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We report on a suite of modeling approaches for the optimization of Avalanche
Photodiodes for X-rays detection. Gain and excess noise are computed efficiently
using a non-local/history dependent model that has been validated against full-band
Monte Carlo simulations. The (stochastic) response of the detector to photon pulses is
computed using an improved Random-Path-Length algorithm. As case studies, we
consider diodes consisting of AlGaAs/GaAs multi-layers with separated absorption and
multiplication regions. A superlattice creating a staircase conduction band structure is
employed in the multiplication region to keep the multiplication noise low. Gain and excess
noise have been measured in devices fabricated with such structure and successfully
compared with the developed models.
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1 INTRODUCTION

Avalanche Photodiodes (APDs) are electronic devices (reverse biased pn junctions) that convert a
photon flux into an electric current (or, in other words, a photon arrival into a current pulse) and
provide intrinsic amplification thanks to impact ionization (II). Two different modes of operation are
possible. In Geiger Mode, the applied reverse voltage is larger (in modulus) than the breakdown
voltage. A photon that hits the device generates electron-hole (e-h) pairs that trigger avalanche
multiplication with gains exceeding 105, allowing for the detection of single photons [1]. An external
quenching circuit interrupts the avalanche only when the output current reaches a defined threshold.
Geiger mode APDs are typically used for timing measurements, such as in time-of-flight
experiments, like PET scanners [2]; [3] and lidars [4]. Photon counting is possible at low fluxes
or using pixellated detectors [5]. Silicon Photo Multipliers (SiPMs) represent the state of the art for
APDs operating in Geiger mode [2]. In the Linear Mode, instead, the applied reverse voltage is
smaller than the breakdown voltage. A photon that hits the device generates electron-hole pairs
without triggering the avalanche, so that, after the occurrence of few impact ionization events, the
multiplication ends autonomously. The amplitude of the current at the output of the APD is
proportional to the photon energy Eph, since the number of generated electron-hole pairs is a
function of Eph. For this reason, APDs in linear mode are very effective when it is necessary to have
precise quantitative information regarding very low photon fluxes. An example is given by the case of
photon beam position monitors (p-BPM), where the aim is to intercept a photon beam to determine
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its intensity and position in the least invasive way possible, thus
acquiring very weak signals [6]. An even more challenging
application of devices working in the linear regime concerns
the acquisition of single photons to resolve their energy (X-rays
fluorescence spectroscopy) [7]; [8]; [9]. APDs in linear mode are
also widely used as receivers in optical fiber communication links
[10]; [11]; [12]. In this paper we focus on the modeling of APDs
working in the linear mode for the detection of X-rays.

The main figures of merit of the APD operating in the linear
regime are the gainM, i.e., the charge multiplication produced by
II, and the excess noise factor F. The latter accounts for the fact
that multiplication by II is a stochastic process so that the actual
gain changes case-by-case following the random variable m. We
thus have M = 〈m〉 (with 〈·〉 being the ensemble average)
whereas F = 〈m2〉/M2. These parameters directly impact the
energy resolution in spectroscopy applications. In fact,
considering the typical setup in Figure 1, including an
integrator and a shaping filter, the energy resolution of the
system expressed as full width at half maximum (FWHM) can
be derived following [13]; [7] as:

FWHM2 � 2.35Eehp( )2Eph f + F − 1( )
Eehp

+ 2.35
eEehp

qM
( )2

kBTReqC
2
tot

2τs
+ qτs

4
Idark,n + Idark,pM

2F( )[ ] (1)

where 2.35 approximates 2







2ln(2)√

, Eehp is the energy threshold
to generate an e-h pair optically, f is the Fano factor of the e-h
generation process, e the Neper number, q the elementary charge,
kB the Boltzmann constant, T the absolute temperature, Req the
equivalent noise resistance of the read-out amplifier, Ctot the total
capacitance seen by the APD, τs the shaping time of the CR-RC
filter, Idark,n the component of the dark current that does not
experience multiplication gain, Idark,p the component that does.

From Eq. 1 we see that high gain is beneficial in reducing the
contribution of the noise of the read-out, but high gain must
come with low associated noise, i.e., low F. The dark current
should be as small as possible, otherwise the advantages related to
high gain are hampered by the last term in Eq. 1.

The time constant of the CR-RC filter, as well as the duration
of the time response of the APD itself, has to be small enough to
ensure that two consecutive photons do not induce overlapping
current waveforms. In fact, in this case the resulting output would

no longer be proportional to the photon energy. Constraints on
the maximum duration of the time response, as usual, translate
into a demand for a large bandwidth of the APD.

