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Abstract
We deal with the following system of coupled asymmetric oscillators

X1+ aix] —bixy 4+ ¢1(x2) = p1(0)
X +az.)(£r —baxy +¢a(x1) = pa(t),

where ¢; : R — R is locally Lipschitz continuous and bounded, p; : R — R is continuous
and 2 -periodic and the positive real numbers a;, b; satisfy

| :
—— = —, forsomen € N.

]
Ja Tk T n

We define a suitable function L : T> — RZ, appearing as the higher-dimensional general-
ization of the well known resonance function used in the scalar setting, and we show how
unbounded solutions to the system can be constructed whenever L has zeros with a spe-
cial structure. The proof relies on a careful investigation of the dynamics of the associated
(four-dimensional) Poincaré map, in action-angle coordinates.
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1 Introduction

In this paper, we investigate the existence of unbounded solutions for a system of coupled
asymmetric oscillators of the type
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{551 +arx] — bix; + ¢1(x2) = pi(t) (L.1)

X +arxd —byxy +¢o(x1) = pa(t),

where, as usual, xT = max{tx, 0} and, fori = 1,2, ¢; : R — R is locally Lipschitz
continuous and bounded, p; : R — R is continuous and 27 -periodic. As for the positive real
numbers a;, b;, we assume that

1 1 2
+ =, forsomen €N, (1.2)

Jai B on
thus implying that each oscillator is at resonance with respect to the same curve of the Fucik
spectrum [11].

The study of unbounded solutions for oscillators at resonance is a classical topic in the
qualitative theory of ordinary differential equations and we refer to [15] for an excellent
survey on this subject. In order to motivate our contribution, the crucial reference to be
recalled here is the seminal paper [2] by Alonso and Ortega. It is proved therein (cf. [2,
Theorem 4.1]) that, for the scalar asymmetric oscillator

¥4axt —bx” =p@), xeR, (1.3)

with 1/4/a + 1/+/b = 2/n, all large solutions are unbounded (either in the past or in the
future) whenever the 27 -periodic function

27
o) = f C (% + t) p(t)dt, 0 elR (1.4)
0

has zeros, all simple (in the above formula, C stands for the asymmetric cosine function,
cf. Sect. 2.1). The function ®, sometimes referred to as resonance function, was previously
introduced by Dancer [7] to investigate the 2 -periodic solvability of equation (1.3). In the
linear case (@ = b = n?), the function ® has (simple) zeros if and only if fozn p(te M dt £
0: in this case, as well known, all the solutions of X + n%x = p(t) are unbounded; instead,
2m-periodic and unbounded solutions to (1.3) can coexist in the genuinely asymmetric case
a # b. The proof of this result was obtained by a careful investigation of the dynamics of the
associated Poincaré map: more precisely, the zeros of the function ® were shown to give rise
to invariant sets for the discrete dynamical system associated with (1.3) and eventually to the
existence of unbounded orbits. Generalization of this approach, requiring the introduction of
suitable resonance functions, were later provided for forced asymmetric oscillators

5c'—|—ax+—bx_—|—¢(x)=p(t), x € R,

with ¢ : R — R a bounded function (see [6, 9]) and, more in general, for planar system of
the type

J7 =VH) + R(z) +e(t), zeR?%

where J is the standard symplectic matrix, H : R*> — R is positive and positively homo-
geneous of degree 2 and R : R2 — R? is bounded (see [8, 10]). We also refer to [1, 4, 5,
12—14, 16, 17] for related results.

In spite of this extensive bibliography, the existence of unbounded solutions for systems of
coupled oscillators seems to be an essentially unexplored topic. To the best of our knowledge,
the only available results are the ones contained in the recent paper [3], dealing however with
systems of equations looking like weakly coupled perturbations of linear oscillators (i.e.
ai =b; = nl2 fori = 1, 2) and not being applicable to the more general setting of (1.1).
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The aim of the present paper is to extend the approach of [2] in this higher-dimensional
framework. As expected, this is a quite delicate task, since it leads to the study of the dynamics
of a four-dimensional map; nonetheless, we will succeed in providing some partial gener-
alizations of the results in [2]. In more details, our strategy and results can be described as
follows.

In Sect. 2 we pass to an appropriate set of action-angle coordinates and we perform an
asymptotic expansion, at infinity, of the Poincaré map associated with (1.1), cf. (2.26). In
doing this, we are led to define a resonance function defined on the two-dimensional torus,

L:T?> > R% (61,62 > (L1(61,62), L2(61,6))

which can be thought as the higher-dimensional generalization of the resonance function
® defined in (1.4), see (2.25)-(2.28). We notice that when system (1.1) is uncoupled (that
is, ¢1 = ¢o = 0), then L(61,62) = (L1(01), L2(62)) and, up to a constant, L; = & with
P = pi-

In Sect. 3 we investigate the dynamics of this four-dimensional Poincaré map and we
construct invariant sets, giving rise to unbounded orbits. As in the two-dimensional setting,
the zeros of the function L are shown to play a role; however, due to the coupling terms in
system (1.1), we need here to assume that the Jacobian matrix J L has a special structure at
the zeros. More precisely, we introduce the notion of D*-matrix, cf. Definition 3.1: again, we
observe that such a condition is satisfied by diagonal matrices with concordant sign diagonal
entries and, hence, by the matrix JL when system (1.1) is uncoupled and the functions L;
have simple zeros, as in the main result of [2]. This is a quite technical part of the proof,
involving, among other things, a delicate estimate for the 2-norm of a two-parameter family
of suitable matrices, which are perturbations of the identity by D*-matrices, cf. Lemma 3.2.

In Sect. 4 we finally give our main result for the existence of unbounded solutions to
system (1.1), Theorem 4.1. It provides a positive measure set of initial conditions giving
rise to unbounded orbits to (1.1), whenever the function L has a zero w € T2 such that the
Jacobian matrix J L(w) is a D*-matrix. Notice that this can be interpreted as a kind of local
version of the main result in [2]. Indeed, we do not claim that every large solution of (1.1) is
unbounded: due to the higher-dimensional setting, obtaining this global information seems
to be a very hard task, even in the case when all the zeros of L are such that the Jacobian
at each zero is a DT -matrix. We mention that the condition for J L to be a D¥-matrix can
be, in general, not easy to verify. To this end, we discuss some situations in which this can
be done and Theorem 4.1 can thus be applied. The first, quite natural, possibility that we
present is a semi-perturbative result (cf. Corollary 4.3), dealing with the case in which the
L*°-norms of the coupling terms ¢, ¢» are not too big: it is worth noticing that this provides a
genuinely asymmetric (non-quantitative) generalization of a result obtained in [3] for coupled
linear oscillators. Other results, more global in nature but focusing on specific choices for
the parameters a;, b; or the forcing terms p;, are given by Corollary 4.6 and Corollary 4.7. It
seems that various other situations could be treated at the expenses of longer computations.

