐♥ r❡❣✐♦♥ Ω ♦❢ t❤❡ ✸✲❉ ❊✉❝❧✐❞❡❛♥
s♣❛❝❡

∇×E = 0, ✭✷✳✹✹❛✮

∇ · J = 0, ✭✷✳✹✹❜✮

J = σE, ✭✷✳✹✹❝✮

✇❤❡r❡ σ ✐s t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r ❡❧❡❝tr✐❝ ❝♦♥❞✉❝t✐✈✐t②✱ E ❛♥❞ J ❛r❡ t❤❡ ❝♦♥s❡r✈❛t✐✈❡
❡❧❡❝tr♦st❛t✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✈❡❝t♦rs✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❡❧❡❝tr✐❝ ❝♦♥❞✉❝t✐✈✐t②
σ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛ ♣♦s✐t✐✈❡ s❝❛❧❛r ✈❛❧✉❡ ✇❤✐❝❤ ✐s ♣✐❡❝❡✇✐s❡ ✉♥✐❢♦r♠ ✐♥ ❡❛❝❤ ♠❛t❡r✐❛❧
r❡❣✐♦♥✳ ❚❤❡ r❡❣✐♦♥ ❜♦✉♥❞❛r② ∂Ω ✐s ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ ❛ s❡t ♦❢ N i s✉r❢❛❝❡s ♦❢ ♣❡r❢❡❝t
✐♥s✉❧❛t♦rs ∂Ωi

k✱ ❛♥❞ ❛ s❡t ♦❢ N c +1 ❞✐s❥♦✐♥t ❡q✉✐♣♦t❡♥t✐❛❧ s✉r❢❛❝❡s ♦❢ ♣❡r❢❡❝t ❝♦♥❞✉❝t♦rs



✷✳✽✳ ▼✐♠❡t✐❝ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ st❛t✐♦♥❛r② ❝✉rrr❡♥t ❝♦♥❞✉❝t✐♦♥ ♣r♦❜❧❡♠ ✶✾

∂Ωc
k ✭✉s✉❛❧❧② ❝❛❧❧❡❞ ❡❧❡❝tr♦❞❡s✮✿

∂Ω =
N i∑︂

k=1

∂Ωi
k +

Nc∑︂

k=0

∂Ωc
k. ✭✷✳✹✺✮

❊❧❡❝tr♦❞❡ ∂Ωc
0 ✐s ❝♦♥s✐❞❡r❡❞ ❛s r❡❢❡r❡♥❝❡ ❢♦r ❛❧❧ t❤❡ ✈♦❧t❛❣❡s ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❡❧❡❝tr♦❞❡s✱

t❤❛t ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ❛ss✐❣♥❡❞✳ J ·n = 0 ✐s s❡t ❛s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭❜✳❝✳✮ ♦♥ ❡❛❝❤
∂Ωi

k✱ ✇❤❡r❡ n ✐s t❤❡ ♦✉t✇❛r❞s ♦r✐❡♥t❡❞ ♥♦r♠❛❧ ✉♥✐t ✈❡❝t♦r ♦❢ ∂Ω✳
❙✐♥❝❡ ∇×E = 0 ❛♥❞ t❤❡ ❡❧❡❝tr♦st❛t✐❝ ✜❡❧❞ ✐s ❛ ❝♦♥s❡r✈❛t✐✈❡ ✜❡❧❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡

s❝❛❧❛r ♣♦t❡♥t✐❛❧ U s✉❝❤ t❤❛t E = −∇U ✳ ❙✐♠✐❧❛r❧②✱ s✐♥❝❡ ∇ · J = 0✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛
✈❡❝t♦r ♣♦t❡♥t✐❛❧ T s✉❝❤ t❤❛t J = ∇× T ✳

✷✳✽✳✶ ❙✉r✈❡② ♦❢ st❛♥❞❛r❞ ❢♦r♠✉❧❛t✐♦♥s

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❢♦r♠✉❧❛t✐♦♥s t♦ ♥✉♠❡r✐❝❛❧❧② s♦❧✈❡ P♦✐ss♦♥ ♣r♦❜❧❡♠s ❧✐❦❡ ✭✷✳✹✹❛✮✲✭✷✳✹✹❜✮✲
✭✷✳✹✹❝✮✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥ ♦♥❡ ✐s t❤❡ ❋❊▼ ❢♦r♠✉❧❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧ SP
❡①♣❛♥❞❡❞ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ♥♦❞❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❲✐t❤ t❤✐s ❢♦r♠✉❧❛t✐♦♥ t❤❡ ✉♥❦♥♦✇♥s
U N ✱ ❛r❡ t❤❡ ❉♦❋s ♦❢ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧s U s❛♠♣❧❡❞ ♦♥ t❤❡ ❣r✐❞ ♥♦❞❡s✳ ❚❤❡ ✈♦❧t❛❣❡s
E E = −GU N ✱ ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❣r✐❞ ❡❞❣❡s✱ ✇❤❡r❡ G ✐s t❤❡ ❡❞❣❡✲♥♦❞❡ ✐♥❝✐❞❡♥❝❡
♠❛tr✐①✳ ❋✐♥❛❧❧②✱ t❤❡ ❉♦❋s ♦❢ J ❛r❡ ❛tt❛❝❤❡❞ t♦ ❞✉❛❧ ❢❛❝❡s ❛s ❬✹✺❪ s❤♦✇s✳ ❋❛r❛❞❛②✬s ❧❛✇
✭✷✳✹✹❛✮ ✐s ❡♥❢♦r❝❡❞ ✐♠♣❧✐❝✐t❧② ❜② t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧✱ ✇❤❡r❡❛s t❤❡ s♦❧❡♥♦✐❞❛❧✐t② ♦❢ t❤❡
❝✉rr❡♥t ✭✷✳✹✹❜✮ ✐s ❡♥❢♦r❝❡❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❡❛❝❤ ❞✉❛❧ ❝❡❧❧ ❜② t❤❡ ❧✐♥❡❛r s②st❡♠✱ s❡❡
❢♦r ❡①❛♠♣❧❡ ❬✹✻❪✳

❖t❤❡r ♣♦ss✐❜✐❧✐t✐❡s ❡♠❡r❣❡ ❛s ✇❡ ❡①❝❤❛♥❣❡ t❤❡ ❛ss♦❝✐❛t✐♦♥ ♦❢ ♣❤②s✐❝❛❧ ✈❛r✐❛❜❧❡s ❜❡✲
t✇❡❡♥ t❤❡ ♣r✐♠❛❧ ❛♥❞ ❞✉❛❧ ❣r✐❞s✳ ■♥ ❝♦♠♣❧❡♠❡♥t❛r② ❢♦r♠✉❧❛t✐♦♥s t❤❡ ❉♦❋s ♦❢ J ❛r❡
❛tt❛❝❤❡❞ t♦ ❢❛❝❡s ♦❢ t❤❡ ♣r✐♠❛❧ ❣r✐❞✱ ✇❤❡r❡❛s t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧ ❉♦❋s ❛r❡ ❛tt❛❝❤❡❞ t♦
❞✉❛❧ ♥♦❞❡s✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✈♦❧t❛❣❡s E Ẽ = −DTU Ñ ✱ ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞✉❛❧ ❡❞❣❡s✳
❚❤❡r❡ ❛r❡ t✇♦ ♠❡t❤♦❞s t♦ ♦❜t❛✐♥ ❛ ❝♦♠♣❧❡♠❡♥t❛r② ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ ✜rst ❝♦♠♣❧❡♠❡♥✲
t❛r② ❢♦r♠✉❧❛t✐♦♥ V P ❢✉❧✜❧❧ ✭✷✳✹✹❜✮ ❜② ✉s✐♥❣ t❤❡ ❡❧❡❝tr✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ T ❬✹✻❪ s✉❝❤
t❤❛t J F = CT E ✭❲❡ r❡♠❛r❦ t❤❛t ✐♥ ❣❡♥❡r❛❧ t❤❡ s♦✲❝❛❧❧❡❞ r❡❧❛t✐✈❡ ❝♦❤♦♠♦❧♦❣② t❤❡♦r②
✐s r❡q✉✐r❡❞ t♦ ♣r❡s❡♥t t❤✐s ❢♦r♠✉❧❛t✐♦♥✱ s❡❡ ❬✹✻❪✮✳ ❲❡ ♥♦t❡ t❤❛t ✐♥ t❤❡ V P ❢♦r♠✉❧❛t✐♦♥
t❤❡ r♦❧❡ ♦❢ ♣❤②s✐❝❛❧ ❧❛✇s ❛r❡ ❡①❝❤❛♥❣❡❞ ✇✳r✳t✳ t❤❡ SP ❢♦r♠✉❧❛t✐♦♥ s✐♥❝❡ ❋❛r❛❞❛②✬s ❧❛✇
✭✷✳✹✹❛✮ ✐s ❡♥❢♦r❝❡❞ ✇✐t❤ ❛ ❧✐♥❡❛r s②st❡♠ ✐♥ t❤❡ ❱P ❢♦r♠✉❧❛t✐♦♥✳

❚❤❡r❡ ✐s ❛ s❡❝♦♥❞ ♠❡t❤♦❞ t♦ ♣r♦❞✉❝❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢♦r♠✉❧❛t✐♦♥s t❤❛t ✇❡ ❝❛❧❧
❝♦♠♣❧❡♠❡♥t❛r②✲❞✉❛❧ ✿ t❤❡② ❛r❡ ❝♦♠♣❧❡♠❡♥t❛r② ❢♦r♠✉❧❛t✐♦♥ ❜✉t st✐❧❧ ✉s❡ t❤❡ s❝❛❧❛r ♣♦✲
t❡♥t✐❛❧ U Ñ ✱ ✇❤✐❝❤ ✐s s❛♠♣❧❡❞ ♦♥ ❣r✐❞ ❞✉❛❧ ♥♦❞❡s✱ ♦♥❡✲t♦✲♦♥❡ ✇✐t❤ ❣r✐❞ ❝❡❧❧s✳ ❆♥ ❡✛❡❝t✐✈❡
❝♦♠♣❧❡♠❡♥t❛r②✲❞✉❛❧ ❢♦r♠✉❧❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ V P ❢♦r♠✉❧❛✲
t✐♦♥✱ ✐s t❤❡ ♠✐①❡❞✲❤②❜r✐❞ MH ❢♦r♠✉❧❛t✐♦♥ ❬✹✼❪✱ ❬✹✽❪✳

✷✳✽✳✷ ❙q✉❛r❡ r❡s✐st♦r ❜❡♥❝❤♠❛r❦

❆s ❛ r❡❛❧✲❝❛s❡ ❜❡♥❝❤♠❛r❦ ♣r♦❜❧❡♠✱ ✇❡ ✇❛♥t t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦♥❞✉❝t❛♥❝❡ G ♦❢ t❤❡
sq✉❛r❡ r❡s✐st♦r ✐♥ ❋✐❣✳ ✷✳✸✳ ❆ ✈♦❧t❛❣❡ ♦❢ u = 1❱ ✐s ❡♥❢♦r❝❡❞ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡❧❡❝tr♦❞❡s✱
✇❤✐❝❤ ❛r❡ ♣❧❛❝❡❞ ✐♥ t❤❡ t✇♦ ❧❛t❡r❛❧ s✉r❢❛❝❡s ♦❢ t❤❡ s♦❧✐❞ sq✉❛r❡ t♦r✉s✳ ❚❤❡ ❝♦♥❞✉❝t♦r
♣❧❛❝❡❞ ✐♥s✐❞❡ t❤❡ s♦❧✐❞ t♦r✉s ❤❛s ❛♥ ❡❧❡❝tr✐❝❛❧ ❝♦♥❞✉❝t✐✈✐t② σ = 1❙✴♠✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s
✐♥t❡r❡st✐♥❣ ❜❡❝❛✉s❡✱ ❧✐❦❡ ♠♦st ✐♥❞✉str✐❛❧ ♣r♦❜❧❡♠s✱ ❡①❤✐❜✐ts ❛ s✐♥❣✉❧❛r ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✳
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❊q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ♠✐♠❡t✐❝

♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞

❞✐s❝r❡t❡ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤❡s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r♦✈✐❞❡ ♥❡✇ ❣❡♦♠❡tr✐❝ ✈✐❡✇♣♦✐♥ts ♦❢ ❧♦✇✲♦r❞❡r ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✉♥❝♦✈❡r t✇♦ ♠❛✐♥ ❣❡♦♠❡tr✐❝ ❛s♣❡❝ts t❤❛t ❛r❡ ❤✐❞❞❡♥ ✐♥ t❤❡
▼❋❉ ♠❡t❤♦❞✳

❆s ❛ ✜rst ❝♦♥tr✐❜✉t✐♦♥✱ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ✇❡ s❤♦✇ t❤❛t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❞❡✲
✜♥❡❞ ✈✐❛ t❤❡ ❙t♦❦❡s t❤❡♦r❡♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✹✾❪ ❧❡❛❞ t♦ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❞❡✜♥❡❞
❜② ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞✳ ❚❤✐s r❡s✉❧t s❤♦✇s t❤❛t t❤❡ r❡❝♦♥✲
str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✉s❡❞ ✐♥ t❤❡ t✇♦ ♠❛✐♥ ❢❛♠✐❧✐❡s ♦❢ ❧♦✇✲♦r❞❡r ❝♦♠♣❛t✐❜❧❡ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡s ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❝♦♥s✐st❡♥t ♣❛rts ♦❢ ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s ❛r❡
t❤❡ s❛♠❡ ❛♥❞ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❡ ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛rt✳ ❚❤✐s
r❡s✉❧t ❡①t❡♥❞s t❤❡ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❋❱ ❧✐t❡r❛t✉r❡ ❬✷✵❪ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♥♦✈❡❧
r❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛ ❢♦r ❡❞❣❡ ❉♦❋s✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t✱ ❛❧t❤♦✉❣❤ ✐♥ t❤❡ ❛♣♣r♦❛❝❤
♣r❡s❡♥t❡❞ ✐♥ ❬✷✵❪ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛ ❢♦r ❢❛❝❡ ❉♦❋s ✐s ❞❡r✐✈❡❞✱ ✐ts ✐❞❡♥t✐✜❝❛t✐♦♥
✇✐t❤ ❞✉❛❧ ❡❞❣❡s ✐s ♥♦t ❤✐❣❤❧✐❣❤t❡❞✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♥♦✈❡❧ ❡❞❣❡ ❢♦r♠✉❧❛ ❝♦♠♣❧❡t❡s
t❤❡ ♣✐❝t✉r❡ ♦❢ t❤❡ r❡❧❛t✐♦♥ ✇✐t❤ t❤❡ ❞✉❛❧ ❜❛r②❝❡♥tr✐❝ ❣r✐❞✳ ❙✐♥❝❡ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧
❣r✐❞ ✐s ❛❧r❡❛❞② ♣r❡s❡♥t ✐♥ t❤❡ s❝❤❡♠❡✱ ❛❧t❤♦✉❣❤ ♥♦t ♠❛❞❡ ❡①♣❧✐❝✐t✱ ✇❡ ♣r❡s❡♥t ❛ ♥♦✈❡❧
❣❡♦♠❡tr✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✇❤✐❝❤ ✐s ❛ ❤②❜r✐❞ ❛♣♣r♦❛❝❤ ❜❡t✇❡❡♥ t❤❡ ▼❋❉ ♠❡t❤♦❞ ❛♥❞
t❤❡ ❞✐s❝r❡t❡ ❣❡♦♠❡tr✐❝ ❢♦r♠✉❧❛t✐♦♥s✳ ❍❡r❡✱ ❛ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ ✐s ❛ss✉♠❡❞ ❛s ♣❛rt
♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❛♥❞ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛rt ♣r♦♣♦s❡❞ ✐♥ t❤❡ ♠✐♠❡t✐❝ ❧✐t❡r❛t✉r❡
✐s ❡♠♣❧♦②❡❞✳ ❚❤❡ r❡s✉❧t✐♥❣ s❝❤❡♠❡ ❜❡♥❡✜ts ❢r♦♠ ❛❧❧ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ t✇♦ ♠❡t❤♦❞✲
♦❧♦❣✐❡s✿ t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ❛❧❧♦✇s ✉s t♦ ✇r✐t❡ ❜❛❧❛♥❝❡ ❧❛✇s ❡①♣❧✐❝✐t❧② ❛♥❞ s✐♠♣❧✐✜❡s
t❤❡ s❝❤❡♠❡ s♦❢t✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❬✸❪✱ ✇❤✐❧❡ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛rt ♦✛❡rs t❤❡ ♣♦ss✐❜✐❧✐t②
♦❢ ❝❤❛♥❣✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s t❤r♦✉❣❤ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ s♦♠❡ ✉s❡r✲
❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡rs✳ ❋✐♥❛❧❧②✱ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ❝♦♥s✐st❡♥t t❡r♠s ❛❧s♦ ✐♠♣❧✐❡s t❤❛t
♠❛t❤❡♠❛t✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ▼❋❉ ♠❡t❤♦❞✱ s✉❝❤ ❛s ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s ♦r
❡rr♦r ❡st✐♠❛t❡s✱ ❝❛♥ ❜❡ r❡❛❞✐❧② ❡①t❡♥❞❡❞ t♦ t❤✐s ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦✱ ❛♥❞ ✐♥ ❣❡♥❡r❛❧ t♦ t❤❡



✷✷ ✸✳ ❊q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞ ❞✐s❝r❡t❡ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤❡s

❞✐s❝r❡t❡ ❣❡♦♠❡tr✐❝ ❢♦r♠✉❧❛t✐♦♥s✳
❆ s❡❝♦♥❞ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ✐♥tr♦❞✉❝❡ ❛ ♥♦✈❡❧ ♣r♦♣❡rt② ♦❢ t❤❡ r❡❝♦♥✲

str✉❝t✐♦♥ ♦♣❡r❛t♦rs✱ t♦ ✇❤✐❝❤ ✇❡ r❡❢❡r ❛s P0✲❝♦♥s✐st❡♥❝② ❛♥❞ ✇❡ ♣r❡s❡♥t ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳
❆s t❤❡ ♥❛♠❡ s✉❣❣❡sts✱ ❛ s❡t ♦❢ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❛r❡ s✉❝❤ t❤❛t t❤❡
❣❧♦❜❛❧ ♠❛ss ♠❛tr✐① ❝♦♥str✉❝t❡❞ ✉s✐♥❣ t❤❡♠ s❛t✐s❢② t❤❡ ❝♦♥s✐st❡♥❝② ♣r♦♣❡rt②✳ ❚❤❡ ♠❛✐♥
❞✐✛❡r❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡t ♦❢ r❡q✉✐r❡♠❡♥ts t❤❛t ❝❤❛r❛❝t❡r✐③❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r✲
❛t♦rs ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✹✾❪ ✐s t❤❛t t❤❡ ♥❡✇ ❞❡✜♥✐t✐♦♥ ♦❢ P0✲❝♦♥s✐st❡♥❝② ✐s ❛ ❣❧♦❜❛❧ ♣r♦♣❡rt②
s✐♥❝❡ ✐t ✐♥✈♦❧✈❡s r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ♦♥ ♠♦r❡ t❤❛♥ ♦♥❡ ❡❧❡♠❡♥t✳ ❚❤❡ ❢♦r♠❛❧
❞❡✜♥✐t✐♦♥ ♦❢ t❤✐s ❝♦♥❝❡♣t ✐s ❜❛s❡❞ ♦♥ ❛ ❝♦♠♠✉t✐♥❣ ❞✐❛❣r❛♠ ♣r♦♣❡rt② ♦❢ t❤❡ ❞✐s❝r❡t❡ ❞❡
❘❤❛♠ ❝♦♠♣❧❡① ❛♥❞ ✐ts ❞✉❛❧✱ ✇❤✐❝❤ ❧✐❡ ❛t t❤❡ ❢♦✉♥❞❛t✐♦♥s ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ str✉❝t✉r❡
♦❢ ♣❤②s✐❝❛❧ t❤❡♦r✐❡s✱ ❛s r❡♣r❡s❡♥t❡❞ ❣r❛♣❤✐❝❛❧❧② ❜② ❚♦♥t✐ ❞✐❛❣r❛♠s ❬✸❪✳ ❚❤✐s ❛♣♣r♦❛❝❤
❡①t❡♥❞s ✇❤❛t ✐s ✉s✉❛❧❧② ❞♦♥❡ ✐♥ ❧✐t❡r❛t✉r❡✳ ■♥ ❬✶✶❪✱ ❛ ❞✉❛❧ ❣r✐❞ ✐s ✐♥tr♦❞✉❝❡❞ ❛s ♣❛rt ♦❢
t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ❛♥❞ t❤❡♥ ✐ts r❡❧❛t✐♦♥ ✇✐t❤ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✐s ✐❞❡♥t✐✜❡❞✳
■♥st❡❛❞✱ ✐♥ ♦✉r ❛♣♣r♦❛❝❤ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ ✐s ❞❡r✐✈❡❞ ❛s ❛ ❝❛♥♦♥✐❝❛❧ ❝❤♦✐❝❡ ♦❢
❞❡s✐❣♥✐♥❣ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ♦♥ ❣❡♥❡r❛❧ ♣♦❧②❤❡❞r❛❧ ❡❧❡♠❡♥ts✳ ▼♦r❡✲
♦✈❡r✱ ❛s ❛♥ ❛❞❞✐t✐♦♥❛❧ r❡s✉❧t ♦❢ ♦✉r ❛♥❛❧②s✐s✱ ✐t ✐s t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❝♦♥str✉❝t✐♦♥ ✐❢ ✇❡
r❡str✐❝t t❤❡ ❞❡s✐❣♥ ♦❢ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❛t t❤❡ s✐♥❣❧❡ ❡❧❡♠❡♥t ❧❡✈❡❧✱ ♥❛♠❡❧② ✇✐t❤✲
♦✉t t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ♦❢ ♦t❤❡r ❡❧❡♠❡♥ts✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧
r♦❧❡ ♣❧❛②❡❞ ❜② ❙t♦❦❡s t❤❡♦r❡♠ ✐♥ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♣♣❡❛rs✱ t❤❡r❡❢♦r❡✱ ❛s t❤❡
❣❡♦♠❡tr✐❝ ♠❛♥✐❢❡st❛t✐♦♥ ♦❢ ✉s✐♥❣ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ t♦ ❞❡s✐❣♥ ❧♦❝❛❧ r❡❝♦♥str✉❝t✐♦♥
♦♣❡r❛t♦rs✳ ❆ ❣❡♦♠❡tr✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❝❛♥
❜❡ ❣✐✈❡♥ ❛s t❤❡ ❛✣♥❡ s♦❧✉t✐♦♥ s♣❛❝❡ ♦❢ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✱ ❛♥❞ ❢r♦♠ ❛ ♣❤②s✐❝❛❧
♣♦✐♥t ✈✐❡✇✱ ✇❡ s❤♦✇ t❤❛t ✐t ✐s ❞✐r❡❝t❧② ❝♦♥♥❡❝t❡❞ ✇✐t❤ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ♦❢ ♣❤②s✐❝❛❧ t❤❡✲
♦r✐❡s✳ ❆♥ ❛♥❛❧②s✐s ♦❢ t❤✐s ❧✐♥❡❛r s②st❡♠ ❝♦♥st✐t✉t❡s t❤❡ st❛rt✐♥❣ ♣♦✐♥t t♦ ❣❡♦♠❡tr✐❝❛❧❧②
♦♣t✐♠✐③❡ ❞✐s❝r❡t❡ ❍♦❞❣❡ ♦♣❡r❛t♦rs✳ ❆s ❛♥ ✐♥st❛♥❝❡✱ ✐t r❡✈❡❛❧s t❤❛t✱ ❜❡s✐❞❡s t❤❡ ❜❛r②❝❡♥✲
tr✐❝ ❞✉❛❧ ❣r✐❞✱ t❤❡r❡ ❛r❡ ♦t❤❡r ♣♦ss✐❜❧❡ ❞✉❛❧ ❣r✐❞s✱ ✇❤✐❝❤ ❛r❡ ♥♦t ❝♦♥str✉❝t❡❞ ❛❝❝♦r❞✐♥❣ t♦
t❤❡ ❜❛r②❝❡♥tr✐❝ s✉❜❞✐✈✐s✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❡✈❡r② ❝❡❧❧ ✇❡ ❝❛♥ ❝❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t
✐♥ s♣❛❝❡ t♦ ❣❡♦♠❡tr✐❝❛❧❧② ❞❡✜♥❡ t❤❡ ❡♥tr✐❡s ♦❢ ❧♦❝❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳ ❲❡ ♣r♦✈✐❞❡
❛♥ ❡①❛♠♣❧❡ ♦❢ ❤♦✇ t❤✐s ❢r❡❡❞♦♠ ♦❢ ❝❤♦✐❝❡ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❝❛♥
❜❡ ✉s❡❞ t♦ ♦♣t✐♠✐③❡ t❤❡♠✱ ❛s ♠❡❛s✉r❡❞ ❜② ❛ L2 ♥♦r♠✳

❚♦ ❝♦♥❝❧✉❞❡✱ ✐♥ ❙❡❝t✐♦♥ ✺✳✸ ✇❡ s❤♦✇ ❡①❛♠♣❧❡s ♦❢ ❤♦✇ t❤❡ ❛❜♦✈❡ ❝♦♥❝❡♣ts ❝❛♥ ❜❡ ✉s❡❞
t♦ ❞❡s✐❣♥ ♥❡✇ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳

✸✳✶ ❉❡✜♥✐t✐♦♥ ♦❢ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛✲
t♦rs

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡✜♥❡ t❤❡ ♥♦✈❡❧ ❝♦♥❝❡♣t ♦❢ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs
❛♥❞ ♣r♦✈✐❞❡ t❤❡✐r ❣❡♦♠❡tr✐❝ ❝♦✉♥t❡r♣❛rt✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ r❡❧✐❡s ♦♥ ❛ ❝♦♠♠✉t✐♥❣ ❞✐❛❣r❛♠
♣r♦♣❡rt② ♦❢ t❤❡ ❞✐s❝r❡t❡ ❞✉❛❧ ❞❡ ❘❤❛♠ ❝♦♠♣❧❡① ✇❤✐❝❤ ✐♥✈♦❧✈❡s t❤❡ ❞❡r✐✈❡❞ ❞✐s❝r❡t❡
♦♣❡r❛t♦rs ❛♥❞ ❝❤❛r❛❝t❡r✐③❡s ✐♥ ❛ r✐❣♦r♦✉s ✇❛② t❤❡ ❝❧❛ss ♦❢ ❛❧❧ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs
t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♥str✉❝t ❛ ❣❧♦❜❛❧ ♠❛ss ♠❛tr✐① ✐♥ ❛ s✉❝❤ ❛ ✇❛② t❤❛t ❛ ❣❧♦❜❛❧
♣❛t❝❤ t❡st ✐s ♣❛ss❡❞✳ ❚❤✉s✱ t❤❡ P0✲❝♦♥s✐st❡♥❝② ♦❢ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs r❡❢❡rs t♦ t❤❡
♣r♦♣❡rt② t❤❛t ✇❡ ❛❜❧❡ t♦ r❡♣r♦❞✉❝❡ ❡①❛❝t❧② t❤❡ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥ ❛t t❤❡ ❞✐s❝r❡t❡ ❧❡✈❡❧✳
■♥st❡❛❞✱ t❤❡ ❝♦♥s✐st❡♥❝② ❝♦♥❞✐t✐♦♥ ✭✷✳✷✸✮ ♦♥❧② ❡①♣r❡ss❡s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❞✐s❝r❡t❡
❛♥❞ ❝♦♥t✐♥✉♦✉s ❡♥❡r❣②✱ ❛♥❞ t❤✉s✱ ✐t ✐s ❛ ♥❡❝❡ss❛r② ❜✉t ♥♦t s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥✳ ❚❤❡



✸✳✶✳ ❉❡✜♥✐t✐♦♥ ♦❢ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✷✸

❣❡♦♠❡tr② ❡♥t❡rs ✐♥t♦ t❤❡ s❝❤❡♠❡ s✐♥❝❡ ❢♦r ❧♦✇✲♦r❞❡r ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ♦♥❧② ❛✈❡r❛❣❡s
♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦r ♦✈❡r ❛ ❣✐✈❡♥ r❡❣✐♦♥ ❛r❡ ♠❡❛s✉r❡❞✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ t❤❡
♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛✈❡r❛❣❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦r ❤❛s ❡♥tr✐❡s ✇❤✐❝❤ ❝❛♥ ❜❡
✐♥t❡r♣r❡t❡❞ ❛s ❢❛♠✐❧✐❛r ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ s♣❛❝❡✱ ❧✐❦❡ s❡❣♠❡♥ts ❛♥❞ ♣♦❧②❣♦♥s✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ♦♥❧② ❞❡❛❧ ✇✐t❤ ❛✈❡r❛❣❡s ♦❢ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✱ t❤✉s✱ ❢♦r
❝♦♥✈❡♥✐❡♥❝❡✱ ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✇❡ ✇✐❧❧ ❛❧✇❛②s r❡❢❡r t♦ t❤❡✐r
❛✈❡r❛❣❡ ♦♥ ❛ s✉✐t❛❜❧❡ r❡❣✐♦♥ ❛s r❡♣r❡s❡♥t❡❞ ❜② t❤❡✐r ❛ss♦❝✐❛t❡❞ ♠❛tr✐①✳ ❚❤❡ ❣❡♦♠❡tr✐❝
❝♦♥❞✐t✐♦♥s t❤❛t ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝❧❛ss ♦❢ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳ ❆ ❝❧♦s❡r ✐♥s♣❡❝t✐♦♥ ♦❢ t❤✐s ❧✐♥❡❛r s②st❡♠ r❡✈❡❛❧s
t❤❛t ✐♥ ❣❡♥❡r❛❧ ✐t ❞♦❡s ♥♦t ❤❛✈❡ ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ❚❤✉s✱ t❤❡r❡ ✐s ♥♦ ✉♥✐q✉❡ ✇❛② ♦❢
❞❡s✐❣♥✐♥❣ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳

✸✳✶✳✶ P0✲❝♦♥s✐st❡♥t ❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❞❡✜♥✐t✐♦♥s t❤r♦✉❣❤ ❡①❛♠♣❧❡s ♦❢ ♣❤②s✐❝❛❧ t❤❡♦r✐❡s✳
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❡①❛♠♣❧❡ ♦❢ ♠❛❣♥❡t✐❝ ♣❤❡♥♦♠❡♥❛ ❛s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣

❡q✉❛t✐♦♥s

∇×H = J ,

∇ ·B = 0,

H = νB,

H × n = Js,

✭✸✳✶✮

✇❤❡r❡ t❤❡ s♦✉r❝❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ❛ ❦♥♦✇♥ ❝✉rr❡♥t ❞❡♥s✐t② ✈❡❝t♦r ✜❡❧❞ J ✳ ■♥ ♣❛rt✐❝✉❧❛r✱
❧❡t ✉s ❝♦♥s✐❞❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✈❡❝t♦r ✜❡❧❞s B,H ❛r❡ ❝♦♥st❛♥t
✐♥ Ω✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ ❆♠♣èr❡✬s ❧❛✇ ♠✉st ❜❡ ∇×H = J = 0✳

❚♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠✐♠❡t✐❝ ❢♦r♠ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s✱ ❧❡t BF ❜❡ t❤❡
❉♦❋s ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞ B ❛tt❛❝❤❡❞ t♦ ❢❛❝❡s ♦❢ t❤❡ ❣r✐❞✳ ❲❡ r❡♣r❡s❡♥t t❤❡ ❞✐✈❡r❣❡♥❝❡
❛♥❞ ❝✉r❧ ♦♣❡r❛t♦rs t❤❛t ❛♣♣❡❛r ✐♥ ✭✸✳✶✮ ❜② t❤❡ ❞✐s❝r❡t❡ ♦♣❡r❛t♦r DIV ❛♥❞ t❤❡ ❞❡r✐✈❡❞
♦♣❡r❛t♦r ˜︂CURL✳ ❯s✐♥❣ t❤❡s❡ ♦♣❡r❛t♦rs✱ t❤❡ ♠✐♠❡t✐❝ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✭✸✳✶✮ r❡❛❞s ❛s
❢♦❧❧♦✇s

DIVBF = 0, ✭✸✳✷✮

˜︂CURLBF = 0. ✭✸✳✸✮

❉✉❡ t♦ t❤❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✭✸✳✸✮ s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ♦♥❧② ❢♦r t❤❡ ✐♥t❡r✐♦r
❡❞❣❡s✳ ❇② ✉s✐♥❣ ✭✷✳✸✻✮✱ ✭✸✳✸✮ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s

ME−1
CURLTMFBF = 0. ✭✸✳✹✮

❲❡ ❧❡❢t ♠✉❧t✐♣❧② ✭✸✳✹✮ ❜② ME ♦❜t❛✐♥✐♥❣

CURLT
(︂∑︂

c∈C

(OF
c )

T |c|(RF
c )

Tν RF
c O

F
c

)︂
BF = 0, ✭✸✳✺✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ✭✷✳✸✷✮ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠❛ss ♠❛tr✐① MF ✳ ◆❡①t✱ ❜②



✷✹ ✸✳ ❊q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞ ❞✐s❝r❡t❡ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤❡s

✉s✐♥❣ H = νB✱ ✐t ❢♦❧❧♦✇s t❤❛t

CURLT
(︂∑︂

c∈C

(OF
c )

T |c|(RF
c )

T
)︂
H = 0. ✭✸✳✻✮

❋✐♥❛❧❧②✱ s✐♥❝❡ H ∈ R3 ✐s ❛r❜✐tr❛r②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥

roweC
T
(︂∑︂

c∈C

(OF
c )

T |c|(RF
c )

T
)︂
= 0, ∀e ∈ E, e ̸⊂ ∂Ω ✭✸✳✼✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ♠❛tr✐① ❢♦r♠ ♦❢ t❤❡ CURL ♦♣❡r❛t♦r✳
❆ ❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②s✐s ✐♥❢♦r♠s ✉s t❤❛t ❡❛❝❤ ❡♥tr② ♦❢ ♠❛tr✐① |c|(RF

c )
T ❤❛s ✉♥✐ts ♦❢

❧✐♥❡❛r ♠❡t❡rs✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r♦♣❡rt② ♦❢ RF
c ♦❢ ❜❡✐♥❣ ❛ ❧❡❢t ✐♥✈❡rs❡

♦❢ PF
c ✳ ●✐✈❡♥ t❤❡ ♣❤②s✐❝❛❧ ❞✐♠❡♥s✐♦♥s✱ r♦✇s ♦❢ |c|(RF

c )
T ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❣❡♦♠❡tr✐❝

❡❞❣❡s ❛♥❞ ✭✸✳✼✮ r❡q✉✐r❡s t❤❛t t❤❡② ❝❛♥ ❜❡ ♣✉t ♦♥❡ ❛❢t❡r t❤❡ ♦t❤❡r t♦ ❢♦r♠ ❛ ❣❡♦♠❡tr✐❝
❝❧♦s❡❞ ♣❛t❤✳ ❚❤✉s✱ t❤❡② ❡♥❝♦❞❡ t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ♦❢ ❛ s❡t ♦❢ ❡❞❣❡s ♦❢ ❛ ❣r✐❞✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✶ ✭P0✲❝♦♥s✐st❡♥t ❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✮✳ ❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ r❡❝♦♥✲
str✉❝t✐♦♥ ♦♣❡r❛t♦rs {RF

c }c∈C ✐s s❛✐❞ t♦ ❜❡ P0✲❝♦♥s✐st❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s

roweC
T
(︂∑︂

c∈C

(OF
c )

T |c|(RF
c )

T
)︂
= 0, ∀e ∈ E, e ̸⊂ ∂Ω. ✭✸✳✽✮

✸✳✶✳✷ P0✲❝♦♥s✐st❡♥t ❡❞❣❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❡①❛♠♣❧❡ ♦❢ ❡❧❡❝tr✐❝ ♣❤❡♥♦♠❡♥❛ ❛s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛✲
t✐♦♥s

∇×E = 0,

∇ ·D = ρ,

D = ϵE,

D · n = Ds,

✭✸✳✾✮

✇❤❡r❡ t❤❡ s♦✉r❝❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ❛ ❦♥♦✇♥ ❝❤❛r❣❡ ❞❡♥s✐t② s❝❛❧❛r ✜❡❧❞ ρ✳ ■♥ ♣❛rt✐❝✉❧❛r✱
❧❡t ✉s ❝♦♥s✐❞❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✈❡❝t♦r ✜❡❧❞s E,D ❛r❡ ❝♦♥st❛♥t
✐♥ Ω✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ ●❛✉ss✬ ❧❛✇ ♠✉st ❜❡ ∇ ·D = 0✳

❚♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠✐♠❡t✐❝ ❢♦r♠ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s✱ ❧❡t EE ❜❡
t❤❡ ❉♦❋s ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞ E ❛tt❛❝❤❡❞ t♦ ❡❞❣❡s ♦❢ t❤❡ ❣r✐❞✳ ❲❡ r❡♣r❡s❡♥t t❤❡ ❝✉r❧
❛♥❞ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦rs t❤❛t ❛♣♣❡❛r ✐♥ ✭✸✳✾✮ ❜② t❤❡ ❞✐s❝r❡t❡ ♦♣❡r❛t♦r CURL ❛♥❞ t❤❡
❞❡r✐✈❡❞ ♦♣❡r❛t♦r ˜︁DIV✳ ❯s✐♥❣ t❤❡s❡ ♦♣❡r❛t♦rs✱ t❤❡ ♠✐♠❡t✐❝ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✭✸✳✾✮ r❡❛❞s
❛s ❢♦❧❧♦✇s

CURLEE = 0, ✭✸✳✶✵✮

˜︁DIV EE = 0. ✭✸✳✶✶✮

❉✉❡ t♦ t❤❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✭✸✳✶✶✮ s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ♦♥❧② ❢♦r t❤❡



✸✳✶✳ ❉❡✜♥✐t✐♦♥ ♦❢ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✷✺

✐♥t❡r✐♦r ❡❞❣❡s✳ ❇② ✉s✐♥❣ ✭✷✳✸✽✮✱ ✭✸✳✶✶✮ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s

−MN−1
GRADTMEEF = 0. ✭✸✳✶✷✮

❲❡ ❧❡❢t ♠✉❧t✐♣❧② ✭✸✳✶✷✮ ❜② MN ♦❜t❛✐♥✐♥❣

DIVT
(︂∑︂

c∈C

(OE
c )

T |c|(RE
c )

Tν RE
cO

E
c

)︂
EE = 0, ✭✸✳✶✸✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ✭✷✳✸✷✮ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠❛ss ♠❛tr✐① ME ✳ ◆❡①t✱ ❜②
✉s✐♥❣ D = ϵE✱ ✐t ❢♦❧❧♦✇s t❤❛t

DIVT
(︂∑︂

c∈C

(OE
c )

T |c|(RE
c )

T
)︂
D = 0. ✭✸✳✶✹✮

❋✐♥❛❧❧②✱ s✐♥❝❡ D ∈ R3 ✐s ❛r❜✐tr❛r②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥

rownG
T
(︂∑︂

c∈C

(OE
c )

T |c|(RE
c )

T
)︂
= 0, ∀n ∈ N,n /∈ ∂Ω ✭✸✳✶✺✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ♠❛tr✐① ❢♦r♠ ♦❢ t❤❡ DIV ♦♣❡r❛t♦r✳

❆ ❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②s✐s ✐♥❢♦r♠s ✉s t❤❛t ❡❛❝❤ ❡♥tr② ♦❢ ♠❛tr✐① |c|(RE
c )

T ❤❛s ✉♥✐ts ♦❢
sq✉❛r❡ ♠❡t❡rs✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r♦♣❡rt② ♦❢ RE

c ♦❢ ❜❡✐♥❣ ❛ ❧❡❢t ✐♥✈❡rs❡
♦❢ PE

c ✳ ●✐✈❡♥ t❤❡ ♣❤②s✐❝❛❧ ❞✐♠❡♥s✐♦♥s✱ r♦✇s ♦❢ |c|(RE
c )

T ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❣❡♦♠❡tr✐❝
❢❛❝❡s ❛♥❞ ✭✸✳✶✺✮ r❡q✉✐r❡s t❤❛t t❤❡② ❝❛♥ ❜❡ ♣✉t s✐❞❡ t♦ s✐❞❡ t♦ ❢♦r♠ ❛ ❣❡♦♠❡tr✐❝ ❝❧♦s❡❞
s✉r❢❛❝❡✳ ❚❤✉s✱ t❤❡② ❡♥❝♦❞❡ t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ♦❢ ❛ s❡t ♦❢ ❢❛❝❡s ♦❢ ❛ ❣r✐❞✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳✷ ✭P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❢♦r ❡❞❣❡ ❉♦❋s✮✳ ❆ ❝♦❧❧❡❝t✐♦♥ ♦❢
r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs {RE

c }c∈C ✐s s❛✐❞ t♦ ❜❡ P0✲❝♦♥s✐st❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s

rownG
T
(︂∑︂

c∈C

(OE
c )

T |c|(RE
c )

T
)︂
= 0, ∀n ∈ N,n /∈ ∂Ω. ✭✸✳✶✻✮

✸✳✶✳✸ ▲✐♥❡❛r s②st❡♠ ❢♦r♠✉❧❛t✐♦♥ ♦❢ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥
♦♣❡r❛t♦rs

❚❤❡ t✇♦ r❡q✉✐r❡♠❡♥ts t❤❛t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❤❛✈❡ t♦ s❛t✐s❢② ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✐♥t♦
❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳ ❚❤❡ ✉♥❦♥♦✇♥ ✈❛r✐❛❜❧❡s ❛r❡ t❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ♠❛tr✐❝❡s
|c|(RE

c )
T ❛♥❞ |c|(RF

c )
T ✇✐t❤ ❝♦♥str❛✐♥t ❡q✉❛t✐♦♥s ❡①♣r❡ss❡❞ ❜② ✭✸✳✽✮✱ ✭✸✳✶✻✮ ❛♥❞ t❤❡

r❡q✉✐r❡♠❡♥t t❤❛t ❡❛❝❤ ♠❛tr✐① RE
c ❛♥❞ RF

c ✐s ❛ ❧❡❢t ✐♥✈❡rs❡ ♦❢ t❤❡ ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r✱
✇❤✐❝❤ ✐s t❤❡ ❛❝❝✉r❛❝② ♣r♦♣❡rt② ❢♦r ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❝❛♥ ✇r✐t❡

{︄
RF

c P
F
c = I3, ∀c ∈ C

roweC
T
(︂∑︁

c∈C(O
F
c )

T |c|(RF
c )

T
)︂
= 0, ∀e ∈ E, e ̸⊂ ∂Ω

✭✸✳✶✼✮





✸✳✷✳ ❉✉❛❧ ❣r✐❞ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✷✼

t❤❡ ❝♦♥str❛✐♥t ♠❛tr✐① ✐s r❛♥❦ ❞❡✜❝✐❡♥t✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✸✳✽✮✱ ✭✸✳✶✻✮✱ t❤❡ ❣❡♦♠❡tr✐❝ ❡♥tr✐❡s ♦❢ t❤❡ r❡❝♦♥✲
str✉❝t✐♦♥ ♦♣❡r❛t♦rs ♦♥ ❡✈❡r② ❡❧❡♠❡♥t ❛r❡ ❞❡✜♥❡❞ ✉♣ t♦ ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t ✐♥ R3✳ ❚❤❡
❧❛tt❡r✱ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❢r❡❡❧② ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦♣t✐♠✐③❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳ ❲❡
❡①♣❧♦r❡ t❤✐s ♣♦ss✐❜✐❧✐t② ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✹✳

✸✳✷ ❉✉❛❧ ❣r✐❞ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ t❤❛t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ✐♥ ❬✹✾❪ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦
r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ❜② ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞✳ ❚❤❡
♠❛✐♥ ♥♦✈❡❧t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦♦❢s ❣✐✈❡♥ ✐♥ ❬✹✾❪ r❡❧✐❡s ✐♥ t❤❡ ❡①♣❧✐❝✐t ✐❞❡♥t✐✜❝❛t✐♦♥
♦❢ ❣❡♦♠❡tr✐❝❛❧ ❡❧❡♠❡♥ts ♦❢ ❞✉❛❧ ❢❛❝❡s ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ❡❞❣❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳
❙✐♥❝❡✱ ❜② ❝♦♥str✉❝t✐♦♥✱ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ s❛t✐s❢② t❤❡ ❣❡♦✲
♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s ✭✸✳✽✮ ❛♥❞ ✭✸✳✶✻✮✱ t❤❡ ❛♥❛❧②s✐s r❡✈❡❛❧s t❤❡ r♦❧❡ ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧
❣r✐❞ ✐♥ ❧♦✇✲♦r❞❡r ❝♦♠♣❛t✐❜❧❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✿ ❡✈❡♥ ✐❢ t❤❡ ❞✉❛❧ ❣r✐❞ ✐s ♥♦t ❛ss✉♠❡❞
❛s ❛ st❛rt✐♥❣ ♣♦✐♥t ♦❢ t❤❡ ♠❡t❤♦❞✱ ❢♦r ✐♥st❛♥❝❡ ✐♥ ♠✐♠❡t✐❝ ❧✐t❡r❛t✉r❡ ❬✽❪✱ ✐t ❛♣♣❡❛rs ❛s
❛ ❝❛♥♦♥✐❝❛❧ ❝❤♦✐❝❡ ♦❢ ❝♦♥str✉❝t✐♥❣ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳ ❆❝❝♦r❞✐♥❣ t♦
t❤❡ r❡s✉❧ts ❞❡r✐✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✱ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛s ✐♥❢♦r♠s
✉s t❤❛t t❤❡② ❛r❡ ❞❡✜♥❡❞ ✉♣ t♦ ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t ✐♥ R3✳ ❲❡ s❤♦✇ ❤♦✇ t❤✐s ❛❞❞✐t✐♦♥❛❧
❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦♣t✐♠✐③❡ s♣❡❝✐✜❝ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✳

✸✳✷✳✶ ❘❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛s ❛♥❞ t❤❡✐r ♣r♦♦❢s

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❛✐r ♦❢ ✈❡❝t♦r ✜❡❧❞s u,w : R3 → R3 ❛❧♦♥❣ ✇✐t❤ ❛ s❝❛❧❛r ✜❡❧❞ w : R3 → R

❞❡✜♥❡❞ ♦♥ ❛ ❣✐✈❡♥ ❝❡❧❧ c✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❧❧✲❦♥♦✇♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r♠✉❧❛s ❤♦❧❞
∫︂

c

u ·∇w dV = −

∫︂

c

∇ · uw dV +

∫︂

∂c

u · nw dS, ✭✸✳✶✾✮

∫︂

c

u ·∇×w dV =

∫︂

c

∇× u ·w dV +

∫︂

∂c

u× n ·w dS. ✭✸✳✷✵✮

❚❤❡♦r❡♠ ✷ ✭❘❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛s✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❡♥s♦r ✐❞❡♥t✐t✐❡s ❤♦❧❞

∑︂

f∈F (c)

ẽf c
⊗ f = |c| I3, ✭✸✳✷✶✮

∑︂

e∈E(c)

f̃e c ⊗ e = |c| I3. ✭✸✳✷✷✮



✷✽ ✸✳ ❊q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞ ❞✐s❝r❡t❡ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤❡s

Pr♦♦❢✳ ▲❡t u,w ∈ R3✳ ❚❤❛♥❦s t♦ ✭✸✳✶✾✮✱ ✇❡ ❤❛✈❡

|c|u ·w =

∫︂

c

u ·w dV =

∫︂

c

u ·∇(w · (x− ñc)) dV

=

∫︂

∂c

(u · n) (w · (x− ñc)) dS

=
∑︂

f∈F (c)

(u · f) ((bf − ñc) ·w).

✭✸✳✷✸✮

❇② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ẽf c
✱ ✐t ❢♦❧❧♦✇s t❤❛t

|c|u ·w =
∑︂

f∈F (c)

(u · f) (ẽf c
·w). ✭✸✳✷✹✮

❙✐♥❝❡ w ✐s ❛r❜✐tr❛r②✱ ✭✸✳✷✶✮ ✐s ♣r♦✈❡❞✳
❚❤❛♥❦s t♦ ✭✸✳✷✵✮✱ ✇❡ ❤❛✈❡

2|c|u ·w = 2

∫︂

c

u ·w dV =

∫︂

c

u ·∇×
(︁
w × (x− ñc)

)︁
dV

=

∫︂

∂c

(u× n) ·
(︁
w × (x− ñc)

)︁
dS

=
∑︂

f∈F (c)

∫︂

f

(u× nf ) ·
(︁
w × (x− ñc)

)︁
dS

=
∑︂

f∈F (c)

|f | (u× nf ) · (w × ẽf c
).

✭✸✳✷✺✮

◆♦✇✱ ❜② ❛♣♣❧②✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✉s❡❞ ✐♥ ✭✸✳✷✸✮ t♦ t❤❡ ✈❡❝t♦r u× nf r❡str✐❝t❡❞
t♦ ❛ ❢❛❝❡ f ✱ ✇❡ ♦❜t❛✐♥

|f |u× nf =
∑︂

e∈E(f)

(u · e) (be − p), ✭✸✳✷✻✮

✇❤❡r❡ p ∈ R3 ✐s ❛♥ ❛r❜✐tr❛r② ♥♦❞❡✳
❆♣♣❧② ✭✸✳✷✻✮ t♦ ❡✈❡r② ❢❛❝❡ f ✐♥ t❤❡ ❧❛st t❡r♠ ♦❢ ✭✸✳✷✺✮✱ ❝❤♦♦s✐♥❣ t❤❡ s❛♠❡ ♥♦❞❡ ñc

❛s t❤❡ ❛r❜✐tr❛r② ♣♦✐♥t ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❢♦r♠✉❧❛✳ ❲❡ ♦❜t❛✐♥

2|c|u ·w =
∑︂

f∈F (c)

(︁ ∑︂

e∈E(f)

(u · e) (be − ñc)
)︁
· (w × ẽf c

)

=
∑︂

f∈F (c)

(︁
ẽf c

×
(︁ ∑︂

e∈E(f)

(u · e) (be − ñc)
)︁)︁

·w

=
∑︂

e∈E(c)

(u · e) ((ẽfi c
× (be − ñc)− ẽfj c

× (be − ñc)) ·w),

✭✸✳✷✼✮

✇❤❡r❡ fi, fj ❛r❡ t❤❡ ✉♥✐q✉❡ ❢❛❝❡s ♦❢ c s✉❝❤ t❤❛t e = fi ∩ fj ✱ ❢♦r s✉✐t❛❜❧❡ ✐♥❞✐❝❡s i = i(e)
❛♥❞ j = j(e)✱ ❛♥❞ ♦r✐❡♥t❡❞ s♦ t❤❛t t❤❡② ✐♥❞✉❝❡ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥s ♦♥ ❡❞❣❡ e✳ ◆♦✇✱



✸✳✷✳ ❉✉❛❧ ❣r✐❞ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✷✾

❞✐✈✐❞✐♥❣ ❜② t✇♦ ❜♦t❤ ♠❡♠❜❡rs ♦❢ t❤❡ ❧❛st t❡r♠ ✐♥ ✭✸✳✷✼✮ ❛♥❞ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ f̃e c✱
✐t ❢♦❧❧♦✇s t❤❛t

|c|u ·w =
∑︂

e∈E(c)

(u · e) (f̃e c ·w). ✭✸✳✷✽✮

❙✐♥❝❡ w ✐s ❛r❜✐tr❛r②✱ ✭✸✳✷✷✮ ✐s ♣r♦✈❡❞✳

▲❡♠♠❛ ✶ ✭❉✉❛❧ ❣r✐❞ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❝❡❧❧ c✳ ❈❤♦♦s❡ ❛♥

❛r❜✐tr❛r② ♣♦✐♥t ñc ∈ R3✳ ▲❡t RF
ñc

:= 1
|c| (P

˜︁E
ñc

)T ❛♥❞ RE
ñc

:= 1
|c| (P

˜︁F
ñc

)T ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣

❢♦r♠✉❧❛s ❤♦❧❞

RF
ñc

PF
c = Ẽ

T

c Fc = I3, ✭✸✳✷✾✮

RE
ñc

PE
c = F̃

T

c Ec = I3. ✭✸✳✸✵✮

Pr♦♦❢✳ ❇② ✉s✐♥❣ ✭✸✳✷✶✮✱ ✭✸✳✷✷✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠❛tr✐❝❡s P ˜︁F
ñc

,P
˜︁E
ñc
✱ ✇❡ ❤❛✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t✐❡s (P ˜︁E
ñc

)TPF
c = |c| I3✱ (P

˜︁F
ñc

)TPE
c = |c| I3✳ ❉✐✈✐❞✐♥❣ ❜② |c| ❜♦t❤ ♠❡♠❜❡rs

♦❢ t❤❡ ❧❛tt❡r ❡q✉❛t✐♦♥s ✇❡ ♦❜t❛✐♥ t❤❡ ❝❧❛✐♠❡❞ r❡s✉❧t✳

✸✳✷✳✷ ▼❛ss ♠❛tr✐❝❡s

■♥ ❝♦♠♣❛t✐❜❧❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✱ ✐t ✐s ❛❧✇❛②s ♥❡❝❡ss❛r② t♦ ♠❛♣ ❉♦❋s ❛tt❛❝❤❡❞ t♦ ❣❡♦✲
♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♣r✐♠❛❧ ❣r✐❞ ✐♥t♦ ❉♦❋s ❛tt❛❝❤❡❞ t♦ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞✉❛❧
❣r✐❞✱ ♦r ✈✐❝❡✈❡rs❛ ❬✶❪✱ ❬✹✺❪✱ ❬✸❪✳ ❚❤✐s ♣r♦❝❡ss ♦❢ ❝♦♥✈❡rt✐♥❣ ♦♥❡ t②♣❡ ♦❢ ❉♦❋s t♦ ❛♥♦t❤❡r
✐s ♣❡r❢♦r♠❡❞ ❜② t❤❡ s♦✲❝❛❧❧❡❞ ❞✐s❝r❡t❡ ❍♦❞❣❡ st❛r ♦♣❡r❛t♦r ❬✷❪✳

❖♥❡ ♣♦ss✐❜❧❡ ♠❡t❤♦❞ ❢♦r ❡①♣❧✐❝✐t❧② ❝♦♥✈❡rt✐♥❣ ♦♥❡ t②♣❡ ♦❢ ❉♦❋s ✐♥t♦ ❛♥♦t❤❡r ✐s t♦
r❡❝♦♥str✉❝t t❤❡ ♣♦❧②♥♦♠✐❛❧ ✈❡❝t♦r ✜❡❧❞ ✐♥ ❡❛❝❤ ❝❡❧❧ st❛rt✐♥❣ ❢r♦♠ ❉♦❋s ❛tt❛❝❤❡❞ t♦ ❛
s❡t ♦❢ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts✱ ❛♥❞ t❤❡♥ ♣r♦❥❡❝t t❤✐s ✈❡❝t♦r ✜❡❧❞ ♦♥t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts r❡❧❛t❡❞ ❜② ❞✉❛❧✐t②✳ ❲❡ ✇✐❧❧ ❢♦❧❧♦✇ t❤✐s ♣r✐♥❝✐♣❧❡ t♦ ❞❡s✐❣♥ ❜♦t❤ t②♣❡s
♦❢ ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s✱ ✇❤✐❝❤ ❣✐✈❡ ❛ ❞✐s❝r❡t❡ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐s❝r❡t❡
❍♦❞❣❡ ♦♣❡r❛t♦rs✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ ❤♦✇ t♦ ❝♦♥str✉❝t ❝♦♥s✐st❡♥t ♠❛ss ♠❛tr✐❝❡s ✇❤✐❝❤ ♠❛♣ ❉♦❋s
❛tt❛❝❤❡❞ t♦ ♣r✐♠❛❧ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts t♦ ❉♦❋s ❛tt❛❝❤❡❞ t♦ ❞✉❛❧ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts✳

✸✳✷✳✸ ▲♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s

▲❡t ✉s ❢♦❝✉s ♦♥ ❛ ❡❧❡♠❡♥t c ✇❤❡r❡ t✇♦ ♣❛✐rs ♦❢ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s ❛r❡ ❞❡✜♥❡❞✱ ♥❛♠❡❧②
u,v ❛♥❞ w, z✳ ❚❤❡ t✇♦ ♣❛✐rs ❛r❡ r❡❧❛t❡❞ ❜② t✇♦ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s

v = Kc,1u, ✭✸✳✸✶✮

z = Kc,2w, ✭✸✳✸✷✮

✇❤❡r❡ Kc,1,Kc,2 ❛r❡ t✇♦ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s ♦❢ ♦r❞❡r 3✱ ❛ss✉♠❡❞ t♦ ❜❡
✉♥✐❢♦r♠ ✐♥ c✳

◆♦✇✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❉♦❋s ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞s t♦ c✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✇❡ ❛tt❛❝❤ ❉♦❋s t♦ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♣r✐♠❛❧ ❛♥❞ ❞✉❛❧ ❣r✐❞ ❛s ❢♦❧❧♦✇s uF

c = Fcu✱
vẼ
c = Ẽcv✱ wE

c = Ecw✱ zF̃
c = F̃cz✳



✸✵ ✸✳ ❊q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞ ❞✐s❝r❡t❡ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤❡s

❚❤❡ ❧♦❝❛❧ ♠❛ss ♠❛tr✐① MF
c ♠❛♣s ❉♦❋s ♦❢ u ❛tt❛❝❤❡❞ t♦ ❢❛❝❡s t♦ ❉♦❋s ♦❢ v ❛tt❛❝❤❡❞

t♦ ❞✉❛❧ ❡❞❣❡s ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞✳ ❲❡ s❛② t❤❛t MF
c ✐s ❛ ❝♦♥s✐st❡♥t ♠❛ss ♠❛tr✐①

✐❢

vẼ
c = MF

c u
F
c ✭✸✳✸✸✮

❤♦❧❞s ❡①❛❝t❧② ❢♦r ❛♥② ♣❛✐r ♦❢ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s u,v s❛t✐s❢②✐♥❣ ✭✸✳✸✶✮✳
❙✐♠✐❧❛r❧②✱ ❛ ❧♦❝❛❧ ♠❛ss ♠❛tr✐① ME

c ♠❛♣s ❉♦❋s ♦❢ w ❛tt❛❝❤❡❞ t♦ ❡❞❣❡s t♦ ❉♦❋s ♦❢ z
❛tt❛❝❤❡❞ t♦ ❞✉❛❧ ❢❛❝❡s ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞✳ ❲❡ s❛② t❤❛t ME

c ✐s ❛ ❝♦♥s✐st❡♥t ♠❛ss
♠❛tr✐① ✐❢

zF̃
c = ME

cw
E
c ✭✸✳✸✹✮

❤♦❧❞s ❡①❛❝t❧② ❢♦r ❛♥② ♣❛✐r ♦❢ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s w, z s❛t✐s❢②✐♥❣ ✭✸✳✸✷✮✳
❆♥ ❡✣❝✐❡♥t r❡❝✐♣❡ t♦ ❝♦♥str✉❝t ❝♦♥s✐st❡♥t ❛♥❞ s②♠♠❡tr✐❝ ♠❛tr✐❝❡s MF

c ,M
E
c ❝♦♠❜✐♥❡s

t❤❡ ❣❡♦♠❡tr✐❝ ✐❞❡♥t✐t✐❡s ✐♥ ❚❤❡♦r❡♠ ✷ ✇✐t❤ t❤❡ ✉♥✐❢♦r♠✐t② ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞s✳
❇② ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❉♦❋s vẼ

c ,u
F
c ♦❢ v ❛♥❞ u✱ ✇❡ ❤❛✈❡ t❤❛t

vẼ
c = Ẽcv = ẼcKc,1u = ẼcKc,1

1

|c|
(Ẽ

T

c Fc)u =
(ẼcKc,1Ẽ

T

c )

|c|
uF
c , ✭✸✳✸✺✮

❛♥❞ ❤❡♥❝❡✱ ✐t ❢♦❧❧♦✇s t❤❛t ❛ s②♠♠❡tr✐❝ ❛♥❞ ❝♦♥s✐st❡♥t ♠❛tr✐① MF
c ✐s ❣✐✈❡♥ ❜②

MF
c =

ẼcKc,1Ẽ
T

c

|c|
. ✭✸✳✸✻✮

❙✐♠✐❧❛r❧②✱ ❜② ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✷ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❉♦❋s zF̃
c ,wE

c ♦❢ z ❛♥❞ w✱
✇❡ ❤❛✈❡ t❤❛t

zF̃
c = F̃cz = F̃cKc,2w = F̃cKc,2

1

|c|
(F̃

T

c Ec)w =
(F̃cKc,2F̃

T

c )

|c|
wE

c , ✭✸✳✸✼✮

❛♥❞ ❤❡♥❝❡✱ ✐t ❢♦❧❧♦✇s t❤❛t ❛ s②♠♠❡tr✐❝ ❛♥❞ ❝♦♥s✐st❡♥t ♠❛tr✐① ME
c ✐s ❣✐✈❡♥ ❜②

ME
c =

F̃cKc,2F̃
T

c

|c|
. ✭✸✳✸✽✮

❚❤❡ ♠❛tr✐❝❡s MF
c ❛♥❞ ME

c ✱ ❞❡✜♥❡❞ ✐♥ ✭✸✳✸✻✮ ❛♥❞ ✭✸✳✸✽✮✱ ❛r❡ s②♠♠❡tr✐❝ ❛♥❞ ❝♦♥s✐st❡♥t
❜✉t ❛r❡ ♥♦t ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s✱ t❤❡ ✐❞❡❛✱ ❞❡✈❡❧♦♣❡❞ ✐♥ ▲❡♠♠❛ ✷✱ ✐s t♦
❛❞❞ t♦ t❤❡ ❝♦♥s✐st❡♥t ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s MF

c ,M
E
c ❛ st❛❜✐❧✐t② ♠❛tr✐①✱ ✇❤✐❝❤ ✐s

s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡✳ ❚❤❡ st❛❜✐❧✐t② ♠❛tr✐① ❝♦✐♥❝✐❞❡s ✇✐t❤ ♦♥❡ ♣r♦♣♦s❡❞
✐♥ t❤❡ ♠✐♠❡t✐❝ ❧✐t❡r❛t✉r❡ ❬✽❪✳

▲❡♠♠❛ ✷✳ ▲❡t m ❜❡ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ F (c) ♦r E(c)✳ ▲❡t K c ❜❡ ❛ s②♠♠❡tr✐❝ ❛♥❞
♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① ♦❢ ♦r❞❡r 3✳ ▲❡t α = (α1, . . . , αm−3) ∈ (R+)m−3 ❜❡ ❛♥② (m− 3)✲
✉♣❧❛ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ❛♥❞ ❧❡t Dα ❜❡ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇❤♦s❡ ❞✐❛❣♦♥❛❧ ❡♥tr✐❡s ❛r❡
α1, . . . , αm−3✳ ❉❡♥♦t❡ ❜② WF

c ❛♥❞ WE
c t❤❡ ♠❛tr✐❝❡s ✇❤♦s❡ ❝♦❧✉♠♥s ❢♦r♠ ❛♥ ♦rt❤♦♥♦r♠❛❧



✸✳✷✳ ❉✉❛❧ ❣r✐❞ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✸✶

❜❛s✐s ❢♦r im(Fc)
⊥ ❛♥❞ im(Ec)

⊥✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐❝❡s

MF
c :=

1

|c|
ẼcKcẼ

T

c +WF
c Dα(W

F
c )

T , ✭✸✳✸✾✮

ME
c :=

1

|c|
F̃cKcF̃

T

c +WE
cDα(W

E
c )

T , ✭✸✳✹✵✮

❛r❡ s②♠♠❡tr✐❝✱ ❝♦♥s✐st❡♥t ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳

■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❛ ❣r✐❞ ♠❛❞❡ ♦❢ ♠♦r❡ t❤❛♥ ♦♥❡ ❝❡❧❧✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❧♦❜❛❧
♠❛ss ♠❛tr✐❝❡s MF ,ME ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛ss❡♠❜❧✐♥❣✱ ❝❡❧❧ ❜② ❝❡❧❧✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠
t❤❡ ❧♦❝❛❧ ♠❛tr✐❝❡s MF

c ❛♥❞ ME
c ✱ r❡s♣❡❝t✐✈❡❧②✳

✸✳✷✳✹ ❖♣t✐♠✐③✐♥❣ ❞✉❛❧ ❣r✐❞ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs

❚❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❞✉❛❧ ❣r✐❞ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs s❤♦✇ t❤❛t t❤❡② ❛r❡ ✉♥✐q✉❡❧②
❞❡✜♥❡❞ ✉♣ t♦ ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t ñc ∈ R3✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥❞❡♣❡♥❞❡♥t❧② ❢♦r ❡✈❡r②
❝❡❧❧✳ ◆♦✇✱ ✇❡ s❤♦✇ ❤♦✇ t❤✐s ❢❛❝t ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦♣t✐♠✐③❡ t❤❡ ❞✉❛❧ ❣r✐❞ r❡❝♦♥str✉❝t✐♦♥
♦♣❡r❛t♦rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❛s❦ ✐❢ ❢♦r ❛ ❣✐✈❡♥ ❡❧❡♠❡♥t c t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t s✉❝❤ t❤❛t
t❤❡ r❡❝♦♥str✉❝t❡❞ ✈❡❝t♦r ✜❡❧❞ ✐s ♦♣t✐♠❛❧ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❧❡❛st sq✉❛r❡ ❞✐✛❡r❡♥❝❡✳

▲❡t X = E ♦r X = F ✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♠❛♣ PX
c ❤❛s r❛♥❦ 3✱ t❤✉s ✐t ✐s ♥♦t

s✉r❥❡❝t✐✈❡ ❛s ❛ ♠❛♣ ❢r♦♠ R3 t♦ R|Xc|✳

Φ
4
=0

Φ
3
=0

Φ
2
=1

Φ
1
= -1

f1

f2

f3

f4

Φ
5
=0

f5

f6

Φ
6
=0

❋✐❣✉r❡ ✸✳✷✿ ❆ ❝✉❜✐❝ ❝❡❧❧ c✳ ❆ s❡t ♦❢ ❉♦❋s Φ ❛r❡ ❛tt❛❝❤❡❞ t♦ ❢❛❝❡s✳ ❚❤✐s ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢
❉♦❋s t❤❛t ❛r❡ ♥♦t ✐♠❛❣❡ ♦❢ ❛♥② ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞ ✉♥❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛♣ PF

c ✳

▲❡t uX
c /∈ imPX

c ✳ ■♥ t❤✐s ❝❛s❡✱ ❛♠♦♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s✱ ✇❡ s❡❧❡❝t
t❤❡ ♠✐♥✐♠✉♠ ♥♦r♠ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡❛st sq✉❛r❡s ♣r♦❜❧❡♠

u∗ = argmin
u∈R3

⃦⃦
PX
c u− uX

c

⃦⃦
2
. ✭✸✳✹✶✮

❚❤❡ ▼♦♦r❡✕P❡♥r♦s❡ ♠❛tr✐① ✐♥✈❡rs❡ ♦❢ PX
c ✱ ❞❡♥♦t❡❞ ❛s (PX )+c ✱ ❛❧❧♦✇s ✉s t♦ ✇r✐t❡ t❤❡

♠✐♥✐♠✉♠ ♥♦r♠ s♦❧✉t✐♦♥ u∗ ♦❢ ✭✸✳✹✶✮ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

u∗ = (PX
c )+uX

c ; ✭✸✳✹✷✮



✸✷ ✸✳ ❊q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞ ❞✐s❝r❡t❡ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤❡s

♠♦r❡♦✈❡r✱ s✐♥❝❡ Xc ❤❛s ❢✉❧❧ r❛♥❦✱ (PX
c )+ ❝❛♥ ❜❡ ❡①♣❧✐❝✐t❧② ✇r✐tt❡♥ ❛s (PX

c )+ = ((PX
c )TPX

c )−1(PX
c )T ✱

s❡❡ ❬✺✵❪✳
◆♦✇✱ ✇❡ ❛s❦ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✿ ❞♦❡s t❤❡r❡ ❡①✐st ❛ ♣♦✐♥t ñc ∈ R3 s✉❝❤ t❤❛t

RX
ñc

= (PX
c )+❄ ❇② ▲❡♠♠❛ ✶✱ ✇❡ ❦♥♦✇ t❤❛t RX

ñc
✐s ❛ ❧❡❢t ✐♥✈❡rs❡ ♦❢ PX

c ✳ ❚❤✉s✱ ✐♥ ♦r❞❡r
t❤❛t RX

ñc
= (PX

c )+✱ ✐t ✐s s✉✣❝✐❡♥t t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❤♦❧❞s

PX
c RX

ñc
= (PX

c RX
ñc

)T , ✭✸✳✹✸✮

s❡❡ ❬✺✵❪✳ ❋♦r t❡tr❛❤❡❞r❛❧ ❛♥❞ ❝✉❜✐❝ ❝❡❧❧s ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✳

▲❡♠♠❛ ✸✳ ▲❡t c ❜❡ ❛ t❡tr❛❤❡❞r❛❧ ♦r ❝✉❜✐❝ ❡❧❡♠❡♥t✳ ■❢ ñc ✐s t❤❡ ❜❛r②❝❡♥t❡r ♦❢ c✱ t❤❡♥
ñc s❛t✐s✜❡s ✭✸✳✹✸✮✳

Pr♦♦❢✳ ❋✐rst✱ s✉♣♣♦s❡ t❤❛t c ✐s ❛ t❡tr❛❤❡❞r♦♥✱ s❡❡ t❤❡ t❡tr❛❤❡❞r♦♥ ♣✐❝t✉r❡❞ ✐♥ ❋✐❣✳ ✸✳✸✳
❈♦♥s✐❞❡r t❤❡ ❝❛s❡ X = F ✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t PF

c R
F
ñc

✐s s②♠♠❡tr✐❝✳ ■t ✐s s✉✣❝✐❡♥t
t♦ ❝♦♥s✐❞❡r t❤❡ ♣❛✐r ♦❢ ❢❛❝❡s f1 ❛♥❞ f2✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡

f1 · ẽ2 =
(︂e1 × e2

2

)︂
·
(︂e2 + e3

3
−

e1 + e2 + e3

4

)︂
=

1

24
(e1 × e2) · e3, ✭✸✳✹✹✮

f2 · ẽ1 =
(︂e2 × e3

2

)︂
·
(︂e1 + e2

3
−

e1 + e2 + e3

4

)︂
=

1

24
(e2 × e3) · e1. ✭✸✳✹✺✮

❇② ❝♦♠♣❛r✐♥❣ t❤❡ ❛❜♦✈❡ t✇♦ ❡①♣r❡ss✐♦♥ ✇❡ ♦❜t❛✐♥ f1 · ẽ2 = f2 · ẽ1✳
❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❝❛s❡ X = E ✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t PE

cR
E
ñc

✐s s②♠♠❡tr✐❝✳ ■t ✐s s✉✣❝✐❡♥t
t♦ ❝♦♥s✐❞❡r t❤❡ ♣❛✐r ♦❢ ❡❞❣❡s e1 ❛♥❞ e2✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡

f̃1 · e2 =
(︂1
2

(︂e1 + e2

3
−

e1 + e3

3

)︂
×
(︂e1
2

−
e1 + e2 + e3

4

)︂)︂
· e2 =

1

24
(e1 × e3) · e2,

✭✸✳✹✻✮

f̃2 · e1 =
(︂1
2

(︂e2 + e3

3
−

e1 + e2

3

)︂
×
(︂e2
2

−
e1 + e2 + e3

4

)︂)︂
· e1 =

1

24
(e3 × e2) · e1.

✭✸✳✹✼✮

❇② ❝♦♠♣❛r✐♥❣ t❤❡ ❛❜♦✈❡ t✇♦ ❡①♣r❡ss✐♦♥s ✇❡ ♦❜t❛✐♥ f̃1 · e2 = f̃2 · e1✳
▲❡t c ❜❡ ❛ ❝✉❜✐❝ ❡❧❡♠❡♥t✳ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ X = F ✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t PF

c R
F
ñc

✐s
s②♠♠❡tr✐❝✳ ❖❜s❡r✈❡ t❤❛t t❤❡ (i, j)✲❡♥tr② ♦❢ t❤✐s ♣r♦❞✉❝t ✐s ♦❢ t❤❡ ❢♦r♠ fi · ẽfj ❢♦r s♦♠❡
♣❛✐r ♦❢ ❢❛❝❡s fi,fj ✳ ▲❡t i ̸= j✳ ❉❡✜♥❡ ẽi := ẽfi ❛♥❞ ẽj := ẽfj ✳ ❚✇♦ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✱
❡✐t❤❡r fi = −fj ♦r fi · fj = 0✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❤❛✈❡ ẽi = −ẽj ❢r♦♠ ✇❤✐❝❤ ❢♦❧❧♦✇s
t❤❛t fi · ẽj = fj · ẽi✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ❤❛✈❡ fi · ẽj = 0 ❛♥❞ fj · ẽi = 0✱ ❢r♦♠ ✇❤✐❝❤
❢♦❧❧♦✇s t❤❛t fi · ẽj = fj · ẽi✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❝❛s❡ X = E ✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t PE
cR

E
ñc

✐s s②♠♠❡tr✐❝✳ ❖❜s❡r✈❡ t❤❛t
t❤❡ (i, j)✲❡♥tr② ♦❢ t❤✐s ♣r♦❞✉❝t ✐s ♦❢ t❤❡ ❢♦r♠ ei · f̃ej

❢♦r s♦♠❡ ♣❛✐r ♦❢ ❡❞❣❡s ei, ej ✳ ▲❡t
i ̸= j✳ ❉❡✜♥❡ f̃ i := f̃ei

❛♥❞ f̃ j := f̃ej
✳ ❚✇♦ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✱ ❡✐t❤❡r ei = ±ej ♦r

ei · ej = 0✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❤❛✈❡ f̃ i = ±f̃ j ❢r♦♠ ✇❤✐❝❤ ❢♦❧❧♦✇s t❤❛t ei · f̃ j = ej · f̃ i✳



✸✳✷✳ ❉✉❛❧ ❣r✐❞ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✸✸

■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ❤❛✈❡ ei · f̃ j = 0 ❛♥❞ ej · f̃ i = 0 ❢r♦♠ ✇❤✐❝❤ ❢♦❧❧♦✇s t❤❛t ei · f̃ j =

ej · f̃ i✳

c

e2

e1

e3

f2

f1

❋✐❣✉r❡ ✸✳✸✿ ❆ t❡tr❛❤❡❞r♦♥ t♦ ✐❧❧✉str❛t❡ t❤❡ ❣❡♦♠❡tr✐❝ q✉❛♥t✐t✐❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢
▲❡♠♠❛ ✸

▲❡t ✉s ❞❡♥♦t❡ ❜② D t❤❡ s❡t ♦❢ ❛❧❧ ❝❡❧❧s t❤❛t s❛t✐s❢② ✭✸✳✹✸✮ ❢♦r s♦♠❡ ♣♦✐♥t ñc ∈ R3✳

❊①❛♠♣❧❡ ✷✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ t❤❡ ❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦r RF
ñc
✳ ❇②

❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ RF
ñc

= 1
|c| (P

˜︁E
c − 1ñT

c )
T ✱ ✇❤❡r❡ 1 ❞❡♥♦t❡s t❤❡ ✈❡❝t♦r ✐♥ R|F (c)| ✇❤♦s❡

❡♥tr✐❡s ❛r❡ ❛❧❧ ❡q✉❛❧ t♦ 1✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣②r❛♠✐❞ ✇✐t❤ ❛ sq✉❛r❡ ❜❛s❡ ❞✐✈✐❞❡❞ ✐♥ t✇♦
tr✐❛♥❣❧❡s✳ ❚❤❡ ❜♦✉♥❞❛r② ❞❡❝♦♠♣♦s❡s ✐♥t♦ s✐① ❢❛❝❡s✳ ❆ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ r❡✈❡❛❧s t❤❛t
t❤✐s ❝❡❧❧ ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ D✳ ❚♦ s❤♦✇ t❤✐s✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❞✐r❡❝t❧② ❝♦♠♣✉t❡ t❤❡
▼♦♦r❡✕P❡♥r♦s❡ ♠❛tr✐① ✐♥✈❡rs❡ (PF

c )
+ ❛♥❞ s✉❜tr❛❝t ❢r♦♠ RF

ñc
t❤❡ ♠❛tr✐① |c|(PF

c )
+✳ ■❢

t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t ñc s❛t✐s❢②✐♥❣ ✭✸✳✹✸✮✱ t❤❡♥ t❤❡ ❝♦❧✉♠♥s ♦❢ t❤✐s ♠❛tr✐① ❞✐✛❡r❡♥❝❡ ♠✉st
❜❡ ❛❧❧ ❡q✉❛❧ t♦ ñc✳

❚♦ ❤❛♥❞❧❡ t❤❡ s✐t✉❛t✐♦♥s ✇❤❡r❡ ❛ ❝❡❧❧ c /∈ D✱ ✇❡ ♣r♦♣♦s❡ t♦ s❡❧❡❝t ❛ ❞✉❛❧ ♥♦❞❡ ñc ✇❤✐❝❤
♠✐♥✐♠✐③❡s t❤❡ ❞✐st❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▼♦♦r❡✕P❡♥r♦s❡ ✐♥✈❡rs❡ ♠❛tr✐① ♠❡❛s✉r❡❞ ❜②
❛ L2 ♠❡tr✐❝✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶ ✭❖♣t✐♠❛❧ ❞✉❛❧ ♥♦❞❡✮✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣

ξc : R
3 → R ✭✸✳✹✽✮

ñc ↦→
⃦⃦
RX

ñc
− (PX

c )+
⃦⃦2
2
.