Obtaining APDs with high M, low F, low Idark and high
bandwidth is not an easy task and different device structures
have been proposed with many combinations of materials. In
particular, the detection of hard X-rays requires semiconductors
with high atomic number since they possess a large stopping
power, thus providing a larger quantum efficiency. For this
reason, III-V compound semiconductors such as GaAs are a
possible choice. Unfortunately, as we will discuss in the following,
GaAs APDs feature a quite large F when trying to obtain high
gains unless the intrinsic region is very narrow [14]. The use of
superlattices of GaAs and AlGaAs improves noise [8]; [15]. In
these latter devices the absorption region, where e-h pairs are
generated by photon absorption, is separated by the region where
II takes place (multiplication region), see Figure 2. This allows to
separately optimize the dark current and the multiplication
process. This structure will be referred as Separate-
Absorption-and-Multiplication (SAM) APD.

It is evident that designing a complex structure like the one in
Figure 2 requires adequate simulation approaches. Models for
APDs range from the simple local model developed in the ’60s
[16] up to sophisticated full-band Monte Carlo (FBMC)
simulators [17]. However, the computational burden
associated to FBMC simulations prevents their use for
extensive device optimization, so that simpler approaches such
as Non-Local/History Dependent (NLHD) models [18] as well as
Random-Path-Length (RPL) algorithms [19] have been
proposed. In this paper we describe a suite of modeling tools
that includes a NLHDmodel for gain and noise as well as an RPL
algorithm (based on the same effective field as in the NLHD

FIGURE 1 | Typical setup for X-rays spectroscopy. The photo-
generated current is integrated and the resulting signal is shaped by a CR-RC
filter. A single photon generates a voltage pulse whose amplitude is
proportional to the photon energy.

FIGURE 2 | Sketch of the band-diagram of a SAM-APD. The absorption
region (GaAs in the results reported in the following), where generation of e-h
pairs by photon absorption occurs, is separated from the multiplication region
(where impact ionization events take place) by a δ layer with p doping.
The multiplication region consists of a superlattice.
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model) to evaluate the time response of the APD in the presence
of X-ray photons. A FBMC is employed to assess the most
suitable form for the effective electric field to be used in the
NLHD model. Comparison with experimental data for SAM-
APDs featuring an AlGaAs/GaAs super-lattice in the
multiplication region is also provided. We do not discuss here
the modeling of the device electrostatics and of the dark current
that is usually carried out with TCAD tools for electron devices
(e.g. [20]).

The paper proceeds as follows. Existing impact ionization
models for gain and noise in APDs are reviewed in Section 2. A
NLHD model specifically developed for SAM-APDs with a
staircase structure in the multiplication region is presented in
Section 3 and compared with FBMC simulations as well as with
experimental data. The improved RPL algorithm is detailed in
Section 4. Conclusion are drawn in Section 5.

2 NON-LOCAL HISTORY DEPENDENT
MODEL FOR GAIN AND NOISE

Impact ionization is a stochastic process where an electron in the
conduction band gains enough kinetic energy to promote another
electron from valence to conduction band after a scattering event,
thus creating an additional electron-hole pair (similarly for hole
initiated II). Proper modeling of such events requires a
probabilistic approach usually based on Monte Carlo
techniques. In fact, the probability per unit time for an
electron to create an e-h pair depends on its energy, that in
turn depends on the electric field profile experienced since its
generation (by optical process or II) and on the sequence of
scattering events suffered. Moreover, the energy distribution of
the e-h pair and of the original electron after II also follows a
stochastic distribution [21].

To significantly simplify the modeling of II, the local model
assumes the impact ionization generation rate at position x and,

thus, the electron and hole ionization coefficients (α(x) and β(x))
to depend only on the electric field at the same location x. By
further assuming that the ratio k = β/α does not depend on the
electric field, one can derive simple expressions for the gain and
excess-noise [16] as well as for the bandwidth [22]. In particular,
for the excess noise factor in the case of electron injection, one
finds:

F � kM + 1 − k( ) 2 − 1
M

( ). (2)

This expression is plotted in Figure 3 for different values of k.
The local model can provide precious indications about how

the width of the multiplication region and the employed material
affect multiplication and the associated noise. In particular, one
can see in Figure 3 and in [22] that the best materials (providing
higher bandwidth-gain product and lower excess noise) are the
ones where electron initiated II significantly dominates over hole
initiated process (i.e., where k is low). Silicon possesses k≪ 1 (see
Figure 4A) but the attenuation length in the energy range of
X-rays is long (see Figure 4B), requiring thick absorption regions.
GaAs instead has a k approaching 1 (that is detrimental for noise)
but an attenuation length for X-ray photonsmuch shorter than Si,
suggesting a larger quantum efficiency for GaAs APDs.

Experimental results for excess-noise vs. gain in GaAs p-i-n
APDs with thin absorption regions points out a reduction of F for
givenM as the intrinsic region gets thinner [23]. Figure 5B shows
that the local model cannot capture this effect, predicting
essentially the same value of F for given M regardless of the
thickness of the intrinsic region. The gain vs. applied voltage is
however captured quite well (see Figure 5A).