We finally mention that it should be possible, with the same approach, to consider also the
more general case of resonance with respect to different curves of the Fucik spectrum, that
is, 1/ /a;i + 1/5/bi = 2/n; with n; € N. Also, the possibility of coupling more oscillators
in a cyclic way ¢;11 = ¢; could be considered. All these generalizations, however, seem
to require substantial technical modifications of the proofs and they are thus postponed to
future investigations.

Notation. Throughout the paper, the symbol || - || will be used for the Euclidean norm of a
vector in the plane. Also, for the index i = 1, 2, we will adopt the cyclic agreementi + 1 = 1
fori = 2.
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2 Coupled Asymmetric Oscillators: Some Preliminary Estimates

In this section, we perform some preliminary estimates for the solutions of system (1.1),
with the final goal of obtaining an asymptotic expansion for its Poincaré-map in action-angle
coordinates (see Sect. 2.2).

From now on, as in the Introduction we will always assume that, fori = 1, 2, the positive
real numbers a;, b; satisfy (1.2), the function p; : R — R is continuous and 2 -periodic
and the function ¢; : R — R is locally Lipschitz continuous and bounded. Furthermore, we
also suppose that there exist

lim ¢; (x) := ¢;(£00); 2.1
x— %00
moreover, without loss of generality,

¢i (—00) = —¢; (+00). (2.2)

2.1 Remarks on the Asymmetric Cosine and Related Functions

We collect here some results on various functions related to the asymmetric cosine function
C;,i =1, 2, which is defined as the solution of

(2.3)

Xi +aix;” —bix; =0
x;(0) = 1 xl(o) =0,

with a; and b; as in (1.2). We recall that, for every i = 1, 2, the function C; is even, 27 /n-
periodic and its explicit expression in [— /n, 7w /n] is

cos Ja;t <
2,/—
Ci(r) = g . N (2.4)
1/ sin (Itl f) N <t] < —

For future reference, let us observe that C;, i = 1, 2, when a; # b; admits the Fourier series
expansion

o0
Ci(t) =) cpicoshnt, t€R, (2.5)
h=0
where
n b,‘ — da;
co; = —
TR bidai
and, for h > 1,
on b —a - h
L A ‘/CT’z - COS — if a; # h2n2, by # h2n?,
Chi = Tl[ b, — h*n* a; — h*n 2./ai (2.6)
— otherwise
2h

(see [2, Lemma 4.2]).
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In the next sections we will use the integrals of C; over the sets JfH defined by
i . Oi+1 - _ Oiv1
Jhi=1rel0,2n]: Cip (== +1) >0}, J5, =1{rel0,2n]: Cip1 [ +1) <0
n n
(2.7)

where 0; 11 € R. It is immediate to observe that the fact that C; and C; are both 27 /n-

periodic implies that
0;
Cil—+1t)dt, 6, eR,
JE n

i+1

does not change if we replace [0, 2] in the definition of Jl.ﬂ_tH by any interval of lenght 2.

In particular, in the computation of the integral of C; on Jlj_l , we can replace Jlj_l by the set
" T 0; T 7 0; T
U <_ _ O o T _bin +2k—),
Parf 2./a; n n 2.a; n n

thus obtaining that

0.
/+ Ci (—l +t> dt =nA;(0; —0;41), V6,011 €R, i=1,2, (2.8)
J.

n
i+1

where A; : R — R is defined by

t T

T
2«/“i+1> l (n 2/ait1

being K; the primitive of C; such that K;(0) = 0.
A crucial point in our analysis will be the study of the resolubility of the equation

Ai(t) = K; (%—I— ), VteR, 2.9

Ai(t) = o, (2.10)
where «; is given by
1 Jai
] - b ] == 1’ 2’ 2.11
(%% \/a_z b, l ( )
which is related to C; by
2
/ Ci(t)dt =2na;, i=1,2. (2.12)
0

In particular, we will be interested in the situation where (2.10) has simple solutions; in order
to face this problem, let us first concentrate on the range of the function A;. Introducing the
function X; : R — R defined by

Xi(t) =nAi(t), VieR, (2.13)

is it possible to prove the following result.

Lemma 2.1 The function A; given in (2.9) is even, 2w -periodic, decreasing in (0, ) and
increasing in (—, 0).
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Proof Let us first observe that we have

z-(z)—c-(t+ 7 ) c~(l il )—C”(H— o ) C”(t nr )
ST \n o 2@ ‘\n 2yazi) 2./ai+1 ! 2./ai11
forall t € R, where C}' : R — R is defined by

t
Cl'(t) =C; (;) VtekR.

The function Cl” is continuous, 2w -periodic, even and strictly decreasing in [0, ); as a
consequence, X; is continuous, 2 -periodic and odd. As far as the sign of ¥; is concerned,
let us observe that ;(t) = 0 if and only if # = kxr for some k € Z. Indeed, X;(¢) = 0 if and
only if:

nm nm
eithert + — =1t — +2km or

2./aiv1 2 /ait1
nmw nmw
t+ ——=—t+ + 2km  for some k € Z.
2/aix 2./ai+1
Now, since a; 1 > n*/4, the first alternative cannot hold, and the second one implies that
t = k. Therefore ¥; has constant sign in (0, 7r) and a straightforward argument shows that

From the above described properties of ¥; we immediately deduce the thesis. O

From now on, in order to simplify the notation, let us continue with the case i = 1; the case
i = 2 is completely analogous.

From Lemma 2.1 we deduce that equation (2.10), with i = 1, admits simple solutions if and
only if

A(m) < ap < A1(0);

in general, the validity of this condition depends on the original pairs (ai, b1) and (a2, b>).
Hence, let us define the resolubility set

2 2
R = {(al,az) € (nz’ +oo) X <% —|—oo> C R?: A@m) <ap < A1(0)} . (214
The complete description of the open set R is quite difficult; by means of long computations
it 1s possible to show that the vertical sections R N {(ai*, ay) . ap > n? /4}, with ai‘ >
n’/4, al # n?, are bounded. On the other hand, the study of the horizontal sections R N
{(ar1,a3) : a1 > n2/4}, with aj > n2/4, a; # n?, is much more complicated. However,
the following simple result holds true.

Lemma 2.2 The set R contains the half-lines {(nz, ar) :apy > n2/4} and {(al,nz) Ta; >
2
n-/4}.