❲❡ ❞❡✜♥❡ t❤❡ ♦♣t✐♠❛❧ ❞✉❛❧ ♥♦❞❡ ♦❢ ❛ ❝❡❧❧ c✱ ñ♦♣t,c✱ ❛s t❤❡ ✉♥✐q✉❡ ♣♦✐♥t ✇❤✐❝❤ ♠✐♥✐♠✐③❡s
❢✉♥❝t✐♦♥ ξc✳

❋r♦♠ t❤❡ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ✭✸✳✹✽✮ ❢♦r
❡✈❡r② ❝❡❧❧ ❛♥❞ ✜♥❞ t✇♦ ♦♣t✐♠❛❧ r❡❢❡r❡♥❝❡ ♣♦✐♥ts✱ ♦♥❡ ❢♦r t❤❡ ♠❛tr✐① RF

ñc
❛♥❞ t❤❡ ♦t❤❡r

♦♥❡ ❢♦r RE
ñc
✳ ❚♦ s♣❡❡❞ ✉♣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✇❡ ❝❤♦♦s❡ ❛ ✉♥✐q✉❡ ♣♦✐♥t ❛s t❤❡ ♦♣t✐♠❛❧

❞✉❛❧ ♥♦❞❡ ♦❢ t❤❡ ♠❛tr✐① RF
ñc
✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧

❞✉❛❧ ♥♦❞❡✳



✸✹ ✸✳ ❊q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞ ❞✐s❝r❡t❡ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤❡s

▲❡♠♠❛ ✹ ✭❖♣t✐♠❛❧ ❞✉❛❧ ♥♦❞❡ ❡①♣r❡ss✐♦♥✮✳ ❚❤❡ ♦♣t✐♠❛❧ ❞✉❛❧ ♥♦❞❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

ñ♦♣t,c =
1

|F (c)|

|F (c)|∑︂

i=1

coliA, ✭✸✳✹✾✮

✇❤❡r❡ A := (P
˜︁E
c )

T − |c|(PF
c )

+ ❛♥❞ t❤❡ s✉♠ ✐s ♦✈❡r t❤❡ s❡t ♦❢ ❝♦❧✉♠♥s ♦❢ A✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ RF
ñc

= 1
|c| (P

˜︁E
c − 1ñT

c )
T ✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

1
|c|2

⃦⃦
A− ñc1

T
⃦⃦2
2
= 1

|c|2
∑︁

i ∥Ai − ñc∥
2
2✱ ✇❤❡r❡ t❤❡ s✉♠ ✐s ♦✈❡r t❤❡ s❡t ♦❢ ❝♦❧✉♠♥s ♦❢ A✳

❇② ❡q✉❛t✐♥❣ t❤❡ ❣r❛❞✐❡♥t t♦ ③❡r♦ ✇❡ ♦❜t❛✐♥ t❤❡ ♠✐♥✐♠✉♠ ♣♦✐♥t ❛t 1
|F (c)|

∑︁|F (c)|
i=1 coliA✳

✸✳✸ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❆s ❛ r❡❢❡r❡♥❝❡ ♣r♦❜❧❡♠ ✇❡ ❝♦♥s✐❞❡r t❤❡ t❤❡ st❛t✐♦♥❛r② ❝✉rr❡♥t ❝♦♥❞✉❝t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✽✳
❲❡ ✜rst ✈❡r✐✜❡❞ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✽❪ ✇✐t❤
t❤❡ r❡❝♦♥str✉❝t✐♦♥s ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ❜② ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞✉❛❧ ❜❛r②❝❡♥tr✐❝ ❣r✐❞
✐♥ ❙❡❝t✐♦♥ ✸✳✷ ❜② s♦❧✈✐♥❣ t✇♦ ♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡sts ♦♥ ❛ ❣r✐❞ ♠❛❞❡ ❜② ❣❡♥❡r❛❧ ♣♦❧②✲
❤❡❞r❛✳ ❚❤❡♥✱ t❤❡ sq✉❛r❡ r❡s✐st♦r ❜❡♥❝❤♠❛r❦ ♣r♦❜❧❡♠ ✐♥ ❙❡❝t✐♦♥ ✷✳✽✳✷ ✐s s♦❧✈❡❞ ✉s✐♥❣ t❤❡
❣❡♦♠❡tr✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✹✳ ❋✐♥❛❧❧②✱
✇❡ s❤♦✇ ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ r♦❧❡ ♦❢ t❤❡ ❞✉❛❧ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ ❢♦r t❤❡ ❝♦rr❡❝t ❝♦♠♣✉✲
t❛t✐♦♥ ♦❢ s♦♠❡ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s✱ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❝✉rr❡♥t ✢♦✇✐♥❣ t❤r♦✉❣❤ t❤❡ ❡❧❡❝tr♦❞❡s✳

✸✳✸✳✶ ▼✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡sts

❚❤❡ ♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡sts ❛r❡ P♦✐ss♦♥ ♣r♦❜❧❡♠s ❞❡s✐❣♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡✐r
s♦❧✉t✐♦♥ ✐s ♣✐❡❝❡✇✐s❡✲✉♥✐❢♦r♠✳ ❇② ✐♥t❡r♣r❡t✐♥❣ t❤❡ P♦✐ss♦♥ ♣r♦❜❧❡♠s ❛s ❞✐r❡❝t ❝✉rr❡♥t
❝♦♥❞✉❝t✐♦♥ ♣r♦❜❧❡♠s✱ ❛ s✐♠♣❧❡ ✇❛② t♦ ♣r♦❞✉❝❡ ♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡st ✐s t♦ ❝♦♥s✐❞❡r ❛
r❡s✐st♦r ✇✐t❤ t✇♦ ❝♦♥❞✉❝t♦rs ✇✐t❤ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ✭❝❛❧❧❡❞ ❡❧❡❝tr✐❝ r❡s✐st✐✈✐t②
ρ✮ ♣❧❛❝❡❞ ✐♥ s❡r✐❡s ♦r ✐♥ ♣❛r❛❧❧❡❧ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧ ❧❛t❡r✳

❚♦ t❡st t❤❡ ❡❞❣❡ ♠❛ss ♠❛tr✐❝❡s ✇❡ ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧ s❝❛❧❛r ♣♦t❡♥t✐❛❧ ❢♦r♠✉❧❛t✐♦♥
SP ✳ ■♥st❡❛❞✱ ✐♥ ♦r❞❡r t♦ t❡st t❤❡ ❢❛❝❡ ♠❛ss ♠❛tr✐❝❡s ✇❡ ✉s❡ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ V P
❬✺✶❪ ♦r ♠✐①❡❞✲❤②❜r✐❞ MH ❢♦r♠✉❧❛t✐♦♥s ❬✶✵❪✱ ❬✹✽❪✳ ❲❡ r❡♠❛r❦ t❤❛t t❤❡ V P ❛♥❞ MH
❢♦r♠✉❧❛t✐♦♥s ♣r♦❞✉❝❡ t❤❡ s❛♠❡ r❡s✉❧ts ❣✐✈❡♥ t❤❛t t❤❡② ❛r❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t ❬✹✽❪✳
❚❤❡ ♣♦❧②❤❡❞r❛❧ ❣r✐❞ ✉s❡❞ ✐♥ t❤❡ ❡①❛♠♣❧❡ ✐s ❢♦r♠❡❞ ❜② ✶✸✶ ♥♦❞❡s✱ ✸✵✻ ❡❞❣❡s✱ ✷✸✼ ❢❛❝❡s
❛♥❞ ✻✶ ❝❡❧❧s✳ ❚❤❡ ❣r✐❞ ✐s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t✇♦ ❧❡✈❡❧s ♦❢ s✉❜✲❣r✐❞❞✐♥❣ ♦❢ ❛ ❢❡✇ ❝❡❧❧s✱ s♦
t❤❛t t❤❡ ♦❜t❛✐♥❡❞ ❡❧❡♠❡♥ts ❛r❡ ❣❡♥❡r❛❧ ♣♦❧②❤❡❞r❛✳

■♥ t❤❡ ✜rst ♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡st✱ t✇♦ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧s ✇✐t❤ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧
♣r♦♣❡rt✐❡s ❛r❡ ♣❧❛❝❡s ✐♥ s❡r✐❡s✳ ❋r♦♠ t❤❡ r❡s✉❧t r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✸✳✹✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ E ✐s ❝♦♥s❡r✈❡❞ ❛❝r♦ss t❤❡ ♠❛t❡r✐❛❧
✐♥t❡r❢❛❝❡✱ ✇❤❡r❡❛s t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ J ❥✉♠♣s✳ ❚❤✐s
r❡s✉❧t ❤♦❧❞s ❢♦r ❜♦t❤ ❢♦r♠✉❧❛t✐♦♥s✳

■♥ t❤❡ s❡❝♦♥❞ ♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡st✱ t✇♦ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧s ✇✐t❤ ❞✐✛❡r❡♥t ♠❛t❡✲
r✐❛❧ ♣r♦♣❡rt✐❡s ❛r❡ ♣❧❛❝❡s ✐♥ ♣❛r❛❧❧❡❧✳ ❋r♦♠ t❤❡ r❡s✉❧t r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✸✳✺✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t t❤❡ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② J ✐s ❝♦♥s❡r✈❡❞ ❛❝r♦ss t❤❡ ♠❛t❡r✐❛❧





✸✻ ✸✳ ❊q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞ ❞✐s❝r❡t❡ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤❡s

s②♠♠❡tr✐❝✳ ❚❤✐s ❝❛♥ ❜❡ q✉❛❧✐t❛t✐✈❡❧② s❡❡♥ ❜② t❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✸✳✷✳✹✱ ✇❤❡r❡ ✐t ✐s
s❤♦✇♥ t❤❛t ✇❤❡r❡ t❤❡ ❝❡❧❧ ✐s ❝✉❜✐❝ t❤❡ ♦♣t✐♠❛❧ ❞✉❛❧ ♥♦❞❡ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❜❛r②❝❡♥t❡r
♦❢ t❤❡ ❝❡❧❧✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❛s ❛ ♣r❡♣r♦❝❡ss✐♥❣
st❡♣ ❢♦r t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ♦♣t✐♠❛❧ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡
♦❢ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳

❚❤❡ ❝♦♥❞✉❝t❛♥❝❡ ♦❢ t❤❡ sq✉❛r❡ r❡s✐st♦r ❤❛s ❜❡❡♥ ❡✈❛❧✉❛t❡❞ ❜② t❤❡ SP ❛♥❞ V P = MH
❢♦r♠✉❧❛t✐♦♥s ♦♥ r❡✜♥❡❞ ❣r✐❞s✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❝♦❧❧❡❝t❡❞ ✐♥ ❋✐❣✳ ✺✳✹✳ ❋✐rst✱ ✐t ✐s ✐♥t❡r❡st✐♥❣
t♦ ♥♦t❡ t❤❛t t❤❡ r❡s✉❧ts r❡❧❛t✐✈❡ t♦ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧ SP ❛♥❞ t♦ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ V P
♦r ♠✐①❡❞✲❤②❜r✐❞ MH ❢♦r♠✉❧❛t✐♦♥s ♣r♦✈✐❞❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ❢♦r
t❤❡ ❝♦♥❞✉❝t❛♥❝❡ ❬✺✷❪✱ ❬✺✶❪✳ ❚❤✐s ♣r♦♣❡rt② ✐s ❝❛❧❧❡❞ ❝♦♠♣❧❡♠❡♥t❛r✐t② ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❡❧❡❝tr♦♠❛❣♥❡t✐❝s ❝♦♠♠✉♥✐t② ❬✹✽❪✳ ❙❡❝♦♥❞✱ ✐♥ ❋✐❣✳ ✸✳✻✱ ❢♦✉r ❞✐✛❡r❡♥t t②♣❡ ♦❢ ❣r✐❞s ❤❛✈❡
❜❡❡♥ ✉s❡❞✳ P♦❧②❤❡❞r❛❧ ❣r✐❞s ✇✐t❤ s✉❜❣r✐❞❞✐♥❣✱ ✐✳❡✳ ❛ ♥♦♥❝♦♥❢♦r♠✐♥❣✲❧✐❦❡ ❧♦❝❛❧ ♠❡s❤
r❡✜♥❡♠❡♥t t❡❝❤♥✐q✉❡✱ ❛♣♣❡❛rs t♦ ❜❡ ♣❛rt✐❝✉❧❛r❧② ❛♣♣❡❛❧✐♥❣✳

(c) (d)(b)(a)

❋✐❣✉r❡ ✸✳✻✿ ❚❤❡ ❢♦✉r ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❣r✐❞s ✉s❡❞ t♦ ❞✐s❝r❡t✐③❡ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ sq✉❛r❡
r❡s✐st♦r ✐♥ ❋✐❣✳ ✷✳✸✳ ✭❛✮ str✉❝t✉r❡❞ t❡tr❛❤❡❞r❛❧ ❣r✐❞✳ ✭❜✮ ✉♥str✉❝t✉r❡❞ t❡tr❛❤❡❞r❛❧ ❣r✐❞✳
✭❝✮ str✉❝t✉r❡❞ ❤❡①❛❤❡❞r❛❧ ❣r✐❞✳ ✭❞✮ ♣♦❧②❤❡❞r❛❧ ❣r✐❞ ✇✐t❤ s✉❜❣r✐❞❞✐♥❣✳

❆ ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ r❡❛❝❤❡❞ ♦♥❧② ❜② ✉s✐♥❣ ❛✉t♦♠❛t✐❝ ♠❡s❤ ❛❞❛♣t✐✈✐t②✳ ❆
❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❡tr❛❤❡❞r❛❧ ❛♥❞ ♣♦❧②❤❡❞r❛❧ ✉♥str✉❝t✉r❡❞ ♠❡s❤❡s
❝♦♥str✉❝t❡❞ ✇✐t❤ ❛✉t♦♠❛t✐❝ ♠❡s❤ ❛❞❛♣t✐✈✐t② ✐s ♣r❡✈❡♥t❡❞ ❜② t❤❡ ❧❛❝❦ ♦❢ ❛♥ ❛✉t♦♠❛t✐❝
♣♦❧②❤❡❞r❛❧ ♠❡s❤ ❣❡♥❡r❛t♦r✳ ❙✉❝❤ ❛ ♠❡s❤ ❣❡♥❡r❛t♦r ✐s ✉♥❞❡r ❞❡✈❡❧♦♣♠❡♥t✳



✸✳✸✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✸✼

❋✐❣✉r❡ ✸✳✼✿ ❘❡s✉❧ts ❢♦r t❤❡ sq✉❛r❡ r❡s✐st♦r ❜❡♥❝❤♠❛r❦✳

✸✳✸✳✸ ❇❛❧❛♥❝❡ ❧❛✇s ❛♥❞ ❞✉❛❧ ❣r✐❞ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥
♦♣❡r❛t♦rs

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✽✳✷✳ ◆♦✇ ✇❡ s❤♦✇ t❤❛t t❤❡ P0✲
❝♦♥s✐st❡♥❝② ♣r♦♣❡rt② ♦❢ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❣✉❛r❛♥t❡❡s t❤❡ ❝♦♥t✐♥✉♦✉s ❜❛❧❛♥❝❡ ❧❛✇s
❛t t❤❡ ❞✐s❝r❡t❡ ❧❡✈❡❧✳ ❚♦ ❜❡❣✐♥ ✇✐t❤✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

CURLEE = 0, ✭✸✳✺✵✮

s♦ t❤❛t ❛♥ ❡ss❡♥t✐❛❧ ♣❤②s✐❝❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠ ✐s ♣r❡s❡r✈❡❞✳ ❲❤❛t
❛❜♦✉t t❤❡ ✢✉①✲❝♦♥s❡r✈❛t✐♦♥ ♣r♦♣❡rt② ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② J❄ ❚❤❡ q✉❡st✐♦♥ ♥❛t✉r❛❧❧②
❛r✐s❡s s✐♥❝❡ ✐♥ t❤❡ ♠✐♠❡t✐❝ ❢r❛♠❡✇♦r❦ ❉♦❋s ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② J ❛r❡ ♥♦t ❡①♣❧✐❝✐t❧②
❞❡✜♥❡❞✳ ❆s ❛ ✜rst ❛♣♣r♦❛❝❤ t♦ ❛ss❡ss t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♣r♦♣❡rt② ♦❢ J ✱ ❧❡t Ec ❜❡ t❤❡
❡❧❡♠❡♥t✲✇✐s❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝♦♥str✉❝t❡❞ st❛rt✐♥❣ ❢r♦♠ ❡❞❣❡ ❉♦❋s✳ ❚❤❡♥✱ ✇❡ ❞❡♥♦t❡ ❜②
Jr t❤❡ r❡❝♦♥str✉❝t❡❞ ❝✉rr❡♥t ❞❡♥s✐t② ❞❡✜♥❡❞ ♦♥ ❡❛❝❤ ❡❧❡♠❡♥t ♠✉❧t✐♣❧②✐♥❣ Er ❜② t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥❞✉❝t✐✈✐t②✱ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥st❛♥t ♦✈❡r ❡❛❝❤ ❡❧❡♠❡♥t✳ ❆❧t❤♦✉❣❤ Jr ✐s
❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ✐♥s✐❞❡ ❝❡❧❧s✱ t❤❡r❡ ❛r❡ ✢✉① ✏❧❡❛❦s✧ ❜❡t✇❡❡♥ ❢❛❝❡s ♦❢ t❤❡ ♣r✐♠❛❧ ❣r✐❞✳ ❚♦
✈❛❧✐❞❛t❡ t❤✐s ❛ss❡rt✐♦♥✱ ❧❡t I1 ❛♥❞ I2 ❜❡ t❤❡ ✐♥✇❛r❞ ❛♥❞ ♦✉t✇❛r❞ ❝✉rr❡♥t ♦❢ Jr t❤r♦✉❣❤
t❤❡ t✇♦ ♣❛✐r ♦❢ ❝♦♥❞✉❝t♦r s✉r❢❛❝❡s ∂Ωc

1 ❛♥❞ ∂Ωc
2✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r

❝♦♥s✐❞❡r❛t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s ❛r❡ ❢♦✉♥❞ I1 = 1.3830 ❛♥❞ I2 = 1.0916✳ ❚❤✉s✱
t❤❡ ❝♦♠♣✉t❡❞ ✢✉①❡s ❛r❡ ✏♥♦♥✲♣❤②s✐❝❛❧✧ s✐♥❝❡ ❛♥ ❡ss❡♥t✐❛❧ ♣❤②s✐❝❛❧ ♣r♦♣❡rt② ✐s ✈✐♦❧❛t❡❞✱
♥❛♠❡❧② t❤❡ ❢❛❝t t❤❛t I1 ❤❛✈❡ t♦ ❜❡ ❡q✉❛❧ t♦ I2✳

❚❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✸✳✶ s❤❡❞ ❧✐❣❤t ♦♥ t❤❡ r❡❛s♦♥s ✇❤② ♦♥❡ s❤♦✉❧❞ ♥♦t ✐♥t❡❣r❛t❡
t❤❡ r❡❝♦♥str✉❝t❡❞ ❝✉rr❡♥t ❞❡♥s✐t② Jr ♦♥ ❢❛❝❡s ♦♥ t❤❡ ♣r✐♠❛❧ ❣r✐❞✳ ■♥❞❡❡❞✱ ❜② r❡q✉✐r✐♥❣



✸✽ ✸✳ ❊q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞ ❞✐s❝r❡t❡ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤❡s

˜︁DIV EE = 0✱ ✇❡ ♦❜t❛✐♥

rownG
T
(︂∑︂

c∈C

(OE
c )

T |c|(RE
c )

T Jr,c

)︂
= 0, ∀n ∈ N,n /∈ ∂Ω ✭✸✳✺✶✮

❙♦ ❞✐s❝r❡t❡ s♦❧❡♥♦✐❞❛❧✐t② r❡q✉✐r❡s t❤❛t t❤❡ ✢✉① ♦❢ Jr t❤r♦✉❣❤ t❤❡ ❣❡♦♠❡tr✐❝ ❝❧♦s❡❞ s✉r✲
❢❛❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ P0✲❝♦♥s✐st❡♥t ❡❞❣❡ r❡❝♦♥str✉❝t✐♦♥s ♦♣❡r❛t♦rs ♦❢ ❡✈❡r② ✐♥♥❡r ♥♦❞❡
✈❛♥✐s❤❡s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♠❛② ❛❣❣r❡❣❛t❡ ❣❡♦♠❡tr✐❝ ❝❧♦s❡❞ s✉r❢❛❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♥♥❡r
♥♦❞❡s ❛♥❞ t❤❡ ✢✉① ♦❢ Jr ✇✐❧❧ ✈❛♥✐s❤ ❛❝r♦ss s✉❝❤ ❛♥ ❛❣❣r❡❣❛t❡✳ ❇❛s❡❞ ♦♥ t❤❡s❡ r❡s✉❧ts✱
❧❡t ✉s ❝♦♠♣✉t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t②

I1 =
∑︂

n∈∂Ωc
1

rownG
T
(︂∑︂

c∈C

(OE
c )

T |c|(RE
c )

T Jr,c

)︂
✭✸✳✺✷✮

❛s t❤❡ ❞✐s❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ♦❢ J t❤r♦✉❣❤ ∂Ωc
1✱ ✇❤❡r❡ ❛ s✐♠✐❧❛r ❡①♣r❡ss✐♦♥

❤♦❧❞s ❢♦r I2✳ ❚❤❡♥✱ ✇❡ s❡❡ t❤❛t

∑︂

n∈N

rownG
T
(︂∑︂

c∈C

(OE
c )

T |c|(RE
c )

T Jr,c

)︂
= 0 = I1 + I2, ✭✸✳✺✸✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❣✐✈❡♥ ❜♦✉♥❞❛r② ✈❛❧✉❡s ♦❢ J ✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ I1 = −I2 = 1.3225✱
♣r♦✈✐♥❣ t❤❡ ♣❤②s✐❝❛❧ s♦✉♥❞♥❡ss ♦❢ t❤❡ ❝♦♠♣✉t❡❞ q✉❛♥t✐t✐❡s ✭✉♣ t♦ ❛ ♠✐♥✉s s✐❣♥✱ ✇❤✐❝❤
❛❝❝♦✉♥ts ❢♦r t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡s✮✳

❆s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ ❛ ❝❛♥♦♥✐❝❛❧ ✇❛② ♦❢ ❝♦♥str✉❝t✐♥❣ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥
♦♣❡r❛t♦rs ✐s ❣✐✈❡♥ ❜② ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞✳ ■♥ t❤✐s ❝❛s❡✱ ✭✸✳✺✷✮ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s
t❤❡ s✉♠ ♦❢ ❝✉rr❡♥ts t❤r♦✉❣❤ ❞✉❛❧ ❢❛❝❡s✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❝✉rr❡♥t ✐♥ ✭✸✳✺✷✮ ✐s ❡q✉❛❧
t❤r♦✉❣❤ ❡✈❡r② ❤♦♠♦❧♦❣♦✉s s✉r❢❛❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❞✐✛❡r❡♥t ❝❤♦✐❝❡ ♦❢ t❤❡ P0✲❝♦♥s✐st❡♥t
❡❞❣❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳

✸✳✹ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ ❤✐❞❞❡♥ ❣❡♦♠❡tr✐❝ ❛s♣❡❝ts ♦❢ ❧♦✇✲♦r❞❡r ❝♦♠♣❛t✐❜❧❡ ♥✉✲
♠❡r✐❝❛❧ s❝❤❡♠❡s ❢♦r ❛r❜✐tr❛r② ♣♦❧②❤❡❞r❛❧ ❣r✐❞s✳ ❋✐rst✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t st❛♥❞❛r❞
♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❤❛✈❡ ♥♦t❡✇♦rt❤② ❣❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s✳ ❚❤❡s❡ ❣❡♦♠❡tr✐❝
♣r♦♣❡rt✐❡s ✇❡r❡ ❞❡♠♦♥str❛t❡❞ ❜② r❡❢♦r♠✉❧❛t✐♥❣ st❛♥❞❛r❞ ♠✐♠❡t✐❝ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛✲
t♦rs ✉s✐♥❣ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞✱ t❤✉s ♣r♦✈✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥❝❡
❜❡t✇❡❡♥ ♠✐♠❡t✐❝ ❛♥❞ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤❡s✳ ❙❡❝♦♥❞✱ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❝❧❛ss ♦❢
P0✲❝♦♥s✐st❡♥❝② r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✇❤✐❝❤ ❡①t❡♥❞s t❤❡ st❛♥❞❛r❞ ❝♦♥s✐st❡♥❝② r❡q✉✐r❡✲
♠❡♥t ♦❢ t❤❡ ♠✐♠❡t✐❝ ❢r❛♠❡✇♦r❦✳ ❆ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs ✐s ❣✐✈❡♥ ❛s ❛♥
❛✣♥❡ s♦❧✉t✐♦♥ s♣❛❝❡ ♦❢ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳ ●✐✈❡♥ t❤❡ ❣❡♦♠❡tr✐❝ ❞❡s❝r✐♣t✐♦♥
♦❢ t❤❡ s❝❤❡♠❡✱ t❤✐s ❛♥❛❧②s✐s r❡✈❡❛❧s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠❛♥② ❞✉❛❧ ❣r✐❞s t❤❛t ❞❡✜♥❡ r❡❝♦♥✲
str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❛♥❞ ❝♦♥st✐t✉t❡s t❤❡ st❛rt✐♥❣ ♣♦✐♥t t♦ ♦♣t✐♠✐③❡ t❤❡♠✳ ❆❞❞✐t✐♦♥❛❧❧②✱
✐t s❤♦✇s t❤❛t t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ ✐s ❛ ❝❛♥♦♥✐❝❛❧ ✇❛② ♦❢ ❞❡s✐❣♥✐♥❣ P0✲❝♦♥s✐st❡♥❝②
r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❛t s✐♥❣❧❡ ❡❧❡♠❡♥t ❧❡✈❡❧✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ ♣❧❛②❡❞ ❜② ❙t♦❦❡s
t❤❡♦r❡♠ ✐♥ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♣♣❡❛rs✱ t❤❡r❡❢♦r❡✱ ❛s t❤❡ ❣❡♦♠❡tr✐❝ ♠❛♥✐❢❡st❛✲
t✐♦♥ ♦❢ ✉s✐♥❣ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ t♦ ❞❡s✐❣♥ ❧♦❝❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳ ◆✉✲
♠❡r✐❝❛❧ ❡①❛♠♣❧❡s s❤♦✇ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ❢♦r t❤❡ ❝♦rr❡❝t



✸✳✹✳ ❈♦♥❝❧✉s✐♦♥s ✸✾

❡✈❛❧✉❛t✐♦♥ ♦❢ ❜❛❧❛♥❝❡ ❧❛✇s ♦❢ ♣❤②s✐❝❛❧ t❤❡♦r✐❡s✱ t❤✉s ♠♦t✐✈❛t✐♥❣ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❛❝t ♦❢
✐♥❝❧✉❞✐♥❣ t❤❡♠ ❛s ♣❛rt ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳



✹✵ ✸✳ ❊q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ♠✐♠❡t✐❝ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞ ❞✐s❝r❡t❡ ❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤❡s



4
❈✉r✈❡❞ ♠✐♠❡t✐❝ ♠❡t❤♦❞

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ s❡❡❦ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ▼❋❉ ♠❡t❤♦❞ t♦ ❝✉r✈❡❞ ❣r✐❞s✱ ✐✳❡✳ ❣r✐❞s ❤❛✈✐♥❣
❡❧❡♠❡♥ts ✇✐t❤ ❛r❜✐tr❛r② ❝✉r✈❡❞ ❢❛❝❡s✳ ❖♥❡ ♦❢ ❝r✉❝✐❛❧ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ▼❋❉ ♠❡t❤♦❞
✐s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❞✐s❝r❡t✐③✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✇✐t❤ ✉♥str✉❝t✉r❡❞ ♣♦❧②❤❡❞r❛❧
❣r✐❞s ❤❛✈✐♥❣ ❡❧❡♠❡♥ts ✇✐t❤ ♣❧❛♥❛r ❢❛❝❡s✳ ❋♦r t❤❡s❡ ❦✐♥❞ ♦❢ ❡❧❡♠❡♥ts✱ ✐t ②✐❡❧❞s t♦ ❛ ❞✐s❝r❡t❡
❝♦♥✈❡r❣❡♥t s❝❤❡♠❡ ✇❤✐❝❤ ♣r♦❞✉❝❡s ❛ s②♠♠❡tr✐❝ ♠❛tr✐① ❛♥❞ ✉s❡s ♦♥❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠
✭❉♦❋✮ ❢♦r ❡❛❝❤ ❢❛❝❡✳ ❨❡t✱ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s r❡q✉✐r❡ ❣r✐❞s ✇❤♦s❡ ❡❧❡♠❡♥ts ❤❛✈❡ ❝✉r✈❡❞
✭✐✳❡✳ ♥♦♥✲♣❧❛♥❛r✮ ❢❛❝❡s❀ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ❣❡♦♠❡tr✐❡s ❧✐❦❡ ❝②❧✐♥❞❡rs ♦r s♣❤❡r❡s✳
❲❡ ❡♠♣❤❛s✐③❡ t❤❛t ❡✈❡♥ ✐❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ❛ ♣♦❧②❤❡❞r♦♥✱ ❝✉r✈❡❞ ❢❛❝❡s ♠❛②
❛♣♣❡❛r ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ ❞♦♠❛✐♥ ❥✉st ❜❡❝❛✉s❡ ❛ ❤❡①❛❤❡❞r❛❧ ♠❡s❤ ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞
✇✐t❤ ❛♥ ✉♥str✉❝t✉r❡❞ ♠❡s❤✐♥❣ ❛❧❣♦r✐t❤♠✳ ❍♦✇❡✈❡r✱ t❤❡ st❛♥❞❛r❞ ▼❋❉ ♠❡t❤♦❞ ❞♦❡s
♥♦t ❝♦♥✈❡r❣❡ ♦♥ s✉❝❤ ❣r✐❞s ✇✐t❤ ❝✉r✈❡❞ ❢❛❝❡s ❬✺✸❪✳

❚♦ ❞❡❛❧ ✇✐t❤ s✉❝❤ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❜❧❡♠s✱ ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥
❧✐t❡r❛t✉r❡✳ ❲❡ ❝❛♥ ❣r♦✉♣ t❤❡♠ ✐♥ t✇♦ ❜❛s✐❝ ❛♣♣r♦❛❝❤❡s✳

❆ ✜rst ❛♣♣r♦❛❝❤ ✐s t♦ r❡♣❧❛❝❡ ❝✉r✈❡❞ ❢❛❝❡s ❜② tr✐❛♥❣❧❡s ✭♦r ♠♦r❡ ❣❡♥❡r❛❧❧② ♣❧❛♥❛r
♣♦❧②❣♦♥s✮ t♦ ♦❜t❛✐♥ ❛ ♣♦❧②❤❡❞r❛❧ ❣r✐❞ s♦ t❤❛t ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ st❛♥❞❛r❞ ▼❋❉ ♠❡t❤♦❞✳
❯s✐♥❣ t❤✐s ❛♣♣r♦❛❝❤ ✇❡ ♦❜t❛✐♥ ❛ s②♠♠❡tr✐❝ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ❜✉t t❤❡ ♣r✐❝❡ t♦ ♣❛② ✐s
t❤❡ ❛❞❞✐t✐♦♥❛❧ ♥✉♠❜❡r ♦❢ ❉♦❋s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦❧②❣♦♥s
♣❛rt✐t✐♦♥✐♥❣ ❡❛❝❤ ❝✉r✈❡❞ ❢❛❝❡✳

❆s ❛ s❡❝♦♥❞ ❛♣♣r♦❛❝❤✱ ✇❡ ❝❛♥ ✐♥t❡r♣♦❧❛t❡ ✇✐t❤ st❛♥❞❛r❞ ❧❡❛st sq✉❛r❡s ♠❡t❤♦❞s ❢❛❝❡
❉♦❋s ✐♥s✐❞❡ ❡❛❝❤ ❝❡❧❧ t♦ ♣r♦❞✉❝❡ ❛ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞✳ ❚❤❡♥✱ t❤❡ ♠❛ss ♠❛tr✐① ✐s
♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞ ♦♥t♦ ❡❞❣❡s ♦❢ ❛ ❞✉❛❧ ✭♦r s❡❝♦♥❞❛r②✮ ❣r✐❞
K̃✳ ❆ ❞✉❛❧ ❣r✐❞ K̃ ✐s ❝♦♥str✉❝t❡❞ ❜② ❞✉❛❧✐t② st❛rt✐♥❣ ❢r♦♠ ❛ ❣✐✈❡♥ ❞✐s❝r❡t✐③❛t✐♦♥ ❣r✐❞
K✱ ❤❡♥❝❡✱ ❝❛❧❧❡❞ ❛ ♣r✐♠❛❧ ❣r✐❞✳ ❍❡r❡✱ ❞✉❛❧✐t② ✐s ❡①♣r❡ss❡❞ ❛s ❛ ❜✐❥❡❝t✐✈❡ ❝♦rr❡s♣♦♥❞❡♥❝❡
❜❡t✇❡❡♥ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♣❛✐r ♦❢ ❣r✐❞s (K, K̃) s✉❝❤ t❤❛t t♦ ❡❛❝❤ d✲❞✐♠❡♥s✐♦♥❛❧
❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥t ✐♥ K ❝♦rr❡s♣♦♥❞s ❛ ✭✉♥✐q✉❡✮ ❞✉❛❧ (3 − d)✲❞✐♠❡♥s✐♦♥❛❧ ❣❡♦♠❡tr✐❝
❡❧❡♠❡♥t ✐♥ K̃✳ ❋✉♥❞❛♠❡♥t❛❧❧②✱ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ ❛r❡ ♥♦t
♦♥❧② ✉s❡❢✉❧ ❜✉t t❤❡② ❛r❡ ✐♠♣❧✐❝✐t❧② ♣r❡s❡♥t ✐♥ t❤❡ st❛♥❞❛r❞ ▼❋❉ ♠❡t❤♦❞ ❛s s❤♦✇♥ ✐♥
❈❤❛♣t❡r ✸✳ ▼♦r❡♦✈❡r✱ ✐♥ ❈❤❛♣t❡r ✸ ✇❡ ♣r❡s❡♥t❡❞ ❛ ♥♦✈❡❧ ❣❡♦♠❡tr✐❝ ▼❋❉ ♠❡t❤♦❞ t❤❛t
♣r♦❞✉❝❡s ❝♦♥s✐st❡♥t ♠✐♠❡t✐❝ ✐♥♥❡r ♣r♦❞✉❝ts ❛♥❞ t❤❡✐r ❛ss♦❝✐❛t❡❞ ♠❛ss ♠❛tr✐❝❡s st❛rt✐♥❣
❢r♦♠ s✉❝❤ ❛ ❣❡♥❡r❛❧✐③❡❞ ❞✉❛❧ ❣r✐❞ str✉❝t✉r❡✳ ❍♦✇❡✈❡r✱ ❜② ✉s✐♥❣ t❤✐s ❞✉❛❧ ❣r✐❞ ❛♣♣r♦❛❝❤



✹✷ ✹✳ ❈✉r✈❡❞ ♠✐♠❡t✐❝ ♠❡t❤♦❞

♦♥ ❝✉r✈❡❞ ♠❡s❤❡s✱ t❤❡ r❡s✉❧t✐♥❣ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ✐s ♥♦♥✲s②♠♠❡tr✐❝ ✇❤✐❝❤ s✐❣♥✐✜❝❛♥t❧②
r❡❞✉❝❡s t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ❡✣❝✐❡♥t s♦❧✉t✐♦♥ ♠❡t❤♦❞s✳ ❇❛s✐❝❛❧❧②✱ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥
♠❡t❤♦❞s ✐♥ ❬✺✺❪✱ ❬✺✻❪ r❡❞✉❝❡ t♦ t❤❡ ❛❜♦✈❡ ❛♣♣r♦❛❝❤✱ ❛❧t❤♦✉❣❤ ❛ ❞✉❛❧ ❣r✐❞ ✐s ♥♦t ❡①♣❧✐❝✐t❧②
✐♥tr♦❞✉❝❡❞✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝✉r✈❡❞ ▼❋❉ ♠❡t❤♦❞✱ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡
▼❋❉ ♠❡t❤♦❞ ✇❤✐❝❤ ②✐❡❧❞s t♦ ❛ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ✇❤✐❝❤ ✐s s②♠♠❡tr✐❝ ❛♥❞ ✉s❡s ♦♥❧② ♦♥❡
❉♦❋ ❢♦r ❡❛❝❤ ❝✉r✈❡❞ ❢❛❝❡ ❢♦r ❛♥② ❝✉r✈❡❞ ❣r✐❞ K✳ ❲❡ t❤✉s ❛♥s✇❡r t♦ ❛♥ ♦♣❡♥ q✉❡st✐♦♥
r❛✐s❡❞ ✐♥ ❬✺✼❪ ♦♥ ✏✇❤❡t❤❡r t❤❡ ✉s❡ ♦❢ ❛❞❞✐t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐s t❤❡ ♦♥❧② ✇❛② t♦
♣r❡s❡r✈❡ s②♠♠❡tr② ✐♥ t❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠✑✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❬✺✼❪ ✐s t❤❡ ♦♥❧②
❧♦✇✲♦r❞❡r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ t❤❛t ❝❛♥ ❤❛♥❞❧❡ ❝✉r✈❡❞ ❣r✐❞s✳ ■♥ ❬✺✼❪✱ ❛ s②♠♠❡tr✐❝ ❞✐s❝r❡t❡
♣r♦❜❧❡♠ ✇❤✐❝❤ ✉s❡s t❤r❡❡ ❉♦❋s ❢♦r ❡❛❝❤ ❝✉r✈❡❞ ❢❛❝❡ ✭♠♦r❡ ♣r❡❝✐s❡❧②✱ str♦♥❣❧② ❝✉r✈❡❞
❢❛❝❡s✶✮ ✐s ♣r❡s❡♥t❡❞✳ ❚❤❡r❡ ❛r❡ ♦t❤❡r ❡✛❡❝t✐✈❡ ❛♣♣r♦❛❝❤❡s ❢♦r t❤❡ ❛❝❝✉r❛t❡ tr❡❛t♠❡♥t ♦❢
❝✉r✈❡❞ ❞♦♠❛✐♥s ❜✉t r❡str✐❝t❡❞ t♦ t❤❡ ❋✐♥✐t❡ ❊❧❡♠❡♥t ❢r❛♠❡✇♦r❦ ❬✺✽❪✱ t♦ 2✲❞✐♠❡♥s✐♦♥❛❧
❣r✐❞s ❬✺✾❪ ♦r t♦ ❤✐❣❤✲♦r❞❡r ♠❡t❤♦❞s ❬✻✵❪✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❧♦✇❡st ♦r❞❡r ✈❡rs✐♦♥ ♦❢
t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ❬✻✵❪ ❡♠♣❧♦②s ♠♦r❡ t❤❛♥ ♦♥❡ ❉♦❋ ❢♦r ❡❛❝❤ ❝✉r✈❡❞ ❢❛❝❡ ❛♥❞ t❤✉s ✐s ♥♦t
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝✉r✈❡❞ ▼❋❉ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳

❚❤❡ ♣r✐♥❝✐♣❧❡ ❛t t❤❡ ❝♦r❡ ♦❢ ♦✉r ❝♦♥str✉❝t✐♦♥ ✐s t♦ ❛❜❛♥❞♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦♥✲
s✐st❡♥❝② ✉s❡❞ ✐♥ t❤❡ st❛♥❞❛r❞ ▼❋❉ ♠❡t❤♦❞✳ ❈♦♥s✐st❡♥❝② ❝♦♥❞✐t✐♦♥ ✭✷✳✷✸✮ ✐s ❛ ❧♦❝❛❧
♣r♦♣❡rt② ♦❢ ♠✐♠❡t✐❝ ✐♥♥❡r ♣r♦❞✉❝ts ❛♥❞ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs t❤❛t ❡♥❝♦❞❡s ❛♥ ❡①✲
❛❝t♥❡ss ♣r♦♣❡rt② ❢♦r ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s ❬✹✹❪✳ ❋♦❝✉s✐♥❣ ♦♥ ❧♦❝❛❧ ❝♦♥s✐st❡♥❝② ❧❡❛❞s t♦
♦♥❡ ♦❢ t❤❡ t✇♦ ❛♣♣r♦❛❝❤❡s ♦✉t❧✐♥❡❞ ❛❜♦✈❡✱ ✇❤✐❝❤✱ ❤♦✇❡✈❡r✱ ❞♦ ♥♦t ❛❝❤✐❡✈❡ ❛ ❞✐s❝r❡t❡
♣r♦❜❧❡♠ ✇❤✐❝❤ ✐s ❜♦t❤ s②♠♠❡tr✐❝ ❛♥❞ ✉s❡s ♦♥❡ ❉♦❋ ❢♦r ❡❛❝❤ ❝✉r✈❡❞ ❢❛❝❡✳ ■♥st❡❛❞✱ ✇❡
❡♠♣❧♦② t❤❡ ♥♦✈❡❧ ❝♦♥❝❡♣t ♦❢ P0✲❝♦♥s✐st❡♥❝② ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳ ❈♦♥tr❛r② t♦ t❤❡
❝♦♥s✐st❡♥❝② ❝♦♥❞✐t✐♦♥ ✭✷✳✷✸✮ ♦❢ t❤❡ st❛♥❞❛r❞ ▼❋❉ ♠❡t❤♦❞✱ P0✲❝♦♥s✐st❡♥❝② ✐s ❛ ❣❧♦❜❛❧
♣r♦♣❡rt② s✐♥❝❡ ✐t ✐♥✈♦❧✈❡s r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ♦♥ ♠♦r❡ t❤❛♥ ♦♥❡ ❡❧❡♠❡♥t✳

❆s ❞❡t❛✐❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✱ t❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ P0✲❝♦♥s✐st❡♥❝② ❜♦✐❧s
❞♦✇♥ t♦ t❤❡ ❢❛❝t t❤❛t ❛ ❝❛♥♦♥✐❝❛❧ ✇❛② ♦❢ ❞❡s✐❣♥✐♥❣ ❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs
✐s ❣✐✈❡♥ ❜② ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ ❬✺✹❪✳ ❘❡♠❛r❦❛❜❧②✱ st❛♥❞❛r❞
r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✐♥ ❬✻✶❪ ❞❡✜♥❡❞ ✉s✐♥❣ ❙t♦❦❡s✬ t❤❡♦r❡♠ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ r❡❝♦♥✲
str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ❜② ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ ❛s ✐♥
❙❡❝t✐♦♥ ✸✳✷✳ ❘❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ❜② t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ s❛t✐s❢② t✇♦
❦❡② ♣r♦♣❡rt✐❡s✳ ❋✐rst✱ t❤❡② ❛r❡ ❛ ❧❡❢t ✐♥✈❡rs❡ ✭✐✳❡✳ ✉♥✐s♦❧✈❡♥❝❡ ♦r ❛❝❝✉r❛❝② ♣r♦♣❡rt② ❢♦r
❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s✮ ❢♦r ❧♦❝❛❧ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦rs✳ ❙❡❝♦♥❞✱ t❤❡✐r ❡♥tr✐❡s ❢♦r♠ ❣❡♦✲
♠❡tr✐❝ ❝❧♦s❡❞ ♣❛t❤s ♦r s✉r❢❛❝❡s s✉♣♣♦rt❡❞ ♦♥ ❞✐✛❡r❡♥t ❡❧❡♠❡♥ts✳ ◆♦✇✱ t❤❡ ✐❞❡❛ ✐t t♦
❛❜str❛❝t t❤❡ ❛❜♦✈❡ t✇♦ ♣r♦♣❡rt✐❡s ❛♥❞ r❡✈❡rs❡ ♦✉r ❧✐♥❡ ♦❢ r❡❛s♦♥✐♥❣✿ ❛♥② ❣r✐❞ ✇❤♦s❡
❡❧❡♠❡♥ts s❛t✐s❢② t❤❡ ❛❜♦✈❡ t✇♦ ♣r♦♣❡rt✐❡s ❧❡❛❞s t♦ ❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✱
♣r❡❝✐s❡❧②✱ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳

■♥ ❙❡❝t✐♦♥ ✸✳✶ ❛ ❣❡♦♠❡tr✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs
✐s ❣✐✈❡♥ ❛s t❤❡ ❛✣♥❡ s♦❧✉t✐♦♥ s♣❛❝❡ ♦❢ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳ ■♥ ❈❤❛♣t❡r ✹ ✇❡
❣✐✈❡ ❛ ♣✉r❡❧② ❝♦♠❜✐♥❛t♦r✐❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❣r✐❞s ❢♦r ✇❤✐❝❤ t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥
♦❢ t❤✐s ❧✐♥❡❛r s②st❡♠✱ ♦r ❡q✉✐✈❛❧❡♥t❧②✱ t❤❡r❡ ❡①✐st P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳
❚❤✐s ❝♦♠❜✐♥❛t♦r✐❛❧ ❝♦♥❞✐t✐♦♥ ❞❡♣❡♥❞s s♦❧❡❧② ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥t ♦❢ t❤❡
❝✉r✈❡❞ ❣r✐❞ ❛♥❞ r❡q✉✐r❡s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❝✉r✈❡❞ ❢❛❝❡s ✐s ❣r❡❛t❡r t❤❛♥ t❤r❡❡ t✐♠❡s

✶❬✺✼❪ ❞✐st✐♥❣✉✐s❤❡s ❜❡t✇❡❡♥ ♠♦❞❡r❛t❡❧② ❛♥❞ str♦♥❣❧② ❝✉r✈❡❞ ❢❛❝❡s❀ t❤❡ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦
t②♣❡s ♦❢ ❝✉r✈❡❞ ❢❛❝❡s ✐s ❜❛s❡❞✱ ❛s t❤❡ ♥❛♠❡s s✉❣❣❡st✱ ♦♥ ❛ ♠❡❛s✉r❡ ♦❢ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❢❛❝❡ ❛♥❞ ✐s ✉s❡❞
❛s ❛ ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳



✹✳✶✳ ❈✉r✈❡❞ ▼❋❉ ♠❡t❤♦❞ ✹✸

t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥ K✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝✉r✈❡❞ ❣r✐❞ K ✐s ♠❛❞❡ ♦❢ ❡❧❡♠❡♥ts
❤❛✈✐♥❣ k ❝✉r✈❡❞ ❢❛❝❡s ❡❛❝❤✱ t❤❡ ❛❜♦✈❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❢♦r k ≥ 6✳ ❖♥❝❡
P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s ❛r❡ ❝♦♥str✉❝t❡❞
❛s ✐♥ t❤❡ st❛♥❞❛r❞ ▼❋❉ ♠❡t❤♦❞✳ ❍❡♥❝❡✱ ❛❧❧ t❤❡ s♦❧✐❞ ❢♦✉♥❞❛t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ ▼❋❉
❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❛❧s♦ t♦ ♦✉r ♥♦✈❡❧ ❝✉r✈❡❞ ▼❋❉ ♠❡t❤♦❞✳

■♥ ❙❡❝t✐♦♥ ✹✳✷ ✇❡ t❡st❡❞ t❤❡ ❝✉r✈❡❞ ▼❋❉ ♠❡t❤♦❞ ♦♥ ❝✉r✈❡❞ ❣r✐❞s ❛♥❞ ✇❡ s❤♦✇ t❤❛t
❝♦♥s✐st❡♥❝② ✐s ❛❝❤✐❡✈❡❞✳

✹✳✶ ❈✉r✈❡❞ ▼❋❉ ♠❡t❤♦❞

❚❤❡ ♥♦✈❡❧ ❝✉r✈❡❞ ▼❋❉ ♠❡t❤♦❞ ✐s ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❉♦❋s ❛♥❞ ❞✐s❝r❡t❡
❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ✐s t❤❡ s❛♠❡ ♦❢ t❤❡ st❛♥❞❛r❞ ▼❋❉ ♠❡t❤♦❞✳ ■♥st❡❛❞✱ ❛ ♥❡✇ ❝❧❛ss
r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ✐s ❡♠♣❧♦②❡❞✳ ❆❝❝♦r❞✐♥❣❧②✱ ❞✐s❝r❡t❡ ✐♥♥❡r ♣r♦❞✉❝ts ❛♥❞ ❞❡r✐✈❡❞
❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❛r❡ ❞❡✜♥❡❞ st❛rt✐♥❣ ❢r♦♠ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❛s ❞❡s❝r✐❜❡❞ ✐♥
❙❡❝t✐♦♥ ✷✳✺ ❛♥❞ ❙❡❝t✐♦♥ ✷✳✺✳✶✳

❲❡ ❝❤♦♦s❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ❛♠♦♥❣ t❤❡ ❝❧❛ss ♦❢ P0✲❝♦♥s✐st❡♥t ❢❛❝❡ r❡❝♦♥str✉❝✲
t✐♦♥ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ✐♥ ✭✸✳✽✮ ❛♥❞ ✭✸✳✶✽✮✳

P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs ♦♥ ❡✈❡r② ❡❧❡♠❡♥t ❛r❡ ❞❡✜♥❡❞ ✉♣ t♦ ❛♥ ❛r❜✐✲
tr❛r② ♣♦✐♥t ✐♥ R3✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ✈❡❝t♦r Dc = (. . . ,Dc,f , . . . )

T ♦❢ s✐③❡ |F (c)| × 1
❝♦❧❧❡❝t✐♥❣ ❝♦❡✣❝✐❡♥ts ♦❢ r♦✇ ✈❡❝t♦r rowcD ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❢❛❝❡s f ∈ F (c)✳ ●✐✈❡♥
❛r❜✐tr❛r② ♥♦❞❡s {bc}c∈C ✐♥ R3 ✇❡ ❤❛✈❡ t❤❛t

RF
bc

:= RF
c − bcD

T
c ∀c ∈ C ✭✹✳✶✮

✐s ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❢❛♠✐❧② {RF
bc
}c∈C ♦❢ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳ ❚❤✐s ❢♦❧❧♦✇s

❢r♦♠ t❤❡ ❢❛❝t DT
c P

F
c = 0✱ s✐♥❝❡ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ PF

c ✱ ✐ts r♦✇s ❛r❡ ❡①❛❝t❧② ❢❛❝❡ ✈❡❝t♦rs
❞❡❝♦♠♣♦s✐♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢ c✳

❚❤❡ t✇♦ r❡q✉✐r❡♠❡♥ts ✭✸✳✶✽✮ ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✐♥t♦ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❜②
✐♥tr♦❞✉❝✐♥❣ t❤❡ ♠❛tr✐❝❡s PF ✱ RF ❛♥❞ I ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳

• ▼❛tr✐① PF ♦❢ s✐③❡ 3|C| × |F |✳ PF ✐s ❛ ❜❧♦❝❦ ♠❛tr✐① ❞❡✜♥❡❞ ❛s

PF =

⎛
⎜⎜⎝

✳✳✳
(PF

c )
TOF

c

✳✳✳

⎞
⎟⎟⎠ . ✭✹✳✷✮

❙❡❡ ❋✐❣✳ ✹✳✶✳

• ▼❛tr✐① RF ♦❢ s✐③❡ |F | × 3✳ RF ✐s ❞❡✜♥❡❞ ❛s

RF =

⎛
⎜⎜⎝

✳✳✳
bTf
✳✳✳

⎞
⎟⎟⎠ , ✭✹✳✸✮

✇❤❡r❡ ❡❛❝❤ r♦✇ bf ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢❛❝❡ f ∈ F ✳ ■❢ f ✐s t❤❡ ❝♦♠♠♦♥ ❢❛❝❡ ❜❡t✇❡❡♥
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❚❤❡♦r❡♠ ✸ ✭❊①✐st❡♥❝❡ ♦❢ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✮✳ ▲❡t K = (V,E, F,C)
❜❡ ❛ ❝✉r✈❡❞ ❣r✐❞ s✉❝❤ t❤❛t

|F | ≥ 3|C|. ✭✹✳✻✮

❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ ♦❢ ❧✐♥❡❛r s②st❡♠ ✭✹✳✺✮✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥tr❛❞✐❝t✐♦♥✱ rankPF < 3|C|✳ ❍❡♥❝❡✱ ❜② ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ ❜❧♦❝❦ ♠❛tr✐① PF ✐♥ ✭✹✳✷✮✱ t❤❡r❡ ❡①✐sts ❛ ✈♦❧✉♠❡ c ✇❤♦s❡ ❜❧♦❝❦ (PF

c )
TOF

c ✐s ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥s ♦❢ ♦t❤❡r ❜❧♦❝❦s (PF

c′)
TOF

c′ ♦❢ P
F ✇✐t❤ c′ ∈ C \ {c} ❛s ❢♦❧❧♦✇s

(PF
c )

TOF
c +

∑︂

c′∈C\{c}

pc′(P
F
c′)

TOF
c′ = 0, ✭✹✳✼✮

❢♦r s♦♠❡ r❡❛❧ ❝♦❡✣❝✐❡♥ts pc′ ✳ ▲❡t S ❜❡ t❤❡ s❡t ♦❢ ✈♦❧✉♠❡s ✐♥ C ✇❤♦s❡ ❝♦❡✣❝✐❡♥t pc ✐s
❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦ ✐♥ ✭✹✳✼✮✱ ♥❛♠❡❧②✱ S = {c ∈ C | pc ̸= 0}✳ S ✐s ♥♦t ❡♠♣t② s✐♥❝❡ c ∈ S✳
▼♦r❡♦✈❡r✱ S = C✳ ■♥❞❡❡❞✱ ✐❢ t❤❛t ✐s ♥♦t t❤❡ ❝❛s❡✱ t❤❡♥ C \S ̸= ∅✳ ❙✐♥❝❡ K ✐s ❝♦♥♥❡❝t❡❞✱
t❤❡r❡ ❡①✐sts c∗ ∈ C \S s✉❝❤ t❤❛t c∗∩ c′ ❢♦r s♦♠❡ c′ ∈ S✳ ■t ❢♦❧❧♦✇s t❤❛t pc∗ ̸= 0 ❛♥❞ t❤✉s
c∗ ∈ C ❛s ✇❡❧❧✳ ◆♦✇✱ s✐♥❝❡ S = C✱ t❤❡r❡ ❡①✐sts ❛ ❜♦✉♥❞❛r② ❢❛❝❡ f ′ ❝♦♥t❛✐♥❡❞ ✐♥ s♦♠❡
✈♦❧✉♠❡ c′ ̸= c s✉❝❤ t❤❛t pc′ ̸= 0✳ ❙✐♥❝❡ f ′ ✐s ❛ ❜♦✉♥❞❛r② ❢❛❝❡✱ c′ ✐s t❤❡ ✉♥✐q✉❡ ✈♦❧✉♠❡
✐♥ C ❝♦♥t❛✐♥✐♥❣ ✐t✳ ❍❡♥❝❡✱ t❤❡ ❝♦❧✉♠♥ ♦❢ (PF

c )
TOF

c ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❜♦✉♥❞❛r② ❢❛❝❡
f ′ s❤♦✉❧❞ ❜❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ③❡r♦ ✈❡❝t♦r s✐♥❝❡ t❤❡ ❡①♣r❡ss✐♦♥ ✭✹✳✼✮ ✐♥❝❧✉❞❡s t❤❡ ❜❧♦❝❦
pc′(P

F
c′)

TOF
c′ ✳ ❚❤✐s ❣✐✈❡s t❤❡ ❞❡s✐r❡❞ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ c ̸= c′✳

❲❡ ♥♦✇ ❞✐s❝✉ss t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✻✮ ♦♥ t❤❡ ❣❡♦♠❡tr② ♦❢ K✳ ▲❡t ✉s
❛ss✉♠❡ t❤❛t ❡❛❝❤ ❡❧❡♠❡♥t c ❤❛s t❤❡ s❛♠❡ ♥✉♠❜❡r k ♦❢ ❜♦✉♥❞❛r② ❢❛❝❡s✳ ❈♦♥s✐❞❡r t❤❡ s❡t
T ♦❢ ❛❧❧ ♣❛✐rs (c, f) ✇❤❡r❡ f ✐s ❛ ❜♦✉♥❞❛r② ❢❛❝❡ ♦❢ c✳ ❙✐♥❝❡ ❡✈❡r② ❡❧❡♠❡♥t ❤❛s k ❜♦✉♥❞❛r②
❢❛❝❡s✱ |T | = k|C|✳ ❇✉t s✐♥❝❡ ❡❛❝❤ ✐♥t❡r♥❛❧ ❢❛❝❡ ✐s s❤❛r❡❞ ❜② ❡①❛❝t❧② t✇♦ ❡❧❡♠❡♥t ❛♥❞
❡❛❝❤ ❜♦✉♥❞❛r② ❢❛❝❡ ✐s ✐♥❝✐❞❡♥t t♦ ❡①❛❝t❧② ♦♥❡ ❡❧❡♠❡♥t ✇❡ ❤❛✈❡ |T | = 2|Fi|+ |Fb|✱ ✇❤❡r❡
s❡ts Fi ❛♥❞ Fb ♣❛rt✐t✐♦♥ F ✐♥t♦ ✐♥t❡r♥❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❢❛❝❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❇② ❝♦♠❜✐♥✐♥❣
t❤❡s❡ ❡q✉❛t✐♦♥s ❛♥❞ ♣❧✉❣❣✐♥❣ ✐♥t♦ ✭✹✳✻✮ ✇❡ ❣❡t t❤❡ ❝♦♥❞✐t✐♦♥

(k − 6)|Fi| ≥ (3− k)|Fb|. ✭✹✳✽✮

❙✉♠♠❛r✐③✐♥❣ t❤❡ ❛❜♦✈❡ r❡❛s♦♥✐♥❣✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧②✳ ■t
❣✐✈❡s ❛ s♣❡❝✐❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss ♦❢ ♣♦❧②❤❡❞r❛❧ ♠❡s❤❡s K ✇❤✐❝❤ ❛❞♠✐t P0✲
❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳

❈♦r♦❧❧❛r② ✶✳ ▲❡t K = (V,E, F,C) ❜❡ ❛ ❝✉r✈❡❞ ❣r✐❞ s✉❝❤ t❤❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ ❡✈❡r②
❡❧❡♠❡♥t c ∈ C ❞❡❝♦♠♣♦s❡s ✐♥t♦ k ❢❛❝❡s✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✺✮ ✐❢ ❛♥❞
♦♥❧② ✐❢ k ≥ 6✳

❈♦r♦❧❧❛r② ✶ ✐♠♣❧✐❡s t❤❛t ❡✈❡r② ❝✉r✈❡❞ ❣r✐❞ s✉❝❤ t❤❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ ❡✈❡r② ❡❧❡♠❡♥t
❞❡❝♦♠♣♦s❡s ✐♥t♦ k ≥ 6 ❢❛❝❡s ✇❡ ❝❛♥ ✇r✐t❡ ❛ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ✇❤✐❝❤ ✐s s②♠♠❡tr✐❝ ❛♥❞
✉s❡s ♦♥❧② ♦♥❡ ❉♦❋ ❢♦r ❡❛❝❤ ❝✉r✈❡❞ ❢❛❝❡✳

❚♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❝❛s❡s k = 4 ♦r k = 5✱ ✇❡ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str✉❝t✐♦♥✳ ❲❡
s❡❧❡❝t ❛ ❢❛❝❡ f ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t c t♦ ❢♦r♠ ❛ s❡q✉❡♥❝❡ ♦❢ ♣❛✐rs T = (. . . , (f, c), . . . )✳ ❚❤❡♥✱
✐❢ k = 4✱ ✇❡ ♣❛rt✐t✐♦♥ ❡❛❝❤ ❢❛❝❡ ✐♥ T ✐♥t♦ t❤r❡❡ ♣♦❧②❣♦♥s ❛♥❞ ✇❡ ❣r♦✉♣ t❤❡♠ t♦ ❢♦r♠
t❤r❡❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❢❛❝❡ ✈❡❝t♦rs✳ ❙✐♠✐❧❛r❧②✱ ✐❢ k = 5✱ ✇❡ ♣❛rt✐t✐♦♥ ❡❛❝❤ ❢❛❝❡ ✐♥ T
✐♥t♦ t✇♦ ♣♦❧②❣♦♥s ❛♥❞ ✇❡ ❣r♦✉♣ t❤❡♠ t♦ ❢♦r♠ t✇♦ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❢❛❝❡ ✈❡❝t♦rs✳ ❆t



✹✻ ✹✳ ❈✉r✈❡❞ ♠✐♠❡t✐❝ ♠❡t❤♦❞

t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡✱ ✐♥ ❜♦t❤ ❝❛s❡s ✇❡ ❣❡t st✐❧❧ ❛ ❝✉r✈❡❞ ❣r✐❞ ❜✉t ✇❤❡r❡ ❡❛❝❤ ❡❧❡♠❡♥t
s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ k ≥ 6 s♦ t❤❛t ✇❡ ❝❛♥ ❛♣♣❧② ❈♦r♦❧❧❛r② ✶✳ ◆♦t❡ t❤❛t ❛ s❡q✉❡♥❝❡ T
❛s ❛❜♦✈❡ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❡✣❝✐❡♥t❧② ✐♥ ❧✐♥❡❛r t✐♠❡ ❛♥❞ s♣❛❝❡ ✉s✐♥❣ st❛♥❞❛r❞ s♣❛♥♥✐♥❣
tr❡❡ ❝♦♥str✉❝t✐♦♥s❀ s❡❡ ❙❡❝t✐♦♥ ✻✳✸✳✷ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ s✉❝❤ ❛ ❝♦♥str✉❝t✐♦♥✳
❚❤❡ ♣r✐❝❡ t♦ ♣❛② ✐s t❤❡ ❛❞❞✐t✐♦♥❛❧ ♥✉♠❜❡r ♦❢ ❉♦❋s ✇❤✐❝❤ s❤✐❢ts ❢r♦♠ |F | t♦ |F | + 2|C|
❢♦r k = 4 ❛♥❞ |F |+ |C| ❢♦r k = 5✳

✹✳✷ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts t♦ t❡st t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❝✉r✈❡❞
▼❋❉ ♠❡t❤♦❞✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ st❛t✐♦♥❛r② ❝♦♥❞✉❝t✐♦♥ ♣r♦❜❧❡♠ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✽✳

❙✐♠✐❧❛r❧② t♦ ♠✐①❡❞ ❋❊ ❬✻✷❪✱ ✇❡ ✇r✐t❡ ❛ s②st❡♠ ✇✐t❤ ❜♦t❤ IF ❛♥❞ U Ñ ❛s ✉♥❦♥♦✇♥s

MFIF − DTU Ñ = EẼ
s , ✭✹✳✾✮

DIF = 0. ✭✹✳✶✵✮

❊✈❡♥ t❤♦✉❣❤ t❤✐s s❛❞❞❧❡✲♣♦✐♥t ♣r♦❜❧❡♠ ♠❛② ❜❡ ❝❛st❡❞ ❛s ❛ s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡✲
❞❡✜♥✐t❡ s②st❡♠ ❜② t❤❡ ♣❡♥❛❧t② ♠❡t❤♦❞ ✭s❡❡ ❬✻✷❪ ♣✳ ✽✵✮✱ ❛ s♠❛rt❡r s♦❧✉t✐♦♥✱ ✐♥s♣✐r❡❞ ❜②
♠✐①❡❞✲❤②❜r✐❞ ❋❊s✱ ✐♥✈♦❧✈❡s ❛ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇✐t❤ ❛s ♠❛♥② s✉❜✲❞♦♠❛✐♥s ❛s ♠❡s❤
❡❧❡♠❡♥ts✳

✹✳✷✳✶ P❛t❝❤ t❡st

❲❡ t❡st t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❝✉r✈❡❞ ♠✐♠❡t✐❝ ♠❡t❤♦❞ ❜② s♦❧✈✐♥❣ P♦✐ss♦♥ ♣r♦❜❧❡♠ ✇❤♦s❡
s♦❧✉t✐♦♥ ✐s ✉♥✐❢♦r♠ ✐♥ Ω✳ ❙✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ st❛t✐♦♥❛r② ❝✉rr❡♥t ❝♦♥❞✉❝t✐♦♥ ♣r♦❜❧❡♠
✐♥ ❙❡❝t✐♦♥ ✷✳✽✱ ❛ s✐♠♣❧❡ ✇❛② t♦ ♣r♦❞✉❝❡ ❛ ✉♥✐❢♦r♠ ✈❡❝t♦r ✜❡❧❞s ✐s t♦ ❝♦♥s✐❞❡r ❛ r❡s✐st♦rs
✇✐t❤ ❦♥♦✇♥ s②♠♠❡tr✐❡s✳

❋✐❣✳ ✹✳✷ ❛♥❞ ❋✐❣✳ ✹✳✸ r❡♣♦rt t❤❡ r❡s✉❧ts ✇❤❡r❡ ✐t ❤❛s ❜❡❡♥ ✈❡r✐✜❡❞ t❤❛t t❤❡ ❝✉r✈❡❞
▼❋❉ ♠❡t❤♦❞ r❡♣r♦❞✉❝❡s t❤❡ ❡①❛❝t ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ st❛♥❞❛r❞ ▼❋❉
♠❡t❤♦❞ ❛♥❞ t❤❡ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✐♥ ❬✺✼❪ ♣r♦❞✉❝❡ s②♠♠❡tr✐❝ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠s t❤❛t
✉s❡ ♠♦r❡ t❤❛♥ ♦♥❡ ❉♦❋ ❢♦r ❡❛❝❤ ❝✉r✈❡❞ ❢❛❝❡✳ ■♥st❡❛❞✱ ♦✉r ❢♦r♠✉❧❛t✐♦♥ ❡♠♣❧♦②s ❥✉st ♦♥❡
❉♦❋ ❢♦r ❡❛❝❤ ❝✉r✈❡❞ ❢❛❝❡✳

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r ❛ st❛♥❞❛r❞ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ t♦ ❞❡✜♥❡ r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r✲
❛t♦rs✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ✉s❡ ♦♥❡ ❉♦❋ ❢♦r ❡❛❝❤ ❝✉r✈❡❞ ❢❛❝❡✳ ❍♦✇❡✈❡r✱ t❤❡ ❛♣♣r♦❛❝❤ ❞♦❡s
♥♦t ♣r♦❞✉❝❡ ❣♦♦❞ r❡s✉❧ts✳ ❚♦ s❤♦✇ t❤✐s✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❞✐ss✐♣❛t❡❞ ♣♦✇❡r ♦❢ t❤❡ t✇♦
r❡s✐st♦rs ❛♥❞ ✇❡ ❝♦♠♣❛r❡ ✐t ✇✐t❤ t❤❡✐r ❛♥❛❧②t✐❝❛❧ ✈❛❧✉❡s ❜② ❝♦♠♣✉t✐♥❣ r❡❧❛t✐✈❡ ❡rr♦rs✳
❋♦r t❤❡ ✜rst t❡st ❝❛s❡✱ ✇❡ ❣❡t ❛ ✵✳✵✷ ✪ r❡❧❛t✐✈❡ ❡rr♦r ✇❤❡r❡❛s ❢♦r t❤❡ s❡❝♦♥❞ ♦♥❡ ✇❡ ❣❡t
❛ ✶ ✪ r❡❧❛t✐✈❡ ❡rr♦r✳

✹✳✸ ❈♦♥❝❧✉s✐♦♥s

❆ ♥❡✇ ▼❋❉ ♠❡t❤♦❞ ❛❜❧❡ t♦ ❞❡❛❧ ✇✐t❤ ❝✉r✈❡❞ ❢❛❝❡s ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❛♥❞ ♣r♦❞✉❝❡s ❛
❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ✇❤✐❝❤ ✐s s②♠♠❡tr✐❝ ❛♥❞ ✉s❡s ♦♥❡ ❉♦❋s ❢♦r ❡❛❝❤ ❝✉r✈❡❞ ❢❛❝❡✳ ❚❤✐s ❤❛s
❜❡❡♥ ❛❝❤✐❡✈❡❞ ❜② ❡♠♣❧♦②✐♥❣ t❤❡ ♥♦✈❡❧ ❝♦♥❝❡♣t ♦❢ P0✲❝♦♥s✐st❡♥t r❡❝♦♥str✉❝t✐♦♥ ♦♣❡r❛t♦rs✳
❆s ❛ r❡s✉❧t✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ❞✉❛❧ ♠❡s❤ ❤❛s ❜❡❡♥ ❣❡♥❡r❛❧✐③❡❞✳ ❚❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ♥❡✇







5
❊①♣❧✐❝✐t ❣❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥

♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ ❣❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s
❢♦r ❛r❜✐tr❛r② t❡tr❛❤❡❞r❛❧ ❣r✐❞s ❛♥❞ ♣♦ss✐❜❧② ✐♥❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❛♥✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧s✱
❞❡❜✉♥❦✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ✇✐s❞♦♠ t❤❛t t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ ♣r♦❤✐❜✐ts ❛ s♣❛rs❡
r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s✳

❲❤❛t ✐s ✉s✉❛❧❧② ❛❝❤✐❡✈❡❞ ✐s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ♠❛ss ♠❛tr✐❝❡s ❛s ✐♥ ❙❡❝✲
t✐♦♥ ✸✳✷✳✷ ✇❤✐❝❤ ♠❛♣ ❉♦❋s ❛tt❛❝❤❡❞ t♦ ♣r✐♠❛❧ ❢❛❝❡s t♦ ❉♦❋s ❛tt❛❝❤❡❞ t♦ ❞✉❛❧ ❡❞❣❡s ♦r
❉♦❋s ❛tt❛❝❤❡❞ t♦ ♣r✐♠❛❧ ❡❞❣❡s t♦ ❉♦❋s ❛tt❛❝❤❡❞ t♦ ❞✉❛❧ ❢❛❝❡s ❬✷❪✱ ❬✼❪✱ ❬✶✸❪✱ ❬✶✹❪✳ ❚❤✐s
✐s ❡①❛❝t❧② ✇❤❛t t❤❡ ❋❊▼ ♠❛ss ♠❛tr✐❝❡s ❝♦♠♣✉t❡❞ ✇✐t❤ ❘❛✈✐❛rt✕❚❤♦♠❛s ❛♥❞ ◆é❞é❧❡❝
❜❛s✐s ❢✉♥❝t✐♦♥s ♣❡r❢♦r♠✱ ❬✹✺❪✱ ❬✼❪✱ r❡s♣❡❝t✐✈❡❧②✳

❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ♥♦♥❡t❤❡❧❡ss ❞❡✜♥❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s t❤❛t ♠❛♣ ❉♦❋s ❛tt❛❝❤❡❞
t♦ ❞✉❛❧ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts t♦ ❉♦❋s ❛tt❛❝❤❡❞ t♦ ♣r✐♠❛❧ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts✳ ❊①♣❧✐❝✐t❧②
❝♦♠♣✉t✐♥❣ t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥✈❡rs❡ ♦❢ t❤❡ ♠❛ss ♠❛tr✐① ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ ❛ ✈✐❛❜❧❡ s♦❧✉t✐♦♥
❣✐✈❡♥ t❤❛t s✉❝❤ ❛ ♠❛tr✐① ✇♦✉❧❞ ❜❡ ❞❡♥s❡✱ s♦ ♦❢ q✉❡st✐♦♥❛❜❧❡ ✉s❡❢✉❧♥❡ss ✐♥ ♣r❛❝t✐❝❡✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❛r❡ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st❡❞ ✐♥ ❛ s♣❛rs❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s✳

■♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s ♣❧❛② ❛ ✈✐t❛❧ r♦❧❡ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✳ ▼♦st ♥♦t❛❜❧②✱ ✐♥✈❡rs❡
❍♦❞❣❡ ♦♣❡r❛t♦rs ❡♥❛❜❧❡ ❝♦♥s✐st❡♥t ❛♥❞ ❡①♣❧✐❝✐t s❝❤❡♠❡s t♦ s♦❧✈❡ t✐♠❡✲❞♦♠❛✐♥ ✇❛✈❡ ♣r♦♣✲
❛❣❛t✐♦♥ ♣r♦❜❧❡♠s ❬✻✸❪✱ ❬✻✹❪✱ ❬✻✺❪✱ ❬✻✻❪✳ ❖t❤❡r ❛♣♣❧✐❝❛t✐♦♥s ❡♥❛❜❧❡❞ ❜② t❤❡ ✐♥✈❡rs❡ ♠❛ss
♠❛tr✐❝❡s ❝♦♠♣r✐s❡ t❤❡ ❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❝♦❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r✱ t❤❡ ▲❛♣❧❛❝❡✕❞❡
❘❤❛♠ ♦♣❡r❛t♦r ❬✻✼❪ ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ❞✐s❝r❡t❡ ❍♦❞❣❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❞✐s❝r❡t❡ ✜❡❧❞s
❬✻✼❪✱ ❬✻✽❪✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✐♥✈❡rs❡ ❍♦❞❣❡ ♦♣❡r❛t♦rs ❢♦r t❡tr❛❤❡❞r❛❧ ❣r✐❞s ✐s ♥♦t ❡♥t✐r❡❧② ♥❡✇✳
■♥ ❈▼ ❬✶❪✱ ❬✻✾❪✱ ❉✐s❝r❡t❡ ❊①t❡r✐♦r ❈❛❧❝✉❧✉s ✭❉❊❈✮ ❬✼✵❪ ❛♥❞ ✐♥ t❤❡ ❝❡❧❧✲❝❡♥t❡r❡❞ ❋✐♥✐t❡
❱♦❧✉♠❡ ❧✐t❡r❛t✉r❡ ❬✼✶❪✱ ❛ ❱♦r♦♥♦ï ❞✉❛❧ ❣r✐❞ ❜❛s❡❞ ♦♥ ❝✐r❝✉♠❝❡♥t❡rs ✐s ✉s❡❞✱ ❛♥❞ t❤❡
r❡s✉❧t✐♥❣ ♠❛ss ♠❛tr✐❝❡s ❛r❡ ❞✐❛❣♦♥❛❧ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡✐r ✐♥✈❡rs❡s ❝❛♥ ❜❡ ❡❛s✐❧②
❝♦♠♣✉t❡❞✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t✱ ✇❤❡♥ t❤❡ ♠❛t❡r✐❛❧ ✐s ❛♥✐s♦tr✐♣✐❝✱ t❤❡ ♠❛ss
♠❛tr✐❝❡s ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♥♦t ❞✐❛❣♦♥❛❧✱ s♦ ❛ s♣❛rs❡ ✐♥✈❡rs❡ ❍♦❞❣❡ ♦♣❡r❛t♦r ❝❛♥♥♦t ❜❡ ❡❛s✐❧②
❝♦♥str✉❝t❡❞✳ ❆♥♦t❤❡r s♦❧✉t✐♦♥ ✉s✐♥❣ ❛ ❱♦r♦♥♦ï ❞✉❛❧ ❣r✐❞ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❬✼✷❪✳ ❍♦✇❡✈❡r✱
♠♦st ❝♦♠♠♦♥❧② ✉s❡❞ ♠❡s❤ ❣❡♥❡r❛t♦rs ❧✐❦❡ ◆❊❚●❊◆ ❛♥❞ ●▼❙❍ ♣r♦❞✉❝❡ t❡tr❛❤❡❞r❛❧



✺✵ ✺✳ ❊①♣❧✐❝✐t ❣❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s

❣r✐❞s t❤❛t ❛r❡ ♥♦t ❉❡❧❛✉♥❛② ❛♥❞ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❱♦r♦♥♦ï ❞✉❛❧ ❣r✐❞ ❝❛♥♥♦t ❜❡ ❞❡✜♥❡❞
❬✼✸❪✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❡①t❡♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ❍♦❞❣❡ ♦♣❡r❛✲
t♦rs ♦♥ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞s ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❢♦r ❛r❜✐tr❛r② t❡tr❛❤❡❞r❛❧ ❣r✐❞s✳ ❚❤❡
❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞s ❛r❡ ❡①♣❧✐❝✐t❧② ✉s❡❞ ✐♥ ❉●❆ ❬✶✹❪✱ ✐♠♣❧✐❝✐t❧② ✐♥ ❋❊▼ ❬✹✺❪ ❛♥❞ ✐♥
t❤❡ ▼❋❉ ❬✽❪ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✸✳

❨❡t✱ ❞❡✈✐s✐♥❣ ❛ r❡❝✐♣❡ t♦ ❝♦♥str✉❝t s♣❛rs❡ ✐♥✈❡rs❡ ❍♦❞❣❡ ♦♣❡r❛t♦rs ♦♥ ❛ ❜❛r②❝❡♥tr✐❝
❞✉❛❧ ❣r✐❞ ❛♣♣❡❛rs t♦ ❜❡ ❛ ❢♦r♠✐❞❛❜❧❡ t❛s❦ ❬✼✹❪✱ ❬✻✺❪✱ ❬✻✼❪✱ ❬✼✷❪ ❣✐✈❡♥ t❤❛t t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧
✇✐s❞♦♠ ✐s t❤❛t t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ ✏♣r♦❤✐❜✐ts ❛ s♣❛rs❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡✐r
✐♥✈❡rs❡ ♦♣❡r❛t♦rs✑ ❬✼✺❪ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ♦♥❧② ❛♣♣r♦①✐♠❛t❡ ❝♦♥str✉❝t✐♦♥s ❤❛✈❡ ❜❡❡♥
♣r♦♣♦s❡❞ ❬✻✺❪✳

❇② ✉s✐♥❣ ❛ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞✱ ✐♥ ❬✻✹❪✱ ❬✼✻❪✱ ❬✻✻❪✱ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s t❤❛t ♠❛♣
❢r♦♠ ❞✉❛❧ ❢❛❝❡s t♦ ♣r✐♠❛❧ ❡❞❣❡s ❛r❡ ❝♦♥str✉❝t❡❞ ❜② ❛ss❡♠❜❧✐♥❣ ❧♦❝❛❧ ❝♦♥tr✐❜✉t✐♦♥s ✐♥s✐❞❡
❞✉❛❧ ❝❡❧❧s ❛♥❞ t❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥✈❡rs❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❧♦❝❛❧ ♠❛tr✐❝❡s✳ ❨❡t✱
✇❡ ♥♦t❡ t❤❛t t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ❝♦♠♣✉t❡ ❛❧❧ ❧♦❝❛❧ ✐♥✈❡rs❡s ✐s ♥♦t ♥❡❣❧✐❣✐❜❧❡✱ ❜❡❝❛✉s❡ t❤❡
r❛♥❦ ♦❢ t❤❡ ❧♦❝❛❧ ♠❛tr✐❝❡s ✐s t✇❡♥t② ♦r ♠♦r❡✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈✐❞❡ ❛ ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❜♦t❤ ❡❞❣❡ ❛♥❞
❢❛❝❡ ♠❛ss ♠❛tr✐❝❡s ❛♥❞ t❤❡✐r s♣❛rs❡ ✐♥✈❡rs❡s✳ ❙✉❝❤ ❛ ✉♥✐❢②✐♥❣ ♣r✐♥❝✐♣❧❡ r❡❧✐❡s ♦♥ ♥♦✈❡❧
❣❡♦♠❡tr✐❝ r❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛s✱ ❢r♦♠ ✇❤✐❝❤✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✇❡❧❧✲❡st❛❜❧✐s❤❡❞ ❞❡s✐❣♥
str❛t❡❣② ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✷✱❈❤❛♣t❡r ✸✱ ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s ❛r❡ ❝♦♥str✉❝t❡❞ ❛s t❤❡
s✉♠ ♦❢ ❛ ❝♦♥s✐st❡♥t ❛♥❞ ❛ st❛❜✐❧✐③❛t✐♦♥ ♣❛rt✳ ❆ ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ❛♣♣r♦❛❝❤❡s
♣r♦♣♦s❡❞ s♦ ❢❛r ❬✻✹❪✱ ❬✼✻❪✱ ❬✻✻❪ ✐s t❤❛t t❤❡ ❝♦♥s✐st❡♥t ♣❛rt ✐s ❞❡✜♥❡❞ ❣❡♦♠❡tr✐❝❛❧❧② ❛♥❞
❡①♣❧✐❝✐t❧②✱ t❤❛t ✐s✱ ✇✐t❤♦✉t t❤❡ ♥❡❝❡ss✐t② ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ ✐♥✈❡rs❡s ♦❢ ❧♦❝❛❧ ♠❛tr✐❝❡s✳ ❚❤✐s
♣r♦✈✐❞❡s ❛ s❡♥s✐❜❧❡ s♣❡❡❞✉♣ ❛♥❞ ❛♥ ❡❛s✐❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

