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Nonlocal problems with Hardy—Littlewood—Sobolev critical exponent and Hardy
potential
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Abstract. We are concerned with a Brezis—Nirenberg-type problem for a critical Choquard equation, in the sense of
Hardy-Littlewood—Sobolev inequality, and with the Hardy potential in a smooth bounded domain. By exploiting varia-
tional methods, we obtain existence results, which extend to different perturbation terms. Some estimates of independent
interest about a nonlocal minimization problem are also derived.
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1. Introduction

In this paper, we consider the following nonlocal problem:

27 .
au s = ([ gy it 4 ap ). 2 € 0
g |z — yl
Q

u =0, x € 09,

(1.1)

where Q C RN(N > 3) is a smooth bounded domain with smooth boundary 99, 0 € 2, 0 < a <

N-—(N-4),,0< pu<p= (N22)2, 28 = 2]]\\,[:20‘ is the upper critical exponent in the sense of
the Hardy—Littlewood—Sobolev inequality. Moreover, the problem features the so-called Hardy potential.
This potential arises in many physical contexts such as nonrelativistic quantum mechanics, molecular
physics and quantum cosmology (see [17,19,31] ). Since the Hardy potential does not belong to Kato
class ([38]), equation (1.1) can be seen as doubly critical problem, which brings some new difficulties and
analytical challenges, especially with respect to the lack of compactness.

When f(u) = M and o« — N, equation (1.1) reduces to the following elliptic problem:

— 251
—Au— prm = [ul + Au, x € 9, (12)
u(z) =0, x € 01,
where 2* := % is the critical Sobolev exponent. The existence of solution of equation (1.2) for u < f
depends on the spectrum o, of the operator —Au — # with Dirichlet boundary conditions. Jannelli

[30] proved that equation (1.2) possesses at least one positive solution, provided that u € (0, — 1] and
A€ (0,A)orQ=B(0,1)isaball, u € (a—1,1) and A € (A\*, \1), where A* € (0, \1) is a suitable constant
depending on p and A is the first eigenvalue of the operator —Au — # with zero Dirichlet boundary
condition. Ferrero and Gazzola [18] showed that equation (1.2) has at least one positive solution for
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N>4,A>0and A ¢ o,;if u >0, u € (A— 1, 1) there exists A, € o, such that A € (A —S,|Q72/N \)
then equation (1.2) has v pairs of nontrivial solutions, where vy, denotes the multiplicity of A\; and

0 Jen [VulPde — p fox g—zdaj
we Dl 2/2*
eDL2(RN)\{0} (IRN |U|2*dx)

Cao and Han [3] proved that for N > 5, p € [0, i— (32)?] and A € (0, A1), equation (1.2) has a nontrivial
solution. Cao and Yan [6] showed the existence of infinitely many solutions for N > 5, u € [0, i — 4] and
A€ (0,M\). If N >7and p € [0, — 4], Cao and Peng [5] proved that equation (1.2) admits at least
a pair of sign-changing solutions for A € (0, ;). Chen and Zou [11] also considered equation (1.2) and
showed that for N > 7 and p € [0, i — 4], equation (1.2) has infinitely many sign-changing solutions for
A > 0. Furthermore, if A € [A,, \p4+1) for some n > 1, equation (1.2) has a ground state solution. Other
results can be found in [4,7,10,13,15,16,18,23,39] and the references quoted therein. We also refer the
interested reader to [2,8,9,26,29] and the discussion in the sequel concerning the results of (1.2) in the
case of ;1 = 0 where equation (1.1) reduces to the well-known Brézis—Nirenberg problem

—Au=|u* "'+, z € Q,
u =0, x € 0N,

Sy =

(1.3)

which has been extensively studied by many researchers after, particularly, the celebrated papers [2]
carried out by Brézis and Nirenberg.
The nonlocal elliptic equation (1.1) is related to the following nonlinear Choquard equation:

— Au+V(z)u = ( / Mdy)f(u(x)), (1.4)
R

|z —y|®

where 0 < o« < N and F is the primitive of f. Equation (1.4) arises from the study of Bose-Einstein
condensation and can be used to depict the finite range many-body interactions between particles. When
N =3, a =1 and f(u) = u, equation (1.4) was proposed by Choquard [33] as an approximation to
Hartree—Fock theory for a one component plasma and was also introduced by Pekar [37] to describe the
quantum theory of a polaron at rest. See also [1,12,14,20,24,25,32,35,40], and the references therein for
more mathematical and physical background as well as the existence of solutions of equation (1.4).

The appearance of the nonlocal term (|x|_°‘>kF (u)) f(u) gives rise to some mathematical difficulties for

the study of Choquard equation, which has received increasing attention from many authors. Recently,
Gao and Yang in [22] considered equation (1.1) with 4 = 0 and f(u) = Au, that is, the following
Brézis—Nirenberg-type problem of the nonlinear Choquard equation

Au— / dy |u|2 ol 4 hu, € Q,
E (1.5)

u =0, x € 08,

and obtained some existence results corresponding to the well-known results in [2] by exploiting the
concentration properties of the Talenti-Aubin functions and the variational methods. In [22], the com-
pactness of the (PS). sequence associated with (1.5) holds true, provided that ¢ is strictly less than
a threshold value related to the best constant of the Hardy-Littlewood—Sobolev inequality. Moreover,
the authors showed the non-existence of solution by using the Pohozaev identity. Later, they [21] also
established some existence and multiplicity results for (1.5) with g = 0. In [28], the author proved that
(1.5) has infinitely many solutions by applying the truncation method. Yang, Ye and Zhao [42] obtain the
existence and asymptotic behavior of the solutions of (1.5) by using the Lyapunov-Schmidt reduction
procedure. Pan, Wen and Yang [36] consider the qualitative analysis the blow-up solutions of (1.5).
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Guo and Tang [27] consider the following nonlocal problem with Hardy potential