Proof Let us first assume that a; = n? (and, thus, b1 = nz) and fix /ar, > n/2; we then
have

1 2 T
Ci(t) = cos(nt),  Ki() = —sin(ur). Ai(t) =~ sin 5 " cost, VieR.
n n 2
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A simple computation proves that A1(7) < 0 < A1(0); noticing that vy = 0, by (2.11), this
shows that (n2, a2) € R.
On the other hand, if a» = n?, we have

A1(0) = 2/
0

Recalling (2.12), we deduce that A1(m) = 201 — A1(0) < A1(0) and, thus, o1 < A1(0).
From these relations we also obtain A1 () = 21 — A1(0) < oy, proving that (ay, n?) € R.
O

w/2n T/n

Ci(t)ydt, Ai(m)= 2/ Ci(t)dt.
w/2n

2.2 Asymptotic Analysis

We now perform an asymptotic expansion of the Poincaré map associated to (1.1). We adapt
the argument of the proof of [2, Theorem 4.1] to our case: we write (1.1) as a first order
system in (x1, X2, y1, y2) = (x1, X2, X1, X2) and use the change of variables

xi = yiriCi (;’)
o withyi = v/2n/a, (2.15)
Yi = YiriSi (;’)

where S; (1) = le (t) and C; is defined in Subsection 2.1.
It is straightforward to see that (1.1) is formally equivalent to

. Y1 0
Or=n——Ci| — ) |p1@) —¢1 | y2r2C2
2ry n

) 0
O =n— 2)/—2C2 (—2) [pz(l) ) (J/mCl (
ry n
6 0
r = ;—151 (—1> [Pl(t) — 1 <V2F2C2 (—2))
n n n
6 0
IS ;/—252 (—2) [Pz(f) — ¢ (VmCl (—l>>]
n n n

We denote by (61,602, r1,r2)(¢t) the solution of (2.16) satisfying (61, 62,r1,1r2)(0) =

(61.0, 62.0, 1,0, r2,0) and study the behavior of (81, 62, r1, r2)(2m) as min{r; o, 12,0} — +00.

We also set 6y = (61,0, 62,0), ro = (11,0, r2,0) and remark that 6y € R? and 1.0, 72,0 > 0.
The boundedness of p; and ¢; implies that 7; is uniformly bounded and, hence, we have

)
)

| = |3

(2.16)

1=

ri=rig+0(1) and rl= rl-fol + 0(1’;02) asri 0 — +090, (2.17)

1

where these and all the following estimates hold uniformly w.r.t. # € [0, 27 ], 61 0, 62,0 and
ri+1,0. We deduce that

. i 0; 1 _ 0
Or =n— %Ci (—l> (— + O(r; 02)> [Pi(t) — i ()/i+1ri+1Ci+1 (il)ﬂ
n Ti.0 , n
=n- 2% Ci (—l) [pi(t) — ¢i (Vi+1ri+1Ci+1 (l—H)ﬂ + 00 ),
ri’o n n s

asrj0 — +oo.

(2.18)
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This relation implies that

91‘ 91',0 -1 .
;:7+t+0(}’i’0), aSVL()—)—I—OO,

6; 0;

C; (—’) e (’—0 + t) + 00
n n ’
0; 6

Si <_’) = ( L0 +r) +007 )
n n ’

since C; and §; are smooth enough. By replacing (2.19) in the last two equations of (2.16)
we get

' : 6i.0 0; 11 _
io=1l <l7 + t) [pi(t) — ¢ (Vi+1ri+1Ci+1 ( ln+ ))] + O(Fi,ol) as 17,0 = +00.

and, thus:

asrj o — +oo, (2.19)

2n

As a consequence, we infer that

2
vi [T

9.
Qo) =rio+— [ S (—”0 + t) pi(t)dt
2n Jo n

2
- 0.0 011
Vi Si ( l +t> o (Vi+1ri+1Ci+1 ( l;r )) dt + F; (60, ro)

2110 n

(2.20)

where

lim F;;(6p,r0) =0 uniformly w.r.t. 61, 62, and r;110.
ri,0—>+00

Now, we deduce from (2.19) that C;+1(0;+1(t)/n) — Ci+1(6;+1,0/n + t) uniformly w.r.t.
t €[0,2r], 61,0, 62,0 and r; o, as ri+1,0 — +00 and, setting

8.
AT {z € [0,27]: Ciyi ( - +r) > o}

8.
Jit10= {f € [0,2n]: Ciy1 < H:’O +t> < 0} ,

we have that

. Bit1
tedi o = lm & (v Cinn [ — ) ) = ¢i(£00),
i n

Ti+1,0—>+00

where these two limits are not uniform w.r.t. ¢ € [0, 2 ]. However, using that ¢; is bounded
and C;1(0;41(t)/n) converges uniformly, it is possible to show that:

. 0.0 Oi+1
lim Si\ — +1)|#i(£o0) — i | Vi+1ri+1Civ1 dt =0
Ti1,0—~+00 J j£ n n

i+1,0
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uniformly w.r.t. 61 o, 62 ¢ and r; o. Therefore, we can write equation (2.20) in the following
way:

21
RQT) =10+ 2 | S, ( oL +z) pi(1) dt
2n Jy n
n (¢,.<+oo> [os()aroco [ s(%e) )
2n gt n J- n
i+1,0 i+1,0
+ Fi,i (6o, r0) + Fii+1(60, o),
(2.21)
where also
lim  F;i+1(6p,70) =0  uniformly w.r.t. 61 9, 62,0 and r; o. (2.22)
ri41,0—>+00

We now substitute (2.17) and (2.19) in (2.18), obtaining

. Vi 0.0 Oi+1 -
b =n——C; ( ; +f> [Pi(t) — i (%‘+1l’i+1ci+1 ( l;r ))] +0(r;0),  asrig— +oo.

Integrating on [0, 277 ] and making similar considerations as done for r; (277), we deduce that

vi [T 0i.0
0;2m) =6; 0+ 2nm — Ci|—+1t)pi(t)dt
0 n

ri0
j 0; 0
+ 2 ¢i(+oo)f C; (’—’0 —I—t) dt + ¢ (—00) C; (’—’0 +z) di
2ri0 VAR n Jive n
1
T (Gi.i(60, r0) + Gi.i+1(60, 70))
L,
(2.23)
where
lim G;;(6p,r0) = lim G, ;iy1(6p,10) =0 (2.24)
ri 0—>+00 r,-+1,0—>+oo

uniformly w.r.t. the other variables.
Recalling (2.2), we observe that (2.8) and (2.12) imply that 6; (27), i = 1, 2, can be written
as

