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Abstract

Metaheuristic algorithms play a central role in solving combinatorial optimization problems,
yet their empirical study and reliable application remain fragmented. The community has
developed a multitude of algorithms and variants, often emphasizing competitive perfor-
mance over explanatory insight. Consequently, the understanding of algorithmic behavior
is limited, and available tools are typically applied only to benchmark problems. On the
problem side, the literature has produced numerous variants, leading to a proliferation of
isolated formulations. At the same time, emerging technologies such as Large Language
Models are beginning to reshape the landscape of optimization research.

This thesis addresses these challenges along four complementary directions: developing a
component-level understanding of metaheuristics, extending benchmarking methodologies
to real-world problems, unifying fragmented problem formulations, and exploring the
integration of emerging technologies such as Large Language Models within optimization.

First, by systematically analyzing the internal components of classical methods such as
Tabu Search and Simulated Annealing, the work investigate how design choices shape
search dynamics and demonstrates that adaptive control mechanisms can reproduce tuned
performance without manual calibration.

Second, the attention turns to a real-world application: the Oven Scheduling Problem,
a parallel batch scheduling problem. The study develops theoretical lower bounds and
employs Simulated Annealing and Large Neighborhood Search. Statistical analysis and
visual benchmarking techniques are integrated to reveal how instance features and search
trajectories jointly explain algorithmic performance.

Third, the analytical perspective is extended to the problem domain itself through
a unified formulation of the Home Healthcare Routing and Scheduling Problem. We
consolidate previously isolated variants and develop open tools for instance generation,
analysis, translation, and validation. Additionally, transversal solution methods are
introduced, with performance comparable to or exceeding that of specialized algorithms.

Fourth, the thesis explores the role of Large Language Models in optimization, systemat-
ically mapping existing research. Then, we shift the focus from what these models can
do to how they reason. Their behavior and representational capabilities are empirically
examined through direct querying and probing experiments.

Altogether, the thesis contributes to a coherent perspective on how optimization methods
can be analyzed, unified, and extended, providing both conceptual clarity and practical
tools for the study of complex decision problems.

Keywords. Combinatorial optimization, metaheuristics, local search, empirical anal-
ysis, large language models, oven scheduling problem, home healthcare routing and
scheduling problem.
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Symbols

This list gathers the symbols used across the thesis for ease of reference. Note that
problem-specific notation is defined locally within each Part of the thesis.
Problem
P Optimization problem, also referred to as the problem space.
T Setof existing instances of an optimization problem, also referred to as the instance

space. A generic instance with .

Search Space
S Search space, i.e., the set of states (or solutions) that an algorithm possibly consider.
Sy Subset of the search space containing only feasible solutions.
s Generic state (or solution) within the search space.
s*  State (or solution) characterized by the best quality according to an evaluation
criterion.

so Initial state (or solution).

Evaluation
obj  Objective function of the optimization problem.
F  Cost function used by an algorithm to evaluate states (or solutions).
AF,, Delta evaluation, i.e., the change in state (or solution) quality resulting from

applying a move m.

Operators
N Neighborhood operator defining the set of states (or solutions) reachable from a
given state (can indicate a multi-neighborhood).
m  Generic move.

o Probability bias vector used when applying a multi-neighborhood scheme.
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General Policies

C Candidate set, i.e., a subset of the neighborhood considered for selection.
Cuy Set of moves associated with the candidate set.
7 Threshold used in threshold-acceptance criteria.
¢ Current iteration.
Imax Maximum number of iterations.
iigle Number of consecutive iterations without improvement.
Tmax Timout
Tabu Search
V' Tabu list.
§  Generic length of the tabu list, used in the fixed-length variant and as a reference
size in other variants.
o Index of the oldest move in the list, used in the fixed-length tabu list.
Omin  Minimum tabu list length, used in the random-length variant.
Omax  Maximum tabu list length, used in the random-length variant.
ichanged INumber of iterations since the last change of tabu length, used in the cyclic
variable-length and reactive tabu lists.
ieeping INumber of iterations a tabu length is kept before changing, used in the cyclic
variable-length tabu list.
¢ Index of the current tabu length, used in the cyclic variable-length tabu list.
J  Number of tabu length, used in the cyclic variable-length tabu list.
©® Set of possible tabu tenures, used in the cyclic variable-length tabu list.
H Solution history, used in the reactive tabu list.
wt  Factor for increasing the tabu list length, used in the reactive tabu list.
w~  Factor for decreasing the tabu list length, used in the reactive tabu list.
¢ Cycle length, used in the reactive tabu list.
avg, Average cycle length, used in the reactive tabu list.
¢ Iteration threshold for detecting chaotic situations, used in the reactive tabu list.
k  Chaos counter, used in the reactive tabu list.
t  Chaos threshold, used in the reactive tabu list.
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i Cycle-length threshold, used in the reactive tabu list.

¢ Frequency, used in the long-term frequency-based tabu list.

Simulated Annealing
Ty Initial temperature.
Ty Final temperature.
T  Current temperature.
a  Cooling rate, i.e., factor controlling the decrease of the temperature.

Ny Number of iterations per temperature level (run counter denoted as n;).

&

Number of accepted moves per temperature level (run counter denoted as n,).
p Neighborhood acceptance ratio, i.e., p = N,/N;.
Rinax  Maximum number of reheats, used in simulated annealing with reheating.
T, Reheating ratio.

B Proportion of the run spent on the first temperature decrease.

Large Neighborhood Search
D  Set of destroy operators (a selected operator is denoted by d).
R Set of repair operators (a selected operator is denoted by ).
o4 Probability bias vector used to select a destroy operator.

o, Probability bias vector used to select a repair operator.

Hyper-Heuristics

h  Generic low-level heuristic.

Instance Space Analysis and Algorithm Selection
F  Feature space.

Feature vector of an instance z, i.e., f(z) € F.

N
8

=
\_/é/

Embedding instance x in the instance space.

A Algorithm space or portfolio of algorithms.

1 Generic algorithm in the portfolio.

y*  Winning algorithm in the portfolio, i.e., the one achieving the best performance
on a given instance.

Y Performance space.



XXV1il

y(¢,x) Performance of algorithm ¢ on instance x.
e Performance tollerance, so to define good algorithms.
G Subscript indicating a good algorithm.
B Subscript indicating a bad algorithm, using the definition of e.

Pr  Probability of selectiong a good algorithm.

Search Trajectory Networks
n  Number of locations.
ny  Number of locations visited by algorithm ).
ny, Number of locations visited only by algorithm ¢.
ly,  Average trajectory length of algorithm ).

Ty Success rate of algorithm ).



Acronyms

ACO Ant Colony Optimization.

AEC Architecture, Engineering, and Con-
struction Industry.

Al Artificial Intelligence.

ALNS Adaptive Large Neighborhood
Search.

ANN Approximate Nearest Neighbor.

ANOVA Analysis of Variance.

API Application Programming Interface.

ASP Algorithm Selection Problem.

AVNS Adaptive Variable Neighborhood
Search.

BBSR Benchmarking, Benchmarks, Soft-
ware, and Reproducibility.

BI Best Improvement.

BPMN Business Process Model and Nota-
tion.

BPP Bin Packing Problem.

BRKGA Biased Random-Key Genetic Algo-
rithm.

CBCTT Curriculum-based Course
Timetabling.

CD Ceritical Difference.

CHeSC 2011 Cross Domain Heuristic Search
Challenge 2011.

CLI Command Line Interface.

CO Combinatorial Optimization.

COP Combinatorial Optimization Problem.

CP Constraint Programming.

CSP Constraint Satisfaction Problem.

CVRP Capacited Vehicle Routing Problem.

DBSCAN Density-Based Spatial Clustering
of Applications with Noise.

DGM Deep Generative Model.

DPP Decap Placement Problem.

DSL Domain-Specific Language.
DT Decision Tree.

EA Evolutionary Algorithm.
EC Evolutionary Computation.
ETT Educational Timetabling.

FI First Improvement.
FTSA Fixed Temperature Simulated Anneal-
ing.

GA Genetic Algorithm.

GAI Generative Artificial Intelligence.

GCP Graph Coloring Problem.

GECCO Genetic and Evolutionary Compu-
tation Conference.

GIHH Generic Intelligent Hyper-Heuristic.

GPT Generative Pre-trained Transformer.

GRASP Greedy Randomized Adaptive
Search Procedure.

GVN General Variable Neighborhood
Search.

HAC Hierarchical Agglomerative Cluster-
ing.

HC Hill Climbing.

HH Hyper-Heuristic.

HHC Home Healthcare.

HHCRSP Home Healthcare Routing and
Scheduling Problem.

HHSA Hyper-Heuristic-based Simulated
Annealing.

ILP Integer Linear Programming.
ILS Iterated Local Search.
ISA Instance Space Analysis.

JSP Jobshop Scheduling Problem.
k-GCP k-Graph Coloring Problem.
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SA Simulated Annealing.

SE Shannon Entropy.
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TS Tabu Search.
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UC Use Case.
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VNS Variable Neighborhood Search.
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Chapter 1

Introduction

In everyday life, we constantly face situations that require us to choose among competing
alternatives. Some of these can be interpreted as optimization problems, where the task
is to identify the best outcome according to given criteria. For instance, when exploring
a new city, one may wish to plan a round trip that visits each monument exactly once
while minimizing the total walking distance. Similarly, when choosing a restaurant, one
often weighs the quality of the food against its price. Many such problems belong to
the field of Combinatorial Optimization (CO), which studies decision problems where
solutions are drawn from a discrete set and the objective is to identify the most desirable
one according to some specifications. These problems are central across multiple domains
and capture the structure of real-world decision-making scenarios, from logistics [63, 84]
and scheduling [28] to network design [355] and resource allocation [128].

In CO, when the number of alternatives is small, the choice may be made intuitively or
by simple enumeration. As the size and complexity of the problem grow, however, the
space of possibilities expands combinatorially, quickly surpassing the limits of exhaustive
reasoning. In such cases, algorithms are needed to tackle these problems efficiently. In many
practical settings, what matters is not necessarily finding the provably optimal solution but
obtaining one of sufficiently high quality within a reasonable amount of time. Heuristic
algorithms are therefore widely used, trading guarantees of optimality for computational
tractability. Yet, many heuristics are problem-specific and difficult to generalize across
domains. To address this limitation, researchers have developed metaheuristics [199],
high-level strategies for search and optimization that can be adapted to a broad range of
problems [56, 439, 480]. Metaheuristics have achieved major success in optimization, with
applications in fields such as public transportation [257], examination timetabling [44],
scheduling [379, 381], and planning [278].

Over the years, many metaheuristic methods have been proposed and applied to
thousands of optimization problems, resulting in a vast and diverse body of literature.!
While this richness demonstrates their versatility and impact, it also raises challenges: the
abundance of approaches makes systematic comparison difficult, and the proliferation of
variants has sometimes obscured rather than clarified our understanding of what drives
performance. This is particularly evident in the case of metaphor-based metaheuristics,

! At the time of writing (2025-10-28), a search for the keyword metaheuristic in the Scopus database yields
more than 37,700 results.



4 CHAPTER 1. INTRODUCTION

which are algorithms whose design and terminology are inspired by processes observed in
nature, society, or other domains [438]. In this case, what initially started with the noble
intent of helping to understand the solution method soon turned into a trend of inventing
ever more exotic metaphors.? Critical assessments have shown that such algorithms
often fail to accurately reflect the processes they claim to represent, that key elements
of the metaphors are modified or omitted in their implementation, or that the resulting
procedures are essentially equivalent to techniques already present in the literature [26,
74, 75]. As a result, the final algorithms frequently diverge from the metaphors from
which they draw inspiration, the metaphor risks confusing the reader, and obscuring the
underlying method, while the process itself remains largely unexplained to the end user,
undermining confidence and trust.

Beyond metaphor-driven approaches, the sheer number of algorithmic variants presents
an additional challenge. New methods often introduce only minor modifications to generic
metaheuristic templates, typically to better cope with a specific scenario. For instance,
Franzin and Stiitzle [183] identified seven (7) customization points within the Simulated
Annealing (SA) algorithm, each associated with between four (4) and sixteen (16) distinct
versions reported in the literature. This richness often leaves practitioners with a dilemma:
which algorithm should be used for a given case, and whether a different choice might
have been more effective. In practice, navigating this landscape often reduces to following
the most common choices in related applications, testing a few alternatives, and ultimately
relying on individual biases and preferences [470].

This situation is further exacerbated by the so-called horse-race culture [246] that has
characterized much of the optimization community. Research contributions are frequently
evaluated in terms of marginal performance improvements on selected benchmark instances,
rather than by the insights they provide into algorithmic behavior, generalizability, or
reproducibility. As the emphasis of many works lies in outperforming competitors,
comparisons among algorithms may suffer from biased experimentation and results can be
influenced by external factors such as coding skills or the programming language used [470].
The coding, setup, and tuning of algorithms focused on short-term gains can yield specific
improvements, but often lack longevity: when applied to new problems, or even new
instances of the same problem, the entire procedure must typically be repeated [54]. In
response to these limitations, a growing body of research has begun to advocate for new
benchmarking methodologies that move beyond simple performance comparisons. These
include visual approaches such as Instance Space Analysis (ISA) [436] and Search Trajectory
Networks (STNs) [370], as well as component-based analyses [183] and meta-analyses [470].

These issues, however, are not limited to algorithms alone, but also extend to the
optimization problems themselves. The literature often presents a multitude of closely
related problem variants, differing only in notation, scope, or in the inclusion of minor
constraints. For example, within the family of Vehicle Routing Problem (VRP), one
can find variants with or without time windows, dial-a-ride formulations, pick-up and
delivery constraints, time-dependent or stochastic travel times, profit-based objectives,
split deliveries, release dates, and integrated formulations that combine routing with
location or scheduling decisions [27]. Additional extensions consider uncertainty, the

’The so-called Metaheuristic Bestiary (accessed 2025-10-28) collects examples of these algorithms; e.g.,
Bee Colony Algorithm, Bird Migration Algorithm, etc.
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adoption of new technologies, or domain-specific applications such as waste collection.
These variants may reflect the requirements of specific applications, but their proliferation
fragments the research landscape and makes systematic comparison across studies difficult.
Consequently, both algorithm designers and practitioners are confronted with a double
challenge: an overwhelming number of algorithmic choices on one hand, and a highly
heterogeneous set of problem formulations on the other.

Furthermore, the design and engineering of optimization tasks and applications remain
primarily human-driven. Users must convert the problem into an optimization model by
defining a set of variables, constraints, and one or more objective functions, then coding
and running a software solver or algorithm to find solutions. These activities are not
trivial and require a certain extent of expertise. The recent advent of Large Language
Models (LLMs) has opened new perspectives for optimization research.These models
are trained on massive corpora of text and exhibit remarkable capabilities in reasoning,
problem-solving, and code generation [171, 230, 341, 500]. Their generality has sparked
growing interest in exploring whether they can support, or even replace, traditional
algorithm design and application workflows. At the same time, the rapid adoption of
LLMs has outpaced a rigorous understanding of their role in optimization. Fundamental
issues remain concerning their explainability, the comparability of results across prompting
or fine-tuning strategies, and the reproducibility of their outputs, given their inherent
stochasticity and dependence on proprietary infrastructures.

1.1 Motivations

Several factors motivate this thesis. Despite the widespread use of metaheuristics, our
understanding of their inner components remains limited, as most studies emphasize
competitive testing over explanatory insight. At the same time, advanced benchmarking
methodologies such as ISA and STNs, have been applied mainly to simplified benchmarks,
with comparatively little attention devoted to real-world optimization problems. On
the problem side, the literature often introduces numerous variants and formulations
of essentially the same problem, fragmenting the research landscape and hindering
systematic comparison. Finally, the rapid rise of Generative Artificial Intelligence (GAI),
and in particular LLMs, has sparked strong interest in optimization, yet existing research
remains exploratory, with limited attention to transparency and reproducibility.

1.2 Goals

This thesis pursues the following objectives:

¢ Component-level understanding. To develop systematic analyses of metaheuristic
components, investigating how design choices such as tabu list strategies in Tabu
Search (TS) or temperature control policies in SA influence search behavior and
performance, thereby moving beyond performance-oriented competitive testing.

¢ Advanced benchmarking on real-world problems. To extend the use of advanced
benchmarking methodologies, including ISA and STNs, beyond toy benchmarks,
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demonstrating their value in studying a complex, real-world optimization problem,
namely the Oven Scheduling Problem (OSP).

¢ Unified formulations of problem variants. To propose unifying formulations for
families of related problems, supported by formal models and standardized instance
representations, in order to enable systematic comparison and practical applicability.
We use a relevant problem in healthcare that combines both scheduling and routing,
i.e., the Home Healthcare Routing and Scheduling Problem (HHCRSP).

¢ Critical exploration of LLMs in optimization. To examine the potential and
limitations of LLMs for optimization through a systematic literature review and
controlled probing experiments.

1.3 Positioning within the Community

Although this thesis is not officially supported by any specific initiative other than the
Universita degli Studi di Udine, it is closely connected to two ongoing efforts in the
research community: the Metaheuristic in the Large (MitL) initiative and the Randomized
Optimization Algorithms Research Network (ROAR-NET) Cost Action.’

The MitL initiative was introduced by Swan et al. [451] with the aim of providing reusable
and extensible templates for metaheuristics, thereby enhancing both reproducibility and
comparability in optimization research [450].

The ROAR-NET Cost Action* seeks to make randomized optimization algorithms
broadly competitive in practice by identifying and reducing barriers to adoption at the
scientific, technical, economic, and human levels. The Action is organized into six working
groups, including those on problem modeling, benchmarking, and algorithm selection and
configuration, with a strong focus on the needs of practitioners, from whom the economic
value of optimization tools ultimately derives. Although this thesis has not been directly
funded by ROAR-NET, the author has been actively involved in its activities, and the themes
and objectives of the thesis align closely with its scope. Throughout the work, explicit
indications are given where specific contributions relate to ROAR-NET Cost Action topics.

1.4 List of Publications

All research presented in this thesis is the original work of the author, carried out under
the supervision of Prof. Luca Di Gaspero, with contributions from collaborators at the
Universita degli Studi di Udine and other national and international institutions. Portions
of this work have been published in peer-reviewed journals and presented at international
conferences, while additional manuscripts are currently under review. A complete list
of publications produced during the three-year doctoral program is provided below in
reverse chronological order.

*A Cost Action is an interdisciplinary network that brings researchers and innovators together to investigate
a chosen topic over a period of four years.

*https://roar-net.eu/. Accessed 2025-10-28.
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Figure 1.1: Overview of the structure of this thesis.

This thesis is organized into six parts (Part I to Part VI), as follows.

¢ Part I — Fundamentals. We set the stage for the thesis as follows. In addition
to the present introduction, it includes a background chapter (Chapter 2), which
summarizes the main notions and concepts adopted throughout the work, and a
related work chapter (Chapter 3).

Part II — Metaheuristic Components. We investigate the inner workings of meta-
heuristics through a component-based approach. First, we analyze TS by systemati-
cally comparing several tabu list strategies proposed in the literature, studying how
they interact when all other components are kept fixed. We also contrast two different
interpretations of tabu restrictions, one stricter than the other. Second, we focus
on SA, and propose the use of Hyper-Heuristics (HHs) to dynamically adjust the
temperature schedule, based on the observation that the balance between exploration
and exploitation depends on the characteristics of the search landscape at a given
point in time.

Part III — The Oven Scheduling Problem. We study the OSP, a real-world parallel
batch scheduling problem formulated in collaboration with an industrial partner.
We develop metaheuristic methods to solve it and analyze their performance using
both traditional benchmarking tools (i.e., statistical assessment) and more advanced
methodologies. In addition, we consider a related problem and test the approach
that achieved the majority of wins in our experiments, namely SA.

Part IV — The Home Healthcare Routing and Scheduling Problem. We review
the existing literature on the HHCRSP and integrate several related formulations
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into a unified model. Furthermore, we standardize the surrounding ecosystem (i.e.,
instances, features, and evaluation criteria) necessary to correctly benchmark the
problem, and we propose two general solvers that can be applied to it.

¢ Part V— Large Language Models for Combinatorial Optimization. We conduct a
systematic literature review on LLMs for CO and report our findings using Preferred
Reporting Items for Systematic Reviews and Meta-Analyses (PRISMA) guidelines.
Building on this, we design probing experiments to assess to what extent such models
can capture and exploit features of Combinatorial Optimization Problems (COPs).

¢ Part VI — Concluding Remarks. We summarize the main findings of the thesis and
discuss directions for future research.

Figure 1.1 provides an overview of the thesis structure, outlining the addressed domains,
underlying motivations, and the contributions of each part.

With the exception of Parts I and VI, every part follows a common sequence of chapters
with a consistent internal organization. The opening chapter introduces the topic under
consideration, situates it within the scientific context, highlights current limitations in the
literature, and formulates specific goals and research questions. For parts that address
a specific problem domain (i.e., Part III on the OSP and Part IV on the HHCRSP), this
introduction is followed by a problem definition chapter. This chapter adopts a dual
format: a description in natural language aligned with the standards promoted by ROAR-
NET, and a formal mathematical model of the problem. In addition, a section on problem
characteristics provides a rigorous treatment of instances and solutions, thereby establishing
a precise foundation for theoretical discussion, empirical analysis, and comparability. Each
part then includes one or more research chapters, which follow a uniform structure: an
introductory section, a detailed account of the methodology, experimental setup, and
results, and a concluding section that synthesizes findings, acknowledges limitations, and
suggests directions for future research.

In addition to the main chapters, this thesis includes a series of appendices that
complement and extend the presented research. Appendix A reports the artifacts related
to this work; all materials are publicly available, and the corresponding links are provided
therein. Appendix B documents the EasyLocaL++ framework, a white-box metaheuristic
environment employed in most of the code developments presented in this thesis. The
subsequent appendices provide supplementary material specific to individual chapters,
whose necessity is explicitly indicated within the manuscript:

* Appendix C details the analysis of the instances used in Chapter 5.

Appendix D provides additional material on the OSP solution methods of Chapter 10.

Appendix E reports the complete list of features employed in the ISA of Chapter 11.

Appendix F describes the instance features of the HHCRSP introduced in Chapter 14.

Appendix G presents tabular analysis of the literature reported in Chapter 17.

Appendix H presents additional analysis w.r.t. the probing experiments of Chapter 18.



Chapter 2

Background

This chapter consolidates the methodological background, including core definitions,
algorithmic procedures, and statistical tests. Its objectives are to establish the terminology
that will be used consistently throughout the work, to clarify the distinction between
problem-dependent and problem-independent components of metaheuristics, to provide
the necessary context for Large Language Models (LLMs), and to equip the reader with the
statistical toolkit required to interpret the empirical results.

Portions of this chapter draw on the author’s published or submitted work, as well as
didactic material she prepared over the course of her Ph.D. Regarding the latter, the section
on local search algorithms (Section 2.3) is based on lecture material prepared by the author
for the First ROAR-NET Cost Action training school.!

This chapter is organized as follows. Section 2.1 introduces core concepts in Combinato-
rial Optimization (CO). Section 2.2 introduces examples of Combinatorial Optimization
Problems (COPs). Sections 2.3 and 2.4 present the metaheuristic methods used in this thesis.
Section 2.5 summarizes background on LLMs. Finally, Section 2.6 defines the evaluation
metrics, statistical procedures, and benchmarking methodologies.

2.1 Combinatorial Optimization

COPs are a class of optimization problems defined by discrete decision variables and
the objective of finding one or more optimal solutions within a finite search space of
solutions [325]. Many of these problems are classified as NP-hard [189, 270], meaning that,
based on current knowledge, they require exponential time to be optimally solved.
Figure 2.1 outlines the steps practitioners and researchers undertake to address an
optimization problem [48, 467]. We now detail the process specifically for the case of COPs.

2.1.1 Problem Modeling

The first step regards the description in Natural Language (NL) of the decision-making
process or real-world issue to be tackled. Its specifications must be outlined to identify the
decisions to be made, the rules that must be followed, and the goals to be achieved. Such
description has also been formalized within the Randomized Optimization Algorithms

"https://roar-net.eu/events/first-training-school/. Accessed 2025-09-22.
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Figure 2.1: Overview of the steps for addressing an optimization problem.

Research Network (ROAR-NET) Cost Action,? in order to enable practitioners to easily
identify the optimization task to be performed.

After framing the decision-making process, the practitioner must create a formal
representation of it. A given NL description can correspond to multiple representations,
called models or problem formulations. Models are articulated in terms of:

* Variables (or decision variables), which represent the decisions to be made;

¢ Constraints, which are restrictions on the possible values of the variables and capture
problem substructures and/or business rules;

* At least one objective function, which assesses the quality of a solution. When one has
more than one objective function, it is the case of multi-objective optimization.

The development of an effective problem formulation is known as modeling. How
we define variables, objectives, and constraints determines the model type. E.g., if
variables assume integer values and constraints are linear, the model is an Integer Linear
Programming (ILP). Other model types, such as Mixed Integer Linear Programming (MILP)
and Linear Programming (LP), handle both discrete and continuous variables, while
structured constraints can be represented using Constraint Programming (CP).

While a problem formulation provides an abstract formal description of a decision
process, an instance (or problem instance) represents a specific case of the problem defined
by concrete data. A solution to a problem instance is an assignment of values to all the
decision variables defined by the model. As mentioned before, the solution quality is
evaluated through an objective function, which provides one or more objective values, also
referred to as scores or costs (typically numerical values). The search space of an instance
encompasses all possible assignments of the variables (Section 2.3.1); the subset of solutions
that satisfy all constraints is called the set of feasible solutions. A solution which violates
at least one constraint is called infeasible. When no feasible solution exists for an instance,
resulting in a logically inconsistent instantiation of the problem model, the model instance
is also called infeasible.

2https://github.com/roar-net/problem-statements. Accessed 2025-09-22.


https://github.com/roar-net/problem-statements

2.1. COMBINATORIAL OPTIMIZATION 13

2.1.2 Solution Methods

The search space is explored using solution methods, which are algorithms or software solvers.
Solution methods for COPs can be classified based on the completeness of their search
(i.e., complete or incomplete methods) and how solutions are constructed (i.e., perturbative or
constructive methods). Note that models and solution methods are strictly coupled together.

Complete methods exhaustively explore the search space, ensuring that (i) if a solution
exists, the complete method will eventually find it; (ii)) when the search terminates, the
best solution found is guaranteed to be optimal. For these reasons, complete methods
are also called exact methods. Examples of these methods include those derived from LP,
MILP, and CP [419], for which numerous widely accepted software tools exist, including
CPLEX and CP Optimizer [237], Gurobi [208], OR-Tools [388], Gecode [190], and the solvers
included in the MiniZinc distribution [362] together with interfaces and APIs available
in common programming languages. However, given that most COPs are NP-hard,
exhaustive exploration can result in an exponential increase in runtime w.r.t. the size of
the problem instance. Additionally, in many real-world applications, it is not necessary
to certify the optimality of a solution. Instead, obtaining a good, feasible solution in a
reasonable amount of time is sufficient. Incomplete methods address such necessities by
exploring the search space non-exhaustively, often using stochastic approaches. When
these methods are tailored to the problem, they are called heuristics; when they employ
problem-independent strategies, they are referred to as metaheuristics [333]. Examples
of metaheuristics include Tabu Search (TS) [200], Simulated Annealing (SA) [183, 256],
Greedy Randomized Adaptive Search Procedure (GRASP) [276], Large Neighborhood
Search (LNS) [431], Genetic Algorithm (GA) [221], Biased Random-Key Genetic Algorithm
(BRKGA) [313], and Ant Colony Optimization (ACO) [159]. Differently from complete
methods, widely accepted tools have not been available for incomplete methods, where
researchers still rely on customized coding solutions [450, 451] and on a sprout of possible
frameworks and libraries [383, 432] (see also Appendix B for more contextualization on the
topic of metaheuristic softwares).

In constructive methods, a solution is created step by step, starting from an empty
solution with all variables unassigned, and assigning them according to specific policies
(e.g., ACO). Conversely, perturbative methods start from an existing complete solution and
generate new solutions by modifying some variables. Examples include methods based on
the concept of neighborhood (Section 2.3).

In this thesis we mainly employ incomplete, perturbative metaheuristics (Table 2.1),
specifically we use local search based methods (Section 2.3), where a single incumbent
solution is iteratively modified, and selection-based hybrid methods (Section 2.4), where a
metaheuristic is combined with complementary components.

2.1.3 Other Aspects

Algorithmic design choices in solvers and algorithms can be addressed through automated
algorithm configuration, as advocated by the Programming by Optimization (PbO) mani-
festo [222]. Such a paradigm calls for a shift of perspective in software development, where
the design of components is approached through optimization. This involves a systematic
exploration of design alternatives to select a configuration for the different components via
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Table 2.1: Metaheuristic solution methods employed in this thesis.

Solution method Abbreviation  Thesis reference

Hill Climbing HC Chapter 10

Tabu Search TS Chapter 5

Simulated Annealing SA Chapters 6, 10 and 15
Large Neighborhood Search  LNS Chapter 10
Hyper-Heuristics HHs Chapter 6

automated tools like Irace [316]. When the algorithms themselves are treated as parameters
within an algorithm portfolio (a set of algorithms exhibiting complementary performance)
this gives rise to the notion of automated algorithm selection, the process of choosing the most
suitable algorithm for a given instance. Further discussion on algorithm configuration is
provided in Section 3.2, while algorithm selection is examined in Sections 2.6.5 and 3.3.
The entire optimization pipeline undergoes various types of validation. First, a practitioner
must ensure that the models adhere as closely as possible to the real-world scenario (i.e.,
validation of specifications), even though some assumptions are necessary to generalize the
concepts. Then, technical validation should be applied to check code correctness, ensure
adherence to the model, and evaluate its performance efficiency. Furthermore, to efficiently
solve a problem, evaluating and comparing different algorithms, solvers, and models is
essential. This comparison is necessary because of the No Free Lunch (NFL) Theorem [49§],
which states that no single algorithm is best suited for all instances of an optimization
problem. Therefore, tests are conducted to determine the most effective approach for the
specific problem (or problem class), ensuring that the chosen solution method is robust
and efficient. The latter type of validation is also addressed as a benchmarking process.

2.2 Examples of Problems

CO addresses both benchmark problems, like the seminal and widely studied Maximum
Satisfiability Problem (max-SAT), and real-world applications, including employee schedul-
ing [260, 518], machine scheduling [356], educational timetabling [83], and automotive
production [497], among others [453].

In this section, we describe both the benchmark and the real-world problems investigated
in this thesis. Table 2.2 indicates the chapters in which each is studied.

Table 2.2: Combinatorial Optimization Problems (COPs) employed in this thesis.

Problem Abbreviation  Thesis reference

Bin Packing Problem BPP Chapter 18

Graph Coloring Problem GCP Chapter 18, in Chapter 6 as k-GCP
Jobshop Scheduling Problem JSP Chapter 18

Knapsack Problem KP Chapter 18

Permutation Flowshop Scheduling Problem PFSP Chapters 5, 6 and 18

Traveling Salesperson Problem TSP Chapter 6

Oven Scheduling Problem OSP Part IIT

Home Healthcare Routing and Scheduling Problem HHCRSP Part IV

The benchmark problems used for case studies throughout the thesis are the following.



2.2. EXAMPLES OF PROBLEMS 15

Bin Packing Problem (BPP). The BPP considers a set of items, each with its own weight,
and an infinite number of bins, all with the same capacity. The objective is to minimize
the total number of bins used, subject to the constraints that every item is placed in a
bin, and the sum of the weights of the items in each bin does not exceed the capacity.

Graph Coloring Problem (GCP). The GCP consists in assigning a color to each node of an
undirected graph such that adjacent nodes receive different colors, with the objective
of minimizing the number of colors used. The smallest number of colors required to
obtain a valid coloring is known as the chromatic number. The k-Graph Coloring
Problem (k-GCP) is a decision or optimization variant of this problem in which the
number of available colors £ is fixed in advance. The task is to assign one of the k
colors to each node such that no two adjacent nodes share the same color. When
a valid k-coloring does not exist, the problem can be relaxed into an optimization
formulation, where the quality of a solution is evaluated by the number of coloring
violations, that is, the number of edges connecting nodes assigned the same color
(conflicting edges).

Jobshop Scheduling Problem (JSP). The JSP involves a finite set of jobs and machines.
Each job consists of a sequence of operations that must be processed on the machines
in a given order, with each job-machine pair associated with a predefined processing
time. The objective is to construct a feasible schedule that minimizes the makespan.
A valid schedule must satisfy three main constraints. First, the prescribed order of
operations within each job must be respected. Second, machines cannot process more
than one operation at the same time, meaning that no overlaps are allowed. Third,
operations are non-preemptive: once an operation has started on a machine, it must
run to completion without being interrupted or paused.

Knapsack Problem (KP). The KP considers a finite set of items, each with a profit and a
weight, and a knapsack capacity. The goal is to choose items to be included in the
knapsack that maximize total profit subject to the capacity constraint. Variants of KP
include the 0-1 KP, where each item can be selected at most once, the bounded KP,
where each item can be selected at most a given number of times, and the unbounded
KP, where there is no upper limit on the number of times each item can be selected.

Permutation Flowshop Scheduling Problem (PFSP). The PFSP consists of scheduling a
set of jobs on a series of machines, where each job is defined as a sequence of
tasks that must be processed in the same order on all machines. Each task has a
predefined processing time. In this thesis, we focus on minimizing the makespan, i.e.,
the completion time of the last job on the final machine. In the literature, several
variants of the PFSP have been proposed, addressing alternative objectives such as
tardiness and the flow time [30].

Traveling Salesperson Problem (TSP). The TSP considers a list of cities and the distances
between each pair of cities. The task is to find the shortest possible route that visits
each city exactly once and returns to the start city (also known as Hamiltonian cycle of
minimum length).

The real-world problems used throughout the thesis are the following.
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Oven Scheduling Problem (OSP). The OSP consists of grouping components into ther-
mally compatible batches and scheduling them on parallel ovens, subject to capacity
and compatibility constraints. The objective is to minimize a weighted combination
of criteria, namely the total processing time, the tardiness of jobs w.r.t. their due date,
and the setup costs associated with adjusting oven temperatures.

Home Healthcare Routing and Scheduling Problem (HHCRSP). The HHCRSP consists
in the assignment and routing of caregivers to patients over a planning horizon, subject
to practical constraints, including skill matching, time windows, service durations,
travel times, working-time limits, breaks, continuity of care, and synchronization
requirements. The objective is to minimize a weighted combination of criteria
that balance patient satisfaction, fairness in the distribution of working hours, and
compliance with organizational policies.

2.3 Local Search Metaheuristics

Local search is not a single algorithm, but a paradigm on which many metaheuristics are
built. It operates over a neighborhood relation defined on a search space and uses policies
(e.g., exploration policy, selection policy) to traverse that space.

In this section, we first describe the key concepts of local search (Section 2.3.1) and
the policies (Section 2.3.2). Second, we provide a complete overview on the local search
procedure (Section 2.3.3). Then, we describe the local search methods we employ in this
thesis (Sections 2.3.4 to 2.3.6).

2.3.1 Key Concepts

In an optimization problem, one is given a set of feasible solutions S; and an objective
function obj : Sy — R that quantifies the quality of each solution. In a minimization
problem, the task is to find a solution s* € Sy such that obj(s*) < obj(s) forall s € S¢;ina
maximization problem, the inequality is reversed. Each problem is associated with a set of
existing instances Z. When applying local search to a given instance x € Z of the problem,
the central elements are the search space S, the cost function F, and the neighborhood
relation NV.

Search space

The search space S is the set of admissible states explored by the algorithm. Each state
encodes a candidate solution of instance x via some representation. We distinguish S from
the feasible subset Sy C S as many implementations allow S to include infeasible states to
enhance diversification, handling them via penalties (in the cost function F') or repairs. On
the contrary, S might also be restricted, that is it may contain a subset of all the possible
solutions to the problem due to some additional constraints one might impose to reduce
the number of states that an algorithm might visit, for instance in the case of symmetry
breakings. In a COP, at least one optimal solution of x must be represented in S. Together
with the cost function F' and a neighborhood operator IV, S induces a fitness landscape
whose properties (e.g., ruggedness, neutrality, plateaus) shape search difficulty.
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A solver for a given problem specifies the search space via a state representation s € S.
For efficiency, s is accompanied by auxiliary (intentionally redundant) structures (such as
caches, indices, and partial cost aggregates) maintained under moves to support constant-
or logarithmic-time updates and incremental evaluation of F. These structures do not
change the problem semantics or the search space representation; on the contrary, they are
bookkeeping devices kept consistent throughout the search.

Cost function

The cost function F' : S — R: assigns a scalar quality measure to each state s € S. The cost
function of a state s is indicated as F'(s). In the simplest case, the cost function equals the
problem objective, so that

F(s) = obj(s).

When the search space includes infeasible states or when we wish to bias the search (e.g.,
towards balanced solutions), we use an augmented cost

F(s) = obj(s) + [regularization terms] x [regularization weights],

where weights are set so that, eventually, feasible solutions are preferred over infeasible
ones (e.g., via large fixed or adaptive penalties).

Neighborhood relation

A neighborhood relation (or neighborhood) N (s) of state s € S defines the set of states
reachable by applying one admissible move m to s. Each s’ € N (s) is a neighbor. A move m
applied at s maps s to s, which we write as s ® m. When evaluating s’ € N'(s) we use the
delta cost, which is the increment in the solution cost due to the application of the move:

AF(s',s) = F(s') — F(s) = AF,(s)withs' = s®m.

(Assuming minimization in the problem modeling) a move is improving if AF,,(s) < 0,
worsening if AF,,(s) > 0, and neutral/sideways if AF,,(s) = 0. To avoid unnecessary
recomputation, F'(s') is usually not evaluated from scratch; instead, we adopt incremental
evaluation, computing AF,,(s) from the local effect of m on s.

Usually, a solver to a specific problem includes the possibilities of more than one
neighborhood, i.e., a multi-neighborhood. A multi-neighborhood local search maintains a
portfolio {/\fi}ﬁ1 of neighborhood operators and, at each iteration, explores one or more of
them (e.g., by cycling through them or by random or adaptive selection), so that the actual
neighborhood is NV (s) = Ule Ni(s). Such mechanism has shown to be effective for several
problems in the literature [66, 416, 417] and is used in this thesis (e.g., in Chapter 15).

Local minima
Given a state s € S and a neighborhood N, we say that s is a (weak) local minimum (for
minimization) if

F(s) < F(s') Vs eN(s).
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It is a strict local minimum if
F(s) < F(s') Vs eN(s).

If equality holds for some neighbors, s lies on a plateau. Landscape notions such as local
minima and plateau are relative to N: changing the neighborhood (i.e., the move set)
changes which states are locally optimal. For this reason, the usage of multi-neighborhood
is relevant. A local minimum is also referred to as local optimum.

Figure 2.2 reports a visual representation of the fitness landscape; in this case, the strict
local minimum also corresponds to the global minimum.

Global
minimum

0 2 4 6 8 10 12
Solution / Iteration

Local
minimum

Plateau

Cost function value
N
1

Figure 2.2: Visual representation of the fitness landscape.

2.3.2 Policies

We now formalize the control policies that coordinate the core components and steer
traversal of the search space. Specifically, we consider the initialization policy, the
exploration policy, the selection criterion, the acceptance criterion, and the termination
criterion. Depending on the algorithm, these policies expose static or dynamic control
parameters that must be specified and, where appropriate, tuned or adapted online.

Initialization policy

Because local search is inherently perturbative, it requires an initial solution sy € S from
which the search process begins. Two broad initialization regimes are commonly adopted,
i.e., cold and warm starts (Table 2.3).

In a cold start, the initial solution is generated at random, possibly followed by a repair
step to ensure feasibility. This strategy favors diversification, as it exposes the algorithm
to different regions of the search space, though it often yields solutions of modest initial
quality. Conversely, a warm start relies on an auxiliary optimization method, such as a
greedy or constructive heuristic, to produce sy. While this approach can accelerate early
progress by starting from a high-quality solution, it also carries a greater risk of premature
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Table 2.3: Comparison of cold and warm start initialization in local search metaheuristics.

Cold start Warm start

Generation source ~ Random generator (possibly repaired)  Auxiliary optimization method

Solution quality Typically modest Typically high
Search bias Promotes diversification Promotes intensification
Usage in this thesis  Parts IT to IV Part I1I

convergence. Both regimes are considered in this thesis, depending on the problem domain
and experimental setting.

Exploration policy

Given the current state s, the exploration policy specifies which neighbors are generated and
inspected before any move decision is taken. Let NV (s) denote the full neighborhood of s
and let C(s) C N (s) be the candidate set passed to the move-selection mechanism. Several
strategies exist for constructing C'(s) (Table 2.4). In full enumeration, the entire neighborhood
is evaluated, i.e., C(s) = N (s). Alternatively, a candidate or restricted list may be built by
filtering V() according to specific criteria, such as aspiration conditions, tabu definitions,
or move size restrictions. A further possibility is sampling, where a subset of neighbors is
drawn at random to approximate the full neighborhood while reducing evaluation costs.

Table 2.4: Comparison of exploration policies for constructing the candidate set C(s) in local search.

Policy Definition Advantages Drawbacks

Full enumeration C(s) = N(s), all neigh- Provides complete information; Computationally expensive.
bors are generated and eval-  guarantees best move.
uated.

Restricted candi- C(s) € N (s) obtained by Reduces evaluation cost; encodes ~May discard high-quality moves;

date list filtering with rules. problem knowledge or memory.  quality depends on filter design.

Sampling C(s) € N(s) obtained by Scalable; preserves stochastic ex- May miss high-quality moves;
random sampling of neigh-  ploration. performance varies by sample
bors. size.

Selection policy

Selection policies govern how the next move to evaluate is chosen from the candidate set
produced during exploration. It is convenient to reason in terms of moves rather than states.
Let M(s) denote the set of admissible moves at state s, and let Cp/(s) C M(s) be the subset
of moves generated during the exploration stage. The corresponding candidate neighbors
are then given by s & m : m € Cj(s), C C(s). Several strategies for selecting a move are
commonly used (Table 2.5). In the best (steepest) improvement strategy, the algorithm chooses

m* € arg min  AF,(s)
mEC]u(S)

that is, the move yielding the greatest cost reduction. This requires evaluating all candidates
in Cy(s) and thus provides the strongest local progress at the expense of evaluation effort.
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The first improvement strategy instead scans C)/(s) in random order and accepts the first
move satisfying AF;,,(s) < 0. This reduces the number of evaluations on average, but the
outcome depends on the scanning order and in the worst case may still be as costly as
steepest descent. Finally, in a randomized choice, the next move is sampled from a probability
distribution over Cjy/(s) (e.g., uniform), which promotes exploration but provides no
guarantee of improvement.

In practice, neighborhood exploration and move selection are tightly coupled: candidates
are generated and evaluated, and the next move is chosen within the same routine.

Table 2.5: Comparison of common selection policies in local search. Given a state s, let M(s) be
the set of admissible moves, C;(s) € M(s) the candidate set after exploration, and AF,,(s) =
F(s ®m) — F(s) the cost difference induced by move m.

Policy Rule Advantages Drawbacks

Choose the move with
greatest cost reduction in
Cum (s)

Scan Ci(s) in random
order, return the first m
with AF,,,(s) < 0.

Best (steepest) improvement

First improvement

Randomized choice Sample a move from a

probability distribution

Strong local progress; determin-
istic.

Fewer evaluations on average;
stochasticity improves diversifi-
cation.

Minimal evaluation cost; maxi-
mizes diversification.

Requires evaluating all candi-
dates; expensive for large neigh-
borhoods.

Outcome depends on scanning
order; worst case as costly as best
improvement.

No guarantee of improvement;
progress may be erratic.

on C]\/[(S).

Acceptance policy

After a move m has been selected, the acceptance policy determines whether the search state
is updated to s @ m or kept as s. For minimization problems, let AF,,,(s) = F(s®m) — F(s)
denote the cost difference induced by applying m. In the improving-only acceptance rule, a
move is accepted if and only if it strictly improves the cost (AF;,(s) < 0), while the non-
worsening variant also allows equal-cost moves (AF,,(s) < 0), thereby permitting plateaus
to be traversed. More advanced schemes admit non-improving moves under controlled
conditions. Probabilistic acceptance, as in SA, always accepts improving moves and accepts
worsening moves with a probability that based on AF},(s). Similarly, threshold accepting
admits moves satisfying AF},(s) < 7, where the threshold 7 is gradually decreased over
time. At the opposite extreme, an unconditional policy accepts every move, producing a
random walk through the search space. Table 2.6 offers an overview of the acceptance
policies.

Termination policy

A termination policy (or stopping predicate) specifies the condition under which the search
process halts. Several types of criteria are commonly employed (Table 2.7). Resource-based
predicates stop the search when a predefined budget is exhausted, either in terms of
wall-clock/CPU time or in terms of iterations and objective evaluations. Progress-based
predicates monitor the improvement of the current best solution, terminating after a period
of stagnation or when a predefined target value (or gap to a known bound) is reached.
Finally, algorithm-specific predicates exploit internal control parameters, such as the cooling
schedule in SA, where the search stops once the temperature is below a given value.
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Table 2.6: Comparison of acceptance policies in local search. We assume a minimization problem
and AF,,(s) = F(s @ m) — F(s) denotes the cost difference of applying move m to solution s.

Rule Drawbacks

Accept if AF,,(s) < 0.

Policy Advantages

Improving-only Guarantees strict improve-

ment; simple to implement.

Can stall quickly in local op-
tima.

Non-worsening Acceptif AF,,(s) <0.  Allows plateau exploration;

Cannot escape strict local min-
still monotone. i

ma.

Probabilistic acceptance ~ Always accept if A <0,
otherwise with probabil-
ity p(A).

Accept if AF,(s) < T,
with 7 | 0 over time.

Enables escape from local
minima.

Requires parameter tuning.

Sensitive to threshold sched-
ule.

Threshold accepting Enables escape from local

minima.

Unconditional (random
walk)

Always accept. Maximizes exploration. No guarantee of improvement;

highly inefficient alone.

In practice, termination is rarely governed by a single rule; rather, multiple criteria are
typically combined with a logical disjunction (e.g., time limit OR stagnation).

Table 2.7: Comparison of common stopping predicates in local search.

Predicate type Definition Advantages Drawbacks

Halt when wall-clock or CPU time

Time budget
reaches a preset limit.

Halt after a maximum number of
iterations or evaluations.

Iteration budget, evalu-
ation budget

Halt if no improvement occurs for
a given number of iterations.

Stagnation

Target value, bounded  Halt once a target objective or gap

Aligns with practical run-
time constraints.

Independent of hardware;
provides predictable effort.

Adaptive to search dynam-
ics; avoids wasted effort.

Ensures guaranteed quality

Depends heavily on hardware
and load conditions.

Does not adapt to instance dif-
ficulty or progress.

Sensitive to parameter choice;
may terminate prematurely.

Requires knowledge of target

to a bound is reached. if bounds are valid. or bound; may be impractical

in real-world settings.

&ap

Algorithm-specific Criterion derived from internal pa-

rameters.

Natural to implement; re-
spects algorithm design.

Not comparable across algo-
rithms; may not reflect actual
progress; may require tuning.

2.3.3 Local Search Procedure

As anticipated, local search algorithms are metaheuristics: they prescribe a general search
scheme rather than a problem-specific one. A given instantiation specifies how the
problem-independent components orchestrates the problem-dependant ones (Table 2.8).
The first ones include the local search policies, such as the strategy for exploring the
neighborhood, the rule for selecting a move, and the stopping criterion. In contrast,
the problem-dependent components concern the concrete design of the search space,
including the solution representation, the neighborhood relations, and the cost function
with its incremental evaluation, as well as any domain-specific control parameters. This
distinction is crucial: the independent components provide a reusable framework applicable
across different problems, whereas the dependent ones require tailored engineering to
capture the structure and constraints of the specific domain/problem under study. This
philosophy underlies EasyLocarL++ (Appendix B) and is further developed within the
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ROAR-NET initiative.® Practically, to solve a new problem with a given algorithm it suffices
to implement the problem-dependent pieces (solution representation, neighborhoods,
incremental evaluation, etc.); the generic control mechanism (move selection, acceptance,
termination, etc.) is provided by the algorithm/framework itself.

Table 2.8: Distinction between problem-independent and problem-dependent components in local
search.

Problem-independent components Problem-dependent Components
Exploration policy State representation / search space
Selection policy Definition of neighborhood relations
Acceptance policy Cost function and incremental evaluation
Termination policy Control parameters

Algorithm 1 presents the pseudocode of an abstract local search procedure. Inputs of
the procedure include the problem instance; a specification of the search space S (i.e., the
solution representation);* a neighborhood relation \; and a cost function F. An initial
solution sy is also assumed, given that local search is a perturbative methodology. Starting
from sy € S, the algorithm iteratively explores the neighborhood N (s) of the current
solution s € S, selects a move according to the selection policy, and applies it subject to the
acceptance criterion, repeating this loop until the termination condition is met.

Algorithm 1: Pseudo-code for a general local search procedure.

Input: Problem instance, search space S, neighborhood relation V, cost function F, initial
solution sg.
Output: Best solution found s*

S < So
s* <+ s

while TerminationCriterion() is not met do
m < SelectionCriterion (ExplorationCriterion (N (s)))
if AcceptanceCriterion (s, m) is met then

S sdm

if F(s) < F(s*) then
L §* s

return s*

*https://github.com/roar-net/roar-net-api-spec. Accessed 2025-09-22.

“Note that here and in what follows, we use state and solution interchangeably.
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Algorithm 2: Pseudo-code for a multi-neighborhood Randomized Hill Climbing
(RHC). In the remainder of the thesis, such implementation is referred to as Hill
Climbing (HC).
Input: Problem instance, search space S, multi-neighborhood relation N = Ule N, with related
probability biases o = {071, ..., 01}, cost function F, total number of iterations imax, initial

solution so.
Output: Best solution found s*

S < So
s* ¢+ s

1=0

while i < imax do

N <+ RandomNeighborhood(N, o)
m < RandomMove (N, s)

if F(s®m) — F(s) <0 then
S<sodm

if F(s) < F(s") then
L s" s

| it 1+1

return s*

2.3.4 Hill Climbing

Hill Climbing (HC), also known as Iterative Descent, is the simplest local search scheme.® As
with many metaheuristics, the label encompasses multiple exploration/selection policies:

* Best Improvement (BI), also known as steepest descent, which is about choosing m
with minimal AF},(s) over NV (s);

¢ First Improvement (FI), which is about applying the first move encountered with
AF,,(s) < 0 under a prescribed scan order;

¢ Randomized Hill Climbing (RHC), which is about randomly selecting the move m.

In all cases, improving moves are always accepted (i.e., descent techniques); furthermore,
RHC also allows the acceptance of neutral (sideways) moves to traverse plateaus (i.e.,
non-ascent technique).

Regarding termination, any criterion can be used. BI and FI terminate naturally at
stagnation (i.e., at a local optimum) when no improving move exists in A/ (s) given their
respective scans. By contrast, RHC samples the neighborhood; thus, certifying the absence
of improving moves would require a full scan, defeating its purpose. Consequently, RHC
is typically terminated by an external budget (e.g., total iterations) or a stagnation counter
(e.g., a maximum number of consecutive non-improving/neutral steps).

5The name Hill Climbing (HC) is tied to maximization; however, throughout this thesis, we adopt the
minimization convention, so hill climbing corresponds to descent in F'.
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In this thesis, HC is used in its randomized form together with a multi-neighborhood
scheme (Chapter 10); for brevity, we simply refer to this implementation as HC. Algorithm 2
provides the pseudocode, using a total iteration budget imax as the termination criterion.
The inputs mirror those of the generic local search procedure (Algorithm 1), with the
addition of a neighborhood portfolio N = U§:1 N and associated probability biases
o={o1,...,01}, Z?:l oj =1

Starting from an initial state sy, we set the current solution and the best solution found so
far to sg, and initialize the iteration counter i to 0. While the iteration counter is below the
threshold imax, we sample a neighborhood j based on o, and then pick a move m € Nj(s)
uniformly at random. If the move is neutral or improving, we accept it and thus update s;
we then update the incumbent s* whenever F'(s) < F(s*), and increment i.

As discussed, the RHC used here is a non-ascent variant, since it also accepts neutral
moves. This is beneficial on plateaus: neutral steps allow traversal of flat regions and may
reach a state where an improving move becomes available. However, there are downsides:
prolonged neutral wandering can inflate the time-to-improvement, and the search may
cycle within a small set of neutral states. Alternative designs in the literature explicitly
address these issues: TS uses memory to forbid recently visited moves/attributes and
thus discourage revisits (Section 2.3.5), while SA accepts worsening moves with controlled
probability, so to escape from strict local minima and plateaus (Section 2.3.6).

2.3.5 Tabu Search

Tabu Search (TS) was introduced by Glover and Laguna [200]. We now outline its main
components; an in-depth characterization of TS is deferred to Chapter 5.

TS defining feature is an explicit memory structure (called tabu list) that forbids recently
executed moves, move attributes, or even whole states [126] for a fixed or adaptive tenure,
thereby discouraging cycling.® This prohibition can be overridden by an aspiration criterion,
typically when a tabu move yields a solution better than the current incumbent.

The procedure starts from an initial solution and iterates until a termination criterion is
met (typically a total iteration budget or stagnation). At each iteration, the neighborhood is
explored according to a prescribed scan, with candidate moves filtered by a tabu mechanism
T and considering the aspiration criterion. After selection among the admissible (non-tabu
or aspired) candidates, TS applies the chosen move even if it worsens the current solution.

2.3.6 Simulated Annealing

Simulated Annealing (SA) is a well-established metaheuristic inspired by the annealing of
metals [256], with applications in timetabling [285], scheduling [243], and routing [516].
SA defining feature is the probabilistic acceptance of worsening moves, meaning that
worsening moves can occasionally be accepted based on a parameter called temperature.
Usually, the temperature follows a monotone nonincreasing schedule from an initial 75 to a
final Ty: high T' yields frequent acceptance of worsening moves (broad exploration), while
low T enforces near-greedy behavior (intensification). Neighborhood exploration and move

®Note that what is declared tabu depends on the state representation and on the attributes exposed by
the neighborhood (moves, move features, occasionally states or objective levels), thus it is problem- and
implementation-dependant.
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selection are commonly random, though alternative scans exist; likewise, many cooling
schedules and acceptance criteria have been studied, e.g., geometric, linear, logarithmic,
with reheating [183].

In this thesis, we adopt a classical SA in the spirit of Kirkpatrick, Gelatt, and Vecchi [256],
augmented with a multi-neighborhood portfolio N = U§:1 N, the Metropolis acceptance
rule, a cut-off mechanism to accelerate the early high-temperature phase (by limiting
evaluations per temperature level/iteration), and a termination criterion based on the
total-iteration budget 7pax.

The pseudocode is given in Algorithm 3. The temperature T starts from an initial value
Ty and decreases up to a final value 7. The move selection occurs in two stages, as in
the case of HC (Algorithm 2): first drawing the neighborhood among the & available
neighborhoods according to the probability biases o and then selecting a move from this
neighborhood. Let AF,,(s) = F(s & m) — F(s), under the Metropolis rule, a candidate
move m is accepted if AF,,,(s) < 0, and otherwise with probability exp(—AF,,(s)/T).

The temperature decreases according to a geometric cooling schedule, either after a fixed
number of iterations (/N;) or after a fixed number of accepted moves (N, < N;), the latter
being known as a cut-off mechanism. In a geometric scheme, the temperature is multiplied by
a factor v at each decrease, where 0 < ae < 1 denotes the cooling rate. The cut-off mechanism
anticipates the decrease before reaching Ny whenever a threshold number of moves N, is
accepted, with N, < N;,. The rationale is that if many moves are accepted, the temperature
is likely too high, so reducing it earlier helps focus the search. To maintain the overall
length of the schedule, the iterations saved at the current temperature are redistributed
among the subsequent ones by increasing N, accordingly. We define N, as a proportion of
Ny sothat N, = p- Ng, with 0 < p < 1. Based on imax, the parameter N is calculated as:

imax
N

e 7/1_'
log,, (T—O

This approach simplifies the determination of the algorithm’s duration and makes it
independent of other parameters.

Among the most critical SA control parameters are the initial and final temperatures and
the associated cooling scheme [183], which dictate how the temperature decreases over
time. While this cooling approach can be advantageous when local minima are located near
the starting point, it may hinder the ability to escape from deeper local minima encountered
at lower temperatures later in the search. The literature has addressed this problem with
restarting and reheating schemes [201], which temporarily increase the temperature when
the search stagnates, allowing the algorithm to regain the ability to escape local optima.

Reheating is typically triggered by stagnation indicators, such as a fixed number of
iterations without improvement or the attainment of a predefined lower temperature (77).
Once activated, the temperature may be increased either by resetting it to the initial value or
by applying a partial increment relative to the current state. Although reheating improves
diversification and facilitates the exploration of previously inaccessible regions of the
search space, it also introduces additional control parameters. These include the reheating
threshold (7)), the number of iterations allotted per reheated phase, or alternatively, the
total number of reheats to perform (Ry,ax) within a fixed computational budget.
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Algorithm 3: Pseudo-code for a multi-neighborhood Simulated Annealing (SA)
with cut-off mechanism.

Input: Problem instance, search space S, multi-neighborhood relation N' = Ule N, with
probability biases o = {071, ..., 04}, cost function F, total number of iterations i,,ax,
initial solution sy, initial temperature 7y, final temperature 7%, cooling rate «,
neighborhood accepted ratio p.

Output: Best solution found s*

S < So
s* <« s

1+ 0

Ny < tmax/ log, (T /Tp)

Ny < p- N;

T+ Ty

while i < i, do

ng +— 0

ng < 0

while n, < Ny and n, < N, do

N < RandomNeighborhood(N, o)

m < RandomMove (N, s)
AF,,(s) < F(s@®m) — F(s)

if AF,,(s) < 0orRandomReal(0,1) < exp(—AF,,(s)/T) then
S sdm

Ng < Ng +1

if F(s) < F(s*) then
L §* < s

B ng < ng+1

T+ o T

L N < Ns + (NS - ns)/loga(Tf/TO)

return s*

Some studies have questioned the necessity of temperature decrease, proposing Fixed
Temperature Simulated Annealing (FTSA) as an alternative [113, 348]. That is, the
temperature is kept constant through the search. In this context, Franzin and Stiitzle [182]
observed that SA performs effectively when the neighborhood structures differ across
various regions of the search space, while a FTSA is more suitable when the landscape is
uniform. This highlights the challenge of selecting such parameters, as they depend on the
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characteristics of the search landscape, which are unknown in advance.

2.4 Hybrid Metaheuristics

In this section, we first introduce LNS (Section 2.4.1) and then Hyper-Heuristics (HHs)
(Section 2.4.2). Both are metaheuristics in that they describe general frameworks that can be
customized to the problem at hand. In this classification, we treat them as hybrid methods,
since they may incorporate other algorithms within their operations, such as destroyers or
repairers in LNS and Low Level Heuristics (LLHs) in HHs.

2.4.1 Large Neighborhood Search

Large Neighborhood Search (LNS) was originally proposed by Shaw [431]. It may be
viewed as a local search algorithm in which neighborhood operators act on a substantially
larger part of the current solution than in traditional settings. The method alternates two
phases: given a solution, LNS deliberately removes part of it (destroy phase) and then
reconstructs it (repair phase).

In practice, the destroy/repair subroutines may be heuristic or exact. In this thesis, we
use heuristic rules to select which portion of the solution to destroy, and exact methods to
perform the repair. Typically, one defines a portfolio of destroy and repair operators, and
a selection mechanism governed by probability biases (similarly to what we observed in
local search with the multi-neighborhood selection). We set these biases via offline tuning,
however, one might update them adaptively [7, 9, 16]. The evidence on the benefit of their
dynamic setting remains mixed [470].

Algorithm 4 summarizes the LNS procedure. The inputs are: a problem instance; a set of
destroy operators D with probability biases o; a set of repair operators R with probability
biases o,; a cost function F’; and an initial solution sy. Starting from sy, the algorithm
repeats until a termination criterion is met (in the case of this thesis, a wall-clock time limit).
At each iteration, a destroy operator d € D is sampled according to o4 and a repair operator
r € R according to o,; the candidate solution is s’ < DestroyAndRepair(s,d,r), which is
then evaluated through F. If the acceptance rule holds (in the case of our thesis: strictly
improving or equal-cost), we set s” as the new current solution and, if necessary, we also
update the best solution s*.

2.4.2 Hyper-Heuristics

Hyper-Heuristics (HHs) are a category of high-level, problem-independent heuristic
framework designed to operate on a portfolio of LLHs [70, 158, 160]; in other words, they
are problem-independent heuristics that control problem-dependent heuristics. They have
been applied to a variety of problems, including scheduling [345], vehicle routing [373],
and timetabling [71].

Figure 2.3 shows the general concept of HHs. HHs explore the search space by iteratively
selecting and applying LLHSs to one or more solutions, while their only knowledge is the set
of available LLHs, the execution time, and the changes in the objective function. This strict
separation is called the domain barrier and enables high adaptability and flexibility across
various problem domains. Most HHs incorporate adaptive mechanisms that dynamically
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Algorithm 4: Pseudo-code for Large Neighborhood Search (LNS).

Input: Problem instance, search space S, set of destroy operators D, probability biases for
the destroy operators o4, set of repair operators R, probability biases for the repair
operators o, cost function £, initial solution so.

Output: Best solution found s*

S < So
s* <+ s

while TerminationCriterion() is not met do
d + SelectDestroyOperator(s,D,o4)

r + SelectRepairOperator(s, R,o.)

s’ + DestroyAndRepair(s,d,r)

if AcceptanceCriterion (s, s’) is met then
s+ g

if F(s) < F(s*) then
L s* < s

return s*

adjust their behavior based on the limited knowledge about the current state of the search
to effectively balance exploration and exploitation of the search space.

This thesis focuses on selection HHs [67], where the LLHs are provided as a predefined
set of operators to be chosen and applied during the search process. An alternative
approach would involve generative HHs, which aim to create new LLHs by combining basic
algorithmic components. In the case of selection HHs, LLHs can be of the following type:

¢ Mutation (MU): It applies a random change to the candidate solution, disregarding
the objective value of the resulting solution.

* Local Search (LS): It applies local changes to the candidate solution that improve
the objective value. The resulting solution is guaranteed to be better or of the same
quality as the initial one.

* Ruin-and-recreate: It destroys and repairs part of the solution in a LNS fashion.
¢ Crossover: It combines two solutions

In this thesis, we use as LLHs single temperature steps of SA, therefore they are inherently
of LS and MU type.

HHs gained significant momentum with the Cross Domain Heuristic Search Challenge
2011 (CHeSC 2011) organized by Burke et al. [69]. This competition required participants
to design HHs capable of achieving high performance across six benchmark problems. All
competing HHs were developed using HyFlex, a software framework that separates the
general HH strategies from problem-specific details [369]. The competition was won by
Generic Intelligent Hyper-Heuristic (GIHH) [347], which is still competitive on several
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Figure 2.3: General scheme of Hyper-Heuristic (HH).

domains. A streamlined version of the winner, called Lean Generic Intelligent Hyper-
Heuristic (L-GIHH), was introduced afterward [4]. Over the years, many HHs have been
proposed, and successful recent entries are frequently based on Iterated Local Search
(ILS) [3, 5, 6], or on Reinforcement Learning (RL) [259, 345].

2.5 Large Language Models

LLMs have fundamentally transformed the landscape of Natural Language Processing
(NLP). At the core of this transformation is the Transformer architecture introduced by
Vaswani et al. [476], which introduced an improved self-attention mechanism built on top
of the one proposed by Bahdanau, Cho, and Bengio [33]. This mechanism allows models
to weigh the importance of different words in a sentence, irrespective of their distance,
leading to more contextually aware representations.

The Transformer architecture operates with an arrangement of two specified modules,
an encoder and a decoder, designed to transform the input data into more abstract and
general-purpose representations. Each encoder and decoder in the architecture is built
from layers that perform specific functions. First, positional encoding is introduced to
inject information about the order of input words into the model, which is crucial for
processing sequences where the arrangement of elements carries meaning, as is common
in NLP. Following positional encoding, the embedding layer converts the input tokens
(i.e., individual pieces of text, typically words or sub-words) into vectors of continuous
numbers. This transformation turns linguistic information into a numerical form that
neural networks can process. Once the input has been encoded and embedded, it passes
through the Transformer’s core mechanisms, i.e., the attention layers. The encoder relies
on a self-attention mechanism to independently assess and emphasize different parts of
the input data. This allows the model to understand each input segment in relation to
the rest of the input, thus enhancing the context awareness of the system. In parallel,
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the decoder also employs a self-attention layer but focuses on generating the next output
token in the sequence conditioned on the tokens generated so far. This ensures that each
generated element is contextually aligned with the previous (i.e., already generated) text.
Additionally, cross-attention layers in the decoder access the encoder’s output to guide the
generation process. These layers allow the decoder to reference the full context provided
by the encoder, ensuring that each output token is a contextually appropriate continuation
or response to the specific provided input sequence. This comprehensive mechanism
of encoding, self-attention, and cross-attention within the Transformer allows for highly
effective processing and generation of text, making it a robust model for various complex
language understanding and generation tasks.

We now recall some LLM architectures (Section 2.5.1) and notions related to the analysis
of LLM inner working (Section 2.5.2).

2.5.1 Architectures

Building on the innovative self-attention mechanism of the Transformer, subsequent models
have been developed with specialized architectures tailored for different tasks. ELMo [389]
defined the usage on contextual embeddings. Encoder-only models, like BERT [139],
specialize in tasks that require a deep understanding of language context, making them
ideal for applications like sentiment analysis and named entity recognition. On the other
hand, decoder-only models, such as GPT-3 [62] and GPT-4 [64, 374], excel in generating
coherent and contextually appropriate text, powering applications in creative writing and
dialogue systems.

After encoder and decoder-only models, the introduction of instruction-based models
marks a significant evolution in LLMs. These models are trained to follow user-provided
instructions [106, 376], making them versatile tools across various tasks without needing
task-specific fine-tuning. Instruction-based training involves exposing the model to
various tasks during training, along with corresponding instructions, thereby enabling
the model to generalize from instructions at inference time. This approach has started
the development of emerging abilities in LLMs, such as zero-shot learning [263], complex
reasoning strategies [50, 496], and the discovery of latent abilities [495].

Following the introduction of instruction-based models in LLMs, several state-of-the-art
models have epitomized this approach, showcasing remarkable capabilities in handling a
wide array of tasks directly based on user instructions. Some notable models in this field
include PaLM [105], which represents a significant advancement in scaling up transformer-
based architectures designed to perform well across diverse linguistic tasks. Its successor,
PaLM-2 [202], builds upon this foundation with improved training techniques and larger
model capacities, further enhancing its ability to understand and generate nuanced text
based on instructions. PaLM-E [162] further extends the PaLM series by emphasizing
efficiency in energy usage and processing speed, making it a more sustainable option for
deploying sophisticated NLP tasks at scale.

Another architecture is LLaMA [463] and its successors, LLaMa 2 [193] and LLaMa 3 [312],
which focus on achieving high cross-task effectiveness with relatively smaller model sizes,
facilitating easier deployment and lower operational costs without compromising on
capability. These architectures have demonstrated significant prowess in tasks requiring
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deep contextual understanding. Mistral 7B [239] and Mixtral 8x7B [240] introduce a
unique approach to model training called Mixture of Experts (MoE) that involves dynamic
adjustments of model parameters based on task complexity, which enhances the model’s
adaptability and performance across different NLP tasks. Gemini 1.5 [457] is another
innovative model that integrates dual mechanisms of understanding and generation to
improve interaction dynamics in conversational Al applications. Bard [328] focuses on
incorporating broad, encyclopedic knowledge and the ability to update its understanding in
real-time, making it exceptionally useful for applications that require up-to-date information.
Finally, Claude [25] distinguishes itself by its ethical training framework, prioritizing safety
and fairness, setting a new standard in responsible Al development.

2.5.2 Large Language Models Interpretability

Despite their remarkable capabilities, the internal mechanisms by which LLMs encode and
organize knowledge remain only partially understood. Two complementary approaches
are commonly employed to investigate these mechanisms: direct querying (also referred
to as direct questioning or prompting), which analyzes model behavior through carefully
designed prompts, and probing, which examines the information embedded within the
model’s hidden representations.

Direct querying is a methodology used to assess the behavior of LLMs by presenting
them with a prompt and analyzing their generated responses. It aims to evaluate what
models know or can recall when explicitly prompted, without inspecting attention weights,
internal activations, or any other internal mechanisms of the model itself. A well-known
example of direct querying is the needle in a haystack task,” in which a factual statement
(i.e., a short text fragment) is embedded within a long context, and the model is prompted
to retrieve it verbatim. This methodology has been extended to other applications, such
as document summarization and citation generation [272], to evaluate whether relevant
information can be surfaced by the model when explicitly prompted to recall it.

Probing offers a systematic and empirically grounded framework for investigating the
internal representations of LLMs. It provides a structured methodology to examine what
kinds of information are captured within the models” internal mechanisms, where such
information is stored, and how it is organized and retrieved across layers [248, 289, 330].
Unlike the output-based evaluation described above, which focuses on model behavior
elicited through direct querying, probing operates by extracting the hidden layer activations
produced as the model processes an input, and analyzing these activations using lightweight
predictive models known as probes. This approach enables researchers to assess whether
specific properties, such as syntactic, semantic, numerical, or domain-specific features, are
implicitly encoded within the model’s latent representations.

A typical probing setup comprises three main stages: (i) a controlled set of inputs is fed
into a frozen LLM to collect activations from one or more internal layers of interest, typically
the final layer; (ii) an external model (i.e., the probe) is trained on these representations to
predict a target property; and (iii) the probe’s performance is evaluated on unseen data
to assess its generalization on the same property. Common probe architectures include
linear classifiers and simple Multi Layer Perceptrons (MLPs), each suited to investigating

"https://github.com/gkamradt/LLMTest_NeedleInAHaystack/tree/main, accessed 14 Oct 2025.
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different aspects of how information is encoded within LLMs [43, 255, 483]. Simpler probes,
such as linear regressors, are typically used to examine whether a property is linearly
accessible from the model’s representations, whereas more complex, non-linear probes can
explore relationships that may be distributed or non-linearly structured within the latent
space [234].

Although originally developed for linguistic analysis, probing has been applied to a
broad range of interpretability tasks. Several studies have examined whether hidden layers
encode syntactic categories or dependency relations, showing that intermediate layers tend
to capture structural information, whereas deeper layers increasingly specialize in semantic
content [43, 481]. The same framework has also been extended to investigate higher-level
capabilities such as discourse awareness [268], factual and relational knowledge [96],
and hierarchical reasoning [19]. For instance, a probe may be trained to distinguish
correct from incorrect factual triples (e.g., “Paris is the capital of France” vs. “France is the
capital of Paris”) or to recover the latent coordinates of entities mentioned in text, thereby
revealing whether spatial or relational concepts are implicitly represented within the model.
Such applications demonstrate that probing can shed light on the organization of latent
knowledge in LLMs, extending well beyond surface-level linguistic features.

A key advantage of probing lies in its architecture-agnostic nature: it treats the model
as a frozen feature extractor and requires neither fine-tuning nor parameter updates.
Consequently, they ensure that the subsequent analysis based on the model’s weights
accurately reflects its learned internal state [46].

2.6 Metrics, Statistical Analysis, and Benchmarking

We focus on standard performance evaluation techniques in CO. Section 2.6.1 introduces the
concept of the relative gap. Section 2.6.2 presents the set of descriptive statistics employed
throughout this thesis, while Section 2.6.3 details the statistical tests used for performance
comparison. Section 2.6.4 introduces the concept of Critical Difference (CD) plots for
visualizing statistical comparisons. Then, Sections 2.6.5 and 2.6.6 describes the Instance
Space Analysis (ISA) framework and what Search Trajectory Network (STN) are.

2.6.1 Gap

The relative gap is a performance metric used to evaluate the quality of a solution relative
to a reference one. Given a solution s with an objective value 0bj(s), and a baseline solution
sp with objective value obj(sp), the gap of s with respect to s, is defined as:

obj(s) — obj(ss)

gap(s) = 100 - o7 (50)

@.1)

A gap value of 0 indicates that the two solutions have identical objective values. For
minimization problems, a negative gap means that the solution s is better than the baseline
sp, while a positive gap indicates a worse solution compared to the baseline.
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2.6.2 Descriptive Statistics

Descriptive statistics are used to summarize the algorithms performance across multiple
runs and instances. They provide an understanding of central tendencies, variability, and
overall behavior before conducting formal statistical tests. In this thesis, we use:

* Mean. The average objective value® across multiple runs. It represents the expected
performance of the given algorithm.

¢ Median. The middle value in the sorted list of objective values, providing a measure
of central tendency that is robust to outliers.

¢ Standard Deviation. A measure of the variability in the results, indicating the
stability or robustness of the algorithm across runs.

¢ Minimum and Maximum. The best and worst observed objective values, in the case
of a minimization problem.

These statistics are particularly relevant for stochastic algorithms, like metaheuristics,
where variability between runs can be significant due to their random components. For
exact methods, the standard deviation is trivially zero.

2.6.3 Statistical Tests

To assess whether the observed performance differences among the algorithms are statisti-
cally significant, we mainly adopt non-parametric statistical tests, i.e., the Friedman Test
and the Wilcoxon Signed-Rank Test. Additionally, for what concerns the analysis reported
in Chapter 18, a more structured statistical pipeline is envolved, comprising Mixed Linear
Models, Likelihood-Ratio Test, Tukey’s Honestly Significany Difference Test, and Wilcoxon
Two One-Sided Tests for Equivalence.

Friedman Test

The Friedman test is a non-parametric equivalent of the repeated-measures Analysis
of Variance (ANOVA) and is specifically designed for comparing multiple algorithms
over multiple instances. It tests the null hypothesis that all algorithms perform equally,
considering their average ranks across instances. For each instance, the algorithms are
ranked based on their performance, with the best-performing algorithm receiving rank
1. The Friedman test then evaluates whether the observed differences in these ranks are
statistically significant beyond what could be expected by chance. For example, if the
test is applied with a significance level of 0.05, this means that there is a 5% probability
of incorrectly rejecting the null hypothesis when it is actually true (Type I error). If the
p-value resulting from the Friedman test is less than the significance level, we reject the null
hypothesis and conclude that at least one algorithm performs differently from the others.
The Friedman test is particularly appropriate when the assumptions of parametric tests
(e.g., normality, homoscedasticity) do not hold, which is often the case in CO experiments.

8We use the objective value as a proxy for performance; nevertheless, alternative metrics such as the
optimality gap, number of iterations, or computational time may also be considered, depending on the analysis.
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Wilcoxon Signed-Rank Test

If the Friedman test rejects the null hypothesis, pair-wise post-hoc analyses are conducted
using the Wilcoxon Signed-Rank Test. This is a non-parametric test used to compare
two related samples, i.e., the performance ranks of two algorithms over the same set of
instances. To control the family-wise error rate due to multiple pairwise comparisons, we
apply Holm’s correction, i.e., we adjust the p-values to maintain the overall significance
level, thereby reducing the risk of Type I errors when performing multiple tests.

Allin all, the Friedman test determines whether there is a statistically significant difference
among the set of algorithms as a whole. When this is the case, the Wilcoxon Signed-Rank
Test identifies which specific pairs of algorithms differ significantly.

Mixed Linear Models

Mixed Linear Models (MLMs), or linear mixed-effects models, extend classical linear
regression by incorporating both fixed and random effects. Fixed effects represent systematic,
population-level influences, while random effects capture variability due to hierarchical or
repeated-measure structures in the data.

Reported results typically include estimated coefficients, standard errors, z-statistics,
p-values, and 95% confidence intervals for fixed effects, along with variance estimates for
random effects. Coefficients indicate the direction and strength of predictor-response
relationships, with confidence intervals providing a measure of estimate precision.

Likelihood-Ratio Test

The Likelihood—Ratio Test (LRT) is a general method for comparing the goodness of fit
between two nested statistical models, where the reduced model can be obtained from the
full model by constraining one or more parameters (e.g., setting them to zero). The test
evaluates whether the additional parameters in the full model significantly improve the
model’s ability to explain the data. A significant result indicates that the full model provides
a significantly better fit, implying that the additional parameters contribute meaningfully
to explaining the response variable.

Tukey’s Honestly Significant Difference Test

The Tukey’s Honestly Significant Difference (HSD) test is a post-hoc procedure that controls
the Family-Wise Error Rate (FWER) across all pairwise contrasts among group means. The
method is based on the studentized range distribution, which adjusts the critical value to
maintain the overall significance level. By accounting for the number of comparisons being
made, it ensures that the probability of committing one or more Type I errors remains
within the specified threshold.

When an analysis involves categorical factors with more than two levels, a significant
omnibus test (such as ANOVA or an LRT) indicates that at least one group mean differs
from the others but does not identify which specific pairs differ. Tukey’s HSD is therefore
applied to perform post-hoc pairwise comparisons that determine where these differences
occur while preserving statistical validity under multiple testing.
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Wilcoxon Two One-Sided Tests for Equivalence

Traditional Null-Hypothesis Significance Testing (NHST) only determines whether an
observed difference is statistically distinct from zero, but does not address whether two
quantities can be considered practically equivalent. To assess practical equivalence, the Two
One-Sided Tests (TOST) procedure is used. The Wilcoxon-based TOST is a nonparametric
variant that relies on the Wilcoxon signed-rank test and is therefore robust to deviations
from normality and the presence of outliers.

Given paired observations, the differences between them are tested under the composite
null hypothesis that the true median difference A lies outside an equivalence interval:
If both one-sided tests are rejected at the chosen significance level, the two samples are
deemed statistically equivalent within the bounds of the considered equivalence interval.

The Hodges—Lehmann estimator is typically reported as a robust measure of the median
difference between paired observations, providing an interpretable, distribution-free
estimate of the central tendency. Together, the Wilcoxon TOST and Hodges-Lehmann
estimator offer a nonparametric tool for evaluating equivalence in a robust way with respect
to non-normal data and small sample sizes.

2.6.4 Critical Difference Plots

Critical Difference (CD) plots were introduced by Demsar [137] as a way to visually
represent the performance of multiple algorithms over a set of instances. In a CD plot, each
algorithm is positioned along the horizontal axis according to its average rank across all
instances. For example, if five algorithms are being compared, each algorithm is ranked
from 1 to 5 on each instance based on the cost of the solution it produces, with 1 assigned
to the best-performing algorithm. The average rank across all instances is then computed
for each algorithm. Algorithms whose performances are not statistically different w.r.t.
pair-wise tests are considered equivalent and this is visually indicated by a thick horizontal
line. Figure 2.4 reports a visual example of CD plot.

5 4 3 2 1
| 1 I ] ] 1 1 |
A1 42000 | _|ﬂ A3
o 3.7667 20000 AR
A4 3.5000

Figure 2.4: Example of a Critical Difference (CD) plot for five algorithms.

2.6.5 Instance Space Analysis

Instance Space Analysis (ISA) is a methodology developed by Smith-Miles and Mufioz
[436] that builds on the Algorithm Selection Problem (ASP) introduced by Rice [411]. It
represents the relationship between problem instance properties and algorithm perfor-
mance. Specifically, instances are projected in a 2D space, so that one can: (i) Visualize
the distribution and diversity of instances. (ii) Assess instance features. (iii) Identify and
measure algorithm strengths and weaknesses (algorithm footprints). (iv) Locate areas
where additional instances could offer more insights.
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Figure 2.5: Instance Space Analysis (ISA) framework [436] extending the Algorithm Selection
Problem (ASP) framework by Rice [411]. The blocks in common with Rice [411] are highlighted.

Figure 2.5 presents the general framework for developing an ISA as detailed by Smith-
Miles and Mufioz [436]. The building blocks related to the work of Rice [411] are highlighted.
The problem space, denoted by P, represents all possible problem instances. However,
computational results are typically only available for a subset, denoted as I. The feature
space, F, consists of vectors f that contain measures describing and characterizing the
instances in I. These instances are solved using a set of algorithms constituting the
algorithm space A. The algorithms’ performance is captured in the performance space,
denoted by ), which is the set of metrics (¢, x) that measure the performance of algorithm
1 € A when solving instance x € I. The algorithms’ performance, together with the
instance features, forms what is known as metadata, which is used to learn a mapping
g(f(z),y(¢, x)). This mapping projects an instance x from the high-dimensional feature
space to a 2D space, referred to as the instance space.

ISA is closely connected to the topic of algorithm selection. Specifically, by mapping
problem instances into an instance space and identifying the performance footprints of
algorithms, one can gain insights into which algorithms perform best on different regions
of the space. Currently, ISA represents one of the state-of-the-art tools for algorithm
selection, although alternative approaches are also being explored. A historical overview
of algorithm selection methods is provided in Section 3.3.
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There exist off-the-shelf tools for ISA, including a web-based platform’ and a local
implementation available on GitHub.!’

In this thesis, we adopt ISA in Chapter 11. However, an alternative, problem-indipendent
form is explored in Chapter 18.

2.6.6 Search Trajectory Networks

Search Trajectory Network (STN) provides visualization of algorithms in the form of
directed graphs and is used to analyze and compare the search behavior of stochastic
algorithms such as metaheuristics. STNs are based on the following notions, as introduced
by Ochoa, Malan, and Blum [370]:

* Representative solution: A solution to the problem at hand at a given point in time.
It represents the state of the search algorithm (e.g., the new best solution found by
SA during the search).

¢ Location: A non-empty subset of representative solutions coming from a partition
of the search space (note that if no search space partitioning is applied, then the set
of locations and the set of representative solutions coincide). Each representative
solution belongs to exactly one location.

* Search trajectory: A sequence of locations created by substituting each representative
solution in a sequence with its corresponding location, based on the order in which
the solutions are encountered during the search.

* Node: A location in the search trajectory.

¢ Edges: Directed edges connecting two consecutive locations in the search trajectory.
Their weight is proportional to the number of transitions between the two locations.

¢ Search Trajectory Network (STN): The directed weighted graph constructed using
the nodes, edges, and weights defined in the above points.

STN insights emerge both through visual representations and through quantitative metrics,
such as the number of locations, the number of locations visited by only one algorithm,
and the average length of algorithm paths, among others.

STNss are available both as a standalone!! and a web-based tool [92]. STNs have been
recently extended to the multi-objective case [280] and integrated with LLMs [90].

In this thesis, we adopt STNs in Chapter 5 to explore the internal dynamics of TS, and in
Chapter 12 to assess solution methods for the OSP.

‘https://matilda.unimelb.edu.au/matilda/. Accessed 2025-10-31.
©https://github.com/andremun/InstanceSpace. Accessed 2025-10-31.
Hhttps://github.com/gabro8a/STNs-v2. Accessed 2025-10-06.
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Chapter 3

Related Work

This chapter reviews the literature most relevant to the themes and methodologies developed

throughout this thesis. Table 3.1 provides an overview of how the concepts discussed

here relate to the subsequent parts of the manuscript. Portions of this chapter draw on the

author’s published or submitted work.

It is important to note that this chapter does not cover studies applying Large Language
Models (LLMs) directly to Combinatorial Optimization (CO), but rather surveys on the
topic (Section 3.8). The methodological and empirical aspects of such applications are

examined in Chapter 17 (Part V), which presents a systematic literature review.

Table 3.1: Overview of how the related work sections introduced in this chapter connect to the
subsequent parts and chapters of the thesis. Each entry lists the main topic addressed and the
chapters where the corresponding concepts are applied or extended.

Reference  Topic Use within the thesis

Section 3.1  Algorithm analysis, including component- Chapters 5, 11 and 12.
based studies, Instance Space Analysis (ISA),
and Search Trajectory Networks (STNs).

Section 3.2  Algorithm configuration and parameter tun-  Chapter 6; offline tuning used elsewhere.
ing, motivating adaptive approaches.

Section 3.3  Algorithm selection based on problem- Chapters 11 and 18; feature sets also
dependent and problem-independent fea- used in Chapters 5, 14 and 15.
tures.

Section 3.4  Parallel Batch Scheduling and the Oven Part III, particularly Chapter 10.
Scheduling Problem.

Section 3.5 Lower bounds for Parallel Batch Scheduling  Chapter 9.
Problems.

Section 3.6  Unified formulations of related optimiza- Part IV, particularly Chapter 14.
tion problems.

Section 3.7 Home Healthcare Routing and Scheduling  Part IV.
Problems.

Section 3.8  Surveys on Large Language Models for Op- Chapter 17.

timization.

39
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3.1 Algorithm Analysis

In recent years, the metaheuristics community has shown growing interest in the systematic
analysis of optimization algorithms, as evidenced by initiatives such as the Randomized
Optimization Algorithms Research Network (ROAR-NET)!, the Metaheuristic in the Large
(MitL) [450], and the Benchmarking, Benchmarks, Software, and Reproducibility (BBSR)
track at the Genetic and Evolutionary Computation Conference (GECCO).?

