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1 | INTRODUCTION

This paper is an investigation related to Wetzel’s problem which comes from analysis and yet has
surprising set-theoretical aspects. While the subjects of analysis and set theory might nowadays
be conceived as somewhat distant to each other, there are some examples of topics belonging
to them both. Among the most prominent one is the problem of sets of uniqueness, cf. [21],
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which led Cantor to investigate sets of real numbers and subsequently to the founding of set
theory.

One of the greatest contributions of Cantor was the discovery of ordinals and cardinals and the
distinction between countable and uncountable sets of reals. This led him to the formulation of
the continuum hypothesis, CH, which states that the cardinality of the set of all real numbers is
the smallest one conceivable in light of this, the smallest uncountable cardinal X, cf. [9]. In 1904,
Ernst Zermelo axiomatised set theory in a way conforming to mathematician’s practise hitherto,
cf. [34]. Subsequently, A. Fraenkel added the replacement scheme, cf. [15], thus yielding the sys-
tem ZFC. Somewhat later, Kurt Godel showed that the continuum hypothesis cannot be refuted
within this system (provided that there is anything which cannot be derived within it), cf. [17].
Gddel conjectured, cf. [18, section 4], that it cannot be proved in it either but only several decades
later, Paul Cohen, at the origin an analyst just like Cantor, developed the method of forcing and
could prove that this is indeed the case, cf. [12].

Nowadays it is common to subdivide analysis into real and complex analysis. The latter’s the-
orems about its objects of study, holomorphic functions, revealed deep connections between
analysis and geometry and found applications in various areas, among them number theory. One
striking feature of the family of functions which are holomorphic on some domain of complex
numbers opposite the family of those which are merely smooth on an interval of real numbers
is the intertwinement of the local and global behaviour of holomorphic functions. Whereas two
distinct functions may be both identical and infinitely often differentiable on an interval of real
numbers, the situation in the complex domain is quite different, due to the famous ‘identity the-
orem’. According to it, for any two distinct functions holomorphic on some complex domain, the
set of points where they agree is discrete (see Proposition 2.1).

As the complex plane is separable, no uncountable set of complex numbers is discrete. There-
fore, any two distinct holomorphic functions can only agree on a countable set of points.
Subsequently further theorems underscored the difference between the realms of entire func-
tions on the one hand and smooth functions on the real number line on the other. In the middle
of the nineteenth century, it emerged from work of Liouville, cf. [19, Chapter 11], that all bounded
entire functions are constant. Later, Nevanlinna developed the theory named after him, cf. [10],
one upshot of which is that for any two distinct entire functions f and g, there can be at most four
complex values a for which the pre-images of {a} are equal. Another interesting property that
is purely of combinatorial nature and can be stated irrespective of the topological and algebraic
structure of C, is Picard’s Little Theorem, namely the fact that any non-constant entire function
can avoid at most one single value (see e.g. [27, Theorem 16.22]).

The emerging picture of complex analysis in general and of entire functions in particular
was one of strong general principles governing their behaviour. Against this backdrop, while
writing his dissertation during the sixties of the last century, John E. Wetzel asked (cum grano
salis) whether any family 7 of entire functions such that for each complex number z the set
{f(2) : f € F}is countable, must be countable itself. Dixon showed that, assuming the failure
of the continuum hypothesis, this is indeed the case, in fact, this is a corollary of the aforemen-
tioned identity theorem, cf. [16]. Shortly thereafter, Erd4s proved that not only does the negation
of the continuum hypothesis imply this statement, it is equivalent to it, [13]. In fact this result
is one among many statements in various areas of mathematics proved to be equivalent to the
continuum hypothesis, cf. [6, 31]. Towards the end of his paper, Erd4s asked whether the ana-
logue statement resulting from replacing ‘countable’ by ‘fewer than continuum many’ can be
proved without assuming the continuum hypothesis. Following a suggestion by Martin Goldstern,
we subsequently refer to a family of entire functions whose members everywhere assume fewer
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values than the family has members altogether as a Wetzel family (see Definition 3.1). In this ter-
minology, Erdés asked whether the existence of a Wetzel family is provable from ZFC. One might
also ask whether the continuum hypothesis is equivalent to the existence of a Wetzel family.