2
. 0:
0;2mw) =6; 0+ 2nm — Yi / C; (l—o + l‘) pi(t)dt
0 n

i, 0

1 1
+ m)/imbi(-i-oo)(l\i(@i,o = 0it1,0) — i) + o (Gi.i(Bo, r0) + Gi,i+1(60. 10)) »
l, l,

where «;, A; are defined in (2.11), (2.9).
Fori =1, 2, let us now denote

2
vi [

0i o
D;(0;,0) = -5 C; (l— + t) pi(t)dt,
0 n

L;(0p) = ®;(0;,0) + ying;(+00)(A; (0;,0 — Oi+1,0) — &),

(2.25)
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for every 6y = (81,0, 62.0) € R%. Then, we can summarize (2.21), (2.22), (2.23) and (2.24)
as follows:

1
6;(2) = 0; 0+ 2tn + — [Li (60) + Gi,i (60, r0) + Gi,i+1(60. r0)]

ri,0 .
5L fori =1, 2,
ri@m) =rio = oo 10 (o) + Fi,i (6o, ro) + Fii+1(00, ro)
i,
(2.26)
where
. Oli)rrioo F; i (60, r0) = . Oli)rr}roo G; (6o, r0) =0 uniformly w.r.t. ;11,0 and 6,
110im—|—oo Fi iv1(60,10) = . 110ig—|—oo Gii+16p,10) =0 uniformly w.r.t. r; ¢ and 6p.
Fit+1,0— i+1,
(2.27)

The functions L1, L, will be meant as the components of the vector valued function
L(00) = (L1(60). L2(6p)). 6o = (01,0, 62,0) € R*. (2.28)

which we will call resonance function for system (1.1). Notice that, due to the 27 -periodicity
in both the variables, we can interpret L as a function defined on the two-dimensional torus
T? = R? /(27w Z)?. This function will play a crucial role in the statement of our main result
(see Sect. 4).

3 Dynamics of Discrete Maps

In this section, we establish the abstract result that will be used to prove the existence of
unbounded solutions to system (1.1).

3.1 D*-Matrices

We consider 2 x 2-matrices A = (a;;), i, j =1, 2.
Definition 3.1 A 2 x 2-matrix A is said to be a Dt -matrix if

ain <0,  an <0, |anaxn +anal < 2anaz. (3.1
Analogously, a 2 x 2-matrix A is said to be a D™ -matrix if

air >0, ax»>0, lai2a + ajjazi| < 2aiiax. (3.2)

Notice that a diagonal matrix with negative entries (resp., positive entries) is a DT matrix
(resp., D™ matrix). Given a D*-matrix A and € = (€1, €2) € (0, +00)?, let us define

14+e€a11  €an
Be = . (3.3)
ear; 1+ eaxn
Moreover, for every €g > 0 and n > 0 let us define
ai € _ dil

Cepn = {6 =(e1.&) €(0,400)*: — —n<—<—+n, |e| = 60}- (3.4)
az €1 an

We prove the following result.
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Lemma 3.2 Assume that A is a D=-matrix. Then, there exist ap > 0, €9 > 0 and n > 0 such
that

1
1Bellz = 1= Saollell, Ve € Cey- (3.5

Proof We give the proof in the case of D' -matrix; the other case is analogous. We recall
that the matrix norm || B¢ || 2 coincides with the square root of the maximum eigenvalue of the
matrix C, = BGT B..

Let us first observe that, for every €, the elements on the diagonal of C¢ are given by

(1 +ea)? +ea3;, (1+ean) + efaly;
hence, we have
tr(Ce) =24 2(ay€1 + axney) + (afl + a%z)elz + (a%z + a%l)eg. (3.6)
Hence, a simple computation shows that
(r(Ce))* = 4 + 8(ari€l + aner) +4(aner + ane)” +4@af; + ajy)e; +4(a3, + azp)es +

+4(aj €1 + azzez)((afl + afz)ef + (a%z + a%l)eg) + ((a%l + afz)e% + (a%z + a%l)eg)z.
(3.7)

On the other hand, we have

det(Ce) = (det B)? = 1+ 2(aj1€1 + aner) + (ar1€1 + aner)? +2Aeer+
(3.8)
+2(ari€1 + aner) Acier + Aleles,

where A = ajjax — ajpas;.
Now, let us observe that the matrix C¢ is positive definite; as a consequence, the maximum
eigenvalue of C¢ is given by

2 _
An () = tr(Ce) ++/ (tr(c;)) 4det(C6)' (3.9)

From (3.7) and (3.8), by means of simple computations we infer that

V(tr(Co))? — 4det(Ce) = 2y/(1 + ar€1 + aner)da(e) + Pa(e), (3.10)
where

dr(€) = (aﬁ + a%g)é% —2A€1e + (a%l + a%g)é% = (a11€] — aner)’ + (anel + az€)?
(3.11)
and |
2
Pi(e) = é_l [(a%1 + a%z)e% + (a%z + a%l)eg] — Azelzeg

1
= Zdz(é) [(af, +atyet + (a3, + a3))€3 + 2A¢€ €] (3.12)

=dy(e)- O(||e]®) ase — 0.
Using (3.6) and (3.9)—(3.12), we can estimate:

Ar(€) = 1 +arer +ane + O(€)?) + Vda(e) V1 + arer +aner + O(€]?)

=1+g()+O0(lell’>) ase— 0,
(3.13)
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where:

g(e) = ajje) + axner ++/da(e).

Observe that g is a positively homogeneous function of degree 1. A simple computation
shows that

an aip —2aj1axn + lanaxn +ana|
g\l — s = ) 2 = _461() < O,
apy + a3, apy + a3, 4ty
(3.14)
since the matrix A is a DT -matrix. Using (3.14) we deduce that there exists > 0 such that
g (e) < —2ayp, (3.15)
for every € such that ||€|| = 1 and
€
o< <2y, (3.16)
ax €1 axn

By homogeneity, we conclude that

g (€) < —2aoplell, (3.17)

for every € € (0, +00)2 satisfying (3.16).
From (3.13) and (3.17) we deduce that there exists € > 0 such that

Ay(€) = 1 —apllell, (3.18)

forevery € € C¢ ;. Letus now take g = min{e, 1/ag}; from (3.18) we immediately conclude
that

1
Vap(€) =1 —Saolel,

for every € € Cg 5. O

3.2 Invariant Sets and Unbounded Orbits of Discrete Maps

In (2.26) we have obtained an estimate for the Poincaré map (6(0), 7 (0)) — (0 (2w), r(2mr))
associated to the system (2.16) when both components r ¢ and 2 o of r(0) are large. Here
we provide sufficient conditions under which the discrete dynamical systems generated by
similar maps possess invariant sets that contain unbounded trajectories.

