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Abstract

Floyd-Warshall’s algorithm is a widely-known procedure for computing all-pairs shortest
paths in a graph of 1 vertices in @(n®) time complexity. A simplified version of the same
algorithm computes the transitive closure of the graph with the same time complexity.
The algorithm operates on an n X n matrix, performing n inspections and no more than
n updates of each matrix cell, until the final matrix is computed. In this paper, we apply
a technique called SmartForce, originally devised as a performance enhancement for
solving the traveling salesman problem, to avoid the inspection and checking of cells
that do not need to be updated, thus reducing the overall computation time when the
number, u, of cell updates is substantially smaller than 73. When the ratio u/n> is not
small enough, the performance of the proposed procedure might be worse than that of
the Floyd-Warshall algorithm. To speed up the algorithm independently of the input
instance type, we introduce an effective hybrid approach. Finally, a similar procedure,
which exploits suitable fast data structures, can be used to achieve a speedup over the
Floyd-Warshall simplified algorithm that computes the transitive closure of a graph.

Keywords: Floyd-Warshall graph algorithm; all-pairs shortest paths; transitive closure;
SmartForce technique; FastSet data structure

1. Introduction

A directed weighted graph G = (V, A) is described by two sets, as follows: set V of its
vertices (also called nodes) and set A of weighted arcs (also referred to as edges). Without
loss of generality, in this paper, we assume V = {1,2,...,n}. Each arc is described as an
ordered pair (i, j) of vertices, and is characterized by a numeric weight or cost, c(7, j). In
general, costs can be any real numbers, including negative values, but no negative-length
cycles in G may exist in order for some interesting graph problems, such as all-pairs shortest
paths, to be defined and solvable. If the graph is undirected, then Vi, Vj, ¢(i,j) = ¢(j, i), and
mixed graphs (i.e., with both directed and undirected arcs) are possible as well.

The main problem solved by Floyd-Warshall’s algorithm is the computation of all-
pairs shortest paths in the graph, i.e., the computation of a shortest path and its length,
say L[i, j|, between each pair of vertices i and j in the graph [1,2]. It can be easily shown
that, if all shortest path lengths L[-, -] are known, a shortest path between any given pair
of vertices i and j can be retrieved in ©(n) time. Therefore, in this paper, we focus on the
computation of the values L[-, -] alone.
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The shortest paths problems are among the most important, well-known, and widely
studied problems in computer science [3-5]. Depending on the problem version (single-
source vs. all-pairs) and on the problem instances (non-negative vs. unrestricted arc
costs, complete vs. sparse and/or acyclic graphs, etc.), several algorithms have been
proposed over time, among the most notable of which are the procedures of Dijkstra [6],
Bellman-Ford [7,8], and Floyd-Warshall’s [1,2]. A good discussion of the all-pairs shortest
paths problem on dense graphs can be found in Lawler [9]. Han [10], improving over
Fredman [11], showed how the all-pairs shortest paths problem can be solved effectively
via matrix multiplication, while Seidel [12] proposed effective algorithms for the all-pairs
shortest paths problem in unweighted graphs.

In this paper, based on our preliminary work presented in [13], we focus specifically
on Floyd-Warshall’s algorithm for computing all-pairs shortest paths in a general, directed
graph G = (V, A), with no restriction on the arc costs other than the absence of negative-
length cycles.

Floyd-Warshall’s algorithm uses a matrix, L, initialized as L[i, j] := c(i,j) V(i,]) € A,
L[i,j] :== 00 ¥(i,j) ¢ Aand L[i,i] := 0Vi € V. After such an initialization, the algorithm
updates the matrix values by applying the following inductive reasoning. Fork =1,...,n,
assume all i — j shortest paths are known under the constraint that the internal nodes of
each path belong to {1,...,k — 1}, but now we can also use node k. Then, the besti — j
path that passes through k is the concatenation of the current best i — k and best k — j
paths. If this new path is better than the path that did not use k, we update the best path to
the new value.

This inductive reasoning is implemented by executing three nested loops, producing
the expected result within the matrix itself. At the end, each value L[i, j] is the shortest
path length between i and j, provided there are no negative-cost cycles in the input graph,
since otherwise the results cannot be guaranteed to be shortest path lengths. The absence
of negative cycles can, at any rate, be verified at the end by checking that L[i,i] > 0 for each
i. The following is a simple description of the basic Floyd—Warshall procedure:

The worst-case time complexity of Algorithm 1 (FW1) is @(n?), but its best and
average case have the same time complexity. Major modifications of the basic Floyd-
Warshall algorithm, to reduce either its worst- or average-case complexity, have been
proposed, for instance, in [14] for complete graphs and in [15] for sparse graphs.

Algorithm 1 FW1

l.fork:=1,...,n
2. fori:=1,...,n
forj:=1,...,n
if (L[i,k] + L[k,j] < L[i,j]) then
L[i,j] :== L[i, k] + L[k, ];

Ol W

In this paper, we introduce a relatively simple idea, with a straightforward implemen-
tation and effective results, to speed up the basic Floyd-Warshall algorithm. Extensive
computational experiments, reported in a separate section, show how the proposed method
can outperform the original procedure over some interesting classes of graphs, in which
the shortest paths consist, in general, of very few arcs. Even for more general graphs, our
procedure can produce an improvement over FW if used to replace FW’s last iterations.

The same logic employed by Floyd—Warshall’s algorithm is used, in a simplified
version, to solve another interesting problem, namely, the computation of the transitive
closure of a graph. The transitive closure of a graph G = (V, A) is a graph G = (V, A) such
that there is an arc (i,j) € A if and only if there is a path from i to j in G. The adjacency
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matrix T of G can be seen as a data structure that can answer, in constant time, questions
about which nodes are reachable from any given node. Namely, T is a Boolean matrix, such
that T[i, j] = true if and only if there exists at least one path in G between vertices i and j.

The classical algorithm for computing the transitive closure uses an n x n Boolean
matrix, say T, initialized as T[i, ]| := true V(i,j) € A, T[i,j] := false V(i,j) ¢ A and
T[i,i] := true Vi € V. After such an initialization, the algorithm updates the matrix values
as needed by following an inductive logic similar to Floyd—Warshall’s, implemented by
three nested loops, which yield the final result in the matrix itself. At the end, matrix
T represents the transitive closure of graph G. Again, the time complexity of the Floyd-
Warshall algorithm is @(n®) in all cases, namely, worst, best, and average.