General guidance on the analysis of optimization algorithms is provided by Bartz-
Beielstein et al. [37], Zufferey [526], and Hertz and Widmer [219], who outline best practices,
methodologies, and common pitfalls.

Besides statistical analyses, representative techniques include Instance Space Analy-
sis (ISA) [436], Local Optima Networks (LONSs) [371], and Search Trajectory Networks
(STNs) [370]. The first approach treats algorithms as monolithic entities and relates their
performance to instance features [191, 446], allowing also for algorithm selection (Sec-
tion 3.3). The second approach investigates the structure of problem landscapes considering
the objective space [32, 55], specifically a network is constructed where each node is a local
optimum and the edges are the possible transitions between them. The third approach
contrasts and compares algorithmic behavior in the search space [15, 281]. Specifically a
network is constructed where each node is a representative location or solution visited by a
given algorithm.

More recently, researchers have started to investigate the role of individual components
within metaheuristics. Ablation analyses [173] have been used to isolate and evaluate
component effects [257, 340]. Franzin and Stiitzle [183] offered a detailed decomposition of
Simulated Annealing (SA) categorizing its components and demonstrating the value of
a component-based framework through automated algorithm design. Doerr et al. [156]
studied the Metropolis algorithm on the CLIFF benchmark, showing that even with careful
tuning, it performs worse than simple evolutionary algorithms. Other examples include the
use of LONs to analyze iterated local search [129], and a meta-analysis of Adaptive Large
Neighborhood Search (ALNS) by Turkes, Sérensen, and Hvattum [470], who statistically
assessed the impact of adaptiveness. ALNS has also been studied from the perspective
of acceptance criteria, with threshold acceptance and record-to-record travel identified as
particularly effective [422]. Complementary to empirical studies, theoretical analyses have
contributed to understanding metaheuristic behavior via runtime analysis [107, 138].

Considering Tabu Search (TS), early work by Di Gaspero, Chiarandini, and Schaerf [141]
showed that short-term tabu lists yield similar performance in a timetabling problem.
Parameter sensitivity of reactive TS has been investigated by Pellegrini et al. [385]. Danielsen
and Hvattum [126] compared solution-based and attribute-based tabu search in binary
integer programming, finding no statistically significant differences. Other works have
explored tabu tenure policies combined with machine learning [265] and different aspiration
criteria [235]. In this thesis, we extended this body of knowledge by studying the
performance of different tabu list strategies and their interaction with the definition of
inverse moves.

https://roar-net.eu/. Accessed 2025-08-27
Zhttps://gecco-2025.sigevo.org/. Accessed 2025-09-18
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3.2 Automated Algorithm Configuration

As discussed in Section 2.1, one of the key activities in optimization involves algorithm
configuration, that is, the selection of suitable values for the parameters that govern an
algorithm’s behavior. Over the past two decades, the literature has increasingly advocated
for the automation of this process, with the goal of selecting design choices in a principled,
unbiased, and reproducible manner [222].

Algorithms introduced in Sections 2.3 and 2.4, for instance, expose numerical parameters,
such as the initial and final temperature in SA, the tabu tenure length in TS, or the
neighbourhood selection biases in multi-neighbourhood search. However, the term
parameter may be interpreted more broadly, encompassing not only numerical settings
but also structural or procedural design decisions, as in the case of automated algorithm
design [334]. In this broader sense, the automated configuration process can extend beyond
tuning scalar values to constructing algorithmic frameworks themselves, thereby blurring
the boundary between configuration, selection, and design. For instance, one can view
portfolios of algorithms as large composite systems, where the parameter to be configured
corresponds to the algorithm itself or to the strategy used to select among them (Section 3.3).

One practical way to perform algorithm configuration is through automated offline tools
such as Irace [316] and SMAC [298]. These methods operate by sampling configurations
within predefined parameter intervals, iteratively evaluating them across sets of training
instances, and selecting those that perform best on average. While such tools have proved
effective in improving performance and reducing human bias, they provide limited insight
into why certain configurations perform well or on which types of instances they succeed.
As a result, the process remains largely empirical and often detached from interpretability.

To address this limitation, Pushak and Hoos [396] investigated the properties of algorithm
configuration search landscapes. By analysing single-parameter slices, the authors observed
that configuration landscapes aggregated across instance sets tend to be unimodal and
convex, suggesting the presence of relatively smooth tuning spaces. In contrast, studies such
as Cleghorn and Ochoa [111] and Treimun-Costa et al. [465], which explored parameter
spaces of Particle Swarm Optimization (PSO) and Genetic Algorithms (GAs) on single
continuous optimization instances, revealed highly multimodal landscapes with multiple
suboptimal basins. These findings highlight that the structure of configuration landscapes
is problem- and instance-dependent, and that global tuning may overlook meaningful local
regularities.

Focusing on CO, Bellio et al. [45] linked instance features to optimal parameter settings
in SA for the Curriculum-based Course Timetabling (CBCTT), showing that no single
configuration performs best across all instances. By framing tuning as a classification
task, thus turning to an algorithm selection point of view, they outperformed automated
tuning tools on unseen instances. Similarly, Battistutta, Schaerf, and Urli [38] treated
parameter tuning for a SA applied to the Educational Timetabling (ETT) as a regression
problem, learning relationships between instance descriptors and effective parameter values.
More recently, Franzin and Stiitzle [182] examined the behavior of fixed-temperature and
classical cooling variants of SA, showing that performance depends strongly on the
encountered search landscape. Together, these studies suggest that dynamic and context-
aware parameter adaptation during the search process represents a promising direction
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beyond static offline tuning.

In this respect, the introduction of Machine Learning (ML) and Reinforcement Learning
(RL) has become increasingly relevant [325]. Such techniques have been employed, for
instance, to guide the selection of search operators within SA [82]. Similarly, Hyper-
Heuristics (HHs) have been used in conjunction with SA to adapt the exploration of the
search space by dynamically varying neighborhood structures [115, 413, 426] and more
broaldy to tackle real-world problems [258, 345].

In this thesis, we use both offline and online tuning. Regarding the latter, we introduce an
adaptive temperature control mechanism for SA (Chapter 6). Here, parameter adaptation
is guided by a HH that reacts to the current search state, replacing fixed offline calibration
with online, data-driven control.

3.3 Algorithm Selection

Within CO, algorithmic performance varies substantially across instances: an algorithm
that performs well on one subset of instances may be ineffective on another, depending
on factors such as instance size, structure, or constraint tightness. This phenomenon
is formalized by the No Free Lunch (NFL) theorem [498], which asserts that no single
algorithm can be superior across all possible problems or instances.

The challenge of selecting algorithms according to instance characteristics was systemati-
cally conceptualized by Rice [411], who defined the Algorithm Selection Problem (ASP)
as the task of learning a mapping between instance features and algorithm performance.
In Rice’s framework, each problem instance is described by a vector of measurable char-
acteristics, and each algorithm is evaluated by one or more performance metrics; the
objective is to predict which algorithm is expected to perform best for a given instance, i.e.,
a supervised learning task. This formulation established the foundation for per-instance
algorithm selection and inspired subsequent developments in algorithm portfolios, which
are collections of complementary algorithms designed to exploit performance diversity
across instances [430, 506].

Successful algorithm selection increasingly depends on quantitative instance charac-
terization, that is, identifying features that capture structural and behavioral properties
of problem instances. To support this, frameworks such as ISA [436] and tools such as
MATILDAS3 have been developed, providing unified environments for feature processing,
visualization, and the mapping of algorithm performance across low-dimensional instance
spaces [116, 300]. For further specification, we forward the interested reader to Section 2.6.5.

Despite these advances, feature extraction still relies heavily on handcrafted, problem-
specific descriptors that require substantial domain expertise. To mitigate this limitation,
recent studies have explored automated feature learning. For example, Neural Networks
(NN5s) have been used to infer latent representations of instances directly from data [18,
386], extending also to black-box optimization problems [78].

In this thesis, we use both hand-crafted, problem specific descriptors (Chapter 11) and
problem-independent ones (Chapter 18) for algorithm selection. Regarding the latter, to the
best of our knowledge, we are the first to employ LLMs for this purpose, leveraging their

Shttps://matilda.unimelb.edu.au/matilda/. Accessed 2025-10-22.
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representational capacity across a broader set of Combinatorial Optimization Problems
(COPs) and multiple instance modalities, including natural language, code-like, and
standard representations. Furthermore, hand-crafted, problem-specific features are also
employed to characterize instances in Chapters 5, 14 and 15.

3.4 Parallel Batch Scheduling Problem

Part IIT deals with the Oven Scheduling Problem (OSP), a parallel batch scheduling problem.
This family of problems has been extensively studied over the last three decades [180],
spanning across diverse industries including manufacturing [455] and steel production [525].
Each of these variants exhibits differences to the OSP in respect to the constraints, such
as the usage of a single machine [124, 339], allowance for parallelism [125, 455] and the
objective, which typically is the makespan [125, 342, 485], tardiness [525], or flowtime [339].

Several solution approaches have been explored, ranging from exact methods like
Constraint Programming (CP) [466] and Mixed Integer Programming (MIP) [31, 267] to
metaheuristic techniques such as SA [94, 104, 125, 342], TS [77, 269, 339], GA [181], Ant
Colony Optimization (ACO) [100], and ALNS [225, 504].

Although SA and an adaptive form of Large Neighborhood Search (LNS) has been
previously applied to related problems, our approaches are distinct due to the incorporation
of novel algorithmic components. For instance, related to the SA, we include a cut-off
mechanism, an innovative combination of four neighborhood structures, and a thorough
parameter setting through automated parameter tuning.

Table 3.2 provides an overview of related works. For each study, we indicate the applica-
tion industry where the formulation was applied (— indicates no specific industry), the
objective/objectives, whether the machine setting is parallel (denoted by a v’), the solution
method, and, for local search methods, the operators used to explore the neighborhoods.

Table 3.2: Overview of related works on Parallel Batch Scheduling Problems.

Ref. Manufacturing ~ Objective Parallel ~ Solution method Local search opera-
tor
[125] semiconductor ~ makespan v SA swap jobs, move jobs
[455] composite tardiness, batches v CP, heuristic, benders de-
composition, hybrid
[525] steel tardiness MIP
[339] semiconductor  flowtime TS swap batches
[94,124]  semiconductor — makespan SA swap jobs
[485] - makespan v SA, GA swap jobs (global or-
dering)
[342] - makespan SA swap jobs
[466] semiconductor ~ makespan v arc-flow
[31] - flowtime MIP (branch & bound)
[267] - tardiness v MIP
[104] semiconductor  tardiness v MIP, SA, heuristic, dynami- swap jobs (global or-
cal programming der)
[269] pharmaceutical ~ flowtime, job rejection v S swap jobs, move jobs
[77] semiconductor  tardiness v TS move jobs, swap jobs
[181] semiconductor  flowtime GA
[100] semiconductor ~ makespan v ACO
[504] - makespan v ALNS
[225] additive tardiness v ALNS

Rgearding the OSP, it was first introduced by M. Lackner et al. [275] in collaboration
with an industrial partner in Central Europe with the aim on one side of accomodating
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industrial needs and on the other to bridge the multiple constraints arose in the literature.
The authors proposed a construction heuristic, two exact formulations, one based on CP
and one on Integer Linear Programming (ILP), and released a benchmark dataset of 80
instances [274], together with an instance generator, all publicly available on Zenodo. These
instances vary in the number of jobs (10, 25, 50, 100), the number of machines (2 or 5), and
the number of attributes (2 or 5).

The proposed solution methods can be summarized as follows:

Construction heuristic This dispatching rule prioritizes jobs by release date and then
by due date. The algorithm starts at time 0 and, at each step, considers available
machines and released jobs that remain unscheduled. The job with the earliest due
date is greedily assigned to an eligible machine, and additional jobs are added to
the same batch if attribute, processing-time, and capacity constraints allow it. If no
job can be scheduled, time advances by one unit. Whenever all jobs are successfully
scheduled, the resulting solution is feasible and its cost constitutes an upper bound
on the optimal solution.

Batch-based model (exact model) This formulation assigns jobs to batches defined by
their machine and processing position. Constraints are defined at the batch level, and
the model seeks an optimal sequence of batches.

Representative-based model (exact model) This variant designates one representative job
per batch and determines an optimal schedule for these representative jobs.

Both eaxct models were implemented in the solver-independent language MiniZinc [362]
and in Optimization Programming Language (OPL) [218] using interval variables within
CP Optimizer. The study evaluated several solvers, search strategies, and a warm-start
strategy based on the construction heuristic. The best performance was obtained with
the OPL model using representative jobs solved by CP Optimizer, and with the MiniZinc
batch-position model solved by Gurobi. While these approaches achieved optimal solutions
for instances with up to 25 jobs, they struggled with larger cases within a one-hour time
limit. This highlights a persistent scalability challenge and motivates the development of
heuristic and metaheuristic methods capable of producing high-quality solutions efficiently
for real-world, large-scale instances.

3.5 Lower Bounds for Parallel Batch Scheduling Problems

Lower Bounds (LBs) might be usefule in practice for several reasons, such as assessing
solution quality, speeding up solution methods, guiding metaheuristic search, and charac-
terize instance difficulties. Theoretical, problem-specific LBs for batch scheduling problems
have been studied in the literature. Table 3.3 summarizes these works, highlighting the
objectives and characteristics of the problems addressed. Most formulations consider
simplified versions of batch scheduling problems compared to the OSP and are therefore
not directly applicable to the problem at hand. For example, in multi-machine scenarios [35,
57,125, 251], the machines are often assumed to be identical, with all jobs assignable to any
machine. Moreover, distinctions between job attributes (e.g., size, release dates, etc.) are
typically addressed partially, rather than in a more comprehensive and realistic manner.
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It is worth noting that while all formulations listed in the table incorporate varying job
processing times, none address processing times constrained between a minimum and
maximum, as required in the OSP (column “min/max proc. time”). In other cases, while
the problem formulation includes release dates for the jobs, these are disregarded in the
LB calculation [293].

Table 3.3: Literature on problem-specific Lower Bounds (LBs) for machine scheduling problems.
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[125] Makespan v v v v
[262] Makespan, total completion time v v v
[294]  Batch number, tardiness v v v v
[293] Makespan v v v
[251] Tardiness v v v
[35] Tardiness, total completion time v v v
[57] Tardiness v v v v
Us Tardiness, setup costs, batch v v v v v v v v

number, processing time

In Chapter 9, we present LBs developed specifically for the OSP; in seldom cases, we
build upon and extend several existing approaches; when such extensions occur, they
are explicitly mentioned. Furthermore, although the literature on LB formulations for
batch scheduling problems is relatively sparse, useful insights can be drawn from related
problem domains. For instance, the job-to-batch assignment component of the OSP can be
modeled as a Bin Packing Problem (BPP), for which numerous LB techniques have been
proposed [174, 332]. Further considerations are provided in Chapter 9.

3.6 Formulation Unifications

In most cases, so-called unification efforts in the literature take the form of surveys or
reviews. These works often provide lists of related problems but do not constitute genuine
unification attempts. Nevertheless, in the more recent literature a few examples have
emerged that are more closely aligned with the approach adopted in this thesis (Part IV).

Ceschia, Di Gaspero, and Schaerf [83] proposed a survey on ETT, focusing on specific
formulations and corresponding benchmark instances, and also reporting best-known
results, running times, and related information. Although the format is that of a review, the
work is structured as a reference paper that supports fair benchmarking and helps to reduce
the fragmentation of the ETT field, where research often focuses on a single formulation
in isolation. Similarly, Dursunoglu et al. [166] presented a review of Selective Routing
Problems (SRPs), starting from a generic mathematical model to describe connections and
similarities among different formulations, while also uncovering cases where the same
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problem appeared under different names. Finally, Queiroz, Lucas, and Sorensen [397]
introduced a generic tool for on-demand transportation problems, including an instance
generator, instance evaluation methods, and a module for analyzing algorithmic results.
Unlike works focused on a single formulation, their contribution generalizes to the broader
transportation domain.

The aims of such unification efforts, and consequently their importance in CO, can be
summarized as follows:

* Reducing fragmentation of the field. COPs are often studied in isolation, even
when they belong to the same family of problems or application domain. This
results in each study adopting its own notations and benchmarks, which hampers
comparability and knowledge transfer.

¢ Facilitating transfer of methods. A unified perspective enables algorithms developed
for one problem variant to be applied to others, supports the identification of generic
solution components (e.g., neighborhoods), and opens opportunities for transfer
learning across problem classes.

¢ Enabling benchmarking and fair comparison. Unified formulations allow the
translation of instances across problem definitions, foster the creation of shared
datasets, and ensure that algorithms can be compared under fair conditions.

In Part IV, we focus on the Home Healthcare Routing and Scheduling Problem (HHCRSP)
and we propose a formulation that captures many real-world aspects that have been treated
previously in the literature in a separate manner. We also propose a toolbox for the encoding
of the problem and the validation of solutions, alongside two solution methods.

3.7 Home Healthcare Routing and Scheduling

The problem of scheduling Home Healthcare (HHC) services has been extensively studied
over the past three decades [109, 170, 176, 204, 336].

Begur, Miller, and Weaver [42] were the first to formally introduce the problem, addressing
a simplified version which they solved using a Clarke & Wright routing heuristic. One
year later, Cheng and Rich [101] proposed the first Mixed Integer Linear Programming
(MILP) formulation for the problem. Later approaches modeled this problem as a set
covering problem. Notably, Rasmussen et al. [405] made a significant contribution by being
the first to incorporate temporal dependencies between activities into their formulation.
Bertels and Fahle [49], Rendl et al. [410], and Hiermann et al. [220] investigated scenarios in
metropolitan settings where caregivers use public transportation networks for traveling
between patients’ locations, rather than using dedicated vehicles. Additionally, Rendl et al.
[410] and Hiermann et al. [220] expanded this concept by incorporating transportation
mode changes during trips, enabling multi-modal journeys.

Di Gaspero and Urli [151] addressed a similar setting, albeit from a different perspective.
Their study examined a multi-day horizon, aiming to minimize caregivers’ overtime while
ensuring balanced workloads. Furthermore, they introduced the option of leaving certain
patients unscheduled, which more accurately reflects overloaded systems where covering all
demand with existing staff is unfeasible, suggesting the potential need for hiring temporary
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additional caregivers. To tackle this problem, the authors developed a CP framework
featuring specialized branching heuristics and solved the problem with a LNS algorithm.

Mankowska, Meisel, and Bierwirth [327] proposed a standardization of the problem
and provided a set of benchmark instances. Furthermore, they are the first to consider
synchronization constraints at patients” homes, allowing for a maximum of two services
to be simultaneously performed. The goal is to minimize the total travel time, the overall
tardiness, and the highest individual tardiness. By incorporating the highest tardiness
component, they aim to enhance fairness among patients, ensuring that no individual
experiences excessive delays compared to others. To efficiently handle the problem, they
designed an Adaptive Variable Neighborhood Search (AVNS) algorithm exploiting eight
neighborhood operators. The same formulation has attracted interest also from Kummer
[271], Neto et al. [363], and Neto, Buriol, and Aratjo [364], who designed a Biased Random-
Key Genetic Algorithm (BRKGA), which outperformed the results from Mankowska,
Meisel, and Bierwirth [327]. They also extend the original dataset [327] with new instances
that consider realistic travel times [271]. The results provided by Kummer [271] have
recently been outperformed by Ceschia et al. [80], in which the authors implemented a
Multi-Neighborhood local search guided by SA. This last work also introduced a new
benchmark of realistic instances, developed by considering demographic data and for
which Open Source Routing Machine (OSRM) has been used to compute actual travel times
on the road network. The dataset by Mankowska, Meisel, and Bierwirth [327] has been
used also by Lasfargeas, Gagné, and Sioud [279], who proposed a Variable Neighborhood
Search (VNS) algorithm to address a multi-period HHCRSP on derived instances, and by
Montemanni, Ceschia, and Schaerf [354], who solve the problem with a compact MILP.

The research by Ait Haddadene, Labadie, and Prodhon [14] also considered patient
availability time windows but differed from Mankowska, Meisel, and Bierwirth [327]
by treating them as strict constraints. Their objective focused on minimizing total travel
times and penalties for unsuitable caregiver-patient assignments. This work was the
first to consider integrating patient preferences into caregiver assignments, a crucial
practical consideration, as effective HHC depends significantly on strong patient-caregiver
relationships. A MIP model, a Greedy Randomized Adaptive Search Procedure (GRASP),
and Iterated Local Search (ILS) are proposed to handle this problem. The performances of
the approaches have been tested on the benchmark instances by Bredstrém and Ronnqvist
[61] for the vehicle routing and scheduling with temporal precedence and synchronization
constraints, suitably adapted to fit with the HHC application, in which multiple types of
services are considered. The same setting has been addressed in Masmoudi, Jarboui, and
Borchani [337], where several metaheuristic approaches are presented.

Several population-based approaches have been presented in the literature. Decerle et al.
[133] and Grenouilleau et al. [203] developed Memetic Algorithms (MAs), combining GA
with local search procedures, whereas a model-based Evolutionary Algorithm (EA) has
been proposed by [110]. Similarly to Di Gaspero and Urli [151], Grenouilleau et al. [203]
considered a multi-day horizon, aiming at minimizing total travel time plus penalties for
overtime, while ensuring workload balance among caregivers. Their setting is more complex
than the one addressed by Di Gaspero and Urli [151], as they incorporate time-dependent
travel times between patients” locations.

More recently, Xiang, Li, and Szeto [503] and Oladzad-Abbasabady et al. [372] considered
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a multi-objective version of the problem, looking for a balance between operational costs
and patients” and caregivers’ satisfaction, exploiting a Non-dominated Sorting Genetic
Algorithm II (NSGA-II) and ILS algorithms, respectively. Kordi, Divsalar, and Emami
[266] also addressed the problem with a Multi-Objective VNS approach employing four
objectives, i.e., total cost, emissions, workload balance, and service quality.

Rich formulations dealing with real-world constraints and features include the following
works. Liu, Yuan, and Jiang [308] were the first to consider lunch breaks for caregivers. In
addition, W. Liu et al. [310] considered flexible departure locations (hospital or caregiver’s
home) and task synchronization. Conversely, Bazirha, Benmansour, and Kadrani [40]
considers multiple time windows for the patients in addition to synchronization and
de-synchronization requirements. Aguiar, Ramos, and Gomes [8] analyzed a context with
a limited number of vehicles relative to the number of caregivers. This constraint means
that a single car should be shared by two caregivers, requiring routes that accommodate
patient visits for both staff members. Yadav and Tanksale [507] considered a very rich and
complex pandemic setting in which patients select the level of safety measures (in terms of
contact limitations) required (based on their pathology or their health conditions) and may
impose requirements on the gender and the language spoken by the operator. The goal is
to maximize the number of patients served and the revenue obtained. Unfortunately, their
datasets are not publicly available. Varas et al. [474] incorporated additional real-world
features: caregivers are required to return to the hospital for lunch breaks, some services
involve the collection of perishable biological samples that must be delivered to the hospital
within a maximum time frame, and patients express multiple availabilities.

Stochastic travel and service times have been introduced by Bazirha, Kadrani, and
Benmansour [41]. The problem is formulated as a two-stage stochastic programming
model, in which routing and scheduling plans are provided first. At the same time, penalty
costs incurred for delayed services to patients and caregivers’ overtime are computed
at the second stage. The authors provided a GA to solve a deterministic version of the
problem. The algorithm is embedded with a Monte Carlo simulation to compute the
expected second-stage costs of the first-stage solution corresponding to each chromosome
in the GA. This approach has been tested on a new dataset inspired by the benchmark
of Mankowska, Meisel, and Bierwirth [327], properly extended to consider stochastic
travel and service times. Liu, Yuan, and Jiang [307] proposed a chance-constrained model
that handles stochastic travel and service times. Specifically, they employ a route-based
deterministic formulation in which a route is feasible if it respects patients” time windows
in at least a minimum percentage of a set of stochastic scenarios. A similar approach was
adopted by Ma et al. [323] and Zhang et al. [522]. Shahnejat-Bushehri et al. [427], instead,
proposed a robust approach.

Table 3.4 summarizes the features of the recent literature on the single-period HHCRSP,
with Table 3.5 reporting the abbreviations.



Table 3.4: Objectives and features of recent single-period Home Healthcare Routing and Scheduling Problem (HHCRSP) formulations.

Objectives Features

Ref. FA°- OT TA TC TT UP WT Other CB CC MD MS PR PC SY SK TW UN WR
[327] PR v v v P-S-D H SI-H
[220] v v v skills violation v S S SI-S H
[14] v v S P-S H SI-H H
[308] v v P SI-H H
[8] v working time, number P v S SI-H H

of caregivers
[133] v v v S H SI-H H
[307] v v v v H SIS TS
[310] v v P SI-H H
[323] OR v v v v v H SIS TS S
[427] v skills violation, number S S SI-H TS

of caregivers
[503] v H H SI-H H
[507] max number served pa- P v H H SI-H

tients, revenue
[41] v v v P-S H SI-H TS
[40] OR v S H SI-H H
[110] v v v H SI-H
[266] OR v patients satisfaction H SI-H H
[372] v v v v v S PS-D H SIS H
[474] OR v v H v. H S M-H
[522] v patients satisfaction v H SI-H S H
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Table 3.5: Abbreviations of objectives and features used in Table 3.4.

Objectives Features
Abbr.  Description Values Abbr.  Description Values
FA Fairness PR: patients related, CB Caregiver break H: hospital, P: at patient lo-
OR: operator related cation, Empty: no
oT Overtime v': yes, Empty: no CC Chance constraint v': yes, Empty: no
TA Tardiness v': yes, Empty: no MD Multi departing/arrival points  v': yes, Empty: no
TC Travel cost v': yes, Empty: no MS Multi service patients v': yes, Empty: no
T Travel time v': yes, Empty: no PR Perishable biological samples v': yes, Empty: no
ur Unvisited patients  v': yes, Empty: no PC Preference H: hard, S: soft, Empty: no
WT Waiting time v': yes, Empty: no SY Synchronization P: precedence, S: simultane-

ous, D: disjunctive, Empty:
no

SK Skill requirements H: hard, S: soft, Empty: no

™ Time Windows M: multiple, SI: single, H:
hard, S: soft, Empty: no

UN Uncertainty T: travel times, S: service
times, Empty: no

WR Working time regulations H: hard, S: soft, Empty: no

3.8 Large Language Models for Optimization and Related Surveys

Early interest in combining LLMs with CO emerged from the Natural Language for
Optimization Modeling (NL4Opt) competition [403], which investigated whether Natural
Language Processing (NLP) techniques could assist mathematical modeling through entity
recognition and automatic problem formulation, initially focusing on Linear Programming
(LP) tasks. Building upon this, subsequent research has diversified along two main
directions: model definition and formulation and algorithm construction. The related works
are systematically surveyed in Chapter 17 following the Preferred Reporting Items for
Systematic Reviews and Meta-Analyses (PRISMA) guidelines, while in this section, we
provide an overview of related surveys, reporting their main characteristics and highlighting
the differences with respect to our work.

A limited number of surveys have addressed the intersection of LLM and CO along
with related topics. It is important to remark that none of these works are systematic
reviews. Fan et al. [171] presented a review of Artificial Intelligence (Al) applications
in Operations Research (OR), with a focus on three specific aspects of the optimization
process: conversion of data into modeling parameters, model formulations, and model
optimization. Although they extensively covered various Al techniques, such as RL and
NN, the usage of LLMs was investigated only in the context of model formulation [171,
Section 4]. S. Huang et al. [230] explored the topic by including not only CO, but also
continuous optimization and the use of optimization for LLMs. However, when discussing
LLMs for optimization, they examined a set of 20 papers and focused on a narrow range of
optimization aspects, specifically algorithm generation and the usage of LLMs as search
operators. Lai et al. [277] reviewed the literature on LLMs concerning their mathematical
capabilities and briefly discussed their applications in CO along with math word problems,
geometry problems, and theorem proving. Wang and Li [489] reported a limited amount
of literature works on LLMs for OR. F. Liu et al. [304] described the application of LLMs to
algorithm design in various fields, like optimization, ML, mathematical reasoning, and
scientific discovery. Wu et al. [500] provided a review on the intersection of Evolutionary
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Computation (EC) and LLMs. As done by S. Huang et al. [230], they also covered aspects
like continuous optimization and the use of optimization for LLMs enhancement. However,
their focus on EC represented only a partial view of the CO landscape and, more generally,
of optimization techniques. Similarly, Yu and Liu [515] and Cai et al. [72] described the
evolution of EAs to solve optimization problems from heuristic approaches to LLMs.

Our systematic review, presented in Chapter 17, differ from the aforementioned surveys
in the following ways:

1. We review the topic using a rigorous methodology to identify, screen, include, and
analyze relevant literature works. We report the process using PRISMA 2020.

2. We limit our focus to the usage of LLMs within CO, thus excluding other types of
optimization, as well as the use of optimization within LLMs, nor, more generally,
the use of LLMs for mathematical problem-solving.

3. We address the entire optimization process, not focusing solely on specific parts.

4. We considered a broader set of optimization techniques and algorithms, not just
evolutionary techniques.

5. We described datasets, frameworks, tools, and metrics that could enhance applications
of LLMs within CO.
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Chapter 4

Introduction

Despite the ubiquity of metaheuristics, our understanding of their inner workings remains
limited. Most studies prioritise aggregate performance comparisons between complete
algorithms, making it difficult to isolate the causal contribution of individual components
or their interactions. A component-wise perspective is therefore essential to disentangle
how design choices influence search dynamics and performance.

Among the many building blocks of metaheuristics, memory and control mechanisms play
a particularly central role. In Tabu Search (TS), for instance, a rich variety of tabu list
management strategies has been proposed (fixed vs. adaptive, short- vs. long-term), yet
no consensus or systematic empirical comparison exists. As a result, it remains unclear
whether observed differences stem from the tabu list policy itself or from co-varying
design choices. Systematic behavioral analyses, e.g., via Search Trajectory Networks (STNs),
remain relatively rare, limiting insight into how tenure schemes shape trajectory structure,
stagnation patterns, or improvement phases.

A similar situation arises in Simulated Annealing (SA), where temperature control
governs the balance between diversification and intensification. Classical schedules
introduce multiple interdependent parameters (e.g., initial temperature, cooling rate, and
reheating policy), and current practice largely depends on tuning-centric approaches
that are computationally costly and prone to overfitting. Fixed or preset schedules often
generalise poorly across problems (or even across regions of the same landscape) while
reheating adds further parameters and complexity. These challenges motivate a broader
shift from per-instance tuning toward adaptive, online control, where parameter updates
respond dynamically to the encountered landscape.

41 Goals

Our goal to develop systematic, component-based analyses of metaheuristics and their
interactions, aiming at a mechanism-level understanding. We focus on two widely used
local-search metaheuristics: TS and SA.

For TS, we isolate the contribution of the tabu list by comparing strategies ranging from
fixed to adaptive and from short- to long-term, while holding all other components fixed;
we also contrast two inverse-move definitions (strict vs. relaxed).

Regarding SA, classical schedules involve multiple interdependent parameters (e.g.,
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Figure 4.1: Schematic representation of the goals and content of this part of the thesis.

initial temperature, cooling rate, reheating policy, plateau length) that are typically set
via tuning-centric protocols (e.g., automatic configuration). This is costly, sensitive to the
sampled instances and budget, and risks conflating algorithm design with calibration.
Building on Franzin and Stiitzle [182], which shows that SA and Fixed Temperature
Simulated Annealing (FTSA) exhibit landscape-dependent performance, we therefore
investigate adaptive, in-run temperature control.

We now formalize the goals of this part of the thesis in form of Research Questions (RQs):

RQ1 How do alternative tabu list strategies (from fixed to adaptive, short- to long-term)
and the inverse-move definition (strict vs. relaxed) affect performance and search
behavior when all other components are held fixed? Do they interact?

RQ2 To what extent can we exploit an informed external control to dynamically adapt the
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temperarure schedules in SA?

To address RQ1, we adopt a component-based perspective on TS and systematically anal-
yse tabu list management strategies while holding all other components fixed (Chapter 5).
Using the Permutation Flowshop Scheduling Problem (PFSP) as a case study, we evaluate
five mechanisms under two (2) alternative inverse-move definitions (strict vs. relaxed).
Our methodology combines large-scale experimental evaluation with behavioral diagnos-
tics, including STNs, to provide both performance-level (black-box) and mechanism-level
(white-box) insights. The investigation addressing this RQ is presented in Chapter 5 and
refers to and extends the following published work:

¢ DaRos, F., & DiGaspero, L. (2024). Anempirical analysis of tabu lists. In Metaheuristics
International Conference, Part II (pp. 50-64). Cham: Springer International Publishing.

To address RQ2, we explore dynamic temperature control for SA in a problem-
independent manner. We develop a Hyper-Heuristic-based Simulated Annealing (HHSA),
which is a framework in which a selection Hyper-Heuristic (HH) chooses, at run time, a
temperature from a discrete set while FTSA acts as the low-level heuristic. The goals are
to reduce reliance on heavy tuning and to adapt the exploration—exploitation balance to
local landscape characteristics rather than follow a single preset schedule. We evaluate the
approach across PFSP, Graph Coloring Problem (GCP), and Traveling Salesperson Problem
(TSP). The investigation addressing this RQ is presented in Chapter 6 and refers to the
following work:

* Da Ros, F., & Di Gaspero, L., Kletzander, L., Lackner, M. L., Musliu, N., & Schaerf,
A. (2025). Dynamic Temperature Control of Simulated Annealing using Hyper-
Heuristics. In Proceedings of the Genetic and Evolutionary Computation Conference
(pp. 184-194). New York, NY: ACM. Conference rank: CORE2023 A.

Figure 4.1 provides an overview of the structure of this part of the thesis. Background is
highlighted in blue, while the original contributions of this thesis are marked in orange.

4.2 Structure

This part of the thesis is organized as follows. Chapter 5 analyzes the impact of different
tabu list tenures. Chapter 6 investigates dynamic temperature setting for SA.






Chapter 5

Tabu List Strategies

Over the years, dozens of metaheuristic methods have been proposed and applied to
thousands of optimization problems [65, 83, 365, 475], resulting in a vast and diverse body
of literature. While this richness demonstrates the versatility and impact of metaheuristics,
it also raises important challenges: the abundance of approaches makes systematic
comparison difficult, and the proliferation of variants has sometimes obscured rather than
clarified what drives performance. In practice, navigation of this landscape often reduces
to following common choices in related work, limited testing of alternatives, and reliance
on individual preferences.

Furthermore, comparative studies frequently report that one algorithm outperforms some
other ones. For instance, an article might affirm that a multi-neighborhood Simulated
Annealing (SA) with a geometric cooling scheme and cut-off mechanism delivers better
performance than an Adaptive Large Neighborhood Search (ALNS) with three (3) destroy
and two (2) repair operators, yet rarely does the article clarify which components actually
drive the observed performance: was it the cooling scheme? The cut-off? The choice
of the neighborhoods? Or simply parameter settings? Moreover, comparisons might be
influenced by differences in implementation practices and by incomplete reporting of
methodological aspects [315, 470].

Only recently the literature has begun to address such component-level questions directly:
for example, whether the temperature descent in SA is actually beneficial [182], or whether
the adaptive layer of an ALNS genuinely improves performance [470], or what is the role
of the tabu list in the overall efficacy of Tabu Search (TS) (as in the case of this chapter).

TS [200] is one of the earliest and most widely applied local search metaheuristics.!
Over time, numerous variants have been developed, differing in tabu list structures,
neighborhood strategies, and aspiration criteria. Yet, despite its success, the contribution of
individual components to its effectiveness remains poorly understood, and few systematic
conclusions have been drawn regarding their role [126, 235].

Building on the component-based perspective of Franzin and Stiitzle [183], this paper
shifts the focus from viewing TS as a monolithic algorithm to analyzing the contribution of
its individual components, with particular attention to the tabu list. Specifically, we:

¢ Systematically analyze TS in terms of components and evaluate a set of short-term

10n 2025-09-20, according to Scopus, 3,724 articles include tabu search in the title, and 13,327 in the title,
abstract, or keywords.
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and long-term tabu list management strategies;

¢ Study their impact on search dynamics and performance in the Permutation Flowshop
Scheduling Problem (PFSP) [175], a benchmark problem well established in the
literature and relevant to related domains [494];

¢ Combine black-box white-box analysis via Search Trajectory Networks (STNs) [370],
therefore capturing the dynamics of the search process.

This chapter is structured as follows. Section 5.1 details our methodology. Section 5.2
presents the experimental setup and Section 5.3 reports the results. Section 5.4 concludes
the chapter and outlines future research directions.

5.1 Methodology

Our objective is to investigate the role of the tabu list component in shaping the overall
efficacy of TS algorithms. Specifically, we aim to assess how different tabu list management
strategies influence both solution quality and search dynamics. To this end, we adopt a
component-based perspective: the general structure of TS is kept fixed, while the tabu list
mechanism is systematically varied. This allows us to isolate and analyze the contribution
of short-term, long-term, and dynamic memory strategies within a controlled framework.

We first provide a component-based overview of TS (Section 5.1.1) and then we focus on
a set of tabu list strategies from the literature (Section 5.1.2).

5.1.1 Component-based Tabu Search

Tabu Search (TS) is a local search-based metaheuristic introduced by Glover and Laguna
[200]. At each iteration, the traditional TS evaluates a subset of the current neighborhood
and selects the solution with the best cost function value, even if this entails accepting a
worsening move. This mechanism facilitates escaping from local minima but also creates
the risk of cycling among previously visited solutions. To address this, TS employs a tabu
list that records recently applied moves (or recently visited solutions) and forbids their
inverses; prohibitions may nevertheless be lifted if an aspiration criterion is satisfied.

We decompose TS into seven (7) components, of which two (2) are problem-dependent
and five (5) are algorithm-specific. A generic outline of the algorithm is reported in
Algorithm 5, where each component is highlighted in SmaLLcaps.

The problem-dependent components are:

¢ IntmiaL SoruTioN: the procedure used to construct a starting point for the search.

* NeicHBorRHOOD: the mechanism for generating candidate solutions from the current
one; together with the neighborhood, the definition of the INVErsE of a move is also
required if the TaBu STRATEGY does not consider prohibitions on solutions.

The problem-independent components, which govern the general behavior of the
metaheuristic algorithm, include:

* TermINATION CRITERION: the rule determining termination of the algorithm.



5.1. METHODOLOGY 61

¢ ExpLoraTIiON CRITERION: the strategy for scanning the neighborhood.

Tasu STRATEGY: the core mechanism of TS, designed to prevent cycling by forbidding
recently applied moves or recently visited solutions (Section 5.1.2).

¢ AspiraTION CRITERION: a rule that allows overriding tabu restrictions.

® AccepraNce CriTerION: the rule for updating the current solution, which may include
the acceptance of non-improving moves to facilitate escape from local optima.

Algorithm 5: Component-based formulation of Tabu Search (TS). The components
we have identified are written in SmaLLcaPs.
Input: A problem instance, a NeiGuBorHOOD N, an INITIAL SOLUTION s, control parameters
Output: Best solution found s*
Initialize the incumbent solution s < sg
Initialize the best solution found during the search s* < s
Initialize the TaBu STRATEGY considering the control parameters

while TERMINATION CRITERION is not met do
Choose a move m in the NeiGHBoRHOOD 0f s based on the ExpLoraTiON CRITERION and

accounting for the Tasu StraTEGY and the AspiraTION CRITERION
if m meets the AcCEPTANCE CRITERION then
S sdm
if s improves over s* then
L .

| Update the TaBu StraTEGY considering the control paramters

return s*

5.1.2 Tabu List Strategies

We next describe the tabu list strategies considered in this study. All of them are well-
established in the literature and are presented here in their general form, without problem-
specific adaptations. For ease of reference, each strategy is denoted as TS-, where — is an
incremental index starting from 1.

The simplest tabu strategy is a fixed-length list (TS1), in which forbidden moves are
stored in a list of constant size #. Each move remains tabu for 6 iterations, and the list
is updated in a circular fashion. Algorithm 6 describes the procedure for determining
whether the current move is considered tabu, whereas Algorithm 7 outlines the update

process for TS1.

Algorithm 6: Scan of a the tabu list

Input: Current move m, Tabu list V
for move t stored in 'V do

if INVERSE(m,¢t) then
L | return True

return False
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Algorithm 7: Update of a fixed-length tabu list (TS1).

Input: Current move m, size of the tabu list 6, tabu list V, index of the oldest move o
if size of V is less than § then
L Push m to the back of V

else
L Insert m at position o in V

Update 0 < (0 + 1) mod 6

A common alternative is a random-length list (TS2), introduced by Gendreau, Hertz,
and Laporte [194]. Here, each move is assigned a tabu tenure drawn uniformly at random
between two predefined bounds, 0,in and Oimax. Consequently, the tabu list stores each
move together with the iteration number at which it is scheduled for removal and is
updated as reported in Algorithm 8.

Algorithm 8: Update of a random-length tabu list (TS2).

Input: Current move m, current iteration 4, tabu list V, minimum and maximum tabu
tenures 0., and 0y,.x

Draw a random tabu tenure 6 ~ U (Opin, Omax)

Insert m into V with removal iteration 7 + 6

for move t in V do

L if remouval iteration of t equals i then

L Remove t from V

A further variant is the cyclic variable-length list (TS3), proposed by E. D. Taillard [454].
In this approach, the tabu list length remains fixed for a given number of iterations, denoted
by ikeeping. After eVery iyeeping iterations, the list length is updated to a new value selected
from a predefined set of candidate lengths, ® = 6y, ...,607, where |®| = J. The values
in © are used cyclically to determine the current list length. Algorithm 9 outlines the
corresponding update procedure.

Algorithm 9: Update of a cyclic variable-length tabu list (TS3).

Input: Current move m, current iteration i, tabu list V, iterations since last tenure change

ichanged, CUTTENt tenure index ¢, set of possible tenures ©, interval iyeeping controlling
tenure changes

Set current tenure 6 <+ ©|c|

Insert m into V with removal iteration i + 6
for move t in V do

L if removal iteration of t equals i then

L Remove ¢ from V

if ichunged > ikeeping then
Update ¢ < (¢ + 1) mod |©|
Reset Z‘changed <0
else
| Increment ichanged ¢~ ichanged + 1

Reactive tabu list strategies (TS4) were first introduced by Battiti and Tecchiolli [39].
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In these strategies, the length of the prohibition period is dynamically adjusted through
teedback mechanisms during the search. Specifically, TS4 employs a classical tabu list
with an initial size of 1, which can be increased by a factor w™ or decreased by a factor w™
depending on the observed search behavior. In addition, the algorithm maintains a history
of visited solutions, recording when and how often each solution is encountered, to further
guide the adjustment process. The update of the data structures proceeds as follows:

¢ Cycle detection: If a cycle is detected (i.e., a previously visited solution is revisited),
the following actions are taken:

— If the same solution has been repeated more than ¢ times, a variable named
chaos is incremented. When the chaos level exceeds a threshold «, an escape
mechanism is triggered to diversify the search. The escape mechanism empties
the solution history and performs a given number of random moves on the
current solution.

— If the same solution has been found within a number y of iterations, the tabu
tenure is increased by factor w™. At the same time, the average cycle length is
updated according to a moving average rule:

avg, < 0.9-avg + 0.1/,

where / is the cycle length of the solution (number of iterations since the solution
was last met).

¢ Cycle length condition: Otherwise, if the average cycle length is less than the number
of iterations since the last time there was a change, the tabu tenure is decreased by
factor w™.

Algorithm 10 outlines the procedure used to update TS4. In addition to the tabu list V,
an auxiliary data structure H is maintained to record, for each solution encountered, the
iteration at which it was last visited and the total number of times it has been encountered.

Another option is to employ a long-term frequency-based strategy (TS5), which relies
on a transition measure [200, p. 94]. A transition measure records how frequently a
given attribute (e.g., a move or swap) occurs across the solutions visited along the search
trajectory. Accordingly, TS5 maintains a frequency table that counts how often each move
(or its relevant attribute) has been applied. A move is declared tabu whenever its relative
frequency exceeds a predefined threshold ¢. Algorithm 11 outlines the procedure used to
scan the frequency table, while Algorithm 12 describes how the table is updated.

The literature also proposes alternative strategies that we do not consider here, as they
require problem- or instance-specific customization. For example, Blochliger and Zufferey
[53] introduced a Fluctuation-Of-the-Objective (FOO) scheme in which the tabu tenure
adapts to variations in the objective function. In this case, the degree of fluctuation is
measured as the difference between the minimum and maximum objective values observed
within a sliding window, making the tenure instance-dependant.

In our study, tabu status is assigned to the attributes of moves. However, alternative
approaches exist in the literature where tabu is defined on the objective values (e.g.,
fixed-length tabu list applied to the objective value [195]) or even on entire solutions [93]
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Algorithm 10: Update of a reactive tabu list (TS4).

Input: Current move m, current solution s, current iteration 4, increase and decrease factors
for the tabu tenure w™ and w™, solution history H, tabu list V, iteration threshold ¢,
cycle length threshold p, chaos counter k, chaos threshold &, current average cycle
length avg,, iterations since last tenure change ichanged

Insert m into V

Increase ichanged ¢ ichanged t 1

if s ¢ H then

L Insert s into H with visited times = 1 and last visited iteration = 4

else
Compute cycle length ¢ < i— last visited iteration of s
Increment visited times of s
Update last visited iteration of s to i
if visited times of s > £ then
Increment chaos counter k < k + 1
if k£ > x then
Perform a sequence of random moves
Reset memory structures and related counters
return

if { < pu then
Increase the tabu tenure by a factor w™
Update the average cycle length avg, using ¢
Reset ichanged < 0

if icnanged > avg, then
L Decrease the tabu tenure by a factor w™

Maintain V at the current tabu tenure length

5.2 Experimental Setup

We first report the case study we selected (Section 5.2.1), then we provide some technical
details (Section 5.2.2) and references to the tuning process (Section 5.2.3).

5.2.1 Case Study

To investigate the behavior of the tabu list strategies, we use the PFSP. Section 2.2 reports
the problem definition, while the remainder of this section discusses both the problem-
dependant components and the instances.

Problem-dependant Components

A solution to the PFSP is represented by the permutation of jobs that defines their processing
order on the machines. The search process starts from a randomly generated permutation.
We adopt the Swap neighborhood, where a move consists of exchanging the positions (p,
and py) of two jobs (a and b) within the sequence.

We use two variations of the inverse-move concept. In the first variation, denoted as IN1,
a move is declared tabu if it involves relocating both jobs a and b. In the second, denoted as
IN2, a move is tabu if it relocates at least one of the two jobs.
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Algorithm 11: Check of the transition-measure table (TS5).
Input: Current move m, current iteration ¢, frequency table V, threshold ¢
if m € V then
Compute relative frequency r <
if r > ¢ then
| return True

V[m]

?

return False

Algorithm 12: Update of a frequency-based tabu list (TS5).

Input: Current move m, frequency table V
if m € V then
L Increment the counter of min 'V ;

else
L Create a new entry for m in V with frequency 1 ;

Figure 5.1 illustrates these concepts through a toy example involving five jobs (indexed
from 0 to 4). The figure depicts the solution representation, the swap neighborhood,
and the application of the tabu status under IN1 and IN2. The solution is encoded as a
permutation of jobs, i.e., an array of length 5 (equal to the number of jobs), whose elements
correspond to job indices. In the example, the move takes the job at position p, = 0 (job 1)
and swaps it with the job at position p;, = 2 (job 0). The inverse types operate as follows:
IN1 prohibits subsequent moves that involve the same pair of jobs, i.e., jobs 1 and 2, being
moved together again. In contrast, IN2 forbids any move that alters the position of at least
one of these two jobs. For example, a move (0, 0, 3, 2) that swaps the positions of job 0 and
job 2 would be admissible under IN1, but prohibited under IN2.

Instances

We use both benchmark instances from the literature and newly generated instances.

For the literature benchmarks, we consider the widely used sets by Reeves [406], Heller
[217], and E. Taillard [452]. In the Reeves set, only odd-numbered instances are used, since
the even-numbered ones are derived these ones. Across these families, the number of jobs
ranges from 20 to 200, while the number of machines varies between 5 and 20.

To complement these benchmarks, we generate additional instances using the instance
generator2 originally introduced by Strassl and Musliu [446] in their Instance Space Analysis
(ISA) of the Jobshop Scheduling Problem (JSP). We adapt this generator to the PFSP setting,
by removing the shuffling of the machine order. In total, we generate 1,000 instances, of
which 970 are used for tuning and 30 are set aside for testing (randomly selected). The
generated instances cover a broader range of characteristics than those of the literature:
the number of jobs varies from 20 to 500, the number of machines from 5 to 40, and the
processing times are drawn from diverse distributions, including uniform (1-99 and 1-200),
binomial, and negative binomial.

thtps ://github.com/strassl/jssp-instances/releases/tag/v1.0. Accessed 2025-10-16.
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Figure 5.1: Implementation of problem-related components considering a Permutation Flowshop
Scheduling Problem (PFSP) instance with 5 jobs (0-4).

In total, 970 instances are used for tuning, while 163 instances form the validation set.

Among the latter, 30 are generated instances.

Figure 5.2 shows the instance space of the instances in a two-dimensional Principle

Component Analysis (PCA) projection, where tuning, literature, and generated instances
are distinguished. Details on the feature extraction and dimensionality reduction are

provided in Appendix C.
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Figure 5.2: Instance space.

5.2.2 Technical Details

All experiments are run on a dual-socket machine equipped with two Intel Xeon Platinum
8368 CPUs (2.4 GHz, 38 cores each) and 512 GB of RAM (8 x64 GB RDIMM).

The code is implemented in C++ using the EasyLocaL++ v.4 and compiled with Clang++18.

The use of a software framework [59, p. 143] is essential, as it enables systematic code reuse
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and ensures a fair comparison among algorithmic variants: the general implementation of
TS relies on the same problem encoding and local search components across all experiments.

In this study, we vary only the tabu list management strategies, while keeping the
remaining components of TS fixed:

¢ The neighborhood is explored exhaustively, such that the best admissible move is
always selected from the candidate set.

¢ For aspiration, we adopt the aspiration by objective rule, whereby a move on the tabu
list may be accepted if it yields a solution better than the best found so far.

¢ The termination criterion is based on stagnation: the search halts after 10,000
consecutive non-improving (idle) iterations (7;qie). In addition, we enforce a runtime
limit 7.« of 7,200 seconds.

The problem-dependent component, on the other hand, are instead specified in the case
study description (Section 5.2.1).

To mitigate stochastic variability, each algorithmic configuration (inverse-tabu list variant)
is executed 15 independent times per instance. For a subset of instances (the ones we
generate), we also record detailed information about the search trajectory, including: the
current solution and its cost, whether the best solution is updated, the type of accepted
move, the neighborhood size, and the distribution of moves across categories (improving,
worsening, tabu, etc.).

5.2.3 Parameter Tuning

Each of the strategies described in Section 5.1.2 depends on one or more parameters that
must be carefully tuned to ensure both fairness and performance. To this end, we employ
Irace v. 4.2 [316]. We perform independent tuning procedures for every combination
of inverse move (IN1 and IN2) and tabu search strategy (TS1 to TS5). Each procedure is
allocated 1,000 experiments. Each individual experiment is terminated after 3,600 seconds
or when it reaches 10,000 idle iterations.

Table 5.1 summarizes the parameters, while Table 5.2 reports the corresponding search
ranges and final values. A dash (—) in the “Range” column indicates that the parameter
value was fixed through preliminary experiments.

An additional note is necessary for TS3. The tuning was conducted by setting first the
number J of tabu list tenures, and subsequently their tenure {61,...,67}.

5.3 Results

This section summarizes the main results. First, we analyze performance across the entire
benchmark set (Section 5.3.1). We then focus on a subset of instances to study the search
behavior (Section 5.3.2) and the corresponding STNs (Section 5.3.3).

For convenience, Table 5.3 reports an overview of the abbreviations used for tabu search
strategies and inverse definition.
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Table 5.1: Description of the parameters required by each tabu list strategy.

Tabulist Parameter Description

TS1 0 Number of iterations a move is considered tabu

TS2 Omin Minimum number of iterations a move is considered tabu
Omax Maximum number of iterations a move is considered tabu

TS3 Tkeeping Number of iterations a tabu length is kept

Number of tabu tenures
{61,...,07} Lengths of tabu tenures

TS4 w” Decrease factor

wT Increase factor

K Chaos

13 Iteration threshold

7 Maximum cycle length
TS5 16 Frequency of the move to be labeled as tabu
Overall idle Total number of idle iterations.

Tinax Timeout in seconds.

5.3.1 Performance Analysis

We address the performance comparison of the different tabu list strategies and inverse
types. For each combination of instance, tabu list strategy, and inverse type, we compute
the minimum and the average of the best cost over 15 runs, and normalize these values by
the instance’s best cost. Values closer to 1.0 indicate higher-quality solutions.

The distributions are reported in Figure 5.3. The y-axis shows the normalized cost, while
the z-axis indicates the tabu list strategy, with the inverse types distinguished by color.
Each point indicates one instance, i.e., each boxplot summarizes 163 points. The analysis is
complemented by Table 5.4 that reports the number of unique wins and the rank of each
tabu list strategy and inverse type. Results are ordered by decreasing number of unique
wins. In brackets, we report whether the aggregation across instances is based on the
minimum or average cost.

Minimum Average
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Figure 5.3: Solution quality comparison across tabu list strategies and inverse types. Costs are
normalized with respect to the best found, so that values closer to 1.0 indicate better performance.

When focusing on the best performance across runs (minimum cost over 15 runs),
TS1-IN1 and TS4-IN1 emerge as the strongest configurations. TS1-IN1 achieves 18 unique
wins, while TS4-IN1 dominates in a similar number of cases (16). Overall, IN1 tends to
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Table 5.2: Tuning ranges and final parameter values.

Tabu List Parameter Range IN1 IN2
TS1 0 1-100 30 10
TS2 0 min 1-100 6 8
Omax 1-100 43 56
TS3 Tkeeping — 100 100
J 1-5 5 1
{01,...,07} 1-100 {11, 34,20,8,98} {10}
TS4 w™ 0.10-0.90 0.37 0.68
wt 1.20-3.00 2.75 2.98
K 1-10 9 7
£ 1-10 8 5
1 1-100 66 96
TS5 10) 0.01-0.99 0.01 0.04
Idle iterations Tidle — 10,000 10,000
Timeout (tuning)  Tmax — 3,600 3,600
Timeout Tmax — 7,200 7,200

Table 5.3: Nomenclature overview.

Abbr. Definition Abbr. Definition
TS1 Fixed-sized IN1 Both jobs
TS2 ~ Random-based IN2  Atleast one job

TS3  List of sizes
TS4 Reactive
TS5  Frequency-based

outperform IN2, suggesting that the first inverse strategy is more suitable across tabu list
variants. The exception is TS4, where the difference between inverses is less pronounced,
indicating that its reactive nature makes it less sensitive to the inverse definition.

However, when considering the average cost across runs, the dominance among tabu
list strategies becomes less accentuated. This suggests that while some configurations
are capable of occasionally reaching the best solutions, their reliability is not consistently
superior across repeated runs.

At the other end of the spectrum, TS2 and TS5 combined with IN2 consistently report the
worst performance. A possible explanation is that the randomness in tabu tenure length
(TS2) interacts poorly with the stricter definition of inverse moves in IN2, leading to weak
guidance of the search. Similarly, the frequency-based mechanism in TS5 may reduce the
ability of the search to escape local optima when combined with IN2.

We conduct a statistical analysis to validate our findings, considering both the minimum
and the average solution quality. Across all instances, the strategies differ significantly
in normalized solution quality (Friedman test, p-value < 0.001, with significance level
0.05). Figure 5.4 reports the results of the pairwise statistical comparison, where each entry
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Table 5.4: Overview of the number of unique wins and the rank of each tabu list strategy and inverse
type. The analysis unique wins considers all 163 instances, using the minimum cost achieved per
strategy and inverse type, whereas the average rank reports the results considering the average and
the minimum. Results are ordered by decreasing number of unique wins.

Tabulist Inverse Uniquewins Avg.rank Avg.rank

(min) (min) (avg)
TS1 IN1 18 3.50 (1) 3.74 (4)
TS4 IN1 16 3.66 (2) 3.62 (3)
TS4 IN2 10 3.80 (4) 3.13 (1)
TS3 IN1 8 3.75(3) 3.46 (2)
TS1 IN2 8 4.65 (5) 4.46 (5)
TS2 IN1 5 4.84 (6) 4.46 (5)
TS2 IN2 2 7.72 (9) 7.49 (7)
TS5 IN2 1 7.50 (8) 8.09 (8)
TS5 IN1 0 5.59 (7) 6.55 (6)

corresponds to a p-value. Values highlighted in red denote pairs that, after applying a
post-hoc Wilcoxon signed-rank test with Holm’s correction (significance level 0.05), are
not statistically different. Overall, some tabu list strategies perform similarly, with no
significant differences among the leading configurations (TS1, TS4, and TS3 with IN1).
In contrast, the weakest performers are consistently TS2-IN2 and TS5 with both inverse
strategies, which are significantly outperformed by the best approaches.
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Figure 5.4: Pairwise statistical analysis of tabu search strategies based on normalized solution
quality across all instances. Each cell reports the p-value of a post-hoc Wilcoxon signed-rank test
(significance level 0.05). Entries highlighted in red denote pairs of strategies that are not statistically
different after Holm’s correction.

5.3.2 Search Behavior

To analyze the search behavior of the tabu strategies and inverse types, we consider the
iterations to stagnation, the search landscape in terms of quality of accepted move w.r.t. the
current solution, and the usage of the aspiration criterion.

For these analyses, we focus on the 30 generated instances, as they provide greater
diversity within the instance space.
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Iteration to Stagnation

We define stagnation as the iteration after which no further improvements of the best
solution found (in the current run) are observed. Figure 5.5 reports a total of 30 (instances)
x 15 (seeds) points per boxplot. The y-axis reports the iterations, while the z-axis indicates
the tabu list strategy, with the inverse types distinguished by color.
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Figure 5.5: Average number of iterations until stagnation.

Regarding the best performing strategies, TS1 and TS3 show similar behavior under IN1
(with IN2, this similarity is due to the parameter settings). In contrast, TS4-IN1 typically
stagnates later on average, suggesting that it maintains exploration pressure and continues
to generate improving solutions for longer.

The underperforming combinations (e.g., TS2-IN2 and TS5-IN2) stagnate much earlier
than the others. A likely explanation is that the randomness in the tabu tenure length of TS2
interacts poorly with the stricter IN2 inverse definition, providing inconsistent guidance
and leading the search to exhaust its potential prematurely. Similarly, the frequency-based
mechanism of TS5, when coupled with IN2, may become overly restrictive, reducing the
search ability to diversify and escape local optima.

Search Landscape

To analyze the search landscape with respect to the prohibition mechanism, we consider
the acceptance of different move types during the search. For each run, we compute the
proportion of improving, worsening, and neutral moves with respect to the cost of the
current solution. These proportions serve as a proxy for the balance between intensification
and diversification, as well as plateau navigation. By averaging these proportions across
runs and instances, we obtain a behavioral profile for each tabu list strategy and inverse type.
This analysis allows us to contrast how the prohibition mechanism shapes the effective
exploration of the search landscape and explains differences in performance observed in
the aggregate results.

Figure 5.6 shows the distribution of move types across tabu list strategies and inverse
definitions. The y-axis reports the proportion of moves in percentage, while the z-axis
distinguishes the algorithmic configurations. Colors indicate improving (marine green,
bottom proportion), worsening (orange, mid proportion), and neutral (light blue, upper
proportion) moves, with bars stacked so that each column sums to 100%.
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Figure 5.6: Distribution of improving (below, in marine green), worsening (center, in orange), and
neutral (upper, in light blue) moves across tabu list strategies and inverse types. Values represent
average proportions per instance, aggregated over 15 runs.

Overall, the configurations that achieved the best performance (i.e., TS1, TS3, and TS4)
exhibit broadly similar proportions of move types. In contrast, the weaker strategies
(TS2-IN2 and TS5-IN2) display a markedly different profile, with disproportionately
higher improving and worsening moves and limited capabilities of navigating the neutral
areas. This restrictive acceptance behavior is consistent with their shorter effective runs.

Aspiration Criterion Usage

As reported in Section 5.1.1, an aspiration criterion allows for overriding the prohibition
mechanism. In our case, a tabu move is accepted if it yields a solution better than the
current best, thus relaxing the prohibition mechanism when it is overly restrictive.

Each time the best solution is improved, we record whether the accepted move was
admitted through the aspiration criterion. Figure 5.7 summarizes these results: the y-axis
indicates the proportion of aspired moves (in %), while the z-axis distinguishes tabu list
strategies, with inverse types differentiated by color.

The results reveal clear differences between inverse definitions. IN2 consistently triggers
the largest number of aspiration calls (up to 40.6%), indicating that this inverse is overly
restrictive and would otherwise risk discarding improving information. By contrast, IN1
relies on aspiration the least, with a maximum of only 12.6% for TS2. Interestingly, TS4
makes comparatively few aspiration calls under both inverses, suggesting that its adaptive
tenure mechanism is effective at preventing overly restrictive situations.

5.3.3 Search Trajectories

To study the search dynamics of the analyzed algorithms, we employ Search Trajectory Net-
work (STN), a recently introduced tool for comparing the internal dynamics of algorithms
on specific problem instances [370], as described in Section 2.6.6. The implementation of
STNs follows five main steps (Figure 5.8):
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Figure 5.7: Proportion of improving moves (over the best cost so far) accepted via the aspiration
criterion. Values are aggregated by average over 15 runs.

1. Sampling process: defines how representative solutions are tracked. In our case, we
log every improvement in the best solution encountered during the search.

2. Solution encoding: defines how solutions are represented. We provide the STN
with the array representation described in Section 5.2.1, converting job indices into
bitstrings so that all solutions have the same dimension.

3. Search space partitioning: defines how representative solutions are mapped to
locations. Here, each location corresponds to a unique solution.

4. STN representation: defines how the STN graphs are generated. We used the
publicly available tool STNs-v2.3

5. STN metrics: defines the metrics used to analyze the trajectories. In our case, we
employ the metrics listed in Table 5.5, extracted from the run logs using Python.

. STN representation
Sampling process

Run Data

Instance —— - TSx INy —» log —»p processing Trajectories O

STN metrics ¢
Solution encoding & search space partitioning

[2[e]e]?]
01110010

Array representation T
Bitstring

Figure 5.8: Workflow for implementing Search Trajectory Networks (STNs) given an instance.

Since the tool is instance-based and can only analyze one instance at a time, we select a
subset of six instances. We report the aggregated values of the STNs metrics by inverse
type (Table 5.6) and by tabu strategy (Table 5.7).

*https://github.com/gabro8a/STNs-v2, commit: 5eb42b4
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Table 5.5: Definition of the Search Trajectory Network (STN) metrics.

Metric Definition

n Total number of locations.

Ny, Number of locations visited by algorithm ).

ny, Number of locations visited exclusively by algorithm 1.

Ly Average trajectory length, i.e., the number of nodes visited by algorithm 1) within one
run.

T Success rate (%) of algorithm ¢, i.e., the proportion of runs in which algorithm ¢ ends

in a location with the best cost.

Table 5.6: Aggregated values for Search Trajectory Network (STN) metrics considering the inverse
type. Values are averaged across instances and tabu list strategies.

Metric IN1 IN2 Total

n —  — 10605
ny 7347 7019 —
n’, 358.6 3258 —
Iy 490 468 —

re (%) 424 353 —

For space constraints, Figure 5.9 illustrates the STN graphs for a single representative
instance, namely gen0896, with results shown separately for each inverse type (Figure 5.9a
reports IN1 and Figure 5.9b reports IN2). The left panel presents the STN in the standard
Kamada-Kawai layout [249], while the right panel adopts a hierarchical format in which
the vertical axis corresponds to the objective value.

For IN1 (Figure 5.9a), most trajectories initially overlap but then diverge as the search
progresses, each strategy following its own path once the tabu tenure reaches its full
regime. In contrast, for IN2 (Figure 5.9b), the stricter inverse definition causes the majority
of trajectories to collapse into a single shared path (shown in gray). The only strategy that
maintains additional exploration under IN2 is TS4, which continues to generate distinct
steps beyond the common trajectory.

5.4 Conclusions

We first summarize the chapter (Section 5.4.1), then discuss its limitations (Section 5.4.2),
and finally outline future research directions (Section 5.4.3).

5.4.1 Content

This study considered a systematic component-based analysis of tabu list strategies in
TS, focusing on their role in the PFSP and considering two tabu moves definitions. By
combining performance evaluation with behavioral analyses and search trajectory networks,
we isolated the contribution of different short-term, long-term, and dynamic memory
mechanisms. Our findings highlight several key points:

¢ Effectiveness of simple vs. adaptive lists: Fixed-length lists (TS1) and reactive
strategies (TS4) consistently rank among the top performers. This suggests that both
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Table 5.7: Aggregated values for Search Trajectory Network (STN) metrics considering the tabu list
strategy. Values are averaged across instances and inverse types.

Metric TS1 TS2 TS3 TS4 TS5 Total

n — — — — — 17094
Ny 752.1 6449 76025 7455 688.7 —
Ny, 116.6  204.0 140.2 347.1 2555 —
ly 50.1 43.0 50.7 497 459 —

ry (%) 46.1 33.3 472 40.6 21.1 —

straightforward prohibitions and adaptive feedback mechanisms can provide a strong
balance between intensification and diversification.

* Importance of inverse definition: The stricter inverse type (IN2) often restricts the
search excessively, leading to premature stagnation and heavy reliance on aspiration.
In contrast, IN1 enables broader exploration and more stable performance across
tabu list variants.

* Weakness of random and frequency-based policies: Randomized tenures (TS2)
and frequency-based prohibitions (TS5) systematically underperform, particularly
when combined with IN2. Their search dynamics reveal early stagnation, narrow
exploration, and limited use of neutral moves, which reduces their ability to escape
local optima.

¢ Dynamics captured through STNs: The trajectory analysis showed that inverse
definitions have a strong structural impact: under IN1, strategies diverge and explore
distinct regions of the search space, whereas under IN2, trajectories collapse onto a
common path, reducing diversification. TS4 is the notable exception, maintaining
exploration pressure even under stricter conditions.

Together, these results strengthen the case for studying metaheuristics at the component
level, moving beyond horse-race comparisons of algorithms. They also show that apparently
minor design choices, such as how inverse moves are defined, can have a substantial impact
on both performance and search dynamics.

5.4.2 Limitations

This work presents several limitations. First, the analysis could be extended to additional
components of TS, such as neighborhood exploration or move acceptance strategies, to
better capture their interplay with tabu list management. Second, the experimental scope
is restricted to a single problem (the PFSP) which limits the generalizability of the findings
to other problem families and landscape topologies. Finally, although behavioral metrics
and search trajectory analysis provided valuable insights, these could be complemented by
landscape-based measures (e.g., neutrality, autocorrelation, or evolvability) to deepen the
interpretation of observed dynamics.

5.4.3 Future Work

Future research may extend this work in several directions:
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Figure 5.9: Search Trajectory Networks (STNs) for instance gen0896.

* Beyond tabu lists: analyzing other components of Tabu Search (e.g., aspiration,
exploration, or acceptance rules) in a similar controlled fashion.

¢ Cross-problem generality: testing whether the observed patterns hold across other
problem domains and landscape structures.

¢ Integration with automated design: coupling component-level analyses with auto-
mated algorithm configuration to better understand synergies among components.



Chapter 6

Dynamic Temperature Setting of
Simulated Annealing

One of the most prominent examples of stochastic local search algorithm is Simulated
Annealing (SA), which simulates the annealing process in metallurgy [256]. It relies on a
temperature parameter that gradually decreases throughout the search, transitioning from
a phase of exploration to one of exploitation.

To enhance diversification and escape local optima, Simulated Annealing (SA) can also
employ mechanisms such as reheating or restarts, temporarily increasing the temperature
during stagnation. Alternatively, temperature may be held constant throughout the
search, leading to the so-called Fixed Temperature Simulated Annealing (FTSA) [113, 348].
Despite its effectiveness, SA remains highly sensitive to parameter settings, particularly
the temperature schedule and cut-off, which often require extensive tuning [157, 222, 246].
Moreover, optimal configurations frequently depend on instance-specific characteristics [36,
45], potentially requiring multiple tuning campaigns.

Research has shown that dynamic parameter control often outperforms static ones [165],
as different phases of the search process benefit from distinct parameter settings [155].
Dynamically adapting algorithmic behavior based on real-time feedback from the search
process is therefore key to improving performance and generalization. Hyper-Heuristics
(HHs) offer a promising avenue for such adaptive control. They are high-level, domain-
independent strategies that manage a portfolio of Low Level Heuristics (LLHs), aiming to
automatically exploit the strengths of each heuristic across diverse scenarios [158, 160].

We investigate whether HHs can be leveraged to dynamically adapt the temperature
schedule of SA in a problem-independent manner, thus eliminating the need for manual
tuning and prior knowledge about instance characteristics. We introduce a novel approach
called Hyper-Heuristic-based Simulated Annealing (HHSA), which treats each FTSA
configuration as a LLH, enabling an adaptive controller to switch between different
temperature strategies during the search. The contributions of this chapter are as follows:

* Design of the HHSA framework: We propose a modular architecture where
temperature control is delegated to an adaptive HH strategy managing a portfolio
of FTSAs. This design allows the search process to dynamically adjust its behavior
across time without tuning, and without being tied to any specific problem domain.

77
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¢ Comprehensive evaluation across domains and strategies: We benchmark HHSA on
three optimization problems. We also evaluate three distinct HH strategies: Generic
Intelligent Hyper-Heuristic (GIHH), Lean Generic Intelligent Hyper-Heuristic (L-
GIHH), and Large State Reinforcement Learning (LSRL).

¢ In-depth comparative and ablation analysis: We assess HHSA against tuned and
untuned versions of SA, including a reheating variant. Our analysis includes statistical
testing, ablation of individual LLHs, and comparison with a random control baseline.
These experiments provide insight into the contribution of adaptive temperature
control and the relevance of specific components.

¢ Development of a reusable software platform: We implement HHSA as a new
problem domain in the HyFlex framework, tightly integrated with the native C++
EasyLocar++ library (Appendix B). This ensures consistency between SA and LLHs,
both in terms of data structures and execution model.

This chapter is structured as follows. Section 6.1 details the HHSA framework. Section 6.2
presents the experimental setup and Section 6.3 reports the results. Section 6.4 concludes
the chapter and outlines future research directions.

6.1 Methodology

Our goal is to dynamically steer the temperature behavior of the SA process throughout the
search. To achieve this, we adopt a control framework grounded in HHs, which operates
over a portfolio of LLHs, each implemented as a FTSA. This design enables adaptive control
over the trade-off between exploration and exploitation, as the HH can select the most
appropriate fixed-temperature strategy in response to the evolving search dynamics. We
denote this overall approach as HHSA. Figure 6.1 reports its general scheme.

In the remainder of this section, we first detail the LLHs (Section 6.1.1) and then the HH
schemes (Section 6.1.2).

6.1.1 Low Level Heuristics

Each LLH implemented within our framework is instantiated as a FTSA procedure. In
this setup, we refer to Algorithm 3 (page 26 Section 2.3.6), where the temperature remains
constant throughout the search, i.e., T = Ty = Ty. As a result, operations related to
temperature updates and reallocation of unused iterations are omitted. Algorithm 13
reports the pseudocode for a generic FISA; for consistency, we use the notions introduced
to describe SA. Each FTSA executes up to a maximum of N; iterations. However, as in
a standard SA temperature step, the heuristic may terminate earlier if the number of
accepted moves exceeds N, = pN;,. The parameter p defines this acceptance threshold and
is dynamically adjusted by the HH based on its control over search intensity, expressed
through the depth of search parameter.

Since the effect of temperature on move acceptance is influenced by the scale of the
cost function, we normalize the objective values (in this case, cost function and objective
value correspond). Specifically, F'(s) is mapped to the interval [0, 1] for all s € S, inde-
pendently of the problem domain. This allows us to adopt a common temperature range,
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Figure 6.1: Conceptual overview of the Hyper-Heuristic (HH) framework and the proposed
Hyper-Heuristic-based Simulated Annealing (HHSA) framework.

i.e., [0.00001,1.0], across different problems. In this way, temperature settings remain
meaningful and comparable without requiring domain-specific tuning.

6.1.2 Hyper-Heuristic Schemes
We compare and evaluate three state-of-the-art HHs:

¢ Generic Intelligent Hyper-Heuristic (GIHH) (also known as AdapHH) [347]: This
HH is the winner of the Cross Domain Heuristic Search Challenge 2011 (CHeSC 2011).
It operates on a single incumbent solution (with an auxiliary pool for crossover) and
dynamically maintains active subsets of LLHs tailored to different search stages. The
quality of each LLH is evaluated based on its ability to generate new solutions and to
improve solution quality. Under-performing heuristics are subjected to a time-based
tabu mechanism and may eventually be excluded permanently. The framework
also incorporates relay hybridization, learning effective heuristic sequences through
a linear reward-inaction scheme. To improve adaptive exploration, a threshold-
acceptance mechanism is used, allowing non-improving moves up to a dynamic
threshold that increases if progress stalls; excessive threshold growth triggers a restart.
The depth of search is continuously adapted through a reward-penalty strategy.

¢ Lean Generic Intelligent Hyper-Heuristic (L-GIHH) [4]: This HH is derived from
GIHH via Accidental Complexity Analysis. It streamlines the control structure of
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Algorithm 13: Pseudo-code for a Fixed Temperature (FTSA) with cut-off mechanism.

Input: Problem instance, search space S, neighborhood relation V, cost function F, total
number of iterations NN, initial solution sy, temperature 7', neighborhood accepted
ratio p.

Output: Best solution found s*

S < So
s* <+ s

ng < 0
ng < 0
Ny < p- N

while n, < N, and n, < N, do

m < RandomMove(\, s)
AF,,(s) «+ F(s®m)— F(s)

if AF,,(s) < 0or RandomReal(0, 1) < exp(—AF,,(s)/T) then
S sdm

Ng < Ng +1

if F(s) < F(s*) then
L §* <+ s

L Ng < Ng+ 1

return s*

GIHH by removing components that did not significantly contribute to performance,
such as phase-based tabu mechanisms, parameter oscillations, and several forms
of dynamic parameter adaptation. However, the threshold-acceptance mechanism,
including its restart conditions, was retained due to its demonstrated effectiveness.
Literature comparisons show that L-GIHH matches or slightly surpasses GIHH in
performance while substantially reducing algorithmic complexity.

Large State Reinforcement Learning (LSRL) [259]: This HH formulates the control
problem as a Reinforcement Learning (RL) task, inspired by earlier approaches such as
those reported by Mischek and Musliu [346]. Here, the HH acts as an agent, heuristic
selection is treated as an action, the problem instance serves as the environment,
and rewards are computed based on improvements in objective value and runtime.
LSRL employs a state representation built from 15 features, capturing aspects of
the current search state and recent heuristic performance, including their success
rates. It operates on a single incumbent solution, aside from a pool for crossover, and
utilizes solution chains guided by the Luby sequence, i.e., frequent short heuristic
chains and rarer long ones, accepting any improving move, and reverting to the
best previous solution if necessary. Tile coding is used for approximating the value
function, and exploration is managed through an e-greedy policy adapted with ideas
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from Iterated Local Search (ILS). Restarts are triggered when no improvement occurs
over a specified window. LSRL has shown competitive performance compared to
GIHH and L-GIHH across several real-world domains [258].

The choice to focus on these HHs is motivated by their demonstrated success across
diverse problem domains, and by the fact that they do not impose rigid, phase-based
ordering of LLHs as many ILS-based HHs do.

6.2 Experimental Setup

We standardize our terminology as follows. The fine-tuned SA is denoted SA;, and its
untuned baseline SA,;. When equipped with reheating, we write SAR for the tuned variant
and SARy; for the untuned one. We use HHSA for the general HH-based framework, and
we refer to specific HHs by name (GIHH, L-GIHH, and LSRL). A selector that chooses the
next LLH uniformly at random is denoted HH;,.

We now detail the case studies (Section 6.2.1), algorithmic configurations (Section 6.2.2),
implementation and hardware setup (Section 6.2.3), and experimental plan (Section 6.2.4).

6.2.1 Case Studies

To characterize the behavior of HHSA across various domains of combinatorial optimization,
we consider three well-established benchmark problems, namely k-Graph Coloring Problem
(k-GCP), Permutation Flowshop Scheduling Problem (PFSP), and Traveling Salesperson
Problem (TSP). These problems are selected for their diversity in domain, structure, and
search landscape. Their implementations either represent the current state-of-the-art or
employ neighborhoods known to be highly effective. It is important to note that our goal
is not to claim superiority of HHSA or SA over specialized solvers for these problems.
Rather, our focus is on assessing the comparative performance of HHSA against SA variants.
While problem definitions appear in Section 2.2, in this section we only detail the specific
problem-dependant components.

k-Graph Coloring Problem

A solution to the k-GCP is encoded as an array, where each index represents a node and
the corresponding value denotes the assigned color. The search begins from a randomly
generated solution and explores the neighborhood using the RecoLor operator, which
selects a conflicting node and assigns it a new color. The cost is normalized by dividing the
number of conflicting edges by the total number of edges in the graph.

Permutation Flowshop Scheduling Problem

Solutions to the PFSP are encoded as permutations, i.e., the job execution order. The search
process begins with a random permutation and explores the neighborhood using the Swar
operator, which exchanges the positions of two jobs in the schedule. The cost is normalized
by dividing the makespan by the sum of the longest processing times per machine.
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Traveling Salesperson Problem

Solutions to the TSP are encoded as permutations representing the visit order of the
cities, i.e., a tour. The search begins from a randomly generated tour and explores the
neighborhood using the classical 2-Opt operator [117]. This move removes two edges from
the tour and reconnects the resulting segments by reversing the subsequence between the
removed edges. The cost is normalized by dividing the total travel distance by the sum of
the maximum outgoing edge weights from each node.

6.2.2 Algorithm Configurations

We now report details related to the algorithmic configuration of both HHSA and SA.

Hyper-Heuristic-based Simulated Annealing Configuration

The FTSA used within the HHSA framework operates without requiring any parameter
tuning. For its configuration, we define five fixed temperatures linearly spaced across
the interval [0.00001, 1], specifically {0.00001, 0.25,0.5,0.75, 1}. This results in a total of 10
LLHs, comprising five mutation-based (MU) and five local search (LS) operators, each
associated with a different temperature level. Table 6.1 reports the acceptance probabilities
at different levels of T. Each LLH is executed for a maximum of 1,000 iterations (),
consistent with previous work in the HH literature [258]. The cut-off ratio parameter p
is initially set to 0.2 and may be dynamically adjusted by the HH via the depth of search
mechanism, with an upper limit of 0.4. This cut-off mechanism allows early termination
of the current temperature level if a sufficient number of moves (pV,) have already been
accepted, thereby reallocating effort to more promising regions of the search space.

Table 6.1: Acceptance probability p = exp(—AF/T) for selected AF and temperatures 7" used in
Hyper-Heuristic-based Simulated Annealing (HHSA).

T\A 0.001 0.01 0.05 0.10 0.20 0.50 0.75 1.00

0.00001  0.0% 0.0% 0.0% 0.0% 00% 00% 0.0% 0.0%
0.25 99.6% 96.1% 81.9% 67.0% 44.9% 135% 5.0% 1.8%
0.50 99.8% 98.0% 90.5% 819% 67.0% 36.8% 22.3% 13.5%
0.75 99.9% 98.7% 93.6% 87.5% 76.6% 51.3% 36.8% 26.4%
1.00 99.9% 99.0% 95.1% 90.5% 81.9% 60.7% 47.2% 36.8%

Simulated Annealing Configuration

SA, both with and without reheating, depends on a broad set of parameters (Table 6.2) that
require careful tuning. For this purpose, we employed Irace v.4.2.0 [316]. Each tuning run
was allocated a budget of 8,000 experiments, with the running time per instance scaled
according to the instance size (Section 6.2.4 reports a how this scaling is conducted).

We also consider a non-tuned version of SA (with and without rehearting, SAR,; and
SAy, respectively), where the parameters are set to reasonable default values within the
selected ranges. The purpose is twofold: (i) we aim to validate the necessity of the costly
tuning process; (ii) non-tuned represents the opposite end of the configuration spectrum,
where no parameter optimization is applied, serving as an upper bound for comparison.
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Table 6.2: Simulated Annealing (SA) parameters description. We indicate with v" in the “SAR”
column those paramters that are used just within the reheating version of SA.

Param.

SAR

Description

Ty
Ty

(67

A

S

=

The initial temperature.
The final temperature at which the search terminates, in the case of SA,
or at which reheating is required, in the case of SAR.
Cooling rate that determines how quickly the temperature decreases
during the search.
Neighbors accepted ratio, which is the target ratio of accepted neighbor
solutions to evaluated neighbors.

v' Maximum number of reheats.

v' Temperature reheat ration as proportion of Tj, so that T;. € [0, 1].

v' Proportion of the run spent on the first temperature decrease.

Table 6.3: Parameters of Simulated Annealing without reheating.

Parameter Range

SA;

k-GCP

PESP

TSP

SAnt

0.20000-1.00000
0.00001-0.00010
o 0.95000-0.99000
p 0.20000-0.40000

0.93099
0.00002
0.97645
0.21137

0.32089
0.00001
0.98149
0.23285

0.39204
0.00001
0.97813
0.36624

1.00000
0.00001
0.95000
0.20000

8,000

7,994

7,994

7,998

Table 6.3 reports the parameter ranges and selected values for SA;, together with the
corresponding SA; settings. Similarly, Table 6.4 shows the parameters for SAR and its
untuned counterpart SAR,;. The ranges are comparable to those used for HHSA. For
completeness, we indicate the tuning budget allocated to each procedure (“exp”).

Table 6.4: Parameters of Simulated Annealing with reheating.

SAR
Parameter Range k-GCP PFSP TSP SARp
To 0.2-1.0 0.63444 0.7303  0.35042 1.0
Ty 0.00001-0.00010  0.00001  0.00001 0.00001 0.00001
« 0.95-0.99 0.95838 0.9894  0.35042 0.95
) 0.2-0.4 0.31015 0.24387  0.2293 0.2
Rmax 1-5 1 3 1 3
Ty 0.05-1.0 1.0 0.3 0.1 0.10
B8 0.10-0.50 0.2 0.3 0.10 0.50
exp 8,000 7,991 7,993 7,991 —

6.2.3 Technical Details

The experiments were run on a machine equipped with 2x Intel Xeon Platinum 8368
2.4GHz 38C, 8x64GB RDIMM. The problem-related specifications, LLHs, and SA were
implemented in C++ using EasyLocarL++ v.3. The code was compiled with Clang++.
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6.2.4 Experimental Plan

All experiments are conducted on publicly available datasets. To maintain fairness, each
algorithm was evaluated on a common timeout per instance, where the timeout was scaled
proportionally to the instance size. To activate the cut-off (and therefore allow some sort of
temperature adaptation based on how the run proceeds), we set a maximum number of
iterations based on preliminary experiments (i.e., average number of iterations a SA can
perform in the given amount of time). For each benchmark problem, we randomly selected
50 test instances and 20 tuning instances. It is important to emphasize that the tuning phase
was applied exclusively to SA with and without reheating, whereas HHSA is designed to
function without explicit tuning (Section 6.2.2). Table 6.5 summarizes the datasets and
their references, the source code used, the formulas applied to scale the timeouts, and the
resulting average timeout durations (expressed in seconds).

Table 6.5: Instances and timeout details.

Timeout
Case study Instances Formula Time [s]
k-GCP dimacs®  0.0075 - colors - nodes 113.17
PFSP [452] 0.0075 - jobs - machines [183] 8.15
TSP [408] 0.0075 - nodes 22.34

“https://mat.tepper.cmu.edu/COLOR/instances.html. Accessed 2025-01-29.

For each algorithm and instance, we perform 10 independent runs using different
random seeds to account for stochastic variability. The comparison is based on the best
objective values (all these problems are minimization problems, so the lower the better)
and considering of the average gap. In the case the denominator is zero, then we adjust it
so that gap(s) = (F'(s) — F'(sp)) - 100, with s being the solution under analysis, F' the cost
function, and s, the reference solution.

We then perform a ranking-based evaluation, where algorithms are ranked according
to their performance, assigning rank 1 to the best-performing method, rank 2 to the
second-best, and so on (i.e., the lower the better). Ties are handled by assigning the average
of the ranks that would have been assigned to the tied methods. Finally, we use also
statistical tests.

6.3 Results

In this section, we first analyze the performance of HHSA w.r.t. SA (Section 6.3.1) and then
we investigate HHSA building blocks (Section 6.3.2).

6.3.1 Benchmarking Hyper-Heuristic-based Simulated Annealing

To benchmark the performance of HHSA, we compare it against two baselines: SA; and
SAR. Our evaluation focuses on the average gap relative to the best solution found across
10 independent runs.