Few words are in order to clarify the setting in which the dynamical system is defined and
represented. Equations (2.26) define a map (0, r) — (u, p), with 6 = (01, 6»), r = (r1, r2),
u = (uy,ur)and p = (p1, p2), such that:

W=+ [Znnl ] N [Ll(e)/n ] N |:G1(6,r)/r1]

. 141
p=r [@wa]+Fw”%

where ny,n, e N, GO, r) = (G1(0,r), G2(0,r)) and F(0,r) = (F1(0,r), F2(0,r)) are
continuous, L(8) = (L1(0), Lo(0)) is a C!-function with djL; = 0L;/00;, and, moreover,
L, G, F are all 2-periodic w.r.t. 1 and 6>. We recall that (6;, r;) and (u;, p;) are modified
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polar coordinates in R? according to (2.15) and, hence, there is a couple of well known issues
to take into account.

The first one concerns the singularity of polar coordinates whenever the radius vanishes
and will be easily dealt with since the invariant sets we are going to define will be contained
in a region where min{ry, 72} > R > 0.

The second issue is that (3.19) defines a lifting of the actual dynamical system that, indeed,
acts on T2 x Rﬁ_, where, as usual, T? = R? /2w Z)2 denotes the two-dimensional torus. More
precisely, the coordinates (6, r) and (u, p) should be projected to T2 x ]R{%r to determine the
correct behavior of the dynamical system, but computations are more easily performed on
the “flat” covering space R? x Ri. To this aim, we denote by 6; the equivalence class of 6;
in T! = R/27Z and, thus, we will have 8 = (9}, ;) € T? for each 6 = (6, 6>) € R?; the
group metrics in T! and T? are respectively defined by

10; — ;| = min{|0; — u; +2nw|:ne€Z} and |0 — il = \/|é1 —u1)? + 16, — )2

(3.20)
It will be clear from the context when |- | and || - || are meant on either R and R? or T! and T?,
respectively. In particular, we observe that |6; — u;| = |0; — u;| if and only if |6; — u;| < .

The invariant sets we obtain are built around a fixed @ € T? and depend of four other
parameters as follows:

ER,@,x,n={(9_,r)€T2XRiIF1ZR, 2 > R, k—nir—lik-i-n, ||9_—67)||§®},

r
(3.21)
where R > 0,0 < ® < 7,1 > 0and0 < n < A. Wewilldenoteby f : Eg @, — ']I‘ZX]R%r
the map which has (3.19) as a lifting. We remark that all different choices of ni,n> € Z in
(3.19) define good liftings of the map f: we will use the choice n1 = ny = 0 in the proof of
the next result.

Theorem 3.3 In the above setting, let us assume that there exists w € R2 such that L(w) = 0
and suppose that the Jacobian J L(w) is a DT -matrix. Moreover, assume that

lim G@,r)=0 and lim F(@©,r) =0 uniformly w.rt. 6. (3.22)
ri—>+00 ri—>+00
i=1,2 i=1,2

Then, there exist R > 0, ® € [0, w[, A > 0 and n € 10, A[ such that:
f(Eroay) C EROy- (3.23)

Proof We divide the proof into three parts.
Part 1. Choice of the constants R, ®, A and 7. Let

_ 01Lj(w)

——— 7 >0, (3.24)
02 Lo (w)

letn, g > 0 be as in Lemma 3.2 and let Ry = 1/¢(. Since J L(®) is a D+ -matrix we deduce
that there exist ®g € 10, 7[ and y; > 0,i = 1, 2, such that

Li(0) <—y; <0, fori=1,2andV0 € R?: |0 — &| < Oy. (3.25)
Moreover, according to assumption (3.22), let Ry > Ry such that

Fi6.r) > _V? fori=12and¥0 € R, r| > Ry, r» > Ry. (3.26)
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By the continuity of JL(f) in & = w, a simple computation shows that there exists @ €
10, ®¢] such that

91L1(0 — %L
D L) =
1 1 Vo 1 16 — & < ©. (3.27)
hLi(0) _ —0Lx(w)n
9Ly (0) — >
A= 20 —n)

Moreover, using again assumption (3.22), we deduce that there exists R» > R such that

Fi(0, —o L
1 7 foreachry > Ry, rp > Ryand 0 € RZ.
Fi1(0,r) —d2La(w)n
-0, rn| <————
- 20 —n)
(3.28)
Now, let us write
Li(0) =(VLi(®),0 — o) + i (0)]0 — oll, (3.29)
fori = 1,2 and 6 € R?, with
Iim (@) =0, i=1,2
0—>w
with a(0) := (x1(0), az(0)). Then, we choose ® €]0, ®] such that
ap .
[(@1(0), a2(0)]| < 7 if |60 — ol < 6, (3.30)
where ag 1s given in Lemma 3.2.
Let us now define
L* =max{[|[L@)] : |6 — o] < ©/2}; (3.31)
according to assumption (3.22), let R3 > R, be such that
: * a0® 2
IG@,r)|| < min L™, 5 for every 6 € R and ry, r» > R3. (3.32)
Finally, let us fix
4L*
R > max { R3, ey (3.33)

and consider the set Eg @, corresponding to the chosen constants. From now on, we will
simply denote this set by E.

Part 2. Invariance of E with respect to the radial components. Let us fix (6, r) such that
0, r) € E and consider p = (p1, p2) given by (3.19). From conditions (3.25) and (3.26) we
immediately deduce that

pi>ri—|—% >, fori=1,2. (3.34)
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On the other hand, we have r; < (A 4 1) rp and, then, we infer that

p1 _ 11— 01L1(0) + F1(6,7)

p2 12— hLaO)+ Fa(0, 1)

. hLi(0) Fi(0,r)
A+ A+

< ) ) T+ B @.1) (3.35)
a;m(e) — 9 L2(0) + F2(6, R) — Fi(e’ &
=04 |1— 20 Rl

ry — 0 Ly(0) + F>2(0,r)

Let us now observe that (3.34) implies that r, — 3,L2(0) + F»(0,r) > 0 in E; moreover,
from the first relations in (3.27) and (3.28), we deduce that

01L1(0) Fi1(6,r)
——— — 0 L2(0)+ F2(0, R) — > 0. 3.36
P 2L2(0) + F2(0, R) P (3.36)
From (3.35) we thus conclude that
Pl oyt (3.37)
P2

In an analogous way, taking into account the second relations in (3.27) and (3.28), it is

possible to prove that
P1

— > A—1. (3.38)
P2
From (3.34), (3.37) and (3.38) we deduce the invariance of the set E with respect to the radial
components.

Part 3. Invariance with respect to the angular components. We have to show that, if
(,r) € E then ||lii — ®|| < ©, where u is given in (3.19). By the definition of the metric
on T? in (3.20) and the choice ® < , it is enough to work on the covering space and
to prove that for a suitable lifting (3.19) we have ||u — w|| < ©, with & € R? such that
|0 — w|| < ©, where these last two norms are Euclidean in the covering space R? of T2.
As already announced just before the statement of the theorem, the choice ny = np = 0 in
(3.19) will work here.