■♥ ❣❡♥❡r❛❧✱ t❤❡ ♠❛❥♦r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ♦✉r ❝♦♥str✉❝t✐♦♥ ✐s ♥♦t ♦♥❧② t♦ ❤❛✈❡ ❛✈♦✐❞❡❞
t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ✐♥✈❡rs❡s✱ ❜✉t r❛t❤❡r t❤❡ ❢❛❝t t❤❛t ✐t r❡s✉❧ts ✐♥ s②♠♠❡tr✐❝
❡①♣r❡ss✐♦♥s ❢♦r ❜♦t❤ t②♣❡s ♦❢ ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s✱ t❤✉s ❤✐❣❤❧✐❣❤t✐♥❣ t❤❡ ❞✉❛❧✐t② r❡❧❛✲
t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♣❛✐r ♦❢ ❣r✐❞s✳ ❆ ❦❡② r❡q✉✐r❡♠❡♥t ♦❢ ♦✉r s❡tt✐♥❣ ✇♦✉❧❞ ❜❡ t❤❛t t❤❡
♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ❝♦♥st❛♥t ♦♥ ❞✉❛❧ ❝❡❧❧s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥♦❞❡s ♦❢ t❤❡ ♣r✐♠❛❧
s✐♠♣❧✐❝✐❛❧ ❣r✐❞✳ ■♥st❡❛❞✱ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs t❤❛t ❛r❡
❝♦♥st❛♥t ♦♥ t❤❡ ❣r✐❞ ❝❡❧❧s✱ ❜✉t ❛r❜✐tr❛r② ❞✐s❝♦♥t✐♥✉♦✉s ❛❝r♦ss t❤❡ ✐♥t❡r❢❛❝❡s ❜❡t✇❡❡♥
t❤❡ ❝❡❧❧s✱ t✇♦ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s ❛r❡ ♣r♦♣♦s❡❞✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣✐♥❣
t❡❝❤♥✐q✉❡ ❝❧❛ss✐❝❛❧❧② ✉s❡❞ ✐♥ ❋✐♥✐t❡ ❱♦❧✉♠❡s ▼❡t❤♦❞s ❬✼✶❪✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❜❛s❡❞ ♦♥
❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ❬✻✹❪✱❬✻✻❪✳

■♥ ❙❡❝t✐♦♥ ✺✳✸ ✇❡ ✉s❡ t❤❡s❡ ♥❡✇ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s t♦ ❞✐s❝r❡t✐③❡ t❤❡ r❡❢❡r✲
❡♥❝❡ ♣r♦❜❧❡♠s ✐♥ ❙❡❝t✐♦♥ ✷✳✽✱ ♣r♦✈✐❞✐♥❣ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜②
✈❛r✐♦✉s ❢♦r♠✉❧❛t✐♦♥s ♦♥ ❛ ❜❡♥❝❤♠❛r❦ ♣r♦❜❧❡♠ ✇✐t❤ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✳

✺✳✶ ❙♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s

❚♦ ❞❡r✐✈❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s ✇❡ ✇✐❧❧ ♠✐♠✐❝ t❤❡ r❡❛s♦♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✸✳✷✳✷✳ ■♥ ♣❛r✲
t✐❝✉❧❛r✱ ✇❡ ✇✐❧❧ ❞❡r✐✈❡ ❛ ❧♦❝❛❧ ♠❛ss ♠❛tr✐① st❛rt✐♥❣ ❢r♦♠ r❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛s ❛♥❞
s✉❜s❡q✉❡♥t❧② ❝♦♥str✉❝t ❛ ❣❧♦❜❛❧ ♠❛ss ♠❛tr✐① ❜② ❛♣♣❧②✐♥❣ ❛ st❛♥❞❛r❞ ❋❊ ❛ss❡♠❜❧✐♥❣
♣r♦❝❡ss✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s ✐s ❝❛rr✐❡❞ ♦✉t ♦♥❧② ❢♦r t❡tr❛❤❡❞r❛❧
❣r✐❞s t❤r♦✉❣❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ s♣❡❝✐❛❧✐③❡❞ ❣❡♦♠❡tr✐❝ ✐❞❡♥t✐t✐❡s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❞✐❢✲
❢❡rs ❢r♦♠ t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✷✳ ■♥❞❡❡❞✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ✉s❡❞ ✐♥ t❤❡



✺✳✶✳ ❙♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s ✺✶

♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❜❛r②❝❡♥tr✐❝ ❞✉❛❧ ❣r✐❞ s✐♥❝❡ ❞✉❛❧ ❝❡❧❧s ❤❛✈❡
♥♦♥✲♣❧❛♥❛r ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts✳

✺✳✶✳✶ ❉✉❛❧ ❝❡❧❧ r❡❝♦♥str✉❝t✐♦♥

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❣✐✈❡ ♥♦✈❡❧ ♣r♦♦❢s ♦❢ r❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛ t❤❛t ♣r♦✈✐❞❡ ❛ ❝♦♥st❛♥t
✈❡❝t♦r ✜❡❧❞ ❞❡✜♥❡❞ ♦♥ c̃ st❛rt✐♥❣ ❢r♦♠ ❉♦❋s ❛tt❛❝❤❡❞ t♦ ❞✉❛❧ ❡❞❣❡s ❛♥❞ ❞✉❛❧ ❢❛❝❡s✳

▲❡t c ❜❡ ❛ t❡tr❛❤❡❞r♦♥ ❛♥❞ ❧❡t n ❜❡ ♦♥❡ ♦❢ ✐ts ♥♦❞❡s✳ ▲❡t i ∈ {1, 2, 3}✳ ❋♦r ei ∈
E(n) ∩ E(c)✱ ❝♦♥s✐❞❡r t❤❡ ✉♥✐q✉❡ ❢❛❝❡ fi ∈ F (n) ∩ F (c) t♦ ✇❤✐❝❤ ei ❞♦❡s ♥♦t ❜❡❧♦♥❣✳
■♥ t❤✐s ✇❛②✱ ❢♦r ❡✈❡r② i ∈ {1, 2, 3}✱ t❤❡r❡ ❡①✐sts✱ ❛♥❞ ✐s ✉♥✐q✉❡✱ ri ∈ {−1, 1} s✉❝❤ t❤❛t
ri fi · ei > 0✳

▲❡♠♠❛ ✺ ✭❚❡♥s♦r ✐❞❡♥t✐t②✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❡♥s♦r ✐❞❡♥t✐t② ❤♦❧❞s

3∑︂

i=1

ri(fi ⊗ ei) = 3|c| I3. ✭✺✳✶✮

Pr♦♦❢✳ ▲❡t j ∈ {1, 2, 3} ❛♥❞ ❧❡t mj ❜❡ t❤❡ ✉♥✐t ✈❡❝t♦r ♦❢ fj ✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t

3∑︂

i=1

ri(fi ⊗ ei)mj =

3∑︂

i=1

ri(ei ·mj)fi = 3|c|mj = 3|c| I3mj , ✭✺✳✷✮

❢r♦♠ ✇❤✐❝❤ t❤❡ ❝❧❛✐♠❡❞ ✐❞❡♥t✐t② ❢♦❧❧♦✇s✱ s✐♥❝❡ t❤❡ s❡t ♦❢ ✈❡❝t♦rs mj ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡✲
♣❡♥❞❡♥t✳ ❖❜s❡r✈❡ t❤❛t ✐❢ i ̸= j✱ t❤❡♥ ei ·mj = 0✳ ■t ❢♦❧❧♦✇s t❤❛t

3∑︂

i=1

ri(ei ·mj)fi = rj(ej ·mj)fj = rj(ej ·mj)|fj |mj = 3|c|mj , ✭✺✳✸✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ✈♦❧✉♠❡ ♦❢ ❛ t❡tr❛❤❡❞r♦♥ ❬✹✵❪✳

◆♦✇✱ ✇❡ ❞❡✜♥❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r✐❡♥t❡❞ ❣❡♦♠❡tr✐❝ ❜♦✉♥❞❛r② t❡r♠s
sn,e c

, ln,f c
t♦ ❛ t❡tr❛❤❡❞r♦♥ c✱ ✇❤✐❝❤ ❛r❡ ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ ❡❞❣❡s e ∈ E(n) ∩ E(c) ❛♥❞

❢❛❝❡s f ∈ F (n) ∩ F (c)✱ r❡s♣❡❝t✐✈❡❧②✳



✺✷ ✺✳ ❊①♣❧✐❝✐t ❣❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s

e

n

n1

n2

c

f

n

n1

n2

c

(a) (b)

❋✐❣✉r❡ ✺✳✶✿ ✭❛✮ ●❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ sn,e c
✳ ✭❜✮ ●❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ ln,f c

✳

❲❡ ✜rst ❞❡✜♥❡ sn,e c
✳ ■t ❞❡❝♦♠♣♦s❡s ✐♥t♦ t❤❡ ✉♥✐♦♥ ♦❢ t✇♦ tr✐❛♥❣❧❡s✱ tn,e

(1)
c ❛♥❞

tn,e
(2)
c ✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ t✇♦ ❢❛❝❡s f1, f2 ∈ F (e)✱ s❡❡ ❋✐❣✳ ✺✳✶✭❛✮✳ ❚❤❡ ✜rst ❤❛s t❤❡

✈❡rt✐❝❡s {be, bf1 ,pn,e}✱ t❤❡ s❡❝♦♥❞ t❤❡ ✈❡rt✐❝❡s {be, bf2 ,pn,e}✱ ✇✐t❤ ♥♦❞❡ pn,e ❞❡✜♥❡❞ ❛s
❢♦❧❧♦✇s

pn,e :=
3

4
n+

1

4
n1, n1 ∈ N(e) \ {n}. ✭✺✳✹✮

❇② ❝♦♥str✉❝t✐♦♥✱ ❜♦t❤ tr✐❛♥❣❧❡s tn,e
(1)
c , tn,e

(2)
c ❛r❡ ❛❞❥❛❝❡♥t t♦ t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❞✉❛❧

❢❛❝❡ f̃e c✳ ❚❤✉s✱ ✇❡ ♦r✐❡♥t t❤❡♠ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❡❛❝❤ ♣❛✐r ♦❢ s✉r❢❛❝❡s tn,e
(1)
c , f̃e c

❛♥❞ tn,e
(2)
c , f̃e c ✐♥❞✉❝❡ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥s ♦♥ t❤❡✐r ❝♦♠♠♦♥ ❡❞❣❡ ❬✸❪✳ ❲❡ ❞❡✜♥❡ sn,e c

t♦ ❜❡ t❤❡ s✉r❢❛❝❡ ♠❛❞❡ ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ t✇♦ tr✐❛♥❣❧❡s tn,e
(1)
c , tn,e

(2)
c ✳ ❲❡ ❞❡♥♦t❡

✇✐t❤ sn,e c
t❤❡ ❢❛❝❡ ✈❡❝t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ sn,e c

✳ ■t ✐s ❞❡✜♥❡❞ ❛s t❤❡ s✉♠ ♦❢ t❤❡ ❢❛❝❡
✈❡❝t♦rs tn,e

(1)
c , tn,e

(2)
c ✱ t❤❛t ✐s sn,e c

:= tn,e
(1)
c + tn,e

(2)
c ✳ ❲❡ ❞❡✜♥❡ sn,e t♦ ❜❡ sn,e :=∑︁

c∈C(e) sn,e c
✳

◆❡①t✱ ✇❡ ❞❡✜♥❡ ln,f c
t♦ ❜❡ t❤❡ s❡❣♠❡♥t ❥♦✐♥✐♥❣ bf ✇✐t❤ ♥♦❞❡ pn,f ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

pn,f :=
1

2
n+

1

4
n1 +

1

4
n2, n1, n2 ∈ N(f) \ {n}, ✭✺✳✺✮

s❡❡ ❋✐❣✳ ✺✳✶✭❜✮✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ln,f c
✐s ❛❞❥❛❝❡♥t t♦ t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❞✉❛❧ ❡❞❣❡

ẽf c
✳ ❚❤✉s✱ ✇❡ ♦r✐❡♥t ln,f c

✐♥ s✉❝❤ ❛ ✇❛② t❤❡ t✇♦ s❡❣♠❡♥ts ln,f c
, ẽf c

✐♥❞✉❝❡ ♦♣♣♦s✐t❡
♦r✐❡♥t❛t✐♦♥s ♦♥ t❤❡✐r ❝♦♠♠♦♥ ♥♦❞❡ ❬✸❪✳ ❲❡ ❞❡♥♦t❡ ✇✐t❤ ln,f c

t❤❡ ❡❞❣❡ ✈❡❝t♦r ❛ss♦❝✐❛t❡❞
✇✐t❤ ln,f c

✳ ❲❡ ❞❡✜♥❡ ln,f t♦ ❜❡ ln,f :=
∑︁

c∈C(f) ln,f c
✳

❇② ♠✐♠✐❝❦✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✷✳✶✱ ✇❡ ❞❡♥♦t❡ ❜② B c̃ ❛♥❞
L c̃ t❤❡ ♠❛tr✐❝❡s ✇❤♦s❡ r♦✇s ❝♦❧❧❡❝t ✈❡❝t♦rs sn,e ❛♥❞ ln,f ✇✐t❤ e ∈ E(n) ❛♥❞ f ∈ F (n)✱
r❡s♣❡❝t✐✈❡❧②✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡♥♦t❡ ❜② Bc̃ c

❛♥❞ Lc̃ c
t❤❡ ♠❛tr✐❝❡s ✇❤♦s❡ r♦✇s ❝♦❧❧❡❝t

✈❡❝t♦rs sn,e c
❛♥❞ ln,f c

✇✐t❤ e ∈ E(n) ∩ E(c) ❛♥❞ f ∈ F (n) ∩ F (c)✱ r❡s♣❡❝t✐✈❡❧②✳



✺✳✶✳ ❙♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s ✺✸

❚❤❡ ❣❡♦♠❡tr✐❝ ❜♦✉♥❞❛r② t❡r♠s s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t✐❡s

rifi

6
= f̃ei c

+ sn,ei c
, ✭✺✳✻✮

riei
4

= ẽfi c
+ ln,fi c

, ✭✺✳✼✮

✇❤✐❝❤ ❝❛♥ ❜❡ ♣r♦✈❡♥ ❛❢t❡r tr✐✈✐❛❧ ❛❧❣❡❜r❛✐❝ ♠❛♥✐♣✉❧❛t✐♦♥s t❤❛t ✇❡ ♦♠✐t✳ ❲❡ ♣♦✐♥t ♦✉t
t❤❛t ✐❢ ✇❡ r❡q✉✐r❡ sn,e c

, ln,f c
t♦ s❛t✐s❢② ✭✺✳✻✮✱ ✭✺✳✼✮✱ t❤❡ ♥♦❞❡s pn,e,pn,f ❛r❡ ✉♥✐q✉❡❧②

✐❞❡♥t✐✜❡❞ ❜② ✭✺✳✹✮✱ ✭✺✳✺✮✳
✭✺✳✻✮✱ ✭✺✳✼✮ ❛r❡ t❤❡ ♠❛✐♥ ❣❡♦♠❡tr✐❝ ✐❞❡♥t✐t✐❡s t❤❛t t♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛ ✺ ❛❧❧♦✇ ✉s

t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✻ ✭❘❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛s ✇✐t❤ ❜♦✉♥❞❛r② t❡r♠s✮✳ ❲❡ ❢♦❝✉s ❛tt❡♥t✐♦♥ ♦♥ ❛
t❡tr❛❤❡❞r♦♥ c ❛♥❞ ♦♥ ❛ ❞✉❛❧ ❝❡❧❧ c̃n✱ ❞✉❛❧ t♦ ❛ ♥♦❞❡ n ♦❢ c✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❡♥s♦r ✐❞❡♥t✐t✐❡s
❤♦❧❞

∑︂

e∈E(n)∩E(c)

e c̃ ⊗ (f̃e c + sn,e c
) = |c̃ c| I3, ✭✺✳✽✮

∑︂

f∈F (n)∩F (c)

f c̃ ⊗ (ẽf c
+ ln,f c

) = |c̃ c| I3. ✭✺✳✾✮

Pr♦♦❢✳ ▲❡t ✉s ❛♣♣❧② ▲❡♠♠❛ ✺ t♦ c✳ ❲❡ r❡✇r✐t❡ ✭✺✳✶✮ ❛s ❢♦❧❧♦✇s

1

12

3∑︂

i=1

ri(ei ⊗ fi) = |c̃ c| I3, ✭✺✳✶✵✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t 4|c̃ c| = |c|✱ ❛s ❛ r❡s✉❧t ♦❢ ❜❛r②❝❡♥tr✐❝ s✉❜❞✐✈✐s✐♦♥ ❬✹✵❪✳
◆♦✇✱ ✉s✐♥❣ ✭✺✳✻✮ ✐t ❢♦❧❧♦✇s t❤❛t

3∑︂

i=1

ei

2
⊗ (f̃ei c

+ sn,ei c
) =

3∑︂

i=1

ei

2
⊗

rifi

6
=

1

12

3∑︂

i=1

ei ⊗ (rifi) = |c̃ c| I3. ✭✺✳✶✶✮

❚❤✐s ♣r♦✈❡s ✭✺✳✽✮✱ s✐♥❝❡ t❤❡ ❧❡♥❣t❤ ♦❢ ❡❛❝❤ ❡❞❣❡ ✐♥ Ec̃ ✐s ❤❛❧❢ ♦❢ t❤❡ ❧❡♥❣t❤ ❛ ♣r✐♠❛❧ ❡❞❣❡✳
❙✐♠✐❧❛r❧②✱ ✉s✐♥❣ ✭✺✳✼✮ ✐t ❢♦❧❧♦✇s t❤❛t

3∑︂

i=1

fi

3
⊗ (ẽfi c

+ ln,fi c
) =

3∑︂

i=1

fi

3
⊗

riei
4

=
1

12

3∑︂

i=1

fi ⊗ (riei) = |c̃ c| I3. ✭✺✳✶✷✮

❚❤✐s ♣r♦✈❡s ✭✺✳✾✮✱ s✐♥❝❡ t❤❡ ❛r❡❛ ♦❢ ❡❛❝❤ ❢❛❝❡ ✐♥ Fc̃ ✐s ❛ t❤✐r❞ ♦❢ t❤❡ ❛r❡❛ ♦❢ ❛ ♣r✐♠❛❧
❢❛❝❡✳

◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ♣r♦✈❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡ ❞✉❛❧ ❝♦✉♥t❡r✲
♣❛rt ♦❢ ❚❤❡♦r❡♠ ✷✳ ❚❤✐s r❡s✉❧t ✐s r❡♠❛r❦❛❜❧❡ s✐♥❝❡ ❞✉❛❧ ❝❡❧❧s ❤❛✈❡ ♥♦♥✲♣❧❛♥❛r ❣❡♦♠❡tr✐❝
❡❧❡♠❡♥ts✳

❚❤❡♦r❡♠ ✹ ✭❉✉❛❧ r❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛s✮✳ ▲❡t c̃n ❜❡ ❛ ❞✉❛❧ ❝❡❧❧✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦
❛ss❡rt✐♦♥s ❤♦❧❞✳



✺✹ ✺✳ ❊①♣❧✐❝✐t ❣❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s

✭✶✮ ■❢ c̃ ❞♦❡s ♥♦t ✐♥t❡rs❡❝t ✇✐t❤ ∂Ω✱ t❤❡♥

∑︂

e∈E(n)

e c̃ ⊗ f̃e = |c̃| I3, , ✭✺✳✶✸✮

∑︂

f∈F (n)

f c̃ ⊗ ẽf = |c̃| I3. ✭✺✳✶✹✮

✭✷✮ ■❢ c̃ ❞♦❡s ✐♥t❡rs❡❝t ✇✐t❤ ∂Ω✱ t❤❡♥

∑︂

e∈E(n)

e c̃ ⊗ (f̃e + sn,e) = |c̃| I3, ✭✺✳✶✺✮

∑︂

f∈F (n)

f c̃ ⊗ (ẽf + ln,f ) = |c̃| I3. ✭✺✳✶✻✮

Pr♦♦❢✳ Pr♦♦❢ ♦❢ ✭✺✳✶✸✮ ❛♥❞ ✭✺✳✶✺✮✳ ▲❡t ✉s ❛♣♣❧② ✭✺✳✽✮ t♦ ❡✈❡r② t❡tr❛❤❡❞r♦♥ c ∈ C(n)✳ ❇②
s✉♠♠✐♥❣ ♦✈❡r t❤❡ s❡t C(n) ✇❡ ❤❛✈❡

∑︂

c∈C(n)

(︄
∑︂

e∈E(n)∩E(c)

e c̃ ⊗ (f̃e c + sn,e c
)

)︄
=

∑︂

c∈C(n)

|c̃ c| I3 = |c̃| I3. ✭✺✳✶✼✮

❲❡ ❝❛♥ r❡✇r✐t❡ ✭✺✳✶✼✮ ❛s ❛ s✉♠ ♦✈❡r t❤❡ s❡t E(n) ❛s ❢♦❧❧♦✇s

∑︂

c∈C(n)

(︄
∑︂

e∈E(n)∩E(c)

e c̃ ⊗ (f̃e c + sn,e c
)

)︄
=

∑︂

e∈E(n)

e c̃ ⊗

(︄
∑︂

c∈C(e)

f̃e c + sn,e c

)︄
. ✭✺✳✶✽✮

❇② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ f̃e ❛♥❞ sn,e✱ ❛♥❞ ❝♦♠❜✐♥✐♥❣ t❤❡ t✇♦ ❡①♣r❡ss✐♦♥s ✭✺✳✶✼✮✱ ✭✺✳✶✽✮
✇❡ ♦❜t❛✐♥

∑︂

e∈E(n)

e c̃ ⊗ (f̃e + sn,e) = |c̃| I3. ✭✺✳✶✾✮

❚❤✐s ♣r♦✈❡s ✭✺✳✶✺✮✳ ❚♦ ♣r♦✈❡ ✭✺✳✶✸✮✱ ♥♦t❡ t❤❛t ✐❢ c̃ ❞♦❡s ♥♦t ✐♥t❡rs❡❝t ✇✐t❤ ∂Ω✱ t❤❡♥

sn,e =
∑︂

e∈C(e)

sn,e c
= 0 ✭✺✳✷✵✮

❜❡❝❛✉s❡ ❡❛❝❤ t❡r♠ sn,e c
❞❡❝♦♠♣♦s❡s ✐♥t♦ t❤❡ ✉♥✐♦♥ ♦❢ t✇♦ tr✐❛♥❣❧❡s✱ ❛♥❞ ❡❛❝❤ ♦❢ t❤❡♠

❛♣♣❡❛rs ✐♥ t❤❡ s✉♠ ❡①❛❝t❧② t✇♦ t✐♠❡s ❛♥❞ ✇✐t❤ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥✳

Pr♦♦❢ ♦❢ ✭✺✳✶✹✮ ❛♥❞ ✭✺✳✶✻✮✳ ▲❡t ✉s ❛♣♣❧② ✭✺✳✾✮ t♦ ❡✈❡r② t❡tr❛❤❡❞r♦♥ c ∈ C(n)✳ ❇②
s✉♠♠✐♥❣ ♦✈❡r t❤❡ s❡t C(n) ✇❡ ❤❛✈❡

∑︂

c∈C(n)

(︄
∑︂

f∈F (n)∩F (c)

f c̃ ⊗ (ẽf c
+ ln,f c

)

)︄
=

∑︂

c∈C(n)

|c̃ c| I3 = |c̃| I3. ✭✺✳✷✶✮



✺✳✶✳ ❙♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s ✺✺

❲❡ ❝❛♥ r❡✇r✐t❡ ✭✺✳✷✶✮ ❛s ❛ s✉♠ ♦✈❡r t❤❡ s❡t F (n) ❛s ❢♦❧❧♦✇s

∑︂

c∈C(n)

(︄
∑︂

f∈F (n)∩F (c)

f c̃ ⊗ (ẽf c
+ ln,f c

)

)︄
=

∑︂

f∈F (n)

f c̃ ⊗

(︄
∑︂

c∈C(f)

ẽf c
+ ln,f c

)︄
.

✭✺✳✷✷✮

❇② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ẽf ❛♥❞ ln,f ✱ ❛♥❞ ❝♦♠❜✐♥✐♥❣ t❤❡ t✇♦ ❡①♣r❡ss✐♦♥s ✭✺✳✷✶✮✱ ✭✺✳✷✷✮
✇❡ ♦❜t❛✐♥

∑︂

f∈F (n)

f c̃ ⊗ (ẽf + ln,f ) = |c̃| I3. ✭✺✳✷✸✮

❚❤✐s ♣r♦✈❡s ✭✺✳✶✻✮✳ ❚♦ ♣r♦✈❡ ✭✺✳✶✹✮✱ ♥♦t❡ t❤❛t ✐❢ c̃ ❞♦❡s ♥♦t ✐♥t❡rs❡❝t ✇✐t❤ ∂Ω✱ t❤❡♥

ln,f =
∑︂

c∈C(f)

ln,f c
= 0 ✭✺✳✷✹✮

❜❡❝❛✉s❡ ❡❛❝❤ t❡r♠ ln,f c
❛♣♣❡❛rs ✐♥ t❤❡ s✉♠ ❡①❛❝t❧② t✇♦ t✐♠❡s ❛♥❞ ✇✐t❤ ♦♣♣♦s✐t❡ ♦r✐❡♥✲

t❛t✐♦♥✳

❚❤❡ r❡s✉❧ts ♦❢ ❚❤❡♦r❡♠ ✹ ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞ t♦ ❛r❜✐tr❛r② ♣♦❧②❤❡❞r❛❧ ❣r✐❞s✳ ❚♦
s❡❡ t❤✐s✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r✐❝ ✸❉ ♣♦❧②❤❡❞r❛❧ ❣r✐❞ ❛♥❞ ❝❤❡❝❦ t❤❛t t❤❡
r❡❧❛t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✹ ❛r❡ ♥♦t s❛t✐s✜❡❞✳ ❙✐♠♣❧❡ r❛♥❞♦♠ ❡①❛♠♣❧❡s ♣r♦✈✐❞❡ r❡❛❞✐❧② ❛
❝♦✉♥t❡r❡①❛♠♣❧❡✳

✺✳✶✳✷ ▲♦❝❛❧ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s

▲❡t ✉s ❢♦❝✉s ♦♥ ❛ s✐♥❣❧❡ ❞✉❛❧ ❝❡❧❧ c̃n ✇❤❡r❡ t✇♦ ♣❛✐rs ♦❢ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s ❛r❡ ❞❡✜♥❡❞✱
♥❛♠❡❧② u,v ❛♥❞ w, z✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ ✇❡ s✉♣♣♦s❡ t❤❛t c̃ ❞♦❡s ♥♦t ✐♥t❡rs❡❝t ✇✐t❤
∂Ω✳ ❖t❤❡r✇✐s❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ r❡♣❡❛t t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ✉s✐♥❣ F̃c̃+Bc̃ ❛♥❞ Ẽc̃+Lc̃ ✐♥
♣❧❛❝❡ ♦❢ F̃c̃ ❛♥❞ Ẽc̃✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ t✇♦ ♣❛✐rs ❛r❡ r❡❧❛t❡❞ ❜② t✇♦ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s

v = K̃c̃,1u, ✭✺✳✷✺✮

z = K̃c̃,2w, ✭✺✳✷✻✮

✇❤❡r❡ K̃c̃,1, K̃c̃,2 ❛r❡ t✇♦ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s ♦❢ ♦r❞❡r 3✱ ❛ss✉♠❡❞ t♦ ❜❡
✉♥✐❢♦r♠ ✐♥ c̃✳

◆♦✇✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❉♦❋s ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞s t♦ c̃✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✇❡ ❛tt❛❝❤ ❉♦❋s t♦ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♣r✐♠❛❧ ❛♥❞ ❞✉❛❧ ❣r✐❞ ❛s ❢♦❧❧♦✇s uF̃

c̃ = F̃c̃u✱
vE
c̃ = Ec̃v✱ wẼ

c̃ = Ẽc̃w✱ zF
c̃ = Fc̃z✳

❚❤❡ ❧♦❝❛❧ ♠❛ss ♠❛tr✐① MF̃
c̃ ♠❛♣s ❉♦❋s ♦❢ u ❛tt❛❝❤❡❞ t♦ ❞✉❛❧ ❢❛❝❡s t♦ ❉♦❋s ♦❢ v

❛tt❛❝❤❡❞ t♦ ❡❞❣❡s ♦❢ t❤❡ ♣r✐♠❛❧ ❣r✐❞✳ ❲❡ s❛② t❤❛t MF̃
c̃ ✐s ❛ ❝♦♥s✐st❡♥t ♠❛ss ♠❛tr✐① ✐❢

vE
c̃ = MF̃

c̃ u
F̃
c̃ ✭✺✳✷✼✮

❤♦❧❞s ❡①❛❝t❧② ❢♦r ❛♥② ♣❛✐r ♦❢ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s u,v s❛t✐s❢②✐♥❣ ✭✺✳✷✺✮✳



✺✻ ✺✳ ❊①♣❧✐❝✐t ❣❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s

❙✐♠✐❧❛r❧②✱ ❛ ❧♦❝❛❧ ♠❛ss ♠❛tr✐① MẼ
c̃ ♠❛♣s ❉♦❋s ♦❢ w ❛tt❛❝❤❡❞ t♦ ❞✉❛❧ ❡❞❣❡s t♦ ❉♦❋s

♦❢ z ❛tt❛❝❤❡❞ t♦ ❢❛❝❡s ♦❢ t❤❡ ♣r✐♠❛❧ ❣r✐❞✳ ❲❡ s❛② t❤❛t MẼ
c̃ ✐s ❛ ❝♦♥s✐st❡♥t ♠❛ss ♠❛tr✐① ✐❢

zF
c̃ = MẼ

c̃w
Ẽ
c̃ ✭✺✳✷✽✮

❤♦❧❞s ❡①❛❝t❧② ❢♦r ❛♥② ♣❛✐r ♦❢ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s w, z s❛t✐s❢②✐♥❣ ✭✺✳✷✻✮✳
❆♥ ❡✣❝✐❡♥t r❡❝✐♣❡ t♦ ❝♦♥str✉❝t ❛ ❝♦♥s✐st❡♥t ❛♥❞ s②♠♠❡tr✐❝ ♠❛tr✐❝❡s MF̃

c̃ ,M
Ẽ
c̃ ❝♦♠✲

❜✐♥❡s t❤❡ ❣❡♦♠❡tr✐❝ ✐❞❡♥t✐t✐❡s ✐♥ ❚❤❡♦r❡♠ ✹ ✇✐t❤ t❤❡ ✉♥✐❢♦r♠✐t② ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞s✳
❇② ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✹✱ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❉♦❋s vE

c̃ ,u
F̃
c̃ ♦❢ v ❛♥❞ u✱ ✇❡ ❤❛✈❡ t❤❛t

vE
c̃ = Ec̃v = Ec̃K̃c̃,1u = Ec̃K̃c̃,1

1

|c̃|
(ET

c̃ F̃c̃)u =
(Ec̃K̃c̃,1E

T
c̃ )

|c̃|
uF̃
c̃ , ✭✺✳✷✾✮

❛♥❞ ❤❡♥❝❡✱ ✐t ❢♦❧❧♦✇s t❤❛t ❛ s②♠♠❡tr✐❝ ❛♥❞ ❝♦♥s✐st❡♥t ♠❛tr✐① MF̃
c̃ ✐s ❣✐✈❡♥ ❜②

MF̃
c̃ =

Ec̃K̃c̃,1E
T
c̃

|c̃|
. ✭✺✳✸✵✮

❙✐♠✐❧❛r❧②✱ ❜② ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✹✱ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❉♦❋s zF
c̃ ,wẼ

c̃ ♦❢ z ❛♥❞ w✱
✇❡ ❤❛✈❡ t❤❛t

zF
c̃ = Fc̃z = Fc̃K̃c̃,2w = Fc̃K̃c̃,2

1

|c̃|
(FT

c̃ Ẽc̃)w =
(Fc̃K̃c̃,2F

T
c̃ )

|c̃|
wẼ

c̃ , ✭✺✳✸✶✮

❛♥❞ ❤❡♥❝❡✱ ✐t ❢♦❧❧♦✇s t❤❛t ❛ s②♠♠❡tr✐❝ ❛♥❞ ❝♦♥s✐st❡♥t ♠❛tr✐① MẼ
c̃ ✐s ❣✐✈❡♥ ❜②

MẼ
c̃ =

Fc̃K̃c̃,2F
T
c̃

|c̃|
. ✭✺✳✸✷✮

❚❤❡ ♠❛tr✐❝❡s MF̃
c̃ ❛♥❞ MẼ

c̃ ❞❡✜♥❡❞ ✐♥ ✭✺✳✸✵✮✱ ✭✺✳✸✷✮ ❛r❡ s②♠♠❡tr✐❝ ❛♥❞ ❝♦♥s✐st❡♥t ❜✉t
❛r❡ ♥♦t ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s✱ ✇❡ ❛❞❞ ❛ st❛❜✐❧✐t② ♠❛tr✐① ❥✉st ❛s ✇❡ ❞✐❞ ❢♦r
t❤❡ ♣r✐♠❛❧ ♠❛ss ♠❛tr✐①✳

▲❡♠♠❛ ✼✳ ▲❡t m ❜❡ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ F (n) ♦r E(n)✳ ▲❡t K̃c̃ ❜❡ ❛ s②♠♠❡tr✐❝ ❛♥❞
♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① ♦❢ ♦r❞❡r 3✳ ▲❡t α = (α1, . . . , αm−3) ∈ (R+)m−3 ❜❡ ❛♥② (m− 3)✲
✉♣❧❛ ♦❢ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ❛♥❞ ❧❡t Dα ❜❡ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇❤♦s❡ ❞✐❛❣♦♥❛❧ ❡♥tr✐❡s ❛r❡

α1, . . . , αm−3✳ ❉❡♥♦t❡ ❜② WF̃
c̃ ❛♥❞ WẼ

c̃ t❤❡ ♠❛tr✐❝❡s ✇❤♦s❡ ❝♦❧✉♠♥s ❢♦r♠ ❛♥ ♦rt❤♦♥♦r♠❛❧
❜❛s✐s ❢♦r im(F̃c̃ + B c̃)

⊥ ❛♥❞ im(Ẽc̃ + L c̃)
⊥✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐❝❡s

MF̃
c̃ :=

1

|c̃|
Ec̃K̃ c̃E

T
c̃ +WF̃

c̃DαW
F̃
c̃

T

, ✭✺✳✸✸✮

MẼ
c̃ :=

1

|c̃|
Fc̃K̃ c̃F

T
c̃ +WẼ

c̃DαW
Ẽ
c̃

T

, ✭✺✳✸✹✮

❛r❡ s②♠♠❡tr✐❝✱ ❝♦♥s✐st❡♥t ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳

■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❛ ❞✉❛❧ ❣r✐❞ ♠❛❞❡ ♦❢ ♠♦r❡ t❤❛♥ ♦♥❡ ❞✉❛❧ ❝❡❧❧✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❣❧♦❜❛❧ ♠❛ss ♠❛tr✐❝❡s MF̃ ,MẼ ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛ss❡♠❜❧✐♥❣✱ ❞✉❛❧ ❝❡❧❧ ❜② ❞✉❛❧ ❝❡❧❧✱ t❤❡



✺✳✷✳ ❍❛♥❞❧✐♥❣ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥s✐❞❡ ❞✉❛❧ ❝❡❧❧s ✺✼

❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ t❤❡ ❧♦❝❛❧ ♠❛tr✐❝❡s MF̃
c̃ ❛♥❞ MẼ

c̃ ✱ r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ ✇❡ ♥❡❡❞ ❛❧s♦
t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝❛s❡ ✇❤❡r❡ c̃ ❞♦❡s ✐♥t❡rs❡❝t ✇✐t❤ ∂Ω✳ ■♥ t❤✐s ❝❛s❡✱ ✭✺✳✶✺✮✱ ✭✺✳✶✻✮
t❡❧❧ ✉s t❤❛t ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ✈❛❧✐❞ r❡❝♦♥str✉❝t✐♦♥ ✇❡ ❤❛✈❡ t♦ ❛tt❛❝❤ ❉♦❋s ♦❢ ✈❡❝t♦r
✜❡❧❞s ❛❧s♦ t♦ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ❞❡✜♥❡❞ ❜② sn,e ❛♥❞ ln,f ✳ ■♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s
✇❡ s❤♦✇ ❤♦✇ t❤❡ ♣r♦♣♦s❡❞ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s ❛r❡ ✉s❡❞ ✐♥ ❢♦r♠✉❧❛t✐♦♥s t♦
s♦❧✈❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❉♦❋s ♦♥ t❤❡ ❜♦✉♥❞❛r② ❛r❡
❡✐t❤❡r ❦♥♦✇♥ ❜❡❝❛✉s❡ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦r ♥♦t ✉s❡❞ ✐♥ t❤❡ ❧❛✇s ❡♥❢♦r❝❡❞ ❜② t❤❡
❢♦r♠✉❧❛t✐♦♥✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ❛❞❞✐t✐♦♥❛❧ ❉♦❋s ♦♥ t❤❡ ❜♦✉♥❞❛r② ❛♣♣❡❛rs ❛s ❛
❝❛♥♦♥✐❝❛❧ ❛♥❞ ♥❡❝❡ss❛r② ❝♦♥str✉❝t✐♦♥ t♦ ❢✉❧✜❧ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❢♦r♠✉❧❛s ✭✺✳✻✮ ❛♥❞ ✭✺✳✼✮✳

✺✳✷ ❍❛♥❞❧✐♥❣ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥s✐❞❡
❞✉❛❧ ❝❡❧❧s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠s ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s
♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs✱ ✇❤✐❝❤ ♠❛② ❛♣♣❡❛r ❢♦r ❡①❛♠♣❧❡ ✇❤❡♥ ✐♥❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ♦r
✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♣r♦❜❧❡♠s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ■♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡ s❡tt✐♥❣ ❞❡t❛✐❧❡❞ ✐♥
❙❡❝t✐♦♥ ✺✳✶✳✷✱ ❛ ❦❡② r❡q✉✐r❡♠❡♥t ✐s t❤❛t t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ✉♥✐❢♦r♠ ✐♥s✐❞❡
❞✉❛❧ ❝❡❧❧s✳ ■♥ t❤✐s ❝❛s❡✱ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❞♦ ♥♦t ❝r❡❛t❡ ❛♥②
❝♦♠♣❧✐❝❛t✐♦♥ ✐❢ t❤❡ ❣r✐❞ ✐s ❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ✐♥t❡r❢❛❝❡s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t
♠❛t❡r✐❛❧s ❛r❡ ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❞✉❛❧ ❝❡❧❧s✳ ❍❡♥❝❡✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡
❛ss✐❣♥♠❡♥t ♦❢ t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ♠✉st ❜❡ ❜❛s❡❞ ♦♥ t❤❡ ❞✉❛❧ ❝❡❧❧s✳ ❚❤✐s ✐s ❛ ❝♦♠♠♦♥
♣r❛❝t✐❝❡ ✐♥ t❤❡ ❋✐♥✐t❡ ❱♦❧✉♠❡ ❧✐t❡r❛t✉r❡ ❬✼✶❪✳ ❲❡ ♦❜s❡r✈❡ t❤❛t s✉❝❤ ❛♥ ❛ss✐❣♥♠❡♥t ✐s
❝♦rr❡❝t❧② ❞❡✜♥❡❞ s✐♥❝❡ ❞✉❛❧ ❝❡❧❧s ♣r♦✈✐❞❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳

❍♦✇❡✈❡r✱ ✐♥ ♠♦st ❝❛s❡s✱ ✐t ✐s ❞❡s✐r❡❞ t❤❛t t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ❝♦♥st❛♥t ♦♥
❝❡❧❧s ♦❢ t❤❡ ♣r✐♠❛❧ ❣r✐❞ ❛♥❞ t❤❛t t❤❡② ❝❛♥ ❜❡ ❛r❜✐tr❛r② ❞✐s❝♦♥t✐♥✉♦✉s ❛❝r♦ss ✐♥t❡r❢❛❝❡s
❜❡t✇❡❡♥ ❝❡❧❧s✳ ❚♦ ❡❛❝❤ c ∈ C ✐s ❛ss✐❣♥❡❞ ❛ ♣♦ss✐❜❧② ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r K c✳
❆s ❛ r❡s✉❧t✱ t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ♦❢ ❡❛❝❤ ❞✉❛❧ ❝❡❧❧ ❛r❡ ♥♦ ❧♦♥❣❡r ✉♥✐❢♦r♠✳ ■♥ ♦r❞❡r
t♦ ❤❛♥❞❧❡ t❤✐s ❦✐♥❞ ♦❢ s✐t✉❛t✐♦♥s ✇❡ ❝❛♥ ✉s❡ t✇♦ ❞✐✛❡r❡♥t str❛t❡❣✐❡s ✇❤✐❝❤ ❞✐✛❡r ♦♥
❤♦✇ t❤❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞ ✐s r❡❝♦♥str✉❝t❡❞ ✐♥s✐❞❡ ❞✉❛❧ ❝❡❧❧s✳ ❚❤❡ ✜rst str❛t❡❣② ✐s
t♦ ✉s❡ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt② ✐♥ t❤❡ s❝❤❡♠❡✳ ❚❤❡ r❡❝♦♥str✉❝t❡❞
✈❡❝t♦r ✜❡❧❞ ✐s ✉♥✐❢♦r♠ ❛♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥ t❡❝❤♥✐q✉❡ ♣r♦♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✳✷ ❝❛♥
❜❡ ❛♣♣❧✐❡❞✱ ❜② ✉s✐♥❣ ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r✳ ❚❤❡ s❡❝♦♥❞ str❛t❡❣②
❝♦♥s✐sts ♦❢ ✉s✐♥❣ ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥s✐❞❡ ❞✉❛❧ ❝❡❧❧s✱ ✇❤✐❝❤
❛❝❝♦✉♥ts ❢♦r ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞ ❝♦♠♣♦♥❡♥ts ❞✉❡ t♦ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs
❞✐s❝♦♥t✐♥✉✐t✐❡s✳

✺✳✷✳✶ ❲❡✐❣❤t❡❞ ❛✈❡r❛❣❡

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❞✉❛❧ ❝❡❧❧ c̃n ∈ C̃✳ ❚♦ ♠♦t✐✈❛t❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥❡✇ ♠❛t❡r✐❛❧
♣❛r❛♠❡t❡r✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ✉♥✐❢♦r♠ ✈❡❝t♦r ✜❡❧❞ u ❞❡✜♥❡❞ ✐♥ c̃✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ t❤❡
✈❡❝t♦r ✜❡❧❞ v ✇❤♦s❡ r❡str✐❝t✐♦♥ t♦ ❡❛❝❤ ❝❡❧❧ c ∈ C(n) s❛t✐s❢② v c := Kcu c✳ ❚❤✉s✱ v ✐s ❛
♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞ t❤❛t ✐s s♣❛t✐❛❧❧② ❝♦♥st❛♥t ✐♥ ❡❛❝❤ c ∈ C(n)✳ ❚❤❡ ✇❡✐❣❤t❡❞



✺✽ ✺✳ ❊①♣❧✐❝✐t ❣❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s

❛✈❡r❛❣❡ ♦❢ v ♦✈❡r c̃ ✐s

v̄ =
1

|c̃|

∑︂

c∈C(n)

|c̃ c|Kcu =

(︄
1

|c̃|

∑︂

c∈C(n)

|c̃ c|Kc

)︄
u, ✭✺✳✸✺✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t u ✐s ✉♥✐❢♦r♠ ✐♥ c̃✳ ❚♦ ❡❛❝❤ ❞✉❛❧ ❝❡❧❧ c̃ ✇❡ ❛ss✐❣♥ ❛ ♥❡✇
♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r ❞❡✜♥❡❞ ❜② ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ❛s ❢♦❧❧♦✇s

K̃c̃ :=
(︂ 1

|c̃|

∑︂

c∈C(n)

|c̃ c|Kc

)︂−1

. ✭✺✳✸✻✮

❲❡ ✉s❡ ✭✺✳✸✻✮ ❛s t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❧♦❝❛❧ ♠❛ss
♠❛tr✐❝❡s ✐♥ ▲❡♠♠❛ ✼✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐❢ t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r ✐s ❝♦♥st❛♥t ♦✈❡r t❤❡
✇❤♦❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✱ t❤❡ s❛♠❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r ✐s ❛ss✐❣♥❡❞ t♦ ❡✈❡r② ❞✉❛❧
❝❡❧❧✳

✺✳✷✳✷ P✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❞✉❛❧ ❝❡❧❧ c̃n ∈ C̃✳ ❙✐♥❝❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❞✐✛❡r ♦♥ ❡❛❝❤ c ∈ C✱ ✇❡
✉s❡ ❛ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞ r❡♣r❡s❡♥t❛t✐♦♥ t❤❛t ✐s s♣❛t✐❛❧❧② ❝♦♥st❛♥t ♦♥ ❡❛❝❤
c ∈ C(n)✳ ❚❤✉s✱ ❧❡t ✉s ❝♦♥s✐❞❡r t✇♦ ♣❛✐rs ♦❢ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s ❞❡✜♥❡❞ ♦♥
c̃✱ ♥❛♠❡❧② u,v ❛♥❞ w, z✳ ❚❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞s u,v,w, z t♦ ❛ ❝❡❧❧ c ∈ C(n)
s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s

v c = Kc,1u c, ✭✺✳✸✼✮

z c = Kc,2w c, ✭✺✳✸✽✮

✇❤❡r❡ Kc,1,Kc,2 ❛r❡ t✇♦ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s ♦❢ ♦r❞❡r 3✳ ■♥ ❛❞❞✐t✐♦♥✱ ❧❡t
✉s s✉♣♣♦s❡ t❤❛t u, z ❛♥❞ v,w ♣r❡s❡r✈❡ t❤❡ ♥♦r♠❛❧ ❛♥❞ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts ♦✈❡r t❤❡
❜♦✉♥❞❛r✐❡s ♦❢ c̃ c✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s✱ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❉♦❋s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✈❡❝t♦r
✜❡❧❞s ❞❡✜♥❡❞ ✐♥ c̃ ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❛tt❛❝❤ ❉♦❋s t♦ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts
♦❢ t❤❡ ♣r✐♠❛❧ ❛♥❞ ❞✉❛❧ ❣r✐❞ ❛s ❢♦❧❧♦✇s uF

c̃ = Fc̃u✱ vẼ
c̃ = Ẽc̃v✱ wE

c̃ = Ec̃w✱ zF̃
c̃ = F̃c̃z✳

❚❤❡ ✐❞❡❛ ✉♥❞❡r❧②✐♥❣ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐s t♦ ♠✐♠✐❝ t❤❡ r❡❛s♦♥✐♥❣ ♣r♦♣♦s❡❞ ✐♥ ❙❡❝✲
t✐♦♥ ✸✳✷✳✸ ❛♥❞ ❙❡❝t✐♦♥ ✺✳✶✳✷ t♦ ❝♦♥str✉❝t ❣❧♦❜❛❧ ♠❛ss ♠❛tr✐❝❡s st❛rt✐♥❣ ❢r♦♠ ❧♦❝❛❧ ♠❛ss
♠❛tr✐❝❡s ❞❡✜♥❡❞ ♦♥ ❝❡❧❧s ❛♥❞ ❞✉❛❧ ❝❡❧❧s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ ✏❧♦❝❛❧✑ ❝♦♥tr✐✲
❜✉t✐♦♥s ❢r♦♠ ♠❛tr✐❝❡s MF

c̃ c
,ME

c̃ c
r❡str✐❝t❡❞ t♦ ❡❛❝❤ r❡❣✐♦♥ c̃ c ❛r❡ ❛ss❡♠❜❧❡❞ t♦ ❝♦♥str✉❝t

✏❣❧♦❜❛❧✑ ♠❛ss ♠❛tr✐❝❡s MF
c̃ ,M

E
c̃ ♦♥ t❤❡ ❞✉❛❧ ❝❡❧❧ c̃✳ ❚❤❡ ❛♥❛❧♦❣② ✐s ✇❡❧❧ ❞❡✜♥❡❞ s✐♥❝❡ t❤❡

r❡❣✐♦♥s c̃ c ♣r♦✈✐❞❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❝❡❧❧ c̃ ❛♥❞ t❤❡ ♠❛t❡r✐❛❧ ✐s ✉♥✐❢♦r♠ ♦♥ ❡❛❝❤ ♦❢ t❤❡♠✳
❚❤✐s ❧❛tt❡r ❛ss✉♠♣t✐♦♥✱ ❛❧❧♦✇s ✉s t♦ ❛♣♣❧② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❝♦♥s✐st❡♥t t❡r♠ ✉s✐♥❣
t❤❡ r❡❝✐♣❡ ❞❡t❛✐❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✳✷ t♦ ❡❛❝❤ r❡❣✐♦♥ c̃ c✳

❚❤✉s✱ ❜② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✻✱ ❛ ❝♦♥s✐st❡♥t ♠❛ss ♠❛tr✐① ME
c̃ c

r❡str✐❝t❡❞ t♦ c̃ c ✐s ❣✐✈❡♥
❜②

ME
c̃ c

=
(F̃ c̃ c

+ Bc̃ c
)K c(F̃ c̃ c

+ Bc̃ c
)T

|c̃ c|
. ✭✺✳✸✾✮



✺✳✷✳ ❍❛♥❞❧✐♥❣ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥s✐❞❡ ❞✉❛❧ ❝❡❧❧s ✺✾

❆ ❧♦❝❛❧ ♠❛ss ♠❛tr✐① ME
c̃ ✐s ♦❜t❛✐♥❡❞ ❜② ❛ss❡♠❜❧✐♥❣ t❤❡ ❧♦❝❛❧ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ❡❛❝❤

ME
c̃ c
✳ ME

c̃ ❝♦♥str✉❝t❡❞ ✐♥ t❤✐s ✇❛② ✐s s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ s✐♥❝❡ ❡❛❝❤ ♠❛tr✐①
✭✺✳✸✾✮ ❤❛s r❛♥❦ 3✳ ▼♦r❡♦✈❡r✱ ME

c̃ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣✐❡❝❡✇✐s❡ ❝♦♥s✐st❡♥❝② ♣r♦♣❡rt②✱
t❤❛t ✐s

zF̃
c̃ = ME

c̃w
E
c̃ ✭✺✳✹✵✮

❤♦❧❞s ❡①❛❝t❧② ❢♦r ❛♥② ♣❛✐r ♦❢ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s w, z s❛t✐s❢②✐♥❣ ✭✺✳✸✽✮✳ ❚❤✐s
❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥t ♦❢ z ✐s ♣r❡s❡r✈❡❞ ♦✈❡r t❤❡ ❜♦✉♥❞❛r✐❡s
♦❢ c̃ c ❛♥❞ ❤❡♥❝❡ t❤❡ ❣❡♦♠❡tr✐❝ ❜♦✉♥❞❛r② t❡r♠s ❝❛♥❝❡❧ ♦✉t✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✹✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥s✐st❡♥❝② ♣r♦♣❡rt② ✐♠♣❧✐❡s t❤❡ ❝♦♥s✐st❡♥❝②
♣r♦♣❡rt② ✭✺✳✷✼✮✳ ❆ ❧♦❝❛❧ ♠❛ss ♠❛tr✐① MF̃

c̃ ✐s ♦❜t❛✐♥❡❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥✈❡rs❡
♦❢ ME

c̃ ✱

MF̃
c̃ = ME

c̃

−1
. ✭✺✳✹✶✮

■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ❜② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✻✱ ❛ ❝♦♥s✐st❡♥t ♠❛ss ♠❛tr✐① MF
c̃ c

r❡str✐❝t❡❞ t♦
c̃ c ✐s ❣✐✈❡♥ ❜②

MF
c̃ c

=
(Ẽ c̃ c

+ Lc̃ c
)K c(Ẽ c̃ c

+ Lc̃ c
)T

|c̃ c|
. ✭✺✳✹✷✮

❆ ❧♦❝❛❧ ♠❛ss ♠❛tr✐① MF
c̃ ✐s ♦❜t❛✐♥❡❞ ❜② ❛ss❡♠❜❧✐♥❣ t❤❡ ❧♦❝❛❧ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ❡❛❝❤

MF
c̃ c
✳ MF

c̃ ❝♦♥str✉❝t❡❞ ✐♥ t❤✐s ✇❛② ✐s s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ s✐♥❝❡ ❡❛❝❤ ♠❛tr✐①
✭✺✳✹✷✮ ❤❛s r❛♥❦ 3✳ ▼♦r❡♦✈❡r✱ MF

c̃ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣✐❡❝❡✇✐s❡ ❝♦♥s✐st❡♥❝② ♣r♦♣❡rt②✱
t❤❛t ✐s

vẼ
c̃ = MF

c̃ u
F
c̃ ✭✺✳✹✸✮

❤♦❧❞s ❡①❛❝t❧② ❢♦r ❛♥② ♣❛✐r ♦❢ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s v,u s❛t✐s❢②✐♥❣ ✭✺✳✸✼✮✳ ❚❤✐s
❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ v ✐s ♣r❡s❡r✈❡❞ ♦✈❡r t❤❡ ❜♦✉♥❞❛r✐❡s
♦❢ c̃ c ❛♥❞ ❤❡♥❝❡ t❤❡ ❣❡♦♠❡tr✐❝ ❜♦✉♥❞❛r② t❡r♠s ❝❛♥❝❡❧ ♦✉t✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✹✳ ❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥s✐st❡♥❝② ♣r♦♣❡rt② ✐♠♣❧✐❡s t❤❡ ❝♦♥s✐st❡♥❝②
♣r♦♣❡rt② ✭✺✳✷✽✮✳ ❚❤❡♥✱ ❛ ❧♦❝❛❧ ♠❛ss ♠❛tr✐① MF̃

c̃ ✐s ♦❜t❛✐♥❡❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❛❧❣❡❜r❛✐❝
✐♥✈❡rs❡ ♦❢ ME

c̃ ✱

MẼ
c̃ = MF

c̃

−1
. ✭✺✳✹✹✮

❲❡ ♦❜s❡r✈❡ t❤❛t ❡✈❡♥ ✐❢ t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r ✐s ✉♥✐❢♦r♠ ✐♥s✐❞❡ c̃✱ ✉s✐♥❣ t❤✐s ❛♣✲
♣r♦❛❝❤ ✐t ✐s ✐♥ ❛♥② ❝❛s❡ ♥❡❝❡ss❛r② t♦ ❝♦♠♣✉t❡ t❤❡ ✐♥✈❡rs❡s ♦❢ ♠❛tr✐❝❡s ME

c̃ ,M
F
c̃ ✳ ■♥st❡❛❞✱

✐♥ ❙❡❝t✐♦♥ ✺✳✶✳✷✱ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ♦❢ MF̃
c̃ ,M

Ẽ
c̃ ❛r❡ ❞❡r✐✈❡❞✳

✺✳✷✳✸ ❍②❜r✐❞ ❛♣♣r♦❛❝❤ t♦ ❤❛♥❞❧❡ ♠❛t❡r✐❛❧ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥s✐❞❡
❞✉❛❧ ❝❡❧❧s

❚❤❡ ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤ t♦ ❤❛♥❞❧❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r ✐♥s✐❞❡ ❞✉❛❧
❝❡❧❧s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋✐rst✱ ✐❢ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ✉♥✐❢♦r♠ ✐♥s✐❞❡ ❛ ❞✉❛❧ ❝❡❧❧ ✇❡ ❝❛♥



✻✵ ✺✳ ❊①♣❧✐❝✐t ❣❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s

❛♣♣❧② t❤❡ ❝♦♥str✉❝t✐♦♥ ❞❡t❛✐❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✳✷✳ ❖t❤❡r✇✐s❡✱ ✇❡ ❛♣♣❧② ♦♥❡ ❛♠♦♥❣ t❤❡
❛♣♣r♦❛❝❤❡s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✶✱ ❙❡❝t✐♦♥ ✺✳✷✳✷✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡s❡ ❝♦♥str✉❝✲
t✐♦♥s ❛r❡ ❛♣♣❧✐❡❞ ♦♥❧② t♦ ❝❡❧❧s ✇❤✐❝❤ ❧✐❡ ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ r❡❣✐♦♥s ❡♥❝❧♦s✐♥❣
❞✐✛❡r❡♥t ♠❛t❡r✐❛❧s✳ ❚❤✉s✱ t❤❡ r❡q✉✐r❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt t♦ ❝♦♠♣✉t❡ ❧♦❝❛❧ ✐♥✈❡rs❡s
✐♥ t❤❡ ❛♣♣r♦❛❝❤ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✷ ✐s ♥❡❣❧✐❣✐❜❧❡ ✐♥ ♣r❛❝t✐❝❡✳

❆♥ ✐♠♣♦rt❛♥t r❡♠❛r❦ ✐s t❤❛t ✐❢ ✇❡ ✇❛♥t t♦ s❛t✐s❢② ❡①❛❝t❧② ❛ ♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡st
✭s❡❡ ❙❡❝t✐♦♥ ✺✳✸✮✱ ✐t ✐s ♥❡❝❡ss❛r② ✐♥ ♦✉r ❤②❜r✐❞ ❛♣♣r♦❛❝❤ t♦ r❡s♦rt t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♣r♦✲
♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✷✳ ❚❤✐s ✐s ❜❡❝❛✉s❡✱ ❜❡✐♥❣ t❤❡ r❡❝♦♥str✉❝t❡❞ ✜❡❧❞ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t✱
✐t ❝❛♥ r❡♣r❡s❡♥t ❡①❛❝t❧② t❤❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞ ❝♦♠♣♦♥❡♥ts t❤❛t ❛♣♣❡❛r
❛t ✐♥t❡r❢❛❝❡s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧s✳ ■♥st❡❛❞✱ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✶✱ t❤❡ r❡❝♦♥str✉❝t❡❞
✜❡❧❞ ✐s ❝♦♥st❛♥t✳

✺✳✸ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❇❡s✐❞❡ ❛❧❧ t❤❡ ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s✱ t♦ ✈❛❧✐❞❛t❡ t❤❡ ❝♦♥✲
str✉❝t✐♦♥ ♣r♦♣♦s❡❞ ✐♥ t❤✐s ♣❛♣❡r ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ P♦✐ss♦♥ ❜♦✉♥❞❛r②
✈❛❧✉❡ ♣r♦❜❧❡♠s ❢♦r♠✉❧❛t❡❞ ✇✐t❤ ♦♥❡ ✉♥❦♥♦✇♥ ♣❡r ❡❧❡♠❡♥t✳

❲❡ ✜rst ✈❡r✐✜❡❞ t❤❛t t❤❡ ♣r♦♣♦s❡❞ t❡❝❤♥✐q✉❡ ✐s ❛❜❧❡ t♦ ♣❛ss ❛ ♣❛t❝❤ t❡st ♦♥ ❣r✐❞s ♠❛❞❡
❜② ❣❡♥❡r❛❧ t❡tr❛❤❡❞r❛✳ ❚❤❡♥✱ ❛ st❛t✐♦♥❛r② ❝✉rr❡♥t ❝♦♥❞✉❝t✐♦♥ ♣r♦❜❧❡♠ r❡♣r❡s❡♥t✐♥❣ ❛
sq✉❛r❡ r❡s✐st♦r ❛s ✐♥ ❙❡❝t✐♦♥ ✷✳✽✳✷ ✐s s♦❧✈❡❞✳

✺✳✸✳✶ ❋♦r♠✉❧❛t✐♦♥s ✇✐t❤ ♦♥❡ ✉♥❦♥♦✇♥ ♣❡r ❡❧❡♠❡♥t

❚❤❡r❡ ❛r❡ ♦t❤❡r ❝♦♠♣❧❡♠❡♥t❛r②✲❞✉❛❧ ❢♦r♠✉❧❛t✐♦♥s✱ ♠✉❝❤ ❧❡ss ❡①♣❧♦r❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱
t❤❛t ❢❡❛t✉r❡ ♦♥❡ ✉♥❦♥♦✇♥ ♣❡r ❡❧❡♠❡♥t ❬✼✶❪✱ ❬✼✼❪✱ ❬✼✸❪✳ ❆s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❬✼✼❪✱ t❤❡r❡ ❤❛s
❜❡❡♥ ❛ ❧♦♥❣✲st❛♥❞✐♥❣ ✐♥t❡r❡st t♦ r❡❞✉❝❡ t❤❡ s②st❡♠ t♦ ♦♥❡ ♣♦t❡♥t✐❛❧ ✈❛❧✉❡ ♣❡r ❡❧❡♠❡♥t✱
t♦ r❡❞✉❝❡ ✉♥❦♥♦✇♥s ❛♥❞ ♦❜t❛✐♥ ❛ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ s②st❡♠✳

■♥ ❬✼✼❪ t✇♦ ❛♣♣r♦❛❝❤❡s ❛r❡ ♣r♦♣♦s❡❞✳ ❚❤❡ ✜rst ♦♥❡ r❡q✉✐r❡s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❧♦❝❛❧
♣r♦❜❧❡♠s ♦♥ ♣❛t❝❤❡s ♦❢ ❡❧❡♠❡♥ts t♦ ♣r♦❞✉❝❡ ❧♦❝❛❧ ✢✉① ❡①♣r❡ss✐♦♥s✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s
❜❛s❡❞ ♦♥ t❤❡ ✉s❡ ♦❢ t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥✈❡rs❡ ♦❢ t❤❡ ♠❛ss ♠❛tr✐① ❛♥❞ ❤❛s ❜❡❡♥ ❞❡❡♠❡❞ ❛s
✐♠♣♦ss✐❜❧❡ ✐♥ ❬✼✼❪ ❜❡❝❛✉s❡ t❤❡ ✏t❤❡ ✐♥✈❡rs❡ ♦❢ ❛ ♠❛ss ♠❛tr✐① ✐s ♥♦t s♣❛rs❡✑✳ ❲❡ ❢♦❧❧♦✇ t❤❡
❧❛tt❡r ❛♣♣r♦❛❝❤ ❡♥❛❜❧❡❞ ❜② t❤❡ ❡✣❝✐❡♥t ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♦❢ ♠❛ss ♠❛tr✐❝❡s
♣r♦♣♦s❡❞ ❢♦r t❤❡ ✜rst t✐♠❡ ✐♥ t❤✐s ♣❛♣❡r✳ ❚♦ s❤♦✇ t❤❡ ❞❡t❛✐❧s✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❞✉❛❧
s❝❛❧❛r ♣♦t❡♥t✐❛❧ ❢♦r♠✉❧❛t✐♦♥s DSP ♦❜t❛✐♥❡❞ ❜② ✇r✐t✐♥❣ t❤❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❣❡♦♠❡tr✐❝
❢r❛♠❡✇♦r❦ ❬✹✺❪ ❛s

CTE Ẽ = 0 ✭✺✳✹✺✮

DJ F = 0 ✭✺✳✹✻✮

J F = MẼE Ẽ , ✭✺✳✹✼✮

✇❤❡r❡ D ✐s t❤❡ ❝❡❧❧✲❢❛❝❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐①✱ C ✐s t❤❡ ❢❛❝❡✲❡❞❣❡ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ❛♥❞ MẼ ✐s
t❤❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐① ♦❢ ME ✱ ✇❤✐❝❤ ♠❛♣s ❉♦❋s ♦❢ E ❛tt❛❝❤❡❞ t♦ ❞✉❛❧ ❡❞❣❡s t♦ ❉♦❋s
♦❢ J ❛tt❛❝❤❡❞ t♦ ♣r✐♠❛❧ ❢❛❝❡s✳ ❚❤✉s✱ ✇❡ ❝❛♥ ✐♥t❡r♣r❡t MẼ ❛s ❛ ❞✉❛❧ ❝♦♥❞✉❝t❛♥❝❡ ♠❛tr✐①✳
❚♦ ✐♠♣❧✐❝✐t❧② s❛t✐s❢② ✭✺✳✹✺✮✱ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧ U Ñ ✐♥ t❤❡ ❞✉❛❧ ♥♦❞❡s ✐s ✐♥tr♦❞✉❝❡❞



✺✳✸✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✻✶

t❤r♦✉❣❤
E Ẽ = −DTU Ñ +E Ẽ

s , ✭✺✳✹✽✮

✇❤❡r❡ E Ẽ
s ✐s ✐♥tr♦❞✉❝❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❉✐r✐❝❤❧❡t ❜✳❝✳✱ s♦ t❤❛t CTE Ẽ

s = 0 ❬✼✹❪✱
❬✹✽❪✳ ■ts ❝♦♥str✉❝t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ❞❡t❛✐❧❡❞ ✐♥ ❬✹✽❪✳ ❇② s✉❜st✐t✉t✐♥❣ ✭✺✳✹✽✮ ❛♥❞
✭✺✳✹✼✮ ✐♥t♦ ✭✺✳✹✻✮✱ ♦♥❡ ❣❡ts

(DMẼDT )U Ñ = DMẼE Ẽ
s , ✭✺✳✹✾✮

❤❛✈✐♥❣ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧ ♦♥ ❞✉❛❧ ♥♦❞❡s ❛s ✉♥❦♥♦✇♥s✳

❆ s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ MẼ ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❛s MẼ = MF−1✱ ✇❤❡r❡ t❤❡
❘❛✈✐❛rt✕❚❤♦♠❛s ♠❛ss ♠❛tr✐① MF ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ r❡s✐st❛♥❝❡ ♠❛ss ♠❛tr✐①✳ ❨❡t✱
t❤❡ ♦❜t❛✐♥❡❞ ♠❛tr✐① MẼ ✉s✐♥❣ t❤✐s r❡❝✐♣❡ ✐s ❢✉❧❧② ♣♦♣✉❧❛t❡❞✱ ❤❡♥❝❡ ♥♦t ✉s❛❜❧❡ ✐♥ ♣r❛❝t✐❝❡
❬✼✼❪✳ ❆♥♦t❤❡r s♦❧✉t✐♦♥ ✐s ❡♥❛❜❧❡❞ ❜② t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ MẼ ❜② ✉s✐♥❣ ✭✺✳✸✹✮✱
✇❤✐❝❤ ♣r♦❞✉❝❡s ❛ s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① ❢♦r ❛♥② t❡tr❛❤❡❞r❛❧ ❣r✐❞ ❣✐✈❡♥
❛s ✐♥♣✉t✳ ❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❛❞❞✐t✐♦♥❛❧ ✈♦❧t❛❣❡s ❉♦❋s ♦♥ t❤❡ ❜♦✉♥❞❛r② ❛r❡ ③❡r♦ ♦♥
t❤❡ ❡❧❡❝tr♦❞❡s✱ ❜❡❝❛✉s❡ ❡❧❡❝tr♦❞❡s ❛r❡ ❡q✉✐♣♦t❡♥t✐❛❧ ❜② ❤②♣♦t❤❡s✐s✳ ❚❤❡ ♦t❤❡r ❛❞❞✐t✐♦♥❛❧
✈♦❧t❛❣❡s ❉♦❋s ♦♥ t❤❡ ❜♦✉♥❞❛r② ❛r❡ ♥♦t ♥❡❡❞❡❞ ❜❡❝❛✉s❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡
❛♣♣❧✐❡❞ ♦♥ t❤❡ ❝✉rr❡♥ts ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞❛r② ❢❛❝❡s✳

❲❡ r❡♠❛r❦ t❤❛t ❛♥♦t❤❡r ❢♦r♠✉❧❛t✐♦♥ ❛r✐s❡s t❤❛t ✇❡ ♠❛② ❝❛❧❧ ❞✉❛❧ ✈❡❝t♦r ♣♦t❡♥t✐❛❧
DV P ✱ ✇❤✐❝❤ ✐s t❤❡ ❞✉❛❧ ♦❢ t❤❡ V P ❢♦r♠✉❧❛t✐♦♥✳ ■✳❡✳ ♦♥❡ ♦❜t❛✐♥s ❛ s②st❡♠ ✐♥ ✇❤✐❝❤ t❤❡
✉♥❦♥♦✇♥s ❛r❡ t❤❡ ❉♦❋s ♦❢ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❛tt❛❝❤❡❞ ♦♥ ❞✉❛❧ ❡❞❣❡s✳ ❚❤✐s ❢♦r♠✉❧❛t✐♦♥
✐s ♥♦t ♣r❡s❡♥t❡❞ ✐♥ ❞❡t❛✐❧ s✐♥❝❡ ✐t ❤❛s ❜❡❡♥ ✈❡r✐✜❡❞ t❤❛t ✐t ✐s ❢❛r t♦ ❜❡ ❝♦♠♣❡t✐t✐✈❡ ✇✐t❤
t❤❡ ♦t❤❡rs ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝②✳

✺✳✸✳✷ ❈❧❛ss✐❝❛❧ ♣❛t❝❤ t❡sts

❚❤❡ ♣❛t❝❤ t❡sts ❛r❡ P♦✐ss♦♥ ♣r♦❜❧❡♠s ❞❡s✐❣♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡✐r ❛♥❛❧②t✐❝❛❧
s♦❧✉t✐♦♥ ✐s ✉♥✐❢♦r♠✳ ❇② ✐♥t❡r♣r❡t✐♥❣ t❤❡ P♦✐ss♦♥ ♣r♦❜❧❡♠s ❛s ❞✐r❡❝t ❝✉rr❡♥t ❝♦♥❞✉❝t✐♦♥
♣r♦❜❧❡♠s✱ ❛ s✐♠♣❧❡ ✇❛② t♦ ♣r♦❞✉❝❡ ❛ ♣❛t❝❤ t❡st ✐s t♦ ❝♦♥s✐❞❡r ❛ ♣❧❛♥❛r r❡s✐st♦r✱ ❛s
❞❡s❝r✐❜❡❞ ✐♥ ❋✐❣✳ ✺✳✷✭❛✮✳ ■t ❤❛s ❜❡❡♥ ✈❡r✐✜❡❞ t❤❛t t❤❡ SP ✱ V P = MH✱ ❛♥❞ DSP
❢♦r♠✉❧❛t✐♦♥s ♣r♦❞✉❝❡ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❛s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✺✳✷✭❜✮✳

✺✳✸✳✸ ▼✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡sts

■♥ t❤❡ ✜rst ♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡st✱ t✇♦ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧s ✇✐t❤ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧
♣r♦♣❡rt✐❡s ❛r❡ ♣❧❛❝❡❞ ✐♥ s❡r✐❡s✳ ❋r♦♠ t❤❡ r❡s✉❧t r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✺✳✸✭❜✲❝✮✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ E ✐s ❝♦♥s❡r✈❡❞ ❛❝r♦ss t❤❡ ♠❛t❡r✐❛❧
✐♥t❡r❢❛❝❡✱ ✇❤❡r❡❛s t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ J ❥✉♠♣s✳ ❚❤✐s
r❡s✉❧t ❤♦❧❞s ❢♦r ❛❧❧ ❢♦r♠✉❧❛t✐♦♥s✳

■♥ t❤❡ s❡❝♦♥❞ ♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡st✱ t✇♦ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧s ✇✐t❤ ❞✐✛❡r❡♥t ♠❛✲
t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❛r❡ ♣❧❛❝❡❞ ✐♥ ♣❛r❛❧❧❡❧✳ ❋r♦♠ t❤❡ r❡s✉❧t r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✺✳✸✭❡✲❢✮✱ ✇❡
❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② J ✐s ❝♦♥s❡r✈❡❞ ❛❝r♦ss t❤❡
♠❛t❡r✐❛❧ ✐♥t❡r❢❛❝❡✱ ✇❤❡r❡❛s t❤❡ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ E ❥✉♠♣s✳ ❚❤✐s
r❡s✉❧t ❤♦❧❞s ❢♦r ❛❧❧ ❢♦r♠✉❧❛t✐♦♥s✳



✻✷ ✺✳ ❊①♣❧✐❝✐t ❣❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s

(a) (b)

σ = 1

❋✐❣✉r❡ ✺✳✷✿ ✭❛✮ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♣❛t❝❤ t❡st ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛♥ ❡❧❡❝tr✐❝ ❝♦♥❞✉❝t✐♦♥
♣r♦❜❧❡♠ ✐♥s✐❞❡ ❛ ♣❧❛♥❛r r❡s✐st♦r✳ ✭❜✮ ❆❧❧ ♠❡♥t✐♦♥❡❞ ❢♦r♠✉❧❛t✐♦♥s ❛r❡ ❛❜❧❡ t♦ r❡tr✐❡✈❡ t❤❡
❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✉♣ t♦ ♠❛❝❤✐♥❡ ♣r❡❝✐s✐♦♥ ♦r ✐t❡r❛t✐✈❡ s♦❧✈❡r t♦❧❡r❛♥❝❡✳

(a)
σ = 1

σ = 2

(b)

(c)

σ = 1
σ = 2

(d)

(e)

(f)

❋✐❣✉r❡ ✺✳✸✿ ✭❛✮ ❚❤❡ s❡r✐❡s ♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡st✳ ✭❜✮ ❊❧❡❝tr♦st❛t✐❝ ✜❡❧❞ E ♦❜t❛✐♥❡❞
✇✐t❤ t❤❡ s❡r✐❡s✳ ✭❝✮ ❈✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ J ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ s❡r✐❡s✳ ✭❞✮ ❚❤❡ ♣❛r❛❧❧❡❧
♠✉❧t✐✲♠❛t❡r✐❛❧ ♣❛t❝❤ t❡st✳ ✭❡✮ ❊❧❡❝tr✐❝ ✜❡❧❞ E ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♣❛r❛❧❧❡❧✳ ✭❢✮ ❈✉rr❡♥t
❞❡♥s✐t② ✜❡❧❞ J ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♣❛r❛❧❧❡❧✳



✺✳✹✳ ❈♦♥❝❧✉s✐♦♥s ✻✸

10
3

10
4

log10 number of tetrahedra

10

10.1

10.2

10.3

10.4

10.5

10.6

G
 [
S
]

Reference

SP

VP = MH

DSP

❋✐❣✉r❡ ✺✳✹✿ ❘❡s✉❧ts ❢♦r t❤❡ sq✉❛r❡ r❡s✐st♦r ❜❡♥❝❤♠❛r❦✳

✺✳✸✳✹ ❙q✉❛r❡ r❡s✐st♦r ❜❡♥❝❤♠❛r❦

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ V P ❛♥❞ MH ❢♦r♠✉❧❛t✐♦♥s ♣r♦❞✉❝❡ t❤❡ s❛♠❡ r❡s✉❧ts ❣✐✈❡♥ t❤❛t
t❤❡② ❛r❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t ❬✹✽❪✳ ❚❤❡ ❝♦♥❞✉❝t❛♥❝❡ ♦❢ t❤❡ sq✉❛r❡ r❡s✐st♦r ❤❛s ❜❡❡♥
❡✈❛❧✉❛t❡❞ ❜② t❤❡ SP ✱ V P = MH✱ ❛♥❞ DSP ❢♦r♠✉❧❛t✐♦♥s ♦♥ r❡✜♥❡❞ ❣r✐❞s✳ ❚❤❡ r❡s✉❧ts
❛r❡ ❝♦❧❧❡❝t❡❞ ✐♥ ❋✐❣✳ ✺✳✹✳ ❋✐rst✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ r❡s✉❧ts r❡❧❛t✐✈❡ t♦ t❤❡
s❝❛❧❛r ♣♦t❡♥t✐❛❧ SP ❛♥❞ t♦ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ V P ♦r ♠✐①❡❞✲❤②❜r✐❞ MH ❢♦r♠✉❧❛t✐♦♥s
♣r♦✈✐❞❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ❝♦♥❞✉❝t❛♥❝❡ ❬✺✷❪✱ ❬✹✻❪✳ ❚❤✐s
♣r♦♣❡rt② ✐s ❝❛❧❧❡❞ ❝♦♠♣❧❡♠❡♥t❛r✐t② ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝s ❝♦♠♠✉♥✐t②
❬✼❪✱ ❬✹✽❪✳

✺✳✹ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ ♥❡✇ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ❡❞❣❡ ❛♥❞ ❢❛❝❡
♠❛ss ♠❛tr✐❝❡s ❢♦r ❛r❜✐tr❛r② t❡tr❛❤❡❞r❛❧ ❣r✐❞s✳ ❚❤❡ ♣r♦♣♦s❡❞ ❢r❛♠❡✇♦r❦ ✉♥✐✜❡s t❤❡ ❝♦♥✲
str✉❝t✐♦♥ ♦❢ ❜♦t❤ ♠❛ss ♠❛tr✐❝❡s ❛♥❞ t❤❡✐r ✐♥✈❡rs❡s ❛♥❞ ✐s ❜❛s❡❞ ♦♥ ♥♦✈❡❧ ❣❡♦♠❡tr✐❝
r❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛s✱ ❢r♦♠ ✇❤✐❝❤✱ ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ s✉♠ ♦❢ ❛
❝♦♥s✐st❡♥t ❛♥❞ ❛ st❛❜✐❧✐③❛t✐♦♥ t❡r♠✳ ❚❤❡ ❝♦♥s✐st❡♥t t❡r♠ ✐s ❞❡✜♥❡❞ ❣❡♦♠❡tr✐❝❛❧❧② ❛♥❞
❡①♣❧✐❝✐t❧②✱ t❤✉s ♣r♦✈✐❞✐♥❣ ❛ s❡♥s✐❜❧❡ s♣❡❡❞✉♣ ❛♥❞ ❛♥ ❡❛s✐❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❤❡r❡❛s t❤❡
st❛❜✐❧✐③❛t✐♦♥ t❡r♠ ✐s ❝♦♥str✉❝t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ ✇❡❧❧✲❡st❛❜❧✐s❤❡❞ ❞❡s✐❣♥ str❛t❡❣②✳ ❚❤❡
r❡s✉❧t✐♥❣ ❡①♣r❡ss✐♦♥s ❢♦r ❜♦t❤ t②♣❡s ♦❢ ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s ❛r❡ ❤✐❣❤❧② s②♠♠❡tr✐❝✱ t❤✉s
❤✐❣❤❧✐❣❤t✐♥❣ t❤❡ ❞✉❛❧✐t② r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♣❛✐r ♦❢ ❣r✐❞s✳ ●❧♦❜❛❧ ♠❛ss ♠❛tr✐❝❡s ❛r❡
t❤❡♥ ❝♦♥str✉❝t❡❞ ✉s✐♥❣ ❛ st❛♥❞❛r❞ ❛ss❡♠❜❧✐♥❣ ♣r♦❝❡ss✳ ■♥ t❤✐s ✇❛② ✇❡ ♦❜t❛✐♥ ❛ s♣❛rs❡
♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥ ❛❧s♦ ❢♦r t❤❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐①✳ ❚❤✐s ❛✈♦✐❞s ❡①♣❧✐❝✐t❧② ❝♦♠♣✉t✐♥❣
t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥✈❡rs❡ ♦❢ t❤❡ ♠❛ss ♠❛tr✐① ✇❤✐❝❤ ✐s ❢♦✉♥❞ t♦ ❜❡ t②♣✐❝❛❧❧② ❞❡♥s❡✳ ❆ ❦❡②



✻✹ ✺✳ ❊①♣❧✐❝✐t ❣❡♦♠❡tr✐❝ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛rs❡ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s