Figure 6.2 summarizes the results, separated by problem domain, HH, and baseline. The
upper section of the figure shows comparisons against SA, while the lower section refers
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to SAR. The left portion displays results for the k-GCP, the center for the PFSP, and the
right for the TSP. The z-axis indicates the specific HHSA variant under evaluation, and the
y-axis reports the average objective gap. Note that the scale of the y-axis varies by problem
domain to accommodate the different magnitudes of the gaps.

In both the k-GCP and PFSP domains, the performance gap between HHSA and SA; is
relatively small, particularly when compared to the TSP. For k-GCP, both SA; and SAR
slightly outperform the HHSA variants, although the average gap remains under 1%, and
the differences are less marked in the case of SAR. In PFSP, the average gap is close to
zero across all methods, making it difficult to clearly distinguish which approach performs
best. Conversely, in the TSP domain, all HHSA variants consistently outperform both SA
baselines, highlighting the advantage of adaptive temperature selection in this setting.
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Figure 6.2: Gap (%) between any Hyper-Heuristic-based Simulated Annealing (HHSA) and the
tuned version of Simulated Annealing (SA;) or the tuned version of Simulated Annealing with
reheating (SAR). SA; and SAR are used as baselines.

To support our observations, we further analyze the results by ranking the methods
and applying statistical significance tests, as reported in Table 6.6. The left part of the
table reports the comparison w.r.t. SA¢, whereas the right part regards SAR. The analysis is
organized by problem domain (Prob.) and algorithm (Alg.). The algorithm marked with
* serves as the baseline for both the Gap calculation and the statistical comparison. The
Sign. column indicates whether the difference is statistically significant (v: yes, X: no),
with the better-performing algorithm shown in parentheses. Out of the 18 statistical tests
conducted to compare HHSA variants with SA baselines, results show that in 6 cases (33%)
the performance is statistically indistinguishable. In 8 cases (44%), HHSA significantly
outperforms the corresponding SA variant, while in the remaining 4 cases (22%), the SA
variants yield better results. Table 6.7 complements this analysis by reporting the rankings
across all five algorithms (i.e., both SA variants and the three HHSA methods). For both
PFSP and TSP, the top two ranked methods belong to the HHSA family. Conversely, as in
earlier observations, SA variants exhibit better performance in the case of k-GCP.

To further validate the adaptability of HHSA, we compare its performance against SA;
and SAR,; — two baseline variants configured without parameter tuning. This analysis
serves to illustrate the potential benefits of using HHSA in scenarios where tuning is
impractical or unavailable. The results, summarized in Table 6.8, show that in most cases,
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Table 6.6: Comparison between SA; (left) and SAR (right) against GIHH, L-GIHH, and LSRL.

Prob.  Alg. Rank Gap p-value Sign. Alg. Rank Gap p-value Sign.
k-GCP  SA; 1.90 — - — SAR * 2.16 — - —
GIHH 2.59 0.083 <0.001 v (SA) GIHH 2.52 0.018 0114 X
L-GIHH 2.72 0.094 <0.001 v (SA) L-GIHH 2.60 0.029 0126 X
LSRL 2.79 0.082  <0.001 v (SA) LSRL 2.72 0.017 0159 X
PESP SA; * 2.54 — - — SAR * 2.58 — - —
GIHH 219  -0.061 0232 X GIHH 220  -0.236 0.031 v (HHSA)
L-GIHH 203  -0.109 0201 X L-GIHH 2.01 -0.284 0.024 v (HHSA)
LSRL 3.24 0.144 0.019 Vv (SA) LSRL 3.21 -0.031 0352 X
TSP SA: x 2.69 — - — SAR * 2.69 — - —

GIHH 244 -16.034 0.015 v (HHSA) GIHH 242 -17.798 0.003 v (HHSA)
L-GIHH 251 -15.105 0.016 v (HHSA) L-GIHH 251 -17.119 0.004 v (HHSA)
LSRL 236 -15.564 0.018 v (HHSA) LSRL 238 -17.527 0.005 v (HHSA)

Table 6.7: Average rank of each algorithm across the three problem domains. Lower ranks indicate
better performance.

Alg. k-GCP PFSP TSP
SA: 2.35 283 3.18
SAR 271 329 320
GIHH 3.22 260 2.87
L-GIHH 3.30 243 292
LSRL 342 385 2.83

HHSA significantly outperforms the untuned SA variants. The main exception is observed
in the k-GCP domain, where the performance is comparable. This is explained by the fact
that the default parameters used in SAy; closely resemble the configuration found through
tuning. Overall, in 3 out of 18 cases (17%), the untuned SA variants outperform HHSA; in
5 cases (28%), their performance is statistically equivalent; and in the remaining 10 cases
(56%), HHSA variants deliver superior results.

Table 6.8: Comparison between SAy; (left) and SARy (right) against GIHH, L-GIHH, and LSRL.

Prob.  Alg. Rank Gap p-value Sign. Alg. Rank Gap p-value Sign.

k-GCP  SApn * 1.93 — - — SARnx 221 — - —
GIHH 2.59 0.084 <0.001 Vv (SA) GIHH 2.49 0.013 0231 X
L-GIHH 2.7 0.096 <0.001 v (SA) L-GIHH 258 0.025 0199 X
LSRL 2.78 0.084 <0.001 v (SA) LSRL 2.72 0.013 0149 X

PESP SAn: * 3.01 — - — SARnx  3.19 — - —

GIHH 2.04 -0.315 <0.001 v (HHSA) GIHH 1.99 -0414 <0.001 v (HHSA)
L-GIHH 1.86 -0.363 <0.001 v (HHSA) L-GIHH 1.82 -0462 <0.001 v (HHSA)
LSRL 3.09 -0.11 0632 X LSRL 3.0 -0.21 0137 X

TSP SAn * 2.65 — - — SARy +  2.87 — - —
GIHH 248 -16392 0015 v (HHSA) GIHH 236 -19.621 <0.001 + (HHSA)
L-GIHH 249 -1529 0009 v (HHSA) L-GIHH 245 -18.808  0.001 v (HHSA)
LSRL 238 -15774 0015  (HHSA) LSRL 232 -19228  0.002 v (HHSA)
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6.3.2 Components Evaluation

We analyze the role of the LLHs by tracking the calls made by each HH to each LLH
across all runs and instances. We then study frequency, combination, and importance, and
compare the HH-based approach to a random one. A general observation is that the gap
measures may appear close to zero in several cases. However, one must also consider their
statistical significance, as the observed gaps are likely influenced by the adaptive nature of
the algorithms.

Relative Frequencies

Figure 6.3 shows the relative frequency of each LLH applied during the search, broken
down by problem domain, HH, and LLH type. The y-axis reports the percentage of
times each LLH is selected, with scale ranges varying across problem domains to reflect
differences in distribution. Across all problems, the most frequently selected LLHs are
those operating at low temperatures and using the LS mechanism. However, depending
on the characteristics of the instance and the underlying landscape, HHSA may also
utilize MU or higher-temperature LLHs. For instance, in the k-GCP, which features a
landscape dominated by large plateaus [331], all HHSA variants make notable use of MU
strategies and higher temperatures to enhance exploration. Conversely, in the case of TSP,
where improving moves are more abundant, pure exploitation through low-temperature
LS operators is generally sufficient. A consistent pattern observed across all HHs is the
dominant use of FTSA operators configured with the lowest temperature, suggesting
a strong bias toward intensification. Higher-temperature operators are used much less
frequently, and their usage does not reveal any consistent preference across domains. When
comparing the behavior of the different HHs, we note that LSRL employs MU operators
less frequently than both GIHH and L-GIHH.
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Figure 6.3: Frequency (%) of Low Level Heuristics (LLHs) per type, i.e., Mutation (MU) and Local
Search (LS), and temperature
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Although the aggregated data suggests that the HHSA variants tend to apply LLHs
in a similar manner, this trend does not consistently hold at the instance level. Due to
space limitations, we do not analyze each instance individually; instead, we present a
representative example. Figure 6.4 illustrates the temporal distribution of LLHs calls for a
specific TSP instance (£11577), showing how the selected temperature levels evolve over
the course of the search. To ensure comparability across runs, completion is expressed as
a percentage of the total runtime, with each LLH call mapped to its relative point in the
execution timeline. The figure reveals that higher-temperature operators are more frequently
applied during the early phases of the search. In this example, GIHH intermittently returns
to higher temperatures throughout the run, whereas L-GIHH abandons them earlier.
Although no explicit restarts were triggered for this instance, each HH demonstrates a
distinct dynamic, occasionally reintroducing higher temperatures in short bursts that
resemble implicit reheating phases.
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Figure 6.4: Example of temperature scheme for a Traveling Salesperson Problem (TSP) instance.

Combination of Low-Level Heuristics

In adaptive HHs, the effectiveness of the search process is shaped not only by the selection
of individual LLHs, but also by the sequence in which they are applied. These sequences
define the overarching application policy and can reveal how the controller adapts over
time. While frequency analysis offers insight into the general usage patterns of HHSA, it
is important to recognize that LLHs are often used in structured, temporally-dependent
combinations rather than in isolation.

To explore these interaction patterns, we analyze bigrams—pairs of consecutive LLHs
applications—capturing the local transitions between heuristics during search. Figure 6.5
presents bigram frequencies for each problem domain and HHSA variant. Each cell repre-
sents the relative frequency with which a specific LLH (next) follows another (previous).

Across all domains, the most pronounced pattern is the frequent repeated use of the
LS LLH at the lowest temperature, as reflected by the dark square in the bottom-right
corner. Both GIHH and L-GIHH tend to alternate between MU and LS operators at the
lowest temperature, whereas LSRL shows a preference for switching among different LS
heuristics. Diagonal patterns—indicative of repeated use of the same LLH—are especially
visible in k-GCP and TSP, suggesting stronger short-term heuristic commitment in these



6.3. RESULTS 89

MU 1.0
MU 0.75
MU 0.5
MU 0.25
MU 1e-05
LS 1.0
LS 0.75
LS 0.5
LS 0.25
LS 1e-05

k-GCP
previous

MU 1.0
MU 0.75
MU 0.5
MU 0.25
MU 1e-05
LS 1.0
LS 0.75
LS 0.5
LS 0.25
LS 1e-05

o
o .
L
o

previous

MU 1.0
MU 0.75
MU 0.5
MU 0.25
MU 1e-05
LS 1.0
LS 0.75
LS 0.5
LS 0.25
LS 1e-05

o
ok
e

previous

OO0 WWLWwOoWwLwWwLwWwLw OO WWLWwoWwLwLwLw O N WWwLwWwowmwLwLw
~-NodNQ -~ N ~-NodNQ -~ NS ~-NodNQ -~ AP
o o o o o o o o o o o o o o o o o o
2522-%0%0 - 2522-%0%0 - 2522-%20%0 =~

= = = = = =

Figure 6.5: Transition patterns between Low Level Heuristics (LLHs).

domains. Although similar transition structures are observed across domains, their relative
intensities vary, reflecting domain-specific differences in HH behavior.

Importance of Low-Level Heuristics

The previous sections examined how frequently different LLHs are selected by each HH
and the patterns in which they are combined. However, low selection frequency does
not necessarily indicate that a given LLH lacks importance—its occasional use may still
yield a significant impact on solution quality. This raises two key questions: how does
HHSA perform when using only LS LLHSs, given that MU operators are rarely selected,
and to what extent does each fixed temperature contribute to performance? To address
these questions, we perform an ablation study in which all MU LLHs are removed from
the portfolio. This enables us to isolate their contribution and assess their influence on
search dynamics and final solution quality. It is worth noting that well-designed HHs
should be capable of autonomously identifying and down-weighting underperforming
heuristics, while also learning to balance the use of LS and MU LLHs effectively through
their adaptive control mechanisms.

Table 6.9 presents the ablation analysis concerning the less frequently used MU LLHs.
In most cases, both types of LLHs, i.e., MU and LS, are necessary for optimal performance:
in 6 out of 9 comparisons (67%), the removal of MU leads to a statistically significant
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performance degradation. In two cases within the TSP domain and one in PFSP, no
statistically significant difference is observed, indicating that the exclusion of MU LLHs
does not negatively affect performance. This sult aligns with the earlier frequency analysis,
which showed that MU operators are used sparingly in TSP, suggesting their limited
contribution in that domain and HHs learning abilities.

Table 6.9: Comparison between GIHH, L-GIHH, and LSRL with and without the mutation LLHs.

Prob. Alg. LLHs Rank Gap p-value Sign.
k-GCP GIHH LS+MUx 137 — - —
LS 1.63  0.04 0.003 v (LS +MU)
L-GIHH LS+MUx 140 — - —
LS 1.60 0.03 0.042 v (LS +MU)
LSRL LS+MUx  1.33 — - —
LS 167 02 0.002 v (LS + MU)
PFSP  GIHH LS+MUx  1.22 — N —
LS 178 030 <0.001 v (LS+MU)
L-GIHH LS+MUx 111 — - —
LS 1.89 030 <0.001 v (LS+MU)
LSRL IS+MU* 150 — - —
LS 150  0.01 0834 X
TSP GIHH LS+MU~* 134 — - —
LS 1.66 0.19 0.017 v (LS+MU)
L-GIHH LS+ MU % 14 — - —
LS 1.6 -0.70 0141 X
LSRL LS + MU 1.6 — - —
MU 14 -1.23 0052 X

To complement the ablation analysis, we also evaluate the standalone performance of
each individual LLH, running them independently outside the HH framework. The goal
of this comparison is to assess whether HHSA is capable of outperforming its constituent
components. Demonstrating superior performance relative to the best individual LLHs
would provide further evidence for the effectiveness of collaborative management and
adaptive selection within the HH framework. To do so, we run five FTSA considering
the five temperatures used in the HHSA. Tables 6.10 to 6.12 present the comparative
analysis between HHSA and the individual FTSA configurations. In most cases, the HHSA
algorithm outperforms the fixed-temperature variants, with a few exceptions. In two
cases from the k-GCP domain and two from the PFSP, HHSA performs on par with the
best-performing low-temperature FTSA. However, when considering ranks, only in one
case a low-temperature FTSA outperforms HHSA.

Effectiveness of the Adaptive Strategy

To assess the importance of adaptiveness and learning within HHSA, we compare the
performance of the employed HHs against a random-based baseline, denoted as HH;. This
baseline selects a random LLH at each iteration, without any adaptive control. The goal
of this experiment is to determine whether the effectiveness of HHSA stems simply from
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Table 6.10: Comparison at different temperatures for the k-Graph Coloring Problem (k-GCP).

Alg. Rank Gap p-value Sign.
GIHHx* 1.83 — - —

FTSA1.0 410 330 <0.001 v (GIHH)
FTSAg.75 415 328 <0.001 v (GIHH)
FTSAo.50 413 328 <0.001 v (GIHH)
FTSAg.25 413 327 <0.001 v (GIHH)
FTSA¢.00001 2.66 0.05 0.023 v (GIHH)
L-GIHH « 1.88 — —_- —

FTSA1.0 410 329 <0.001 v (L-GIHH)
FTSAp.75 415 328 <0.001 v (L-GIHH)
FTSAg.50 413 328 <0.001 Vv (L-GIHH)
FTSAg.25 413 326 <0.001 v (L-GIHH)
FTSAo.oo001 261 004 009 X

LSRL* 1.91 — —_ -

FTSA1.0 410 330 <0.001 v (LSRL)
FTSAg.75 415 329 <0.001 v (LSRL)
FTSAg.50 413 328 <0.001 v (LSRL)
FTSAg.25 413 327 <0.001 v (LSRL)

FTSAo.00001 258 0.05 0117 X

introducing temperature variation, or from doing so strategically, i.e., at the right time
and in the right context, through the HH’s ability to learn and respond to the underlying
fitness landscape. Table 6.13 summarizes the results of this analysis. With the exception of
one case (PFSP with LSRL) results indicate that the full HHSA configuration consistently
outperforms its ablated counterparts. Moreover, the differences across methods are
statistically significant in all but that one case. These findings confirm that the HHs are
effectively adapting to the problem characteristics, leveraging the available LLHs to guide
the search process more efficiently.

6.4 Concluding Remarks

Section 6.4.1 summarizes the chapter, Section 6.4.2 discusses its limitations, and Section 6.4.3
outlines directions for future research.

6.4.1 Content

We investigated a HH approach for dynamically controlling the temperature parameter
in SA, aiming to remove costly parameter tuning while maintaining high performance.
The framework combines LLHs derived from FTSA under the guidance of HHs and is
implemented within a modular environment bridging HyFlex and EasyLocarL++. Results
show that HHs effectively learn to favor beneficial LLHs while discarding less useful
ones. In two of three domains, HHSA matched or outperformed finely tuned SA, and the
analysis indicates that HHs apply heuristics in coherent sequences, revealing emergent
heuristic-application policies.

6.4.2 Limitations

While the results are encouraging, this study presents some limitations. First, the current
LLHs portfolio does not account for varying degrees of mutation intensity within the
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Table 6.11: Different temperatures for the Permutation Flowshop Scheduling Problem (PFSP).

Alg. Rank Gap p-value Sign.
GIHHx* 1.58 — - —

FTSA; 463 932 <0.001 v (GIHH)
FTSA¢.75 457 922 <0001 v (GIHH)
FTSAo.50 4.25 916 <0.001 v (GIHH)
FTSA¢.25 4.55 93 <0.001 v (GIHH)
FTSAg.oo001 142  -0.09 0055 X
L-GIHH* 1.54 — —- —

FTSA; 4.63 9.37 <0.001 v (L-GIHH)
FTSAq.75 457 927 <0.001 v (L-GIHH)
FTSAo.50 4.25 9.21 <0.001 v (L-GIHH)
FTSAq.25 455 936 <0.001 v (L-GIHH)
FTSAo.0o001 146  -0.04 0128 X

LSRL* 1.7 — — —

FTSA; 4.63 9.09 <0.001 v (LSRL)
FTSAo.75 457 899 <0001 v (LSRL)
FTSAg.50 425 893 <0.001 v (LSRL)
FTSAq.25 455 9.08 <0.001 v (LSRL)
FTSA¢.00001 13 -029 <0.001 Vv (FTSA)

move operators, limiting the granularity of adaptability. Second, the setup includes only
homogeneous LLHs, each corresponding to a FTSA with fixed iteration budgets, which
may restrict flexibility in search dynamics. Third, the SA parameters are fully delegated to
the HH layer, which itself requires parameter tuning; this two-level parameterization may
introduce additional complexity and dependencies.

6.4.3 Future Work

Several directions can extend the present work. One way is to introduce mutation operators
with adjustable intensity, enabling finer control of search diversification and intensification.
Another is to expand the portfolio with heterogeneous LLHSs, such as variable-length
runs or complete SA executions, to increase flexibility in search strategies. Finally, future
research could explore transferring learned control strategies across instances or domains,
paving the way for cross-domain generalization.
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Table 6.12: Different temperatures for the Traveling Salesperson Problem (TSP).

Alg. Rank Gap p-value Sign.
GIHH* 1.33 — =

FTSA; 4.66 >100.00 <0.001 v (GIHH)
FTSAo.75 482 >100.00 <0.001 v (GIHH)
FTSA¢.50 44 >100.00 <0.001 v (GIHH)
FTSA¢.25 412 >100.00 <0.001 v (GIHH)
FTSAo.00001 1.67 286  <0.001 v (GIHH)
L-GIHH* 1.32 — - —

FTSA; 4.66 >100.00 <0.001 v (L-GIHH)
FTSAq.75 482 >100.00 <0.001 v (L-GIHH)
FTSAo.50 44 >100.00 <0.001 v (L-GIHH)
FTSA¢.25 412  >100.00 <0.001 v (L-GIHH)
FTSA0.00001 1.68 267 <0.001 v (L-GIHH)
LSRL* 1.32 — - —

FTSA: 466 >100.00 <0.001 v (LSRL)
FTSAq.75 482  >100.00 <0.001 v (LSRL)
FTSAo.50 44 >100.00 <0.001 v (LSRL)
FTSAq.25 412 >100.00 <0.001 v (LSRL)
FTSA0.00001 1.68 27.82 <0.001 v (LSRL)

Table 6.13: Comparison between GIHH, L-GIHH, and LSRL and HH.,.

Prob. Alg. Rank Gap p-value Sign.

E-GCP  HH; % 3.01 — S
GIHH 217 -0085 <0001 « (HHSA)
LGIHH 236 -0073 <0001 v (HHSA)
LSRL 246 -0.085 0002 v (HHSA)

PFSP  HH, 278 — -
GIHH 217 -0186 0018 v (HHSA)
LGIHH 192 -0234 0003 v (HHSA)

LSRL 313 0019 0443
TSP HH, 2.97 — -
GIHH 24 8116 0010 « (HHSA)

LGIHH 241 -6.705 <0.001 v (HHSA)
LSRL 222 -7321 <0.001 v (HHSA)
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Chapter 7

Introduction

Energy production and use are among the main drivers of global warming and the climate
crisis.! Improving energy efficiency therefore emerges as one of the most cost-effective
mitigation measures, particularly in industrial sectors.? This priority is reflected in the
United Nations Sustainable Development Goals (UN SDGs), specifically Goal 9 (Build
resilient infrastructure, promote inclusive and sustainable industrialization, and foster innovation)
and Goal 12 (Ensure sustainable consumption and production patterns).

The urgency is evident: without action, annual electricity consumption is projected to
rise sharply across applications such as material processing, lighting, refrigeration, air
conditioning, and the operation of electric motors and transformers. This growing demand
is fueled by rising income levels, population growth, and the expansion of high-tech
industries. Yet many policies on energy efficiency remain weak, outdated, or non-existent.?

Among the most energy-intensive sectors is semiconductor fabrication [98], where
specialized heat-treatment ovens (Figure 7.1) consume large amounts of energy during
the component hardening process (Figure 7.2). In 2021 alone, the industry consumed
149 billion kWh of electricity, enough to power a metropolis of more than 25 million people
for an entire year [488].

A practical way to reduce this high energy use is to group compatible components (or
jobs) and process them in batches, thus maximizing efficient use of resources. However,
deciding how to assign jobs to batches and schedule them across multiple ovens involves
complex constraints. This problem is known in the literature as (parallel) batch scheduling
problm [180]. Within this family, the Oven Scheduling Problem (OSP) has recently been
introduced as a real-world, NP-hard parallel batch scheduling problem in the context of
the semiconductor industry [275]. The OSP aims to group compatible components into
batches and determine an optimal processing schedule across available ovens. Jobs in
the OSP are characterized by features such as minimum and maximum processing times,
due dates, and sizes. Ovens, in turn, operate within specific time slots and have limited
capacity. The objective combines three components: the cumulative processing time of
batches, the number of tardy jobs, and the cumulative setup costs.

While the OSP builds on constraints and objectives familiar in scheduling research, it

Thttps://www.unep.org/topics/energy. Accessed 2025-10-04.
https://sdgs.un.org/2030agenda. Accessed 2025-10-04.
*https://united4efficiency.org. Accessed 2025-10-04.

97


https://www.unep.org/topics/energy
https://sdgs.un.org/2030agenda
https://united4efficiency.org

98 CHAPTER 7. INTRODUCTION

Figure 7.1: Reflow oven typically used in the semiconductor industry (photograph by Nelatan,
distributed under a CC BY-SA 3.0 license).

represents the first formulation that integrates a broad range of real-world requirements
into a cohesive model. Thus, it establishes a testbed that more faithfully mirrors industrial
conditions and moves beyond simplified benchmark.

The problem has so far been tackled mainly with exact approaches, such as Constraint
Programming (CP) and Integer Linear Programming (ILP) [275]. These methods offer
theoretical rigor but face two major limitations. First, they struggle to solve large instances
optimally as job counts grow, which is a critical issue, since industrial settings often involve
hundreds of jobs. Second, in practice, timely decision-making is essential: it is often
preferable to obtain good solutions quickly than optimal ones after long computations. Yet
current exact methods typically require up to an hour of runtime (i.e., the given timeout),
which severely limits their usability in time-sensitive applications. This motivates the
exploration of scalable heuristic and metaheuristic approaches for the OSP.

7.1 Goals

The central goal of this part of the thesis is to develop efficient and scalable methods for
solving the OSP, particularly suited for large and realistic problem instances where exact
methods fall short. Equally important is the rigorous characterization of these methods,
ensuring they are not only effective in practice but also well understood in terms of their
underlying dynamics. This entails examining how different algorithmic components
influence solution quality, analyzing performance relative to instance characteristics, and
exploring the structure of the search space.

At the time these studies were conducted, the application of advanced analysis tech-
niques, such as Instance Space Analysis (ISA) and Search Trajectory Networks (STNs), to
non-benchmark, industrially relevant problems was still very limited. Yet such analyses
are crucial for demonstrating the practical relevance of optimization methods to poten-
tial industry collaborators. Accordingly, the contributions of this work extend beyond
the parallel batch scheduling community, offering methodological value to the broader



7.1. GOALS 99

Figure 7.2: Example of component, i.e., a MOS 6581 sound chip from a Commodore 64 main board
(photograph by Christian Taube, distributed under a Creative Commons Attribution-Share Alike
2.5 Generic license).

benchmarking and algorithm analysis domains.
These goals can be formulated as the following Research Questions (RQs):

RQ1 Can exact methods be improved through theoretical insights?
RQ2 Can exact methods performance be enhanced by integrating heuristic approaches?
RQ3 How do classical metaheuristics perform on the OSP?

RQ4 What are the key features of the OSP that characterize its structure, and which
features best capture the difficulty of an instance?

RQ5 How can we effectively characterize the search spaces of OSP instances?

To address RQ1, we develop and analyze theoretically derived Lower Bounds (LBs). These
bounds incorporate the problem’s core constraints, including machine eligibility, machine
availability, job processing times, and batch-dependent setup costs. The investigation
addressing this RQ is presented in Chapter 9 and refers to the following works:

e Da Ros, F., Lackner, M., & Musliu, N. (2024). Theoretical lower bounds for the oven
scheduling problem. In Proceedings of the 14th International Conference on the Practice
and Theory of Automated Timetabling. Conference rank: CORE2023 C.

e Lackner, M. L., Da Ros, F., & Musliu, N. (2025, submitted). Theoretical lower bounds
for a parallel batch scheduling problem. Submitted to a journal.

To address RQ2, we design a tailored Large Neighborhood Search (LNS) approach
for the OSP. The method introduces specialized destroy and repair strategies, alongside
parameter tuning, with the explicit goal of handling large instances intractable for exact
solvers. The investigation addressing this RQ is presented in Chapter 10 and refers to the
following work:
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¢ Da Ros, F., & Di Gaspero, L., Lackner, M. L., & Musliu, N. (2024). Reducing Energy
Consumption in Electronic Component Manufacturing through Large Neighbor-
hood Search. In Proceedings of the Companion Conference on Genetic and Evolutionary
Computation (pp. 1706-1714). New York, NY: ACM.

To address RQ3, we develop a multi-neighborhood Simulated Annealing (SA) algorithm.
This approach consistently outperforms CP, ILP, and even our proposed LNS method on
large instances, while achieving competitive results on smaller ones. It also provides good
results on a related batch scheduling problem (Appendix D). The investigation addressing
this RQ is presented in Chapter 10 and refers to the following work:

¢ Da Ros, F., Di Gaspero, L., Lackner, M. L., Musliu, N., & Winter, F. (2025). Multi-
neighborhood simulated annealing for the oven scheduling problem. Computers &
Operations Research, 177,106999. Journal rank: Scimago Q1 (2024).

To address RQ4, we perform an ISA using a set of 165 instance features. Following
the methodology of Smith-Miles and Mufioz [436], we apply dimensionality reduction
and clustering to explore the instance space. This analysis is complemented by algorithm
selection techniques, where predictive models confirm the ability of certain features to
discriminate between algorithmic behaviors. The investigation addressing this RQ is
presented in Chapter 11 and refers to the following work:

¢ Da Ros, F., Di Gaspero, L., Lackner, M. L., & Musliu, N. (2025). Instance space
analysis and algorithm selection for a parallel batch scheduling problem. In European
Conference on Evolutionary Computation in Combinatorial Optimization (Part of EvoStar)
(pp. 66-83). Cham: Springer Nature Switzerland. Conference rank: CORE2023 B.

To address RQ5, we apply STNs to a subset of problem instances. This analysis compares
the search behavior of both the SA and LNS algorithms, providing insights into their
dynamics and their interactions with the underlying landscape structure The investigation
addressing this RQ is presented in Chapter 12 and refers to the following work:

* Da Ros, F., Di Gaspero, L., Lackner, M. L., Musliu, N., & Soprano, M. (2025). Search
trajectory networks applied to a real-world parallel batch scheduling problem. In
International Conference on the Applications of Evolutionary Computation (Part of EvoStar)
(pp- 68-85). Cham: Springer Nature Switzerland. Conference rank: CORE2023 B.

Figure 7.3 provides an overview of the structure of this part of the thesis. Background is
highlighted in blue, while the original contributions of this thesis are marked in orange.

7.2 Structure

This part of the thesis is structured as follows. Chapter 8 presents a detailed description
of the OSP. Chapter 9 discusses the theoretical and empirical development of LBs for the
OSP. Chapter 10 introduces the two solution methods developed in this thesis: LNS and
SA, respectively. Chapter 11 reports on the ISA conducted to understand instance-level
characteristics and algorithm performance. Finally, Chapter 12 focuses on the landscape
analysis, using STNs to study the search behavior of SA and LNS.
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Figure 7.3: Schematic representation of the goals and content of this part of the thesis.







Chapter 8

Problem Definition

The Oven Scheduling Problem (OSP) is a real-world scheduling problem involving parallel
batch processing with machine eligibility, availability constraints, and setup times. This
problem originates from a collaboration with an industrial partner in Central Europe and
reflects the challenges commonly encountered in high-throughput manufacturing industry.

To make the problem accessible to both technical and non-technical audiences, we
provide two complementary perspectives: a lay description, which offers an intuitive
overview of the problem’s logic and practical implications, and a formal definition, which
rigorously defines the problem using the mathematical and algorithmic structures needed
for modeling and solving it.

Providing a lay description of the problem aligns with recent initiatives such as those
promoted by the Randomized Optimization Algorithms Research Network (ROAR-NET)
Cost Action, which emphasize the importance of understanding how both academic
and industrial users formulate and interact with optimization problems. These efforts
advocate for bridging formal models with real-world requirements by making problem
descriptions accessible, supporting user-driven formulation, and enabling broader adoption
of optimization techniques. In this context, offering an intuitive explanation of the problem
complements the formal definition, helping to contextualize the problem structure, clarify
user needs, and support the development of tools and interfaces that promote practical
and effective optimization workflows.

This chapter is organized as follows. Section 8.1 presents a lay description of the
problem, followed by its formal definition in Section 8.2. Section 8.3 introduces the formal
representation of the problem in terms of instance and solution structures.

8.1 Lay Problem Definition

In this section, we report a lay natural language description of the OSP, starting with
entities (Section 8.1.1), followed by the optimization goal (Section 8.1.2), and concluding
with the operational rules (Section 8.1.3).

8.1.1 Entities

The main entities of the OSP are the followings: a set of machines (or ovens), a set of jobs
(or components), a set of attributes, representing the temperatures at which jobs need to be
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processed, and the length of the scheduling horizon, representing the total time available.
Each machine is characterized by its initial attribute (temperature), a set of availability
intervals indicating when it can operate, and a maximum processing capacity. Each job is
characterized by its release time, due date, minimum and maximum processing time, specific
attribute (temperature), size, and a subset of eligible machines for where it can be processed.
Changing the oven temperature to match a job attribute incurs economic and time costs,
represented by matrices describing setup costs and setup times for switching settings.

8.1.2 Optimization Goal

The aim of the OSP is to group compatible jobs into batches and devise a processing schedule
on the set of machines. The optimization goal of the OSP consists of three parts: minimizing
the cumulative processing time of the batches across machines, minimizing the cumulative
setup costs associated with these batches, and minimizing the count of tardy jobs. The
objective function is a combination of these components based on industry needs (e.g., in
some cases the first component might be more important than the other two, or vice versa).

8.1.3 Operational Rules

A feasible solution to the OSP must satisfy the following operational rules:
¢ Each job can be processed by exactly one batch on one of its eligible machines.
¢ Each batch must be processed within the scheduling horizon.
¢ Alljobs in one batch have the same start and end time.
¢ Alljobs assigned to one batch must share the same attribute.
* The batch size must not exceed the capacity of the machine it is assigned to.
* A batch may not start before the release time of any job in that batch.

* The processing time of each batch must lie between the minimum and maximum
processing times of all assigned jobs. Preemption is not allowed.

¢ Batches on the same machine may not overlap, and setup times must be accounted
for between consecutive batches.

¢ Both the batch processing time and the preceding setup time must lie entirely within
one of the machine’s availability intervals.

8.2 Formal Problem Description

In this section, we report the mathematical formulation of the OSP, in the form of the
Integer Linear Programming (ILP) as proposed by M. Lackner et al. [275]. Note that some
of the notation has been modified w.r.t. the original version to facilitate readability. First,
we describe the instance parameters (Section 8.2.1), then we report the decision variables
(Section 8.2.2) and constraints (Section 8.2.3), and finally we conclude with the objective
function (Section 8.2.4).
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8.2.1 Instance Parameters

An instance of the OSP consists of a set M = {1,...,k} of machines, aset 7 = {1,...,n}
of jobs, aset A = {1,...,a} of attributes, and the length [ € N of the scheduling horizon.
Furthermore, for each machine, the scheduling horizon is divided into a maximum of
I availability intervals, with the remaining time representing the downtimes when the
machines are unavailable. Table 8.1 reports the parameters of an instance of the OSP.

Table 8.1: Parameters of an instance of the Integer Linear Programming (ILP) model for the Oven
Scheduling Problem (OSP).

Param. Domain Description
k N Number of machines, so that M = {1,..., k}
n N Number of jobs, so that 7 = {1,...,n}
a N Number of attributes, so that 4 = {1,...,a}
l N Length of the scheduling horizon, consisting of timeslots [0, {]
Cm N Maximum capacity of machine m € M
qnital A Initial attribute of machine m € M
start [0,1] Start of the i-th interval on machine m € M fori € [1, I]
Uf,‘;"i- [0,1] End of the i-th interval on machine m € M for i € [1, 1]
start [0,1] Release date of job j € J
T;“_d [0,1] Due date of job j € J
A7 [0,1] Minimal processing time of job j € J. The instance minimal processing time is
indicated as minr
A7 [0,1] Maximal processing time of job j € J. The instance maximal processing time is
indicated as maxr
o A Attribute of job j € J
S5 N Size of job j € J
& M Eligible machines of job j € J
ST Ax A — N Matrix of setup times. The maximum setup time is indicated with maxsr
SC Ax A— N Matrix of setup cost incurred. The maximum setup cost is indicated with maxsc

Table 8.2: Decision variables for the Integer Linear Programming (ILP) formulation of the Oven
Scheduling Problem (OSP).

Var. Domain  Description

Xmb,j {0,1} 1, if job j is processed in batch By 4, i.e., in batch number b on machine m; 0, otherwise.
DefinedVm e M Vbe [1,n] VjeJ

Sim.b [0,1] Start time of batch By, ;. Defined Vm € M Vb € [1,n]

Py [0,maxr| Processing time of batch By, . Defined Ym € M Vb € [1,n]

Irmb,i {0,1} 1, if batch number b on machine m is processed during the machine’s i-th availability
interval; 0, otherwise. Defined Vm € M Vb e [1,n] Vie[1,I+1].

Amp [0,a] Attribute of batch By, . Defined Vi € M Vb € [1,n].

Tnb,j {0,1} 1, if job j in batch By, ; is late; 0, otherwise. Defined Vm € M Vb e [1,n] Vje J.

Stm.b [0, maxgy]  Setup time between batch B, 3 and the following batch. Defined Vi € M Vb € [1,n].

SCm.b [0, maxgs]  Setup cost between batch By, ; and the following batch. Defined Vim € M Vb € [1,n].

Eomp {0,1} 1, if batch By, 5 is empty; 0, otherwise. Defined Vm € M Vb € [1,n].

8.2.2 Decision Variables

The formulation relies on modeling batches by their processing order on machines.

For this reason, we consider the following additions to the instance parameters. In
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the worst possible case, there will be n batches (one batch for each job). Thus, a set
B={Bii,---sBin,...,Bia,...,Bgn} models up to n batches for machines 1 to k. To
break symmetries, it is enforced that batches are ordered in the machines based on their
starting times, with empty batches scheduled at the end.

To handle empty batches, an additional attribute with value 0 is defined and the setup
time matrix and the setup costs matrix are extended to ST and SC, respectively, so that no
time or cost is incurred when moving from/to an empty batch. Additionally, we add an
availability interval [/, /] to each machine so that empty batches can be scheduled on this
interval (the maximum number of intervals becomes I + 1).

Three sets of decision variables are employed to model the OSP. First, we introduce a set
of binary variables X, , ; encoding whether job j is assigned to batch B,, ;. Jobs that are
scheduled in the same batch are processed simultaneously, i.e., have the same start and end
time. Therefore, the integer decision variables S, ; and P, ; are used to encode the start
time and the processing time of batch B,, ;. Additionally, also some auxiliary variables are
defined to simplify the problem modeling. Table 8.2 lists all decision variables.

8.2.3 Constraints

The ILP formulation of the OSP involves the following constraints. Each job is assigned to
exactly one batch:

Z Z Xm,b,jzl VieJ
]

meM be(l,n

Each job is assigned to exactly one of its eligible machines:

Z Z Xmpj =1 VieJ

me&; be[l,n]
Batches may not start before the release date of any job in the batch:

Smp > T X b VmeM,be[l,n],jeTg

Batch processing times must lie between the minimal and maximal processing time of all
assigned jobs:

/\;‘nin : Xm,b,j < Pm,b A
Py < )\;,nax Xompj + mj@x-(l — Xonbj) Yme M,be[l,n],j €T

Batches on the same machine may not overlap and setup times must be considered:
Sm,b + Pm,b + Sty < Sm,b+1 Ym e M,be [1, n— 1]
Batches and the preceding setup times must lie within one machine availability interval:

tart
o-fnjzl‘. : Im,b,i < Sm,b A

Smp <08 T +1- (1= Lnyy) Vme M,be([l,n],ie1,1+1]
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S Ippi=1 Ym € M,b € [1,n]
i€[1,1+1]
affﬁt Tmpi < Smp — Stmp—1 Vm e M,be [2,n],i€[1,1+1]
ot I < Sy — ST(ag ™, A1) Ym e M,ie[L,1+1]
S+ Py <08 Lppi+1- (1= Inyp)  YmeM,be [1,n],i€[1,]+1]

The total size of each batch may not exceed the assigned machine’s capacity:

ZSj'vabvj <cm VYm € M,b € [1,n]
JjeJ

Jobs in one batch must have the same attribute:

aj Xmpj < Amp A
App < aj-Xmpj+a-(1—Xppj) Vje J,me M,be[l,n]

The helper variables for tardy jobs are set as follows:

Topi < Xmpj VjeJ,meM,be[l,n]
Sm,b + Pm,b < (Xm,b,j - Tm,b,j) ’ (T;nd - l) +1 v] S j,m S M,b € [1,’0]
Smb + P+ (1= Tppy) - (1+1) > 7 Vje J,me M,be[l,n]

Setup times and costs between batches on the same machine are defined as follows:

Stm,b = ﬁ(14771,123 Am,b+1) VYm € M, be [1, n — 1]
5¢mpb = SO(Am b, Ampi1) Vm e M,be [1,n— 1]

The decision variables for empty batches are set as follows:

ZXm,b,j >1—FEnp Vm e M,b € [1,n]
JjET

Xmpj <1—=Epp Vje J,me M,be[l,n]
Smp =1 Emp Vm e M,b € [1,n]
Py <= mj@x-(l —Enp) VYm € M,b € [1,n]
Epp <=Inpi+1 Vm € M,b € [1,n]
Appy <=a-(1—Epny) Vm e M,b € [1,n]
Epmp <= Enpi1 Vm e M,be [1,n—1]

8.2.4 Objective Function

We aim to minimize the cumulative processing time of the batches (p), the number of tardy
jobs (t), and the cumulative setup cost between the batches (sc). Specifically:

p=2_ 2 Pu

meM be(l,n]
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SC

> SC(smy Am) + D D semp
meM

meM be[l,n—1]

> 2 2 T
JjeTJ

meM be[1,n]

t

In order to combine the three objective components using a linear combination, p, sc,
and t need to be normalized to j5, sc and ¢ € [0, 1]. The normalization is as follows:

. \min

avgs - n n
- sc
sc =
max(maxgg, 1) - n
-t
f=—
n

The three normalized components are combined in the objective function (obj) as follows:

Wp P+ Wee * SCHwy - t

obj =
) Wy + Wse + W

€[0,1 CR (8.1)
where the weights w,, ws. and w; take integer values considering three Use Cases (UCs):

UC-1: The focus is on respecting the due dates of the jobs, thus weights are set as follows:
wp = 4, wee = 1, and w; = 100.

UC-2: The focus is on reducing the processing time of the batches, thus weights are
considered in a lexicographic manner so that w, = w; - (n + 1), ws. = 1, and
w; = n - maxgo +1.

UC-3: The focus is both on respecting the due dates and on reducing the processing time
of the batches, thus weights are set as follows: w, = 2, ws. = 1, and w; = 2.

8.3 Representation of Problem Characteristics

In this section, we first present the details of the instance representation (Section 8.3.1),
followed by a description of the solution representation (Section 8.3.2).

8.3.1 Instance Representation

To illustrate the OSP, we consider a randomly generated instance, where we need to
schedule 5 jobs (n = 5) over 2 machines (k = 2), considering 2 attributes (a = 2) over
a scheduling horizon of 60 time units (I = 60). The instance parameters related to the
machines are as follows.
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m 1 2
initial 2 1
ol ot 10,371 [2,30]

[
[ostart gend] 140, 60]  [40, 60]

m,2° Y m,2

The instance parameters related to the jobs are as follows.

j 1 2 3 4 5
g 1 1 1

2 2 2
st 75 5 6 8

J
rend 22 20 19 22 20

N
Amin 12010 11 10 11
AmaX 151312 15 15
s; 2 2 2 3 2

aj 1 1 2 2 2

The instance parameters related to setup times and costs are as follows.

ST:<2 3) SC:<0 1)
15 2 0

The instances provided in the original work were available in three formats: dzn, dat,
and json. While the content across these formats was equivalent, the structure and data
representation varied. For example, the json files expressed dates and times using UNIX
timestamps, whereas the dzn and dat formats represented time in discrete units ranging
from 0 to the end of the scheduling horizon.

In this thesis, we adopt the dzn format for both the literature instances (Section 3.4)
and those newly generated (Chapter 11). This choice is motivated by the following
considerations: (i) dzn is supported by libraries in most common programming languages,
facilitating parsing and integration; (ii) it is human-readable and easy to interpret; (iii) it
is independent of timestamp conventions, avoiding ambiguity in time representation.
Listing 8.1 presents the structure of a dzn instance for the OSP. In addition to the core
instance parameters, the file also includes auxiliary information such as normalization
factors for the objective value and supporting data useful for defining variable domains,
such as the minimum job duration and the maximum setup cost.

Listing 8.1: Scheme of a dzn instance for the Oven Scheduling Problem (OSP).

I
a=..;
setup_costs=[|..]..|]1;
setup_times=[|..]..|];
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m=..;
min_cap=[..];
max_cap=[..];

initState=[..];
3= o &

m_a_s

[loapnlaclds

m_,a_e = [|..,]..1];

n=..;

eligible_machine = [{..},];
earliest_start=[..];
latest_end=[..];
min_time=[..];
max_time=[..];

size=[..];

attribute=[..];

upper_bound_integer_objective=..;
mult_factor_total_runtime=..;
mult_factor_finished_toolate=..;
mult_factor_total_setuptimes=..;
mult_factor_total_setupcosts=..;
running_time_bound=..;
min_duration=..;

max_duration=..;
max_setup_time=..;
max_setup_cost=..;

8.3.2 Solution Representation

Figure 8.1 illustrates a feasible solution for this instance. Each machine is described by a
timeline, where the x-axis represents time, while the y-axis represents the capacity of the
machine. The maximum capacity of each machine m € M (c,,) is marked with a dashed
line, and the machines’ unavailability periods are hatched rectangles. Each rectangle
represents a job j € J: the height corresponds to its size (s;) and the color indicates its
attribute (c;). Batches are represented by stacked jobs, such as job 1 and job 2. The width
of each block represents the processing time of the batch (e.g., in the case of job 1 and job 2,
the minimal processing time of the batch corresponds to the maximum between A" and
AN which is ATUIM = 12; note that AJU" is highlighted with a dashed line). In this solution,
the running time of the ovens is p = 44, the number of tardy jobs is ¢t = 2 (jobs 3 and 5
finish after their due date), and the setup costs are sc = 4. This solution is optimal with
respect to the objective function defined in Equation (8.1) and referring to UC-1.

While the solution representation described above is well-suited for human interpretation,
as it offers a clear visualization of durations and scheduling constraints, it is not machine-
readable. In the original work, no standard format was specified for solution output. As
a result, solutions were typically reported in the default print format of the respective
solution methods, often including both decision and auxiliary variables.

In this thesis, we standardize solution output by adopting a structured json format.
This choice facilitates automated parsing, reproducibility, and integration with analysis
tools. Listing 8.2 presents an example of a solution file in json format. For each job, the file
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Figure 8.1: Visual representation of a feasible solution for the Oven Scheduling Problem (OSP).

specifies the assigned batch (i.e., its position within the machine’s processing sequence),
the machine to which the job is allocated, the job’s start time, and its associated processing
time. Such a representation is general enough to accommodate potential relaxations of
certain constraints. For example, while the current model assumes that all jobs within
a batch must start and finish simultaneously, this structure could be adapted to support
alternative formulations.

Listing 8.2: Scheme of a json solution file for the Oven Scheduling Problem (OSP).

"batch_for_job": [...],
"machine_for_job": [...],
"start_time_per_job": [...],
"processing_time_per_job": [...]






Chapter 9

Theoretical Lower Bounds

In practice, it is often preferable to obtain near-optimal solutions quickly rather than exact
ones. However, evaluating their quality is difficult without reliable baselines, particularly
when exact methods are unavailable or fail to provide tight Lower Bounds (LBs). This is
the the case of Oven Scheduling Problem (OSP) where exact approaches found optimal
solutions for 38 of 80 benchmark instances and rarely did so for larger real-world cases.
Problem-specific, efficiently computable LBs are therefore valuable: they support solution
quality assessment, strengthen exact methods by bounding variable ranges, and assist
metaheuristics through stopping criteria or search guidance.

Although theoretical LBs exist for batch scheduling problems (Section 3.5), they cannot
be directly applied to the OSP, as they overlook key constraints and objectives.Thus, in this
chapter, we present and evaluate a theoretical approach to computing LBs for the objectives
of the OSP and considering elements neglected from the current literature.

Our primary contributions are as follows:

¢ Thereotical LBs: We introduce a procedure to compute theoretical LBs for the three
objective components of the OSP and related aspects, more specifically for the number
of batches, the total oven runtime, the number of tardy jobs, and the total setup costs.
Our approach differs from the existing literature as it considers machine eligibility
and compatibility of processing times. Moreover, a Vehicle Routing instance is solved
in order to compute a LB on the setup costs and a Minimum Cost Flow instance is
solved to bound the tardiness.

¢ Evaluation of the LBs: We comprehensively evaluate the tightness of our calculated
LBs, encompassing the overall cost function and its individual components. We
differentiate between instances where an optimal solution is available and those
where it is not. Notably, for larger instances, our calculated LBs provide a small gap
w.r.t. the optimal solution value and very often outperform the LBs generated by
commercial solvers (wWhen the optimal solution value is not known).

¢ Integration of LBs in existing methods: We integrate the LBs into exact solution
approaches and uncover that the calculation times are greatly reduced, and new
optimality proofs and best solutions are found.

In a subsequent chapter (Chapter 11), these LBs will be used to characterize instance
complexity in a Instance Space Analysis (ISA).

113
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This chapter is structure as follows. Section 9.1 introduces the theoretical LBs; Section 9.2
details the experimental setup; Section 9.3 presents the results; and Section 9.4 offers
concluding remarks.

9.1 Methodology

We now present the theoretical LBs for each component of the objective function and for
the number of batches. The examples refer to the instance of Section 8.3.1.

9.1.1 Lower Bound on the Number of Batches and Processing Time

Since jobs can only be combined in a batch if they share the same attribute, bounds on the
number of batches required are calculated independently for all attributes. For a given
attribute r € A, we denote by b, the number of batches in a feasible solution and by p, the
minimal cumulative processing time of batches consisting of jobs with attribute r.

Bound based on Machine Capacities and Job Sizes

Due to the machine capacity constraints, a bound on the required number of batches is

br > |7 Zje]:aj:r Sj —‘ ’ (91)

maXmEM{Cm}

as stated by Koh et al. [262]. This corresponds to the minimal number of batches required
if we assume that jobs can be split into smaller jobs of unit size and that all jobs can
be scheduled on the machine with the largest machine capacity. This bound can be
tightened by applying bounds that have been developed in the Bin Packing literature.
A first possibility for improvement is to distinguish between “large” and “small” jobs
(similarly to Damodaran and Vélez-Gallego [125] and Li et al. [293]). Large jobs are those
jobs that are so large that they cannot accommodate any other jobs in the same batch and
thus need to be processed in a batch of their own. All other jobs are referred to as small
jobs. For a given attribute r, the sets of large jobs J! and small jobs J? with attribute r are
as follows:

J = {j €J o =r,57+s; > max(cy)
mesj

Viejwithi;éjandai:r}
Ji={jeT a=r}\J.

Instead of the bound in equation (9.1), we thus have the tighter bound:

2jets ©i W . 9.2)

b, > ! —_—
= el + |VmaXmeM{Cm}

Another, slightly different possibility for improvement, is to apply bounds that have been
developed by Martello and Toth [332] for the Bin Packing Problem, in particular the
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bound L, given in Theorem 2.2 therein. Given any integer k with 0 < k < 1C where
C = max,em{cn} and an attribute r € A, the following sets are defined (the notation
from [332] is adapted to the OSP setting):

JHk)y={jeT aj=rs>C—k}
J2k)y={jeT a;j=r,C—k>s;>C/2}
Jk)y={jeT a;j=rC/2>s;>k}.

Then it holds that
be(k) = [JH (k)| + |2 (k)| + (9.3)
> S~ (IJf(’f)IC— > Sj)
+max | 0 jeJ3(k) jeJz(k)
’ C

is a LB on the number of batches with jobs of attribute r. This is because all jobs in
JL(k) U J2(k) have a size greater than (/2 and require a separate batch.

In the following, we refine these bounds from the literature by considering the machine
eligibility constraints and the compatibility of processing times.

Refinement of the Bound for Small Jobs based on Machine Eligibility

Considering all small jobs of attribute r € A, we further distinguish them between those
that can be processed on several machines and those with a single eligible machine. Given
a machine ¢ € M, we use the following notation:

Zje],?:é’j:{i} Sj
(&

bri:

)

, and cap; = ([byi] — brg) - ¢

i.e., [by;| is the minimal number of batches with small jobs that need to be processed on
machine 7 and cap; is the total remaining capacity in these batches.
To schedule the small jobs of attribute r, we proceed as follows:

¢ Small jobs that need to be processed on a specific machine are scheduled on this
machine.

* The remaining small jobs are used to fill up the previously created batches.

¢ If there are still jobs left, we assume that they can be split into unit-size jobs and can
be scheduled on the machine with maximal capacity, creating b} additional batches.

The bound in equation (9.2) can thus be tightened as follows:

by 2bF = |J/|+ ) [bri] + by, where (9.4)
1EM
max (0, Zje]ﬁ:|8j\>1 S5 — Zie/\/l cap;)

maxme./\/l{cm}

b =
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In order to calculate a LB on the cumulative batch processing time p, of these batches,
note that all large jobs are processed in batches of their own which run for their respective
minimal processing times. Thus

pr> ) A pf (9.5)
jET}

where pZ denotes the minimal cumulative processing time of batches consisting of small
jobs with attribute r. A bound for pZ can be calculated as follows:

¢ For every machine ¢ with b,.; > 0, create the collection of minimal processing times
of small jobs that need to be processed on i; create the sum of the [b,;]| smallest
elements from this collection.

¢ From the collection of minimal processing times of small jobs that can be processed
on multiple machines, create the sum of the b} smallest elements.

¢ Among all small jobs, pick the one with the largest minimal processing time. The
batch containing this job will necessarily have this job’s minimal processing time. In
the previous two sums, one can thus replace the overall largest processing time with
this value.

Refinement of the Bin Packing Bound based on Machine Eligibility

In a similar fashion, the bound in equation (9.3) can be refined taking into account machine
eligibility constraints. For this purpose, we denote by .JZ;(k), respectively .J2;(k), the set of
jobs in J2(k), respectively J3(k), that can only be processed on machine i € M. In analogy
to the bound in equation (9.4), the bin packing bound b, (k) from equation (9.3) can be
tightened as follows:

b, > max bE (k), where (9.6)
0<k<lc
bE(k) = TR+ D (172:(k)| +b,)
ieM

1
+ émax 0, Z Sj — Z(czb;«,z - Capr,i) )

JEJFUIZ, ieM
|€51>1

b, := max <O, {Capm“) ,
’ Cl

capy; == Z S5 — Z (ci — sj)

JeTE (k) GeIZ ()

A LB on the batch processing times is given by

pr> max | Y A4 pE(k) | 9.7)
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where pZ (k) can be obtained analogously to the bound p in equation (9.5).

Refinement of the Bound for Small Jobs based on Compatible Job Processing Times

Two jobs i and j with respective minimal and maximal processing times A", /\;nin and
AP, AT® may only be combined in a batch if the intervals of their processing times have a
non-empty intersection:

AP APX] O AR, X)), 9.8)

This compatibility relation between jobs can be represented with the help of a compatibility
graph G = (V, E), where V is the set of all jobs 7 and (i, j) € E if and only if the jobs i and j
have compatible processing times. In this graph, a batch forms a (not necessarily maximal)
clique. The problem of solving an OSP instance with unit-sized jobs, i.e. s; = 1 for all
j € J, and a single machine with capacity c is thus equivalent to covering the nodes of the
compatibility graph with the smallest number of cliques with size no larger than c. Let us
therefore consider the following special case of the OSP:

OSP*: Given a set of jobs Z of unit size defined by their minimal and maximal processing
times, i.e. j = [)\3’-”'”, A and sj = 1forall j € T, and a single machine with capacity
¢ € N, how many batches do we need at least in order to process all jobs if jobs can only
be processed in the same batch if the compatibility condition (9.8) is fulfilled?

Several variants of this problem have been studied in the literature, e.g. by Finke et al. [179];
the variant that we are interested in corresponds to their problem (P2). Solving the problem
OSP* will allow us to obtain LBs for the OSP: Indeed, as in equation (9.1), we obtain LBs
on the number of batches required and their processing times if we assume that jobs can be
split into smaller jobs of unit size and that all jobs can be scheduled on the machine with
largest machine capacity.

Covering the nodes of a graph with the smallest number of cliques with size no larger
than c is NP-complete for arbitrary graphs, but solvable in polynomial time for interval
graphs. A simple greedy algorithm to solve this problem is provided by Finke et al. [179]
and referred to as the algorithm GAC (greedy algorithm with compatibility). By adapting
the order in which jobs are processed by the GAC algorithm, we obtain an algorithm that
minimizes both the number of batches and the cumulative batch processing time. We call
this algorithm GAC+.

Algorithm GAC+. Consider the set of jobs Z in non-increasing order ji, jo, . . ., j, of their
minimal processing times )\;»“in, breaking ties arbitrarily. Construct one batch per iteration
until all jobs have been placed into batches. In iteration i, open a new batch B; and label it
with the first job j* that has not yet been placed in a batch. Starting with j* = [)\?P“, A,
place into B; the first ¢ not yet scheduled jobs j for which AT € [AT, A7] (or all of them
if there are fewer than c).

For a set Z of unit-sized jobs and a maximum batch size ¢ € N, we denote by GACH(Z, c)
the number of batches returned by the GAC+ algorithm above. Similarly, let GACp(Z, c)
denote the minimal processing time returned by the GAC+ algorithm for this instance.

Theorem 1. For any given set of unit-sized jobs I and for any given constant c¢ € N, Algorithm
GAC+ solves the problem OSP*, i.e., GACH(Z, c) is the minimum number of batches required
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under the condition that a batch may not contain more than c jobs. Moreover, the cumulative batch
processing time GACp(Z, c) is minimal.

By slight abuse of notation, for a set 7 of jobs with arbitrary job sizes, let GACH(J, c)
denote the number of batches returned by the GAC+ algorithm when replacing every job
Jj € J with s; identical copies of unit-sized jobs. Similarly, let GACp(7, c) denote the
minimal processing time returned by the GAC+ algorithm for this instance. With this
notation, we obtain the following bounds:

by > |JL 4+ S, 9.9)
with ¢ = GACH(J?, max{cm})
Pr > Z )\;nm +p7" ’ (910)
jedt

with p’ = GACp(J;, max {cm}).

Proof of Theorem 1. We follow the proof of Theorem 4 in [179], extending it to include the
minimization of the cumulative batch processing time and adapting it to our variant of the
algorithm. The proof is by induction over the number of jobs and the induction start with
a single job is trivial.

Let us start with a simple observation about the minimum number of batches and the
minimal batch processing time. For this, let b(Z, ¢) denote the minimum number of batches
required to schedule all jobs in Z under the condition that a batch may not contain more
than cjobs. Similarly, let p(Z, c) denote the minimal cumulative batch processing time in
any schedule of all jobs in Z. Then these two functions are monotonous in Z, i.e.:

b(Z,c) = b(Z\{j},c) (9.11)
and p(Z,c) > p(Z\ {j},c), forevery j € T.

For the induction step, consider a sequence of batches B = (By, Bs, ..., By) constructed
by the algorithm GAC+ for Z, B; being the first batch constructed by the algorithm and
p € N being the cumulative batch processing time of B. Let the label of B; be the job
i = [ANN D] e, AN = max;er )\;“i“ and the processing time of B is equal to A",
For the set of jobs Z \ Bj, the algorithm constructs the batch sequence By, . .., By (see the
definition of GAC+). By the induction hypothesis we know that Bs, .. ., By is optimal for
Z\ By,ie, b(Z\ By,c) = |B|—1=b—1and p(Z\ By, c) = p— A", It thus suffices to show
that there exists a batch sequence of minimal length and with minimal batch processing
time that contains the batch B;.

Let Oy be the batch containing  in an optimal sequence of batches O and let us choose O
such that the size of the intersection |O; N B; | is maximal. We will prove that O = B;.

First note that i € O; implies that A" € [)\3-“1“, A7 for all jobs j € Ox: A;“in < Amin
since A" is maximal and A} < AT since every job j € O; needs to be compatible with
i. Thus the processing time of batch O is equal to AJ"".

We now distinguish two cases: |B;| < ¢ and |B;| = ¢, where c is the maximum batch
size. If |B;| < ¢, the batch B; contains all neighbors of i in the compatibility graph G
corresponding to the set of jobs Z. Since O is a clique containing ¢, it follows that O; C B;.
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Then by monotonicity (as stated in equation (9.11)), we have

B —1=b(Z\ Bi,c)

<b(Z\O1,c) = 0| -1
andp—)\;“m:p(I\Bl, c)

< p(T\ O1,¢) = p(Z,¢) — AT,

which proves that B is optimal both in terms of the number of batches and in terms of the
cumulative processing time.

For the case | B1| = ¢, we assume towards a contradiction that there exists a job j so that
j= M AM € By \ Oy

This implies that there must also exist a job k = [)\g‘i“, AP € Oy \ By. (As before, O1 C By
would imply that B is optimal. However, the job j could have been added to O; without
having an impact on the number of batches or the batch processing time required by O.
This however is a contradiction to the choice of ©). From the definition of the algorithm, we
know that B, consists of the first ¢ jobs containing )\?ﬁn. Therefore, j < k and )\?‘m > /\‘,?in.
Moreover, as noted earlier, we know that "™ € k = [A\["", A*®] and thus [A\T"", AT"7] C k.

We then define O] := (01 \ {k}) U {j} and redefine the batch O € O that contains j
as O' .= (O \ {j}) U {k}. Both these batches fulfill the compatibility constraint for the
processing times: O} does so because A™™ is contained in j and in all jobs in O; and
O’ does so because all jobs that are compatible with j are also compatible with k (If job
s is compatible with j, this means that s = [\ \™X] N [/\;-“in, Amin] o£ () since AN s
maximal among all minimal processing times. On the other hand, we already noted that
[)\E-ni“, Amin} C  and thus s Nk # (), which means that s and k are compatible.) As for
the processing times of the batches, both batches O; and O] have the processing time
)\?‘in as they contain job i. For the batch O’, we have replaced the job i with a job with
smaller or equal processing time (AM" > A\IM) Thus the processing time of batch O’ is
smaller or equal to the batch processing time of O. We have thus produced another optimal
sequence of batches O’ = O\ {O1,0} U{0}, O'}. However, |0} N B;| > |O; N B;| which is
in contradiction to the choice of O. This finishes the proof. O

Overall Bound on the Number of Batches and the Minimal Cumulative Processing Time

Combining the previously established bounds, we obtain:

b>2max (] 1+ max(bP, 69), max bE(k)>,

ke[o

D S 3
r=1

jEJL

max ( Z )\Emn—l—pf(k))),

Rel0.51 N s 1 moaz)
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where bF is defined in equation (9.4), b¢ in equation (9.9) and bZ (k) in equation (9.6), the
procedure to calculate pZ and pZ (k) is described right after equation (9.5) and p¢ is defined
in equation 9.10.

Example

For the example instance, the simple bin packing bound from Equation (9.2) that distin-
guishes between small and large jobs already delivers the best possible result. Indeed, it
establishes the optimal number of batches: for attribute 1 both small jobs 1 and 2 can be
processed within one batch, i.e., by = 1; for attribute 2, jobs 4 and 5 are large and require a
batch of their own, and the remaining small job 3 also requires one batch, i.e., by = 3; 4
batches are thus required in total. As for the cumulative batch processing time, we have:

p> rnaX()\rlnin7 )\r2nin) + )\Zmn + /\gnin + )\:rgnin
=12+ 10+ 11+ 11 =44
which corresponds to the optimal value for this instance.
In order to exemplify the calculation of the refined LBs, let us consider a larger random

instance with ten jobs and two machines. The respective machine capacities are ¢; = 18
and cp = 20; the relevant job parameters are given as follows:

i 1 2 3 45 6 7 8 9 10

gj My My My M, My M, My

Mo Mo Mo My Mo Mo Moy Mo

)\;-“i“ 11 10 19 19 10 19 11 50 19 11
A711 50 19 19 11 50 50 50 19 50
s; 1816 17 2 6 19 11 11 4 14
o 2 2 2 1 2 2 2 2 11

The values of the LBs for the number of batches required and the cumulative batch
processing times are summarized in Table 9.1. We explain their calculation in what follows.
The sets of large jobs are J{ =@ and Jé = {1,2, 3,6}, we thus need 4 batches for the large
jobs of attribute 2 and none for attribute 1. The processing times for large batches are given
by the minimal processing times of the large jobs and contribute 11 + 10 + 19 + 19 = 59 to
the cumulative batch processing time.

For the processing time of small jobs, we exemplify the calculation of the bounds in
equation 9.4 based on eligible machines for attribute 1 and the one of the bound based on
compatible processing times for attribute 2. For attribute 1, we have three small jobs (4,
9, and 10) of which job 4 can only be processed on machine 1 and job 9 only on machine
2. Two different batches are thus required for these jobs. Since the cumulative remaining
machine capacity (2- max{c;, } — (s4+ s9) = 40 — (2+4) = 34) is sufficient to accommodate
job 10 with s19 = 14, these two batches suffice. In this case, the runtime of the two batches
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is given by the minimal runtime of the two jobs 4 and 9, and is equal to 38 in total. For the
bounds b; (k)

As for attribute 2, the small jobs are 5, 7, and 8. Their respective intervals of possible
processing times are [10, 11], [11,50] and [50,50]. In the compatibility graph, there is
therefore an edge between nodes 5 and 7 and between nodes 7 and 8. To follow algorithm
GAC+, we sort the list of jobs in decreasing order of their minimal processing times: (8,7, 5).
A first batch with a processing time of 50 is created for job 8. The remaining capacity in this
batch is 20 — 11 = 9 (assuming that it is assigned to the machine with maximal capacity).
We thus proceed in the list of jobs and add 9 of the 11 units of job 7 to this batch. For the
remaining 2 units of job 7, a new batch with processing time 11 is created. We can add the
entire job 5 to this batch. In total, two batches with a cumulative processing time of 61 are
needed for the small jobs of attribute 2.

The bounds in equations (9.6) and (9.7) yield the same results. For attribute 1, the
maximum values is obtained for k£ = 0, 1 and 2 where we have b; (k) = 2 and p; (k) = 38.
For attribute 2, the maximum values are obtained for £ = 3 where we have b2(3) = 6 and
p2(3) = 120. To be more precise:

b2(3) =[{1, 63 |+ 1 {8} [+] {3} |

=133)  =J3,08) =J3,(3)
S+ 85+ s7— 10

o i
33 —10

| 2] =o

Table 9.1: Lower bounds for the number of batches and the cumulative batch processing time for
an example instance with 10 jobs. Best results per attribute are highlighted in bold font.

attribute
bound type 1 2 >
number  simple (9.1) 1 5
of batches b%(9.4) 2 6 g
b¢(9.9) 1 6
max b, (k) (9.6) 2 6

processing large jobs + pZ (9.5) 38 119
times large jobs + p¢ (9.10) 19 120 158
max Y A"+ p,. (k) (9.7) 38 120

9.1.2 Lower Bound on the Setup Costs

Using the LB on the number of batches obtained in Section 9.1.1, a LB on the setup costs
can be computed by solving a Vehicle Routing Problem (VRP). This is done by creating one
location per batch required and one vehicle per machine. Machine eligibility restrictions
correspond to restrictions on which vehicles may visit which locations and the cost of
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traveling between locations is given by the setup costs between batches.

The VRP [127] is a classical combinatorial optimization problem that generalizes the
Traveling Salesperson Problem (TSP). Given a fleet of vehicles and a set of customers at
different locations, the task is to find an optimal, i.e., cost-minimal, set of routes such that
all customers are visited exactly once.

In this section, we first introduce the additional notation, then we outline how to convert
an OSP instance to a VRP one, and, finally, we provide an example.

Preliminaries

In order to create a VRP instance from an OSP instance, the matrix of setup costs SC first
needs to be checked and possibly adapted. Indeed, it might be the case that the setup costs
do not fulfill the triangle inequality. If this is the case, it can be advantageous, in terms of
minimizing the setup costs, to introduce additional batches and one cannot derive a LB on
the setup costs by using the minimum number of batches required. Thus, for every pair of
attributes r, s € A, we calculate the adapted setup costs SC’ as follows:

/ o .
SC'(r,s) = min SC(r,t) +SC(t, s),

i.e.,, SC'(r,s) = SC(r, s) if the triangle inequality is fulfilled for attributes r and s.

From the procedure described in Section 9.1.1, the minimum number of batches b,
required per attribute r € A is retrieved. Moreover, the set of eligible machines for each of
these batches is stored and denoted by &; , C M forr € Aand 1 <i <b,.

Creation of the Vehicle Routing Problem Instance for an Oven Scheduling Problem
Instance

The VRP instance is constructed in the following way.

* One location is created per batch required: A node labeled B, ; is introduced for
every attribute r € Aand 1 <14 < b,.

¢ One vehicle v, per machine m € M is created.

¢ For every vehicle v,,, a depot D,, is created. The vehicle v,, must start and end its
route at its depot D,,. The depot D,, is connected to those locations B, ; for which it
holds that m € &; ;..

* An edge is present between every pair of distinct locations. The cost of traveling from
location B, ; to location B, ; is equal to SC'(r, s).

¢ The cost of traveling from depot D,, to location B, ; (if the edge is present) is equal to
SC’(adnitial ) where ol jg the initial attribute of machine m € M. No costs are
incurred when traveling from a location to a depot.

An optimal solution of the resulting VRP instance, i.e., a cost-minimal route that visits
all locations exactly once, clearly is a LB on the setup costs of the considered OSP instance.
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Example of a Vehicle Routing Problem Instance and its Optimal Solution

As an example, the VRP instance corresponding to the OSP instance described in Section 8.3.1
is given in Figure 9.1. Note that the setup costs for this example fulfill the triangle inequality
and thus SC = SC'. From Section 9.1.1, one obtains that at least one batch is necessary
for attribute 1 and three batches are necessary for attribute 2. We have: b; = 1 and
51,1 = {Ml} as well as b2 = 3 with 82,1 = {MQ}, 52’2 = {Ml, Mg} and 52’3 = {Mg} A VRP
instance with two vehicles, two depots, and four locations is thus created. The following
routes correspond to an optimal solution with cost = 3: D1-B; ;—D; for vehicle v; (cost 2),
DQ—B271—BQ73—B272—D2 for vehicle V9 (COSt 1)

Legend V2

May visit:
Location
B21B22Bos
[ Joepar =
| Aribute 1 V1

Attribute 2
May visit:
Cost of edges
S ~0 B11Bapo

,
»Optimal

Figure 9.1: Example of the Vehicle Routing Problem (VRP) instance used to compute a Lower Bound
(LB) on the setup costs for the Oven Scheduling Problem (OSP) instance described in Section 8.3.1.
An optimal route for the two vehicles of cost 3 is given by following the edges marked in green.

9.1.3 Lower Bound on the Number of Tardy Jobs

We compute the LB on the number of tardy jobs by solving a Minimum Cost Flow Problem
(MCEFP). This is a network optimization problem where each edge in the graph is assigned
a unit cost for transporting material across it and a maximal possible flow. The objective is
to determine the flow (i.e., which amount to send across each edge and this amount can
be a real number) with the least total cost while satisfying specific constraints [118]. The
MCFP includes special nodes, referred to as supply nodes and demand nodes: Supply
nodes add a positive amount (supply) to the flow, which could represent production at
that node; Demand nodes subtract a negative amount (demand) from the flow, which
could represent consumption at that node. The flow in the network must adhere to the
flow conservation rule: At each node, the total flow out of the node minus the total flow
into the node must equal the supply or demand at that node. The MCFP aims to transport
material from supply nodes to demand nodes in such a way that the total transportation
cost is minimized while ensuring the flow conservation rule is met at every node.
Dealing with tardiness using MCFP has been put forward also by Baptiste, Jouglet, and
Savourey [35], however, their approach is different as they divide the jobs into unary jobs
and address a basic version of batch scheduling problem. This approach could not be
directly applied to the OSP because, given the size of our instances, the problem size could
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explode to intractable sizes.

In this section, we first introduce the additional notation and how to convert an instance
of the OSP to one for the MCFP together with an example. Finally, we report an alternative
way to calculate a LB on ¢.

Preliminaries

The minimal setup time for each job j € J is indicated as min?T, more formally:

. ST .
min?" = min ST (7, o
J reA (7 ])

where o € A is the attribute of job j.
The minimal setup and processing time indicated as 7; is calculated for each job j € J as

. )\min . ST
7T] = >\j + mlnj

start zend ig divided into

m,t 7 m,i

sub-intervals of equal length. The length of each sub-interval is given by the minimal 7;

For each machine m € M, each machine availability interval [o

considering the jobs compatible with that interval, the last sub-interval possibly being
shorter than the others. The determination of the minimal 7; takes into account release
times, minimum processing times, sizes, and machine eligibility. These sub-intervals
are denoted by the triple (m, i, k), with m being the machine, i the interval, and k the
sub-interval. The start and end of each sub-interval are given by [gstart,  gend |,

m,i,k’ Fm,ik

Creation of the Minimum Cost Flow Problem Instance for an Oven Scheduling Instance

Given the previously introduced, notation the MCFP instance is constructed as follows.
* Each job j is a supply node with a supply equal to s;, that is the size of job j.

e Each sub-interval (m, i, k) is considered as a demand node with a demand equal to
Cyn, that is the capacity of machine m. In our MCFP instance, nodes that are neither
supply nor demand nodes are not present.

¢ Regarding the conservation of flow, the introduction of subintervals generates more
capacity than required, resulting in an imbalance between the total job sizes and the
demand. To address this, we introduce a dummy node to absorb the excess capacity
and ensure balance.

 There is an edge between job j and sub-interval (m, i, k), if the jobs can start within the

sub-interval [gstart,  gend 1 and it fits within the interval [05%21, 0"d]; more formally:

start
7j

min end
Pjmik + )‘j ' < Um,z'

start

. ST
_mlnj < m,i,k

where pj ., i 1, is the earliest possible start of job j within the sub-interval (m, i, k),

that is

_ start pstart . ST
Pimiik = max(Tj s Boni e + MIN; )
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¢ If there is an edge between job j and sub-interval (m, i, k), the maximum flow is
equal to s;, that is the size of the job. The unit cost of this edge is 0 if the job is not
tardy, whereas it is equal to 1/s; if the job is late, that is p; ,,, ; 1 + )\;-“i“ > T;’“d. If the
entire job j is assigned to the sub-interval (m, i, k), then cost is either 0, if the job is
not tardy, or 1, if the job is tardy.

An optimal solution of the resulting MCFP instance, i.e., a cost-minimal flow that allows
all jobs to be linked to a sub-interval, is a LB on the MCFP of the considered OSP instance.

Example of an Minimum Cost Flow Problem Instance and its Optimal Solution

We now consider the example reported instance and calculate a LB on the number of tardy
jobs.! For each job j € J, we retrieve its min}" and thereof calculate its ;.

min?T M

13

11

14

13

14

Gl & W N | S
W W W = =

For each interval, we detect which jobs are compatible and report the minimal 7;, which is
then used to compute the sub-intervals.

m 1 compatiblejobs min 7;
1 1 (1,2,3) 11
1 2 (1,2,3) 11
2 1 (3/4,5) 13
2 2 (3,4,5) 13

Subsequently, the sub-interval nodes have the following start and end times.

mo ik ztlazrtk ﬁfrrzl,?,k
1 1 1 0 11
1 1 2 11 22
1 1 3 22 33
1 1 4 33 37
1 2 1 40 51
1 2 2 51 60
2 1 1 2 15
2 1 2 15 28
2 1 3 28 30
2 21 40 53
2 2 2 53 60

'In the example demonstration, we omit to report the dummy job.
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Eventually, the edges connect each job j with the sub-intervals they can be accommodated
into. For each edge, we report the earliest possible start of the job within that sub-interval,
the unit cost, and the flow value w.r.t. the optimal solution.

m i k j pjmikr unitcost flow
1 1 11 7 0 1
1 1 1 2 5 0 2
1 11 3 5 0 1
11 2 1 12 0.5 0
11 2 2 12 0.5 0
1 1 2 3 14 0.5 0
1 1 3 1 23 0.5 0
1 1 3 2 23 0.5 0
113 3 25 0.5 0
1 211 41 0.5 1
1 21 2 4 0.5 0
1 2 1 3 43 0.5 0
2 1 1 3 5 0 1
2 1 1 4 6 0 0
2 1 15 8 0 2
2 1 2 3 18 0.5 0
2 1 2 4 18 0.33 3
2 1 2 5 18 0.5 0
2 2 1 3 43 0.5 0
2 21 4 43 0.33 0
2 21 5 43 0.5 0

Figure 9.2 illustrates the optimal solution of the MCFP for the given example. Jobs are
depicted as circles, while sub-intervals are represented as rectangles. All potential edges
are displayed, with those selected in the optimal solution highlighted: light blue edges
indicate no associated cost, whereas yellow edges signify a cost, indicating that tardiness
has occurred. The optimal cost for the MCFP is [1.49] = 2, thus 2 jobs are always late.

An Alternative Way to Calculate the Lower Bound on the Number of Tardy Jobs

An alternative, yet much simpler way, to calculate a LB on the number of tardy jobs is
to schedule every job independently in a batch of its own on the first eligible machine
available and compute the resulting completion time. If the completion time is after the
job’s latest end date, this will be a tardy job in every solution.

However, since it consistently produces lower-quality LBs compared to the method based
on MCFP, its results are omitted from the experimental analysis (Section 9.3), and this
section is included solely for completeness.
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Figure 9.2: Example of the Minimum Cost Flow Problem (MCFP) instance used to compute a Lower
Bound (LB) on the number of tardy jobs for the Oven Scheduling Problem (OSP) instance described
in Section 8.1. The cost-optimal flow is achieved by selecting the marked edges with the respective
flows. This corresponds to 2 tardy jobs.

9.14 Computational Complexity of the Lower Bound Calculations

The LBs on the total processing time as well as the minimum number of batches required
can be calculated in polynomial time. The (refined) bin packing bounds can clearly be
computed in polynomial time, the respective formulas being provided explicitly. Moreover,
the refined bound for small jobs based on compatible job processing times is calculated
using the polynomial time algorithm GAC+. This algorithm has the same computational
complexity as the GAC algorithm presented by Finke et al. [179].

The LB on the setup costs is calculated by solving a corresponding VRP instance. The
VRP is known to be NP-hard since it generalizes the TSP [250]. It can therefore not be
expected that this LB can be computed efficiently for arbitrarily large instances of the OSP.
However, note that the size of the VRP instances is determined by the minimum number
of batches required for the corresponding OSP instance. As a consequence, this number
might be significantly smaller than the number of jobs.?

The LB on the tardy jobs is computed by solving a MCFP instance. The MCFP can be
solved in polynomial time using the network simplex algorithm [375].

2For the benchmark instances considered in Section 9.2, the number of nodes in the corresponding VRP
networks is, on average, equal to 36.69% of the number of jobs (ranging from 3.89% to 90.00%). All generated
VRP instances can be solved to optimality in less than one second on average. Detailed timing results are
reported in Table 9.2.
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9.2 Experimental Setup

In this section, we detail the experimental setup used to evaluate the LBs and to integrate
them into existing solution methods. We first describe the benchmark instances used
(Section 9.2.1), and then report the computing environment and implementation details
(Section 9.2.2).

9.2.1 Instances

We consider the set of instances introduced by M. Lackner et al. [275] (Section 3.4). In
addition, we generate 40 new instances with up to 500 jobs while preserving the same
structural characteristics as the original set (i.e., number of machines and attributes). These
new instances serve to evaluate scalability under more demanding conditions.

In total, our benchmark set comprises 120 instances, which vary along three key
dimensions: the number of jobs (10, 25, 50, 100, 250, and 500), the number of machines (2
or 5), and the number of job attributes (2 or 5). In analyses that require aggregation by
instance size, we categorize the benchmark as follows: 40 small instances with 10 or 25
jobs, 40 medium instances with 50 or 100 jobs, and 40 large instances with 250 or 500 jobs.

9.2.2 Technical Details

All experiments are executed on a machine equipped with 2x Intel Xeon CPU E5-2650 v4
(12 cores @ 2.20GHz, without hyperthreading). The calculation of the theoretical LBs and
the construction heuristic are implemented in C#. The VRP and MCFP models used to
determine bounds on the setup costs and the number of tardy jobs are implemented using
CP-SAT from OR-Tools 9.11 in C#. For both models, the solver was run until an optimal
solution was found. Table 9.2 reports a complete breakdown of the timings.

Table 9.2: Breakdown of timings for the calculation of the lower bounds.

Avg Std
Calculation (s) (s)
All (obj) 539 1281
— Processing time (p) and batch number bound (b)  2.55 5.99
— Setup cost bound (sc) 0.32 0.31
— Tardy jobs bound (t) 247 10.22
Construction heuristic 2.81 10.38

For the exact methods, we considered the following configurations:

* “cpopt”: the interval-variable model with representative jobs, solved using CP
Optimizer (CPLEX Studio 22.11);

* “mzn-gurobi”: the MiniZinc model with batch positions, solved with Gurobi 10.0.1
via MiniZinc 2.8.2;

¢ “cpopt-WS” and “mzn-gurobi-WS”: the corresponding variants warm-started with
the construction heuristic, as in the original work of M. Lackner et al. [275].
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Each method is run with a timeout of 1 hour per instance. The original code is available
on Zenodo [274].

9.3 Results

In this section, we first report the results of the experiments performed to evaluate the
quality of the theoretical LBs (Section 9.3.1). Then, we showcase how these bounds can be
applied to enhance existing solution methods (Section 9.3.2).

9.3.1 Evaluation of Lower Bounds

Our objective is to assess the tightness of the proposed LBs, both for the overall cost (obj)
and for the individual components (¢, p, sc) as well as the number of batches (b). To this
end, we run the exact models to optimize either the overall cost or one objective component
at a time across the entire benchmark set. We distinguish between instances where the
optimal solution cost is known and those where it is not.

For instances where the optimum is known, we compute the LB relative gap w.r.t. this
optimum. The results are summarized in Figure 9.3. For the combined objective obj, the
gap is below 10% in 60.98% of the instances (25 out of 41). Among the components, the
tightest bounds are obtained for tardiness ¢ (below 10% in 75.31% of the instances, 61 out
of 81), while more room for improvement remains for processing time p (below 10% in
60.47% of the instances, 26 out of 43), batches b (below 10% in 47.76% of the instances, 32
out of 67), and setup costs sc (below 10% in 53.45% of the instances, 31 out of 58). These
findings suggest that the bounds are relatively tight also for larger instances where the
optimum is unknown.

1 small [ medium T large
100

50

gap (%)

obj p SC t b

Figure 9.3: Percentage gap between the known optimum and the calculated lower bounds for the
overall cost (obj) and the individual components (p, sc, t) as well as the number of batches (b).

For instances where the optimum is not known, we compare the problem-specific LBs
against the best dual bounds obtained by CP Optimizer and Gurobi (“cpopt”, “cpopt-WS”,
“mzn-gurobi”, “mzn-gurobi-WS”). For each objective as well as the number of batches, we
record whether the theoretical bounds are tighter (“Theor.”), the solver bounds are tighter
(“Solv.”), or the bounds are equal. Table 9.3 summarizes the results. Overall, the theoretical

bounds dominate the solver bounds in most cases, particularly for larger instances. This



130 CHAPTER 9. THEORETICAL LOWER BOUNDS

dominance is most pronounced for processing time p, setup costs sc, and the number of
batches b, where the theoretical bounds consistently outperform the solver ones.

Table 9.3: Comparison of the quality of the theoretical lower bounds (“Theor.”) and the best lower
bounds retrieved by the exact methods (“Solv.”), considering those instances where the optimal
solution cost is not known. Totals are highlighted in bold font.

Lower bound Small Medium Large Total

Type #) (#) (#) (#)
Theor. 0 22 40 62
obi Solv. 3 14 0 17
) Equal 0 0 0 0
Total 3 36 40 79
Theor. 1 30 40 71
Solv. 0 6 0 6
p Equal 0 0 0 0
Total 1 36 40 77
Theor. 1 25 36 62
sc Solv. 0 0 0 0
Equal 0 0 0 0
Total 1 25 36 62
Theor. 0 1 21 22
. Solv. 0 10 0 10
Equal 0 6 1 7
Total 0 17 22 39
Theor. 0 7 39 46
b Solv. 0 5 0 5
Equal 0 2 0 2
Total 0 14 39 53

9.3.2 Application of Lower Bounds

We now investigate how these bounds can support exact methods. First, we use the LBs
and the construction heuristic as a quick estimate for the optimal solution, then analyze
the impact of incorporating theoretical LBs into exact solvers, and finally assess solution
quality with respect to the derived LBs.

Quick Estimate of the Optimal Solution Cost

The construction heuristic reported in Section 3.4 and used to warm start the exact solvers
always produces a feasible schedule for our benchmark instances, and its solution cost
therefore serves as an upper bound on the optimal cost.

To estimate the optimal solution cost, we compute the relative gap between the theoretical
LB and the cost of the solution generated by the heuristic. Figure 9.4 shows the results
for the combined objective obj. The heuristic rarely produces optimal solutions (1 out of
120 instances), and in many cases, the gap between this upper bound and the LB is large.
Nonetheless, for 37 instances across all sizes the relative gap is below 1%, including some
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large instances for which no solver could prove optimality. For 59 instances, this gap is
below 10% (i.e., 22 instances with a gap within 1% and 10%).

These findings indicate that, within a short computation time (2.81 s on average), the
construction heuristic combined with the theoretical LBs provides tight estimates of the
optimal solution cost for a notable share of the benchmark set, and reasonably good
estimates for nearly half of the instances.

[ small
[ medium
[ large
0 25 50 75 100
gap (%)

Figure 9.4: Relative bound gap (%) between the upper bound found by the construction heuristic
and the theoretical Lower Bound (LB) per instance considering the overall cost (obj).

Aiding Exact Methods with Theoretical Bounds

A recommended practice for building efficient exact models is to tightly restrict and bound
the domains of variables (see, e.g., the MiniZinc guide® on efficient modeling). Tighter
bounds improve algorithmic efficiency by narrowing the search space, enabling faster
convergence or earlier identification of infeasible regions. When solving the OSP with the
exact methods, the our LBs can be computed in a preprocessing step and passed to the
model as input. In this way, the variables corresponding to each objective component and
to the aggregated objective can be bounded from below. Providing the exact methods with
the LBs could help the solvers in two ways: first, the bounds could help close the optimality
gap, thus speeding up optimality proofs; second, the bounds could help prune the search
space and allow the solvers to find better solutions within the time limit.