Similar to what was done for the all-pairs shortest paths problem, we devised a
strategy aimed at reducing the number of evaluations of Boolean and operations. Our
strategy exploits an efficient data structure, called FastSet [16], which is used to represent
sets of vertex labels.

1.1. The SmartForce Technique

In order to improve over Floyd—Warshall’s enumerative algorithm, we use a tech-
nique that we called SmartForce (SF) in some previous works. Broadly speaking, Smart-
Force (whose name emphasizes that it is meant to improve over a brute-force algorithm)
is applied as an alternative to complete enumeration procedures used to explore some
polynomial-sized solution spaces. Assume that the space consists of t-tuples of integers
1 <iy,...,it < m, and for each t-tuple we have to test a condition consisting of a cer-
tain value f(iy,..., i) being in a range R (typically, all values smaller or larger than a
threshold). Then, depending on the condition being fulfilled, we may take an action
act(iy, ..., it). For example, t = 3 in this paper, as well as in finding the best 3-OPT move
in the TSP neighborhood, or in finding the largest triangle in a graph. Typically, these
solution spaces are explored via an enumeration algorithm, such as a set of nested-for
cycles, giving rise to a @(m') algorithm. SmartForce, on the other hand, tries to identify
one or more auxiliary functions fs, depending only on some small subsets S of {7y, ...,it},
which must be in some auxiliary ranges R for f(iy, ..., i) to be in R. Informally, we write
fli1,...,it) € R = Vs (fs(S) € Rs). For instance, if t = 4, it could be

fliv iz i3,i4) € R = (f12(i1,i2) € Ra2) V (fa3(in, i3) € Raz) V (fa4(iz,is) € Rag). (1)

Then, the idea is to consider only solutions x such that fs(S) € Rg for at least one
subset S of x. In order to do so effectively, we build x starting from S. In particular, (i) we
are able to quickly identify all and only the sets S that satisfy their condition by storing
them in max- or min-heaps, sorted according to the values fg; (ii) when we pick a set,
S, from the heap, we construct the full solution x induced by S by adding to it, through
complete enumeration, all the missing elements. Only at this point is the f-tuple thus
obtained checked to see whether, in fact, it satisfies f(x) € R. The gain of SF lies in the
fact that, if |S| = h, then complete enumeration to determine all x containing S takes only
time ©(m!~"). Overall, the gain versus ©(m') can be impressive if the number of subsets
sampled from the heaps is considerably smaller than O(m"), which is often the case. In
the example of (1), if a linear number of subsets were picked from the heaps overall, even
including the time for heap management, we would have an O(m?) algorithm instead
of O(m*).
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A typical way to derive useful fs and Rg would be to express f() as the sum of, say, r
auxiliary functions and then derive a threshold on them by dividing by r the threshold valid
for f() In the above example, if f(il/ in, i3, 14) = le(il/ 12) + f23(i2, 13) + f34(i3, i4>, then

Flia,in)is,ig) > & —> <f12(i1,i2) > g) v (f23(i2,i3) > g) v <f34(i3,i4) > g)

The SmartForce technique was used by us in several papers [17-19], but mostly
by means of applications and experiments. This is the first formalization of the idea. Its
effectiveness can be shown experimentally, but it is very hard to give theoretical motivations
on why and when this technique might succeed on a problem. The expected running
time should be studied, which depends on the problem, the instance distributions, and
the functions fs. By a quite complex probabilistic analysis, in [19], we proved that the
expected running time for finding the largest triangle in a weighted undirected graph
by SmartForce is ®(n?) compared with the ®(n3) average complexity of the nested-for
algorithm. Unfortunately, a similar line of proof does not appear to be possible for the
SmartForce procedure described in this paper.

1.2. Paper Organization

The remaining sections of this paper will describe the proposed approaches to achieve
better time performance in solving the two aforementioned graph problems. Section 2 will
describe the all-pairs shortest paths problem, and Section 4 will deal with the transitive
closure problem. Extensive computational experiments for the problems are reported in
Section 3 and, respectively, Section 5. Finally, in Section 6, we will draw some conclusions
and outline directions for future lines of research.

2. The All-Pairs Shortest Paths Problem

Inside the three nested loops in Algorithm 1 (FW1), the main instruction in Line 4 is an
if test, which we call here testSP (%, 7, k), whose body, when executed, updates a matrix
cell using an assignment operation in Line 5, which we call here updSP (%, 5, k). Hence,
the Floyd-Warshall algorithm enumerates all the possible (i, j, k) triples, executing the 1>
corresponding testSP (4, 7, k), which, in turn, causes the execution of some updSP (<, j, k),
only when the test succeeds. In such a sense, we say that a triple (i, j, k) succeeds if its test
causes an update of the matrix; otherwise, we say that the triple fails.

When a triple fails, the time needed to perform the test is wasted by the algorithm, but
the algorithm does not know in advance which triples will succeed. With such knowledge,
only the succeeding triples would be enumerated, and a lot of computational time could
be saved. Let us refer to S as the set of succeeding triples and F as the set of failing
triples, with S = |S|, F = | F| and, of course, S + F = n3. We notice that, in general, while
Floyd-Warshall’s algorithm progresses with increasing values of k in the outermost loop,
the number of new succeeding triples drops significantly, since the matrix is increasingly
filled with entries that have reached their final correct value (see Figure 1).

In regard to the time performance of the Floyd—Warshall algorithm, the code states
that each execution of testSP (1, 7, k) requires a constant amount of time, say 4, and each
execution of updSP (%, j, k) requires a constant amount of time as well, say, b. Hence, the
overall running time of the Floyd-Warshall algorithm is a(S + F) + bS € ©(n®) because
S + F = 1. Indeed, Floyd-Warshall’s algorithm is very effective at performing a single
iteration of the innermost loop, so the only chance to beat it is to reduce the number of
evaluated triples without affecting the correctness of the result. The ideal case would be
to only consider the triples belonging to S, since any triple belonging to F does not affect
the matrix and, hence, the final result. However, precisely identifying S appears to be a



Algorithms 2025, 18, 560

50f19

difficult task, for which there is no apparent faster solution than running Floyd—Warshall’s

algorithm itself.
- 1,000,000
- -1 800,000
8
_T;u - - 600,000
- -1400,000
| — 200,000

; |
0 1,000
running value of k
Figure 1. Running Floyd-Warshall’s algorithm on a complete graph with n = 1000 vertices and
random arc weights in {1,...,100}. The bottom (black) plot shows the number of succeeding triples
for increasing values of k, while the top (red) straight line shows, for each value of k, the number of
tested triples, which is constant and equal to 2. The succeeding triples are a small fraction of the
tested ones, and this fraction becomes smaller and smaller for increasing values of k. In the whole

run, less than 1% of the tested triples lead to matrix updates, and most of them occur for low values
of k, in the first part of the run.