27 .
fAufuL = ( %d”g)hﬁza*l, reRN. (1.6)
@ ) Jz =yl

They proved the existence and symmetry of solutions by developing a suitable version of concentration-
compactness lemma and the moving plane method. Up to a constant, the solutions of equation (1.6) are
the minimizers of the problem:

. S [VulPdee = pt [ oz dac

11
weDL2 (RN {0 Wl () ()2 1/2%7
€D12(EN)\{0} (fRNf %dmd@/)

lz—

SHa =

)

where DV2(RY) = {u € L* (RV) : Vu € L?(RY)}. Assume that u, is a positive solutions of equation
(1.6), define

2—-N x
€ 2 Uy (g)v
then u, . is also the positive solution of equation (1.6). In particular, due to the homogeneity of equation
(1.6), u, - are still the minimizers for Sg, o with

[p.e|® [, () [P |, () P Ao
/ |vu,u s|2d$ - |# dr = £ |x — yra drdy = Sﬁvya +2, (1.7)
RN RN RN

Up,e =

Furthermore, Guo and Tang [27] obtained the asymptotic behavior of the extremal function u,. More
precisely, there exist positive constants C7 and Cj, such that
Cl CQ

= <y, (r) < = 1.
(| VA 4 |/ vE)VE g (|l VP 4 |/ V) VE (18)

where N >3, 0<a<N—(N—-4)y, p<p= (Nf)z,’yz\/ﬁ—l—\/ﬂ—uand'y’:\/ﬁ—\/ﬂ—u.
Our first result is about Sp  and its counterpart on bounded domains, for which we get the following
estimates.

Theorem 1.1. (1) Let N >3, 0<a<N—(N—-4),0<pu<p= %, then Sp.q satisfies

WSM <SHa < WS,
where
S = inf Jox [Vuldz and S,, = in J |Vul*de - P Jan %dw
ueDL2(RN)\{0} (fRN u 2*dx)2/2* Iz weDL2(RN )\ {0} (fRN " Q*dx)z/%

(2) Let N >4, 0<a<N—(N—-4)y. If £ <0, then Sy, () =
any 2, where

WS and is not attained for

2w — 1 [, Yad
SH,a(Q) = inf Jo [Vul*de = Jo 5 .1'1/2* :
HEPVHONOY ([ P gy )

[z—y[™

We next turn to the existence of nontrivial solution to the following equation,
25
gy = ([l
el |z —yl
Q
u(z) =0, x € 09,

w(@) >t 4+ A, € Q,
y)lu(@) (1.9)
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and we obtain the following conclusions.

Theorem 1.2. (1) Let N >3, 0 < a < N and 0 < pu < fi, Then, equation (1.9) has a solution for all
A€ (0,M).
(2) Let N >3, 0 < a < N—(N—-4)1 and 0 < pp < o — 1, Then, equation (1.9) has at least one
nontrivial solution for all X € (0, \1).

For the following critical Choquard equation with superlinear perturbation,

27 .
—Au—ppE = ( Mdy)hﬁza_l + Ml x € Q,

|z —yl®

(1.10)
u(z) =0, x € 01,

our third main result is the following:

Theorem 1.3. Let N >3, 0<a<N—(N—-4);,0<pu<pandl < q<2*—1, Then, equation (1.10)
has at least one nontrivial solution, provided that

oN>2(22%qq+ll)(md)\>O or

o N < 2(2a+q+1)

Satq 1 and A > Ao, for g large enough.

Analogously, we have an existence result for critical Choquard equation with superlinear nonlocal
perturbation.

Theorem 1.4. Let N >3, 0<a < N — (N -4y, 0<pu<pandl <p<2f—1, Then, equation

—Au — 5 = / “d u271+)\/ ulP™l z e,
PR |z — y\" y)| | = )| | (1.11)

u(z) =0, x € 08,
has at least one nontrivial solution, provided that

oN>%and)\>O or

e N < % and X\ is sufficiently large.
Regarding the aforementioned three results, we primarily employ variational methods. Associated with
equation (1.1), we consider the following energy functional

2 2
2d77 [l 4 //‘“ W™ 4 /\/ d
/\vw [ Gt DB gy [ Py,
Q

where F(u) = [ f(t)dt. It follows that the critical points of I are solutions of equation (1.1). In com-
parison Wlth the prev1ous works, the investigation of (1.1) presents significantly enhanced complexity
owing to the synergistic interaction between the critical Hardy term and the upper critical growth of
Choquard-type nonlinear term. It is commonly acknowledged that the key step in addressing critical
problems lies in obtaining a precise critical level associated with the sharp constant Sy, within which
one can prove a local Palais-Smale ((PS) for short) condition. Due to the absence of a specific expression
for the extremal function u,(z), more intricate strategies are demanded to reconcile the competing effects
between the Hardy potential and the nonlocal convolution term. It is worth emphasizing that when p = 0,
Gao and Yang [22] have derived the specific expression for the extremal function wu,(z) of Sg . Their
seminal work provides a foundational reference point for subsequent investigations, yet the generalization
to u # 0 remains an active area of research requiring innovative analytical frameworks. The present study
contributes to this endeavor by the variational approach that systematically accounts for the interplay
between local singular effects and non-local convolution dynamics.
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The paper is organized as follows: In sect. 2, we collect some basic results needed in the sequel, in
Sect. 3 we derive the estimates about the minimization problem and in the last three sections we obtain
the existence results for the different perturbation terms.