We now evaluate whether supplying exact methods with these bounds improves their
performance. Specifically, we conduct experiments where the objective function and
its components are bounded from below by the calculated theoretical values. Table 9.4
summarizes the results by solution method. The table reports: the number of instances
for which the optimal solution, when known, was reached (“optimal”); the number of
instances for which a feasible solution was found (“solved”), the number of instances for
which the method could prove optimality (“proven opt”); the number of instances for
which the best solution was found (“best”); the number of instances for which the best
LB could be found (“best lower bound”); the average run time (“avg rt”) and its standard
deviation (“std rt”) in seconds. Note that for the number of best solutions found and of
best LBs found, the comparison is made among a single solution method, i.e., comparing
results obtained when no non-trivial bounds are provided (“none”) and when lower bound
(“LB”) are provided. The statistics regarding runtime are calculated for the subset of
instances for which the respective solution method could prove optimality when it was
not provided with bounds (meaning that instances for which the time-out was reached
are not included). The majority of solution methods, namely “mzn-gurobi”, “cpopt”,
and “cpopt-WS”, demonstrate improved performance and solution quality when LBs are

3https ://www.minizinc.org/doc-2.5.5/en/efficient.html. Accessed 2025-09-27.
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incorporated. For “mzn-gurobi-WS”4, one less instance could be solved when LBs are
provided, but overall better solutions and better LBs can be found. Moreover, for all
analyzed solution methods, the presence of bounds facilitates the discovery of improved
LBs by the commercial solvers, thus contributing to closing the optimality gap.

Table 9.4: Comparison of the results obtained with exact methods with and without the inclusion
of bounds. Numbers in brackets indicate the improvement. Best results per solution method and
performance parameters are highlighted in bold font.

Solution Bounds incl. Optimal Solved Proven opt. Best BestLB Avgrt Stdrt
method in model (#) (#) (#) (#) (#) (s) (s)
mzn-gurobi None 40 64 31 52 41 429.5 860.6
LB 41 (+1) 77 (+13) 36 (+5) 74 (+22) 68 (+27) 108.2 203.2
mzn-gurobi-WS None 41 89 34 57 41 764.3 1217.9
LB 41 (+0) 88(-1) 35(+1) 86 (+29) 82 (+41) 3545 862.2
cpopt None 39 114 28 73 28 184 341
LB 39 (+0) 114 (+0) 33 (+5) 86 (+13) 120 (+92) 231  63.7
cpopt-WS None 38 120 28 77 28 17.6  30.0
LB 40 (+2) 120 (+0) 33 (+5) 95 (+18) 120 (+92) 203  50.0

Table 9.5 offers a comprehensive comparison of overall best results. The inclusion of
bounds enabled the methods to deliver 3 new optimality proofs, to find 27 better solutions,
and to improve the dual bounds for 72 instances. Additionally, the computational time
reduces when bounds are utilized compared to when they are not.

Table 9.5: Overall comparison of the best results per instance achieved with exact methods without
the inclusion of bounds and with the inclusion of bounds.

Bounds Optimal Solved Provenopt. Best BestLB  Avgrt Stdrt
included (#) #) #) # # (s) (s)
No 41 120 38 75 43 486.8 1075.6
Yes 41 (+0) 120 (+0) 41 (+3) 102 (+27) 115(+72) 916 2128

Measuring Solution Quality

In practical settings, it is often sufficient to obtain solutions of good quality within a short
time, even if they are not provably optimal. To benchmark such solutions, we use the
best available LBs. For each instance, we compare the best solution obtained by the exact
methods with the best LB, chosen as the maximum among the theoretical bounds and
those retrieved by the exact methods. The relative gap between these two values is then
calculated. Results are summarized in Table 9.6. Overall, 41 instances achieve a gap of 0%.
Among the remaining instances, the average gap is 15.40% with a standard deviation of
20.07% and a median of 3.97%. As expected, many small instances are solved to optimality.
For medium and large instances, the methods deliver solutions with a relative gap of at
most 1% in 50% of the cases (40 out of 80). For most of the remaining instances, the gap
exceeds 5%, indicating room for improvement in both solution quality and bound strength.

4The warm-start data provided to Gurobi only contains values for a subset of the decision variables. The
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Table 9.6: Number of instances by percentage gap between the best solution found by any of the
exact methods and the best lower bounds.

Gap (%)

total =0 Otol 1to5 >5
#  #H # # @
Small 40 37 0 0 3

Medium 40 4 18 1 17
Large 40 0 18 3 19
Total 120 41 36 4 39

9.4 Concluding Remarks

In this concluding section, we distill the content of the chapter (Section 9.4.1), discuss
limitations (Section 9.4.2), and outline future directions (Section 9.4.3).

9.4.1 Content

In this study, we introduced a procedure for calculating theoretical LBs for the Oven
Scheduling Problem which can be calculated within a couple of seconds even for large
instances. The experimental evaluation demonstrated their quality, in particular for
large instances with 50 jobs or more. Moreover, we showcased their practical utility by
incorporating them into exact methods, where our LBs can help to find better solutions,
deliver more optimality proofs, and find high-quality solutions in a shorter time. Together
with the upper bounds delivered by a construction heuristic, the LBs can also be used
to calculate a quick estimate of the optimal solution cost. For roughly one-third of the
benchmark set, the relative gap between this upper and the LB is less than 1%. Such an
estimate can be useful in practical settings, since it can help to decide whether it pays off
to use more time-consuming solution methods to solve a specific instance or whether the
solution provided by the construction heuristic is already close enough to the optimum.

9.4.2 Limitations

Despite the encouraging results obtained on the considered benchmark set, we acknowledge
the following limitations:

¢ The approach has been evaluated on a single use case. While this scenario reflects
real-world applications, other problem variants or operational settings may exhibit
different structural properties and deserve dedicated investigation.

¢ Part of the computational effort stems from reducing the original problem to well-
known, yet still NP-hard, subproblems. In particular, the size of the derived VRP
instances is bounded by the number of batches, which may be substantially larger
than in the benchmark instances considered here, potentially leading to increased
solution times.

solver thus needs to complete the partial solution and, for “mzn-gurobi-WS”, fails to do so for large instances.



134

CHAPTER 9. THEORETICAL LOWER BOUNDS

¢ Although the proposed lower bounds play a key role in guiding and strengthening

the solution process, they should not be regarded as a substitute for effective solution
methods. Their practical value is instead reflected in the ability to obtain improved
best-known solutions, significantly reduce optimality gaps, and provide three new
proofs of optimality for previously open instances, while high-quality feasible
solutions remain essential for tackling larger or more challenging instances.

9.4.3 Future Work

In future work, we aim to:

* Bound-aware local search: Extend the use of LBs within metaheuristics by designing

adaptive mechanisms, like dynamically reweighting neighbourhoods, pruning moves
whose best-case gain cannot close the bound gap, and using gap dynamics to trigger
intensification/diversification.

Stronger and broader bounds: Tighten the current LBs and generalise them to
alternative objectives and machine environments.

Explainability: Leverage LBs to inform decision-makers about solver outputs by
providing near-optimality certificates (residual gap), gap-based stopping guidance,
and qualitative attributions that clarify why further improvement is likely or unlikely.



Chapter 10

Solution Methods

While the Oven Scheduling Problem (OSP) has been addressed using Constraint Program-
ming (CP) and Integer Linear Programming (ILP) methods (Section 3.4), a significant
challenge remains: only a limited number of benchmark instances with more than 100
jobs can be solved optimally. This highlights the need for methods that improve solution
quality, particularly since real-world instances often involve many jobs.

For this reason, we propose to apply Large Neighborhood Search (LNS) and Simulated
Annealing (SA) to the OSP. More specifically, this chapter makes the following contributions:

¢ Algorithms development: Development and fine-tuning of LNS and SA approaches
for the OSP, with a particular focus on the large benchmark instances for which
existing exact methods fail to find optimal solutions within practical time limits.

¢ Comparative analysis: A comparative analysis against state-of-the-art results, show-
ing that our approaches achieve superior performance on many large instances.

¢ SA component analysis: A thorough analysis of the components of SA, which
emerged as the preferable solution method. We investigate the contribution of
individual components (i.e., the metaheuristic scheme, the initial solution, and the
neighborhood structures) in achieving high-quality results. In particular, an ablation
study on the neighborhoods confirms that the MoveJos neighborhood is essential, as
its removal can reduce performance by nearly 50%.

¢ Dashboards: user-friendly dashboards. We bridge the gap between research and
practice by developing user-friendly dashboards that allow decision-makers to easily
interact with our optimization tools and visualize results in the form of Gantt charts.
Due to space limitations, these contributions are reported in Appendix D.

* Robustness across problems: A comparative analysis of SA on a related problem.
Also in this case, due to space limitations, we report this contribution in Appendix D.

This chapter is structured as follows. Section 10.1 reports the solution methods, i.e.,
the problem-dependent component of the methods we employ. Section 10.2 describes
the experimental setup, followed by a discussion of the results in Section 10.3. Finally,
Section 10.4 provides concluding remarks.

135
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10.1 Methodology

We now present the problem-dependent components of the methods proposed for the OSP,
namely LNS (Section 10.1.1) and SA (Section 10.1.2). We also describe a Hill Climbing (HC)
algorithm (Section 10.1.3), which later used as a baseline for benchmarking SA. General
information on the algorithmic schemes can be found in Chapter 2.

10.1.1 Large Neighborhood Search

Solution Representation

The core solution representation concerns the scheduling of batches on the machines.
Formally, this is encoded as a jagged array, where each row corresponds to a machine, each
column indicates the batch position, and each entry specifies the set of jobs assigned to
that batch, as well as precomputed information such as starting times, processing times,
and waiting times. For efficiency, the multi-dimensional array is dimensioned exactly to fit
the number of batches required by each machine in the current solution.

This representation is complemented by additional data structures that facilitate efficient
computations required by the destroy operators. For example, we maintain references to
batches with identical attributes.

Initial Solution

As initial solution, we use the construction heuristic introduced by M. Lackner et al. [275]
and detailed in Section 3.4.

Destroy Operators

The destroy operators aim to select a subset of batches to be removed from the current
solution, thereby allowing for modification of job grouping and scheduling order. The
size of the sub-problem §, that is the number of batches to be removed from the current
solution, is specified to the destroy operator.

We propose three ways to select the § batches to remove:

¢ Ranpowm Barches (RB): Select 6 random batches across all possible machines.

¢ Ranpom Barches FroMm ONE MacHINE (RBM): Select § random batches and remove
them from the schedule of one random machine. This approach capitalizes on the
potential for improved scheduling opportunities.

e Ranpom Barchis witH THE SAME ATTRIBUTE (RBA): Select 6 random batches that share
the same attribute. This method aims to exploit potentially compatible jobs to identify
new batching possibilities.

Repair Operators

Once a set of batches is removed from the current solution, the repair mechanism solves
the sub-instance that arises. Specifically, we employ the following strategy: Batches on
machines not affected by the destruction are entirely fixed, preventing any addition of jobs
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or modification of their schedules. For batches scheduled on machines involved in the
destruction but not directly affected, jobs can be added (provided the processing time of
the batch remains unchanged) and their start times adjusted while ensuring adherence to
the precedence order.

As for the repair operator, we use the CP Optimizer model referred by M. Lackner et al.
[275], as it is regarded as the most efficient exact method for the OSP. In the experimental
evaluation, we utilize Optimization Programming Language (OPL) with two relative
optimality tolerances: 5% (OPL-5) and 0.001% (OPL-001). This allows us to alternate
between a strategy that prioritizes resolution velocity over ensuring optimality (OPL-5)
and one that operates vice versa (OPL-001).

Subproblem Size

An essential parameter for LNS is the size J of the sub-problem, which significantly
influences the effectiveness of both the destroy and repair operators. In our system, the
destroy operators are quick and straightforward to apply. However, the complexity of the
repair operation depends on § and the characteristics of the instances themselves.

Based on preliminary experiments, we set the minimum destruction size at dni, = 3. This
size can be solved in just a few seconds, ensuring rapid computation while still allowing
for substantial improvements in the solution. However, if too many idle iterations occur
without improvement, indicating a potential local minimum, § can be increased up to
dmax = 7. Eventually, the repair operators are equipped with a cutoff of 2 minutes to
maintain efficiency.

The update of ¢ is as follows: Initially, ¢ is set to its starting value dyin. Its value is
increased by 1 until reaching d,.x whenever the previous improvement was more than
Nmax iterations ago. When a new improvement is found, 4 is set to the initial value 6y,in.

10.1.2 Simulated Annealing

Solution Representation

We represent a solution to the OSP as an array s sized to match the number of jobs. For
each job j, the array stores the pair s; = (m, b), where m refers to the machine the job is
assigned to and b is the position at which the job is processed on that machine. The pair
(m, b) is referred to as batch.

Figure 10.1 presents an example of array s. For instance, job 5 is assigned with the pair
(1,2) meaning that it is processed by machine 1 in the second batch. Job 7 is assigned with
the same pair, meaning that job 5 and job 7 are processed in the same batch.

machine —» position
(m, b)

j —— job

aalas @3 aye eywy wl @2 @2

1 2 3 4 5 6 7 8 9 10

Figure 10.1: Example of array s for an instance with 10 jobs and 2 machines.
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The schedule for each machine m is then deterministically constructed from s so that
each batch is scheduled as early as possible, taking into account setup times, processing
times, release dates, and the machine’s availability intervals.

The proposed local search procedure permits the violation of a single constraint: some
jobs can be scheduled after the scheduling horizon. This violation is accounted for in the
objective function by adding the number of jobs scheduled beyond the scheduling horizon
multiplied by a very high weight (such “big M”-constants are calculated based on the
instance in such a way that an unfeasible solution will have obj > 1).

Although the vector s is sufficient to represent and construct the solution, it is supple-
mented by a set of redundant data structures that are used to speed up computations. For
instance, the batch organization is represented using a multi-dimensional array. Figure 10.2
shows the same example as Figure 10.1, but from the perspective of batches: each row
represents a different machine, each column indicates the batch position and the content
specifies the jobs belonging to each batch (in the form of set). Note that, for efficiency
reasons, this multi-dimensional array is dimensioned exactly to fit the number of batches
required by each machine in the current solution. Additionally, even if not strictly necessary
as the timings can be computes deterministically with an at-the-earliest procedure, we
store also all the information related to the start times, end times, etc.

1 2 3 4 5 __+ position
@ e w | @
| ® @10 @

machine 41
1

v
set of jobs

Figure 10.2: Example of batch organization using a jagged multi-dimensional array for an instance
with 10 jobs and 2 machines.

Initial Solution

We consider two initialization strategies. The first leverages the construction heuristic
introduced by M. Lackner et al. [275], as detailed in Section 3.4. The second strategy,
designed to assess the contributions of the first one in the success of SA, involves generating
a random initial solution. In this approach, jobs are randomly selected from the set of
available ones and assigned to a randomly chosen feasible machine. Unlike the heuristic
method, this strategy does not group compatible jobs into shared batches; instead, each
batch contains exactly one job.

Neighborhood Relations

We propose a multi-neighborhood approach that makes use of four neighborhoods:

* Swar: The move Swar(m, b, p) swaps the batch in position b with the one in position
p on machine m, where b < p (for breaking symmetries).

e NewUnaryBarcu: The move NewUnNaryBarcH(j, m, b) move creates a new batch at
position b in machine m containing only job j. The batches already present in m
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with a position equal to or greater to b are moved after the newly introduced batch.
A prerequisite to this move is that the job j must be compatible with machine m.
Furthermore, suppose the current batch of job j is composed only of j. In that case,
its future position should be other than the current one (i.e., another machine m w.r.t.
the current one or, if the machine is the same, then the position must be different).

e NewBarcu: The move NewBatcu(J,m1,b, ma,p) moves the set of jobs J (with
|7| > 1) from the batch at position b on machine m; to a new batch at position p on
machine my. The batches already present in mo with a position equal to or greater
to p are moved after the newly introduced batch. Machine my must be compatible
with all jobs in the set J. Since these jobs were already in the same batch, their
compatibility is ensured. The NEwBatcH neighborhood extends NEwUNaRYBatcH.

* MoveJos: The move MoveJos(j, m, b) inserts job j in the existing batch at position
b of machine m. A prerequisite to this move is that job j must be compatible with
machine m and with the jobs already present in the existing batch. MoveJos differs
from NewBatca and NewUnaryBatcH because these two create new batches, while
MovE]os acts exclusively on existing batches and eventually can end up reducing the
number of batches (i.e., in the case where j originally belongs to a unary batch).

Figure 10.3 presents some visual examples of the above-described moves considering the
same instance detailed in Figures 10.1 and 10.2. Figure 10.3a reports an example of Swap
move. Specifically, it swaps the batch in position 2 with the batch in position 5 of machine 1.
This results in changes to the processing order of the jobs but does not alter the composition
of the batches. Consequently, considering the components of the objective function, this
move will affect the component related to the number of tardy jobs (¢) and the component
related to setup costs (sc). Figure 10.3b illustrates an example of the NEwUNaryBaTtcH move.
In this example, job 5, previously processed at position 2 on machine 1 together with job 7,
is now processed on its own at position 3 on machine 2. This results in changes to both the
composition of the batches and the processing order of the existing (unmodified) batches.
Consequently, all three objective components are affected. Figure 10.3c reports an example
of MoveJos move. We move job 5 that was previously processed at position 2 on machine
1; it is now processed together with job 3 at position 3 of machine 2. As observed for the
NewUnNaryBarcH, this move also modifies both the composition of the batches and the
processing order of the other batches, thus affecting all three objective components.

Although similar neighborhoods have been applied to related problem formulations
(e.g., the Swap move is among the most commonly employed strategies when dealing with
permutation-based problems [269, 379]), to the best of our knowledge, they have never
been used in combination. This combined approach is a key factor in effectively solving
the OSP and, more broadly, the parallel batch scheduling problem (Appendix D).

We now describe the selection of a move from the union multi-neighborhood composed
as

Swar U NewUNarYBatca U NewBarca U Move]Jos

Four real-valued parameters are defined: os, oNug, onB, and owy, with og 4 oNuB + onB +
omy = 1. These parameters represent the probability of selecting each neighborhood
and need to be tuned along with the other SA parameters. At each iteration, a specific
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(a) Swar(m, b, p) move.
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(b) NewUNARYBarcH(j, m, b) move.
1 2 3 4 5 1 2 3 4 5
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(c) MoveJos(j, m, b) move.

Figure 10.3: Example of neighborhoods.

neighborhood is chosen based on the above-described fixed probability biases. Subsequently,
the move from the selected neighborhood is extracted in a random fashion. For all the
neighborhoods, the generation of a random move involves drawing attributes one at a time
while adhering to specific preconditions. This approach is employed to guard against the
possibility of entering infinite loops, particularly when an attribute has an empty domain.

10.1.3 Hill Cimbing

Simple local search methods, such as HC, are known to suffer from premature convergence
as they get trapped in local optima. Nevertheless, they remain useful for benchmarking
purposes, particularly when assessing the added value of more sophisticated metaheuristics.
In this work, we consider random-based HC as a baseline to benchmark the performance
of SA. To ensure a fair comparison, we adopt the same problem-dependent components
used in SA, modifying only the underlying search strategy. This allows us to isolate the
effect of the metaheuristic itself and understand whether the observed performance gains
are attributable to the broader search framework or the problem-specific components.

10.2 Experimental Setup

Our objective is to evaluate whether SA and LNS can effectively overcome the limitations
observed in exact methods approaches when applied to the OSP. This section outlines
the experimental setup used in our analysis. We begin by introducing the methodology
adopted to compare the different solution methods (Section 10.2.1). We then present details
of the parameter tuning (Section 10.2.2), the benchmark instances used in the experiments
(Section 10.2.3), and the technical implementation details (Section 10.2.4).



10.2. EXPERIMENTAL SETUP 141

10.2.1 Comparison Methodology

In this part of the thesis, we compare the performance of four solution methods: ILP,
CP, LNS, and SA. For LNS and SA, we further investigate the impact of their internal
components to better understand their contribution to performance. In the case of SA, the
comparison includes also another local search metaheuristic, HC.

To account for the stochastic nature of SA and LNS, each experiment is repeated 10 times
per instance and use case, using different random seeds. For each instance and algorithm,
the solution with the best objective value is selected for analysis.

We use the Friedman test with a significance level of o = 0.05 to assess whether observed
performance differences among the algorithms are statistically significant. If the null
hypothesis is rejected, we perform post hoc pairwise comparisons using the Wilcoxon
signed-rank test with Holm’s correction (o = 0.05). To complement the statistical analysis,
we visualize the relative rankings of the algorithms using Critical Difference (CD) plots. In
addition, we evaluate performance using relative gaps, computed with respect to a baseline
solution (depending on the analysis case).

10.2.2 Prameter Tuning
In this section, we outline the tuning procedures we conducted to set the parameters of
LNS, SA, and HC. All tuning procedures are conducted on Irace v.3.5 [316].

Large Neighborhood Search

The LNS algorithm depends on several parameters, including the probabilities of selecting
each destroy operator (¢) and each repair operator (p).

We perform three independent tuning procedures, i.e., one for each use case. Each
tuning procedure is allocated a budget of 1,000 experiments, with a maximum runtime of
30 minutes per experiment. Table 10.1 summarizes the parameters.

Table 10.1: Parameter tuning for the Large Neighborhood Search (LNS) by Use Case (UC)

Name Description Range Value

UcC-1 UC-2 UC-3
ORB Bias of RanpomBartcHEs destroyer 0.0-1.0 0.4 0.4 0.4
ORBM Bias of RanpomBarcHESSAMEMACHINE destroyer  0.0-1.0 0.3 0.2 0.3
ORBA Bias of RanpoMBaTcHESSAMEATTRIBUTE destroyer  0.0-1.0 0.3 0.4 0.3
oopr—s5 Bias of OpL-5 repairer 0.0-1.0 0.2 0.2 0.9

Simulated Annealing

Given that three use cases are considered, each with different weights of the objective
components, and given that each neighborhood has a different impact on these components,
three separate tuning procedures are conducted. Each tuning procedure is granted with a
total of 30,000 experiments, with the SA having a stopping criterion fixed at i¢;max = 1,000,000.
Furthermore, the final temperate is fixed (7 = 0.01) after a set of preliminary runs of SA.
Details on the parameter ranges and their final values are presented in Table 10.2.
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Table 10.2: Parameter tuning for the Simulated Annealing (SA) by Use Case (UC).

Name Description Range Value

ucC-1 UC-2 UC3
Ty Start Temperature 50-200 199 115 178
o Cooling rate 0.98-0.99 099 098 0.99
p Neighborhood accepted ratio 0.10-040 031 024 0.29
s Bias of Swap neighborhood 0.00-1.00 0.09 026 0.07
onup  Bias of NEwUnaryBarch neighborhood  0.00-1.00  0.14 0.11 0.4
ONB Bias of NEwBatcH neighborhood 0.00-1.00 0.41 0.47 0.07
oM] Bias of MoveJos neighborhood 0.00-1.00 036 0.16 046

Hill Climbing

Unlike SA, the HC algorithm depends solely on the parameters governing neighborhood
selection, which still require tuning. Since HC is used exclusively for the component
analysis, we performed tuning only for one Use Case (UC), namely UC-3. The tuning
procedure was allocated a total budget of 30,000 experiments. Details regarding the
parameter ranges and the final selected values are reported in Table 10.3.

Table 10.3: Parameter tuning for Hill Climbing (HC) for the third Use Case (UC-3).

Name Description Range  Value
os Bias of Swap neighborhood 0.00-1.00  0.29
ONUB Bias of NewUNaRryBatcH neighborhood 0.00-1.00 0.38
ONB Bias of NewBatcH neighborhood 0.00-1.00 0.07
oMy Bias of MoveJos neighborhood 0.00-1.00 0.26

10.2.3 Instances

This analysis considers both the publicly available instances from M. Lackner et al. [275]
and those introduced in Section 9.2.1. The benchmark set comprises 120 instances, varying
by the number of jobs (10, 25, 50, 100, 250, or 500), the number of machines (2 or 5), and
the number of attributes (2 or 5). For simplicity, the instances are categorized based on
the number of jobs: 40 small instances (10 and 25 jobs), 40 medium instances (50 and 100
jobs), and 40 large instances (250 and 500 jobs). For tuning purposes, we use 50 additional
instances with characteristics similar to those in the test set.

To analyze the scalability of SA (Section 10.3.2), a new set of 21 instances has been
generated, i.e., 7 instances have 1,000 jobs, 7 have 2,500 jobs, and 7 have 5,000 jobs.

10.2.4 Technical Details

All experiments are executed on a machine featuring 2x Intel Xeon Platinum 8368 2.4GHz
38C, 8x64GB RDIMM. Each algorithm is executed on a single thread.



10.2. EXPERIMENTAL SETUP 143

Exact Methods

To ensure a fair comparison, CP and ILP are run on the same machine used for the SA and
LNS experiments. The experiments maintain the original timeout periods from previous
works, granting CP and ILP an execution time of 1 hour. The ILP is solved with Gurobi
v.11 [208], whereas the CP model use CP Optimizer v.22.1.0 [273].

Large Neighborhood Search

We implement the LNS structure and the destroy operators using Python v.3.10.12; the
repair operator is run with CP Optimizer v.22.1.0. The LNS algorithm is equipped with a
timeout of 1 hour. To ensure a fair comparison w.r.t. the exact methods, we also conduct
experiments where exact methods are run for more time. These experiments are in line
with the others obtained in this section and are reported in Appendix D.

Simulated Annealing and Hill Climbing

The SA and HC algorithms are implemented in C++ using EasyLocar++ v.3 (Appendix B).
The code is compiled using Clang++15.

The SA algorithm is equipped with a stopping criterion of imax = 1,000, 000 iterations,
an overall timeout of 1 hour, and a maximum of 10, 000 iterations with no improvements.
We conducted additional experiments by allowing our SA algorithm to run for more
iterations (imax =5,000,000, with 50, 000 idle iterations) to determine if this would yield
better performance. The experiments reported that allowing more iterations did not
produce better results.

The HC algorithm is equipped a stopping criterion of imax = 1,000, 000 iterations and a
maximum of 10, 000 iterations with no improvements, and an overall timeout of 1 hour.

Methodological Considerations on Stopping Criteria

It is important to note that the time limits applied to the different algorithms are not
uniform, reflecting the differences in their nature. For the exact methods (ILP and CP), the
timeouts are inherited directly from the original publication [275].

In contrast, metaheuristic approaches such as SA and LNS follow fundamentally different
paradigms. Exact methods aim to either prove optimality or exhaustively search constrained
spaces, whereas metaheuristics are designed to explore the solution space heuristically,
often trading guaranteed optimality for scalability and flexibility in handling larger or
more complex instances. For SA, the stopping condition is not strictly time-based but
rather driven by stagnation, i.e., the search terminates when no further improvements are
observed over a sustained period and with an overall number of iterations to safeguard
from incredibly long run and allow for machine indipendent settings of parameters. On
the other hand, LNS was assigned a fixed time budget. SA never reached the timeout
and always terminated the run before. To address potential concerns that LNS benefits
disproportionately from this extended runtime, we conducted additional experiments with
adjusted time limits to assess the sensitivity of its performance relative to the computational
budget (Appendix D). Results were not different from what we observe in this chapter.
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This distinction underscores the challenge of establishing perfectly comparable conditions
across fundamentally different solution methodologies, different programming language
implementation, etc. Nonetheless, our experimental design seeks to strike a balance
between fairness and reflecting the typical use cases and practical behaviors of each
algorithm class. Such complex topic is now of relevance within Working Group 6 of the
Randomized Optimization Algorithms Research Network (ROAR-NET) Cost Action.

10.3 Results

In this section, we first compare the solution methods (Section 10.3.1) and then we analyze
the components of the one that perform the best (i.e., SA Section 10.3.2). For additional
analysis on LNS, please refer to Appendix D.

10.3.1 Comparison of Solution Methods

We analyze the results by first considering the small instances and then the medium to
large ones.

Results on Small Instances

CP and ILP typically yield good results for small problem instances. The exact methods
are able to prove the optimality of solutions for almost all instances within this category
(but only for two larger ones). The proposed metaheuristic algorithms match the solution
quality of these methods, as confirmed by the Friedman test, which shows no significant
difference in performance among the algorithms. Notably, they are able to find optimal
solutions for instances where the optimal result is known (though, naturally, they cannot
formally prove this).

Results on Medium and Large Instances

We now compare our SA with CP, ILP, and LNS considering medium instances and large
instances (where CP and ILP tends to struggle).

The null hypothesis of the Friedman test is rejected for all use cases and instance types,
as the p-value is considerably lower than the fixed significance level « (in all cases p-
value < 10712). This indicates that the differences in algorithm performance are statistically
significant. Therefore, we may proceed by comparing the algorithms using CD plots
(Figure 10.4). In five out of the six combinations of use cases and instance sizes, SA
outperforms all other methods, with no other method showing comparable performance
from a statistical perspective. The only case where LNS outperforms SA is in UC-2 for
the medium-sized instances. In 3 out of 6 cases, LNS delivers better results than the exact
methods, while in the remaining cases, its performance is comparable.

We now proceed to analyze the relative gap of each method with respect to the best
known solution across all approaches (ILP, CP, LNS, and SA). Figure 10.5 presents the
results, broken down by use case (UC) and instance size. One notable observation is
that the gap for ILP is often so large that it visually compresses the performance of the
other methods in the figure. This is primarily due to the fact that ILP fails to find feasible
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Figure 10.4: Critical Difference (CD) plots ranking Simulated Annealing (SA), Integer Linear
Programming (ILP), Constraint Programming (CP), and Large Neighborhood Search (LNS). The
analysis is conducted by Use Case (UC) and by instance size (medium and large).

solutions for many instances and this is set to an objective value of 1.0. To provide a clearer
quantitative comparison, we also report the average relative gaps in Table 10.4.
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Figure 10.5: Comparison of Integer Linear Programming (ILP), Constraint Programming (CP),
Large Neighborhood Search (LNS), and Simulated Annealing (SA) w.r.t. the best results by Use
Case (UC) and instance size (medium and large).

The previous statistical results made it clear that SA outperforms the other algorithms in
the majority of the cases. In order to quantify the improvement made by SA per instance,
the relative gap is employed. For every instance, the best objective cost retrieved by SA is
compared with the best solution found by any of the other methods (that is the baseline
solution, i.e., a negative gap implies that SA improves w.r.t. the other methods). For
UC-1, the average gap is —3.53% (£8.07); For UC-2, the average gap is —6.23% (410.5); for
UC-3, the average gap is —4.90% (£5.76) (see Figure 10.6 for a comprehensive overview).
Table 10.5 reports the number of instances per use case and instance size per gap class.
For large instances, SA achieves better results than the best solution found from the
state-of-the-art methods (for all the large instances in UC-1 and UC-3, and for the large
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Table 10.4: Comparison of Integer Linear Programming (ILP), Constraint Programming (CP), Large
Neighborhood Search (LNS), and Simulated Annealing (SA) w.r.t. the best results by Use Case (UC)
and instance size (medium and large). The comparison is in terms of average gap w.r.t. the best
known results.

Average gap [%]

ucC Size
ILP cp LNS SA
Uc-1 Medium  14.35 + 31.40 1.45+2.31 0.64 £2.00 0.15+0.66
Large 29.1 +46.61 12.85 £22.77 14.87 £9.29  0.00 £ 0.00
Uc-2 Medium  93.53 £+ 132.70 1.41 +£2.37 0.23 +0.85 1.34 +£22

Large 316.14 4+ 343.56 120.16 £217.65 23.27 £2253 0.321.62

Medium  35.05 + 45.84 224 +2.84 1.72+254 0.04+£023
Large 94.66 £ 41.08 27.58 £ 36.11 14.87 £9.29  0.00 = 0.00

UC-3

majority in UC-2 gap < 0%). Overall, considering both medium and large instances, an
improvement of more than 1%, could be made in 48.33% of all cases. Nevertheless, in the
case of UC-2, LNS is capable of delivering better results than those of SA.
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Figure 10.6: Comparison of Simulated Annealing (SA) w.r.t. the state-of-the-art results by Use Case
(UC) and instance size (medium and large).

10.3.2 Simulated Annealing Components

This section analyzes the impact of various components on the final results, including the
metaheuristic scheme, the initial solution, and the neighborhoods.

The analyses involve UC-3, since it is the use case with the most balanced set of weights.
Furthermore, the analysis focuses on medium to large instances as these are the cases
where SA clearly demonstrates its superiority compared to other algorithms.

Metaheuristic Scheme

This section compares SA with another closely related metaheuristic, HC. The motivation
behind this comparison lies in understanding whether the metaheuristic scheme of SA
significantly contributes to finding high-quality solutions for the OSP. HC is chosen for
this analysis as it represents a simplified version of SA, where a move is accepted only if it
yields an improvement or a solution of the same quality.
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Table 10.5: Comparison of Simulated Annealing (SA) w.r.t. the state-of-the-art results by Use Case
(UC) and instance size (medium and large) in terms of number of instances.

UC Size Total Gap
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The results of the Friedman test indicate that the algorithms perform differently for
medium and large instances. Figure 10.7 reports the related CD plots, considering as
a reference point for the state-of-the-art methods LNS. The diagram highlights that SA
delivers superior performance w.r.t. HC, which is however better than LNS.
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Figure 10.7: Critical Difference (CD) plots ranking the Simulated Annealing (SA) w.r.t. Hill Climbing
(HC). The analysis also includes Large Neighborhood Search (LNS) as a reference point.

The relative gap is calculated using HC as the baseline, so as to measure the improvement
achieved by SA (Table 10.6). SA consistently outperforms HC, with a growing relative
gap as the problem size increases. This indicates that SA is more effective for tackling the
increased complexity of larger problems. Overall, the results suggest that the larger the
instances, the greater the advantage of using SA over HC.

Table 10.6: Comparison of Simulated Annealing (SA) w.r.t. Hill Climbing (HC) results by instance
size in terms of number of instances.

Size Total Gap

[—oo;=1]  (=1;0) =0 (0;1) [1;+400]
Medium 40 9 12 15 4 0
Large 40 8 28 1 2 1

Initial Solution

The proposed SA employs the construction heuristic by M. Lackner et al. [275] as the initial
solution. While in Chapter 9 we demonstrated that such an algorithm represents together
with the theoretical Lower Bounds (LBs) a good estimate to the optimal solution cost, the
present analysis wants to understand its utility for the SA approach. To this extent, the
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results of SA that uses the construction heuristic are compared with those of SA that uses
the random initial solution (obtained as described in Section 10.1.2). The analysis also
includes the initial solution values, obtained through the construction heuristic and the
random procedure. The calculation time of the initial solutions is comparable (in both
cases they are less than 1 second on average).

The results of the Friedman test indicate that the algorithms perform differently, as
the null hypothesis is rejected for both instance sizes (p-value < 107!2). Consequently,
Figure 10.8 shows the CD plots, which visually highlight these performance differences.
For both instance sizes, there is no statistical evidence to suggest that the four algorithms
perform equally. As expected, both SA algorithms outperform the initial solutions, as they
use the latter as starting points to explore the search space. SA methods initialized with
random solutions consistently perform worse than those using solutions generated by a
construction heuristic. This is partly because random solutions do not facilitate grouping
jobs into batches, which impacts the component of the cost function related to processing
time (p). On the other hand, while the SA algorithm starting from a construction heuristic
performs better than one starting from a random solution, their rankings are relatively
close, although they still show statistically significant differences.

UC-3 medium UC-3 large
4 3 2 1 4 3 2 1
| 1 1 ] 1 I | 1 1 ] 1 I
R4JOOO | 1.443SSA R4J000 | 1.4487SA
C3.0000 1.55628A_R CS.OOOO 1.551 3SA_R

Figure 10.8: Critical Difference (CD) plots ranking the Simulated Annealing (SA) w.r.t. a Random
Solution (R), a Constructive Solution (C), SA run using a random solution as starting point (SA-R).

The improvement of SA compared to its initial solution (obtained through the construction
heuristic) is evaluated using the gap and the initial solution as a baseline. Figure 10.9
reports the results differentiating by instance size. In all cases, SA consistently improves
the initial solution ranging from —35.35% to —2.83% (with an average of —14.28% =+ 6.88).

ucC-3

Medium Large

Figure 10.9: Comparison of Simulated Annealing (SA) w.r.t. the initial solution obtained through
the construction heuristic. The comparison is conducted by differentiating by instance size.
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Neighborhoods

Franzin and Stiitzle [183] pointed out that neighborhoods are often one of the keys to SA
success. For this reason, this section examines how each neighborhood contributes to the
final solution. An ablation analysis is conducted by studying how the SA performs when
using all but one neighborhood [173]. To do so, a zero probability bias is associated to
the removed neighborhood, while the remaining ones are scaled proportionally to keep
the same mutual ratios among them. The SA version without a given neighborhood is
indicated with NONEIGHBORHOODNAME.

The p-value is less than 10~!2 for both instance sizes, indicating that the algorithms
do not perform equally. Figure 10.10 presents the results in the form of CD plots. In all
cases, the SA algorithm using all neighborhoods outperforms any version that excludes one
neighborhood. Among the variants using all but one neighborhood, a clear ranking emerges:
excluding the MoveJos neighborhood results in the poorest performance, highlighting the
importance of aggregating jobs into existing batches for the success of SA. Conversely, the
neighborhood responsible for creating new batches with multiple jobs has the least impact,
although it still contributes to the overall effectiveness of SA explorations.

UC-3 medium
5 4 3 2 1
l 1 | 1 | 1 | 1 |
noMoveJob“J500 |&Oall
noNewUnaryBatch®128L 21900noNewBatch
noswap2.7313
UC-3 large
5 4 3 2 1
[ N B
noMoveJobSJOOO |ﬂf’all
noNewUnaryBatch?220 2:3350n0NewBatch
noswap2.9475

Figure 10.10: Critical Difference (CD) plots ranking the Simulated Annealing (SA) that uses all four
neighborhoods (indicated with aLL) w.r.t. SA using all but one the neighborhoods. Note that in the
case of large instances, the NONEwUNAaRYBATCH and NoSwarP are statistically equal, but the thick line
indicating this is too little to be observed.

The results are analyzed using the gap metric, with the SA algorithm employing all
neighborhoods as the baseline (Figure 10.11). In all cases, the average gap is greater
than zero, confirming that the SA algorithm with all neighborhoods delivers superior
results. Specifically, when considering the algorithm without the MovgJos neighborhood,
the gap can be as high as nearly 45%, indicating that this move is crucial for good
performance. However, for the other three neighborhoods, while with no statistically
significant performance difference, in a few cases, employing just three out of four moves
could potentially improve the results.

During preliminary experiments, other neighborhoods common for (parallel) batch
scheduling problems were also tested (for instance, inverting the order of the batches or
inserting a batch in a new position of the schedule). However, further analysis demonstrated
that they were not useful for the OSP, and removing them provided better performance.



150 CHAPTER 10. SOLUTION METHODS

Medium

noSwap G@—I—M O O
noNewUnaryBatch }—.—@@o
noNewBatch omm”ﬂmm
noMoveJob }—D:'—{ () O CaOan0O

Large
noSwap }—l—({)@ 0
noNewUnaryBatch .
noNewBatch
noMoveJob ‘ } {
-10 0 10 20 30 40 50
Gap [%]

Figure 10.11: Comparison of Simulated Annealing (SA) that uses all four the neighborhoods w.r.t.
SA using all but one the neighborhoods.

Scalability to Larger Instances

A set of larger instances is generated to test the scalability of SA. The analysis involves UC-3
and considers LNS as a baseline.

The statistical test confirms that the two approaches do not perform equally, with SA
yielding consistently better results than LNS. The latter is often unable to improve the
results over the initial solution. In all instances, the gap is consistently < —1%. The average
gap is -11.55% (£5.13) (Figure 10.12).
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Figure 10.12: Evidence of scalability of Simulated Annealing (SA) toward larger instances.

10.4 Concluding Remarks

We now summarize the contributions of this chapter (Section 10.4.1), then discuss its

limitations (Section 10.4.2), and finally outline possible directions for future research
(Section 10.4.3).
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10.4.1 Content

This chapter focused on the development and evaluation of metaheuristic approaches
for the OSP, presenting an innovative combination of four neighborhoods within a SA
framework and a LNS approach based on three destroy operators. The relevance of the
OSP from an industrial perspective is clear, as it addresses complex scheduling needs
that are critical for improving operational efficiency and enhancing the sustainability of
semiconductor manufacturing processes. The proposed methods not only outperform
state-of-the-art techniques on large problem instances but also match their performance on
smaller ones, demonstrating robustness across different problem scales.

Among the approaches, SA delivered the best results. Its performance is driven by a
novel combination of neighborhood structures that, to the best of our knowledge, has not
previously been explored in the literature, even in the broader context of batch scheduling
problems. This innovation enables more effective exploration of the search space, leading
to higher-quality solutions. Our in-depth analysis further highlighted the critical role of
both the initial solution construction and the four neighborhoods, each of which positively
contributes to solution quality. In particular, the construction heuristics for generating the
initial solution proved instrumental in consistently outperforming alternative variants.

10.4.2 Limitations

The main limitation of this study lies in the inherent difficulty of comparing methods that
are fundamentally different in nature, such as exact approaches, local search techniques,
and hybrid metaheuristics. This challenge complicates the establishment of fully fair
benchmarks across methodological paradigms.

10.4.3 Future Work

Promising avenues for future research include the exploration of larger and more diverse
sets of instances, as well as extensions to related problem formulations. Another direction
concerns the integration of reinforcement learning techniques to dynamically adjust the
probabilities of applying specific neighborhoods. This is motivated by the observation
that, in a subset of instances, three out of four neighborhoods produced promising results,
suggesting that adaptive selection strategies could further enhance performance.






Chapter 11

Instance Space Analysis and
Algorithm Selection

In Chapter 10, traditional analyses of stochastic algorithms, such as gap analysis and Critical
Difference (CD) plots, have identified two algorithms as the most effective for solving the
Oven Scheduling Problem (OSP): Simulated Annealing (SA) and Large Neighborhood
Search (LNS). Both have shown to deliver high-quality solutions across a range of instances,
yet their performance can vary depending on the specific instance characteristics. Given the
significant impact that scheduling quality can have on overall industry efficiency, selecting
the most suitable algorithm for a given problem instance becomes essential. One promising
methodology for achieving this is the Instance Space Analysis (ISA) [436], which allows for
a comprehensive evaluation of algorithms across a diverse range of problem instances. ISA
connects algorithms” performance to instance characteristics, identifying areas where each
algorithm excels or struggles.

In this chapter, we analyze the instance space of the OSP (Use Case (UC)-2) and
characterize the performance patterns of SA and LNS within the ISA framework. We also
investigate the viability of automated algorithm selection. The main contributions are:

* New instances: A dataset of 1396 instances spanning a broader range of variations
than those available in the literature for related problems.

¢ Feature design: A set of 165 features that characterise parallel batch scheduling
instances; of these, 7 are selected by ISA as most informative.

¢ Instance space characterisation: Identification of regions in the instance space where
one algorithm outperforms the other and an analysis of algorithm performance with
respect to instance features, highlighting strengths and weaknesses.

¢ Portfolio via algorithm selection: An automated algorithm selection portfolio using
four Machine Learning (ML) models, each yielding performance that surpasses either
SA or LNS alone.

This chapter is organised as follows. Section 11.1 presents the ISA instantiation for the
OSP; Section 11.2 details the experimental setup; Section 11.3 reports the results; and
Section 11.4 offers concluding remarks.

153
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11.1 Methodology

In this section, we detail how ISA is instantiated for the OSP. Specifically, Section 11.1.1
defines the problem subset; Section 11.1.2 describes the algorithms considered; Section 11.1.3
specifies the performance space; Section 11.1.4 enumerates the instance features; and
Section 11.1.5 explains the construction of the instance space. Section 11.1.6 summarises
the complementary algorithm selection experiments used to validate the ISA findings. We
remind the reader that general information on ISA are available in Section 2.6.5.

11.1.1 Problem Subset

Our ISA includes a total of 2190 instances: 794 coming from the literature and real-world
cases, and 1396 newly generated specifically for this work. Note that the analysis presented
in this chapter are concerned with UC-2.

Existing Instances

We include in our ISA the 80 original instances for the OSP from the work by M. Lackner
et al. [275] (OSP-1, see also Section 3.4). We include 40 larger instances (0SP-2) and 25
tuning instances (indicated as TU, see Section 9.2 and Section 10.2). We also consider 49
real-world instances from an industrial partner (RL) and 600 instances related to a similar
problem [125] (DA, see also Appendix D).

Newly Generated Instances

We generate 1396 additional instances (indicated as NEW) using the random instance
generator described by M. Lackner et al. [275]. These new instances serve two objectives:
(1) Better cover the instance space. (ii) Train the models used for algorithm selection. To
ensure the diversity of this new instance set, the parameter values chosen for the generation
cover a broader range than those of the existing instances. These parameter values include
the number of jobs, machines, and attributes, as well as maximum processing times,
machine capacity limits, etc. The generation process is repeated multiple times until no
(large) areas of the instance space remain empty.

11.1.2 Algorithm Space

We analyze the two state-of-the-art algorithms for the OSP, which are the LNS algorithm
and the SA algorithm reported in Chapter 10.

11.1.3 Performance Space

As the primary performance metric for our ISA, we employ the value of the objective function
obj (Equation 8.1), where lower values indicate better performance. In addition, following
the approach suggested by Smith-Miles and Mufioz [436], we apply two supplementary
methods to analyze the results. First, we consider an algorithm to be good for a given
instance if its performance is within (1 + €) times the best performance on that instance.
Formally, this is expressed by

(;ij <1+e€
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where .
obj,,(x)

mingy e 4 0bjy ()

(;ij(x) =

is the scaled cost of algorithm v on instance z, relative to the best known cost for z. We set
e = 0.01 (i.e., a 1% gap). Moreover, an algorithm is considered a winner for an instance if it
is among the best-performing algorithms, meaning it achieves the best performance with
e = 0. If an algorithm is the sole winner for an instance, it is classified as a unique winner.

11.1.4 Feature Space

We propose 165 features to characterise the instances: 115 direct descriptors, 9 features
derived from theoretically computed Lower Bounds (LBs), and 41 graph-based descriptors.
To the best of our knowledge we are the first to systematically incorporate theoretically
computed LBs into ISA and to employ a compatibility-graph construction tailored to the
OSP. Regarding the latter, graph representations have appeared in ISA before [116, 446].
We now provide an abridged list of features; the complete list is reported in Appendix E.

Direct Features

Direct features can be extracted directly from the instances through simple counts or
examination of instance entities, possibly involving only minor calculations. For example,
we include the number of jobs, the number of machines, the number of operations,
calculated as the product between the number of jobs and the number of machines, the
number of jobs per machine considering the concept of eligible machines, the job sizes,
and the normalization weights for each cost component.

Lower Bounds as Features

The feature set includes theoretical LBs for the OSP (Chapter 9) and related metrics: the
bound on the number of batches, LBs on cost components, the upper bound on processing
time reduction from batching, and the time to compute these bounds.

Graph Features

Graph features are based on the undirected job compatibility graph. In this graph, each
node corresponds to a job, and arcs connect pairs of nodes (jobs) that can be processed
together under the following conditions: (i) They share the same attribute. (ii) They can be
processed on at least one common machine. (iii) Their processing times are compatible. (iv)
Their release and due dates are compatible. Given that job tardiness is already considered in
the objective function, we also introduce a relaxed version of the graph where condition (iv)
is omitted. For each graph (complete and relaxed), we extract features such as the number
of edges, density, and isolated nodes.

Key Statistical Figures

Some features are represented by a single value, while others require aggregation to capture
their statistical distribution. In such cases, we compute the minimum (min), maximum
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(max), range (range = max — min), mean, quartiles (¢q1, ¢2, ¢3), and standard deviation
(std). For instance, the total number of jobs is a single value, whereas the jobs’ sizes are
aggregated into average, standard deviation, etc.

11.1.5 Instance Space Construction

We know detail how the instance space is constructed in terms of how the features are
processed, how the instance space boundaries are constructed, and how strengths and
weaknesses areas of the algorithms are detected. Finally, we also provide tecnical details
useful for reproducibility of the results.

Feature Processing

First, the feature values are preprocessed by (i) Bounding outliers to the median plus/minus
five times the inter-quartile range. (i) Normalizing the values so they are normally
distributed by applying a Box-Cox transformation and a z-score standardization.

For each algorithm, the most relevant features are identified by calculating their Pearson
correlation with the algorithm’s performance, retaining only those with a correlation above
a minimum threshold of 0.45. The full set of features is then grouped using k-means
clustering (with k& = 7 clusters, a maximum of 1000 iterations, and 100 repeats), based on
similarity in Pearson correlation values. This grouping allows us to select a representative
feature from each cluster, simplifying and enhancing the effectiveness of subsequent
visualizations. The representative feature is selected by initially projecting the features onto
a 2D space using a Principle Component Analysis (PCA). Next, a Random Forest (RF) model
(with 100 trees) is applied to classify each instance as either easy or hard for each algorithm.
Finally, a Genetic Algorithm (GA) is employed to guide the feature selection process,
identifying the combination of features that produces the most accurate RF predictions
(see [436, Section 3.2.2]). The selected features are projected into a 2D space according to:

T

cl feature;
21
( ): o (11.1)
2 b featurey,
The coefficients ci, ..., c5 are determined numerically by solving the problem defined

in [436, Section 3.2.3]. The 2D projection serves as the primary tool for exploring the
instance space.

Instance Space Boundaries

The coverage of the instance space is assessed by identifying two boundaries: an experi-
mental and a theoretical one. The experimental boundary is defined by the convex hull
of the point cloud, representing the area with empirical evidence of existing instances.
The theoretical boundary, in contrast, is derived from the hypercube formed using the
minimum and maximum values of each selected feature. This hypercube is refined by
eliminating improbable feature combinations: for any two features feature; and feature,
with a correlation grater than 0.75, vertices containing min(feature;) and max(features),
or min(features) and max(feature; ) are removed. The same pruning method is applied to
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features with strong negative correlations. The remaining vertices are projected into the
2D space using the previously determined coefficients, and their convex hull defines the
theoretical boundary. Note that this procedure yields an approximate boundary, which
may be a rough estimate of the true extent of the space.

Strengths and Weaknesses of Algorithms

The instance space is divided into regions of strengths and weaknesses for each algorithm,
enabling automated recommendations. The ISA procedure trains a separate Support Vector
Machine (SVM) for each algorithm using normalized coordinates as inputs.

We use SVM with a polynomial kernel and automatic tuning via 10-fold stratified
cross-validation. This approach predicts the best algorithm for new instances, prioritizing
the model with the highest precision, and if needed, the one with the highest average
performance. Instances without a clear winner are marked as having no strong preference.

While SVM provides useful insights, the analysis should be complemented by considering
the concept of an algorithm footprint, which represents the generalized area of the instance
space where the algorithm performs well or best. ISA constructs the algorithm footprint
by employing Density-Based Spatial Clustering of Applications with Noise (DBSCAN)
to identify high-density clusters of instances where each algorithm performs well. For
each identified cluster, it generalizes the convex hull concept to form a polygon that tightly
encloses all points within the cluster. We set a purity threshold of 0.75, meaning that
at least 75% of all instances where the algorithm shows good or best performance must
be enclosed within the footprint. These footprints offer a more nuanced assessment of
algorithm performance, providing metrics such as the footprint area, density (calculated as
the number of instances within the footprint per unit area), and purity.

11.1.6 Algorithm Selection

Algorithm selection aims to predict the best algorithm (the winner) for a given instance,
treating it as a classification problem where each class represents one algorithm. This
contrasts with the ISA approach, which builds separate models for each algorithm and
combines predictions, resolving ties using precision and performance probability. We apply
our approach to validate the ISA outcomes and explore algorithm portfolio’s capabilities.

Dataset

We focus on instances with a unique winner (e = 0.0), excluding ties as misclassifying a
tie still yields an optimal result. For experiments validating ISA results, we use only the
features identified by ISA. In contrast, for algorithm selection, we use the full feature set,
following related research [116, 446].

Classification Algorithms

The following standard classification algorithms were used for algorithm selection (for the
parameter tuning ranges, please refer to Section 11.2):

* Most Frequent (MF), always predicting the most frequent class as a baseline (i.e., SA).
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¢ RF, with 170 trees for tests related to ISA validation and 200 trees for the test related
to the algorithm selection experiments, reflecting the use of two datasets.

¢ Decision Tree (DT), using the Gini criterion, a maximum depth of 8, minimum
samples to split set to 14, and minimum samples at a leaf set to 10.

¢ K-Nearest Neighbors (KNN), with 5 neighbors.

* SVM, with a linear kernel and regularization parameter equal to 1.

Performance Measures

We evaluate the models using:
* Accuracy, the proportion of correct classifications;
* Recall, the proportion of actual positives correctly identified;
¢ Precision, the proportion of true positives among all positive predictions.

We consider the SA class as the positive class. These metrics are also applied to assess ISA
SVM models.

SHapley Additive exPlanations

To validate the results of the ISA, we train a RF model using the 7 features selected by
the ISA procedure and analyze their influence on the model’s predictions using SHapley
Additive exPlanations (SHAP) [320]. SHAP is a game-theoretic approach for interpreting
ML model outputs, where SHAP values quantify each feature’s impact by assessing its
contribution to the overall prediction [167].

11.2 Experimental Setup

The experimental setup is as follows:

Solution Methods The algorithms’ executions are scheduled on a machine featuring 2x
Intel Xeon Platinum 8368 2.4GHz 38C, 8 x64GB RDIMM. We run each algorithm 5
times with a different seed (i.e., from 42 to 46). The algorithm’s implementation and
tuning are the same as the one reported in the related sections. Both methods are
stopped with a 1-hour time limit or after 10,000 idle iterations.

Feature Extraction Direct features are extracted employing the numpy (v.1.26.4) Python
package [213]. Lower bounds are extracted with the same setting reported in Chapter 9.
Graph-based features are extracted using the NetworkX (v.3.1) Python package [209]

Instance Space Construction The instance space is constructed using the ISA implemen-
tation available from the public repository! on a MacBook Air M3 with 16GB of
memory and macOS Sonoma 14.3. All parameters not explicitly mentioned within

1https ://github.com/andremun/InstanceSpace, mirrored on Zenodo [359].
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the related description (Section 11.1) are set to default values. To enhance result
visualization, the ISA images are reproduced using the Python package seaborn (v.
0.13.2) [492].

Classification Algorithms All models are implemented using scikit-learn (v.1.5.1) [384]
and evaluated via 10-times iterated stratified 10-fold cross-validation, using accuracy
as the primary metric. Experiments are run on the same Mac Book described before.
Parameter tuning was performed for the specified parameters, with default settings
otherwise. More specifically, tuning of the classification algorithm is conducted
using a randomized search, with a maximum of 100 iterations. When the number
of combinations of configurations is lower than the maximum number of iterations,
the procedure corresponds to an exhaustive search. The following parameter ranges
have been tuned for the models:

¢ DT: The criterion is chosen between gini, entropy, or log loss; the maximum
depth of the tree is chosen in the range from 1 to 20; the minimum number of
samples required to split an internal node is chosen in the range from 2 to 20;
the minimum number of samples required to be at a leaf node is chosen in the
range from 1 to 20.

* RF: The number of trees is chosen in the range from 100 to 500 (step width of 10).
¢ KNN: The number of neighbors is chosen in the range from 3 to 15.

* SVM: The kernel is chosen between linear, rbf, or poly; the gamma parameter
(when needed) is chosen from the values 0.1, 1, 10, or 100; the regularization
parameter is chosen from the values 0.1, 1, 10, 100, or 1000.

SHapley Additive exPlanations SHAP values are obtained using the shap (v.0.46.0)
Python package [319].

11.3 Results

In this section, we first outline the results linked to the ISA (Section 11.3.1) and the those of
the traditional algorithm selection (Section 11.3.2).

11.3.1 Instance Space Analysis

This section reports the results of the ISA, starting with the identification of the most
important features. Second, we report the distribution of the instances in the instance
space, distinguishing by origin and highlighting the instance space boundary. We also
analyze the algorithm footprints and the distribution of the features.

Projection Matrix

The projection matrix computed by the ISA procedure and used to map the processed
features into the 2D space is as follows:
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0.1342 0.4788 number of jobs
—0.2584 0.6512 number of jobs per machine (q3)
—0.44  0.6504 number of operations
<Z1> = | —0.48 0.3313 | - | normalization weight processing time (11.2)
2 —0.3202 0.5603 time to compute lower bounds
—0.4475 0.3603 lower bound number batches
0.9907 0.6723 upper bound reduction processing time

Four out of seven features selected are connected to the size of the instance: the number
of jobs, the third quartile of the number of jobs per machine (number of jobs per machine (g3)),
the number of operations, and the lexicographic weight of the processing time (w,, indicated
by normalization weight processing time). The remaining three features pertain to LBs: time to
compute lower bounds, lower bound number batches, and upper bound reduction processing time.
Notably, no features related to compatibility graphs were selected.

Distribution of Instances
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Figure 11.1: Instance space organized by the sources of the instances.

Figure 11.1 shows the projection of the instances within the instance space, organized
by source. The left plot displays all instances (2190), the middle plot shows only those
previously used in the literature (794), and the right one only DA instances (600). Theoretical
boundaries (“theor. boundary”) are marked with a continuous red line, while experimental
boundaries (“exp. boundary”) are indicated by a dashed red line. The middle plot reveals
that the existing instances only cover certain regions of the instance space. In particular, the
upper-left part of the instance space is only sparsely covered. The NEW instances, generated
for this study, cover the entire instance space, showing the ability of the generator [275] to
produce instances with diverse characteristics.

Among the existing instances, the OSP-1 set is distributed across four lines between
—2.4 < z < 2.4 and 2z < 2.3; these lines roughly correspond to the number of jobs (10,
25, 50, and 100) used in instance creation. In contrast, the OSP-2 instances occupy the
upper portion of the space (22 > 2.5). The TU set spans regions that overlap with both
0SP-1 and 0SP-2, which can be expected since TU instances were specifically generated to
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exhibit similar characteristics. The RL set shares the same z; range as 0SP-1 but is more
concentrated toward the right side of the instance space (z; > 1.3). Lastly, the DA instances
form distinct clusters due to their generation process, where processing times, job sizes,
and ready times were sampled from discrete uniform distributions [125].

LNS SA

N0
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-25 0.0 25 -25 0.0 25
Z1 Z1
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Figure 11.2: Algorithm footprint of predicted Support Vector Machines (SVMs) performance of
Large Neighborhood Search (LNS) and Simulated Annealing (SA).
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Figure 11.3: Recommended algorithms from Support Vector Machine (SVM) prediction models.

Algorithm Footprints

For each algorithm, a SVM model is trained to predict regions where the algorithm is
expected to perform well (¢ = 0.01 w.r.t. the winner). Figure 11.2 illustrates predictions for
LNS (left) and SA (right). Instances where the algorithm performs well are cyan, while
poor performance is shown in magenta. Both algorithms perform well in the lower and
mid-left regions. SA has strengths in the top and top-left region, which is weak for LNS,
while LNS is strong in the mid-right, where SA is outperformed. The clear distinction,
especially in the topmost areas, suggests the benefit of an algorithm portfolio approach.

Figure 11.3 integrates the SVM models into a unified algorithm selection, with LNS
in cyan and SA in magenta. Ties are resolved by choosing the SVM model with higher
precision, assigning the lower region to SA. In a few instances (3, labeled “None” in black),
neither algorithm is recommended due to limited statistical support, possibly requiring
longer computation times or a hybrid approach.

Table 11.1 presents the performance metrics of the SVM models. The high precision
values confirm that when an SVM model predicts good performance for an algorithm on
a given instance, the prediction is reliable. Additionally, the high recall levels indicate
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Table 11.1: Support Vector Machine (SVM) performance metrics.

Pr  Accuracy Precision Recall

LNS 0.709 0.899 0.879 0.994
SA 0.815 0.869 0.894 0.952
Portfolio 0.898 — — —

that the model is unlikely to overlook instances where the algorithm performs well. The
probability of correctly selecting a good algorithm (i.e., Pr = Pr((;l;j »(@) < 1+€),e=0.01)
for a given instance is 0.709 when always using LNS and 0.815 when always using SA. The
combination of the models in the algorithm portfolio increases this probability to 0.898.

Table 11.2 presents the footprint of the algorithms based on their actual performance,
rather than the simulated data from the SVM models. It lists the normalized values for
the areas, densities, and purities of the footprints, categorized for both good (subscript &)
and best (subscript B) performance. In the best performance category, ties are resolved
randomly, as no definitive criterion (such as precision, which is used for breaking ties in
the combined SVM prediction) is available to determine the superior choice.

Focusing on the best performance, both algorithms exhibit densities greater than 1,
indicating that their regions of strong performance are denser than average. While there
is considerable overlap in the areas where both algorithms perform well, each also has
unique regions where it outperforms the other. Notably, the extent of these exclusive areas
is nearly equal for both algorithms.

Table 11.2: Footprint metrics on the actual outcomes (not simulated from Support Vector Machine,
SVM) regarding Large Neighborhood Search (LNS) and Simulated Annealing (SA).

areag densityg puritye areap densityp puritys

LNS 0.87 0.94 0.88 0.17 1.05 0.81
SA 0.74 1.03 0.93 0.18 1.10 0.98

Distribution of the Features

Given that each algorithm has distinct strengths and weaknesses, our goal is now to
explore how instance properties influence algorithm performance. Figure 11.4 shows
the distribution of selected features across the instance space, with colors representing
normalized values: cyan shades indicate smaller values, and magenta shades indicate larger
ones. Most features shift from high to low values top-down, except for the normalization
weight of processing time and the lower bound to the number of batches (top-left to bottom-right)
and the upper bound to the reduction of processing time (right to left). Instances easily solved
by both algorithms generally have fewer jobs and operations, while SA performs better on
larger instances, making instance size a key factor. Conversely, LNS is superior when there
is more potential for processing time reduction and a smaller lower bound on the number
of batches.

To validate these results, we trained a RF model with the 7 selected features and analyzed
their influence using SHAP values. The model achieved an average accuracy of 0.831+0.003,
recall of 0.866 & 0.004, and precision of 0.859 £ 0.005. Figure 11.5 shows the SHAP values
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Figure 11.4: Normalized feature distribution across instance space.

for SA predictions (with symmetric results for LNS). Feature values are color-coded, pink
for higher values and blue for lower. The z-axis represents the SHAP values. These results
align with ISA findings. For example, lower upper bound reduction of processing time values
favor SA, while higher values favor LNS. Likewise, a higher number of jobs is linked to SA,
and fewer to LNS. This relatively clear distinction between feature values associated with
SA and LNS is promising for feature-based algorithm selection. Indeed, the well-defined
regions in the instance space suggest that predictive models can reliably guide algorithm
selection decisions.

11.3.2 Algorithm Selection

Figure 11.6 shows the results of the algorithm selection, displaying accuracy, recall, and
precision scores. Referring to accuracy and precision, all models outperform the MF model,
with RF and SVM emerging as the top two options. The recall value for the MF model is 1,
by definition, and is included here just for completeness. More specifically, RF achieves the
highest accuracy at 0.855 £ 0.003, closely followed by SVM at 0.851 & 0.003. For recall, RF
led with 0.899 + 0.004, while SVM followed at 0.886 4 0.004. Finally, in terms of precision,
SVM performed best at 0.871 £ 0.003, with RF slightly behind at 0.868 £ 0.003. Examining
the algorithm selection process through the value of the objective function, MF shows an
average gap of 1.5%. In contrast, all ML models achieve an average gap of less than 1%: RF
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Figure 11.5: SHapley Additive exPlanations (SHAP) values for Random Forest predicting the best
algorithm (positive class: Simulated Annealing, SA).

at 0.3%, DT at 0.4%, SVM at 0.4%, and KNN at 0.6%.

These results indicate that using a combination of algorithms, selected through a suitable
classification model (i.e., an algorithm portfolio), is more effective than consistently using
MF (i.e., the most frequent winner, that is SA). The differences in accuracy and precision
are minimal, with SVM and RF emerging as equally strong options, both significantly
improving performance over the baseline.

Accuracy Recall Precision
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Figure 11.6: Performance of the algorithm portfolio, distinguishing by performance metric and
classification algorithm. We consider the Simulated Annealing (SA) as the positive class.

114 Concluding Remarks

In this concluding section, we summarize the content of the chapter (Section 11.4.1), discuss
limitations (Section 11.4.2) and outline future research directions (Section 11.4.3).

11.4.1 Content

We presented a comprehensive study of the OSP, evaluating the performance of two
state-of-the-art algorithms, LNS and SA, using the ISA framework. The analysis spanned
across 2190 instances described by 165 features. The results highlighted the strengths and
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weaknesses of each algorithm and emphasized the importance of identifying a collection
of relevant features that define the instance space effectively. The introduction of novel
instances (1396 instances) allowed us to achieve better coverage of the instance space,
facilitating a more accurate understanding of the algorithms’ behavior. By discovering the
most relevant features, we could map regions in the projected space where algorithms
performed differently. This distinction justifies an algorithm portfolio approach that, for
any given instance, selects either LNS or SA, based on the instance’s feature values. The
results obtained from four well-known ML models confirmed the clear advantage of such
a portfolio approach since it significantly enhances the performance compared to the use
of any single algorithm.

11.4.2 Limitations

This study has the following limitations:

* Scope: We target a single-stage, deterministic OSP with non-preemptive parallel batch-
ing, capacity limits, machine eligibility, availability calendars, and sequence/family-
dependent setups. Results may not transfer to multi-stage, stochastic, or re-entrant
settings, or to alternative batch-time definitions.

¢ Feature design: The feature set is hand-engineered. LB-derived features inherit
assumptions from the underlying relaxations and may be less informative under
some circumstances.

¢ ISA methodology: Although ISA is well established, conclusions are sensitive to
projection/clustering choices and their hyper parameters, which were selected via
manual tuning.

¢ Portfolio learning: Algorithm-selection models were trained/validated on the
available benchmarks; out-of-distribution generalization to new industrial datasets
is untested. Labels reflect empirical winners under a fixed budget and may change
with different cost models or stability criteria; we did not assess calibration or
decision-theoretic utility (e.g., risk-sensitive selection).

11.4.3 Future Work

Future research will explore the instance space for other variants of the OSP, such as those
involving different objective weight settings (like UC 1 and 3). Additionally, the feature set
could be expanded with more informative graph-based features, which have the potential
to enrich the landscape of the instance space further. These enhancements could provide
deeper insights into algorithm performance and reveal new opportunities for improving
algorithm selection strategies.






Chapter 12

Search Trajectory Networks

Comparing different solution approaches for an optimization problem is essential to find
the most suitable algorithm for a given class of instances. To this end, it is common for
optimization practitioners to collect quantitative data on the algorithm’s behavior (e.g., best
objective function value, number of iterations, time, etc.) and to display them in tables, box
plots, and line plots. While these analyses are useful, they fail to represent the complete
behavior of the algorithms and focus only on the final step of the optimization process.

Recently, Search Trajectory Networks (STNs) have emerged as a powerful tool for
enhancing the interpretability and explainability of algorithmic outcomes [370]. STNs offer
a graphical representation of algorithmic behavior by representing the trajectories taken by
algorithms in the search space as a directed graph. These networks are particularly useful
for visualizing and analyzing the paths that search algorithms traverse when applied to
the same problem instance.

Considering the Oven Scheduling Problem (OSP), classical analyses of stochastic algo-
rithms, such as gap analysis and Critical Difference (CD) plots (Chapter 10), coupled with
Instance Space Analysis (ISA) (Chapter 11), demonstrated that Large Neighborhood Search
(LNS) and Simulated Annealing (SA) are the most successful algorithms. However, these
findings are primarily based on evaluating the final outcomes, with a limited exploration
of how these algorithms behave within the search space.

This chapter aims to analyze the behavior of two state-of-the-art algorithms, SA and
LNS, in solving a real-world parallel batch scheduling problem using STNs. Through this
analysis, we contribute to the study of algorithms in parallel batch scheduling by providing
deeper insights into the solution landscape of problem instances and its relationship with
algorithm performance. Additionally, we highlight the value of STNs in algorithm analysis,
with the goal of encouraging their adoption as a standard practice.

This chapter is structured as follows. Section 12.1 introduces STN methodology and
Section 12.2 details its instantiation for the OSP. Section 12.3 reports the results and
Section 12.4 offers concluding remarks.

12.1 Methodology

We now outline the methodology followed in this work (Figure 12.1). We apply two
state-of-the-art algorithms for the OSP (Section 12.1.1) on a subset of problem instances

167
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(Section 12.1.2). Representative solutions are collected (Sections 12.1.3 and 12.1.4) and STNs
are constructed in form of graphs and described through specific metrics (Section 12.1.5).
Furthermore, locations are identified through search space partitioning (Section 12.1.6).
We remind the reader that additional details on STN are available in Section 2.6.6.

Simulated .
annealing
SA
—_— solutions
Instance of the Search space
osP partitioning
Large @
— neighborhood —~—— .
search
LNS Graph
solutions -
Search trajectory
networks
172.16.1.0

Metrics

Figure 12.1: Experimental pipeline used in this chapter.

12.1.1 Algorithms
We consider the two state-of-the-art algorithms for the OSP (SA and LNS, see Chapter 10).

12.1.2 Instances

We consider the OSP benchmark dataset originally proposed by M. Lackner et al. [275]
(Section 3.4), together with the larger instances introduced in Chapter 9, for a total of
120 instances. From these, we randomly sample 10 instances. Their characteristics are
reported in Table 12.1, along with the algorithm achieving the best objective value (labelled
“Winner”). As a crude proxy for combinatorial difficulty, we approximate the search-space

jobs+machines

size by jobs

Table 12.1: Characteristics of the selected instances. Graphical Search Trajectory Networks (STNs)
for instances marked with a “o” are presented in Figure 12.3.

Code Jobs Machines Attributes Horizon Search space size Winner
inst_45 50 2 2 15,403 ~ 10%° LNS
inst_50 50 2 5 3,021 =~ 10%° LNS

o inst_61 100 2 2 1267 =~ 10%% LNS
inst_62 100 2 2 10,304 ~ 10204 SA
inst_70 100 2 5 32,861 =~ 10%%* LNS
inst_72 100 5 2 3,748 ~ 10210 SA

o inst_77 100 5 5 1,135 =~ 10%'° SA & LNS
inst_79 100 5 5 29,816 =~ 1021 SA
inst_82 250 2 2 8,224 =~ 10%0° LNS

o inst_91 250 5 2 7,605 =~ 10612 SA
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12.1.3 Sampling Process

The first step in implementing STNSs is to track the representative solutions and their
transitions. In our approach, we log any changes in the best solution encountered. We
avoid using frequency-based logging (e.g., recording after a given number of steps) since
the recording process itself does not impact the algorithm’s runtime. In fact, our as SA
method is iteration-based and LNS logging procedures require less than 0.0001 seconds to
register a new solution. Additionally, frequency-based logging risks missing important
information, as only a subset of the solutions may be captured using this approach.

12.1.4 Solution Encoding

A solution to the OSP is represented by two arrays of size equal to the number of jobs. The
first array stores, for each job j, the machine m on which it is processed. The second array
stores, for each job j, the position b in the schedule of machine m at which it is processed.
This representation is sufficient because processing times, batch start times, and other
elements of the schedule can be calculated deterministically based on the job’s processing
order, assigned machine, and the machine’s availability and setup times, following an
earliest-possible scheduling procedure. This is how both SA and LNS deal with solutions
when evaluating their objective value.

STNs require all solutions to be in string format, with all the strings having the same
length. For this reason, we concatenate the above-mentioned arrays in a single data
structure and convert the numbers to bitstrings.

Figure 12.2 illustrates an example of the solution encoding for a random instance with
10 jobs, 2 machines, and 2 attributes. At the top, we display a human-readable solution
representation in the form of a Gantt chart for both machines. The horizontal axis represents
time, while the vertical axis denotes machine capacity. The machine’s maximum capacity
is indicated by a dashed red line, and unavailable time intervals are shown in black. Each
job is represented by a rectangle, where the color corresponds to the attribute and the
height corresponds to the job’s size. Jobs processed in the same batch are stacked, so their
combined height reflects the batch’s total size. Jobs within a batch begin and end processing
simultaneously, with the processing time set by the longest minimum processing time
among the jobs. The middle section of Figure 12.2 encodes the solution using two arrays:
one specifying the machine assigned to each job and another indicating the processing order.
Finally, these two arrays are concatenated into a single array, with colors distinguishing the
machine assignment segment from the processing order segment. The bottom portion of
Figure 12.2 illustrates this concatenated array in its bitstring form.

Preliminary experiments considering additional elements in the solution representation
(e.g., the processing start time, processing duration, etc.) provided results comparable to
this minimal solution representation and are therefore not included here.

12.1.5 Search Trajectoriy Networks Analysis

The STN analysis includes two parts, the graphical representation and the metrics. Regard-
ing the first, we interchangeably use networks generated by the Kamada-Kawai [249] and
Fruchterman-Reingold [186] algorithms. Both algorithms produce force-directed layouts
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with a roughly even distribution of nodes, minimized edge crossings, nearly uniform edge
lengths, and preserved symmetries.
Considering the latter, we evaluate the following set of STN metrics:

¢ Nodes: Number of nodes.

Edges: Number of edges.

Best: Number of nodes with the best-found evaluation.

Ends: Number of nodes at the end of the trajectories other than the nodes with the
best evaluation.

Shared: Number of nodes visited by more than one algorithm.

Strength: Incoming weighted degree of best nodes normalized by the total number
of runs.

We do not consider the number of nodes at the beginning of the trajectories (initial) since
all algorithms start from the same initial solution.

12.1.6 Search Space Partitioning

STNs built solely from representative solutions (where each location corresponds to a
unique solution) often become cluttered and hard to interpret. This issue is especially
pronounced in real-world problems where algorithmic paths explore a large number of
solutions. To address this, search space partitioning can be employed. This involves
mapping similar solutions to a smaller set of locations, based on some measure of proximity
or similarity between solutions. In this work, we consider two partitioning strategies,
one based on Shannon Entropy (SE) [370] and the other on Hierarchical Agglomerative
Clustering (HAC) [89].

The core idea of SE-based search space partitioning is to merge solutions by removing
variables from the search space. The procedure is as follows (see [370, Section 5.4] for
theoretical details): First, the SE [428] of each decision variable is calculated, based on the
values they assume in the list of representative solutions so that variables that present the
same values in multiple solutions have lower SE values; this means that they are not so
informative. Second, decision variables with lower SE values are removed. The number of
variables removed is based on a percentage threshold set by the user.

HAC-based search partitioning is a bottom-up approach. The implementation uses
single-linkage and is extended w.r.t. traditional HAC with a mechanism controlling the
size (i.e., the percentage of all solutions a cluster can maximally contain) and volume (i.e.,
the percentage of the covered search space volume the solutions of a cluster span) of the
clusters. Both these control values are set by the user (as a percentage w.r.t. the number
of representative solutions, see [89, Section 3] for theoretical details). The procedure is as
follows: Initially, each data point (i.e., representative solution) is considered as a cluster
of size 1. Based on a distance measure that can be specified by the user, the two closest
clusters are determined and, if possible in terms of resulting cluster volume and size, are
merged into a new cluster. This step is repeated iteratively.
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12.2 Experimental Setup
The experimental setup is as follows:

Algorithms The experiments are executed on a machine featuring 2x Intel Xeon Platinum
8368 2.4GHz 38C, 8x64GB RDIMM. Each algorithm is executed on a single thread 5
times, each time with a different seed (i.e., from 42 to 46). Both methods are stopped
with a 1-hour time limit or after 10,000 idle iterations. The parameters are set as in
Chapter 10.

Representations and Metrics To plot STN graphs and extract the metrics, we used the
web tool available at the public GitHub repository stnweb.! The tool was run on a
MacBook Air M3 with 16GB of memory and macOS Sonoma 14.3.

Search Space Partitioning When dealing with partitioning, we cannot choose the same
values for reduction, volume size, or cluster size for all instances as they present
different properties (e.g., number of solutions, similarity between solutions, etc.) [370].
In the case of SE, we consider a reduction between 50% and 90% (with 10% steps). In
the case of HAC, we consider the Euclidian distance? and cluster size and volume
between 1% and 5% (with 1% steps). For each instance, the choice was made through
a full factorial analysis of the possible combinations, choosing the setting with the
most expressive visualization.

12.3 Results

In this section, we report the results of the experimental analysis, considering the metrics
and the visual representation as described in the previous section.

Table 12.2 reports the STN metrics distinguishing the instances (label “Code”) and the
search space partitioning strategy (label “Partitioning”, the percentages between brackets
correspond to the chosen settings of the related parameters).

In all instances, STNs with no space partitioning (indicated with “—") do not identify
areas explored by both algorithms, as the number of shared nodes is always 1 (since all runs
start at the same initial solution). When applying SE, the number of nodes decreases slightly;
however, the aggregation into locations happens only within representative solutions of the
same algorithm (i.e., only representative solutions explored by SA or only representative
solutions explored by LNS, therefore shared=1). We also conducted experiments increasing
the partitioning size (up to 99%), but the results were not different w.r.t. those of lower
partitioning percentages. Conversely, when applying HAC as a search partitioning strategy,
it is possible to reduce significantly the number of locations and to identify locations visited
by both algorithms: for all instances, the number of shared nodes is greater than 1. The
difference in behavior between the two partitioning strategies may be attributed to the
overestimation inherent in the solution representation using bitstrings. Specifically, HAC
shows greater robustness to the zero-padding of strings, while SE is more sensitive.

]https ://github.com/camilochs/stnweb. Accessed 2025-01-03

’The only other available option in the stnweb tool is the Manhattan distance, which is not suitable in this
a case.
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Table 12.2: Search Trajectory Network (STN) metrics for the Oven Scheduling Problem (OSP). The
STNss for instances marked with a “o” are presented in Figure 12.3.

Code Partitioning Nodes Edges Shared Best End Strength

— 361 360 1 1 9 0.1
inst_45 SE (90%) 358 357 1 1 9 0.1
HAC (1%,1%) 131 184 12 1 9 0.1
— 276 275 1 5 5 05
inst_50 SE (90%) 275 274 1 5 5 0.5
HAC (1%,1%) 139 177 14 4 4 0.7
— 836 835 1 3 7 0.3
o inst_61 SE (90%) 830 829 1 3 7 0.3
HAC (1%,1%) 113 246 10 3 5 0.8
— 1169 1168 1 1 9 0.1
inst_62 SE (90%) 1163 1162 1 1 9 0.1
HAC (1%,1%) 118 242 15 1 8 0.4
— 1789 1788 1 1 9 0.1
inst_70  SE (90%) 1765 1764 1 1 9 0.1
HAC (2%,2%) 59 173 4 1 6 0.4
— 828 827 1 5 5 0.5
inst_72  SE (90%) 824 823 1 5 5 05
HAC (1%,1%) 119 180 13 3 5 1.1
— 837 836 1 5 5 05
o inst_77 SE (90%) 833 832 1 5 5 05
HAC (1%,2%) 121 215 10 3 4 14
— 950 949 1 1 9 0.1
inst_79  SE (90%) 940 939 1 1 9 0.1
HAC (1%,1%) 169 220 9 1 8 06
— 553 552 1 1 9 0.1
inst_82 SE (90%) 553 552 1 1 9 0.1
HAC (1%,1%) 117 247 7 1 9 0.1
— 1391 1390 1 1 9 0.1
o inst_91 SE (90%) 1385 1384 1 1 9 0.1
HAC (2%,2%) 57 104 3 1 9 0.4

Considering the number of best nodes, four instances (inst_50, inst_61, inst_72, and
inst_77) have more than one best solution. Only in one case (inst_61), all best solutions
belong to different locations of the search space (i.e., before and after the HAC partitioning
the number of best solutions does not decrease). In the other three cases, the best solutions
do not belong to a single location either, since the number of best nodes is always greater
than 1 after partitioning. This is an indicator of a multi-modal landscape with high-quality
solutions scattered across it. The strength values of best solutions are higher in the case of
search space partitioning with HAC, meaning that the best nodes have many connections
with other nodes. In this case, we can assume that the location where the best nodes lies is
linked to several other locations and is therefore relatively easy to reach.

Due to space limitations, we present only the network representations for a subset of the
selected instances (Figure 12.3). The networks are constructed with distinct colors, shapes,
and sizes to convey specific information:

¢ Each algorithm is represented by a unique color; the trajectories of SA appear in gray,
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while those of LNS appear in a lighter shade of gray.

Nodes visited by both algorithms are indicated by black circles.

Nodes representing the best solutions are indicated by white circles.

Starting nodes are represented by black squares.

End nodes are represented by black triangles.
* The size of a node is proportional to the number of visits paid to that node.

The selected instances present different characteristics: one where one algorithm out-
performs the other, but both algorithms visit the locations of the best solutions according
to HAC space partitioning (inst_61); one where both algorithms reach optimal solutions
(inst_77); one where one algorithm is superior and only it visits the best solution locations
(inst_91). We consider the networks without search space partitioning (Figure 12.3, images
A, C, and E) and those partitioned using HAC (Figure 12.3, images B, D, and F). Results
partitioned with SE are omitted, as it does not identify shared locations.

In all cases, SA trajectories appear longer than those of LNS: this is justified by the
algorithm procedures themselves, since SA randomly explores the search space with small
and quick changes, whereas LNS considers sub-problems iteratively, performing fewer but
larger changes on the current solution.

HAC partitioning highlights that SA tends to visit more representative solutions within the
same locations (i.e., the nodes are larger); on the contrary, LNS tends to visit representative
solutions in different locations of the space. The majority of the shared locations are within
the initial part of the search, this is justified by the fact that both algorithms start from
the same solution (i.e., both algorithms construct the initial solution using the algorithm
proposed by M. Lackner et al. [275], see also Section 3.4). Finally, the end nodes also appear
to be visited multiple times (i.e., they are larger in size than other nodes), suggesting that
the algorithms may become trapped in sub-optimal regions, where good but not optimal
solutions are located.

12.4 Concluding Remarks

In this concluding section, we summarize the content of the chapter (Section 12.4.1), discuss
limitations (Section 12.4.2), and outline future research directions (Section 12.4.3).

12.4.1 Content

In this work, we applied STNs to analyze the behavior of two state-of-the-art algorithms,
SA and LNS, for solving a real-world parallel batch scheduling problem, the OSP. We
considered a subset of 10 instances taken from the literature and represented STNs with
and without search space partitioning. Considering the search partitioning strategies,
the HAC can uncover the behavior of the algorithms better, as it is able to detect shared
locations between the algorithms.

The search space of the instances is extensive (up to 1,391 unique visited nodes) and
displays signs of multi-modality with high-quality solutions appearing in different space
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locations. While the algorithms explore different areas within the space, most shared
locations occurring early in the search; SA frequently revisits the same locations multiple
times, whereas LNS visits fewer representative solutions, typically situated in distinct
locations. This observation indicates that it may be beneficial to combine both algorithms
in a portfolio or hybrid method.

12.4.2 Limitations

Despite offering valuable insights into the dynamics of metaheuristics, STNs have notable
limitations. First, constructing interpretable networks is labour-intensive and only partially
automatable: assessing search partitioning typically relies on visual inspection, which
is time-consuming and restricts analyses to small subsets of instances. Second, while
search-space partitioning is essential, especially in large spaces, it introduces an additional
modelling layer; conclusions can be sensitive to the partitioning method and its hyperpa-
rameters, so STNs are not an off-the-shelf tool. Third, although HAC often yields coherent
partitions, it scales poorly to large solution sets because it requires computing and storing
the full pairwise distance matrix.

12.4.3 Future Work

Future work proceeds along two lines. First, we will complement the present analysis with
Local Optima Networks (Local Optima Networks (LONs)) to contrast global landscape
connectivity with the transition patterns captured by STNs.

Second, we will extend the STN study along different directions:

* Scalability of clustering: Evaluate how HAC performs on larger solution sets and
possibily approximate the results via heuristic methods such as Approximate Nearest
Neighbor (ANN).

* Representation effects: Compare alternative schedule/trajectory representations
and measure their impact on clustering and the induced STNs.

¢ Semantic alignment: Quantify the agreement between STN clusters and human-
readable descriptors of the solutions.
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Chapter 13

Introduction

Home Healthcare (HHC) constitutes an essential component of modern healthcare systems.
It provides patients with personalized, accessible, and continuous care in the comfort of
their homes, extending services beyond traditional medical facilities such as hospitals
and nursing homes. It is particularly beneficial for seniors, individuals with disabilities,
and those recovering from illness or surgery, as it includes services like medical care (e.g.,
nursing, physical therapy, medication administration), assistance with activities of daily
living (e.g., bathing, meal preparation), and emotional support through companionship.
Compared to institutional care, HHC is typically more cost-effective [196], alleviates
pressure on hospitals and family caregivers, and enables individuals to receive care in
familiar environments that support their autonomy and well-being.