In this paper, we propose a heuristic strategy to identify a superset Z O § that,
hopefully, is a close approximation of S. Our experiments will show that, usually, Z has a
much lower cardinality than 7. By running Floyd-Warshall’s algorithm over Z instead of
S U F, we increase the probability that a tested triple will succeed (i.e., the probability rises
from S/n® to S/|Z|, and its value approaches 1 as Z becomes a good approximation of S).
Notice that this strategy still produces the correct results, since S C Z by construction and
Floyd-Warshall’s algorithm only needs to test the triples in S to give the correct solutions
(all other triples do not update the matrix). In order to identify Z, we are going to use a
smart force approach.

The Smart Force Approach to All Pairs Shortest Paths

With respect to the determination of the successful triples in Floyd-Warshall’s proce-
dure, we now describe and exploit a necessary condition that all successful triples must
satisfy. We start by restating the general question asked within Floyd-Warshall’s algorithm
in the body of the outermost loop (Lines 2 to 5 in Algorithm 1) as follows:

QFW: Given a current value for k, which pairs (i, j) form a succeeding triple (i,,k)?

Notice that there are n different values for k, and answering QFW for one value of k
requires @ (n?) time with FW’s algorithm.

Let us now consider these two alternative questions:

Q1: Given current values for i and k, which indices j form a succeeding triple (i, j, k)?

Q2: Given current values for k and j, which indices i form a succeeding triple (i,j,k)?

Notice that finding the answers to Q1 and Q2 for all possible values of (i, k) and (k, j)
would identify all succeeding triples; therefore, Q1 and Q2 together can be used to replace
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QFW. There are ®(n?) choices for both (i,k) in Q1 and (k, j) in Q2, but we aim to find each
answer in less than ©(n) time, thus realizing a speedup with respect to Floyd-Warshall.

The matrix value L[i, j] is updated if L[i, k] + L[k, j] < L[i,j]. Therefore, a necessary
condition for a triple (i, j, k) to succeed is

<L[i,k] < L[;'j]> v (L[k,j] < L[;'f])

which we can rewrite as
(Lli,j) > 2Ll k) v (Lli ] > 2Lk j])

When the pair (i, k) is given, we check the first part of the condition over all j, and when
the pair (k, j) is given, we check the second part over all i. This way, all succeeding triples
will be found, possibly in addition to some failing ones. The above checks are not done by
complete enumeration (that would be a brute-force approach), but rather by direct access
to the indices that can fulfill the stated necessary condition.

Let us consider the case of (i, k) being fixed. The necessary condition for some j to
be part of a succeeding triple with such i and k is that L[i, j] > « := 2L[i, k]. For instance,
this implies that if we knew that max; L[i,j] < «, then we could completely avoid the
enumeration and testing of the n possible values for j when i and k are fixed to such values.

Therefore, we want to find only indices ji, j, ..., jisuch that L[i, j,] > a, h=1,...,¢t.
We find them by keeping a maxheap H for each i, hosting all matrix values L[i, j] appearing
in row i, with each value joined to its j index (we call it a row-heap because later we will
need a similar column-heap, and the R in Hf stands for “row”). Using such a data structure,
we can find the index associated with the maximum value in constant time, while fixing
the heap after popping a value takes O(logn) time. Finding the t (rather than n) triples
requires O(tlogn) time, which can be better than ©(n).

In a perfectly analogous way, when k and j are fixed, we keep n column-heaps H, one
for each j, and look for indices i such that L[, j] > B := 2L[k, j].

Building the heaps at the very beginning costs @ (1) per heap, for a total cost of @(n?).
Each row-heap (and, respectively, column-heap) is implemented in the customary way as
an array HY[-] of n records (ndx, value), where ndx represents a column- (respectively, row-)
index, while value is the value of an entry of L[i, -] (respectively, L[+, j]). As an example,
H5[1] = (5,100) means that the highest value in row 3 is at column 5, and it is L[3, 5] = 100.
Following the standard max-heap property, the second- and third-highest values of row
3 are in the next two entries of H}[-| (not necessarily in this order). In general, each index
h identifies a node of the heap whose left subtree is rooted at 2/ while its right subtree is
rooted at 2k + 1.

While executing the algorithm, we need to keep the heaps consistent with L, i.e., each
time an entry L[i, j] is updated, we must also update H} and H]C In order to make these
updates effective, we use a back-pointer data structure for the heap, i.e., we keep “parallel”
arrays Pos_HF[-] (respectively, Pos_HjC [-]) that indicate the position of each column index j
(respectively, row index i) in the heap Hf (respectively, H].C). In our example, Pos_H5[5] = 1
since j = 5 is the root of heap Hf. This way, whenever L[, ] is changed, we go to the
node corresponding to j in Hf and change its value (which necessarily decreases). In doing
so, we let the node slide down in the heap by exchanging it with the largest of its two
sons, if necessary, until it finds its correct position. We then record the new position of j in
Pos_HE[j]. The overall cost of this update is O(log ).

The main procedure for the version of the Floyd—Warshall algorithm based on the
SmartForce technique (SF-FW) is outlined in Algorithm 2. We assume the input to be an
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n X n cost matrix L[, -], and the final result, i.e., all-pairs shortest paths lengths, will be
overwrittenon L[-, -].