❛s♣❡❝t ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ✐s t❤❛t ❜❡✐♥❣ ❜❛s❡❞ ♦♥ ❣❡♦♠❡tr✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❜❛r②❝❡♥✲
tr✐❝ ❞✉❛❧ ❣r✐❞✱ ✐t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❛r❜✐tr❛r② t❡tr❛❤❡❞r❛❧ ❣r✐❞s✳ ❚✇♦ ❞✐✛❡r❡♥t str❛t❡❣✐❡s
❛r❡ ♣r♦♣♦s❡❞ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ ❞✐s❝♦♥t✐♥✉♦✉s ♠❛t❡r✐❛❧ ♣❛r❛♠✲
❡t❡rs ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✐♥t❡r❢❛❝❡s ❛r❡ ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ t❡tr❛❤❡❞r❛❧ ❣r✐❞✱ ❛♥❞ ❛♥
❤②❜r✐❞ ❛♣♣r♦❛❝❤ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✐s ❡♠♣❧♦②❡❞ ✐♥ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❡ t❡st❡❞ t❤❡
♥❡✇❧② ❞❡r✐✈❡❞ ✐♥✈❡rs❡ ♠❛ss ♠❛tr✐❝❡s ❜② s♦❧✈✐♥❣ ❛ P♦✐ss♦♥ ♣r♦❜❧❡♠ ❛♥❞ ✇❡ ✈❡r✐✜❡❞ t❤❛t
♣❛t❝❤ t❡st ✐s ♣❛ss❡❞✱ ❡✈❡♥ ✇❤❡♥ ♠❛t❡r✐❛❧ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❛r❡ ♣r❡s❡♥t✳ ❆ r❡❛❧ ❝❛s❡ ♣r♦❜❧❡♠
✐♥✈♦❧✈✐♥❣ ❛ sq✉❛r❡ r❡s✐st♦r ❜❡♥❝❤♠❛r❦ ✐s ❛♥❛❧②③❡❞✳ ●✐✈❡♥ t❤❛t r❡❝♦♥str✉❝t✐♦♥ ❢♦r♠✉❧❛s
✐♥ ❡❛❝❤ ❞✉❛❧ ❝❡❧❧ ♣r♦✈✐❞❡ ❛ ✜rst✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ✈❡❝t♦r ✜❡❧❞✱ ✇❡ ❡①♣❡❝t t❤❛t
✜rst✲♦r❞❡r ❡rr♦r ❡st✐♠❛t❡s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳



6
❈♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ✈❡❝t♦r

♣♦t❡♥t✐❛❧s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r❡s❡♥t ❛ ♥♦✈❡❧ ❢r❛♠❡✇♦r❦ t♦ s♦❧✈❡ t❤❡ ❞✐s❝r❡t❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
♣♦t❡♥t✐❛❧ ♣r♦❜❧❡♠✿ ❞❡t❡r♠✐♥❡ ❛ ✈❡❝t♦r ✜❡❧❞ ✇✐t❤ s♣❡❝✐✜❡❞ ❝✉r❧✱ ✐✳❡✳ ❛ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ♦❢
❛ ❣✐✈❡♥ ✈❡❝t♦r ✜❡❧❞✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ♦❢ R3 ❛s ✐♥ ❙❡❝t✐♦♥ ✷✳✶✱ ✇❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t
Ω ✐s t♦♣♦❧♦❣✐❝❛❧❧② tr✐✈✐❛❧✱ ✐✳❡✳✱ ✐t ✐s ❤♦♠❡♦♠♦r♣❤✐❝ t♦ ❛ ❝❧♦s❡❞ 3✲❜❛❧❧ ✭♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ t♦
❛ ❝✉❜❡✮✳ ▲❡t J ❜❡ ❛ ✈❡❝t♦r ✜❡❧❞ ❞❡✜♥❡❞ ✐♥ Ω✳ ❆ ✈❡❝t♦r ✜❡❧❞ H ✐s ❛ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ♦❢
J ✱ ♥❛♠❡❧②✱

∇×H = J , ✭✻✳✶✮

✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ J ✐s ③❡r♦ ❛♥❞ ✐ts ✢✉① ✐s ✈❛♥✐s❤✐♥❣ ❛❝r♦ss ❛❧❧ t❤❡ ✭❜✉t ♦♥❡✮
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ∂Ω✳ ■♥ ♦✉r ❝❛s❡✱ ∂Ω ✐s ❝♦♥♥❡❝t❡❞✱ s♦ t❤❡ ✢✉① ❝♦♥❞✐t✐♦♥ ♦♥ J

❝❛♥ ❜❡ ♦♠✐tt❡❞ s✐♥❝❡ ✐t ✐s ❛✉t♦♠❛t✐❝❛❧❧② ✈❡r✐✜❡❞✳
❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠✐♠❡t✐❝ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ✭✻✳✶✮✱ t❤❡ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ♣r♦❜✲

❧❡♠ ✐s t♦ ✜♥❞ ❛ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ HE ∈ E s✉❝❤ t❤❛t

CHE = JF . ✭✻✳✷✮

■♥ ✐♥t✐♠❛t❡ ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ❝♦♥t✐♥✉♦✉s ❝❛s❡✱ ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ HE ✐s t❤❛t ❛rr❛② JF r❡♣r❡s❡♥ts ❛ ❞✐s❝r❡t❡
s♦❧❡♥♦✐❞❛❧ ✈❡❝t♦r ✜❡❧❞✱ ✐✳❡✳ ✐t ✈❡r✐✜❡s DJF = 0✳

❖✉r ♠❛✐♥ ♠♦t✐✈❛t✐♦♥ t♦ s♦❧✈❡ ♣r♦❜❧❡♠ ✭✻✳✷✮ st❡♠s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤✐s ❛❧❣♦r✐t❤♠✐❝
♣r✐♠✐t✐✈❡ ✐s ❛♥ ❡♥❛❜❧✐♥❣ t❡❝❤♥♦❧♦❣② ❢♦r s♦❧✈✐♥❣ ♠❛♥② ♣r♦❜❧❡♠s ❛r✐s✐♥❣ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧
♣❤②s✐❝s✱ ❢r♦♠ ❡❧❡❝tr♦♠❛❣♥❡t✐s♠ t♦ ❡❧❛st✐❝✐t② ❛♥❞ ✢✉✐❞ ♠❡❝❤❛♥✐❝s ❬✼✽❪✳ ❋✐rst✱ ✐t ❝❛♥ ❜❡
✉s❡❞ t♦ s♦❧✈❡ t❤❡ ✈❡❝t♦r ❧❛♣❧❛❝✐❛♥ ✐♥ ♥❡❛r❧② ❧✐♥❡❛r t✐♠❡ ❬✼✾❪✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t✱ ✐♥st❡❛❞
❢♦r♠✉❧❛t✐♥❣ t❤❡ ✈❡❝t♦r ❧❛♣❧❛❝✐❛♥ ❜② ✉s✐♥❣ ❛ ✈❡❝t♦r ♣♦t❡♥t✐❛❧✱ t❤❡ s❝❛❧❛r ♣♦t❡♥t✐❛❧ ❬✽✵❪ ♦r
t❤❡ ♠✐①❡❞✲❤②❜r✐❞ ❬✽✶❪ ❢♦r♠✉❧❛t✐♦♥s ❝♦✉❧❞ ❜❡ ✉s❡❞ ✐♥st❡❛❞✱ ✇❤✐❝❤ ♣r♦❞✉❝❡ ❧✐♥❡❛r s②st❡♠s
t❤❛t ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ ♥❡❛r❧② ❧✐♥❡❛r t✐♠❡ ❜② ✉s✐♥❣ ❛❧❣❡❜r❛✐❝ ♠✉❧t✐❣r✐❞ ♠❡t❤♦❞s✳ ❙❡❝♦♥❞✱
✐♥✈❡rs❡ ❞✐s❝r❡t❡ ❝✉r❧ ✐s ❛t t❤❡ r♦♦t ♦❢ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s t♦ ❝♦♠♣✉t❡ ❛ ❝♦❤♦♠♦❧♦❣② ❜❛s✐s



✻✻ ✻✳ ❈♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s

❛♥❞ s♦✉r❝❡ ✜❡❧❞s ❢♦r s♦❧✈✐♥❣ ♠❛❣♥❡t♦st❛t✐❝s ❛♥❞ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠s ❜② ♠✐♠❡t✐❝ ♦r
✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❬✽✷✱ ✽✸✱ ✽✹✱ ✽✺❪✳ ❲❡ t❤✐♥❦ HE ❛s ❛ ❞✐s❝r❡t❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞
JF ❛s ❛ ❞✐s❝r❡t❡ ❝✉rr❡♥t❀ t❤❡♥ ✭✻✳✷✮ ❡①♣r❡ss❡s t❤❡ s♦✲❝❛❧❧❡❞ ❞✐s❝r❡t❡ ❆♠♣èr❡✬s ❧❛✇✳ ■♥
t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❧✐t❡r❛t✉r❡✱ ❞✐s❝r❡t❡ ✜❡❧❞s HE s❛t✐s❢②✐♥❣ ✭✻✳✷✮ ❛r❡ ♦❢t❡♥ ❝❛❧❧❡❞ s♦✉r❝❡
✜❡❧❞s✳ ❆ ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝s ✐s t♦ ✜♥❞ ❛ ♠❛❣♥❡t✐❝
✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❢r♦♠ ❛ ♠❛❣♥❡t✐❝ ✐♥❞✉❝t✐♦♥ ✜❡❧❞ ❬✽✻❪✳

❚❤❡r❡ ❛r❡ t✇♦ ❛♥❛❧♦❣♦✉s ❞✐s❝r❡t❡ ♣♦t❡♥t✐❛❧ ♣r♦❜❧❡♠s✿ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡r♠✐♥✐♥❣
❛ s❝❛❧❛r ♣♦t❡♥t✐❛❧ ✇✐t❤ ❛ss✐❣♥❡❞ ❣r❛❞✐❡♥t ❛♥❞ ❛ ✈❡❝t♦r ✜❡❧❞ ✇✐t❤ ❛ss✐❣♥❡❞ ❞✐✈❡r❣❡♥❝❡✳
❍♦✇❡✈❡r✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ♦✉r ❞✐s❝♦✉rs❡✱ ❛♥❞ ❛s ❜❡❡♥ ❛❧r❡❛❞② ♣♦✐♥t❡❞ ♦✉t ✐♥ ❧✐t❡r❛t✉r❡
❬✽✼❪✱ t❤❡s❡ t✇♦ ♣r♦❜❧❡♠s ❛r❡ ❧❡ss ❝❤❛❧❧❡♥❣✐♥❣ t❤❛♥ ♣r♦❜❧❡♠ ✭✻✳✷✮✱ s✐♥❝❡ t❤❡② ❛r❡ ❡❛s✐❧②
s♦❧✈❡❞ ✐♥ ❧✐♥❡❛r ✇♦rst✲❝❛s❡ ❝♦♠♣❧❡①✐t② ✉s✐♥❣ st❛♥❞❛r❞ s♣❛♥♥✐♥❣ tr❡❡ ❝♦♥str✉❝t✐♦♥s✳

❈✉rr❡♥t❧②✱ ❚❤❡ ♠♦st ❡✣❝✐❡♥t ♠❡t❤♦❞s t♦ s♦❧✈❡ ❧✐♥❡❛r s②st❡♠ ✭✻✳✷✮ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡
s♦✲❝❛❧❧❡❞ tr❡❡✲❝♦tr❡❡ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❤♦s❡ ❜❛s✐❝ ✐❞❡❛ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ✇♦r❦s ❬✽✵✱ ✽✷❪✳
❍♦✇❡✈❡r✱ tr❡❡✲❝♦tr❡❡ t❡❝❤♥✐q✉❡s s✉✛❡r ❢r♦♠ ✇❡❧❧✲❦♥♦✇♥ t❡r♠✐♥❛t✐♦♥ ♣r♦❜❧❡♠s ❬✽✽✱ ✽✼❪✳
■♥ ❙❡❝t✐♦♥ ✻✳✸ ✇❡ s❤♦✇ t❤❛t t❡r♠✐♥❛t✐♦♥ ♣r♦❜❧❡♠s ♦❢ tr❡❡✲❝♦tr❡❡ ❞❡❝♦♠♣♦s✐t✐♦♥ t❡❝❤✲
♥✐q✉❡s ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r ❛ ❣✐✈❡♥ ♠❡s❤ ❤❛s ❛ t♦♣♦❧♦❣✐❝❛❧
♣r♦♣❡rt② ❝❛❧❧❡❞ ❝♦❧❧❛♣s✐❜✐❧✐t②✳ ■t ✐s ❦♥♦✇♥ t❤❛t t❤❡r❡ ❡①✐st ✸✲❜❛❧❧s ✇❤✐❝❤ ❛r❡ ♥♦t ❝♦❧❧❛♣s✐✲
❜❧❡ ❬✽✾❪✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r ❛♥ ❛r❜✐tr❛r② ✭❡♠❜❡❞❞❡❞ ♦r ♥♦t✮
s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ✐s ❝♦❧❧❛♣s✐❜❧❡ ✐s ◆P✲❝♦♠♣❧❡t❡ ❬✾✵❪✳ ❚❤✐s ❧✐♠✐ts ❞❡❡♣❧② t❤❡ t❤❡♦r❡t✐❝❛❧
✉s❛❣❡ ♦❢ tr❡❡✲❝♦tr❡❡ t❡❝❤♥✐q✉❡s✳ ■♥ ❙❡❝t✐♦♥ ✻✳✹ ✇❡ ♣r♦♣♦s❡ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥
❞✐s❝r❡t❡ ▼♦rs❡ t❤❡♦r② t❤❛t ✐s ❛❜❧❡ t♦ ❞❡❛❧ ✇✐t❤ ♥♦♥✲❝♦❧❧❛♣s✐❜❧❡ ❝♦♠♣❧❡①❡s ✇❤✐❧❡ s❤♦✇✐♥❣
t❤❡ s❛♠❡ ❧✐♥❡❛r ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ tr❡❡✲❝♦tr❡❡ t❡❝❤♥✐q✉❡s✳

✻✳✶ ◆♦t❛t✐♦♥

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛ ♣❛rt✐t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ✐♥❞❡① s❡t ✇✐❧❧ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t
r♦❧❡✳ ▲❡t I ❜❡ ❛ ✜♥✐t❡ ✐♥❞❡① s❡t✳ ❆ ♣❛rt✐t✐♦♥ ♦❢ I ✐s ❛ ❢❛♠✐❧② ♦❢ ❞✐s❥♦✐♥t s✉❜s❡ts {I1, . . . , Ip}
♦❢ I s✉❝❤ t❤❛t

⋃︁p
l=1 Il = I✳ ❚❤❡ s✉❜✈❡❝t♦r ♦❢ v = (vi)i∈I ∈ RI ✐♥❞✉❝❡❞ ❜② Il ✐s

v Il := (vi)i∈Il , ✭✻✳✸✮

❢♦r l ∈ {1, . . . , p}✳ ❆ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r v ❛s ❛ ❜❧♦❝❦ ✈❡❝t♦r ✐s ❣✐✈❡♥ ❜②

v = (v Il)l∈{1,...,p}. ✭✻✳✹✮

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣r♦❞✉❝t ♦❢ ✐♥❞❡① s❡ts I ❛♥❞ J ✳ ❲❡ ✇✐❧❧ ♥❡❡❞ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦t✐♦♥
♦❢ ✭✻✳✸✮ ❢♦r ❛ ♠❛tr✐① ✇❤♦s❡ ❡♥tr✐❡s ❛r❡ ✐♥❞❡①❡❞ ❜② ❡❧❡♠❡♥ts ✐♥ I × J ✳ ▲❡t ✉s ❝♦♥s✐❞❡r
♣❛rt✐t✐♦♥s ♦❢ I ❛♥❞ J ❛s {I1, . . . , Ip} ❛♥❞ {J1, . . . , Jq}✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❤❛✈❡ ❛ ❝♦r✲
r❡s♣♦♥❞✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ I × J ❛s ❛ ❢❛♠✐❧② ♦❢ ❞✐s❥♦✐♥t s✉❜s❡ts {O1, . . . , On} s✉❝❤ t❤❛t
Oi = Il × Jm ❢♦r s♦♠❡ l ∈ {1, . . . , p}✱ m ∈ {1, . . . , q} ❛♥❞ I × J =

⋃︁n
i=1 Oi✳ ❚❤❡

s✉❜♠❛tr✐① ♦❢ A = (Ai,j)i∈I,j∈J ∈ RI×J ✐♥❞✉❝❡❞ ❜② Il × Jm ✐s

A Il×Jm
:= (Ai,j)i∈Il,j∈Jm

∈ RIl×Jm . ✭✻✳✺✮

❆ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❛tr✐① A ❛s ❛ ❜❧♦❝❦ ♠❛tr✐① ✐s ❣✐✈❡♥ ❜②

A = (A Il×Jm
)l∈{1,...,p},m∈{1,...,q}. ✭✻✳✻✮



✻✳✷✳ ❉✐s❝r❡t❡ ▼♦rs❡ ❚❤❡♦r② ✻✼

✻✳✷ ❉✐s❝r❡t❡ ▼♦rs❡ ❚❤❡♦r②

❚❤❡ ✉♥❞❡r❧②✐♥❣ ♣r✐♥❝✐♣❧❡ ♦❢ ♦✉r ❝♦♥str✉❝t✐♦♥ ❢♦❧❧♦✇s ❛♥ ❛❞ ❤♦❝ r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ ❋♦r♠❛♥✬s
❉✐s❝r❡t❡ ▼♦rs❡ t❤❡♦r② ❬✾✶❪ ❣✐✈❡♥ ❜② ❑♦③❧♦✈ ❬✾✷❪✱ ✇❤❡r❡ t❤❡ ❜❛s✐❝ t♦♦❧ ✐s ❛ ❝♦♠❜✐♥❛t♦r✐❛❧
♦❜❥❡❝t ❝❛❧❧❡❞ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣✳ ❙❡✈❡r❛❧ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ ♦✉r ❝♦♥str✉❝t✐♦♥ ❤❛✈❡ ❛❧r❡❛❞②
❛♣♣❡❛r❡❞ ✐♥ ❧✐t❡r❛t✉r❡✳ ❲❡ ♣r❡s❡♥t ❛ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❞✐s❝r❡t❡ ▼♦rs❡ t❤❡♦r② ❛❞❛♣t❡❞ t♦
♦✉r ♣✉r♣♦s❡s✱ ❛❧♦♥❣ ✇✐t❤ s♠❛❧❧❡r✱ ♠♦r❡ ✐❧❧✉str❛t✐✈❡ ✐♥st❛♥❝❡s✱ ✇❤✐❝❤ ✇✐❧❧ ♣r♦✈✐❞❡ ✐♥s✐❣❤ts
♦♥ t❤❡ str✉❝t✉r❡ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✳

✻✳✷✳✶ ■♥❢♦r♠❛❧ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❞✐s❝r❡t❡ ▼♦rs❡ t❤❡♦r②

❚❤❡ ✜rst ❝♦♥❝❡♣t ✐s t❤❛t ♦❢ ❡❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡✳ ❖♥❡ ♠❛② ✈✐❡✇ ❞✐s❝r❡t❡ ▼♦rs❡ t❤❡♦r② ❛s
❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r② ♦❢ s✐♠♣❧✐❝✐❛❧ ❝♦❧❧❛♣s❡s✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢ ❝♦❧❧❛♣s❡✱ ♦r✐❣✐♥❛t❡❞
✐♥ ❲❤✐t❡❤❡❛❞✬s ✇♦r❦ ❬✾✸❪✱ ♣r♦✈✐❞❡s ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣❡r❛t✐♦♥ t❤❛t ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❡
❝♦♥t✐♥✉♦✉s ♦♣❡r❛t✐♦♥ ❝❛❧❧❡❞ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t✐♦♥✱ ✐✳❡✳✱ t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s❧②
s❤r✐♥❦✐♥❣ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ t♦ ❛ s✉❜s❡t✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❧❡t (σ, τ) ❜❡ ❛ ♣❛✐r ♦❢ ❝❡❧❧s
s✉❝❤ t❤❛t σ ⊂ τ ❛♥❞ dimσ = dim τ − 1✳ ❋♦r t❤✐s ♣❛✐r✱ t♦ ✐♥❞✉❝❡ ❛♥ ❡❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡✱
✇❡ r❡q✉✐r❡ τ t♦ ❜❡ ❛ ❝❡❧❧ ♦❢ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥ ✐♥K ❛♥❞ t❤❡ ♦♥❧② ♦♥❡ ❝❡❧❧ ♦❢K ❝♦♥t❛✐♥✐♥❣
σ❀ ✇❡ r❡❢❡r t♦ t❤✐s ❛s s❛②✐♥❣ t❤❛t t❤❡ ♣❛✐r (σ, τ) ✐s ❢r❡❡ ✐♥ K✳ ❊q✉✐✈❛❧❡♥t❧②✱ ✇❡ ❛❧s♦ s❛②
t❤❛t σ ✐s ❢r❡❡ ✐♥ K❀ s❡❡ ❋✐❣✳ ✻✳✶✭❛✮✳ ❲❡ s❛② t❤❛t K ❝♦❧❧❛♣s❡s t♦ L ✐❢ ♦♥❡ ❝♦✉❧❞ ❣❡t ❢r♦♠
K t♦ L ✐♥ ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡s✳ ■❢ K ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ s✐♥❣❧❡ ✈❡rt❡①✱
t❤❡♥ ✇❡ s❛② t❤❛t K ✐s ❝♦❧❧❛♣s✐❜❧❡❀ ✐♥ t❤✐s ❝❛s❡ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥t❛r②
❝♦❧❧❛♣s❡s ❧❡❛✈✐♥❣ ❛ s✐♥❣❧❡ ♥♦❞❡✳

❉r♦♣♣✐♥❣ t❤❡ ✉♥✐q✉❡♥❡ss ❝♦♥❞✐t✐♦♥ ♦♥ τ ✱ ✇❡ ♦❜t❛✐♥ ✇❤❛t ✇❡ r❡❢❡r t♦ ❛s ❛♥ ✐♥t❡r♥❛❧
❝♦❧❧❛♣s❡✱ s❡❡ ❋✐❣✳ ✻✳✶✭❜✮✳

●❡♦♠❡tr✐❝❛❧❧②✱ ✐♥ ❜♦t❤ ❝❛s❡s✱ ✇❡ ♦❜t❛✐♥ ❛ ❝♦❧❧❛♣s❡ ♦❢ t❤❡ ♣❛✐r (σ, τ) ❜② ❝♦♥tr❛❝t✐♥❣
t❤❡ ✇❤♦❧❡ ❝❡❧❧ τ ♦♥t♦ ∂τ \ σ✳

■♥ ✐♥t✐♠❛t❡ ❛♥❛❧♦❣② ✇✐t❤ ❡❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡s✱ ✇❡ ♠❛② ❝♦♠❜✐♥❡ ♠❛♥② ✐♥t❡r♥❛❧ ❝♦❧✲
❧❛♣s❡s t♦ ❢♦r♠ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡r♥❛❧ ❝♦❧❧❛♣s❡s✱ ❛❣❛✐♥ ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ ❤♦♠♦t♦♣②
t②♣❡✳

❲❡ t❤✉s ❤❛✈❡ ❛ ❢❛♠✐❧② ♦❢ ♣❛✐rs {(σ1, τ1), . . . , (σn, τn)} t♦ ❜❡ ❝♦❧❧❛♣s❡❞✱ ✐♥ t❤✐s ♦r❞❡r✳
❖♥❡ ♠❛② ✈✐❡✇ t❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ ♣❛✐rs ❛s ❛ ♠❛t❝❤✐♥❣ ♦♥ K✳ ❆❝❝♦r❞✐♥❣❧②✱ ✇❡ r❡❢❡r t♦
❝❡❧❧s ❝♦♥t❛✐♥❡❞ ✐♥ s♦♠❡ ♣❛✐r ❛s ♠❛t❝❤❡❞ ❛♥❞ ♦t❤❡r ❝❡❧❧s ❛s ✉♥♠❛t❝❤❡❞ ♦r ❝r✐t✐❝❛❧ ✭✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ♠❛t❝❤✐♥❣✮✳

▲❡t K (i) ❜❡ t❤❡ r❡s✉❧t✐♥❣ ❝❡❧❧ ❝♦♠♣❧❡① ❛❢t❡r t❤❡ ✜rst i ❝♦❧❧❛♣s❡s✳ ❋♦r t❤❡ ♣❛✐rs t♦
❢♦r♠ ❛ s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡s✱ ✇❡ r❡q✉✐r❡ t❤❛t ❡❛❝❤ ♥❡✇ ♣❛✐r (σi, τi) ✐s ❢r❡❡ ✐♥
K (i−1)✳ ❋♦r ❣❡♥❡r✐❝ ❝♦❧❧❛♣s❡s ✇❡ ❛♣♣❧② t❤❡ s❛♠❡ r❡q✉✐r❡♠❡♥t✱ ❡①❝❡♣t t❤❛t ✇❡ r❡str✐❝t ♦✉r
❛tt❡♥t✐♦♥ t♦ t❤❡ ❢❛♠✐❧② ♦❢ ♠❛t❝❤❡❞ ❝❡❧❧s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❞♦ ♥♦t r❡q✉✐r❡ (σi, τi) t♦ ❜❡ ❢r❡❡
✐♥ K (i−1)✱ ❜✉t τi ♠✉st ❜❡ t❤❡ ♦♥❧② ♠❛t❝❤❡❞ ❝❡❧❧ ♦❢ K (i−1) ❝♦♥t❛✐♥✐♥❣ σi✳ ❊q✉✐✈❛❧❡♥t❧②✱
❢♦r ❡❛❝❤ i✱ ✇❡ s❤♦✉❧❞ ❤❛✈❡ t❤❛t σi ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ τi+1, . . . , τn ❢♦r i ∈ {1, . . . , n− 1}✳
❲❡ r❡❢❡r t♦ ❛ ♠❛t❝❤✐♥❣ ♦♥ K ❛❞♠✐tt✐♥❣ ❛♥ ♦r❞❡r✐♥❣ ✇✐t❤ t❤✐s ♣r♦♣❡rt② ❛s ❛❝②❝❧✐❝✳ ❲❡
❢♦r♠❛❧✐③❡ ❛❧❧ t❤✐s ❝♦♥❝❡♣ts ✐♥ ❙❡❝t✐♦♥ ✻✳✷✳✷✳

❚❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ ❞✐s❝r❡t❡ ▼♦rs❡ t❤❡♦r② st❛t❡s t❤❛t ❛♥ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ ✐♥❞✉❝❡s
❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ K ❛♥❞ t❤❡ s♦✲❝❛❧❧❡❞ ▼♦rs❡ ❝♦♠♣❧❡①✱ ❛ ❝❡❧❧ ❝♦♠♣❧❡①
❢♦r♠❡❞ ❜② ❝r✐t✐❝❛❧ ❝❡❧❧s ♦♥❧② ❬✾✷❪ ✭❚❤❡♦r❡♠ ✶✶✳✶✸ ✭❜✮✮✳





✻✳✷✳ ❉✐s❝r❡t❡ ▼♦rs❡ ❚❤❡♦r② ✻✾

❛♥❞
cobdB(σ) := { ρ ∈ Bk+1 | σ ≺ ρ}, ✭✻✳✾✮

r❡s♣❡❝t✐✈❡❧②✳
▲❡t σ ∈ Bk✳ ■❢ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ cobdB(σ) ✐s ♦♥❡✱ t❤❡♥ ✇❡ s❛② t❤❛t σ ✐s ❢r❡❡✳ ■♥

t❤✐s ❝❛s❡✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❜❛s✐s ❡❧❡♠❡♥t τ s✉❝❤ t❤❛t σ ≺ τ ✱ ❛♥❞ ✇❡ ❛❧s♦ s❛② t❤❛t
t❤❡ ♣❛✐r (σ, τ) ✐s ❢r❡❡✳ ■❢ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ cobdB(σ) ✐s ❣r❡❛t❡r t❤❛♥ ♦♥❡✱ t❤❡♥ ✇❡ s❛②
t❤❛t σ ✐♥ ✐♥t❡r♥❛❧✳ ■♥ t❤✐s ❝❛s❡✱ ✐❢ τ ∈ cobdB(σ)✱ t❤❡♥ ✇❡ ❛❧s♦ s❛② t❤❛t t❤❡ ♣❛✐r (σ, τ) ✐s
✐♥t❡r♥❛❧✳

❉❡✜♥✐t✐♦♥ ✻✳✷✳✶ ✭▼❛t❝❤✐♥❣✱ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣✮✳ ❆ ♠❛t❝❤✐♥❣ M ♦♥ B ✐s ❛ ❢❛♠✐❧② ♦❢
♣❛✐rs {(σ, τ)} ✇✐t❤ σ, τ ∈ B s✉❝❤ t❤❛t✿

✶✳ (σ, τ) ∈ M ✐♠♣❧✐❡s σ ≺ τ ✳

✷✳ ❡❛❝❤ σ ∈ B ✐s t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ ❛t ♠♦st ♦♥❡ ♣❛✐r (σ, τ) ✐♥ M✳

❆ ♠❛t❝❤✐♥❣ M ✐s ❝❛❧❧❡❞ ❛❝②❝❧✐❝ ✐❢ t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛ ❝②❝❧❡

τ1 ≻ σ1 ≺ τ2 ≻ · · · ≺ τh ≻ σh ≺ τ1, ✭✻✳✶✵✮

✇✐t❤ h ≥ 2✱ (σi, τi) ∈ M ❢♦r ❛❧❧ i ∈ {1, . . . , h} ❛♥❞ ❛❧❧ τi ∈ B ❜❡✐♥❣ ❞✐st✐♥❝t✳
❆ ♠❛t❝❤✐♥❣ Mk ♦❢ k✲❝❤❛✐♥s ♦♥ B ✐s ❛ ♠❛t❝❤✐♥❣ s✉❝❤ t❤❛t ✐❢ (σ, τ) ∈ Mk t❤❡♥ σ ∈ Bk✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✷ ✐♥ ❬✾✷❪ ❜② ❑♦③❧♦✈✳ ■t ❞❡s❝r✐❜❡s
t❤❡ ❝r✉❝✐❛❧ ❝♦♠❜✐♥❛t♦r✐❛❧ ♣r♦♣❡rt② t❤❛t ❝❤❛r❛❝t❡r✐③❡s ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣s✳ ■ts ♣r♦♦❢ ❝❛♥
❜❡ ♦❜t❛✐♥❡❞ ❜② ❛ s✉✐t❛❜❧❡ ❛❞❛♣t✐♦♥ ♦❢ t❤❡ ♠❡♥t✐♦♥❡❞ ❚❤❡♦r❡♠ ✶✶✳✷✱ s❡❡ ♣❛❣❡s ✶✽✶✲✶✽✷
♦❢ ❬✾✷❪✳

❚❤❡♦r❡♠ ✺✳ ❆ ♠❛t❝❤✐♥❣ M ♦♥ B ✐s ❛❝②❝❧✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ t♦t❛❧ ♦r❞❡r ♦❢
♣❛✐rs ♦❢ M ❛s {(σ1, τ1), . . . , (σn, τn)} s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② i ∈ {1, . . . , n − 1}✱ σi ✐s ♥♦t
✐♥❝✐❞❡♥t t♦ ❛♥② τi+1, . . . , τn✳

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✇✐❧❧ ✇r✐t❡ ❛♥ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣M ❛s ❛ s❡q✉❡♥❝❡ {(σ1, τ1), . . . , (σn, τn)}✱
✇❤❡r❡ ✐t ✐s ✉♥❞❡rst♦♦❞ t❤❛t t❤❡ t♦t❛❧ ♦r❞❡r ✐s ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✺✳

▲❡t M ❜❡ ❛ ♠❛t❝❤✐♥❣ ♦♥ B✳ ❲❡ s❛② t❤❛t ❛ ❜❛s✐s ❡❧❡♠❡♥t ✐♥ B ✐s ♠❛t❝❤❡❞ ✭✇✐t❤
r❡s♣❡❝t t♦ M✮ ✐❢ ✐t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ s♦♠❡ ♣❛✐r ✐♥ M ✭❜♦t❤ ❛s ✜rst ♦r s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t
♦❢ t❤❡ ♣❛✐r✮✱ ♦t❤❡r✇✐s❡✱ ✇❡ s❛② t❤❛t ✐t ✐s ✉♥♠❛t❝❤❡❞ ♦r ❝r✐t✐❝❛❧ ✭✇✐t❤ r❡s♣❡❝t t♦ M✮✳

❲❡ ❞❡♥♦t❡ ❜② Uk t❤❡ s❡t ♦❢ ❛❧❧ τ ∈ Bk s✉❝❤ t❤❛t τ ✐s ♠❛t❝❤❡❞ ✇✐t❤ s♦♠❡ σ ∈ Bk−1✳
❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡♥♦t❡ ❜② Dk t❤❡ s❡t ♦❢ ❛❧❧ σ ∈ Bk s✉❝❤ t❤❛t σ ✐s ♠❛t❝❤❡❞ ✇✐t❤ s♦♠❡
τ ∈ Bk+1✳ ●✐✈❡♥ Dk ❛♥❞ Uk✱ t❤❡r❡ ✐s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t ♦❢ ❝r✐t✐❝❛❧ k✲❝❤❛✐♥s

Ak := Bk \ (Dk ∪ Uk). ✭✻✳✶✶✮

❋✐♥❛❧❧②✱ ✇❡ s❡t U :=
⋃︁

k Uk✱ D :=
⋃︁

k Dk ❛♥❞ A :=
⋃︁

k Ak✳ ■t ❡❛s② t♦ s❡❡ t❤❛t t❤❡ s❡ts
U ,D,A ♣r♦✈✐❞❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ B

B = U ∪ D ∪A. ✭✻✳✶✷✮

❖✉r ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♠❛t❝❤✐♥❣ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧
▼♦rs❡ t❤❡♦r② ♦❢ ❋♦r♠❛♥ ❬✾✶❪ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ♠♦r❡ r❡❝❡♥t ❢♦r♠✉❧❛t✐♦♥ ❣✐✈❡♥ ❜②



✼✵ ✻✳ ❈♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s

❑♦③❧♦✈ ❬✾✷❪✳ ■♥ ❡❛r❧✐❡r ♣r❡s❡♥t❛t✐♦♥s✱ ❡❧❡♠❡♥ts ✐♥ U ❛♥❞ D ❛r❡ ♥♦t ❡①♣❧✐❝✐t❧② ✐♥tr♦❞✉❝❡❞
s✐♥❝❡ ✇❤❛t ✐s ✐♠♣♦rt❛♥t ✐s ♦♥❧② t❤❡ ❜✐❥❡❝t✐✈❡ ♣❛✐r✐♥❣ ❜❡t✇❡❡♥ t❤❡✐r ❡❧❡♠❡♥ts✳ ■♥st❡❛❞✱ ✐♥
♦✉r s❡tt✐♥❣ t❤❡② ✇✐❧❧ ♣❧❛② ❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ s✐♥❝❡ ✇❡ ✉s❡ ❞✐s❝r❡t❡ ▼♦rs❡ t❤❡♦r② ❢r♦♠
❛ ♣✉r❡❧② ❝♦♠❜✐♥❛t♦r✐❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛♥❞ ❡❧❡♠❡♥ts ✐♥ U ❛♥❞ D ✇✐❧❧ ❜❡ ✉s❡❞ t♦ s❡❧❡❝t
s✉✐t❛❜❧❡ s✉❜♠❛tr✐❝❡s✳ ❚❤❡ s❡t ♦❢ ❝r✐t✐❝❛❧ ❡❧❡♠❡♥ts ✐s ♣r❡s❡♥t ❛❧s♦ ✐♥ ❝❧❛ss✐❝❛❧ ❞✐s❝r❡t❡
▼♦rs❡ t❤❡♦r②✳ ❚❤❡ s❡t ♦❢ ❝r✐t✐❝❛❧ ❡❧❡♠❡♥ts ✇✐❧❧ ♣❧❛② ❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ ✐♥ ❆❧❣♦r✐t❤♠ ✸✱
✇❤❡r❡ ❝r✐t✐❝❛❧ ❡❧❡♠❡♥ts ❜❡❝♦♠❡ t❤❡ ♥❡✇ ✐♥♣✉t ❢♦r s✉❜s❡q✉❡♥t ✐t❡r❛t✐♦♥s✳ ■♥ ❆❧❣♦r✐t❤♠ ✸✱
✐t ✐s ❛❧s♦ ❡ss❡♥t✐❛❧ t♦ ❜❡ ❛❜❧❡ t♦ ❡①♣r❡ss ♥❡✇ ❜❛s✐s ❡❧❡♠❡♥ts ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s
♦♥❡s✳ ❍❡♥❝❡✱ ✇❡ ♥❡❡❞ t♦ ❦❡❡♣ tr❛❝❦ ♦❢ ❜❛s✐s str✉❝t✉r❡ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✳

❆♥ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡ ✇✐t❤ ❝❧❛ss✐❝❛❧ ❞✐s❝r❡t❡ ▼♦rs❡ t❤❡♦r② ✐s t❤❛t ✐♥ ❋♦r♠❛♥ ❬✾✶❪ ❛
♥❡✇ ❝❤❛✐♥ ❝♦♠♣❧❡①✱ t❤❡ s♦✲❝❛❧❧❡❞ ▼♦rs❡ ❝♦♠♣❧❡①✱ ✐s ❝♦♥str✉❝t❡❞✳ ❖✉r ✈❡rs✐♦♥ ♦❢ ❞✐s❝r❡t❡
▼♦rs❡ t❤❡♦r② ♦♣❡r❛t❡s ❞✐r❡❝t❧② ♦♥ ❜❛s✐s ❡❧❡♠❡♥ts ❜② ♣❡r❢♦r♠✐♥❣ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s
♦♥ ✐t✳ ❚❤✐s ✐s ♥❡❡❞❡❞ t♦ ❞❡s❝r✐❜❡ ❤♦✇ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s tr❛♥s❢♦r♠ ✐♥ t❤❡ ♥❡✇ ❜❛s❡s ❞✉❡
t♦ ♦✉r ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣❡r❛t✐♦♥s✳

✻✳✷✳✸ ❇❛s✐s tr❛♥s❢♦r♠❛t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣

❲❡ ❜❡❣✐♥ ❜② ❝♦♥s✐❞❡r✐♥❣ s✐♠♣❧❡ ❡①❛♠♣❧❡s t♦ ❞❡✈❡❧♦♣ ❣❡♦♠❡tr✐❝ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤❡
❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥s✳ ❲❤❡♥ s✐♠♣❧✐❢②✐♥❣ ❛ ❝❡❧❧ ❝♦♠♣❧❡①✱ t❤❡ ❡✛❡❝t ♦❢ ❛ ❝♦❧❧❛♣s❡ ✐s t❤❛t
♦❢ ❝❤❛♥❣✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❜❛s✐s B✱ ❜② ♣❡r❢♦r♠✐♥❣ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s ♦♥ ✐t✳
❚❤❡r❡ ❛r❡ t❤r❡❡ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s t♦ ♦❜t❛✐♥ ❛ ♥❡✇ ❜❛s✐s ❢r♦♠ ❛ ♣r❡✈✐♦✉s ♦♥❡✳ ■❢
Bk = {. . . , ξi, ξj , . . . } ✐s ❛ ❜❛s✐s ♦❢ Ck(K)✱ t❤❡♥ ❛ ♥❡✇ ❜❛s✐s ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❜②

✶✳ ❊①❝❤❛♥❣✐♥❣ ❡❧❡♠❡♥ts ξi ❛♥❞ ξj ✳

✷✳ ▼✉❧t✐♣❧②✐♥❣ ξi ❜② −1✳

✸✳ ❘❡♣❧❛❝✐♥❣ ξj ❜② ξj + qξi ✇✐t❤ q ∈ R✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣r♦t♦t②♣❡ ❡①❛♠♣❧❡ ♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① K ✐♥ ❋✐❣✳ ✻✳✷✳ ❚❤❡ s❡t ♦❢
❛❧❧ ✶✲❝❤❛✐♥s ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ˆ︁B1 = {e1, e2, e3, e4, e5} ❛♥❞ t❤❡ s❡t ♦❢
❛❧❧ ✷✲❝❤❛✐♥s ❜② t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ˆ︁B2 = {f1, f2}✳ ■♥ ❋✐❣✳ ✻✳✷ ❡❞❣❡s e1, e2, e3, e4 ❛r❡ ❢r❡❡
s✐♥❝❡ ❡❛❝❤ ♦❢ t❤❡♠ ✐s ✐♥❝✐❞❡♥t t♦ ❡①❛❝t❧② ♦♥❡ ❢❛❝❡ ✐♥ K✳ ■♥st❡❛❞✱ ❡❞❣❡ e5 ✐s ✐♥t❡r♥❛❧ s✐♥❝❡
✐s t❤❡ ❝♦♠♠♦♥ ❡❞❣❡ ♦❢ f1 ❛♥❞ f2✳ ❉❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r ❛ ❝♦❧❧❛♣s❡ ✐s ❡❧❡♠❡♥t❛r② ♦r
✐♥t❡r♥❛❧ ✇❡ ❤❛✈❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s ♦♥ B✳

❊①❛♠♣❧❡ ✸ ✭❊❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❡❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡ ♦❢ t❤❡ ❢r❡❡
♣❛✐r (e1, f2)✳ ❚❤❡ ♦❜t❛✐♥❡❞ ❝❡❧❧ ❝♦♠♣❧❡① ✐♥ ❋✐❣✳ ✻✳✷✭❜✮ ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ s❡t ♦❢ ❝r✐t✐❝❛❧
❜❛s✐s ❡❧❡♠❡♥ts A✳ ■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡ A1 = {e2, e3, e4, e5} ❛♥❞ A2 = {f1}✳ ❲❡ ❣❡t ❛ ♥❡✇
❜❛s✐s B′ ♦❢ K ❛s B′

1 = D1 ∪A1 ❛♥❞ B′
2 = U2 ∪A2✱ ✇❤❡r❡ D1 = {e1} ❛♥❞ U2 = {f2}✳ ❲❡

s❡❡ t❤❛t✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❡❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡✱ ✇❡ ❣❡t ❛ ♥❡✇ ❜❛s✐s B′ ♦❢ K ❜② ♣❡r❢♦r♠✐♥❣
❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s ♦❢ t②♣❡ ✶✳

❊①❛♠♣❧❡ ✹ ✭■♥t❡r✐♦r ❝♦❧❧❛♣s❡✮✳ ▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝♦❧❧❛♣s❡ ♦❢ t❤❡ ♣❛✐r (e5, f2)✳
❈♦♥tr❛r② t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ❡❞❣❡ e5 ✐s ♥♦t ❢r❡❡✱ s♦ ✇❡ ❝❛♥♥♦t ❝♦♥s✐❞❡r ❛♥ ❡❧❡♠❡♥t❛r②
❝♦❧❧❛♣s❡ ♦❢ t❤❡ ♣❛✐r (e5, f2)✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❝♦❧❧❛♣s❡ (e5, f2) ❛s ❛♥ ✐♥t❡r♥❛❧ ❝♦❧❧❛♣s❡✳
❚❤❡ ♦❜t❛✐♥❡❞ ❝❡❧❧ ❝♦♠♣❧❡① ✐♥ ❋✐❣✳ ✻✳✷✭❝✮ ✐s ♥♦t ❣❡♥❡r❛t❡❞ ❜② ❝r✐t✐❝❛❧ ❜❛s✐s ❡❧❡♠❡♥ts ✐♥ A ❛s
✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡ A1 = {e1, e2, e3, e4} ❛♥❞ A2 = {f1}✳ ■♥st❡❛❞✱ ✐t ✐s
❣❡♥❡r❛t❡❞ ❜② ❛ ♥❡✇ s❡t ♦❢ ❜❛s✐s ❡❧❡♠❡♥ts ♦❜t❛✐♥❡❞ ❢r♦♠ A ❜② ❛❞❞✐♥❣ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥





✼✷ ✻✳ ❈♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s

❜❛s✐s ❡❧❡♠❡♥ts✱ ❤❡♥❝❡ ✐t ✐s ❛ ❜❛s✐s✳ ▼♦r❡♦✈❡r✱ Mk ✐s ❛♥ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ ♦♥ B ·
{(σ1, τ1), . . . , (σn−1, τn−1)}✱ s✐♥❝❡ tr❛♥s❢♦r♠❛t✐♦♥s ✭✻✳✶✺✮✱ ✭✻✳✶✻✮ ❧❡❛✈❡s ♠❛t❝❤❡❞ ❡❧❡♠❡♥ts
✐♥ B ✐♥✈❛r✐❛♥t✳

◆♦t❡ t❤❛t✱ ✇❤❡♥ (σ, τ) ✐s ❛ ❢r❡❡ ♣❛✐r✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✭✻✳✶✻✮ ❧❡❛✈❡s ❡❧❡♠❡♥ts ✐♥
Ak+1 ✐♥✈❛r✐❛♥t✳ ❍❡♥❝❡✱ ♥♦ ❛❧❣❡❜r❛✐❝ ♦♣❡r❛t✐♦♥s ❛r❡ r❡q✉✐r❡❞ ❛♥❞ t❤❡ ♥❡✇ ❜❛s✐s ✐s s✐♠♣❧②
❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳ ■♥st❡❛❞✱ ✇❤❡♥ (σ, τ) ✐s ✐♥t❡r♥❛❧✱ ✇❡ ❤❛✈❡ t♦ ❛♣♣❧② ❛t
❧❡❛st ♦♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ✭✻✳✶✻✮✳

✻✳✸ ❆❝②❝❧✐❝ ♠❛t❝❤✐♥❣s ❛♥❞ ●❛✉ss✐❛♥ ❡❧✐♠✐♥❛t✐♦♥

❲❡ s❤❛❧❧ ♥♦✇ ❤❡❛❞ t♦✇❛r❞s ❛♥ ❛❧❣♦r✐t❤♠ t♦ r❡❞✉❝❡ t❤❡ ♠❛tr✐① C t♦ ❛ r♦✇ ❡❝❤❡❧♦♥ ❢♦r♠
❜② ♠❡❛♥s ♦❢ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s ♦♥ t❤❡ ❜❛s✐s B✳ ❚❤❡ ✇❤♦❧❡ ♣r♦❝❡❞✉r❡ ❜♦✐❧s ❞♦✇♥ t♦ ❛
st❛♥❞❛r❞ tr❛✐♥ ♦❢ t❤♦✉❣❤t ✉s❡❞ ✐♥ ❜❛s✐❝ ❧✐♥❡❛r ❛❧❣❡❜r❛✳ ❲❤❡♥ t❤❡ ❝♦❜♦✉♥❞❛r② ♦♣❡r❛t♦r
δ1 ✐s ❣✐✈❡♥ ❛s ❛ ✜♥✐t❡ ♠❛tr✐① C✱ t❤❡ ❜❛s❡s ❛♥❞ ♦r❞❡rs ❛r❡ ❛❧r❡❛❞② ❞❡t❡r♠✐♥❡❞✳ ❍♦✇❡✈❡r✱
✇❡ ❝❛♥ ❣❡t ❛♥② ♦t❤❡r ❜❛s❡s ❜② ❛♣♣❧②✐♥❣ ❡❧❡♠❡♥t❛r② r♦✇ ❛♥❞ ❝♦❧✉♠♥ ♦♣❡r❛t✐♦♥s ♦♥ t❤❡
♠❛tr✐① C✳ ❖✉r ❛❧❣♦r✐t❤♠ ✇✐❧❧ ♣r♦❞✉❝❡ ❛ ❝❤❛♥❣❡ ♦❢ ❜❛s❡s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ♠❛tr✐①
C ✐♥ t❤❡ ♥❡✇ ❜❛s❡s ❤❛s ❛♥ ✐♥✈❡rt✐❜❧❡ ✉♣♣❡r tr✐❛♥❣✉❧❛r s✉❜♠❛tr✐① ✭✐✳❡✳ ❛ ♠❛tr✐① ✇✐t❤
♥♦♥✲③❡r♦s ♦♥❧② ✐♥ ✐ts ✉♣♣❡r tr✐❛♥❣❧❡ ❛♥❞ ♠❛✐♥ ❞✐❛❣♦♥❛❧✮ ❛♥❞ t❤✉s ✐t ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞
✐♥ r♦✇ ❡❝❤❡❧♦♥ ❢♦r♠✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❢❛st s♦❧✈❡ t❤❡ s②st❡♠ ❜② ♣r♦❝❡ss✐♥❣ t❤❡ ✉♥❦♥♦✇♥
✈❛r✐❛❜❧❡s ✐♥ r❡✈❡rs❡ ♦r❞❡r✱ ❛ st❛♥❞❛r❞ ♣r♦❝❡ss ❦♥♦✇♥ ❛s ❜❛❝❦ s✉❜st✐t✉t✐♦♥✳

✻✳✸✳✶ ❆❝②❝❧✐❝ ♠❛t❝❤✐♥❣s ❛♥❞ ●❛✉ss✐❛♥ ❡❧✐♠✐♥❛t✐♦♥

❚❤❡ ❝r✉❝✐❛❧ ♦❜s❡r✈❛t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ ♥♦✈❡❧ r❡s✉❧t✳

▲❡♠♠❛ ✽✳ ❉❡♥♦t❡ ❜② Dk ♦♥❡ ❛♠♦♥❣ t❤❡ ♠❛tr✐❝❡s G✱ C ♦r D ❢♦r k ❡q✉❛❧ t♦ 0✱1 ♦r 2✱
r❡s♣❡❝t✐✈❡❧②✳ ▲❡t Mk ❜❡ ❛♥ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ ♦❢ k✲❝❤❛✐♥s ♦♥ B✳ ❚❤❡♥✱ Dk Uk+1×Dk

✱ t❤❡
s✉❜♠❛tr✐① ♦❢ Dk ✐♥❞✉❝❡❞ ❜② Uk+1 ×Dk✱ ✐s ✉♣♣❡r tr✐❛♥❣✉❧❛r ❛♥❞ ✐♥✈❡rt✐❜❧❡✳

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ ♠❛t❝❤✐♥❣Mk = {(σ1, τ1), . . . , (σn, τn)} ✐s ❛❝②❝❧✐❝✱ ❢♦r ❡✈❡r② i ∈ {1, . . . , n−
1}✱ t❤❡ ❜❛s✐s ❡❧❡♠❡♥t σi ✐s ♥♦t ✐♥❝✐❞❡♥t t♦ ❛♥② ❜❛s✐s ❡❧❡♠❡♥t τi+1, . . . , τn✳ ❚❤✉s✱ ❛❧❧ t❤❡
♥♦♥✲③❡r♦ ❡♥tr✐❡s ✐♥ ❡❛❝❤ ❝♦❧✉♠♥ ❛r❡ ❛❜♦✈❡ t❤❡ ❞✐❛❣♦♥❛❧ ❛s t❤❡ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ❛r❡
❛rr❛♥❣❡❞ ✐♥ t❤❡ t♦t❛❧ ♦r❞❡r ✐♥❞✉❝❡❞ ❜② t❤❡ ♠❛t❝❤✐♥❣✳

❇② ▲❡♠♠❛ ✽✱ ❢♦r ❡✈❡r② ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ t❤❡r❡ ✐s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♣♣❡r tr✐❛♥❣✉❧❛r
s✉❜♠❛tr✐① Dk Uk+1×Dk

♦❢ ♠❛t❝❤❡❞ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ♦❢ Dk✳ ❍♦✇❡✈❡r✱ ▲❡♠♠❛ ✽ ✐s
❞❡❝✐s✐✈❡ ♦♥❧② ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♠❛t❝❤❡❞ ♣❛✐rs ✐♥ Mk ✐s ❡q✉❛❧ t♦ t❤❡ r❛♥❦ ♦❢ Dk✳ ■♥
❢❛❝t✱ ✐♥ t❤✐s ❝❛s❡✱ Dk Uk+1×Dk

✐s ❛♥ ✐♥✈❡rt✐❜❧❡ s✉❜♠❛tr✐① ♦❢ Dk ♦❢ ♦r❞❡r ❡q✉❛❧ t♦ t❤❡ r❛♥❦
Dk✱ ❤❡♥❝❡✱ ✇❡ ❝❛♥ ✇r✐t❡ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✻✳✷✮ ❛❢t❡r s❡tt✐♥❣ s♦♠❡ ❢r❡❡ ✈❛r✐❛❜❧❡s t♦ ③❡r♦✳ ❋♦r
t❤✐s r❡❛s♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥❡✇ ❝♦♥❝❡♣t ♦❢ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣✳

❉❡✜♥✐t✐♦♥ ✻✳✸✳✶ ✭❈♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣✮✳ ❲❡ s❛② t❤❛t ❛ ♠❛t❝❤✐♥❣Mk ♦❢ k✲❝❤❛✐♥s
♦♥ B ✐s ❝♦♠♣❧❡t❡ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ♠❛t❝❤❡❞ ♣❛✐rs ✐♥ Mk ✐s ❡q✉❛❧ t♦ t❤❡ r❛♥❦ ♦❢ Dk✳

◆♦✇✱ ✇❡ ✐❧❧✉str❛t❡ ❤♦✇ t❤❡ ✉♣♣❡r tr✐❛♥❣✉❧❛r s✉❜♠❛tr✐① Dk Uk+1×Dk
✐♥❞✉❝❡❞ ❜② ❛

❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ ❛❧❧♦✇s ✉s t♦ ♦♣❡r❛t✐♦♥❛❧❧② ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥ ♦❢ ✭✻✳✷✮ ✉s✐♥❣
❜❛❝❦ s✉❜st✐t✉t✐♦♥✳



✻✳✸✳ ❆❝②❝❧✐❝ ♠❛t❝❤✐♥❣s ❛♥❞ ●❛✉ss✐❛♥ ❡❧✐♠✐♥❛t✐♦♥ ✼✸

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M1 ♦❢ ✶✲❝❤❛✐♥s✳ ❇② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✽✱
t❤❡ ❛❝t✐♦♥ ♦❢ M1 ♦♥ ✭✻✳✷✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ●❛✉ss✐❛♥ ❡❧✐♠✐♥❛t✐♦♥✳ ■t ✐s t❤✉s s✉✣❝✐❡♥t t♦
✐♥✈❡rt s✉❜♠❛tr✐① C U2×D1

❛❢t❡r s❡tt✐♥❣ ❢r❡❡ ✈❛r✐❛❜❧❡s ✐♥ A1 t♦ ③❡r♦✳ ❲❡ ✇r✐t❡ ❛ ❞✐s❝r❡t❡
♣♦t❡♥t✐❛❧ HE s♦❧✉t✐♦♥ ♦❢ ✭✻✳✷✮ ❛s

HE
D1

= C−1
U2×D1

JF
U2
, ✭✻✳✶✽✮

HE
A1

= 0. ✭✻✳✶✾✮

❙✐♥❝❡ C U2×D1
✐s ✉♣♣❡r tr✐❛♥❣✉❧❛r✱ ✇❡ ❝❛♥ ❡✈❛❧✉❛t❡ C−1

U2×D1
JF

U2
❜② ❜❛❝❦ s✉❜st✐t✉t✐♦♥ ✐♥

❧✐♥❡❛r t✐♠❡ ❬✾✹❪✳
❚❤❡ ❛✐♠ ♦❢ t❤❡ ❜❛❝❦ s✉❜st✐t✉t✐♦♥ ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦❡✣❝✐❡♥t ✈❛❧✉❡s ♦❢ HE ✳ ▲❡t

M1 = {(e1, f1), . . . , (en, fn)}✳ ❚❤❡ ♣r♦❝❡ss ♦❢ ❜❛❝❦ s✉❜st✐t✉t✐♦♥ ✐s s♦✲❝❛❧❧❡❞ ❜❡❝❛✉s❡ ♦♥❡
❞❡t❡r♠✐♥❡s t❤❡ ❝♦❡✣❝✐❡♥t ✈❛❧✉❡s ❜❛❝❦✇❛r❞s✱ ❜② ✜rst ❝♦♠♣✉t✐♥❣ HE

en
✱ t❤❡♥ s✉❜st✐t✉t✐♥❣

❜❛❝❦ ✐♥t♦ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ t♦ s♦❧✈❡ ❢♦rHE
en−1

❛♥❞ r❡♣❡❛t✐♥❣ t❤r♦✉❣❤HE
en−1

✳ ❆ ♥❛✐✈❡
❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ ❝♦❡✣❝✐❡♥ts ✐♥ ♦♥❡ st❡♣ ❢♦r ❡❛❝❤ HE

ei
✐s ✈❡r② t✐♠❡ ❝♦♥s✉♠✐♥❣ s✐♥❝❡

❧❛r❣❡ ✐♥t❡r♠❡❞✐❛t❡ ❡①♣r❡ss✐♦♥s ❛r❡ ❣❡♥❡r❛t❡❞✳ ❚❤✐s ✐s ❛✈♦✐❞❡❞ ❜② ❝♦♠❜✐♥✐♥❣ ❝♦❡✣❝✐❡♥ts
♣❛✐r✇✐s❡ ❛s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ❜❛❝❦ s✉❜st✐t✉t✐♦♥ ❛❧❣♦r✐t❤♠✳

❆❧❣♦r✐t❤♠ ✶ ❇❛❝❦ s✉❜st✐t✉t✐♦♥ ♣r♦❝❡ss

✶✿ ♣r♦❝❡❞✉r❡ ❇❛❝❦s✉❜st✐t✉t✐♦♥✭M1,B✮
✷✿ ❢♦r i r❛♥❣✐♥❣ ❢r♦♠ n ❞♦✇♥ t♦ 1 ❞♦
✸✿ HE

ei
= (Cfi,ei)

−1(JF
fi

−
∑︁

e∈bdB(fi)
Cfi,eH

E
e )

✹✿ r❡t✉r♥ HE ❀

■♥ t❤❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥✱ ❛❧t❤♦✉❣❤ ✇❡ ❢♦❝✉s❡❞ ♦♥ ♠❛tr✐① C✱ ✇❡ ❤❛✈❡ ❛❝t✉❛❧❧② ❞❡t❛✐❧❡❞
t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✻✳ ●✐✈❡♥ ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ Mk ♦❢ k✲❝❤❛✐♥s ♦♥ B✱ ❢♦r k ∈ {0, 1, 2}
✇❡ ❝❛♥ ✜♥❞ ✐♥ ❧✐♥❡❛r t✐♠❡ ❛ ❞✐s❝r❡t❡ ♣♦t❡♥t✐❛❧ v ∈ Ck(K) ♦❢ w ∈ Ck+1(K) ✇✐t❤ Dk+1w =
0✱ ♥❛♠❡❧② ❛ s♦❧✉t✐♦♥ ♦❢ Dkv = w✳

✻✳✸✳✷ ❖♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥str✉❝t✐♥❣ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✲
✐♥❣s✿ t❤❡ ❝❛s❡ ♦❢ tr❡❡✲❝♦tr❡❡ t❡❝❤♥✐q✉❡s

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ✐ss✉❡ ♦❢ ❝♦♥str✉❝t✐♥❣ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣s Mk ♦❢
k✲❝❤❛✐♥s ♦♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ˆ︁B✳

❈❛s❡ k = 0✳ ❲❡ ♥❡❡❞ t♦ ❝♦♥str✉❝t ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M0 ♦❢ ✵✲❝❤❛✐♥s ♦♥
ˆ︁B✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠❛t❝❤❡❞ ❡❧❡♠❡♥ts ✐♥ M0 ❤❛s t♦ ❜❡ ❡q✉❛❧ t♦ t❤❡ r❛♥❦ ♦❢
G✱ ✇❤✐❝❤ ✐s |N | − 1✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ s♣❛♥♥✐♥❣ tr❡❡ T ♦♥ K✳ ■t ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥
✇♦rst✲❝❛s❡ ❧✐♥❡❛r t✐♠❡ ✉s✐♥❣ st❛♥❞❛r❞ ❣r❛♣❤ ❛❧❣♦r✐t❤♠s✱ ❢♦r ✐♥st❛♥❝❡ ❜r❡❛❞t❤✲✜rst s❡❛r❝❤
✭❇❋❙✮ ❛❧❣♦r✐t❤♠ ❬✾✺❪✳ ❚❤❡r❡ ✐s ❛ st❛♥❞❛r❞ r❡❛s♦♥✐♥❣ t♦ ❞❡✜♥❡ ❛♥ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ s♣❛♥♥✐♥❣ tr❡❡ T ❬✾✻❪✳ ■t ✐s ♦❜t❛✐♥❡❞ ❜② ♠✐♠✐❝❦✐♥❣ ❛ s♣❛♥♥✐♥❣ tr❡❡
tr❛✈❡rs❛❧ ♣r♦❝❡ss✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ❣♦❡s ❛s ❢♦❧❧♦✇s✳ ❙✐♥❝❡ T ✐s ❛ tr❡❡✱ t❤❡r❡ ❡①✐sts ❛t
❧❡❛st ❛ ❧❡❛❢ ✐♥ T ✱ ♥❛♠❡❧② ❛ ✈❡rt❡① v ∈ N ✇✐t❤ ♦♥❧② ♦♥❡ ✐♥❝✐❞❡♥t ❡❞❣❡ ✐♥ T ✳ P✐❝❦ ❛ ❧❡❛❢ v
❛♥❞ ♣❛✐r ✐t ✇✐t❤ t❤❡ ✉♥✐q✉❡ ❡❞❣❡ e ❝♦♥t❛✐♥✐♥❣ ✐t✳ ❚❤❡♥✱ ❛❞❞ t❤❡ ♣❛✐r (v, e) t♦ M0 ❛♥❞



✼✹ ✻✳ ❈♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s

r❡♠♦✈❡ v, e ❢r♦♠ T ✳ ❙✐♥❝❡ v ✐s ❛ ❧❡❛❢✱ t❤❡ ♦❜t❛✐♥❡❞ ❣r❛♣❤ ✐s ❛❣❛✐♥ ❛ tr❡❡✳ ❇② ✐t❡r❛t✐✈❡❧②
r❡♣❡❛t✐♥❣ t❤✐s ♣r♦❝❡ss✱ ✇❡ ❞❡✜♥❡ ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M0✳ ❚❤❡ ♠❛t❝❤✐♥❣ M0

✐s ✇❡❧❧✲❞❡✜♥❡❞✿ ✐❢ ❛ ✈❡rt❡① v ✐s ♠❛t❝❤❡❞ ❞✉r✐♥❣ t❤❡ ♣r♦❝❡ss✱ ✐t ✐s r❡♠♦✈❡❞ ❢r♦♠ T ❛♥❞
t❤✉s ❝❛♥♥♦t ❛♣♣❡❛r ✐♥ ❛♥② ♦t❤❡r ♣❛✐r❀ ✐t ✐s ❛❝②❝❧✐❝ s✐♥❝❡ ❡✈❡r② tr❡❡ ✐s✳ ❚❤❡ ♠❛t❝❤✐♥❣ M0

✐s ❝♦♠♣❧❡t❡✱ s✐♥❝❡ K ✐s ❝♦♥♥❡❝t❡❞✱ T ✐s s♣❛♥♥✐♥❣✱ ♥❛♠❡❧② ❛❧❧ ✈❡rt✐❝❡s ♦❢ K ❛r❡ ✐♥ T ❛♥❞
t❤❡② ❛r❡ ❡✈❡♥t✉❛❧❧② ❛❞❞❡❞ t♦ M0 ✐♥ t❤❡ ❛❜♦✈❡ ♣r♦❝❡ss✱ ❡①❝❡♣t t❤❡ ❧❛st ♦♥❡✳

❈❛s❡ k = 2✳ ❇❡❢♦r❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❛s❡ k = 1✱ ✇❡ s❤♦✇ t❤❡ s✐♠✐❧❛r✐t② ♦❢ t❤❡
❝♦♥str✉❝t✐♦♥ ❢♦r k = 2 ✇✐t❤ t❤❡ ❝❛s❡ k = 0✳ ❲❡ ♥❡❡❞ t♦ ❝♦♥str✉❝t ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝
♠❛t❝❤✐♥❣ M2 ♦❢ ✷✲❝❤❛✐♥s ♦♥ ❜❛s✐s ˆ︁B✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠❛t❝❤❡❞ ❡❧❡♠❡♥ts ✐♥
M2 ❤❛s t♦ ❡q✉❛❧ t♦ t❤❡ r❛♥❦ ♦❢ D✱ ✇❤✐❝❤ ✐s |C|✳ ◆♦t❡ t❤❛t t❤❡ ❝❡❧❧ ❝♦♠♣❧❡① K ❞❡✜♥❡s
❛ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❜♦✉♥❞❛r②✳ ■t ✐♠♣❧✐❡s t❤❛t ✐❢ c, c′ ❛r❡ ❞✐st✐♥❝t ❡❧❡♠❡♥ts ❛♥❞ f ✐s ❛ ❢❛❝❡
s✉❝❤ t❤❛t f ⊂ ∂c ∩ ∂c′✱ t❤❡♥ c, c′ ❛r❡ t❤❡ ♦♥❧② ❡❧❡♠❡♥ts t❤❛t ❝♦♥t❛✐♥ f ✳ ❚❤❛♥❦s t♦ t❤❡
♠❛♥✐❢♦❧❞ ❝♦♥❞✐t✐♦♥✱ ✐t ✐s ✇❡❧❧✲❞❡✜♥❡❞ t❤❡ s♦✲❝❛❧❧❡❞ ❝♦♠♣❧❡t❡ ❞✉❛❧ ❣r❛♣❤ ♦❢ K✳ ❚❤❡ ❞✉❛❧
❣r❛♣❤ G̃ = (Ṽ ∪ Ṽ ∞, Ẽ ∪ Ẽ∞) ♦❢ K ✐s ❛ ❣r❛♣❤ ✇✐t❤ s❡t ♦❢ ✈❡rt✐❝❡s Ṽ ❣✐✈❡♥ ❜② ❡❧❡♠❡♥ts
♦❢ K ❛♥❞ {c, c′} ∈ Ẽ ✐❢ dim(c ∩ c′) = 2✳ ❚❤❡r❡ ✐s ❛♥ ❛❞❞✐t✐♦♥❛❧ ✈❡rt❡① ṽ∞ ∈ Ṽ ∞ ❛♥❞
t❤❡r❡ ❛r❡ ❛❞❞✐t✐♦♥❛❧ ❡❞❣❡s Ẽ∞ ✐♥ G̃✳ ❊❛❝❤ ❡❞❣❡ ✐♥ Ẽ∞ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡❧❡♠❡♥t c
✇❤♦s❡ ❜♦✉♥❞❛r② ∂c ❝♦♥t❛✐♥s ❛ ❜♦✉♥❞❛r② ❢❛❝❡ f ❀ t❤✉s✱ ✐❢ f ✐s ❛ ❜♦✉♥❞❛r② ❢❛❝❡ ❛♥❞ c ✐s
t❤❡ ✉♥✐q✉❡ ❡❧❡♠❡♥t ✐♥❝✐❞❡♥t t♦ ✐t✱ t❤❡♥ {ṽ∞, c} ∈ Ẽ∞✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ s♣❛♥♥✐♥❣ tr❡❡
T̃ ♦♥ G̃✳ ❇② r❡♣❡❛t✐♥❣ t❤❡ s❛♠❡ ❝♦♥str✉❝t✐♦♥ ❞❡t❛✐❧❡❞ ❢♦r k = 0 ♦♥ T̃ ✱ ✇❡ ♦❜t❛✐♥ ❛ ✜♥✐t❡
s❡q✉❡♥❝❡ S ♦❢ ♣❛✐rs ♦❢ t❤❡ ❢♦r♠ (c, ẽ)✱ ✇❤❡r❡ c ✐s ❛ ✈❡rt❡① ✐♥ Ṽ ∪ Ṽ ∞ ✭✐✳❡✳ ❛♥ ❡❧❡♠❡♥t ♦❢
K ♦r ṽ∞✮ ❛♥❞ ẽ = {c, c′} ✐s ❛♥ ❡❞❣❡ ✐♥ Ẽ ∪ Ẽ∞✳ ❋♦r ❡❛❝❤ ♣❛✐r (c, ẽ)✱ ✇❡ ❝❤♦♦s❡ ❛ ❢❛❝❡
f ♦❢ K s✉❝❤ t❤❛t f ⊂ ∂c ∩ ∂c′ ✐❢ ṽ∞ /∈ ẽ = {c, c′}✱ f ⊂ ∂c ✐❢ c′ = ṽ∞ ❛♥❞ f ⊂ ∂c′ ✐❢
c = ṽ∞✳ ❘❡♣❧❛❝❡ ✐♥ S ❡❛❝❤ ♣❛✐r (c, ẽ) ✇✐t❤ ❡✐t❤❡r (f, c) ✐❢ c ̸= ṽ∞ ♦r (f, c′) ✐❢ c = ṽ∞✳ ■♥
t❤✐s ✇❛②✱ ✇❡ ♦❜t❛✐♥ ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M2 ♦❢ ✷✲❝❤❛✐♥s ♦❢ K✳ ❚❤✉s✱ ❛❧❧ ✈❡rt✐❝❡s
♦❢ t❤❡ ❞✉❛❧ ❣r❛♣❤ ❛r❡ ❡✈❡♥t✉❛❧❧② ❛❞❞❡❞ t♦ M2✱ ❡①❝❡♣t t❤❡ ✈❡rt❡① ṽ∞✱ ❛♥❞ ❛❧❧ ❡❧❡♠❡♥ts
✐♥ K ❛r❡ ♠❛t❝❤❡❞✳

❇② ❝♦♠❜✐♥✐♥❣ ❚❤❡♦r❡♠ ✻ ✇✐t❤ t❤❡ ❛❜♦✈❡ r❡s✉❧ts✱ ✇❡ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠
✇❤✐❝❤ s♦❧✈❡s t❤❡ ❞✐s❝r❡t❡ ♣♦t❡♥t✐❛❧ ♣r♦❜❧❡♠ ❢♦r k ∈ {0, 2}✳

❚❤❡♦r❡♠ ✼✳ ❋♦r k ∈ {0, 2}✱ ✇❡ ❝❛♥ ✜♥❞ ✐♥ ❧✐♥❡❛r t✐♠❡ ❛ ❞✐s❝r❡t❡ ♣♦t❡♥t✐❛❧ v ∈ Ck(K)
♦❢ w ∈ Ck+1(K) ✇✐t❤ Dk+1w = 0✱ ♥❛♠❡❧② ❛ s♦❧✉t✐♦♥ ♦❢ Dkv = w✳

❈❛s❡ k = 1✳ ❲✐t❤ ♥♦ s✉r♣r✐s❡✱ ✐t t✉r♥s ♦✉t t♦ ❜❡ t❤❡ ♠♦st ❝❤❛❧❧❡♥❣✐♥❣ ❝❛s❡✳ ❚♦ ❜❡❣✐♥
✇✐t❤✱ ✇❡ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✽✳ ▲❡t K ❜❡ ❛ ✸✲❞✐♠❡♥s✐♦♥❛❧ t♦♣♦❧♦❣✐❝❛❧❧② tr✐✈✐❛❧ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❡♠❜❡❞❞❡❞
✐♥ R3 ✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r② ❛s ✐♥ ❙❡❝t✐♦♥ ✻✳✶✳ ❚❤❡♥✱ K ✐s ❝♦❧❧❛♣s✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢
t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M1 ♦❢ ✶✲❝❤❛✐♥s ♦♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ˆ︁B✳

Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡s M ♦❢ K ❧❡❛❞✐♥❣ ❢r♦♠ K t♦ ❛
✈❡rt❡①✳ ❲❡ ❞❡✜♥❡ ❛♥ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M1 ♦❢ ✶✲❝❤❛✐♥s ✭♦♥ ˆ︁B✮ ❜② s❡❧❡❝t✐♥❣✱ ❛❝❝♦r❞✐♥❣ t♦
t❤❡ t♦t❛❧ ♦r❞❡r ♦❢ M✱ ❛❧❧ ♣❛✐rs ♠❛❞❡ ❜② ♠❛t❝❤❡❞ ❡❞❣❡s ❛♥❞ ❢❛❝❡s ✐♥ M✳ ◆♦t❡ t❤❛t M1

✐s ♥❡❝❡ss❛r✐❧② ❛❝②❝❧✐❝ s✐♥❝❡ M ✐s✳ ◆❡①t✱ s✐♥❝❡ K ❝♦❧❧❛♣s❡s t♦ ❛ ✈❡rt❡①✱ ❛❧❧ ❢❛❝❡s ✐♥ K ❛r❡
♠❛t❝❤❡❞ ✐♥ M✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛❧❧ ❡❧❡♠❡♥ts ✐♥ K ❛r❡ ♠❛t❝❤❡❞ ✐♥ M ❛♥❞ t❤❡r❡ ❛r❡ |C|
❝♦rr❡s♣♦♥❞✐♥❣ ♠❛t❝❤❡❞ ❢❛❝❡s✳ ❚❤✉s✱ t❤❡r❡ ❛r❡ |F |− |C| ♠❛t❝❤❡❞ ❢❛❝❡s ✐♥ M1✳ ■t ❢♦❧❧♦✇s
t❤❛t M1 ✐s ❝♦♠♣❧❡t❡ s✐♥❝❡ t❤❡ r❛♥❦ ♦❢ C ✐s ❡①❛❝t❧② |F | − |C|✳

❚♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡rs❡ r❡s✉❧t✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ ♦❢ ✶✲❝❤❛✐♥s
M1✳



✻✳✸✳ ❆❝②❝❧✐❝ ♠❛t❝❤✐♥❣s ❛♥❞ ●❛✉ss✐❛♥ ❡❧✐♠✐♥❛t✐♦♥ ✼✺

❲❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str✉❝t✐♦♥✳ ❋✐rst ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣❧❡t❡ ❞✉❛❧ ❣r❛♣❤
G̃ = (Ṽ ∪ Ṽ ∞, Ẽ∪ Ẽ∞) ♦❢ K ❛s ❞❡✜♥❡❞ ❛❜♦✈❡ ❢♦r t❤❡ ❝❛s❡ k = 2✳ ❈♦♥s✐❞❡r t❤❡ s✉❜❣r❛♣❤
G̃M1

= (Ṽ ∪ Ṽ ∞, ẼM1
) ♦❢ G̃ ✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡ ✈❡rt✐❝❡s ♦❢ G̃ ❛♥❞ ẼM1

✐♥❝❧✉❞❡s ❛♥
❡❞❣❡ {c, c′} ∈ Ẽ ♦❢ G̃ ✐❢ t❤❡ ✉♥✐q✉❡ ❢❛❝❡ f ♦❢ K s✉❝❤ t❤❛t f ⊂ c∩c′ ✐s ❝r✐t✐❝❛❧ ✇✐t❤ r❡s♣❡❝t
t♦ M1✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t G̃M1

❤❛s |C| ❡❞❣❡s ✭✐✳❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ G̃ ♠✐♥✉s
♦♥❡✮ ❛♥❞ ✐s ❝♦♥♥❡❝t❡❞✳ ❋✐rst✱ s✐♥❝❡ M1 ✐s ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢
❝r✐t✐❝❛❧ ❢❛❝❡s✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ ẼM1 ✱ ✐s |F | − (|F | − |C|) = |C|✳
❙❡❝♦♥❞✱ ❛ss✉♠❡ t❤❛t✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥tr❛❞✐❝t✐♦♥✱ G̃M1

✐s ❞✐s❝♦♥♥❡❝t❡❞✳ ▲❡t Ṽ
∗
❜❡ t❤❡

s❡t ♦❢ ♥♦❞❡s ✐♥ ❛ ✜①❡❞ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ G̃M1 ✳ ▲❡t ẼṼ
∗ ⊂ Ẽ ∪ Ẽ∞ ❜❡ t❤❡ s✉❜s❡t

♦❢ ❝✉t ❡❞❣❡s✱ ♥❛♠❡❧② ❡❞❣❡s ♦❢ G̃ ✇✐t❤ ♦♥❡ ✈❡rt❡① ✐♥ Ṽ
∗
❛♥❞ ♦♥❡ ✈❡rt❡① ✐♥ ✐ts ❝♦♠♣❧❡♠❡♥t

(Ṽ ∪ Ṽ ∞) \ Ṽ
∗
✳ ◆♦t❡ t❤❛t s✐♥❝❡ G̃ ✐s ❝♦♥♥❡❝t❡❞✱ ẼṼ

∗ ✐s ♥♦t ❡♠♣t②✳ ▼♦r❡♦✈❡r✱ ❜②
❞❡✜♥✐t✐♦♥ ♦❢ G̃M1

✱ t♦ ❡❛❝❤ ẽ ∈ ẼV ∗ ❝♦rr❡s♣♦♥❞s ❛ ♠❛t❝❤❡❞ ❢❛❝❡ f ♦❢ K ✇✐t❤ r❡s♣❡❝t t♦
M1 ❢♦r♠✐♥❣ t❤❡ ♣❛✐r (e, ẽ) = (e, f) ∈ M1 ❢♦r ❛ ✉♥✐q✉❡ ❡❞❣❡ e ♦❢ K✳

◆♦✇ ✇❡ ❝♦♥str✉❝t ❛ ❝②❝❧❡ ♦❢ t❤❡ ❢♦r♠ ẽ1 ≻ e1 ≺ ẽ2 ≻ · · · ≺ ẽh ≻ eh ≺ ẽ1 ✇✐t❤ h ≥ 2✱
(ei, ẽi) ∈ M1 ❢♦r ❛❧❧ i ∈ {1, . . . , h} ❛♥❞ ❛❧❧ ẽi ∈ ẼV ∗ ❜❡✐♥❣ ❞✐st✐♥❝t✳ ❙t❛rt ✇✐t❤ ❛ ❝✉t
❡❞❣❡ ẽ1 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ✉♥✐q✉❡ ❡❞❣❡ e1 ♦❢ K ❢♦r♠✐♥❣ t❤❡ ♠❛t❝❤❡❞ ♣❛✐r (e1, ẽ1) ∈ M1✳
❚❤❡♥✱ e1 ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛t ❧❡❛st ♦♥❡ ♦t❤❡r ❝✉t ❡❞❣❡ ẽ2 ∈ ẼV ∗ ✱ ♦t❤❡r✇✐s❡ ẽ1 ❝❛♥♥♦t
❜❡ ❛ ❝✉t ❡❞❣❡✳ ❇② ✐t❡r❛t✐✈❡❧② r❡♣❡❛t✐♥❣ t❤✐s ♣r♦❝❡ss✱ ✇❡ ♦❜t❛✐♥ ❛ s❡q✉❡♥❝❡ S ♦❢ ♣❛✐rs
(e1, ẽ1), . . . , (ei, ẽi) s✉❝❤ t❤❛t ẽ1 ≻ e1 ≺ ẽ2 ≻ · · · ≺ ẽi−1 ≻ ei ≺ ẽi✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ✜♥✐t❡
❣r❛♣❤s✱ ❡✈❡♥t✉❛❧❧② ✇❡ ✇✐❧❧ r✉♥ ♦✉t ♦❢ t❤♦s❡ ❝✉t ❡❞❣❡s ✇❤✐❝❤ ❞♦ ♥♦t ❛♣♣❡❛r ❛s t❤❡ s❡❝♦♥❞
❝♦♠♣♦♥❡♥t ♦❢ ❛ ♣❛✐r ✐♥ S✳ ❚❤✉s✱ ❛t s♦♠❡ st❡♣ i ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦❝❡ss✱ ✇❡ ♠✉st ❣❡t ❛ ❝✉t
❡❞❣❡ t❤❛t ✐s t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ♦❢ ❛ ♣❛✐r ✐♥ S ❛♥❞ ✇❡ ❣❡t ❛ ❝②❝❧❡ ♦❢ t❤❡ ❢♦r♠ ✭✻✳✶✵✮✱
✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ M1 ✐s ❛❝②❝❧✐❝✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t G̃M1

✐s ❛ ❝♦♥♥❡❝t❡❞
s✉❜❣r❛♣❤ ♦❢ G̃ ✇✐t❤ |C| ❡❞❣❡s ❛♥❞ t❤✉s ✐t ✐s ❛ s♣❛♥♥✐♥❣ tr❡❡ ♦❢ G̃✳ ❲❡ ❞❡✜♥❡ ❛ ❝♦♠♣❧❡t❡
❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M2 ♦❢ ✷✲❝❤❛✐♥s ❜② ✉s✐♥❣ t❤❡ s♣❛♥♥✐♥❣ tr❡❡ ❝♦♥str✉❝t✐♦♥ ❞❡t❛✐❧❡❞ ❛❜♦✈❡
❢♦r k = 2 ♦♥ G̃M1 ✳