2. Notations and preliminary results

Before proving our results, we consider the work space H} () which is the completion of C§°(Q) with
the norm

[lul| :== /|Vu|2dx

Q
For all p € [0, 1), we endow the scalar product of the Hilbert space H = HE (),

(u,v), = /Vqudx —p 2 de
Q

||

2 _ _ Vul2de — |U‘2d
Hu”,u - <'LL,'U> - | ’LL| T H | ‘2 €.
Q

Q

and define the norm

By the Hardy inequality [23]
[ul?

dx < |Vu|?dz, Yu € H,
ER

it is not difficult to derive that the norm || - ||, is equivalent to the usual normal |[ul| = ( [, |Vu|2dx)1/ %,
It is well known that HJ(Q) < LP() continuously for p € [1,2*], compactly for p € [1,2*). Moreover,
write £y, := —A— e |M with 0 < pu < fi := %. Then, according to [15,16], the spectrum o, C (0, +00)
of £, is discrete and each eigenvalue A; (i = 1, 2, ---) is isolated and has finite multiplicity. Moreover,
the smallest eigenvalue \; is simple and \; — co as i — oco.

We will need to make use of the well-known Hardy-Littlewood—Sobolev inequality [34]:

Proposition 2.1. (Hardy-Littlewood—Sobolev inequality) Let t,r > 1, and 0 < o« < N with 1/t + 1/r +
a/N =2, f€ LYRN) and g € L"(RY). There exists a sharp constant C(t,r,N,u) > 0, independent of
f and g, such that

// F@9W) 410y < (t,r, N, )| 11l (2.1)

RN RN

Here, ||f|lt = ( Jan \f|t)1/t. Ift =r = 522 then

C(t,r,N,a) =C(N,«a) = w2

r(Ze)

2
In this case, the equality in (2.1) holds if and only if f = Cg and

g(z) = A(a+ |z — m0|2>

for some A € C,zo € RN and 0 # a € R.
If f(x) = h(z) = wP(x) in (2.1), the following integral

P
[ [ e,
e

RN RN

a—2N
2

@ Springer



85 Page 6 of 24 G. Gu, A. Jevnikar ZAMP

is well-defined provided

2N — « 2N — «
sp=< .
N N -2
240 1= 2NN_ < is called the lower critical exponent and 2} := 21]\\,7__2‘1 the upper critical exponent in the

sense of the Hardy-Littlewood—Sobolev inequality.
By the Hardy-Littlewood-Sobolev inequality, for all v € DM2(RY), we get

Ju(@) [ u(y) P*>
P |a ———————dzdy < C(N, «)

RN RN

P < 400, (2.2)

where C(N, «) is defined as in Proposition 2.1.

3. Estimates

Regarding Sy o, we get the following estimate.

Lemma3.1. Let N >3, 0<a <N —(N—4);,0<p<p=L2" then St o defined in (1) satisfies

1 1
——— 5, < Sgoa < ——7--S5,
C(N, )22 7" = 2™ O(N, )l /2%
where
Vul2d Vul?dz — L)
S = inf fRN |Vl 1;/2* and S, = inf fRN |Vu|*dz ,u’f]1§72f2 €T
ueDL2(RN)\ {0} (fRN u z*dm) u€D1:2(RN)\{0} (f]RN |u|2*dx)

Proof. On the one side, by the Hardy—Littlewood—Sobolev inequality, we have

/ / e eyl yl"

RN RN

/25 1/2% 2
~dady < C(N,a) /= ||ul|z-

Jul?

SC(N,a)l/ZZSgl(/\Vu|2dat—u z |2dm)
RN RN

which implies that
S
C(N,a)t/2a —
On the other side, by (2.2), it is easy to see that

20( —
[ [ PEITWR gy — o013
|z —y|*

2*
RN RN

SH.a-

if and only if
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for some A € R, 29 € RY and 0 # a € R, where U is a minimizer for S. It follows from 0 < p < fi that

\V4 2d _ qu
Sta = inf S (Vulde — p o sz T
u ’ ul?a (z)|u o
eD1V2(RN)\{0} (fR f Jul?a (z)|u(y)]? dxdy)

[z—y[™

f]RN VU |*dx — “f]RN 72 dx
B (fRN Jox |U\2zlingz*{cgy>|23 dxdy)l/%
- C(N L) Jan [VU|dz
(f]RN \U 2*da:)

/2* )

L 7579, where

which means S o < Ve

Jan |VulPda

(fRN |u\2*das) 2/2% "

Therefore Sy < SH,a <

1
) C(N,Ot)l/Z;;
Denote S, (£2) as follows:

Vul?dx — )

SH,a(2) = inf Jo Z| ’ 'uzfﬂ ’
ueDy (Q)\{0 ule(x)|u &

€Dy (2)\{0} (fQ fg‘ | Iwzlll‘gy)\ dxdy)

Regarding Su () we get the following estimate.