Algorithm 2 SF-FW

1. fori <1 ton /* create row-heaps */

2. forj< 1 ton

3. HE[j] < G, Ll j])

4, Pos_HK[j] < j

5. forv < [n/2] downto 1

6. heapify(HY,v)

7. forj< 1 ton /* create column-heaps */

8. fori< 1 ton

9. H]C[z] « (i, L[i,f])

10. Pos_H]C [i] < i

11. forv « |n/2] downto 1

12. heapify(H]C, v);

13. fork <1 ton

14. fori< 1 ton /* run updates due to column k */
15. a < 2LJ[i, k]

16. t< 0

17. while ( Hf[1].value > a )

18. popped[t] < popHeapTop( Hf )

19. j + popped[t].ndx
20. popped [t] .value « L[i,j] + eval(L,i,j, k)
21. t++
22. fore:=1 tot /* restore heap */
23. insertHeap( H}, poppedl[e] )
24. forj< 1 ton /* run updates due to row k */
25. B < 2L[k,j]
26. t< 0
27. while ( Hjc[l].value >B)
28. popped[t] < popHeapTop( H]C )
29. i <~ popped[t].ndx
30. popped[t] .value < L[i,j] < eval(L,i,j, k)
31. t++
32. fore:=1 tot /* restore heap */
33. insertHeap( H]C, poppedlel )

The procedure starts by creating the row-heaps HY for each row i (lines 1-6) and
column-heaps H]C for each column j (lines 7-12). At the same time, the parallel arrays
Pos_Hf and Pos_H;.j are initialized within the procedure HEAPIFY (Algorithm 3), which,
while moving the elements in the heaps, keeps track of their positions.

Algorithm 3 HEAPIFY (H,v)

s 20 /x left son */

.15 <2041 /*right son */

if (H[Is].value > H[v].value) then large < Is else large < v
.if (H[rs].value > H|large].value) then large < rs

.if (large # v) then

Pos_H[H|[v].ndx] < large

Pos_H[H|large].ndx| < v

H[v] +» H[large] /* swap H[v] with the largest of its sons */
heapify(H, large)

OO N U W
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The main loop starts at line 13, ends at line 33, and contains two sub-loops. The first
one (lines 14-23) takes care of all the updates to L[, -] due to the elements in column &, i.e.,
the pairs (i, k) for varying i. A perfectly analogous loop (lines 24-33) concerns the updates
due to row k of L[+, -], i.e., pairs (k, j) for varying j. We will comment only on the first loop
since similar considerations hold for the second one.

The loop in lines 14-23 starts by determining the threshold « = 2L [i, k], which must
be beaten by an index j to be considered in a possibly succeeding triple. In lines 17-21, all
heap elements X := (j(= ndx), value) such that L[i, j] > & are placed from the heap and
put in a local buffer, popped []. The triple (i, j, k) is then evaluated and the new value of the
entry L[i, j] is stored as the new value of X. At the end of the loop, t is the total number of
elements that were popped, i.e., the total number of evaluated triples. At this point, the
loop in lines 22-23 places the elements that were popped back into the heap H} with their
new values. The back-pointers Pos_H} are updated within the procedure INSERTHEAP
(Algorithm 4).

Algorithm 4 INSERTHEAP (H, e¢l)

H.SIZE++

curr < H.SIZE

while (curr > 1) and (H[|[<4*|].value < el.value)
Pos_H[ H[L%J] .ndx] < curr
Hlcurr] < H[[<%E]]
curr < | <5E |

Pos_H[el.ndx] < curr

Hlcurr] + el

© NG L=

As far as the heap management is concerned, let us recall that a heap H is a binary
tree stored in consecutive cells of an array (see [20]). We denote by H.SIZE the number
of elements in a heap H, or, equivalently, the size of the array storing H. In general, the
left son of node H[i] is node H|2i], while the right son of node H][i] is node H[2i + 1]. The
max-heap property requires that the value of each node is not smaller than the value of any
of its sons. Therefore, the largest value of any subtree is at the root node of the subtree.

Given an index v and an array of n records such that the subtrees rooted at 2v and
2v + 1 are heaps, the standard procedure HEAPIFY (Algorithm 3) turns the subtree rooted at
v into a heap. This is obtained by letting H[v] “slide” down in the heap until it finds its final
position. This version of HEAPIFY is such that the back-pointers to the heap are updated
while the elements are moved around. Note that by calling HEAPIFY forv = [n/2],...,1,
an entire array can be turned into a heap.

The procedure INSERTHEAP (Algorithm 4) is used to insert a new element, say el, into
a heap H of less than n elements. The new element is initially put at the rightmost bottom
leaf (position H[H.SIZE]) and then it is lifted to its final position, i.e., the position at which
its value is no larger than its parent’s value. This is done with the loop in lines 3—6. The
position of each element, which is moved down in the heap while el moves up, is updated
within the loop. Eventually, the element finds its final position in lines 7-8.

The procedure POPHEAPTOP (Algorithm 5) extracts from the heap H the element of
maximum value (which is the root node, H[1]) and returns it. It then rebuilds the heap
by replacing the root with the leaf H[H.SIZE| which, by calling heapify(H,1), is moved
down along the tree until the heap property is again fulfilled. The positions in the heap of
the elements that are moved are updated accordingly, while the position of the element
extracted from the heap is set to —1. Overall, the cost of the procedure is O(log(H.SIZE)).
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Algorithm 5 POPHEAPTOP (H)

1. (k,v) < (H[1].ndx, H[1].value) /* get max element */
2.Pos_HJk] + —1

3. H[1] +- H[H.SIZE] /* overwrite it */

4. Pos_H[H[1] .ndx] <+ 1

5.H.SIZE <+ H.SIZE — 1

6. heapify(H,1) /* restore the heap */

7. return (k,v)

3. Computational Experiments for the All-Pairs Shortest Paths Problem

All the computational experiments reported in this paper were run on an 11th Gen
Intel® Core™ i7-1185G7 @3.00 GHz CPU with 16 GB RAM and a 64-bit operating system.
We wrote the code in the C language and compiled it with the gcc compiler.

The cost of deciding which triple to test next is O(logn) for the SE-FW procedure
and O(1) for the unmodified Floyd—Warshall algorithm. Furthermore, the multiplicative
constant that is embedded in the asymptotic notation for the time complexity of the SF-
FW procedure is certainly higher than it is for the Floyd-Warshall algorithm. Finally, a
drawback of the SF-FW procedure is that some triples (i, j, k) might be evaluated twice, i.e.,
once because of L[i, k] and then again because of L[k, j]. This event, albeit rather unlikely,
would happen when L[k, j] < L[i,k] < L[i,j]/2. Because of the reasons we just listed,
the graphs on which we may expect SF-FW to outperform FW are those in which only
a very small number of triples (compared to 1) are updated during the execution of the
Floyd-Warshall algorithm, and in which not many more than these are actually evaluated
by SE-FW.

With these considerations in mind, let us analyze the algorithm’s behavior when
running on some different types of graphs. In all our experiments, we used integer arc costs.