◆♦✇✱ M2 ❛♥❞ M1 ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡s ❧❡❛❞✐♥❣ ❢r♦♠ K t♦ ❛
s✐♥❣❧❡ ✈❡rt❡① ❛s ❢♦❧❧♦✇s✳ ❙✐♥❝❡ ❡✈❡r② ❡❧❡♠❡♥t ♦❢ K ✐s ♠❛t❝❤❡❞ ✇✐t❤ r❡s♣❡❝t t♦ M2✱ t❤❡
s❡t ♦❢ ❝r✐t✐❝❛❧ ❝❡❧❧s ♦❢K ✇✐t❤ r❡s♣❡❝t t♦M2 ❢♦r♠ ❛ ✷✲❞✐♠❡♥s✐♦♥❛❧ s✉❜❝♦♠♣❧❡① K (1) ♦❢ K✳
❇② ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶✶✳✶✸ ✭❛✮ ✐♥ ❬✾✷❪✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡s
❧❡❛❞✐♥❣ ❢r♦♠ K t♦ K (1)✳ ◆❡①t✱ ♦❜s❡r✈❡ t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱ t❤❡ s❡t ♦❢ ♠❛t❝❤❡❞ ❢❛❝❡s ✐♥
K ✇✐t❤ r❡s♣❡❝t t♦ M2 ✐s ❡①❛❝t❧② t❤❡ s❡t ♦❢ ❝r✐t✐❝❛❧ ❢❛❝❡s ♦❢ K ✇✐t❤ r❡s♣❡❝t t♦ M1✳ ❚❤✉s✱
t❤❡ s❡t ♦❢ ❝r✐t✐❝❛❧ ❝❡❧❧s ♦❢ K (1) ✇✐t❤ r❡s♣❡❝t t♦ M1 ❢♦r♠ ❛ ✶✲❞✐♠❡♥s✐♦♥❛❧ s✉❜❝♦♠♣❧❡①
K (2) ♦❢ K (1)✳ ❇② ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶✶✳✶✸ ✭❛✮ ✐♥ ❬✾✷❪ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥✲
t❛r② ❝♦❧❧❛♣s❡s ❧❡❛❞✐♥❣ ❢r♦♠ K (1) t♦ K (2)✳ K (2) ✐s ❛ t♦♣♦❧♦❣✐❝❛❧❧② tr✐✈✐❛❧ ✶✲❞✐♠❡♥s✐♦♥❛❧
s✉❜❝♦♠♣❧❡①✱ t❤✉s ✐t ✐s ❛ s♣❛♥♥✐♥❣ tr❡❡ ♦♥ K✳ ❚❤✉s K ❝♦❧❧❛♣s❡s t♦ ❛ s✐♥❣❧❡ ✈❡rt❡①✳

◆♦✇ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❙♣❛♥♥✐♥❣ ❚r❡❡ ❚❡❝❤♥✐q✉❡ ✭❙❚❚✮ ❛❧❣♦r✐t❤♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✽✽❪
❛♥❞ ✐♠♣❧✐❝✐t❧② ✉s❡❞ ✐♥ ♠❛♥② ✇♦r❦s ❬✽✷✱ ✽✸✱ ✽✼✱ ✽✵❪✳ ❚❤❡ ❛❧❣♦r✐t❤♠✱ ❣✐✈❡♥ ❛s ✐♥♣✉t ❛
s♣❛♥♥✐♥❣ tr❡❡ T ♦♥ K✱ ❝♦♠♣✉t❡s ❛ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ HE ❛s ❢♦❧❧♦✇s✳ ❚♦ st❛rt
✇✐t❤✱ ❙❚❚ s❡ts t❤❡ ✈❛❧✉❡ HE

e = 0 ✐❢ e ∈ T ✱ ♦t❤❡r✇✐s❡ t❤❡ ✈❛❧✉❡ HE
e ❛t t❤✐s st❛❣❡ ✐s

✉♥❦♥♦✇♥✳ ◆❡①t✱ ❛❧❧ ❢❛❝❡s f ♦❢ K ❛r❡ ❧♦❛❞❡❞ ✐♥t♦ ❛ ❧✐st L✳ ❚❤❡ ♠❛✐♥ ❧♦♦♣ ♦❢ ❙❚❚ ✇♦r❦s
✉♥t✐❧ t❤❡r❡ ❛r❡ ♥♦ ♠♦r❡ ❢❛❝❡s ✐♥ L✳ ■♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✱ ✇❡ r❛♥❞♦♠❧② s❡❛r❝❤ ❢♦r ❛ ❢❛❝❡ f
✇✐t❤ t✇♦ ❜♦✉♥❞❛r② ❡❞❣❡s e1, e2 ⊂ ∂f s✉❝❤ t❤❛t t❤❡ ✈❛❧✉❡s HE

e1
,HE

e2
❛r❡ ❦♥♦✇♥✳ ❚❤❡♥✱

t❤❡ ✈❛❧✉❡ ♦❢ HE
e ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❜♦✉♥❞❛r② ❡❞❣❡ e ⊂ ∂f ✐s ❞❡t❡r♠✐♥❡❞ ❜②

HE
e = (Cf,e)

−1(JF
f − Cf,e1H

E
e1

− Cf,e2H
E
e2
) ✭✻✳✷✵✮



✼✻ ✻✳ ❈♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s

❛♥❞ ❢❛❝❡ f ✐s r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❧✐st L✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡♥ L ✐s ♥♦♥✲❡♠♣t② ❛♥❞ t❤❡r❡ ✐s
♥♦ ❛✈❛✐❧❛❜❧❡ ❢❛❝❡ f s❛t✐s❢②✐♥❣ t❤❡ ❛❜♦✈❡ ♣r♦♣❡rt②✱ t❤❡♥ ❙❚❚ ❞♦❡s ♥♦t t❡r♠✐♥❛t❡ s✐♥❝❡ ✐t
st❛❧❧s ✐♥ ❛ ✐♥✜♥✐t❡ ❧♦♦♣✳ ❆s s❤♦✇♥ ✐♥ ❬✽✽❪✱ ❙❚❚ t❡r♠✐♥❛t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
✐♥♣✉t s♣❛♥♥✐♥❣ tr❡❡ T ✳

❲❡ ♥♦✇ s❤♦✇ t❤❛t t❤❡ ❙❚❚ ❛❧❣♦r✐t❤♠ ❜♦✐❧s ❞♦✇♥ t♦ ❛ ♣r♦❝❡❞✉r❡ t♦ ❝♦♥str✉❝t ❝♦♠✲
♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣s ♦❢ ✶✲❝❤❛✐♥s ♦♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ˆ︁B✳ ❚❤✐s r❡s✉❧t ❝♦♠♣❧❡t❡s t❤❡
♣✐❝t✉r❡ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ tr❡❡✲❝♦tr❡❡ t❡❝❤♥✐q✉❡s ❛♥❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣
❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ ♦❢ k✲❝❤❛✐♥s✳ ❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤✐s ♦❜s❡r✈❛t✐♦♥ ❤❛s ✐t r♦♦t
♦♥ t❤❡ ❢❛❝t t❤❛t tr❡❡✲❝♦tr❡❡ t❡❝❤♥✐q✉❡s ❞❡s❝r✐❜❡ t❤❡ s❛♠❡ ❛❝t✐♦♥s ♦❢ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣s
❛❧t❤♦✉❣❤ ✉s✐♥❣ ❛ ❞✐✛❡r❡♥t ❧❛♥❣✉❛❣❡✳

❚♦ ❢♦r♠❛❧❧② st❛t❡ t❤❡ ♥❡①t t❤❡♦r❡♠ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✳ ●✐✈❡♥ ❛
s♣❛♥♥✐♥❣ tr❡❡ T ♦♥ K✱ ✇❡ s❛② t❤❛t ❙❚❚ t❡r♠✐♥❛t❡s ✭✇✐t❤ ✐♥♣✉t T ✮ ✐❢ ✐t ❞♦❡s ♥♦t st❛❧❧
✐♥ ❛♥ ✐♥✜♥✐t❡ ❧♦♦♣✳ ❲❡ s❛② t❤❛t ❙❚❚ ✉s❡s t❤❡ ♣❛✐r (e, f) ✐❢ ❙❚❚ ❞❡t❡r♠✐♥❡s t❤❡ ✈❛❧✉❡ ♦❢
❡❞❣❡ e ⊂ ∂f ✈✐❛ ✭✻✳✷✵✮ ❞✉r✐♥❣ ✐ts ♠❛✐♥ ❧♦♦♣ ❡①❡❝✉t✐♦♥✳ ❋✐♥❛❧❧②✱ ✇❡ s❛② t❤❛t ❙❚❚ ✉s❡s
❡❞❣❡ e ✐❢ ❙❚❚ ✉s❡s t❤❡ ♣❛✐r (e, f) ❢♦r s♦♠❡ ❢❛❝❡ f ∈ L✳

❚❤❡♦r❡♠ ✾✳ ▲❡t K ❜❡ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❛s ✐♥ ❚❤❡♦r❡♠ ✽✳ ❚❤❡r❡ ❡①✐sts ❛ s♣❛♥✲
♥✐♥❣ tr❡❡ ♦♥ K ❢♦r ✇❤✐❝❤ ❙❚❚ t❡r♠✐♥❛t❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝
♠❛t❝❤✐♥❣ ♦❢ ✶✲❝❤❛✐♥s ♦♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ˆ︁B✳

Pr♦♦❢✳ ▲❡t T ❜❡ ❛ s♣❛♥♥✐♥❣ tr❡❡ s✉❝❤ t❤❛t ❙❚❚ t❡r♠✐♥❛t❡s✳ ❲❡ ♥♦✇ ❞❡✜♥❡ ❛♥ ❛❝②❝❧✐❝
♠❛t❝❤✐♥❣ MT ♦❢ ✶✲❝❤❛✐♥s ♦♥ ˆ︁B s✉❝❤ t❤❛t ❡✈❡r② ❝♦tr❡❡ ❡❞❣❡ ♦❢ T ✱ ♥❛♠❡❧② ❛♥ ❡❞❣❡ e ∈ E
✇❤✐❝❤ ✐s ♥♦t ❛♥ ❡❞❣❡ ♦❢ T ✱ ✐s ♠❛t❝❤❡❞ ✐♥ MT ✳ MT ✐s ❝♦♥str✉❝t❡❞ ❞✉r✐♥❣ ❙❚❚ ❡①❡❝✉t✐♦♥
❛s ❢♦❧❧♦✇s✳ ❲❡ ✐♥✐t✐❛❧✐③❡ M1 = ∅✳ ◆❡①t✱ ✐❢ ❙❚❚ ✉s❡s ❛ ♣❛✐r (e, f) ❞✉r✐♥❣ ✐ts ❡①❡❝✉t✐♦♥
t❤❡♥ ✇❡ ❛❞❞ (e, f) t♦ M1✳ ■♥ t❤✐s ✇❛② ✇❡ ❣❡t ❛ t♦t❛❧ ♦r❞❡r ♦❢ ♣❛✐rs ✐♥ M1 ✇❤❡r❡ ❛
♣❛✐r (ei, fi) ∈ M1 ❝♦♠❡s ❜❡❢♦r❡ t❤❛♥ ❛ ♣❛✐r (ej , fj) ∈ M1 ✐♥ t❤✐s t♦t❛❧ ♦r❞❡r ✇✐t❤ i < j
✐❢ ❙❚❚ ✉s❡s (ei, fi) ❜❡❢♦r❡ t❤❛♥ (ej , fj)✳ ❚❤❡ s❡t MT ♦❢ ❛❧❧ s✉❝❤ ♣❛✐rs ✐s ❛ ❝♦♠♣❧❡t❡
❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣✳ ❋✐rst✱ ✇❡ s❡❡ t❤❛t MT ✐s ❛ ♠❛t❝❤✐♥❣ s✐♥❝❡ ✐❢ ❙❚❚ ✉s❡s t❤❡ ♣❛✐r (e, f)✱
t❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ HE

e s❡t ❜② ❙❚❚ ❝❛♥ ♥❡✈❡r ❜❡ r❡❛ss✐❣♥❡❞✳ ❙❡❝♦♥❞✱ t❤❡ ♠❛t❝❤✐♥❣ MT

✐s ❛❝②❝❧✐❝ s✐♥❝❡ ✐❢ ❙❚❚ ✉s❡s t❤❡ ♣❛✐r (ei, fi)✱ t❤❡♥ ei ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❜♦✉♥❞❛r② ♦❢
❛♥② ♠❛t❝❤❡❞ ❢❛❝❡ fj ✐♥ M1 ❢♦r 1 ≤ j < i✳ ❚❤✐r❞✱ s✐♥❝❡ ❙❚❚ t❡r♠✐♥❛t❡s✱ ❡✈❡r② ❝♦tr❡❡
❡❞❣❡ e ♦❢ T ✐s ♠❛t❝❤❡❞ ✐♥ M1✳ ❯s✐♥❣ ❊✉❧❡r✬s ❢♦r♠✉❧❛✱ t❤❡ ❢❛❝t t❤❛t K ✐s t♦♣♦❧♦❣✐❝❛❧❧②
tr✐✈✐❛❧ ❛♥❞ t❤❛t T ✐s ❛ s♣❛♥♥✐♥❣ tr❡❡ ♦♥ K ✇❡ ❣❡t |E| − (|N | − 1) = |F | − |C|✳ ❚❤✉s M1

✐s ❝♦♠♣❧❡t❡✳
❈♦♥✈❡rs❡❧②✱ ❧❡t M1 ❜❡ ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ ♦❢ ✶✲❝❤❛✐♥s ♦♥ ˆ︁B✳ ❲❡ ♥❡❡❞ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥str✉❝t✐♦♥✱ ✇❤✐❝❤ ♠✐♠✐❝s t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ ❚❤❡♦r❡♠ ✽✳ ❈♦♥s✐❞❡r t❤❡
s✉❜❣r❛♣❤ GM1

= (V,EM1
) ♦❢ K ✇✐t❤ s❡t ♦❢ ✈❡rt✐❝❡s ❣✐✈❡♥ ❜② ✈❡rt✐❝❡s ♦❢ K ❛♥❞ EM1

✐♥❝❧✉❞❡s ❛♥ ❡❞❣❡ e ∈ E ✐❢ e ✐s ❝r✐t✐❝❛❧ ✇✐t❤ r❡s♣❡❝t t♦ M1✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t GM1

❤❛s |N | − 1 ❡❞❣❡s ❛♥❞ ✐s ❝♦♥♥❡❝t❡❞✳ ❋✐rst✱ s✐♥❝❡ M1 ✐s ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ t❤❡
♥✉♠❜❡r ♦❢ ❝r✐t✐❝❛❧ ❡❞❣❡s✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ EM1 ✱ ✐s |E| − (|F | −
|C|) = |N | − 1 ✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ❊✉❧❡r✬s ❢♦r♠✉❧❛ |N | − |E| + |F | − |C| = 1 ❛♥❞ t❤❡
❢❛❝t t❤❛t K ✐s t♦♣♦❧♦❣✐❝❛❧❧② tr✐✈✐❛❧✳ ❙❡❝♦♥❞✱ ❛ss✉♠❡ t❤❛t✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥tr❛❞✐❝t✐♦♥✱
GM1

✐s ❞✐s❝♦♥♥❡❝t❡❞✳ ▲❡t V ∗ ❜❡ t❤❡ s❡t ♦❢ ♥♦❞❡s ✐♥ ❛ ✜①❡❞ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢
GM1

✳ ▲❡t EV ∗ ⊂ E ❜❡ t❤❡ s✉❜s❡t ♦❢ ❝✉t ❡❞❣❡s✱ ♥❛♠❡❧② ❡❞❣❡s ♦❢ G ✇✐t❤ ♦♥❡ ✈❡rt❡① ✐♥
V ∗ ❛♥❞ ♦♥❡ ✈❡rt❡① ✐♥ ✐ts ❝♦♠♣❧❡♠❡♥t V \ V ∗✳ ◆♦t❡ t❤❛t s✐♥❝❡ K ✐s ❝♦♥♥❡❝t❡❞✱ EV ∗ ✐s
♥♦t ❡♠♣t②✳ ▼♦r❡♦✈❡r✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ GM1 ✱ t♦ ❡❛❝❤ e ∈ EV ∗ ❝♦rr❡s♣♦♥❞s ❛ ♠❛t❝❤❡❞
❡❞❣❡ e ♦❢ K ✇✐t❤ r❡s♣❡❝t t♦ M1 ❢♦r♠✐♥❣ t❤❡ ♣❛✐r (e, f) ∈ M1 ❢♦r ❛ ✉♥✐q✉❡ ❢❛❝❡ f ♦❢ K✳



✻✳✸✳ ❆❝②❝❧✐❝ ♠❛t❝❤✐♥❣s ❛♥❞ ●❛✉ss✐❛♥ ❡❧✐♠✐♥❛t✐♦♥ ✼✼

◆♦✇ ✇❡ ❝♦♥str✉❝t ❛ ❝②❝❧❡ ♦❢ t❤❡ ❢♦r♠ f1 ≻ e1 ≺ f2 ≻ · · · ≺ fh ≻ eh ≺ f1 ✇✐t❤ h ≥ 2✱
(ei, fi) ∈ M1 ❢♦r ❛❧❧ i ∈ {1, . . . , h} ❛♥❞ ❛❧❧ ei ∈ EV ∗ ❜❡✐♥❣ ❞✐st✐♥❝t✳ ❙t❛rt ✇✐t❤ ❛ ❝✉t ❡❞❣❡
e1 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ✉♥✐q✉❡ ❢❛❝❡ f1 ♦❢ K ❢♦r♠✐♥❣ t❤❡ ♠❛t❝❤❡❞ ♣❛✐r (e1, f1) ∈ M1✳ ❚❤❡♥✱
f1 ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ♦t❤❡r ❝✉t ❡❞❣❡ e2 ∈ EV ∗ ✱ ♦t❤❡r✇✐s❡ e1 ❝❛♥♥♦t ❜❡ ❛ ❝✉t ❡❞❣❡✳ ❇②
✐t❡r❛t✐✈❡❧② r❡♣❡❛t✐♥❣ t❤✐s ♣r♦❝❡ss✱ ✇❡ ♦❜t❛✐♥ ❛ s❡q✉❡♥❝❡ S ♦❢ ♣❛✐rs (e1, f1), . . . , (ei, fi)
s✉❝❤ t❤❛t f1 ≻ e1 ≺ f2 ≻ · · · ≺ fi−1 ≻ ei ≺ fi✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ✜♥✐t❡ ❣r❛♣❤s✱ ❡✈❡♥t✉❛❧❧②
✇❡ ✇✐❧❧ r✉♥ ♦✉t ♦❢ t❤♦s❡ ❝✉t ❡❞❣❡s ✇❤✐❝❤ ❞♦ ♥♦t ❛♣♣❡❛r ❛s t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ ❛ ♣❛✐r
✐♥ S✳ ❚❤✉s✱ ❛t s♦♠❡ st❡♣ i ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦❝❡ss✱ ✇❡ ♠✉st ❣❡t ❛ ❝✉t ❡❞❣❡ t❤❛t ✐s t❤❡ ✜rst
❝♦♠♣♦♥❡♥t ♦❢ ❛ ♣❛✐r ✐♥ S ❛♥❞ ✇❡ ❣❡t ❛ ❝②❝❧❡ ♦❢ t❤❡ ❢♦r♠ ✭✻✳✶✵✮✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥
s✐♥❝❡ M1 ✐s ❛❝②❝❧✐❝✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t GM1

✐s ❛ ❝♦♥♥❡❝t❡❞ s✉❜❣r❛♣❤ ♦❢ K ✇✐t❤
|N | − 1 ❡❞❣❡s ❛♥❞ t❤✉s ✐t ✐s ❛ s♣❛♥♥✐♥❣ tr❡❡ ♦♥ K✳

◆♦✇ ✇❡ ♣r♦✈❡ t❤❛t ❙❚❚ ✇✐t❤ ✐♥♣✉t GM1
t❡r♠✐♥❛t❡s✳ ◆♦t❡ t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢

GM1
✱ ✐❢ (e, f) ∈ M1 t❤❡♥ e ✐s ❛ ❝♦tr❡❡ ❡❞❣❡ ♦❢ GM1

✱ ♥❛♠❡❧② e ✐s ♥♦t ❛♥ ❡❞❣❡ ♦❢ GM1
✳

❉❡♥♦t❡ ❜② C t❤❡ s❡t ♦❢ ❛❧❧ ❝♦tr❡❡ ❡❞❣❡s ♦❢ GM1 ✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ M1 ✐s ❝♦♠♣❧❡t❡✱
r❡❛s♦♥✐♥❣ ❛s ❛❜♦✈❡ ✉s✐♥❣ ❊✉❧❡r✬s ❢♦r♠✉❧❛✱ ✇❡ ❣❡t t❤❛t ❡✈❡r② ❝♦tr❡❡ ❡❞❣❡ ♦❢ GM1 ✐s
♠❛t❝❤❡❞ ✇✐t❤ r❡s♣❡❝t t♦ M1✳ ❙✐♥❝❡ M1 = {(e1, f1), . . . , (en, fn)} ✐s ❛❝②❝❧✐❝✱ ✇❡ ❝❛♥
♦r❞❡r ♣❛✐rs ✐♥ M1 ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t✱ ❢♦r ❡✈❡r② i ∈ {1, . . . , n− 1}✱ fi ✐s ♥♦t ✐♥❝✐❞❡♥t t♦
❛♥② ei+1, . . . , en✳ ▲❡t E❙❚❚ ❜❡ t❤❡ s❡t ♦❢ ❝♦tr❡❡ ❡❞❣❡s ✉s❡❞ ❜② ❙❚❚ ❞✉r✐♥❣ ✐ts ❡①❡❝✉t✐♦♥✳
◆♦t❡ t❤❛t E❙❚❚ ✐s ♥♦t ❡♠♣t② s✐♥❝❡ ❙❚❚ ❝❛♥ ✉s❡ ❛t ❧❡❛st t❤❡ ♣❛✐r (e1, f1)✱ t❤❛♥❦s t♦
t❤❡ t♦t❛❧ ♦r❞❡r ❝❤♦s❡♥ ♦♥ M1✳ ❙✉♣♣♦s❡ t❤❛t ❙❚❚ ❞♦❡s ♥♦t t❡r♠✐♥❛t❡✳ ❚❤✐s ♠❡❛♥s
t❤❛t✱ ❞✉r✐♥❣ ✐ts ❡①❡❝✉t✐♦♥✱ ✐t ❞♦❡s ♥♦t ✉s❡ ❛♥② ❝♦tr❡❡ ❡❞❣❡ ❛♥❞ C \ E❙❚❚ ̸= ∅✳ ❲❡ ✇✐❧❧
s❤♦✇ t❤❛t t❤✐s ✐s ✐♠♣♦ss✐❜❧❡✳ ▲❡t i ❜❡ t❤❡ ♠✐♥✐♠✉♠ ✐♥t❡❣❡r s✉❝❤ t❤❛t t❤❡ ❝♦tr❡❡ ❡❞❣❡ ei
❜❡❧♦♥❣s t♦ C \ E❙❚❚✳ ❙✐♥❝❡ ♣❛✐rs ✐♥ M1 ❛r❡ ♦r❞❡r❡❞ ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ i > 1 ❛♥❞ fi
❝❛♥ ❜❡ ♦♥❧② ✐♥❝✐❞❡♥t t♦ ❝♦tr❡❡ ❡❞❣❡s ej ✇✐t❤ j ≤ i✳ ▼♦r❡♦✈❡r✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ i✱ t❤❡r❡ ✐s
♥♦ j ✇✐t❤ j < i s✉❝❤ t❤❛t t❤❡ ❝♦tr❡❡ ❡❞❣❡ ej ❜❡❧♦♥❣s t♦ C \ E❙❚❚✳ ❍❡♥❝❡✱ ❙❚❚ s❤♦✉❧❞
❤❛✈❡ ❛t ❧❡❛st ✉s❡❞ t❤❡ ♣❛✐r (ei, fi)✱ ✐✳❡✳ ei ❜❡❧♦♥❣s t♦ E❙❚❚ ❛s ✇❡❧❧✳ ❚❤✐s ❣✐✈❡s t❤❡ ❞❡s✐r❡❞
❝♦♥tr❛❞✐❝t✐♦♥ ❛♥❞ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾ s❤♦✇s t❤❛t✱ ✐❢ t❤❡ ❙❚❚ ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s ❢♦r ❛ ❣✐✈❡♥
s♣❛♥♥✐♥❣ tr❡❡ T ✱ st❛rt✐♥❣ ❢r♦♠ T ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❝♦♠♣❧❡t❡ ❛❝②❧❝❧✐❝ ♠❛t❝❤✐♥❣ MT ♦❢
✶✲❝❤❛✐♥s ♦♥ ˆ︁B✳ ❇✉t ❛❧s♦ t❤❡ ♦t❤❡r ✇❛② ❛r♦✉♥❞✱ ♥❛♠❡❧②✱ ✐❢ ✇❡ ❤❛✈❡ ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝
♠❛t❝❤✐♥❣ M1 ♦❢ ✶✲❝❤❛✐♥s ♦♥ ˆ︁B✱ st❛rt✐♥❣ ❢r♦♠ M1 ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ s♣❛♥♥✐♥❣ tr❡❡ GM1

❢♦r ✇❤✐❝❤ ❙❚❚ t❡r♠✐♥❛t❡s✳
❇② ❝♦♠❜✐♥✐♥❣ ❚❤❡♦r❡♠ ✽ ❛♥❞ ❚❤❡♦r❡♠ ✾ ✇❡ ♥♦✇ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇❤✐❝❤

❣✐✈❡s ❛ t♦♣♦❧♦❣✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❡r♠✐♥❛t✐♦♥ ♣r♦❜❧❡♠s ♦❢ tr❡❡✲❝♦tr❡❡ t❡❝❤♥✐q✉❡s✳

❚❤❡♦r❡♠ ✶✵✳ ▲❡t K ❜❡ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ❛s ✐♥ ❚❤❡♦r❡♠ ✽✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛
s♣❛♥♥✐♥❣ tr❡❡ ♦♥ K ❢♦r ✇❤✐❝❤ ❙❚❚ t❡r♠✐♥❛t❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢ K ✐s ❝♦❧❧❛♣s✐❜❧❡✳

❚❤❡r❡ ❛r❡ ❦♥♦✇♥ ❡①❛♠♣❧❡s ♦❢ tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ ✸✲❜❛❧❧s ✇❤✐❝❤ ❛r❡ ♥♦t ❝♦❧❧❛♣s✐❜❧❡ ❬✽✾❪✳
❍❡♥❝❡✱ ✉s✐♥❣ ❚❤❡♦r❡♠ ✶✵✱ t❤❡r❡ ❛r❡ tr✐❛♥❣✉❧❛t✐♦♥s K ♦❢ ✸✲❜❛❧❧s s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r②
♣♦ss✐❜❧❡ s♣❛♥♥✐♥❣ tr❡❡ ♦❢ K ❣✐✈❡♥ ❛s ✐♥♣✉t✱ ❙❚❚ ❞♦❡s ♥♦t t❡r♠✐♥❛t❡✳

❲❡ r❡♠❛r❦ t❤❛t ✐t ✐s ◆P✲❝♦♠♣❧❡t❡ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ❛ ❣✐✈❡♥ ✸✲❞✐♠❡♥s✐♦♥❛❧ s✐♠♣❧✐❝✐❛❧
❝♦♠♣❧❡① ✭❡♠❜❡❞❞❡❞ ♦r ♥♦t✮ ✐s ❝♦❧❧❛♣s✐❜❧❡ ❬✾✵❪✳ ❍♦✇❡✈❡r✱ t♦ t❤❡ ❛✉t❤♦rs ❦♥♦✇❧❡❞❣❡✱ t❤❡
r❡❧❛t❡❞ q✉❡st✐♦♥ ❢♦r t❤❡ ❝❛s❡ ♦❢ ✸✲❞✐♠❡♥s✐♦♥❛❧ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①❡s ❡♠❜❡❞❞❡❞ ✐♥ R3 ❛♥❞
✇✐t❤ ▲✐♣s❝❤✐t③ ❜♦✉♥❞❛r② ✐s st✐❧❧ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳ ❨❡t✱ ♥✉♠❡r✐❝❛❧ ❡✈✐❞❡♥❝❡ s❤♦✇s t❤❛t
t❤✐s ♣r♦❜❧❡♠ ✐s ✈❡r② ❞✐✣❝✉❧t ✐♥ ❣❡♥❡r❛❧ ❛❧t❤♦✉❣❤ ❣♦♦❞ ❤❡✉r✐st✐❝s ❡①✐sts ❬✾✼❪✳



✼✽ ✻✳ ❈♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s

❚❤❡s❡ r❡s✉❧ts ❛r❡ t❤❡ ❝❛✉s❡ ♦❢ t❤❡ ✇❡❧❧✲❦♥♦✇♥ t❡r♠✐♥❛t✐♦♥ ♣r♦❜❧❡♠s ♦❢ tr❡❡✲❝♦tr❡❡
t❡❝❤♥✐q✉❡s ❬✽✽❪❀ s❡❡ ❛❧s♦ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✻✳✺✳

✻✳✸✳✸ ❚❤❡ ❝❛s❡ ✇❤❡r❡ ✇❡ ❝❛♥♥♦t ✜♥❞ ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✲
✐♥❣

❆s s❤♦✇♥ ❜② ❚❤❡♦r❡♠ ✽ ❛♥❞ t❤❡ ❞✐s❝✉ss✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✻✳✸✳✷✱ ❢♦r ❝❡❧❧ ❝♦♠♣❧❡①
K ❣✐✈❡♥ ❛s ✐♥♣✉t✱ ✇❡ ❝❛♥♥♦t ✜♥❞ ✐♥ ❣❡♥❡r❛❧ ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M1 ♦❢ ✶✲❝❤❛✐♥s
♦♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ˆ︁B✳ ❈♦♥s❡q✉❡♥t❧②✱ ❚❤❡♦r❡♠ ✻ ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ ✐♥ ❣❡♥❡r❛❧ ❢♦r
B = ˆ︁B✳

▲❡t ✉s ♥♦✇ ❛ss✉♠❡ t❤❛t ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M1 ✐s ♥♦t ❝♦♠♣❧❡t❡✳ ❲❡ s❤❛❧❧ ♥♦✇ s❤♦✇
t❤❛t✱ ❛❢t❡r s♦❧✈✐♥❣ ❛♥♦t❤❡r ❧✐♥❡❛r s②st❡♠✱ ✇❡ ❝❛♥ st✐❧❧ ❣❡t ❛ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧
s♦❧✉t✐♦♥ HE s♦❧✉t✐♦♥ ♦❢ ✭✻✳✷✮ ❜② ❡①♣❧♦✐t✐♥❣ ❜❛❝❦ s✉❜st✐t✉t✐♦♥✳

❆s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✻✳✷✳✸✱ ❛♥ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ ❛❝ts ♦♥ ❛ ❜❛s✐s B ❜② ♣❡r❢♦r♠✐♥❣
❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s ♦♥ ✐t✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♥❡✇ ❜❛s✐s B′ = B ·M1 = U ∪ D ∪ A✳
❚❤❡r❡ ✐s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❧♦❝❦ ♣❛rt✐t✐♦♥ ♦❢ ❧✐♥❡❛r s②st❡♠ ✭✻✳✷✮ ❛s

(︃
C U2×D1 C U2×A1

CA2×D1 CA2×A1

)︃(︃
HE

D1

HE
A1

)︃
=

(︃
JF

U2

JF
A2

)︃
. ✭✻✳✷✶✮

❚❤❡ ❝r✉❝✐❛❧ ❢❛❝t t✉r♥s ♦✉t t♦ ❜❡ t❤❛t CA2×D1 ✐s ❛ ③❡r♦ ♠❛tr✐①✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡
❛ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ HE = (HE

D1
,HE

A1
)T s♦❧✉t✐♦♥ ♦❢ ✭✻✳✷✮ ❜② s♦❧✈✐♥❣✱ ✐♥ ♦r❞❡r✱

CA2×A1
HE

A1
= JF

A2
, ✭✻✳✷✷✮

C U2×D1
HE

D1
= JF

U2
− C U2×A1

HE
A1

, ✭✻✳✷✸✮

✇❤❡r❡ ✭✻✳✷✸✮ ✐s s♦❧✈❡❞ ❜② ❡①♣❧♦✐t✐♥❣ ❜❛❝❦ s✉❜st✐t✉t✐♦♥ ❛s ✐♥ ❙❡❝t✐♦♥ ✻✳✸✳✶✳
▲❡t ✉s ♣r♦✈❡ t❤❛t CA2×D1 ✐s ❛ ③❡r♦ ♠❛tr✐①✳ ▲❡t M1 = {(σ1, τ1) . . . , (σn, τn)}✳ ▲❡t ✉s

❝♦♥s✐❞❡r ❜❛s❡s {. . . , ξi = φk(ξi), . . . } ❛♥❞ {, . . . , πi, . . . , } ♦❢ C1(K) ❛♥❞ C2(K)✱ r❡s♣❡❝✲
t✐✈❡❧②✳ ❲❡ s❡❡ t❤❛t t❤❡ (i, j)✲❡♥tr② ♦❢ C ✐s Ci,j = ⟨δ1(ξj) , πi⟩ = ⟨ξj , ∂2πi⟩ = ⟨ξj , ∂2πi⟩✱
✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ✭✷✳✹✷✮ ❛♥❞ t❤❡ ✐s♦♠♦r♣❤✐s♠ φk : Ck(K) → Ck(K) ✐♥ ✭✷✳✹✶✮✳ ❚❤✉s✱
t♦ ♣r♦✈❡ t❤❛t CA2×D1

✐s ❛ ③❡r♦ ♠❛tr✐① ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t ❡✈❡r② σi ∈ D1 ✇✐t❤
i ∈ {1, . . . , n} ✐s ♥♦t ✐♥❝✐❞❡♥t t♦ ❛♥② ρ ∈ A2✳

❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✳
❙✉♣♣♦s❡ t❤❛t n = 1✳ ◆❡❝❡ss❛r✐❧②✱ τ1 ∈ U2 ✐s t❤❡ ♦♥❧② ❜❛s✐s ❡❧❡♠❡♥t ✐♥ B · M1 =

U ∪ D ∪ A ✐♥❝✐❞❡♥t ♦♥ σ1✳ ■♥ ❢❛❝t✱ ✐❢ τ ∈ B ✐s ✐♥❝✐❞❡♥t ♦♥ σ1✱ t❤❡♥ ✐ts ✐♠❛❣❡ ✉♥❞❡r t❤❡
tr❛♥s❢♦r♠❛t✐♦♥ ✭✻✳✶✻✮ ✐s ♥♦t ✐♥❝✐❞❡♥t ♦♥ σ1✳ ■t ❢♦❧❧♦✇s t❤❛t σ1 ✐s ♥♦t ✐♥❝✐❞❡♥t t♦ ❛♥②
ρ ∈ A2✳

❲❡ ♥♦✇ ❛ss✉♠❡ t❤❡ st❛t❡♠❡♥t tr✉❡ ❢♦r n− 1 ❛♥❞ ✇❡ ♣r♦✈❡ ✐t ❢♦r n✳ ▲❡t ✉s ❝♦♥s✐❞❡r
t❤❡ ❜❛s✐s B ·M1 = U ∪ D ∪ A✳ Pr♦❝❡❡❞✐♥❣ ❛s ❛❜♦✈❡✱ ✇❡ s❡❡ t❤❛t σn ✐s ♥♦t ✐♥❝✐❞❡♥t t♦
❛♥② ρ ∈ A2✳ ❚♦ ❝♦♥❝❧✉❞❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t ❛❧s♦ ❡❛❝❤ σi ✇✐t❤ i ∈ {1, . . . , n−1}
✐s ♥♦t ✐♥❝✐❞❡♥t t♦ ❛♥② ρ ∈ A2✳ ❇❛s✐s ❡❧❡♠❡♥ts ✐♥ B · M1 ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❛t ♦❢
B · {(σ1, τ1), . . . , (σn−1, τn−1)} ❜② ❛♣♣❧②✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥ ✭✻✳✶✻✮ ✇✐t❤ (σ, τ) = (σn, τn)✳
❯s✐♥❣ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ✇❡ s❡❡ t❤❛t t❤❡ ✜rst t❡r♠ ✐♥ ✭✻✳✶✻✮ ✭✐✳❡✳✱ τ ′ ∈ C2(K)✮ ✐s
♥♦t ✐♥❝✐❞❡♥t ♦♥ ❛♥② σi ✇✐t❤ i ∈ {1, . . . , n−1}✳ ▼♦r❡♦✈❡r✱ ❡❛❝❤ σi ✇✐t❤ i ∈ {1, . . . , n−1}



✻✳✹✳ ❆❧❣♦r✐t❤♠ ❞❡s❝r✐♣t✐♦♥ ✼✾

✐s ♥♦t ✐♥❝✐❞❡♥t t♦ τn ❛s ♣❛✐rs ✐♥ M1 ❛r❡ ♦r❞❡r❡❞ ❛s ✐♥ ❚❤❡♦r❡♠ ✺✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡
♣r♦♦❢✳

❲❡ ♥♦✇ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✇❤✐❝❤ ❝♦♠❜✐♥❡s t❤❡ r❡s✉❧ts ♦❢ t❤✐s s❡❝t✐♦♥ ✇✐t❤
t❤♦s❡ ♦❢ ❙❡❝t✐♦♥ ✻✳✸✳✶✳ ■t ❝❛♥ ❜❡ t❤♦✉❣❤t ❛s ❛ s♣❡❝✐✜❝ ❛❧❣❡❜r❛✐❝ ✈❡rs✐♦♥ ♦❢ ❋♦r♠❛♥✬s
❞✐s❝r❡t❡ ▼♦rs❡ ❝♦♠♣❧❡① ❝♦♥str✉❝t✐♦♥ ❬✾✶❪✳ ❲❡ t❤✐♥❦ t❤❛t ♦✉r ♣r❡s❡♥t❛t✐♦♥ ❛♥❞ t❡r♠✐✲
♥♦❧♦❣② s❤❡❞ ❧✐❣❤t ♦♥ t❤❡ ❧✐♥❡❛r ❛❧❣❡❜r❛ ❜❡❤✐♥❞ t❤❡ ♠♦r❡ ❛❜str❛❝t ❞✐s❝r❡t❡ ▼♦rs❡ t❤❡♦r②
❝♦♥str✉❝t✐♦♥s✳

❚❤❡♦r❡♠ ✶✶✳ ❉❡♥♦t❡ ❜② Dk ♦♥❡ ❛♠♦♥❣ t❤❡ ♠❛tr✐❝❡s G✱ C ♦r D ❢♦r k ❡q✉❛❧ t♦ 0✱1
♦r 2✱ r❡s♣❡❝t✐✈❡❧②✳ ▲❡t Mk ❜❡ ❛♥ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ ♦❢ k✲❝❤❛✐♥s ♦♥ B✳ ❚❤❡♥✱ t❤❡r❡ ✐s ❛
❝♦rr❡s♣♦♥❞✐♥❣ ❜❧♦❝❦ ♣❛rt✐t✐♦♥ ♦❢ Dk ❛s

Dk =

(︃
Dk Uk+1×Dk

Dk Uk+1×Ak

0 Dk Ak+1×Ak

)︃
, ✭✻✳✷✹✮

✇❤❡r❡ Dk Uk+1×Dk
✐s ✉♣♣❡r tr✐❛♥❣✉❧❛r ❛♥❞ ✐♥✈❡rt✐❜❧❡✳

✻✳✹ ❆❧❣♦r✐t❤♠ ❞❡s❝r✐♣t✐♦♥

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ❛ r❡❝✉rs✐✈❡ ❛❧❣♦r✐t❤♠ t❤❛t r❡❞✉❝❡s ♠❛tr✐① C ✐♥t♦ ❛ r♦✇ ❡❝❤❡❧♦♥
❢♦r♠ ❜② ♠❡❛♥s ♦❢ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s ♦♥ t❤❡ ❜❛s✐s B =

⋃︁
k Bk ❛♥❞ ✇❡ ♣r❡s❡♥t ✐♥

❙❡❝t✐♦♥ ✻✳✹✳✷✳ ❲❡ ✜rst ❞❡s❝r✐❜❡ ✐♥ ❙❡❝t✐♦♥ ✻✳✹✳✶ ♦✉r ♥♦✈❡❧ ❣r❡❡❞② ♣r♦❝❡❞✉r❡ t♦ ❝♦♥str✉❝t
❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣s✳

✻✳✹✳✶ ●r❡❡❞② ❛♣♣r♦❛❝❤ t♦ ❝♦♥str✉❝t ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣s

❚♦ ♠✐♥✐♠✐③❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt ♦❢ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ✐♥ ✭✻✳✷✷✮✱ ✇❡ ❤❛✈❡ t♦ ❝❛r❡❢✉❧❧②
❝❤♦♦s❡ ❤♦✇ t♦ ❝♦♥str✉❝t t❤❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M1✳ ■t ✐s ✈✐s✐❜❧❡ ❢r♦♠ ❙❡❝t✐♦♥ ✻✳✷✳✸ t❤❛t
❝♦♥str✉❝t✐♥❣ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣s ❜② ✐♥t❡r♥❛❧ ❝♦❧❧❛♣s❡s ❝❛♥ ❣❡t ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ ❜②
❡❧❡♠❡t❛r② ❝♦❧❧❛♣s❡s s✐♥❝❡ ❝❤❛♥❣❡s ♦❢ ❜❛s✐s ♦❢ t②♣❡ ✷ ❛♥❞ ✸ ❛r❡ ✐♥✈♦❧✈❡❞✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡
❤❛✈❡ t♦ ❡①♣r❡ss t❤❡ ♥❡✇ ❜❛s✐s ❡❧❡♠❡♥ts ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡s ❛♥❞
❤❡♥❝❡ t❤❡② ❝❛♥♥♦t ❜❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❞❛t❛ str✉❝t✉r❡ ❛❢t❡r ❡❛❝❤ ❝♦❧❧❛♣s❡✳

❚❤❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥ ♠♦t✐✈❛t❡s t❤❡ ❝♦♥❝❡♣t ♦❢ ❞❡❣r❡❡ ♦❢ ❛ ❜❛s✐s ❡❧❡♠❡♥t σ ∈ B✳ ❲❡
❞❡✜♥❡ deg(σ) ❛s t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ t❤❡ ❝♦❜♦✉♥❞❛r② ♦❢ σ✱ ✐✳❡✳ t❤❡ s❡t cobdB(σ) ❞❡✜♥❡❞ ✐♥
✭✻✳✾✮✳ ◆♦t❡ t❤❛t ✐❢ deg(σ) ✐s ✶ t❤❡♥ σ ✐s ❢r❡❡✳ ■♥ ♦✉r ❛♣♣r♦❛❝❤✱ ❛❧s♦ t❤❡ ❝❛s❡ deg(σ) = 2
✇✐❧❧ ♣❧❛② ❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡✳ ❲❡ ❞❡✜♥❡ σ ∈ B t♦ ❜❡ ✢❛t ✐❢ deg(σ) = 2✳

❚♦ r❡❞✉❝❡ t❤❡ ❛♠♦✉♥t ♦❢ ❝♦♠♣✉t❛t✐♦♥ ❞✉r✐♥❣ ●❛✉ss✐❛♥ ❡❧✐♠✐♥❛t✐♦♥✱ ✐t ✐s ✇✐s❡ t♦
✜rst s❡❛r❝❤ ❢♦r ❜❛s✐s ❡❧❡♠❡♥ts ✇✐t❤ ❧♦✇❡st ❞❡❣r❡❡✳ ■♥❞❡❡❞✱ ✐❢ deg(σ) ✐s ✶✱ t❤❡♥ σ ✐s ❢r❡❡
❛♥❞ t❤❡ ♥❡✇ ❜❛s✐s ✐s ❛ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❛♥❞ ♥♦ ❛❧❣❡❜r❛✐❝ ♦♣❡r❛t✐♦♥s ❛r❡
♥❡❡❞❡❞✳ ■♥ t❤✐s ❝❛s❡✱ ✐t s❤♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ t♦ ❛✈♦✐❞ ❛❧❧ t❤❡ ♠❛tr✐① ❛❧❣❡❜r❛ ❝♦♠♣✉t❛t✐♦♥
❛♥❞ ❡✣❝✐❡♥t❧② ♦r❣❛♥✐③❡ t❤❡ ❜❛s✐s s♦ t❤❛t ♠❛tr✐❝❡s ❛r❡ ✐♥ tr✐❛♥❣✉❧❛r ❢♦r♠ ❛s ✐♥ ▲❡♠♠❛ ✽✳

❑❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❡ ❛❜♦✈❡ ❤❡✉r✐st✐❝s✱ ✇❡ s❡❛r❝❤ ❢♦r ❜❛s✐s ❡❧❡♠❡♥ts ❤❛✈✐♥❣ s♠❛❧❧❡st
❞❡❣r❡❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❞♦ ♥♦t str✐❝t❧② ❝❤♦♦s❡ ❜❛s✐s ❡❧❡♠❡♥ts ✇✐t❤ ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ❜✉t
✐♥st❡❛❞ ✇❡ ♣r♦❝❡❡❞ ✐♥ ❛ s❡q✉❡♥t✐❛❧ ♠❛♥♥❡r✳ ❋✐rst✱ ✇❡ s❡❛r❝❤ ❢♦r ❛❧❧ ❢r❡❡ ❜❛s✐s ❡❧❡♠❡♥ts
✉♥t✐❧ ❡①❤❛✉st✐♦♥✳ ◆❡①t✱ ✇❡ s❡❛r❝❤ ❢♦r ❛❧❧ ✢❛t ❜❛s✐s ❡❧❡♠❡♥ts ✉♥t✐❧ ❡①❤❛✉st✐♦♥✳ ❲❡
❤❛✈❡ ♣✉rs✉❡❞ t❤✐s ♠❡t❤♦❞ ❜❡❝❛✉s❡ ❜❡❡♥ ♠♦t✐✈❛t❡❞ ❜② ✐ts ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞



✽✵ ✻✳ ❈♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s

♣❡r❢♦r♠❛♥❝❡ ♦♥ t❡st ♣r♦❜❧❡♠s✱ r❛t❤❡r t❤❛♥ ❜② ❢♦❧❧♦✇✐♥❣ t❤❡ ❜❡st t❤❡♦r❡t✐❝❛❧ ❣r❡❡❞②
❛♣♣r♦❛❝❤❀ s❡❡ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✻✳✺✳

❲❡ ❝♦♥str✉❝t ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣s ✉s✐♥❣ ❛ st❛♥❞❛r❞ ❡❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡ ❣r❡❡❞② ♣r♦❝❡✲
❞✉r❡✱ ✇❤❡r❡ ✇❡ s❡❛r❝❤ ❢♦r ❝♦❧❧❛♣s✐♥❣ s❡q✉❡♥❝❡s ♦❢ ❢r❡❡ ❜❛s✐s ❡❧❡♠❡♥ts ✐♥ ❛ ♠♦♥♦t♦♥❡✲❧✐❦❡
❢❛s❤✐♦♥ ❬✾✼❪✳ ❚❤❛t ✐s✱ ✇❡ ♣r♦❝❡❡❞ ✐♥ s❡q✉❡♥t✐❛❧ ♦r❞❡r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢
t❤❡ ❜❛s✐s ❡❧❡♠❡♥ts ❜② ✜rst ❝♦❧❧❛♣s✐♥❣ ✷✲❝❤❛✐♥s ❛♥❞ t❤❡♥ ✶✲❝❤❛✐♥s✳

❆❧❣♦r✐t❤♠ ✷ ❘❛♥❞♦♠ str❛t❡❣② t♦ ❝♦♥str✉❝t ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣s

✶✿ ♣r♦❝❡❞✉r❡ ❈♦♥str✉❝t❆❝②❝❧✐❝▼❛t❝❤✐♥❣s✭B✮
✷✿ ❢♦r k r❛♥❣✐♥❣ ❢r♦♠ 2 ❞♦✇♥ t♦ 1 ❞♦
✸✿ ✇❤✐❧❡ t❤❡r❡ ❡①✐sts ❛ ❢r❡❡ ♣❛✐r (σ, τ) ✐♥ Bk ❞♦

✹✿ ❡❧❡♠❡♥t❛r② ❝♦❧❧❛♣s❡ (σ, τ)
✺✿ ✐♥s❡rt (σ, τ) t♦ Mk

✻✿ ✇❤✐❧❡ t❤❡r❡ ❡①✐sts ❛ ✢❛t ♣❛✐r (σ, τ) ✐♥ Bk ❞♦

✼✿ ✐♥t❡r♥❛❧ ❝♦❧❧❛♣s❡ ♦❢ (σ, τ)
✽✿ ✐♥s❡rt (σ, τ) t♦ Mk

✾✿ r❡t✉r♥ M2 ∪M1

■t ✐s ❝❧❡❛r t❤❛t ❆❧❣♦r✐t❤♠ ✷ ❛❧✇❛②s t❡r♠✐♥❛t❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ ♦❜t❛✐♥❡❞ ♠❛t❝❤✐♥❣ ✐s
❛❝②❝❧✐❝ s✐♥❝❡ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥ ❝♦❧❧❛♣s❡s ❛r❡ ♣❡r❢♦r♠❡❞✳ ◆♦t❡ t❤❛t ❆❧❣♦r✐t❤♠ ✷ r❡q✉✐r❡s
♥♦ ❜❛❝❦tr❛❝❦✐♥❣ s✐♥❝❡ ♥❡✇ ❢r❡❡ ♦r ✢❛t ♣❛✐rs ❝❛♥ ♦♥❧② ❛♣♣❡❛r ❛❢t❡r ❡❛❝❤ ♥❡✇ ❝♦❧❧❛♣s❡✳
❚❤✉s✱ t❤❡ ✇♦rst✲❝❛s❡ ❝♦♠♣❧❡①✐t② ✐s ❧✐♥❡❛r ✉s✐♥❣ ❛ s✉✐t❛❜❧❡ ❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❛t✐♦♥
t❤❛t ❡♠♣❧♦②s ❛ ❧✐st ❞❛t❛ str✉❝t✉r❡✳

❆s ♣r♦✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✸✳✷✱ ✇❡ ❝❛♥ ❛❧✇❛②s ✜♥❞ ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ ♦❢ ✷✲❝❤❛✐♥s
❜② ✉s✐♥❣ ❛ st❛♥❞❛r❞ s♣❛♥♥✐♥❣ tr❡❡ ❝♦♥str✉❝t✐♦♥✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ✐♠♣❧✐❡s t❤❛t t❤❡
♦r❞❡r ✐♥ ✇❤✐❝❤ ✇❡ ❝♦❧❧❛♣s❡ ✷✲❝❤❛✐♥s ✐♥ ❆❧❣♦r✐t❤♠ ✷ ✐s ♥♦t ✐♠♣♦rt❛♥t✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡
❛❧✇❛②s ❡①✐sts ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ ♦❢ ✷✲❝❤❛✐♥s ❛♥❞ ✇❡ ❝❛♥ ❣❡t ♦♥❡ ❜② ♣❡r❢♦r♠✐♥❣
❝♦❧❧❛♣s❡s ✐♥ ❛ r❛♥❞♦♠ ❢❛s❤✐♦♥✳

✻✳✹✳✷ ❘❡❝✉rs✐✈❡ ❛❧❣♦r✐t❤♠

❲❡ ♥♦✇ ♣r❡s❡♥t ❛ r❡❝✉rs✐✈❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣s✳
◆♦r♠❛❧❧② ♦♥❡ ❛✐♠s ❛t ✜♥❞✐♥❣ ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣✱ ♥❛♠❡❧② ❛ ♠❛t❝❤✐♥❣ t❤❛t

r❡❛❝❤❡s t❤❡ ♥❡❡❞❡❞ ♥✉♠❜❡r ♦❢ ♠❛t❝❤❡❞ ♣❛✐rs s♦ t❤❛t ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✻✳ ❍♦✇❡✈❡r✱
❛s ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✽✱ ❞❡t❡r♠✐♥✐♥❣ ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M1 ♦❢ ✶✲❝❤❛✐♥s ✐s ❛
❤❛r❞ ❛❧❣♦r✐t❤♠✐❝ ♣r♦❜❧❡♠ ❛♥❞ ✇❡ ❞♦ ♥♦t t❛❝❦❧❡ ✐t✳ ■♥ ❆❧❣♦r✐t❤♠ ✷ ✇❡ ❡♠♣❧♦②❡❞ ❛ ❣r❡❡❞②
str❛t❡❣② t❤❛t r❛♥❞♦♠❧② s❡❧❡❝ts ❛♥ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ ❜✉t ✐t ❝❛♥ ❡❛s✐❧② ❤❛♣♣❡♥ t❤❛t t❤❡
♦❜t❛✐♥❡❞ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M1 ✐s ♥♦t ❝♦♠♣❧❡t❡✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ M1 ✐s ♥♦t ❝♦♠♣❧❡t❡✳ ❆❢t❡r ❛♣♣❧②✐♥❣ ❜❛s✐s tr❛♥s❢♦r✲
♠❛t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ M1 t♦ t❤❡ ❝✉rr❡♥t ❜❛s✐s B✱ ✇❡ ❣❡t ❛ ♥❡✇ ❜❛s✐s B′ = B ·M1 =
U ∪ D ∪ A✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s❡t ♦❢ ❝r✐t✐❝❛❧ ❜❛s✐s ❡❧❡♠❡♥ts A ✐♥ B′ ❢♦r♠s ❛ ❧✐♥❡❛r❧②
✐♥❞❡♣❡♥❞❡♥t s✉❜s❡t ♦❢ B′✳ ❆s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❙❡❝t✐♦♥ ✻✳✸✳✸✱ t❤❡ ❢♦❝✉s ♥♦✇ s❤✐❢ts t♦ t❤❡
s❡t ♦❢ ❝r✐t✐❝❛❧ ❜❛s✐s ❡❧❡♠❡♥ts A✳

❚❤❡ ♥♦✈❡❧ ✐❞❡❛ ✐s t❤❛t ✇❡ ♠❛② ❝❛❧❧ t❤❡ ✇❤♦❧❡ r♦✉t✐♥❡ r❡❝✉rs✐✈❡❧②✱ ✇❤❡r❡ t❤❡ ♦✉t♣✉t s❡t
♦❢ ❝r✐t✐❝❛❧ ❜❛s✐s ❡❧❡♠❡♥ts ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ✐t❡r❛t✐♦♥ ❜❡❝♦♠❡s t❤❡ ✐♥♣✉t ❜❛s✐s



✻✳✹✳ ❆❧❣♦r✐t❤♠ ❞❡s❝r✐♣t✐♦♥ ✽✶

❢♦r t❤❡ ♥❡①t ✐t❡r❛t✐♦♥✳ ❋✉♥❞❛♠❡♥t❛❧❧②✱ ✇❡ t❤✐♥❦ ❧✐♥❡❛r s②st❡♠ ✭✻✳✷✷✮ ❛s ❛♥ ✐♥st❛♥❝❡ ♦❢
t❤❡ ♦r✐❣✐♥❛❧ ❧✐♥❡❛r s②st❡♠ ✭✻✳✷✮✱ ❛❧t❤♦✉❣❤ ❝♦♥s✐❞❡r✐♥❣ ❛ s✉❜s❡t ♦❢ t❤❡ ♣r❡✈✐♦✉s ❜❛s✐s✳
❚❤✐s ♦♣❡r❛t✐♦♥ ✐s ✇❡❧❧✲❞❡✜♥❡❞ s✐♥❝❡ ✇❡ ❤❛✈❡ t❤❡ ♣❛rt✐t✐♦♥ B′ = U ∪D∪A ❛♥❞ t❤❡ s❡t A
♦❢ ❝r✐t✐❝❛❧ ❜❛s✐s ❡❧❡♠❡♥ts ❢♦r♠ ❛ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t s✉❜s❡t ♦❢ B✳

■❢ ❛t ❛ ❝❡rt❛✐♥ r❡❝✉rs✐♦♥ st❛❣❡ ✇❡ ❣❡t ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M1 ♦❢ ✶✲❝❤❛✐♥s✱
t❤❡♥ ✇❡ ❝❛♥ ✜♥❞ ❛ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ HE s♦❧✉t✐♦♥ ♦❢ ✭✻✳✷✮ ❜② r❡❝✉rs✐✈❡❧② ❛♣♣❧②✐♥❣
t❤❡ r❡❛s♦♥✐♥❣ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✸✳✸✳ ❖t❤❡r✇✐s❡✱ ✇❡ r❡❝✉rs✐✈❡❧② ❛♣♣❧② t❤❡ s❛♠❡
r♦✉t✐♥❡ ♦♥ t❤❡ ♦❜t❛✐♥❡❞ s❡t ♦❢ ❝r✐t✐❝❛❧ ❜❛s✐s ❡❧❡♠❡♥ts A✳

❆❧❣♦r✐t❤♠ ✸ ❈♦♥str✉❝t✐♦♥ ♦❢ ❛ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ HE s♦❧✉t✐♦♥ ♦❢ ✭✻✳✷✮

✶✿ ♣r♦❝❡❞✉r❡ ❈♦♥str✉❝t❉✐s❝r❡t❡❱❡❝t♦rP♦t❡♥t✐❛❧✭B✮ ◃ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ B ✐s
t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ˆ︁B

✷✿ ❝♦♥str✉❝t ❛♥ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M2 ∪M1 ♦♥ B ✉s✐♥❣ ❆❧❣♦r✐t❤♠ ✷
✸✿ ✐❢ M1 ✐s ❝♦♠♣❧❡t❡ t❤❡♥
✹✿ s❡t HE

A1
= 0

✺✿ ❞❡t❡r♠✐♥❡ HE
D1

❜② ❜❛❝❦ s✉❜st✐t✉t✐♦♥ ✉s✐♥❣ ❆❧❣♦r✐t❤♠ ✶
✻✿ r❡t✉r♥ (HE

D1
,HE

A1
)T

✼✿ ❡❧s❡

✽✿ ❝♦♠♣✉t❡ ♥❡✇ ❜❛s✐s B′ ❢r♦♠ B ❜② ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ M2 ∪M1

✾✿ ✐❢ M1 ✐s ❡♠♣t② t❤❡♥

✶✵✿ ❞❡t❡r♠✐♥❡ HE
A1

✐♥ ✭✻✳✷✷✮ ✉s✐♥❣ ❛ s♣❛rs❡ ❧✐♥❡❛r s②st❡♠ s♦❧✈❡r
✶✶✿ r❡t✉r♥ HE

A1

✶✷✿ ❡❧s❡

✶✸✿ r❡❝✉rs✐✈❡❧② ❝❛❧❧ t❤✐s r♦✉t✐♥❡ ✇✐t❤ ✐♥♣✉t t❤❡ s❡t ♦❢ ❝r✐t✐❝❛❧ ❡❧❡♠❡♥ts A ♦❢
B′ = U ∪ D ∪A

✶✹✿ s❡t HE
A1

t♦ t❤❡ ✈❛❧✉❡ r❡t✉r♥❡❞ ❜② t❤❡ r❡❝✉rs✐✈❡ ♣r♦❝❡ss
✶✺✿ ❞❡t❡r♠✐♥❡ HE

D1
❜② ❜❛❝❦ s✉❜st✐t✉t✐♦♥ ✉s✐♥❣ ❆❧❣♦r✐t❤♠ ✶

✶✻✿ r❡t✉r♥ (HE
D1

,HE
A1

)T

❋♦r ❛ ❣✐✈❡♥ ✐♥♣✉t ❜❛s✐s B✱ ❆❧❣♦r✐t❤♠ ✸ ♣r♦❞✉❝❡s ❛ s❡q✉❡♥❝❡ ♦❢ ❜❛s❡s B = B (0),B (1), . . . ,B (n)✱
✇❤❡r❡ ✐♥❞❡① i ❦❡❡♣s tr❛❝❦ ♦❢ t❤❡ r❡❝✉rs✐♦♥ ❞❡♣t❤✳ ❊❛❝❤ B (i+1) ✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ B (i)

❜② r❡❝✉rs✐♦♥ ❛s ❢♦❧❧♦✇s✳ ❲❡ ❤❛✈❡ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ B′ (i) = B (i) · (M
(i)
2 ∪ M

(i)
1 ) =

U (i) ∪ D (i) ∪ A (i)✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M
(i)
2 ∪ M

(i)
1 ❢♦r i ∈ {0, . . . , n}✳

◆♦t❡ t❤❛t ❢r♦♠ t❤❡ ❞✐s❝✉ss✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✻✳✹✳✶ ✐t ❢♦❧❧♦✇s t❤❛t M
(i)
2 ✐s ♥♦t

❡♠♣t② ♦♥❧② ❢♦r i = 0✳ ❲❡ s❡t B (i+1) = A (i)✳
■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ ❡❛❝❤ ❜❛s✐s B (i) ❞❡❝r❡❛s❡s ❛s ❧♦♥❣ ❛s t❤❡r❡ ❛r❡ s♦♠❡

❝♦❧❧❛♣s❡s t♦ ❜❡ ♠❛❞❡ ❜② ❆❧❣♦r✐t❤♠ ✷✳ ■❢ ♥♦ ❢r❡❡ ♦r ✢❛t ❜❛s✐s ❡❧❡♠❡♥ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥
❆❧❣♦r✐t❤♠ ✷✱ t❤❡♥ t❤❡ r❡❝✉rs✐♦♥ ✐s st♦♣♣❡❞ ❛♥❞ ❛ s♣❛rs❡ ❧✐♥❡❛r s②st❡♠ s♦❧✈❡r ✐s ✉s❡❞✳ ❙♦
t❤❡ ❛❧❣♦r✐t❤♠ ❛❧✇❛②s t❡r♠✐♥❛t❡s✳

❆t t❤❡ ❡♥❞ ♦❢ t❤❡ r❡❝✉rs✐♦♥✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ ❛ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ HE s♦❧✉t✐♦♥
♦❢ ✭✻✳✷✮ ❜② r❡❝✉rs✐✈❡❧② ❛♣♣❧②✐♥❣ t❤❡ r❡❛s♦♥✐♥❣ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✸✳✸✳ ❲❡ ✇r✐t❡ t❤❡
❣❡♥❡r❛❧ ❢♦r♠ ❛ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ HE s♦❧✉t✐♦♥ ♦❢ ✭✻✳✷✮ ❛s

HE = (HE
D

(0)
1

, . . . ,HE
D

(n)
1

,HE
A

(n)
1

)T , ✭✻✳✷✺✮





✻✳✺✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✽✸

✻✳✺✳✶ ❚r✐❛♥❣✉❧❛t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ r❡❛❧ ❝❛s❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜✲
❧❡♠s

❲❡ ❝♦♥s✐❞❡r ❛ tr✐❛♥❣✉❧❛t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝s ❛♣♣❧✐❝❛t✐♦♥✳
❆s ❛♥ ❡①❛♠♣❧❡✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❢♦r t❤❡ ❚❊❆▼ ♣r♦❜❧❡♠ ✼
❤❛s ❜❡❡♥ ❛❞❞r❡ss❡❞ ❬✾✽❪✳

❚❛❜❧❡ ✻✳✶ ❝♦♥t❛✐♥s ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ♦❢ tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ ❞✐✛❡r❡♥t
s✐③❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ t✐♠❡ ✭✐♥ ♠✐❧❧✐s❡❝♦♥❞s✮ r❡q✉✐r❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❞✐s❝r❡t❡ ✈❡❝t♦r
♣♦t❡♥t✐❛❧ HE ✉s✐♥❣ ❆❧❣♦r✐t❤♠ ✸✳ ■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t ✐♥ ❛ tr✐❛♥❣✉❧❛t✐♦♥ ✇✐t❤
❛❜♦✉t ✷ ♠✐❧❧✐♦♥ t❡tr❛❤❡❞r❛ ♦✉r ♣r♦❝❡❞✉r❡ ❝♦♠♣✉t❡s ❛ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ✉♥❞❡r ❛
s❡❝♦♥❞✳ ❲❡ r✉♥ ♦✉r ❆❧❣♦r✐t❤♠ ✷ ✇✐t❤ ❞✐✛❡r❡♥t tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ t❤❡ s❛♠❡ ♠❡t❛❧ ♣❧❛t❡
❛♥❞ ♦♥ ❡❛❝❤ ❡①❛♠♣❧❡ ❆❧❣♦r✐t❤♠ ✷ ✜♥❞s ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M

(0)
1 ✳ ❚❤✉s✱ t❤❡r❡

✐s ♥♦ r❡❝✉rs✐✈❡ ❝❛❧❧ ♦❢ ❆❧❣♦r✐t❤♠ ✸✳ ❋♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ❡①❛♠♣❧❡s ✐♥ ❚❛❜❧❡ ✻✳✶ ✇❡ ❝❛♥
❝❧❡❛r❧② s❡❡ t❤❡ ❧✐♥❡❛r ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✐③❡ ♦❢
t❤❡ tr✐❛♥❣✉❧❛t✐♦♥s✳

❚❛❜❧❡ ✻✳✶✿ ❘✉♥♥✐♥❣ t✐♠❡s ♦❢ ❆❧❣♦r✐t❤♠ ✸ ❢♦r t❤❡ ♠♦❞✐✜❡❞ ❚❊❆▼ ❜❡♥❝❤♠❛r❦ ❡①❛♠♣❧❡
❢♦r tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ ❞❡❝r❡❛s✐♥❣ s✐③❡✳

◆❛♠❡ ❚❡ts✳ (|C|) ❋❛❝❡s (|F |) ❊❞❣❡s (|E|) ❱❡rt✐❝❡s (|N |) ❚✐♠❡ ❬♠s❪
▼❡s❤ ✶ ✶✱✽✺✶✱✹✾✸ ✸✱✽✼✶✱✸✼✾ ✷✱✹✶✾✱✸✺✵ ✸✾✾✱✹✻✺ ✾✾✷
▼❡s❤ ✷ ✶✹✶✶✻✽✽ ✷✽✹✼✷✺✻ ✶✻✽✸✼✽✼ ✷✹✽✷✷✵ ✼✺✻
▼❡s❤ ✸ ✺✷✾✱✻✻✹ ✶✱✵✻✺✱✶✵✹ ✻✷✻✱✺✻✻ ✾✶✱✶✷✼ ✷✽✹
▼❡s❤ ✹ ✶✽✻✷✻✹ ✸✼✽✺✽✽ ✷✷✻✺✽✹ ✸✹✷✻✶ ✶✵✶

✻✳✺✳✷ ❇✐♥❣✬s ❍♦✉s❡

❆ ❇✐♥❣✬s ❍♦✉s❡ ✐s ♥♦✇ ❝♦♥s✐❞❡r❡❞ ❬✾✾❪✳ ❚❤❡ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✱ ❤♦♠❡♦♠♦r♣❤✐❝ t♦ ❛
✸✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❧❧✱ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ ❡✈❡r② s✉r❢❛❝❡ ✐♥ t❤❡ ❇✐♥❣✬s ❍♦✉s❡ ❜②
❛ t❤✐❝❦ ✇❛❧❧ ♠❛❞❡ ♦❢ ✸✲❝❡❧❧s✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤✐s ♣r♦❝❡❞✉r❡ ✇❡ ♦❜t❛✐♥ t❤❡ ♣♦❧②❤❡❞r♦♥ ✐♥
❋✐❣✳ ✻✳✹✳ ❆❧t❤♦✉❣❤ ✇❡ ❝❛♥ ✐♥❢♦r♠❛❧❧② ✐❞❡♥t✐❢② t✇♦ ✏❝❤❛♠❜❡rs✧✱ ✐t ❝❛♥ ❜❡ ❞❡♠♦♥str❛t❡❞
t❤❛t t❤❡ ❇✐♥❣✬s ❍♦✉s❡ ✐s ❤♦♠❡♦♠♦r♣❤✐❝ t♦ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❧❧✳

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡t ♦❢ t❡sts✱ ❚❛❜❧❡ ✻✳✷ ❝♦♥t❛✐♥s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♥✉♠❜❡r ♦❢
❝❡❧❧s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ tr✐❛♥❣✉❧❛t✐♦♥s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ r❡q✉✐r❡❞ t♦
❝♦♠♣✉t❡ ❛ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧✳ ❲❡ ❤❛✈❡ ❢♦✉♥❞ t❤❛t ✐♥ ❛❧♠♦st ❛❧❧ r✉♥s ♦❢ ❆❧❣♦✲
r✐t❤♠ ✷ ✇❡ ❣❡t ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M

(0)
1 ✳ ❖♥❧② ✐♥ ❛ ❢❡✇ ❝❛s❡s ✇❡ ♥❡❡❞ t♦ r❡s♦rt

t♦ ❛ r❡❝✉rs✐✈❡ ❝❛❧❧ ♦❢ ❆❧❣♦r✐t❤♠ ✸✳ ❍♦✇❡✈❡r✱ t♦ ❝♦♠♣✉t❡ ❛ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ✐t ✐s
❡♥♦✉❣❤✱ ✐♥ ❛❧❧ t❤❡s❡ ❝❛s❡s✱ ♦♥❧② ♦♥❡ r❡❝✉rs✐✈❡ ❝❛❧❧ ♦❢ ❆❧❣♦r✐t❤♠ ✸✱ ❣✐✈❡♥ t❤❛t ✐♥ t❤❡ ✜rst
r❡❝✉rs✐♦♥ ✇❡ ❛❧✇❛②s ✜♥❞ ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M

(1)
1 ✳

❚♦ ♠❡❛s✉r❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ✜rst r❡❝✉rs✐✈❡ ❝❛❧❧✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢
t❤❡ ❜❛s✐s B

(1)
2 ✱ ♥❛♠❡❧② t❤❡ ♦✉t♣✉t ❜❛s✐s ♦❢ ✷✲❝❤❛✐♥s ❜❡❝♦♠✐♥❣ t❤❡ ✐♥♣✉t ❢♦r t❤❡ ✜rst

r❡❝✉rs✐✈❡ ❝❛❧❧ ♦❢ ❆❧❣♦r✐t❤♠ ✸✳ ❲❡ ❤❛✈❡ ❢♦✉♥❞ t❤❛t t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ B (1)
2 ✐s ❛❧✇❛②s ❧❡ss

t❤❛♥ ✶✵ ♦♥ t❤♦✉s❛♥❞s ♦❢ ❛❧❣♦r✐t❤♠ r✉♥s ✇✐t❤ ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ t❤❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣
M

(0)
2 ♦❢ ✷✲❝❤❛✐♥s✳ ❆❝❝♦r❞✐♥❣❧②✱ ❛s r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✻✳✷✱ ✇❡ ♦❜s❡r✈❡ ♥♦ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡

r❡❝✉rs✐✈❡ ❝❛❧❧ ✐♥ ❆❧❣♦r✐t❤♠ ✸ ♦♥ t❤❡ ❧✐♥❡❛r ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ r✉♥♥✐♥❣ t✐♠❡s ✇✐t❤ r❡s♣❡❝t



✽✹ ✻✳ ❈♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s

(a) (b)

❋✐❣✉r❡ ✻✳✹✿ ❚✇♦ ✈✐❡✇s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ✸✲❞✐♠❡♥s✐♦♥❛❧ t❤✐❝❦❡♥✐♥❣ ♦❢ ❛ ❇✐♥❣✬s ❤♦✉s❡ ✇✐t❤
t✇♦ r♦♦♠s✳

t♦ t❤❡ s✐③❡ ♦❢ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥s✳

❚❛❜❧❡ ✻✳✷✿ ❘✉♥♥✐♥❣ t✐♠❡s ♦❢ ❆❧❣♦r✐t❤♠ ✸ ❢♦r ✈❛r✐♦✉s tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ t❤❡ t❤✐❝❦ ❇✐♥❣✬s
❍♦✉s❡✳

◆❛♠❡ ❚❡ts✳ (|C|) ❋❛❝❡s (|F |) ❊❞❣❡s (|E|) ❱❡rt✐❝❡s (|N |) ❚✐♠❡ ❬♠s❪
❇✐♥❣ ✶ ✽✵✵✱✵✷✵ ✶✱✻✵✵✱✺✸✼ ✾✸✼✱✻✸✶ ✶✸✼✱✶✶✺ ✹✷✾
❇✐♥❣ ✷ ✽✼✱✷✷✶ ✶✼✺✱✸✶✼ ✶✵✷✱✷✶✷ ✶✹✱✶✶✼ ✹✼

✻✳✺✳✸ ❑♥♦t✲t❤❡♦r❡t✐❝ ♦❜str✉❝t✐♦♥s

❲❡ ❝♦♥s✐❞❡r ✸✲❜❛❧❧s ♦❢ R3 ✇❤✐❝❤ ❛❞♠✐t ♥♦♥✲❝♦❧❧❛♣s✐❜❧❡ tr✐❛♥❣✉❧❛t✐♦♥s✳
❖❜str✉❝t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ s❤♦rt ❦♥♦ts ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✜rst ✐♥ t❤❡ ✇♦r❦s ❬✶✵✵✱

✶✵✶❪✳
■♥ ❬✶✵✵❪✱ ❇✐♥❣ ♣r♦✈❡❞✱ ✉s✐♥❣ ❦♥♦t t❤❡♦r②✱ t❤❛t s♦♠❡ tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ t❤❡ ✸✲❜❛❧❧ ❛r❡

♥♦t ❝♦❧❧❛♣s✐❜❧❡✳ ❇✐♥❣✬s ❝♦♥str✉❝t✐♦♥ ✇♦r❦s ❛s ❢♦❧❧♦✇s✳ ❖♥❡ st❛rts ✇✐t❤ ❛ tr✐❛♥❣✉❧❛t❡❞
✸✲❜❛❧❧ Ω ❛♥❞ ✐♥tr♦❞✉❝❡s ❛ ✏❦♥♦tt❡❞ s♣❛♥♥✐♥❣ ❛r❝✧ ✐♥ ✐ts ✶✲s❦❡❧❡t♦♥✳ ❆ ❦♥♦tt❡❞ s♣❛♥♥✐♥❣
❛r❝ ✐s ❛♥ ❛r❝ ❛s ✐♥ ❋✐❣✳ ✻✳✺✳ ❲❡ ❞✐❣ ❛ ❦♥♦t✲s❤❛♣❡❞ t✉❜✉❧❛r ❤♦❧❡ ✐♥s✐❞❡ Ω st❛rt✐♥❣ ❢r♦♠
t❤❡ t♦♣ ❛♥❞ ✇❡ st♦♣ ❞✐❣❣✐♥❣ ♦♥❡ st❡♣ ❜❡❢♦r❡ t❤❡ t✉♥♥❡❧ ❣♦ t❤r♦✉❣❤ t❤❡ ❜♦tt♦♠ ♦❢ Ω✳ ■♥
t❤✐s ✇❛② ✇❡ ♦❜t❛✐♥ ❛ ✸✲❜❛❧❧ Ω′ ❝♦♥t❛✐♥✐♥❣ ❛ ❦♥♦t ❤❛✈✐♥❣ ❛❧❧ ✐ts ❡❞❣❡s ♦♥ t❤❡ ❜♦✉♥❞❛r②
♦❢ Ω′✱ ❡①❝❡♣t ❢♦r ❛ s✐♥❣❧❡ ✐♥t❡r✐♦r ❡❞❣❡✳

■❢ t❤❡ ❦♥♦t ✐s s✉✣❝✐❡♥t❧② ❝♦♠♣❧✐❝❛t❡❞ ✭❧✐❦❡ ❛ ❞♦✉❜❧❡✱ ♦r ❛ tr✐♣❧❡ tr❡❢♦✐❧✮✱ ❇✐♥❣✬s ❜❛❧❧
❝❛♥♥♦t ❜❡ ❝♦❧❧❛♣s✐❜❧❡ ❬✶✵✵✱ ✽✾❪✳ ■♥ ❝♦♥tr❛st✱ ✐❢ t❤❡ ❦♥♦t ✐s s✐♠♣❧❡ ❡♥♦✉❣❤ ✭❧✐❦❡ ❛ s✐♥❣❧❡
tr❡❢♦✐❧✮✱ t❤❡♥ ❇✐♥❣✬s ❜❛❧❧ ♠❛② ❜❡ ❝♦❧❧❛♣s✐❜❧❡✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ❛❧s♦ ❛♣♣❡❛rs ✐♥ t❤❡ ✶✾✷✹
✇♦r❦ ❬✶✵✷❪ ♦❢ ❋✉r❝❤ ❛♥❞ ❢♦r t❤❡ ♣r❡s❡♥t ❞✐s❝✉ss✐♦♥ ✇❡ r❡❢❡r t♦ ✐t ❛s ❋✉r❝❤✬s ❦♥♦tt❡❞ ❜❛❧❧ ❀
s❡❡ ❬✶✵✸❪ ✭❙❡❝t✐♦♥ ✸✳✶✮ ❢♦r ❛♥ ❤✐st♦r✐❝❛❧ ❛❝❝♦✉♥t✳

❋✐rst❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s✐♠♣❧❡st ❝❛s❡ ♦❢ ❋✉r❝❤✬s ❦♥♦tt❡❞ ❜❛❧❧ ✇✐t❤ ♦♥❧② ♦♥❡ tr❡❢♦✐❧
❦♥♦t✳ ❚❛❜❧❡ ✻✳✸ s✉♠♠❛r✐③❡s t❤❡ ❣❡♦♠❡tr✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤✐s tr✐❛♥❣✉❧❛t✐♦♥ ♥❛♠❡❞
❋✉r❝❤ ✶✳ ■♥ ❡❛❝❤ r✉♥ ♦❢ ❆❧❣♦r✐t❤♠ ✸✱ ✇❡ ❞♦ ♥♦t ✜♥❞ ❛ ❝♦♠♣❧❡t❡ ❛❝②❝❧✐❝ ♠❛t❝❤✐♥❣ M

(0)
1

♦❢ ✶✲❝❤❛✐♥s✳ ❚❤✉s✱ ❆❧❣♦r✐t❤♠ ✸ ✐s r❡❝✉rs✐✈❡❧② ❝❛❧❧❡❞✳ ❍♦✇❡✈❡r✱ ♦♥❧② ♦♥❡ r❡❝✉rs✐✈❡ ❝❛❧❧





✽✻ ✻✳ ❈♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s

❚❛❜❧❡ ✻✳✸✿ ❘✉♥♥✐♥❣ t✐♠❡s ♦❢ ❆❧❣♦r✐t❤♠ ✸ ❢♦r t❤❡ ❋✉r❝❤✬s ❦♥♦tt❡❞ ❜❛❧❧s✳

◆❛♠❡ ❚❡ts✳ |C| ❋❛❝❡s (|F |) ❊❞❣❡s (|E|) ❱❡rt✐❝❡s (|N |) ❚✐♠❡ ❬♠s❪
❋✉r❝❤ ✶✵✵ ✷✹✸✵✻✷ ✺✵✻✻✶✾ ✸✶✶✺✹✼ ✹✼✾✾✶ ✶✷✾
❋✉r❝❤ ✶ ✸✶✶✽✾ ✻✸✽✸✵ ✸✽✹✹✺ ✺✽✵✺ ✶✼