The limitations of the local model lead to the development of
non-local/history dependent models [18]; [24]; [25]. In these
models the II coefficients are not only a function of the ionization
position x′ but also on the position x where the carrier was
generated (by photon absorption or by II), i.e., one should write
α(x|x′) and β(x|x′). Different models [18]; [24]; [25] assume
different functional forms for α(x|x′) and β(x|x′) vs. the
electric field profile, but all share the same set of equations
relating α(x|x′) and β(x|x′) to gain and excess-noise. In
particular for an e-h pair generated at position x, the gain is
given by

M x( ) � Ne x( ) +Nh x( )
2

, (3)

with Ne(x) and Nh(x) being the average values of the number of
carriers (ne(x) and nh(x)) generated by a chain of II events
triggered by, respectively, an electron and a hole that were
generated, either optically or by II, at position x. These are
given by the following integral equations (assuming a
multiplication region extending from x = 0 to x = W and
electrons moving toward positive x, holes moving toward
negative x):

Ne x( ) � Pse x|W( )
+ ∫W

x
2Ne x′( ) +Nh x′( )[ ]α x|x′( )Pse x|x′( )dx′ (4)

FIGURE 3 | Excess noise factor as a function of the gain from the local
model (Eq. 2) for k = 0.01, 0.25, 0.5, 0.75, 1.
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Nh x( ) � Psh x|0( )
+ ∫x

0
2Nh x′( ) +Ne x′( )[ ]β x|x′( )Psh x|x′( )dx′. (5)

where the survival probabilities (i.e., the probabilities that the
primary carriers reach x′ from x without suffering impact
ionization scattering) are given by:

Pse x|x′( ) � exp −∫x′

x
α x|x″( )dx″( ), (6)

Psh x|x′( ) � exp −∫x

x′
β x|x″( )dx″( ). (7)

In Eqs 4, 5, the first term is the probability that the primary
carrier reaches the boundary of the multiplication region without
suffering impact ionization scattering; on the other hand, the

second term is the average number of ionization events that result
from a first ionization that occurred anywhere between x andW,
for electrons, or between 0 and x, for holes.

The excess noise factor is instead given by

F x( ) � 〈m x( )2〉
M x( )2 � 〈ne x( )2〉 + 〈nh x( )2〉 + 2Ne x( )Nh x( )

4M x( )2 , (8)

where 〈ne(x)2〉 and 〈nh(x)2〉 are given by

〈ne x( )2〉 � Pse x|W( ) + ∫W

x
2〈ne x′( )2〉 + 〈nh x′( )2〉[

+2Ne x′( )2 + 4Ne x′( )Nh x′( )] α x|x′( )Pse x|x′( )dx′,(9)
〈nh x( )2〉 � Psh x|0( ) + ∫x

0
2〈nh x′( )2〉 + 〈ne x′( )2〉[

FIGURE 4 | (A) Ratio between the hole and electron impact ionization coefficients for Si from [42] (black solid) and for GaAs from [43] (red dashed) at room
temperature. (B) Attenuation length in Si (black solid) and in GaAs (red dashed) for photon energies in the range 30 ≤ Eph ≤ 15,000 eV from [44].

FIGURE 5 | Comparison between the local II model and the experiments in [23] for GaAs p-i-n diodes with different width of the intrinsic region. Plot (A): gain vs.
applied voltage. Plot (B): excess noise factor vs. gain. II ionization rates are taken from [26].
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+2Nh x′( )2 + 4Ne x′( )Nh x′( )] β x|x′( )Psh x|x′( )dx′.
(10)

We have shown in [25] that the two systems of integral
equations (one formed by Eqs 4, 5, the other consisting in Eqs
9,10) can be turned into linear algebra problems after defining a
suitable spatial mesh.

As said above, the different NLHD models proposed so far
essentially differ in the way they formulate the expressions for α(x|
x′) and β(x|x′). In the following, wewill describe few of them reporting
only the expression for α(x|x′) since the one for β(x|x′) is similar. The
dead-space model [18] assumes that if the distance between the initial
generation position x and the positionwhere II takes place x′ is shorter
than aminimum length de (the dead-space), the ionization probability
is null, whereas it tends to a local expression otherwise, i.e.:

α x|x′( ) � 0, x′<x + de

αloc x′( ) x + de ≤x′≤W{ (11)

where

de � Eth,e

qFx
, (12)

with Fx being the electric field and Eth,e a suitable threshold energy
for II.

Figure 6 shows that the dead-space model (with the
parameters taken from [26]) correctly predicts the reduction
of the excess noise factor for a given gain that is
experimentally measured in p-i-n APDs as the diode thickness
shortens [23]. The trend in Figure 6A (i.e. the high gain in thin
diodes for given bias and consequently lower breakdown voltage)
can be explained by considering that in thin diodes large electric
fields (i.e. large gains) can be obtained by applying small reverse

bias voltages. On the other hand, the behavior of F(M) in
Figure 6B is justified by the fact that, for a given electric field,
the dead-space becomes comparable to the thickness of the active
region of the diode as the latter reduces. Therefore, in thin diodes
the presence of the dead space lowers the probability of having
multiple impact ionization events, making the whole
multiplication process more deterministic and, thus, lowering
the associated noise.