3.1. Graphs with “Few Updates”

As an extreme example, consider a complete graph where the arc costs are random
numbers belonging to a range {m, ..., M} with m > M/2. For such a graph, each arc is, in
fact, the shortest path between its terminals; hence, no triple would lead to an update in
the matrix.

As far as SF-FW is concerned, no entry is ever popped from the heaps for any target
a = 2Lk, j] or B = 2L[i, k], except during the phases in which k = j or k = i, i.e., when the
target is one of the n diagonal elements of the matrix. In such cases, & = 0 or, respectively,
B =0, and n — 1 heap elements are popped. Therefore, only 2n(n — 1) triples are checked
for SE-FW while n? triples are checked for FW. Notice that the time needed to recognize
that each arc is indeed a shortest path is @(n?), so SF-FW is optimal for this kind of graph.

If we slightly perturb this type of complete graph by altering “a few” entries, the SF-
FW procedure outperforms Floyd-Warshall’s algorithm. For example, consider graphs with
the described features, where we pick 7 arcs at random and give them a new random cost
from {1,...,m}, so that some triples will likely lead to an update (i.e., they are successful).

Table 1 reports the results for m = 200 and M = 399, over graphs of 1000, . .., 5000 nodes,
with times in seconds. As can be seen, the SF-FW speedup factor over FW grows with #,
with SF-FW being up to 15 times faster than FW for n = 5000.
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Table 1. Results for complete graphs that need “very few updates”, with n “low cost” arcs, using
m = 200 and M = 399. Any table row reports data that has been averaged over 3 different random
graphs, and the average numbers of triples are rounded to the nearest integer value. Time is reported

in seconds.
Number of Triples Time Speedup
n Successful = Tested by FW Tested by SFFFW FW  SF-FW  Factor
1000 317,963 1,000,000,000 3,718,787 1.1 0.3 4x
2000 1,297,944 4,000,000,000 14,916,163 9.4 12 8x
3000 2,984,637 9,000,000,000 33,789,116  31.3 3.1 10x
4000 5,203,524  64,000,000,000 59,887,724  73.6 5.8 13x
5000 8,907,002  125,000,000,000 93,164,585 141.9 9.5 15x

To find the best field of application for SF-FW, we characterized classes of graphs that
exhibit very few successful triples during the execution of the FW algorithm, thus yielding
a very low ratio between successful and tested triples.

In such a way, the SF-FW procedure can handle a much smaller number of triples
than the FW algorithm.

Let us consider complete graphs having some “easily reachable” vertices, called hubs.
In such a graph, each arc incident on a hub is “short” (i.e., low cost), while all the other
arcs may have any cost. As a real-life example, in road graphs, large cities connected by
highways are quicker to reach than small, remote villages. A shortest path is most likely to
use hubs as intermediate vertices. We assume that the hubs are the first nodes, say nodes
1,...,ny. Indeed, if the hubs are processed first, then very few entries of the matrix will
likely be updated in the following iterations of the algorithm. If we do not know which
nodes are hubs, we could simply pre-process the input by sorting the vertices according to
the average value of their incident arcs. This can be done in time O(n? + nlogn) = O(n?).

In our experiments, we built complete graphs of this type according to the following
parameters: ny, is the number of hubs; m is the minimum cost for any arc; Mj, is the
maximum cost for an arc incident on a hub; M is the maximum cost for any other arc. All
arc costs are integers. We performed experiments with n = 3000 vertices and 5, 10, or
20 hubs. We set m = 100 and M = 10,000 and varied the maximum cost of the arcs incident
on the hubs in the set {120, 150,200}.

The results (with times in seconds) are reported in Table 2 and show speed improve-
ments of up to 4x for the SE-FW procedure over the original Floyd-Warshall algorithm.

Of course, the computation time required by Floyd-Warshall’s algorithm is rather
independent of the hub and arc costs, since most of the time spent is due to the exhaustive
triple tests, which depend only on the number n of vertices in the graph (which is always
3000 for the whole table); very small variations arise from the number of updates that
are executed.

As far as the SF-FW procedure is concerned, it achieves the best performance when
the graph has a small number of hubs (five in this table) and when the costs of the arcs
incident on hubs belong to a small range, [100, 120] in these experiments. The smaller the
number of hubs and the smaller the cost range, the higher the speedup.
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Table 2. Comparison of FW and SF-FW on complete graphs with 5, 10, or 20 hubs, n = 3000 vertices,
m =100, M = 10,000, and M, € {120,150,200}. Time is reported in seconds. Any table cell reports
data that has been averaged over 3 different random instances.

5 Hubs 10 Hubs 20 Hubs
M; FW SF-FW Speedup FW SF-FW Speedup FW SF-FW Speedup
200 314 15.7 2.0x 31.4 15.8 2.0x 31.6 16.1 2.0x
150 314 11.3 2.8x 31.4 11.8 2.7x 31.5 13.1 2.4x
120 31.5 79 4.0x 31.4 9.2 3.4x 31.5 111 2.8x

3.2. General Graphs and Range of Costs

When the arc costs vary over a large range (and, therefore, the lengths of the paths
can also be very different), the overhead due to the heap management compared to the
minimal bookkeeping of FW is such that the original FW can easily outperform SF-FW.
However, when the arc costs belong to a smaller range, SF-FW becomes competitive and
can eventually outperform Floyd—Warshall.

Table 3 reports experiments run on complete graphs with n = 3000 vertices, whose arc
costs are drawn randomly from {1, ..., MAX} for various values of MAX. As can be seen,
the SF-FW procedure benefits when the arc costs fall within a small range; for n = 3000,
SF-FW beats Floyd-Warshall for MAX < 20, but this range is probably too small to be
really interesting. Let us note that MAX = 2 gives only two possible values for costs,
namely 1 or 2.

Table 3. Results for complete graphs with n = 3000 vertices and random arc costs belonging to
{1,...,MAX}. Time is reported in seconds. Slow-downs are expressed as negative speedups. Each
entry in the table reports data that has been averaged over 3 different random instances.