Let us split the set E into the following two subsets

_ ) _ ®
Ey=10,r)€E: ||9—w||53 , Ey= (9,r)€E15

<116 — | 56}.

If (9_, r) € Eq, then, using the first equation in (3.19), with n; = ny = 0, and also (3.31),
(3.32) and (3.33), we deduce that
® 2L*

1 1 1 1
—oll < 10=ol+—=IILO)+—=IGO, NI < 10 —ol+—=L*+—L* < —
lu—ol < wII+R|| ()||+R|| @, Nl = w||+R teli= o+

< 0.
_ (3.39)
On the other hand, if (0, r) € E>, we use (3.29) and write:

ai(®)  G10,r)

—w=BO— r 6 — ol _
u w = B(9 CI)) + 052(9) GZ(G, I") ”9 C()”,

p) 26 — ol
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where the matrix B is given by

B (1 +01Li(w)/r1 0 Li(w)/r )
hLy(w)/ro 14+ 02Lx(w)/r

and has the form (3.3) with € = (1/rq, 1/r2). Using (3.30) and (3.32) we deduce that

21G@,

lu — ol < [IB]2]10 — ol + (IIa(9)||||€||+ g €l

ao
) 16 ol < (I1Bl2+ S lel) ©.

Now, (8, r) € E implies thate = (1/r1, 1/r2) € Cg, .y, see (3.4), and we can use Lemma 3.2
to obtain that || B|| < (1 — ap|l€]|/2) and conclude that |4 — w| < ©. O

Now, let (6y, r0) € ER 0,15, With Eg @ ., given by Theorem 3.3; since Er @5,y 1S posi-
tively invariant, we can recursively define

(Qn—i—la rn—i—l) = f(en, n) € ER,(“),)\,U, Vn>0.
From (3.34) we know that

Vi .
(r1)i = (ro)i + El i=1,2,

and iterating we infer that

(r)i = (ro)i -I—n% i=1.2 n>1.

This relation is sufficient to prove the final result of this section.

Theorem 3.4 In the same setting of Theorem 3.3, for every (6p, ro) € ER .o 1,n we have

lim (r,); =400, i=1,2,
n—-400

where (041, rn+1) = f(6Oy, rn), for everyn > 0.

Remark 3.5 We observe that, in the case of a one-to-one map f as above, an analogous result
can be proved when JL(w) is a D™ -matrix; indeed, in this situation there exist R > 0,
0<® <m,A>0and0 < n < A such that:

—1
fT(Ero.an) CER® .y

Then, for every (6y, r0) € ER, 0.,y it is possible to define

(Qn—la r}’l—l) - f(en, rn)»
for every n < 0, and we have

lim (ry); = +o0, i=1,2.
n——oo

4 The Main Result and Some Corollaries

In this section we apply the theory developed in Sect. 3 in order to prove our main result,
dealing with the existence of unbounded solutions to the system

{xl +arx{ = bixy +1(x2) = pi(1) @

X2 +arxy —baxy +¢a(x1) = pa(2).
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We recall that, fori = 1, 2, we are assuming the resonance condition

1 1 2
+ —, for somen € N. 4.2)

Ja Vb on
Moreover, the function p; : R — R is continuous and 2z -periodic and the function ¢; :
R — R is locally Lipschitz continuous and bounded, with

¢i(—00) = —¢; (+00). (4.3)

In this setting, and recalling the definition of the function L given in (2.25)-(2.28), the
following result holds true.

Theorem 4.1 Assume conditions (4.2) and (4.3); moreover, suppose that there exists w € R2
such that L(w) = 0 and J L(w) is a DT -matrix. Then, there exists an infinite measure set
E C R? x R2 such that

lim (Jx; (D + |x/()*) = +00, i=1,2, (4.4)
t— 400
for every solution x of (4.1) such that (x(0), x'(0)) € E.

Proof The result follows from an application of Theorem 3.4, taking into account the fact
that, from (2.26), the Poincaré map associated with (4.1) is of the form (3.19), with (2.27)
implying (3.22).

More precisely, let E C R? x R? be the set corresponding, via action-angle coordinates, to
the set ER 0,5,y given in the statement of Theorem 3.4 and let x be a solution of (4.1) such
that (x(0), x’(0)) € E. Then, from Theorem 3.4 we infer that

lim (|x; 2km)|? + |x](2km)|?) = +o0.
k——+00

The thesis (4.4) follows from this relation and an application of Gronwall’s lemma (see e.g.
[2, Proof of Th. 41]), taking into account the boundedness of ¢;, fori =1, 2. O

Remark 4.2 According to Remark 3.5, an analogous result for # — —o0 can be proved when
JL(w) is a D™ -matrix.

In the rest of the section, we discuss some concrete situations in which the abstract con-
dition on the zeros of the function L is verified, thus providing more explicit corollaries of
Theorem 4.1, depending on the structure of the set of zeroes of the functions ®;,i = 1, 2,
defined in (2.25).

The first situation we deal with is the one in which both & and ®; have a simple zero
(in the scalar setting, this situation was the one treated by [2, Th. 4.1]). More precisely, we
assume that there exists 0* = (o}, w3) € R? such that

@ (w]) = P2(w3) =0, Pl (wf) <0, i=12. (4.5)
Under this assumption, the following result holds true.

Corollary 4.3 Assume conditions (4.2), (4.3) and (4.5). Then, there exists ¢* = ¢p*(ay, a2, p1,
p2) > 0 such that, for every functions ¢; with |¢p;(+00)| < ¢* (i = 1,2), there exists an
infinite measure set E C R? x R? such that

lim (b (O + [/ ()*) =400, i=1,2,
— 400

for every solution x of (4.1) such that (x(0), x'(0)) € E.
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Proof Let us observe that, in view of Theorem 4.1 it is sufficient to prove that, under the
given assumptions, there exist w € R? such that L(w) = 0 and J L(w) is a DT -matrix.
Let us first recall, from (2.25), that we have

Li(©) = ©;(6;) + yingi (+00) (A (6; — 0i11) —a;), YO € R?, (4.6)
where A; is defined in (2.9). Let us define H : R? x R? — R? by

H(O,v) = (®1(0)) +y1nv1 (A1 (0] —62) —a1), D2(62) +yanva(Aa(62 —0)) —a)), VO e R v e R
4.7

From (4.5) we immediately infer that
H(w}, ®5,0,0) =0
and

CD/I (a)T) 0
JoH (0], w5,0,0) = # 0.
0 CI>/2(0)§)

