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A B S T R A C T

Analytical and numerical models are proposed to assess the strength of exterior Reinforced Concrete (RC)
Beam–Column Joints (BCJs) retrofitted with Ultra-High-Performance Fiber Reinforced Concrete (UHPFRC)
jacket subjected to cyclic lateral loads. In particular, an analytical flexural model is provided to calculate
the flexural strength of the beam converging to the BCJ. The flexural model is also used to determine the
shear force acting in the joint at beam flexural failure.

An analytical shear model to calculate the joints’ shear strength is also proposed. This model considers the
contributions to the joint strength of both the joint core and the UHPFRC jacket and takes also into account
the confinement effect produced by the jacket on the joint core. The flexural and shear analytical models are
validated through the comparison with experimental results available in the literature, showing high accuracy
in the predictions. The finite element model of a BCJ retrofitted with HPFRC jacket for which experimental
test results are available in the literature is also implemented. A solution to reproduce the interface interaction
at the contact surface between concrete and UHPFRC is proposed. The numerical model shows good accuracy
in predicting the joint experimental behavior.
. Introduction

Earthquakes can cause severe damages to RC structures that are not
ppropriately designed to bear seismic forces, putting human lives at
isk. Due to this, high interest in studying structural elements subjected
o cyclic loads has increasingly developed in the last decades, partic-
larly for beam–column joints, which are subjected to brittle failure
f not adequately designed. Consequently, strengthening BCJs is fun-
amental for increasing the ductility of existing RC framed buildings,
specially those built before the 1970s [1,2], which usually do not
atisfy seismic requirements.

To avoid BCJs failure, diverse retrofit techniques have been devel-
ped, both for strengthening and structural repair, such as epoxy resin
njections [3], RC jacketing [4], steel jacketing [5], and application
f steel plates [6,7], steel braces [8] and fiber reinforced polymers
9–23]. In the last years, also High Performance Fiber Reinforced Con-
rete (HPFRC) and Ultra-High Performance Fiber Reinforced Concrete
UHPFRC) have been used for retrofitting beam–column joints [24–
9], and also beams [30–40] and columns [41–44]. Due to their
ense microstructure HPFRC and UHPFRC are expected to address the
urability issue evidenced by conventional concrete. UHPFRC can be
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defined as a Ultra-High Performance Concrete (UHPC) with presence
of fibers, with higher flowability than Self-Compacting Concrete (SCC),
which reaches compressive strength values of at least 150 MPa [45–49].
On the other hand, HPFRC can be defined as a concrete with properties
of High Strength Concrete (HSC) and a workability equivalent to that
of SCC, reaching compressive strength values up to 200 MPa [50–53].
Regarding the tensile behavior, the main difference is that UHPFRC
has higher tensile strength, due to the higher fiber volume (usually
higher than 2%). Both HPFRC and UHPFRC develop hardening and
microcracking, as it can be seen from the trilinear stress–strain tensile
curve (elastic-hardening-softening branches) [30,46,47,54]. According
to AFGC guidelines [48], UHPFRC is usually characterized by tensile
strength values between 7–15 MPa.

French Building Code [49] describes UHPFRC as a material with
high compressive strength and high post-cracking tensile strength,
which produces ductile behavior in tension. Thanks to these properties,
as retrofit material, UHPFRC provides the structural elements to which
it is applied with higher energy absorption capacity, durability, flexural
strength, and shear strength [45]. Several experimental studies on BCJs
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retrofitted with HPFRC/UHPFRC jackets have been carried out in the
last decades. Shannag et al. [24] and Shannag and Alhassan [25]
investigated BCJs retrofitted with HPFRC jackets of thickness 15 mm
and 25 mm. In the retrofitted joints the authors observed a ductile fail-
ure mode, enhancements in the load capacity, energy dissipation and
ductility, and less stiffness degradation. Beschi et al. [26] investigated
the effectiveness of a HPFRC jacket with thickness of 30 mm in the
beam and 40 mm in the column as retrofit intervention for exterior
non-seismic BCJs. The authors observed increases in the joint shear
strength, lateral displacement capacity and energy dissipation capacity,
and ductile flexural failure at the beam. Khan et al. [27] repaired ex-
terior BCJs using 30 mm thick UHPFRC plates. The experimental tests’
results showed improvements in the shear capacity, stiffness, energy
dissipation capacity and ductility. Sharma and Bansal [28] retrofitted
exterior BCJs with Ultra-High Performance Hybrid Fiber Reinforced
Concrete (UHP-HFRC) jackets of thickness 25 mm, obtaining improve-
ments in the load capacity, ductility, energy dissipation, and stiffness.
Saharan et al. [29] retrofitted exterior BCJs with a UHPFRC jacket of
thickness 25 mm, observing an increase in the lateral load, ductility,
and energy absorption. UHP-HFRC is defined as a material with higher
ductility, easy handling, and maintaining structural capacity at large
deformation, which requires high fiber contents (4%–11% by volume).
The term hybrid refers to the combination of micro-fibers (long smooth,
hooked, or twisted fiber) with macro-fibers (short smooth fiber) in the
matrix composition [55].

Regarding analytical and numerical models, Bahraq et al. [56]
developed the first analytical model to determine the shear strength
of BCJs retrofitted with an UHPFRC jacket. In the model, the au-
thors assumed that the contribution of the UHPFRC jacket to the BCJ
shear strength could be determined with the formula provided by ACI
352R [57] for normal concrete. The shear strength predictions obtained
from the analytical model were compared with the results of finite
element models of joints, where the contact between concrete and
UHPFRC was implemented using cohesive elements. In the presence
of the retrofit intervention, an increase in the load bearing capacity
and interface failure mode were observed, as in the experimental tests.
However, the simplification of using the formulation of normal concrete
for UHPFRC may not lead to reliable results, instead an analytical
expression specific for UHPFRC retrofit should be used.

The behavior of RC columns retrofitted with UHPFRC jackets was
investigated, through finite element analysis, by Sakr et al. [58], who
observed increases in the load capacity with the increase of the UH-
PFRC jacket thickness. In the model, the interface between the concrete
and the jacket was simulated by multi-zero-length connectors, which
are two-node connectors placed at the interface, with one node on the
concrete and the other on the jacket.

Fayaz et al. [59] performed numerical analyses of BCJs retrofitted
with 30 mm thick UHPFRC jacket or UHPFRC jacket confined by
CFRP sheets. The models considered perfect bond between concrete
and UHPFRC, while the bond between UHPFRC and CFRP was modeled
as a tie-bond. The numerical results showed an improvement in shear
strength, energy dissipation capacity and structural stiffness, due to the
retrofits.

In this research work analytical and numerical models to assess
the strength of exterior BCJs retrofitted with UHPFRC jackets are
proposed. In particular, an analytical model to calculate the beam
flexural strength of RC BCJs retrofitted with UHPFRC jacket, called
flexural model from now on is proposed. This model considers the
tensile strength contribution of the jacket and it is validated through
the comparison with experimental results available in the literature.
The flexural model is also used to derive the shear force acting in the
joint at beam flexural failure.

Then, an analytical model to calculate the shear strength of exterior
BCJs retrofitted with UHPFRC jackets, named herein shear model, is
proposed. The model considers the contributions to the joint strength
2

of both the joint core and the UHPFRC jacket, and takes into account
the confinement effect produced by the jacket on the joint. The model
is validated through the comparison with experimental results available
in the literature.

This research work provides also a finite element model of a BCJ
retrofitted with UHPFRC jacket. In the FE model, realized using the
software ATENA 3D, the concrete-to-steel reinforcement interface in-
teraction is simulated with a bond–slip relationship, while the contact
between concrete and UHPFRC is simulated with an interface relation-
ship complying with Mohr–Coulomb criterion [60,61]. To the best of
the authors’ knowledge, this relationship has not been used to date
to reproduce, in BCJs retrofitted with UHPFRC jackets, the interface
interaction between the UHPFRC and the concrete of existing elements.

2. Proposed analytical models

2.1. Flexural model

The proposed flexural model is used to calculate the ultimate bend-
ing moment of the beam converging to exterior RC BCJs retrofitted
with UHPFRC jackets. It is based on the model of Bahraq et al. [56],
with respect to which the proposed model assumes a different stress
distribution on the cross-section and a different failure mode. Actually,
in the proposed model the distribution of the tensile stresses in the
jacket is continuous along the height and the failure is due to UHPFRC
crushing. Conversely, in [56] the distribution of the tensile stresses in
the jacket is not continuous along the jacket’s height and the failure is
due both to UHPFRC crushing and UHPFRC under tension. The value
of the proposed analytical model lies in the possibility of calculating
the ultimate bending moment of the retrofitted cross-section without
using a software. Actually, the proposed equations can be easily imple-
mented in a spreadsheet. Once this is done, the design of the UHPFRC
jacket for the flexural strengthening of a beam can be quickly carried
out. The model does not apply to BCJs with pre-deformations before
the construction of the strengthening jacket. The model is based on
the assumption of plane sections, as the condition of perfect bond
between UHPFRC and plain concrete can be achieved by using different
techniques of substrate surface preparation, as shown in [34,62–66].