MAX Time Speedup/Slow-Down
FW SF-FW Factor
100 31.4 63.5 —2x
50 31.4 61.5 —2x
20 314 32.1 ~1.0x
19 31.4 30.5 ~1.0x
10 31.4 14.7 +2.1x
5 314 5.8 +5.4 %
2 31.4 0.8 +39.2%

3.3. A Hybrid Approach

To make the SF-FW procedure effective even when the arc costs vary over a larger
range than the graphs considered so far, we made the following observation. Typically,
during the execution of Floyd-Warshall’s algorithm, the matrix values are updated many
times in the early iterations, but once the values approach the correct shortest path lengths,
it becomes increasingly difficult to improve them, and the number of updates drops
dramatically (as shown in Section 2, Figure 1). Therefore, it appears sensible to begin with
the original FW algorithm and use it for some iterations of the main loop, in order to exploit
the effectiveness of FW during the many initial updates of the matrix cells, and then switch
to the SF-FW procedure for the remaining iterations. We call this two-phase procedure a
hybrid approach.
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To test the hybrid approach and to calibrate the best switching point, we performed
several experiments on complete graphs with various values of # and random arc costs
drawn in the range {1, ...,100}. For each graph instance, we tested what would happen if
we started with S iterations of FW followed by n — S iterations of SF-FW, with S = 1}1—0 n
and h =0,1,...,10. Of course, when I = 0, the hybrid approach degenerates to SE-FW,
while for & = 10 it becomes FW.

From the results reported in Table 4, we can see that there is always a suitable switch
point such that the corresponding version of the hybrid approach is better than FW. We
highlighted (in boldface) the best switch point for each 1, and it appears that, as # increases,
the number of iterations of FW needed to achieve the best performance decreases. As a
rule of thumb, we can also observe that, with the exception of n = 1000, running 0.37 initial
FW iterations always yields better performance than both full FW and full SF-FW.

Table 4. Results for the hybrid algorithm applied to complete graphs with random arc costs in the
range {1,...,100}. Time is reported in seconds. Any table cell reports data that has been averaged
over 3 different random instances. The best switch point is highlighted (in bold) in each column.

MAX =100

Switch Point n = 1000 n = 2000 n = 3000 n = 4000 n = 5000
n (FW) 1.08 9.43 31.19 74.14 142.00
09n 1.08 9.28 30.76 72.63 140.80
0.8n 1.05 8.77 29.90 70.50 139.15
0.7n 1.07 8.53 29.16 68.66 137.43
0.6n 1.09 8.33 28.45 67.14 134.96
0.5n 1.14 8.18 2791 65.61 133.88
04n 1.24 8.29 27.54 64.28 130.77
03n 1.43 8.53 27.69 63.68 129.37
02n 1.72 9.51 28.96 64.39 129.69
0.1n 2.24 11.86 34.19 77.29 138.80
0 (SF-FW) 3.74 21.94 63.21 133.40 248.09

Further experiments, reported in Table 5, were run to highlight the dependence of the
best switch point on the width of the cost range, i.e., the value of MAX.

The results, reported in Table 5, show that it is not easy to determine a fixed point
at which to switch from FW'’s original algorithm to SF-FWfor the remaining iterations.
Indeed, calibrating the best switch point, either for specific instance classes or for generic
random instances, appears to be an interesting and challenging question that might be the
subject of future research.

In order to avoid the choice of a rigid threshold for the switching point, we also
investigated the use of an adaptive threshold, as described in the following experiments.
In this case, the main procedure decides the switching point at run time by estimating,
through random sampling, the number of successful triples in the current iteration of the
outermost loop. The rationale is that whenever we estimate that a large number of triples
would fail in the current iteration (or within a suitable interval of consecutive iterations),
then this would be a good time to switch to SE-FW.
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Table 5. Results for the hybrid algorithm applied to complete graphs with n = 3000 vertices and
random arc costs in the range {1,..., MAX}. Time is reported in seconds. Any table cell reports data
that has been averaged over 3 different random instances. The best switch point is highlighted (in
bold) in each column.

n = 3000
Switch Point MAX = 2 MAX = 10 MAX = 20 MAX = 100

n (FW) 31.37 31.37 31.88 31.19
08n 25.53 25.37 25.54 29.90
0.6 19.24 19.31 19.66 28.45
04n 13.14 12.98 14.54 27.54
02n 7.10 6.87 13.00 28.96

0 (SF-FW) 0.84 14.83 32.33 63.21

Under this adaptive strategy, at each iteration of the FW outermost main loop (i.e., for
each new value of k), a random sample of tested pairs is observed, say s pairs, giving a count
sy of the successful ones. If sy /s < p, where p is a given threshold for the success probability,
the hybrid algorithm switches from FW to SF-FW. Hence, this adaptive strategy is driven
by two parameters—s and p—whose effects on the overall performance are investigated in
the following table.

Table 6 reports the results for some experiments on various types of graphs, each of
n = 3000 nodes. In order to make the switching decision more robust, we also introduced
two extra parameters, named w and c. w indicates the size of a “window of consecutive
iterations” considered when making the decision to switch or not to switch, while c, where
1 < ¢ < w, indicates how many times the switching condition s I /s < p must be satisfied,
within the last w iterations, in order to switch to SF-FW. In particular, if c = w, then the
condition must be true for all the last w iterations in order to switch, while if c = 1, we
switch as soon as the condition becomes true for the first time. It can be noted that, for
this hybrid approach, there are several parameters to take into account, and the possible
combinations of their values are too many to be considered fully in this first attempt,
whose main goal is to present a new methodology. Indeed, the study of calibrating the
best possible thresholds for a hybrid approach, either fixed or adaptive, will be the subject
of future research. In the table, we just aim at showing a few examples of the effect of
changing some parameters for some types of instances.

In these preliminary experiments, we first determined by enumeration the true best
switching point, say ks, for each instance. ks represents the “goal,” i.e., the iteration at
which we would have switched if we could have foreseen the future. We then ran the same
instances with various values of p, s, ¢, and w to see how close the “adaptive” switching
point, denoted k, came to the best one and, more importantly, whether the hybrid performed
better than Floyd—Warshall alone. From the table, we see that with p = 0.01, the hybrid
algorithm switches at approximately the right time for graphs with hubs and performs
much better than Floyd-Warshall alone. For instance, with no hubs and costs in {100, .. .,
10,000}, the hybrid is worse than FW for p = 0.01, while with a smaller p it degenerates into
FW and, therefore, is not any worse. In graphs with costs in {1, ...,100}, we can see the
effect of increasing the window size and requiring a significant amount of signal in order
to switch, i.e., the condition is fulfilled 45 times in a row. Under these circumstances, the
switching point is almost optimal, and the best improvement over FW is achieved.
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Table 6. Complete graphs with n = 3000. If nj, # 0, all graphs are clustered, and have m = 100,
Mj, =120, and M = 10,000. Columns Floyd-Warshall and SF-FWreport the times (in seconds) of
pure Floyd-Warshalland pure SF-FW, respectively. Column ks shows the best switching point, with
the corresponding best time near it. The remaining columns describe the performance of the adaptive
hybrid for the given parameters.