The main problem of the dead-space model is that it is not clear
how to define de in the presence of non-uniform electric field
profiles. For example, in Figure 6 we used in Eq. 12 the average
of the electric field between x and x′. This makes the model hard to
apply tomultiplication regions with conduction band discontinuities
as the superlattices used in [27]. One should also notice that the local
ionization coefficient (αloc) used in Eq. 11 differs from the ones
extracted from experiments under uniform fields (αmeas) or, in other
words, to the one that should be used in the local model. In fact,
following [28]:

αmeas � 1
1

αloc
+ 2de

. (13)

The model in [24] instead relates the II coefficient to an
effective field:

Feff,e
x x|x′( ) � ∫x′

x
Fx x″( ) 2



π
√

λe x″( ) exp − x′ − x″( )2
λ2e x″( )( )dx″,

(14)
where

λe x( ) � Eth,e

qFx x( ), (15)
similarly to the dead-space concept. The non-local II coefficients
are then expressed as:

FIGURE 6 | Comparison between the dead-space model and the experiments in [23] for GaAs p-i-n diodes with different width of the intrinsic region. Plot (A): gain
vs. applied voltage. Plot (B): excess noise factor vs. gain.
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α x|x′( ) � Ae exp − Ece

Feff,e
x x|x′( )( )γe[ ], (16)

where Ae, Ece and γe (and similarly for holes) are suitable
adjusting parameters to reproduce the M(V) and F(M)
curves [24].

We recently proposed [25] a NLHD model similar to the one
in [24], but replacing Eq. 14 with:

Feff,e
x x|x′( ) � 1

λe
∫x′

x

dEC x″( )
dx″ exp

x″ − x′
λe

( )dx″, (17)

where Ec is the conduction band edge. This time λe is a parameter
to be adjusted (together with Ae, Ece and γe and the corresponding
parameters for holes) to reproduceM(V) and F(M) curves. Eq. 17
follows from the simple energy balance equation that can be
derived from the second moment of the Boltzmann Transport
Equation. For this reason the model will be referred as Energy
Balance History Dependent Model (EBHDM).We have shown in
[25] that the EBHDM reproduces the M(V) and F(M) curves for
p-i-n APDs measured in [23] for different III-V compounds and
alloys.

The expressions for the effective field require an electric field
(or, better, a quasi field to account for band discontinuities) to be
provided e.g., by commercial TCAD tools. In the APDs, working
in linear mode, charge multiplication is kept under control and
the generated charge has a negligible impact on the device
electrostatics. As a result, a self-consistent coupling between
electrostatic and carrier dynamics is not needed and the band
profiles from TCAD can be kept frozen when modeling the II
phenomena.

As a final remark to this section, one should consider that the
model proposed here, as well as the ones in [18]; [24], is both non-
local and history-dependent. Both aspects are relevant when
studying multiplication and noise in APDs: a model that is
non-local but is not history dependent would predict a gain
different from the local model, but the relation between F and M
would be very similar to the one in Figure 3 rather than to the
experimental data for this APDs in Figure 6 (see [25]).

3 GAIN AND NOISE IN STAIRCASE APDS

As discussed in the previous section, III-V compounds such as
GaAs are promising in terms of quantum efficiency, but the noise
associated to the multiplication process is high since electrons
and holes have similar ionization probabilities. This has led to the
proposal of using superlattices obtained by alternating layers with
different conduction band edges (e.g., GaAs and AlGaAs as
sketched in Figure 2) [29]. The conduction band
discontinuities increase the electron ionization probability,
while the valence band profile is engineered to have negligible
discontinuities. As a results the factor k = β/α is significantly
lowered. In addition, II is strongly localized and this further
lowers the noise.

Clearly the local model is unable to handle such structures, so
that specific models have been developed to predict the gain and

excess noise. In particular, assuming that II takes place only at the
band discontinuities and that only electrons ionize with
probability 0 ≤ Pe ≤ 1, [29] proposed the following equations
for gain and excess noise:

M � 1 + Pe( )Nstep , (18)
F Nstep, Pe( ) � 1 + 1 − Pe( ) 1 − 1 + Pe( )−Nstep[ ]

1 + Pe
, (19)

where Nstep is the number of periods of the superlattice. When Pe
tends to 1 (we double the electrons after each conduction band
discontinuity), the excess noise factor tends to 1. A generalization
of Eqs 18, 19 for a structure with non-uniform steps has been
proposed in [30].