125"

S and is not attained

Lemma 3.2. Let N >4, 0<a < N—(N—-4);. If 1 <0, then Sg,o(9)

for any Q, where

_ 1

~ C(N,a)'/?%
) Jen |Vul?dz
in .

weD2 (RN )\ {0 . 2/2*

€ (RN)\{0} (fRN |ul? dx)

Proof. Assume that U(z) = % Let ¢ € C5°(2) be a negative function such that ¢(z) = 1,
14+|xz|?
Vz € B(0,6), ¢(x) =0, Vo € Q\ B(0,29) and 0 < ¢(z) < 1, Vo € Q, where 2§ < [¢] and B(0,3|¢]) C 2

For £ > 0, we define,

2—N T

ue(x) := P(x)U:(z) where Uz () :=¢ 2 U(E)

It follows from [22] that, as e — 0,
/ Vu.2dze = S¥ + O(EN=2) = O(N, a)26v=a) SI%,L +0(eN7?),
/|u 2y = O(e?|1ngl), if N =4,
: O(£?), if N >5,

Q
an

2% 2N —« IN—a 2N —«a 2N—a
//|Us |x_|us )| dxdyZC’(N,OA)%S;*O(€T)ZC(N,04)S 2 fO(gT)

‘ o
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Denote v, (2) = u.(x + 2£), by the invariance by translation of the integral,

|U5 ‘2 ‘u€x+2£ 2
\5I2 fus(@)I"

x> kP

Combining this and p < 0,
’U2
fQ Vo, [*da — MfQ 2zd
(o S et tire dxdy> 12
_ Jo IVue( x)|2dx it Jo [uc(2)|?dx

1/2;
lue ()| ‘us y)|? & *
(fszfn E=T dxdy)

St.a(2)

IN

Now we distinguish the following cases:
(i) In the case N =4,
Jo IVue(2)|*da — it Jo lue(@ )|2dx

(i o e 0% 1) 12

S? +0(e? ) + 0(52| Inel)

- (CV,)5%5* ~ o))"
<1 s
C(N,a)s==

SH,(X(Q) S

(ii) In the case N > 5,
Jo IVue(@)Pde — thz [q lue(@)?dx

u-(z 2 Ue 2 1/23
(fg J’QI < (2)[25 |ue (y) |25 dmdy)

le—y|=
S2 4+ 0(eN72) + 0(£2)
2N—«o N-a 1/2z,
(C(N,)s%7 — 0(=*'7%))
- 1
~ C(N,a)l/2
Thus, Sg,o(Q) < 5. We deduce from [22] and p < 0 that %/235 < SH,o(). Then

1
= C(N,a)'/?& C(N,a)
St,a(Q) = WS Moreover, the infmum Sy o(£2) cannot be attained because such a minimizer

IN

S.

would contradict the fact that S is never achieved except when Q = R, g

4. Linear perturbation

In this section, we consider the existence of the solutions to the following equation

u(y)|? "
—Au(x) — Wz = ( [u(y)| dy)|u|2a71 + Au, x € £,

|z —yl|*

(4.1)
u(z) =0, x € 00
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The energy functional corresponding to (4.1) is

T(u) = /|V|2d~ :“I ~/||2
Q

It is not difficult to check that the functional Z satisfies the Mountain—Pass Geometry, that is

d:cdy.
Iw - yl“

Lemma 4.1. The functional T has the mountain pass geometry:

(1) There exist B, p > 0 such that Z(u) > 8 whenever ||u]| = p.
(2) There is an e € HE(Q) with |le|]| > p such that Z(e) < 0.

Proof. (1) By 0 < u < i, the Sobolev embedding and the Hardy-Littlewood-Sobolev inequality, for all
u e HYHQ)\ {0} we have

T(w) = S ”2_,/|u| da— //'“ RO gy
G- = //'“ =T

> 5 (1) Il - 5 R

It follows from 2 < 2(2¥=2) that we can choose some «, p > 0 such that Z(u) > « for [ju|| = p.
(2) For some ug € HO( )\ {0}, we have

122 2"
T(tuo) = = fuoll2 — 2 / e / / [uol |x“(|; D Gy

for ¢ > large enough. Then we may take an e := t,ug for some ¢,0 > 0 and (2) follows. g

dxdy

02”““#

Lemma 4.2. Let 0 < pu < i, 0 < A < Ay and {u,} is a (PS). sequence of I, then u, is bounded. Moreover,
assume that ug € HJ(Q) is the weak limit of u,, then ug is a weak solution of equation (4.1).
Proof. Suppose that {u,} is a (PS). sequence of Z, that is,

Z(up) — ¢ and Z'(u,) — 0in (H3(Q))™ .

By 0<pu<f,0<A<A and 2 < 2(3=2

), we have that, for some Cy > 0

c+op(1) > — o (T (un), un)

(/|u|2dx— | |2dx— /|u| dx
Q

1 1
> I 2
2 (5~ 505 ) Collll®
which means that {u,} is bounded in H{(£2). Up to a subsequence, there exists ug € Hg(2) such that
U — ug in H(Q), up — ug in L2(Q, |z|~2dx), u, — up in L () and u,, — ug a.e. in Q as n — +o0.
Then, |uy,

2o — |ug|?~ in Lo*s (©) as n — 4o0. Since the Riesz potential of u defined by

=|x| Y xu= u(y)
a(w)(@) = 2] Q/x_ywdy
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is a linear continuous map from Lz= (Q) to L2 (), by the Hardy-Littlewood-Sobolev inequality, we
know that

2, 25,
|z —y|* |z —yl|~
Q

as n — +oo. Combining this with the following fact that, n — 400,

27 —2

[t |2y — \uo\zc*ﬁQuo in L%(Q),

we have that

Un Y _ U . 2N
||$( ?)J||O‘ dy|un|2 2 - /| ° dy‘u |2 uO m L13+2 (Q)

as n — +oo. Since Z'(u,) — 0 in (HE(Q))71, for any ¢ € H}(Q) we have

1):/VunV¢dx— mfdx /unqﬁdx // [n ()12~ |“|x Z|Z|a2 $(@)0@) 4o
Q Q

Thus,
27 27,2
/Vuoqi)dx Tm'(f —)\/uo¢dcc = // luo(w) |U(|)g(fz o uo(x)¢(x)dzdy7 Vo € Hy(Q),
Q Q Q Y
which yields that ug is a weak solution of the equation (4.1). O

Lemma 4.3. Let 0 < p < i, 0 < A < A\ and u, is a (PS). sequence of T with

N+2—« 2N-c

N+2—a

CSOaN —a) Hr

then {u,} has a convergent subsequence in H}(Q).