Three possible intervals of the neutral axis depth, 𝑥𝑐 , in the beam
cross-section are considered, corresponding to Cases 1, 2, and 3. Case
1 occurs when the neutral axis falls entirely in the UHPFRC layer
(Fig. 1), of thickness 𝛿𝑅; Case 2 occurs when the neutral axis is localized
between the inner face of the retrofit layer and the centroid of the top
reinforcement; finally, Case 3 occurs when the neutral axis is localized
below the centroid of the top reinforcement.

The equations proposed in the following are derived for the case
in which the flexural failure of the cross-section is due to UHPFRC
crushing. Accordingly, it must be checked that, at UHPFRC crushing the
strains in the plain concrete and in steel reinforcements do not exceed
the ultimate strains. In the following formulation, subscript 𝑐 refers to
the normal concrete, while 𝑅 to the retrofit material. Fig. 1 shows the
distributions of stresses, strains and internal forces on the beam cross-
section at joint interface for Case 1. In this case, for convenience of
calculation the tensile resultant force is divided in seven components,
labeled 𝑇𝑅1 – 𝑇𝑅7. The meaning of the symbols used in Fig. 1 is the
following: 𝜖𝑐𝑢𝑅 is the maximum compressive strain in the UHPFRC
layer (Eq. 1), 𝜖𝑢𝑡,𝑐𝑟𝑎𝑐𝑘 is the strain corresponding to the tensile cracking
strength 𝑓𝑢𝑡 of UHPFRC (Fig. 2); the strains 𝜖𝑢𝑡′ and 𝜖𝑢𝑡′′ and stresses
𝑓𝑢𝑡′ and 𝑓𝑢𝑡′′ correspond to the horizontal edges of the beam original
cross-section (Fig. 2), given by Eqs. (2)–(3) and (8)–(9) in Annex A.1,
respectively; 𝜖𝑢𝑡1 and 𝑓𝑢𝑡1 are the ultimate tensile strain and stress of
UHPFRC; 𝜖𝑠𝑐 and 𝜖𝑠𝑐′ are the strains in the bottom and top longitudinal
reinforcements, given by Eqs. (4) and (5), respectively; 𝑦 is the distance
of 𝜖𝑢𝑡,𝑐𝑟𝑎𝑐𝑘 (Eq. 7) from the neutral axis; 𝑑′ is the distance between the
extreme compressed concrete fiber of the beam section without jacket
and the centroid of the top longitudinal reinforcement; 𝑏 and ℎ are

the width and depth of the beam section without jacket; 𝐵 and 𝐻
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Fig. 1. Distributions of stresses, strains, and forces on the beam cross-section at the interface with the joint retrofitted with UHPFRC jacket — Case 1: 𝑥𝑐 < 𝛿𝑅.
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Fig. 2. UHPRFC tensile stress–strain diagram.

re the width and depth of the beam section with jacket; 𝐶𝑅1 is the
ompressive force on the UHPFRC layer (Eq. 11). The internal tensile
nd compressive forces acting on the UHPFRC jacket can be determined
y Eqs. (14)–(25); 𝐶𝑠𝑐 (Eq. (26)) and 𝐶𝑠𝑐′ (Eq. (27)), 𝜖𝑠𝑐 and 𝜖𝑠𝑐′ , 𝐴𝑠𝑐

and 𝐴𝑠𝑐′ are the forces, the strains and the areas of the bottom and
top longitudinal steel reinforcements, respectively. The yield strength
and Young’s modulus of steel bars are indicated with symbols 𝑓𝑠𝑦 and
𝐸𝑠, respectively, in the following. For the tensile behavior of UHPFRC
the simplified stress–strain diagram shown in Fig. 2 is adopted, which
does not take into account the hardening. This simplification is adopted
also in other analytical models present in the literature [30,38,56]. The
proposed methodology made this assumption to simplify the analytical
equations of the model. This simplification has also been assumed by
other authors [30,38,56] The parameters 𝜖𝑢𝑡 and 𝜖𝑢𝑡1 correspond to
the maximum and ultimate value of tensile strain–stress diagram of
UHPFRC, 𝜖𝑢𝑡,𝑐𝑟𝑎𝑐𝑘 can be determined from Table A.1 and 𝜖𝑢𝑡1 is the strain
corresponding to 𝑓𝑢𝑡1.

The factors 𝛼𝑅 and 𝛽𝑅 appearing in the equivalent rectangular
compressive stress block of UHPFRC are expressed by Eqs. (28) and
(29) [67], respectively.

𝛼𝑅 → 0.85 𝑓𝑜𝑟 𝑓𝑐𝑅 ≤ 69 MPa

𝛼𝑅 → 0.85 − 0.0029(𝑓𝑐𝑅 − 69) ≥ 0.75 𝑓𝑜𝑟 𝑓𝑐𝑅 > 69 MPa
(28)

𝛽𝑅 → 0.85 𝑓𝑜𝑟 𝑓𝑐𝑅 ≤ 28 MPa
(29)
3

𝛽𝑅 → 0.85 − 0.007252(𝑓𝑐𝑅 − 28) ≥ 0.65 𝑓𝑜𝑟 𝑓𝑐𝑅 > 28 MPa
where 𝑓𝑐𝑅 is the cylindrical compressive strength of UHPFRC. With
reference to Fig. 1, the neutral axis depth of the beam cross-section
can be determined from the equilibrium of the internal and external
axial forces that is:

𝑁 = 0 = 𝐶𝑅1 − 𝑇𝑅1 − 𝑇𝑅2 − 𝑇𝑅3 − 𝑇𝑅4 − 𝑇𝑅5 − 𝑇𝑅6 − 𝑇𝑅7 −𝐶𝑠𝑐 −𝐶𝑠𝑐′ (30)

using the equations in Annex A.1.
Then, the beam flexural capacity can be obtained through the

equilibrium of internal and external bending moments calculated with
respect to the neutral axis:

𝑀 = 𝐶𝑅1

(𝑥𝑐
2

)

+ 𝑇𝑅1

(

2𝑦
3

)

+ 𝑇𝑅2

(

𝛿𝑅 − 𝑥𝑐 − 𝑦
3

+ 𝑦
)

+ 𝑇𝑅3

(

𝛿𝑅 − 𝑥𝑐 − 𝑦
2

+ 𝑦
)

+ 𝑇𝑅4

(

𝐻 − 2𝛿𝑅
3

+ (𝛿𝑅 − 𝑥𝑐 )
)

+𝑇𝑅5

(

𝐻 − 2𝛿𝑅
2

+ (𝛿𝑅 − 𝑥𝑐 )
)

+ 𝑇𝑅6

(

2𝛿𝑅
3

+ (𝐻 − 𝑥𝑐 − 𝛿𝑅)
)

+ 𝑇𝑅7

(

𝛿𝑅
2

+ (𝐻 − 𝑥𝑐 − 𝛿𝑅)
)

+ 𝐶𝑠𝑐 (𝐻 − 𝑥𝑐 − 𝛿𝑅 − 𝑑′)+

𝐶𝑠𝑐′ (𝛿𝑅 − 𝑥𝑐 + 𝑑′).

(31)

The representations of Cases 2 and 3 are shown in Figs. 3 and
, respectively, where 𝑓𝑐 is the cylindrical compressive strength of

normal concrete and 𝐶𝑐 is the compressive force in the normal concrete,
etermined by Eq. 10; 𝐶𝑅1 and 𝐶𝑅2 are the compressive forces in the

UHPFRC, estimated by Eqs. (12) and (13), respectively; the internal
tensile forces of UHPFRC are determined by Eqs. (15)–(23); factors 𝛼𝑐
and 𝛽𝑐 are determined by Eqs. (32) and (33), respectively, according to
the recommendations of ACI 318 [68].

𝛼𝑐 → 0.85 (32)

𝛽𝑐 → 0.85 𝑓𝑜𝑟 17 MPa < 𝑓𝑐 ≤ 28 MPa

𝛽𝑐 → 0.85 −
0.05(𝑓𝑐 − 28)

7
𝑓𝑜𝑟 28 MPa < 𝑓𝑐 < 55 MPa

𝛽𝑐 → 0.65 𝑓𝑜𝑟 𝑓𝑐 ≤ 55 MPa

(33)

For Case 2 (Fig. 3), the neutral axis depth and the ultimate bending
moment of the cross-section are determined by Eqs. (34) and (35),
respectively.

𝑁 = 0 = 𝐶 + 𝐶 + 𝐶 − 𝑇 − 𝑇 − 𝑇 − 𝑇 − 𝑇 − 𝐶 − 𝐶 (34)
𝑐 𝑅1 𝑅2 𝑅1 𝑅2 𝑅3 𝑅4 𝑅5 𝑠𝑐 𝑠𝑐′
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Fig. 3. Distributions of stresses, strains, and forces on the beam cross-section at the interface with the joint retrofitted with UHPFRC jacket — Case 2: 𝛿𝑅 < 𝑥𝑐 < 𝛿𝑅 + 𝑑′.
Fig. 4. Distributions of stresses, strains, and forces on the beam cross-section at the interface with the joint retrofitted with UHPFRC jacket — Case 3: 𝑥𝑐 > 𝛿𝑅 + 𝑑′.
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(
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(
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2
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2
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+𝐶𝑠𝑐 (𝐻 − 𝑥𝑐 − 𝛿𝑅 − 𝑑′)+

𝐶𝑠𝑐′ (𝛿𝑅 − 𝑥𝑐 + 𝑑′).