✻✳✻ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ♥♦✈❡❧ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✇❛s ♣r♦✈❡❞ t♦ ❜❡ ❣❡♥❡r❛❧✱ str❛✐❣❤t❢♦r✇❛r❞
t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ ♦✉t♣❡r❢♦r♠s ❝♦♠♣❡t✐♥❣ st❛t❡✲♦❢✲❛rt ❛❧❣♦r✐t❤♠s ✐♥ t❤❡ ❝❧❛ss ♦❢ ❛❞♠✐s✲
s✐❜❧❡ ♠❡s❤❡s ✇❤✐❧❡ s❤♦✇✐♥❣ ❧✐♥❡❛r ❛✈❡r❛❣❡ ❝♦♠♣❧❡①✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥♣✉t ♠❡s❤
s✐③❡✳ ❇② ❛♣♣❧②✐♥❣ ❞✐s❝r❡t❡ ▼♦rs❡ t❤❡♦r②✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r t❤❡ ✐♠♣♦rt❛♥t ❝❧❛ss ♦❢
s✐♠♣❧✐❝✐❛❧ tr✐❛♥❣✉❧❛t✐♦♥s ✇❡ ❛❝❤✐❡✈❡ ❧✐♥❡❛r ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❢♦r ❛❧❧ ❝♦♥s✐❞❡r❡❞
t❡st ♣r♦❜❧❡♠s✳ ❚❤❡s❡ ✐♥❝❧✉❞❡✱ ❜❡s✐❞❡s r❡❛❧ ❝❛s❡ tr✐❛♥❣✉❧❛t✐♦♥s ❤❛✈✐♥❣ s✐♠♣❧❡ t♦♣♦❧♦❣✲
✐❝❛❧ ♣r♦♣❡rt✐❡s✱ ❛❧s♦ ♣❛t❤♦❧♦❣✐❝❛❧ tr✐❛♥❣✉❧❛t✐♦♥s✳ ❆ ❝❤❛❧❧❡♥❣✐♥❣ t❡st ❝❛s❡ ♠❛❞❡ ♦❢ ♦♥❡
❤✉♥❞r❡❞ tr❡❢♦✐❧ ❦♥♦ts ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❛♥❞ ②❡t t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ s✉❝❝❡❡❞s ✐♥
❝♦♠♣✉t✐♥❣ ❛ ❞✐s❝r❡t❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧✳ ❚❤✉s✱ ✇❡ ❡①♣❡❝t t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ ✇♦r❦s ❢♦r
❡✈❡r② ♣r❛❝t✐❝❛❧ ♠❡s❤ t❤❛t ♦♥❡ ❡♥❝♦✉♥t❡rs ✐♥ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳

❲♦rst✲❝❛s❡ ❝♦♠♣❧❡①✐t② ❛♥❛❧②s✐s ❝❛♥ ❜❡ ♠✐s❧❡❛❞✐♥❣ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ♦✉r ❆❧❣♦r✐t❤♠ ✸✳
❲♦rst✲❝❛s❡ ❝♦♠♣❧❡①✐t② ❛♥❛❧②s✐s ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ❛ss✉♠❡s t❤❛t ❛t ❝❡rt❛✐♥ ✐t❡r❛t✐♦♥ ♥♦ ♥❡✇
♠❛t❝❤❡❞ ♣❛✐rs ❛r❡ ♣♦ss✐❜❧❡✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ♥❡❡❞ t♦ ❡♠♣❧♦② ❛ s♣❛rs❡ ❧✐♥❡❛r s②st❡♠ s♦❧✈❡r✱
✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝✉❜✐❝❛❧ ✇♦rst✲❝❛s❡ ❝♦♠♣❧❡①✐t② ✇✐t❤ r❡s♣❡❝t t♦ ♠❡s❤ s✐③❡ ♣❛r❛♠❡t❡rs✳
❨❡t✱ t❤❡ ❛✈❡r❛❣❡ ❝♦♠♣❧❡①✐t② ✐s ❧✐♥❡❛r ✐♥ ❛❧❧ t❡st❡❞ ♣r♦❜❧❡♠s✳ ❖✉r ♣♦✐♥t ♦❢ ✈✐❡✇ ✐s t❤❛t
t❤❡ r❡❛s♦♥ ✇❡ s❡❡ ❧✐♥❡❛r ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✐s ❜❡❝❛✉s❡ ♦✉r ❡①❛♠♣❧❡s r❡str✐❝t t♦ ✸✲
❞✐♠❡♥s✐♦♥❛❧ ❝❡❧❧ ❝♦♠♣❧❡①❡s ❞❡❝♦♠♣♦s✐♥❣ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ♦❢ R3 ✇✐t❤ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r
❜♦✉♥❞❛r✐❡s✳ ❲❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t ♦✉r r❡❝✉rs✐✈❡ str❛t❡❣② ❜❛s❡❞ ♦♥ ❛❧❣❡❜r❛✐❝ ❞✐s❝r❡t❡
▼♦rs❡ t❤❡♦r② ✐s ❡✣❝✐❡♥t ❛t s♦❧✈✐♥❣ ♣♦t❡♥t✐❛❧ t♦♣♦❧♦❣✐❝❛❧ ♦❜str✉❝t✐♦♥s t❤❛t ❝❛♥ ❛♣♣❡❛r
✐♥ ✸✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡s✳ ❍♦✇❡✈❡r✱ t♦ ♣r♦✈❡ t❤❛t ❧✐♥❡❛r ✇♦rst✲❝❛s❡ t✐♠❡s ❛r❡ ❣✉❛r❛♥t❡❡❞
✐s st✐❧❧ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠ ❛♥❞ ✇✐❧❧ ❜❡ s✉❜❥❡❝t t♦ ❢✉t✉r❡ ✇♦r❦✳
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❆ ❢♦r❡✇♦r❞ ♦♥ ✐♥t❡❣r❛❧

♠❡t❤♦❞s t♦ s♦❧✈❡ ❡❞❞② ❝✉rr❡♥t

♣r♦❜❧❡♠s

❚❤✐s ♣❛rt ♦❢ t❤❡ t❤❡s✐s ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠s ♦❜t❛✐♥❡❞
✉s✐♥❣ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s✳

■♥t❡❣r❛❧ ♠❡t❤♦❞s ❛r❡ ✈❡r② ❛♣♣❡❛❧✐♥❣ ❜❡❝❛✉s❡✱ ✉♥❧✐❦❡ t❤❡ st❛♥❞❛r❞ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠✉✲
❧❛t✐♦♥s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s t❤❡s✐s✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ❢♦r♠❡❞ ❜②
❝♦♥❞✉❝t♦rs ♦♥❧②✱ s♦ t❤❛t ♠♦❞❡❧❧✐♥❣ ❛♥❞ ♠❡s❤✐♥❣ ♦❢ ✐♥s✉❧❛t♦rs ❛r❡ ❛✈♦✐❞❡❞✳ ❚❤✐s ❢❛❝t r❡♥✲
❞❡rs ✐♥t❡❣r❛❧ ♠❡t❤♦❞s ♣❛rt✐❝✉❧❛r❧② ❡✣❝✐❡♥t ❢♦r ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ ♠♦✈✐♥❣ ❝♦♥❞✉❝t♦rs✳
❈♦♥s✐❞❡r✐♥❣ ♦♥❧② ❝♦♥❞✉❝t♦rs ✐s ♠❛❞❡ ♣♦ss✐❜❧❡ ❜② ❢♦r♠✉❧❛t✐♥❣ t❤❡ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠
✇✐t❤ t❤❡ ❊❧❡❝tr✐❝ ❋✐❡❧❞ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥ ✭❊❋■❊✮✱ ✇❤✐❝❤ ✉s❡s t❤❡ ❇✐♦t✕❙❛✈❛rt ❧❛✇ ❛s ❛
♥♦♥✲❧♦❝❛❧ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥✳

❍♦✇❡✈❡r✱ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s ❛❧s♦ ❤❛✈❡ t✇♦ s❡r✐♦✉s ❞r❛✇❜❛❝❦s✳
❋✐rst✱ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❊❋■❊ ❧❡❛❞s t♦ ❛ ❢✉❧❧② ♣♦♣✉❧❛t❡❞ ❣❡♥❡r❛❧✐③❡❞ ♠❛ss

♠❛tr✐①✱ ❝❛❧❧❡❞ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ♦r ♠❛❣♥❡t✐❝ ♠❛tr✐① ✐♥ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❝♦♥t❡①t✳
❉❡❛❧✐♥❣ ✇✐t❤ ❢✉❧❧ ♠❛tr✐❝❡s ♠❡❛♥s t❤❛t t❤❡ t✐♠❡ s♣❡♥t ❢♦r t❤❡✐r ❝♦♥str✉❝t✐♦♥ ❛♥❞ t❤❡
❝♦♠♣✉t❡r ♠❡♠♦r② t♦ st♦r❡ t❤❡♠ s❝❛❧❡ q✉❛❞r❛t✐❝❛❧❧② ✇❤❡♥ t❤❡ ♠❡s❤ ✐s r❡✜♥❡❞✳

❙❡❝♦♥❞✱ ❝♦♠♣✉t✐♥❣ ❡♥tr✐❡s ♦❢ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❝♦st❧② s✐♥❝❡ ✐t
r❡q✉✐r❡s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧s✳ ▼♦r❡♦✈❡r✱ t❤❡s❡ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧s ❜❡❝♦♠❡
s✐♥❣✉❧❛r ❢♦r ❞✐❛❣♦♥❛❧ ❡♥tr✐❡s ♦❢ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❞✉❡ t♦ t❤❡ s✐♥❣✉❧❛r✐t② ♦❢ t❤❡ ❊❋■❊✳ ❆
st❛♥❞❛r❞ s♦❧✉t✐♦♥✱ ❡✈❡♥ ✐♥ r❡❝❡♥t ❝♦♥tr✐❜✉t✐♦♥s ❬✶✵✺❪✱ ✐s t♦ ✉s❡ t✇♦ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧
✐♥t❡❣r❛t✐♦♥ r✉❧❡s ❢♦r t❤❡ t✇♦ ♥❡st❡❞ ✐♥t❡❣r❛❧s✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ❛s ✐t ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥
❈❤❛♣t❡r ✾✱ t❤✐s s♦❧✉t✐♦♥ ❧❡❛❞s t♦ ♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t② ❛♥❞ t♦ ♣♦♦r ❛❝❝✉r❛❝② ✐♥ t❤❡
❝♦♠♣✉t❛t✐♦♥ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐①✳ ❋♦r ✐♥st❛♥❝❡✱ ❛s s❤♦✇♥ ✐♥
❈❤❛♣t❡r ✾✱ ❡rr♦rs ✉♣ t♦ 200✪ ♠❛② ♦❝❝✉rs ✐♥ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ✐❢
t❤❡② ❛r❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ❛ ❞♦✉❜❧❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥✳

❚❤❡ ✐♥t❡r❡st ✐♥ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s r❡✈✐✈❡❞ ✇❤❡♥ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❝♦♠♣r❡ss✐♦♥ t❡❝❤✲
♥✐q✉❡s ✇❡r❡ ❞❡✈❡❧♦♣❡❞✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s ❡①♣❧♦✐t t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐❝❡s



✾✵ ✼✳ ❆ ❢♦r❡✇♦r❞ ♦♥ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s t♦ s♦❧✈❡ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠s

❤❛✈❡ ❧♦✇✲r❛♥❦ ♦✛✲❞✐❛❣♦♥❛❧ ❜❧♦❝❦s✱ s♦ t❤❛t t❤❡② ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ✉s✐♥❣ ❤✐❡r❛r❝❤✐✲
❝❛❧ ♠❛tr✐❝❡s ✭H✲♠❛tr✐❝❡s✮ ❛♥❞ ❆❞❛♣t✐✈❡ ❈r♦ss ❆♣♣r♦①✐♠❛t✐♦♥ ✭❆❈❆✮✱ s❡❡ ❢♦r ❡①❛♠♣❧❡
❬✶✵✻✱ ✶✵✼✱ ✸✷✱ ✶✵✽✱ ✶✵✺❪✳ ❚❤❡ ❝♦♠♣r❡ss✐♦♥ t❡❝❤♥✐q✉❡s ♠✐t✐❣❛t❡ t❤❡ ✜rst ❞r❛✇❜❛❝❦ ♦❢ ✐♥✲
t❡❣r❛❧ ♠❡t❤♦❞s✱ ♣r♦✈✐❞✐♥❣ ❛ t②♣✐❝❛❧ ❝♦♠♣r❡ss✐♦♥ ✇❤✐❝❤ r❛♥❣❡s ❢r♦♠ 30% ❬✸✷❪ ✉♣ t♦ 95%
❬✶✵✺❪ ♦❢ t❤❡ t♦t❛❧ ♦❝❝✉♣❛t✐♦♥ ♦❢ t❤❡ ❢✉❧❧ ♠❛tr✐①✳ ❨❡t✱ t❤❡ t✐♠❡ s❛✈✐♥❣ ✐s ✈❡r② ❧✐♠✐t❡❞ ❣✐✈❡♥
t❤❛t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♠❛tr✐① r❡q✉✐r❡s ♥❡❛r❧② ❤❛❧❢ ♦❢ t❤❡ t✐♠❡ r❡q✉✐r❡❞ t♦ ❝♦♠♣✉t❡
t❤❡ ❢✉❧❧ ♠❛tr✐① ❬✸✷✱ ✶✵✺❪✳ ❚❤✐s ❢❛❝t ❧✐♠✐ts ❞r❛st✐❝❛❧❧② t❤❡ r❛♥❣❡ ♦❢ ♣r♦❜❧❡♠s ❛❞❞r❡ss❛❜❧❡
✇✐t❤ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s✳

❚♦ ♦✈❡r❝❛♠❡ t❤❡ ❧✐♠✐ts ❞✉❡ t♦ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡s✱ t❤❡ ❱♦①❍❡♥r② t❡❝❤♥✐q✉❡
❬✶✵✾✱ ✶✶✵❪ ❤❛s ❜❡❡♥ r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞ t♦ s♦❧✈❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ❛❞❞r❡ss❡❞
✐♥ t❤✐s ♣❛rt ♦❢ t❤❡ t❤❡s✐s✳ ■t ✉s❡s t❤❡ ❋❛st ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✭❋❋❚✮ t♦ s❡♥s✐❜❧② s♣❡❡❞
✉♣ t❤❡ s✐♠✉❧❛t✐♦♥✱ ❜✉t ✐t ❤❛s t❤❡ str♦♥❣ ❧✐♠✐t❛t✐♦♥ ♦❢ ✇♦r❦✐♥❣ ✇✐t❤ ❛ ❈❛rt❡s✐❛♥ ❣r✐❞s✳
❙✉❝❤ ✈♦①❡❧✐③❡❞ ❣❡♦♠❡tr✐❡s ♣r❡s❡♥t t❤❡ ✇❡❧❧✲❦♥♦✇♥ ✏st❛✐r❝❛s❡✑ ❡rr♦r ✐♥ t❤❡ ❣❡♦♠❡tr✐❝
r❡♣r❡s❡♥t❛t✐♦♥ ✇❤❡♥ ❛ s❧❛♥t❡❞ ♦r ❝✉r✈❡❞ ❜♦✉♥❞❛r② ✐s r❡♥❞❡r❡❞ ♦♥ ❛ ❈❛rt❡s✐❛♥ ❣r✐❞✱ t❤❡
s❛♠❡ ❡rr♦r ✇❤✐❝❤ ♠❛❦❡s ♦♥❡ t♦ ♣r❡❢❡r ❋❊ ♠❡t❤♦❞ ♦✈❡r ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡s✳ ▼♦r❡♦✈❡r✱ ❛
✈♦①❡❧s ❣r✐❞ ♣r❡✈❡♥ts t❤❡ ✉s❡ ♦❢ ❧♦❝❛❧ ♠❡s❤ r❡✜♥❡♠❡♥t✳

❚❤✐s ♣❛rt ♦❢ t❤❡ t❤❡s✐s ✐♥tr♦❞✉❝❡s t❤❡ ❢♦✉♥❞❛t✐♦♥s ♦❢ ❛ ♥♦✈❡❧ ❝♦♠♣❛t✐❜❧❡ ✐♥t❡❣r❛❧
♠❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠s t❤❛t ♠✐t✐❣❛t❡ ❜♦t❤ ✐ss✉❡s ♦❢ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s
✇❤✐❧❡ ❡①t❡♥❞✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥ s♣❡❡❞ ♦❢ ❱♦①❍❡♥r② t♦ ❛r❜✐tr❛r② ♣♦❧②❤❡❞r❛❧ ❣r✐❞s✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ s✉r✈❡② t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ♦❢ ❊■❋❊ ❢♦r t❡tr❛❤❡❞r❛❧ ❣r✐❞s✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✇❡ r❡❝❛❧❧ t❤❡ st❛♥❞❛r❞ ❊❋■❊ ❛♥❞ ✐ts ❞✐s❝r❡t✐③❛t✐♦♥ ✉s✐♥❣ t❤❡ ❧♦✇❡st✲♦r❞❡r
❘❛✈✐❛rt✕❚❤♦♠❛s ✭❘❚✮ ❛♥❞ ❘❛♦✕❲✐❧t♦♥✕●❧✐ss♦♥ ✭❘❲●✮ ❢❛❝❡ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❋✐♥❛❧❧②✱
✇❡ r❡✈✐❡✇ t✇♦ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤❡s ♣r♦♣♦s❡❞ ✐♥ ❧✐t❡r❛t✉r❡ t♦ ❡♥❢♦r❝❡ ✐♠♣❧✐❝✐t❧② ❝✉rr❡♥t
❝♦♥s❡r✈❛t✐♦♥ ✐♥ t❤❡ ❊❋■❊✳

✼✳✶ ❚❤❡ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠

❲❡ ❜❡❣✐♥ ❜② ❞❡s❝r✐❜✐♥❣ t❤❡ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠✳ ❆s ❛ ♣❤②s✐❝❛❧ r❡❢❡r❡♥❝❡ ❢r❛♠❡✇♦r❦✱ ✇❡
❝♦♥s✐❞❡r ❛ ❝♦♥❞✉❝t✐♥❣ ❞♦♠❛✐♥ Ωc ♦❢ ❛r❜✐tr❛r② t♦♣♦❧♦❣②✳ Ωc ✐s ♣❧❛❝❡❞ ✉♥❞❡r t❤❡ ✐♥✢✉❡♥❝❡
♦❢ ❛ t✐♠❡✲✈❛r②✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❙✉❝❤ ❛ s♦✉r❝❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ♣r♦❞✉❝❡❞ ❜② ❛ ❦♥♦✇♥
❝✉rr❡♥t ❞❡♥s✐t② Js (x, t)✖✇❤❡r❡ x ∈ R3 ✐s ❛ ♣♦✐♥t ♦❢ Ω ❛♥❞ t ❛ t✐♠❡ ✐♥st❛♥t✖✢♦✇✐♥❣
✐♥ ❛ s♦✉r❝❡ ❞♦♠❛✐♥ Ωs✱ ♣r♦❞✉❝❡s ❛♥ ✉♥❦♥♦✇♥ ✐♥❞✉❝❡❞ ❝✉rr❡♥t J ✐♥ Ωc ❛❝❝♦r❞✐♥❣❧② t♦
t❤❡ ❋❛r❛❞❛②✕◆❡✉♠❛♥♥ ❧❛✇✳ ❚❤❡ ❝♦♥❞✉❝t♦r ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts r❡s✐st✐✈✐t② ρ ✭♦r ✐ts
r❡❝✐♣r♦❝❛❧✱ ✐✳❡✳ t❤❡ ❝♦♥❞✉❝t✐✈✐t② σ✮ ✇❤✐❧❡✱ ❢♦r s✐♠♣❧✐❝✐t②✱ t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥ ✐s ❝♦♥s✐❞❡r❡❞
❛ ♠❡❞✐✉♠ ✇❤♦s❡ ♠❛❣♥❡t✐❝ ♣❡r♠❡❛❜✐❧✐t② µ ✐s ❝♦♥st❛♥t ✐♥ t✐♠❡ ❛♥❞ ✉♥✐❢♦r♠ ✐♥ s♣❛❝❡ ❛♥❞
✐t ✐s ❡q✉❛❧ t♦ t❤❡ ✈❛❝✉✉♠ ♣❡r♠❡❛❜✐❧✐t② µ0✳ ■♥ ❢❛❝t✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ✇❤❛t
❢♦❧❧♦✇s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ ♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧s ❜② ✉s✐♥❣ ❝♦♥s♦❧✐❞❛t❡❞
t❡❝❤♥✐q✉❡s t♦ ❞❡❛❧ ✇✐t❤ t❤❡♠ ❧✐❦❡ ❬✷✺❪✳ ❚❤✉s✱ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛t✐♦♥ t♦ ♣r♦❜✲
❧❡♠s ❝♦♥t❛✐♥✐♥❣ ♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧s ✐s ❧❡❢t ❢♦r ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts✳ ■♥ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥✱
t❤❡ t✐♠❡✲❛♥❞✲s♣❛❝❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ✜❡❧❞s ♠✐❣❤t ❜❡ s♦♠❡t✐♠❡s ♦♠✐tt❡❞ ❢♦r t❤❡ s❛❦❡ ♦❢
❜r❡✈✐t②✳

❲❡ ❝♦♥s✐❞❡r t❤❡ t♦t❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞

Ht := H +Hs

❛s ❛ s✉♠ ♦❢ t❤❡ ✉♥❦♥♦✇♥ r❡❛❝t✐♦♥H ♦❢ t❤❡ ❝♦♥❞✉❝t✐♥❣ ❞♦♠❛✐♥✖♣r♦❞✉❝❡❞ ❜② t❤❡ ❝✉rr❡♥t



✼✳✷✳ ❊❋■❊✿ ❞✐s❝r❡t✐③❛t✐♦♥ ♦♥ t❡tr❛❤❡❞r❛❧ ❣r✐❞s ✾✶

❞❡♥s✐t② J ✐♥ Ωc✖✇✐t❤ t❤❡ ✜❡❧❞ Hs ❣❡♥❡r❛t❡❞ ❜② Js✱ ❛♥❞ t❤❡ s❛♠❡ ❢♦r t❤❡ t♦t❛❧ ♠❛❣♥❡t✐❝
✐♥❞✉❝t✐♦♥ ✜❡❧❞

Bt = B +Bs

✐♥ ✇❤✐❝❤ B ✐s t❤❡ ✉♥❦♥♦✇♥ ❝♦♥tr✐❜✉t✐♦♥ ❛♥❞ Bs t❤❡ ❦♥♦✇♥ ♦♥❡ ♣r♦❞✉❝❡❞ ❜② t❤❡ ❝✉rr❡♥t
❞❡♥s✐t② Js✳

■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ✐t ✐s ❦♥♦✇♥ t❤❛t✱ ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ♠❛❣♥❡t♦ q✉❛s✐✲st❛t✐❝ ❛♣✲
♣r♦①✐♠❛t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❡q✉❛t✐♦♥s t❤❛t ❝❤❛r❛❝t❡r✐③❡s t❤❡ s♦✉r❝❡s ♦❢ t❤❡ ♣r♦❜❧❡♠
❤♦❧❞s ✐♥ Ω

∇ ·Bs = 0, ✭✼✳✶✮

∇ · Js = 0, ✭✼✳✷✮

∇×Hs = Js, ✭✼✳✸✮

✐♥ ❛❞❞✐t✐♦♥ t❤❡ ♦♥❡ t❤❛t ❤❛s t♦ ❜❡ ❡♥❢♦r❝❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✉♥❦♥♦✇♥ ❡❞❞② ❝✉rr❡♥ts

∇ ·B = 0, ✭✼✳✹✮

∇ · J = 0, ✭✼✳✺✮

∇×H = J , ✭✼✳✻✮

∇×E −
∂

∂t
Bt = 0. ✭✼✳✼✮

▼♦r❡♦✈❡r✱ ❝♦♥st✐t✉t✐✈❡ ❧❛✇s r❡❛❞

Bs = µ0Bs, x ∈ Ω ✭✼✳✽✮

Bt = µ0Ht, x ∈ Ω ✭✼✳✾✮

E = ρJ , x ∈ Ωc ✭✼✳✶✵✮

✇❤❡r❡ E r❡❢❡rs t♦ t❤❡ ✉♥❦♥♦✇♥ ❡❧❡❝tr✐❝ ✜❡❧❞ r❡❧❛t❡❞ t♦ t❤❡ ✉♥❦♥♦✇♥ ❝✉rr❡♥t J ✢♦✇✐♥❣
✐♥ t❤❡ ❝♦♥❞✉❝t♦r Ωc✳

❋♦r t❤❡ ✇❡❧❧ ♣♦s❡❞♥❡ss ♦❢ t❤❡ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠✱ ✇❡ ❛❧s♦ ❝♦♥s✐❞❡r r❡❣✉❧❛r✐t②
❝♦♥❞✐t✐♦♥ ❛t ✐♥✜♥✐t② ❢♦r H✱ B ❛♥❞ E s✐♥❝❡ Ω ✐s ✉♥❜♦✉♥❞❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ✐♠♣♦s❡ t❤❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ J ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t

J · n = 0, ∀x ∈ ∂Ωc

✇❤❡r❡ ∂Ωc ✐s t❤❡ ❜♦✉♥❞❛r② ♦❢ Ωc ❛♥❞ n ✐s ❛♥ ♦✉t❣♦✐♥❣ ✈❡❝t♦r ♥♦r♠❛❧ t♦ ∂Ωc ✐♥ x✳
❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t② ✐♥ t❤❡ ❡①♣♦s✐t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t ♥♦ ❡❧❡❝tr♦❞❡s ❛r❡ ♣r❡s❡♥t✳
❚❤❡ ❡①t❡♥s✐♦♥ t♦ t❤❡ ❝❛s❡ ✇✐t❤ ❡❧❡❝tr♦❞❡s ♣r❡s❡♥ts ♥♦ ❞✐✣❝✉❧t② ❛♥❞ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞
❡❧s❡✇❤❡r❡✳

✼✳✷ ❊❋■❊✿ ❞✐s❝r❡t✐③❛t✐♦♥ ♦♥ t❡tr❛❤❡❞r❛❧ ❣r✐❞s

❋♦❧❧♦✇✐♥❣ ❬✶✶✶❪✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❍✐❧❜❡rt ✈❡❝t♦r s♣❛❝❡s L2(Ωc) ❛♥❞ L2(Ωc) ✇✐t❤ t❤❡
✉s✉❛❧ s❝❛❧❛r ♣r♦❞✉❝ts✳ ❚❤❡♥✱ ❣✐✈❡♥ t❤❡ s✉❜s♣❛❝❡s H1

grad(Ωc) := {ϕ ∈ L2(Ωc) : ∇ϕ ∈

L2(Ωc)} ❛♥❞ Hdiv(Ωc) = {J ∈ L2(Ωc) : ∇·J ∈ L2(Ωc)}✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝❧♦s❡❞ s✉❜s♣❛❝❡



✾✷ ✼✳ ❆ ❢♦r❡✇♦r❞ ♦♥ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s t♦ s♦❧✈❡ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠s

Hdiv,0(Ωc) := {J ∈ Hdiv : ∇ · J = 0 ✐♥ Ωc,J · n = 0 ✐♥ Γ}✳
❇❡❝❛✉s❡ ♦❢ ✭✼✳✶✮ ❛♥❞ ✭✼✳✹✮✱ ✐t ✐s ❝✉st♦♠❛r② t♦ ✐♥tr♦❞✉❝❡ ❛ ♠❛❣♥❡t✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧

At s♦ t❤❛t Bt = ∇×At t❤✉s r❡✇r✐t✐♥❣ ❋❛r❛❞❛②✬s ❧❛✇ ✐♥ ✭✼✳✼✮ ❛s

∂

∂t
At +E = −∇ϕ ✭✼✳✶✶✮

❜② ✉s✐♥❣ t❤❡ ❡❧❡❝tr✐❝ s❝❛❧❛r ♣♦t❡♥t✐❛❧ ϕ✳
■♥ ♦r❞❡r t♦ s♦❧✈❡ ❡❞❞② ❝✉rr❡♥ts ❜② ♠❡❛♥s ♦❢ ❛♥ ✐♥t❡❣r❛❧ ❛♣♣r♦❛❝❤✱ t❤❡ ❧✐♥❡❛r ✐♥t❡❣r❛❧

r❡❧❛t✐♦♥ ❝❛❧❧❡❞ ❇✐♦t✕❙❛✈❛rt ❧❛✇ ❧✐♥❦✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ♦♥ ❛♥ ❛r❜✐tr❛r②
♣♦✐♥t ♦❢ t❤❡ s♣❛❝❡ x ∈ Ω t♦ ❛ ❣✐✈❡♥ ❝✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ Jd r❡❛❞s ❛s

Ad(x) =
µ0

4π

∫︂

Ω

Jd(x
′)

∥x− x′∥
dΩ = G(Jd) ✭✼✳✶✷✮

✈✐❛ t❤❡ ✐♥t❡❣r❛❧ ❧✐♥❡❛r ♦♣❡r❛t♦r G ❬✶✶✶❪✳ ❲❡ ♥♦t❡ t❤❛t G(Js) ❣✐✈❡s t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧
As r❡❧❛t✐✈❡ t♦ t❤❡ s♦❧✉t✐♦♥✱ ✐♥ ❛ ❣✐✈❡♥ t✐♠❡ ✐♥st❛♥t t✱ ♦❢ t❤❡ ♠❛❣♥❡t♦st❛t✐❝ ♣r♦❜❧❡♠
❡①♣r❡ss❡❞ ❜② ✭✼✳✶✮✱ ✭✼✳✷✮✱ ✭✼✳✸✮ ❛♥❞ ✭✼✳✽✮✳

❇② s❡♣❛r❛t✐♥❣ t❤❡ ❦♥♦✇♥ ❝♦♥tr✐❜✉t✐♦♥As ♦❢ t❤❡ s♦✉r❝❡ ❞♦♠❛✐♥ Ωs ❢r♦♠ t❤❡ ✉♥❦♥♦✇♥
♣❛rt A ❞✉❡ t❤❡ ❡❞❞② ❝✉rr❡♥ts ✐♥ Ωc✱ ♥❛♠❡❧② At = A +As ✇✐t❤ A = G(J) ❛♥❞ As =
G(Js)✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❊❧❡❝tr✐❝ ❋✐❡❧❞ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥ ✭❊❋■❊✮ ❢r♦♠ ✭✼✳✶✶✮ ❛s

∂

∂t
G(J) +

∂

∂t
As +E = −∇ϕ. ✭✼✳✶✸✮

❚♦ ❞❡✈❡❧♦♣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✭✼✳✶✸✮✱ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
♠✉st ❜❡ r❡st❛t❡❞ ✐♥ ❛ ✇❡❛❦ ❢♦r♠✱ ✇❤✐❝❤ r❡❛❞s

d

dt
⟨G(J) ,J ′⟩+ ⟨ρJ ,J ′⟩ = −

d

dt
⟨As ,J

′⟩, ∀J ′ ∈ Hdiv,0 ✭✼✳✶✹✮

✇❤❡r❡ ✭✼✳✶✵✮ ❤❛s ❜❡❡♥ ✉s❡❞ ❛♥❞ ♣❧✉❣❣❡❞ ✐♥t♦ ✭✼✳✶✸✮✳
▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❛rt✐t✐♦♥ ♦❢ Ωc ✐♥t♦ ❛ t❡tr❛❤❡❞r❛❧ ❣r✐❞ K ✳ ❚❤❡ ♣❛rt✐t✐♦♥✐♥❣ ✐♥t♦

t❡tr❛❤❡❞r❛❧ ❡❧❡♠❡♥ts ❛❧❧♦✇s t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✈❡❝t♦r ✜❡❧❞ J ❜②
♠❡❛♥s ♦❢ s✉✐t❛❜❧❡ ❢❛❝❡ ❜❛s✐s ❢✉♥❝t✐♦♥s {wf}f∈F ❛s

J =
∑︂

f∈F

wfJ
F
f . ✭✼✳✶✺✮

❚❤❡ st❛♥❞❛r❞ ❝❤♦✐❝❡ ❢♦r t❤❡ ✈❡❝t♦r ❢✉♥❝t✐♦♥s {wf}f∈F ✐s r❡♣r❡s❡♥t❡❞ ❜② ❘❛✈✐❛rt✕❚❤♦♠❛s
✭❘❚✮ ❜❛s✐s ❢✉♥❝t✐♦♥s✱ ❛❧s♦ ❦♥♦✇♥ ❛s ❲❤✐t♥❡② ❢❛❝❡t ❡❧❡♠❡♥ts✳ ❆♥♦t❤❡r ❝❤♦✐❝❡✱ ✇❤✐❝❤ ✐s
❡q✉✐✈❛❧❡♥t t♦ ❘❚ ❬✶✶✷❪ ❛♥❞ ✐s ♣♦♣✉❧❛r ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝s ❝♦♠♠✉✲
♥✐t②✱ ✐s t❤❡ ✉s❡ ♦❢ ❘❛♦✕❲✐❧t♦♥✕●❧✐ss♦♥ ✭❘❲●✮ s❤❛♣❡ ❢✉♥❝t✐♦♥s ✜rst❧② ✐♥tr♦❞✉❝❡❞ ❢♦r ✷❉
s✐♠♣❧✐❝✐❛❧ ❡❧❡♠❡♥ts ❬✶✶✸❪ ❛♥❞ t❤❡♥ ❡①t❡♥❞❡❞ t♦ t❡tr❛❤❡❞r❛ ❬✶✶✹❪✳

❊q✉❛t✐♦♥ ✭✼✳✶✹✮ ✇✐t❤ t❤❡ ✉s❡ ♦❢ ✭✼✳✶✺✮ ❛♥❞ t❤❡ st❛♥❞❛r❞ ●❛❧❡r❦✐♥ ♠❡t❤♦❞✱ ✇❤✐❝❤ s❡ts
J ′ = wf ✱ ②✐❡❧❞s ❛ s②♠♠❡tr✐❝ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ❛s

RJF +M
d

dt
JF = −

d

dt
AẼ

s . ✭✼✳✶✻✮



✼✳✷✳ ❊❋■❊✿ ❞✐s❝r❡t✐③❛t✐♦♥ ♦♥ t❡tr❛❤❡❞r❛❧ ❣r✐❞s ✾✸

▼♦r❡♦✈❡r✱ ✐♥ ✭✼✳✶✻✮✱ ✇❡ ✐♠♣♦s❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s J ·n = 0 ♦♥ ∂Ωc ❜② s❡tt✐♥❣ t♦
③❡r♦ ❛❧❧ t❤❡ ❉♦❋s JF

f r❡❧❛t❡❞ t♦ ❜♦✉♥❞❛r② ❢❛❝❡s ♦❢ K✳

❚❤❡ r❡s✐st❛♥❝❡ ✭♠❛ss✮ ♠❛tr✐① R ✐s ❝♦♥str✉❝t❡❞ ❜② ♠❡❛♥s ♦❢ ❛ st❛♥❞❛r❞ ❋❊ ❛ss❡♠❜❧②
♦❢ ❧♦❝❛❧ ♠❛tr✐❝❡s Rc

R =
∑︂

c∈C

(OF
c )

TRcO
F
c . ✭✼✳✶✼✮

❖♥ ❡❛❝❤ ❡❧❡♠❡♥t c ♦❢ K t❤❡ ❧♦❝❛❧ ♠❛tr✐① Rc ✐s ❞❡✜♥❡❞ ❛s

(Rc)f,f ′ :=

∫︂

c

wf c
(x) · ρwf ′

c
(x) dc. ✭✼✳✶✽✮

❜❡✐♥❣ wf c
t❤❡ r❡str✐❝t✐♦♥ ♦❢ wf t♦ c✳

❙✐♠✐❧❛r❧②✱ t❤❡ ♠❛❣♥❡t✐❝ ✭♠❛ss✮ ♠❛tr✐① M ✐s ❝♦♥str✉❝t❡❞ ❜② ♠❡❛♥s ♦❢ ❛ st❛♥❞❛r❞ ❋❊
❛ss❡♠❜❧② ♦❢ ❧♦❝❛❧ ♠❛tr✐❝❡s Mcc′

M =
∑︂

c,c′∈C

(OF
c )

TMcc′O
F
c′ . ✭✼✳✶✾✮

❇② ❝♦♥s✐❞❡r✐♥❣ t✇♦ ❡❧❡♠❡♥ts c ❛♥❞ c′✱ t❤❛t ❝❛♥ ❛❧s♦ ❜❡ ❝♦✐♥❝✐❞❡♥t✱ t❤❡ ❧♦❝❛❧ ♠❛tr✐①
Mcc′ ✐s ❞❡✜♥❡❞ ❛s

(Mcc′)f,f ′ :=
µ0

4π

∫︂

c

∫︂

c′

wf c
(x) ·wf ′

c′
(x′)

∥x− x′∥
dc dc′. ✭✼✳✷✵✮

❲❡ ♥♦✇ ❞❡❛❧ ✇✐t❤ t❤❡ ✐ss✉❡ ♦❢ ❡♥❢♦r❝✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ∇ · J = 0 ♦♥ ✭✼✳✶✺✮✳ ❲❡
♣r❡s❡♥t t✇♦ ❞✐✛❡r❡♥t st❛♥❞❛r❞ ❛♣♣r♦❛❝❤❡s ♣r♦♣♦s❡❞ ✐♥ ❧✐t❡r❛t✉r❡✳

✼✳✷✳✶ ❙♦❧✉t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❡❧❡❝tr✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❛♥❞ ❛❞❞✐✲
t✐♦♥❛❧ ❉♦❋s✿ t❤❡ ❈❆❘■❉❉■ ❝♦❞❡

❍✐st♦r✐❝❛❧❧②✱ ❛ ✜rst s♦❧✉t✐♦♥ ✇❛s ♣r♦♣♦s❡❞ ✐♥ ✶✾✽✺ ❜② ❆❧❜❛♥❡s❡ ❛♥❞ ❘✉❜✐♥❛❝❝✐ ❬✷✻❪✳ ❚❤❡
✐❞❡❛ ✐s t♦ r❡♣r❡s❡♥t t❤❡ s♦❧❡♥♦✐❞❛❧ ❝✉rr❡♥t ❞❡♥s✐t② ❛s t❤❡ ❝✉r❧ ♦❢ ❛♥ ❡❧❡❝tr✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧
T

J = ∇× T . ✭✼✳✷✶✮

■♥ t❤❡ ❋❊✱ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✐s r❡♣r❡s❡♥t❡❞ ✐♥s✐❞❡ t❤❡ t❡tr❛❤❡❞r♦♥ c ❜②

J =
∑︂

e∈E(c)

∇×Ne c T
E
e , ✭✼✳✷✷✮

✇❤❡r❡ Ne c ❛r❡ t❤❡ ◆é❞é❧❡❝✬s ❡❞❣❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❬✶✶✺❪ r❡str✐❝t❡❞ t♦ ❡❧❡♠❡♥t c ❛♥❞ ❉♦❋s
♦❢ T ❛r❡ ❛tt❛❝❤❡❞ t♦ ❡❞❣❡s ♦❢ K✳ ❚❤✐s ❣✐✈❡s r✐s❡ t♦ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s

R❈❆❘T E + L❈❆❘
d

dt
T E = −

d

dt
EẼ . ✭✼✳✷✸✮



✾✹ ✼✳ ❆ ❢♦r❡✇♦r❞ ♦♥ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s t♦ s♦❧✈❡ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠s

❋♦❧❧♦✇✐♥❣ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❬✷✼❪✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❧♦❝❛❧ ♠❛tr✐① R❈❆❘c ✐s ❞❡✜♥❡❞ ❛s

(R❈❆❘c )e,e′ :=

∫︂

c

∇×Ne c(x) · ρ∇×Ne′ c(x) dc, ✭✼✳✷✹✮

❛♥❞ t❤❡ ❧♦❝❛❧ ♠❛tr✐① L❈❆❘c ✐s ❞❡✜♥❡❞ ❛s

(L❈❆❘c )e,e′ :=
µ0

4π

∫︂

c

∫︂

c′

∇×Ne c(x) ·∇×Ne′ c′(x
′)

∥x− x′∥
dc dc′. ✭✼✳✷✺✮

❚♦ r❡❞✉❝❡ t❤❡ ✉♥❦♥♦✇♥s ❛♥❞ ♦❜t❛✐♥ ❛ ❢✉❧❧ r❛♥❦ s②st❡♠✱ t❤❡ s♦✲❝❛❧❧❡❞ tr❡❡✲❝♦tr❡❡ ❣❛✉❣❡
❬✶✶✻❪ ✇❛s ❞❡✈❡❧♦♣❡❞✱ ✇❤✐❝❤ s❡ts t♦ ③❡r♦ ❡♥tr✐❡s ♦❢ T E ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❞❣❡s ♦❢ ❛ s✉✐t❛❜❧❡
s♣❛♥♥✐♥❣ tr❡❡ ♦❢ K✳ ▼♦r❡ ❞❡t❛✐❧s ♦❢ ❣❛✉❣✐♥❣ ✇✐❧❧ ❜❡ ♣r♦✈✐❞❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✹✳

■t ✐s ❢✉♥❞❛♠❡♥t❛❧ t♦ ♥♦t❡ t❤❛t ✭✼✳✷✸✮ ❤♦❧❞s ♦♥❧② ❢♦r s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❝♦♥❞✉❝t♦rs✳ ❚❤❡
♠♦st ✉♣✲t♦✲❞❛t❡ ❡①t❡♥s✐♦♥ t♦ ❝♦♥❞✉❝t♦rs t❤❛t ❛r❡ ♥♦t s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ✐s ♣r❡s❡♥t❡❞ ✐♥
❬✶✶✼❪ ❛♥❞ ✐t ✐s ❜❛s❡❞ ♦♥ ❛❞❞✐♥❣ s♦♠❡ ✏❛❞❞✐t✐♦♥❛❧ ❉♦❋s✑✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ❛❞❞✐t✐♦♥❛❧ ❉♦❋s
❞♦ ♥♦t ❤❛✈❡ ❛ ♣r❡❝✐s❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡✜♥✐t✐♦♥ s♦ t❤❡ ❛♣♣r♦❛❝❤ ❧❛❝❦s ❝❧❡❛r t❤❡♦r❡t✐❝❛❧
❢♦✉♥❞❛t✐♦♥s✳ ▼♦r❡ ✐♠♣♦rt❛♥t❧②✱ ❛♥ ❡✣❝✐❡♥t ✇❛② t♦ ✜♥❞ t❤❡ ❣❧♦❜❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s ✐s
♠✐ss✐♥❣✳ ❲✐t❤ t❤❡ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✐♥ ❬✶✶✼❪✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ s✉❝❤ ❣❧♦❜❛❧ ❜❛s✐s
❢✉♥❝t✐♦♥s ♠❛② ❡❛s✐❧② t❛❦❡ ❤♦✉rs ❣✐✈❡♥ t❤❛t ✐t r❡q✉✐r❡s t❤❡ s♦❧✉t✐♦♥ ♦❢ ♠❛♥② ❣❧♦❜❛❧ ❧✐♥❡❛r
s②st❡♠s✳

✼✳✷✳✷ ❙♦❧✉t✐♦♥ ❜❛s❡❞ ♦♥ ♠❡s❤ ❝✉rr❡♥t ❛♥❛❧②s✐s ✭▼❈❆✮✿ t❤❡ ✉♥✲
str✉❝t✉r❡❞ P❛rt✐❛❧ ❊❧❡♠❡♥ts ❊q✉✐✈❛❧❡♥t ❈✐r❝✉✐t ✭P❊❊❈✮
❢♦r ❡❞❞② ❝✉rr❡♥ts

❆ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ❡①♣❧♦✐ts t❤❡ s♦✲❝❛❧❧❡❞ ❡❧❡❝tr✐❝ ❝✐r❝✉✐t ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ✐♥t❡❣r❛❧ ♠❡t❤✲
♦❞s✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✸✵✱ ✶✵✺❪✳ ❚❤❡♥✱ t❤❡ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ♠❡s❤ ❝✉rr❡♥t
❛♥❛❧②s✐s ✭▼❈❆✮✱ ✇❤✐❝❤ ✐s ❛ st❛♥❞❛r❞ ♠❡t❤♦❞ ♦❢ ♥❡t✇♦r❦ t❤❡♦r② ❬✶✶✽✱ ✶✶✾❪✳ ❚❤✐s ❛♣✲
♣r♦❛❝❤✱ ♣r♦♣♦s❡❞ ❢♦r t❤❡ ✜rst t✐♠❡ ❛s ❢❛r ❛s ✇❡ ❦♥♦✇ ✐♥ ❬✸✵❪✱ ❝♦♠♣✉t❡s ❛ ❝②❝❧❡ ❜❛s✐s ♦♥
t❤❡ ❝✐r❝✉✐t ❣r❛♣❤ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❛ tr❡❡✲❝♦tr❡❡ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❝❡ ♦♥❡
❛❞❞s ❛ ❝♦tr❡❡ ❞✉❛❧ ❡❞❣❡ t♦ t❤❡ tr❡❡ ♦❢ t❤❡ ❞✉❛❧ ❣r❛♣❤✱ ❡①❛❝t❧② ♦♥❡ ❧♦♦♣ ✐s ❝r❡❛t❡❞✳ ❚❤❡
s❡t ♦❢ t❤❡s❡ ❧♦♦♣s ❜✉✐❧t ❢♦r ❛❧❧ ❝♦tr❡❡ ❡❞❣❡s ❢♦r♠s ❛ ❝②❝❧❡ ❜❛s✐s ♦❢ t❤❡ ❣r❛♣❤ ❬✶✶✽✱ ✶✶✾❪✳
❚❤❡s❡ ❣❧♦❜❛❧ ❝②❝❧❡s ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ♦♥ t❤❡ ♣r✐♠❛❧ ❝♦♠♣❧❡① ❛s ❛ s❡t ♦❢ ❢❛❝❡s ✇❤✐❝❤
♣r♦❞✉❝❡ ❛ ❜❛s✐s ❢♦r s♦❧❡♥♦✐❞❛❧ ❝✉rr❡♥ts✳ ●r❡❛t❡r ❞❡t❛✐❧s ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✹✳
❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ r❡❝❡♥t❧② r❡❞✐s❝♦✈❡r❡❞ ❛♥❞ ❝❛❧❧❡❞ ✉♥str✉❝t✉r❡❞ P❛rt✐❛❧ ❊❧❡♠❡♥ts
❊q✉✐✈❛❧❡♥t ❈✐r❝✉✐t ✭P❊❊❈✮ ❢♦r ❡❞❞② ❝✉rr❡♥ts✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✶✷✵❪✳
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▼✐♠❡t✐❝ ❱♦❧✉♠❡ ■♥t❡❣r❛❧

♠❡t❤♦❞

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t t❤❡ ▼✐♠❡t✐❝ ❱♦❧✉♠❡ ■♥t❡❣r❛❧ ✭▼❱■✮ ♠❡t❤♦❞✱ ❛♥ ❡①t❡♥s✐♦♥
♦❢ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s t♦ ❣❡♥❡r❛❧ ♣♦❧②❤❡❞r❛❧ ❣r✐❞s✳

❋♦r ♠❡s❤❡s ❝♦♠♣♦s❡❞ ❜② ❣❡♥❡r❛❧ ♣♦❧②❤❡❞r❛✱ t❤❡ ♦♥❧② ✐♥t❡❣r❛❧ ♠❡t❤♦❞ t❤❛t ✇❡ ❛r❡
❛✇❛r❡ t♦ ♣r♦❞✉❝❡ ❛ ❝♦♥s✐st❡♥t✱ s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛ss ♠❛tr✐❝❡s ✐s t❤❡
❛♣♣r♦❛❝❤ ✐♥ ❬✶✷✶❪✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣✐❡❝❡✇✐s❡ ✉♥✐❢♦r♠ ❜❛s✐s ❢✉♥❝t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥
❬✶✷✷❪✳ ▼♦r❡♦✈❡r✱ ❢♦r ❤❡①❛❤❡❞r❛✱ ♣r✐s♠s ❛♥❞ ♣②r❛♠✐❞s ♦♥❡ ♠❛② ✉s❡ st❛♥❞❛r❞ ❘❚ ❜❛s✐s
❢✉♥❝t✐♦♥s✳

■♥ ❙❡❝t✐♦♥ ✽✳✶ ✇❡ s❤♦✇ t❤❛t ♠❛ss ♠❛tr✐❝❡s ♣r♦❞✉❝❡❞ ✇✐t❤ ❘❚ ♦r ❘❲● ❢❛❝❡ ❜❛✲
s✐s ❢✉♥❝t✐♦♥s ❢♦r ❤❡①❛❤❡❞r❛ ❛r❡ ♥♦t ❝♦♥s✐st❡♥t✳ ❍❡♥❝❡✱ s✉❝❤ ♠❛ss ♠❛tr✐❝❡s ❝❛♥♥♦t ❜❡
❣❡♥❡r❛❧✐③❡❞ t♦ ❛r❜✐tr❛r② ♣♦❧②❤❡❞r❛❧ ❡❧❡♠❡♥ts✳

■♥ ❙❡❝t✐♦♥ ✽✳✷ ✇❡ ♣r❡s❡♥t ❛ ♥♦✈❡❧ ❝♦♥str✉❝t✐♦♥ ♦❢ r❡s✐st❛♥❝❡ ❛♥❞ ♠❛❣♥❡t✐❝ ♠❛ss ♠❛✲
tr✐❝❡ t❤❛t ❛r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ s②♠♠❡tr✐❝ ❛♥❞ ❝♦♥s✐st❡♥t ❢♦r ❛r❜✐tr❛r② ♣♦❧②❤❡❞r❛❧ ❡❧❡✲
♠❡♥ts✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡s❡ ♠❛ss ♠❛tr✐❝❡s ✐s ✐♥s♣✐r❡❞ ❜② ❛ ✇❡❧❧ ❡st❛❜❧✐s❤❡❞ ❞❡s✐❣♥
str❛t❡❣② ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s ✇❤✐❝❤ ❞❡❝♦♠♣♦s❡s ❧♦❝❛❧ ♠❛ss ♠❛tr✐❝❡s ❛s t❤❡ s✉♠
♦❢ ❛ ❝♦♥s✐st❡♥t ❛♥❞ ❛ st❛❜✐❧✐③❛t✐♦♥ ♣❛rt✳ ❚❤❡s❡ ♥♦✈❡❧ ♠❛ss ♠❛tr✐❝❡s ❝❛♥ ❜❡ t❤♦✉❣❤t ❛s t❤❡
❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❘❲● ❛♥❞ ❘❚ ❜❛s✐s ❢✉♥❝t✐♦♥ ❢♦r ❤❡①❛❤❡❞r❛❧ ♦r ❡✈❡♥ ❣❡♥❡r❛❧ ♣♦❧②❤❡❞r❛❧
❡❧❡♠❡♥ts ❜❡❝❛✉s❡✱ ❛s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✽✳✹✱ t❤❡② ♣r♦❞✉❝❡ t❤❡ s❛♠❡ st✐✛♥❡ss ♠❛tr✐① ❛s t❤❡
❘❚ ❛♥❞ ❘❲● ✐♥ ❝❛s❡ ♦❢ t❡tr❛❤❡❞r❛❧ ❣r✐❞s✳ ■♥ ❙❡❝t✐♦♥ ✽✳✹ ✇❡ ❛❧s♦ s❤♦✇ t❤❛t ♦✉r ♥♦✈❡❧
▼❱■ ♣r♦❞✉❝❡ t❤❡ s❛♠❡ s♦❧✉t✐♦♥ ✐♥ t❡r♠s ♦❢ ❝✉rr❡♥t ❞❡♥s✐t② ♦❢ t❤❡ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤❡s
❢♦r t❡tr❛❤❡❞r❛❧ ❣r✐❞s r❡✈✐❡✇❡❞ ✐♥ ❈❤❛♣t❡r ✼✳ ❨❡t✱ ♦✉r ♥♦✈❡❧ ▼❱■ s❤♦✉❧❞ ❜❡ ♣r❡❢❡rr❡❞ ✇✐t❤
r❡s♣❡❝t t♦ ♦t❤❡rs ❛❧s♦ ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❡tr❛❤❡❞r❛❧ ❣r✐❞s✳ ■♥❞❡❡❞✱ t❤❡ s♣❧✐tt✐♥❣
♦❢ ♠❛tr✐❝❡s ✐♥t♦ ❛ ❝♦♥s✐st❡♥t ❛♥❞ ❛ st❛❜✐❧✐③❛t✐♦♥ ♣❛rt ❤❛s str♦♥❣ ✐♠♣❧✐❝❛t✐♦♥s ❢r♦♠ ❜♦t❤
❛ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ t❤❛t ✇✐❧❧ ❜❡ ❛♥❛❧②s❡❞ ✐♥ ❈❤❛♣t❡r ✾✳

❋✐♥❛❧❧②✱ ✐t ✐s ❛❧s♦ ♠❡♥t✐♦♥❡❞ t❤❛t ❛♥♦t❤❡r ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s ✐s t❤❡✐r
✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❡❧❡❝tr✐❝❛❧ ♥❡t✇♦r❦s✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✸✵✱ ✶✵✺❪✳ ■♥ ❙❡❝t✐♦♥ ✽✳✸
✇❡ s❤♦✇ ❤♦✇ ❛ r✐❣♦r♦✉s ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✼✳✶✻✮ ✐♥ t❡r♠s ♦❢ ❡❧❡❝tr✐❝ ❝✐r❝✉✐ts ✐s
❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ▼❱■ ❢r❛♠❡✇♦r❦✳
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❋✐❣✉r❡ ✽✳✶✿ ❚❤❡ ❤❡①❛❤❡❞r♦♥ v ✉s❡❞ ✐♥ t❤❡ ❝♦✉♥t❡r❡①❛♠♣❧❡✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♥♦❞❡s
❛r❡ pf1 = (0, 0, 0)T ✱ pf2 = (2, 0, 0)T ✱ pf3 = (0, 1, 0)T ✱ p4 = (1, 1, 0)T ✱ p5 = (0, 0, 1)T ✱
p6 = (2, 0, 1)T ✱ p7 = (0, 1, 1)T ✱ p8 = (1, 1, 1)T ✳

✽✳✶ ●❡♥❡r❛❧✐③❛t✐♦♥ t♦ ❤❡①❛❤❡❞r❛❧ ❛♥❞ ♣♦❧②❤❡❞r❛❧ ♠❡s❤❡s

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ s❤♦✇ t❤❛t ❡①t❡♥❞✐♥❣ t❤❡ ✐♥t❡❣r❛❧ ♠❡t❤♦❞ ♦♥ ❤❡①❛❤❡❞r❛❧
♦r ❣❡♥❡r❛❧ ♣♦❧②❤❡❞r❛❧ ♠❡s❤❡s ✐s ♥♦t tr✐✈✐❛❧✳ ❆ ✜rst ✐♥❞✐❝❛t✐♦♥ ✐s t❤❛t t❤❡ ❝✐r❝✉✐t ✐♥t❡r✲
♣r❡t❛t✐♦♥ ♦❢ ❈❆❘■❉❉■ ❛♥❞ P❊❊❈ ♠❡t❤♦❞s ♦♥ ❤❡①❛❤❡❞r❛❧ ♠❡s❤❡s ❜② ✉s✐♥❣ st❛♥❞❛r❞
❘❛✈✐❛rt✕❚❤♦♠❛s ❢❛❝❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❬✶✷✸❪ ❧❛❝❦s t❤❡♦r❡t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥s✳

❲❡ st❛rt ❜② ❝❧❛✐♠✐♥❣ t❤❛t t❤❡ ❘❛✈✐❛rt✕❚❤♦♠❛s ♠❛ss ♠❛tr✐① ♦♥ ❛ ❤❡①❛❤❡❞r♦♥ ✐s
♥♦t ❝♦♥s✐st❡♥t✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❤❡①❛❤❡❞r♦♥ c ❛s ✐♥ ❋✐❣✳ ✽✳✶✳ ❲❡ ❛ss✉♠❡ ❛ ✉♥✐t❛r②
✉♥✐❢♦r♠ r❡s✐st✐✈✐t②✳ ❲❡ ❞❡♥♦t❡ ❜② pf t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ ❡❛❝❤ ❢❛❝❡ f ♦❢ c ❛♥❞ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❞✉❛❧ ❡❞❣❡ ẽf c

✳ ▲❡t ñc ❜❡ t❤❡ ❞✉❛❧ ♥♦❞❡ ❞✉❛❧ c✳ ❲❡ str❡ss t❤❛t✱ ❢♦r t❤❡
♣r❡s❡♥t ❞✐s❝✉ss✐♦♥✱ t❤❡ ♣♦✐♥ts pf ❛♥❞ ñc ❛r❡ ❛r❜✐tr❛r② ♣♦s✐t✐♦♥s ❛♥❞ ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧②
❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❜❛r②❝❡♥t❡r ♦❢ ❢❛❝❡ f ❛♥❞ ❤❡①❛❤❡❞r♦♥ c✱ r❡s♣❡❝t✐✈❡❧②✳ ❆ ♥❡❝❡ss❛r② ❛♥❞
s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ Rc ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ r❡♣♦rt❡❞ ✐♥
❬✶✼✱ ✶✷✹❪ ✐s

RcFc = Ẽc, ✭✽✳✶✮

✇❤❡r❡ F c ❛♥❞ Ẽc ❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ ✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✽✳✶✮
❛r❡ ♥♦t s❛t✐s✜❡❞ ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ t❤❡ ♣♦✐♥ts pf ❢♦r f ∈ F (c)✳ ❇② ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✱
t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✽✳✶✮ ②✐❡❧❞s

rowi(RcFc) = (0, 0, 3 log(2)/4), ✇✐t❤ i = 1, 2
rowi(RcFc) = (3/4, 0, 0), ✇✐t❤ i = 3, 4
rowi(RcFc) = (−1/4, 1/2, 0), ✇✐t❤ i = 5, 6,

✇❤❡r❡ ✇✐t❤ rowi ✇❡ ❞❡♥♦t❡ t❤❡ it❤ r♦✇ ♦❢ ❛ ♠❛tr✐①✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦rs ẽf1 c
✱

ẽf2 c
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞✉❛❧ ❡❞❣❡s ẽf1 c

✱ ẽf1 c
r❡s♣❡❝t✐✈❡❧②❀ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❛t
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ẽf1 c
✱ ẽf2 c

❛r❡ ♣❛r❛❧❧❡❧ t♦ t❤❡ ✈❡❝t♦rs rowi(RcFc) = (0, 0, 3 log(2)/4)✱ ✇✐t❤ i = 1, 2✱ ✐t
✐s ♥❡❝❡ss❛r② t❤❛t ñc✱ pf1 ❛♥❞ pf2 ❛r❡ ♦♥ ❛ str❛✐❣❤t ❧✐♥❡ ♣❛r❛❧❧❡❧ t♦ t❤❡ z✲❛①✐s ♦❢ t❤❡
❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ❚❤✉s✱ ❜② ❛ss✉♠✐♥❣ ❢♦r ñc = (x2, y2, x2)

T ✐t r❡s✉❧ts ✐♥
pf1 = (x2, y2, 0)

T ✱ pf2 = (x2, y2, 1)
T ✳ ❚❤❡♥✱ ❣✐✈❡♥ t❤❛t ẑ ✐s t❤❡ ✉♥✐t❛r② ✈❡❝t♦r (0, 0, 1)T ✱

✐t ✐s

3

2
log(2) = (row1(RcFc) + row2(RcFc)) · ẑ =

(ẽf1 c
+ ẽf2 c

· ẑ = ((ñc − pf1) + (pf2 − ñc)) · ẑ =

((0, 0, x2)
T + (0, 0, 1− x2)

T ) · ẑ = 1

✇❤✐❝❤ ✐s ❝❧❡❛r❧② ❢❛❧s❡✳

❍❡♥❝❡✱ t❤❡ r♦✇s ♦❢ t❤❡ ♠❛tr✐①
RRT

c Fc, ✭✽✳✷✮

✇❤❡r❡ RRT
c ✐s t❤❡ ❘❛✈✐❛rt✕❚❤♦♠❛s r❡s✐st❛♥❝❡ ♠❛ss ♠❛tr✐① ✱ ❞♦ ♥♦t r❡♣r❡s❡♥t ❛ ❞✉❛❧

❣r✐❞ str✉❝t✉r❡ ♦♥ ✇❤✐❝❤ ❛ ❝♦♥st❛♥t ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ c ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞✳ ❚❤✐s✱ ✐♥ ♦✉r
♦♣✐♥✐♦♥✱ r❡♥❞❡rs t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❝✐r❝✉✐ts q✉❡st✐♦♥❛❜❧❡ ✇❤❡♥❡✈❡r ❛♣♣❧✐❡❞
t♦ ❛♥ ❤❡①❛❤❡❞r❛❧ ❣r✐❞s ✇❤♦s❡ ❝♦♥st✐t✉t✐✈❡ ♠❛tr✐❝❡s ❛r❡ ❝♦♠♣✉t❡❞ ❜② ♠❡❛♥s ♦❢ ❘❛✈✐❛rt✕
❚❤♦♠❛s s❤❛♣❡ ❢✉♥❝t✐♦♥s✳

❚♦ ❣❡♥❡r❛❧✐③❡ ✐♥ ❛ ❝♦♥s✐st❡♥t ✇❛② t❤❡ ✐♥t❡❣r❛❧ ❢♦r♠✉❧❛t✐♦♥s ❢♦r ❡❞❞② ❝✉rr❡♥ts t♦
❤❡①❛❤❡❞r❛❧ ♠❡s❤❡s ❛♥❞ ❡✈❡♥ t❤❡ ♠♦st ❣❡♥❡r❛❧ ♣♦❧②❤❡❞r❛❧ ♠❡s❤❡s ✇❡ ♥❡❡❞ t♦ ✉s❡ ♦✉r
♥♦✈❡❧ ▼❱■ ❢r❛♠❡✇♦r❦✳ ❚❤✐s ❢r❛♠❡✇♦r❦ ♥♦t ♦♥❧② ❛❧❧♦✇s t♦ ♦❜t❛✐♥ ❛ ❝♦♥s✐st❡♥t ♠❛tr✐① ♦♥
❛ ♠❡s❤ ❝♦♥st✐t✉t❡❞ ❜② ❛r❜✐tr❛r② ♣♦❧②❤❡❞r❛ ❜✉t ✐t ❛❧s♦ ❡♥❛❜❧❡s t♦ ♣r❡s❡♥t t❤❡ ♥♦✈❡❧ ❛♥❞
♦r✐❣✐♥❛❧ r❡s✉❧ts ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✳

✽✳✷ ❆ ♥♦✈❡❧ ▼✐♠❡t✐❝ ❱♦❧✉♠❡ ■♥t❡❣r❛❧ ✭▼❱■✮ ♠❡t❤♦❞

✽✳✷✳✶ ❈♦♥s✐st❡♥t ❛♥❞ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ r❡s✐st❛♥❝❡ ❛♥❞ ♠❛❣♥❡t✐❝
♠❛ss ♠❛tr✐❝❡s

❆♥ ❡✣❝✐❡♥t r❡❝✐♣❡ t♦ ❝♦♥str✉❝t ❝♦♥s✐st❡♥t ❛♥❞ s②♠♠❡tr✐❝ ♠❛ss ♠❛tr✐❝❡s ❡①♣❧♦✐ts t❤❡
❝♦♥st❛♥t ❜❛s✐s ❢✉♥❝t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✱ ✇❤✐❝❤ ❛r❡ ❛❜❧❡ t♦ r❡♣r❡s❡♥t ❛ ❝♦♥st❛♥t
✈❡❝t♦r ✜❡❧❞ ❞❡✜♥❡❞ ✐♥ ❡❛❝❤ ❡❧❡♠❡♥t✳

❚❤❡ ❧♦❝❛❧ r❡s✐st❛♥❝❡ ♠❛tr✐① Rc✱ ❜✉✐❧t ❢♦r c ✇❤♦s❡ r❡s✐st✐✈✐t② t❡♥s♦r ✐s Kρ✱ ✐s ❝♦♥✲
str✉❝t❡❞ ❛s

(Rc)f,f ′ =

∫︂

c

ẽf c
·Kρẽf ′

c
dc = |c| ẽf c

·Kρẽf ′
c
. ✭✽✳✸✮

❙✐♠✐❧❛r❧②✱ t❤❡ ❧♦❝❛❧ ♠❛❣♥❡t✐❝ ♠❛ss ♠❛tr✐① Mcc′ ❜❡t✇❡❡♥ t✇♦ ❝♦♥s✐❞❡r❡❞ ❡❧❡♠❡♥ts c
❛♥❞ c′ ✐s

(Mc)f,f ′ =
µ0

4π

∫︂

c

∫︂

c′

ẽf c
· ẽf ′

c′

∥x− x′∥
dc dc′ = tcc

′

ẽf c
· ẽf ′

c
, ✭✽✳✹✮



✾✽ ✽✳ ▼✐♠❡t✐❝ ❱♦❧✉♠❡ ■♥t❡❣r❛❧ ♠❡t❤♦❞

✇❤❡r❡ tcc
′

✐s t❤❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡r ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

tcc
′

:=
µ0

4π

∫︂

c

∫︂

c′

1

|x− x′|
dc, dc′, ✭✽✳✺✮

●❧♦❜❛❧ ♠❛tr✐❝❡s R ❛♥❞ M ❛r❡ ❛ss❡♠❜❧❡❞ ❛s ✐♥ ✭✼✳✶✼✮ ❛♥❞ ✭✼✳✶✾✮✱ r❡s♣❡❝t✐✈❡❧②✳
❚♦ ♦❜t❛✐♥ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛ss ♠❛tr✐❝❡s✱ ✇❡ ❛❞❞ t♦ t❤❡ ❧♦❝❛❧ ♠❛ss ♠❛tr✐① Rc ❛

st❛❜✐❧✐③❛t✐♦♥ ♠❛tr✐① ✇❤✐❝❤ ✐s s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡ ❛♥❞ ✇❡ ❧♦♦❦ ❢♦r ❛
s✉✐t❛❜❧❡ st❛❜✐❧✐③❛t✐♦♥ ♠❛tr✐① t♦ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ❞❡♥s❡ Mcc′ ✳

❚❤✉s✱ ❛s ❞♦♥❡ ✐♥ ❈❤❛♣t❡r ✷✱ t❤❡ ❧♦❝❛❧ ♠❛tr✐① Rs c ❞❡✜♥❡❞ ❛s

Rs
c = Rc + Sc. ✭✽✳✻✮

✐s s②♠♠❡tr✐❝✱ ❝♦♥s✐st❡♥t ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳
◆♦✇✱ ❧❡t Ms

cc′ ❜❡ t❤❡ ❧♦❝❛❧ ♠❛tr✐① ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

Ms
cc′ :=

{︄
Mcc′ + Sc ✐❢ c = c′

Mcc′ ✐❢ c ̸= c′
. ✭✽✳✼✮

❚❤❡♦r❡♠ ✶✸✳ ▼❛tr✐① Ms ✐s s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡✳

Pr♦♦❢✳ ▲❡t z ∈ R|F | s✉❝❤ t❤❛t zTMsz = 0✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛tMs ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱
✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t z = 0✳ ❲❡ ❤❛✈❡

0 = zTMsz

=
∑︂

c,c′∈C

zT (OF
c )

TMs
cc′O

F
c′z

=
∑︂

c∈C

zT (OF
c )

TMs
ccO

F
c z +

∑︂

c,c′∈C,c′ ̸=c

zT (OF
c )

TMs
cc′O

F
c′z.