Proof. Denote v, := u, — ug, combining u,, — ug in Hg () with the fact that the embedding Hg () —
L9(R) is continuous for ¢ € [1,2*] and compact for ¢ € [1,2*), v, — 0 in L (Q), v, — 0 in LI(Q) for
g €[1,2*) and v, — 0 a.e. in  as n — +oo. By the Brezis—Lieb Lemma

/|Vun|2dx:/|an|2da:+/|Vuo|2dx+on(l),
Q Q Q

un? /|vn|2 /|uo|
e ¢ drt dz +on(1)

| (y) P2 Jun () [P |vn (y) [ [on (@) [uo (y) [P o (z) [~
// |a:—y\a dxdyf |x—y|°‘ dxder |x— e dxdy + 0, (1).
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Since Z(up) > 0 and u,, — ug in L9(Q) for ¢ € [1,2*), we have

c—I(uy) = /\an| de + = /|V 0l dx—/lﬁl _7/|u0| —f/|u0| dx
// |v7L |2 |UTL )‘Qa dﬂjd // |U0 |u0 )|2(y d.rdy
|z —y|* I:v—y\”‘
o
Vo, zdx—f |Un| // [on (@ |vn vl adscdy
/ Ve 2P e
|Un|2 // |vn (2 |Un )|2‘§
> Vou,|“de — = dxdy.
2/‘ i afz e
Y9

It follows from (Z’(ugp), up) = 0 that

on(1) = (T'(un), un)

(T
2 2
Un | dx + Ug|“dx — — x + Ug|“dx
Vo, [2d Vuol*d ‘“"' ||“0||2d A fuol?d
x
Q
Iw—ma w—yP
° [0n (@)% [vn (y)| >
= (T'(up),u +/ VYV, 2dx—/|vn| // n( 2 dxdy.
< (O) O> Q| ‘ J |33|2 \x—y|"‘

From (4.3), we know there exists a nonnegative constant m such that

2
/|an\2d:v—/ ||U"||2 dr —m
€T
! o

(4.2)

and
(l 2:(
//\vn vna) dody — m
'l
as n — +o00. By (4.2), we have
N—a+2

> -~
““oeN—a)™
We claim that m = 0. Otherwise, by the definition of the best constant Sy ,,, we obtain

27, - 1/27, 2
[on |U" y) dxdy < [ |V, 2 dz — p n —=d,
M* |z[?

RN RN RN RN

2N —«
which means m > S;7*"*. Then we deduce from (4.4) that

N—-a+2 2N-a N—-—a+2

N+2 a <
22N — o)t = o0oN—a) = ©
which contradicts with the fact that
N+2-a 5%

“S2aN —a) Hn
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|Un|2

Thus m = 0 and
[|vn|* = / |V, |*dz — P dz — 0
Q

as n — +oo. Therefore, ||u,|| — ||uo|| as n — 400

Lemma 4.4. Let 0 < u < p — 1, then there exists € > 0 small enough such that
2N—«

N—a+2 2y

maxZ(tie) < S — oy i

ZAMP

Proof. Let us fix § > 0 small enough such that Bys(0) C © and let n € C5°(R™Y) be a cut-off function

such that 0 <7 < 1in RY, 5 =1in Bs;(0), n = 0 in BS4(0)

Define
2-N x
U ( ) - T}( )uu 5(1‘)7 Where UHVE = 622 ult(g)'

Note that w,, . is also a positive solution of (4.1) and also a minimizer for Sg o
2N—«a

25 2N-a_
‘Uus(yﬂ dxdy:Sg,;"“.

RN RN

|uu
|V, [*dz — p Ui dm—// =
g} el ] T e

=1+ a. In the spirit of [2], we have

Set a =4/1— e 2)Q,then \’Yf—l—aand \}ﬁ
*2 2N—a
(|Vu5|2 e ) de < S5, 7 + 0N,
Q

Indeed, by (4.5) we get that

—2
/<|va€2 - | |2> dx
Q
2,2
n uu,adx

/772\Vuu,g|2+/wn|2u2 dx+2/nuu75(Vn-Vuu7 )d u/ P

Q
“de+/|V77|2 Ldr — /

« * 2
”W*)7”“M@+u/|P

// |uu7 |2
lz —yl|*
RN

RN RN
||U/p,, (x) dxdy_’_/‘vleui’de

//|uu7
|z — yl|*
Q

RN IRN
— SN =52 /|V7]|2ui Ldz
Q
2N —«

— SN a+2 _'_A
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Q
< 02N / ! dx
(2[4 ey
Bas\Bs ¢ €
= CeN—2)ea / L N5 dr
ol Tl )
1
(N—-2)a
<Ce / |2+ (V=) dx
Bas\Bs
= O(e(N’z)“).
On the one hand,
25,
// [t \Uea () dxdy
|x— Yl
Q
2
// [t (= ([ dxdy
Ix - yl“
Bjs Bs
2,
// ‘uus |u,ua8(y)| d.fdy
\x — |
Bjs Bs
2, 25,
/ / e ( |uuaa( y)| ddy — / / [ue ( \u,;e(yﬂ dudy
M—y\ Iw—m
RN RN RN\ B;s Bs
— / / |u#7€(x)|2z|u#,€(y)‘2z d:Cdy
|z —yl*
RN\ Bs RN\ By
2N —a
=87 2B —C,

where
/ / |Uus |uu e(y)|2:; dzdy
W—yP
RN\ Bs Bs
and
(C — / / ‘U‘u,g(x)‘z:" |Uu,8(y)|2z dasdy
|z — y|*