FW SF-FW Best Switch 3 Adaptive Switch

Graph Time Time ks Time k P s clw Time
n, =10 31.20 9.25 10 2.89 11 0.01 100 2/5 2.98
ny =20 31.16 11.06 22 2.53 22 0.01 100 2/5 2.54
ny, = 20 31.14 15.93 20 7.01 21 0.01 100 2/5 7.01
n, =40 31.20 13.62 40 2.34 40 0.01 100 2/5 2.34
ny,=0m=1,M=2 31.15 0.84 0 0.84 1 0.01 100 2/5 0.87
ny = 0,m =100, M =10,000  31.17 92.09 3000 31.17 94 0.01 100 2/5 72.58

3000  0.00001 100 2/5 31.17
n,=0,m=1M =100 31.19 63.21 1105 27.51 86 0.01 100 2/5 45.82

1023 0.01 100 45/45 27.54

4. The Transitive Closure Problem (TC)

Similar to the all-pairs shortest paths problem, a potential waste of time can be identi-
fied in Algorithm 6 (FW2), which computes the transitive closure of a graph. Inside the
three nested loops of Algorithm 6 (FW2), the main instruction is an if test (in Line 4), which
we call here testTC(<, 7, k), whose conditionally executed body updates the content of
one matrix cell, T[i, j], by means of an assignment operation (in Line 5) that we call here
updTC(%, 7).

Algorithm 6 FW2

l.fork:=1,...,n
2. fori:=1,...,n
forj:=1,...,n
if (T[i,k] and T[k,j]) then
T[i,j] := true;

O1 e W

In order to compute the transitive closure of a graph, Floyd—-Warshall’s algorithm
enumerates all the possible (i, j, k) triples, executing the n3 corresponding testTC(%, j, k),
which, in turn, will cause the execution of some updTC(%, 7), only when the test succeeds.
Similar to Algorithm 1 (FW1), when a triple fails in Algorithm 6 (FW2), the time needed to
perform the test is wasted. Clearly, the algorithm does not know in advance what triples
will succeed; otherwise, only the succeeding triples would be enumerated, and the running
time would improve. Let us recall here the condition tested by testTC (%, 5, %):

T[i, k] and Tk, j]

where both T[i, k] and T|[k, j] are Boolean values.

The main idea to avoid the check of failing triples is to know in advance which values
of j, when paired with a given value of k, yield a true value for Tk, j] (similar considerations
can be made on the knowledge of values of i that, together with k, yield T[i, k] = true). In
this case, a given value of i will be considered for the evaluation of a triple only when
paired with such values of j (and k). Note that these sets of values for j can be created in
advance for any value of k.
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For each possible value of k, let us call jset (k) the pre-built set of values of j such
that T[k, j] = true. Analogously, let us call iset (k) the pre-built set of values of i such that
T[i, k| = true. Then, Algorithm 6 (FW2) can be rewritten as Algorithm 7 (NEWFW2):

Algorithm 7 NEWFW2

1. BuildJsets(T) /x shown later, a ©(n?) procedure */

2. BuildlIsets(T) /* shown later, a @ (n?) procedure x/

3.fork:=1,...,n

foreach i € iset(k) /x iset(k) are pre-built sets */

foreach j € jset(k) /* jset(k) are pre-built sets x/

T[i, ] := true ; /x no test needed: T|i, k] and T[k, j] are both true */
add j to jset(i);
add i to iset(j);

®© N oG

To complete the description, here are Algorithm 8 (BUILDJSETS) and Algorithm 9
(BUILDISETS), used to pre-build the needed sets of indexes.

Algorithm 8 BUILDJSETS (T)

l.fork:=1,...,n

2. jset (k) := new empty set

3 forj:=1,...,n

4. if (T[k,j]) then

5. add j to jset(k);

Algorithm 9 BUILDISETS (1)

1l.fork:=1,...,n
2. iset (k) := new empty set
fori:=1,...,n
if (T[i, k]) then
add i to iset(k) ;

U1 W

Such a modified Floyd-Warshall algorithm generates the same final matrix as the
original algorithm (i.e., it finds the same correct transitive closure), without performing any
test on the matrix values (i.e., it executes no if instruction) after the initialization phase,
where the required sets are built. Of course, it needs to perform some set operations, in
particular scanning the contents of sets (in the foreach loops) and adding elements to sets
(in the pre-building phase and after any matrix update).

To stand a chance of outperforming the very fast Floyd-Warshall algorithm, we need
a data structure that implements a set with very fast time performance for the needed
operations, so we used a set implementation called FastSet [16] which offers optimal time
performance for any set operation when the set elements are integer numbers (like in this
problem). In particular, adding an element to a FastSet is O(1) and scanning a FastSet
with cardinality c requires ©(c) time. Hence, the new empty set operations in Line 2 of both
Algorithm 8 and Algorithm 9 are actually new empty FastSet operations.

Of course, the pre-building phase is a time overhead for the whole new algorithm,
even though it is @(n?), and the same holds for the (possible) addition of elements to sets
after any matrix update. On the contrary, the new algorithm does not need to perform any if
instructions inside the nested loops, so it saves some execution time. These two conflicting
time behaviors give rise to an algorithm performance that is better than the original one in
some interesting cases, as outlined in the next section.
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As expected, the proposed algorithm beats the original one when the graph is very far
from being complete (i.e., when it has a small number of arcs), because in such graphs the
number of saved if instructions are large.

5. Computational Experiments for the TC Problem with FastSet

The first set of experiments, reported in Table 7, considers undirected random graphs
of different sizes (i.e., different numbers of vertices) and different probabilities p4 with
which the arcs are drawn at random (e.g., when p4 = 1, the graph is complete, and
when p4 = 0, there are no arcs). Clearly, there are no costs associated with the arcs in
the transitive closure problem. Notice that the reported execution times for the proposed
algorithm properly include the time needed to pre-build the sets of indices.

Table 7. Random directed graphs with different percentages of arcs over all possible arcs (0%
denotes a graph where all vertices are isolated, so the transitive closure matrix is completely filled by
false Boolean values). Execution times (reported in seconds) have been averaged over 3 different
random instances.