✭✽✳✽✮

✭✽✳✽✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ r❡q✉✐r❡ t❤❛t
∑︂

c∈C

zT (OF
c )

T (Mcc + Sc)O
F
c z = 0, ✭✽✳✾✮

∑︂

c,c′∈C,c′ ̸=c

zT (OF
c )

TMcc′O
F
c′z = 0, ✭✽✳✶✵✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ✭✽✳✼✮✳ ❇② r❡♣❡❛t✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡✲
♦r❡♠ ✶✱ ✐t ❢♦❧❧♦✇s t❤❛t ❡❛❝❤ ♠❛tr✐① Ms

cc + Sc ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❚❤✉s✱ ❢r♦♠ ✭✽✳✾✮ ✐t
❢♦❧❧♦✇s t❤❛t z = 0✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✭✽✳✶✵✮ ✐s ❛❧s♦ s❛t✐s✜❡❞✳

✽✳✷✳✷ ❊♥❢♦r❝✐♥❣ ❞✐s❝r❡t❡ s♦❧❡♥♦✐❞❛❧ ❝✉rr❡♥t

■♥ t❤❡ ▼❱■ ❢r❛♠❡✇♦r❦ ✇❡ ❡♥❢♦r❝❡ ❛ ❞✐s❝r❡t❡ s♦❧❡♥♦✐❞❛❧ ❝✉rr❡♥t ✭❢♦r♠❛❧❧②✱ ❛ ✷✲❝♦❝②❝❧❡✱
❛s ❞❡✜♥❡❞ ✐♥ ✮ ✐♥t♦ t❤❡ ❊❋■❊ ❛s

DJF = 0. ✭✽✳✶✶✮
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s❤♦✇♥ ✐♥ ❋✐❣✳ ✽✳✷❝❀ t❤❡② ❛r❡ st♦r❡❞ ✐♥t♦ t❤❡ ❝♦❧✉♠♥ ♦❢ H✳ ■♥ t❤✐s ❝❛s❡✱ g ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
❛s Cg1✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞✉❛❧ D(g1) ♦❢ g1✱ s❤♦✇❡❞ ✐♥ ❋✐❣✳ ✽✳✷❞✱ ✐s ❛ ❞✉❛❧ ❝②❝❧❡ ❤♦♠♦❧♦❣♦✉s
t♦ D(g)✱ ✇❤❡r❡ D ❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ♠❛♣✳

❨❡t✱ t❤❡r❡ ✐s ❛❧s♦ ❛ t❤❡♦r❡t✐❝❛❧ ❞♦✇♥s✐❞❡ ♦❢ ✉s✐♥❣ ∂K ♦♥❧②✿ t❤❡ ♠❛❥♦r ❞✐✣❝✉❧t② ❤❡r❡
✐s t❤❛t t❤❡ H1(∂K) ❝♦❤♦♠♦❧♦❣② ❣r♦✉♣ ♣r♦❞✉❝❡s t✇✐❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❣❡♥❡r❛t♦rs ♦❢ ❛
H2(K, ∂K) ❜❛s✐s✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ s♦❧✐❞ t♦r✉s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✽✳✷✱
t❤❡ t✇♦ ❜♦✉♥❞❛r② ❣❡♥❡r❛t♦rs ❛❜❧❡ t♦ r❡♣r❡s❡♥t t❤❡ ♣♦❧♦✐❞❛❧ ❛♥❞ t♦r♦✐❞❛❧ ❝✉rr❡♥ts t❤❛t
✢♦✇ ✐♥ ∂K ❛♣♣❡❛r✳ ❆ ✜rst s♦❧✉t✐♦♥ ♣r♦♣♦s❡❞ ✐♥ ❬✶✷✺❪ ❛♥❞ ❬✶✷✶❪ s✉❣❣❡sts t♦ ✉s❡ ❛❧❧
r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ t❤❡ H1(∂K) ❜❛s✐s t♦ ♣r♦❞✉❝❡ t❤❡ W ♠❛tr✐① ❜② ♣r❡✲♠✉❧t✐♣❧②✐♥❣ t❤❡
r❡♣r❡s❡♥t❛t✐✈❡ ❜② t❤❡ C ♠❛tr✐①✳ ❚❤❡ ♦❜t❛✐♥❡❞ W ✐s ❝❛❧❧❡❞ ❛ ❧❛③② ❝♦❤♦♠♦❧♦❣② ❜❛s✐s ❛♥❞
t❤❡ ♦❜t❛✐♥❡❞ s②st❡♠ t✉r♥s ♦✉t t♦ ❜❡ s✐♥❣✉❧❛r✳ ❨❡t✱ ♠♦st ✐t❡r❛t✐✈❡ ❛♥❞ ❞✐r❡❝t s♦❧✈❡rs ❞♦
♥♦t ❤❛✈❡ ❛♥② ♣r♦❜❧❡♠ ✐♥ s♦❧✈✐♥❣ ✐t s✐♥❝❡ ✐t ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝♦♥s✐st❡♥t✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱
✐❢ ♦♥❡ ✇❛♥ts ❢♦r s♦♠❡ r❡❛s♦♥ t♦ ♦❜t❛✐♥ ❛ ❢✉❧❧ r❛♥❦ s②st❡♠✱ ❛ ❝❤❡❛♣ t❡❝❤♥✐q✉❡ t♦ ✜♥❞
t❤❡ r❡q✉✐r❡❞ ❝❤❛♥❣❡ ♦❢ ❝♦❤♦♠♦❧♦❣② ❜❛s✐s t♦ ♦❜t❛✐♥ t❤❡ ♠❛tr✐① H ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞
✐♥ ❬✶✷✺❪ ❛♥❞ ❞❡s❝r✐❜❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❬✶✵✺❪✳ ❈♦♥s❡q✉❡♥t❧②✱ ❜② ✉s✐♥❣ W = CH✱ t❤❡
❝✉rr❡♥t ✐s t❤✉s r❡♣r❡s❡♥t❡❞ ❜②

JF = C
(︁
T E +HIF

)︁
. ✭✽✳✶✸✮

❇② ❡♥❢♦r❝✐♥❣ t❤❡ ❞✐s❝r❡t❡ ❋❛r❛❞❛②✬s ❧❛✇ ❧♦❝❛❧❧② ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛❧❧ ❞✉❛❧ ❢❛❝❡s ❛s
CTEẼ + iωCT (AẼ + AẼ

s ) = 0 ❛♥❞ ❣❧♦❜❛❧❧② ♦♥ t❤❡ ♥♦♥✲❧♦❝❛❧ ❞✉❛❧ ❝②❝❧❡s ❧✐❦❡ D(g) =

D(Cg1) ♦❢ ❋✐❣✳ ✽✳✷❜ ❛s HT
(︁
CTEẼ + iωCT (AẼ +AẼ

s )
)︁
= 0✱ t❤❡ ❝♦♠♣❧❡t❡ s❡t ♦❢ ❡q✉❛t✐♦♥s

r❡❛❞s ❛s (︃
K KH

HTK HTKH

)︃(︃
T E

IF

)︃
=

(︄
−iωCTAẼ

s

−iωHTCTAẼ
s

)︄
, ✭✽✳✶✹✮

✇❤❡r❡
K = CT (R+ iωM)C. ✭✽✳✶✺✮

❊①❛❝t❧② ❧✐❦❡ ✐♥ ❈❆❘■❉❉■✱ ✇❡ s❡t t♦ ③❡r♦ t❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ❛rr❛② T E r❡❧❛t✐✈❡ t♦ ❡❞❣❡s
♦♥ ∂K ❜❡❝❛✉s❡ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞✱ t♦ r❡❞✉❝❡ t❤❡ ✉♥❦♥♦✇♥s ❛♥❞ ♦❜t❛✐♥ ❛ ❢✉❧❧
r❛♥❦ s②st❡♠✱ ♦♥❡ ♠❛② ❛♣♣❧② t❤❡ tr❡❡✲❝♦tr❡❡ ❣❛✉❣❡ ❬✶✶✻❪ ❜② s❡tt✐♥❣ t♦ ③❡r♦ t❤❡ ❡♥tr✐❡s ♦❢
t❤❡ ❛rr❛② T E ♦♥ ❛ s✉✐t❛❜❧❡ tr❡❡ ✐♥s✐❞❡ K✳

✽✳✸ ◆♦✈❡❧ ✐♥t❡r♣r❡t❛t✐♦♥ ❛s ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐ts

❚❤❡ ✐❞❡❛ ♦❢ ✐♥t❡r♣r❡t✐♥❣ ✭✼✳✶✻✮ ✐♥ t❡r♠s ♦❢ ❡❧❡❝tr✐❝ ❝✐r❝✉✐ts ❤❛s ❜❡❡♥ ❛❧r❡❛❞② ❞✐s❝✉ss❡❞
✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❜✉t ✇✐t❤♦✉t ❛♥② t❤❡♦r❡t✐❝❛❧ ❡①♣❧❛♥❛t✐♦♥ ♦♥ ❤♦✇ t❤✐s ✐s ♣♦ss✐❜❧❡✳ ❚❤❡
❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈✐❞❡ ❛ r✐❣♦r♦✉s ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✼✳✶✻✮ ✐♥ t❡r♠s ♦❢
❡❧❡❝tr✐❝ ❝✐r❝✉✐ts✳

▲❡t ✉s st❛rt ❜② s❤♦✇✐♥❣ ✇❤❛t ✐s t❤❡ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❡❞❣❡ ❉♦❋s EẼ ✐♥

EẼ = RJF , ✭✽✳✶✻✮

✇❤❡r❡ JF ✐s t❤❡ ✈❡❝t♦r ♦❢ ❢❛❝❡ ❉♦❋s ❛♥❞ R ✐s t❤❡ r❡s✐st❛♥❝❡ ♠❛ss ♠❛tr✐①✳ ■t t✉r♥s
♦✉t✱ ❢r♦♠ t❤❡ st✉❞② ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ✉♥✐ts✱ t❤❛t ❡❛❝❤ ❉♦❋ ♦❢ EẼ ✐s ❛ ✈♦❧t❛❣❡✳ ■t ✐s
t❤❡r❡❢♦r❡ ❧❡❣✐t✐♠❛t❡ t♦ ❛s❦ ✇❤❡t❤❡r t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ♦♥ ✇❤✐❝❤ t❤✐s ✈♦❧t❛❣❡ ✐s s❛♠♣❧❡❞✳



✽✳✸✳ ◆♦✈❡❧ ✐♥t❡r♣r❡t❛t✐♦♥ ❛s ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐ts ✶✵✶

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❡❧❡♠❡♥t✲✇✐s❡ ✉♥✐❢♦r♠ ❝✉rr❡♥t ❞❡♥s✐t②

J =
∑︂

f∈F

wfJ
F
f ✭✽✳✶✼✮

❛♥❞ ❞❡✜♥❡ t❤❡ ❡❧❡♠❡♥t✲✇✐s❡ ✉♥✐❢♦r♠ ❡❧❡❝tr✐❝ ✜❡❧❞

E = ρJ . ✭✽✳✶✽✮

❙✐♥❝❡ ❛❧s♦ E ✐s ✉♥✐❢♦r♠ ✐♥s✐❞❡ ❡❛❝❤ ❡❧❡♠❡♥t c ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❤♦❧❞s✱ s❡❡ ❬✶✼❪✱
∫︂

c

wf c
dc = ẽf c

✭✽✳✶✾✮

✇❡ ❤❛✈❡ ∫︂

c

E ·wf c
dc = E ·

∫︂

c

wf c
dc = E · ẽf c

. ✭✽✳✷✵✮

❚❤✉s✱ ✇❡ ❝❛♥ ✜♥❛❧❧② ❝❧❛✐♠ t❤❛t t❤❡ ❡♥tr② EE
e ♦❢ t❤❡ ✈❡❝t♦r EẼ st♦r❡s t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡

❡❧❡❝tr✐❝ ✜❡❧❞ E ❛❧♦♥❣ t❤❡ ❞✉❛❧ ❡❞❣❡ ẽf

EE
e =

∫︂

Ω

E ·wf c
dc = E ·

(︁
ẽf c

+ ẽf c′

)︁
=

∫︂

ẽf

E · dl, ✭✽✳✷✶✮

✇❤❡r❡ {c, c′} = C(f) ❛r❡ t❤❡ ♦♥❧② t✇♦ t❡tr❛❤❡❞r❛ s❤❛r✐♥❣ t❤❡ ❢❛❝❡ f ✳ ❚❤✐s ❣❡♦♠❡tr✐❝
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥ts ✐s ❛t t❤❡ r♦♦t ♦❢ t❤❡ ❉●❆ ♠❡t❤♦❞ ❬✶✷✷❪✱ ❬✶✷✹❪✳

❆❢t❡r✇❛r❞s✱ ✇❡ ♠♦✈❡ ♦♥ t♦ t❤❡ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ AẼ = MJF ✳ ■t t✉r♥s ♦✉t✱
❢r♦♠ t❤❡ st✉❞② ♦❢ ♠❡❛s✉r❡♠❡♥t ✉♥✐ts✱ t❤❛t ❡❛❝❤ ❉♦❋ ♦❢ AẼ ✐s t❤❡ ❧✐♥❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡
♠❛❣♥❡t✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ♦♥ t❤❡ ❞✉❛❧ ❡❞❣❡s✱ ✇❤♦s❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ✐s r❡❧❛t❡❞ t♦ t❤❡
✈♦❧t❛❣❡ ♦♥ ❞✉❛❧ ❡❞❣❡s✳ ❚❤✉s✱ ✐♥ ❛♥❛❧♦❣② t♦ ✇❤❛t ✇❛s ❞♦♥❡ ❜❡❢♦r❡✱ ✇❡ ❛s❦ ♦✉rs❡❧❢ ✐❢ t❤❡r❡
❡①✐sts ❛ ♣❛t❤ ♦♥ ✇❤✐❝❤ t❤✐s ✈♦❧t❛❣❡ ✐s s❛♠♣❧❡❞✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦r
✜❡❧❞

A(x) =
µ0

4π

∫︂

Ω

J(x′)

∥x− x′∥
dΩ. ✭✽✳✷✷✮

✇❤❡r❡ J ✐s ❞❡✜♥❡❞ ❛s ✐♥ ✭✽✳✶✼✮✳ ❨❡t✱ ❝♦♥tr❛r② t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ t❤❡ ❡♥tr② ♦❢ AẼ

❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✉❛❧ ❡❞❣❡ ẽf ✱ ♥❛♠❡❧② AE
f ✱ ❝❛♥♥♦t ❜❡ ❞✐r❡❝t❧② ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❧✐♥❡

✐♥t❡❣r❛❧ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ♦♥ ❞✉❛❧ ❡❞❣❡s✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ t❤❛t

AE
f =

∫︂

Ω

A ·wf dΩ ✭✽✳✷✸✮

✐s ✐♥ ❣❡♥❡r❛❧ ❞✐✛❡r❡♥t ❢r♦♠ ∫︂

ẽfi

A · dl. ✭✽✳✷✹✮

❚♦ ❣❡t ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ AẼ ❛s t❤❡ ❧✐♥❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧



✶✵✷ ✽✳ ▼✐♠❡t✐❝ ❱♦❧✉♠❡ ■♥t❡❣r❛❧ ♠❡t❤♦❞

♦♥ ❞✉❛❧ ❡❞❣❡s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❡❧❡♠❡♥t✲✇✐s❡ ✉♥✐❢♦r♠ ✈❡❝t♦r ✜❡❧❞

Ā =
1

|c|

∫︂

c

A dc, ✭✽✳✷✺✮

♥❛♠❡❧② t❤❡ ❛✈❡r❛❣❡ ✈❡❝t♦r ✜❡❧❞ ♦❢ A ♦♥ ❡❛❝❤ ✈♦❧✉♠❡ c✳ ❙✐♥❝❡ Ā ✐s ❡❧❡♠❡♥t✲✇✐s❡ ✉♥✐❢♦r♠
✇❡ ❝❧❡❛r❧② ❤❛✈❡ ∫︂

c

Ā ·wf c
dc = Ā ·

∫︂

c

wf c
dc = Ā · ẽf c

. ✭✽✳✷✻✮

s♦ t❤❛t ✭✽✳✷✸✮ ❝❛♥ ❜❡ r❡❝❛st ❛s

Ā
E
f =

∫︂

Ω

Ā ·wf dΩ = Ā ·
(︁
ẽf c

+ ẽf c′

)︁
=

∫︂

ẽf

Ā · dl, ✭✽✳✷✼✮

✇❤❡r❡✱ ❛s ❜❡❢♦r❡✱ c ❛♥❞ c′ ❛r❡ t❤❡ ♦♥❧② t✇♦ t❡tr❛❤❡❞r❛ s❤❛r✐♥❣ t❤❡ ❢❛❝❡ f ✳
❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ Ā

E
f ❛♥❞ AE

f ❡①❤✐❜✐ts ❛ ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡
♦r❞❡r t❤❛♥ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ✇❤❡♥ t❤❡ ♠❡s❤ ✐s r❡✜♥❡❞✳ ❚❤✉s✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥
♠❛❞❡ ✐♥ r❡♣❧❛❝✐♥❣ A ✇✐t❤ Ā

E
f ✐s ♥❡❣❧✐❣✐❜❧❡ ✐♥ ♣r❛❝t✐❝❡ ❛♥❞ ②❡t ✐t ❛❧❧♦✇s t♦ ❢♦r♠❛❧❧② ✐♥tr♦✲

❞✉❝❡ ❛ ♥❡t✇♦r❦ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♣❤②s✐❝❛❧ q✉❛♥t✐t✐❡s✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❞✐✛❡r❡♥❝❡
♦♥ ❛ s✐♥❣❧❡ ✈♦❧✉♠❡ c

∫︂

c

(A− Ā) ·wf c
dc =

ẽf c

|c|
·

∫︂

c

(A− Ā) dc+

∫︂

c

(A− Ā) ·

(︃
wf c

−
ẽf c

|c|

)︃
dc. ✭✽✳✷✽✮

❋✐rst✱ ♥♦t❡ t❤❛t
∫︁
c
(A − Ā) dc ✐s ③❡r♦ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ā✳ ❙❡❝♦♥❞✱ (A − Ā)

❛♥❞ (wf c
−

ẽf c

|c| ) ❛r❡ ❛t ❧❡❛st ❧✐♥❡❛r ✜❡❧❞s ✇✐t❤ ③❡r♦ ❛✈❡r❛❣❡ s♦ t❤❛t |AE
f − Ā

E
f | ❡①❤✐❜✐ts

❛ s❡❝♦♥❞ ❝♦♥✈❡r❣❡♥❝❡ ♦r❞❡r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡s❤ s✐③❡✳
❖♥❧② ♥♦✇ t❤❛t ✇❡ ❦♥♦✇ t❤❛t ❛ ♣❛t❤ ♦♥ ✇❤✐❝❤ ✈♦❧t❛❣❡s ❛r❡ ❞❡✜♥❡❞ ❡①✐sts✱ ✇❡ ❝❛♥

✐♥t❡r♣r❡t t❤❡ ❞✐s❝r❡t✐③❡❞ ❊❋■❊ ✭✼✳✶✻✮ ✇✐t❤ ❛♥ ❡❧❡❝tr✐❝ ❝✐r❝✉✐t t❤❛t ❝❛♥ ❜❡ s♦❧✈❡❞ ❜②
st❛♥❞❛r❞ ♠❡t❤♦❞s ♦❢ ♥❡t✇♦r❦ ❛♥❛❧②s✐s✳ ❚❤❡ ❣r❛♣❤ ♦❢ t❤❡ ❡❧❡❝tr✐❝❛❧ ♥❡t✇♦r❦ ✐s t❤✉s
❢♦r♠❡❞ ❜② ❞✉❛❧ ♥♦❞❡s ❛♥❞ ❞✉❛❧ ❡❞❣❡s ♦❢ K✳ ❲❡ r❡♠❛r❦ t❤❛t✱ ❜❡❝❛✉s❡ ♦❢ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✱ t❤❡ ❞✉❛❧ ❡❞❣❡s ✇❤✐❝❤ ❛r❡ ❞✉❛❧ t♦ ❢❛❝❡s ✐♥ ∂K ❞♦ ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ ❞✉❛❧
❣r❛♣❤✳

❚❤❛♥❦s t♦ t❤✐s ✐♥t❡r♣r❡t❛t✐♦♥✱ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✼✳✶✻✮ ❝❛♥ ❜❡ r❡❣❛r❞❡❞
❛s t❤❡ r❡s✐st✐✈❡ ❛♥❞ ✐♥❞✉❝t✐✈❡ ✈♦❧t❛❣❡ ❞r♦♣ ❝❛✉s❡❞ ❜② t❤❡ ❝✉rr❡♥t ✢♦✇✳ ❚❤✐s✱ ✐♥ t❤❡
❢r❡q✉❡♥❝② ❞♦♠❛✐♥✱ ❝♦♥✜❣✉r❡s R+ iωM ❛s t❤❡ ✐♠♣❡❞❛♥❝❡ ♦❢ Ωc ✇❤✐❝❤ ✇r✐t❡s

ZJF = −iωAẼ
s ✭✽✳✷✾✮

❜❡✐♥❣ ω = 2πf t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ❛♥❞ i t❤❡ ✐♠❛❣✐♥❛r② ✉♥✐t✳
❚❤❡ ❡❛s✐❡st ♠❡t❤♦❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❊❋■❊ ❢♦r ❡❞❞② ❝✉rr❡♥ts ✐s t❤❡ ♦♥❡ ❜❛s❡❞ ♦♥

▼❈❆✱ ❦♥♦✇♥ ❛❧s♦ ❛s ✉♥str✉❝t✉r❡❞ P❊❊❈ ❢♦r ❡❞❞② ❝✉rr❡♥ts✱ ❜❡❝❛✉s❡ ❛❧❧ t♦♣♦❧♦❣✐❝❛❧
✐ss✉❡s ❛r❡ s❡❛♠❧❡ss❧② t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✶ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ ❝②❝❧❡ ❜❛s✐s ♦❢ t❤❡ ❞✉❛❧
❣r❛♣❤✳ ❨❡t✱ ❛s ❛ ❞♦✇♥s✐❞❡✱ t❤❡r❡ ✐s ♥♦ ❝♦♥tr♦❧ ♦♥ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝②❝❧❡ ❜❛s✐s✳ ■♥

✶❆❝t✉❛❧❧②✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝②❝❧❡ ❜❛s✐s ♦♥ t❤❡ ❞✉❛❧ ❣r❛♣❤ ✐s ❡①❛❝t❧② t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡
❣❡♥❡r❛t♦rs ♦❢ t❤❡ H1(C,Z) ❤♦♠♦❧♦❣② ❣r♦✉♣ ❬✶✷✼✱ ♣✳ ✺✵✻❪✳



✽✳✹✳ ❇r✐❞❣✐♥❣ ❛❧❧ ✈♦❧✉♠❡tr✐❝ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s ❢♦r s♦❧✈✐♥❣ ❡❞❞② ❝✉rr❡♥ts ✶✵✸

♣r❛❝t✐❝❡ ❡❛❝❤ ❝②❝❧❡ r✉♥s t❤r♦✉❣❤ ❛ ❧❛r❣❡ ♣♦rt✐♦♥ ♦❢ t❤❡ ♠❡s❤✳ ❚❤✐s ❢❛❝t ❤❛s t❡rr✐❜❧❡
❝♦♥s❡q✉❡♥❝❡s✱ ❣✐✈❡♥ t❤❛t st❛t❡✲♦❢✲t❤❡✲❛rt s②st❡♠ ♠❛tr✐① ❝♦♠♣r❡ss✐♦♥ t❡❝❤♥✐q✉❡s ❞♦ ♥♦t
✇♦r❦ ❛t ❛❧❧ ♦♥ ♠❛tr✐❝❡s ♣r♦❞✉❝❡❞ ✇✐t❤ s✉❝❤ ❛ ❝②❝❧❡ ❜❛s✐s✳

■t ✐s t❤❡r❡❢♦r❡ ♥❛t✉r❛❧ t♦ ❛s❦ ✐❢ t❤❡r❡ ❛r❡ t❡❝❤♥✐q✉❡s t♦ ✜♥❞ t❤❡ s❤♦rt❡st ❝②❝❧❡ ❜❛s✐s
♦r ❛t ❧❡❛st ♦♥❡ ♦❢ ✐ts ❝❧♦s❡ ❛♣♣r♦①✐♠❛t✐♦♥s✳ ❙❤♦rt❡st ✐♥ ♦✉r ❝❛s❡ ♠❡❛♥s ❛ ❜❛s✐s ✇✐t❤ t❤❡
♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ t♦t❛❧ ❞✉❛❧ ❡❞❣❡s ❝♦♥t❛✐♥❡❞ ✐♥ ❛❧❧ t❤❡ ❝②❝❧❡s✳ ❚❤✐s ✐s ♥♦t ❞✐r❡❝t❧②
❢❡❛s✐❜❧❡ ✇✐t❤ ❣r❛♣❤ t❤❡♦r❡t✐❝ ❛❧❣♦r✐t❤♠s✱ s✐♥❝❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❣❡♥❡r❛❧ ❛❧❣♦r✐t❤♠s t♦
❝♦♠♣✉t❡ ❛ ♠✐♥✐♠❛❧ ❝②❝❧❡ ❜❛s✐s ✐s ❝✉❜✐❝❛❧ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❣r❛♣❤ ❡❞❣❡s✳ ❚❤❡r❡❢♦r❡✱ ❛
♣r❛❝t✐❝❛❧ s♦❧✉t✐♦♥ ❤❛s t♦ ❡①♣❧♦✐t s♦♠❡ ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✳

✽✳✹ ❇r✐❞❣✐♥❣ ❛❧❧ ✈♦❧✉♠❡tr✐❝ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s ❢♦r s♦❧✈✲
✐♥❣ ❡❞❞② ❝✉rr❡♥ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ▼❱■✱ ▼❈❆ ❛♥❞ ❈❆❘❘■❉■✳ ❊✈❡♥ ✐❢
❞❡✈❡❧♦♣❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✐t ✇✐❧❧ ❜❡ s❤♦✇♥ t❤❛t ❛❧❧ t❤r❡❡ ♠❡t❤♦❞s r❡t✉r♥
t❤❡ s❛♠❡ s♦❧✉t✐♦♥ ✉♣ t♦ ♠❛❝❤✐♥❡ ♣r❡❝✐s✐♦♥ ♦r ❧✐♥❡❛r s♦❧✈❡r ❛❧❣❡❜r❛✐❝ ❡rr♦r ❜❡❝❛✉s❡ t❤❡②
❛r❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t ✭✐✳❡✳ t❤❡② ❡♥❢♦r❝❡ ❡q✉✐✈❛❧❡♥t ❝♦♥str❛✐♥ts✮ ❢♦r t❡tr❛❤❡❞r❛❧
❣r✐❞s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❡✈❡♥ ✐❢ t❤❡② ❛r❡ ✐❞❡♥t✐❝❛❧ ❝♦♥❝❡r♥✐♥❣ ❛❝❝✉r❛❝② ♦❢ t❤❡ s♦❧✉t✐♦♥✱ t❤❡②
❛r❡ ♥♦t ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✣❝✐❡♥❝② ❡s♣❡❝✐❛❧❧② ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ ❧❛r❣❡ ♣r♦❜❧❡♠s
t❤❛t r❡q✉✐r❡s ❛❞✈❛♥❝❡❞ ❝♦♠♣r❡ss✐♦♥ ❛❧❣♦r✐t❤♠s✱ s❡❡ ❈❤❛♣t❡r ✾✳

✽✳✹✳✶ ❊q✉✐✈❛❧❡♥❝❡ ♦❢ ▼❱■ ✇✐t❤ ▼❈❆ ❛♥❞ ❈❆❘❘■❉■ ♦♥ t❡tr❡❛✲
❤❡❞r❛❧ ❣r✐❞s

❲❡ ✜rst r❡♠❛r❦ t❤❛t ✇❤❡♥ ❝♦♥str✉❝t✐♥❣ CT (Rs + iωMs)C ✐♥ t❡tr❛❤❡❞r❛❧ ♠❡s❤❡s t❤❡
st❛❜✐❧✐③❛t✐♦♥ ♣❛rt ✐s ♥♦t ♥❡❡❞❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s

CT (Rs + iωMs)C = CT (R+ iωM)C. ✭✽✳✸✵✮

❚❤✐s ❢❛❝t ❤❛s t✇♦ ❝♦♥s❡q✉❡♥❝❡s✳ ❋✐rst✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ r❡s✐st❛♥❝❡ ❛♥❞ ✐♥✲
❞✉❝t❛♥❝❡ ♠❛tr✐❝❡s ♠❛② ❜❡ ♣❡r❢♦r♠❡❞ ❜② ✉s✐♥❣ ❥✉st t❤❡ ❝♦♥s✐st❡♥t ♣❛rt ❡♥❝♦♠♣❛ss✐♥❣
t❤❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞s ✐♥s✐❞❡ t❤❡ ❡❧❡♠❡♥ts✱ s✐♥❝❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ st❛❜✐❧✐③❛✲
t✐♦♥ ♠❛tr✐① ❝❛♥ ❜❡ ❛✈♦✐❞❡❞✳ ❙❡❝♦♥❞✱ s✐♥❝❡ t❤❡ ❝♦♥st❛♥t ✈❡❝t♦r ✜❡❧❞ r❡❝♦♥str✉❝t❡❞ ❢r♦♠
s♦❧❡♥♦✐❞❛❧ ❝✉rr❡♥ts ♦♥ ❣r✐❞ ❢❛❝❡s ✐s ✉♥✐q✉❡✱ ✐t t✉r♥s ♦✉t t❤❛t

CT (R+ iωM)C = CT
(︁
R❘❲● + iωM❘❲●

)︁
C. ✭✽✳✸✶✮

❨❡t ❛♥♦t❤❡r ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t t❤❡ ❘❚ ❛♥❞ ❘❲● ♠❛ss ♠❛tr✐❝❡s ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s
t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s ✇✐t❤ ❛ ❞✐✛❡r❡♥t ❝❤♦✐❝❡ ❢♦r t❤❡ st❛❜✐❧✐③❛t✐♦♥
♣❛rt✳

❆❧❧ ♦❢ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♥♦✈❡❧ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s
♣r♦❞✉❝❡s ❡①❛❝t❧② t❤❡ s❛♠❡ ♠❛tr✐❝❡s ❛♥❞ t❤❡ s❛♠❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♥❡ ❢r♦♠ st❛♥❞❛r❞
❘❛✈✐❛rt✕❚❤♦♠❛s ♦r ❘❲● ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ■♥ ❈❤❛♣t❡r ✾ ✇❡ ✇✐❧❧ s❤♦✇ ✇❤② t❤❡ ❱❯ ✐♥
t❤❡ ▼❱■ ❢r❛♠❡✇♦r❦ s❤♦✉❧❞ ❜❡ ♣r❡❢❡rr❡❞ ❡✈❡♥ ✐♥ ❝❛s❡ ♦❢ t❡tr❛❤❡❞r❛❧ ♠❡s❤❡s✳

❲❡ ♥♦✇ s❤♦✇ t❤❛t ▼❈❆ ❛♥❞ ❈❆❘❘■❉■ ❥✉st ❞✐✛❡r ✐♥ t❤❡ ❞✉❛❧ ❝②❝❧❡s ❜❛s❡s ✉s❡❞✱
t❤❡r❡❢♦r❡ t❤❡② ❝❛♥ ❜❡ t❤♦✉❣❤t ❛s ❡q✉✐✈❛❧❡♥t ❢r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛♥❞ t❤❡✐r



✶✵✹ ✽✳ ▼✐♠❡t✐❝ ❱♦❧✉♠❡ ■♥t❡❣r❛❧ ♠❡t❤♦❞

s♦❧✉t✐♦♥s ❛r❡ t❤❡ s❛♠❡✳

❱■◆❈❖ ✐s ❛ ▼❈❆ ♠❡t❤♦❞ ✇✐t❤ ❛ s❤♦rt ❝②❝❧❡ ❜❛s✐s

❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t❤❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ ❞✉❛❧ ❢❛❝❡ ✐s ❛ ✏s❤♦rt✑ ❞✉❛❧ ❝②❝❧❡ ❛♥❞ ✇❡ ❝❛♥
tr② t♦ ❜✉✐❧❞ ❛ ❝②❝❧❡ ❜❛s✐s ❢r♦♠ t❤❡ ❧♦❝❛❧ ❝②❝❧❡s ♣r♦❞✉❝❡❞ ❜② t❛❦✐♥❣ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ ❛❧❧
❞✉❛❧ ❢❛❝❡s✳ ❲❤❛t ✐s ♠✐ss✐♥❣ ✐s ❥✉st ❛ r❡❝✐♣❡ t♦ ❡①tr❛❝t ❛ s❡t ♦❢ ❧♦❝❛❧ ❝②❝❧❡s ✐♥ s✉❝❤ ❛ ✇❛②
t❤❡② ❢♦r♠ ❛ ❜❛s✐s✳

❍♦✇ ♠❛♥② ✐♥❞❡♣❡♥❞❡♥t ❧♦❝❛❧ ❧♦♦♣s ♦♥❡ ❤❛s t♦ ❛❞❞❄ ❚♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥ ✇❡ ♥♦t❡
t❤❛t✱ t❤❛♥❦s t♦ ❙t♦❦❡s t❤❡♦r❡♠✱ ❧♦❝❛❧ ❝②❝❧❡s ❛r❡ ❞❡♣❡♥❞❡♥t ✐❢ t❤❡✐r ❞✉❛❧ ❢❛❝❡s ❢♦r♠ ❛
❝❧♦s❡❞ s✉r❢❛❝❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t♦ ❛✈♦✐❞ ❝❧♦s❡❞ s✉r❢❛❝❡s ✐♥ t❤❡ s❡t ♦❢ ❞✉❛❧ ❢❛❝❡s✳ ❚❤✐s
❝❛♥ ❜❡ r❡❛❧✐③❡❞ ❜② r❡♠♦✈✐♥❣ t❤❡ ❧♦❝❛❧ ❝②❝❧❡s r❡❧❛t✐✈❡ t♦ ❞✉❛❧ ❢❛❝❡s t❤❛t ❛r❡ ❞✉❛❧ t♦ ❛
♣r✐♠❛❧ ❡❞❣❡s ✇❤✐❝❤ ❜❡❧♦♥❣ t♦ ❛ s✉✐t❛❜❧❡ s♣❛♥♥✐♥❣ tr❡❡ ♦❢ K✳

❚❤❡r❡ ✐s ❛♥♦t❤❡r ✐ss✉❡✳ ❲❤❡♥ t❤❡ t♦♣♦❧♦❣② ✐s ♥♦t tr✐✈✐❛❧✱ ❧♦❝❛❧ ❧♦♦♣s ❛❧♦♥❡ ❛r❡ ♥♦t
❛❜❧❡ t♦ s♣❛♥ ❛❧❧ t❤❡ ❝②❝❧❡ ❜❛s✐s✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❤♦♠♦❧♦❣②✱ ✇❤❛t ✐s ♥❡❡❞❡❞ ✐♥ ❛❞❞✐t✐♦♥ ✐s ❛
H1(K̃) ❤♦♠♦❧♦❣② ❜❛s✐s✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ t❤✐s ❤♦♠♦❧♦❣② ❜❛s✐s ❛r❡ ❝❛❧❧❡❞ ❣❧♦❜❛❧ ❞✉❛❧
❝②❝❧❡s ❛♥❞ t❤❡② ❛r❡ ♦❜t❛✐♥❡❞ ❛s t❤❡ ❞✉❛❧ ♦❢ t❤❡ ❝♦❤♦♠♦❧♦❣② ❣❡♥❡r❛t♦rs✳ ❋♦r ❡①❛♠♣❧❡✱
t❤❡ ❣❧♦❜❛❧ ❞✉❛❧ ❝②❝❧❡ ✐♥ ❋✐❣✳ ✽✳✷❜ ✐s ♦❜t❛✐♥❡❞ ❜② D(g) ♦r ❜② D(Cg1)✳

❲❤❛t ❢♦❧❧♦✇s ✐s ❛ ❢♦r♠❛❧ ♣r♦♦❢ ♦❢ t❤❡ ❝❧❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥✳ ❲❡ s❤♦✇ ✐♥ ♣❛rt✐❝✉❧❛r
t❤❛t t❤❡ r❛♥❦ ♦❢ t❤❡ ❝②❝❧❡ ❜❛s✐s ♦❜t❛✐♥❡❞ ❜② ▼❱■ ♠❡t❤♦❞ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞
❜② t❤❡ ▼❈❆ ♠❡t❤♦❞✳ ❲❡ st❛rt ❢r♦♠ t❤❡ ❊✉❧❡r ❢♦r♠✉❧❛ ❢♦r ❝♦♠❜✐♥❛t♦r✐❛❧ ✸✲♠❛♥✐❢♦❧❞s

|N | − |E|+ |F | − |C| = β0(K)− β1(K) + β2(K), ✭✽✳✸✷✮

✇❤❡r❡ βi(K) ✐s t❤❡ it❤ ❇❡tt✐ ♥✉♠❜❡r ❬✶✷✻❪ ♦❢ t❤❡ ♣♦❧②❤❡❞r❛❧ ❣r✐❞ K✳ ❲❡ ✇r✐t❡ ❛❧s♦ t❤❡
❊✉❧❡r ❢♦r♠✉❧❛ ❢♦r ❝♦♠❜✐♥❛t♦r✐❛❧ ✷✲♠❛♥✐❢♦❧❞s ❧✐❦❡ t❤❡ ❜♦✉♥❞❛r② ♦❢ K✿

|N∂ | − |E∂ |+ |F∂ | = β0(∂K)− β1(∂K) + β2(∂K), ✭✽✳✸✸✮

✇❤❡r❡ |N∂ |✱ |E∂ | ❛♥❞ |F∂ | ❛r❡ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s✱ ❡❞❣❡s ❛♥❞ ❢❛❝❡s ❝♦♥t❛✐♥❡❞ ✐♥ ∂K✱
r❡s♣❡❝t✐✈❡❧②✳ ❲❡ r❡♠❛r❦ t❤❛t ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝❛s❡ ∂K ✐s ❛ s✉r❢❛❝❡ ✇✐t❤♦✉t ❜♦✉♥❞❛r②✳
❆ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❛ ❢♦rt❤❝♦♠✐♥❣ ✇♦r❦✳

❍❡r❡ ✇❡ ✜♥❞ ❤♦✇ ♠❛♥② ❝②❝❧❡s ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥s✐❞❡ t❤❡ ❝②❝❧❡ ❜❛s✐s ♦❢ t❤❡ ▼❈❆
♠❡t❤♦❞✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡ ♥✉♠❜❡r cMCA ♦❢ ✐♥t❡r♥❛❧ ❧♦♦♣ ❝✉r✲
r❡♥ts ✐s

m▼❈❆ = (|F | − |F∂ |)− |C|+ β0(K), ✭✽✳✸✹✮

s✐♥❝❡ t❤❡ ❡❞❣❡s ♦❢ t❤❡ tr❡❡ ❛r❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ❞✉❛❧ ❡❞❣❡s ♠✐♥✉s ❞✉❛❧ ♥♦❞❡s ♣❧✉s t❤❡
♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳

❋r♦♠ ✭✽✳✸✷✮ ❛♥❞ ✭✽✳✸✸✮ ✇❡ ❤❛✈❡ t❤❛t

|F | − |C| = β0(K)− β1(K) + β2(K) + |E| − |N | ✭✽✳✸✺✮

❛♥❞
|F∂ | = β0(∂K)− β1(∂K) + β2(∂K) + |E∂ | − |N∂ |. ✭✽✳✸✻✮



✽✳✹✳ ❇r✐❞❣✐♥❣ ❛❧❧ ✈♦❧✉♠❡tr✐❝ ✐♥t❡❣r❛❧ ♠❡t❤♦❞s ❢♦r s♦❧✈✐♥❣ ❡❞❞② ❝✉rr❡♥ts ✶✵✺

▲❡t ✉s s✉❜st✐t✉t❡ t❤❡s❡ t✇♦ ✭✽✳✸✺✮ ❛♥❞ ✭✽✳✸✻✮ ✐♥s✐❞❡ ✭✽✳✸✹✮ t♦ ❣❡t

m▼❈❆ = [β0(K)− β1(K) + β2(K) + |E| − |N |] + β0(K) ✭✽✳✸✼✮

− [β0(∂K)− β1(∂K) + β2(∂K) + |E∂ | − |N∂ |] . ✭✽✳✸✽✮

▲❡t ✉s r❡❛rr❛♥❣❡ t❤❡ t❡r♠s ❛s

m▼❈❆ =|E| − |N |+ β0(K) + [β0(K)− β0(∂K)] ✭✽✳✸✾✮

− [β1(K)− β1(∂K)] + [β2(K)− β2(∂K)]− [|E∂ | − |N∂ |] . ✭✽✳✹✵✮

▲❡t ✉s ✉s❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❇❡tt✐ ♥✉♠❜❡rs t♦ s✐♠♣❧✐❢② t❤❡ ❧❛st ❢♦r♠✉❧❛✳ ▲❡t
✉s ❝❛❧❧ β0(K) = q t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ K✳ ▲❡t ✉s ❝❛❧❧ β1(K) = g✱
✇❤❡r❡ g ✐s t❤❡ ❣❡♥✉s ♦❢ K✳ ❚❤❡♥✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t β1(∂K) = 2g✳ ▲❡t ✉s ❝❛❧❧
β2(K) = p✱ ✇❤❡r❡ p ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❛✈✐t✐❡s ✭♦r ✈♦✐❞s✮ ♦❢ K✳ ❚❤❡♥✱ t❤❡ ♥✉♠❜❡r
♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts β0(∂K) ♦❢ ∂K ✐s β0(∂K) = p + q✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ♥✉♠❜❡r
β2(∂K) ♦❢ ❝❛✈✐t✐❡s ♦❢ ∂K✱ t❤❡② ❛r❡ p + q✳ ❋✐♥❛❧❧②✱ β3(K) = 0✳ ❇② s✉❜st✐t✉t✐♥❣ t❤❡s❡
r❡s✉❧ts ✇❡ ❤❛✈❡

β0(K) + [β0(K)− β0(∂K)]− [β1(K)− β1(∂K)] ✭✽✳✹✶✮

+ [β2(K)− β2(∂K)] = q + [q − p− q]− [g − 2g] + [p− q − p] = g − p. ✭✽✳✹✷✮

❇② s✉❜st✐t✉t✐♥❣ t❤✐s r❡s✉❧t ✐♥s✐❞❡ ✭✽✳✸✾✮ ✇❡ ❣❡t

m▼❈❆ = |E| − |N |+ g − p− [|E∂ | − |N∂ |] . ✭✽✳✹✸✮

▲❡t ✉s ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ♥✉♠❜❡r m❱■ ❧♦♦♣ ❝✉rr❡♥ts ♣r♦❞✉❝❡❞ ❜② t❤❡ ❱■◆❈❖ ❢r❛♠❡✲
✇♦r❦ ❛♥❞ s❤♦✇ t❤❛t t❤❡② ❛r❡ t❤❡ s❛♠❡ ❛s m▼❈❆✳ ❚❤❡ ♣r✐♠❛❧ tr❡❡ ♣r♦❞✉❝❡❞ ❜② t❛❦✐♥❣
✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❣❛✉❣✐♥❣ ❝♦♥str❛✐♥ts ❝♦♥t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❜❡r ♦❢ ❡❞❣❡s

(|N | − |N∂ |)− q + |N∂ | − (p+ q) + p+ q = |N | − q, ✭✽✳✹✹✮

✇❤❡r❡ (|N | − |N∂ |) − q ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ♦❢ ❛♥ ✐♥t❡r♥❛❧ tr❡❡ ✭✐✳❡✳ ❛ tr❡❡ ♠❛❞❡ ❜②
✉s✐♥❣ t❤❡ ♠❡s❤ ❡❞❣❡s ❛♥❞ ♥♦❞❡s ✐♥ K \ ∂K✮✱ |N∂ | − (p + q) t❤❡ ❜♦✉♥❞❛r② tr❡❡ ✭✐✳❡✳ ❛
tr❡❡ ♠❛❞❡ ❜② ✉s✐♥❣ t❤❡ ♠❡s❤ ❡❞❣❡s ❛♥❞ ♥♦❞❡s ✐♥ ∂K✮✳ ❚♦ ❣❡t ❛ s♣❛♥♥✐♥❣ tr❡❡ ♦❢ K✱
p + q ❡❞❣❡s ❤❛✈❡ t♦ ❜❡ ❛❞❞❡❞✳ ❲❡ r❡♠❛r❦ t❤❛t t❤✐s ✐s t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ♦❢
❛♥② ✉♥❝♦♥str❛✐♥❡❞ tr❡❡ ♦❢ K✳ ❚❤❡ ❝♦♥str❛✐♥t ✐s ♥❡❡❞❡❞ ❥✉st t♦ ❜❡✐♥❣ ❛❜❧❡ t♦ ❡♥❢♦r❝❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✉♥❦♥♦✇♥s ♦❢ t❤❡ ▼❱■ ❢♦r♠✉❧❛t✐♦♥ ❛r❡ ✐♥t❡r♥❛❧
❝♦tr❡❡ ❡❞❣❡s ✭♦♥ t❤❡ ❜♦✉♥❞❛r② t❤❡② ❛r❡ s❡t t♦ ③❡r♦ ❜❡❝❛✉s❡ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮ ♣❧✉s
g ❝♦❤♦♠♦❧♦❣② ❣❡♥❡r❛t♦rs

m❱■ = |E| − |E∂ | − [(|N | − |N∂ |)− q + p+ q] + g = m▼❈❆, ✭✽✳✹✺✮

s✐♥❝❡ t❤❡ ♦❜t❛✐♥❡❞ ❡①♣r❡ss✐♦♥ ✐s ❡①❛❝t❧② ❡q✉❛t✐♦♥ ✭✽✳✹✸✮✳

❚♦ ❝♦♥❝❧✉❞❡✱ ✇❡ ❝❛♥ st❛t❡ t❤❛t t❤❡ ▼❱■ ✐s ❛❜❧❡ t♦ ♦❜t❛✐♥ ❛ q✉❛s✐✲♠✐♥✐♠❛❧ ❝②❝❧❡ ❜❛s✐s✳
❚❤❡r❡ ❡①✐st t❡❝❤♥✐q✉❡s ❛❧s♦ t♦ ♠✐♥✐♠✐③❡ t❤❡ ❣❧♦❜❛❧ ❧♦♦♣s ✇❤✐❝❤ r❡s✉❧t ❢r♦♠ ❝♦❤♦♠♦❧♦❣②
✇❤❡♥ t❤❡ ❞♦♠❛✐♥ ✐s ♥♦t s✐♠♣❧② ❝♦♥♥❡❝t❡❞✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✶✵✺❪✱ ❜✉t✱ ✐♥ t❤❡ ❛✉t❤♦rs✬
♦♣✐♥✐♦♥✱ ✉s✉❛❧❧② t❤❡r❡ ✐s ♥♦ s❡♥s✐❜❧❡ ❣❛✐♥ ✐♥ ❞♦✐♥❣ ✐t ✐♥ ♦✉r s❡tt✐♥❣✳



✶✵✻ ✽✳ ▼✐♠❡t✐❝ ❱♦❧✉♠❡ ■♥t❡❣r❛❧ ♠❡t❤♦❞

❲❡ ❛❧s♦ r❡♠❛r❦ t❤❛t ✐♥ ❣❡♥❡r❛❧ ✐t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ✉s❡ ❛♥ ✉♥❣❛✉❣❡❞ ❢♦r♠✉❧❛t✐♦♥✷✱
❧❛③② ❝♦❤♦♠♦❧♦❣② ❣❡♥❡r❛t♦rs ♦r ❜♦t❤✳ ❲❡ ✇✐❧❧ ❡①♣❧♦r❡ ❛❧s♦ t❤❡s❡ s♦❧✉t✐♦♥s ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧
r❡s✉❧ts s❡❝t✐♦♥✳

❈❆❘■❉❉■ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❱■◆❈❖

❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❈❆❘■❉❉■ ❛♥❞ ❱■◆❈❖ ✐♥ ❝❛s❡ ♦❢ ❛ s✐♠♣❧②✲❝♦♥♥❡❝t❡❞ ❝♦♥❞✉❝t♦r
❝♦✉❧❞ ❜❡ s♦♦♥ ❡st❛❜❧✐s❤❡❞ ❜② ✉s✐♥❣ t❤❡ r❡s✉❧ts ♦❢ ❬✹✷❪✳ ❇② ❛♣♣❧②✐♥❣ t❤❡♠✱ ✇❡ ❣❡t

K = CT (R+ iωM)C = CTRC+ iωCTMC = R❈❆❘ + iωL❈❆❘. ✭✽✳✹✻✮

❚❤✉s✱ ❛❧❧ t❤❡ r❡s✉❧ts ♦♥ ❝♦❤♦♠♦❧♦❣② ❝♦♠♣✉t❛t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ ▼❱■ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❛♣♣❧✐❡❞
t♦ ❈❆❘■❉❉■✳

✷❚❤❡ ✉♥❣❛✉❣❡❞ ❢♦r♠✉❧❛t✐♦♥ ✐s t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❛s ❡①♣♦s❡❞ ✐♥ ❙❡❝✳ ✽✳✷✳✷ ✐♥ ✇❤✐❝❤ t❤❡ tr❡❡✲❝♦tr❡❡ ❣❛✉❣❡
✐s ♥♦t ❛♣♣❧✐❡❞ t❤✉s ♣r♦❞✉❝✐♥❣ ❛♥ ✉♥❞❡r❞❡t❡r♠✐♥❡❞ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳



9
❋r♦♠ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s t♦

✐♥❞✉❝t❛♥❝❡ ♠❛tr✐①

❢❛❝t♦r✐③❛t✐♦♥

❊❋■❊ ❢♦r♠✉❧❛t✐♦♥s ❢♦r s♦❧✈✐♥❣ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠s✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ t❤✐s t❤❡s✐s✱ ❛r❡
♠❛✐♥❧② ❛✤✐❝t❡❞ ❜② t✇♦ s❤♦rt❝♦♠✐♥❣s✳ ❋✐rst✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ♠❛❣✲
♥❡t✐❝ ♠❛ss ♠❛tr✐① M ♠❛tr✐① ✐s s❧♦✇ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧ t❤❛t✱ ✐♥
❛❞❞✐t✐♦♥✱ ❢♦r ✐ts s❡❧❢ t❡r♠s ❜❡❝♦♠❡s s✐♥❣✉❧❛r❀ ❛s ❛ s❡❝♦♥❞ ❛s♣❡❝t✱ t❤❡ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐①
✐s ❢✉❧❧② ♣♦♣✉❧❛t❡❞ ❛♥❞ t❤✉s ❡①tr❡♠❡❧② ❡①♣❡♥s✐✈❡ t♦ ❜❡ ❛ss❡♠❜❧❡❞ ❛♥❞ st♦r❡❞✳ ■♥❞❡❡❞✱
✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✐❧❧✉str❛t❡ ❤♦✇ t❤❡s❡ t✇♦ ✐ss✉❡s ❝❛♥ ❜❡ ❢❛❝❡❞ ❢♦r ❛r❜✐tr❛r② ♣♦❧②❤❡❞r❛❧
♠❡s❤❡s ✭✇❤❡r❡✐♥ ❤❡①❛❤❡❞r❛✱ t❡tr❛❤❡❞r❛✱ ♣r✐s♠s ❛♥❞ ♣②r❛♠✐❞s ❛r❡ ♥❛t✉r❛❧❧② ✐♥❝❧✉❞❡❞✮
t❤❛♥❦s t♦ t❤❡ ♥♦✈❡❧ ▼❱■ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ ❈❤❛♣t❡r ✽✳

✾✳✶ ❙♣❡❡❞✐♥❣ ✉♣ ❛ss❡♠❜❧② ✇✐t❤ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❛✐r ♦❢ ❡❧❡♠❡♥ts c, c′ ♦❢ ❛ ❣r✐❞ K✳ ❆♥ ❡♥tr② ♦❢ t❤❡ ❧♦❝❛❧ ♠❛❣♥❡t✐❝ ♠❛ss
♠❛tr✐① Mcc′ ✐s ❣❡♥❡r❛❧❧② ❞❡✜♥❡❞✱ ❛s ✐♥ ✭✼✳✷✵✮✱

(Mcc′)f,f ′ =
µ0

4π

∫︂

c

∫︂

c′

wf c
(x) ·wf c′

(x′)

∥x− x′∥
dc dc′. ✭✾✳✶✮

■❢ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s ✭✸✳✷✶✮ ❛r❡ ❡♠♣❧♦②❡❞ ✐♥ ✭✾✳✶✮✱ t❤❡♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ❢♦r
Mcc′ ❛ss❡♠❜❧② ✐s r❡❞✉❝❡❞✱ ❡✈❡♥ ✇❤❡♥ K ✐s ❛ t❡tr❛❤❡❞r❛❧ ❣r✐❞✳ ■♥❞❡❡❞✱ ✐❢ st❛♥❞❛r❞ ❘❲●
♦r ❘❚ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛r❡ ❡♠♣❧♦②❡❞✱ ♦♥❡ ❤❛s t♦ ❞✐r❡❝t❧② ✉s❡ ✭✾✳✶✮✳ ■♥st❡❛❞✱ ❛s r❡♣♦rt❡❞
✐♥ ❙❡❝t✐♦♥ ✽✳✷✳✶✱ ✇❤❡♥ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ✭✾✳✶✮ ❜❡❝♦♠❡s

(Mcc′)f,f ′ = tcc
′

wf c
·wf ′

c′
, ✭✾✳✷✮

✇❤❡r❡ tcc
′

✐s ❞❡✜♥❡❞ ✐♥ ✭✽✳✺✮✳



✶✵✽ ✾✳ ❋r♦♠ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s t♦ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❢❛❝t♦r✐③❛t✐♦♥

▲❡t ✉s ❝♦♥s✐❞❡r ❞✐st✐♥❝t ❡❧❡♠❡♥ts c, c′✳ ❚❤❡♥✱ ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s t❤❛t t❤❡ ✢♦❛t✐♥❣
♣♦✐♥t ♦♣❡r❛t✐♦♥s ❝♦st ✐s r✉❧❡❞ ❜② t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ 1/∥x− x′∥✶ ✐t t✉r♥s ♦✉t t❤❛t t❤❡
♦❜t❛✐♥❡❞ s♣❡❡❞ ✉♣ ✇❤❡♥ ✉s✐♥❣ ✭✾✳✷✮ ✐♥st❡❛❞ ♦❢ ✭✾✳✶✮ ✐s ❛r♦✉♥❞ |F (c)||F (c′)|✳ ■♥ ❢❛❝t✱ ✇✐t❤
♦✉r ❛♣♣r♦❛❝❤ ♦♥❡ ❤❛s t♦ ❝♦♠♣✉t❡ ❥✉st ♦♥❡ ❞♦✉❜❧❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛❧ ✭✽✳✺✮ ✇❤❡r❡❛s ✐♥
t❤❡ st❛♥❞❛r❞ ❝❛s❡ ✭✾✳✶✮ ♦♥❡ ❤❛s t♦ ❝♦♠♣✉t❡ |F (c)||F (c′)| ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛❧s✳

✾✳✶✳✶ ❙✐♥❣✉❧❛r✐t② ❡①tr❛❝t✐♦♥ ✇✐t❤ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s

❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧ ✭✾✳✶✮ ✐s s✐♥❣✉❧❛r ✇❤❡♥❡✈❡r c = c′✱ ✐✳❡✳ ❢♦r ❛❧❧ t❤❡
❞✐❛❣♦♥❛❧ t❡r♠s ♦❢ M ❬✶✶✻❪✳

❋r♦♠ ❛ s✉r✈❡② ♦❢ ❧✐t❡r❛t✉r❡ ♦♥ t❤✐s t♦♣✐❝✱ ✐t ✐s s♦♦♥ ❝❧❡❛r t❤❛t t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛✣♥❡
❜❛s✐s ❢✉♥❝t✐♦♥s ✐♥ ✭✾✳✶✮ ❧❡❛❞s t♦ ❝♦♠♣❧❡① r❡❝✐♣❡s t♦ ❣❡t r✐❞ ♦❢ t❤❡ s✐♥❣✉❧❛r✐t② ❜❡❝❛✉s❡
❡❛❝❤ ♣r♦♣♦s❡❞ t❡❝❤♥✐q✉❡ ✐s ♥❡❝❡ss❛r✐❧② ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ✐♥t❡❣r❛t✐♦♥ ❞♦♠❛✐♥ s❤❛♣❡ ✭tr✐✲
❛♥❣✉❧❛r✱ t❡tr❛❤❡❞r❛❧✱ ♣r✐s♠❛t✐❝✱ ♣♦❧②❤❡❞r❛❧✮ ❛♥❞ ❜② t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❞❡✜♥✐t✐♦♥❀ s❡❡✱
❢♦r ✐♥st❛♥❝❡✱ ❬✶✶✻❪ ❛♥❞ ❬✶✷✽❪ ❢♦r ✸❉ ✐♥t❡❣r❛t✐♦♥ ❞♦♠❛✐♥s ♦r ❬✶✷✾❪ ❛♥❞ ❬✶✸✵❪ ❢♦r ✷❉✳ ❍❡♥❝❡✱
t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❞❡❛❧✐♥❣ ✇✐t❤ ✈♦❧✉♠❡ ✉♥✐❢♦r♠ ❜❛s✐s ❢✉♥❝t✐♦♥s ❤❛s ❛ ❣r❡❛t ♣♦t❡♥t✐❛❧ ✐♥
t❤✐s r❡s♣❡❝t s✐♥❝❡ ✐t ❛❧❧♦✇s t♦ ❞r❛st✐❝❛❧❧② s✐♠♣❧✐❢② ❛♥❞ s♣❡❡❞ ✉♣ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳ ❨❡t✱
✐♥ ❝❛s❡ ♦❢ ❛ s✐♠♣❧✐❝✐❛❧ ❣r✐❞✱ t❤❡ ❣❡r♠ ♦❢ t❤✐s ✐❞❡❛ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❬✶✶✻❪✱ ❜✉t ♥♦ ✈♦❧✉♠❡
✉♥✐❢♦r♠ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛r❡ ♣r♦♣♦s❡❞✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ✐❞❡❛ s❡❡♠s t♦ ❜❡ ❡♥t✐r❡❧②
♥❡✇ ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ❤❡①❛❤❡❞r❛✱ ♣②r❛♠✐❞s ❛♥❞ ♣♦❧②❤❡❞r❛❧ ✈♦❧✉♠❡s ✐♥ ❣❡♥❡r❛❧✳

❲❡ ✉s❡ t❤❡ ✇❡❧❧ ❡st❛❜❧✐s❤❡❞ ❛♣♣r♦❛❝❤ ❝❛❧❧❡❞ s✐♥❣✉❧❛r✐t② ❡①tr❛❝t✐♦♥ ✭s♦♠❡t✐♠❡s ❛❧s♦
r❡❢❡rr❡❞ t♦ ❛s s✐♥❣✉❧❛r✐t② s✉❜tr❛❝t✐♦♥✮ t❤❛t ❝♦♥s✐sts ♦❢ ❡①tr❛❝t✐♥❣ ❛ s✐♥❣✉❧❛r t❡r♠ ❢r♦♠
t❤❡ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧ ❛♥❞ ✐♥t❡❣r❛t❡ ✐t ✐♥ ❝❧♦s❡❞ ❢♦r♠ t♦ t❤❡♥ tr❡❛t t❤❡ ♦❜t❛✐♥❡❞ ❡①♣r❡ss✐♦♥
♥✉♠❡r✐❝❛❧❧② ❜② ♠❡❛♥ ♦❢ q✉❛❞r❛t✉r❡ r✉❧❡s ❬✶✷✽✱ ✶✸✵❪✳ ❚❤❡ s✐♥❣✉❧❛r✐t② ❡①tr❛❝t✐♦♥ ❤❛s ❜❡❡♥
❛❧r❡❛❞② ❛♣♣❧✐❡❞ ✐♥ ❧✐t❡r❛t✉r❡✱ ❜✉t ♥♦t ✇✐t❤ ✈♦❧✉♠❡ ✉♥✐❢♦r♠ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ■♥ ❢❛❝t✱
✇❤❡♥ t❤❡ ♥❡✇ ✈♦❧✉♠❡ ✉♥✐❢♦r♠ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛r❡ ✉s❡❞✱ t❤❡ s✐♥❣✉❧❛r✐t② ❡①tr❛❝t✐♦♥ ❝❛♥
❜❡ ❛♣♣❧✐❡❞ t♦ ❡q✉❛t✐♦♥ ✭✾✳✷✮✱ ✐♥ ✇❤✐❝❤ t❤❡ s✐♥❣✉❧❛r ❞♦✉❜❧❡ ✐♥t❡❣r❛❧ tcc

′

❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
s❡♣❛r❛t❡❧② ❢r♦♠ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♥✈♦❧✈❡❞ ❜❛s✐s ❢✉♥❝t✐♦♥s ✈❛❧✉❡s✳ ❚❤✐s ②✐❡❧❞s ❛
s♣❡❡❞ ✉♣ ♦❢ ❛t ❧❡❛st |F (c)||F (c′)| ❜❡❝❛✉s❡ ♦♥❧② ♦♥❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛❧ ❤❛s t♦ ❜❡ ❝♦♠♣✉t❡❞
✭♥❛♠❡❧② tcc

′

✮ ✐♥ ♣❧❛❝❡ ♦❢ |F (c)||F (c′)| ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛❧s ✐♥ ✭✾✳✶✮✳ ❚❤❡ ♦❜t❛✐♥❡❞ ❣❛✐♥ ✐s
❡✈❡♥ ♠♦r❡✱ ❜❡❝❛✉s❡ t❤❡ ✐♥t❡❣r❛❧ ✭✽✳✺✮ ✐s s✐♠♣❧❡r✳ ■♥ ❢❛❝t✱ s✐♥❝❡ t❤❡wf c

,wf c′
❛r❡ ♥♦ ♠♦r❡

♣❛rt ♦❢ t❤❡ s✐♥❣✉❧❛r ✐♥t❡❣r❛❧✱ s❡✈❡r❛❧ ❝❧♦s❡❞✲❢♦r♠ ❡①❛❝t ❡①♣r❡ss✐♦♥s ❛s t❤❡ ♦♥❡s ✐♥ ❬✶✸✶❪✱
❝❛♥ ♥♦✇ ❜❡ ❛♣♣❧✐❡❞ t♦ ❛♥❛❧②t✐❝❛❧❧② ❝❛❧❝✉❧❛t❡ t❤❡ ✐♥♥❡r♠♦st ✐♥t❡❣r❛❧ t❤✉s ❡❧✐♠✐♥❛t✐♥❣ t❤❡
s✐♥❣✉❧❛r✐t②✳

●✐✈❡♥ t❤❛t ✐t ❤❛s ❥✉st ❜❡❡♥ s❤♦✇♥ t❤❛t ♦✉r ✭✾✳✷✮ ❤❛s t♦ ❜❡ ♣r❡❢❡rr❡❞ ✇✐t❤ r❡s♣❡❝t
t♦ ✭✾✳✶✮✱ ♥♦✇ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ s✐♥❣✉❧❛r✐t②
❡①tr❛❝t✐♦♥ ❛♥❞ t❤❡ ❝♦♠♠♦♥ s♦❧✉t✐♦♥ t❤❛t ✉s❡s ❛ ❞♦✉❜❧❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥✳ ❚♦ t❤✐s
❛✐♠✱ ❛ st❛♥❞❛r❞ t❡tr❛❤❡❞r♦♥ c ✇❤♦s❡ ✈❡rt✐❝❡s ❛r❡ t❤❡ ♥♦❞❡s (0, 0, 0)T ✱ (1, 0, 0)T ✱ (0, 1, 0)T ✱
(0, 0, 1)T ✐s ❝♦♥s✐❞❡r❡❞ ♦♥ ✇❤✐❝❤ t❤❡ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧

DD =

∫︂

c

∫︂

c′

1

∥x− x′∥
dc dc′,

✐s ❝♦♠♣✉t❡❞ ✐♥ t❤r❡❡ ❞✐✛❡r❡♥t ✇❛②s✿ ✇✐t❤ ❛ ❞♦✉❜❧❡ ♥✉♠❡r✐❝ ✐♥t❡❣r❛t✐♦♥✱ ✇✐t❤ t❤❡ s✐♥❣✉✲
❧❛r✐t② ❡①tr❛❝t✐♦♥ ❛♣♣r♦❛❝❤ ❛♥❞✱ ✜♥❛❧❧②✱ ✇✐t❤ ❛♥ ❛♥❛❧②t✐❝ ❢♦r♠✉❧❛ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤✐s ❝❛s❡

✶❈P❯ ❝②❝❧❡s t♦ ♣❡r❢♦r♠ ❞✐✈✐s✐♦♥ ❛♥❞ sq✉❛r❡ r♦♦t ❞♦♠✐♥❛t❡ t❤❡ ❞♦t ♣r♦❞✉❝ts ❜❡t✇❡❡♥ t❤❡ ❜❛s✐s
❢✉♥❝t✐♦♥s



✾✳✶✳ ❙♣❡❡❞✐♥❣ ✉♣ ❛ss❡♠❜❧② ✇✐t❤ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥ ✶✵✾

♦♥❧②✱ ❜② s✉❝❝❡ss✐✈❡❧② ❛♣♣❧②✐♥❣ t❤❡ ●❛✉ss ❉✐✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ ❬✶✸✷✱ ✶✸✸❪ ❛♥❞ ❜② ♠❡❛♥s
♦❢ ❛ s②♠❜♦❧✐❝ ❝❛❧❝✉❧✉s s♦❢t✇❛r❡✳ ❚❤✐s ❧❛st ♦♥❡ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ r❡❢❡r❡♥❝❡ ✈❛❧✉❡
❢♦r t❤❡ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧✳

■♥ ✜❣✉r❡ ✾✳✶✱ ✇❡ r❡♣♦rt t❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ s❡✈❡r❛❧ ✐♥t❡❣r❛t✐♦♥ ♦r❞❡rs✿
t❤❡ t♦♣ ♣❧♦t s❤♦✇s t❤❡ ❛❝t✉❛❧ ✈❛❧✉❡s ♦❜t❛✐♥❡❞✱ t❤❡ ❜♦tt♦♠ ♣❧♦t s❤♦✇s t❤❡ ♣❡r❝❡♥t❛❣❡
❡rr♦r ❝♦♠♣✉t❡❞ ❛s

100
|DD −DDr❡❢|

|DDr❡❢|
.

■♥❞❡❡❞✱ ❛s r❡♣♦rt❡❞ ✐♥ ❧✐t❡r❛t✉r❡✱ t❤❡ s✐♥❣✉❧❛r✐t② ❡①tr❛❝t✐♦♥ ❛♣♣r♦❛❝❤ ②✐❡❧❞s ❛❝❝✉r❛t❡
✈❛❧✉❡s ❛❧s♦ ❢♦r ❧♦✇ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦r❞❡rs✱ ✇❤❡r❡❛s t❤❡ ♣✉r❡❧② ♥✉♠❡r✐❝ ✐♥t❡❣r❛t✐♦♥
r❡s✉❧ts t♦ ❜❡ ❤✐❣❤❧② ✐♥❛❝❝✉r❛t❡✳

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣✐❝t✉r❡✱ ✐♥ ✜❣✉r❡ ✾✳✷ ✇❡ ♣r♦♣♦s❡ t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥ ✇❤❡r❡✐♥ ♦♥❡
♦❢ t❤❡ t✇♦ ❞♦♠❛✐♥s ♦❢ t❤❡ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧ ❝❤❛♥❣❡s ✐ts ♣♦s✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ✜rst
✜①❡❞ t❡tr❛❤❡❞r♦♥✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❥✉st ❝♦♠♣❛r❡ t❤❡ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡
s✐♥❣✉❧❛r✐t② ❡①tr❛❝t✐♦♥ ✇✐t❤ t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ ❞♦✉❜❧❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥✿ t❤❡
❡rr♦r ✐s ❝♦♠♣✉t❡❞ ❛❣❛✐♥st t❤❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ s✐♥❣✉❧❛r✐t② ❡①tr❛❝t✐♦♥ ❝♦♠❜✐♥❡❞
✇✐t❤ t❤❡ ❤✐❣❤❡st ♦r❞❡r ♦❢ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ✭♥❛♠❡❧②✱ Sing.Extr., O(x16)✮ ❣✐✈❡♥
t❤❛t t❤❡ ♣r❡✈✐♦✉s ♣❧♦t s❤♦✇❡❞ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤✐s ❛♣♣r♦❛❝❤✳ ❚❤❡ ♣❧♦t s❤♦✇s t❤❛t
✇❤❡♥ t❤❡ t✇♦ ❞♦♠❛✐♥s s✉♣❡r♣♦s❡✱ t❤❡ ❞♦✉❜❧❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ②✐❡❧❞s ✐♥❛❝❝✉r❛t❡
❛♥❞ ♦s❝✐❧❧❛t✐♥❣ r❡s✉❧ts✱ ✇❤❡r❡❛s ✇✐t❤♦✉t ❛ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t❤❡ t✇♦ t❡tr❛❤❡❞r❛ ❛ ❣♦♦❞
❛❝❝✉r❛❝② ✐s ♦❜t❛✐♥❡❞ ❛❧s♦ ✇✐t❤ ❞♦✉❜❧❡ ♥✉♠❡r✐❝ ✐♥t❡❣r❛t✐♦♥ s✐♥❝❡ ❢♦r ❞✐s❥♦✐♥t ✐♥t❡❣r❛t✐♦♥
❞♦♠❛✐♥s t❤❡r❡ ✐s ♥♦ s✐♥❣✉❧❛r✐t②✳

✾✳✶✳✷ ❋❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐①✿ ▼❆●■❈❆

❲❡ ♥♦✇ r❡❝❛❧❧ t❤❡ ❢❛❝t t❤❛t✱ ❜❡✐♥❣ M ♦r K ❞❡♥s❡ ♠❛tr✐❝❡s✱ ❝♦♠♠♦♥❧② ❛❞✈❛♥❝❡❞ ❝♦♠✲
♣r❡ss✐♦♥ t❡❝❤♥✐q✉❡s ♠✉st ❜❡ t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ ✇❤❡♥❡✈❡r ❡❞❞② ❝✉rr❡♥ts ❤❛✈❡ t♦ ❜❡
❝♦♠♣✉t❡❞ ♦♥ ❧❛r❣❡ ❝♦♥❞✉❝t✐♥❣ ❞♦♠❛✐♥s t❤❛t ♦t❤❡r✇✐s❡ ✇♦✉❧❞ ❜❡ ♥♦t ❛✛♦r❞❛❜❧❡ ❜② ♠❡❛♥s
♦❢ ❊❋■❊✳ ❚❤✐s ❤❛♣♣❡♥s ❜♦t❤ ❜❡❝❛✉s❡ ♦❢ t❤❡ t♦♦ ❧❛r❣❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡ ♠❛✲
tr✐① st♦r❛❣❡ ❛♥❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣r♦❤✐❜✐t✐✈❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ❢♦r t❤❡ ♠❛tr✐① ❛ss❡♠❜❧②✱
s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✸✷✱ ✶✵✺❪✳

❯s✉❛❧❧② ♦♥❡ ❝♦♠♣✉t❡s ❛♥❞ st♦r❡s t❤❡ ❞❡♥s❡ ♠❛tr✐① M ✇❤♦s❡ ❞✐♠❡♥s✐♦♥ ✐s |F | × |F |
t♦ t❤❡♥ ❛ss❡♠❜❧❡ t❤❡ ❝♦♠♣❧❡① s②st❡♠ ♦❢ ❡q✉❛t✐♦♥ ✭✽✳✶✹✮ ❜② ♠❡❛♥s ♦❢ t❤❡ ♠❛tr✐①✲♠❛tr✐①
♣r♦❞✉❝t

KM := CTMC ✭✾✳✸✮

✜♥❛❧❧② ♦❜t❛✐♥✐♥❣ ❛ ❞❡♥s❡ |E| × |E|❀ ❛❧s♦✱ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡✱ t❤❡ ♠❛tr✐①✲♠❛tr✐① ♣r♦❞✉❝t
❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❧♦❝❛❧❧② ♦♥ ❡❛❝❤ ♠❡s❤ ❡❧❡♠❡♥t ❛♥❞ t❤❡♥ ♠❛tr✐① KM ✇✐t❤♦✉t ❝♦♠♣✉t✐♥❣
t❤❡ ❢✉❧❧ M✳ ❆ t❤✐r❞ ❛❧t❡r♥❛t✐✈❡ ❢♦r t❡tr❛❤❡❞r❛❧ ♠❡s❤❡s ✐s t♦ ❛ss❡♠❜❧❡ KM ❞✐r❡❝t❧② ❜②
✉s✐♥❣ t❤❡ ❝✉r❧ ♦❢ t❤❡ ◆é❞é❧❡❝ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❲❡ r❡♠❛r❦ t❤❛t✱ ✐♥ ❛❧❧ t❤❡ t❤r❡❡ ❝❛s❡✱ t❤❡
♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥ t❤❡ s②st❡♠ ♠❛tr✐① s❝❛❧❡s q✉❛❞r❛t✐❝❛❧❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡
❣r✐❞ ❡❞❣❡s |E|✳

❚❤❡ s❡❡❞ ♦❢ t❤❡ ✐❞❡❛ ❤❡r❡ ❡①♣♦s❡❞ st❡♠s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✐t ♠✐❣❤t ❜❡ ♠✉❝❤ ♠♦r❡
❝♦♥✈❡♥✐❡♥t t♦ ❝♦♠♣✉t❡ ❛♥❞ st♦r❡ ❛ ❞❡♥s❡ ♠❛tr✐① N ♦❢ ❞✐♠❡♥s✐♦♥ |C| × |C| ❝♦♥t❛✐♥✐♥❣
❛❧❧ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧ tcc

′

❢♦r ❡❛❝❤ ♣❛✐r ♦❢ ❡❧❡♠❡♥ts
c, c′ ♦❢ t❤❡ ❣r✐❞ ❛♥❞ t❤❡♥ r❡❝♦♥str✉❝t KM ✈✐❛ ❛ ❢❛❝t♦r✐③❡❞ ❡①♣r❡ss✐♦♥ ✐♥✈♦❧✈✐♥❣ s♣❛rs❡
♠❛tr✐❝❡s ✇❤♦s❡ ♠❡♠♦r② ♦❝❝✉♣❛t✐♦♥ s❝❛❧❡s ❧✐♥❡❛r❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s ♦❢ t❤❡



✶✶✵ ✾✳ ❋r♦♠ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s t♦ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❢❛❝t♦r✐③❛t✐♦♥

❋✐❣✉r❡ ✾✳✶✿ ❉♦✉❜❧❡ ✐♥t❡❣r❛❧ ❝❛❧❝✉❧❛t✐♦♥ ♦✈❡r ❛ t❡tr❛❤❡❞r♦♥ ❜② ✈❛r②✐♥❣ ✐♥t❡❣r❛t✐♦♥ ♦r❞❡r n✳
❋♦r t❤❡ ❞♦✉❜❧❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥✱ ❛t ❡❛❝❤ ♣♦✐♥t ♦❢ t❤❡ ❣r❛♣❤✱ ❛ ♣❛✐r ♦❢ n ✐♥t❡❣r❛t✐♦♥
♦r❞❡rs ✐s ✐♥t❡♥❞❡❞ t♦ ❜❡ ❛♣♣❧✐❡❞✳

♣r♦❜❧❡♠✳ ❙✐♥❝❡ ✐♥ ❛ ♠❡s❤ K t❤❡ ♥✉♠❜❡r ♦❢ ✈♦❧✉♠❡s |C| ✐s t②♣✐❝❛❧❧② ❧♦✇❡r t❤❛♥ t❤❡
♥✉♠❜❡r ♦❢ ❡❞❣❡s |E| ✭♦r ❡✈❡♥ ❢❛❝❡s✮✱ ❛ ♠❡♠♦r② s❛✈✐♥❣ ✐s ♦❜t❛✐♥❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ✐s ❤❡r❡
r❡♠❛r❦❡❞ t❤❛t t❤✐s r❡❢♦r♠✉❧❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ❛❧❣❡❜r❛✐❝ ♠❛♥✐♣✉❧❛t✐♦♥ ♦♥❧②✱ ✇✐t❤♦✉t
❛♥② ❛♣♣r♦①✐♠❛t✐♦♥ ♦r ❧♦ss ♦❢ ❛❝❝✉r❛❝②✳

❖♥❝❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♠❛tr✐① N ✐s ❝♦♠♣✉t❡❞ ❛♥❞ ❞❡✜♥❡❞ ❛s

Nc,c′ :=
tcc

′

|c||c′|
, ✭✾✳✹✮

✐t ✐s t❤❡♥ ✇♦rt❤ s♦❧✈✐♥❣ t❤❡ s②st❡♠ ✐t❡r❛t✐✈❡❧②✱ ✐♥ ❛ ♠❛tr✐①✲❢r❡❡ ❢❛s❤✐♦♥✱ ✐♥ ♦r❞❡r t♦ ❥✉st
❝❛❧❝✉❧❛t❡ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝ts ❛♥❞ ♥❡✈❡r ❛ss❡♠❜❧❡ t❤❡ ✇❤♦❧❡ KM ❛s ✐t s❤♦✉❧❞ ❜❡ ❞♦♥❡
✐♥ ❝❛s❡ ♦❢ s②st❡♠ s♦❧✉t✐♦♥s ❜② ♠❡❛♥s ♦❢ ❞✐r❡❝t ❧✐♥❡❛r s♦❧✈❡rs✳

■❢✱ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ✇❡ ❢♦r ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ❛ t❡tr❛❤❡❞r❛❧ ❣r✐❞s
♦♥❧②✱ ❢r♦♠ ✭✾✳✸✮✱ ✭✾✳✷✮ ❛♥❞ ✭✽✳✼✮✱ ❛♥ ❡q✉✐✈❛❧❡♥t ❡①♣r❡ss✐♦♥ ❢♦r KM ❜❛s❡❞ ♦♥ t❤❡ ❤❡r❡
✐♥tr♦❞✉❝❡❞ ▼❛tr✐① ❢❆❝t♦r✐③❛t✐♦♥ ❢♦r ●❡♦♠❡tr✐❝❛❧ ■♥t❡❣r❛❧ ♠❆tr✐❝❡s ✭▼❆●■❈❆✮ ❝❛♥ ❜❡
♦❜t❛✐♥❡❞ ❛s

KM = CTOFB

(︂
ẼxNẼ

T

x + ẼyNẼ
T

y + ẼzNẼ
T

z

)︂
OT

FB
C. ✭✾✳✺✮

▲❡t ✉s ♥♦✇ ❞❡s❝r✐❜❡ t❤❡ t❡r♠s ✐♥ t❤❡ ❧❛st ❡①♣r❡ss✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ s❡t FB ♦❢



✾✳✶✳ ❙♣❡❡❞✐♥❣ ✉♣ ❛ss❡♠❜❧② ✇✐t❤ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥ ✶✶✶

❋✐❣✉r❡ ✾✳✷✿ ❉♦✉❜❧❡ ✐♥t❡❣r❛❧ ❝❛❧❝✉❧❛t✐♦♥ ♦✈❡r ❛ ♣❛✐r ♦❢ t❡tr❛❤❡❞r❛ ✇❤♦s❡ ♠✉t✉❛❧ ❞✐st❛♥❝❡
✐s s✉❝❝❡ss✐✈❡❧② ✐♥❝r❡❛s❡❞✳ ❆s ❛ r❡❢❡r❡♥❝❡ ✈❛❧✉❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❡rr♦r ❢♦r t❤✐s t❡st✱ t❤❡
✏Sing.Extr., O(x16)✧ ❝❛s❡ ✐s ✉s❡❞ s✐♥❝❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❧♦t t❤✐s ❛♣♣r♦❛❝❤ ✇❛s s❤♦✇♥
t♦ ❜❡ ❛❝❝✉r❛t❡✳

❜❧♦ss♦♠❡❞ ❢❛❝❡s t❤❛t ✐s ♦❜t❛✐♥❡❞ ❜② r❡♥✉♠❜❡r✐♥❣ ✐♥❞❡♣❡♥❞❡♥t❧② ❢❛❝❡s ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t
♦❢ K✱ ♥❛♠❡❧② FB := {(f, c) ∈ F × C | f ⊂ ∂c}✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛❧❧ t❤❡ ❢❛❝❡s s❤❛r❡❞
❜❡t✇❡❡♥ t✇♦ ❡❧❡♠❡♥ts✱ ✐✳❡✳ ♥♦t ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ K✱ ❛r❡ r❡♣❡❛t❡❞ ✷ ❚❤❡♥✱ ✇❡
❞❡✜♥❡ t❤❡ s♣❛rs❡ ♠❛tr✐① OFB

♦❢ ❞✐♠❡♥s✐♦♥s |FB | × |F | ♠❛♣♣✐♥❣ t❤❡ ❢❛❝❡s F ♦❢ t❤❡ ❣r✐❞
K ✐♥t♦ ❜❧♦ss♦♠❡❞ ❢❛❝❡s ✐♥ FB ✳ ■t ❤❛s ♦♥❧② ♦♥❡ ♥♦♥✲③❡r♦ ❡♥tr② ♣❡r r♦✇ t❤❛t ✐s ❡q✉❛❧ t♦
♦♥❡✳ ❋✐♥❛❧❧②✱ Ẽx✱ Ẽy ❛♥❞ Ẽz ❛r❡ s♣❛rs❡ ♠❛tr✐❝❡s ♦❢ ❞✐♠❡♥s✐♦♥s |FB | × |C|✳ ❊❛❝❤ r♦✇ ♦❢
Ẽx✱ Ẽy ❛♥❞ Ẽz✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ❡❧❡♠❡♥t c✱ ✐s ❡q✉❛❧ t♦ (Ẽ cx)

T ✱ (Ẽ cy)
T ❛♥❞ (Ẽ cz)

T

r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ x̂ = (1, 0, 0)T ✱ ŷ = (0, 1, 0)T ✱ ẑ = (0, 0, 1)T ✳

✷❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐♥ ❛ s✐♠♣❧✐❝✐❛❧ ♠❡s❤ |FB | = 4|C|✳



✶✶✷ ✾✳ ❋r♦♠ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s t♦ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❢❛❝t♦r✐③❛t✐♦♥

❆s ❛♥ ✐♥st❛♥❝❡✱ ♠❛tr✐① Ẽx ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❧♦❝❦ str✉❝t✉r❡

Ẽx =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

✳ ✳ ✳ 0 . . . . . . 0

0 (Ẽ cx)
T

✳✳✳
✳✳✳ 0

✳ ✳ ✳
✳✳✳

✳✳✳ (Ẽ c′x)
T 0

0 0 0
✳ ✳ ✳

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

❲❤❡♥ t❤❡ ♠❡s❤ ✐s ❝♦♥st✐t✉t❡❞ ❜② t❡tr❛❤❡❞r❛ ♦♥❧②✱ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♠❛tr✐① ✐s ♥♦t
♥❡❝❡ss❛r②✳ ❚❤✉s✱ t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ ✭✾✳✺✮ ✐s ❝♦♠♣❧❡t❡ ❛♥❞ t❤❡ ♦♥❧② ❤✉r❞❧❡ ❧❡❢t ✐s t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ Ẽx✱ Ẽy ❛♥❞ Ẽz ♠❛tr✐❝❡s✳

❉✐✛❡r❡♥t❧②✱ ❢♦r ❣❡♥❡r❛❧ ♣♦❧②❤❡❞r❛✱ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ✐♥ ✭✾✳✺✮ ✐s ♥♦t ❝♦♠♣❧❡t❡ ❛♥❞ ❛❧s♦
t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛rt ❤❛s t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ ♦r❞❡r t♦ ❜❡ ❝♦♠♣❧✐❛♥t ✇✐t❤ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ Ms ♦❢ ✭✽✳✼✮✳ ■♥ t❤✐s ❝❛s❡ ✐s ♥❡❝❡ss❛r② t♦ ❛❞❞ ♥❡✇ t❡r♠s t♦ ✭✾✳✺✮ ❡①♣r❡ss✐♥❣
t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♠❛tr✐① Sc ♦❢ ✭✽✳✼✮✳ ❚❤❡ ♠♦st ❡✣❝✐❡♥t ✇❛② t♦ t❤❛t ❣♦❛❧ ✐s t❤❡ ❞✐r❡❝t
❛ss❡♠❜❧② ♦❢ t❤❡ ❣❧♦❜❛❧ st❛❜✐❧✐③❛t✐♦♥ ♠❛tr✐① S ❛s

S =
∑︂

c∈C

(OF
c )

TScO
F
c . ✭✾✳✻✮

■♥❞❡❡❞✱ t❤❛♥❦s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ✐♥ ✭✽✳✼✮ ✐♥ ✇❤✐❝❤ t❤❡ ❧♦❝❛❧ st❛❜✐❧✐③❛t✐♦♥ ♠❛tr✐① Sc ❤❛s
t♦ ❜❡ s✉♠♠❡❞ t♦ Mcc′ ♦♥❧② ✐♥ t❤❡ ❝❛s❡ c = c′✱ ❡q✉❛t✐♦♥ ✭✾✳✻✮ ♣r♦❞✉❝❡s ❛ s♣❛rs❡ ♠❛tr✐①
✇✐t❤ ❡①❛❝t❧② t❤❡ s❛♠❡ s♣❛rs✐t② ♦❢ Rs✳ ❍❡♥❝❡✱ ✐t ❛✛❡❝ts ♥❡✐t❤❡r t❤❡ ❛ss❡♠❜❧② t✐♠❡ ♥♦r t❤❡
♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ ❢♦r ✐ts st♦r❛❣❡ s✐♥❝❡ ✐t s❝❛❧❡s ❧✐♥❡❛r❧② ✇✐t❤ t❤❡ ♠❡s❤ ❞✐♠❡♥s✐♦♥✳ ■♥
❛❞❞✐t✐♦♥✱ ✐t ❝❛♥ ❜❡ ❡✣❝✐❡♥t❧② ❛ss❡♠❜❧❡❞ s✐♠✉❧t❛♥❡♦✉s❧② t♦ Rs✱ s✐♥❝❡ t❤❡ Sc ♠❛tr✐① ❤❛s t♦
❜❡ ❛❞❞❡❞ ❜♦t❤ t♦ Rc ❛♥❞ t♦ Mcc′ ✱ ❤❡♥❝❡ ✐t ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ♦♥❧② ♦♥❝❡ ♣❡r ❝♦♥s✐❞❡r❡❞
✈♦❧✉♠❡ c✳

❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ ✐♥ ❝❛s❡ ♦❢ ♣♦❧②❤❡❞r❛✱ ❡q✉❛t✐♦♥ ✭✾✳✺✮ ❜❡❝♦♠❡s

KM = CTOT
FB

(︂
Ẽ
T

xNẼx + Ẽ
T

y NẼy + Ẽ
T

z NẼz

)︂
OFB

C+ CTSC. ✭✾✳✼✮

■t ✐s ❤❡r❡ ❛❧s♦ ♥♦t✐❝❡❞ t❤❛t ▼❆●■❈❆ ❡①♣r❡ss✐♦♥ ✐♥ ✭✾✳✼✮ ❞♦❡s ♥♦t r❡✢❡❝t t❤❡ ❛❝t✉❛❧
✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ■♥ ❢❛❝t✱ ❢r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐♥st❡❛❞ ♦❢ st♦r✐♥❣ C ❛♥❞ OFB

t♦ t❤❡♥ ♣❡r❢♦r♠ t❤❡ ♠❛tr✐①✲♠❛tr✐① ♣r♦❞✉❝t ✇✐t❤ Ẽx✱ Ẽy ❛♥❞ Ẽz ✐t ✐s ✇✐s❡r t♦ ❞✐r❡❝t❧②
❛ss❡♠❜❧❡ ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ ♣r♦❞✉❝ts ẼxOFB

C✱ ẼyOFB
C ❛♥❞ ẼzOFB

C ❛s s♣❛rs❡ |N |×|E|
♠❛tr✐❝❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❛❧s♦ r❡❝❛❧❧ ❢♦r t❤❡ s❛❦❡ ♦❢ ♣r❡❝✐s✐♦♥✱ t❤❛t ❡q✉❛t✐♦♥ ✭✾✳✼✮ t❛❦❡s
✐♥t♦ ❛❝❝♦✉♥t ♥❡✐t❤❡r t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♥♦r t❤❡ ❣❛✉❣✐♥❣✿ t♦ t❤✐s ♣✉r♣♦s❡✱ t❤❡ s❛♠❡
t❡❝❤♥✐q✉❡s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳✷ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❛♣♣❧✐❡❞ ✇✐t❤♦✉t ❛♥② ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳

✾✳✷ ❆ ♥❡✇ ❢❛♠✐❧② ♦❢ ❝♦♠♣r❡ss✐♦♥ t❡❝❤♥✐q✉❡s

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t❤❡ ▼❆●■❈❆ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s❡ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① KM

♦❢ ✭✾✳✸✮ ✇❛s ✐♥tr♦❞✉❝❡❞✳ ■♥❞❡❡❞✱ ✐t ✇❛s s❤♦✇♥ t❤❛t t❤❛♥❦s t♦ ✭✾✳✺✮ ❢♦r s✐♠♣❧✐❝✐❛❧ ♠❡s❤❡s
❛♥❞ t♦ ✭✾✳✼✮ ❢♦r ♣♦❧②❤❡❞r❛❧ ♦♥❡s✱ ❛ ❧♦ss❧❡ss ❝♦♠♣r❡ss✐♦♥ ♦❢ t❤❡ ♠❡♠♦r② ♦❝❝✉♣❛t✐♦♥ ❝❛♥



✾✳✷✳ ❆ ♥❡✇ ❢❛♠✐❧② ♦❢ ❝♦♠♣r❡ss✐♦♥ t❡❝❤♥✐q✉❡s ✶✶✸

❜❡ ✉s✉❛❧❧② ❛❝❤✐❡✈❡❞✳ ❲❤❛t ✐s ♠✐ss✐♥❣ ♥♦✇ ✐s t❤❡ s②st❡♠ s♦❧✉t✐♦♥ t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞
❜② ♠❡❛♥s ♦❢ t✇♦ ❞✐✛❡r❡♥t ✐t❡r❛t✐✈❡ ❛♣♣r♦❛❝❤❡s✿ ❛ ❧♦ss❧❡ss t❡❝❤♥✐q✉❡ t❤❛t ❞✐r❡❝t❧② ❛♣♣❧✐❡s
✭✾✳✼✮ t♦ ✭✾✳✸✮ ❛♥❞ ❛♥ ❛♣♣r♦①✐♠❛t❡❞ s❝❤❡♠❡ t❤❛t ❝❛♥ ❡①♣❧♦✐t ❡✐t❤❡r t❤❡ ❋❛st ▼✉❧t✐♣♦❧❡
▼❡t❤♦❞ ❬✸✵❪✱ ❆❈❆ ♦r ❛♥② ♦t❤❡r ❢❛st s✉♠♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐♥ ♦r❞❡r t♦ ❡✣❝✐❡♥t❧② ❝♦♠♣✉t❡
t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ t❡r♠s ♦❢ N✱ ✇✐t❤ ❛ ❝♦♥s❡q✉❡♥t ❞r❛st✐❝ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♠❡♠♦r② ❢♦♦t♣r✐♥t
❛♥❞ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✳ ▲❡t ✉s ❝❛r❡❢✉❧❧② ❞❡❧✐♥❡❛t❡ t❤❡♠ ❜♦t❤✳