RN\ Bs RN\ By
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After a simple calculation, we have

Ce(a 2N)
B < / / — —dxd
(|£|1—a+|£|1+a)2N2 | _ |a(|£|1—a+‘£|1+a) 2N2 Y
€ € € y € €

RN\ B Bs
1 o 1 o
o vie) () i)
—e (j2[1e 4 |2]t+e) J (2]t 4 |2|t+e)
_ CE(O‘_2N)< c(1+a)N Ndx) = (/ 1 Ndy) 2o
e (J]t=a (g2 + [a]2)) J (|L]1- 4 |2|t+e)

2N—«a

2N—«
( v ) 2N ( / 1 i ) 2N
x
1+a)N . AN
jai > Iw\( ) wies (2170 lal*e)

(2N a)a

€

2N—«a

(2N a)a

—1 2N
dr
ml “+ |r|1+a)N )

_ O( (2N a)a
and
(—2N)
C S / 2N—O¢CE 2N—« dxdy
I o (e e I (e R e
2N1V—a
< Ce<a—2N>< / . Ndx)
el g, (Z170124)
1+a)N 2N
_ Cg(o‘_QN) ( / 6( ) Ndx> ~
- (|x‘1fa(€2a + mza))
2N —«
< CS(QNfa)a ¥d$ v
= |x|(1+a)N
|z|>8
_ O(E(QN—a)a).
Thus,

2 2; 2N—«a
[ [ BB s i open-an,
Q Q

@ Springer
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On the other hand,

| / / P gy [ [ el e
Ifc—ylo‘ = yl®

RN RN
[ (7e@)P* — e (@)% () "
ik |z —y|*
w2 ()%~ (|a 2 —|u 2
+)//| lt,s( )l (‘ <(v)] _ ‘ ,u,e(y)| )dxdy‘
ik |z =yl
2 (z)[2 2%y, o ()] 2
< [ [ I OO O
s |z —yl
- 2% 27 1 . 2%
N Tk T
s |z —yl
L CTC LYY g G TP
RN\BQRN t y ]RNRN\Bg v y
w2 [ [Pl ey
RN\ Bs RN vy
1 21;71?»4 1 2];,1;&
<C€(a_2N)< / Nda:) (/ Ndy)
iy, (2170121 S (g 4 12te)
1 R 1 S
< CE(2N;Q>“( / - 5 5 Nd;(;) (/ : 1 Ndy>
ol (e ) L @
(2N—a)a
=0 7 ),

which means that

e ( e (y)] %= e W, ()2 (2N o)
//| |x—|ya y)[*e dxdy <//| K m—|yra( ™ dxdy + O(e )

RN RN
2N —o ( a)a
= ShaTHOETT),
y (4.7) and (4.8), we get
J\?yiiraZ (2N—a) a |’U,€ )|2 ]\?N Noatz M
Sga " —=0(e |x—y|“ dedy < S50 4+ 0(e ).

85

(4.9)
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Moreover, by a straightforward computation it follows
Jlarttas = [ )@
Q |z| <28

> [ funela)f

|| <6

2-N 1
> (e 7 (a1 /
- z|l—a z|1+a ¥(q+1) ’
<8 (\z| + 12 )

1

e (‘x|1—a_~_|x|1+a>
1

1<[a|<2 (lel"‘ + IIIH")

L, 1
> CeN=252(g+1) / S S
2 Ce ’ |x|(1+“) N2 (g+1) .

= CeN— N2 (g+1)

2y &

> CeN-YF2(a+1)

s
1<|z]< 8

— 0N-"F2 @) [ N=(1+a) 552 (¢+1)~1 g,

—
oo

Ce JEN < (14 a)¥2(g+1),
= CeN-"% 2(‘”1)|ln£|7 if N=(1+a)¥2(q+1),
ngv;z(q+1)a’ if N> (1+a)N2 > 2(g+1).

In particular, if ¢ = 1, we have
Ce? if N < (N —2)(1+a),

/|ﬂe\2d$ > Ce?|lnel, it N = (N —2)(1+a),
Q CeN=2a if N > (N —2)(1+a).

T
N2 (g+1)

ZAMP

(4.10)

(4.11)

If u<p—1,then N < (N —2)(1+a)and (N —2)a > 2, thus by (4.6), (4.9) and (4.11), we obtain

2 2.2

[e3

e (Lo
0< r?zagcl(tus) < (

(f f |UE(I \ue|2 dxdy)la

2(2N — a) 2N-a (N-2)a .\ IN &
(SH S 0ETE)

N—-—a+2 NrEme
cN—ate (N—2)ay _ 2
< 2@N —a) (SH,/,L'FO(E ) — AO(e ))

N—-—a+2 2N-«

N+2—a

202N — ) " Hor

N

@ Springer
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If u=p—1,then N = (N —2)(1+a)and (N —2)a =2, by (4.6), (4.9) and (4.11), we get

5

20
1 1 ) (fQ |V |>dx — qu III;I‘Z dx — /\fQ |ﬂ5|2dx> 251
2.2

0 < gyt < (5- (o Jp B 1) 1

2N —«a
N—a+2 (Sﬁ,,:‘“ +0(e?) - A052|lna|> =

~ 2(2N — ) 2N - N
(s, —0()"
Nir-a
N—-a+2 9 Ae?|ine] °
< — _
o 2(2N — Oé) (SH’M +O(€ ) 2N—a N-2

N-at2 2N —a
(55,77 - 00)
N—a+2 32

S 20N —a) H#

Therefore,
_ N—-a+2 2
maxZ(tie) < SN — oy S

O

Proof of Theorem 1.2:. From Lemma 4.1 and the mountain pass theorem (see [41]), there exists a (PS).
sequence {u,} such that

Z(un) — ¢ and Z'(u,) — 0in (HE(Q))™!
at the minimax level

c=inf sup 7 ,
7€l tel0,1) ()

where T is defined by
r.— {7 e 0([0,1], H () : 4(0) = 0 and Z(v(1)) < o}.