Hence, by the implicit function theorem, we deduce that there exists q§ > 0 such that
for every (¢1(400), p2(+00)) € R? with |¢;(+00)| < ¢, i = 1,2, there exists @ =
o (¢1(+00), p2(+00)) € R? near w* such that

L(w) =0.
Now, let us observe that

O (w1) + Y191 (+00) T (w1 — @2) —Y1$1(+00) X1 (w1 — @2)
JL(w) = )
—12¢2(4+00) Ea (w2 — wy) D) (w2) + Y22 (+00) Lp (w2 — w1)

where %; is given in (2.13). The continuity of @ as function of (¢ (+00), ¢2(+00)), ensured
by the implicit function theorem, implies that
Qi (w]) 0

lim L) = :

by (4.5) the limit matrix is a D" -matrix. As a consequence, there exists ¢* € (0, ¢3) such that
for every (¢1(4+00), ¢p2(4+00)) € R? with |¢; (+-00)| < ¢* the matrix J L(w) is a Dt -matrix,
as well. The result is then proved. O

Remark 4.4 A dual result, ensuring the existence of solutions unbounded in the past, could
be proved when (4.5) is replaced by

<I>1(a)]") = d)z(w;) =0, d)ﬁ(w;") >0, i=1,2.
We omit the details for briefness.

Remark 4.5 Let us analyze the result of Corollary 4.3 in the symmetric linear case a; = b; =

n?, i = 1,2. In this situation, in the recent paper [3] the existence of unbounded solutions

has been proved under the assumption

4|¢i (+00)| < |Pinl®, i=1,2, (4.8)
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where

2 )
Din = / pi(t)e'" dt (4.9)
0

(see Theorem 3.1 in [3]). The assumption |¢;(+0o0)| < ¢* (@ = 1,2), with ¢* =
¢*(ay, b1, p1, p2), in Corollary 4.3 is then on the same spirit of (4.8).

Let us now focus on the situation where the function ®; (or ®,) is identically zero, i.e.

®1(6,) =0, V6O €R. (4.10)

Incidentally, let us observe that in the linear symmetric case a; = by = n? assumption (4.10)

corresponds to the case when the number pj , in (4.9) is zero. Instead, in the asymmetric
case a; # by, condition (4.10) is more tricky to be checked. However, some examples in
which it holds can be provided. For instance, if a; satisfies

Jar s
n 142k

then the Fourier coefficient ¢y ;1 of C; vanishes (see (2.6)), and (4.10) holds when p; (1) =
cos snt.

For the sake of brevity and clarity, we present here just a couple of corollaries in which
(4.10) is assumed. In the first we suppose that a is such that

forsome s,k € Nand s > k, 4.11)

cr2 70 forsomer e N, 4.12)

and that
p2(t) = pcosrnt, VieR, (4.13)

with u > 0.

Corollary 4.6 Let a;, b; > 0 satisfy, fori = 1,2, assumption (4.2); moreover, suppose that
(a1,a) € R, (4.14)

where R is defined in (2.14), and that (4.12) is fulfilled. Finally, assume that conditions (4.3),
(4.10) and (4.13) are satisfied. Then, for every ¢1(+00) # 0 and forevery ¢r(+00) € R there
exists w* > 0 such that for every i > u* there exist two infinite measure sets E* ¢ R* x R?
such that:

e for every solution x of (4.1) such that (x(0), x’(0)) € ET,

lim (1x; () + |x/ (") = +o00, =12,
t——400

e for every solution x of (4.1) such that (x(0), x'(0)) € E~

lim (xi (O + |x](O7) = +o0, i=1,2.
——00

We observe that it is possible to find situations in which Corollary 4.6 applies. Indeed,
let us first notice that Lemma 2.2 implies that (4.14) holds if (a;, a2) is close to (n2, n?).
This happens, for instance if a; satisfies (4.11) with s = 2k and k large enough, and if \/a>
is irrational and close to n. With these choices (4.10) holds with p;(¢) = cos(2knt), while
(4.12) is trivially satisfied (see (2.6)).
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Proof Let us first notice that, from (2.25) and (4.13), recalling the Fourier expansion of C»
given in (2.5), we obtain

®y(0;) = —%mcrg cosrfy, V0, €R. (4.15)

As a consequence, recalling (4.10), we obtain
L1(0) = ying1(+00)(A1(01 — 62) —a1)

%) (4.16)
Ly(0) = — 5 TTHCr2 COS ro) + yango (+00) (A2 (02 — 601) — aa),

for every 6 € R?.
Now, let us look for solutions of L(0) = 0; from the relation L{(#) = 0, recalling that
¢1(400) # 0, we deduce

A0 — 6r) = . 4.17)

From Lemma 2.1, taking into account (4.14), we infer that there exists A} € (0, ) such that

At)=a; = t=xA]+2mn, mecl
(4.18)
sgn(A(£AY)) = FL.

In particular, we choose m = 0; then, from (4.17) and (4.18) we obtain
01 — 0 = £AT. (4.19)

Replacing the last equality in the expression of L in (4.16) and recalling that A» is even and
2m-periodic, the equation L;(6) = 0 reduces to

— ey 2 cos rBy + 2ne (+00) (A2 (AT) — az) =0, (4.20)
1e. 5 An(A?
400 —
cos ry = 1PN —2) 4.21)
TTUCr 2
Let now set 5 Ao (A
w J—
~ ngp(+00)(A2(AY) — az) ; 4.22)
TTCr,2
then, for every u > i the equation (4.21) can be solved and we obtain
1 2 +00)(A2(AT) —
6y = — (:I:arccos 192(H00)(Aa(AF) — 2) —|—2h71), helZ. (423
r TTACr 2

Choosing & = 0, we then conclude that, for every u > fi, the equation L(6) = 0 has the
four solutions

1 2 00) (A2 (AT) —
a)ff’l = (A’f + - (:I: arccos ng2(+00) (A2(A7) OQ)) ,
r TTLCr 2

2ngn (+00) (A2 (AT]) — 0!2)))

TT(ACr 2

1
— <:|: arccos

r

and

1 2 +00)(A2(AT) —
Wit = (—A}k + - (:I: arccos n2(+00)(A2(A7) a2)> :
r TT[ACr 2
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1
- (:I: arccos

r

2n¢ (+00) (A2 (A]) — a2) ))
T ACr 2 .