(35)

For Case 3 (Fig. 4), the neutral axis depth and the ultimate bending
moment of the cross-section are given by Eqs. (36) and (37), respec-
tively. It is observed that, in this case, 𝜖𝑠𝑐′ is a compressive strain,
differently from that of other cases, and it is expressed by Eq. (33).

𝑁 = 0 = 𝐶 + 𝐶 + 𝐶 − 𝑇 − 𝑇 − 𝑇 − 𝑇 − 𝑇 − 𝐶 + 𝐶 (36)
4

𝑐 𝑅1 𝑅2 𝑅1 𝑅2 𝑅3 𝑅4 𝑅5 𝑠𝑐 𝑠𝑐′ b
𝑀 = 𝐶𝑐
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ℎ − 𝛿𝑅 − 𝑥𝑐 − 𝑦
2

+ 𝑦
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+ 𝑇𝑅4
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𝛿𝑅
3

+ (𝐻 − 𝛿𝑅 − 𝑥𝑐 )
)

+𝑇𝑅5

(

𝛿𝑅
2

+ (𝐻 − 𝛿𝑅 − 𝑥𝑐 )
)

+𝐶𝑠𝑐 (𝐻 − 𝑥𝑐 − 𝛿𝑅 − 𝑑′)+

𝐶𝑠𝑐′ (𝛿𝑅 − 𝑥𝑐 + 𝑑′).

(37)

.2. Shear model

The proposed shear model is used to estimate the shear strength of
xterior RC BCJs retrofitted with UHPFRC jacket. The model assumes
hat joint failure is due to the attainment of the peak compressive stress
n the joint core, taking into account the confinement effect produced
y the UHPFRC jacket on the joint core through the confined concrete
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Fig. 5. Confining pressure exerted by UHPFRC jacket on exterior RC beam–column joint: (a) front view, (b) x-direction, (c) y-direction.
strength, 𝑓𝑐𝑐 . By considering a strut and tie resisting mechanism for
the joint, the principal direction of the compression stresses is along the
concrete strut, which develops inside the joint core inclined by an angle
𝜃ℎ with respect to the horizontal plane (Fig. 5.a). Thus, the compressive
strain in the confined concrete at the peak stress, 𝜖𝑐2,𝑐∗, is attained along
this direction.

To calculate 𝑓𝑐𝑐 according to the requirements of the Italian Build-
ng Code [69] and Eurocode 2 EN 1992-1-1 [70] an iterative process
s used, which is shown in Fig. 6. Since the jacket is in contact with
he joint vertical surfaces, to determine the effective mean lateral
horizontal) confining pressure produced by the jacket on the concrete
ore, 𝜎2, the horizontal component of the confined concrete strain,
𝑡ℎ is considered. The iterative process starts by assuming an initial
alue of 𝜖𝑐2,𝑐∗, which can be made equal to the unconfined ultimate

compressive strain of normal concrete at peak stress 𝜖𝑐2 (𝜖𝑐2 = 2.0‰
for [69,70]). The transverse strain of the confined concrete strut in
the presence of the UHPFRC jacket, 𝜖𝑡, is determined through the
se of the Poisson’s ratio. For concrete under compression at peak
tress, the adopted value of the Poisson’s ratio, 𝜇0, is 0.5, as suggested
y Samani and Attard [71]. This value is obtained considering that
he axial compressive strain at the instant of zero volumetric strain
s approximately equal to the axial compressive strain at which the
oncrete reaches its peak compressive axial stress.

By assuming a perfect bond at the interface between the joint core
nd the external jacket, the horizontal strain in the jacket is equal to the
ormal strain of the confined concrete strut in the horizontal plane, 𝜖𝑡ℎ.
onsequently, the tensile stress in the UHPFRC jacket at the interface
ith the joint core is obtained from the tensile curve of UHPFRC with

he strain value 𝜖𝑡ℎ.
Since the value of the tensile stress on the external surface is

nknown and also the real distribution of the tensile stresses across the
acket is unknown, to take into account that the tensile stress decreases
cross the jacket thickness, it is assumed that the tensile stress linearly
ecreases from the inner to the outer surface of the jacket, becoming
ull on the outer surface. Hence, a triangular distribution of the tensile
tresses within the jacket thickness is adopted. The value of the tensile
tress in the jacket at the interface with the joint core, 𝑓𝑢𝑡∗, is calculated
rom the experimental tensile strain–stress curve.

For the exterior RC BCJ in Fig. 5.a, the lateral pressures exerted by
5

he UHPFRC jacket on the joint core in x and y horizontal directions,
𝜎𝑙,𝑥 and 𝜎𝑙,𝑦 in Figs. 5.b and 5.c, respectively, can be estimated by the
following equations

𝜎𝑙,𝑥 =
𝑓𝑢𝑡∗𝛿𝑅
𝑏𝑗

(38)

𝜎𝑙,𝑦 =
𝑓𝑢𝑡∗𝛿𝑅
ℎ𝑗

(39)

where 𝑏𝑗 and ℎ𝑗 are the width and the depth of the joint core, respec-
tively.

Eqs. (38) and (39) are derived assuming that the confinement
provided by the UHPFRC jacket and by the beam is uniform on each
side of the joint core.

According to the Italian Building Code [69] and Eurocode 2 EN
1992-1-1 [70], the mean lateral confinement pressure, 𝜎𝑙, can be cal-
culated as the geometrical mean between the two above lateral stresses

𝜎𝑙 =
√

𝜎𝑙,𝑥𝜎𝑙,𝑦 (40)

The effective mean lateral confining pressure is calculated by

𝜎2 = 𝛼𝜎𝑙; 𝛼 = 𝛼𝑛𝜎𝑠 (41)

where the coefficients 𝛼𝑛 and 𝛼𝑠 can be assumed equal to 1, being
the UHPFRC jacket continuous and uniform in thickness on the lateral
surfaces of the joint.

To calculate the confining pressure orthogonal to the direction of
the concrete diagonal strut, 𝜎′2 (Fig. 5.a), the Mohr’s circle is used

𝜎′2 =
𝜎2
2

+
𝜎2
2
𝑐𝑜𝑠(180 + 2𝜃ℎ) (42)

The confined concrete strength can be calculated by [69,70]

𝑓𝑐𝑐 = 𝑓𝑐𝑘

(

1.0 +
5.0𝜎2
𝑓𝑐𝑘

)

for 𝜎′2 ≤ 0.05𝑓𝑐𝑘 (43)

𝑓𝑐𝑐 = 𝑓𝑐𝑘

(

1.125 +
2.5𝜎2
𝑓𝑐𝑘

)

for 𝜎′2 > 0.05𝑓𝑐𝑘 (44)

where 𝑓𝑐𝑘 is the concrete characteristic compressive strength.
The Mohr’s circle is also used to determine the compressive stress

arising along the axis of the diagonal concrete strut, 𝜎∗2 , due to the
confining action of the jacket

𝜎∗ =
𝜎2 +

𝜎2 𝑐𝑜𝑠(2𝜃 ) (45)
2 2 2 ℎ
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Fig. 6. Iterative process to determine the confined compressive strength of the diagonal
trut in exterior BCJs retrofitted with UHPFRC jackets.
ote: 𝑓𝑢𝑡∗ is the tensile stress corresponding to the strain 𝜖𝑡ℎ, which is obtained from

the tensile curve of UHPFRC.

This stress adds to that induced by the lateral load, reducing the
maximum stress bearable by the joint. To take account of this, the
compressive strength of the strut is calculated by subtracting 𝜎∗2 to the
compressive strength of the strut confined concrete.
6

Finally, the compressive strain in the confined concrete strut at the
peak stress, 𝜖𝑐2,𝑐 is determined by the following equation [69,70].

𝜖𝑐2,𝑐 = 𝜖𝑐2 +
𝑓𝑐𝑐
𝑓𝑐𝑘

(46)

The iterative procedure represented in Fig. 6 ends when the absolute
value of the difference between 𝜖𝑐2,𝑐 and 𝜖𝑐2,𝑐∗ is ≤ 10−5.

The shear strength of the retrofitted joint, 𝑉𝑗ℎ, is calculated as
the sum of the joint core contribution, 𝑉𝑗ℎ𝑐 , and the UHPFRC jacket.
The former is calculated with the formulation of Pauletta et al. [72],
considering the confined concrete strength 𝑓𝑐𝑐 (MPa) in place of 𝑓𝑐 and
the presence of stress 𝜎∗2

𝑉𝑗ℎ𝑐 = 0.71
[ (𝜒𝑓𝑐𝑐 − 𝜎∗2 )𝑏𝑗𝑎𝑐𝑐𝑜𝑠(𝜃ℎ)

𝛼
+ 0.79𝐴ℎ𝑓𝑦ℎ + 0.52

𝐴𝑣𝑓𝑦𝑣
𝑡𝑎𝑛(𝜃ℎ)

]

(47)

where

𝜒 =

[

0.74
(

𝑓𝑐𝑐
105

)3
− 1.28

(

𝑓𝑐𝑐
105

)2
+ 0.22

(

𝑓𝑐𝑐
105

+ 0.87
)

]

(48)

𝑎𝑐 =
(

0.25 + 0.85 𝑁
𝐴𝑔𝑓𝑐𝑐

)

ℎ𝑐 (49)

𝛼 =
2𝐿𝑐𝐿𝑏

2𝐿𝑐𝐿𝑏 − (2𝐿𝑏 + ℎ𝑐 )𝑗𝑏𝑑

(

1 −
𝑙ℎ
√

𝑓𝑐𝑐
𝜙𝑏𝑓𝑏

)

≤ 1.0 (50)

𝜒 a non-dimensional interpolating function accounting for concrete
oftening [72], 𝑎𝑐 the depth of the compression zone in the column; 𝐴ℎ

and 𝑓𝑦ℎ the area and the yield strength of joint horizontal reinforce-
ment, respectively; 𝐴𝑣 and 𝑓𝑦𝑣 the area and the yield strength of joint
vertical reinforcement, respectively. 𝐴𝑔 the gross area of the column
section; ℎ𝑐 the height of the column cross-section; 𝑗𝑏𝑑 the internal
moment arm of the beam cross-section, which can be calculated as
suggested in [72]; 𝑙ℎ the horizontal projection of the diagonal con-
crete strut, which is equal to ℎ𝑐 − 𝑎𝑐 ; 𝜙𝑏 the mean diameter of beam
longitudinal bars in tension; 𝑓𝑏 the stress of beam bars in tension (MPa).