Not long after the development of forcing by Cohen, Solovay and Tennenbaum instigated the
theory of iterated forcing and Tony Martin stated what became known as Martin’s Axiom, or MA
for short, a weakening of the continuum hypothesis. It does not prescribe a particular value for
the cardinality of the continuum but it does, for instance, imply that its cardinality is regular.
In many cases, when something can be proved for countable sets within ZFC, Martin’s Axiom
allows us to generalise this to sets with fewer than 2% elements. Meanwhile Erdés’ question
remained unanswered.

The threads regarding Wetzel’s problem were only picked up again in 2017 by Ashutosh Kumar
and Saharon Shelah who answered both questions above in the negative, albeit in a slightly non-
satisfactory way, see [22]. They showed that there is no Wetzel family in the side-by-side Cohen
model and provided a model with a Wetzel family (and hence a continuum, cf. Lemma 3.2) of
cardinality X, . The singularity of X, is quite crucial in their argument and the result could not
be generalised to other cardinals. Moreover, their model necessarily fails to satisfy Martin’s Axiom.

It seems that after [22], interest in Wetzel’s problem has grown. We are aware of two more papers
dealing with it since then, a formalisation of Erdés’ proof, [26], and a proof that the continuum
hypothesis implies the existence of sparse analytic systems, [11]." But no one yet addressed the
open question which Kumar and Shelah ask at the end of [22], of whether the existence of a Wetzel
family is consistent with a continuum of cardinality N,. Erdds’ proof relied on the fact that any
countable dense set of complex numbers is universal for countable sets via entire functions, that
is to say that any countable set may be mapped into it via a non-constant entire function (see
Definition 3.4 and Proposition 3.5). In fact one finds a few papers from the sixties and seventies
of the last century studying similar yet slightly stronger mapping properties, cf. [2, 3, 24, 25, 28].
Kumar and Shelah observed that a Wetzel family would exist in a model of 280 = N, in which there
isaset of cardinality ¥; universal in the sense above for sets of cardinality N, of complex numbers.

The main result of our paper is Theorem 5.14, that shows that starting from a model of the
generalised continuum hypothesis and any cardinal ¥ of uncountable cofinality, there is a cardi-
nal and cofinality preserving forcing extension with a Wetzel family of size x. In particular, this
completely solves Kumar and Shelah’s open problem by showing that Wetzel families put no fur-
ther restriction on the size of the continuum. Moreover, for regular x, we can also force Martin’s
axiom. We also study the notion of universality from above and show that while MA precludes the
existence of sufficiently universal sets, they can consistently exist while 2% = R,.

While some basic knowledge of set theory is needed to understand the main results, a large
part of the arguments (with an exception of those in Sections 4 and 7) is more analytic than
set theoretic.

The paper is organised as follows. In the following first section, we review some of the prelim-
inaries in complex analysis and forcing that are used in the paper. In the next section, Section 3,
we introduce Wetzel families and universal sets and prove some ZFC results about them. Among
other things, we show that Wetzel families must have cardinality 28, we provide a proof of Erdés’
result on countable dense sets and we show that universal sets imply the existence of Wetzel fam-
ilies. In Section 4, we show how to force a certain family of strongly almost disjoint functions that
serves as a basic (and somewhat necessary) ingredient in the proof of the main result. In fact,

TWe have been informed that the authors of [11] have been unaware of [22], and were motivated rather by Erdés’
original paper.
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4 0f27 | SCHILHAN and WEINERT

it turns out that this solves [33, Question 22]. We also obtain some interesting additional results
related to MA that shine some light on one of our open questions. This section can be read com-
pletely independently from the rest the paper. Section 5 is the longest and contains the proof the
main result, Theorem 5.14. In Section 6, we show that universal sets do not exist under MA + —~CH.
As a corollary, we obtain that the converse of Proposition 3.7, namely the statement that Wetzel
families imply the existence of a universal set, does not hold. In the next section, we then show
that a universal set, as suggested by Kumar and Shelah, can consistently exist with continuum
N,. This uses a proper forcing, based on some of the previous arguments, with pairs of models as
side-conditions. We finish the paper with a list of open problems.

2 | PRELIMINARIES
2.1 | Complex analysis

Throughout the paper, C denotes the set of complex numbers. A function f : C — Cisentireifit
is holomorphic on the domain C, in other words, its complex derivative f’ exists in every point
z € C. The set of entire functions will be denoted H(C).

Proposition 2.1 (see [27, Theorem 10.18]). Let f, g € H(C) and assume that theset{z € C : f(z) =
9(2)} has an accumulation point. Then, f = g.