The operational model of HHC involves specialized caregivers visiting patients” homes
to provide services before moving on to subsequent appointments (Figure 13.1). Unlike
conventional healthcare scheduling [79, 478], this setting requires the simultaneous coor-
dination of who performs the service, when it occurs, and how caregivers travel between
patients. The resulting Home Healthcare Routing and Scheduling Problem (HHCRSP)
integrates routing and scheduling decisions into a single optimization problem, and has
attracted attention in the Operations Research (OR) literature [170, 176, 187].

|
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nct:\,, N 9
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Caregiver
Paul Jackson

|
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am Patient's house .—>Caregiver path @ Depot
|

Figure 13.1: Naive representation of the operational model of Home Healtchare (HHC).

179



180 CHAPTER 13. INTRODUCTION

Over the past decade, several HHCRSP formulations have been proposed, yet relatively
few capture multiple real-world characteristics simultaneously, limiting their applicability
in practice. Moreover, the scarcity of publicly available datasets, often due to privacy
concerns, has hindered reproducibility and systematic comparison across studies. Among
the available models, the formulation of Mankowska, Meisel, and Bierwirth [327] has
become a reference [80, 279, 354, 363, 364], partly because it is accompanied by a public
benchmark dataset. State of the art methods are a Simulated Annealing (SA) algorithm
by Ceschia et al. [80] and a Mixed Integer Linear Programming (MILP) by Montemanni,
Ceschia, and Schaerf [354]

While Mankowska, Meisel, and Bierwirth [327] formulation has provided a valuable
foundation for benchmarking, it still omits several key aspects of practice, including
multiple caregiver departure points, shift structures and overtime, optional patient visits,
and caregiver—patient incompatibilities. Other formulations in the literature consider some
of these aspects individually, but not within a unified framework, and their corresponding
datasets are often unpublished or inaccessible.

13.1 Goals

This work aims to extend the specifications from Mankowska, Meisel, and Bierwirth [327]
by incorporating the most significant and practically relevant features proposed across
various HHCRSP formulations in the literature. We present a unified framework that
positions the existing specifications as specific subclasses, while enriching them with
additional entities and concepts that address a broader spectrum of real-world constraints.
To support this enhanced formulation, we provide a comprehensive collection of artificial
yet realistic instances that facilitate rigorous benchmarking within this unifying framework.
More programmatically, this part of the thesis pursues four goals:

1. Unified formulation: Extend the specifications of Mankowska, Meisel, and Bierwirth
[327] into a single, backward-compatible HHCRSP formulation that captures the
most practically relevant constraints reported in the literature.

2. Reproducible infrastructure: Provide a standardized, machine- and human-readable
json schema for both instances and solutions together with an instance generator,
feature extractor, and solution validator to enable fair, repeatable benchmarking.

3. Benchmark coverage: Translate existing datasets to the unified schema and release
new, diverse instances that broaden coverage of realistic problem characteristics.

4. Methodological assessment: Generalize and extend state of the art solution methods
to the unified formulation and evaluate their performance across the expanded
instance space.

These goals can be formulated as the following Research Questions (RQs):

RQ1 Unified formulation and schema adequacy: Can the proposed unified formu-
lation subsume Mankowska, Meisel, and Bierwirth [327] and other widely used
variants while preserving backward compatibility with public benchmarks? Does
the proposed schema, together with the generator, feature extractor, and validator,
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Figure 13.2: Schematic representation of the goals and content of this part of the thesis.

capture the targeted entities and constraints unambiguously and support reliable
interoperability and validation?

RQ2 Instance-space coverage: Do the new instances expand coverage of the instance
space relative to existing benchmarks (i.e., increase coverage and diversity in the
defined feature space)?

RQ3 Generic vs. specialised methods: Can general-purpose solution approaches perform
as well as specialized algorithms tailored to specific formulations?

To address RQ1, we introduce a unified HHCRSP formulation (natural language
specification and mathematical model; Chapter 14), define standardized json input/output
schemas, provide tooling (generator, feature extractor, validator), and translate existing
benchmarks into this format.

To address RQ2, we analyze the instance space of both translated and newly generated
datasets to quantify coverage and diversity (Chapter 14).
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To address RQ3, we generalize and extend state of the art methods to the unified
formulation and evaluate them on translated and new instances, enabling like-for-like
comparisons with specialised methods reported in prior work where available (Chapter 15).

The investigation addressing these RQs are presented originally presented as part of the
teaching material of the author of this thesis for the first ROAR-NET Training School and
as published material in:

® Ceschia, S., Da Ros, F., Di Gaspero, L., Mancini, S., Maniezzo, V., Montemanni,
R., Rosati, R. M., & Schaerf, A. (2025, submitted). A unified formulation for home
healthcare routing and scheduling problems. International Transactions in Operational
Research. 1-47. Journal rank: Scimago Q1 (2024).

Considering the Randomized Optimization Algorithms Research Network (ROAR-NET)
Cost Action, the work presented in this chapter is relevant to two working groups: Working
Group 1 (Problem Modelling and User Experience) and the Working Group 6 (Benchmarking).

Figure 13.2 provides an overview of the structure of this part of the thesis. Background
on the HHCRSP is highlighted in blue, while the original contributions of this thesis are
marked in orange.

Pre-claimer. While this work addresses a longstanding obstacle in optimization research,
i.e., the proliferation of formulations and input formats across closely related variants,
it also has limitations. Our feature set is anchored to the specification of Mankowska,
Meisel, and Bierwirth [327] and to characteristics that can be derived from public (or
requestable) datasets; as such, it cannot exhaust the breadth of requirements encountered in
industrial deployments. Although our unified formulation already incorporates more than
ten additional real-world characteristics, further context-specific aspects will inevitably
arise. However, to accommodate this diversity, the framework is modular by design. The
unified formulation decomposes entities and constraints into independent components;
the json schema uses optional, typed sections; and the instance generator, feature extractor,
and validator expose plug-in interfaces. This enables practitioners to incorporate new
aspects (e.g., additional resources, precedence relations, alternative objectives, or stochastic
arrivals) without breaking backward compatibility, and to extend the feature set as new
signals become available.

13.2 Structure

This part of the thesis is organized as follows. Chapter 14 introduces the problem,
outlining the instance and solution representations together with the reproducibility
toolbox. Chapter 15 presents the solution methods and their empirical evaluation.



Chapter 14

Problem Definition

The literature on Home Healthcare Routing and Scheduling Problem (HHCRSP) includes
numerous formulations, each emphasizing different constraints and objectives. However,
relatively few formulations integrate multiple real-world features simultaneously, limit-
ing practical applicability. Compounding this, problem data and benchmark instances
are seldom publicly available (largely due to privacy concerns) hindering replication,
comparability, and cumulative progress.

This chapter presents a unified, modular, and extensible formulation of the HHCRSP.
The formulation positions prominent specifications as special cases while exposing optional
components for additional constraints and objectives. We also define canonical instance
and solution representations and provide an instance generator. As in the case of the
Oven Scheduling Problem (OSP) (Chapter 8) and in compliance with guidelines by the
Randomized Optimization Algorithms Research Network (ROAR-NET) Cost Action, we
provide two complementary perspectives: a lay description, which offers an intuitive
overview of the problem’s logic and practical implications, and a formal definition, which
rigorously defines the problem.

The contributions of this chapter are:

¢ Unified, modular formulation. A single model that subsumes the basic HHCRSP
and incorporates multiple real-world features previously treated in isolation.

¢ Standardised representations. A modular json schema for instances and solutions,
with clear semantics and validation rules.

¢ Benchmark translation: Conversion of existing instances into the unified schema.

¢ Instance generation and coverage analysis. An instance generator and a new dataset;
a comparative analysis via Principle Component Analysis (PCA) demonstrating
coverage of, and extension beyond, existing instance spaces.

¢ Evaluation framework. A complete, reproducible infrastructure in Python for
loading, validating, and evaluating instances and solutions.

This chapter is organised as follows. Section 14.1 introduces an informal (lay) description
of the problem, Section 14.2 presents its formal definition, Section 14.3 defines the instance
and solution representations, and Section 14.4 outlines the toolbox architecture, describing
how the instance-format converter, generator, and related components interconnect.

183
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14.1 Lay Problem Definition

In this section, we define the essential entities of the HHCRSP model (Section 14.1.1),
extend them with additional elements that reflect the operational complexities of real-world
settings (Section 14.1.2), and conclude by categorizing the cost components and constraint
violations that shape the objective function (Section 14.1.3).

14.1.1 Essential Entities

Essential entities constitute the core elements upon which all problem variants are built,
regardless of their specific operational contexts or additional constraints.

Patients

Patients are the recipients of Home Healthcare (HHC) services, each characterized by a set
of attributes that may influence service delivery planning. Each patient is associated with a
specific geographic position (i.e., their home), which is the destination for caregivers’ visits.
The spatial distribution of patients, combined with the underlying road and transportation
networks, determines travel times between locations.

The patients’” temporal availability is represented by at least one time window, depending
on personal schedules, preferences, or medical requirements. Time windows establish
constraints within which services must be delivered.

Services

Services represent the specific care activities that must be delivered to patients, spanning
a broad spectrum of medical, therapeutic, and supportive interventions. Each service
is characterized by its nature and purpose, ranging from clinical procedures such as
medication administration or wound care to supportive functions like personal hygiene
assistance or rehabilitation exercises. The diversity of services reflects the multidimensional
nature of HHC delivery and requires the appropriate matching of patient needs with
caregiver capabilities.

Several parameters define the temporal dimension of services. Service duration specifies
the time required to complete the activity, which may vary based on patient condition,
service complexity, or caregiver experience. For time-sensitive services, such as insulin
administration or collecting biological samples, precise timing is critical to ensure clinical
efficacy or specimen viability. Patients often require multiple services, creating interde-
pendencies that must be carefully coordinated. Services may be subject to precedence
relationships, where certain activities must precede others to maintain care continuity and
effectiveness. The synchronization of services, mainly when multiple caregivers must work
in tandem, introduces additional complexity to the scheduling problem.

Caregivers

Caregivers are the workforce responsible for delivering HHC services to patients. Each
caregiver has a unique professional profile defined by their qualifications (also called
specializations or competencies). Qualifications are essential in HHC planning, as not all
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caregivers can perform all services. For instance, a nurse caregiver specialized in wound
care may not be qualified to conduct physical therapy, while a physiotherapist caregiver
lacks the credentials to administer certain medications.

Each caregiver typically operates within defined working time shifts, establishing their
availability throughout the planning horizon. These shifts may incorporate mandatory
lunch breaks and allow for overtime under the limits of labor regulations.

Mobility aspects further characterize caregivers within the HHC system. Each caregiver
begins and ends their workday at designated locations, which may be their home, a
healthcare facility, or another fixed point. Their movement between patient locations is
governed by available transportation modes, which influence travel times and operational
costs. In this formulation, we consider only one transportation mode, i.e., individual cars.

Scheduling Horizon

The scheduling horizon represents the temporal framework within which HHC operations
are planned and executed. In our setting, we restrict it to a single day and time granularity
based on minutes.

Core Feasibility Criteria

The essential feasibility criteria for a solution to the HHCRSP problem are as follows. A
service cannot be provided by a caregiver who is not qualified for it. This ensures that
patients receive care only from caregivers with the appropriate skills and certifications
required for their medical needs. Moreover, a service cannot start before the patient’s time
window begins. In case of early arrival, the caregiver has to wait until the time window
starts. This temporal constraint respects patient availability and preferences while ensuring
service delivery occurs when patients are prepared to receive care.

14.1.2 Additional Elements

We extend the essential entities with additional elements that capture the operational
complexities of real-world HHC settings and bridge the gap between the academic
formulations and the practice.

Time Windows

Patient availability is defined through either a single or multiple time windows. When patients
have multiple time windows and require multiple services, as in Bazirha, Benmansour, and
Kadrani [40] and Bazirha, Kadrani, and Benmansour [41], all services must be delivered
within a single selected time window, rather than distributed across different periods.

Time window enforcement can be approached in two primary ways: the standard
approach requires only that the service begins within the designated time window,
allowing the service to potentially extend beyond the window’s end [327]; alternatively,
both the beginning and end of the service must occur within the specified time frame (strict
time windows [40, 41]).
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Synchronization

For patients necessitating multiple services, the delivery pattern may take various forms
to accommodate clinical requirements and operational constraints. Services may be
provided simultaneously, with multiple caregivers attending to the patient at the same time;
sequentially, where one service must follow another; or independently, allowing services to
be scheduled without interdependence.

Sequential double-service patients require a specific minimum and maximum time
gap between services. This constraint expresses a relationship between services; e.g., a
medication must be administered at least a certain time after a meal but before a specific
elapsed time to ensure therapeutic efficacy.

Work Shift

The caregivers’ schedule is structured around defined shifts, which may either consist of
a complete workday (full-time) or segmented periods (part-time). Each caregiver begins
their service route from a designated location at or after their shift’s start and is expected to
return by the shift’s end. When a caregiver’s return time extends beyond their scheduled
shift end, this constitutes overtime (Section 14.1.3).

Caregiver Break

Caregiver schedules must accommodate rest periods, particularly during extended shifts.
Caregivers working through midday require a [unch break that must begin within a specified
time window and last for a predetermined duration. These breaks may occur near client
locations or at designated facilities, with any necessary movement incorporated into the
overall travel time calculations.

Departure and Arrival Points

In practical HHC operations, it is unrealistic to assume that all caregivers begin their shifts
at a central office location. Consequently, we allow caregivers to start their routes from
either the central healthcare facility or their residences and subsequently reach their arrival
point upon shift completion.

Patients / Caregivers Relationships

The relationship between caregivers and patients extends beyond simple service provision,
including interpersonal dynamics that can impact care quality and patient satisfaction.
These relationships are expressed in the form of:

¢ Incompatibility: Specific patient-caregiver pairings may be unsuitable due to various
personal or medical factors. For instance, a nurse with a cat allergy would be unable
to provide care in a home with feline pets, or a patient might request caregivers of a
specific gender for personal care services as a firm requirement. These restrictions
are included through specific patient-caregiver combinations declared as incompatible,
thereby preventing these assignments in the resulting schedule.
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* Preferences: Beyond strict incompatibilities, the quality of home healthcare is
significantly influenced by patient preferences for particular caregivers. These
preferences may stem from various factors, e.g., communication style, and are defined
as sets of preferred caregivers for a given patient.

Optional patients

Often, real-world cases involve situations where the available caregiver capacity cannot
satisfy the total patient demand. Within this context, we distinguish between two patient
categories based on service urgency. Mandatory patients must receive all scheduled services
within the current planning horizon without exception. Conversely, optional patients
may have their care postponed to subsequent planning periods when service capacity is
insufficient. Partial service delivery is not possible: a patient is adequately deemed served
when all their required services have been successfully scheduled.

14.1.3 Cost Components and Violations

In a general formulation of the HHCRSP, various operational aspects can be incorporated
either as hard constraints that must be satisfied for a solution to be feasible or as soft
constraints that may be violated with associated penalty costs in the objective function.
The following cost components and potential constraint violations capture operational
efficiency metrics and quality-of-service factors. The specific implementation of these
elements as either hard constraints or weighted penalty terms depends on organizational
priorities and operational requirements. Section 14.3 illustrates specific modeling choices
and provides a flexible framework that accommodates various approaches to handling
these constraints.

¢ Travel time: represents the duration caregivers need to move between locations. It
includes all movement within a caregiver’s route, including travel from the starting
location to the first patient, between consecutive patients, and from the final patient
back to the ending location. This component directly influences operational costs
through fuel consumption, vehicle wear, and productive time utilization.

* Waiting time: occurs when a caregiver arrives at a patient’s location before their
time window begins. During this period, the caregiver must wait until the earliest
permissible service start time, resulting in unproductive time that nonetheless
counts toward their work hours. This component represents inefficiency in schedule
coordination between caregiver availability and patient time windows.

¢ Tardiness: measures the delay in service delivery beyond the scheduled or promised
time. This can occur when a caregiver arrives (in relaxed time window scenario)
or completes (in strict time window scenarios) a service after the end of the time
window. Tardiness negatively impacts patient satisfaction and may compromise care
quality for time-sensitive services.

¢ Overtime: represents work performed beyond a caregiver’s shift duration. It occurs
when a caregiver’s return time to their ending location exceeds their shift end time.
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This component typically incurs premium labor costs and may contribute to caregiver
fatigue and decreased job satisfaction.

Idle time: represents the sum of all time periods within a caregiver’s shift that are
not used for patient service, travel, or required lunch break. It is calculated as the
total shift duration minus the combined service, travel, and lunch time. Specifically,
idle time includes three components: waiting time that occurs when a caregiver
arrives early at a patient location; the time interval between shift start and departure
to the first patient; and the period between returning to the ending location and the
conclusion of the shift (only when this return occurs before the shift ends). This
measure captures all non-productive periods within a caregiver’s scheduled shift and
represents potential inefficiency in resource utilization. It also serves as an indicator
of fairness when considering its distribution across caregivers. Significant disparities
in idle time may lead to unequal work experiences, where some caregivers face
fragmented or underutilized shifts, impacting job satisfaction and perceived equity.

Unscheduled optional patients: quantifies the penalty for not providing service to
optional patients within the current planning horizon. While these patients can have
their care postponed, each postponement potentially impacts their satisfaction.

Unmet preferences: measures violations of patient preferences regarding their care-
givers. When a patient is assigned a non-preferred caregiver despite having expressed
specific preferences, this component captures the resulting patient dissatisfaction or
potential negative impact on care effectiveness.

Ignored incompatibilities: measures violations of defined incompatibility relation-
ships between patients and caregivers. Similar to unmet preferences, these violations
result in patient dissatisfaction, but typically with more severe consequences for the
care relationship.

Qualifications requirements: measures violations for assigning caregivers to services
for which they lack the necessary qualifications. Such assignments compromise care
quality, patient safety, and regulatory compliance.

Missed lunch break: represents the penalty incurred when a caregiver’s schedule
fails to accommodate the required lunch break within the designated time window.
As this affects caregiver well-being and may violate labor regulations, the associated
cost reflects regulatory compliance risks and potential negative impacts on caregiver
performance and retention.

Workload balance: is a fairness-oriented cost component that considers the deviation
of individual caregiver’s working time with respect to the average working time
among all caregivers. This component promotes an equitable distribution of work.

Table 14.1 categorizes the various cost components according to the stakeholders primarily

affected by them. Each component is attributed to one or more of three key stakeholder

groups, i.e., caregivers, patients, and the healthcare organization itself. In addition, each

component is linked to one or more operational objectives, classified into three categories:
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Table 14.1: Attribution of cost components to stakeholders and classification by operational goals.
The column “MILP” reports a reference to the cost components of the formal model described in
Section 14.2.

Stakeholder Operational goals
Cost component MILP Caregiver Patient Organization Efficiency Fairness Well-being
Travel time (CC1) v v
Overtime (CC4) v v v
Tardiness (CC2),(CC3) v v v
Waiting time  (CC5) v v
Idle time (CC6) v v v
Unscheduled optional patients (CC10) v v v
Unmet preferences (CC8) v v
Ignored incompatibilities v v v
Qualifications requirements v v
Missed lunch break (CC9) v v
Workload balance (CC7?) v v

efficiency, which relates to overall costs and resource usage; fairness, which concerns the
equitable distribution of workload and service among individuals (both, caregivers and
patients); and individual well-being, which reflects the quality of experience or outcomes
for each person involved, particularly focusing on patient satisfaction and caregiver comfort.
Specifically, patients” and caregivers’ preferences are handled through multiple modeling
choices, which are briefly discussed in Section 14.2.3.

In Section 15.3.3, we provide some managerial insights gained by ad-hoc experiments
with alternative weights for the different cost components, specifically tailored to shed
light on the various trade-offs among different stakeholders and operational objectives.

14.2 Formal Problem Definition

Following the conceptual framework introduced in Section 14.1, we present a rigorous
mathematical formulation of the HHCRSP. Section 14.2.1 introduces the required notation,
Section 14.2.2 specifies the objective function and constraints, and Section 14.2.3 details the
treatment of preferences.

14.2.1 Preliminaries and Notation

Each caregiver v € V can perform only a subset of the services in S. This is specified
by the binary parameter v,s, which equals 1 if caregiver v is qualified to provide service
s € S, and 0 otherwise. In addition, each caregiver v € V is associated with a location
oy, representing the point where the caregiver both starts and ends their working shift.
The working shift of caregiver v is defined by the time interval [, 8,]. A set Vj, C V of
caregivers is assigned a time window for a lunch break.

We define the node set C, = C’ U {0}, which includes the locations of all patients and
an additional node 0, used as a placeholder to represent the start and end location of the
caregiver under consideration. For any two nodes i, j € Cj, the travel time between them
is denoted by d;; when both i and j correspond to patient locations (i.e., 7, j # 0). If one of
the indices is 0, the placeholder is replaced by the actual starting/ending location o, of the
relevant caregiver.
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The set C,,, C C' represents the optional patients. To account for lunch breaks, an

additional set C" = {c! : v € V};} is included in C,;, where each element corresponds to
an artificial patient associated with a caregiver. These artificial patients are defined so that
their service time matches the duration of the lunch break, their time windows coincide
with the allocated lunch break interval, and they can only be served by their respective
caregiver. Furthermore, they are assumed to be located at distance zero from all patients
and depot locations, and their service must strictly begin within the assigned time window,
without any delay.

The set of patients C’ is divided into those requiring a single service C; and those
requiring two distinct services Cy. For C5 patients, two different caregivers must provide
the services. For each patient i € C’, let S; C S denote the set of services required by that
patient. By assumption, each patient requires at least one and at most two services, that is,
1 < |S;] < 2. For technical convenience, we define Sy = S. Furthermore, let V; C V be the
set of caregivers qualified to provide at least one of the services in S;, taking into account
the patient—caregiver incompatibilities specified in the input.

For each patient ¢ € C; who requires two services, we impose both a minimum and a
maximum separation time (5™ and §™#* > §™i") between the two services. Specifically,
if the first service begins at time ¢, then the second must begin within the interval
[t + 6min ¢ + §™max]. A precedence relation is therefore established between the two services.
In the special case where " = §% = (), the two services must start simultaneously.
Moreover, it is assumed that the two services required by a double-service patient must be
carried out by different caregivers.

Given a patient ¢ € C’ and a required service s € S;, the corresponding service
duration is denoted by p/,. Patients may also specify a set of preferred caregivers P;; if no
preference is given, P; is assumed to include all caregivers qualified to provide service to
i. Each patient i is further associated with a non empty set of alternative time windows
T; = {[e},1}], ..., [e¥,F]}, which indicate the intervals during which service must begin.
If a caregiver arrives before the opening time e¥, they are required to wait until the time
window starts. All services assigned to the same patient must take place within the same
time window.

The problem addresses the spatial and temporal planning of caregivers’ tours to ensure
that patients receive the required treatments, while minimizing a multi-component objective
function. The specific cost components and their weights can be flexibly adjusted to
different operational contexts, allowing the formulation to capture most variants found in
the literature through suitable parameter choices.

The cost components we consider are the following;:

(CC1) Total time distance travelled by the caregivers.

(CC2) Total tardiness (delay) in treatments over all patients.

(CC3) Maximum tardiness in treatments over all patients.

(CC4) Total overtime carried out by the caregivers.

(CC5) Total waiting time at patients’ locations spent by the caregivers.

(CC6) Maximum idle time over all caregivers.
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(CC7) Total absolute deviation of working time of caregivers with respect to the average
working time.

(CC8) Total penalty paid due to patients visited by caregivers different from the preferred
ones.

(CC9) Total penalty accumulated by caregivers who are skipping their lunch breaks.

(CC10) Total penalty accumulated by not visiting optional patients.

While our formulation provides flexibility in defining the objective function, certain
aspects described in Section 14.1.3 are treated as hard constraints rather than penalty
terms. Specifically, patients/caregiver incompatibilities and qualification requirements
are mandatory restrictions that must be satisfied in any feasible solution. On the other
hand, other aspects, such as caregiver late arrivals with respect to patient’s time windows,
overtime, and missed lunch breaks, are accounted for as penalties.

Table 14.2: Sets of the Mixed Integer Linear Programming (MILP) model.

Symbol Reference set Description

o Original patients.

Vv Caregivers.

S =S50 Services.

Co C'u{0} Locations of the original patients plus a placeholder loca-
tion for the caregivers.

Vio Vi CV Caregivers assigned with lunch break.

c' Vip Artificial patients modeling the lunch breaks.

ot opt C C' Optional patients considering the initial set of patients.

C1 CiccC Patients requiring one service.

Cs Cy;CC Patients requiring two services.

Cs CsCC Set with the same cardinality of C>, used to divide the
double-services of Co.

C C'UCs All patients real and fictitious, including those with divided
double-service and the artificial ones used to map the lunch
breaks.

Co cu{o} Locations of the patients plus a placeholder location for
the caregivers.

Copt Copt CC Optional patients.

Vi ViCcV,iel Caregivers that can provide services to patient i.

T; 1eC Time windows in which patient ¢ is available.

Si S;CS,ieC Services required by patient :.

P; PCV,ieC Caregivers preferred by patient ¢

(O {ieC:ve S}, veV Patients that might be served by caregiver v

(Of1 Csu{0},veV Locations of the patients that might be served by caregiver

v plus a placeholder location for the caregiver.

14.2.2 Model

The model is an extension of that originally proposed in Montemanni, Ceschia, and Schaerf
[354] and Montemanni [353].
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Table 14.3: Parameters of Mixed Integer Linear Programming (MILP) model.

Symbol  Reference set Description

Dhs 1€C',s€8 Duration of service s for patient 1.

Di 1eC Duration of service for patient s.

ek ieC,ke{l,...,|T5|} Startof time window k of patient :.

Ik ieC,ke{l,...,|T;|]} End of time window k of patient i.

o 1eC Min. time separation between the services of patient i
(if double service)

9" 1eC Max. time separation between the services of patient i
(if double service)

Ou veV Location of caregiver v.

% veV Start time of the working shift of caregiver v.

B veV End time of the working shift of caregiver v.

Yus veV,ses 1, if caregiver v can perform service s, 0 otherwise.

dij i,7 € Co Travel time between generic nodes ¢ and j.

Ai Weight of cost component (CCz).

By observing that in the model we have no benefit associated with the concept of patients
requiring two visits, a simplified model can be derived by duplicating the nodes of the set
(s, those associated with patients requiring two services. Formally, we define C = C' U C3
where (5 has the same cardinality of Cy and for each node i € (5 there is exactly one
node j € C3, representing both services required by the same patient. Notice that, when
1€ C(’)pt, then the new node j is inserted in C,,; C C (C,yp is the update of C’,’th with the
fictitious second services). A precedence ¢; < c; is also imposed between the two nodes to
connect them. Notice that if the two services associated with ¢; and c; have to be executed
simultaneously, the precedence is fictitious and only indicates the relation between the
nodes. As a consequence of this transformation, the processing time p; can now be directly
associated with each node 7 € C. The sets defining the problem are redefined consequently
asCo=CU{0},C"={ie C:veS;}and C§ = C” U {0}, where the definition of each S;
and V; are updated to the new set of nodes C'.

The problem can be formulated as a Vehicle Routing Problem with Soft Time Windows
featuring a complex objective function and additional constraints regarding: (i) the
assignment of service providers to each node, (ii) strict temporal constraints about visit
times for node pairs linked to the same customer (i.e., patient), (iii)) management of idle and
waiting periods, overtime, and tardiness considerations. The weighting coefficients \; that
determine the relative importance of different cost components are not fixed parameters
but rather depend on the specific problem instances, providing the necessary flexibility to
adapt the cost function to different scenarios and requirements.

The variables of the new model are defined as follows (see also Table 14.2):

* zj; is a binary variable equal to 1 if caregiver v € V' visits patient j € C* immediately
after patient ¢ € C, and 0 otherwise; in particular, z}; = 1 denotes that patient i is
not visited by caregiver v;

¢ ¢; denotes the starting time of the visit at patient ¢ € C (possibly greater than the
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Table 14.4: Variables of the Mixed Integer Linear Programming (MILP) model.

Symbol Domain Description

x3; {0,1} 1, if caregiver v visits patient j after patient 4; 0, otherwise.
t [0,00]  Start time of the visit at patient s.

Tik {0,1} 1, if patient ¢ is visited during their time window k.

Zi [0, o0] Tardiness in the execution of the service for patient s.
Dmax [0,00]  Maximum tardiness.

oy {0,1} 1, if optional patient ¢ is skipped; 0, otherwise.

w; [0,00]  Waiting time spent at patient .

Gy [0,00]  Active working time of caregiver v.

S [0, <] Deviation of the working time of caregiver v w.r.t. the average.

Yo [0,00]  Extra time worked by caregiver v.

by [0,00]  Transportation time of caregiver v from the patients before and after the
lunch break.

Hmax [0,00]  Maximum idle time.

arrival time at the location of patient 7);

* v; is a binary variable taking value 1 if the optional patient i € C,,; is skipped, 0
otherwise;

* 7;;isabinary variable that takes value 1 if patient i € C'is visited during time window
Ee{l,...,|Til};

* a, denotes the active working time of caregiver v € V, calculated as service time plus
transportation time and lunch time, if applicable;

* s, denotes the absolute deviation of the working time of caregiver v € V' with respect
to the average working time of all caregivers;

¢ z; denotes the tardiness (delay) in the execution of treatment at patient : € C' with
respect to the end of the time window /; of the patient;

* y, denotes extra time worked by caregiver v € V beyond £, the theoretical end of
their shift;

* b, denotes the transportation time spent by a caregiver v € Vj;, to move from the
patient immediately before the lunch break to that immediately after. The variable
takes the value 0 if the lunch break is skipped;

* w; denotes the waiting time at patient ¢, when ¢ is not the first patient visited by a
caregiver;

® Dpnax quantifies the maximum tardiness experienced when visiting patients;
* Hpax quantifies the maximum idle time experienced by caregivers.

The mathematical model is presented below. For clarity, we have organized the constraints
into separate sections, each containing the formal presentation and explanatory comments.
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Objective Function

min \q Z Z dij Z Jf%—i- Z by +)\QZzi+

ie€C) j€Co,j#i veV;NV; veEV) e’
+ A3Dmax + A1 Y Yo+ A5 > Wi + AgHmax + A7 Y sut
veV icC veV
+ A Z Z (1—z5)+ Ao Z xZébcéjb + A10 Z v (14.1)
iceC ’UE‘/,’U%Pi UE‘/lb iECopt

The objective function (14.1) optimizes the problem by combining the ten targets defined
in Section 14.2.3, following the same order as in the presentation. The weights \; (with
i =1,...,10) are instance-dependent and written in the input file. The optimization model
is subject to the constraints described in the following sections.

Routing Constraints

d al =1 veV,ieC (14.2)
jecy

doo(t—ap) 4u =1 ieC (14.3)

, ~—

veV:iieCv ifi € Copt

dooali= > ay veV,ieCy (14.4)
JECY i JECY i
ropo=1=uz;=1 veV,ieCy (14.5)

Equations (14.2) state that for each caregiver v and each location ¢, exactly one x variable
must be active. Constraints (14.3) state that exactly one caregiver must visit each compulsory
patient, while optional patients can be skipped. Constraints (14.4) are flow-conservation
constraints to impose, together with the timing constraints defined later, feasibility for the
tours of the caregivers. Constraints (14.5) state that if a caregiver does not operate (zg),
then no patient can be assigned to their route.

Time-related Constraints

rie=1=>2>t; — I} ieCke{l,...,|T} (14.6)
zio = 1= yy > ti +pi + dio, — Bo veV,ieCy (14.7)
ah; =1=t; > ay +dg,j + w; +by veV,jec? (14.8)

ifveVynj=cd
r; =1=t; =t +pi + dij + w; igv/ veVii,jeC’i#]j (14.9)
ifoeVipAj=cld
SN <y < e i,jeC:i<j  (14.10)

Inequalities (14.6) define the tardiness at each patient i as the eventual excess over (¥ of



14.2. FORMAL PROBLEM DEFINITION 195

the starting time of service at patient i during time window k. Constraints (14.7) define
the eventual overtime of each caregiver v as the arrival time back at the ending location,
described as the starting time at the last patient i plus the operating time at 7 plus the
travel time from i to o, minus the theoretical end of the shift 5,. Notice that the constraint
is activated only if 2}, = 1. Such a conditional expression can be easily implemented in
modern Mixed Integer Linear Programming (MILP) solvers through indicator constraints
([236, 387]). Thisis also true for similar constraints in the remainder of the model. Equations
(14.8) take care of timing for the first patient of each caregiver. In particular, the starting
time at the first patient j of caregiver v is given by the start time «,, of the shift of v plus the
eventual waiting time at the base w, plus the travel time from the base to the first patient
J. We assume that a caregiver waits at their starting location o, rather than traveling to
the first patient and waiting there. As a result, any waiting time at the first patient is
disregarded. The corresponding constraint is enforced only when z; = 1. Constraints
(14.9) take care of timing in case of the move of a caregiver from one patient to another,
or back to the base. The starting time at the patient j of caregiver v is given by the start
time ¢; at patient ¢ plus the service time at patient ¢ plus the travel time from patient i to
patient j plus the eventual waiting time w; at patient j. The constraint is activated only if
z; = 1. Constraints (14.10) impose the hard time-windows associated with double-visits
to the same patient (here split into virtual patients ¢ and j).

Double-Service and Lunch-Break Constraints

rp+ay;>1 veV,i,jeld i<j (14.11)
((wi’cg,b =) A (z; = 1)) = by = dij v € Vip,i,5 € CF (14.12)

Inequalities (14.11) force each caregiver to do at most one service! at the same patient
in need of a double visit (here split into virtual patients i and j). Constraints (14.12) set
the value of variable b,, expressly inserted to collect the travel time around the possible
lunch-break according to the patients visited right before and right it. Namely, if the
artificial patient ¢’ is visited in between patients i and j by the caregiver v, then the
variable b,, expressly inserted to collect the travel time between the lunch-time customers,
is assigned to d;;. The value of b, will be used when calculating the active working time of
caregiver v in constraints (14.13).

Working Time Constraints

=2 (Pi(l — 2%) + doialy + dig,xfy + > digaly 4y > veV  (14.13)
jecvzj;éi ifv c ‘/lb

We recall that z%; is 1 when patient ¢ is not visited by caregiver v.
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Sy > ay — Z’F/V'“’“ vevV (14.14)
Sy > Z’ﬁak — ay VeV (14.15)

Constraints (14.13) define the total active working time of caregiver v € V, calculated as
the sum of service time at patients, the traveling times from the starting point and to the
ending point, the travel times among customers, and the lunch break in case it is taken.
Inequalities (14.14) and (14.15) calculate, for each caregiver, the absolute deviation of the
associated working time with respect to the average one. Specifically, given a caregiver v,
inequality (14.14) captures the excess of working time with respect to the average value
among all the caregivers, while inequality (14.15) captures its deficiency.

Time Window Constraints

>t Fu = 1 ieC (14.16)
kel Till  ifi e Cope
Tik = Tjk i,jeC:i<jke{l,...,|Ti|} (14.17)
rik=1=1>¢€ ieCke{l,...,|Ti} (14.18)
rip=1=1t<1F ieCke{l,...,|Ty} (14.19)

Equalities (14.16) impose that for each mandatory patient, exactly one time window has
to be selected, or none for optional patients. Equalities (14.17) force the same time window
for all the services requested by the same patient. Inequalities (14.18) and (14.19) constrain
the visit time at each patient based on the time window selected to service them.

Maximum Value Definition Constraints

Drnax 2 7 1eC

(14.20)

Hynax > Bv T Yy — Oy _Z davixgi + (pi + diav)'r;’jo + Z Z (pi + dlj)x;)] —b, veV
ieCv 1€C? jeCV j#i

(14.21)

Constraints (14.20) assign the maximum tardiness at patients, Dy.x. Analogously,
constraints (14.21) are used to assign the maximum idle time among caregivers, Hax.
The idle time for each caregiver v € V is defined as the length of the working shift of v,
eventually extended by overtime y,, minus the time spent traveling or operating by the
caregiver.
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14.2.3 A Note on Preferences

Given the importance of patient-centered care and staff well-being, our model incorporates
features that bring the formulation closer to real-world home healthcare operations. Unlike
Mankowska, Meisel, and Bierwirth [327], which neglects patient—caregiver preferences,
our model considers them as follows:

¢ Incompatibilities: for each patient i, the set of compatible caregivers V; (Table 14.2)
allows to define hard constraints that exclude infeasible assignments.

¢ Preferences: for each patient ¢, the set of preferred caregivers P; (Table 14.2) allows to
define soft constraints whose violations are penalized in the objective function via
cost component (CCS8).

Consequently, preferences are represented on a three-level scale: (i) incompatibilities
(hard exclusions), (ii) preferred assignments (soft constraints; violations penalized), and
(iii) neutral assignments (neither preferred nor incompatible, incurring no reward or penalty)
This approach is more practical than fine-grained scoring schemes (e.g., Ait Haddadene,
Labadie, and Prodhon [14]).

The model also incorporates staff preferences, which were absent in prior works:

* Home-Based Routes: caregivers may start and end their routes at home rather than at
the central office, represented by o, in Table 14.3 and in the extended set of locations
by the signpost {0}.

* Working Hours: shift types specify preferred working hours, represented by «,, and
By in Table 14.3 and accounted for in Constraints (14.8) and in cost component (CC4).

14.3 Representation of Problem Characteristics

We first present a unified representation for both HHCRSP instances and solutions
(Sections 14.3.1 and 14.3.2), followed by a set of instance features designed to capture
structural differences and analyze their distribution in the instance space (Section 14.3.3).
We then describe the adaptation of benchmark instances from the literature to ensure
compatibility with this representation (Section 14.3.4), and conclude with a newly generated
dataset, created through a dedicated instance generator, to explore specific aspects of the
problem (Section 14.3.5).

14.3.1 Instance Representation

Problem instances are essential for combinatorial optimization, modeling real-world
scenarios, and evaluating solution methods [397]. For the HHCRSP, the accessibility to
well-defined and diverse instances faces several challenges: varying problem formulations
with different objectives and constraints, lack of a standardized format for instances and
solutions, and limited availability to the research community due to privacy concerns.
Despite growing research interest, existing HHCRSP datasets remain fragmented with
heterogeneous formats, creating two significant limitations: difficulty accommodating
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evolving healthcare requirements and regulatory changes, and complications in implement-
ing and comparing solution approaches across studies. Text-based formats also introduce
fragility issues due to a lack of error-checking mechanisms.

We propose a unified json-based representation for HHCRSP to address these challenges.
This format is widely used, human-readable, and accommodates new problem-specific
features as formulations evolve. json files are easily parsed by most programming
languages, ensuring compatibility with different solver implementations. While we
provide a dedicated semantic validator (Section 14.4), users can independently verify
syntactic compliance against a json Schema [390] specification.

The core structure of an HHCRSP instance is shown in Listing 14.1. This format captures
the main components of the problem: a list of patients (patients), a list of caregivers
(caregivers), and a list of services (services) that caregivers can provide and patients may
require. Additionally, the instance includes information about the departure and arrival
points for caregiver routes (terminal points).

The instance also provides a distance matrix (distances) reporting the travel times in an
array of arrays to enhance usability. Although this information is redundant, since patient
and terminal point locations are specified using latitude and longitude, it ensures that all
solvers operate with the same distances.

Finally, the netadata field contains supplementary information that, while not directly
part of the instance, is essential for ensuring comparability, facilitating benchmarking, and
preserving relevant details. For example, it records the weights of the cost components,
either as numerical values for soft constraints or as the string 1arD otherwise, and includes
details about the instance generator when the instance is synthetically produced.

Listing 14.1: General instance structure.

{
"patients": [...],
"caregivers": [...],
"services": [...],
"terminal_points": [...],
"distances": [...],
"metadata": {...},

3

Each patient in the patients list is represented by a unique identifier and a set of attributes.
The example in Listing 14.2 illustrates these attributes, including the list of required services
(required_services), where each item specifies the service and its estimated duration. This
duration this may differ from the default duration for that service type (Listing 14.5).
Additionally, the patient’s preferred time windows for receiving care are recorded under
the time_windows field, where time is expressed in units (e.g., minutes) relative to the
beginning of the planning horizon. The instance also specifies the patient’s preferred
and incompatible caregivers through the preferred_caregivers and incompatible_caregivers
fields. The optional attribute indicates whether the patient is mandatory or not. Finally, the
geographical coordinates are provided along with the distance matrix_index, which maps
the location to an entry in the distance matrix (distances).

Listing 14.2: Patient specification.
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{
"id": "p2",
"required_services": [ { "service": "s3", "duration": 30 } ],
"time_windows": [ { "start": 60, "end": 300 } 1],
"location": [ 13.3011, 38.1034 ],
"distance_matrix_index": 4,
"incompatible_caregivers": [ "c2" 1],
"preferred_caregivers": [ "cl1", "c4" ],
"optional": false
}

Each caregiver in the caregivers list is represented by a unique identifier and a set of
attributes. The example in Listing 14.3 illustrates these attributes. This identifier may also
appear in the preferred_caregivers and incompatible_caregivers fields of the patients. The
abilities field specifies the services the caregiver is qualified to perform. The departure and
arrival points are identified by their respective indices, as defined in the corresponding fields
in the related section (terminal_points, Listing 14.4 reports the structure). The working_shift
field specifies the caregiver’s working hours.

Listing 14.3: Caregiver specification.

{
"id": "c1",
"abilities": [ "s3" ],
"departing_point": "dl1", "arrival_point": "d1",
"working_shift": { "start": ®, "end": 600 }
3
Listing 14.4: Terminal point (i.e., departing/arrival point) specification.
{
"id": "do",
"distance_matrix_index": 0,
"location": [ 13.3468, 38.1109 ]
}

Each service in the services list is represented by a unique identifier, its type, and a
default duration (which may differ from the duration required by a specific patient’s needs).
Listing 14.5 reports an example. The distinction between the identifier and its type allows
for grouping related services under broader categories. For example, under the type
“medical care”, services such as physiotherapy or wound care can be included, while the
type “daily activity” may include tasks like bathing or house cleaning. The identifier is
referenced in the required_services list of patients and the abilities field of caregivers.

Listing 14.5: Service specification.
midms s,

"type": "t®",
"default_duration": 45
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The generic instance can be customized by adding additional fields, such as specifications
for lunch breaks (Listing 14.6). Similarly, the patient, caregiver, and service components can
be adapted to include or exclude specific features depending on the problem formulation.
For example, if the formulation accounts for lunch breaks, each caregiver will include a
flag indicating whether they are entitled to such a break (lunch_break); conversely, if the
formulation does not consider optional patients, the corresponding field can be omitted.
This flexible structure allows the instance representation to accommodate many problem
variants without altering the core format. By selectively including or excluding fields, the
same schema can represent basic and extended formulations.

Listing 14.6: Lunch specification.

"lunch_breaks": { "start": 180, "end": 360, "min_duration": 30 }

14.3.2 Solution Representation

A solution to an HHCRSP instance consists of the following decisions: (i) The route
each caregiver follows (i.e., the order in which patients are visited). (ii) The arrival time,
departure time, and service provided by each caregiver at each patient in their route. (iii) If
lunch breaks are considered, each caregiver’s lunch break location, and start and end time.

A common solution representation ensures consistent evaluation, making it easier to
compare different approaches. It also improves interpretability for practitioners, aiding
in debugging, model implementation, and facilitating reproducibility, as solutions can be
stored, analyzed, and shared in a standardized manner. Therefore, we encode the solution
by employing the json format as in the case of the instance (Section 14.3.1). The core
structure of an HHCRSP solution is shown in Listing 14.7. This format captures the routes
(routes), along with optional fields such as cost components and overall cost (both in terms
of total cost and the number of violations). While these additional fields are not part of the
solution itself, they facilitate comparability, benchmarking, and debugging.

Listing 14.7: General solution structure.

{

"routes": [...],

"cost_components": {...},

"cost": { "cost": 2706, "violations": 0O }
3

Each item in the routes list represents a caregiver and includes their identifier (caregiver_id
) along with the list of locations they visit (locations). Each location entry specifies the
service performed, the corresponding place (i.e., the patient), and the temporal details
of the visit (i.e., the start and end time of the service are required). If a lunch break is
scheduled, it is recorded as a service labeled 1unch-break.

Listing 14.8: Route specification.

{

"caregiver_id": "c2",



14.3. REPRESENTATION OF PROBLEM CHARACTERISTICS 201

"locations": [

{ "arrival_time": 430, ‘"start_time": 430, "departure_time": 460, "patient
Wi "p7", "service": "s1" },

While the representation above enables easy benchmarking and explicitly reports all
solution characteristics, inspecting solutions visually may also be beneficial. A solution to
the HHCRSP can be effectively visualized as a Gantt chart, as put forward by Ceschia et al.
[80]. In this representation, reported in Figure 14.1 each item on the y-axis corresponds to
either a patient or a terminal point, while the z-axis represents the scheduling horizon.
The activities of each caregiver are distinguished by different colors, including the lunch
break (abbreviated as LB). Additionally, patient availability times are shown in gray to
provide a clear visual reference.
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Figure 14.1: Example of visualization for one solution to the Home Healthcare Routing and
Scheduling Problem (HHCRSP).

14.3.3 Instance Features

Algorithms should be tested on diverse benchmark instances to reveal their strengths and
weaknesses [436]. The key rationale is that similar instances are unlikely to provide new
insights or meaningful additional knowledge.

To analyze HHCRSP instances, we define a set of 272 features, either directly available
from the instance data or requiring only minimal computation. Examples include the
number of patients and caregivers, the proportion of patients requiring multiple services,
caregiver shift durations, and the degree of overlap between caregiver shifts and patient
availability. Some features are single-valued, while others require aggregation to capture
their statistical distribution, such as the minimum (min), maximum (max), or range
(range = max —min). For instance, patient time-window lengths are aggregated across
patients.? The complete list of features is provided in Appendix F.

In this work, these features are used to evaluate the capabilities of our generator
(Section 14.3.5). In future research, they could support Instance Space Analysis (ISA) [436],
algorithm selection, and other analytical tasks.

’The feature count (272) also includes the aggregated measures.
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14.3.4 Existing Instances Conversion

Among the limited publicly available datasets, we selected and translated into our unified
format those provided by Bazirha, Benmansour, and Kadrani [40], Bazirha, Kadrani, and
Benmansour [41], Ceschia et al. [80], Hiermann et al. [220], Kummer [271], and Mankowska,
Meisel, and Bierwirth [327]. These datasets were chosen because they either align closely
with the formulation by Mankowska, Meisel, and Bierwirth [327], introduce additional
real-world extensions to previous formulations, or include many instances. We exclude
from our conversion the single instance provided by Varas et al. [474], due to its limited
scope, and the dataset by Liu, Yuan, and Jiang [307], as it addresses a stochastic formulation
of the problem, which falls outside the scope of our analysis. Note that the datasets by
Bazirha, Kadrani, and Benmansour [41], Ceschia et al. [80], Kummer [271], and Mankowska,
Meisel, and Bierwirth [327] refer to the same formulation. Whereas Bazirha, Benmansour,
and Kadrani [40] report also the possibility for patients to express more than one availability
time window, and Hiermann et al. [220] consider optional patients, incompatibilities
between patients and caregivers, and multimodal transportation modes. However, the
publicly available dataset is limited: it contains only 4 randomly generated instances (with
realistic travel times based on the city of Vienna, Austria). Although their original study
examined real-world instances, these remain unavailable due to confidentiality constraints.

Table 14.5 presents publicly available datasets for the single-period HHCRSP. Each
column corresponds to a dataset, while each row represents a specific characteristic.
Additionally, we report the number of instances in each dataset, whether they incorporate
real-time distances and population density (indicated with a v'), the file format, and their
availability. For Kummer [271] and Us we report both the number of validation instances
(160 and 24, respectively), and their total number (15040 and 465, respectively).

Table 14.5: Publicly available datasets for single period HHCRSP.

Mankowska etal. Hiermannetal. Liuetal. Kummer Bazirhaetal. Bazirhaetal. Varasetal. Ceschiaetal. Us
Characteristic [327] [220] [307] [271] [41] [40] [474] [80]
Instances [#] 70 4 30 160/15040 42 40 1 30 24 / 465
Patients [#] 10-300 419-424 30, 40, 50 10-400 10-52 10-200 141 44-378 10-700
Caregivers [#] 3-40 493-518 57,9 3-40 3-10 3-40 17 7-51 2-124
Services [#] 6 5 30, 40, 50 6 6 6 155 2-4 4-18
Double-service patients [%] 30 55-77 * 30 0-32 0-60** 11 3-48 0-100
Time windows [min] 120 25-385 60-120 120 120 120 120-300 60-180 20-480
Variable service durations v v v v v v v v
Real time distances v v v v v
Real population v v v
File format txt dm, conf C++ txt xlsx x1lsx csv json json
Availability a b c d e f g h i

*Patients with 3 services are present (0-2%)

**Patients with 3 services are present (0-9%)
®https://prodlog.wiwi.uni-halle.de/forschung/research_data/hhcrsp/. Accessed 2025-10-01.
bhttps://www.ac.tuwien.ac.at/research/problem-instances/. Accessed 2025-10-01.
¢https://drive.google.com/file/d/1ppfHcOAZfb2HpImvCESXRpWEILNE4£5b/view. Accessed 2025-10-01.
4 https://github.com/afkunmer/hhcrsp-dataset-2021. Accessed 2025-10-01.

¢ On request. Translated at i

/On request. Translated at i

9 On appendix of the article and on request

M https://github.com/iolab-uniud/hhcrsp. Accessed 2025-10-01.

' see Appendix A

Converting Mankowska, Meisel, and Bierwirth [327] and Kummer [271] instances proved
easy due to their simple textual data format. This format uses basic placeholders (e.g.,
nblodes for number of nodes) followed by either a single scalar value, space-separated
values for vectors, or line-separated sequences for matrices.

Translating Ceschia et al. [80] instances proved straightforward since these were generated


https://prodlog.wiwi.uni-halle.de/forschung/research_data/hhcrsp/
https://www.ac.tuwien.ac.at/research/problem-instances/
https://drive.google.com/file/d/1ppfHc0AZfb2HpJmvCEsxRpwEiLNE4f5b/view
https://github.com/afkummer/hhcrsp-dataset-2021
https://github.com/iolab-uniud/hhcrsp
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using an earlier version of our generator

As for Bazirha, Kadrani, and Benmansour [41] instances, translation was straightforward
regarding problem formulations; however, the main challenge lay in the format itself.
Their dataset comprises six groups (A through F) of seven instances each, with each group
provided in a separate Excel file. Each instance occupied a distinct tab within its file (seven
tabs per file), with properties arranged in layered tables. The Bazirha, Benmansour, and
Kadrani [40] dataset presented similar format challenges. It contains four groups with 9
instances each, plus 4 additional very large instances.

Translating Hiermann et al. [220] instances required several assumptions to align with
our specifications. Each instance was split across three files: car time distance matrix,
public transportation time distance matrix, and entity details (caregivers, patients, services).
We standardized timing data by multiplying values by 5, as specified in the original paper’s
compendium. The four randomly generated instances had no mandatory services, so
all were treated as optional. For patients requiring multiple independent services, we
represented each service as a separate patient. We explicitly defined incompatibilities
through strict relations in patients” descriptions, while marking compatible caregivers as
preferred. This approach allows patients to be served by caregivers without all the required
qualifications, with appropriate cost penalties. We excluded this dataset from our analysis
since our solution methods currently support only one distance matrix (with multiple
transportation modes planned for future work).

14.3.5 Instance Generator and New Dataset

While in the literature many formulations exist that include a limited set of real-world
aspects each, this is not the case for the instances: there exist only a limited number of
datasets that are available, which are based on real-world features (like time distances),
and that employ some of the realistic aspects reported in our formulation. For this reason,
we need to have an instance generator that (i) is modeled with real-world features; (ii) can
account for all the realistic aspects; and (iii) is highly flexible and customizable.

The generator takes several inputs to define the characteristics of an instance. These inputs
include geographic information, such as the target city and the radius within which patients
are located; service-related parameters, including the type and the total number of services
per each type; patient characteristics, such as the total number of patients, the proportion of
single- and double-service patients (distinguishing between independent, synchronous,
and sequential services), the share of patients with incompatible or preferred caregivers,
optional patients, and those requiring multiple time windows; caregiver parameters, including
shift durations, lunch break specifications, and the configuration of departure and arrival
points (e.g., whether they are fixed, flexible, or different for start and end locations); temporal
settings, such as the temporal horizon, the interpretation of time windows (whether they
should be considered as strict or not), time window durations, service durations (with bias
options for selection), the temporal gap between consecutive services, and the granularity
of time windows. Additionally, the generator allows customization of cost components,
enabling users to define their mix and weights. Only two assumptions are made: (i) A
patient can require at most two services. (ii) A patient can express at most two preferred
time-windows. Nevertheless, the generator allows for a high degree of customization,
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enabling users to model different scenarios. In fact, certain aspects can be omitted if
not required, e.g., lunch break specifications or setting the proportion of single-service
patients to zero. This flexibility ensures that instances can be tailored to different problem
formulations, regulatory constraints, and practical considerations.

The generator operates in two sequential phases. First, it generates geographic informa-
tion (patient and departing/arrival locations along with travel times), followed by other
entities such as temporal distribution and patient characteristics. The generator leverages
real-world city networks and population patterns for spatial distribution modeling. It
employs GEOSTAT Census 2021 datasets® to represent population data in specific geo-
graphical areas (at 1 km? resolution), while Open Source Routing Machine (OSRM) [322]
calculates travel times using actual road networks and a car as a means of transportation.*
Geographic data can be downloaded from these reference sites when required, optimizing
resource usage. All other aspects are randomly generated according to user-specified
parameters provided through command line inputs and configuration files.

The enhanced generator builds upon the one proposed by Ceschia et al. [80], with both
versions integrating actual road travel times and population distribution data to create more
realistic models. However, our generator enhances flexibility by exposing all adjustable
parameters to the user, allowing for greater customization. Additionally, it provides a
comprehensive representation of real-world aspects that were neglected before.

We generate 465 new instances, whose characteristics are reported in Table 14.5, alongside
those of the existing datasets. For the experiments reported in Chapter 15, we randomly
select 24 instances.

The new dataset is designed to include all the realistic characteristics described in this
chapter. The weights of the cost components are assigned based on a predefined range
(note that a user can generate instances with their weight setting and mix). We utilize a
Hammersley point set [210] to systematically sample weight values from the following
ranges. Travel time, total tardiness, total waiting time, and total extra time weights range
from 1 to 10, with a step size of 1. The highest tardiness weight varies between 0 and 5, with
a step of 1. The highest idle time weight is assigned within the broader range of 0 to 100,
while caregiver preferences range from 0 to 20, with a step of 1. The weight for optional
patients is selected from 100 to 200 in increments of 10, whereas the penalty for missed
lunch breaks follows a range of 50 to 100, also increasing in steps of 10. This approach
ensures a diverse set of weight configurations, balancing different aspects of the problem
and stressing the algorithms differently.

With these new instances, we aim to establish the following key points:

1. Our generator can produce instances comparable to those in existing literature,
particularly those exhibiting realistic characteristics (e.g., realistic travel times).

2. It can produce instances that address gaps in current datasets.

3. It supports additional features described in problem formulations for which no
publicly accessible instances are currently available.

Shttps://ec.europa.eu/eurostat/web/gisco/geodata/grids. Accessed 2025-04-08.
“https://project-osrm.org. Accessed 2025-04-08.
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While point 3 is inherently achieved through the generator’s configurability (e.g., enabling
lunch breaks, optional patients, etc.), the first two require a more detailed investigation.
To address these, we adopt the following methodology: We group the existing datasets
based on the problem formulations they reflect and perform a PCA on each group. We
then project our newly generated instances onto the resulting PCA space to visually and
quantitatively evaluate how they align with and differ from the existing datasets.

A PCA [197] is a dimensionality reduction approach that converts high-dimensional
datasets into lower-dimensional representations while maximizing the retention of variance
in the original data [95]. It identifies the principal components, i.e., orthogonal directions
along which the data varies the most, allowing for a more interpretable visualization and
analysis of datasets. To perform the analysis, we use the pca v.2.0.9 Python package.’

The examination of existing datasets w.r.t the underlying formulations is essential, as
certain features are exclusive to particular models (e.g., the instances by Ceschia et al. [80]
lack optional patients. In contrast, those by Hiermann et al. [220] include them). Thus,
these features are assigned a default value of 0 in datasets that do not incorporate them.

Figure 14.2 displays two PCA analyses: the left plot shows instances from Kummer [271]
and Ceschia et al. [80], whereas the right plot presents those from Hiermann et al. [220].
Literature instances are shown as dark scatter points, while our generated instances are
visualized through density distributions across the space.

100
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& Hiermann et al. (2015)
0 0
®  Kummer (2021) 8 *
m  Ceschiaetal. (2024b)  —10
-100
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Figure 14.2: Principle Components Analysis (PCA) of existing datasets by problem formulation.

In the datasets by Kummer [271] and Ceschia et al. [80], four principal components
account for 80% of the variance. These components are mainly linked to the size of the
patients’” time windows and include the total length of all patient time windows (i.e.,
the sum of the duration of all the time windows), the minimum time window duration,
the average number of services required per patient, and the median patient availability
(calculated as the total duration of all time windows assigned to a patient). In contrast,
the variability in the instances from Hiermann et al. [220] is primarily explained by two
principal components, mainly composed of the following features: the total number of
time windows and the median duration of caregiver shifts.

In all cases, our instances span the feature space of the existing datasets. It is important
to note that this approach projects our instances onto a simpler feature space, not only
because of the dimensionality reduction, but also because the literature instances do not
account for some aspects. Consequently, we exclude from the PCA some characteristics
present in our generated instances that are absent in the existing datasets.

Shttps://erdogant.github.io/pca. Accessed 2025-04-08.
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Figure 14.3: General framework of the Home Healthcare Routing and Scheduling Problem
(HHCRSP) toolbox.

14.4 Toolbox

We developed a Python package for handling HHCRSP instances and solutions, providing
a comprehensive tool for instance generation, validation, and assessment.

The package includes the generator for creating problem instances, a validator for
verifying both instances and solutions in terms of format and validity (e.g., assessment
of solutions in relation to the problem formulation at hand), and additional utilities to
facilitate analysis and benchmarking, such as the calculation of the cost components, the
extraction of the features, the visualization and inspection of solution, and the conversion
of existing literature instances. Each element in the instance and solution is defined as a
separate class, e.g., a class defines the patient, a class defines the caregiver, etc. All the
components and methods can also be accessed through Command Line Interface (CLI),
ensuring ease of use for different workflows. Figure 14.3 reports the general scheme of the
toolbox and the different tasks a user can perform.



Chapter 15

Solution Methods

Given the multitude of formulations proposed for the Home Healthcare Routing and
Scheduling Problem (HHCRSP), a variety of solution methods have been developed, each
tailored to the specific assumptions, constraints, and data structures of its underlying
model. These methods typically exploit problem-specific simplifications or topological
characteristics, which limits their applicability to other formulations or practical contexts.
However, in real-world operations—where problem features evolve and data vary across
care providers—more general and adaptable solution methods are required.

In this chapter, we adapt, generalize, and extend two state-of-the-art approaches — a
Simulated Annealing (SA) metaheuristic [80] and a Mixed Integer Linear Programming
(MILP) solver [354] — to the unified HHCRSP formulation proposed in Chapter 14. Both
methods were originally developed for the narrower variant introduced by Mankowska,
Meisel, and Bierwirth [327]. We extend them to accommodate the additional real-world
features captured by our unified framework, such as multiple caregiver departure points,
shift constraints and overtime, optional visits, and caregiver—patient incompatibilities.
We then conduct an extensive empirical evaluation of these enhanced methods. The
assessment covers both translated instances from existing benchmarks and newly generated
instances representing the extended formulation. Through this evaluation, we analyze
the performance and scalability of each approach, explore their sensitivity to model
components, and derive managerial insights from ablation studies on the cost-function
composition. The contributions of this chapter are threefold:

¢ Generalized solution methods: extensions of the SA and MILP approaches to the
unified HHCRSP formulation.

¢ Comprehensive experimental evaluation: performance assessment on both existing
and newly generated instance sets.

* Managerial and methodological insights: analysis of cost-function components and
their influence on solution quality and computational effort.

This chapter is structured as follows. Section 15.1 outlines the solution methods employed

to solve the unified version of the HHCRSP. Section 15.2 details the experimental setup
and Section 15.3 reports the results. Finally, Section 15.4 draws some conclusions.

207
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15.1 Methodology

To solved the HHCRSP, we use MILP (Section 15.1.1) and SA (Section 15.1.2). Both of them
were originally proposed in the literature [80, 354]; nevertheless, adapting them to the
tull feature set required (i) a revised model, (ii) novel neighborhood relations, and (iii) a
redesigned earliest-time computation.

15.1.1 Mixed Integer Linear Programming

To solve the problem using the model introduced in Section 14.2, we formulated the model
in the syntax required by a constraint satisfaction solver and processed it using a black-box
solver engine. Specifically, we used OR-Tools CP-SAT.

15.1.2 Simulated Annealing

In this section, we outline the problem-dependant characteristics of our SA, namely the
solution representation together with the initial solution and the neighborhood relations.

Solution Representation

The search space is defined by two components:
¢ II, a global permutation of patients (i.e., a sequence without repetitions), and
¢ O, the assignment of each patient to one or two caregivers.

Assignments are restricted to feasible caregivers, meaning those possessing the required
skills for the corresponding service. In the extended formulation, as for caregivers without
the necessary qualification, we exclude a-priori incompatible caregivers from the pool of
possible assignments. All other additional features contribute to the cost function that
guides the local search toward lower-cost solutions. An important consideration concerns
optional patients and their potential exclusion from scheduling. While preserving the
global permutation structure, unscheduled optional patients are placed at the end of the
sequence, thereby excluding them from route construction.

From II and O, the caregivers’ routes and corresponding service times are deterministi-
cally constructed. Service start times are computed as early as possible, taking into account
the beginning of caregivers’ shifts, patients” availability windows, synchronization, and,
when relevant, scheduled lunch breaks.

Technically, IT and © are sufficient to represent the search space. Nevertheless, they are
complemented by a set of redundant data structures introduced to speed up computations.
Among these, we include the inverse of II (i.e., the position of each patient in the ordering)
and the route of each caregiver. Note that we do not simply use the route of each caregiver,
as in many applications of Vehicle Routing Problem (VRP), as it would be more difficult to
deal with the concepts of synchronization.

Figure 15.1 provides an example of a solution representation. The example considers
five patients (encoded with numbers from 1 to 5) and two caregivers (encoded as 1 and 2).
For the sake of simplicity, optional patients are not reported in this example. The main and
redundant data structures are distinguished by color.
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We use this example to illustrate the construction of caregivers’ routes. Starting from II,
the first patient to be served is patient 2, who requires both caregivers; therefore, patient 2
appears in the first position of both routes. Next, patient 5, served only by caregiver 1, is
inserted after patient 2 in caregiver 1’s route, and so on. Service times are computed as
previously described and are served in related data structures, so to not have to recompute
them everytime they are needed.

Global order (main data structure)

Position in the
global order

Patient assignement (main data structure)

1 2 3 4 5 ——p Patient

@ @) |@a| @) | @y|a
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Figure 15.1: Example of solution representation for the Simulated Annealing (SA) used to solve the
Home Healthcare Routing and Scheduling Problem (HHCRSP).

Initial Solution

The initial solution is generated randomly, consisting of a random permutation of patients
and a random assignment of caregivers. Specifically, a random permutation of patients is
first generated; then, for each patient, one or two feasible caregivers (depending on the
patient’s requirements) are selected uniformly at random.
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Neighborhood Relations
Our SA considers the union of four neighborhoods:
* MovePatient: It repositions and reassign a patient.
¢ SwapPatients: It swaps two patients in terms of global position and caregivers.
* InRouteSwap: It swaps two patients within the same caregiver.
* FlipPatient: It inserts or removes optional patients from the schedule

The first three neighborhood relations (MovePatient, SwapPatients, and InRouteSwap) are
applied exclusively to scheduled patients, i.e., those positioned in the head portion of the
sequence. On the other hand, the solver detects the possible absence of optional patients,
and in that case, the rate of FlipPatient is set to 0 throughout the entire search. Similarly, if
certain features are not used, the corresponding cost component is assigned a weight of
0, and the search procedure does not compute its value. In addition, the auxiliary data
structures necessary for their computation are not updated, saving computational time.

15.2 Experimental Setup

We evaluate the proposed methods using a defined experimental setup that includes the
benchmark instances (Section 15.2.1), parameter-tuning procedure (Section 15.2.2), and
general technical details (Section 15.2.3).

15.2.1 Instances

We perform some experimental analysis with the following datasets: (i) Bazirha, Kadrani,
and Benmansour [41]; (i1) Bazirha, Benmansour, and Kadrani [40]; (iii) our newly generated
dataset. We do not consider those by Hiermann et al. [220] given their limited scope.
Comparisons on the datasets of the original formulation of Ceschia et al. [80], Kummer
[271], and Mankowska, Meisel, and Bierwirth [327] are already reported by Ceschia et al.
[80] for SA and by Montemanni, Ceschia, and Schaerf [354] for the MILP model, respectively.
Therefore, we do not repeat them here.

15.2.2 Parameter Tuning

SA relies on a set of parameters that must be carefully tuned. Given that the datasets
we analyze deal with different constraints and objectives, and that the instances present
different characteristics, we perform three tuning procedures. That is, one for each dataset,
i.e., (i) Bazirha, Kadrani, and Benmansour [41]; (i) Bazirha, Benmansour, and Kadrani
[40]; (iii) our newly generated dataset. For the first two datasets, we used the three-modal
neighborhood SA, which uses MovePatient, SwapPatients, and InRouteSwap. For our new
dataset, we employed quadri-modal SA, which also adds the FlipPatient neighborhood to
the SA algorithm. This neighborhood was not employed in solving other datasets since
they did not consider optional patients.

The tuning procedures were conducted using Irace [316], with a budget of 10,000
experiments. Based on preliminary experiments, the SA was granted in each case 10,000,000
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evaluations. Table 15.1 presents both the parameter search ranges explored during tuning
and the final parameter values. Note that the MovePatient probability bias is not included
as a parameter since it is implicitly calculated as 1 minus the sum of the other probability
biases.

Table 15.1: Parameter ranges and selected values for the Simulated Annealing (SA).

Final value

Parameter Search range Bazirha et al. [41] Bazirha et al. [40] New dataset
Start temperature [10.0, 30.0] 20.803 90.1175 25.7795
Min temperature [0.1,1.0] 0.501 0.8035 0.5442
Cooling rate [0.985, 0.995] 0.986 0.9932 0.9873
Neighbors accepted ratio ~ [0.07, 0.15] 0.122 0.0793 0.1181
SwapPatients rate [0.0,0.2] 0.101 0.1225 0.1677
InRouteSwap rate [0.0,0.2] 0.075 0.0858 0.0205
FlipPatient rate [0.0,0.1] — — 0.0915

15.2.3 Technical Details

The MILP model is implemented using OR-Tools CP-SAT v.9.12 [387]. The SA algorithm is
implemented in C++ using EasyLocaL++ v.3 (Appendix B) and has been compiled using
the GNU g++v. 13.3.

Experiments on the MILP model are conducted on an Intel Core i7 12700F machine;
running times have been normalized to the machines used by Bazirha, Benmansour, and
Kadrani [40]. Experiments on SA ran on an Ubuntu Linux 24.04 machine with 4 Intel
17-7700 (3.60 GHz) physical cores, hyper-threaded to 8 virtual cores. A single virtual core
has been dedicated to each experiment.

15.3 Results

This section reports results on existing (Section 15.3.1) and newly generated instances
(Section 15.3.2), and concludes with managerial insights on the impact of cost components
on the final outcomes (Section 15.3.3).

15.3.1 Existing Instances

In this section, we compare our solution methods on the formulations and datasets
introduced by Bazirha, Kadrani, and Benmansour [41] and Bazirha, Benmansour, and
Kadrani [40], the other available datasets our formulation can fully model. In Bazirha,
Kadrani, and Benmansour [41], the authors allocated a time limit of 4 hours, whereas in
Bazirha, Benmansour, and Kadrani [40], they reduced it to 2 hours on the same machine
(Intel i7-7600U 2.80 GHz CPU and 16 GB of RAM).

Bazirha, Kadrani, and Benmansour [41] proposed a two-stage stochastic model that
minimizes transportation cost in the first stage, and the expected value of the recourse
actions penalizing tardiness and overtime in the second stage. In their deterministic model,
the authors focused solely on minimizing transportation costs. Thus, we adopted the
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same objective function for our comparison. They introduced two datasets: dataset SS
that includes only patients with a single service, and dataset MS with patients requiring
multiple services. We excluded from our experimental analysis dataset SS because MILP
models could easily reach all optimal solutions in Bazirha, Kadrani, and Benmansour [41].
Dataset MS consists of 3 groups (D, £, and F) with an increasing number of patients (10,
25, 50) and caregivers (3, 5, 10).

Table 15.2 presents comparative results of the different solution methods. Best values
(optimal when available) are highlighted in bold.

We distinguish between the two different MILP models considered, i.e., the one from
Bazirha, Kadrani, and Benmansour [41] and the new one we introduce, by the name of
the solver used, CPLEX[236] and CP-SAT, respectively. For the MILP models, we report the
Lower Bound (LB), the Upper Bound (UB), and the CPU time. For CP-SAT, the CPU time
has been normalized to the machine used by Bazirha, Kadrani, and Benmansour [41]

In the case of the stochastic methods, each instance was executed 10 times. We report the
average value (Avg), the best value (UB), and the average running time in seconds (t) over
10 executions. Our SA was granted 10M iterations.

Table 15.2: Comparative results the MS dataset by Bazirha, Kadrani, and Benmansour [41].

Bazirha et al. [41] Bazirha et al. [40] Us
MILP (CPLEX) GVNS GA SA MILP (CP-SAT) SA
LB UB t[s] Avg UB t[s] Avg UB t[s] Avg UB t[s] LB UB t[s] Avg UB t[s]

D1 7690 769 1.6 7690 769 <1 769.0 769 0.1 769.0 769 3.1 769 769 0.1 769.0 769 8.6
D2 8720 872 1.5 8720 872 <1 8720 872 0.1 8720 872 25 872 872 0.1 8720 872 85
D3 7090 709 1.8 7090 709 <1 7098 709 02 709.0 709 3.6 709 709 02 709.0 709 8.6
D4 938.0 938 1.6 9380 938 <1 9380 938 0.1 9380 938 23 938 938 02 9380 938 8.6
D5 7770 777 16 7770 777 <1 7770 777 02 777.0 777 33 777 777 0.1 777.0 777 8.6
D6 588.0 588 1.5 5880 58 <1 5942 588 0.1 5880 588 28 588 588 0.1 588.0 588 8.6
D7 609.0 609 1.5 6090 609 <1 6090 609 0.1 6090 609 29 609 609 0.1 609.0 609 8.6

&1 13170 1317 185 13361 1317 59 13827 1317 6.1 1355.0 1317 129 1317 1317 13.8 13309 1317 12.7
£2 1361.0 1361 8.1 13917 1374 58 14078 1387 58 1385.0 1361 125 1361 1361 149 1480.6 1384 129
£3 13380 1338 72 13575 1338 5.6 1419.1 1353 6.4 1367.5 1338 14.1 1338 1338 45 13623 1338 12.7
£4 11500 1150 56 11594 1150 4.6 12072 1171 56 11514 1150 152 1150 1150 10.1 11503 1150 12.9
5 12460 1246 3.6 12686 1246 4.8 12869 1247 6.4 1250.0 1246 12.0 1246 1246 4.1 12542 1254 13.0
£6 1251.0 1251 11.3 12593 1251 52 1286.7 1251 6.8 1268.6 1251 129 1251 1251 10.2 1253.6 1251 129
£7 1145.0 1145 51 11476 1145 3.3 11551 1145 4.7 11453 1145 12.7 1145 1145 1.7 1159.1 1145 12.8

F1 17540 1754 1971.0 1903.0 1808 276.6 2169.4 2069 113.8 1858.3 1780 46.8 1754 1754 760.6 1856.5 1796 20.1
F2 1668.7 1864 14400.0 1933.6 1832 186.3 2166.2 1989 119.7 1876.4 1832 38.6 *1749 1828 14400.0 1890.3 1841 19.9
F3 1685.0 1731 14400.0 18227 1813 205.2 2033.5 1940 129.1 1759.2 1731 43.1 1674 1726 14400.0 1769.1 1734 19.9
F4 1721.7 1962 14400.0 1955.3 1908 231.2 21935 2105 969 1937.1 1908 47.4 *1883 1883 14400.0 1956.3 1930 20.0
F5 1793.0 2011 14400.0 2179.0 2040 273.5 2502.5 2296 139.6 2037.1 2015 51.3 *1941 2009 14400.0 2103.8 2044 19.8
JF6 1808.0 1808 2207.0 1853.1 1818 209.6 2189.0 2035 148.7 1840.7 1820 42.1 1808 1808 4738.0 1854.5 1835 20.1
FT7 17081 1730 14400.0 1783.1 1738 196.1 2098.8 2012 113.6 17725 1740 45.7 *1730 1730 2801.4 17753 1748 20.1

Avg 1248.0 1282.4 36309 1314.9 1287.6 1153 1417.5 13609 43.1 1298.4 1280.8 20.4 1135.6 1276.6 3141.0 1307.6 1287.1 13.8

Comparing the exact methods, it is evident that CP-SAT outperforms CPLEX in terms of
both quality and computational time. In most cases (14 out of 21), CP-SAT was able to find
the optimal solution in a shorter time. It also improved the lower bounds for four instances
(F1, F4, F5, F7), marked with an asterisk, and certified the optimality for instance F3.
CP-SAT provided the best solution even for larger instances of group F, although it required
a long running time.

When focusing on the metaheuristic methods, it is important to note that SA algorithms,
both the one by Bazirha, Benmansour, and Kadrani [40] and ours, clearly outperformed
General Variable Neighborhood Search (GVN) and Genetic Algorithm (GA) by Bazirha,
Kadrani, and Benmansour [41].



15.3. RESULTS 213

Comparing the two versions of SA, we can conclude that their performances are
comparable. Specifically, the SA algorithm presented by Bazirha, Kadrani, and Benmansour
[41] found 13 out of 21 best results, while our SA achieved 12 out of 21. The average
value of our SA is 2.4% worse than the best solution, compared to a gap of 1.71% for the
SA by Bazirha, Kadrani, and Benmansour [41]. However, the average running time of
Bazirha, Kadrani, and Benmansour [41] is 20.4 seconds, while for our SA is 13.8 seconds on
comparable machines.

Bazirha, Benmansour, and Kadrani [40] employed CPLEX and a SA algorithm. Further-
more, the authors generated three datasets, namely MSMTW, Small, and Large. Datasets
MSMTW has three groups (J, K and £) with 10, 25 and 50 patients respectively. All
patients in this dataset have two time windows. Dataset Small consists of the nine instances
of group M, each with 10 patients, several double-service patients ranging from 20% to
60%, and several time windows per patient varying from 1 to 3. Finally, dataset Large
(group N) includes only four instances that assign to each patient three time windows
and up to three services. We excluded instances N'100s and N200s because they involve
patients requiring three services, and we focused only on instances A'100p and N200p
with 100 and 200 patients.

Table 15.3 shows the comparative results between our solution methods and those
proposed by Bazirha, Benmansour, and Kadrani [40] in their formulation and datasets.
In their paper, the workload balance deviation s, is rounded up to [s,| for each single
caregiver; we follow the same approximation for the comparison.

It is worth mentioning that our SA approach is not customized to this specific formulation
and its constraints and features. For example, we do not exploit the fact that time windows
are strict, and we allow the search not to meet them, but penalize this case with a high
artificial cost.

Observing the results, all methods find optimal solutions for small instances of group J
and group M. In instances of group K (25 patients), CP-SAT could still identify numerous
best solutions (4 out of 9) within 2 hours of CPU time. In contrast, CPLEX could find only one
best solution. Regarding the SA algorithms, they display similar performances on average.
For instances of group £ (with 50 patients), the exact methods struggle; in particular, CPLEX
could not deliver any solution within two hours, while CP-SAT could find a solution for 5
instances, albeit not of good quality. Comparing the two metaheuristic methods on this
set, our SA outperforms on average the one by Bazirha, Benmansour, and Kadrani [40],
obtaining several best solutions (i.e., 7 out of 9) in a shorter running time (always less than
23.5 seconds).

Finally, our SA, if granted more iterations (100,000,000) to have comparable running
times, obtained better results on the larger instances (A'100p and N200p), outperforming
Bazirha, Benmansour, and Kadrani [40] by an average of 25% in the objective function.

15.3.2 New Instances

We now consider our newly generated dataset. Out of the complete set (465 instances), we
randomly select 24 instances for demonstration purposes. CP-SAT was granted a maximum
of 3600 seconds, whereas SA was granted 10,000,000 iterations (an average of 67.9 seconds).

Table 15.4 reports both the main features of the instances and the results we obtained.



214 CHAPTER 15. SOLUTION METHODS

Table 15.3: Comparative results on the dataset by Bazirha, Benmansour, and Kadrani [40].

Bazirha et al. [40] Us

MILP (CPLEX) SA MILP (CP-SAT) SA

UB t[s] Avg UB t [s] LB UB t[s] Avg UB t]s]
J1 161.0 3.7 161.8 161.0 6.3 161.0 161.0 16.5 161.0 161.0 8.9
J2 130.5 129 130.5 130.5 5.2 130.5 130.5 49.6 130.5 130.5 9.2
J3 102.5 6.0 1053 102.5 6.0 1025 102.5 10.0 102.5 102.5 9.1
J4 311.0 6.0 311.0 311.0 49 311.0 311.0 16.7 311.0 311.0 9.8
Jb5 160.5 13.6 160.5 160.5 4.7 160.5 160.5 13.9 160.5 160.5 9.4
J6 160.0 104 160.0 160.0 4.0 160.0 160.0 32.8 160.0 160.0 9.6
J7 246.5 5.7 246.5 246.5 49 2465 246.5 8.3 246.5 246.5 7.9
J8 57.5 6.6 57.5 575 4.8 575 57.5 0.7 57.5 575 9.5
J9 165.0 325 166.1 165.0 42 165.0 165.0 144.6 205.0 165.0 9.6
K1 177.0 72000 143.4 116.0 256 380 99.0 72000 930 77.0 144
K2 82,5 7200.0 136.1 110.0 255 575 64.5 72000 983 720 14.0
K3 118.5 7200.0 154.0 103.5 247 525 1315 72000 1226 90.0 143
K4 381.0 7200.0 478.0 385.0 205 84.0 398.0 7200.0 4413 4095 14.7
K5 219.5 7200.0 282.0 216.5 209 63.0 191.5 72000 225.7 1995 15.0
K6 286.0 7200.0 303.6 244.0 185 825 291.0 7200.0 268.8 219.0 15.0
K7 294.0 7200.0 270.0 165.5 18.7 425 288.0 7200.0 2383 1820 15.1
K8 76.5 7200.0 1506 945 20.1 390 61.5 72000 1146 825 149
K9 201.5 7200.0 1584 121.5 189 405 98.0 7200.0 139.5 1235 149
L1 — 7200.0 200.6 152.0 89.0 0.0 3355 7200.0 188.0 169.0 22.1
L2 — 72000 1632 1255 80.1 — — 7200.0 129.0 90.0 22.1
L3 — 72000 186.7 1475 86.9 — — 7200.0 1583 1215 222
L4 — 72000 434.4 403.0 814 — — 7200.0 520.6 438.0 223
L5 — 72000 334.1 264.0 85.5 0.0 440.5 7200.0 309.6 202.0 224
L6 — 72000 5744 504.0 824 — — 7200.0 5985 429.0 225
L7 — 7200.0 280.8 218.0 87.2 0.0 291.0 7200.0 280.2 183.5 23.3
L8 — 72000 216.6 187.0 85.1 0.0 281.0 72000 1772 1285 23.1
L9 — 72000 2589 1835 79.5 0.5 2175 7200.0 2274 137.5 234

M1 223.0 2.8 223.0 223.0 3.0 223.0 223.0 1.5 223.0 223.0 8.7
M2 144.0 6.8 144.0 144.0 43 1440 144.0 3.7 144.0 144.0 8.8
M3 8.5 8.8 8.5 8.5 4.2 8.5 8.5 4.6 8.5 8.5 8.8
M4 162.5 22 1625 1625 47 1625 162.5 150 162.5 162.5 9.0
M5 146.5 149 146.5 146.5 6.8 146.5 146.5 20.0 146.5 146.5 9.3

M6 51.0 259 517 51.0 70 51.0 51.0 266 550 51.0 9.2
M7 4245 2020 428.0 424.5 54 4245 4245 15042 4248 4245 10.6
M8 51.0 4369 70.0 51.0 6.6 510 51.0 2087 512 51.0 10.6
M9 29.5 320 338 295 6.6 295 295 15543 29.6 295 10.7
N100p — 72000 993 81.0 269.8 — — 72000 772 57 673.7
N200p — 72000 242.8 2155 1409.1 — — 7200.0 1976 138 673.7
Avg 3811.3 2062 178.2 71.7 3885.0 1943 165.4 40.1

Regarding the features, the first five columns report the number of patients (C”), caregivers
(C), services (3, |Si]), the percentage of double-service patients (|Cs|/|C’|), and optional
patients (|C;,;|/|C’|). The dataset exhibits significant diversity, comprising instances from
10 to 450 patients. The proportion of patients requiring two services varies from 0 % to
100%, as in the case of the optional patients.

CP-SAT optimally solved instances up to 15 patients (i-116 and i-134) in a short CPU time.
For instances with 25 patients, it still achieves the best values for three out of four cases in
1 hour; results of SA in these instances are, on average, worse by 13%, but with a much
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Table 15.4: Results on the new dataset.

Features MILP (CP-SAT) SA

O] VI Piee 19i] 1Cal/IC] 1CGu1/1C LB UB  t[s] Avg  UB  t[s]
i-054 200 30 220 10% 10% — — 3600.0 699044 65188 70.7
i-077 100 17 120 20% 20% — — 3600.0 171145 16164 48.6
i-083 70 11 98 40% 0% 7349 15725 3600.9 15828.3 12831  40.3
i-100 25 5 35 40% 0% 14538 14744 3600.0 17916.6 15119 25.1
i-116 10 4 13 30% 60% 17117 17117 0.1 183035 17393 13.6
i-126 200 32 260 30% 20% — — 3600.0 49607.6 47475 86.9
i-134 15 3 17 13% 60% 15616 15616 6.4 15820.0 15820 16.0
i-164 200 27 240 20% 0% — — 3600.0 61539.7 58873 839
i-167 100 13 109 9% 100% — — 3600.0 168182 13805 40.0
i-175 450 63 539 20% 0% — — 3600.0 34314.7 34014 186.3
i-185 340 62 442 30% 20% — — 3600.0 26839.8 26591 137.6
i-219 100 18 130 30% 20% — — 3600.0 115350 11086 514
i-235 25 6 44 76% 48% 1913 4702 3600.0 76943 6021 219
i-247 25 5 32 28% 48% 18881 19492 3600.0 21383.0 21186 247
i-250 190 26 217 14% 30% — — 3600.0 29697.0 28639 854
i-263 250 42 324 30% 20% — — 3600.0 38049.8 36933 111.8
i-272 170 26 194 14% 50% — — 3600.0 279746 27672 742
i-316 25 5 50 100% 0% 9063 10300 3600.0 11510.3 10196  32.5
i-360 200 35 300 50% 20% — — 3600.0 49530.6 46205 89.7
i-369 75 13 97 29% 20% 16402 26346 3600.0 269474 25225 41.8
i-406 100 18 130 30% 50% — — 3600.0 26197.6 25260 43.1
i-414 70 11 98 40% 0% 24660 37633 3600.0 35982.0 33457 384
i-416 400 46 400 0% 0% — — 3600.0 42150.7 41009 131.6
i-446 75 13 111 48% 20% 15965 28872 3600.0 21768.3 21463  49.3

shorter running time of ~ 26 seconds. CP-SAT can provide a feasible solution for up to 75
patients within the time limit; however, SA typically achieves an average improvement of
about 13% in approximately 40 seconds.

Comparing the two methods is not possible for larger instances because CP-SAT could
not provide any solution in 1 hour. We can observe that the running time of SA increases
proportionally to the number of patients and that the deviation between average and UB
values is more relevant when there are many double-service patients (instances i-083, i-100,
i-235, and i-316) and optional patients (instance i-167).

We observe from Tables 15.2-15.4 that the running time for both our methods increases
significantly with the complexity of the formulation. For example, for SA for instances
with 25 patients it goes from 13, to 15, to 26 seconds, approximately.