In most material systems1, the conduction band
discontinuities in the superlattice are not large enough to
bring Pe close to 1 and an electric field resulting from the
increase of the applied bias voltage has to be induced in the
regions between consecutive steps to obtain significant carrier
multiplication. The model in Eqs 18, 19 has been extended to
include II between consecutive steps in [31]:

M Pe, Ph,Nstep( ) � 1 + Pe( )Nstep 1 − kp( )
1 + kpPe( )Nstep+1 − kp 1 + Pe( )Nstep+1

, (20)

F Pe, Ph,Nstep( ) � 1 + 1 − 1/M( ) 1 − kp( )
2 + Pe 1 + kp( )

× −Pe + 2
1 − kpP

2
e

1 + kpPe
Mkp

1 + Pe

1 − kp
+ 1
1 + Pe

[ ]{ },
(21)

where Ph is the hole impact ionization probability in each layer
computed using the local model:

Ph � ∫L

0
β x( )dx − 1, (22)

and kp = Ph/Pe.
The non-local models described in Section 2 have been

initially developed for p-i-n diodes and their applicability to
superlattices with a staircase band structure is not obvious. For
example, concerning the dead-space model, [32] introduced the
concept of scattering aware ionization coefficients, assuming that
a carrier becomes cold if it travels for a suitably-defined distance
across a region with an electric field below a specific threshold.
Without this workaround, the dead-space model would apply the
dead-space only to the first period of the superlattice, treating the
rest of the structure as local. The model in [24] (see Eqs 14, 15)
features singularities when the quasi-electric field at the
conduction band step tends to infinite. The singularity at the
heterojunction in the model of [25] has been removed by proper
discretization of the integral in Eq. 17 when approaching dEC/dx
→ ∞.

1An exception being InAs compounds and alloys (see for example [45]) that
however are not relevant for X-ray detection.
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It can be demonstrated that the NLHD framework of Eqs 3–10
assuming electron II events localized at discrete coordinates (i.e., the
conduction band steps) and no hole II exactly gives the gain and noise
of Eqs 18, 19, see results in [25]. Direct comparison between Eqs
20–22 and the EBHDM of [25] has been provided in [33].

Although the NLHD framework can be applied to superlattices
with staircase structure, it is not clear how accurate the specificmodels
that link the NLHD II coefficients to the quasi electric field are. In
other words, the validity of Eq. 11 (for the dead-space model) and of
Eqs 17, 16 (for the model in [25]) needs to be assessed. For that
purpose we have developed a Full-Band Monte Carlo (FBMC)
simulator and devised a methodology to extract the α(x|x′) and
β(x|x′) from the FBMC results for template structures [34].
Figures 7, 8 report sample results for a template structure
consisting in a GaAs region with uniform applied electric field. In
Figure 7 electrons are injected at x = 0 and holes at x = 500 nm with
negligible initial kinetic energy. InFigure 8, instead, theGaAs region is
placed after a conduction band step of amplitudeΔEC (i.e., carriers are
injected at the contacts with initial kinetic energy equal to ΔEC). As it

can be seen in both figures, the dead-space model has a kind of hard
threshold that is not consistent with the FBMC results. On the other
hand, the model in [25] predicts II events closer to the band edge
compared to the FBMC.

We have thus investigated the limitations of Eq. 17 that has been
derived from the second moment of the Boltzmann equation:

dw

dx
� 3
5
qFx x( ) − w − w0

λe
, (23)

wherew is the average carrier energy andw0 is the thermal energy at
equilibrium.We see that λe can be extracted fromFBMC simulations
of uniform structures under constant electric field by plotting

λe Fx( ) � 5 w − w0( )
3Fx

. (24)

Results for GaAs are reported in Figure 9 (crosses) and show that
λe and λh are far from being constant. For that reason we have
replaced Eq. 17 with

FIGURE 7 | Comparison between the α(x|x′) and β(x|x′) profiles extracted from FBMC simulations using the methodology presented in [34] and different NLHD
models (see text). The considered structure is a GaAs region of 500 nm width under a uniform electric field Fx = 380 kV/cm.

FIGURE 8 | α(x, x′) profiles as in Fig.7 but for a GaAs region (100 nm of width) following energy steps of different amplitude ΔEC. A uniform electric field Fx = 600 kV/
cm is present in the GaAs region.
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Feff,e
x x|x′( ) � ∫x′

x

1
λe x|x″( ) dEC

dx″ exp
x″ − x′
λe x|x″( )( )dx″, (25)

(similarly for holes), where

λe,h x|x′( ) � Aλe,h

Bλe,h + Feff,e,h
x x|x′( ). (26)

The blue dashed lines in Figure 7 show that the new model
employing Eqs 25, 26 provides results quite close to the FBMC
when the parameters Aλe,h and Bλe,h are chosen properly. The model
parameters are summarized in Table 1. The parameters Ae, Ah, Ece,
Ech, γe and γh required by Eq. 16 have been extracted from FBMC
simulations similar to the ones in Figure 7 without the conduction
band step but with different levels of electric fields by matching the
α(x|x′) and β(x|x′) once they become independent on x′ (e.g., close
to the right boundary of the simulation domain for electrons). On
the other hand,Aλe,h andBλe,h have been adjusted tomatch thewhole
shape of the α(x|x′) and β(x|x′) profiles.