In order to apply Theorem 4.1, we claim that one of the above four solutions, to be named w™,

is such that J L(w™) is a DT -matrix and another one, to be named &, is such that J L(w™)

is a D~ -matrix. To do this, recalling (4.16) and the fact that A} = X;/n is 27 -periodic and
odd, we observe that

A Li(w,") =(=1)y1¢1(+00) T  (A])
L") =(=1)'y1¢1(+00) Z1 (A])
01 La (@) =(—1) yapa(+00) T2 (A)

' : 2n¢ (+00) (A2 (A}) — a
82L2(wil):iEﬂﬂcr,zrsmarccos $2(+00) (A2 (A}) — )

+ (=D Ty pn (+00) T (AY),
2 T ey 2

(4.24)

fori = 1, 2. Now, since ¢1(+00) # 0 and recalling (4.18), we have
sgn(d1L1(w;,")) = (—1)' sgn(1(+00)); (4.25)
moreover, there exists ;& > [ such that for every u > &t we have
sgn(@2La(w;, ") = £sgn(cr.). (4.26)

Hence, for i > i, the choice of a)lﬂf’i has to be made according to the signs of ¢1 (400) and
c¢r2. For the sake of briefness, we discuss the case ¢1(4+00) > 0 and ¢, » > 0, the other
ones being similar. We set o™ = a);’l andw™ = a):j’z; hence, by construction, J L(w™) and
J L(w™) satisfy the sign conditions on the diagonal coefficients in order to be a D*-matrix.

As far as the third condition in Definition 3.1 is concerned, we have that

3 L1(0F) 9 La(@F)+d L1 (0F) b La(0™) = =21 1261 (+00)$2(+00) T (AT T2 (AT)
2n¢n (+00) (A2 (AT) — )

+ v ﬁrr,ucr,zrn sin arccos #1(+00) 1 (AT])
2 TUCr 2
(4.27)
and
201 L1 (@) 92 La(0™) =2y1y2¢1 (+00)$2 (+00) T1 (A]) T2 (A])
2 Ay (AY) —
— Y1 Y27 JLCy 2 ¥ SN QrCCOS na(100) (A2(A7) a2)¢1(+00)21(AT).
e 2
(4.28)

Hence, there exists u* > i such that for every u > u* the third condition in Definition
3.1 is satisfied; hence the values w™® are such that JL(w¥) is a DT matrix. The thesis then
follows from an application of Theorem 4.1. O

As a last application, we discuss the case when the oscillators are symmetric, i.e. a; =

b, = n?fori = 1,2, and (4.10) holds true; as already observed, this is equivalent to the
assumption

Pin =0, (4.29)

where pj , is as in (4.9). Let us observe that this situation is not covered by the results in [3].

Corollary 4.7 Let a; = b; = n?, fori = 1,2, and suppose that conditions (4.3) and (4.29)
are satisfied.
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Then, for every ¢1(4+00) # 0 and for every ¢r(400) € R such that

|2 (+00)| < 13—6|f52,n|, (4.30)
with pa., as in (4.9), there exist two infinite measure sets E * c R? x R? such that:
e for every solution x of (4.1) such that (x(0), x'(0)) € ET,
Jim (x50 + [ (OF) = +00, i =1,2,
e for every solution x of (4.1) such that (x(0), x’(0)) € E~
Jim (b OF + [x{0F) =400, i=1.2.

Proof First of all, let us observe that in this situation the functions C; and A; in (2.4) and
(2.9) are given by
2
C;(t) =cosnt, A;()=—cost, VteR, (4.31)
n

respectively, while the number «; in (2.11) is zero. Moreover, the function ®, in (2.25)
becomes

1 2
Dy (u) = — / cos(nt +u)pr(t)dt, VueR; (4.32)
v2n Jo P
this expression can be written as
1
Or(u) = ——— |panlcos(u + ¥n), YueR, (4.33)

for some ¥, € R.
From (4.31), (4.32), (4.33) and the assumption on pj , we deduce that

2
L1(0) = 2\/;¢1(+00) cos(01 — 62)

(4.34)
L>(0) L | 2. (9+1ﬂ)+2\/§¢(+ ) cos(62 — 61)
2 = ——F—=1P2,n| COS(02 2 —P2(100) COs(G2 — 01),
o P2.n "
for every 0 € R2.
Recalling that ¢1 (4+-00) # 0, we can solve the equation L{(6) = 0 to obtain
b1 =6 + % tomw, meZ; (4.35)

as a consequence the equation L>(0) = 0 reduces to
|P2.nl cos(02 + ¥2) = 0. (4.36)

We now observe that assumption (4.30) implies that p> , # 0; hence, from (4.36) we infer
that -
) =—yYp £ b} + 2hw, heZ. (4.37)

Choosing in particular m = h = 0, we conclude that the equation L(6) = 0 has the four
solutions - .
+,1 2
Do (cyp+ 2T :I:—)eR,
@ ( gty ey
(4.38)

42 T T JT) 2
2 (- ==, Y+ =) eR2
) <l/f2 i) V2 )€
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We now claim that one of the above four solutions, to be named w™, is such that J L(w™) is
a DT -matrix and another one, to be named @™, is such that J L(w™) is a D~ -matrix. To see
this, let us observe that, from (4.38),

. 2 ]2
NL1 (@) =01 L1(0)jgoyts = —2\/;@ (4-00) sin(0 — 62) gyt = (—1)’2\/;¢1(+00)
. 2 ; 2
HL(@™") = HL1(0)g—pti = 2\/;¢1(+00) sin(f1 — 62) 9=t = (—1)’_12\/;¢1(+oo)

. 2 . 2
3 Ly(w™") = 01L2(0) jp=p+i = 2\/;¢2(+00) sin(0y — 01)g=p*i = (—1)'2\/;¢2(+OO)

: . /2 .
32L2(w:|:,l) — 82L2(9)|9:wi,i = E|p2’n| sin(@y + ¥n) — 2 r—lgbz(-i—oo) sin(6 — 01)|9:wi-f
Bl + ( D=2, 2 (+00)
= —F P2, - —@2 s
o P2.n "

(4.39)
for i = 1, 2. Focusing for the sake of briefness on the case ¢(+00) > 0, we obtain from
(4.30) that

sgn(d L1(w") -sgn(@ La(w ")) > 0
(4.40)
sgn(d L1(w™?)) - sgn(d La(w™?)) > 0.

1

Setting o™ = wt? and 0w~ = w ™!, since

1 ~
N L1(0F) 31 La(wF) + L1 (0F) B Lo (0F) = - (1601 (+00)¢p2 (+00) — 2| P2, |1 (+00))

4.41)
and
201 L1(0F) Lo (™) = % (= 1661 (+00) ¢ (+00) + 4| P2 |1 (+00)) , (4.42)
from the same assumption (4.30) we deduce that
81 L1 (@™) 91 La(@) + L1 (0F) B La(@™)| < 201 L1 (@F) rLa(@F)  (443)

as well. From (4.40) and (4.43) we conclude that J L(w¥) is a D-matrix. The thesis then
follows from an application of Theorem 4.1. O
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