✾✳✷✳✶ ▲■▼❊✿ ❛ ▲♦ss❧❡ss ■♥t❡❣r❛❧ ▼❛tr✐① ❝♦♠♣r❊ss✐♦♥

❚❤❡ ✜rst ♣♦ss✐❜✐❧✐t② ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❢❛❝t♦r✐③❡❞ ❡①♣r❡ss✐♦♥ ♦❢ ✭✾✳✼✮

✐♥t♦ ✭✾✳✸✮✳ ■♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❢✉❧❧✱ ❢♦r ✐♥st❛♥❝❡✱ Ẽ
T

xNẼx ♠❛tr✐①✱ ♦♥❧②
♦♥✲t❤❡✲✢② ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝ts ❛r❡ ❛❧❧♦✇❡❞✳ ❍❡♥❝❡✱ ♠❛tr✐①✲❢r❡❡ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡
✐t❡r❛t✐✈❡ s♦❧✉t✐♦♥ ♦❢ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ✭❙P❉✮ s②st❡♠s✱ ❧✐❦❡ ●▼❘❊❙ ❬✶✸✹❪✱ ❝❛♥
❜❡ ✉s❡❞✳ ❆s ❢❛r ❛s t❤❡ ♣r❡❝♦♥❞✐t✐♦♥❡r ✐s ❝♦♥❝❡r♥❡❞✱ t❤❡ ❞✐❛❣♦♥❛❧ ♣❛rt ♦❢ K = KR+iωKM

✭✐✳❡ diag(K)✮ ❤❛s ❜❡❡♥ ✉s❡❞✳
■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s✱ ❛❧s♦ r❡s♦rt✐♥❣ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛♥ ✉♥❣❛✉❣❡❞ s②st❡♠ r❡s✉❧ts t♦

❜❡ ✈❡r② ❡✛❡❝t✐✈❡ ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ❑r②❧♦✈✬s s✉❜s♣❛❝❡✲❜❛s❡❞ ✐t❡r❛t✐✈❡ s♦❧✈❡rs✳

▼❱■ s♦❧✉t✐♦♥ ✇✐t❤ ▲■▼❊ ❚❤❡ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ②✐❡❧❞s t❤❡ ✢♦✇ ❝❤❛rt ♦❢
❋✐❣✳ ✾✳✸ ✐♥ ✇❤✐❝❤ ✐t ✐s ✐❧❧✉str❛t❡❞ ❤♦✇ t♦ ❢❛❝❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛♥ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠ ❛s
❡①♣r❡ss❡❞ ❜② ❊❋■❊ ✐♥ ✇❤✐❝❤ ▼❆●■❈❆ ✐s ❛♣♣❧✐❡❞ ❢♦r t❤❡ ❝♦♠♣r❡ss✐♦♥ ❛♥❞ ❢❛❝t♦r✐③❛t✐♦♥
♦❢ KM ✳

❲❡ ❤❡r❡ r❡♠❛r❦ t❤❛t ✐♥ t❤✐s s❡❝t✐♦♥ ❛♥❞ t❤✉s ✐♥ t❤❡ ♣r♦♣♦s❡❞ ✢♦✇ ❝❤❛rt t♦♦✱ ✇❡ ❞✐❞
♥♦t s♣❡❝✐❢② ✇❤❡t❤❡r t❤❡ ❞♦♠❛✐♥ ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ♦r ♥♦t❀ ✐♥ ❢❛❝t✱ t❤✐s ❞✐st✐♥❝t✐♦♥ ✐s
♥♦t ♥❡❝❡ss❛r② s✐♥❝❡ ❡q✉❛t✐♦♥ ✭✾✳✼✮ ❝❛♥ ❜❡ ♣❧✉❣❣❡❞ ✐♥t♦ ✭✽✳✶✹✮ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳

✾✳✷✳✷ ❆♣♣r♦①✐♠❛t❡❞ ❝♦♠♣r❡ss✐♦♥s ♦❢ ✐♥t❡❣r❛❧ ♠❛tr✐❝❡s

■♥ ♦r❞❡r t♦ ❢✉rt❤❡r ✐♥❝r❡❛s❡ t❤❡ s✐③❡ ♦❢ t❤❡ ♣r♦❜❧❡♠s ❛✛♦r❞❛❜❧❡ ✇✐t❤ t❤❡ ❊❋■❊ ❢♦r♠✉❧❛t✐♦♥
❤❡r❡ ❡①♣♦s❡❞✱ ✐t ♠❛② ❜❡ ✈❡r② ✉s❡❢✉❧ t♦ ❛♣♣❧② ♠♦r❡ ❛❞✈❛♥❝❡❞ ❝♦♠♣r❡ss✐♦♥ t❡❝❤♥✐q✉❡s t❤❛♥
t❤❡ ❧♦ss❧❡ss ❢❛❝t♦r✐③❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❢✉❧❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ N ♠❛tr✐① ❡①♣♦s❡❞ ✐♥ t❤❡ ❧❛st
s❡❝t✐♦♥✳

▲✐t❡r❛t✉r❡ ♠❛✐♥❧② ✐❧❧✉str❛t❡s t✇♦ ♣♦ss✐❜❧❡ ❛♣♣r♦❛❝❤❡s t♦ ❜❡ ❡♠♣❧♦②❡❞ ✐♥ ❝❛s❡ ♦❢ ❊❋■❊✿
❢r♦♠ t❤❡ ♦♥❡ ❤❛♥❞ t❤❡r❡ ❛r❡ ❛❧❣❡❜r❛✐❝ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ❤✐❡r❛r❝❤✐❝❛❧ ♠❛tr✐❝❡s ❛❧❣❡❜r❛
❧✐❦❡ t❤❡ ❆❞❛♣t✐✈❡ ❈r♦ss ❆♣♣r♦①✐♠❛t✐♦♥ t❤❛t ❛r❡ t❤❡ ♠♦st ❞✐✛✉s❡❞✱ t♦ t❤❡ ♦t❤❡r ❤❛♥❞
❛❧s♦ ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤❡s t❤❛t r❡❧✐❡s ♦♥ ❛♥ ❛♥❛❧②t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ 1/x✲❦❡r♥❡❧✲❜❛s❡❞
❡①♣r❡ss✐♦♥s✱ ❛s ✐t ✐s ❞♦♥❡ ❜② t❤❡ ❋❛st ▼✉❧t✐♣♦❧❡ ▼❡t❤♦❞✱ ❝❛♥ ❜❡ ❡①tr❡♠❡❧② ✐♥t❡r❡st✐♥❣
s✐♥❝❡ t❤❡s❡ ♠❡t❤♦❞s ❛r❡ ❛❜❧❡ t♦ r❛♣✐❞❧② ❛♥❞ ❡✣❝✐❡♥t❧② ❝❛❧❝✉❧❛t❡ t❤❡ ✐♥t❡r❛❝t✐♦♥s t❤❛t
❤❛✈❡ t♦ ❜❡ ❝♦♠♣✉t❡❞ ✇❤❡♥ ❛ss❡♠❜❧✐♥❣ t❤❡ ❞❡♥s❡ ♠❛❣♥❡t✐❝ ♠❛tr✐①M✳ ❨❡t✱ ❡✈❡♥ ✐❢ ❜♦t❤ ♦❢
t❤❡♠ ♠❛② s❡❡♠ t♦ ❜❡ ❡q✉❛❧❧② ❛♣♣❡❛❧✐♥❣ ❛♥❞ t❤❡♦r❡t✐❝❛❧❧② ❡✛❡❝t✐✈❡ ✐♥ r❡❞✉❝✐♥❣ ❜♦t❤ t❤❡
♣❡❛❦ ♠❡♠♦r② ✉s❛❣❡ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❞✉r✐♥❣ t❤❡ s②st❡♠ ❛ss❡♠❜❧②✱ ✐♥ tr✉t❤✱
✇❤❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤♦✉t ❛♥② ❢❛❝t♦r✐③❛t✐♦♥ ❛s ❡①♣♦s❡❞ ✉♥t✐❧ s❡❝t✐♦♥ ✽✳✹✱
❜♦t❤ ♦❢ t❤❡♠ ❡①❤✐❜✐t ✐♠♣♦rt❛♥t ❧✐♠✐t❛t✐♦♥s ❛♥❞ ❞♦✇♥s✐❞❡s✳

❋✐rst✱ ❆❈❆✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s ❛r❡ ♥♦t ✈❡r② ❡✣❝✐❡♥t ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ s②st❡♠ ♠❛tr✐①
K✳ ■♥❞❡❡❞✱ t❤❡ tr✐❝❦② ❛s♣❡❝t r❡s✐❞❡s ✐♥ t❤❡ ❢❛❝t t❤❛t r♦✇s ❛♥❞ ❝♦❧✉♠♥s ♦❢ K ❛r❡ r❡❢❡rr❡❞
t♦ t❤❡ ❣r✐❞ ❡❞❣❡s ✇❤❡r❡❛s ✉s✉❛❧❧② t❤❡ ❛ss❡♠❜❧② ♦❢ M ❤❛s t♦ ❜❡ ❝♦♥str✉❝t❡❞ s❡q✉❡♥t✐❛❧❧②





✾✳✷✳ ❆ ♥❡✇ ❢❛♠✐❧② ♦❢ ❝♦♠♣r❡ss✐♦♥ t❡❝❤♥✐q✉❡s ✶✶✺

❜② ❧♦♦♣✐♥❣ ✇✐t❤✐♥ t❤❡ ❣r✐❞ ❡❧❡♠❡♥ts✳ ❲❤❡♥ ❛♥ ❆❈❆ ❧✐❜r❛r② ✐s ✐♥t❡r❢❛❝❡❞ t♦ K✱ t❤✐s
tr❛❞✉❝❡s ❡✐t❤❡r ✐♥t♦ ❤✉❣❡ ❛ss❡♠❜❧② ✐♥❡✣❝✐❡♥❝✐❡s✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ r❡s✉❧t ✐s t❤❛t✱ ❡✈❡♥
✐❢ ❛ ♠❡♠♦r② ✉s❛❣❡ r❡❞✉❝t✐♦♥ ❝♦✉❧❞ ❜❡ ❛❝❤✐❡✈❡❞✱ t❤❡ s❛♠❡ ❞♦❡s ♥♦t ❤❛♣♣❡♥ ❢♦r t❤❡
❛ss❡♠❜❧② t✐♠❡ ✇❤✐❝❤ ✐s r❡❞✉❝❡❞ t♦ ❤❛❧❢ ❛t ♠♦st✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✶✵✺❪ ♦r ❬✸✷❪✳

❙❡❝♦♥❞✱ ❛s ❡①t❡♥s✐✈❡❧② ❡①♣❧❛✐♥❡❞ ✐♥ ❬✶✵✺❪✱ st❛♥❞❛r❞ ❆❈❆✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s ❛♣♣❧✐❡❞
♦♥K s❤♦✇ ♣♦♦r ♣❡r❢♦r♠❛♥❝❡s ✇❤❡♥❡✈❡r t❤❡ ♣r♦❜❧❡♠ ♥❡❡❞s ♠❛♥② ❝♦❤♦♠♦❧♦❣② ❣❡♥❡r❛t♦rs
✭✐✳❡✳✱ ✇❤❡♥ t❤❡ ❝♦♥❞✉❝t✐♥❣ ❞♦♠❛✐♥ ♣r❡s❡♥ts s❡✈❡r❛❧ ❤♦❧❡s✮✳ ❚❤✐s ✐s ❝❛✉s❡❞ ❜② t❤❡ ♥♦♥✲
❧♦❝❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s ❡①♣r❡ss❡❞ ✐♥ H ♠❛tr✐① t❤❛t ✉♥❛✈♦✐❞❛❜❧② ❤❛✈❡ ❛ ✈❡r② ❧❛r❣❡ s✉♣♣♦rt✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♠♦st ❡♥tr✐❡s ♦❢ K ❤❛✈❡ t♦ ❜❡ ❝♦♠♣✉t❡❞ ❛♥②✇❛②✳ ■♥ ❬✶✵✺❪ ❛❣❛✐♥✱
t❤❡ ♣r♦❜❧❡♠ ✐s ♠✐♥✐♠✐③❡❞ ❜② t❤❡ r❡tr✐❡✈❛❧ ♦❢ ❝♦❤♦♠♦❧♦❣② ❣❡♥❡r❛t♦rs ✇❤♦s❡ ❧❡♥❣t❤ ✐s
q✉❛s✐✲♠✐♥✐♠❛❧✱ ❜✉t ❛❧s♦ ✉s✐♥❣ ❛ ♠✐♥✐♠❛❧ ❝♦❤♦♠♦❧♦❣② ❜❛s✐s t❤❡ t✐♠❡ r❡q✉✐r❡❞ ✐s ❤✉❣❡✳

▲❛st ❜✉t ♥♦t ❧❡❛st✱ ✇❡ ❝❛♥♥♦t ❢♦r❣❡t t❤❛t K ♠❛tr✐① ✐s ❛ ❝♦♠♣❧❡① ♦♣❡r❛t♦r✳ ❙✐♥❝❡ ♦✛✲
t❤❡✲s❤❡❧❢ ❆❈❆ ❧✐❜r❛r✐❡s ♦✛❡r ❢❛❝✐❧✐t✐❡s ❢♦r t❤❡ ❧✐♥❡❛r s②st❡♠ s♦❧✉t✐♦♥✱ ♠♦st ❝♦♥tr✐❜✉t✐♦♥s
✐♥ ❧✐t❡r❛t✉r❡ ❛♣♣❧② ❆❈❆ t♦ t❤❡ ❝♦♠♣❧❡① ♠❛tr✐① K✳ ❚❤✉s✱ t❤❡ ♠❡♠♦r② ❛❧❧♦❝❛t✐♦♥ ✐s
❛❧♠♦st ❞♦✉❜❧❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ✇❤❛t ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ♣♦ss✐❜❧❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ r❡❛❧
♣❛rt ♦❢ K✱ ✐✳❡✳ KR✱ ✐s ✐♥st❡❛❞ ✈❡r② s♣❛rs❡✳

❊✈❡♥t✉❛❧❧②✱ ✇❡ ♠✉st r❡♠❛r❦ t❤❛t ❋▼▼ ❛♣♣r♦❛❝❤❡s ❛r❡ ♥♦t ❢r❡❡ ❢r♦♠ ❝r✐t✐❝✐s♠ t♦♦✳
■♥ t❤✐s ❝❛s❡ t❤❡ ♠❛✐♥ ❧✐♠✐t ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ ❋▼▼ ✇♦r❦s s♠♦♦t❤❧②
♦♥❧② ✐♥ ❝❛s❡ ♦❢ ♣♦✐♥t ❝❤❛r❣❡s✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ st❛♥❞❛r❞ ❞❡✜♥✐t✐♦♥ ♦❢ M ✐♥ ✇❤✐❝❤ t❤❡
wf ❢❛❝❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛r❡ ✐♥✈♦❧✈❡❞ ✐s ♥♦t ✇❡❧❧ s✉✐t❡❞ ❜② ✐ts❡❧❢ ❢♦r s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤✳
■♥ ❢❛❝t✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❧✐♥❡❛r wf ✐♥ t❤❡ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧ t♦ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✇✐t❤ ❋▼▼
②✐❡❧❞s✱ ✐♥ t❤❡ ❡♥❞✱ t❤❡ ♥❡❝❡ss✐t② ♦❢ r❡s♦rt✐♥❣ t♦ ❝♦♠♣❧✐❝❛t❡❞ str❛t❡❣✐❡s ✐♥ ♦r❞❡r t♦ ♠❛❦❡
❋▼▼ ✜t ✐♥t♦ t❤❡ ❊❋■❊ ❢r❛♠❡✇♦r❦ ❛s ✐t ✐s ❞♦♥❡ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✸✶❪✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡ ♣r♦♣♦s❛❧ ♦❢ ❛ ♥❡✇ ❢♦r♠ ♦❢ ✭✽✳✶✹✮ ❛❜❧❡ t♦ t♦t❛❧❧② ❡❧✐♠✐♥❛t❡ ❛❧❧
t❤❡ ♣r❡✈✐♦✉s❧② ❡①♣♦s❡❞ ❞r❛✇❜❛❝❦s ❜♦t❤ ❢♦r ❆❈❆✲❜❛s❡❞ ❛♥❞ ❋▼▼✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s✱
r❡♣r❡s❡♥ts ✇✐t❤♦✉t ❛♥② ❞♦✉❜t ❛ ❣r♦✉♥❞✲❜r❡❛❦✐♥❣ st❡♣ ❢♦r✇❛r❞ ❢♦r ❊❋■❊ ❢♦r♠✉❧❛t✐♦♥ ❢♦r
❡❞❞② ❝✉rr❡♥ts✳ ■♥❞❡❡❞✱ ✇❡ ❝❧❛✐♠ t❤❛t t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❡①♣r❡ss❡❞ ❜② ✭✾✳✺✮ ❛♥❞ ✭✾✳✼✮
♣❡r❢❡❝t❧② r❡❛❝❤❡s t❤✐s ❣♦❛❧✳ ■♥ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ ✐♥ ❞❡t❛✐❧ ❤♦✇ ❛♥❞ ✇❤②✳

❋❆■▼❊✿ ❛ ❋❛st ❆♣♣r♦①✐♠❛t❡❞ ■♥t❡❣r❛❧ ▼❛tr✐① ❝♦♠♣r❊ss✐♦♥

■♥ t❤❡ ❛✉t❤♦rs✬ ♦♣✐♥✐♦♥✱ t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ ❛♥❞ ❡✛❡❝t✐✈❡ t❡❝❤♥✐q✉❡ ❛❜❧❡ ❜♦t❤ t♦ r❡❞✉❝❡
t❤❡ ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts ❛♥❞ t♦ s❤r✐♥❦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ t♦♦✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥
❜♦tt❧❡♥❡❝❦ ♦❢ ❊❋■❊ ❢♦r♠✉❧❛t✐♦♥s✱ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❋❛st ❆♣♣r♦①✐♠❛t❡❞ ■♥t❡❣r❛❧ ▼❛✲
tr✐① ❝♦♠♣r❊ss✐♦♥ ❛♣♣r♦❛❝❤ ✭❋❆■▼❊✮ ✐♥ ✇❤✐❝❤ ❋▼▼ ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
N✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤✐s ♥❡✇ ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ s♣❧✐tt✐♥❣ ♦❢ t❤❡ ❞❡♥s❡ ♠❛tr✐① N

✐♥t♦
N = N◆❊❆❘ + N❋❆❘ ✭✾✳✽✮

✐♥ ✇❤✐❝❤ N◆❊❆❘ ✐s ❛ ✈❡r② s♣❛rs❡ ♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ t❤❡ ♥❡❛r✲✜❡❧❞ ✐♥t❡r❛❝t✐♦♥s ❛♥❞
N❋❆❘ = N − N◆❊❆❘ ✐s t❤❡ ❞❡♥s❡ r❡♠❛✐♥✐♥❣ ♣❛rt r❡♣r❡s❡♥t✐♥❣ t❤❡ ❢❛r✲✜❡❧❞ ✐♥t❡r❛❝t✐♦♥s
♦♥ ✇❤✐❝❤ ❋▼▼ ✐s ❛♣♣❧✐❡❞✳ ❲❡ r❡♠❛r❦ t❤❛t t❤✐s ✐s ❞✐✛❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ✇❤❛t ❞♦♥❡
♣r❡✈✐♦✉s❧② ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✇❤❡r❡ t❤❡ ♠❛tr✐① K ♦r KM ✐s s♣❧✐t❀ ✐♥st❡❛❞✱ ✇❡ s♣❧✐t ♠❛tr✐①
N✳ ❆ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡ ✐s t♦ ❝♦♥s✐❞❡r ✐♥ ND t❤❡ ❞✐❛❣♦♥❛❧ t❡r♠ ♣❧✉s s♦♠❡ ♦❢ t❤❡ ♦✛✲❞✐❛❣♦♥❛❧
t❡r♠s ♦❢ N✱ s♣❡❝✐✜❝❛❧❧② t❤❡ ♦♥❡s r❡❧❛t✐✈❡ t♦ t❤❡ ♥❡✐❣❤❜♦✉r✐♥❣ ✈♦❧✉♠❡s✳

■♥ ❛❞❞✐t✐♦♥✱ ✇❤❡♥ t✇♦ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❣r✐❞ c ❛♥❞ c′ ❛r❡ ♥♦t ❝❧♦s❡ ❢r♦♠ ❡❛❝❤ ♦t❤❡r✱



✶✶✻ ✾✳ ❋r♦♠ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s t♦ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❢❛❝t♦r✐③❛t✐♦♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❤♦❧❞s

tcc
′

=
µ0

4π

∫︂

c

∫︂

c′

1

∥x− x′∥
dc dc′ ≈

µ0

4π

|c||c′|

∥bc − bc′∥
, ✭✾✳✾✮

✐♥ ✇❤✐❝❤ bc ❛♥❞ bc′ ❛r❡ t❤❡ ❜❛r②❝❡♥t❡rs ♦❢ c ❛♥❞ c′✱ r❡s♣❡❝t✐✈❡❧②✳
❖♥❝❡ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ✐♥tr♦❞✉❝❡❞✱ t❤❡♥ ❛♥② ♦✛✲t❤❡✲s❤❡❧❢ ❋▼▼ ❧✐❜r❛r② ❝❛♥ ❜❡

❛♣♣❧✐❡❞ ✐♥ ♦r❞❡r t♦ r❛♣✐❞❧② ❛♥❞ ❡✣❝✐❡♥t❧② ❝♦♠♣✉t❡ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ t❡r♠s
r❡❧❛t✐✈❡ t♦ NOD✳ ▼♦r❡♦✈❡r✱ ❛♥② ❛❧t❡r♥❛t✐✈❡ ❢❛st✲s✉♠♠❛t✐♦♥ t❡❝❤♥✐q✉❡ ❞❡✈❡❧♦♣❡❞ ❢♦r ◆✲
❜♦❞② s✐♠✉❧❛t✐♦♥✱ ♠♦❧❡❝✉❧❛r ❞②♥❛♠✐❝s ♦r ❡❧❡❝tr♦s❛t✐❝s✱ ❧✐❦❡ ▼❡s❤ ♣❛rt✐❝❧❡ ♠❡t❤♦❞ ✭▼✸P✮✱
❢❛st ❊✇❛❧❞ s✉♠♠❛t✐♦♥✱ ❡t❝✱ ❝❛♥ ❜❡ ❡❛s✐❧② ❡♠♣❧♦②❡❞ t❤❛♥❦s t♦ t❤❡ ▼❆●■❈❆ ❢❛❝t♦r✐③❛t✐♦♥✳

❋r♦♠ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❋▼▼ r❡s✉❧ts t♦ ❜❡ t❤❡ ♠♦st ❡✛❡❝t✐✈❡ t♦♦❧
✐♥ ❞r❛st✐❝❛❧❧② r❡❞✉❝✐♥❣ t❤❡ ♣❛rt ♦❢ N t♦ ❜❡ st♦r❡❞ t❤❛t ❝❛♥ ❜❡ t❤✉s ❧✐♠✐t❡❞ t♦ t❤❡ s♣❛rs❡
ND✳ ❚❤✐s tr❛❞✉❝❡s ✐♥t♦ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ r❡❛rr❛♥❣❡ K t♦♦ ❜② ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ s♣❧✐tt✐♥❣
❛s ♦❢ ✭✾✳✽✮✱ t❤✉s ♦❜t❛✐♥✐♥❣

K = K◆❊❆❘ + iωK❋❆❘
M , ✭✾✳✶✵✮

✐♥ ✇❤✐❝❤

K◆❊❆❘ = KR+ iωCTOT
FB

(︂
Ẽ
T

xN
◆❊❆❘Ẽx + Ẽ

T

y N
◆❊❆❘Ẽy + Ẽ

T

z N
◆❊❆❘Ẽz

)︂
OFB

C+CTSC

✭✾✳✶✶✮
❛♥❞

K❋❆❘ = CTOT
FB

(︂
Ẽ
T

xNODẼx + Ẽ
T

y NODẼy + Ẽ
T

z NODẼz

)︂
OFB

C. ✭✾✳✶✷✮

■t t✉r♥s ♦✉t t❤❛t✱ ❜② r❡s♦rt✐♥❣ t♦ t❤❡ ♣r♦♣♦s❡❞ ❋❆■▼❊ ❛♣♣r♦❛❝❤✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t
t❤❡ ♦t❤❡r✇✐s❡ ❞❡♥s❡ ❊❋■❊ ♠❛tr✐① K ❥✉st ❜② ♦♥❧② st♦r✐♥❣ ❛ s❡t ♦❢ s♣❛rs❡ r❡❛❧ ♠❛tr✐❝❡s✱
✐✳❡✳ KR = CTRsC✱ KS = CTSC✱ OFB

✱ Ẽx✱ Ẽy✱ Ẽz ❛♥❞ N◆❊❆❘✱ ❜❡❝❛✉s❡ K❋❆❘ ❛♥❞ t❤✉s
N❋❆❘ t♦♦✱ ❛r❡ ♥❡✈❡r ❛❝t✉❛❧❧② ❛ss❡♠❜❧❡❞ ❜✉t ✐t ✐s ❝♦♠♣✉t❡❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛ ❣✐✈❡♥
❉♦❋s ❛rr❛② ♣r♦✈✐❞❡❞ ❜② ●▼❘❊❙ ✭♥❛♠❡❧②✱ T❣✉❡ss ♦❢ ❋✐❣✳ ✾✳✸✮ ♦♥ t❤❡ ✢② ❛t ❡❛❝❤ ✐t❡r❛t❡
❜② ♠❡❛♥s ♦❢ t❤❡ ❋▼▼✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ✐s ✇♦rt❤ r❡❝❛❧❧✐♥❣ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ N◆❊❆❘

✐s ✈❡r② ❡✣❝✐❡♥t t♦♦✱ ❜❡❝❛✉s❡ ✐t ✐s ❤✐❣❤❧② ♣❛r❛❧❧❡❧✐③❛❜❧❡ ✇✐t❤♦✉t ❛♥② ♣❡❝✉❧✐❛r ❡✛♦rt ❞✉❡
t♦ t❤❡ ❢❛❝t t❤❛t N◆❊❆❘ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ❞✐r❡❝t❧② r❡❢❡r t♦ t❤❡ ✈♦❧✉♠❡s ♠❡s❤ ❛♥❞ ♥♦t t♦
❡❞❣❡s ♦r ❢❛❝❡s ❛s ✐t ❤❛♣♣❡♥s ❢♦r M ♦r KM ✱ r❡s♣❡❝t✐✈❡❧②✳

❲❡ ❛❧s♦ ♠❡♥t✐♦♥ t❤❛t t❤❡ ✉s❡ ♦❢ ❋▼▼ ❢♦r t❤❡ ❢❛st ❝♦♠♣✉t❛t✐♦♥ ♦❢ N❋❆❘ = N−N◆❊❆❘

❛♣♣❧✐❡❞ t♦ ❛ ❣✐✈❡♥ ❉♦❋s ❛rr❛② r❡s✉❧ts t♦ ❜❡ ❛ s✉❝❝❡ss❢✉❧ r❡❝✐♣❡ ❜❡❝❛✉s❡ ❜② ❞♦✐♥❣ t❤✐s
t❤❡ ❋▼▼ ❧✐❜r❛r② ✐s ❛♣♣❧✐❡❞ t♦ ❛ ♠✐♥✐♠❛❧ s❡t ♦❢ ♣♦✐♥ts ✇❤❡♥ ❝♦♠♣✉t✐♥❣ ♣♦✐♥t✲t♦✲♣♦✐♥t
✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❜❛r②❝❡♥t❡rs ♦❢ t❤❡ ♠❡s❤ ❡❧❡♠❡♥ts t❤✉s s❛✈✐♥❣ t✐♠❡ ❛♥❞ r❡❞✉❝✐♥❣
♠❡♠♦r② ♦❝❝✉♣❛t✐♦♥ ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝✳ ✾✳✶✳✷✳

❆❧❣❡❜r❛✐❝ ♠❡t❤♦❞s

❲❤❡♥ ❞✐s❝✉ss✐♥❣ ❛❜♦✉t ❛❧❣❡❜r❛✐❝ ♠❡t❤♦❞✱ ❛❧s♦ ❆❈❆ ✐s s✉✐t❛❜❧❡ t♦ ❜❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦
❝♦♠♣r❡ss N✳ ❆❣❛✐♥✱ ✇❡ r❡♠❛r❦ t❤❛t t❤✐s ✐s ❞✐✛❡r❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ✇❤❛t ❛♣♣❡❛rs ✐♥
❧✐t❡r❛t✉r❡✱ ✇❤❡r❡ ❆❈❆ ❝♦♠♣r❡ss✐♦♥ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ♦♥❧② ♦♥ ♠❛tr✐① K ♦r KM ✱ ❛♥❞ ♥♦t ♦♥
♠❛tr✐① N ❛s ✇❡ ♣r♦♣♦s❡✳ ❚❤❡ str❛t❡❣② ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s t❤❛t ♦♥❡ ❞❡s❝r✐❜❡❞ ❢♦r ❋▼▼
✇✐t❤ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ N t♦ T

✐s ♥♦t ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ✢② ❛s ❢♦r t❤❡ ❋▼▼ ❜✉t ✐t ❤❛s t♦ ❜❡ tr❡❛t❡❞ ❛s ❛ ♣r❡♣r♦❝❡ss✐♥❣
st❡♣ ❜❡❢♦r❡ ✐t❡r❛t✐✈❡❧② s♦❧✈✐♥❣ t❤❡ s②st❡♠✳ ❲❤❡♥ ❆❈❆ ❧✐❜r❛r② ✐s ✐♥✈♦❦❡❞✱ ❛ ❝♦♠♣r❡ss❡❞



✾✳✸✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✶✼

❤✐❡r❛r❝❤✐❝❛❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ N ✐s ❝♦♠♣✉t❡❞ ❛♥❞ st♦r❡❞ ✐♥ t❤❡ ❝❛❧❝✉❧❛t♦r ♠❡♠♦r②✳
❨❡t✱ ❡✈❡♥ ✐❢ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ♦✈❡r❛❧❧ ❝♦♠♣r❡ss✐♦♥ r❛t✐♦♥ ❜❡t✇❡❡♥ ❋▼▼ ❛♥❞
❆❈❆ ✐s ✈❡r② s✐♠✐❧❛r✱ t❤❡ s❛♠❡ ❝❛♥♥♦t ❜❡ s❛✐❞ ❢♦r t❤❡ ♣❡❛❦ ♠❡♠♦r② ✉s❛❣❡✱ t❤❛t ✐s ♠✉❝❤
❤✐❣❤❡r ✇❤❡♥ ❆❈❆ ✐s ❛♣♣❧✐❡❞✳ ❚❤✉s✱ ✉s✐♥❣ ❋▼▼ ❡①t❡♥❞s t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✈❡r✱
✇❤❡r❡ ❆❈❆ ✐s ✐♥❛♣♣❧✐❝❛❜❧❡ ❜❡❝❛✉s❡ ✐t ✇♦✉❧❞ ✉s❡ t♦♦ ♠✉❝❤ ♠❡♠♦r②✳ ❇② t❤❡ ✇❛②✱ ❛❧s♦
❢♦r t❤✐s ❝❛s❡✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❆❈❆ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ N ✐♥st❡❛❞ ♦❢ K ❛✉t♦♠❛t✐❝❛❧❧②
r❡s♦❧✈❡s✱ ✐♥ ❛ ❡✣❝✐❡♥t ❛♥❞ ❛❝❝✉r❛t❡ ✇❛②✱ ❛❧❧ t❤❡ tr♦✉❜❧❡s ❛♥❞ ❧✐♠✐t❛t✐♦♥s ❛❜♦✈❡ ❡①♣♦s❡❞
❜♦t❤ ✐♥ t❡r♠s ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝♦♠♣❧✐❝❛t✐♦♥s ❛♥❞ ✐♥ t❡r♠s ♦❢ t❤❡♦r❡t✐❝❛❧ s❤♦rt❝♦♠✐♥❣s
❝❛✉s❡❞ ❜② ❝♦❤♦♠♦❧♦❣② ❣❡♥❡r❛t♦rs ❛♥❞ ✈❡❝t♦r ❜❛s✐s ❢✉♥❝t✐♦♥s✳

✾✳✸ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✈❡r✐❢② t❤❡ ❝♦rr❡❝t♥❡ss ❛♥❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥❡✇
▼❱■ ♠❡t❤♦❞✳

■♥t❡❧r▼❑▲ r♦✉t✐♥❡s ❛r❡ ❡①♣❧♦✐t❡❞ ❢♦r s♣❡❝✐✜❝ t❛s❦s✱ ❧✐❦❡ s♣❛rs❡ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✲
✉❝ts ❛♥❞ s♣❛rs❡ ♠❛tr✐① ❢❛❝t♦r✐③❛t✐♦♥s t❤❛t ✇✐❧❧ ❜❡ s❤♦✇♥ t♦ ❜❡ r❡q✉✐r❡❞ ✇❤❡♥ ♣r❡❝♦♥❞✐✲
t✐♦♥✐♥❣ ✐♥ t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② r❡❣✐♠❡✳ ❆s ❢❛r ❛s t❤❡ ❋▼▼ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❝♦♥❝❡r♥❡❞✱
✇❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ♣❛r❛❧❧❡❧ ❋▼▼✸❉ ❧✐❜r❛r② ♣r♦♣♦s❡❞ ❜② t❤❡ ❋❧❛t✐r♦♥ ■♥st✐t✉t❡ ❬✸✻❪✳

❙✐♠✉❧❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ♦♥ ❛ ❲✐♥❞♦✇s s❡r✈❡r ✭❤❡r❡❛❢t❡r✱ t❤❡ ❲✐♥❞♦✇s ❙❡r✈❡r✮ ✐♥
✇❤✐❝❤ ❛♥ ❆▼❉ ❘②③❡♥❚▼❚❤r❡❛❞r✐♣♣❡r P❘❖ ✸✾✼✺❲❳ ✭✸✷ ❝♦r❡s✴✻✹ t❤r❡❛❞s ❅✸✳✹✾●❍③✮
♣r♦❝❡ss♦r r✉♥s ❡♥❞♦✇❡❞ ✇✐t❤ ✷✺✻ ●❇ ♦❢ ❘❆▼✳ ❨❡t✱ ✐t ✐s ❢✉♥❞❛♠❡♥t❛❧ t♦ ❤✐❣❤❧✐❣❤t t❤❛t
♠♦st ♦❢ t❤❡ r❡s✉❧ts ❝❛♥ ❜❡ ❛❧s♦ ♦❜t❛✐♥❡❞ ♦♥ ❛ st❛♥❞❛r❞ ❲✐♥❞♦✇s ❧❛♣t♦♣ ✭♥♦✇ ♦♥✱ t❤❡
❲✐♥❞♦✇s ▲❛♣t♦♣✮ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ■♥t❡❧r❈♦r❡❚▼✐✼ ♣r♦❝❡ss♦r ✭✹ ❝♦r❡s ❅✷✳✾●❍③✮ ✇✐t❤
✶✻ ●❇ ♦❢ ❘❆▼ ✇✐t❤♦✉t ✐♥❝✉rr✐♥❣ ✐♥ ❛♥② ♠❡♠♦r② s❛t✉r❛t✐♦♥✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❢♦r t❤❡ ✜rst s❡t ♦❢ r❡s✉❧ts✱ ✇❡ r❡s♦rt t♦ t❤❡ ❡❞❞② ❝✉rr❡♥ts ❝♦♠♣✉t❛t✐♦♥
✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ✐♥ ❛ s♦❧✐❞ ❝♦♥❞✉❝t✐✈❡ s♣❤❡r❡ ♦❢ r❛❞✐✉s R0 = 50.0 ♠♠ ✐♠♠❡rs❡❞
✐♥ ❛ ✉♥✐❢♦r♠ ✐♥❞✉❝t✐♦♥ ✜❡❧❞ Bz = 1.0 ♠❚ ✈❡rt✐❝❛❧❧② ❞✐r❡❝t❡❞ ❛❧♦♥❣ t❤❡ z ❛①✐s✳ ❚❤❡
❝❤♦✐❝❡ ♦❢ t❤✐s ❣❡♦♠❡tr② ❛s ❛ t❡st ❜❡♥❝❤ ✐s ❞r✐✈❡♥ ❜② t❤❡ ❢❛❝t t❤❛t ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥
✐s ♣r♦✈✐❞❡❞ ✐♥ ❬✶✸✺❪✱ t❤✉s ❛❧❧♦✇✐♥❣ ❢♦r t❤♦r♦✉❣❤ ❝♦♠♣❛r✐s♦♥s ❛♥❞ ❛♥❛❧②s✐s✳ ▲❛t❡r ♦♥✱
♦♥❝❡ t❤❛t t❤❡ ❝♦❞❡ ✈❛❧✐❞✐t② ✐s ❛ss❡ss❡❞✱ ❡❞❞② ❝✉rr❡♥ts ♣❤❡♥♦♠❡♥❛ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ ♠♦r❡
❣❡♥❡r❛❧ ♥♦t s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❣❡♦♠❡tr✐❡s✱ ♠♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ♦♥ t❤❡ ❚❊❆▼ ❲♦r❦s❤♦♣
Pr♦❜❧❡♠ ✼ ❬✶✸✻❪✱ ♦♥ ❛ ❝♦♥❞✉❝t✐♥❣ ♣❧❛t❡ ✇✐t❤ s❡✈❡♥ ❤♦❧❡s ❛♥❞ ❛ ❝♦✐❧ r❡❛❧✐③❡❞ ♦♥ ❛ ♣r✐♥t❡❞
❝✐r❝✉✐t ❜♦❛r❞✳

✾✳✸✳✶ ❋❆■▼❊ ❛♣♣r♦❛❝❤ ❛❝❝✉r❛❝② ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡

❆s ❛ s✉❝❝❡ss✐✈❡ st❡♣✱ t❤❡ ❛tt❡♥t✐♦♥ ✐s ♥♦✇ ❢♦❝✉s❡❞ ♦♥ t❤❡ s♦❧✉t✐♦♥ ❛❝❝✉r❛❝② t❤❛t ❝❛♥ ❜❡
❛❝❤✐❡✈❡❞ ✇✐t❤ t❤❡ ❋❆■▼❊ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ■♥ ♠♦r❡ ❞❡t❛✐❧s✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ s♦❧✐❞ s♣❤❡r❡
✇✐t❤ ❞✐✛❡r❡♥t❧② ❣r❛✐♥❡❞ ♠❡s❤❡s ✐s ❢❛❝❡❞ ✜rst✱ ❜♦t❤ ✇✐t❤ t❡tr❛❤❡❞r❛❧ ❛♥❞ ❤❡①❛❤❡❞r❛❧
❡❧❡♠❡♥ts❀ t❤❡♥✱ ❛❧s♦ ❚❊❆▼ ✼ ❜❡♥❝❤♠❛r❦ ✐s ♣r♦♣♦s❡❞ ❛s ❛ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡ ❣❡♦♠❡tr②
❡①❛♠♣❧❡✳ ❆s ❛ t❤✐r❞ ♣❛r❛♠♦✉♥t ❛s♣❡❝t t❤❛t ✐s ❛♥❛❧②s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❜❡❤❛✈✐♦✉r
♦❢ t❤❡ ✐t❡r❛t✐✈❡ s♦❧✈❡r ❝♦♥✈❡r❣❡♥❝❡ ✇❤❡♥ t❤❡ ❢r❡q✉❡♥❝② ✈❛r✐❡s ✐s r❡♣♦rt❡❞ t♦♦✳



✶✶✽ ✾✳ ❋r♦♠ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s t♦ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❢❛❝t♦r✐③❛t✐♦♥

❋✐❣✉r❡ ✾✳✹✿ ❖❤♠✐❝ ❧♦ss❡s tr❡♥❞ ❢♦r s✐♠♣❧✐❝✐❛❧ ❛♥❞ ❤❡①❛❤❡❞r❛❧ ♠❡s❤❡s s✉❝❝❡ss✐✈❡❧② r❡✜♥❡❞✳
❚♦♣✿ Pdiss ❝♦♥✈❡r❣❡♥❝❡ ✈❡rs✉s t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✳ ❇♦tt♦♠✿ Pdiss ❝♦♥✈❡r❣❡♥❝❡ ✈❡rs✉s
♠❡s❤ ❡❧❡♠❡♥ts nv✳ ❋♦r t❤✐s ❝❤❛rt PREF

diss = 111.49 ♠❲✳

❖❤♠✐❝ ❧♦ss❡s ✐♥ ❛ s♦❧✐❞ s♣❤❡r❡

■♥ ❋✐❣✳ ✾✳✹ ❛ ❝♦♠♣❛r✐s♦♥ ✈❡rs✉s t❤❡ ♥✉♠❜❡r ♦❢ ❣r✐❞ ❡❧❡♠❡♥ts ✐♥ t❤❡ s♦❧✐❞ ❝♦♥❞✉❝t✐♥❣
s♣❤❡r❡ ♦❢ r❛❞✐✉s R0 = 50 ♠♠ ✐s ♣r♦♣♦s❡❞✳ ❋♦r t❤✐s t❡st✱ t❤❡ ❢r❡q✉❡♥❝② ✐s f = 250 ❍③✱
t❤❡ r❡s✐st✐✈✐t② ρ = 1.68 ·10−8 Ω ·m ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ✐♥❞✉❝t✐♦♥ ✜❡❧❞ ✐s ✉♥✐❢♦r♠✿ Bz = 1.0
♠❚✳

❚❛❜❧❡ ✾✳✶ ❝♦♥t❛✐♥s t❤❡ ❣❡♦♠❡tr✐❝ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ♦❢ t❤❡
t❡tr❛❤❡❞r❛❧ ❛♥❞ ❤❡①❛❤❡❞r❛❧ ❣r✐❞s✳ ■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝❛♥
❤❛♥❞❧❡ ✉♣ t♦ t✇♦ ♠✐❧❧✐♦♥ ❡❧❡♠❡♥ts✳ ❆❧s♦✱ ●▼❘❊❙ ✐t❡r❛t❡❞ 11 t✐♠❡s ❢♦r ❡✈❡r② s✐♠♣❧✐✲
❝✐❛❧ ♠❡s❤ ❛♥❞ 14 t✐♠❡s ❢♦r t❤❡ ❤❡①❛❤❡❞r❛❧ ❣r✐❞s✳ ◆♦ ✈❛r✐❛t✐♦♥ ♦❢ t❤✐s ♣❛r❛♠❡t❡r ✇❛s
♦❜s❡r✈❡❞ ❞✉r✐♥❣ t❤❡ tr✐❛❧s ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ nv✳ ❋✉rt❤❡r ❞❡t❛✐❧s ❛❜♦✉t t❤❡s❡ s✐♠✉❧❛t✐♦♥s
❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✾✳✶✳

●❡♥❡r❛❧❧②✱ ❢r♦♠ t❤✐s ❝♦♠♣❛r✐s♦♥✱ ✐t t✉r♥s ♦✉t t❤❛t ❤❡①❛❤❡❞r❛❧ ♠❡s❤❡s ♣❡r❢♦r♠ ❜❡t✲
t❡r t❤❛♥ s✐♠♣❧✐❝✐❛❧ ♦♥❡s ✐♥ t❡r♠s ♦❢ ❛❝❝✉r❛❝② ❜♦t❤ ✇❤❡♥ t✐♠❡ ❛♥❞ ♠❡s❤ ✈♦❧✉♠❡s ❛r❡
❝♦♥s✐❞❡r❡❞ ❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ |C| ✐s ❧♦✇❡r t❤❛♥ 100, 000 ❡❧❡♠❡♥ts✳ ❨❡t✱ s✐♠♣❧✐❝✐❛❧
❣r✐❞s ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❛ ❢❛st❡r ❝♦♠♣✉t❛t✐♦♥ ❤❡♥❝❡✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢
✈♦❧✉♠❡s ❛♥❞ ❉♦❋s ❣r♦✇s✱ t❤❡✐r ♣❡r❢♦r♠❛♥❝❡ ❜❡❝♦♠❡s ❝♦♠♣❛r❛❜❧❡ t♦ t❤❛t ♦♥❡ ♦❜t❛✐♥❡❞
✇✐t❤ t❤❡ ❤❡①❛❤❡❞r❛❧ ❣r✐❞s✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ ❛ ❧♦♦❦ ❛t ❚❛❜❧❡ ✾✳✶✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t✱
❛s ❛❧r❡❛❞② st❛t❡❞✱ ❤❡①❛❤❡❞r❛❧ ♠❡s❤❡s ❡①❤✐❜✐ts ❛ ❉♦❋s ♥✉♠❜❡r ✇❤✐❝❤ ✐s ❛t ❧❡❛st t✇✐❝❡ |C|



✾✳✸✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✶✾

❚❛❜❧❡ ✾✳✶✿ ▼❡s❤ ❞❛t❛ ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥ t✐♠❡ ✐♥ t❤❡ ❲✐♥❞♦✇s ❙❡r✈❡r ❢♦r t❤❡ s♦❧✐❞ s♣❤❡r❡
❜❡♥❝❤♠❛r❦

▼❡s❤ t②♣❡ nv Ndofs ❆ss❡♠❜❧② ❬s❪ ❙♦❧✈❡ ❬s❪ ❚♦t✳ t✐♠❡ ❬s❪

❙✐♠♣❧✐❝✐❛❧

10566 9517 4.35 2.0 6.57
33652 31405 14.0 2.6 17.6
116863 111677 54.5 8.9 65.0
262349 253072 144.4 14.6 163.6
494865 481383 249.5 63.0 331.0
1030656 1008768 541.8 89.0 649.0

❍❡①❛❤❡❞r❛❧

15680 30773 14.0 3.2 18.12
28572 56577 28.0 7.1 33.0
229376 455681 211.0 48.0 261.0
1835008 3657729 1809.6 758.0 2625.0

❚❛❜❧❡ ✾✳✷✿ ▼❡s❤ ❞❛t❛ ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥ t✐♠❡ ✐♥ t❤❡ ❲✐♥❞♦✇s ❙❡r✈❡r ❢♦r t❤❡ ❚❊❆▼ ❲♦r❦✲
s❤♦♣ Pr♦❜❧❡♠ ✼

❋r❡q✉❡♥❝② ❬❍③❪ |C| Ndofs ■t❡r❛t❡s ❆ss❡♠❜❧② ❬s❪ ❙♦❧✈❡ ❬s❪ ❚♦t✳ t✐♠❡ ❬s❪

50.0 575064 1099925 10 578.6 61.6 662.0
200.0 575064 1099925 16 579.0 88.0 690.0

✇❤❡r❡❛s ❢♦r s✐♠♣❧✐❝✐❛❧ ♦♥❡s t❤✐s r❛t✐♦ ✐s ❛❧✇❛②s ❡q✉❛❧ t♦ 1 ♦r ❧♦✇❡r✿ ❛♥♦t❤❡r ❛r❣✉♠❡♥t
t❤❛t ♠❛❦❡s s✐♠♣❧✐❝✐❛❧ ❣r✐❞s ♣r❡❢❡r❛❜❧❡ ✇❤❡♥ |C| ❡①❝❡❡❞s ♦♥❡ ♠✐❧❧✐♦♥ ❡❧❡♠❡♥ts✳

❚❊❆▼✼ ❜❡♥❝❤♠❛r❦✿ ❛❝❝✉r❛❝② ❛♥❞ ❢r❡q✉❡♥❝② s✇❡❡♣

❚❊❆▼ ❲♦r❦s❤♦♣ Pr♦❜❧❡♠ ✼ ✐s ❢❛❝❡❞✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♥❝✐s✐♦♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ s❡t
✉♣ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ♥♦t ❤❡r❡ r❡♣♦rt❡❞ ❣✐✈❡♥ t❤❛t ✐t ✐s ❝❛r❡❢✉❧❧② ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✸✻❪✳ ❚♦
s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠✱ ❛ ♠✉❧t✐✲❜❧♦❝❦ ❤❡①❛❤❡❞r❛❧ ♠❡s❤ ✇❛s ❝r❡❛t❡❞✳ ❚❤❡ ❣r✐❞ ✐s ♠❛❞❡ ❜②
575, 064 ❡❧❡♠❡♥ts ❢♦r ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ 1, 099, 925 ❉♦❋s t♦ ❜❡ s♦❧✈❡❞ ❛♥❞ t❤❡ s♦✉r❝❡
✜❡❧❞ ❝♦♠♣✉t❛t✐♦♥ ✐s t❛❝❦❧❡❞ ❜② ♠❡❛♥s ♦❢ ❡①❛❝t ❝❧♦s❡❞✲❢♦r♠ ❢♦r♠✉❧❛✳ ■♥ ❋✐❣✳ ✾✳✺ t❤❡ ♠❛♣
♦❢ t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✐♥ t❤❡ ❝♦♥❞✉❝t♦r ✐s s❤♦✇❝❛s❡❞ ❢♦r t❤❡ 50 ❍③ ❝❛s❡
✇❤❡r❡❛s ✐♥ ❚❛❜❧❡ ✾✳✷ ❛❧❧ t❤❡ ♠❡❛♥✐♥❣❢✉❧ ❛s♣❡❝ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ❛r❡ ❧✐st❡❞✳

▲❛st ❜✉t ♥♦t ❧❡❛st✱ ✐♥ ❋✐❣✳ ✾✳✻ ❛♥❞ ❋✐❣✳ ✾✳✼ t❤❡ tr❛❞✐t✐♦♥❛❧ ✐♥❞✉❝t✐♦♥ ✜❡❧❞ ♣❧♦ts ❛❧♦♥❣
❆✶✲❇✶ ❛♥❞ ❆✷✲❇✷ ❧✐♥❡s ❢♦r t❤❡ t✇♦ t❡st ❢r❡q✉❡♥❝✐❡s ❛r❡ ♣r♦♣♦s❡❞✳ ❆❧s♦ ✐♥ t❤✐s ❝❛s❡✱ ❛♥
❡①❝❡❧❧❡♥t ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s✐♠✉❧❛t❡❞ ❞❛t❛ ❛♥❞ t❤❡ ❚❊❆▼ ✼ r❡❢❡r❡♥❝❡ ✜❡❧❞ ✐s
s❤♦✇♥✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❜② ❞✐s❝r❡t✐③✐♥❣ t❤❡ ❝♦♥❞✉❝t♦r ✇✐t❤ ❛ ♠❡s❤
❝♦♥st✐t✉t❡❞ ❜② 132, 000 ❤❡①❛❤❡❞r❛ ❛♥❞ 514, 410 tr✐❛♥❣✉❧❛r ♣r✐s♠s ✐♥ ♦r❞❡r t♦ ❛ss❡s t❤❡
♠❡t❤♦❞ ❡✛❡❝t✐✈❡♥❡ss ❛❧s♦ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛ ♠✐①❡❞ ♠❡s❤✳ ❘❡s✉❧ts r❡♣♦rt❡❞ ✐♥ ❋✐❣✳ ✾✳✾ ❛r❡
✐♥ ♣❡r❢❡❝t ❛❣r❡❡♠❡♥t ✇✐t❤ t❤♦s❡ ♦♥❡s ♣r❡✈✐♦✉s❧② ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ ♣✉r❡ ❤❡①❛❤❡❞r❛❧ ❣r✐❞✳

❊✈❡♥t✉❛❧❧②✱ ❋✐❣✳ ✾✳✽ ✐s ❛❜♦✉t ❛ ❢✉♥❞❛♠❡♥t❛❧ ❛s♣❡❝t ✇❤❡♥ ✉s✐♥❣ ✐t❡r❛t✐✈❡ s♦❧✈❡rs ❧✐❦❡





✾✳✸✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✷✶

❋✐❣✉r❡ ✾✳✼✿ ❘❡❛❧ ♣❛rt ♦❢ t❤❡ ✈❡rt✐❝❛❧ ✐♥❞✉❝t✐♦♥ ✜❡❧❞ ❝♦♠♣♦♥❡♥t ❛❧♦♥❣ ❆✷✲❇✷ s❛♠♣❧❡ ❧✐♥❡✳



✶✷✷ ✾✳ ❋r♦♠ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s t♦ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❢❛❝t♦r✐③❛t✐♦♥

❋✐❣✉r❡ ✾✳✽✿ ❋r❡q✉❡♥❝② ✈❛r✐❛t✐♦♥ ❛♥❞ ●▼❘❊❙ ✐t❡r❛t❡s ✈❛❧✉❡s ♦♥ ❚❊❆▼ ✼ ♣r♦❜❧❡♠ ❝♦♥✲
✜❣✉r❛t✐♦♥✳

●▼❘❊❙ t♦ ♦❜t❛✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❊❋■❊ s②st❡♠✿ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ✐t❡r❛t❡s ♥✉♠❜❡r ✇❤❡♥
❝❤❛♥❣✐♥❣ t❤❡ ❢r❡q✉❡♥❝②✳ ❚♦ t❤❛t ❡♥❞✱ ❚❊❆▼ ✼ ♣r♦❜❧❡♠ ✐s ✉s❡❞ ❛s ❛ ❝♦♠♠♦♥ ♣r♦❜❧❡♠
s❡tt✐♥❣✳

■t ✐s ♥♦✇ ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t t❤❡ ❝❤❛rt ✐s t❤❡ r❡s✉❧t ♦❢ t✇♦ ❞✐✛❡r❡♥t str❛t❡❣✐❡s
t♦ ♣r❡❝♦♥❞✐t✐♦♥ t❤❡ s②st❡♠ ❞✉r✐♥❣ ✐ts ✐t❡r❛t✐✈❡ s♦❧✉t✐♦♥✿ ❢r♦♠ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛t ❧♦✇
❢r❡q✉❡♥❝② ✐✳❡✳ f < 500.0 ❍③✱ ❛ s♣❛rs❡ ♣r❡❝♦♥❞✐t✐♦♥❡r ❝♦✐♥❝✐❞❡♥t t♦ t❤❡ r❡❛❧ KR ♠❛tr✐①
✐s ❡✛❡❝t✐✈❡❧② ❛♣♣❧✐❡❞ t♦ t❤❡ ❣❛✉❣❡❞ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❜② ♠❡❛♥s ♦❢ ✐ts ♣r❡✲❢❛❝t♦r✐③❡❞
✈❡rs✐♦♥ ♦❜t❛✐♥❡❞ ✇✐t❤ P❆❘❉■❙❖✱ t♦ ❞❡❡♣❧② ❛❝❝❡❧❡r❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ●▼❘❊❙❀ t♦ t❤❡
♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ f ❡①❝❡❡❞s t❤❛t t❤r❡s❤♦❧❞ ❛♥♦t❤❡r ♣r❡❝♦♥❞✐t✐♦♥✐♥❣ t❡❝❤♥✐q✉❡ ✐s ♣✉rs✉❡❞
t❤❛t ❝♦♥s✐sts ♦❢ s♦❧✈✐♥❣ ❛♥ ✉♥❣❛✉❣❡❞ s②st❡♠ ✇❤♦s❡ r♦✇s ❛r❡ t❤❡♥ r❡s❝❛❧❡❞ t❤❛♥❦s t♦ ❛
❝♦♠♣❧❡① ❞✐❛❣♦♥❛❧ ♣r❡❝♦♥❞✐t✐♦♥❡r KP = diag(KR + iωKM )✳

❚❤✐s ❝❤♦✐❝❡ r❡✢❡❝ts ✐♥t♦ ❧✐♠✐t✐♥❣ t❤❡ ✐t❡r❛t❡s t♦ s♦♠❡ t❡♥s ✐♥ t❤❡ ❤✐❣❤ ❛♥❞ ❧♦✇ ❢r❡✲
q✉❡♥❝② r❛♥❣❡ ❛♥❞ t♦ ♦❜t❛✐♥ ❥✉st ❛ ❞✉❧❧ ❛♥❞ ❛✛♦r❞❛❜❧❡ ♣❡❛❦ ♦❢ ♦♥❡ ❤✉♥❞r❡❞ ✐t❡r❛t❡s ❢♦r
t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❢r❡q✉❡♥❝✐❡s ✐♥ t❤❡ r❛♥❣❡ ❢r♦♠ ♦♥❡ t♦ s♦♠❡ ❦❍③✳

✾✳✸✳✷ ❆ss❡ss✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝❛❧❧② ❧✐♥❡❛r ❜❡❤❛✈✐♦✉r ♦❢ ❋❆■▼❊

❚❤✐s s❡❝t✐♦♥ ❣♦❛❧ ✐s t❡st✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝❛❧❧② ❧✐♥❡❛r ❜❡❤❛✈✐♦✉r t❤❛t ✐s ❛❝❤✐❡✈❡❞ t❤❛♥❦s
t♦ t❤❡ ♥❡✇ ❢♦r♠✉❧❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❢♦r t❤❡
❢r❡q✉❡♥❝② r❛♥❣❡ t②♣✐❝❛❧ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♣♦✇❡r ❡❧❡❝tr♦♥✐❝s ❛♥❞ ✐♥❞✉❝t✐✈❡ s❡♥s♦rs ✭❢r♦♠





✶✷✹ ✾✳ ❋r♦♠ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s t♦ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❢❛❝t♦r✐③❛t✐♦♥

❋✐❣✉r❡ ✾✳✶✵✿ ▼❡s❤ ❡❧❡♠❡♥ts ❛♥❞ t♦t❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❝♦♠♣❛r✐s♦♥



✾✳✸✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✶✷✺

❚❛❜❧❡ ✾✳✸✿ P❡r❢♦r♠❛♥❝❡ ❝♦♠♣❛r✐s♦♥ ✐♥ t❤❡ ❲✐♥❞♦✇s ❙❡r✈❡r ❜❡t✇❡❡♥ st❛t❡✲♦❢✲t❤❡✲❛rt
❛♣♣r♦❛❝❤❡s ❛♥❞ t❤✐s ♣❛♣❡r ❝♦❞❡✳ ❙②♠♠❡tr② ♦❢ t❤❡ ♠❛ss ♠❛tr✐❝❡s ✐s ❡①♣❧♦✐t❡❞ ✐♥ ❛❧❧ t❤❡
❛♣♣r♦❛❝❤❡s✳

❙t❛♥❞❛r❞ ❊❋■❊ ❆❈❆✴❍▲■❇♣r♦ ❋❆■▼❊

▼❛tr✐❝❡s ❛❧❧♦❝❛t❡❞ ♠❡♠♦r② ❬●❇❪ 8141 ✲ ✵✳✽✽✸
◆♦♥✲③❡r♦ ❡♥tr✐❡s st♦r❡❞ 1.0 · 1012 ✲ 95 · 106

❚♦t✳ t✐♠❡ ✲ > 24 ❤ 649 s
P▼❯ ❬●❇❪ ✲ ✲ 13.5

❛s ❛ ❢✉❧❧② ♣♦♣✉❧❛t❡❞ ❝♦♠♣❧❡① ♠❛tr✐① ✭❙t❛♥❞❛r❞ ❊❋■❊ ✐♥ t❤❡ t❛❜❧❡ ❤❡❛❞❡r✮✱ t❤❡ ❛❧❣❡❜r❛✐❝
❝♦♠♣r❡ss✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ K ❡♥tr✐❡s ❜② ♠❡❛♥s ♦❢ ❍▲■❇♣r♦ ❧✐❜r❛r② ❬✶✸✼❪ ✭❍▲■❇♣r♦ ✐♥ t❤❡
t❛❜❧❡ ❤❡❛❞❡r✮✳ ❚❤❡s❡ t✇♦ ❛♣♣r♦❛❝❤❡s ❛r❡ r❡❣❛r❞❡❞ ❛s st❛t❡✲♦❢✲t❤❡✲❛rt t❡❝❤♥✐q✉❡s✳ ❚❤❡
t❤✐r❞ ♠✐ss✐♥❣ t❡r♠ ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥ ♥❛t✉r❛❧❧② ✐s t❤❡ ♥♦✈❡❧ ❋❆■▼❊ ❛♣♣r♦❛❝❤ ♣r❡s❡♥t❡❞
✐♥ t❤✐s ♣❛♣❡r ✭❋❆■▼❊ ✐♥ t❤❡ t❛❜❧❡✮✳

■♥ t❤❡ ♣r♦♣♦s❡❞ ❡①❛♠♣❧❡✱ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ✐s t❤❡ s♦❧✐❞ s♣❤❡r❡ ♣r♦❜❧❡♠
❛t f = 50 ❍③✱ Bz = 1.0 ♠❚✱ ✐♥ ✇❤✐❝❤ t❤❡ ❝♦♥❞✉❝t♦r ✐s ♠❡s❤❡❞ ✇✐t❤ |C| = 1, 030, 656
t❡tr❛❤❡❞r❛ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ 1, 008, 768 ❉♦❋s✳

❋r♦♠ ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞❛t❛ t✇♦ ♠❛✐♥ ❝♦♥s✐❞❡r❛t✐♦♥s ❝❛♥ ❜❡ ❞♦♥❡✿ t❤❡ ✜rst✱ t❤❡
tr✐✈✐❛❧ ♦♥❡✱ ✐s t❤❛t t❤❡ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤ ✐s ♥♦t s✉✐t❛❜❧❡ t♦ ❞❡❛❧ ✇✐t❤ s✉❝❤ ❛ ♣r♦❜❧❡♠
❜❡❝❛✉s❡ ♦❢ ♠❡♠♦r② ❛♥❞ t✐♠❡ r❡q✉✐r❡♠❡♥ts t❤❛t ❛r❡ ❛♥②❤♦✇ ♣r♦❤✐❜✐t✐✈❡ ❢♦r ❛ ♣r❛❝t✐❝❛❧
✉s❡ ♦❢ t❤❡ ❝♦❞❡✳ ❚❤❡ s❡❝♦♥❞ ❛s♣❡❝t t♦ ❜❡ ❤✐❣❤❧✐❣❤t❡❞ ✐s t❤❛t✱ ❡✈❡♥ ✐❢ ❍▲■❇♣r♦ ♠✐❣❤t
s✉❝❝❡❡❞ ✐♥ r❡❞✉❝✐♥❣ ❛♥❞ ❧✐♠✐t✐♥❣ t❤❡ ♠❡♠♦r② ♦❝❝✉♣❛t✐♦♥✱ t❤❡ s❛♠❡ ❝❛♥♥♦t ❜❡ s❛✐❞ ❢♦r t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ t❤❛t st✐❧❧ ❞r❛♠❛t✐❝❛❧❧② ✐♠♣❛❝ts ✐♥t♦ t❤❡ ♦✈❡r❛❧❧ ♣❡r❢♦r♠❛♥❝❡ ♠❛❦✐♥❣
❛❧s♦ t❤✐s ♠❡t❤♦❞ ♥♦t ❝♦♥s✐❞❡r❛❜❧❡ t♦ s♦❧✈❡ ♣r♦❜❧❡♠s ✇✐t❤ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s✳
❉✐✛❡r❡♥t❧②✱ ❋❆■▼❊ ❛♣♣r♦❛❝❤ ✐s ❡✛❡❝t✐✈❡ ✐♥ ❜♦t❤ sq✉❡❡③✐♥❣ t❤❡ ♠❡♠♦r② ♦❝❝✉♣❛t✐♦♥ ❛♥❞
✐♥ ❞r❛st✐❝❛❧❧② r❡❞✉❝✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ t♦♦ t❤✉s r❡♥❞❡r✐♥❣ t❤✐s ♥♦✈❡❧ ❛♣♣r♦❛❝❤
✈❡r② ♣r♦♠✐s✐♥❣ ❢♦r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ♣r❛❝t✐❝❛❧ ♣r♦❜❧❡♠s✳

❋♦r t❤❡ s❛❦❡ ♦❢ ♣r❡❝✐s✐♦♥✱ ✐t ✐s ❤❡r❡ r❡♠❛r❦❡❞ t❤❛t✱ ✐♥ ✈✐rt✉❡ ♦❢ ❋❆■▼❊ ❡✛❡❝t✐✈❡♥❡ss
✐♥ ❡❧✐♠✐♥❛t✐♥❣ ❊❋■❊ ❜♦tt❧❡♥❡❝❦s✱ t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ ❛❧s♦ s♦❧✈❡❞ ✇✐t❤ ❋❆■▼❊
❛♣♣r♦❛❝❤ ✐♥ t❤❡ ❲✐♥❞♦✇s ▲❛♣t♦♣ ✭16 ●❇ ♦❢ ❘❆▼✮✱ s❝♦r✐♥❣ ❛ t♦t❛❧ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❢
1, 220 s ♦❢ ✇❤✐❝❤ 788.5 s ❢♦r t❤❡ ♠❛tr✐❝❡s ❛ss❡♠❜❧②✳ ■t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ t❤❛t t❤❡ ❣❛♣ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ♦❢ t❤❡ ❲✐♥❞♦✇s ❙❡r✈❡r ✐s ♠❛✐♥❧② ❞✉❡ t♦ t❤❡ ♣❛r❛❧❧❡❧
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❋▼▼✸❉ ❧✐❜r❛r② ❛♥❞ ▼❑▲ P❆❘❉■❙❖ s♦❧✈❡r ✭✹ ✈s ✸✷ ❝♦r❡s✮ ✉s❡❞ t♦
❢❛❝t♦r✐③❡ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥❡r KR ❛♣♣❧✐❡❞ t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠✳

✾✳✸✳✸ ❆ ♣r✐s♠❛t✐❝ ♠❡s❤ ♦❢ ❛ ♣❧❛t❡ ✇✐t❤ s❡✈❡♥ ❤♦❧❡s ❛♥❞ ❛ ♣r✐♥t❡❞
❝✐r❝✉✐t ❜♦❛r❞ ❝♦✐❧

❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts s❡❝t✐♦♥✱ ✐t ✐s ♣r♦♣♦s❡❞ ✐♥ ❋✐❣✳ ✾✳✶✶ t❤❡ s♦❧✉t✐♦♥ ♦❢
t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ❝♦♥s✐❞❡r❡❞ ❜② t❤❡ ❛✉t❤♦rs ✐♥ ❬✶✸✽❪ ✇❤♦s❡ r❡s✉❧ts ✇✐❧❧ ❜❡ r❡❣❛r❞❡❞
❛s r❡❢❡r❡♥❝❡ ✈❛❧✉❡s ❢♦r t❤❡ ♣r❡s❡♥t t❡st✳ ❚❤✐s ❧❛st ❜❡♥❝❤♠❛r❦ ✐♥tr♦❞✉❝❡s t✇♦ ♣❡❝✉❧✐❛r
❛s♣❡❝ts ♥♦t ❢❛❝❡❞ ②❡t ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡s✿ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ✇✐❞❡r ♥✉♠❜❡r ♦❢ ❤♦❧❡s
❛♥❞ t❤✉s ♦❢ ❝♦❤♦♠♦❧♦❣② ❣❡♥❡r❛t♦rs ❛♥❞ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✉❝t♦r ❜② ♠❡❛♥s
♦❢ tr✐❛♥❣✉❧❛r ♣r✐s♠❛t✐❝ ❡❧❡♠❡♥ts✳ ❚❤❡ ❝♦♠♣✉t❡❞ ♦❤♠✐❝ ❧♦ss❡s ✐♥ t❤❡ ❞✐s❝r❡t❡ ❣r✐❞ ❛r❡



✶✷✻ ✾✳ ❋r♦♠ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s t♦ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❢❛❝t♦r✐③❛t✐♦♥

❚❛❜❧❡ ✾✳✹✿ ▼❡s❤ ❞❛t❛ ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥ t✐♠❡ ✐♥ t❤❡ ❲✐♥❞♦✇s ❙❡r✈❡r ❢♦r t❤❡ ❝♦♥❞✉❝t✐♥❣
♣❧❛t❡ ✇✐t❤ s❡✈❡♥ ❤♦❧❡s

❋r❡q✉❡♥❝② ❬❍③❪ nv Ndofs ■t❡r❛t❡s ❆ss❡♠❜❧② ❬s❪ ❙♦❧✈❡ ❬s❪ ❚♦t✳ t✐♠❡ ❬s❪

50.0 290246 528093 19 265.8 38.8 312.6

Pdiss = 0.891 ♠❲ t❤❛t ♣❡r❢❡❝t❧② ♠❛t❝❤❡s t❤❡ ✈❛❧✉❡s ✐♥ ❬✶✸✽❪✳ ❖t❤❡r ❛s♣❡❝ts ♦❢ t❤❡
s✐♠✉❧❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✾✳✹✳

❋✐♥❛❧❧②✱ ✐♥ ❋✐❣✳ ✾✳✶✷✱ ❛ ❝♦❧♦✉r ♠❛♣ ♦❢ t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ ✐♥ ❛
P❈❇ ❝♦✐❧ ❢❡❞ ❜② ❛ s✐♥✉s♦✐❞❛❧ ✈♦❧t❛❣❡ ❛t 5 ▼❍③ ✐s s❤♦✇♥✳ ❚❤❡ ❝♦✐❧ ✐s ❝♦♠♣♦s❡❞ ❜② 8
❝♦♣♣❡r t✉r♥s ❛♥❞ t❤❡ ♦✉t❡r t✉r♥s ❤❛✈❡ ❛ r❛❞✐✉s ♦❢ 20 ♠♠✳ ❚❤❡ ❝♦♣♣❡r s❡❝t✐♦♥ ✐s 0.2 ♠♠
× 35µ♠✳ ❚❤❡ ♠❡s❤ ✉s❡❞ ❝♦♥s✐sts ♦❢ 514, 285 t❡tr❛❤❡❞r❛ t❤❛t ②✐❡❧❞s 416, 049 ✉♥❦♥♦✇♥s✳
❚❤❡ t♦t❛❧ s✐♠✉❧❛t✐♦♥ t✐♠❡ ✐s 242 s✳

✾✳✹ ❈♦♥❝❧✉s✐♦♥

❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ❊❋■❊ ✐♥ t❤❡ ♠❛❣♥❡t♦✲q✉❛s✐st❛t✐❝ ❧✐♠✐t✱ ❛ ♥♦✈❡❧ ❝♦♠♣❛t✐❜❧❡
✈♦❧✉♠❡ ✐♥t❡❣r❛❧ ♠❡t❤♦❞ t♦ s♦❧✈❡ t❤❡ ❡❞❞② ❝✉rr❡♥t ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✳ ❚❤❡
♠❡t❤♦❞ r♦♦ts ♦♥ ✈♦❧✉♠❡ ✉♥✐❢♦r♠ ❜❛s✐s ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ♣r♦✈✐❞❡ t❤❡ r❛t✐♦♥❛❧ ❢♦r t❛♠✐♥❣
t❤❡ t✇♦ ♠❛✐♥ ✇❡❛❦♥❡ss❡s ♦❢ ✐♥t❡❣r❛❧ ❢♦r♠✉❧❛t✐♦♥s✳ ❖♥ ♦♥❡ ❤❛♥❞✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ s②st❡♠ ♠❛tr✐① ✐s ✐♠♣r♦✈❡❞ ✇✐t❤ r❡s♣❡❝t t♦ s♣❡❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❛✲
t✐♦♥ s✐♠♣❧✐❝✐t②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ ♥♦✈❡❧ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ✐s
✐♥tr♦❞✉❝❡❞✳ ❚❤✐s ❢❛❝t♦r✐③❛t✐♦♥ ✐♥❞✉❝❡s ❛ ❣r♦✉♥❞✲❜r❛❦✐♥❣ s♣❡❡❞✉♣ ♦❢ ✈❛r✐♦✉s ♦r❞❡rs ♦❢
♠❛❣♥✐t✉❞❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt s♦❧✉t✐♦♥s ✭✐♥ ♣❛rt✐❝✉❧❛r✱ ❛ ♣♦♣✉❧❛r ❆❈❆
❧✐❜r❛r②✮ t❤❛♥❦s t♦ t❤❡ ✉s❡ ♦❢ ❢❛st s✉♠♠❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ ❧✐❦❡ t❤❡ ❋❛st ▼✉❧t✐♣♦❧❡ ▼❡t❤♦❞✱
t♦ ♣❡r❢♦r♠ t❤❡ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝t✳ ▼♦r❡♦✈❡r✱ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✱ ♦♥❡ ❝❛♥ ✉s❡ ❛♥②
♦✛✲t❤❡✲s❤❡❧❢ ❧✐❜r❛r✐❡s ❞❡✈❡❧♦♣❡❞ ❢♦r ❢❛st ❝❤❛r❣❡ s✉♠♠❛t✐♦♥✳

■t ✐s ❝❧❡❛r t❤❛t ❛❧❧ t❤❡ t❡❝❤♥✐q✉❡s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ♣❛♣❡r ❢♦r t❡tr❛❤❡❞r❛ ❛♥❞ ❣❡♥✲
❡r❛❧ ♣♦❧②❤❡❞r❛ ❝❛♥ ❜❡ r❡❛❞✐❧② ❛❞❛♣t❡❞ t♦ tr✐❛♥❣❧❡s ❛♥❞ ❣❡♥❡r❛❧ ♣♦❧②❣♦♥s✳ ❚♦ ❞❡❛❧ ✇✐t❤
❡❧❡❝tr♦❞❡s✱ ♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧s ❛♥❞ ❢✉❧❧ ▼❛①✇❡❧❧ ♣r♦❜❧❡♠s ❛r❡ t❤❡ t♦♣✐❝s ❝✉rr❡♥t❧② ✉♥❞❡r
✐♥✈❡st✐❣❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣r♦♣♦s❡❞ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ ❢❛❝t♦r✐③❛t✐♦♥ ❝❛♥ ❜❡ ✉♥✐✲
✈❡rs❛❧❧② ❛♣♣❧✐❝❛❜❧❡ t♦ ❛♥② ❣❡♥❡r❛❧✐③❡❞ ♠❛ss ♠❛tr✐❝❡s ❛r✐s✐♥❣ ✇✐t❤ ❛♥② ✐♥t❡❣r❛❧ ♠❡t❤♦❞
♦r ❜♦✉♥❞❛r② ❡❧❡♠❡♥t ♠❡t❤♦❞✳





✶✷✽ ✾✳ ❋r♦♠ ❱❯ ❜❛s✐s ❢✉♥❝t✐♦♥s t♦ ✐♥❞✉❝t❛♥❝❡ ♠❛tr✐① ❢❛❝t♦r✐③❛t✐♦♥

❋✐❣✉r❡ ✾✳✶✷✿ ▼❛✐♥ ♣✐❝t✉r❡✿ ❝♦❧♦✉r ♠❛♣ ♦❢ t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ✜❡❧❞ ✐♥ ❛
P❈❇ ❝♦✐❧✳ ■♥s❡t✿ ③♦♦♠ ♦❢ ❝✉rr❡♥t ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥✳
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❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs ❛❧❧♦✇ ✉s t♦ ❞r❛✇ t❤❡ ♠❛✐♥ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s t❤❡s✐s✿
t❤❡ ❛❜✐❧✐t② ♦❢ ❡①♣r❡ss✐♥❣ t❤❡ ▼❋❉♠❡t❤♦❞ ✉s✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝ ❧❛♥❣✉❛❣❡ ✐s ✈❡r② ✐♠♣♦rt❛♥t
❢♦r ✐♠♣r♦✈✐♥❣ ✐ts ❜❛s✐❝ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s✳ ❚❤✉s ✇❡ ❡♠♣❤❛s✐③❡ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ s❡❡✐♥❣
t❤❡ ❣❡♦♠❡tr② ❤✐❞❞❡♥ ❜❡❤✐♥❞ t❤❡ st❛♥❞❛r❞ ▼❋❉ ♠❡t❤♦❞✳

▼❛♥② ❞✐r❡❝t✐♦♥s ❢♦r ❢♦❧❧♦✇ ✉♣ r❡s❡❛r❝❤ ❝❛♥ ❜❡ ✐♠❛❣✐♥❡❞✳ ❲❡ ♠❡♥t✐♦♥ t❤❡ ❤✐❣❤✲
♦r❞❡r ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥s ♣r♦♣♦s❡❞ ✐♥ P❛rt ■✱ ❧✐❦❡ t❤❡ s♣❛rs❡ ✐♥✈❡rs❡
♠❛ss ♠❛tr✐❝❡s✱ t❤❡ ♠❡t❤♦❞s ❢♦r ❤❛♥❞❧✐♥❣ ❝✉r✈❡❞ ❢❛❝❡s ❛♥❞ ❝♦♠♣✉t✐♥❣ ❞✐s❝r❡t❡ ✈❡❝t♦r
♣♦t❡♥t✐❛❧s✳ ❘❡❣❛r❞✐♥❣ P❛rt ■■✱ ✐t ✐s ❝❧❡❛r t❤❛t ❛❧❧ t❤❡ t❡❝❤♥✐q✉❡s ✐♥tr♦❞✉❝❡❞ ❢♦r t❡tr❛❤❡❞r❛
❛♥❞ ❣❡♥❡r❛❧ ♣♦❧②❤❡❞r❛ ❝❛♥ ❜❡ r❡❛❞✐❧② ❛❞❛♣t❡❞ t♦ tr✐❛♥❣❧❡s ❛♥❞ ❣❡♥❡r❛❧ ♣♦❧②❣♦♥s✳ ❚♦ ❞❡❛❧
✇✐t❤ ❡❧❡❝tr♦❞❡s✱ ♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧s ❛♥❞ ❢✉❧❧ ▼❛①✇❡❧❧ ♣r♦❜❧❡♠s ❛r❡ t❤❡ t♦♣✐❝s ❝✉rr❡♥t❧②
✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣r♦♣♦s❡❞ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛♥❞ ❢❛❝t♦r✐③❛t✐♦♥ ❝❛♥ ❜❡
✉♥✐✈❡rs❛❧❧② ❛♣♣❧✐❝❛❜❧❡ t♦ ❛♥② ❣❡♥❡r❛❧✐③❡❞ ♠❛ss ♠❛tr✐❝❡s ❛r✐s✐♥❣ ✇✐t❤ ❛♥② ✐♥t❡❣r❛❧ ♠❡t❤♦❞
♦r ❜♦✉♥❞❛r② ❡❧❡♠❡♥t ♠❡t❤♦❞✳





❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❊✳ ❚♦♥t✐✱ ❖♥ t❤❡ ❢♦r♠❛❧ str✉❝t✉r❡ ♦❢ ♣❤②s✐❝❛❧ t❤❡♦r✐❡s✳ ▼♦♥♦❣r❛♣❤ ♦❢ t❤❡ ■t❛❧✐❛♥
◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧✱ ✶✾✼✺✳

❬✷❪ ❚✳ ❚❛r❤❛s❛❛r✐✱ ▲✳ ❑❡tt✉♥❡♥✱ ❛♥❞ ❆✳ ❇♦ss❛✈✐t✱ ✏❙♦♠❡ r❡❛❧✐③❛t✐♦♥s ♦❢ ❛ ❞✐s❝r❡t❡ ❤♦❞❣❡
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