The values of λe and λh from Eq. 26 using the parameters in
Table 1 are reported by lines in Figure 9: we see that they differ
from the values from Eq. 24, but this is reasonable since II is not
related to the average carrier energy, but rather to the distribution
of carriers with energy above the threshold for II. This would
demand for a more complicated energy balance equation that is
however beyond the scope of this work, since the empirical Eq. 26
works well in reproducing the FBMC results.

As a further test for the newmodel proposed in this section, we
perform a direct comparison with experimental data. In
particular, we consider APDs with the epitaxial structure
sketched in Figure 2 that were grown by Molecular Beam
Epitaxy on n+ GaAs (001) substrates. The multiplication

region consists of a 12 times repetition of a GaAs/
Al0.45Ga0.55As/AlxGa1−xAs (0.45 < x < 0) superlattice (35/25/
20 nm) where the composition of the last layer is graded
linearly through a digital alloy. A carbon δ-doped layer (p =
2.5 · 1012 cm−2) separates electrostatically the multiplication
and the absorption regions. The latter is grown on top of the δ-
doped layer and consists of a 4.5 μm-thick GaAs layer. The
epitaxial structure is concluded by a 150 nm p+ GaAs (6 ·
1018 cm−3) contact layer. Circular mesa diodes with diameters
200–600 μm were defined by optical photolithography and wet
chemical etching. An Al2O3 passivation layer was e-beam-
evaporated to reduce leakage currents. Concentric openings
on the tops of the mesas were defined by lift off technique. Cr/
Au p contacts and AuGe/Ni/Au n contacts were deposited on
the top of the mesas, inside the openings of the dielectric, and
on the back surface, respectively.

The fabricated devices were tested under light to assess their
response to incoming photons, determining their gain and the
noise induced by the multiplication process. For this
characterization, in order to ensure that photogeneration took
place entirely within the absorption region, a green (λ = 532 nm)
tabletop laser has been used. In fact, in this energy range the
absorption length is approximately 160 nm, which is much
shorter than the absorption region. The response to photons
was calculated as the difference between the dark and the
photocurrent: the gain Mmeas was defined as the current
normalized by its value at the highest voltage (V*) which
guaranteed that the multiplicative process could not be started:

Mmeas V( ) � Ilight V( ) − Idark V( )
Ilight Vp( ) − Idark Vp( ), (27)

where the dark current Idark is essentially negligible for the
illumination values considered here.

The excess noise factor is extracted as

Fmeas V( ) � Sii V( )
2qM2

measIlight Vp( ), (28)

that is the ratio between the actual noise of the APD current and
the shot noise of photogenerated current passed through a

FIGURE 9 | Dependence of the λe and λh parameters vs. the electric field. The crosses are the results of FBMC simulations of uniform GaAs regions under constant
electric field where Eq. 24 is used to compute λe and λh from the average carrier energy. The lines are the best fits of Eq. 26 that makes the EBHDM reproduce the α(x′|x)
and β(x′|x) from FBMC (examples in Figure 7).

TABLE 1 | Model parameters to be inserted into Eqs 16, 26.

Ae [10
6/cm] 7.06 Ah [106/cm] 0.95

Ece [10
6V/cm] 1.97 Ech [106V/cm] 1.42

γe 1.0 γh 1.0
Aλe [V] 1.41 Aλh [V] 0.61
Bλe [10

5V/cm] 1.32 Bλh [105V/cm] 0.15
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noiseless multiplier device. The power spectral density of the
noise current Sii has been measured with a customized trans-
impedance amplifier (TIA) whose schematics is depicted in
Figure 10. It can be seen that the signal amplified by the TIA,
characterized by a high cutoff frequency (11 MHz), is fed through
a decoupling capacitor into a signal analyzer (Agilent EXA
N9010A) which registers the Sii value as the reverse bias
voltage increases. The value inserted into Eq. 28 is an average
between the values measured between 1.5 and 2 MHz.

Figure 11 reports the experimental gain vs. voltage 1) and
excess noise factor vs. gain 2) and compare them with the results
of the EBHDM. The model parameters in Table 1 have been used
without any adjustment. The breakdown voltage is
underestimated by the model, while the excess noise factor is
nicely reproduced. Consider that in the model AlGaAs has been
treated as GaAs, that may explain the lower breakdown (due to
smaller gap of GaAs w.r.t. AlGaAs).

The experimental F-M curves in Figure 11. b are close to the
results of the local model of Eq. 2 with k = 0.3 meaning that the

presence of the superlattice has significantly increased electron II
compared to hole II, since in bulk GaAs one would expect a value
of k as high as 0.8 (see Figure 4A).