+2— aSN+2 o

By the definition of ¢ and Lemma 4.4, we obtain ¢ < . Together with Lemma 4.2, and

(2N )
Lemma 4.3, we have that the sequence {u,} contains a strongly convergent subsequence and equation
(4.1) has a nontrivial solution, observing that Z(ug) = ¢ > 0. 3mm O

5. Superlinear perturbation

In this section, we consider the existence of solutions for a different perturbation term, that is

o
u uly)i™« x—
—Au(z) — KpE = ( |at(—)g|;|“dy>|u|2a Vi, zeQ, (5.1)
u(z) =0, x € 08,

where 1 < ¢ < 2* — 1. The energy functional Z associated to (5.1) is defined as follows:

Qd_f & /q-Hd //‘“ ‘dd.
/'V' J R TG o |x7\a wdy

Following the argument for the linear case, with minor modifications we can check that 7 satisfies the
2N—«a

Mountain Pass geometry and the (P.S) condition at any level ¢, provided ¢ < ¢* := 2]272 Na'f) Sy, PARR 0 We
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omit the details to avoid repetitions. So it suffices to find a path with energy below critical level ¢* and
we have the following.

Lemma 5.1. Let 0 < p < fi, then there exists € > 0 small enough such that

NA+2—-o 2~
— < Nt2—a
nag L) < ¢ < N gy e

provided that

0N>2(22%qq+11)and)\>00r

o N < 2(2a+q+1)

Satq—1 and A > Ao, for Ao large enough.

Proof. Case I: N > 2(22%(1@'11). In this case, it follows from 1 < ¢ < 2* — 1 that we have (N — 2)a >

N — #(q—i— 1). For any ¢t > 0, we have

I _ ut? [ uef? Matt o U () |2 e (y)| 2
I(tue) = §/|Vue\2dx— 7/ o dx — i1 /|u5|q+1d:v > //‘ iz _l e vl dxdy
Q Q

£2 N2 224 2N —a_ (N-2)a
< N— a+2 (N—-2)a q+1 (g+1)\ _ N—at2 __ R
<3 (5 +O(e )) AIFLO(EN )~ (SHW O(e )
=: h(t).

Since 1 < ¢ < 2*, then it is easy to see that h(0) = 0 and . ligl h(t) = —oo. Thus, there exists t. > 0
such that h(t.) = max h(t) and

2N—o B . 2N —o 2
(S5, + 0N D) - IO ) 2% (g 5 o) =0

For ¢ > sufficiently small,

2N —« 1
(SH + O™ Atz—10<eN—”22("+U)>
te = :

2N —«

SpE =0l

SZ\? a-:2 +O( a) 22;‘1!7—2
S < 21\77(1 - >

(N—zz)a)

< (1 + 0(5<N—2>a))2-2:+—z.

(N—2)a
2

On the other hand, there exists ¢ty > 0 independent of € such that for € > small enough,

te =

2N—«a

Sp, " =0(

(N=2)a
2

”;2<q+1>)> e
)

<S}}MQ+2 + O(sN=2)ay _ xpa=10(eN 2@“)))2%_2
)

2N —a

SEoP -0

(N—-2)a
2

. <SN T2 4 O(e(N-2)a) _ O(e

1
> (1 - O(eN_¥(q+1))) 2252
=19 > 0.
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Thus, we have a lower and upper bound for ¢., independent of . We can argue as in the proof of Lemma
4.4 to conclude that

-
— 12 |’U.E| *(i
Jo \Vac?de — p [, o de )25* ! N2 (411

- —A\CeNT 2
f f |us (m ‘uﬁ:l dxdy>

1

0 <npxTen) < (5= g )<<

*

- 2(2]\7 — a) ON—a RN = — \Ce 2
(SI]'IV,;LQ+2 _ O(Ef))
= % (SH’“ i O<5(N_2)a)> _ACEN TRt
N-—a+2 2N«

S WSN+2 “+ O(E(N_2)a) — )\Cf‘:
N—-—a+2 32N-a

N+t2—a

<2(2N— a) Hw

Case II: N < 2(22%(’“) In this case, we have N > ¥-2(14a)(¢+1) and (N —2)a < N — ¥=2(¢+1).

Similar to Case I, for any fixed ¢, we can obtain that maXI (tue) can be attained at some ¢, y with

- - |t (2 |u5 )‘2‘*"
el = 2t [ faefo i - / / P (5.2

Q

It follows from (5.2) that t. x — 0 as A — 4o0. Thus

Uu U 2;
rgcxxf(tus)zf(sws)_ Xl — 83 //' . |x_y|; DIy — 0 as A — +oo,

which yields that there exists Ao > 0 such that
N+2—-a 2N-a

— Nt2—a
r&a&{f(tua) WS’H” fOI' all A > )\0.
O
Proof of Theorem 1.3:. In order to finish the proof of Theorem 1.3, we define
I = {7 € C(0,1], H}(©)) : 7(0) = 0 and T(y(1)) < 0}
and the minimax level
c=inf sup Z(y(t)).
Y€l efo0,1]

Using Lemma 5.1, we get that ¢ < 12[2}2 =) SN+2 ‘*, provided that

° N>2(22;J%+11and)\>00r

e N < 2(22%;#11) and \ > \g, for \g large enough.
Similarly to the proof of Theorem 1.2, the equation (5.1) has a nontrivial solution. O
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6. Nonlocal superlinear perturbation

In this section, we finally consider the following nonlocal perturbation

—Au— ppE = /lx |u|2 _1+/\ /| |ulp Lreq,

u(z) =0, x € 00.