In this condition, the acting shear force 𝑉 𝐴
𝑗ℎ distributes between the

joint core and the UHPFRC jacket in relation to their shear stiffness,
that is

𝑉 𝐴
𝑗ℎ𝑐 = 𝑉 𝐴

𝑗ℎ

(

𝐺𝑐𝐴𝑐
𝐺𝑐𝐴𝑐 + 𝐺𝑅𝐴𝑅

)

(51)

𝑉 𝐴
𝑗ℎ𝑅 = 𝑉 𝐴

𝑗ℎ

(

𝐺𝑅𝐴𝑅
𝐺𝑐𝐴𝑐 + 𝐺𝑅𝐴𝑅

)

(52)

with 𝐺𝑐 and 𝐺𝑅 the shear modulus of the normal concrete and of
UHPFRC, respectively, 𝐴𝑐 the joint core horizontal area and 𝐴𝑅 the
UHPFRC jacket horizontal area at mid-height of the joint, as shown
in Fig. 7.b. The shear moduli of normal concrete, 𝐺𝑐 , and UHPFRC,
𝐺𝑅, can be calculated by means of Eq. (53), using the values of the
Young’s modulus and Poisson’s ratio of the materials. Concrete and
UHPFRC Young’s moduli, 𝐸𝑐 and 𝐸𝑅, respectively, can be obtained
from experimental results. Alternatively, 𝐸𝑐 can be calculated accord-
ing to ACI 318 recommendations [68] (Eq. (54)), while 𝐸𝑅 through the
formula developed by Guo et al. [73], expressed by Eq. (55) (𝑓𝑐 and
𝑓𝑐𝑅 in MPa). With regard to the Poisson’s ratios, 𝜈, the value of 0.2
is adopted both for normal concrete and UHPFRC, as recommended
by ACI 318 [68], French Standard [49] and in the studies of Russell
et al. [74].

𝐺 = 𝐸
2(1 + 𝜈)

(53)

𝐸𝑐 = 4700
√

𝑓𝑐 (54)

𝐸𝑅 = 3837
√

𝑓𝑐𝑅 (55)

The contribution of the UHPFRC jacket to shear strength is deter-
mined in function of the contribution provided by the concrete strut,
assuming that both the jacket and the concrete core are in the elastic

field.
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Fig. 7. Scheme of the retrofitted joint: (a) vertical section, (b) horizontal section at mid-height.
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Assuming that the jacket percentage contribution to joint shear
strength is that considered in Eqs. (51) and (52), the joint shear strength
is calculated as follows

𝑉𝑗ℎ = 𝑉𝑗ℎ𝑐 + 𝑉𝑗ℎ𝑐
𝐺𝑅𝐴𝑅
𝐺𝑐𝐴𝑐

(56)

In order to avoid joint shear failure, the joint shear strength must be
reater than the shear force on the joint acting at beam flexural failure.
n this condition, the acting shear force, 𝑉 𝐴

𝑗ℎ, can be calculated from
he equilibrium of the top half part of the joint, as shown in Fig. 7a.
onsidering that a negative bending moment acts on the beam cross-
ection, 𝑉 𝐴

𝑗ℎ is given by the sum of the tensile force on the retrofit
aterial, 𝑇𝑅, the tensile force on the top reinforcement, 𝑇𝑠, and the

hear force on the column, 𝑉𝑐 , as follows
𝐴
𝑗ℎ = 𝑇𝑅 + 𝑇𝑠 − 𝑉𝑐 (57)

where

𝑇𝑠 = 𝐴𝑠𝑓𝑦 (58)

𝑉𝑐 =
𝐿𝑏𝑉𝑏
𝐿𝑐

(59)

with 𝐴𝑠 the area of the top steel reinforcement; 𝜖𝑠 the tensile strain in
the top steel reinforcement (at the ultimate bending moment); 𝑉𝑏 the
shear acting on the beam; 𝐿𝑏 and 𝐿𝑐 the lengths of the beam and the
column, respectively (see Fig. 8).

To provide the joint with adequate ductility, the UHPFRC jacket
should be designed to promote the flexural failure of the beam. To
this aim, the value of 𝑉𝑏 in Eq. (59) can be determined considering
the attaining of the ultimate bending moment in the beam, calculated
as described in Section 2.1.

The total shear force acting in the joint can also be expressed as the
sum of the joint shear forces acting in the joint core, 𝑉 𝐴

𝑗ℎ𝑐 , and in the
UHPFRC jacket 𝑉 𝐴

𝑗ℎ𝑅, i.e.

𝑉 𝐴
𝑗ℎ = 𝑉 𝐴

𝑗ℎ𝑐 + 𝑉 𝐴
𝑗ℎ𝑅 (60)

3. Numerical model

In order to provide a numerical model of BCJs retrofitted with
UHPFRC jackets, a numerical simulation of the beam–column joints
studied by Beschi et al. [26] is performed. As Beschi et al. [26] tested
two identical joints, one without retrofit and the other retrofitted
with a HPFRC jacket, specimens CJ2 and RCJ2, respectively, two
models corresponding to these specimens are implemented herein. The
7

Fig. 8. Scheme of exterior beam–column joint retrofitted with UHPFRC.

re-processing and geometry of the joints are developed using the
ID program (version 16.0.1), while the post-processing is carried
ut by ATENA 3D software (version 5.9.0) using the Finite Element
ethod [60]. Both the BCJs’ numerical models are subjected to the

ame cyclic displacement history, applied to the column during the
ests. Details regarding the properties of the tested specimens and the
erformed tests are reported below.

.1. Experimental test

The main geometric and mechanical characteristics of the tests
arried out by Beschi et al. [26] are presented in the following.

.1.1. Geometry
The dimensions of the beam and column cross-sections of the tested

oints were 300 × 500 mm2 and 300 × 300 mm2, respectively. The total
height of the column, 𝐿𝑐 , and the length of the beam, 𝐿𝑏, corresponding
to the contra-flexure points placed in the beam mid-span and column
mid-height of a real building frame, were 3000 mm and 2100 mm,

respectively, as shown in Fig. 9.
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Fig. 9. Geometrical details of: (a) beam–column joint, (b) sections of sub-assemblage CJ2, and (c) sections of sub-assemblage RCJ2 [26].
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3.1.2. Materials’ properties and reinforcement details
The normal concrete of CJ2 and RCJ2 specimens had a cylinder

compressive strength of 38.7 MPa and 27 MPa, respectively, and a
Young’s modulus of 29238 MPa and 24421 MPa, respectively. The
HPFRC material had a compression strength of 111 MPa, a Young’s
modulus of 36000 MPa, and a tensile strength of 6.6 MPa. The thickness
of the HPFRC jacket was 30 mm in the beam and 40 mm in the column.

The longitudinal reinforcement of the beam was constituted by 4
smooth steel bars of diameter 12 mm (two localized at the bottom
and two at the top) and 3 bars of diameter 16 mm with end-hooks
in the region of the joint core, as shown in Fig. 9. The longitudinal
reinforcement of the column was composed of 4 steel bars of diameter
12 mm with a lap-splice in the superior column. Regarding the trans-
verse reinforcement, the beam had stirrups of diameter 8 mm, spaced
200 mm (50 mm in the beam end), and the column had stirrups of
diameter 6 mm, spaced 150 mm (50 mm in the column ends). No
transverse reinforcement was placed in the joint core. The steels of
bars with diameter 12 mm and 16 mm presented yield strengths of
365 MPa and 445 MPa, ultimate strengths of 558 MPa and 546 MPa,
and ultimate strains of 15.9% and 13.7%, respectively. Stirrups with
6 mm and 8 mm diameter had yield strengths of 493 MPa and 337 MPa,
ultimate strengths of 556 MPa and 440 MPa, and ultimate strains of
16.1% and 21%, respectively. The steel Young’s modulus was assumed
equal to 200000 MPa.