4 IMPROVED RANDOM-PATH-LENGTH
ALGORITHM FOR TIME RESPONSE TO
SINGLE PHOTON DETECTION
Modeling the response of the APD after a photon is detected is
significantly more complicated than estimating M and F as
described above. In principle FBMC simulations, being
inherently time dependent, may provide the current
waveforms, but these simulations are extremely time
consuming when considering structures as in Figure 2.

The non-local models presented in Section 2 can be extended
to become time dependent, as shown in [35] for the dead-space
model and in [24] for the model based on effective fields. These
models are however hardly applicable to SAM-APDs.

A viable alternative to efficiently compute the time response of
an APD is the Random-Path-Length (RPL) algorithm. It has been
initially proposed for p-i-n APDs where the electric field is
essentially constant inside the structure [19]; [36]. We start
describing the algorithm under these conditions and only later
move to its application to SAM-APDs as in Figure 2.

The RPL is essentially a Monte Carlo algorithm based on the
fact that the survival probability (i.e., the probability not to
ionize) between x and x′ defined in Eq. 6 has an uniform
distribution, i.e.

Pse x|x′( ) � exp −∫x′

x
α x|x″( )dx″( ) � r, (29)

where r is a random number uniformly distributed between 0 and
1. Similarly for Psh. Considering the dead space model and a
constant electric field, substitution of Eq. 11 into Eq. 29 gives

FIGURE 10 | Schematic of the dedicate trans-impedance amplifier used
to measure the power spectral density of the noise current.

FIGURE 11 |Comparison between experimental gain vs. voltage (A) and excess noise factor vs. gain (B) and simulations using the EBHDMwith variable λe and λh.
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x′ � x + de − ln r( )
αloc

. (30)

In other words, if an ionization event for a given electron takes
place at x, the next one takes place at a random position x′
computed inserting a random number uniformly distributed
between 0 and 1 into Eq. 30. Each ionization event creates an
e-h pair and the two carriers are simulated until they exit the
simulation domain. According to Ramo’s theorem (see for
example [37]), the movement of the electron between x and x′
induces a current pulse of time duration (x′ − x)/ve (where ve is
the electron velocity, assumed to be equal to the high-field
saturation velocity) and amplitude qve/W, where W is the
width of the intrinsic region. Combining the pulses induced
by all carriers one gets the time response of the APD to a
photon that impinged at a given position.

In [38] we have shown that the RPL algorithm can be applied
to any functional form of α(x, x′), focusing on the model in [25]
(i.e., Eq. 16 plus Eq. 17). This implies also that arbitrary electric
field profiles can be handled. Equation 29, in principle, should be
solved when computing every single new x′ position. The
problem has been solved by storing in a look-up table the Pse
for each value of x and x′. The x and x′ spacing is small enough to
produce discretization-independent results. Then for a given x
and r, a binary search is performed in the table to find the value of
x′ that satisfies the relation. A similar methodology is used to
describe the motion of holes. As described in [38], each time a
carrier ionizes, the algorithm recursively simulates the motion of
the electron and hole originated from the parent carrier, until
they are collected by the contacts, then it goes back to the
simulation of the parent carrier.

In [38] we have also shown that if different trials are run for
pairs generated at the same position x and for each of them a gain
mi is found, the RPL can be used to compute M = 〈mi〉 and
F � 〈m2

i 〉/M2 providing exactly the same results as obtained with
the numerical solution of Eqs 4–10.

As said before, the original RPL algorithm of [19]; [36] as well as
the extension in [38] work for p-i-n diodes. An improved RPLmodel
for SAM-APDs has been presented in [39]. Although the treatment
of II in the multiplication region remains almost the same, the
improved model has two main additional features. First of all, the
generalized Ramo’s theorem of [40] is employed to compute the
current pulse associated to the movements of the carriers between x
and x′. In fact the formulation in [40] is able to handle partially
depleted structures: while in a p-i-n diode the carrier moving in the
intrinsic region induces charge at the boundary of the region itself, in
the case of SAM-APDs the absorption region is entirely modulated
by the charge induced by carriers moving there or in the
multiplication region. This leads to formulas much more
complicated to the well-known form of Ramo’s theorem. The
interested reader can find the complete expressions in [40]; [39].
The second additional feature is the inclusion of Monte Carlo
transport into the absorption region. In this region, the electric
field is very low and II does not take place. Furthermore, ve is not
constant as in the multiplication region. Carriers are thus moved
with free-flight with random time duration

τs x( ) � μ x( )meff

q
, (31)

where μ(x) is the effective mobility at position x (it can be
extracted from the same TCAD simulation that provide the
electric field profile) and meff a suitable effective mass (more
details in [39]). After the free-flight, the velocity of the particle is
randomized according to a Normal distribution with zero mean
and variance equal to the thermal velocity vth �










kBT/meff

√
. This

approach correctly describes drift and diffusion in the absorption
region.