Nontrivial solutions of (6.1) are equivalent to nonzero critical points of the following energy functional

_ 1 2_ [u(z yQ* _7//lu z)[Pluly)
T(w) = 5l // |x_ 2wy e -

Similarly as in the previous sections, one can check that ._7 satisfies the Mountain Pass geometry and

the (PS) condition at any level ¢ such that ¢ < 212’2 NS 51 N+2 “, so we omit the details. Let us just point

(6.1)

out that for a bounded sequence {u,} in Hi(2), p to a subsequence7 Up — ug in H (), and then, since
U, — ug in L¥(Q) for s € [1,2*), we have that

|t () |P|un (y)|P |uo () [P |uo (y)|?
// |z —yl|* |z —yl|o T ooy pe L)

We therefore turn to the following estimate.

Lemma 6.1. Let 0 < p < fi, then there exists € > 0 small enough such that
N+2—q 2N-a

— NA42—a
max J(te) < e < SNy Smn
provided that
° N>% and A >0, or
e N < 2‘;!& and X is sufficiently large.
Proof. By the definition of ., we have
|U5 |plu5 )lpd d
|z —yl*
lx - yl
|ps,e ()P g, () [P
// =g dxdy
Bs Bs
05(27N)
// (N-—2p @z drdy
By dy (2o [2p0) 5 o = gl (e + 2re)
C€2N—a—(N—2)p Ty
// ey (1) T 2 _ apa(uima 1 2 T
s s (1217 +[2[He) |2 — Lo (|L[tme + |2]1+a)
1
vagQN a—(N-2)p // e ET dxdy
By iy (2t +fztre) 7 o —ylo(fy[tme +[yltte) 2

_ O(EQN_Q_(N_2)ZJ).
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It follows from p < 2% that 2N — o — (N — 2)p > 0. For any t > 0, we have

— N 2 |t (z |u5 )2’*” t2p//|us x)|P|uc(y) P
J(tue)— |g| 5 2// |x_y|a dxd &= gl dazdy

t2 2N —« t2 27 2N —« (N—2)a
<= 5 (SN at2 +O(E<N 2)a)) _ W (SIJ{V’;aJrz _ O(E > ) _ )\t2p0(52N—a—(N—2)p)

=: h(t).
Since 1 < p < 2%, then it is easy to see that h(0) = 0 and . lir+n h(t) = —oo. Thus, there exists ¢ > 0
such that h(t.) = max f(t) and

2N—«

(SN otz 4 O( (N— 2)a)) o t2'2:‘71 (S# _ O(EM) A#2P— 10( 2N7a7(N72)p) =0.
For ¢ > sufficiently small,

(Slzfzafz +O(eWN-2ay _ )\t2p10(€2Na(N2)p)> 772
to =&

2N —«

SN a¥2 (g(N 2)”)
ON-—a 1
> 5N—a
Shu =0T

IA

(1 + O(e(N*”“)) e = 1.

On the other hand, there exists t; > 0 independent of € such that, for £ > small enough,

(SN a+2+O(E(N 2)a ) O(E2NQ(N2)p)>2-2£2
t. >

2N —«

Sh P -0
> (1= 0N e W=2m) ) T g,

(N—2)a
2

Thus, t. has a lower bound and a upper bound independent of €. Now, by the elementary inequality
(m+n)2 <mf+ o(m+n)° n for m,n >0 and g > 1, we obtain

5

Jo IV Pdz — [, ‘lujlg dr \ %= .
x . —a—(N-2)p

e @) %5 [ 25\ % o )
fQ fQ : |ac—y\0‘E d‘rdy) ’

*

20(
N—oz+2< SN a+2+0(€(N 2){1) )23_1

1 1

0 <max J(tie) < (2_2.2;;)<(

_ )\O(EQN—OL—(N—Q)p)

N—2

2(2N — 2N-—a_ —2)a \ 3N—a
( Cv) (S;{VLMQ - O(E (N 22) )) IN (6.2)
Froitw
. N—-—a+2 (N—2)a - 2N—a—(N—-2)p
~ 22N —a) <5H,u +0(e ) AO(e )
N—-—a+2 2N-c

< (2N — )SN+2 o O(E(N—2)a) _ )\O(EZN_Q_(N_Q)I)).

Now we distinguish the following cases:
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(i) In the case N > %, by (6.2) we get

lue
T (1) <

In view of (N —2)a > 2N — a — (N — 2)p > 0, we get the conclusion for ¢ small enough.
(ii) In the case N < %, by (6.2) we have

N-—-—a+2
i) < N+z o (N—-2)a 2N—a—(N—-2)p )
max T (10e) < gon— SSHLTT + 0 )2y — AO(e )

for A\ = =% with > 2N —a — (N — 2)p — (N — 2)a, we also get the conclusion.
O

2N —«a
Proof of Theorem 1.4:. We know that there exists a (PS). sequence {uy,} of J with ¢ < % Ho ©
provided that

2a—a+2p
oN>7+p 5- and A > 0, or

2 2
e N< %*2” and A is sufficiently large.

Similarly as in the previous sections, this yields a nontrivial solution for equation (6.1). O
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