Original TC-FW New TC-FW
n 0% 0.01% 0.02% 0% 0.01% 0.02%
2000 2.27 2.28 2.28 0.01 0.01 0.02
3000 7.71 7.73 7.78 0.03 0.03 0.04
4000 18.27 18.28 18.29 0.07 0.07 0.09
6000 61.84 62.50 62.52 0.23 0.23 7.34

As far as the original Floyd-Warshall algorithm is concerned, its time performance
with respect to p4 is only affected by the number of successful triples, i.e., the number
of matrix updates. Of course, the best case for such an algorithm is a graph with no arcs
(pa = 0), where all triples fail and no update is needed. The running time is still @(n?)
but the hidden constant is lower than in other cases since no execution of the update
instructions will be performed. However, this particular case (i.e., when all triples fail) is
also the situation in which our proposed algorithm has the best performance improvement
over the original one, as can be seen in Table 7 by comparing the times reported in the
columns labeled “0%”.

As soon as the value of p, increases, the execution time for the original algorithm
increases as well, but the execution time for the new proposed algorithm increases even
faster. We conclude that the proposed algorithm is very effective for sparse graphs, but not
too suitable for dense graphs.

When the graph is undirected, the proposed algorithm can be slightly modified to
obtain a significant time saving. In this case, both the cost matrix and the transitive closure
are symmetric, and thus the algorithm does not need to compute and use both iset (k)
and jset (k) sets. Indeed, since iset (k) = jset (k) for all values of k, one set of sets is
enough. As can be seen in Table 8, when dealing with undirected graphs, the effectiveness
of the proposed algorithm is much higher than for directed graphs.
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Table 8. Random undirected graphs with different percentages of arcs over all possible arcs. Execution
times (reported in seconds) have been averaged over 3 different random instances.

Original TC-FW New TC-FW
n 0% 0.01% 0.02% 0% 0.01% 0.02%
2000 2.27 2.28 2.28 0.01 0.01 0.02
3000 7.71 7.73 7.78 0.01 0.02 0.02
4000 18.27 18.28 18.29 0.01 0.01 0.01
6000 61.84 62.50 62.52 0.04 0.04 1.51

The proposed algorithm is also effective at calculating the transitive closure for a
different type of graph, namely cluster graphs (a cluster graph is the disjoint union of
complete graphs). These experiments are reported in Table 9, where graphs with different
numbers of clusters have been generated (of course, cluster graphs with only one cluster
are complete graphs). As can be seen, both algorithms have better time performances
on cluster graphs (the more clusters, the less time) than on graphs consisting of a single
connected component, but the new algorithm benefits much more from clustering and,
even with a few clusters (namely, five clusters in Table 9), it outperforms the original one.

Table 9. Random undirected cluster graphs with the given number of components, each one being
complete (please note that complete graphs as components are the worst case for the proposed algo-
rithm). Execution times (reported in seconds) have been averaged over 3 different random instances.

Original TC-FW New TC-FW
n 1 5 10 20 1 5 10 20
2000 4.96 2.46 2.31 2.28 19.37 0.32 0.06 0.04
3000 16.93 8.52 7.95 7.71 69.12 1.55 0.21 0.14
4000 41.02 20.56 19.06 18.31 168.11 4.24 0.65 0.30
6000 139.88 70.80 64.58 62.42 579.63 17.00 3.28 0.99
8000 33248 167.68 155.31 148.19  1375.10 47.28 8.46 2.38

Since the effectiveness of the proposed approach increases when the graphs (or their
connected components) are more sparse, in Table 10 we report some experiments that just
show what was expected, i.e., better time performances for graphs that are the union of
disjoint sparse components (the more sparse the components, the better the performance).
Of course, the last column of Table 10, labeled with 100%, is equal to the last column of
Table 9, where complete components were considered.

Table 10. Results of new TC-FW on random undirected graphs with 20 disjoint components, each one
having the reported percentage of arcs over all possible arcs. Execution times (reported in seconds)
have been averaged over 3 different random instances.

n 1% 5% 10% 50% 100%
2000 0.01 0.02 0.04 0.04 0.04
3000 0.02 0.10 0.12 0.14 0.14
4000 0.07 0.25 0.27 0.30 0.30
6000 0.34 0.87 0.95 0.98 0.99

8000 1.14 2.15 224 2.37 2.38
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In the last experiment, we analyzed the performance of the proposed approach over an
interesting class of graphs, namely the forests. A forest is a graph in which each connected
component is a tree. Notice that trees are the most sparse among all possible connected
components. Clearly, a forest with only one component is itself a tree. The results, reported
in Table 11 and compared with Table 9, confirm that the proposed approach gains a great
advantage from the graph sparseness.

Table 11. Random forests with 1, 5, 10, and 20 components, with each component being a tree.
Execution times (reported in seconds) have been averaged over 3 different random instances.

Original TC-FW New TC-FW
n 1 5 10 20 1 5 10 20
2000 3.33 2.50 2.40 2.28 428 0.17 0.05 0.02
3000 10.90 8.06 7.60 7.50 14.33 0.54 0.15 0.03
4000 27.01 18.91 18.19 17.77 33.44 1.34 0.34 0.08
6000 87.77 66.07 60.87 59.29 111.40 4.60 1.15 0.33
8000 207.42 151.62 143.23 139.79 268.59 10.85 2.72 0.68

6. Conclusions

In this paper, we have undertaken the very challenging objective of improving one
of the leanest and most effective graph algorithms, i.e., the triple-nested-for algorithm of
Floyd and Warshall for the all-pairs shortest paths problem. By introducing and exploiting
a necessary condition for the update of the matrix cells, and by using heaps in order to
verify our condition in the most effective way, we have shown that the proposed algorithm
can indeed supersede Floyd—Warshall’s algorithm on some interesting classes of graphs.
Furthermore, we have presented evidence that the use of a hybrid, two-phase algorithm,
which starts with FW and then switches to our proposed procedure, can in fact be more
effective than Floyd-Warshall’s algorithm alone, even for general graphs. However, the
best calibration of some parameters that can indicate when such a switch ought to be made
requires further research and will be addressed in future work. Furthermore, we have
studied how the same ideas used to improve FW’s algorithm for shortest paths could be
applied to its algorithm for transitive closure computation. The main goal was to work
only on the matrix cells that can change their value and avoid considering the others. By
using FastSet to identify such cells, we have proposed a new algorithm that can be much
quicker than the older one on sparse and/or non-connected graphs.
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