3.1.3. Loading and boundary conditions
In the experimental test, two hydraulic jacks were used to apply the

vertical load of 210 kN at the column top to simulate the gravity load.
The horizontal cyclic displacement was applied through an electrome-
chanical jack fixed to a strong wall and to the column top. The load
is considered positive in the left-to-right direction. The beam–column
joint presented free rotation at the top and at the base of the column
(hinge supports). The beam end was subjected to restriction only in the
vertical direction through a roller support. These boundary conditions
were applied to both specimens.
8

3.2. Materials’ constitutive models

3.2.1. Concrete
ATENA 3D allows the simulation of the materials’ nonlinear be-

havior, such as concrete and steel. In the BCJs’ models presented
herein, concrete is implemented using the CC3DNonLinearCementitious2
material model, which is characterized by a fracture-plastic constitu-
tive relationship that considers the material’s cracking behavior and
plasticity. The concrete compression stress–strain curve is composed
of a first hardening branch (Fig. 10a) followed by a softening branch
(Fig. 10b), separated by the point where the compressive stress reaches
the peak value, 𝑓 ′

𝑐 [60]. In the post-peak branch, the strains are
converted in crack width, 𝑤, where 𝑤𝑑 is the plastic displacement, and
𝐿𝑐𝑜 is the crack band size, calculated as the projection size into the
direction of minimum principal stresses, following the model proposed
by Van Mier [75]. To simulate concrete plastic compressive behavior,
ATENA adopts the triaxial failure surface developed by Menetrey and
William [76]

𝐹 (𝜉, 𝜌, 𝜃) =
[

√

1.5
𝜌
𝑓 ′
𝑐

]2
+ 𝑚

[

𝜌
√

6𝑓 ′
𝑐

𝑟(𝜃, 𝑒) +
𝜉

√

3𝑓 ′
𝑐

]

− 𝑐 = 0 (61)

where 𝜃 is the deviatoric polar angle, 𝜉 and 𝜌 are the hydrostatic and
deviatoric stress invariants, respectively; 𝑓 ′

𝑐 is the axial compressive
strength; 𝑐 and 𝑚 are the concrete friction and cohesion parameters;
𝑟 is an elliptic function, depending on the parameter 𝑒, which defines
the surface roundness. The failure surface has sharp corners for 𝑒=0.5
and it is fully circular for 𝑒=1.0.

Concrete tensile behavior (Fig. 10c) is governed by Hordijk’s soft-
ning function [77], where 𝐺𝑓 is the fracture energy, 𝜎 is the normal
ensile stress, 𝑤𝑐 is the crack opening when the energy is dissipated,
iven by Eq. (62), and 𝐿𝑡 is the crack band size determined from the
lement projection in the direction orthogonal to the crack.

𝑐 = 5.14
𝐺𝑓 (62)

𝑓𝑡
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Fig. 10. Compression models [60] of (a) hardening and (b) softening branches; and (c) tensile softening model of Hordijk [77].
Table 1
Concrete properties used in the numerical models of BCJs.
Parameter Specimen CJ2 Specimen RCJ2

Compressive strength (𝑓𝑐 ) [26] 38.7 MPa 27 MPa
Young’s modulus (𝐸𝑐 ) [68] 4700

√

𝑓𝑐 4700
√

𝑓𝑐
Poisson’s ratio [68] 0.2 0.2
Tensile strength (𝑓𝑡) [78] 0.23(𝑓𝑐 )(2∕3) 0.23(𝑓𝑐 )(2∕3)
Fracture energy (𝐺𝑓 ) [79] 73𝑓 0.18

𝑐 73𝑓 0.18
𝑐

Tension stiffening 0.05 0.05
Aggregate size 20 mm 20 mm
Shear factor (𝑆𝑓 ) 60 60
Plastic strain at compressive strength (𝜖𝑝𝑐 ) [60] 0.00115 0.00137
Strength at the onset of nonlinear behavior - (𝑓𝑐𝑜) [60] 5.6 MPa 4.50 MPa
Reduction factor of compression [60] 0.8 0.8
Eccentricity (𝑒) [60] 0.5 0.5
Flow plastic (𝛽) [60] 0.5 0.5
Crack orientation [60] Fixed Fixed
Table 2
Steel properties used in the numerical models of BCJs.
Parameter Bars with 𝜙=6 mm/8 mm Bars with 𝜙=12 mm/16 mm

Young’s modulus (𝐸𝑠) 200000 MPa 200000 MPa
Yield strength (𝑓𝑦) [26] 493 MPa/337 MPa 365 MPa/445 MPa
Ultimate strength (𝑓𝑢) [26] 556 MPa/440 MPa 558 MPa/546 MPa
Ultimate strain [26] 0.161/0.21 0.159/ 0.137
Menegotto–Pinto [80] R=20, C1=0.925, C2=0.15 [60] R=20, C1=0.925, C2=0.15
The values of the parameters used for modeling the normal concrete
are expressed in Table 1.

The incremental formulation of CC3DNonLinearCementitious2 ma-
terial allows to describe both the monotonic and the cyclic behavior of
concrete.

3.2.2. Reinforcement
For the transverse and longitudinal reinforcements, the stress–strain

relationship provided by the CCCyclingReinforcement material model is
used.

The cyclic behavior of steel reinforcement was reproduced through
Menegotto–Pinto model [80], which takes into account Bauschinger’s
effect. The Menegotto–Pinto model is governed by 3 parameters: the
curvature 𝑅, and the experimental coefficients 𝑐1 and 𝑐2 [60]. The
values of the parameters used for modeling the steel reinforcements
are expressed in Table 2.

3.2.3. HPFRC
To model the HPFRC material, the CC3DNonLinearCementitious2user

model is used, which allows to specify defined relationships for tensile
and compression behaviors, combining the fracture and the plasticity
models of the material [60]. In the experimental campaign of Beschi
et al. [26] also two direct tensile tests, known as ‘dog-bone’ tests, were
performed on HPFRC. These tests provided maximum tensile strength
values of 7.5 MPa and 5.7 MPa, with an average tensile strength of
6.6 MPa and a strain-hardening up to 0.15% strain [26].
9

To check the reliability of the simplified stress–strain diagram used
to describe the HPFRC tensile behavior, the ‘‘dog-bone’’ specimen also
is modeled by ATENA. It was based on the experimental results, which
was considered linear up to the stress value of 6.6 MPa. The modeling
of the HPFRC material was made according to the numerical model
developed in [38], where the UHPFRC tensile behavior is modeled by a
linear elastic branch up to the microcracking onset, followed by a linear
branch in the phase of strain hardening, characterized by multiple
microcracking, and then by a descending bi-linear branch, representing
the softening phase after the formation of the first macrocrack.

In the CC3DNonLinearCementitious2user model the tensile behavior
is described by the fracturing strain, 𝜖𝑓

′

1 , which is calculated as shown
by Eq. (63), where: 𝜖𝑓1 is the fracturing strain calculated from the strain
tensor at the finite element integration points, 𝜖𝑓𝑙𝑜𝑐 is the strain after
which strain localization can be expected, 𝐿𝑡 is the crack band size and
𝐿𝑡
𝑐ℎ is the characteristic length. In the model, 𝐿𝑡

𝑐ℎ was taken equal to
80 mm.

𝜖𝑓
′

1 = 𝜖𝑓1 𝑓𝑜𝑟 𝜖𝑓1 < 𝜖𝑓𝑙𝑜𝑐

𝜖𝑓
′

1 = 𝜖𝑓𝑙𝑜𝑐 + (𝜖𝑓1 − 𝜖𝑓𝑙𝑜𝑐 )
𝐿𝑡

𝐿𝑡
𝑐ℎ

𝑓𝑜𝑟 𝜖𝑓1 > 𝜖𝑓𝑙𝑜𝑐
(63)

The ‘‘dog-bone’’ dimensions of 0 × 330 × 15 mm3 and a mesh size
of 50 × 15 × 15 mm3 are used. Regarding boundary conditions, the
displacement at the bottom edge of the ‘‘dog-bone’’ model is restrained,
while a vertical displacement is applied to the top edge, similarly to the
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Fig. 11. Comparison between experimental and numerical functions of HPFRC tensile behavior.
laboratory test. The experimental stress–strain diagrams of the tested
specimens are reported in Fig. 11, together with the results obtained
by the numerical model. The average behavior of the two tested spec-
imens, represented by the blue curve, is used for the comparison with
the results obtained from ATENA model (in red). From Fig. 11, it can
be observed that the numerical model predicts quite well the peak
load, maintaining on the safe side, and very good softening behavior,
even if the numerical model shows to be a little stiffer than the ‘‘dog-
bone’’ specimens. Hence, the function used in ATENA to implement the
HPFRC material can be considered satisfactorily reliable.

The incremental formulation of CC3DNonLinearCementitious2user
material allows to describe both the monotonic and the cyclic behavior
of UHPFRC.

3.2.4. Concrete–steel interface
To simulate the bond behavior between the smooth longitudinal

steel bars and concrete in the joint models, the concrete–steel interface
was modeled through the Memory Bond Material model (Table 2), fol-
lowing the recommendations of [60] to capture the structural response
during cyclic loads. After the bond stress sign changes, instead of
following the same envelope as during loading, the maximum bond
stress is determined by the parameter 𝜏1, which can vary between the
residual stress (𝜏𝑟𝑒𝑠), i.e. the last stress value of the bond strength-slip
function, and the maximum bond stress (𝜏𝑚𝑎𝑥), as shown in Fig. 12,
where 𝑠 is the slip and 𝜏 is the bond strength [60]. A good bond
between concrete and steel, and a maximum bond strength 𝜏𝑚𝑎𝑥 of
1.6 MPa, determined according to the design criteria of CEB-FIP Model
Code [79] was adopted. For the stirrups perfect bond with the concrete
was assumed.