15.3.3 Managerial Insights

In this section, we frame the analysis through the lens of Value-Based Purchasing (VBP),
a policy instrument increasingly used by Ministries and Departments of Health of dif-
ferent countries to realign incentives across patients, providers, and payers. VBP shifts
reimbursements and incentives away from mere activity volume toward outcome- and
experience-based metrics, thus rewarding hospitals and other healthcare organizations
for delivering high-quality, patient-centered care, while containing cost growth [252]. For
example, in 2022, the Centers for Medicare & Medicaid Services (USA) launched the Ex-
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panded Home Health Value-Based Purchasing Model,! whose primary goal is to “provide
incentives for better quality care with greater efficiency”. Comparable initiatives are now
emerging in Europe with the adoption of VBP broadly in healthcare related topics.> These
programmes underscore the need to analyze the trade-offs among stakeholder objectives
that our model addresses.

Therefore, we decided to consider the perspectives of the different stakeholders, and
investigate how individual cost components behave when the optimization is steered
toward a single stakeholder or operational goal. More specifically, we adopted the
objective-function breakdown presented in Table 14.1, which separates cost components by
stakeholder (patient, caregiver, organization) and by operational goal (efficiency, fairness,
well-being). For every instance, we reran our SA under the six scenarios, each time
considering only one cost group (patient, caregiver, organization, efficiency, fairness,
well-being) while keeping all other algorithmic parameters identical to the ones previously
outlined. We conducted 10 runs x 24 instances x 6 scenarios = 1,440 experiments.

a) Stakeholders b) Operational goals
5000 el st
Opt. focus Opt. focus
[ Caregiver 1200 [ Efficiency
4000 [ Patient 1000 1 Fairness
R [ Organization [ Well-being
93000 800
(o2}
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& 2000
o 1533 400 376
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370 43 39 48 45
149 0[] 68 67 0 Bess = 18 1
0 — - = 5 — |
-80 -79 63
Total Patient Caregiver Organization Total Efficiency Fairness Well-being
Cost component Cost component

Figure 15.2: Average gap (%) relative to the fully-optimized solution when the optimization is
carried out for different stakeholder groups (left) and operational objectives (right)

Figure 15.2 shows the results of these analyses through bar charts. Different colors
represent results for various stakeholders (left) or operational goals (right). To compare, we
calculated the average percentage gap as the difference between the cost from a single cost
group and the total cost, divided by the total cost. A negative value indicates that focusing
on a specific group leads to an improvement in the value of the corresponding cost group.
It could be noticed that, when we adopt a patient-centered perspective and ignore the soft
constraints related to caregivers and organization, the total cost increases only moderately
(+60%) compared to other cases, which show increases of +149% for caregivers and +441%
for organization. The cost components related to patients decrease by 80%, while costs
for the organization and caregivers worsen by 67% and 370%, respectively. Focusing on
caregivers, their related cost components decrease by 79%, whereas costs related to the
organization increase by 68%, and those related to patients rise by 1,064%. Unexpectedly, the
worst results are observed from the organization’s perspective. Specifically, the reduction
in organization costs is only 6%, while costs for patients and caregivers increase by 4,998%
and 1,533%, respectively. This analysis suggests adopting a patient perspective, in line with

1h‘ctps ://www.cms.gov/priorities/innovation/innovation-models/expanded-home-health-value
-based-purchasing-model. Accessed 2025-07-22

2https ://www.sanidad.gob.es/gabinete/notasPrensa.do?id=6475. Accessed 2025-07-22
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recent trends that push healthcare institutions towards the creation of a patient-centered
healthcare delivery system [350].

a) Stakeholders b) Operational Goals
Caregiver Efficiency
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0.8 0.8
0.6 0.6
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0.2 0.2
Organization Patient Well-being Fairness

Version of SA
Total Caregiver Efficiency Well-being
Patient Organization Fairness

Figure 15.3: Radar plot for instance i-083.

Figure 15.3 contrasts the optimization strategies for a representative instance, i.e., i-083.
Each axis reports the normalized cost for one stakeholder (left) or operational goal (right),
where smaller values denote better performance. Considering the stakeholders, the
organization-focused optimization attains the lowest organizational cost (= 0.5, as one
would expect), but does so at the expenses of patients and caregivers (both ~ 1.0), and
eventually has the highest mean cost (=~ 0.8). Caregiver-focused optimization almost
eliminates caregiver cost (= 0), keeps patient cost low (= 0.2), yet pushes the organizational
cost up to =~ 0.95 These large spreads among objectives signal a strong imbalance. Patient-
focused optimization excels in patient metrics (= 0.05) and performs well on caregiver
metrics (= 0.25), but incurs the highest organizational costs (1.0). Joint optimization of
the full cost components offers a more balanced compromise across all three criteria with
a relatively low standard deviation (~ 0.25), suggesting it provides a fairer solution that
does not significantly sacrifice any single stakeholder’s priorities at the expense of others.
Regarding the operational goals, efficiency and well-being clearly trade off, while fairness
holds the lowest average cost (= 0.4). As expected, the efficiency goal’s performance aligns
with those obtained when focusing on the organization perspective. Additionally, it is
confirmed that SA achieves the most balanced solutions among all three criteria (with a
standard deviation ~ 0.14).

To isolate the influence of incompatibility and preference constraints on the total cost, we
conducted an additional experiment in which these two constraint classes were removed
while all other hard and soft constraints remained active. Across the test set, on average,
41% of patients express preferences (range 0-75%) and 3% of patient—caregiver pairings
exhibit incompatibilities (range 0-15%). Eliminating both incompatibilities and preferences
yielded a mean improvement of less than 1%, rising to roughly 6% when the focus is
restricted to patient-related cost components. This outcome is unsurprising: without
incompatibilities and preferences, the solver can form routes with lower tardiness. Because
such constraints reflect real-world clinical requirements and stakeholders” wishes, and
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because their omission delivers only a marginal cost saving, we believe their explicit
inclusion in the formulation is well justified.

154 Concluding Remarks

This section summarizes the main content of the chapter (Section 15.4.1), discusses its
limitations (Section 15.4.2), and outlines directions for future research (Section 15.4.3).

15.4.1 Content

In this chapter, we adapted to this general problem two search methods that already
proved to be at a state-of-the-art level for the basic formulation by Mankowska, Meisel, and
Bierwirth [327], namely a compact MILP model and a SA algorithm. We provided results
obtained by these methods on both available and novel datasets. Both methods found
results at the same level or better than the solution method specifically developed for the
given formulation. The novelty is, on the one hand, an extension of existing methods. On
the other hand, we believe it constitutes an important unification effort.

15.4.2 Limitations

It should be noted, however, that some of the features proposed in the literature have been
left out of the current framework and therefore of the solutio methods. The main ones are:

* Multi-day: When planning across multiple days, additional challenges emerge,
including maintaining continuity of care and balancing caregiver workloads between
days. Multi-day planning can be approached as a series of sequential single-day
problems, adjusting preferences and patient status (optional/mandatory) between
consecutive days. However, solving the entire planning horizon simultaneously
typically yields superior overall solutions.

¢ Uncertainty/stochasticity: Since real-world healthcare operations have some inher-
ently non-deterministic aspects, stochastic elements will better reflect their nature.
For example, variability in service times, travel delays, and patient availability is
inevitable in practice. Robust optimization models that accommodate unexpected
events and dynamic rescheduling mechanisms would significantly enhance the
practical applicability of our solution approaches.

* Multi-modal: Currently, we assume that all caregivers use the same means of
transportation (i.e., cars), and consequently that the traveling time between two
locations is a single value. It is generally possible to use alternative means exhibiting
different travel times, costs, and environmental impacts (e.g., employing public and
private transportation). This extension would add a new set of decision variables
representing the modeling choices for the transportation modality of each route.

¢ Perishable biological samples and medicines: When collecting biological samples
that could degrade, caregivers must return to the hospital or a clinical analysis lab
within a short timeframe after service. Similarly, caregivers must promptly travel
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from the hospital /pharmacy to the patient when delivering perishable medicines,
avoiding unnecessary intermediate stops [474].

15.4.3 Future Work

In future work, we plan to incrementally add all the features mentioned in Section 15.4.2,
trying to blend them smoothly within the current framework and without compromising
the ability to solve the overall problem with a single general solution method.
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Chapter 16

Introduction

While successful applications of Combinatorial Optimization (CO) abound, the design
and engineering of optimization tasks remain largely human-driven. Practitioners must
translate informal problem descriptions into formal models and subsequently implement,
configure, and run solvers or algorithms. These steps are non-trivial, knowledge-intensive,
and often repeated across similar problems, making the development pipeline both slow
and expertise-dependent.

Recent advances in Large Language Models (LLMs) have brought interest in automating
or assisting parts of this pipeline [171, 230, 341, 500] as they can process Natural Language
(NL) and produce structured artefacts. For instance, LLMs can support tasks such as
translating textual descriptions into formal models [215, 238] or generating solver-related
code [283, 467]. These capabilities suggest a potential shift from manual model formulation
to interactive, language-based optimization engineering.

Yet, this emerging research area remains fragmented and immature. The rapid pro-
liferation of studies has produced a highly heterogeneous landscape: tasks, instance
representations, and evaluation protocols vary widely, while common baselines and report-
ing standards are often absent. Moreover, most work focuses on what LLMs can do, rather
than how they behave as reasoning or optimization agents. Mechanism-level analyses,
common in other domains such as geospatial or scientific reasoning [131], are still scarce
within CO. As a result, the community lacks a principled understanding of when, why,
and under which representations LLMs can reliably support combinatorial reasoning.

16.1 Goals

Our aim in this part is twofold: (i) to map the state of the art on the use of LLMs in CO;
and (ii) to assess what information about a given instance LLMs actually encode and can
make available for downstream optimization tasks. More programmatically, this part of
the thesis answers the following Research Questions (RQs):

RQ1 What is the current landscape of LLMs in CO and in Combinatorial Optimization
Problems (COPs)?

(a) How are LLMs currently being applied to COPs?
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(b) Which stages of the optimization pipeline are supported (e.g., modelling,
instance/feature extraction, solver guidance, parameter control, analysis)?

(c) Which LLM architectures and training paradigms are most commonly used and
reported as effective for CO?

(d) Which application domains are employing LLMs within CO?
(e) What are the main empirical and methodological trends?

(f) What research directions emerge from gaps and inconsistencies in the literature?

RQ2 Given an instance of a COP, what do LLMs know and how does this depend on the
representation?

(a) To what extent can LLMs identify salient structural or numerical characteristics
of CO instances from their representations?

(b) Can representations extracted from the hidden layers of LLMs serve as a proxy
to predict instance features?

(c) Can representations extracted from the hidden layers of LLMs serve as an
effective proxy for per-instance algorithm selection, and how does their predictive
power compare to that of traditional handcrafted features?

To address RQ1, we perform a systematic investigation of the intersection between LLMs
and CO. We conduct a comprehensive search across Scopus and Google Scholar, initially
retrieving over 2,000 publications. Each study is evaluated against four (4) inclusion and
four (4) exclusion criteria concerning its language, research focus, publication year, and
type. After screening, 103 studies are retained for analysis. We classify the selected studies
into semantic categories and thematic topics, thereby offering a consolidated view of
current trends and gaps. The review process follows the Preferred Reporting Items for
Systematic Reviews and Meta-Analyses (PRISMA) guidelines to ensure transparency and
reproducibility. The investigation addressing this RQ is presented in Chapter 17, which
relies on the following work:

¢ Da Ros, F., Soprano, M., Di Gaspero, L., & Roitero, K. (2024, submitted). Large
language models for combinatorial optimization: A systematic review. Submitted to a
journal. Available as preprint at https://doi.org/10.48550/arXiv.2507.03637.

In RQ2, we investigate how LLMs represent and reason about COPs. We design a
dual methodological framework combining direct querying, to analyze what models can
explicitly articulate about optimization instances, and probing, to examine what information
is implicitly encoded in their hidden representations. The study focuses on a representative
set of problems and a set of different instance representations. We analyze whether LLMs
can identify relevant instance features, whether these features are represented in LLMs
hidden layes, and whether these latent representations can be used as predictors for
per-instance algorithm selection. The detailed methodology and results addressing this
research question are presented in Chapter 18, which draws on the following work:

¢ Da Ros, F., Di Gaspero, L., & Roitero, K. (2025). Probing LLMs on optimization
problems: Can they recall and interpret problem features? In International Conference
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on the Applications of Evolutionary Computation (Part of EvoStar) (pp. 353-371). Cham:
Springer Nature Switzerland. Conference rank: CORE2023 B.

¢ Da Ros, F., Di Gaspero, L., & Roitero, K. (2025, submitted). Behavior and repre-
sentation in large language models for combinatorial optimization: From feature

extraction to algorithm selection. Submitted to a journal. Available as preprint at
https:/ /doi.org/10.48550/arXiv.2512.13374.
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Figure 16.1: Overview of the goals and content of this part of the thesis. The abbreviation CO
stands for Combinatorial Optimization, whereas LLM stands for Large Language Model.

16.2 Structure

This part of the thesis is organized as follows. Chapter 17 presents a systematic review
of the literature on the use of LLMs in CO. Chapter 18 then introduces probing and
algorithm-selection experiments designed to assess the extent to which LLMs can capture
features of COPs.
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Chapter 17

Systematic Literature Review

The rapid advancement in Artificial Intelligence (AI) and in particular in Natural Language
Processing (NLP) has led to a rapid increase in the capabilities and applications of Large
Language Models (LLMs), resulting in a proliferation of scholarly works and models
being developed. While highlighting the increasing activity in the field, this multitude of
studies has created a complex body of knowledge that is challenging to navigate. Looking
specifically at the application of LLMs to Combinatorial Optimization (CO), the academic
literature is fragmented, with existing works characterized by diverse methodologies, areas
of applications, and findings.

This systematic review aims to consolidate the current state-of-the-art in LLMs applied
to CO. We identify, screen, analyze, and systematically organize the literature to clarify the
topic and identify strategic directions for ongoing and future research efforts. Through
this examination, we seek to understand the capabilities of LLMs in addressing complex
optimization tasks and to explore the evolving trends and directions in this field. By
systematically synthesizing and analyzing existing research, this review aims to provide
a structured understanding of how LLMs are employed in CO and offer insights that
can inform future research in the field. The process is reported following the Preferred
Reporting Items for Systematic Reviews and Meta-Analyses (PRISMA) guidelines.

While exploring the reverse relationship between LLMs and CO (i.e., applying CO
techniques to enhance LLMs) is also a valid research direction, we deliberately chose not
to include it in this survey. This is primarily because such applications essentially use
well-established CO methods in a new, albeit challenging, domain. Instead, we focus on
the novel and emerging contributions of LLMs to the practice of CO.

Our review emphasizes CO rather than other paradigms, such as continuous optimization.
This decision is also motivated by the inherent differences between the two paradigms:
continuous optimization typically relies on mathematical models or black-box ones, whereas
CO encompasses a broader and more diverse set of problem domains (e.g., scheduling,
assignment, routing, permutation-based problems) characterized by intricate substructures
and complex constraints. This diversity makes the application of LLMs to CO potentially
more impactful, given the richness and complexity of the CO landscape.

Although this section surveys related work, it is conducted as a systematic literature
review and therefore follows an experimental layout. We adopt the PRISMA methodology
(Section 17.1). The experimental setup is described in Section 17.2. Results are presented in
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Section 17.3. Section 17.4 offers a synthesis and conclusions.
Appendix G complements this chapter by reporting the PRISMA checklists, complete
descriptions of the included studies, and a detailed tabular analysis of the findings.

17.1 Methodology

To ensure methodological rigour, we follow the PRISMA guidelines, detailed in Sec-
tion 17.1.1. Section 17.1.2 defines the terminology adopted throughout the chapter.

17.1.1 PRISMA

The Preferred Reporting Items for Systematic Reviews and Meta-Analyses (PRISMA) guide-
lines are a well-known framework for reporting systematic reviews. The current version
was proposed in 2020 [378] and builds upon the PRISMA 2009 formulation [352]. This
methodology evolved from the earlier Quality of Reporting of Meta-analyses (QUOROM)
guidelines [351], which were firstly introduced in 1999. This evolution over time has broad-
ened the scope of the guidelines. While QUOROM primarily focused on improving reports
of meta-analyses in clinical trials, PRISMA addresses systematic reviews that evaluate
the effects of health interventions more broadly. These guidelines are sufficiently general
to apply to reports of systematic reviews that evaluate other types of interventions [297,
499], systematic reviews with objectives beyond evaluating interventions [216, 418], and
systematic reviews not related with the medical field [361, 437]. PRISMA can be used to
report systematic reviews that involve result synthesis, such as meta-analyses and other
statistical methods. It is also helpful for reviews identifying only a single eligible study
and for mixed-methods approaches.

At its core, PRISMA is composed of four main elements: the statement [378], the
explanation and elaboration document [377], the checklist,! and the flow diagram.? The
statement introduces the purpose of the methodology. The checklist consists of 27 items
across 7 sections, providing guidelines for writing a systematic review report. It should
be used alongside the explanation and elaboration document, which offers additional
reporting guidance for each item. The diagram shows the flow of information through the
review phases.

17.1.2 Terminology

Most of the terminology used within PRISMA resources [377, 378] derives from its original
field of application, i.e., health-related interventions, which may be confusing for researchers
from other disciplines. We particularly refer to the following definitions [378]:

* Study: Experiment including a defined group of participants and one or more
interventions and outcomes.

* Report: Paper providing information about a particular study. Multiple reports may
refer to the same study.

https://www.prisma-statement.org/prisma-2020-checklist. Accessed 2025-10-01.
https://www.prisma-statement.org/prisma-2020-flow-diagram. Accessed 2025-10-01.
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* Record: Title or abstract (or both) of a report indexed in a database or website.
¢ Outcome: Measurement event for participants in a study.
¢ Result: Combination of a point estimate and precision measurement for an outcome.

Since our systematic review covers a broader scope than health-related interventions,
where we expect to find only individual eligible studies rather than multiple studies
referring to a given experimental design, we join the definitions of study and report, using
study to refer to papers in general. This approach apply also to the definitions of result
and outcome. We consider the term record to encompass titles and abstracts of papers. For
example, the PRISMA flow diagram explicitly distinguishes between records screened and
reports sought for retrieval. We adjust this to refer only to records as we define them.

17.2 Experimental Setup

We now report the experimental setting of our literature review by first describing the
overall context (Section 17.2.1) and then by detailing all the phases (Sections 17.2.2 to 17.2.4)

17.2.1 Process

Our systematic review includes studies up to the end of 2024. The literature collection
process, conducted according to PRISMA, involves three main activities (Figure 17.1):
identification, screening, and inclusion.

While the inclusion activity simply involves reporting the number of studies included in
the systematic review, the task of identifying and screening records is more complex. Fig-
ure 17.2 reports a Business Process Model and Notation (BPMN) diagram [368] describing
how we conducted these activities. Initially, all four (4) authors® worked together to define
the keywords for searching records, establish eligibility criteria for study inclusion/exclu-
sion, and select the databases for record identification. Subsequently, one (1) author sent
queries to the selected databases to retrieve records and performed data cleaning to remove
duplicates and records without authors. Then, the same author screened the remaining
records by reviewing titles, abstracts, and publication years in order to apply an initial filter.
The resulting list was then augmented through citation tracking [114]. After this phase,
three (3) authors independently read the full text of one-third of the studies each. They
then decided whether to include each study based on the eligibility criteria. Subsequently,
all authors collectively cross-checked the studies read by the other authors. The author not
initially involved in full-text reading performed the final screening and resolved conflicts.

17.2.2 Identification

On January 7, 2025, we searched two (2) popular databases to identify records: Scopus
and Google Scholar. Scopus is an extensive, multidisciplinary database of peer-reviewed
literature, while Google Scholar allows for broader searches, including pre-prints.

To identify studies addressing the usage of LLMs within CO, we used the following

4 “”

set of keywords: “large language models”, “generative artificial intelligence”, “GPT”,

%In this chapter, we intend as authors the ones involved in the publication from which the study draw from.
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Figure 17.1: Literature identification, screening, and inclusion activities conducted following the
Preferred Reporting Items for Systematic Reviews and Meta-Analyses (PRISMA) guidelines.
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Figure 17.2: Business Process Model and Notation (BPMN) diagram describing the identification
and selection activities of records in the literature collection process.

V/ZA7}

mathematical formulations”,
tics”, “constraint programming”, “integer programming”, “integer linear programming”,
“NL4Opt”, “NerdOpt”. These keywords were combined into 14 search queries, reported
in Table 17.1 along with the number of matches found for each query. Besides the
self-explanatory queries (i.e., those including the relevant LLM and CO terms like “combi-
natorial optimization”), we also include the keywords “NL4Opt” and “Ner4Opt” in our
Google Scholar search. These terms relate to a recent competition focused on extracting the
meaning and formulation of an optimization problem from its textual description. Note
that Google Scholar only provides an estimated number of matches and that we used the
advanced query functionality on Scopus to restrict the search to study titles, abstracts, and
keywords using the TITLE-ABS-KEY(. ..) construct. Using these queries, we retrieved
approximately 648 records from Google Scholar and 1,396 from Scopus, for a total of 2,044
records. This list required further processing because both databases contain duplicates.
We found 269 duplicate records from Google Scholar, 196 from Scopus, and 23 shared
records, totaling to 488 duplicates. Another case to consider is a small subset of records
that lack an author string and should, therefore, be removed from the list of 2,044 records.

oo

“optimization”, “combinatorial optimization”, metaheuris-
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Specifically, we identified 4 records without an author string on Google Scholar and 84
records on Scopus. When combining the two lists, the number of distinct records without
an author string is 84, as all four records found on Google Scholar are also present on
Scopus. The final number of distinct records from Google Scholar and Scopus is 1,472.

Table 17.1: Queries used to retrieve records from Scopus and Google Scholar.

Scopus Google Scholar

Query Count Query Count

“large language models” and “optimization” 944  “large language models” and “combinatorial op- 334
timization”

“GPT” and “optimization” 394 “large language models” and “constraint pro- 104
gramming”

“large language models” and “constraint program- 10  “large language models” and “mathematical for- 106

ming” mulations”

“large language models” and “integer programming” 14 “large language models” and “metaheuristics” 88

“large language models” and “integer linear program- 15  “NLAOpt” 11

ming”

“generative artificial intelligence” and “combinatorial 0  “Ner4Opt” 5

optimization”

“large language models” and “combinatorial optimiza- 14

tion”

“GPT” and “combinatorial optimization” 5

17.2.3 Screening

We define 8 eligibility criteria to screen the list of studies referred by the 1,472 records
retrieved. Specifically, we define 4 inclusion (INCL) criteria and 4 exclusion (EXCL) criteria:

INCL1 The study is written in English.
INCL2 The study focuses primarily on the usage of LLMs in the field of CO.
INCL3 The study has been published in 2016 or later.

INCL4 The study is a research article, a case report, a technical note, a narrative review, a
systematic review, a position paper, a pictorial essay, or a PhD Dissertation.

EXCL1 The study is written in languages other than English.

EXCL2 The study focuses on optimization in the context of LLMs, solely on CO, solely on
LLMs, or on optimization different from CO, such as Continuous Optimization.

EXCL3 The study has been published in 2015 or earlier.

EXCL4 The study is not a research article, a case report, a technical report, a narrative
review, a systematic review, a position paper, a pictorial essay, or a PhD Dissertation.

In summary, we focus on how LLMs are used in optimization, specifically targeting
studies that address the subfield of CO (INCL2); consequently, we exclude those taking
the opposite perspective (EXCL2). Note that some of the exclusion criteria may appear
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redundant w.r.t. the inclusion ones; this is due to a rigorous application of the PRISMA
guidelines in reporting on our activity of review.

The formulation of these criteria is based on the concept of “ primary focus” on the use
of LLMs in the field of CO. According to our criteria, a study focusing on the use of LLMs
in Combinatorial Optimization Problems (COPs) should either:

1. Describe the usage of LLMs within one of the tasks of the overall optimization process.
2. Address specific aspects of a COP.

3. Propose improvements or new approaches for a given optimization paradigm.

4. Outline use cases, perspectives, and/or potential future applications.

5. Involve specific LLMs and, if applicable, provide metrics and/or reference datasets.

We believe that this notion of “ primary focus” allows us to consider not only research
papers but also reviews and surveys, which are equally important as they may provide
general directions and perspectives (INCL2 and INCL4). This also helps clarify the rationale
behind EXCL2 and EXCL4; if any of the components described above is missing, we exclude
the study from consideration. For example, let us hypothesize a study on how an LLM
could enhance an evolutionary procedure for solving a COP; this study would align with
our inclusion criteria. Conversely, consider a study proposing the use of a metaheuristic
to generate prompts for LLMs; such a study would not meet our criteria and would be
excluded. Concerning the criteria for the publication year (INCL3/EXCL3), we selected 2016
as the earliest publication year to ensure comprehensive coverage for our systematic review.
This choice aligns with key developments in LLMs, particularly the “Attention Is All You
Need” paper [476], which introduced the Transformer architecture in 2017 (Section 2.5).

Regarding the types of publications considered, we have identified a subset that aligns
with our objectives (INCL4). We therefore exclude all other publication types not specified
therein (EXCL4).

We screened the identified records (1,472) according to our eligibility criteria. We
removed 68 records because they were published earlier than 2016 (INCL3/EXCL3). A
total of 1,227 records tackled solely LLMs, solely optimization, or a type of optimization
different from CO. Additionally, we excluded 47 records that addressed optimization in
the context of LLMs (INCL2/EXCL2). We also removed 7 records because they referred to
studies of the wrong type (EXCL4). In total, we removed 1,349 records, resulting in a final
count of 123 records.

On January 13, 2025, we performed citation tracking [114] on the 123 records that
remained after the initial screening. Specifically, we traced all the citations received by
the collected studies referred to in the records, identifying a total of 420 records. We then
checked for duplicates in this set, identifying 101 duplicates. Thus, we ended up with 319
distinct records from citation tracking.

We manually addressed each record, evaluating them according to our criteria as we
did previously. Among the 319 distinct records, we found that 251 tackled solely LLMs,
solely optimization, or a type of optimization different from CO (EXCL2). Additionally, 11
records referred to studies that tackled optimization in the context of LLMs. We excluded 5
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records because they referred to studies of the wrong type (EXCL4) and 1 study because it
was not written in English (EXCL1). In total, we removed a total of 268 records, leaving us
with 51 records. By examining these citations, we uncovered additional highly related or
complementary sources w.r.t. the initial set of records, thereby broadening and enriching
our literature review.

In summary, combining the records retrieved through databases (123) and those through
citation tracking (51), we had a total of 174 records.

17.2.4 Inclusion

We read the full text of each of the 174 studies referred to by the records obtained after the
screening activity to decide which ones to include in our systematic review. This involved
a more thorough evaluation of each study concerning our eligibility criteria. For instance:

* Amarasinghe et al. [21] proposed to automate the formulation of optimization
problems from Natural Language (NL) descriptions, using fine-tuned LLMs to
generate modular code for complex real-world business optimization scenarios. In
this study, LLMs are used to enhance the formulation of a COP, thereby satisfying
our inclusion criteria.

¢ Pluhacek et al. [392] used an LLM to identify and decompose six well-performing
swarm algorithms for continuous optimization. Despite the involvement of LLMs,
we exclude this study because it focuses exclusively on continuous optimization
problems (EXCL2).

e Wang et al. [490] proposed a survey on the usage of Deep Generative Models (DGMs)
for COPs. We exclude this study since DGMs are not LLMs (EXCL2).

Thus, the number of studies included in our review is 103 (i.e., 2 studies were not
retrieved and 69 were not included as per inclusion/exclusion criteria, 174 = 103 + 2 + 69).

Table 17.2 summarizes the characteristics of the included studies. Please note that when
teasible, the characteristics reported are those of the peer-reviewed version of the studies,
i.e., if a study was previously published in a pre-print form and later in a peer-reviewed
version, we consider the latter here. The majority (82 studies, 80%) were published in
2024. The remaining studies were published in 2023 (17 studies, 16%) and in 2022 (4
studies, 4%). Considering their identification approach, 70 (68%) were retrieved from
databases; additionally, we included 33 (32%) studies referred to by records found through
citation tracking. Regarding the publication venues, approximately 50 studies (49%) were
disseminated through pre-print distribution services such as arXiv. The remaining studies
were peer-reviewed, with 25 (24%) published in journals and 28 (27%) in conference
proceedings. Focusing on the type of each study, as specified in our inclusion criteria
(INCL4), 84 of them (approximately 82%) are research studies addressing specific research
questions and/or experimental settings. Additionally, we included 11 (10%) literature
reviews, one (1%) technical report, and 7 (7%) position papers, as these provide perspectives,
guidelines, or future directions.
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Table 17.2: Overview of the 103 studies included in our review.

Year  Total Identification Venue Publication Type

DB Cit. Track. Journal Conf. Pre-print Research Review Report Position

2022 4 3 1 0 1 3 4 0

2023 17 16 1 3 4 10 15 0 1 1
2024 82 51 31 22 23 37 65 11 0 6
Total 103 70 33 25 28 50 84 11 1 7

17.3 Results

We now classify and discuss the 103 studies in terms of optimization process (Section 17.3.1),
LLMs (Section 17.3.2), benchmark datasets (Section 17.3.3), and application domain (Sec-
tion 17.3.4). Finally, the analysis include also the non-experimental literature (Section 17.3.5).

17.3.1 Optimization Process

Overall 86 out of the 103 studies (83%) are concerned with the optimization process. The
omitted studies provide perspective and general direction on the topic (Section 17.3.5). In
the counts related to the number of studies per step or task, a study addressing multiple
tasks within the same step is counted only once for that step. For instance, Li, Zhang, and
Mak-Hau [290] addresses both entity recognition and model creation within the problem
modeling step. Therefore, it is counted as 1 in the problem modeling step. If a study
addresses multiple steps, it is counted as 1 in each step. For instance, Tsouros et al. [467]
addresses activities both in the problem modeling and solution method steps, thus it is
counted as 1 in each of them. Most of the studies (64 out of 103) focus on activities related
to the solution method, representing 63% of the total. The problem modeling task follows
closely, with 38 studies, accounting for 37%. A limited number of studies are related to
benchmarking (7, 7%) and validation (9, 9%). The optimization process could benefit from
the application of LLMs in several ways, as advocated by Wasserkrug et al. [493], who
argues for their integration throughout the entire process. While such a holistic approach
is possible, only 24 studies (23%) address multiple steps across the pipeline.

Problem Modeling

Problem modeling aims to translate problems, expressed in NL, into mathematical and
computational models. This step is foundational, as the quality of the models influence the
success of optimization.

A specialized understanding of the domain in which the COP is located is crucial for
effective modeling and for ensuring realistic and applicable solutions. Traditionally, human
experts are necessary in this phase as they bring deep knowledge of industry-specific rules,
regulations, etc. In such context, LLM can help by extracting implicit knowledge from the
real-world data and integrating it into solution processes [88, 132, 311, 524] and to generate
solutions [119, 130, 245]. Li et al. [295] integrates the domain knowledge, with both entity
recognition and the generation of solution code.
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In the given problem context, it is crucial to identify the key entities and their interrelations
to properly model variables, constraints, and objectives. LLMs can be particularly useful
for recognizing and labeling these elements within a NL description of the problem [154,
486]. This capability can enhance the accessibility and usability of the models, enabling
non-domain experts to solve significant problems across various industries. Such activity
is frequently paired with the extraction of domain knowledge [17, 469], the creation of
the model [12, 140, 215, 238, 290, 366, 367, 402], and toward code generation [233, 295].
Note that Obata et al. [367] also addresses solution generation. As mentioned, LLMs can
produce optimization models [188, 407] and assist users in doing so, as evidenced, for
instance, by the conversational agents developed by Abdullin et al. [1]. The generation of
an optimization model is often accompanied by the production of the related code [228,
244,283, 505]. Several studies have jointly addressed entity recognition, model creation,
and code generation [10, 11, 211, 241, 247, 358, 467, 509, 519], with Michailidis, Tsouros,
and Guns [343] also addressing solution generation.

A total of 38 studies focused on problem modeling, including the identification of domain
knowledge (11 studies), entity recognition (25 studies), and model creation (25 studies).

Solution Methods

Solution methods refer to strategies and algorithms used to find solutions to COPs. The
choice of the solution method is linked to the problem model and is deemed critical, as
it determines the efficiency, scalability, and accuracy of the results. Thus, optimization
researchers’ expertise is essential to select the right strategy and to design algorithms and
their components. LLMs have been adopted in the design of solution methods, especially
through code generation; there exists one case where LLMs have been used for algorithm
selection [501]. Complete algorithms have been designed starting from NL description of
solution methods for Constraint Programming (CP) [21, 479] and Mixed Integer Linear
Programming (MILP) [20, 287, 292]. F. Liu et al. [303] and Stein, Vermetten, and Back [444]
used LLMs to generate heuristic algorithms within an evolutionary framework, with the
latter also including in the loop parameter tuning using an automated tool (i.e., SMAC [298]).
On the contrary, a few studies implemented a LLM-based parameter tuning [198, 282,
335,472]. Yeetal. [512] and F. Liu et al. [302] developed heuristics for a hyper-heuristic
framework. Romera-Paredes et al. [415] introduced FunSearch, a method for discovering
new heuristics for the online bin packing problem, achieving improvements over widely
used baselines. Following, many other studies tackled the topic of generating code for
heuristics [99, 303, 305, 448, 510, 511, 514, 520]. Mao et al. [329] integrated LLMs into
mutation and crossover operators for Genetic Algorithms (GAs). Most of the generated
code is written in Python (30, note that overall 35 studies use Python).

Generating solutions that satisfy the constraints and are diverse enough is complex and
sometimes even unfeasible [477]. LLMs have been asked to directly produce solutions [58,
103, 169, 198, 207, 226, 227, 232, 242, 288, 301, 309, 349, 360, 409, 414, 421, 464, 491, 508,
513]. Such an approach is useful, for instance, in metaheuristics, where complete solutions
are required as a starting point or to be mutated during the evolutionary process, and in
population-based optimization algorithms, where a large number of (possibly diverse)
solutions are required at each iteration. Finally, code generation and solution generation
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have been tackled together by 2 works [60, 253].
A total of 64 studies focused on solution methods, encompassing code generation (36
studies), solution generation (28 studies), parameter tuning (4), and algorithm selection (1).

Validation

The validation step ensures that the model, the code, and the produced solutions align
with the problem requirements and meet end-users’ needs. This process often requires
substantial human input, as domain experts are typically involved in an iterative feedback
loop to critically review the models and solutions to verify that all specifications have been
adequately addressed. As LLMs have been proven to perform fairly well in such tasks [424],
they have also been applied to optimization. Huang, Shi, and Sukhatme [233] employed an
LLM to validate solutions in an end-to-end framework (spanning from problem modeling
to technical validation). Conversely, Hao Chen and Li [212] acted at the model level,
employing a LLM agent to validate the LP/MILP models. Specifically, they integrated
LLMs in diagnosing inconsistent (i.e., over-constrained) MILP optimization models, trying
to isolate the minimal subset of linear constraints (including variable bounds) that makes
the model instance infeasible. Validation has also been addressed by other studies, reported
also in other steps of the optimization process [169, 211, 288, 358, 505, 519]. Note that we
do not address bug checks in LLM-generated code as proper technical validation since we
assume such checks are inherently part of that activity (if not state otherwise). A total of 9
study focused on validation (5 on solution validation and 6 on model validation).

Models and Algorithms Types

Since the optimization process can be clearly outlined in terms of tasks and steps, it is
crucial to recognize that modeling choices, solution methods, and validation procedures
are closely interconnected. This section presents an overview of the algorithms and solvers
considered in the studies. Please refer to the sections related to the single steps.

Considering the underlying model and algorithm type, the majority of studies (19) focus
on Linear Programming (LP) and MILP (18). Other exact methods involve CP (7) and
Integer Linear Programming (ILP) (2). Heuristic and metaheuristic algorithms account
for 20 studies; among them, 9 focus on heuristics, 3 focuses on Hyper-Heuristics (HHs),
3 on GAs, and 3 on Evolutionary Algorithms (EAs). Furthermore, 3 study explores the
capabilities of LLM w.r.t. multi-objective CO [301]. One study deals with SAT, even though
LLMs are used to generate heuristics for their solution [448].

One reason for the prominence of LP in these studies is the Natural Language for
Optimization Modeling (NL4Opt) competition. The primary objective of this competition
was to assess whether models could generalize to unseen problem domains, with an
emphasis on two sub-tasks: named entity recognition for LP components and LP model
generation [403] (see also Section 17.3.3 for a description of the related dataset).

Benchmarking

CO benchmarking involves evaluating and comparing the performance of algorithms and
techniques, so to determine how effective a solution method is and, potentially, understand
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the reasons behind its performance. Conventional comparison methods involve gathering
numerical data from algorithm runs and reporting them in the form of tables and boxplots,
alongside considerations of computational times and statistical tests (such as the Friedman
test) to account for stochasticity. For decades, researchers have emphasized the need
for additional tools to better understand the behavior of optimization algorithms [56].
One such tool is related to Search Trajectory Networks (STNs), a graph-based tool for
the visualization of metaheuristic behavior [370]. While these visualizations are very
informative, they require prior knowledge to be produced (e.g., parameter setting) and
interpreted (e.g., which algorithm is superior). To bridge this gap, Chacén Sartori, Blum,
and Ochoa [91] enriched STNs with LLM-generated explanations and suggestions.

The visual investigation of solutions is enabled by Da et al. [119], who also allows solution
validation. The visual capabilities of LLM are also explored by Elhenawy et al. [169], who
directly employ them to solve problems, presenting instances in visual form.

A relevant topic in CO is explainability of results as a way for enhancing confidence and
trust in the solutions. Interesting questions include identifying which solution components
most significantly influence the final result, among others. Answering to these questions
requires in-depth knowledge of the application domain, the solution method, and the
specific instance being addressed. To reduce this human-intensive task, Kikuta et al.
[254] proposed a post hoc LLM-based explanation framework aimed at clarifying the
decision-making process for Vehicle Routing Problems (VRPs). Similarly, also other study
included an explainability level [226, 414].

A total of 7 studies focused on benchmarking (3 on visual analysis and 4 on explainability).

17.3.2 Large Language Models

The 70 LLMs used in the 103 studies are based on 22 different architectures. Despite
the diverse capabilities of the architectures employed, most LLMs have been used in
CO to enhance problem modeling and solution methods. In the following, we provide
a description of how LLMs are used within the included studies, considering their
architectures, general tasks, and related activities. Note that the numbers for activities may
not sum to those at the main task level, as a given LLM can be used for multiple purposes.

Architectures

13 out of the 22 architectures focus on generative approaches. Introduced in 2022,
GPT-3.5 [62] is particularly effective for tasks requiring fluent text generation. GLM [164]
emerged as a balanced approach to generative tasks, leveraging both bidirectional and
autoregressive capabilities.

During 2023, several architectures were released: LLaMa 2 [193], optimized for efficiency
and suitable for tasks involving scalability and quick inference times; PaLM 2 [202], which
performs strongly in scenarios requiring comprehension and contextual text generation;
Mistral [239], designed for efficient inference and competitive performance in text genera-
tion, making it suitable for resource-constrained deployments; and Qwen [398], focusing
on general-purpose text generation with multilingual support and fine-tuned reasoning
capabilities. In the same year, GPT-4 [374] appeared as a particularly strong model for fluent
text generation, alongside LLaMa 3 [312], which is optimized for instruction-following and
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structured text understanding. DeepSeek [134] also adopts generative approaches with a
particular focus on the Chinese language, while Claude 3.5 [24] excels in dialogue-based
applications and knowledge-intensive tasks. Qwen2 [399] extends its predecessor with
multilingual capabilities and refined reasoning. Cohere’s Command-R+ [13] is optimized for
Retrieval-Augmented Generation (RAG), improving factual accuracy and knowledge recall.
Finally, Yi [461] is tailored for diverse text generation tasks, integrating efficient training
strategies for improved performance.

A total of 62 studies rely on these architectures, namely 24 on GPT-3.5 (2022), 2 on GLM
(2022), 9 on LLaMa 2 (2023), 3 on PaLM 2 (2023), 2 on Mistral (2023), 3 on Qwen (2023), 43
on GPT-4 (2023), 7 on LLaMa 3 (2024), 6 on DeepSeek (2024), 7 on Claude 3.5 (2024), 1 on
Qwen2 (2024), 1 on Cohere (2024), and 1 on Yi (2024).

Textual input is handled by 5 architectures. T5 [401] (2019) treats all text-based tasks
as text-to-text problems, offering significant flexibility across a range of natural language
processing applications. BART [286] (2019) is particularly effective at transforming textual
input into structured outputs, making it suitable for complex textual tasks. UnixCoder [206]
(2022) is an architecture specialized in programming-related tasks, such as code generation,
code summarization, and code translation. Additionally, LLaMa 2 [193] (2023) and its
successor, LLaMa 3 [312] (2024) provide LLMs optimized for instruction-following (e.g.,
LLaMa 3-70B-Instruct) and are fine-tuned for tasks requiring structured text understand-
ing. A total of 9 studies rely on these architectures: 3 on T5 (2019), 3 on BART (2019), 1 on
UnixCoder (2022), 1 on LLaMa 2 (2023), and 1 on LLaMa 3 (2024).

4 architectures focus on multimodal data. All these architectures (or their multimodal
models) were introduced in 2024. Gemini emphasizes both multimodal capabilities and
generative approaches, making it ideal for tasks that require integrating and generating
text, images, and possibly other forms of data. GPT-4-Vision-Preview extends the
GPT-4 [374] architecture by incorporating visual input processing, allowing it to handle
tasks involving image understanding and text-image reasoning. Mixtral [240] leverages an
ensemble of models designed to handle multimodal tasks, such as text-to-image and image-
to-text conversions. OpenCoder [229] is optimized for code-related tasks and supports
multimodal inputs, particularly focusing on enhancing software development workflows
with a combination of textual and structural data processing. A total of 9 studies rely on
these architectures: 5 on Gemini, 2 on Mixtral, 1 on GPT-4, and 1 on OpenCoder.

Some of the LLMs analyzed in the selected studies have been deprecated or replaced
by newer versions. OpenAl’s Text-Davinci-003 and Text-Davinci-Edit-001, based on
GPT-3.5, have been phased out in favor of GPT-4-Turbo and GPT-40. Google rebranded
Bard as Gemini, transitioning from PaLM 2 to the Gemini 1.x and 2.x series. Meta’s
LLaMa 2-13B has been largely replaced by LLaMa 3, while OpenAl’s GPT-4 evolved into
GPT-4o, incorporating multimodal capabilities. Similarly, Mixtral-8x7B-Instruct-v0.1,
Qwen, and DeepSeek have advanced to Mixtral, Qwen2, and DeepSeek-V2, respectively.
Anthropic’s Claude 3.5 is also expected to be succeeded by newer iterations.

Given the varying performance of LLMs across architectures, access to their source code
remains a key issue to be analyzed. Most high-performing models, including OpenAl’s
GPT-3.5 and GPT-4, Google’s PaLM 2 and Gemini, as well as Anthropic’s Claude 3.5
and Cohere’s Command-R+, are closed source and require paid access. Mixtral, while
open-weight, is commercialized via paid APIs, and DeepSeek V2 adopts a more restrictive
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licensing model. In contrast, Meta’s LLaMa 2 and LLaMa 3 are open source under specific
licenses, while Mistral Al offers both open-weight and commercial models. Qwen and Qwen2
provide open-source variants alongside proprietary versions. Fully open-source models
include BART, T5, and certain versions of LLaMa, Mistral, StarCoder, and OpenCoder (the
latter two specialized for code generation). Given the evolving nature of access policies
and licensing conditions, these constraints may influence model selection in research.

We count separately both specific implementations designed for conversational purposes
and versions of the same model updated to a specific timestamp, such as GPT-4-0613
(referring to a version of GPT-4 released or fine-tuned on June 13, 2023). This approach
aims to enhance clarity and improve reproducibility. However, there is no guarantee of
consistent responses even when using different versions of the same models [184, 261],
especially since chat completions are not deterministic by default.*

When using LLMs in a research setting, several key aspects must be addressed to ensure
both reliable and reproducible results. Documenting the exact prompts used is crucial, as
LLMs are highly sensitive to prompt variations, which can lead to significantly different
outcomes [22, 51]. Additionally, detailed reporting on the model version, configuration,
and any fine-tuning is essential for accuracy and replicability. Notably, a limited number of
studies (7) that conducted experiments in this area did not provide any details about the
LLM employed [140, 311, 343, 360, 367, 407, 472]. Understanding the training data used
in an LLM can help identify potential data leakage, biases, or knowledge gaps that might
affect results [34]. Moreover, documenting any additional steps, such as data preprocessing
or post-processing of model outputs, is critical for ensuring that findings can be replicated
across different studies and datasets.

Finally, when evaluating LLMs for COPs, there is no universally adopted metric. Accuracy
is common, but its meaning depends on the task: sometimes a custom “score” is defined,
while other metrics are domain-specific. Most studies instead assess LLMs via the objective
values of their solutions. As noted in Chapter 2, each problem has its own objective
function (e.g., minimizing travel distance in Traveling Salesperson Problem (TSP), or
tardiness in Permutation Flowshop Scheduling Problem (PFSP)). Since the optimum is not
always known, solution quality is often judged relative to the best-known result, using the
optimality gap (see Equation 2.1).

Problem Modeling

A total of 40 LLMs out of 70 (57%) have been used for problem modeling. Among them, 19
LLMs have focused on enhancing model creation.

A common approach involves creating models from unstructured NL. Some of these
approaches address optimization problems more broadly, using GPT-3.5-Turbo (an opti-
mized variant of GPT-3. 5 for faster performance and lower cost [505]), GPT-3.5-turbo-0613,
GPT-4-0613, and GPT-4 itself [244], as well as LLaMa 2-7b, a version of LLaMa 2 with 7
billion parameters [12], and T5-Base, the base model built on the T5 architecture [215].
Additional optimized or specialized variants, including GPT-40, an improved multimodal
version of GPT-4 [10], Qwen1.5-14B, DeepSeek-V2 [509], Mistral-7B, DeepSeek-Math-7B,

‘https://platform.openai. com/docs/advanced-usage/reproducible-outputs. Accessed
2024-08-26.
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LLaMa 3-8B, and Qwen2.5-7B [228], have also been used for broad optimization tasks,
leveraging improved reasoning capabilities and efficiency.

Instruction-tuned models such as Code Llama-Instruct and Zephyr-7b-beta, a 7B-
parameter model designed for instruction-following, have been used for structured task
execution [358]. Furthermore, both GPT-40 and Claude 3.5 Sonnet have been employed
in a zero-shot fashion to generate problem formulations directly from user input, thus
reducing the need for extensive prompts or examples [211]. Other approaches focus on
specific formulations. For instance, LLMs have been used to automate the generation
of LP models with ChatGPT-3.5 [290], GPT-4 [1], and the BART architecture, including
both BART-Base [188, 402] and BART-Large variants [188, 238]. Furthermore, ChatGPT-3.5
has also been employed in MILP problems [21], as have Bard, a conversational model
built on the PaLM-2 architecture [290], and LLaMa 3-70B [247]. Instruction-tuned Code
Llama-Instruct and Zephyr-7b-beta have likewise been applied to Quadratic Program-
ming (QP) tasks by translating user directives into valid constraints and objective functions.

Concerning entity recognition, 22 LLMs have been used to identify and extract specific
elements from model representations. Specifically, GPT-4 and Text-Davinci-003, based
on GPT-3.5 and optimized for a wide range of tasks, have been used to translate user
input into constraints that the underlying CP model can process [283]. This approach
has also been applied to LP and MILP problems using GPT-3.5 [11, 519], GPT-4 [519],
ChatGPT-4 [17], LLaMa 3-70B [10, 247, 358], ChatGPT-4o0 [10, 211, 241], and Claude 3.5
Sonnet [211]. Meanwhile, CodeLlama-Instruct and Zephyr-7b-beta have also been used
for QP problems. ChatGPT-3.5 and Bard have been used exclusively for MILP [290],
while T5-Base has been employed for LP [215]. LLMs have been applied to general
problems, GPT-3.5-Turbo-0163, GPT-4, LLaMa 2-7b, LLaMa 2-13b, and LLaMa 3-70B[12,
119], GPT-40-mini [295], BART-Base, BART-Large [238, 402], and Gemini 1.0 Pro [233].

There are 12 studies dealing with extracting knowledge.GPT-4 and GPT-4-0163 have been
used to extract general domain knowledge in financial planning [132, 247]. GPT-40, Claude
3.5 Opus, Command-R+, and Mixtral-8x2B have been applied to a network problem [88],
and GPT-4o0 has also been used in robotics [349]. LLaMa2-7B, LLaMa2-13B, GPT-3.5, and
GPT-4 have been employed to model knowledge for the VRP problem [119]. Moreover,
ChatGPT-4, has been used to model domain knowledge as knowledge graphs [469].

Solution Methods

LLMs has been employed in 60 out of 70 (85%) works for what concerns the solution
method task. 23 LLMs have been used for solution generation. One approach involves
creating candidate solutions for well-known COPs, such as a specific class of the VRP,
by leveraging both GPT-based models like GPT-4 [11], GPT-4-Turbo, and GPT-4o0 [253],
and LLaMa-based or T5-based models, including LLaMa 2 and T5-Base [103]. Another
approach uses LLMs to combine problem descriptions and previously generated solutions
within a meta-prompt processed by ChatGPT-3.5-Turbo, PaLM 2-L, PaLM 2-L-IT, and
text-bison [508].

The multimodal capabilities of GPT-4-Vision-Preview and ChatGPT-4o0 have also been
employed to generate solutions through visual prompts [169, 232]. Moreover, ChatGPT-4
has been adopted for finance-related solutions [414] or automated sequence planning in
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robot-based assembly [513]. Other LLMs used for domain-specific problems include GPT-4
for travel planning [130], program scheduling [245], and traffic simulation [119]. LLaMa 2-7b
and LLaMa 2-13b have alsobeen applied to traffic simulation. Claude 3.5 Sonnethasbeen
used in molecular biology [409], and ChatGPT-4-Turbo together with ChatGPT-40-mini has
been used to coordinate computation in a graph reasoning scenario [226]. GPT-3.5-Turbo
has found utility in industry-related problems [505], while GPT-4-Turbo, GPT-40, Gemini
1.5 (Pro and Flash), and Gemma 2 27B have been employed in planning tasks [58, 349].
Furthermore, in the context of GAs, GPT-3.5-Turbo-0613 has been used to select parent
solutions from the current population [309] and to perform mutation and crossover [329].

Additionally, 35 LLMs leverage approaches for code generation. GPT-3.5, GPT-4, GPT-4o,
and Qwen (LoRA Fine-Tuned), which is a version of Qwen fine-tuned using LoRA [224],
have been used to generate code specifically for LP, Mixed Integer Programming (MIP),
and MILP approaches to COPs [11, 244, 292, 519], whereas CodeLlama-Instruct and
Zephyr-7b-beta have been applied to both MILP and QP [358]. Various methods for
automating the generation of heuristic algorithms rely on a range of LLMs, each optimized
for different aspects of code generation. For example, CodeL1lama, a code-oriented variant
of LLaMa 2 [520], and StarCoder, trained on extensive code-related datasets, are fine-
tuned for specific programming tasks, while DeepSeek-LLM-7B-Base, GPT-3.5-Turbo, and
GPT-4-Turbo are optimized for speed and efficiency [247, 301-303, 305, 415, 510, 512,
514]. GPT-3.5-Turbo-0613 has likewise been employed for generating crossover and
mutation implementations in Python [329] within EA contexts. Multimodal models, such
as GPT-4o, and advanced reasoning models like Claude 3.5 Opus and Claude 3.5 Haiku,
have also been utilized in heuristic generation tasks, and DeepSeek-Coder along with
its updated DeepSeek-Coder-V2 focus on high-performance code synthesis. Similarly,
GLM-3-Turbo, OpenCoder-8B-Instruct, and Yi-34b-Chat provide structured, optimized
code generation [305, 511]. For large-scale problem-solving, models such as Gemini
1.0 Pro and Codey, both built on PaLM 2, have shown strong performance in complex
coding scenarios, while the latest iterations of foundation models (e.g., LLaMa 3-70B,
LLaMa3-70B-Instruct, LLaMa 3.1-8B, GPT-3.5-Turbo, GPT-40-Mini, and Qwen-Turbo)
have been refined for specialized programming applications [305, 511, 520]. Other
approaches harness a self-reflection mechanism to directly generate executable Python code
from natural language, exemplified by GPT-4 and Gemini 1.0 Pro [233]. A comprehensive
code-generating framework for business optimization has also been developed using
CodeT5-finetuned_CodeRL [284], a model that employs reinforcement learning on top
of CodeT5 [21]. Additionally, Text-Davinci-Edit-001 has been employed to generate
MiniZinc-specific representations [20], while Text-Davinci-003 and GPT-4 have produced
Gurobi-based code for supply chain optimization [287]. GPT-3.5-Turbo, Mistral-7B,
DeepSeek-Math-7B, LLaMA 3-8B, and Qwen2.5-7B have been broadly used for industry-
related problems [228, 505], and a specialized version called GPT-40-2024-08-06 has been
introduced to optimize code for SAT solvers [448]. Moreover, GPT-40 and Claude 3.5
Sonnet have addressed supply chain and robot logistics tasks [211], and ChatGPT-40-mini
has been applied to multi-agent solution design [295].

Moving to parameter tuning, we identified 5 applications of LLMs. ChatGPT-40 has been
adopted to model user preferences by adjusting an optimizer’s weights [198], whereas
GPT-3.5, GPT-4, Gemini, and Le Chat (the chatbot interface for Mistral models) have been
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used to set metaheuristics parameters [335].

A single application aimed at enhancing algorithm selection: UnixCoder, a code represen-
tation model designed for programming tasks, has been used to extract features linked to
the underlying optimization algorithms [501].

Validation

We found 10 applications of LLMs out of 70 (14%), in the context of validation for
optimization models. In particular, 7 LLMs have been involved in solution validation. GPT-4
and Gemini 1.0 Pro have been used to validate solutions generated for the VRP [233],
while GPT-3.5, LLaMa 2-7b, LLaMa 2-13b, and ChatGPT-40 have been applied to broader
validation tasks [119, 169]. Additionally, Qwen (LoRA Fine-Tuned) has been leveraged for
solution validation [519].

As for model validation, 9 LLMs have played a role. GPT-4 has been employed to diagnose
infeasible MILP models through interactive sessions [212], while GPT-3. 5-Turbo has been
used to validate models built from natural language [505]. Similarly, GPT-3.5, GPT-4,
and Qwen (LoRA Fine-Tuned) have also been applied in this context [212, 519], with
GPT-40 and Claude 3.5 Sonnet reported for model validation tasks [211]. In addition,
code-focused models have been utilized to ensure correctness: CodeLlama-Instruct and
Zephyr-7b-beta have been adopted to verify that the generated code remains consistent
with the original model formulations [358].

Benchmarking

As for benchmarking, 9 out of 70 (14%) LLMs have been used to enhance it. Specifically, 8
LLMs use visual analysis, as they are integrated, for instance, with a tool designed to visualize
the behavior of various algorithms applied to specific instances of a COP [91]. The models
used by Chacén Sartori, Blum, and Ochoa [91] include Mixtral-8x7B-Instruct-v0.1,
which is optimized for instructional and guided tasks, GPT-4-Turbo, and Tulu-v2-dpo-7b,
a fine-tuned version of LLaMa 2 that was trained on a mix of publicly available, synthetic,
and human-generated datasets using a parametrization of the RLHF algorithm known
as Direct Preference Optimization [400]. Furthermore, GPT-3.5, GPT-4, LLaMa 2-7b, and
LLaMa 2-13bhavebeen employed to visualize solutions for a domain-specific problem [119],
while ChatGPT-40 has been used to interpret visual inputs in lieu of purely numerical
data [169]. We identified 5 applications aimed at improving explainability. ChatGPT-4
has been employed to describe the decision-making process for the VRP [254], while
ChatGPT-4-Turbo, ChatGPT-40, ChatGPT-40-mini, and Claude 3.5 Sonnet have been
used for instances of both the TSP and mTSP [119, 198, 226, 409].

Supporting Platforms

While reviewing the studies considered for inclusion, we came across two platforms used
by Chacén Sartori, Blum, and Ochoa [91] to support the design of their approach. Although
these platforms are general-purpose and facilitate the use of LLMs broadly rather than
specifically in the context of CO, we believe it is beneficial to describe them briefly.
Chatbot Arena [102]is an open platform for evaluating LLMs based on human preferences.
It offers access to over twenty LLMs, including both proprietary and open-source options,
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and provides a leaderboard to compare results. Chat2Vis [324], on the other hand, focuses
on generating visualizations directly from natural language text. It uses various LLMs and
shows that a set of proposed prompts offers a reliable approach to rendering visualizations
from natural language queries, even when they are highly misspecified or underspecified.

17.3.3 Benchmark Datasets

The methodologies proposed in the studies have been evaluated using well-known CO
instances, related problem suits (e.g., MIPLIB> and ASLIB),® or datasets specifically
developed for the case of LLMs. Considering this latter point, 29 studies assess the efficacy
and efficiency of leveraging LLM within CO with specific benchmark datasets developed
for this purpose.

The most frequently used benchmark dataset is the LPWP, also referred to as the NL4Opt
dataset, which has been employed in 16 studies [1, 11, 12, 154, 188, 215, 228, 238, 241, 290,
343, 366, 402, 486, 505, 519]. Initially introduced by Ramamonjison et al. [402] and later
expanded by Li, Zhang, and Mak-Hau [290], this dataset has been used in the NL4Opt
competition. The original dataset includes 4,216 NL problem declarations derived from
1,101 LP problems across six different domains. The extension enhances the dataset by
introducing new problem descriptions and constraint types, such as logic constraints and
binary variables. The second most used benchmark dataset is the ComplexOR dataset [505],
which has been employed in 3 studies [11, 241, 505] and has been introduced to complement
the NL4Opt dataset. The dataset consists of NL descriptions of 37 problems across different
domains, sourced from academic studies and real-world scenarios, encompassing 25 LP
formulations and 12 MILP formulations.As ComplexOR also the NLP4LP dataset [10, 11]
has been used in 3 studies [10, 11, 241]. It encompasses NL descriptions of 67 problems
across various domains and including both LP (54) and MILP (13) formulations. This same
dataset has been enriched to up to more than 200 optimization problems by AhmadiTeshnizi
etal. [10]. C. Huang et al. [228] proposed OR-Instruct, a pipeline for creating synthetic data
for optimization data. To test the capabilities of such a pipeline, they created IndustryOR,
which has been used in 2 studies [228, 241]. As the name suggests, it focuses on industrial
problems (a total of 100 real-world problems from eight industries) covering LP, ILP,
MILP, and non-linear programming. X. Huang et al. [231] introduced Mamo, a dataset
for LP modeling. It includes 652 easy and 211 complex LP problems, each paired with
its corresponding optimal solution, sourced from various academic materials. Mamo has
been used in 2 studies [228, 241]. Luo et al. [321] introduced GraphlInstruct, a dataset
comprising 21 reasoning problems on the topic of graphs and networks, including COPs.
GraphlInstruct has been used in 2 studies [226, 295]. Similar to this dataset, there is Talk Like
A Graph [172], LLM4DyG [523], GraphViz [97], NLGraph [484], and GNN-AutoGL [295]
(note that these datasets have been used only by one study [295]).

The remaining datasets have been used exclusively in one out of the retrieved studies,
many times this being the study proposing the dataset on the first place. Amarasinghe et al.
[21] introduced the Al-copilot-data dataset, which includes 100 NL descriptions of problems
within the production scheduling domain. Huang, Shi, and Sukhatme [233] introduced the

Shttps://miplib.zib.de/
6https://www.coseal.net/aslib/
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homonym dataset,” which comprises 80 NL descriptions of routing problems, including
variants for single-robot and multi-robot routing. Almonacid [20] introduced a homonym
dataset, which comprises 10 NL instructions for the creation of MiniZinc models involving
discrete variables and arrays of discrete variables, thus ILP problems. Hao Chen and Li
[212] introduced the OptiChat dataset, which comprises 63 infeasible (i.e., inconsistent)
MILP model formulations across various domains. This dataset was derived from feasible
models expressed through the Python library Pyomo [214] and sourced from a collection
of libraries and textbooks. The formulations were created by modifying one or more model
parameters (e.g., minimum inventory, demand, maximum capacity) or adding constraints
(e.g., maximum cost, minimum demand for a particular product) so to make the instances
infeasible (i.e., their set of feasible solutions is empty). Lawless et al. [283] introduced two
datasets, Safeguard and Code Generation. They both are strictly connected to the framework
the authors proposed. The Safeguard dataset is a binary classification dataset designed
to evaluate whether the system at hand (i.e., a system that integrates CP and LLMs to
schedule meetings in a company) has sufficient data sources (e.g., information related to the
meeting attendees) to handle given NL constraints. The Code Generation dataset contains a
collection of NL constraints that can be translated into Python code using the data structures
available in the system. An example of such constraints is “The team has a no-meeting
policy on {WEEKDAY}”. This dataset aims to test the capability of generating executable
Python code that satisfies the specified constraints. While employing NL4Opt and other
existing dataset from the Machine Learning (ML) community, Michailidis, Tsouros, and
Guns [343] also introduced a homonym CP-based benchmark. The dataset was built using
18 CP problems from a university-level CP modelling course. Z. Yang et al. [509] introduced
OptiBench and ReSocratic-29k. OptiBench includes 816 real-world optimization problems
spanning multiple domains, focusing on linear and mixed-integer programming and
introducing a graph-based evaluation method to assess model correctness. ReSocratic-29k
consists of 29,000 optimization problem demonstrations, generated through a reverse
synthesis approach that first constructs step-by-step formulations before back-translating
them into NL questions. These datasets provide a targeted benchmark for assessing and
improving LLMs in formulating and solving optimization tasks. Borazjanizadeh et al.
[60] introduced SearchBench, a dataset encompassing five problem categories and 1,107
instances, primarily focused on puzzles and general combinatorics. Each problem type
corresponds to a well-known COP, but the constraints have been slightly modified to
reduce the likelihood that LLMs encountered identical problems during their training
phase. Mostajabdaveh et al. [358] presented a new dataset to complement the existing
NL4Opt and ComplexOR benchmarks, aiming to provide less structured input and more
complex optimization scenarios. This benchmark includes problems related to LP, MILP,
and QP. Unlike NL4Opt, which expects a formal model as output, and ComplexOR, which
requires Python code, this dataset outputs solutions in Zimple code. Similarly, J. Zhang
et al. [519] enriched the NL4Opt dataset with English and Chinese problem descriptions.
D. Ju et al. [247] introduced a dataset of 173,700 training and 21,800 test samples related to
travel planning.

Finally, a different dataset is ORQUA [357]. It is designed to evaluate the extent of CO

"We use the term “homonym” when the authors did not provide a specific name for the dataset.
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knowledge in LLMs. Given a problem description, the dataset assesses the model’s ability
to understand and identify, for example, the appropriate type of mathematical modeling
the problem corresponds to.

Table 17.3: Examples of mathematical reasoning tasks from various benchmark datasets.

Dataset Task Example

GSMSK [112] Arithmetic Word Problem  Natalia sold clips to 48 of her friends in April, and then she sold half as
many clips in May. How many clips did Natalia sell altogether in April
and May?

MultiArith [223] Multi-Step Arithmetic John has 3 apples. He buys 5 more apples and then eats 2. How many

apples does he have left?

AquA [299] Probability From a pack of 52 cards, two cards are drawn together at random. What
is the probability of both the cards being kings?

BIG-Bench [440] Logical Reasoning If a snail climbs a 10-meter pole at a rate of 2 meters per day but slides
back 1 meter each night, how many days will it take to reach the top?

BIG-Bench Hard [449] Combinatorial Reasoning A school has 6 different clubs. Each student must join exactly 2 clubs.
How many unique pairs of clubs can be formed?

Similar to the platforms discussed in Section 17.3.2, we also identified general-purpose
datasets in the reviewed studies. These datasets are valuable for developing LLMs-based
approaches to optimization, particularly by providing math-related problems expressed
in unstructured natural language which are useful especially for problem modeling (e.g.,
handling addition, multiplication, and data structures like sets). These resources can
support researchers and practitioners in designing new applications of LLMs in CO. We
briefly outline their characteristics and report some examples in Table 17.3. Notably, all
of these resources were used by Ahmed and Choudhury [12], while GSM8K was also
employed by C. Yang et al. [508].

GSMBSK [112] consists of 8,500 linguistically diverse grade-school human-generated math
word problems. Unlike simpler arithmetic datasets like AddSub [223] (395 problems) and
SingleOp [264] (562 problems), GSM8K requires multi-step reasoning. Its emphasis on
stepwise numerical reasoning aligns with CO, where problems often require sequential
computations and recursive decision-making.

MultiArith [223] consists of around 600 multi-step arithmetic problems that require
sequential operations (e.g., addition, subtraction, and multiplication). It was partially
generated from existing math problems and structured for ML applications. Its focus on
structured numerical reasoning makes it relevant to CO techniques such as branch-and-
bound and constraint satisfaction, which rely on constructive decision-making.

AquA [299] presents 100,000 human- and machine-generated algebraic word problems
in a multiple-choice format along with rationales explaining each answer. It requires the
computation of correct answers and their selection from distractors. Many COPs involve
symbolic reasoning and equation solving, making AquA useful for assessing a model’s
ability to handle algebraic structures and optimization constraints.

BIG-Bench [440] is a large-scale benchmark evaluating language models across more
than 200 tasks, covering mathematics, reasoning, linguistics, commonsense understanding,
and code generation. The dataset was created through a combination of human-designed
tasks and algorithmically generated problem sets, allowing for a broad evaluation of logical
reasoning and heuristic problem-solving. This makes it valuable for studying how models
approach optimization-based decision-making. A more challenging subset, BIG-Bench
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Hard [449], focuses on 23 particularly difficult tasks from BIG-Bench that remain unsolved
or challenging for state-of-the-art models. Many of these challenges relate to CO, where
finding optimal solutions in complex search spaces is a key difficulty.

17.3.4 Application Domains

CO has been applied to a wide range of problems across various domains, and over the
years, these problems have been formalized into well-known prototypical models, such
as the TSP, the VRP, and the Capacited Vehicle Routing Problem (CVRP) in the field of
routing. Among the 103 studies, 64 explicitly address problems within specific domains or
problem formulations, which we overview in this section. In this analysis, literature reviews
that provide information on the use of LLM without offering actual implementations are
excluded, such as those by Fan et al. [171], Wu et al. [500], and Zhao et al. [524]. Exceptions
apply to reviews like the one by Saka et al. [421] that also verified the application of LLMs
in CO within the construction domain.

The majority of these studies (26) focus on routing problems, particularly within the
contexts of the TSP [99, 169, 227, 253, 301-303, 305, 311, 335, 444, 447,508, 510, 512, 520],
VRP [103, 119, 198, 232, 233, 253, 254, 305, 502, 512], orienteering [512], and traveling [130,
247,288]. While the first three COPs are well-known in the CO field, the latter refers to the
modeling of the traveling activity (i.e., visiting a new city) as a COP. It cannot be considered
as a TSP variant in all cases, as it is not given that the goal is to find a Hamiltonian path.
Two other domains that have garnered significant attention are scheduling/planning (14
studies) and networks and graphs (10). In the first domain, studies have focused on variants
of well-known benchmark problems, like the PFSP [21, 302] and planning [58, 140, 211,
242,349, 367, 380, 491, 513], as well as specific scheduling problems, like server [511] and
meeting /conference [245, 283] scheduling. Also for what concerns the Network and Graph
domains, studies focused on general network design [226, 295, 314, 469, 514], but also on
classical problems like coloring [335], social networks Chacén Sartori et al. [88], critical
node identification [329], and path finding [60, 253].

The remaining studies focused on packing (9), combinatorics (4), engineering (3), finance
(3), bioinformatics (3), supply chain (1), and strings (1).

A limited number of studies (9) explore multiple problem domains and formulations to
demonstrate the capabilities of LLMs across various contexts [60, 99, 302, 335, 415, 444, 510,
512, 520]. Additionally, Khan and Hamad [253] tackled a diverse set of problems, which
can all be reduced to graph-based ones, while studies like the one by Lawless et al. [282]
inherently address multiple problem domains as they are based on library of problems
(initially not thought for applications in the field of LLMs), like the MIPLIB dataset.

17.3.5 Positions from Non-experimental Literature

Among the 103 selected studies, 11 are literature reviews, 7 are position papers, and 1 is a
technical report.

Fan et al. [171], Wu et al. [500], S. Huang et al. [230], Lai et al. [277], Cai et al. [72], and
F. Liu et al. [304] presented literature reviews on the topic of LLM and optimization or
on strictly related fields, such as algorithm design. Saka et al. [421], Zhao et al. [524], Wu
et al. [502], Pallagani et al. [380], Sui et al. [447], and Long et al. [314] presented literature
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reviews that deal with CO in specific application domains (i.e., engineering, planning, VRP,
planning and scheduling, TSP, and network optimization, respectively) and in some cases
involve (preliminary) studies and experiments with LLM.

Wasserkrug et al. [493] put forward a position paper advocating for the usage of an LLM
within optimization considering all the optimization steps. Similarly, Tsouros et al. [467]
proposed a LLM-aided optimization pipeline in the context of CP modeling. Freuder [185]
highlighted the potential of LLMs in facilitating the discussion between optimization and
domain experts. Srivastava and Pallagani [441], Yu and Liu [515], and Ustyugov [472]
presented insights on the usage of LLMs within EAs, planning-like tasks, and automated
MILP configuration.

The only technical report identified is by Ramamonjison et al. [402]. The report includes
insights and comparisons related to the NL4Opt challenge.

17.4 Concluding Remarks

In this concluding section, we distill the content of the chapter (Section 17.4.1), discuss
limitations (Section 17.4.2), and outline future directions for extending both this systematic
literature review and current practice in the field (Section 17.4.3).

17.4.1 Content

In this systematic review, we examined the application of LLMs to CO. Our study summa-
rizes the literature leveraging the PRISMA 2020 guidelines. To our knowledge, this is the
first attempt to comprehensively study the application of LLMs to CO and COP.

Out of over 2,000 collected publications, we included 103 studies in our analysis. These
studies were classified based on the task LLMs performed within the optimization process,
the implementation details of the LLMs, the most commonly used datasets, and the
application domains where LLMs have been employed in CO thus far. Additionally, we
highlighted the caveats associated with using LLMs in the field of optimization, outlined
future research directions, and exposed the limitations of the present review.

17.4.2 Limitations

While our systematic review offers valuable insights into the use of LLMs in CO, it has some
limitations. First, research on LLMs and their application to optimization is advancing
rapidly, with new studies emerging continuously. Consequently, while this systematic
review attempts to be as comprehensive as possible, it inevitably cannot cover all existing
studies. Also, systematic reviews depend on data gathered from other studies, meaning the
quality and bias level of the evidence in a systematic review are directly tied to those of the
data sources [163]. Therefore, we acknowledge that following PRISMA guidelines might
have led to the inclusion of too many studies that report positive outcomes or successful
applications of LLM over those that do not, potentially overstating the effectiveness or
applicability of LLM in this field due to inherent selection bias.

Then, our review focuses solely on how LLMs can be applied to CO. An equally significant
aspect not covered in this study is how CO techniques can be employed to enhance LLMs,
which is dual to our main focus. By not addressing this aspect, which can be pursued
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in future work, our review may miss relationships and interdependencies between the
two research fields. Examples of such works include Pan et al. [382], who experiment
with using Metaheuristics (MHs) to engineer LLM prompts. More specifically, they use,
among other methods, Hill Climbing (HC) and Simulated Annealing (SA), to discover and
learn new efficient prompts. Another example is the work by Singla, Singh, and Kukreja
[433], who model the trade-off between response quality and inference cost of LLM as a
bi-objective combinatorial optimization problem. Additionally, this study focuses on CO,
disregarding other types of optimizations, such as continuous optimization. Examples of
such works are those by Pluhacek et al. [392, 393].

We intentionally included a significant number of pre-prints alongside peer-reviewed
publications (Section 17.2.3). Such a decision is driven by the fast-paced nature of research
in the field of LLMs, where discoveries and advancements are rapidly shared through
pre-prints before formal publication (see, for example, Devlin et al. [139]). Pre-prints
allow for timely access to the latest research, innovations, and discussions and are widely
used within the NLP community. We take no position on the content of pre-prints found
on platforms like arXiv; instead, we include these documents to maximize the recall
of our systematic review. Eventually, our systematic review includes studies based on
closed-source LLMs, like ChatGPT. The proprietary nature of these systems often restricts
access to their full methodologies and inner workings, which creates significant challenges
for understanding and replicating the reported findings. Despite these downsides, we
include works dealing both with open- and closed-source LLMs to maximize the recall of
our systematic review.

17.4.3 Future Work

In this section, we first outline possible future work on the topic of LLMs for CO and then
on this literature review.

On Large Language Models for Combinatorial Optimization

While various aspects of the optimization process have been addressed in the existing
literature, certain areas still call for further exploration:

* Metaheuristics: The adoption of LLMs in MH frameworks has been limited and
scattered. Future research could investigate how LLMs can be used to dynamically
adjust MH strategies, optimizing parameters (as anticipated in some studies [198,
282, 335]) or switching strategies based on the current state of the search. This
could enhance the flexibility and effectiveness of MHs. Future studies could explore
how LLMs might expand local search neighborhoods by suggesting structures or
transition operators.

¢ Algorithm Selection: Utilizing LLMs to explore the search space of algorithm
selection might be winning (as anticipated by Wu et al. [501]) and LLMs could
help pinpoint scenarios where current solvers are less effective. Additionally, LLMs
could be used to generate instances specifically designed to test the strengths and
weaknesses of these solvers, leading to improved performance insights.
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¢ Synthetic Instance Generation: LLMs could be leveraged to create synthetic instances
that replicate the complexities of real-world problems or that are specifically crafted to
challenge existing algorithms. This approach has been anticipated in the IndustryOR
dataset [228].

¢ LLMs behavior w.r.t. NLP problem description: While LLM capabilities w.r.t.
visual representations in CO has been addressed [169], it remains unclear to what
extent LLMs adjust their responses depending on the input style thus representing a
promising research area.

¢ Evaluation Protocol: Evaluating the performance of LLMs on COPs remains challeng-
ing due to several factors, e.g., problems can have multiple representations, various
encoding methods, and often lack known optimal solutions. While some efforts
exist, a promising research direction involves developing standardized evaluation
protocols and identifying suitable metrics. Preliminary studies on this direction have
been conducted by Stein et al. [443, 445]. With much of the state-of-the-art work
being conducted relying on proprietary models such as ChatGPT, future studies
will also focus on developing methods for assessing and reporting on such models
to improve the transparency and replicability of the presented studies. This could
involve creating frameworks for sharing results that do not compromise proprietary
data but still provide sufficient detail for academic reproducibility /replicability (as
also advocated by many researchers in the optimization field [450, 451]).

¢ Agent-based System and COPs: Recent studies have explored how LLMs can
function as autonomous agents [487]. While some of the studies already use an
ensemble of LLMs, a promising research direction would be to investigate thoroughly
how these autonomous agents can be effectively utilized within CO.

¢ Ethical and bias considerations:As LLMs are integrated into optimization frame-
works, research should also focus on ensuring that these technologies are used
responsibly. This includes considering the environmental impact of the resources
required by LLMs and developing more sustainable approaches to large-scale opti-
mization. Future research should examine the potential biases in LLM-generated
optimization solutions. More generally, strategies for ensuring fairness as well as
incorporating ethical considerations into the optimization process could be explored.

On the Review

The research on LLMs is rapidly evolving, thus continuously identifying areas for further
research is crucial. We plan to periodically update our systematic review, as advocated by
the PRISMA guidelines [378]. This process ensures that our review remains relevant in
this fast-moving field and allows us to update those studies initially polished as pre-prints
(thus solving one of the limitations of our work, Section 17.4.2). Future research will also
account for the aspects neglected by this chapter, such as the integration of LLMs into
optimization paradigms other than CO and for the dual aspect of optimization used for
enhancing LLMs.






Chapter 18

Direct Querying and Probing of Large
Language Models

Recent developments in Large Language Models (LLMs) have demonstrated their capacity
to process text, generate executable code, and generalize across domains [338]. These
capabilities have prompted researchers to explore how LLMs can support optimization
tasks, from model formulation to heuristic generation and algorithmic analysis (Chapter 17).
While many of these studies have produced encouraging results, they primarily assess
the functional performance of the models (i.e., what they can do) without investigating their
representational understanding, that is, what they internally learn about problem structure
and the algorithmic behavior.

Understanding how LLMs represent optimization problems is particularly relevant. If
LLMs encode meaningful information about problem structure or algorithmic performance,
they could serve as general-purpose feature extractors for tasks such as algorithm selection,
performance prediction, or hybrid optimization frameworks that combine learning and
search. Conversely, if their internal representations lack such structure, this would highlight
their current limitations.

In this study, we are concerned with Combinatorial Optimization (CO). We investigate
the extent to which LLMs capture information about Combinatorial Optimization Problems
(COPs), focusing on whether such information is reflected in their internal representations
or can be accessed through direct querying, with particular attention to instance features
and per-instance algorithm selection. Specificaly, we want to understand (i) if LLMs
can identify salient structural or numerical characteristics of CO instances from their
representations; (ii) if LLMs can encode information about CO instances, and if this
information is accessible; and (iii) if the representations extracted from the hidden layers of
LLMs can serve as effective instance features for per-instance algorithm selection. To tackle
this matter, we combine direct querying and probing analyses. In the first part of our study,
we evaluate whether models exhibit awareness of instance-level features typically indirectly
associated with algorithmic performance, and whether such features can be explicitly and
implicitly retrieved from instance representations. In the second part, we use probing to
examine whether the internal representations can act as surrogates for handcrafted features
traditionally obtained through explicit feature engineering. We conduct experiments
across four (4) representative COPs, using publicly available instance sets and algorithm
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portfolios from prior Instance Space Analysis (ISA) studies. Our evaluation spans multiple
tfeature complexities, instance representations, and probing configurations, providing a
comprehensive perspective on the relationship between explicit and implicit representations
in LLMs

The main contributions of this chapter are as follows:

¢ We introduce an experimental framework for evaluating what LLMs learn about
COPs through direct querying and probing.

* We provide the first large-scale analysis of how LLMs encode structural, numerical,
and algorithmic information across multiple domains and input representations.

* We release the dataset, code, and prompts to foster reproducibility and further
exploration at the intersection of LLMs and optimization (Appendix A).

This chapter is structured as follows. Section 18.1 outlines the methodology we followed,
then Section 18.2 details the experimental setup. Section 18.3 report the empirical results
and Section 18.4 draws some conclusions. Appendix H reports additional tabular results.

18.1 Methodology

In this section, we present the methodology adopted to investigate how LLMs represent and
process COPs, with the broader goal of assessing whether these models encode information
that can support algorithm selection. Specifically, our analysis is structured around two
(2) complementary perspectives: (i) the explicit reasoning abilities of the models, i.e., how
they respond to targeted prompts; and (ii) their implicit representations, i.e., the extent to
which internal layers encode information about problem instances and their properties. To
address these perspectives, we employ a twofold experimental strategy: (i) Direct Querying,
wherein models are explicitly prompted to infer instance-level features; and (ii) Probing,
wherein the LLM internal activations are analyzed to assess whether features or algorithmic
performance signals are implicitly represented.

We begin by outlining the CO setting, including the problems considered, the instance
representations, the feature sets, and the algorithm portfolios (Section 18.1.1). We then
describe the direct querying procedure (Section 18.1.2), followed by two (2) probing
analyses: the first focusing on the representation of problem features (Section 18.1.3), and
the second on information relevant to algorithm selection (Section 18.1.4). The overall
structure of our methodology is summarized in Table 18.1, which provides an overview
of the specific objectives, approaches, and evaluation procedures associated with each
experimental component.

18.1.1 Combinatorial Optimization Concepts

In this section, we recall the main concepts and definitions underlying CO to establish a
common terminology and clarify how these notions are instantiated in this study.

Each COP defines a general problem structure that is instantiated through specific
instances, which provide the concrete input data. For example, the Graph Coloring Problem
(GCP) is defined on an undirected graph G = (V, E), where V' denotes the set of nodes and
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Table 18.1: Overview of the methodological components of this study. Each component addresses
a specific research goal and employs a dedicated evaluation strategy.

Goal Methodology Evaluation Section

Assess whether LLMs  Direct Querying: models are Comparison between Section 18.1.2
can explicitly iden- prompted to extract features directly ~model-predicted  and

tify problem features from the instance ground-truth features

from instance repre-

sentations

Determine whether in- Feature Probing: regressors are Comparison between pre- Section 18.1.3
ternal representations  trained on last-layer activations to  dicted and ground-truth

of LLMs encode prob- predict instance features features

lem features

Determine whether in-  Algorithm Selection Probing: clas- Classification accuracy, Section 18.1.4
ternal representations  sifiers are trained on last-layer activa- comparison with baseline

of LLMs encode infor-  tions to predict the per-instance best methods

mation predictive of al-  algorithm

gorithm performance

E the set of edges connecting pairs of nodes. The task is to assign a color to each node such
that adjacent nodes receive different colors, yielding a valid coloring that minimizes the
total number of colors used. An instance of the GCP therefore specifies the graph topology,
i.e., the nodes and edges that define G. Instances are typically stored in standardized
formats and parsed into data structures suitable for algorithmic processing.

For example, GCP instances are available in the DIMACS format,! an abridged description
of which is reported below:

In this format, nodes are numbered from 1 up to n. There are m edges in the graph.

Files are assumed to be well-formed and internally consistent: node identifier values are valid, nodes
are defined uniquely, exactly m edges are defined, and so forth.

Comment lines give human-readable information about the file and are ignored by programs. Comment
lines can appear anywhere in the file. Each comment line begins with a lower-case character c. There is
one problem line per input file.

The problem line must appear before any node or arc descriptor lines. The problem line has the following
format: p FORMAT NODES EDGES. The lower-case character p signifies that this is the problem line.
The FORMAT indicates the graph format. The NODES field contains an integer value specifying the
number of nodes in the graph. The EDGES field contains an integer value specifying the number of
edges in the graph.

There is one edge descriptor line for each edge in the graph, each with the following format: e v v. The
lower-case character e signifies that this is an edge descriptor line. For an edge (u, v) the fields v and v
specify its endpoints. Each edge (u, v) appears exactly once in the input file and is not repeated as (v, u).

\. J

An instance in this representation for the GCP is illustrated below:

p edge 100 1902
el2

elé6

el110

J

In the remainder of this work, we refer to this standardized format as standard. In addition
to it, we also consider two (2) alternative instance representations: natural language

"http://archive.dimacs.rutgers.edu/. Accessed 2025-10-14.
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descriptions (natural language) and code-like formulations derived from the MiniZinc
modeling language (code-1ike). The same instance introduced above can be expressed in
natural language form as follows:

The instance is named name. The graph has 100 nodes and 1902 edges. There is an edge between node 1
and node 2. There is an edge between node 1 and node 6. There is an edge between node 1 and node 10.

The correspondent code-1ike format is:?

int n=...;

setofint: V=...;

int: num_edges =...;
array[l.num_edges, 1.2] of V: E=...;

. J

Problem instances can be further characterized through features, i.e., measurable attributes
that capture structural or statistical properties of an instance and are often problem-specific.

Features enable comparisons across instances and support tasks such as ISA and algorithm
selection. In this study, features are employed in two (2) complementary ways:

1. Feature extraction and interpretation: we investigate whether, and to what extent,
LLMs can identify or reconstruct relevant instance features directly from the instance
representations. Features are grouped by their extraction complexity®: (i) directly
extractable features, which appear explicitly in the instance (0); (ii) low-effort features,
which require minimal computation, such as counts or extrema (®); and (iii) high-effort
features, which involve aggregation or derived calculations, such as averages (e).
Table 18.2 reports examples of features used for the GCP.

2. Baseline for algorithm selection: we use both the above features and additional
descriptors defined in prior ISA studies (e.g., Smith-Miles and Bowly [434]) as inputs to
traditional per-instance algorithm selection models. These baselines serve as reference
points against which we compare models that instead rely on LLM hidden-layer

representations.
Table 18.2: Graph Coloring Problem features.
Name Description
feat_nodes The total number of nodes in the graph.
feat_edges The total number of edges in the graph.
feat_degree_1 The degree of node 1 in the graph, representing the number of connections per node.
feat_density The density of the graph, calculated as the ratio of 2 times the number of edges to the
number of nodes times the number of nodes minus 1.
feat_ratio_1 The ratio of the number of nodes to the number of edges in the graph.
feat_ratio_2 The ratio of the number of edges to the number of nodes in the graph.

feat_degree_mean The average degree of the nodes in the graph, representing the mean number of
connections per node.

feat_degree_max The maximum degree of the nodes in the graph, indicating the highest number of
connections any node has.

feat_degree_min The minimum degree of the nodes in the graph, indicating the lowest number of
connections any node has.

https://www.hakank.org/minizinc/coloring_ip.mzn. Accessed 2025-10-15.

3Extraction complexity is defined relative to the LLM, reflecting how difficult a feature is for the model to
infer.
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Figure 18.1: Conceptual structure of the case studies and their instantiation in this work.