In this paper we improve the simulation framework proposed
in [39] by using for the non-local II coefficient the expression
based on the effective field with variable λe, see Eq. 25, that has
been verified by comparison with FBMC simulations in Section
3. A typical simulation run consists in many trials, each one
corresponding to the absorption of a photon. A single trial
proceeds as follows:

1. the photon is absorbed at a random position inside the device
based on the attenuation length corresponding to the photon
energy;

2. N e-h pairs are generated according to a Normal distribution
with mean �N � Eph/Eehp and standard deviation equal to



�Nf

√
, where Eph is the photon energy, Eehp is the average

electron-hole pair creation energy and f is the Fano factor [7].
Eehp and f depend on the material and, for GaAs, their values
are Eehp = 4.21 eV and f = 0.12 [15];

3. the generated carriers move into the absorption regions with
free-flight with duration according to Eq. 31, while in the
multiplication region they follow the RPL algorithm;

4. a single trial ends when all generated carriers (the initial N
pairs generated by the photon as well as the other pairs
generated by II by the RPL algorithm) exit the device;

5. during carrier transport, current at the terminals is computed
according to the generalized Ramo’s theorem [40].

The model thus accounts for many sources of randomness in
the process of X-ray detection: random position for absorption,
random number of generated e-h pairs, random motion of
charges in the absorption region, random process for charge
multiplication.

Sample waveforms resulting for a few trials are reported in
Figure 12. Due to the high photon energy (that implies
generation of a large number of e-h pairs following photon
absorption), here the main source of randomness is the
position where the photon is absorbed. On the other hand,
the random motion of carriers and their multiplication is
averaged out during each trial. We have in fact verified that
trials corresponding to photons absorbed in the same position
produces waveforms that are very similar in shape and
amplitude. Time responses for APDs as those described in
Section 3 have been measured in [41]. A 1:1 comparison with
the simulation in Figure 12 is not possible due to the effects of
the read-out parasitics and the fact that the fabrication process
was not as mature as for the results shown in Figure 11. A
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deeper analysis of the time response, thoughtfully comparing
experiments and models will be carried out in a future work.

From the current waveforms one can determine the Power
Spectral Density of the current noise of the APD as

Sii � 2Λ〈|F i t( ){ }|2〉, (32)
where Λ is the rate of photon absorption and F {i(t)} the Fourier
transform of the current waveform. The Sii corresponding to the
waveforms of Figure 12 are reported in Figure 13.

When considering absorption of photons in the visible range
(i.e., generating one e-h pair per photon), the theoretical value of Sii is

Sii � 2q2ΛM2F. (33)
This has been verified in [39] by computing Sii inserting into Eq.
32 the waveforms from the RPL algorithm. When dealing with
X-rays, instead, the fact that one photon generates many e-h pairs
can be interpreted as an additional multiplication step at the
beginning of the structure having gain N = Eph/Eehp and excess
noise factor Fp = 1 + f/N. By employing the formula proposed in
[30] to combine the multiplication steps, one find that for X-rays
the current noise has a Power Spectral Density:

Sii � 2q2ΛM2N N + F + f − 1( ). (34)
Figure 13 shows that the equation above nicely reproduces the
low frequency value of the current noise.

5 CONCLUSION

We have presented a suite of modeling approaches to determine
the performance of APDs for X-rays detection. They can be
summarized with the help of Figure 14. The FBMC is the most
accurate approach, but hardly applicable to a complex structure
with many conduction band steps and extending for many
microns that need to be simulated for times in the
nanosecond range, mainly because of the associated
computational burden. On the other hand, the FBMC is very
powerful as a tool to verify and calibrate the expressions for the
non-local II parameters (as done in this work in Figures 7, 8). The
resulting expressions for α(x| x′) and β(x| x′) are then used in the
RPL algorithm (that is able to efficiently compute the current
waveforms for devices some micrometers long and over time
scales of nanoseconds) or in a NLHDmodel such as the EBHDM
to obtain gain and noise. The RPL can in principle provide the
same information as the EBHDM, but requires the simulation of
many trials, whereas the EBHDM directly solves the equations
providing gain and noise that are needed to estimate the energy
resolution of the detection system.

FIGURE 12 | Sample waveforms (absorption of photons with energy
5.89 keV) obtained with the RPL algorithm for a SAM-APD with a structure as
in Figure 2. At the considered bias, the gain is M = 4.7 and the excess noise
factor is F = 3.05.

FIGURE 13 | Power spectral density of the waveforms in Figure 12
computed using Eq. 32. They are normalized to a photon absorption rate Λ =
1 Hz. The theoretical value of the low frequency value from Eq. 34 is reported
by the dashed line.

FIGURE 14 | Schematic representation of different simulation
approaches for II in APDs. Each model is suited to analyze different feature
sizes and time scales.
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Notice that our focus here was on the performance related to
the multiplication process. Relevant figures of merits such as the
dark current are not addressed here.

The same simulation framework presented here can be in
principle applied also to the detection of γ-rays by adding a model
for the generation of the fluorescent photons in the scintillator
coupled to the APD.
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