3.2.5. Concrete-HPFRC interface
In the finite element model of specimen RCJ2, the contact between

concrete and HPFRC was simulated through the Interface material
model, which is formulated to reproduce both monotonic and cyclic
load conditions [81,82]. This model is based on the Mohr–Coulomb
criterion with a tension cut-off. After stress reaches this condition, the
surface collapses to a residual surface, representing a dry condition
between the materials [60]. The interface is governed by the initial
normal and tangential stiffnesses, 𝐾𝑛𝑛 and 𝐾𝑡𝑡, respectively, the minimal
normal and tangential stiffnesses, 𝐾𝑚𝑖𝑛

𝑛𝑛 and 𝐾𝑚𝑖𝑛
𝑡𝑡 , respectively, the

friction coefficient, 𝜇, the tensile strength, 𝑓𝑡,𝑖𝑛𝑡, and the cohesion coef-
ficient, 𝑐. The minimum stiffness values 𝐾 and 𝐾 are used only for
10

𝑛𝑛 𝑡𝑡
Table 3
Properties of the interface material used in the numerical model of specimen RCJ2.

Parameter 3D interface

Normal stiffness (𝐾𝑛𝑛) 1.4 × 106 MN/m3

Tangential stiffness (𝐾𝑡𝑡) 1.4 × 106 MN/m3

Minimal Normal stiffness (𝐾𝑚𝑖𝑛
𝑛𝑛 ) 1.4 × 103 MN/m3

Minimal Tangential stiffness (𝐾𝑚𝑖𝑛
𝑡𝑡 ) 1.4 × 103 MN/m3

Friction coefficient (𝜇) 0.5
Tensile strength (𝑓𝑡,𝑖𝑛𝑡) 3.0 MPa
Cohesion coefficient (𝑐) 1.0 MPa

numerical purposes after the element failure, to preserve the positive
definiteness of the global system of equations. These stiffness values
should be chosen approximately 0.001 times the initial stiffness values
[60]. In cases where no experimental information on the interface
material is available, 𝜇 can be assumed between 0.3 and 0.5 (except for
oiled surface), 𝑓𝑡,𝑖𝑛𝑡 between 0.25 and 0.5 times the tensile strength of
the material with the lowest strength and 𝑐 between 1 and 2 times the
interface’s tensile strength [60]. The parameters used in the numerical
model presented herein, are reported in Table 3.

3.3. Model setup

The beam–column joints without and with HPFRC jacket, CJ2
and RCJ2 respectively, are simulated through tridimensional mod-
els (Fig. 13). These models include concrete elements (beams and
columns), steel bars and stirrups, HPFRC jacket, and steel plates repre-
senting the joint restraints.

The concrete beam and column are modeled using hexahedral fi-
nite elements with eight nodes and eight integration points. The steel
longitudinal bars and stirrups are modeled using truss finite elements
with two nodes and two integration points. The steel plates are modeled
through the CC3DElastIsotropic material model, using hexahedral finite
elements with four nodes and four integration points. The beam–
column joints have a mesh of 50 × 50 × 50 mm3 composed of 4722
elements and 24805 nodes for CJ2, and 16624 elements and 20016
nodes for RCJ2. The loading history of both specimens is simulated
through load intervals, where the first interval is used to apply the axial
load at the top of the column. In the other subsequent intervals, dis-
placement cycles with increasing values of the maximum displacement
are applied. The first displacement step amplitude is ±15 mm.
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Fig. 12. Bond stress–slip relationship of Memory Bond material [60].
Fig. 13. Discretization mesh of (a) concrete and restraints of CJ2, (b) reinforcement of CJ2, and (c) HPFRC of RCJ2.
For specimen CJ2 the analysis was carried out up to the maxi-
mum displacement reached in the experimental test, equal to 75 mm.
Conversely, for specimen RCJ2 the numerical analysis was carried out
up to 31 mm displacement, in correspondence of which the softening
of the specimen already started. Since the aim of the analyses is the
determining the maximum load bearable by the beam–column joint,
the analyses were stopped at a displacement value a little greater than
the displacement, obtained by the test, at the peak load of the first cycle
immediately after the cycle with the maximum load. Overall specimen
CJ2 is subjected to 13 displacement steps, while specimen RCJ2 is
subjected to 15 steps.

The Modified Newton–Raphson iterative solver is used, with a
maximum number of iterations equal to 300. For the convergence, the
maximum allowed errors are 1% for relative error in displacement and
residual force, and relative error in residual force components, and
0.1% for relative error in energy.

4. Models validation

4.1. Flexural model

The analytical flexural model proposed in this work is validated by
comparison with experimental test results available in the literature.
The research works providing all the required data for applying the
11
proposed model, and in particular the experimental tensile stress–
strain diagram of the retrofitting material, concern three RC columns
(R-30, R-25, and Test 1) [42,58] and four RC beam–column joints (R-
SED, RCJ2, TS1, and RS-UHPFRC-C) [26–29]. All the joint specimens
underwent flexural failure.

Table 4 summarizes the specimens’ properties necessary for the
application of the flexural model formulations (see Section 2.1). Due
to the insufficient experimental information about the UHPFRC tensile
behavior of specimens tested by Sharma and Bansal [28] and Saharan
et al. [29] (specimens R-SD and RS-UHPFRC-C, respectively), for these
specimens it is assumed the same UHPFRC tensile strain–stress curve
obtained by Khan et al. [27]. The tensile strength 𝑓𝑢𝑡 used was similar
to the formula of Graybeal [83] (Eq. (64)) and provisions given by the
French Standard [49] (𝑓𝑐𝑅 in MPa).

𝑓𝑢𝑡 =
6.7

√

𝑓𝑐𝑅
√

145
(64)

The ultimate bending moment values obtained from the analytical
flexural model, 𝑀𝑎𝑛𝑎, are reported in Table 5, together with the cor-
responding experimental values, 𝑀𝑒𝑥𝑝. Due to the presence of axial
force in the column specimens, the ultimate bending moment of the
specimens R-30, R-25 and Test 1 has been calculated with respect to
the axis passing through the geometric centroid of the column cross-
section. From this table it can be seen that all the analytical values of
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Table 4
Specimens properties used for the flexural model validation.

Specimen 𝛿𝑅
[mm]

𝐵
[mm]

𝐻
[mm]

𝐿𝑏
[mm]

𝐿𝑐
[mm]

𝑓𝑐
[MPa]

𝑓𝑐𝑅
[MPa]

𝑓𝑠𝑦
[MPa]

𝐴𝑠𝑐
[mm2]

𝐴𝑠𝑐′

[mm2]
𝑓𝑢𝑡
[MPa]

𝑓𝑢𝑡1
[MPa]

𝜖𝑢𝑡,𝑐𝑟𝑎𝑐𝑘 𝜖𝑢𝑡

R-30 [58] 30 360 360 – – 18 150 360 402.1 402.1 4.9 3.0 0.00012 0.009
R-25 [58] 25 350 350 – – 18 150 360 402.1 402.1 4.9 3.0 0.00012 0.009
Test 1 [42] 60 280 280 – – 13 107 450 226.2 226.2 3.8 0.6 0.000103 0.10
R-SED [28] 25 125 225 950 1000 25.6 107 415 235.6 157.1 7.5 4.4 0.00014 0.011
RCJ2 [26] 30 360 530 2100 3000 27 111 365 427.3 628.3 6.6 6 0.001 0.005
TS1 [27] 30 260 310 925 1025 30 145 605 1256.3 1256.3 7.5 4.4 0.00014 0.011
RS-UHPFRC-C [29] 25 125 225 950 1000 26.3 122 415 235.6 157.1 7.5 4.4 0.00014 0.011
Table 5
Analytical and experimental moments and shear actions.

Specimen x𝑐 [mm] M𝑎𝑛𝑎 [kN m] M𝑒𝑥𝑝 [kN m] Error - M [%]

R-30 [58] 9.4 72.1 74.2 2.8
R-25 [58] 8.8 65.7 67.7 3.0
Test 1 [42] 11.8 38.2 34.9 9.5
R-SED [28] 18.6 27.9 25.3 10.3
RCJ2 [26] 40.6 149.9 148.5 0.9
TS1 [27] 67.6 188.7 193.3 2.4
RS-UHPFRC-C [29] 18.9 27.9 32.9 15.2

the bending moment are close to the experimental ones. The maximum
moment differences, 10.3% and 15.2%, occur for specimens R-SED
[28] and RS-UHPFRC-C [29], respectively, for which the tensile strain–
stress behavior of the UHPFRC was unknown and it is calculated herein
through Eq. (64). In all the other cases the absolute percentage error is
lower than 9%.

It can be concluded that when all the required properties are
known, the proposed flexural model guarantees good reliability in the
prediction of the ultimate bending moment of RC beams converging
to beam–column joints strengthened by UHPFRC jackets. When this
moment acts on the beam cross-section at the joint interface, the cor-
responding acting shear can be easily calculated form the equilibrium
of the beam as 𝑀𝑎𝑛𝑎∕𝐿𝑏.

4.2. Shear model

The analytical shear model proposed in this work is used to calculate
the joint shear strength of specimens available in the literature tested
under cyclic loads. The research works providing all the required data
for applying the proposed model concern three exterior beam–column
joints subjected to cyclic load (R-SED, RCJ2, and RS-UHPFRC-C) [26,
28,29], respectively.