COPs are typically solved by algorithms that explore the search space to identify high-
quality solutions. In this study, we adopt an algorithm portfolio perspective, considering sets
of algorithms with complementary performance across instances. Algorithmic performance
is evaluated by comparing the objective values obtained on each instance. For illustration,
in the case of the GCP, we consider two (2) graph-coloring heuristics, DSATUR (degree
saturation) and MAXIS (maximal independent set), which have been demonstrated to
exhibit complementary strengths and weaknesses through ISA [434]. The performance
metric is the raw objective value, namely the number of colors in a valid coloring, computed
on the same set of benchmark instances used in that study [434].

Figure 18.1 provides a schematic overview of this methodological framework, illustrating
how the main CO concepts are organized and instantiated across the case studies considered
in this work. We consider Bin Packing Problem (BPP), Graph Coloring Problem (GCP),
Jobshop Scheduling Problem (JSP), anf Knapsack Problem (KP). Specifically, for each
problem, we retrieve benchmark instances from prior ISA studies to ensure diversity in
structural characteristics. Each instance is expressed through different representations,
either structured (e.g., standard or code-1ike) or natural language (natural language).
Moreover, each instance is characterized by two (2) complementary types of features. The
tirst are handcrafted features, conceived, designed, and extracted through manually written
code, as in traditional algorithm selection analyses. The second are automatically derived
features, obtained directly from LLM hidden-layer activations without the need for explicit
feature engineering. Quantitative characterization of the instances relies on these feature
sets, while algorithm portfolios comprise methods identified in the literature as exhibiting
complementary performance, evaluated through standard metrics such as raw objective
value and performance gap.

Table 18.3 summarizes the main characteristics of the case studies considered in this work.
For each COP, we report the number of benchmark instances, the number of algorithms
included in the portfolio, and the number of features considered (— means no feature of
that type). The column ISA refers to the study from which the instances, features labelled
in the remainder of the paper as ISA, and algorithm portfolios were originally derived. The
columns “Standard description” and “Code-like” indicate the source of the standardized
and code-like representations, respectively.
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Table 18.3: Summary of the considered problems.

Problem Instances Algor- Features for direct querying and probing ISA Standard Code-like
ithms List Type Compl. description
Int Float o e e
BP 8,815 2 Bin capacity, items, maximum/mini- 4 1 2 2 1 [306]
mum/average item weight
GCP 8,278 2 Nodes, edges, graph density, ratio of the 5 4 2 — 7 [434] [153]
number of nodes to the number of edges
in the graph and vice versa, degree of the
first node, maximum / minimum / average
degree
Jjsp 4,467 12 Jobs, machines, operations, maximum / 5 1 2 3 1 [446] [344]
minimum / average duration
KP 5,300 3 Capacity, maximum / minimum / average 7 4 1 7 3 [435] [344]

weight/profit, weight / profit / efficiency
of the first item, average efficiency

18.1.2 Direct Querying

Direct querying is employed to assess the extent to which LLMs can identify or describe
relevant characteristics of COPs based on given instance representations. This approach
focuses on externally observable behavior. Prompts are constructed according to the
Reasoning-Task—Format (RTF) framework to ensure consistent task framing and output

structure across all models. Each prompt comprises three (3) components:

* Reasoning preamble: defines the assumed role/domain expertise;

* Task description: specifies the reasoning objective or operation to be performed;

* Format specification: constrains the response to a predefined structure, ensuring

syntactic validity and facilitating automated evaluation.

The prompt template used in this study is presented below. It shows how the reasoning

preamble, task description, and format specification are combined.

r

You are given an instance of a combinatorial optimization problem: [full-problem-name].
This is not a coding task. Do not return any code.
Extract the numeric value of the following feature from the instance:

e Feature name: [feature-name]
* Feature description: [feature-description]
* Expected type: [feature-type]

s

The instance is provided here:
[instance]

i

Instructions:
’

® Return a json object only, with a single field “value”, i.e., ‘{“value”: ...}.

* The “value” field should contain the numeric value of the required feature and should be of the expected
type (i.e., [feature-type]).

e If the value is unknown/undeterminable, return ‘{“value”: null}"
* No explanations, no extra fields.

Answer:
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Additionally, the LLM is equipped with a structured decoding layer,* which guides the
generation process and constrains the output to follow a predefined json schema. This
mechanism ensures both syntactic validity and type consistency with the feature being
predicted. The template of the schema is reported below, where [feature-type] indicates
the expected data type of the target feature (e.g., int or float).

{
"type": "object",
"additionalProperties": false,
"required": ["value"],
"properties": {
"value": { "anyOf": [ { "type": "[feature-type]" }, { "type": "null" } ] }
}
}

. J

The correctness of model-generated features is evaluated by comparing them against
ground-truth values computed from the corresponding instances, using both exact-match
and error-based criteria.

The overall setup of the direct querying experiment is depicted in Figure 18.2. For
each problem, the LLM receives a prompt as per template above defined, that reports
an instance represented in one of three (3) formats together with a textual instruction
specifying the target feature. The output conforms to the structured decoding format
previously introduced. The direct querying procedure is repeated for all features defined
for each problem. Predicted feature values are then compared with ground-truth values
obtained by running handcrafted feature extractors on the same instance.

Prompt
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Feature information
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instance of a ) Sdt;ugtdui:]ed Output
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Figure 18.2: Overview of the direct querying pipeline.

18.1.3 Probing on Feature Extraction

Probing is employed to investigate whether LLMs encode information about the structural
and numerical characteristics of CO instances. In contrast to direct querying (Section 18.1.2),
which analyzes externally observable behavior, probing examines the latent representations
learned by the model, providing a complementary perspective on how instance properties
are internally encoded.

For each combination of problem and instance representation, every instance is passed
through the model without triggering text generation. Hidden-layer activations are

4https ://blog.vllm.ai/2025/01/14/struct-decode-intro.html. Accessed 2025-10-17.
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extracted from the final layer, and a single vector representation for each instance is
obtained by applying three (3) common pooling strategies: mean, max, and last (see,
e.g., Tang and Yang [456]). The mean strategy computes the average of the last hidden-
layer activations across all tokens; the max strategy takes the maximum activation along
each representation dimension across tokens; and the last strategy uses the activation
vector corresponding to the End-Of-Sequence (EOS) token, i.e., the model final prediction
signal indicating the termination of generation. These pooled vectors provide compact,
contextualized embeddings of each instance, which are then used as input to downstream
probing models to assess whether the model internally encodes instance-level structural
and numerical characteristics.

Each pooled vector is then paired with the ground-truth feature values corresponding
to the same instance, forming a dataset for supervised probing. For each feature and
representation, we train a separate regression model (probe) to assess whether the feature
can be accurately decoded from the hidden representations, thereby quantifying the extent
to which such information is linearly accessible within the model latent space.

To assess both the accessibility and the complexity of the information encoded in the
model representations, we employ three (3) types of probes:

* Linear probe: a standard linear regressor used as a baseline. It follows a con-
ventional preprocessing pipeline including feature standardization and removal of
zero-variance components. High performance with this probe indicates that the
feature is linearly decodable from the hidden representation.

¢ Simple probe: a one-hidden-layer Multi Layer Perceptron (MLP). The input corre-
sponds to the pooled hidden representation (dimension 3072), followed by a hidden
layer of 128 neurons with Rectified Linear Unit (ReLU) activation and a single scalar
output predicting the target feature value. This probe can capture mild non-linear
relationships and serves to test whether limited model capacity improves decoding
accuracy.

¢ Complex probe: a LightGBM regressor designed to capture richer, non-linear
dependencies. Itis used to assess whether additional model capacity yields substantial
accuracy gains, which would suggest that the information is encoded in a non-linearly
separable manner within the representation.

The evaluation protocol mirrors that adopted for direct querying (Section 18.1.2), i.e.,
comparing predicted and ground-truth feature values through exact-match and error-
based metrics.

The same probe types is subsequently extended to evaluate whether algorithmic perfor-
mance signals, instead of instance features, are implicitly represented within the hidden
states of the model (Section 18.1.4). Naturally, in this case we will have a classification task.

18.1.4 Probing on Algorithm Selection

We further extend the probing analysis to examine whether the information encoded
in the pooled layers of LLMs can support downstream tasks, specifically per-instance
algorithm selection. In this setting, probing is formulated as a classification problem, where
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the objective is to identify, for each instance, the algorithm expected to achieve the best
performance based on its latent representation.

The setup for this experiment mirrors that of the feature-probing analysis, employing the
same probe types, with the key distinction that the target variable is now categorical—that
is, the label of the algorithm achieving the best performance—rather than continuous. Each
LLM-derived representation is paired with the ground-truth label of the best-performing
algorithm for the corresponding instance, forming a dataset for supervised classification. A
classifier probe is then trained to determine whether the identity of the winning algorithm
can be decoded from the model hidden representations.

Performance is evaluated in terms of set-aware accuracy, which accounts for instances
where multiple algorithms achieve identical best performance (ties). During training, one
of the tied algorithms is randomly selected as the target label, whereas during evaluation,
a prediction is considered correct if the classifier selects any of the algorithms attaining the
best performance for that instance. A prediction is thus counted as correct if it matches any
of the true winning algorithms for that instance.

To preserve balanced distributions across instances with different sets of winning
algorithms, stratified sampling is performed over the powerset of possible labels (excluding
the empty set). Each subset of algorithms defines a stratum, ensuring similar proportions
of label sets in the training and evaluation splits.

To contextualize the results, we include comparisons against three (3) baselines:

* Most frequent winner: a naive baseline that always predicts the algorithm most
frequently achieving the best performance in the training set.

¢ ISA-based classifier: a model of identical complexity trained on instance features
derived from previous ISA studies.

¢ Handcrafted feature classifier: a model of identical complexity trained on the
handcrafted features employed in the preceding experiments.

Classifier performance is evaluated under a stratified k-fold cross-validation protocol.
All classifiers are trained and tested on identical data partitions, ensuring that each fold
exposes the models to the same training and test instances. These partitions are also reused
in the subsequent mixed linear analysis to establish paired comparisons of model effects,
enabling a direct assessment of whether LLM-derived representations achieve comparable
predictive power to traditional ISA-based and handcrafted features.

The overall probing workflow is illustrated in Figure 18.3. Each instance is processed
by the LLM, from which hidden representations are extracted and pooled to obtain fixed-
length embeddings. These embeddings are paired with ground-truth labels to construct
datasets for regression and classification probing. The regression probes test whether
instance features can be decoded from the latent space, while the classification probes
assess whether algorithmic performance patterns are implicitly captured within it.

18.2 [Experimental Setup

All experiments are conducted using the Llama-3.2-3B-Instruct model, selected for its
extended context window, which is essential given the long token sequences produced
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Figure 18.3: Overview of the probing process.

by all instance representations, particularly the natural language representation. Other
available models were not suitable due to their shorter context limitations. Moreover,
commercial LLMs were deliberately avoided to ensure full reproducibility of the research
and to contain costs, which would otherwise preclude large-scale experimentation of the
kind reported in this study.

Figure 18.4 presents the token distributions for the four COPs, highlighting in dif-
ferent colors the three instance representations. Overall, the context length of the
Llama-3.2-3B-Instruct model (131,072 tokens) is not exceeded for any of the prob-
lems considered, allowing the entire input to be processed without truncation. This ensures
that all instance information is preserved and no input modification is required.

The model is accessed via the Hugging Face interface® and executed using the VLLM li-
brary,® which provides improved robustness and efficiency over the standard transformers
implementation. VLLM enables effective parallelization of both text generation in direct
querying and hidden-state extraction in probing, allowing efficient processing of large
batches and long input contexts. Hidden activations are fully extracted through VLLM and
aggregated using the pooling strategies described in Section 18.1.3.

To ensure reproducibility, all experimental data and configurations are managed with
dvc, while the source code is version-controlled through git. Experiments are executed
on an NVIDIA DGX Station equipped with four NVIDIA A100 GPUs (80 GB each). The
full experimental set comprises 26,860 instances, each evaluated under three distinct
representations. Separate runs are performed for direct querying, which involves token
generation, and probing, which is computationally faster. The total runtime amounts to
approximately two weeks for direct querying and one week for probing. Post-processing
tasks, including regression and classification analyses, are carried out offline on a MacBook
Pro (Apple M4, 32 GB RAM, 4+6 cores). Random seeds, problem sets, and replicate blocks

Shttps://huggingface.co/meta-1lama/Llama-3.2-3B-Instruct. Accessed 2025-10-30.
®https://docs.vllm.ai/en/latest/. Accessed 2025-10-30.
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Figure 18.4: Number of tokens per problem and type of instance representation.

are fixed across all runs to ensure consistent experimental conditions. The complete git
repository, including configuration files, experimental scripts, and processing pipelines,
will be released as an open repository upon paper acceptance.

The probing models are implemented using scikit-learn, with LinearRegression
for regression, MostFrequentClassifier and LogisticRegression for classification, and
PyTorch with the skorch adapter for the MLP probes applied to both tasks. Furthermore,
LightGBM is used for regression and classification alike. The scikit-learn framework was
selected for its interoperability and consistency, allowing a unified experimental pipeline
across all probe types. An ad hoc adapter class was developed for the set-aware classification
task to ensure the correct computation of its evaluation metric within the same workflow.

Regarding the algorithm portfolios, the results are drawn from the original ISA studies
(also referenced in Table 18.3), together with the corresponding instances and features
labeled as ISA features. The ground-truth features employed in the experiments presented
in Sections 18.1.2 and 18.1.3 are computed by dedicated feature-extraction scripts developed
in Python. The handcrafted feature extractors are included in the project code base and
integrated within a data preparation pipeline that processes the benchmark instances and
computes the relevant features for the downstream LLM-related experiments.

The experiments are organized as follows. In the direct querying setting, the prompt
template is instantiated with each problem instance in its given representation (for all
three representations), together with the target feature, its description, and the structured
decoding schema guiding the LLM generation. Results are collected for every prob-
lem—feature pair, yielding a total of 611,037 experiments, each executed independently
within the LLM pipeline (Figure 18.2). In the probing setting (pipeline reported in Fig-
ure 18.3), only the instance representation is provided to the network, resulting in 80,580
experiments. The last hidden state is extracted, pooled, and used to train regression
models on a 70%/30% train—validation split, with a dedicated regressor trained for each
feature. In the algorithm selection setting, both the pooled last hidden states—covering all
combinations of representation and pooling strategy—and the manually designed features
(handcrafted or ISA-based) are used as classifier inputs. Depending on the number of
algorithms considered (see Table 18.3, third column), either binary or multi-class models
are trained using a stratified k-fold cross-validation scheme (k¥ = 5) for each problem.
Overall, the GPU-intensive tasks amount to 691,617 LLM executions, while the regression
and classification models were trained offline on the laptop computer, comprising 1,833,111
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Table 18.4: Direct querying metrics by problem and representation. o, ®, ® indicate features of
increasing extraction complexity: directly extractable, low-effort computation, and high-effort
computation, respectively. With —, we indicate that no features of such type are present. Except for
the MAE, in all other case the value reported is a proportion w.r.t. the total.

MAE Equals Within 1% Within 5%

o ) ° o L) ° o L) ° o L) o

BPP code-like 34.82 70.85 13332 096 046 0.00 096 0.51 0.05 096 0.54 022
natural language 2.98 2733 158.88 1.00 090 0.00 1.00 090 0.02 1.00 0.91 0.08
standard 471.22 19749 102.77 044 023 0.00 044 025 0.05 044 028 0.23

GCP code-like 12.56 — 8131 100 — 001 100 — 0.04 100 — 0.09
natural language 0.00 — 17994 1.00 — 0.02 1.00 — 0.08 1.00 — 013
standard 910.47 — 2289 054 — 001 054 — 0.02 055 — 005

JSP  code-like 0.00 446.61 959 1.00 044 012 1.00 045 0.18 1.00 049 0.34
natural language 0.42 541.31 597 098 037 0.14 098 037 024 098 041 047
standard 20.53 643.63 18.08 049 0.10 0.01 049 0.11 0.05 049 0.14 0.21

KP code-like 9,331.44 583906.78 381.53 097 0.19 0.00 0.97 021 0.02 097 024 0.03
natural language 3,968.89 698498 259.40 099 0.38 0.00 0.99 046 0.03 099 050 0.09
standard 261,452.48 24,747.88 341.84 0.06 0.11 0.00 0.06 0.15 0.01 0.06 0.19 0.02

regression and 322,320 classification experiments.

18.3 Results

This section reports the results of the experimental analysis conducted to evaluate the
behavior and representational properties of LLMs when applied to COPs. The experiments
follow the methodology introduced in Section 18.1, encompassing three (3) complementary
analyses: direct querying, feature probing, and algorithm selection probing. Each analysis
focuses on a distinct aspect of model behavior: respectively, explicit feature identification,
implicit feature encoding, and predictive modeling of algorithmic performance.

18.3.1 Direct Querying

We begin the experimental analysis by examining the outcomes of the direct querying
experiments. Table 18.4 summarizes the results across the four COPs, grouped by feature
complexity: o for features directly extractable from the instance representation, ® for those
requiring low-effort computations (e.g., counts or extrema), and e for features involving
more complex calculations or aggregations. Performance is assessed using multiple metrics:
Mean Absolute Error (MAE), computed as the average absolute deviation from the ground
truth; the proportion of exact matches; and the proportions of predictions within 1% and
5% deviation from the ground truth values. These latter metrics provide a more sensitive
view of near-accurate predictions, complementing the MAE analysis.

Overall, the direct querying experiments show that LLMs can reliably infer simple
instance features directly from textual or code-like representations, while struggling with
features requiring even minimal computation. Performance is highest for o features across
all problems, with accuracy approaching perfect exact matches, but declines notably for
® and e features, indicating limited numerical and procedural reasoning capabilities as
expected [420].

Among representations, natural language consistently yields the best results, followed
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by code-like, whereas standard inputs perform markedly worse. This suggests that
LLMs rely primarily on semantic and contextual cues rather than structural or symbolic
encodings. Generation stability is high, with non-null responses produced in over 99.8% of
all queries, indicating consistent model behavior across problems and representations.

To investigate whether these limitations stem from the models reasoning behavior or
from the nature of their internal representations, the next analysis turns to feature probing.
This approach aims to determine whether the information underlying more complex
features is nevertheless implicitly encoded within the latent space, even if it cannot be
explicitly retrieved through direct querying.

18.3.2 Probing on Feature Extraction

We now turn to probing to examine whether LLMs implicitly encode structural and
numerical information about problem instances within their internal representations. In
contrast to direct querying, which evaluates explicit reasoning ability, feature probing
tests whether such information can be linearly or non-linearly decoded from hidden-layer
activations, offering a deeper insight into the model representational structure.

We compute MAE values for each problem, representation, and feature complexity
level, comparing the performance of direct querying and probing. These results are reported
in Appendix H and summarized in Figure 18.5, which illustrates the difference in MAE
between the two approaches across all configurations. In these plots, negative values
indicate that probing yields lower error than direct querying, whereas positive values
denote configurations in which direct querying performs better.

The comparative analysis of MAE values across problems and feature complexity levels
reveals a complementary relationship between direct querying and probing. For high-
computation features, probing exhibits a clear advantage, reflecting a greater capacity to
capture and exploit the complex relational information embedded within the problem rep-
resentations. Conversely, direct querying performs better for extraction or low-computation
features, particularly with the natural language representation. This finding confirms
and extends the observations from the direct querying analysis, showing that the method
remains most effective when retrieving explicit, easily accessible descriptors that require
minimal or no transformation.

Beyond the MAE, the approximation of each approach was further assessed by measuring
the proportion of predictions falling within 1% of the ground truth. The corresponding
results, shown in Figure 18.6, compare the performance of the different probing configu-
rations. For completeness, the figure also includes results for direct querying, with the
analysis distinguishing among feature complexity, problem type, and representation.

The findings confirm and extend the trends observed in the MAE analysis. Direct
querying remains more effective for the natural language representation and simple
extraction tasks, achieving agreement rates (within 1%) above 0.9 across all problems. In
contrast, no single probing configuration emerges as a universal best performer, although
the MLPRegressor generally underperforms relative to the other probes.

These results indicate that direct querying and probing capture distinct yet complemen-
tary aspects of the feature space. The former excels with explicit extractions and structurally
simple descriptors, whereas the latter leverages higher-level, computed features.
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Figure 18.5: Difference in MAE of Different Prompting with respect to the Direct Querying.

18.3.3 Probing on Algorithm Selection

While the previous analyses show that certain features cannot be explicitly extracted
through prompting, it remains an open question whether the information required for
such features is nevertheless encoded within the model hidden representations. To explore
this, we assess whether these latent embeddings can match the effectiveness of handcrafted
features in the key downstream task of algorithm selection. A complete summary of the
statistical analyses performed below is reported in Appendix H.

Comparative Statistical Analysis of Classifier Performance

This subsection presents a comparative statistical analysis of the classifiers employed in
the algorithm selection task, aiming to determine whether their predictive performances
differ significantly. The analysis serves as a preliminary validation step to ensure that the
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Figure 18.6: Probing and Direct Querying results within 1% to the Ground Truth. We distinguish
by feature complexity (grouped bars), problem (rows), and problem representations (columns).

choice of classifier does not confound the interpretation of subsequent results. To this end,
multiple classifiers are evaluated under identical data partitions.

To assess the influence of classifier type on prediction accuracy,” we fitted a linear
mixed-effects model with the block (problem, replicate) as a random intercept to account for
repeated measurements across problem instances. The model included the classifier as a
fixed factor and was estimated via maximum likelihood. This formulation enables testing
for systematic performance differences among classifiers while controlling for variability
attributable to specific problems.

The overall effect of the classifier was highly significant (likelihood-ratio test, p < 0.001),8
indicating that classifier choice substantially affects predictive accuracy. The estimated
fixed effects, expressed relative to the reference classifier (MostFrequentClassifier), show
that both LogisticRegression and LightGBM achieved significantly higher accuracies than

"For these analyses the term accuracy has to be intended in the set-aware sense presented in Section 18.1.4

8For lightness in notation, we indicate with p the p-value.
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the baseline (+0.192 and +0.149 points, respectively; p < 0.001 for both), whereas the
MLPClassifier exhibited a small but statistically significant decrease in accuracy (—0.011
points; p = 0.044). The random-effect variance associated with the problem grouping
(02 = 0.012) indicates moderate between-problem variability, suggesting that classifier
effects are largely consistent across different problem types.

Figure 18.7 shows the distribution of classifier accuracies for each problem type. Overall,
the results confirm the trends identified by the mixed-effects model: the LightGBM and
LogisticRegression classifiers consistently outperform the MostFrequentClassifier
baseline across all problems, whereas the MLPClassifier yields comparable or slightly
lower performance.

Performance differences are also problem-dependent. For example, all classifiers perform
relatively well on BPP, while the spread of accuracies is larger for JSP and KP, indicating
greater variability in problem difficulty and model stability. This pattern aligns with the
non-zero between-problem variance estimated by the mixed-effects model.
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Figure 18.7: Classification accuracy by problem and classifier. Each panel shows the mean and
variability of the accuracy achieved by the evaluated classifiers across the benchmark problems in
the different probing settings.

Given these results, the two underperforming classifiers, i.e., MostFrequentClassifier
and MLPClassifier, are excluded from the subsequent analyses to focus on models that
demonstrate stable and competitive predictive behavior. This ensures that the remaining
comparisons more accurately reflect the representational capacity of the features rather
than limitations of the classification models themselves.
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Comparative Analysis of ISA-Based and Handcrafted Feature Sets

We now compare the predictive behavior of the ISA-based and handcrafted feature sets to
assess whether they yield systematically different outcomes in the algorithm selection task.
While ISA-based features are designed as comprehensive descriptors and may include or
extend the handcrafted ones, it is nevertheless important to evaluate whether this broader
coverage translates into superior predictive power. Establishing this comparison also
provides a consistent baseline for the subsequent analysis, where the predictive power and
robustness of manually engineered features are contrasted with those derived from LLM
hidden representations.

To examine whether the predictive behavior of the two baseline feature sets differs
systematically, we fit a linear mixed-effects model with classifier as a fixed factor and block,
defined as the (problem, replicate) pair, as a random intercept. The analysis identified a
significant main effect of the specific baseline employed (LRT x?(1) = 40.0, p < 0.001). The
handcrafted feature baseline achieved a mean accuracy of 0.786 (95% CI [0.737, 0.836]), while
the ISA-based representation yielded an increase of 0.031 points (95% CI [0.023, 0.039]). The
model revealed a significant main effect of classifier, with LightGBM yielding an increase
of accuracy of 0.091 points (95% CI [0.083, 0.099]) with respect to Logistic Regression.
The estimated between-problem variance (02 = 0.013) suggests, also in this case, moderate
heterogeneity but consistent improvement across problems.

Complementary tests provide a nuanced view of this effect. A pairwise Tukey comparison
on unadjusted data did not detect a statistically significant difference, reflecting the
variability introduced by individual problems. Nonetheless, a non-parametric Wilcoxon-
based Two One-Sided Tests (TOST) procedure with an equivalence margin of 0.01 failed to
demonstrate equivalence (p ~ 1 for the upper bound), indicating that the two feature sets
cannot be considered practically interchangeable. Overall, the ISA-based features offer a
modest yet consistent advantage over the handcrafted baseline, supporting their use as the
primary reference in subsequent analyses.

Analysis of Representation and Pooling Effects on Probing Performance

To investigate how different combinations of instance representation and pooling strategy
influence probing performance, a full-factorial analysis is conducted to evaluate main and
interaction effects between the three representations (standard, code-1ike, and natural
language) and the three pooling strategies (mean, max, and last) on classifier accuracy. The
analysis controls for problem-specific variability to isolate systematic effects attributable
to representation and pooling choices, providing insight into how these factors shape the
extractable information from LLM hidden activations.

We fitted a linear mixed-effects model including classifier as a fixed factor and block (i.e.,
the pair (problem, replicate)) as a random intercept to assess how different combinations of
representation and pooling activations influence classifier performance in the algorithm
selection task. The model evaluated the main and interaction effects of the two factors,
while accounting for systematic differences between classifiers. Likelihood ratio tests
indicated significant main effects of both representation (y?(6) = 21.32, p = 0.0016) and
pooling (x?(6) = 26.61, p < 0.001), whereas the representation x pooling interaction was
not significant (x?(4) = 6.77, p = 0.15). A main effect of classifier was also observed, with
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Figure 18.8: Effects of representation and pooling in the full factorial experiment. Each panel
shows the mean accuracy (95% CI) for combinations of representation and pooling, averaged across
problems and classifiers.

LightGBM outperforming Logistic Regression by approximately 0.03 accuracy points
(p < 0.001). These results suggest that classifier choice and the representation-related
factors contribute independently to performance, without evidence of interactions.

The estimated coefficients indicate that the natural language representation performs
on par with the standard representation (difference < 0.01, p = 0.81), confirming that
representation has no practical influence overall. Although the global likelihood-ratio test
for the representation factor was significant (x?(6) = 21.32, p = 0.0016), pairwise contrasts
revealed no systematic advantage for any specific representation. The between-problem
variance (02 = 0.014) still indicates moderate heterogeneity, suggesting that these patterns
are largely consistent across problems.

On the other hand, among pooling strategies, only max pooling showed a statistically
significant advantage over the mean baseline (4+0.011, p = 0.005), while the effect of
last pooling was not significant (—0.007, p = 0.064). Although the magnitude of the
improvement is modest, this suggests a slight benefit from aggregating activations via the
maximum rather than the mean.

Figure 18.8 illustrates the mean accuracies (with 95% confidence intervals) obtained for
each problem under different combinations of representation and pooling strategy. Across
all problems, max pooling consistently provides a slight advantage over the other two
pooling methods, regardless of the underlying representation. The effect of representation,
however, is less consistent and appears to depend on the specific problem. This variability
suggests that the influence of representation may interact with problem characteristics,
warranting further investigation on a broader set of COPs, a direction that lies beyond the
scope of the present study.

Overall, the analysis confirms that while pooling strategies exert statistically detectable
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effects, their practical impact on accuracy is minor. Classifier choice remains the dominant
determinant of performance, underscoring the robustness of LLM-derived embeddings.
Nevertheless, for the final analysis we adopt a single configuration consisting of max
pooling and the standard representation to provide a consistent basis for comparison with
the baseline models.

Comparative Analysis of ISA and LLM-Derived Representations for Algorithm Selection

In this final analysis, we compare the algorithm selection performance obtained using tra-
ditional ISA-based features with that achieved from LLM-derived hidden-layer activations.
The aim is to determine whether information encoded within LLMs can match or exceed
the predictive power of handcrafted instance descriptors in identifying the per-instance
best algorithm. The comparison is conducted between the best-performing configurations
identified in the previous analyses: the ISA-based feature set and the LLM-based setup
using max pooling with the standard representation. In both cases, the LightGBM classifier
is employed, as it demonstrated superior predictive performance across earlier experiments.

Although the fixed effect of representation (ISA vs. LLM) is statistically significant and
positive (+0.008, p < 0.001), the estimated between-problem variance (02 = 0.012) exceeds
the fixed-effect magnitude, indicating that the improvement provided by ISA is smaller than
the variability observed across problems. A non-parametric Wilcoxon-based TOST, applied
to the ranked paired differences, confirmed equivalence at 0.01. The Hodges-Lehmann
95% confidence interval for the median paired difference was [—0.0039, 0.0244], with a
median difference of 0.0054, entirely within the £0.01 equivalence region. Overall, these
results suggest that although the tiny effect of ISA is statistically detectable, it is practically
negligible, and that ISA and LLM can be considered indistinguishable in predictive
performance within a few hundredths of accuracy.

We conclude this analysis by comparing the average accuracies achieved by ISA and
LLM in the algorithm selection task across the different problems. Figure 18.9 illustrates
this comparison, showing that the most challenging problem for LLM is KP, which likely
explains the lack of statistical equivalence observed in the previous tests. Unfortunately,
we are not able to perform a meaningful within-problem analysis, since the number of
replicates per problem does not allow for reliable conclusions. However, an informal
inspection suggests that for KP the equivalence margin is around 40.015, indicating that
future studies should consider including problems with a similar structure. Nevertheless,
the differences remain within a few hundredths, suggesting that overall performance
remains comparable.

18.4 Concluding Remarks

We now summarize the contributions of this chapter (Section 18.4.1), its limitations
(Section 18.4.2), and possible directions for future research (Section 18.4.3).

18.4.1 Content

We investigated how LLMs represent COPs and whether these internal representations
can support downstream decision-making tasks. Through a combination of direct querying
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Figure 18.9: Comparison of Accuracies in Algorithm Selection between ISA features equipped
LightGBM and LLM activation-based features under standard representation.

and probing analyses, we examined both the explicit reasoning capabilities and the implicit
knowledge encoded within the models across four (4) benchmark problems and three
(3) types of instance representations. Two (2) tasks were considered: feature extraction,

assessing whether models can recover meaningful structural and numerical characteristics

from problem instances, and per-instance algorithm selection, testing whether internal
representations can predict the best solver for each instance.

Our results revealed that:

¢ The direct querying experiments (Section 18.3.1) show that LLMs can infer simple,

explicitly stated instance features from natural language and code-like represen-
tations. For low-complexity features, the MAE is moderate and predictions fall within
1% of the ground truth value in most cases, indicating a moderate surface-level com-
prehension. However, performance deteriorates markedly for features requiring even
limited computation or aggregation, confirming that current LLMs have difficulty
performing quantitative reasoning beyond explicit extraction.

The probing analyses (Section 18.3.2) reveal that LLMs partially encode structural
and numerical information about CO instances in their internal representations. Such
information can be partially recovered through supervised decoding. In general,
probing achieves lower errors with respect to direct querying on complex features.

Through an extensive experimental campaign (Section 18.3.3), we find that LLM-
extracted latent representations effectively serve as instance features surrogates for
per-instance algorithm selection. Across all problems, max pooling offers a consistent
but modest advantage, while the effect of instance representation depends on the
problem type. When compared with traditional ISA-based features, LLM-derived
embeddings achieve statistically comparable predictive performance, demonstrating
that latent representations can match the effectiveness of human-defined descriptors.
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Notably, the classifier choice remains critical: the best-performing model, LightGBN,
successfully captures non-linear relationships among both LLM-derived and human-
defined features, as shown by its better predictive performance.

The latter findings reveal an important trade-off. While human-defined features demand
substantial domain expertise and manual engineering, they are computationally inexpensive
and inherently more interpretable. In contrast, LLMs achieve comparable predictive power
with minimal feature design effort but at a significantly higher computational cost for
their extraction and with a considerable loss of interpretability. This contrast highlights
a broader question for future research: how to balance interpretability, reproducibility,
human effort, and energy efficiency when integrating LLMs.

18.4.2 Limitations

The main limitation of this study is that the experimental analysis is restricted to a single
LLM family and four benchmark COPs, which, although representative, do not capture the
full diversity of optimization settings.

A further caveat concerns the chosen LLM: depending on the adopted classification and
on the time at which the experiments were conducted, the selected model may be regarded
as a small language model. While this characterization is inherently time-dependent and
debatable, extending the analysis to additional and more recent LLMs would be a natural
and valuable direction for future work (Section 18.4.3).

18.4.3 Future Work

Possible future work aims in tackling the limitations of this study, that is extending
this investigation to other model architectures, larger instance scales, and real-world
optimization problems. Furthermore, recent progress in structured reasoning and tool-
augmented generation with LLMs offers promising opportunities to strengthen direct
querying methods.

Another promising avenue lies in integrating LLM-derived activations into broader ISA
pipelines, using them not only for algorithm selection but also for tasks such as instance
clustering, performance landscape modeling, and exploratory analysis of problem spaces.
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Chapter 19

Conclusions

This thesis set out to address the inherent challenges in the empirical study, design, and
reliable application of metaheuristic algorithms for Combinatorial Optimization (CO). It
pursued four (4) complementary directions: the analysis of metaheuristic components, the
usage of advanced benchmarking methodologies, the unification of proliferating problem
formulations, and the integration of emerging technologies within optimization workflows.

This final chapter offers a comprehensive overview of the main findings, contributions,
and perspectives of the thesis. While each research chapter concluded with its own
discussion and outlook, here we integrate those results to provide a comprehensive view
of the research programme as a whole. We begin with an overview of the thesis content
(Section 19.1) and contributions (Section 19.2), followed by a discussion of overarching
limitations (Section 19.3) and directions for future work (Section 19.4).

19.1 Content

This thesis comprises six (6) parts in total, with Part I and Part VI (the present one)
respectively introducing and concluding the work. In what follows, we focus on the four
(4) research parts that form the methodological and experimental core of the thesis.

19.1.1 Metaheuristic Components

Table 19.1: Mapping of research questions (RQs) to chapters, employed methodologies, and
summarized findings w.r.t. Part II (Goal — Component-based Analysis).

Research Question Reference  Methodology Answer

RQ1: How do alternative Chapter5 Systematic comparisonof 5 Fixed and reactive lists

tabu tenure strategies and in- tabu tenures and 2 inverse achieve similar quality;
verse move definitions affect definitions on PFSP stricter inverses lead to
performance and search be- convergent trajectories.
havior?

RQ2: To what extent can in- Chapter 6 HH dynamic control of SA  Adaptive control matches

formed external control dy- temperature tuned SA in the majority
namically adapt temperature of the cases.
schedules in SA?
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Part II examined the fundamental building blocks of metaheuristic algorithms and
how their design choices and interactions influence search dynamics, thereby addressing
the first goal of this thesis: component-level understanding. To this end, we focused on
two of the most established local search metaheuristics, Tabu Search (TS) and Simulated
Annealing (SA), and systematically analyzed their internal mechanisms through controlled,
component-based experimentation. Table 19.1 reports an overview of the methodologies
and related Research Questions (RQs).

In Chapter 5, we decomposed TS into seven (7) elementary components and investigated
how different tabu list strategiesand inverse move definitions affect search behavior on
the Permutation Flowshop Scheduling Problem (PFSP). The experiments, conducted
over 160 validation instances, revealed that despite their conceptual differences, the
simplest (fixed-length) and the most adaptive (reactive) tabu lists achieve statistically
equivalent solution quality, indicating that sophistication does not necessarily translate
into superior performance. The use of Search Trajectory Networks (STNs) provided a
deeper understanding of the inverse-move dynamics: stricter policies produced trajectories
converging to common search paths, while more relaxed ones encouraged exploration.

In Chapter 6, we analyzed temperature control in SA, replacing static cooling schedules
with Hyper-Heuristics (HHs) as adaptive mechanisms that dynamically select the temper-
ature according to the search state. Across three (3) problem domains, this adaptive SA
achieved results comparable to those obtained with finely tuned static schedules, while
eliminating the need for extensive parameter calibration. This confirmed that heuristic-level
adaptation can replicate the performance of exhaustive tuning, offering a pathway toward
general, self-adjusting search algorithms.

Together, these studies contributed to a modular and interpretable view of metaheuristic
design. On the methodological side, they demonstrated how decomposition into explicit
components enables rigorous analysis; on the practical side, this modularity was embodied
in the extension of the EasyLocaL++ framework, which now supports component-level con-
figuration and naturally integrates with the HyFlex architecture (Appendix B). The resulting
ecosystem supports transparent experimentation and cross-domain solver development.

19.1.2 Oven Scheduling Problem

Part III applied advanced benchmarking methodologies to a real-world parallel batch
scheduling problem, the Oven Scheduling Problem (OSP), thereby addressing the second
goal of this thesis: advanced benchmarking on real-world problems. This part combined theo-
retical modelling, algorithmic design, and empirical analysis to establish a comprehensive
understanding of the problem’s structure and its algorithmic landscape. Table 19.2 reports
an overview of the content and RQs.

In Chapter 9, we examined the OSP from a theoretical perspective, introducing several
Lower Bounds (LBs) that enabled speed-ups on exact methods and the characterization
of instance hardness. In Chapter 10, we developed two (2) metaheuristic algorithms
tailored to the OSP, namely a multi-neighbourhood SA and a Large Neighborhood Search
(LNS) algorithm. The proposed methods matched the best-known solutions for small
instances and improved them for large-scale industrial cases. Beyond raw performance,
the integration of advanced analysis tools, Instance Space Analysis (ISA) in Chapter 11
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Table 19.2: Mapping of research questions (RQs) to chapters, employed methodologies, and
summarized findings w.r.t. Part III (Goal — Advanced Benchmarking on Real-World Problems).

Research Question Reference Methodology Answer

RQ1: Can exact methods Chapter 9 Development of theoretical ~LBs enable better solutions,
be improved through theo- LBs faster proofs, and reduced
retical insights? runtime.

RQ2: Can exact methods’” Chapter 10 Integration of exact models  Gains for medium instance;
performance be enhanced in LNS framework diminishing returns for large
by integrating heuristic ap- ones.

proaches?

RQ3: How do classical Chapter 10 Multi-neighbourhood SAin Comparable to exact solvers
metaheuristics perform on EasyLocarL++ on small and superior on
the OSP? large instances.

RQ4: What features ex- Chapter 11 ISA and algorithm selection = Features linked to bounds
plain OSP instance diffi- and job-machine distribu-
culty? tion predict difficulty.

RQ5: How can we charac- Chapter 12 STNs Search space is multimodal

terize OSP search spaces?

with scattered high-quality

basins.

and STNs in Chapter 12, added an explanatory dimension: STNs revealed how search
trajectories evolve in the search, while ISA linked instance features to algorithmic behavior.

These complementary perspectives allowed us to identify when and why certain meta-
heuristics perform best and to interpret their dynamics in relation to the problem structure.
The combination of theoretical bounds, algorithmic advances, and empirical analysis thus
positioned the OSP as a fully characterized benchmark that connects industrial relevance
with methodological insights.

19.1.3 Home Healthcare Routing and Scheduling Problem

Part IV addressed the fragmentation of the literature by introducing a unified formulation
for the Home Healthcare Routing and Scheduling Problem (HHCRSP), thereby tackling the
third goal of this thesis: unified formulations of problem variants. This part integrated model
design, instance representation, and solver adaptation into a single coherent framework
that supports both research comparability and practical applicability. Table 19.3 reports an
overview of the content and RQs.

In Chapter 14, we proposed a model that incorporates multiple real-world aspects within
a single formulation. These features, previously considered only in isolation across separate
studies, are here captured consistently through a modular constraint structure. The same
chapter introduced a unified representation for instances and solutions, compatible with
existing datasets yet extensible to new formulations. A complete toolbox was developed
to support this ecosystem, including instance generation, format translation, and schema
validation, thereby enabling transparent benchmarking and reproducible experimentation.

In Chapter 15, we generalized and extended two (2) state-of-the-art methods from the
literature to the unified setting. Both were evaluated on translated benchmark instances and
newly generated data covering an expanded feature space. The results provided empirical
evidence of scalability and cost trade-offs across model variants, while the accompanying
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Table 19.3: Mapping of research questions (RQs) to chapters, employed methodologies, and
summarized findings w.r.t. Part IV (Goal — Unified Formulation of Problem Variants)

Research Question Reference Methodology Answer

RQ1: Can a unified HHCRSP  Chapter 14 Translation, validation, and  Unified model captures old

model subsume existing vari- instance generation and new variants; schema

ants while ensuring compatibil- validates results.

ity and validation?

RQ2: Donew instancesexpand Chapter 14 PCA of instance features New instances improve in-

coverage of the instance space? stance space coverage.

RQ3: Can general-purpose Chapter 15 Development of SA and General-purpose solvers per-

solvers match specialized ones? MILP baselines form comparably or better in
most cases.

open artifacts constitute the first comprehensive benchmark suite for this problem family.

These contributions transformed the HHCRSP from a collection of heterogeneous
formulations into a unified, extensible, and openly available research domain. They
demonstrate that methodological consistency through standardized models, datasets, and
solvers can substantially enhance comparability.

19.1.4 Large Language Models

Part V explored how Large Language Models (LLMs) can interact with CO tasks, thereby
addressing the fourth goal of this thesis: critical exploration of LLMs in optimization. Table 19.4
reports an overview of the content and related RQs.

Table 19.4: Mapping of research questions (RQs) to chapters, employed methodologies, and
summarized findings w.r.t. Part V (Goal — Critical Exploration of LLMs in Optimization)

Research Question Reference ~ Methodology Answer

RQ1: What is the current Chapter 17 Systematic literature review LLMs used across pipeline

landscape of LLMs in CO? tasks but mostly as black
boxes; prompt and evalua-
tion gaps persist.

RQ2: What do LLMs know Chapter 18 Direct querying and prob- LLMs fail in feature extrac-

about CO instances and algo- ing experiments tion but succeed in algo-

rithms? rithm selection; representa-
tion has minor effect.

Chapter 17 presented a systematic review conducted under Preferred Reporting Items
for Systematic Reviews and Meta-Analyses (PRISMA) guidelines. From more than 2,000
retrieved publications, 103 studies were retained and analyzed according to the stage
of the optimization pipeline they addressed. The review revealed that most existing
works treat LLMs as black-box tools, paying little attention to prompt style, cross-problem
generalization, or the mechanisms underlying model behavior.

To investigate these aspects empirically, Chapter 18 examined LLMs through direct query-
ing and probing experiments in two settings: feature extraction and algorithm selection. In
the former, results showed high inconsistency even for simple, explicitly stated instance
features, indicating limited reliability in factual recall and structured reasoning. In contrast,
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the algorithm-selection experiments revealed that internal representations learned by the
models could successfully predict the best-performing solver with remarkable accuracy.
Together, these findings suggest that while current LLMs are unreliable as extractors, their
latent knowledge captures meaningful regularities of optimization algorithms, opening
promising avenues for hybrid, data-driven algorithm selection.

19.2 Contributions

Beyond the individual parts, this thesis makes a set of overarching contributions spanning
methodological, empirical, and representational dimensions. Taken together, they outline
a comprehensive view of how to design, analyze, and generalize metaheuristic and
data-driven approaches for CO.

Methodological Contributions. The thesis advances the methodological foundations of
empirical optimization by promoting a component-based and adaptive view of
metaheuristics. The systematic dissection of TS and SA components clarified how
design choices, such as tabu tenures and temperature control, affect search dynamics.
These studies culminated in the development of general, problem-independent
control mechanisms and their integration into reusable frameworks (EasyLocaL++
and HyFlex), enabling transparent experimentation across domains.

Empirical Contributions. Through extensive benchmarking on both synthetic and real-
world problems, the thesis generated new empirical insights into algorithm behavior.
For the OSP, a combination of LBs, multi-neighbourhood search methods, and
landscape analyses revealed the structural factors driving performance. For the
HHCRSP, the comparative evaluation of generalized solvers provided quantitative
evidence on scalability and trade-offs, grounding the unified model in practice.

Representational and Infrastructural Contributions. A major outcome of this research is
the creation of standardized and open artefacts for reproducible optimization research,
including the maintenance and extension of reusable frameworks and integration
tools. The unified instance and solution schemas for the HHCRSP, the validation
and translation utilities, and the curated datasets for the OSP collectively form a
consistent benchmarking ecosystem. These artefacts, publicly released alongside
the thesis (Appendix A), exemplify the shift from ad-hoc experimentation toward
reusable, transparent infrastructures that support cumulative scientific progress.

19.3 Limitations

The research presented in this thesis is subject to several limitations that naturally delineate
the boundaries of its validity and generality. These limitations are discussed below with
the intent of clarifying the contexts in which the findings apply and outlining promising
directions for future investigation. Limitations of the single experimental studies are
reported within the chapters.
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Scope and Generalizability Although the thesis spans multiple problem families and
algorithmic frameworks, its empirical analyses primarily focus on discrete, single-
objective optimization settings, and focus mainly on neighborhood search algorithms.
The selected problems represent important but specific subclasses of assignment,
scheduling, and routing problems. Extending the findings to other domains and
paradigms, including multi-objective, would require additional validation to assess
whether the observed patterns and component-level insights generalize.

Methodological and Computational Constraints The experimental studies involved ex-
tensive computational campaigns, yet practical limitations in runtime and available
hardware constrained the range of tested configurations. In particular, parameter
tuning and sensitivity analyses, while methodologically rigorous, were necessarily
bounded by finite computational budgets. Similarly, the implemented frameworks
(EasyLocaL++ and connection with HyFlex) were optimized for flexibility rather than
raw performance, which may limit direct comparison with highly specialized solvers.
In addition, experiments with LLMs are limited by GPU memory.

Representativeness Despite efforts to promote open science, data availability in several
domains remains limited due to privacy and institutional constraints. While this
thesis introduced new instances, instance generators, and standardized formats, the
diversity and realism of public datasets still fall short of reflecting the full range of
possible operational conditions found in practice. As a consequence, the generality
of empirical conclusions must be interpreted with caution.

Exploratory and Emergent Aspects The investigation of LLMs in optimization remains
exploratory by design. The reproducibility and stability of results remain open
challenges, given the rapid evolution of the underlying models and their nature. The
findings in Part V therefore represent a snapshot of an emerging field rather than
definitive evidence of capabilities. Further methodological standardization and open
access to model interfaces will be crucial for confirming and extending these insights.

Taken together, these limitations do not undermine the validity of the results but rather
highlight the complexity of conducting comprehensive, reproducible research in modern
optimization and in the field of LLMs. They also point to fertile ground for future extensions,
some of which are outlined in the following section.

19.4 Future Work

The research presented in this thesis opens several avenues for future investigation, both in
the refinement of existing methodologies and in the exploration of new interdisciplinary
directions. Building on the limitations discussed above, these perspectives can be grouped
into four (4) main themes.

Advancing Adaptive and Learning-driven Metaheuristics Future studies could extend
the adaptive mechanisms explored in Part II by integrating online learning in form
og HHs in other metaheuristics. Such approaches would enable search algorithms
to autonomously infer effective parameter settings or operator choices based on



19.4. FUTURE WORK 281

real-time feedback from the search trajectory. In addition, combining landscape
analysis tools such as STNs with online adaptation could yield algorithms capable of
dynamically recognising and responding to the structure of the problem at hand. For
instance as prohibition mechanisms on areas of the search space frequently visited by
the algorithm.

Extending Unified Problem Formulations The unified modelling principles introduced
for the HHCRSP can be extended to other domains that suffer from similar frag-
mentation, such as workforce rostering, emergency response logistics, or integrated
production—distribution planning. A promising direction also lies in formalising cross-
domain interoperability between problem families, enabling a shared representation
space for instance generation, transfer learning, and meta-benchmarking.

Integrating AI and data-driven reasoning into optimization The investigation of LLMs
in Part V opens the door to a deeper synergy between these models and CO. However,
prior to an extreme pollution of the research environment, there is the need for rigorous
evaluation protocols, transparent prompting standards, and open benchmark corpora
to ensure that progress in this emerging area remains interpretable and reproducible.

Fostering Open, Reproducible, and Collaborative Infrastructures A key challenge for
the optimization community is to transform isolated research artifacts into inter-
operable ecosystems, as advocated by the Randomized Optimization Algorithms
Research Network (ROAR-NET) Cost Action. Future work will involve the long-term
maintenance and evolution of the frameworks developed in this thesis (EasyLocar++,
unified HHCRSP schemas, and associated tools), as well as their integration with
existing initiatives such the ROAR-NET Cost Action. Establishing shared reposito-
ries for algorithms, datasets, and analyses would ensure that reproducibility and
transparency become permanent features of empirical research in the future.






Appendix A

Artifacts

All artifacts associated with this thesis are publicly available, including the corresponding
experimental data. In a few cases, the links to the GitHub repositories may still be private
while the related papers are under review. As of 2025-10-31, the private repositories
concern the work on the Home Healthcare Routing and Scheduling Problem and the
experiments involving Large Language Models.

Part II — Metaheuristic Components

¢ Component-based EasyLocar++: easylocal-v4
¢ Component-based Tabu Search: tabu-search

* Dynamic Temperature Simulated Annealing and HyFlex / EasyLocaL++ interface:
hhsa

Part III — Oven Scheduling Problem

* Theoretical Lower Bounds (LBs) implementation: oven-scheduling CLI
¢ Theoretical LBs data: lower-bounds-data

¢ Large Neighborhood Search implementation: osp-Ins

¢ Simulated Annealing implementation: osp-Is

* Instance Space Analysis data and scripts: isa-osp

¢ Landscape and Search Trajectory Analysis tools and results: stn-osp

e Collection of instances:! osp-instances

"Note that the original Zenodo repository is by M. Lackner et al. [275], but a second version includes the
author of this thesis.
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https://github.com/iolab-uniud/easylocal/tree/v4
https://github.com/iolab-uniud/tabu-strategies.git
https://github.com/iolab-uniud/hhsa
https://github.com/marielouiselackner/OvenSchedulingCLI
https://github.com/iolab-uniud/Theoretical-Lower-Bounds-for-a-Parallel-Batch-Scheduling-Problem
https://github.com/iolab-uniud/osp-lns
https://github.com/iolab-uniud/osp-ls
https://github.com/francesdaros/isa-osp
https://github.com/francesdaros/stn-osp
https://zenodo.org/records/14007438
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Part IV — Home Healtchcare Routing and Scheduling Problem
¢ Data: data-and-managerial-insights, mirrored in Zenodo
¢ Complete toolbox: toolbox, mirrored in Zenodo
* ROAR-NET Problem Statements: problem-statements

¢ ROAR-NET API didactic examples: roar-net-api

Part V— Large Language Models

¢ Behavior and representation in large language models: Zenodo


https://github.com/iolab-uniud/uhhc
https://zenodo.org/records/17713759
https://github.com/iolab-uniud/uhhc-toolbox
https://zenodo.org/records/17713759
https://github.com/roar-net/problem-statements
https://github.com/roar-net/roar-net-api-py
https://zenodo.org/records/17913884

Appendix B

EasyLocal++

Researchers face the imperative of evaluating various algorithms to identify the most
suitable technique for a given problem. To navigate the panoply of possible algorithms, it
would be helpful to turn to frameworks and libraries, which enable, in one single project,
to implement and assess multiple metaheuristics [178]. Since the nineties, a sprout of
tools has been proposed [383]. Among the earliest in this sense, our research group has
developed EasyLocaL++, a C++ white-box framework designed to support the development
and evaluation of local search algorithms. We have been using and updating EasyLocaL++
since its creation in 1999. Problems we have tackled with this tool belong to different
domains, including timetabling [45, 76], rostering [80], scheduling [85], logistics [86], facility
location problems [87], bioinformatics [143], and finance [142].

EasyLocaL++ has also been used in solution methods that obtained state-of-the-art results
in the benchmark datasets of many problems [44, 66, 80, 81, 517] and its usage extends
beyond research, encompassing real-world and industrial applications. For instance,
it has been employed in emergency facility location within the Italian Health Ministry
project EasyNEer! [122], in industrial scheduling within the context of steel production in
collaboration with Danieli Automation [29], and in nurse rostering [79] in collaboration
with Windex.? In addition, EasyLocaL++ is used by the software house EasyStaff,> which
was initially a spin-off of the University of Udine.

Most of the code presented in this thesis has been developed using EasyLocar++ and the
author of this thesis is one of the current maintainers and has contributed both to its ongoing
development and to one of its spin-offs, namely JuLes. Thus, the aim of this appendix
is to describe EasyLocaL++, its evolution through time and its main characteristics. In
general,the idea of providing a 25-year perspective on software development was motivated
by three key observations. First, much of the decision-making and design rationale for the
original framework had only been transmitted orally since its first publications in the early
2000s; Second, the framework has seen substantial enhancements over time, particularly
in response to evolving research needs; Third, there is renewed and growing interest
within the community in problem modeling and framework design, especially in light of
the Randomized Optimization Algorithms Research Network (ROAR-NET) Cost Action,

'https://easy-net.info/. Accessed 2025-10-10.
https://www.windex.it. Accessed 2025-10-10.
*https: /www.easystaff.it. Accessed 2025-10-10.
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which emphasizes the importance of interfaces and software libraries for randomized
optimization algorithms.

EasyLocaL++ is available on GitHub at the public repository https://github.com/iol
ab-uniud/easylocal. The stable version is tagged with v.3.3, whereas the newest is in the
development branch v.4. The code is distributed under MIT license.

The content of this appendix comes from the following published work:

¢ Ceschia, S., Da Ros, F., Di Gaspero, L., & Schaerf, A. (2024). EasyLocal++ a 25-year
Perspective on Local Search Frameworks: The Evolution of a Tool for the Design of
Local Search Algorithm. In Proceedings of the Companion Conference on Genetic and
Evolutionary Computation (pp. 1658-1667). New York, NY: ACM.

This appendix is structured as follows. Section B.1 provides an overview on similar
metaheuristic frameworks. Section B.2 presents the evolution of EasyLocar++ since 1999.
Section B.3 describes the overall architecture of the project. Section B.4 details the most
relevant features. Section B.5 reports of EasyLocaL++ can be connected directly to HyFlex.
Section B.6 outlines the teaching purposes of the tool. Finally, Section B.7 draws some
conclusions and outlines future directions.

B.1 Related Work

In many optimization paradigms like Integer Linear Programming (ILP) and Constraint
Programming (CP), numerous widely accepted tools exist, including CP Optimizer, Gurobi,
Gecode, OR-Tools, and MiniZinc, among others. Such universally accepted tools have not
been available for local search algorithms, or more in general metaheuristics and randomized
optimization algorithms, where researchers still rely on customized coding solutions [450].
In fact, these implementations are often tailored to the particular problem being addressed,
hindering the re-usability of the code and the replicability of the experiments. Despite
this common practice, as early as three decades ago, there were already software packages
available for metaheuristic implementations, such as those proposed by Andreatta, Carvalho,
and Ribeiro [23] and Vaessens, Aarts, and Lenstra [473]. The first introduced a conceptual
framework for local search based on design patterns, whereas the latter suggested a
template to organize local search algorithms.

In Table B.1, we consider and summarize the main characteristics of a selection of
metaheuristic software. The tools are primarily implemented in languages such as C++
and java, although some attempts also exist in Scala, C#, and Python. Among the various
packages, notable distinctions are made between libraries (e.g., GAlib [482], GAUL [2])
and frameworks (e.g., HotFrame [177] and ParadisEO [161]), with the former emphasizing
code reuse (where user-defined code calls methods in the library) and the latter focusing
on code-architecture reuse (where the framework code calls user-defined code). A few
attempts are also in the form of Application Programming Interface (API), as in the case of
the one sponsored by ROAR-NET,* and Domain-Specific Language (DSL).?

Certain tools are tailored to address a specific group of metaheuristics; for instance,
Emili [379] is exclusively dedicated to local search methods, while PyMOO [52] focuses on

‘https://github.com/roar-net/roar-net-api-py. Accessed 2025-10-10.
Shttps://www.hexaly.com/. Accessed 2025-10-10.
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Genetic Algorithms (GAs). In contrast, other packages (e.g., ParadisEO) support several
optimization paradigms.

Another relevant distinction of the tools concerns the support of different multi-criteria
cost function evaluations. Some of them are capable of supporting Multi-Objective
Optimization (MOO) (in the Pareto sense) instead of just dealing with single objective
optimization. Furthermore, some tools, like Emili, provide support in the automatic design
of algorithms [183] rather than treating metaheuristics as monoliths. Eventually, while
most of the packages have been updated in the last few years, a few ones have not been
maintained for quite some time (e.g., HotFrame). Note that, in this case, we refer to the most
recent date among the last commit in the repository and the last publication exclusively
describing the tool. For further disquisitions, we forward the interested reader to some
literature reviews on the topic [383, 404, 432].

Table B.1: Comparison of Metaheuristic (MH) software, distinguishing by programming language,
software type, implemented algorithms, multi-objective optimization (MOO) capabilities, automated
design (AD) features, and last update.

Tool Language Type MH MOO AD Lastupdate
EasyLocar++ C++ Framework LS v v 2025
ECJ [425] java Framework LS, EA v 2022
Emili [379] C++ Framework LS v 2022
ROAR-NET* Python API LS, EA 2025
GALib® C++ Library GA 2024
GAUL [2] C Library LS, GA 2010
Hexaly* DSL Modeling language LS 2025
HeuristicLab® C# Framework LS, EA, GA v 2024
Hotframe [177]  C++ Framework LS 2002
jMetal [165] java Framework EA v v 2024
OscaR [391] Scala Framework CP-LS 2023
ParadisEO [161] C++ Framework LS, EA v v 2022
PyMOO [52] Python Framework EA v 2024

%https://github.com/roar-net/roar-net-api-py. Accessed 2025-10-10.
Yhttps://github.com/s-martin/galib. Accessed 2025-10-10.
Chttps://www.hexaly.com/. Accessed 2025-10-10.
dhttps://github.com/heal-research/HeuristicLab. Accessed 2025-10-10.

B.2 History

In this section, we provide an overview of the development of EasyLocar++, highlighting
key events (Figure B.1).

Schaerf, Cadoli, and Lenzerini [423] started developing a general framework for local
search which resulted in Locar++. This initial concept, built upon a hierarchy of abstract
template classes, was further refined, expanded, and developed by Di Gaspero and Schaerf
[146, 147, 150], leading to the creation of EasyLocaL++. Although resembling the present
version to some extent, its neighborhood functionalities were initially limited, primarily
focusing on basic neighborhood handling capabilities. In its second version, EasyLocar++
began managing multi-modal neighborhoods, incorporating up to three neighborhoods via


https://github.com/roar-net/roar-net-api-py
https://github.com/s-martin/galib
https://www.hexaly.com/
https://github.com/heal-research/HeuristicLab

288 APPENDIX B. EASYLOCAL++

v EasyAnalyzer

Di Gaspero and Di Gaspero et al.
Schaerf (2001) (2008)

EasyGA v.4
Benedettini et al. 1

Development start

1999

2001

JEasyLocal
Rinaldin (2004)

2004

(2009)

2008 2009

2013

v.3.1

2018

v.3.3

‘ 2024

2000

l

Local++
Schaert at
al. (2000)

2006 2007

14

v.2
Di Gaspero and

2015

v.é.O
Urli (2015)

2020

v.3.2

2023

H

JuLeS
Da Ros and
Di Gaspero (2023)

Schaerf (2006,2007)

GELATO
Cipriano et al.
(2013)

Release

EasySyn
Di Gaspero and Schaerf
(2007)

D Spin-off
Add-on

Figure B.1: The evolution of EasyLocal++ since its first development in 1999.

chains of if control structures. The adoption of a structured multi-neighborhood approach
within EasyLocaL++ was facilitated by its application to specific problem domains, such
as the traveling tournament problem [145] and a plethora of timetabling problems [149].
This structured approach was later revised by Di Gaspero and Urli (see for further details
Urli [471]) through template metaprogramming using recursion, ultimately giving rise
to EasyLocarL++ v.3. In this version, several improvements were made and the code was
generally refactored (e.g., management of several data structures with shared pointers
instead of stack-allocated objects).

Between 2018 and 2022, significant revisions and simplifications were made to Ea-
syLocarL++. These modifications included the creation of a header-only version of the
code (leading to EasyLocarL++ v.3.1), a major overhaul of the control structure for the
Simulated Annealing (SA) algorithm (resulting in EasyLocarL++ v.3.2), and refactoring
in the handling of outputs together with the integration of learning mechanisms in the
selection of neighborhoods in SA [82] (culminating in EasyLocaL++ v.3.3, that is the current
stable version).

Recently, additional key features have been added to the framework, including the
integration of multi-objective algorithms [121] and automated algorithm design (resulting
in an initial implementation of EasyLocarL++ v.4, i.e., the development version).

EasyLocar++ provides not only an easy way to encode local search solution methods
but also capabilities for easy testing of code and analysis of neighborhoods. In this sense,
several add-ons have been developed to address ancillary activities over the years. For
instance, EasySyn [148], a software tool for the automatic synthesis of the source code for a
set of local search algorithms, and EasyAnaryzer [144]. Unfortunately, these initial efforts
were tightly coupled with the framework code, and therefore, their development was left
behind in the framework’s evolution. Nevertheless, some of those concepts (e.g., testers,
see Section B.4.4) were integrated directly into the core of EasyLocaL++.

Along the evolution of EasyLocaL++, several spin-off software have been developed,
including porting of the main local search modulesin java, i.e., JEasyLocaL [412], and julia,
i.e.,, JuLes [120]. Additionally, we have pursued experiments with other metaheuristics,
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like GAs with EasyGA [47], and hybridization with CP in GeLaTo [108].

Despite being completely decoupled from specific problem domains (Section B.3.1),
the development of EasyLocaL++, the creation of software spin-off, and the addition of
new features have been driven by the requirements of implementing specific applications.
In this regard, its development can be viewed as bottom-up rather than top-down: as
challenges arose during the application of EasyLocar++ to various optimization problems,
we have continuously updated the framework by addressing missing functionalities and
incorporating new elements and components, among other improvements. These efforts
have made EasyLocaL++ more robust and versatile.

At present, EasyLocaL++ is undergoing significant refactoring aimed at simplifying its
codebase using modern C++ features (Section B.4.1). The ongoing development has brought
EasyLocaL++ to version 4, reflecting its continual evolution and adaptation to meet new
requirements and needs. Nevertheless, the seminal design principles are kept untouched
w.r.t. its first version.

B.3 Architecture

The internal logic and structure of EasyLocaL++ are fully exposed to and modifiable
by the users. This transparency allows the user to understand, modify, and extend the
functionalities of the framework with detailed insights into its workings.

We now outline the design principles of EasyLocar++ (Section B.3.1). We then describe
the algorithms that are available off-the-shelf (Section B.3.2) and discuss the concepts
related to multi-neighborhoods (Section B.3.3).

B.3.1 Design Principles

EasyLocar++ primary design goals are, on the one hand, the easy prototyping of solution
methods for the problem at hand (i.e., applying an off-the-shelf local search to the problem);
on the other hand, the possibility to extend the framework without modifying the existing
code (i.e., developing new metaheuristics or new specific components).

The codebase is structured into distinct macro-modules, such as solvers and runners, each
of which is further divided into modules (or classes). Each class is responsible for handling
a specific aspect of local search (Figure B.2). This allows modularity, maintainability,
scalability, and readability.

Modules within EasyLocaL++ can be categorized based on their relevance to the specific
optimization problem or their general applicability across different problems. The interface
between these problem-specific and problem-independent modules relies on the Inversion of
Control principle (also known as Hollywood Principle, recall Booch [59]): the control strategy
of the metaheuristic is dealt with by the framework itself (see problem-independent
part of Figure B.2), while the user implements specific code related to the problem (see
problem-specific part of Figure B.2). Eventually, the framework will call the user’s code
when necessary. This allows a loose coupling and a clear chain of responsibilities among
the different classes and opens the door to the definition of abstract metaheuristic.

EasyLocaL++ classes can also be organized considering the distinction provided by Pree
[395]; therefore, accounting for hot and frozen spots. Hot spots represent areas where users
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Figure B.2: EasyLocal++ system architecture. A distinction between problem-specific and problem-
agnostic parts of the framework is made.

are actively required to develop and customize functionalities based on problem-specific
details (i.e., data and helpers in Figure B.2). The frozen spots, conversely, are entirely
implemented at the framework level and deal with problem-independent strategies (i.e.,
solvers, runners, and components in Figure B.2). While the user cannot modify frozen spots,
they can be easily extended (i.e., they are closed to modifications but open to extension).
For instance, the user can add a new component (e.g., a new termination criterion, a new
acceptance criterion, etc.), develop a brand new local search method to be added to the
runners or a different solving strategy (included in solvers).

We first present EasyLocaL++ from the perspective of a user who aims to develop a local
search solution method for a specific problem at hand and then from the perspective of a
user who wants to extend the framework.

Solving a Problem

We now present the system architecture from the perspective of a EasyLocarL++ user
who aims to develop a local search solution method for a specific problem at hand. For
representative purposes, we consider a well-known benchmarking problem in combinatorial
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optimization, the Permutation Flowshop Scheduling Problem (PFSP) (Section 2.2).

The user has to start defining the Data of the problem at hand. The input class takes care
of the problem instance. In the case of the PFSP, reported in Listing B.1, it will store the
number of jobs, the number of machines, etc.

Listing B.1: Implementation of the Input class for the PFSP.

class PFSP_Input {
public:

size_t jobs, machines;
};

The solutions and their manipulations are explicitly represented through the concepts
of solution and Move. Conversely, other frameworks rely on an indirect representation
of solutions and use standardized moves, which involve an encoding/decoding phase
later (e.g., Biased Random-Key Genetic Algorithm (BRKGA) [462] relies on a [0, 1]-valued
chromosome that needs to be decoded into an actual solution to the problem at hand).

For instance, a user tackling the PFSP with EasyLocar++ is required to implement a
solution class that deals with a vector to store the processing order of the jobs on the
machines (Listing B.2), and a 1ove that describe the swap of two jobs in such a schedule
(Listing B.3).

Listing B.2: Implementation of the Solution class for the PFSP.

class PFSP_Solution {
public:
vector<size_t> schedule;

8

Listing B.3: Implementation of the Move class for the PFSP, specifically the code regards the swap
of two jobs in the schedule.

class PFSP_SwapMove {
public:

int pos_i, pos_j;
¥

Additionally, the user must define some classes specific to local search that must be
embedded into the helpers macro-module. The generation of an initial solution should be
implemented into a SolutionManager class, while the NeighborhoodExplorer class is in charge
of the neighborhood exploration of a specific Move.

For instance, Listing B.4 reports the co-routine method in the NeighborhoodExplorer related
to the PFsp_swaplove in charge of the complete enumeration of the neighborhood.

Listing B.4: Implementation of the neighborhood generator for swap move of the PFSP.

Generator<PFSP_SwapMove> PSFP_SwapNeighborhoodExplorer::Neighborhood(shared_ptr
<const PFSP_Solution> sol) const {
for (size_t posl = 0; posl < st->Jobs() - 1; ++posl)
for (size_t pos2 = posl + 1; pos2 < st->Jobs(); ++pos2)
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co_yield {posl, pos2};

The composition of multiple moves (e.g., a swap move used together with an insert
move) is synthesized from the framework itself (Section B.3.3).

We assume a minimization problem, thus, as a consequence, the objective function
consists of CostComponents that take care of the computation of the penalties for the problem.
How the costs are evaluated depends on the objective function strategy (see Section B.4.6);
currently, the costs can be aggregated into a scalar value or compared with a lexicographic
ordering or in the Pareto sense.

Since the methods provided by all these classes are crucial in terms of performance, in
EasyLocarL++ v.4, they are implemented through static polymorphism (see Section B.4.1);
that is, these elements are further supplied to problem-independent classes through
template instantiation based on C++ 17 concepts. Indeed, when the user defines all the
previously described elements, the implementation of an actual local search solution
method simply consists of an instantiation of the suitable runner which takes care of the
local search technique (e.g., Tabu Search (TS), SA, Hill Climbing (HC)) and, optionally,
of the solver which combines single runners in a more sophisticated solution strategy.
Each runners implements a slight variation, based on the characteristics of the local search
algorithm itself, of the abstract local search algorithm (depicted in Algorithm 14). The
behavior of a given runner can be further specified through a palette of components. For
instance, a variety of stopping criteria could instantiate the Terminate function, based on the
user’s needs. From the command line, the user can specify which version of a particular
component to use, as demonstrated in the example shown in Listing B.5. This capability
facilitates the process of automatic algorithm design.

Listing B.5: An example of a configuration command line for a EasyLocal++-implemented Tabu
Search (TS) to the PFSP.

./pfsp --seed 45 --instance DD_Ta®35.txt --termination
IdleIterationsTermination --aspiration-criteria AspirationByObjective --
stop-exploration StopExplorationBestImprovement --generator
FullNeighborhoodGenerator --timeout 1 --max-idle-iteration 100 --tabu-list
RangeTabulist --min-iteration-tl 2 --max-iteration-tl 9

Extending the Framework

We now present the perspective of a user who aims to extend the framework. Such a user
can tackle the frozen spots, thus they can add a new component that can be used by an
existing runner, a new runner (therefore, a new local search algorithm), or a new solver
(hence, provide a way of combining different local search algorithms).

The abstract code shown in Algorithm 14 depicts the typical procedure for local search.
The abstract code relies on the specification of three primary generic data types (input,
Solution, and CostFunction). According to the local search scheme, firstly an mnitialSolution
is computed; afterward, the algorithm enters a loop in which a move is first selected
(selectMove), its contribution to the cost is computed (ComputeAcost), and if it is suitable
(Acceptableliove) it is performed. The procedure iterates until a termination criterion is
satisfied (Terminate). This overall procedure is a skeleton that can be adapted to several
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different metaheuristic. Indeed, different local search metaheuristics, such as HC, SA,
or TS, provide distinct implementations of those functions according to their specific
exploration strategy, also adding new potential ones (e.g., in TS a function for dealing with
the aspiration criteria is needed, while this is not necessary for HC and SA).

For instance, let us consider the case of adding to a runner for the HC algorithm. The
C++ code is reported in Listing B.6 and replicates almost verbatim the pseudo-code in
Algorithm 14. In such a case, the new runner can be used coupled with the plethora of
already encoded components or may want to add a new component to be called in an
existing runner. As an example, Listing B.7 shows the implementation of a termination
criterion based on the number of idle iterations. Notice that this class will be subject to
static polymorphism; therefore, in the local search code, it will be checked for the proper
concept compliance.

Algorithm 14: Abstract EasyLocal++ local search procedure.

Hotspots: A specification of the input I, the Solution S, the definition of a 1ove M,
and a CostFunction F'

function LocalSearch(I, S, M, F') (inst:):
sp:=InitialSolution(/,S)(inst)
Cgi=F(inSt, 80)
(s*,¢"):= (50, o)
1:=0
while —Terminate(5)(s;, i) do
m:=SelectMove(S, M)(inst, s;)
AF:=ComputeACost(S, M)(inst, s;, m, F)
if AcceptableMove(S, M)(m, s;, AF) then

(Si+1, Ci+1)1=(5i$m, ¢ + AF)

if Cir1 < c¢* then

Lﬁ(S*’(ﬁ):=(5i+1vci+1)

B =1+ 1

return s*, ¢*

Listing B.6: Implementation of a generic Hill Climbing (HC) scheme.

void HillClimbing::Go(shared_ptr<const Input> in) {

current_solution_v = sm->SolutionValuePtr(sm->InitialSolution(in));

while (!termination.terminate(this)) {

current_move_v = nhe->MoveValuePtr(select_move.select(this));
if (accept_move.accept(this)) {

*current_solution_v = *current_move_v;
idle_it = 0;
} else

idle_it++;
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it++;

}

final_solution_v = make_shared<SolutionValue>(*current_solution_v);

Listing B.7: Implementation of a termination criterion based on idle iterations.

template <RunnerIdleIterT Runner>
class IdlelIterationsTermination : public Parametrized {
public:

bool terminate (Runner* r) {
return r->idle_it > max_idle_it;

}
protected:
size_t max_idle_it;

IiE

B.3.2 Off-shelf Local Search Algorithms

While extending the framework with the implementation of new metaheuristics is relatively
straightforward, EasyLocaL++ is already equipped with a portfolio of local search, related
variants, and components. They range from simple forms of HC strategies, like steepest
descent, first descent, and random descent, to more complex metaheuristics. For example,
it includes different versions of Late Acceptance Hill Climbing (LAHC) [68], Iterated Local
Search [317], and TS [200]. As an example of components, one can equip a TS choosing
among different tabu list implementations (e.g., variable length tabu list, frequency-based
tabu status).

The metaheuristic supported with the largest number of different versions is SA, given
that it has been employed in most of our research work. It has provided state-of-the-art
results for many optimization problems. In detail, besides the classic version of SA [256],
we introduced the cut-off mechanism that speeds up the early stages of the search and
a reheating mechanism that restarts the annealing procedure. In addition, we propose
several termination criteria in the form of components, which are based on the number of
iterations, the final temperature, and the timeout.

All the available metaheuristics are entirely implemented at the framework level. To be
used, they require only the definition of a single object of the suitable type and suitable
template instantiations.

B.3.3 Multi-neighborhood

One of the most remarkable features of EasyLocarL++ is the possibility of synthesizing
composite neighborhoods starting from the implementation of basic ones. This feature
allows the development of multi-neighborhood search methods, which have proven very
successful in various applications.

In detail, given two or more NeighborhoodExplorer classes, EasyLocaL++ generates auto-
matically, at compile time, the neighborhood obtained by their composition. The simplest,
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though the most effective, form of composition is the union of the neighborhoods, although
in EasyLocaL++ v.3.3 also, other forms, such as cartesian product and move chains, are
possible. For example, when a union of different neighborhoods is defined, the best move
is selected by enumerating all moves of all basic neighborhoods. In the case of a local
search approach based on random moves, the current move is obtained by selecting, in turn,
the basic neighborhood and the specific move inside that neighborhood. In this case, the
selection of the basic neighborhood is not necessarily made with a uniform probability. On
the contrary, it is often more effective to assign different probabilities and bias the search
toward specific directions, but without giving away the possibility of making different
move types occasionally. This mechanism is advantageous when some neighborhoods
are computationally more expensive than others or when some neighborhoods are more
suitable for diversifying the search. In contrast, others improve the value of the cost
function. As for any other algorithm parameter, these probabilities can be exposed as
parameters and thus tuned.

Finally, EaAsyLocarL++ includes the option of adjusting online the rates of the selection
of the different neighborhoods so that they do not need to be tuned in advance and may
adapt to the different stages of the search process. Specifically, the probabilities of each
neighborhood are updated using the recency-weighted average bandit algorithm, with
a reward function that involves both the relative improvement in the objective function
and the computational cost of neighborhoods. Recently, this feature has been exploited by
Ceschia et al. [82] to obtain state-of-the-art results on two different timetabling problems.

B.4 Features

This section provides an overview of the features and characteristics of EasyLocaL++,
highlighting their evolution over the years. First, in Section B.4.1, we describe the language
evolution until C++ 23. Then, in Sections B.4.2 to B.4.5, we report how solvers can be
used within EasyLocaL++. Finally, in Section B.4.6, the support EasyLocaL++ offers w.r.t.
multi-criteria cost function evaluation.

B.4.1 Evolution toward C++23 Compatibility

EasyLocaL++ has been developed in C++, following the language evolution over the years,
and its last updates (e.g., usage of co-routines in the neighborhood generation) use C++ 23
characteristics.

C++ offers several advantages for metaheuristics. As an object-oriented language, C++
naturally promotes modularity, reusability, and maintainability, all essential characteristics
for metaheuristic implementations [450]. Additionally, it features powerful template
metaprogramming capabilities, enabling compile-time code generation and optimization,
which helps implement generic algorithms and data structures with high performance
and flexibility (e.g., in multi-neighborhood automatic synthesis). Moreover, as a compiled
language, C++ is known for its speed, which allows performing intensive computations
efficiently. This is advantageous for local search algorithms, which often require numerous
iterations and exploration of possibly large neighborhoods. Lastly, C++ benefits from quite a
large community of users; consequently, developers can rely on a wealth of online resources,
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potentially providing valuable support for their projects.

Asmentioned, EasyLocaL++ has evolved alongside the advancements in the C++ language.
As for its latest version (i.e., EasyLocaL++ v.4), the implementation now utilizes static
polymorphism instead of classical virtual function polymorphism for hot spots, which is
now fully supported in newer C++ versions. This shift was motivated by the availability of
C++ concepts, which allows for checking complex constraints in template instantiation.

The codebase has also been re-engineered to embrace functional-style programming,
improving code organization and readability. Notably, neighborhood exploration now
employs C++ 23 coroutines, enabling a streamlined approach to move generation (i.e., all
the code for move generation is now contained in a single function, whereas before, a
complex iterator structure was necessary). Furthermore, EasyLocaL++ v.4 implements lazy
evaluation for cost function computation, ensuring that cost components will be computed
only when needed and cost values are cached to prevent unnecessary recomputation. For
instance, in the context of MOO within the Pareto front, if no other solution dominates a
specific cost component of a given solution, there is no immediate need to compute the
values of the other components for that solution.

B.4.2 Benchmarking

Using a framework like EasyLocaL++ standardizes the underlying code and data structures
used to describe problems, enabling the comparison of the performance of various
metaheuristics on a uniform basis. This standardization mitigates potential confounding
factors from different implementations, thus ensuring a more accurate and fair performance
comparison, as advocated by Swan et al. [450].

Specifically, EasyLocaL++ promotes the comparability in two ways. On the one hand,
the user can experiment with different algorithms tailored to the problem at hand without
re-implementing problem-specific modules. This flexibility allows for efficient exploration
of algorithmic variations while maintaining consistency in problem representation. On
the other hand, it allows testing the same algorithm across diverse problem sets, ensuring
that the underlying local search procedure remains consistent throughout. This capability
enhances confidence in the reliability and generalizability of algorithmic results across
different problem domains.

B.4.3 Automated Algorithm Design

One source of inspiration for EasyLocaL++ is the Programming by Optimization (PbO)
manifesto [222]. Such a paradigm advocates for a shift of perspective in software develop-
ment, where the design of components is approached through optimization. This involves
a systematic exploration of design alternatives toward the selection of an optimal configu-
ration of the different components through the use of automated tools (e.g., Irace [316]).
PbO is organized into five levels (numbered from 0 to 4). The first two levels deal with
existing software and expose just parameters and constants (a.k.a. magic numbers). The
upper levels (from 2 to 4) advocate a tighter integration of PbO into software design.
Until EasyLocar++ v.3.3, the only design choices exposed were algorithmic parameters
(e.g., in TS the length of the tabu list and the idle iterations in the termination criteria) in
compliance with levels 0 and 1 of PbO. Starting with EasyLocarL++ v.4, following Franzin
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and Stiitzle [183], we do not consider local search algorithms as monoliths anymore. Instead,
the users can choose among different options for their design choices (i.e., components
layer in Figure B.2), which are exposed for the automated design tool. These design
choices are resolved at compile time, meaning no computational overhead is added at
running time. Therefore, a panoply of algorithms with a meaningful combination of the
design alternatives can be generated, and the relevant one can be directly selected through
the Command Line Interface (CLI). For instance, when using HC, the user can choose
which type of termination criterion to use (e.g., number of idle iterations, maximum number of
iterations, timeout).

B.4.4 Testers

® [ ] Solver — sp --main::instance PlanFor2023-02-27.json — 80%29
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(1) insert [1-modall
(2) accumulate [1-modall
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worsening moves: 2930 (82.7917%), average cost: 28938.9
sideways moves: 100 (2.82566%)
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1. SetupCost : Min = -200, Max = 1400
2. JobPriority : Min = -100, Max = 1220
3. FurnaceOvertime : Min = -680, Max = 3665
ELAPSED TIME: 0.806s

Figure B.3: A screenshot of the text-based user interface provided by testers.

In addition to the CLI, the testers enable the automatic creation of a text-based user
interface designed to facilitate multi-level user interaction with the software. This interface
increases the software usability by supporting the debugging of problem-specific code, such
as verifying the consistency of incremental evaluations within cost components. Moreover,
it allows for preliminary analyses of helpers, including neighborhood statistics (Figure B.3).
Also, the interface enables direct experimentation with various solution methods in a
sequential manner.

B.4.5 Optimization as a Service

An alternative mode of interacting with solution methods, which arose while collaborating
with industrial partners, involves using a REST API. In particular, EasyLocaL++ solvers
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and helpers are encapsulated within an automatically generated REST HTTP interface,
which enables their deployment as network-accessible services. Interactions with the API
endpoints occur through the exchange of JSON-formatted files.

For instance, Listing B.8 displays the main REST endpoint that provides information
about the current state of a running system. Specifically, it shows the availability of a total
of three solution methods (i.e., HC, TS, and SA), two different types of neighborhoods (i.e.,
accumulate and insert), and the execution status of a recently executed optimization task
(i.e., the task, with the given identifier, regards the execution of a HC and is finished).

Listing B.8: An example of main REST endpoint.

{
"runners": ["/runner/HC", "/runner/TS", "/runner/SA"],
"neighborhoods": ["/move/accumulate", "/move/insert"],
"tasks": [ {
"finished": true,
"run_id": 55286,
"runner": "HC"
1
3

Listing B.9 shows the outcome of the optimization task, which can be inspected through
an additional REST request.

Listing B.9: An example of task endpoint.

{
"cost": {

"components": {
"Appointments": 0,
"FurnaceOvertime": 0,
"JobPriority": 28,
"SetupCost": 7

3,
"objective": 35
3,
"finished": true,
"run_id": 55286,
"runner": "HC"
}

This approach shifts the focus from distributing the code to providing a quickly deployable
optimization service and opens the possibility of building web applications for the
interaction with the solution methods.

B.4.6 Multi-criteria Cost Function Evaluation

EasyLocar++ supports multi-criteria cost function evaluation in various forms, including
aggregation (i.e., single-objective), hierarchical (i.e., lexicographic), and Pareto optimiza-
tion. The framework accommodates single-cost components, which can be provided and
integrated according to the desired optimization strategy.
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Additionally, the implementation of lazy cost evaluation ensures that costs are computed
only when necessary. The code in Listing B.10 shows an example of this behavior: the
access operator to a cost component of a Solutionvalue element computes its cost only when
it is accessed and, eventually, caches its value.

Listing B.10: Lazy cost computation

T SolutionValue::operator[](size_t i) const {
auto& val = const_cast<pair<bool, T>&>(this->at(i));
if (lval.first) {
val.second = cs->ComputeCost(sol, i);
val.first = true;

}

return val.second;

B.5 Connection with Hyflex

EasyLocar++ components and algorithms can be used as Low Level Heuristics (LLHs) in
HyFlex, a prominent framework for the development of Hyper-Heuristics (HHs).

The overall architecture is presented in Figure B.4. The integration of the C++ code into
the HyFlex framework is facilitated through a templated base class, ELProblemDomainTemplate,
which builds upon EasyLocaL++ components tailored to specific local search specifications.
These specifications are identical to those used to instantiate a concrete algorithm in Easy-
Locar++, ensuring that the same computational logic applies across different algorithmic
approaches. To expose these components to HyFlex, the class provides a concrete HyFlex
problembomain through its adaptation using the generic ELProblembomainAdapter java class.
This class acts as an adapter, enabling type conversions between java-based HHs and
C++-implemented LLHs, which are instances of the ELProblemDomainProvider class.

On the C++ side, the ELProblembomainTenplate implements all the features required by the
HyFlex framework to bridge the domain barrier of HHs (see also Figure 6.1 in Chapter 6).
These functionalities include managing the inventory of problem instances and LLHs,
initializing solutions, converting them to a textual representation, comparing solutions, and
computing solution costs. Also, it supports the most crucial operation, i.e., the application
of a specific LLH to a given solution. These capabilities are implemented using the local
search metaheuristic concrete problem specifications for the specific optimization problem.
For instance in Chapter 6, the LLHs are implemented as different Fixed Temperature
Simulated Annealing (FTSA). However, the architecture is designed to support the easy
inclusion of additional local search-based LLHs without requiring modifications.

On the java side, the integration relies on the ELProblembomainFactory, a factory class
responsible for loading the native C++ classes for a specific problem domain via the JNI
interface and creating instances of ELProblemDomainAdapter to interface with HyFlex.