Table 6 summarizes the specimens’ properties necessary for apply-
ing the shear model formulation (see Section 2.2). The same table
shows also the analytically determined values of the shear force trans-
ferred by the beam to the joint, 𝑉 𝐴

𝑗ℎ (Eq. (57)), and the rates of the shear
force distributed to the joint core and the UHPFRC jacket, 𝑉 𝐴

𝑗ℎ𝑐 and 𝑉 𝐴
𝑗ℎ𝑅

respectively. Also the analytical values of the shear in the column, 𝑉𝑐 ,
calculated by the Eq. (59) are provided.

The effective mean lateral confining pressure, 𝜎2 (Eq. (41)), and the
confined concrete compressive strength, 𝑓𝑐𝑐 (Eqs. (43)–(44)), are also
shown in Table 6. By comparing the values of 𝑓𝑐𝑐 reported in Table 6
with the values of 𝑓𝑐 reported in Table 4, an increase of at least 9.4% in
the compressive strength is observed. The concrete contribution to the
joint shear strength, 𝑉𝑗ℎ𝑐 , and the total shear force, 𝑉𝑗ℎ, also shown in
Table 6, are determined through Eqs. (47) and (56), respectively. From
these values and considering Eq. (56), it can be concluded that, in 2 out
of 3 cases, the main contribution to the joint shear force is given by the
second member of the equation, 𝑉𝑗ℎ𝑐 (𝐺𝑅𝐴𝑅∕𝐺𝑐𝐴𝑐 ), which is due to the
UHPFRC jacket. In fact, the percentage contributions of the jacket to
joint shear strength are 65.6%, 28.6%, and 67.2% for specimens R-SED,
RCJ2, and RS-UHPFRC-C, respectively.

By comparing the values of the acting shear force, 𝑉 𝐴
𝑗ℎ, and the

shear strength, 𝑉 , reported in Table 6, it can be observed that, for
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𝑗ℎ
all the strengthened specimens, the latter is higher than the former,
with percentage differences of 33.3%, 27.1% and 49.9%, for specimens
R-SED, RCJ2 and RS-UHPFRC-C, respectively. On the basis of this
comparison, it can be said that no specimen undergoes joint shear
failure, correspondently to the experimental evidences. In the proposed
shear model the shear strength contribution of the jacket is quantified,
in Eq. (56), as the product between the shear strength of the joint
core and the ratio between the shear stiffness of the jacket and that
of the joint core. When the joint core is subjected to shear forces,
after the occurring of the first plastic damage, the shear force in the
concrete diagonal strut continues to increase, until the peak shear stress
is reached, and, then, decreases. Due to the plastic damage caused
by cracking, the shear stiffness of the joint core reduces. According
to Eq. (56), if the shear modulus of the joint core, 𝐺𝑐 , reduces, the
second term of the equation, which represents the jacket contribution
to joint shear strength, increases, until the peak load is reached. Con-
sequently, considering the elastic shear moduli in Eq. (56) leads to
underestimating the jacket contribution to the joint shear strength.

For this reason, the fact that the predicted shear strengths of spec-
imens in Table 6 are always higher than the shear actions appears
correct. Being the shear strength of the BCJs unknown, since the
specimens underwent beam flexural failure, this is the only possible
comparison which can be made. In fact, it appears improbable that
BCJs reinforced by UHPFRC jackets fail due to shear, since the jacket
is used to increase the shear strength of the joints so as to promote
the flexural failure of the beam, preventing joint shear failure, which
is an unwanted brittle mechanism. Moreover, the accuracy of the
proposed model in predicting each of the two contributions to joint
shear strength, 𝑉𝑗ℎ𝑐 and 𝑉 𝑅

𝑗ℎ, provided by the joint core and the jacket,
respectively, has been checked. In particular, it has been observed that
𝑉𝑗ℎ𝑐 and 𝑉 𝑅

𝑗ℎ are always greater than the maximum shear force acting,
respectively, in the core and in the jacket, 𝑉 𝐴

𝑗ℎ𝑐 and 𝑉 𝐴
𝑗ℎ𝑅, respectively.

All these results allow to conclude that the model is able to predict
that the joint, both in the overall and in its components is subjected
to actions lower than those producing shear failure. Moreover, they
highlight the efficacy of UHPFRC as retrofitting material to avoid
undesirable shear failure in non-seismic exterior beam–column joints
subject to cyclic load.

4.3. Numerical model

The comparison between the finite element models and the experi-
mental results is shown in Figs. 14 and 15, for specimens CJ2 and RCJ2,
respectively.

By considering Fig. 14, the following observations can be made:

• The numerical simulations of the RC BCJ without retrofit, CJ2,
obtained applying one and three cycles for each displacement
step show that the first cycles of the load–displacement curve
obtained with one cycle and three cycles are very similar up to
the maximum load. Both the numerical curves are a little stiffer
than the experimental curve representing the first cycle for each
displacement step.
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Table 6
Acting shear forces and shear strengths of BCJ specimens.

Specimen 𝐸𝑐
[MPa]

𝐸𝑅
[MPa]

𝐺𝑐
[MPa]

𝐺𝑅
[MPa]

𝑇𝑅
[kN]

𝑉𝑐
[kN]

𝑉 𝐴
𝑗ℎ𝑐

[kN]
𝑉 𝐴
𝑗ℎ𝑅

[kN]
𝑉 𝐴
𝑗ℎ

[kN]
𝜎2
[MPa]

𝑓𝑐𝑐
[MPa]

𝑉𝑗ℎ𝑐
[kN]

𝑉 𝑅
𝑗ℎ

[kN]
𝑉𝑗ℎ
[kN]

R-SED [28] 23 780 39 614 9908 16 505 38.3 27.9 38.9 74.1 113.1 1.57 29.53 51.9 98.9 150.8
RCJ2 [26] 24 421 36 000 10 175 15 000 158.6 49.99 194.4 77.9 272.4 0.65 29.55 247.1 99.1 346.2
RS- [29]-UHPFRC-C 23 654 42 381 9856 17 658 38.3 32.8 35.5 72.7 108.2 1.57 30.26 53.2 108.9 162.1
Fig. 14. Comparison between the first cycles of each displacement step of the experimental curve of the beam–column joint without retrofit (CJ2), and the curves obtained from
the numerical analysis with one and three cycles for step.
• The numerical hysteresis curves show that, with positive displace-
ments, the force in the column has a trend almost constant after
yielding, while, for negative displacements, the force decreases
when the displacement increases as it is shown by the experimen-
tal curves. In addition, it can be observed that the pinching effect
obtained in the experimental test is reproduced by the numerical
model.

• As regards the prediction of the peak shear load in the column,
𝑉𝑐 , the numerical model using one cycle provides a value of
34.9 kN at an horizontal displacement of 45 mm, while in the
experimental test, the maximum load is 34.7 kN at an horizon-
tal displacement of 75 mm. Although the maximum loads are
reached at different displacements, their values are very close, in
fact, the percentage difference is only of 0.6%.

By considering Fig. 15, similar observations can be made also for
he numerical model of the RC BCJ retrofitted with the HPFRC jacket
RCJ2).

As regards the prediction of the peak shear load in the column,
𝑐 , the numerical model provides a value of 45 kN at an horizontal
isplacement of 15 mm, while, in the experimental test, the maximum
oad is 49.5 kN at a horizontal displacement of 22.5 mm, resulting in
percentage load difference of 9.1%.

Since the ability of the numerical model to predict the maximum
oad is satisfying, it can be deduced that the chosen interface rela-
ionship can well represent the real interaction between concrete and
HPFRC, when adequate values of the relationship parameters are
sed.
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On the basis of the observations made about the two implemented
numerical models, it can be said that they simulate RC exterior BCJs
behavior under cyclic loads sufficiently accurately, especially for the
prediction of the maximum load, which is the main parameter of
interest to verify the joint strength. This allows the use of the numerical
models to determine the acting shear force in BCJs.

In Fig. 15 also the shear load in the column, calculated through
the analytical formulation (Eq. (59)), is shown. Since the considered
specimens were subjected to beam flexural failure, the shear on the
beam at failure, 𝑉𝑏, required by Eq. (59) is calculated dividing the beam
resisting bending moment, obtained from the flexural model (Eq. (37)),
by the beam length. The shear acting on the column obtained by
Eq. (59) is equal to 49.99 kN, which presents a percentage difference
of 0.8% compared to the experimental result.

Table 7 summarizes the shear load values in the column obtained by
the experimental tests and the analytical and numerical models for both
the considered specimens. From this table it can be concluded that both
analytical and numerical models predict very well the maximum load
on the column at the beam flexural failure. In particular, the proposed
analytical model is the most accurate. This is a further validation of
the proposed flexural model. It is stressed that the shear force in the
column, calculated as described above, is the maximum one, because,
after the beam flexural failure, shear in the column cannot increase
any more. This value of shear is not reached if shear failure occurs
in the joint before the beam flexural failure. Knowing the joint shear
strength from the shear model (Eq. (56)) and comparing this value
with the maximum joint shear force, obtained from Eq. (57), at the
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Fig. 15. Comparison between the first cycles of each displacement step of the experimental curve of the beam–column joint retrofitted with HPFRC (RCJ2) and the curve obtained
from the numerical analysis with three cycles for step.
Table 7
Values of the shear load in the column (𝑉𝑐 ) obtained from the experimental test and
the analytical and numerical models, and comparisons.

Specimen Exp
[kN]

Ana.
[kN]

FEM
[kN]

Error [%]
Exp/Ana

Error [%]
Exp/FEM

CJ2 34.7 – 34.9 – 0.6
RCJ2 49.5 49.9 45.0 0.8 9.1

beam flexural failure, it is possible to establish if joint shear failure can
occur or not. In this sense, the proposed flexural model, from which
the maximum joint shear force can be derived, and the shear model,
which provides the joint shear strength, appear as valuable tools for
researchers and engineers to establish which type of failure will occur
in BCJs retrofitted with UHPFRC jacket. If shear failure results from
the design of the retrofitted joint, it is possible to avoid this failure
by increasing the UHPFRC jacket thickness until flexural failure occurs
instead of shear one.

5. Conclusions

The behavior of exterior RC BCJs retrofitted with UHPFRC jacket
under cyclic lateral loads has been investigated herein. An analytical
flexural model, which allows the calculation of the beam ultimate
bending moment has been proposed, to determine the joint shear force
at beam flexural failure. An analytical shear model to calculate the joint
shear strength has been provided to assess if joint shear failure occurs.
Also, a numerical model of an exterior BCJ retrofitted with UHPFRC
jacket is provided. On the basis of the performed analyses the following
conclusions are drawn.

1. The analytical flexural model is able to accurately predict the
ultimate bending moment of beams strengthened by a UHPFRC
jacket. For the considered set of specimens, the model provides
estimates with an absolute percentage error lower than 9%.
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2. For the considered specimens, which show beam flexural fail-
ure, the analytical shear model provides joint shear strength
predictions greater than the maximum joint shear force, corre-
spondently to the experimental evidences. Moreover, the shear
strength of the diagonal concrete strut is always greater than the
maximum shear force acting in the strut.

3. The shear model shows that the UHPFRC jacket applied to
exterior BCJs significantly increases both the maximum shear
force acting in the joint core, due to the increase of stiffness
of the confined concrete, and the joint shear strength, thanks
to the shear strength contribution of the jacket. A percentage
contribution of the UHPFRC jacket to the joint strength up to
67.2% is obtained.

4. The confinement effect produced by the UHPFRC jacket on
the concrete diagonal strut in the joint core, considered in the
shear model, increases the compressive strength of the concrete
diagonal strut. An increase up to about 32% is observed for the
considered specimens.

5. Engineers can easily use the flexural model to calculate the
maximum shear force on BCJ retrofitted with UHPFRC jacket at
beam flexural failure, and the shear model to calculate the joint
shear strength. In this way, it is possible to evaluate whether the
beam flexural failure or the joint shear failure occurs. Based on
the obtained result, it is possible to establish if the thickness of
the UHPFRC jacket is adequate to avoid shear failure, which is
an unwanted brittle failure mechanism.

6. The numerical methodology used to reproduce the experimental
behavior of two RC BCJs, non-retrofitted and retrofitted with
HPFRC jacket, shows a good accuracy in the prediction of the
experimental results, with a percentage difference of 0.6% and
9.1% in the column shear force, respectively. Hence it can be
gathered that the proposed methodology, and in particular the
interface interaction relationship used to reproduce the con-
tact between concrete and HPFRC, is suitable to reproduce the
experimental results.
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Table A.1
Analytical equations for strains and stresses in Cases 1, 2 and 3.
Case 1 (𝑥𝑐 < 𝛿𝑅) Case 2 (𝛿𝑅 < 𝑥𝑐 < 𝛿𝑅 + 𝑑′) Case 3 (𝑥𝑐 > 𝛿𝑅 + 𝑑′)

𝜖𝑐𝑢𝑅 = 𝜖𝑢𝑡1
𝐻−𝑥𝑐

𝑥𝑐 (1) As case 1 As Case 1
𝜖𝑢𝑡′ =

𝜖𝑢𝑡1
𝐻−𝑥𝑐

(𝛿𝑅 − 𝑥𝑐 ) (2) 𝜖𝑢𝑡′ = 𝜖𝑢𝑡′′ (Case 1) As case 2
𝜖𝑢𝑡′′ =

𝜖𝑢𝑡1
𝐻−𝑥𝑐

(𝐻 − 𝑥𝑐 − 𝛿𝑅) (3) Not present Not present
𝜖𝑠𝑐 =

𝜖𝑢𝑡1
𝐻−𝑥𝑐

(𝐻 − 𝑥𝑐 − 𝛿𝑅 − 𝑑′) (4) As Case 1 As Case 1
𝜖𝑠𝑐′ =

𝜖𝑢𝑡1
𝐻−𝑥𝑐

(𝛿𝑅 − 𝑥𝑐 + 𝑑′) (5) As Case 1 𝜖𝑠𝑐′ =
𝜖𝑢𝑡1

𝐻−𝑥𝑐
(𝑥𝑐 − 𝛿𝑅 − 𝑑′) (6)

𝑦 = 𝜖𝑢𝑡,𝑐𝑟𝑎𝑐𝑘
𝜖𝑢𝑡1

(𝐻 − 𝑥𝑐 ) (7) As Case 1 As Case 1
𝑓𝑢𝑡′ = 𝑓𝑢𝑡 +

𝑓𝑢𝑡1−𝑓𝑢𝑡
𝜖𝑢𝑡1−𝜖𝑢𝑡,𝑐𝑟𝑎𝑐𝑘

(𝜖𝑢𝑡′ − 𝜖𝑢𝑡,𝑐𝑟𝑎𝑐𝑘) (8) As Case 1 As Case 1
𝑓𝑢𝑡′′ = 𝑓𝑢𝑡 +

𝑓𝑢𝑡1−𝑓𝑢𝑡
𝜖𝑢𝑡1−𝜖𝑢𝑡,𝑐𝑟𝑎𝑐𝑘

(𝜖𝑢𝑡′′ − 𝜖𝑢𝑡,𝑐𝑟𝑎𝑐𝑘) (9) Not present Not present
Not present 𝐶𝑐 = 𝛽𝑐 (𝑥𝑐 − 𝛿𝑅)𝑓𝑐𝛼𝑐𝑏 (10) As Case 2
𝐶𝑅1 = 𝛽𝑅𝛿𝑅𝛼𝑅𝑓𝑐𝑅𝐵 (11) 𝐶𝑅1 = 𝛿𝑅𝛼𝑅𝑓𝑐𝑅𝐵 (12) As Case 2
Not present 𝐶𝑅2 = (𝛽𝑅𝑥𝑐 − 𝛿𝑅)𝛼𝑅𝑓𝑐𝑅2𝛿𝑅 (13) As Case 2
𝑇𝑅1 =

𝑓𝑢𝑡𝑦
2
𝐵 (14) 𝑇𝑅1 = 𝑓𝑢𝑡𝑦𝛿𝑅 (15) As Case 2

𝑇𝑅2 =
𝑓𝑢𝑡−𝑓𝑢𝑡′

2
(𝛿𝑅 − 𝑥𝑐 − 𝑦)𝐵 (16) 𝑇𝑅2 = (𝑓𝑢𝑡 − 𝑓𝑢𝑡′ )(𝐻 − 𝛿𝑅 − 𝑥𝑐 − 𝑦)𝛿𝑅 (17) As Case 2

𝑇𝑅3 = 𝑓𝑢𝑡′ (𝛿𝑅 − 𝑥𝑐 − 𝑦)𝐵 (18) 𝑇𝑅3 = 𝑓𝑢𝑡′ (𝐻 − 𝛿𝑅 − 𝑥𝑐 − 𝑦)2𝛿𝑅 (19) As Case 2
𝑇𝑅4 = (𝑓𝑢𝑡′ − 𝑓𝑢𝑡′′ )(𝐻 − 2𝛿𝑅)𝛿𝑅 (20) 𝑇𝑅4 =

𝑓𝑢𝑡−𝑓𝑢𝑡1
2

𝛿𝑅𝐵 (21) As Case 2
𝑇𝑅5 = 𝑓𝑢𝑡′′ (𝐻 − 2𝛿𝑅)2𝛿𝑅 (22) 𝑇𝑅5 = 𝑓𝑢𝑡1𝛿𝑅𝐵 (23) As Case 2
𝑇𝑅6 =

𝑓𝑢𝑡′′ −𝑓𝑢𝑡1
2

𝛿𝑅𝐵 (24) Not present Not present
𝑇𝑅7 = 𝑓𝑢𝑡1𝛿𝑅𝐵 (25) Not present Not present
𝐶𝑠𝑐 = 𝜖𝑠𝑐𝐸𝑠𝐴𝑠𝑐 ≤ 𝐴𝑠𝑐𝑓𝑠𝑦 (26) As Case 1 As Case 2
𝐶𝑠𝑐′ = 𝜖𝑠𝑐′𝐸𝑠𝐴𝑠𝑐′ ≤ 𝐴𝑠𝑐′𝑓𝑠𝑦 (27) As Case 1 As Case 2
7. The main advantage of the proposed model is the direct calcula-
tion of the joint shear strength to be used for the UHPFRC jacket
design to avoid brittle joint shear failure.

8. Finally, it has to be stressed that due to the current lack of
experimental tests on BCJs retrofitted with UHPFRC jacket, more
experimental data should be collected in the future to further
corroborate the accuracy of the proposed formulas.
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