The compiled C++ native code is exposed to java as a INI library. The JNI interface
and the required C++/java wrappers are generated using SWIG, an interface compiler that
connects C++ programs with multiple languages to simplify development. This approach
ensures efficient data exchange between the two languages.
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The proposed architecture is guided by three primary objectives:

1. Consistency: It maintains uniform data structures and problem representations
across algorithms. This design choice ensures fairness in performance evaluation by
eliminating discrepancies in implementation details that could bias comparisons.

2. Efficiency: The use of natively compiled C++ code offers substantial speed advantages
over JVM-based implementations, which is especially beneficial in local search contexts
where performance bottlenecks can arise on large-scale instances.

3. Modularity and extensibility: The modular design allows easy integration of
new problem domains. By leveraging template instantiation, the addition of new
specifications requires only minor changes, primarily to instantiate the relevant
C++/java bridging components, once the metaheuristic implementation is available.

[HyFlex Java : C++

Java/C++

: Program driver (main)
HyperHeuristic <uses>> ProblemDomain :
T : <<compiles>

| ELProblemDomainProvider

--———w‘ ELProblemDomain
I :
((cre?le!)) { extends }
i i P:LSPr ification | p: LsProblemSpecification w
= o
\--—+| ELProblemDomainAdapter : ELProblemDomainTemplate T Temperature
JNI

,,,,,,,,,,,,,,,,

[ EL k-GCP [ EL PFSP }4 [ EL TSP

Figure B.4: Architecture of the HyFlex-EasyLocaL++ bridge specified using UML notation.

B.6 EasyLocal++ for Teaching

Since 2010, EasyLocaL++ has played a significant role in teaching optimization within
the Advanced Scheduling Systems course for the Master’s Degree Program of Industrial
Engineering at the University of Udine.Over 13 years, around 200 students have received
instruction on local search algorithms thanks to EasyLocarL++. Students engage with
the practical design and implementation of solution methods to real-world scheduling,
timetabling, and routing problems. They are also encouraged to create their exam projects
using EasyLocaL++ to tackle specific optimization problems. The structured modularity
and clear conceptual framework of EasyLocaL++ have proven beneficial, particularly for
students without a strong Computer Science background. These students have successfully
implemented various techniques with reasonable programming efforts, allowing them to
test and compare solutions across available instances.
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B.7 Conclusion

We have described EasyLocaL++, the white-box C++ framework for local searcg algorithms
that our research group has developed since 1999.

Through its evolution to version 4, EasyLocaL++ has consistently kept its foundational
principles, including transparency to the user, modularity, maintainability, and readability,
together with the separation of problem-specific and problem-independent classes. These
principles have remained unchanged over its 25-year history.

The evolution, the addition, and the removal of features in EasyLocaL++ have been
primarily driven by its application to specific problems. Such an iterative development
approach has ensured that the framework remains relevant, adaptable, and effective in
addressing a wide range of optimization challenges across various application domains and
w.r.t. different research trends. Indeed, over the years, it has proved effective in developing
solution methods for real-world applications and academic benchmark problems belonging
to a wide range of domains. In particular, it currently holds state-of-the-art results for
examination timetabling, frequency assignment, home healthcare routing and scheduling,
and medical student scheduling problems. In addition, thanks to its modular and clear
system architecture, it has been successfully used for teaching purposes in the MSc of
Industrial Engineering since 2010.

Looking to the future, several ways exist to enhance the capabilities of EasyLocaL++.
Firstly, the research presented by Ceschia et al. [82] can be expanded to incorporate other
parameters of SA toward the concept of parameter-less algorithms. Secondly, performances
could benefit from parallel executions. Additionally, there is potential to explore exten-
sions towards other paradigms akin to local search, such as Large Neighborhood Search
(LNS), which currently lack a unified software framework. Moreover, introducing hybrid
approaches in the framework could offer promising avenues.

On a concluding note, while our project started 25 years ago, the interest in such software
tools is far from outdated, as testified by ROAR-NET (with a specific reference to Working
Group 1 — Problem modeling and user experience). Indeed, one of the network’s goals
is to propose a transparent white-box modeling framework (and the related software
implementations) for a broad range of real-world applications, bridging the gap between
modeling and solving phases. These are the same goals that initially motivated the
development of EasyLocarL++.






Appendix C

Chapter 5: Complete List of features

In this appendix, we provide additional details on the construction of the instance space
introduced in Section 5.2.1.

A Principle Component Analysis (PCA) [197] is a dimensionality reduction approach
that converts high-dimensional datasets into lower-dimensional representations while
maximizing the retention of variance in the original data [95]. It identifies the orthogonal
directions along which the data varies the most, allowing for a more interpretable visual-
ization and analysis of datasets. To perform the analysis, we use the scikit-learn Python
package.

To characterize the Permutation Flowshop Scheduling Problem (PFSP) instances, we
extracted a set of direct features. Some of these features are expressed as a single value,
while others require aggregation. In the latter case, we report the average, standard
deviation, minimum (min), maximum (max), and range (i.e., max — min). The features are
as follows:

¢ Number of jobs: Total number of jobs to be scheduled.

¢ Number of machines: Total number of machines available.

Processing times: Processing times of the operations, reported with aggregations.

Machine load: Workload assigned to each machine, reported with aggregations.

Job load: Workload associated with each job, reported with aggregations.

303






Appendix D

Chapter 10: Additional Material

In this appendix, we present additional material on the algorithms presented in Chapter 10
to solve the Oven Scheduling Problem (OSP). Specifically, in Section D.1, we present a
decision support system that was developed to bridge the gap between research and
practice by developing user-friendly dashboards. These dashboards give decision-makers
easy access to our optimization tools and their results in the form of Gantt Charts. Then,
in Section D.2, we provide additional analysis on Large Neighborhood Search (LNS) and,
in Section D.3, we use the proposed Simulated Annealing (SA) to solve a parallal batch
scheduling problem related to the OSP.

D.1 Decision Support System

The Decision Support System, represented in Figure D.1, is built upon a microservices
architecture, comprising three components: a dashboard, a message-passing component,
and a distributed task queue. Users engage with the dashboard microservice, the sole
exposed component, responsible for orchestrating the workflow and visually presenting
results. The message-passing component connects the user’s actions on the dashboard and
the distributed task queue. The task queue manages possibly long-running tasks, i.e., the
metaheuristics process.

The Decision Support System bridges decision-makers and the solution methods through
an intuitive dashboard, functioning as a user-friendly human-computer interface. Its aim is
to facilitate the execution of optimization tasks for decision-makers and provide convenient
access to results. We display a few examples of the core functionalities of the interface.
Figure D.2a reports an example of the LNS-related dashboard. The decision-maker is
asked to select or upload an instance of the problem and to provide a timeout for the
experiment. By pressing the Run LNS button, the execution starts. Eventually, the Gantt
Chart of the batched solution and a set of indicators (i.e., the cost function components)
are displayed. Moreover, Figure D.2b reports the analysis of the instance, displaying its
main characteristics. The system is implemented in Python and the dashboard component
leverages the Plotly Dash framework! for interaction and visualization.

https://dash.plotly.com/. Accessed 2025-10-10
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Figure D.1: Decision Support System architecture to interface with the solvers developed for the
Oven Scheduling Problem (OSP).
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(a) LNS dashboard. (b) Instance feature analysis

Figure D.2: Example of dashboard functionalities.

D.2 Additional Analysis for LNS

In this section, we provide additional analyses related to LNS. The objective is to compare
LNS with exact methods under equivalent computational budgets. Specifically, when
reporting the best result out of five runs of LNS, we allocate an equivalent five hours of
runtime to the exact method. We acknowledge that this choice is debatable; however, it
is adopted to ensure fairness and to preempt potential criticism regarding differences in
computational effort. This analysis is conducted only for LNS and not for SA, since the latter
already incorporates a stagnation-based stopping criterion, and additional experiments
with longer runs did not produce different results.
We aim to answer the following questions:

¢ To what extent can LNS provide better results for the OSP w.r.t. exact methods
(especially in large instances)?

¢ To what extent is the initial solution improved?
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¢ To what extent can batching reduce energy consumption in electronic manufacturing?

The remainder of this section is structured as follows. Section D.2.1 details the experi-
mental setup. Section D.2.2 reports the results.

D.2.1 Experimental Setup

We use instances with 50 and 100 jobs from the public benchmark [275], with varying
number of machines (2 or 5) and attributes (2 or 5). We omit results for smaller instances
(i.e., 10 and 25 jobs) since the exact methods solve them optimally, and our LNS algorithm
manages to achieve the same solution quality.

The parameters and implementation details are the same detailed in Chapter 10.

All experiments are executed on a machine featuring 2x Intel Xeon Platinum 8368 2.4GHz
38C, 8x64GB RDIMM. Each algorithm is executed on a single thread.

D.2.2 Results

We analyze three distinct aspects: firstly, we compare the results of LNS with those achieved
by the best-performing exact method from the literature [275]. Secondly, we evaluate the
improvement of LNS compared to the initial solution. Lastly, we assess the environmental
perspective by examining the reduction in cumulative processing time (p) between a
solution with batching and one without.

Comparison with Exact Methods

To benchmark the performance of LNS, we compare it against Constraint Programming
(CP) warm-started by the greedy heuristics as reported in the original paper by M. Lackner
et al. [275] (we refer to this method indicating it with Optimization Programming Language
(OPL)-ws). To account for the stochastic components of LNS, we execute the algorithms
5 times per instance with a timeout of 1 hour, eventually selecting the minimum cost.
To ensure fairness in the comparison, we run the exact method with a cutoff of 5 hours,
therefore granting the same amount of time to both solution approaches.

We evaluate the quality of a LNS solution using the relative gap of the objective w.r.t. the
given baseline method (OPL-ws). A negative gap value implies that the result found by
LNS is better than that found by the baseline method

Figure D.3 illustrates the number of instances where LNS outperforms OPL-ws, cate-
gorized by instance size (50 and 100 jobs) and classified into 5 improvement categories.
In summary, LNS outperforms OPL-ws in 18 out of 40 instances while achieving equal
performance in 19 cases (15 in the 50-job instances). In 3 cases, OPL-ws outperforms LNS.
Additionally, OPL-ws successfully identifies 3 optimal solutions, all of which are also
discovered by our LNS approach. The statistical distribution is reported in the boxplots of
Figure D.4. Interestingly, for what concerns the 100-job instances, the gap ranges between
-7.5% and and 1.16%, with an average of -1%

We also run the experiments considering OPL without the warm start; however, since
the results do not differ substantially from OPL-ws, we do not report them here.

We assess the statistical significance of these results. Initially, we conduct a Friedman
test (with a = 0.05) to ascertain if algorithms exhibit divergent performances. Results
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Figure D.3: Number of instances for which Large Neighborhood Search (LNS) performs better than
OPL-ws, that is the Constraint Programming (CP) method, considering the instances by size. LNS
is run 5 times per instance with a timeout of 1 hour, selecting the minimum cost among the runs.
OPL-ws is executed with a timeout of 5 hours.
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Figure D.4: Comparison of the performance gap between Large Neighborhood Search (LNS) and
Constraint Programming (CP) with warm start (OPL-ws). LNS is run 5 times per instance with a
timeout of 1 hour, selecting the minimum cost among the runs. OPL-ws is executed with a timeout
of 5 hours.

indicate that for instances with 50 jobs, the performance of LNS is not significantly different
from that of exact methods. Conversely, for instances with 100 jobs, the null hypothesis is
rejected (p-value=0.001), indicating that the algorihtms perform differently.
Subsequently, we employ the Nemenyi post-hoc test and generate a Critical Difference
(CD) plot. Figure D.5a presents the results for instances with 50 jobs, where differences
are not statistically significant, although LNS tends to perform slightly better than exact
methods. In contrast, for instances with 100 jobs, the CD plot reveals two distinct groups of
algorithms: LNS occupies a rank close to 1, while exact methods form a separate group.

Improvement w.r.t. the Initial Solution

We examine the enhancement brought about by LNS in comparison to the initial solution.
This analysis aims to showcase that while the initial solution may serve as a decent starting
point, our methodology can significantly enhance these outcomes. We compute the relative
gap considering the initial solution as the baseline and present the outcomes in Figure D.6.
Notably, LNS can improve the objective value of the initial solution provided by the greedy
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(a) Instances with 50 jobs. (b) Instance with 100 jobs.

Figure D.5: Critical Difference plots.

heuristic for all instances with 50 or 100 jobs. On average, the solution quality is improved
by 20%; the improvement can be up to 50%.
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Figure D.6: Comparison of the performance gap between Large Neighborhood Search (LNS) and
the initial solution. LNS is run 5 times per instance with a timeout of 1 hour, selecting the minimum
cost among the runs.

Energy Saving Perspective

To highlight the potential of batching the jobs and optimizing their schedule, we compare
the cumulative processing time (p) of the solutions found by LNS with solutions that do
not present aggregation of jobs. When no batching is applied, p corresponds to the sum of
the minimum processing time of each job (i.e., each job constitutes a batch on its own).

We use the gap taking as a baseline the case with no batching. Figure D.7 illustrates
the outcomes: across all instances, batching is feasible and consistently leads to superior
results, as evidenced by the reduced oven runtime. The reduction of oven runtime, and
thus the reduction of energy consumption, ranges from a minimum of approximately 20%
to a maximum of 83%, with an average of 55% and a standard deviation of 18%.

We repeat the experiment, considering the cumulative processing time of the solutions
found by LNS alongside those found by the initial solution. Also in this case, we consider
the gap. Figure D.8 illustrates that, also in this case, the energy reduction granted by the
solutions found by LNS is more advantageous than that retrieved by the initial solution in
terms of energy savings (ranges from a minimum of approximately 7% to a maximum of
49%, with an average of 22% and a standard deviation of 11%). However, such a result is
expected since the objective function depends on components evaluated based on their
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Figure D.7: Gap between the cumulative processing time of the solution retrieved by LNS (solution
with batching) and the solution without batching. LNS is run 5 times per instance with a timeout of
1 hour, selecting the minimum cost among the runs.
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Figure D.8: Gap between the cumulative processing time of the solution retrieved by Large
Neighborhood Search (LNS) and the solution provided by the initial solution. Both solution
techniques involve batching. LNS is run 5 times per instance with a timeout of 1 hour, selecting the
minimum cost among the runs.

lexicographic importance, and the processing time p is the most crucial component.

D.3 Robustness of SA for Parallel Batch Scheduling Problem

Given the good performance the proposed SA algorithm delivers for the OSP, this section
examines whether it can deliver similarly good results for another related problem. The
investigation considers the parallel batch scheduling problem tackled by Damodaran and
Vélez-Gallego [125], since its nature is very similar to the OSP. Firstly, they both require
aggregating jobs in batches and devising an optimal schedule for these batches. Secondly,
both problems arise in electronic component manufacturing; in fact, Damodaran and
Vélez-Gallego [125] stated that the problem was faced in a small electronics manufacturing
facility that required assembling and testing printed circuit boards. Additionally, the
parameters of the instance share some characteristics, the presence of different job sizes,
release dates, etc. The formulations however distinguish from each other in several ways.
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First, this problem accounts only for one objective (different from the ones tackled by the
OSP), which is the makespan. Furthermore, the OSP and its instances offer many more
real-world details, for example, the presence of setup times and costs, machine availabilities,
machines with different sizes, etc.

Damodaran and Vélez-Gallego [125] solved the problem employing a SA algorithm
employing two moves (swapping jobs between batches and moving one job to an existing
batch, similarly as MoveJos). As mentioned in Section 3.4, the proposed SA distinguishes
in several ways including the neighborhood composition, the cutoff mechanism, etc.

The remainder of this section is structured as follows. Section D.3.1 introduces the
problem at hand. Section D.3.2 details the experimental setup we employed. Section D.3.3
reports the results. Finally, Section D.3.4 draws some conclusions.

D.3.1 Problem Description

An instance of the problem comprises a set [J of n jobs that need to be processed by a
set M of m identical machines arranged in parallel. Each job j € J is characterized by a
processing time p;, a release date 7;, and a size s;. All machines have the same size S and
are considered to be always available. Jobs can be aggregated in batches, as long as the
overall size of the batch does not exceed S. The processing time of the batch is equal to the
maximum processing time of all its jobs and can start being processed only after all its jobs
have been released. The objective is to find a schedule which minimizes the makespan.

D.3.2 Experimental Setup

We now present the experimental setup employed to compare the solution methods,
including details on the instances, the parameter tuning procedure, and the technical
details. Note that the implementation of Damodaran and Vélez-Gallego [125] is indicated
as DA.

Instances

The benchmarks set comprises the original 600 instances from Damodaran and Vélez-
Gallego [125]. They are characterized by the number of jobs (10, 20, 50, 100, or 200 jobs),
number of machines (3 or 5), maximum job processing time (10 or 30), and maximum
job size (5 or 20). For simplicity, they are categorized based on the number of jobs: small
instances (10 or 20 jobs), medium instances (50 or 100 jobs), and large instances (200 jobs).

To make the instances compatible with our implementation of SA for the OSP, some
assumptions regarding the missing values are made. For example, the maximum processing
time of each job is equal to its minimum processing time, setup times and costs are always
equal to zero, etc.

Parameter Tuning

The proposed SA is tuned using Irace v.3.5 [316]. The procedure is granted with a total
of 30,000 experiments and the SA equipped with a stopping criterion of iy,,x = 250, 000
iterations. The final temperature is fixed (Ty = 0.001) after a set of preliminary experimental
trials. Table D.1 reports the tuning parameters and final values. It is important to note that
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a re-tuning in comparison to the previous experiments is needed, as this problem has a
different objective and uses instances that exhibit different characteristics.

Table D.1: Parameter tuning for the multi-neighborhood Simulated Annealing to solve the parallel
batch scheduling problem formulated by Damodaran and Vélez-Gallego [125].

Name Description Range  Value
Ty Start Temperature 50-200 69
a Cooling rate 0.98-0.99  0.98
p Neighborhood accepted ratio 0.10-0.40  0.15
os Bias of Swap neighborhood 0.00-1.00  0.22
onug  Bias of NEwUNaryBarcH neighborhood  0.00-1.00  0.13
ONB Bias of NewBarcH neighborhood 0.00-1.00 0.21
oM] Bias of Move]Jos neighborhood 0.00-1.00 0.44

Technical Details

The experimental setup and code are the ones used for the previous experiments (Chap-
ter 10), with the minor modification related to the insertion of a new objective function
(makespan objective). Apart from this, the implementation is not further modified. This
means that we check for more conditions than necessary (for example, we always check
machine availabilities even though they are available throughout the entire horizon).

Since the work by Damodaran and Vélez-Gallego [125] dates back to the year 2012, the
authors’ original code is run on the same machine of the other experiments to ensure a fair
comparison. DA is implemented in MATLAB and runs using version 24.2.0.2712019 (R2024b).

Regarding the stopping condition, the proposed SA considers the same number of
iterations considered by the work of Damodaran and Vélez-Gallego [125], that is scaled
w.r.t. number of jobs (i.e., 500 - n). The running time between SA and DA are comparable
w.r.t. small (SA runs for an average time of 1.4 seconds and DA for 1.01 seconds) and
medium-sized instances (SA runs for an average time of 4.32 seconds and DA for 4.59
seconds). On the contrary, for larger instances, our SA (average running time of 12.27
seconds) takes significantly less time than DA (average running time of 45.42 seconds). For
this reason, SA is run on the larger instances for such an amount of time (i.e., Z = 95, 000,
with an average running time of 46.05 seconds). This version of SA is later indicated with
SA-t. DA is not equipped with a stopping criterion of Z = 1,000, 000, since preliminary
experiments demonstrated that for even small instances the running times were too large
w.r.t. the running times of SA (average running time of 10 minutes for DA and average
running time of 4.2 seconds for SA).

D.3.3 Results

Each algorithm is run 10 times per instance; we then consider the mean value across the
runs. The Friedman test confirms that the two algorithms exhibit significantly different
performances and with SA delivering superior results, particularly for small and medium-
sized instances. For what concerns large instances, the three versions (SA, SA-t, and DA)
perform differently, with SA-t performing better than the other two (average ranking of 1.4
for SA-t, 2.1 for SA, and 2.5 for DA).
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The gap is calculated considering as a baseline the solution found by the algorithm of
Damodaran and Vélez-Gallego [125]. Table D.2 reports the comparison considering the
number of instances. In the majority of the cases, SA produces superior (418 instances
with SA and 433 instances if large instances use SA-t) or equal (136 instances with SA
and 138 instances if large instances use SA-t) results than the competitor. However, for
large instances, in some instances, the algorithm by Damodaran and Vélez-Gallego [125]
provides better results. On average, the gap is —3.14% (£3.77) for small instances, —4.62%
(£5.13) for medium instances, —3.56% (£5.11) for large instances with SA, and —3.56%
(£5.12%) for large instances with SA-t.

Table D.2: Comparison of our Simulated Annealing (SA) w.r.t. the algorithm by Damodaran and
Vélez-Gallego [125] considering instance size.

Instance size  Total Gap

[oo;—1] (=10) =0 (0;1) [L;+0od]
Small 240 132 29 79 0 0
Medium 240 142 42 44 5 7
Large 120 46 27 13 18 16
Large (SA-t) 120 61 27 15 10 7

In the original paper, Damodaran and Vélez-Gallego [125] also provided lower bounds
to the instances. Considering the minimum across the runs, SA can achieve these bounds
369 times (377 considering SA-t for the larger instances), while DA does so 362 times.

D.3.4 Concluding Remarks

The comparison with the existing literature reaffirms the superiority of the proposed
approach. Not only do the results outperform those of previous methods, but they
also show the robustness of the algorithm. When tested on a related parallel batch
scheduling problem, the SA method significantly improved solutions for many instances,
outperforming, on the average, results reported by the original methodology [125].






Appendix E

Chapter 11: Complete List of features

In this appendix, we report the list of the 165 features that describe the instances of the
Oven Scheduling Problem (OSP) and that have been used in Chapter 11 in the context
of Instance Space Analysis (ISA) and algorithm selection. Please refer to the notation
introduced in Section 8.2 for decoding the OSP parameters.

While some features are represented by a single value, many others require an aggregation
over a set of values. In such cases, the following statistical figures are calculated: the
minimum value (min), the maximum value (max), the range between maximum and
minimum value (range = max — min), the mean value (mean), the first quartile (¢1), the
second quartile (¢2), the third quartile (¢3), and the standard deviation (std).

The remainder of this section is structured as follows. Section E.1 reports the list of
direct features. Section E.2 details the features related to the Lower Bounds (LBs). Finally,
Section E.3 considers graph-based features.

E.1 Direct Features

Direct features are features that can be directly extracted from the instances or require only
minor calculations. These are:

¢ The number of jobs (n).

¢ The number of machines (k).

* The number of operations, calculated as n - k, and its counterpart n/k.
® The skewness, calculated as max (n/k, k/m).

¢ The number of attributes (a).

¢ The horizon length (I).

¢ The number of shifts (7).

¢ The shift durations, i.e., the duration of shift i € 7 of machine m € M is calculated as

end _

Jm,l

oStart The set of statistical figures is calculated.
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E.2

The working time proportion, i.e., the ratio between the sum of the processing time
of the jobs, ie., > jeg A?‘in, and the total available time of all the machines, i.e.,

2 meM Ziez(afr?,cz‘l — i)
The maximal capacity of the machines (c;,). The set of statistical figures is calculated.

The job sizes (s;). The set of statistical figures is calculated.

The number of jobs per attribute, i.e., given an attribute v € A the following counting
operation is performed } . ;[a; = v]. The set of statistical figures is calculated.

The number of jobs per machine considering the eligible machines of the jobs, i.e.,
givena machine m € M the following counting operation is performed } - ;. ;[m € &;].
The set of statistical figures is calculated.

The number of eligible machines per job, i.e., given ajob j € 7, it is the cardinality of
set £;. The set of statistical figures is calculated.

The job release (T;tart) and due dates (Tjend). The set of statistical figures is calculated.

The minimal ()\;?“i“) and maximal processing times (A7'™*) of the jobs. The set of
statistical figures is calculated.

The setup costs (SC) and times (ST)). The set of statistical figures is calculated.
The type of setup matrix, i.e., constant, arbitrary, realistic, or symmetric.
The spread of earliest start times (p), as per genetator input.

The time from the earliest start to the latest end of the job (¢). This value is an input
value for the random generator.

The combination of the weight and normalization constant for the three components
as defined in Equation (8.1).

Lower and Upper Bounds as Features

The feature set includes the theoretical LBs for the OSP formulated in Chapter 9 and
associated metrics:

Lower bound on the number of batches.
Lower bound on the number of tardy jobs ().
Lower bound on the total setup cost (sc).
Lower bound on the processing time (p).

Upper bound on the processing time, corresponding to the sum of the minimal
processing time of the jobs (i.e., a solution with no batching).

Upper bound on the reduction of processing time.
Upper bound on the average number of jobs per batch.

Time required to compute the lower bounds.
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E.3

Graph Features

Graph features are based on an undirected graph representing job compatibility. In this
graph, each node corresponds to a job, and arcs connect pairs of nodes (jobs) that can
be processed together under the following conditions: (i) They share the same attribute.
(ii) They can be processed on at least one common machine. (iii) Their processing times are

compatible. (iv) Their release and due dates are compatible. Given that job tardiness is

already considered in the objective function obj, we also introduce a relaxed version of the
graph where condition (iv) is omitted.
For each graph G (the complete and relaxed version), we extract these features:

The total number of edges of G, indicated as the set . Note that, on the other hand,
we do not consider the number of nodes, as this equals the number of jobs.

The density of G calculated as dens(G) = %, where V' is the set of nodes. Key

statistical figures are calculated for dens(G).

The number of edges incident to each node v, also called degree of a node (d(v)). Key
statistical figures are calculated for d.

The number of isolated nodes, i.e., nodes with d = 0.

The shortest path betweenness centrality (bc), that is the measure of how often each

node v acts as a bridge along the shortest paths between two other nodes, normalized
o(s,t|v)
o(s,t)
o(s,tlv) is the number of shortest paths from s to ¢ passing per v, and o(s,t) is

by the number of vertex pairs. It is calculated as be(v) = > se1 () , where

the number of shortest paths from s to t. The normalization value is as follows

(W). Key statistical figures are calculated for bc.

The size of the largest maximal clique in G.

The number of connected components (subgraphs) in G.






Appendix F

Chapter 14: Complete List of features

In this appendix, we report the list of features that describe the instances of the Home
Healthcare Routing and Scheduling Problem (HHCRSP) and that have been used in
Chapter 14 to compare the newly generated instances with those existing in the literature.
As in the case of the Oven Scheduling Problem (OSP, Appendix E), some features are
naturally represented by a single value, while many others require an aggregation over a
set of values. The aggregations are the same of the OSP.

The identified features are:

Total number of patients.

Number of patients requiring one service, two services, more than two services.
Number of patients requiring simultaneous, sequential, and independent services.
Number of optional patients.

Number of patients expressing preferences toward caregivers.

Number of patients expressing incompatibilities toward caregivers.

Total number of required services.

Number of types of services.

Number of time windows per patients (aggregation required).

Total number of time windows.

Length of time windows (aggregation required).

Sum of the length of all time windows.

Length of service durations (aggregation required).

Number of preferred caregivers per patient (aggregation required).

Number of incompatible caregivers per patient (aggregation required).

Occurrences of a given service (aggregation required).
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Occurrences of a preferred caregiver (aggregation required).

Occurrences of an incompatible caregiver (aggregation required).

Total number of caregivers

Number of caregivers that need to have a lunch break.

Number of services a caregiver can perform (aggregation required).
Occurrences of a service in the skills of caregivers (aggregation required).
Length of caregivers’ shifts (aggregation required).

Total length of caregivers’ shifts.

Total number of terminal points.

Occurrences of a terminal point as arrival or departure point (aggregation required).
Occurrences of a given terminal point as departure point (aggregation required).
Occurrences of a given terminal point as arrival point (aggregation required).

Start time, end time, duration (as end time — start time), and minimal duration of the
lunch break

Number of compatible caregivers per service (aggregation required).

Overlap between the caregivers shift and patients’ time window considering the
skills of the firsts and the services required by the latters (aggregation required).

Total overlap between skilled caregivers shift and patients” time window.

Number of overlap between skilled caregivers shift and patients” time window
(aggregation required).

Total number of overlap between skilled caregivers shift and patients” time window.

Tardiness consideration. Useful time unit to start a service without being late
(aggregation required).

Distances metrics (graph) (aggregation required).
Number of edges below the average distance.
Number of edges above the average distance.
Sum of the 25 shortest edges.

Sum of the 25 longest edges.



Appendix G

Chapter 17: Additional Material

In this appendix, we complement the systematic literature review on Large Language
Models (LLMs) for Combinatorial Optimization (CO) presented in Chapter 17. First,
Section G.1 reports the Preferred Reporting Items for Systematic Reviews and Meta-
Analyses (PRISMA) checklists, then Section G.2 lists and describe the 103 studies included
in the review. Sections G.3 to G.6 analyze the studies in tabular form.

G.1 PRISMA checklists

This appendix reproduces the two official PRISMA 2020 checklists [377, 378] that guided our
systematic review of Large Language Model applications in Combinatorial Optimization:

1. The PRISMA 2020 for Abstracts Checklist, and

2. The full PRISMA 2020 Checklist.

They are included here verbatim w.r.t. the original publication related to the topic for
transparency and ease of reference.
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PRISMA 2020 for Abstracts Checklist

Section and Topic i3 Checklist item Reported (Yes/No)
TITLE
Title 1 | Identify the report as a systematic review. Yes
BACKGROUND
Objectives 2 | Provide an explicit statement of the main objective(s) or question(s) the review addresses. Yes
METHODS
Eligibility criteria 3 | Specify the inclusion and exclusion criteria for the review. Yes
Information sources 4 | Specify the information sources (e.g. databases, registers) used to identify studies and the Yes
date when each was last searched.
Risk of bias 5 | Specify the methods used to assess risk of bias in the included studies. No
Synthesis of results 6 | Specify the methods used to present and synthesise results. Yes
RESULTS
Included studies 7 | Give the total number of included studies and participants and summarise relevant Yes
characteristics of studies.
Synthesis of results 8 | Present results for main outcomes, preferably indicating the number of included studies and Yes
participants for each. If meta-analysis was done, report the summary estimate and
confidence/credible interval. If comparing groups, indicate the direction of the effect (i.e.
which group is favoured).
DISCUSSION
Limitations of evidence 9 [ Provide a brief summary of the limitations of the evidence included in the review (e.g. study No
risk of bias, inconsistency and imprecision).
Interpretation 10 | Provide a general interpretation of the results and important implications. Yes
OTHER
Funding 11 | Specify the primary source of funding for the review. Within paper body
Registration 12 | Provide the register name and registration number. Not relevant

From: Page MJ, McKenzie JE, Bossuyt PM, Boutron |, Hoffmann TC, Mulrow CD, et al. The PRISMA 2020 statement: an updated guideline for reporting systematic

reviews. BMJ 2021;372:n71. doi: 10.1136/bmj.n71
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PRISMA 2020 Checklist

Section and Topic ;:em
TITLE
Title 1 | Identify the report as a systematic review. Title
ABSTRACT
Abstract 2 | See the PRISMA 2020 for Abstracts checklist. Abstract, see PRISMA for Abstracts
checklist
INTRODUCTION
Rationale 3 | Describe the rationale for the review in the context of existing knowledge. Section 1
Objectives 4 | Provide an explicit statement of the objective(s) or question(s) the review addresses. Section 2
METHODS
Eligibility criteria 5 | Specify the inclusion and exclusion criteria for the review and how studies were grouped for the syntheses. Section 5.3.3
Information sources 6 | Specify all databases, registers, websites, organisations, reference lists and other sources searched or consulted to identify studies. Specify | Section 5.3.2
the date when each source was last searched or consulted.
Search strategy 7 | Present the full search for all registers and , including any filters and limits used. Section 5.3.2
Selection process 8 | Specify the methods used to decide whether a study met the inclusion criteria of the review, including how many reviewers screened each Section 5.3.3
record and each report retrieved, whether they worked ir tly, and if I details of at ion tools used in the process.
Data collection 9 | Specify the methods used to collect data from reports, including how many reviewers collected data from each report, whether they worked Section 5.3.4
process independently, any processes for obtaining or confirming data from study investigators, and if applicable, details of automation tools used in
the process.
Data items 10a | List and define all outcomes for which data were sought. Specify whether all results that were compatible with each outcome domain in each | Section 6 and Appendix B
study were sought (e.g. for all measures, time points, analyses), and if not, the methods used to decide which results to collect.
10b | List and define all other variables for which data were sought (e.g. participant and intervention characteristics, funding sources). Describe Section 6 and Appendix B
any assumptions made about any missing or unclear information.
Study risk of bias 11 | Specify the methods used to assess risk of bias in the included studies, including details of the tool(s) used, how many reviewers assessed Section 5.3
assessment each study and whether they worked independently, and if applicable, details of automation tools used in the process.
Effect measures 12 | Specify for each outcome the effect measure(s) (e.g. risk ratio, mean difference) used in the synthesis or presentation of results. Not relevant
Synthesis methods 13a | Describe the processes used to decide which studies were eligible for each synthesis (e.g. tabulating the study intervention characteristics Section 5.3.3
and comparing against the planned groups for each synthesis (item #5)).
13b | Describe any methods required to prepare the data for presentation or synthesis, such as handling of missing summary statistics, or data Not relevant
conversions.
13c | Describe any methods used to tabulate or visually display results of individual studies and syntheses. Section 6
13d | Describe any methods used to synthesize results and provide a rationale for the choice(s). If meta-analysis was performed, describe the Section 6
model(s), method(s) to identify the presence and extent of statistical heterogeneity, and software package(s) used.
13e | Describe any methods used to explore possible causes of heterogeneity among study results (e.g. subgroup analysis, meta-regression). Not relevant
13f | Describe any sensitivity analyses conducted to assess robustness of the synthesized results. Not relevant
Reporting bias 14 | Describe any methods used to assess risk of bias due to missing results in a synthesis (arising from reporting biases). Section 8
assessment
Certainty 15 | Describe any methods used to assess certainty (or confidence) in the body of evidence for an outcome. Not relevant
assessment
RESULTS
Study selection 16a | Describe the results of the search and selection process, from the number of records identified in the search to the number of studies Figure 2

included in the review, ideally using a flow diagram.
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PRISMA 2020 Checklist

code and other
materials

16b | Cite studies that might appear to meet the inclusion criteria, but which were excluded, and explain why they were excluded. Section 5.3.4
Study 17 | Cite each included study and present its characteristics. Appendix B
characteristics
Risk of bias in 18 | Present assessments of risk of bias for each included study. Not relevant
studies
Results of individual 19 | For all outcomes, present, for each study: (a) summary statistics for each group (where appropriate) and (b) an effect estimate and its Not relevant
studies precision (e.g. confidence/credible interval), ideally using structured tables or plots.
Results of 20a | For each synthesis, briefly summarise the characteristics and risk of bias among contributing studies. Section 6
syntheses 20b | Present results of all statistical syntheses conducted. If meta-analysis was done, present for each the summary estimate and its precision Not relevant
(e.g. confidence/credible interval) and measures of statistical heterogeneity. If comparing groups, describe the direction of the effect.
20c | Present results of all investigations of possible causes of heterogeneity among study results. Section 6
20d | Present results of all sensitivity analyses conducted to assess the robustness of the synthesized results. Not relevant
Reporting biases 21 | Present assessments of risk of bias due to missing results (arising from reporting biases) for each synthesis assessed. Section 8
Certainty of 22 | Present assessments of certainty (or confidence) in the body of evidence for each outcome assessed. Not relevant
evidence
DISCUSSION
Discussion 23a | Provide a general interpretation of the results in the context of other evidence. Section 6
23b | Discuss any limitations of the evidence included in the review. Section 8
23c | Discuss any limitations of the review processes used. Section 8
23d | Discuss implications of the results for practice, policy, and future research. Section 7 and Section 9
OTHER INFORMATION
Registration and 24a | Provide registration information for the review, including register name and registration number, or state that the review was not registered. Not relevant
protocol 24b | Indicate where the review protocol can be accessed, or state that a protocol was not prepared. Not relevant
24c | Describe and explain any amendments to information provided at registration or in the protocol. Not relevant
Support 25 | Describe sources of financial or non-financial support for the review, and the role of the funders or sponsors in the review. End of the paper, before references
Competing interests 26 | Declare any competing interests of review authors. End of the paper, before references
Availability of data, 27 | Report which of the following are publicly available and where they can be found: template data collection forms; data extracted from The paper is self contained and all

included studies; data used for all analyses; analytic code; any other materials used in the review.

the material is included either in the
paper or in the appendix.

From: Page MJ, McKenzie JE, Bossuyt PM, Boutron I, Hoffmann TC, Mulrow CD, et al. The PRISMA 2020 statement: an updated guideline for reporting systematic reviews. BMJ 2021;372:n71. doi: 10.1136/bmj.n71
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G.2 Description of Included Studies

This appendix provides the full list of the 103 studies found in the literature using the
methodology described in Section 17.1 and analyzed in Section 17.3. For each study, we
report its type (INCL4-EXCL4) and provide a brief description of the application of LLMs in
the field of CO. When applicable, we also mention the specific Combinatorial Optimization
Problem (COP) involved.

Abdullin et al. [1] published a research study introducing a goal-oriented conversa-
tional agent to assist users in constructing accurate Linear Programming (LP) models.
The LLM is used in the dialogue generation phase to automate the interaction be-
tween a conversational agent and a simulated user, effectively extracting necessary
information to formulate LP models.

AhmadiTeshnizi, Gao, and Udell [11] published a research study investigating the
usage of LLM to formulate and solve LP and Mixed Integer Linear Programming
(MILP) problems from Natural Language (NL) descriptions. The LLM is employed
to develop an agent that recognizes entities and translates NL descriptions into code.
This code is subsequently used by a solver to find solutions and potentially debug
them. The work has been extended by AhmadiTeshnizi et al. [10].

Ahmed and Choudhury [12] published a research study to investigate the usage
of LLMs for recognizing entities and translating NL descriptions in optimization
problem formulations. A LLM is used for this task in both zero-shot and one-shot
settings.

Alipour-Vaezi and Tsui [17] proposed a research study on using LLMs to extract
domain knowledge in the context of the motion picture industry for portfolio
optimization.

Almonacid [20] published a research study investigating LLM capabilities of generat-
ing optimization code. The LLM is used to generate the model and its code using
MiniZinc, eventually debugging it.

Amarasinghe et al. [21] published a research study introducing a framework based
on Copilot, designed to automate the generation of code from NL descriptions. The
LLM is used to automate the generation of Python code employing the CPMpy library
starting from business descriptions.

Bohnet et al. [58] published a research study on using LLMs in generating solutions
for planning problems.

Borazjanizadeh et al. [60] published a research study on solving search problems using
LLMs. The framework involves generating solution code and producing the solution
in a specific format. The results were evaluated in terms of feasibility, correctness,
and optimality. The study also introduces a new benchmark called SearchBench.

Cai et al. [72] published a position paper on the possible advantages LLMs can bring
to evolutionary computation, including evolutionary-based optimization.
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Chacén Sartori, Blum, and Ochoa [91] published a research study integrating LLMs
into a web-based tool for visualizing the behavior of optimization algorithms. The
LLM generates prompts for the tool, enabling users to comprehend how multiple
algorithms behave when applied to specific instances of a COP.

Z. Chen et al. [99] published a research study related to FunSearch [415]; specifically,
it introduces the concept of uncertainty to maintain diversity in the population of
codes while ensuring a balance between exploration and intensification during the
search. The results are compared to FunSearch and Evolution of Heuristic [302].

Chin, Winkenbach, and Srivastava [103] published a research study addressing the
resolution of a particular CO, related to the vehicle routing domain. The LLM is used
to train a model in a supervised manner on computationally inexpensive, sub-optimal
solutions obtained algorithmically.

Da et al. [119] published a research study on integrating LLMs into traffic and routing
contexts. Specifically, the framework enables user-LLM conversations, generates
solutions based on domain knowledge, and allows for solution visualization and
validation.

De La Rosa et al. [130] published a research study on using LLMs for travel planning.
The LLM retrieves information about a given city and generates a route to visit
specified landmarks.

De Zarza et al. [132] published a research study addressing the resolution of problems
in a specific CO domain (financial and budget optimization). The LLM is used to
provide domain-specific advice to the user.

Dhanaraj et al. [140] published a research study on integrating human preferences
into task scheduling for human-robot teams using Constraint Programming (CP) and
LLMs.

Doan [154] published a research study on the topic of recognizing optimization
entities. The LLM is used to recognize such entities from problem descriptions
expressed in NL.

Elhenawy et al. [169] proposed a research study on solving the Traveling Salesperson
Problem (TSP) using LLMs. Differently from other studies, this one uses the visual
capabilities of LLMs.

Fan et al. [171] published a literature review exploring the integration of Artificial
Intelligence (AI) within the Operations Research (OR) process, focusing on enhancing
various stages such as parameter generation and model formulation.

Freuder [185] published a position paper discussing the role of LLMs in constraint
satisfaction problems, where traditionally a crucial component is the dialogue
between an optimization expert and a domain expert. The LLM is used to replace the
optimization expert.
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¢ Gangwar and Kani [188] published a research study describing a method to translate
NL descriptions into LP problem formulations.

* Ghiani, Solazzo, and Elia [198] proposed a research study on using LLMs to integrate
stakeholders” preferences in decision-making processes. The methodology is applied
to a last-mile delivery problem, and the LLM is used in two ways: to act as a
construction heuristic and to set the weights of the optimizer (i.e., parameter tuning).

¢ P-F. Guo et al. [207] published a research study on using LLMs to generate solutions.
Specifically, the LLM is asked to mimic the behavior of well-known algorithms, such
as Hill Climbing (HC).

¢ Hao, Zhang, and Fan [211] published a research study on using LLMs in planning.
Specifically, LLMs are used to recognize entities, formulate the model, generate code,
and catch errors.

* Hao Chen and Li [212] published a research study on the usage of LLM in detecting
model infeasibility. The LLM is used to provide NL descriptions of the optimization
model itself, identify potential sources of infeasibility, and offer suggestions to make
the model feasible.

¢ Heetal. [215] published a research study describing a method to generate LP problem
formulations from NL descriptions. The LLM automates the transformation of text-
based LP problem descriptions into structured formats, including entity recognition
tasks.

* Y. Hu et al. [226] published a research study on finding solutions for graph-related
problems. Additionally, an explainability layer is included to outline the reasoning
process.

¢ B. Huang et al. [227] published a research study on using LLMs to generate solutions
for COPs. The experiments are conducted on the TSP.

¢ C. Huang et al. [228] published a research study proposing a tool called OR-Instruct,
used to create synthetic data tailored to optimization modeling. They test the
approach by developing the IndustryOR dataset.

¢ S.Huang et al. [230] published a literature review exploring the integration of LLM
and optimization, considering both the perspective of LLM for optimization and
optimization for LLM. The LLM is used as a black-box optimization search model or
to generate optimization algorithms.

* Y. Huang et al. [232] published a research study proposing an optimization framework
based on LLMs in the context of Capacited Vehicle Routing Problem (CVRP). The
LLM is used to generate solutions using textual and visual prompts.

¢ Huang, Shi, and Sukhatme [233] published a research study addressing a specific
class of COPs, the Vehicle Routing Problems (VRPs). The LLM is used to generate
Python code from NL descriptions.
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* Jang [238] published a research study introducing a method to generate LP problem

formulations. The LLM is used to translate NL description into LP formulation with
entity recognition.

C. Jiang et al. [241] published a research study on using LLMs in an end-to-end
approach: the LLM generates solution code directly from NL problem descriptions.

Jiang, Xie, and Luo [242] published a research study on using LLMs as optimizers,
i.e., generating solutions in the context of planning.

Jin et al. [244] proposed a research study on using LLMs for problem formulation
and code generation in the context of energy management.

Jobson and Li [245] published a research study on using LLMs to create feasible
schedules for conferences. The LLM either groups presentation titles or generates
solutions.

D. Juetal. [247] published a research study on using LLMs for travel planning. LLMs
recognize entities, create a corresponding MILP model, and solve the code.

Khan and Hamad [253] published a research study investigating LLMs'’s capabilities
in solving COPs. Specifically, LLMs either generate code or produce solutions. The
study considers the TSP, the assignment problem, the transportation problem, and
the shortest path problem.

Kikuta et al. [254] published a research study introducing a framework designed to
explain the decision-making process for a certain class of problems. The LLM is used
to explain the influence of each route edge and integrate counterfactual explanations.
The COP addressed is the VRP.

Lai et al. [277] reviewed the literature on LLMs regarding their mathematical capabil-
ities and briefly discussed their applications in CO, along with math word problems,
geometry problems, and theorem proving.

Lawless et al. [282] published a research study on using LLMs to decide which cutting-
plane strategy to use, thus assisting the MILP solver in choosing the appropriate
parameters.

Lawless et al. [283] published a research study introducing a hybrid framework that
integrates LLMs with CP to enable interactive decision support. The LLM is used
in the preference elicitation phase to translate user input into structured constraint
functions that the CP model can understand. The COP addressed is the Meeting
Scheduling Problem, a specific Constraint Satisfaction Problem (CSP).

Li et al. [287] published a research study investigating the usage of LLM for reasoning
about supply chain optimization. The LLM translates human queries into code,
which is then utilized by an optimization solver. The final answer is returned via the
LLM.
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e Lietal. [288] published a research study on using LLMs to generate solutions for
a travel planning problem. The solutions are evaluated and validated with user
feedback.

¢ Li, Zhang, and Mak-Hau [290] published a research study describing a method for
synthesizing MILP models directly from NL descriptions. The LLM is used in the
initial modeling phase to identify and classify decision variables and constraints.

¢ S. Lietal. [292] published a research study on generating MILP codes (and instances)
with LLMs to train learning-based methods. The pipeline is called MILP-Evolve.

¢ Lietal. [295] published a research study on reasoning with graphs and networks.
LLMs are used for knowledge extraction, entity recognition, and code generation in
Python.

e F Liu et al. [301] published a research study on automating the design of search
operators within multi-objective evolutionary procedures. The LLM is used to
generate new individuals for each subproblem within the decomposition approach.

¢ F. Liuetal. [302] published a research study on the usage of LLM in automatic heuristic
design. The LLM is used to generate and evolve heuristic algorithm components,
tested on TSPs, Permutation Flowshop Scheduling Problem (PFSP), and online Bin
Packing Problem (BPP).

¢ F. Liuetal. [303] published a research study on automatically generating optimization
algorithms through an evolutionary framework. The LLM creates the initial solu-
tions—each individual represents an algorithm—and applies mutation and crossover.
The COP addressed is the TSP.

¢ F Liuetal. [304] published a literature review on using LLMs for algorithm design,
including optimization algorithms.

¢ F. Liu et al. [305] published a research study on algorithm design (heuristic code gen-
eration in Python), comparing results with other approaches such as FunSearch [415].

¢ S. Liu et al. [309] published a research study investigating LLMs as evolutionary
combinatorial optimizers. A LLM selects parent solutions from a given population,
performing crossover and mutation to generate offspring. The COP addressed is the
TSP.

* Y. Liuetal. [311] published a research study investigating the integration of LLM in
a delivery route optimization problem (a variation of the TSP). The LLM is used to
gather knowledge regarding delivery patterns.

¢ Longetal.[314] published aliterature review on Network Operations and Performance
Optimization, discussing potential roles for LLMs.

* Mao et al. [329] published a research study investigating the usage of LLM to enhance
evolutionary procedures for identifying critical nodes in a graph. The LLM crosses
and mutates given functions to generate new code snippets.
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Martinek, Fukasik, and Gandomi [335] proposed a research study in which LLMs
are used to set Metaheuristics (MHs) parameters, tested on the TSP and the Graph
Coloring Problem.

Michailidis, Tsouros, and Guns [343] proposed a research study examining LLMs
from entity recognition to solution generation. In the context of entity recognition,
the authors used Ner4Opt [123].

Mo et al. [349] published a research study on generating solutions using LLMs in the
context of planning.

Mostajabdaveh et al. [357] published a research study analyzing the capabilities of
LLMs in CO compared to human experts. A benchmark dataset called ORQUA
is introduced, evaluating LLMs by asking them to answer questions based on NL
problem descriptions.

Mostajabdaveh et al. [358] published a research study on using LLMs in an end-to-end
optimization process, where the LLM generates solution code from NL problem
descriptions.

Nana Teukam et al. [360] published a research study introducing a framework for
optimizing enzymes. The LLM learns relationships between amino acid residues
linked to structure and function, which are then used as input for an evolutionary
search procedure aimed at improved catalytic performance.

Ning et al. [366] published a research study on recognizing optimization entities and
providing LP problem formulations. The LLM is used to identify these entities from
NL problem descriptions and to generate the LP model.

Obata et al. [367] proposed a research study on integrating LP and Dependency
Graph approaches with LLMs for robot planning tasks.

Pallagani et al. [380] proposed a review on the applications of LLMs in planning,
including language translation, plan generation, model construction, multi-agent
planning, interactive planning, heuristic optimization, tool integration, and brain-
inspired planning.

Ramamonjison et al. [402] published a research study to recognize entities and
generate LP formulations from NL descriptions of LP problems.

Ramamonjison et al. [403] published a technical report on the Natural Language for
Optimization Modeling (NL4Opt) competition, describing tasks, datasets, metrics for
evaluation, and competition statistics.

Régin, De Maria, and Bonlarron [407] proposed a research study introducing GenCP,
a framework combining CP with LLMs to handle structural constraints, including
the semantic meaning in text generation.

Reinhart and Statt [409] proposed a research study on using LLMs to generate
solutions for macromolecule design. The LLM was also used to explain or justify the
proposed solution.



G.2. DESCRIPTION OF INCLUDED STUDIES 331

¢ Romanko, Narayan, and Kwon [414] published a research study evaluating LLM
stock-picking capability. The LLM is used to generate financial assets (solutions) for
which a Mean-Variance Cardinality-Constrained Portfolio Optimization Model is
computed.

* Romera-Paredes et al. [415] published a research study proposing a new evolutionary
procedure. The LLM is integrated to find new solutions and heuristics for COPs by
evolving the code of an initial program skeleton at each step. The COPs addressed
are the Cap Set problem and online bin packing.

¢ Sakaetal. [421] published a literature review investigating the usage of Generative Pre-
trained Transformer (GPT) models in the Architecture, Engineering, and Construction
Industry (AEC) industry. The review identifies opportunities, evaluates limitations,
and validates a LLM use case for solution generation in AEC.

® Chacon Sartori et al. [88] published a research study proposing a tool called Op-
tiPattern. The LLM extracts knowledge from instances and integrates it into the
MH (Genetic Algorithm (GA)) process. The methodology is applied to a network
problem.

¢ Srivastava and Pallagani [441] published a position paper on the application of LLMs
to planning and scheduling.

¢ Sui et al. [447] published a literature review addressing deep learning methods for
the TSP, which also mentions the role of LLMs.

* Sun et al. [448] presented a research study on leveraging LLMs to solve SAT problems
through a framework called AutoSAT. The framework automatically selects and
optimizes heuristics within a predefined search space, building on conflict-driven
clause learning solvers.

¢ Tran and Hy [464] published a research study on using LLMs in protein design. The
LLM generates feasible solutions from incomplete ones, acting similarly to a repair
operator in Large Neighborhood Search (LNS)

¢ Tsouros et al. [467] published a research study introducing a framework for translating
NL descriptions into CP. The LLM is used to produce executable code that can be
run and debugged.

¢ Tupayachi et al. [469] published a research study on applying LLMs to domain
knowledge and entity recognition. Specifically, the LLM builds knowledge graphs on
the problem at hand (e.g., transportation networks).

¢ Ustyugov [472] published a research study on using LLMs for parameter tuning.
Their methodology leverages BERT-based embeddings to predict solver parameters
for MILP problems, aiming to automate and improve efficiency in Gurobi.

¢ Stein, Vermetten, and Back [444] published a research study on integrating LLM-
generated code with parameter tuning. The code is generated via LLaMEA [442], and
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the tuning is performed using SMAC [298]. While LLaMEA was originally designed for
black-box optimization, this study also addresses CO (TSP and online bin packing).

Voboril, Ramaswamy, and Szeider [479] proposed a research study introducing
StreamLLM. The LLM enriches existing CP code in Python with additional constraints,
aiming to reduce the search space.

Wang, Chen, and Zheng [486] published a research study on the topic of recognizing
optimization entities. The LLM identifies such entities from NL problem descriptions.

Wang et al. [491] published a research study on using LLMs as optimizers, i.e.,
generating solutions for drone placement.

Wasserkrug et al. [493] published a position paper advocating for introducing LLMs
into CO to democratize optimization practices, helping non-experts across different
sectors.

Wu et al. [502] published a literature review on vehicle routing, noting LLMs among
other deep learning methods for TSP.

Wu et al. [500] published a literature review on the intersection between LLM and
evolutionary computation, offering insights on possible research directions.

Wu et al. [501] published a research study on using LLMs for algorithm selection.
More specifically, the LLM extracts features related to the underlying optimization
algorithms.

Z. Xiao et al. [505] published a research study introducing a multi-agent framework
that automates the translation of problem descriptions into mathematical formulations
and executable code. The LLM formulates models from NL descriptions and generates
runnable code.

C. Yang et al. [508] published a research study on LLMs as optimizers. The LLM
generates candidate solutions based on the problem description and previously
evaluated solutions in the meta-prompt. The COP addressed is the TSP.

Z.Yang et al. [509] proposed a research study on using LLMs for entity recognition
and Python code generation. The final LLM output also includes the solution, though
not directly computed by the LLM. Two datasets, Optibench and ReSocratic-29k, are
introduced.

Yao et al. [510] published a research study on generating code that balances two
objectives: efficiency of the code and the quality of solutions generated by it, tested
on TSP and online bin packing.

Yatong, Yuchen, and Yugqi [511] published a research study on generating heuristic
code for task scheduling in edge servers.

Ye et al. [512] published a research study on integrating LLM into hyper-heuristics
generation. The LLM is used to generate heuristic algorithms in Python, tested on
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well-known COPs like TSP, CVRP, Orienteering Problem (OP), Decap Placement
Problem (DPP), Multiple Knapsack Problem (MKP), and BPP.

* You et al. [513] published a research study on a domain-specific COP (robot task
sequencing). The LLM is used as a black-box optimizer.

* Yuand Liu [514] published a research study on the usage of LLMs for robust network
design. The LLM generates heuristic code.

* Yuand Liu [515] published a position paper on the evolution of optimization toward
automation, mentioning the integration of LLMs.

¢ J. Zhang et al. [519] published a research study proposing OptLLM, a system
that accepts user queries in natural language, converts them into mathematical
formulations and programming code, and calls solvers for decision-making. OptLLM
supports multi-round dialogues to iteratively refine modeling and solving.

* R. Zhang et al. [520] published a research study on automated heuristic design (code
generation). Results are compared with ReEvo [512] and FunSearch [415].

® Zhao et al. [524] published a literature review on optimization-based task and motion
planning within a domain-specific CO. The review discusses how LLMs might
generate domain knowledge and goal descriptions for planning methods.
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G.3 C(Classification of Studies by Optimization Process Step

This appendix provides a breakdown of the identified studies with respect to the opti-
mization process (Table G.1). Columns display the general tasks (e.g., problem modeling),
further divided into activities (e.g., domain knowledge). Furthermore, we report the
optimization paradigm (e.g., CP) and technical details on the implementation (i.e., pro-
gramming languages and commercial solvers). Each row groups together studies that
share the same characteristics. The checkmark symbol (v') identifies whether a study
performs/is related to the column item.



Table G.1: Classification of the studies by Combinatorial Optimization task within the optimization process.

Studies Prob. Mod. Sol. Meth. Ben. Valid. Models/ Algorithms Types Prog.Lang.  Lib./ Solv.
. [= 2
=& 0§ g8 2 . 2 B S £ £ 3
SEEEEEEE S = s 232 .
S & 2835 % 52325588 2Es5338¢8 2% 3
[132, 311, 524] v
[88] v v
[130] v v
[245] v v v
[17, 469] VR
[119] v v v v v
[140] v vV v CP-SAT
[295] VR v Python
[154, 486] v v
[233] v v v Python
[290] v v v
[12, 215, 238, 366, 402] v v v
[367] v v v v
[467] v v v v Python CMPy [205]
[247] v v v v
[358] v v v v v v v Zimpl
[211] v v v v v v' Python MST, Gurobi
[10, 11, 241, 509] VARV v v Python
[519] v v Vv v v v v v MAPL code MindOpt
[343] v vy v v Python CMPy [205]

Continued on next page
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Table G.1: Classification of the studies by Combinatorial Optimization task within the optimization process (continued).

Studies Prob. Mod. Sol. Meth. Ben. Valid. Models/ Algorithms Types Prog. Lang.  Lib./ Solv.
. c 50 @
I S-S B . g
g g & ¢ O 5 % I 3 5 &
g 2 O 3 ¢ 2 . < =2 5 = =
= — 3 : Q¥ 5 3 s — ko =
- T T O B = = 8 % %
E 2 2 8 2 E ® T Z 2 % o .o =2 3L <« < < O 5 I %
A E = Jd & & < @4 % # = 0 42 & =2 & 2 4d Jd O =2 Z2 =2 &
[407] v
[228] v v v v v v v Python coptpy
[244] v v v Python CVXPY [152]
[253] v v Python
[198] v v v v
[226, 409] v v
[169] v v v v
[472] v v
[288] v v
[58, 103, 207, 227, 232, v
242, 349, 421, 464, 491,
508, 513]
[335] v v v Python Mealpy
[282] v v
[99, 305, 510, 511, 514, v v Python
520]
[448] v v C++
[292] v v Python
[444] v v Python
[60] v v Python
[501] v

Continued on next page
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Table G.1: Classification of the studies by Combinatorial Optimization task within the optimization process (continued).

Studies Prob. Mod. Sol. Meth. Ben. Valid. Models/ Algorithms Types Prog. Lang.  Lib./ Solv.
. c 50 ®
5 3 e £ 5 2 =
g g5 £ ¢ 8 5 3 I g g
c & O g g 85 2 o < 22 £ g 5
= —_ 3 g 4 S k7 =y
ez 2 22 E Y E S OZ O3 & E e 8 % X
E§ E g B £ £ ®» & 3 2 & a p A~ 2 3 & « < < Q § E &
A g = 0 v & < @ 5 & 2 U 3 4 =2 T &I g U O =2 2 = &
[1,188] v v
[505] v v v v v Python Gurobi [208]
(gurobipy)
[283] v o v Python
[303, 415] v v Python
[512] v v Python
[287] v v Python Gurobi [208]
(gurobipy)
[329] v v Python
[20] v v MiniZinc
[302] v v Python
[21] v v Python CMPy [205]
[479] v v Python MiniZinc
[414] v v Python CVXPY [152]
[309] v v
[301] v v v Python PyMoo [52]
[360] v v Python GT4SD [326]
[254] v
[91] v R/Web Int.
[212] v v Python Gurobi [208]
(Pyomo [214])
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G.4 C(lassification of Studies by Large Language Model Architec-
ture

This appendix provides the analysis of the retrieved studies in terms of LLMs (Table G.2).
We categorize each LLM by its architecture, the tasks it was employed for, its release
date, evaluation metrics, and corresponding studies. The table also highlights the access
type (F/P, indicating free or paid) and source availability (0/C, indicating open or closed).
Overlapping naming conventions often create confusion, as the same term can refer to both
a general architecture and specific models. Additionally, it is sometimes unclear whether
researchers fine-tuned a model directly or used a version adapted for conversational
purposes. When researchers did not specify the exact model in their studies, we refer to
the base architecture and denote it with the keyword Family, as is commonly done with
GPT-4.



Table G.2: Classification of studies by the role of 70 LLMs in combinatorial optimization tasks. The F/P column indicates free or paid access type, while 0/C

denotes open or closed source availability.

Architecture LLM Date Task E/P O/C  Metrics Studies
Problem Modeling, Solution ; =
T5-Base 10/2009 F o / [103, 215]
T5 [401]
CodeT5-finetuned_CodeRL [284]  07/2022 Problem Modeling, Solution F o Training Loss, Success Rate, Correct- (1]
Method ness
BART-Base 10/2019 Problem Modeling F (@] Accuracy [188, 402]
BART [286]
BART-Large 10/2019 Problem Modeling F (@) Accuracy [188, 238]
UnixCoder [206] UnixCoder 03/2022 Solution Method F O PAR10 [501]
Text-Davinci-Edit-001 07/2022 Solution Method P C / [20]
Text-Davinci-003 1172022 Droblem Modeling, Solution C  Accuracy [20, 283, 287]
Method
Problem Modeling, Solution # API Call Rate, API Mismatching Rate, [11, 60, 119, 519
GPT-3.5 (Family) 11/2022 Method, Benchmarking, Vali- P C Error Raise Rate, Throughput, Average at L
) ’ 520]
dation Travel Time, GAP
GPT-3.5[62] ChatGPT 3.5 11/2022 Problem Modeling F C Accuracy [290]
ChatGPT 3.5-Turbo 11/2002 ~ Lroblem Modeling, Solution 1, c / [301, 303, 508]
Method
. X Accuracy, Hypervolume, Inverted Gen- -
: 305, 505, 509—
GPT-3.5-turbo 11/2022 Problem Mc.)del.mg, Solution P C erational Distance, Compile Error Rate, [302, 305, 505, 50
Method, Validation K 512]
Runtime Error Rate
GPT-3.5-turbo-0613 06/2023 Problem Modeling, Solution P C F1, ANC, Rank, Uncertainty, Policy [12, 207, 309, 329]

Method

Metric, Goal Metric

Continued on next page
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Table G.2: Classification of studies by the role of 70 LLMs in combinatorial optimization tasks. The F/P column indicates free or paid access type, while 0/C
denotes open or closed source availability (continued).

Architecture LLM Date Task E/P O/C  Metrics Studies
GPT-3.5-Turbo-1106 11/2023 Solution Method P C Correctness, Output Consistency [227]
Accuracy, Feasibility, Optimality, Effi-
ciency, ROUGE [296], BERTScore [521],
. . Completeness, Homogeneity, No API  [1, 11, 60, 119, 130,
Problem Modeling, Solution . . )
. - . Call Rate, API Mismatching Rate, Er- 212, 233, 244, 245,
GPT-4 (Family) 03/2023 I(:I/Iet.thod, Benchmarking, Vali- P C ror Raise Rate, Throughput, Average 283, 287, 469, 508,
auon Travel Time, Code Compilation Suc- 509, 519, 520]
cess, Debugging Success Rate, and
Code Generation Efficiency
ChatGPT 4 03/2023  Lroblem Modeling, Solution C  Macro-F1 Score, Time [17,254, 414, 513]
Method, Benchmarking
GPT-4-0613 06/2023 PMrZ’:Dhls? Modeling, Solution P C F1, Correctness, Output Consistency [12, 132, 227]
; : [91, 253, 303, 394,
GPT-4-Turbo 11/2023 Problem Modeling, ASOlutIOH P C Score
Method, Benchmarking 491, 512, 514]
GPT-4-Vision-Preview 12/2023 Solution Method P C / [232]
GPT-4 [374] GPT-40 05,2024 Problem Modeling, Solution P C Execution Rate, Solving Accuracy, Av-  [10, 88, 211, 241,
Method, Validation erage Solving Times 253,292,349, 479]
Problem Modeling, Solution Accuracy, Consistency, Stability, Solu-
ChatGPT-40 05/2024 Method, Benchmarking, Vali- P C tion Consistency, Constraints Robust-  [169, 198]
dation ness, Runtime Efficiency
GPT-40-2024-05-13 05/2024 Solution Method P C / [444]
ChatGPT-4-Turbo 07/2004  [roblem Modeling, Solution 1, c [226]

Method

Continued on next page
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Table G.2: Classification of studies by the role of 70 LLMs in combinatorial optimization tasks. The F/P column indicates free or paid access type, while 0/C
denotes open or closed source availability (continued).

Architecture LLM Date Task E/P O/C  Metrics Studies
GPT-40-mini 07/2024 Solution Method P C / [226, 295, 305, 491]
ChatGPT-40-mini 07/2004  Lroblem Modeling, Solution c / [226]
Method
GPT-40-2024-08-06 08/2024  Solution Method P ¢ Solved Instances, Penalized Average o)
Runtime
Bard 05/2023 Problem Modeling F C Accuracy [290]
Codey 05/2023 Solution Method P C / [415]
PaLX 2 [202] PalLM 2-L 05/2023 Solution Method P C Accuracy [508]
PalLM 2-L-IT 05/2023 Solution Method P C Accuracy [508]
Text-Bison 05/2023 Solution Method P C Accuracy [508]
LLaMa 2 (Family) 07/2023 Solution Method F O Accuracy [103]
Problem Modeling, Solution F1, Throughput, Average Travel Time,
LLaMa 2-7b 07/2023 Method, Benchmarking, Vali- F O No API Call Rate, API Mismatching  [12, 119]
dation Rate, Error Raise Rate
LLaMa 2 [19 Problem Modeling, Solution Throughput, Average Travel Time, No
ala 2 [193] LLaMa 2-13b 07/2023  Method, Benchmarking, Vali- ~ F O APICall Rate, API Mismatching Rate, [119]
dation Error Raise Rate
LLaMa 2-13b-Chat 07/2023 Solution Method F (@) Correctness, Output Consistency [448]
CodeLlama [460] 08/2023  Solution Method F o / [60, 302, 520]

Continued on next page
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Table G.2: Classification of studies by the role of 70 LLMs in combinatorial optimization tasks. The F/P column indicates free or paid access type, while 0/C
denotes open or closed source availability (continued).

Architecture LLM Date Task E/P O/C  Metrics Studies
) Problem Modeling, Solution e -
CodeLlama-Instruct [460] 08/2023 Method, Validation F O Accuracy, Feasibility, Efficiency [60, 358]
Tulu-v2-dpo-7b [192] 11/2023 Benchmarking F O Score [91]
. Problem Modeling, Solution ,
Mistral-7B 09/2023 Method F O Accuracy, Pass@K [228]
. Problem Modeling, Solution
Mistral [239 -7B- 468 8 -
[239] Zephyr-7B-beta [468] 10/2023 d, Validation F o / [358]
Le Chat 07/2024 Problem Modeling P C / [335]
Quenl.5-14B 10/2023 Problem Modeling, Solution F o Execution .Rate,' Solving Accuracy, Av- [241]
Method erage Solving Times
Qwen [398] Qwen-Turbo 08/2024  Solution Method F o/ [305]
Qwen (LoRA Fine-Tuned) 08/2024  Lroblem Modeling, Solution c [519]
Method
- Problem Modeling, Solution o L -
Gemini 1.0 Pro 12/2023 Method, Validation P C Feasibility, Optimality, Efficiency, F1 [233, 302]
Gemini 1.5 Pro 02/2024 Problem Modeling P C / [58]
Gemini [458]
Gemini 1.5 Flash 02/2024 Problem Modeling P C / [58]
Gemini 2.0 Flash 08/2024 Problem Modeling P C / [335]
Gemini 2.0 Pro 08/2024 Solution Method P C / [227]
Mixtral-8x7b-instruct-v@.1 01/2024 Benchmarking P C Score [91]

Mixtral [240]

Continued on next page
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Table G.2: Classification of studies by the role of 70 LLMs in combinatorial optimization tasks. The F/P column indicates free or paid access type, while 0/C
denotes open or closed source availability (continued).

Architecture LLM Date Task F/P O/C  Metrics Studies
Mixtral-8x22B 07/2024 Problem Modeling, Solution P C / [85]
Method
DeepSeek-LLM-7B-Base 01/2024 Solution Method P C / [302]
DeepSeek-Math-7B [429] 06/2024  Lroblem Modeling, Solution C  Accuracy, Pass@K [228]
Method
DeepSeek [134] DeepSeek-Coder-33B 07/2024 Solution Method P C / [99, 520]
. Problem Modeling, Solution
- 35 5 0
DeepSeek-V2 [135] 08/2024 Method P C / [509]
DeepSeek-Coder-V2 [136] 08/2024 Solution Method P C / [511]
Accuracy, Solution Quality, # Good
ol Mo, Sluon
Claude 3.5 [24] Claude 3.5 Sonnet 06/2024  Method, Benchmarking, Vali- P C o y, Stabrity, [211, 409, 479]
. Prompt Sensitivity, Stochastic Variabil-
dation . . .
ity, Constraints Robustness, Runtime
Efficiency
Problem Modeling, Solution _
Claude 3.5 Opus 06/2024 Method P C / [88, 520]
Claude 3.5 Haiku 06/2024 Solution Method P C / [305]
Claude-3.5-Sonnet-20241022 10/2024 Solution Method P C / [242]
Cohere [13] Command-R+ 06/2024  Lroblem Modeling, Solution c / [88]

Method

Continued on next page

HINIDALIHOYY THAOW ADVNDNVT ADIVT A9 SHIANLS 40 NOILLVOIAISSVID 7D

1943



Table G.2: Classification of studies by the role of 70 LLMs in combinatorial optimization tasks. The F/P column indicates free or paid access type, while 0/C
denotes open or closed source availability (continued).

Architecture LLM Date Task F/P O/C  Metrics Studies
LLaMa 3-70B 07,/2024 E;bhl;n Modeling, Solution o / [10, 247, 509, 512]

LLata 3 (0] LLaMa 3-8B 082024 i’/i‘;)tblj(e);n Modeling, Solution F o ﬁ;f:g;}g fg:tlfilation Error Rate, Run- [225]
LLaMa 3-70B-Instruct 08/2024 Solution Method F O Accuracy, Pass@K [511]
LLaMa 3.1-8B 08/2024 Solution Method F O / [305]

Quwen2 [399] Qwen2.5-7B 07/2024 f/fgtb;g;“ Modeling, Solution O Accuracy, Pass@K [228]

StarCoder [291] StarCoder2 [318] 07/2024 Solution Method P C / [520]

GLM [164] GLM-3-Turbo 07/2024 Solution Method P C / [305, 511]

OpenCoder [229] OpenCoder-8B-Instruct 07/2024 Solution Method P C / [99]

Yi [461] Yi-34B-Chat 07/2024  Solution Method P C / [305]

Gemma [459] Gemma 2 27B 07/2024 Problem Modeling P O / [58]

InternlLM2 [73] InternlLM2-20B-Chat 08/2024 Solution Method P C Correctness, Output Consistency [227]
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G.5 C(lassification of Studies by Benchmark Dataset

This appendix provides the tabular analysis related to the classification of studies by dataset
(Table G.3). Please refer to Section 17.3 for further context.

Table G.3: Classification of studies by benchmark dataset.

Name Source Studies #
LPWP or NL4Opt Ramamonjison et al. [402] [1,11, 12,154, 188, 215, 228, 238, 241, 16
290, 343, 366, 402, 486, 505, 519]

ComplexOR Z. Xiao et al. [505] [11, 241, 505]

NLP4LP AhmadiTeshnizi et al. [10] and Ah- [10, 11, 241] 3

madiTeshnizi, Gao, and Udell [11]

IndustryOR C. Huang et al. [228] [228, 241] 2
Mamo X. Huang et al. [231] [228, 241] 2
Graphlnstruct Luo et al. [321] [226, 295] 2
Al-copilot-data Amarasinghe et al. [21] [21] 1
Almonacid Almonacid [20] [20] 1
Safeguard, Code Generation =~ Lawless et al. [283] [283] 1
Huang et al. Huang, Shi, and Sukhatme [233] [233] 1
OptiChat Hao Chen and Li [212] [212] 1
Michailidis et al. Michailidis, Tsouros, and Guns [343]  [343] 1
Optibench, ReScratic-29k Z. Yang et al. [509] [509] 1
Mostajabdaveh et al. Mostajabdaveh et al. [358] [358] 1
Zhang et al. J. Zhang et al. [519] [519] 1
SearchBench Borazjanizadeh et al. [60] [60] 1
Juetal. D.Juetal. [247] [247] 1
Talk Like A Graph Fatemi, Halcrow, and Perozzi [172] [295] 1
LLM4DyG Z.Zhang et al. [523] [295] 1
GraphViz N. Chen et al. [97] [295] 1
NLGraph H. Wang et al. [484] [295] 1
GNN-AutoGL Li et al. [295] [295] 1
ORQUA Mostajabdaveh et al. [357] [357] 1
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G.6 Classification of Studies by Application Domain

This appendix provides the tabular analysis related to the classification of studies by
application domain (Table G.4). Please refer to Section 17.3 for further context.

Table G.4: Classification of studies by application domain.

Domain COP/Detail Studies #
Traveling Salesperson [99_, 169, 227, 253, 301-303, 305, 311,
335, 444, 447, 508, 510, 512, 520]
Routing Vehicle Routing [103, 119, 198, 232, 233, 253, 254, 305, 26
502, 512]
Orienteering [512]
Travel [130, 247, 288]
Permutation Flowshop Scheduling [21,302]
. . Meeting and Conferece Scheduling [245, 283]
Scheduling and Planning 14
Server Scheduling [511]
Planning [58, 140, 211, 242, 349, 367, 380, 491,
513]
Network Design [226, 295, 314, 469, 514]
Critical Node Identification [329]
Coloring [335]
Network and Graphs . 10
Social Network [88]
Shortest Path, Assignement [253]
Path Finding [60]
Bin Packing [99, 302, 305, 415, 444, 510, 512, 520]
Packing 8
Multiple Knapsack [512]
Cap Set [415]
Admissible Set [520]
Combinatorics 4
Puzzles [60, 343]
Subset Sum, Sorting, Under-determined Systems [60]
Construction [421]
Engineering Circuit Design [512] 3
Energy Management [244]
Finance Portfolio Optimization [17, 132, 414] 3
Bioinformatics Enzyme Design [360, 409, 464] 3
Supply Chain Warehousing [287] 1
Strings Text Generation [407] 1




Appendix H

Chapter 18: Additional Material

This appendix provides additional material w.r.t. Chapter 18. Specifically, Section H.1
reports complete results of the Mean Absolute Error (MAE) for the case of features probing
and Section H.2 reports the complete statistical tests conducted on algorithm selection
probing.

H.1 Feature Probing Results

Tables H.1 to H.4 report the MAE values obtained for each problem, representation, and
feature complexity level, comparing the performance of direct querying and probing.
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Table H.1: Direct Querying and Probing MAE per Representation. Data represent the mean MAE
over different pooling strategies and feature complexities for probing methods for BPP.

Complexity

Representation Regressor Pooling o) ® °
standard LinearRegression mean 116.40 62.44 61.56
max 42440 23291 23253

last 512.41 271.10 272.45

MLP mean 39.67 11.08 17.00

max 83.04 38.24 25.01

last 84.06 34.21 35.20

LightGBM mean 140.37 75.37 73.52

max 131.02 74.24 71.97

last 183.57 87.63 85.08

Direct Querying 47122 19749 102.77

code-like LinearRegression ~mean 11811  60.22  59.64
max 476.37 260.48 260.41

last 305.86 17294 172.64

MLP mean 80.45 22.55 21.12

max 407.87 45.10 31.61

last 189.94 42.54 33.15

LightGBM mean 154.69 70.27 70.91

max 108.89 63.43 60.90

last 109.45 71.51 68.41

Direct Querying 34.82 70.85 133.32

natural language LinearRegression mean 127.82 70.72 70.13
max 507.07 286.23 287.06

last 493.88 270.37 270.17
MLP mean 123.56 29.23 15.45
max 45750 146.76 86.51
last 113.29 37.11 27.05
LightGBM mean 146.52 75.71 73.81
max 66.67 4776  46.52
last 165.65 96.26  93.12

Direct Querying 298 2733 158.88




H.1. FEATURE PROBING RESULTS 349

Table H.2: Direct Querying and Probing MAE per Representation. Data represent the mean MAE
over different pooling strategies and feature complexities for probing methods for GCP.

Complexity

Representation Regressor Pooling o e °
standard LinearRegression mean 789 — 0.80
max 20.17 — 1.34

last 2055 — 141

MLP mean 13.65 — 1.03

max 21.05 — 1.54

last 1853 — 1.18

LightGBM mean 13.30 — 0.69

max 17.00 — 0.73

last 3644 — 1.39

Direct Querying 91047 — 2289

code-like LinearRegression ~mean 697 — 0.76
max 2417 — 1.30

last 1039 — 1.20

MLP mean 12.77 — 0.86

max 2551 — 1.57

last 1295 — 1.03

LightGBM mean 11.52 — 0.61

max 1830 — 0.77

last 16.85 — 1.08

Direct Querying 1256 — 81.31

natural language LinearRegression mean 542 — 0.73
max 21.70 — 1.21

last 12.64 — 1.30

MLP mean 13.19 — 0.93

max 27.63 — 1.55

last 14.82 — 1.10

LightGBM mean 1211 — 0.66

max 1712 — 0.75

last 2044 — 1.07

Direct Querying 0.00 — 179.94
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Table H.3: Direct Querying and Probing MAE per Representation. Data represent the mean MAE
over different pooling strategies and feature complexities for probing methods for JSP.

Complexity

Representation Regressor Pooling 0 e °
standard LinearRegression ~mean 2.20 68.99 141
max 4.64 23521 13.17

last 396 126.26 5.39

MLP mean 1.32 27.92 1.16

max 1.81 41.59 2.22

last 1.42 31.93 453

LightGBM mean 2.13 37.43 1.31

max 1.04  40.09 1.96

last 3.14 66.71 4.10

Direct Querying 20.53 643.63 18.08

code-like LinearRegression ~mean 137 3568 425
max 449 162.00 21.00

last 341 22.19 497

MLP mean 1.13 19.12 2.22

max 1.87 58.12 411

last 2.21 17.64 3.33

LightGBM mean 1.70 26.34 1.42

max 0.56 21.07 233

last 5.40 22.08 7.64

Direct Querying 0.00 446.61 9.59

natural language LinearRegression mean 1.07 36.24 3.12
max 354 136.68 18.35

last 2.12 50.16 5.28

MLP mean 0.72 24.39 1.82

max 1.23 35.93 442

last 0.89 22.28 2.80

LightGBM mean 1.44 27.42 1.68

max 0.36 24.08 2.30

last 2.18 36.20 5.52

Direct Querying 042 54131 597
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Table H.4: Direct Querying and Probing MAE per Representation. Data represent the mean MAE
over different pooling strategies and feature complexities for probing methods for KP.

Complexity

Representation Regressor Pooling o) ® °
standard LinearRegression = mean 131,555.59 86.97 6.55
max 201,199.19 159.87 24.13

last 372,968.87 234.50 34.14

MLP mean 142,425.52 51.74 7.44

max 148,486.27 69.17 14.43

last 141,177.30 79.54 16.26

LightGBM mean 89,572.79 56.54 8.98

max 74,578.54 62.44 11.82

last 122,960.37 76.68 15.49

Direct Querying 261,452.48 24,747.88 341.84

code-like LinearRegression ~mean 158,325.85 108.73 10.47
max 150,884.66 171.30 33.16

last 144,934.26 125.84 17.98

MLP mean 143,555.46 66.49 10.16

max 152,150.76 74.78 15.80

last 147,047.79 72.36 13.65

LightGBM mean 101,037.26 62.95 9.67

max 48,281.40 61.16 13.57

last 116,287.68 75.78 15.56

Direct Querying 9,331.44 583,906.78 381.53

natural language LinearRegression mean 101,070.45 74.95 6.25
max 170,965.33 171.01 35.50

last 123,168.13 145.55 25.38

MLP mean 148,950.19 69.63 9.25

max 153,472.86 81.83 20.94

last 140,138.80 76.12 17.53

LightGBM mean 90,946.86 64.42 9.79

max 62,731.61 65.14 14.98

last 81,936.02 79.98 20.10

Direct Querying 3,968.89 6,984.98 259.40
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H.2 Complete Set of Statistical Analysis Tables

This section reports the full results of the mixed linear models used to assess the effects of
classifiers, feature representations, and pooling strategies on accuracy. All models include
random intercepts for group-level variability, with fixed-effect estimates reported alongside
standard errors, z-statistics, p-values, and 95% confidence intervals.

e Table H.5 summarizes classifier effects.
¢ Table H.6 compares ISA-based and handcrafted features.

¢ Table H.7 presents the full factorial model including representation and pooling
factors.

¢ Table H.8 reports the comparison between ISA and LLM-based standard representa-
tions using the LightGBM classifier.



Table H.5: Mixed linear model for classifier effects (accuracy ~ C(classifier, Treatment(reference='MostFrequentClassifier’))). The analysis is
based on n = 880 observations and g = 20 groups.

Parameter

Coef.  Std.Err. z p-value  [0.025 0.975]

Intercept (MostFrequentClassifier)
Classifier: LightGBM (vs MostFrequentClassifier)
Classifier: LogisticRegression (vs MostFrequentClassifier)

Classifier: MLPClassifier (vs MostFrequentClassifier)

0.699 0.025 28.033 < 0.001  0.650 0.748
0.192 0.006 34402 < 0.001 0.181 0.203
0.149 0.006 26.705 < 0.001  0.138 0.160
—0.011 0.006 —2.011 0.044 —0.022 —0.000

Group variance

0012 (0.067)

Table H.6: Results of the mixed linear model and post-hoc statistical tests comparing ISA-based and handcrafted features, specified as accuracy ~
C(classifier, ref=’LogisticRegression’) + C(representation, ref="hc’). Reported effects include the conditional effects of representation and
pooling, and their interaction. The analysis is based on n = 80 observations and g = 20 groups.

Parameter Coef. Std.Err. z p-value [0.025 0.975]

Intercept (LogisticRegression, Handcrafted) 0.786 0.025 30921 < 0.001 0.737 0.836

Classifier: LightGBM (vs LogisticRegression) 0.091 0.004 22221 < 0.001 0.083 0.099

Representation: ISA (vs Handcrafted) 0.031 0.004 7543 < 0.001 0.023 0.039

Group variance 0.013  (0.255)
Comparison Test Statistic (df) p-value / CI Interpretation
ISA vs Handcrafted LRT x2(1) =40.017 p=2.52x 10710 Significant
ISA vs Handcrafted Tukey HSD Mgigr = 0.0309  pagj = 0.2704, Clgsy, Not significant

ISA vs Handcrafted (¢ = 0.01)

Wilcoxon TOST Mgy = 0.0295

[—0.0245, 0.0863]

Plow = 1.82 X 10712/ Phigh ~ 1, Clgsy =

[—0.0031, 0.0662]

Not equivalent

SHTAVL SISATVNYV TVIILLSIIVIS 40 1dS A1 TdINOD 'TH
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Table H.7: Results of the full factorial mixed linear model and corresponding likelihood-ratio (LRT) comparisons, specified as accuracy ~ C(classifier,
ref="LogisticRegression’) + C(representation, ref=’standard’) * C(pooling, ref='mean’). Reported effects include the conditional effects of
representation and pooling, and their interaction. The analysis is based on n = 360 observations and g = 20 groups.

Parameter Coef. Std.Err. z p-value [0.025 0.975]
Intercept (LogisticRegression, standard, Mean) 0.858 0.027 32.114 < 0.001 0.806 0911
Classifier: LightGBM (vs LogisticRegression) 0.032 0.002 17.763 < 0.001 0.029 0.036
Representation: code-1like (vs standard) -0.006 0.004 -1.532 0.126 -0.013  0.002
Representation: natural language (vs standard) 0.001 0.004 0.242 0.808  -0.007 0.008
Pooling: Last (vs Mean) -0.007  0.004 -1.854 0.064 -0.015 0.000
Pooling: Max (vs Mean) 0.011 0.004 2.795 0.005 0.003 0.018
Representation x Pooling: code-1like x Last 0.005 0.005 1.002 0316  -0.005 0.016
Representation x Pooling: natural language x Last 0.008 0.005 1.433 0.152  -0.003 0.018
Representation x Pooling: code-like x Max -0.007  0.0056 -1.198  0.231 -0.017 0.004
Representation x Pooling: natural language x Max -0.004 0.005 -0.815 0.415 -0.015 0.006
Group variance 0.014  (0.268)

Effect / Comparison Test Statistic (df) p-value Significance

Representation (conditional) LRT x?(6) =21.315  0.00161 Significant

Pooling (conditional) LRT x2(6) = 26.609 0.000171 Significant

Representation x Pooling LRT x?(4) =6.772 0.1485 Not significant

412
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Table H.8: Results of the mixed linear model for the comparison between Instance Space Analysis (ISA) and LLM-standard using LightGBM, specified as

accuracy ~ C(representation, ref=’standard’). The analysis is based on n = 80 observations and g = 20 groups.

Parameter Coef. Std.Err. z p-value [0.025 0.975]
Intercept (LLM) 0.891 0.054 16.440 < 0.001 0.785 0.997
Representation: ISA (vs LLM)  0.008 0.002 3.313 0.001 0.003 0.013

Group variance 0.012

(0.907)

Comparison

Test Statistic

p-value / CI

Interpretation

ISA vs LLM (¢ = 0.01)

Wilcoxon TOST  Mygig = 0.0054  piow = 9.54 x 10717, Phigh = 0.021, Equivalent

Clgs9, = [—0.0039, 0.0244]

SHTAVL SISATVNYV TVIILLSIIVIS 40 1dS A1 TdINOD 'TH
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