For z € C and § a positive real number, we let
Bs(z)={z' eC:|z-Z| <&}

be the ball of radius 6§ around z. We also define the semi-norms

Iflls = sup [f(2)I.

ZEBs 0)

Recall that a sequence of functions f = (f,, : n € w) on C is said to converge uniformly on com-
pact sets, if for every § > 0, f converges uniformly on By(0), that is, for every ¢ > 0, thereis N € w
so that for all ny,n; > N,

1 ny = Sy lls <&

Among the most useful facts about entire functions that we will use is the following.

Proposition 2.2 (see [27, Theorem 10.28]). Let (f,, : n € w) be a sequence of entire functions that
converges uniformly on every compact set. Then, the pointwise limit f of (f, : n € w) is entire.
Moreover, the sequence of derivatives (f] : n € w) converges uniformly on every compact set to f'.

2.2 | Forcing

Here, we review a few standard facts about forcing that we will find useful. We use standard
forcing notation as used in the reference books [20] or [23].
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Lemma 2.3 [23, Lemma V.3.9, V.3.10]. Let P * Q be a two-step iteration. Then, P * Q is ccc if and
only if P is ccc and I+ Q is ccc.

Note of course, that if Q is in fact of the form @ for some ground model forcing @, then also
P * Qis cccif and only if P X Q is.

Definition 2.4. Let P,Q be forcing notions. Then, P is a sub-forcing of Q if P C Q and the
extension as well as the incompatibility relations agree.

Definition 2.5. Let M C V be a transitive model of ZF~ (possibly a proper class).” Let P € M be
a sub-forcing of Q. Then, we write P <,, Q to say that every pre-dense set E € M of P is pre-dense
in Q. We write P < Q for P <, Q and say that P is a complete sub-forcing of Q.

Lemma 2.6 [32, Theorem 6.3]. The iterative direct limit of ccc forcings is ccc. To be more precise,
suppose (Ps : § < a) is a sequence of posets, a limit, so that

Q) forally <8 <a, P, <Ps,
(2) foreverylimité < a, Uy<5 P, is dense in Ps,
(3) andforall § < a, P is ccc.

Then also P, is ccc.

Lemma 2.7. Let P be a complete sub-forcing of Q, A a P-name and B a Q-name for a forcing notion.
Then,

IFq A <y» Bifandonly if P x A < Q * B.
Proof. It suffices to notice that a pre-dense subset of P * A (and, respectively, of Q * B) is precisely

the same as a P-name (or Q-name) for a pre-dense subset of A (respectively, B). For the direction
from left to right, see also, for example, [7, Lemma 13]. O

3 | WETZEL FAMILIES AND UNIVERSAL SETS

Definition 3.1. A family 7 C H(C) of entire functions is called a Wetzel family if for every z € C,
1if (@) feFH<IFI

Lemma 3.2. If F is a Wetzel family, then |F| = 2% and for every 1 < 2% and all but less than
Xo-manyz e C |{f(z) : fEF}H > A

Proof. Suppose towards a contradiction that |F| < 2%, For any distinct f, g € H(C), X fig =

{z € C: f(2) = g(2)} does not have an accumulation point by Proposition 2.1 and thus must be
countable. Thus, if X = U#gep Xy g0 then

IX| < |FXF x| <2,

¥ ZF~ is ZF without the Powerset Axiom.
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In particular, there is some z € C \ X. But then for any distinct f,g € F, f(z) # g(z) and so
l{f(z) : f € F}| = |F|, contradicting that F is Wetzel.

Now let 2 < 2% and ¢ C F have size A. Then, if X’ = U#gengyg, as before |X’| < 2% and for
alze C\X',[{f(z): fEFH2{f(2): feCH > O

This lemma in fact shows that a Wetzel family induces a quite non-trivial combinatorial object,
especially when 2% > R,. Namely, consider an enumeration (z,, : a < x) of C. For each « < x,
there is a bijection e, : {f(z,) : f € F} — u, for some cardinal y, < 2%. In this way, we can
think of each f € F as the function oy € I1.<, #y> where O'f(O() = e,(f(z,)). At the same time,
the elements of 7 and thus of {o : f € F} have pairwise countable intersections.

Under CH, this type of almost disjoint family of functions can be obtained quite easily. For
instance, for any a < w;, simply let o, be constantly 0 below « and constantly equal to « above .

Also this is not particularly hard when 28 = X,. Whenever we have constructed (og 1 B<a)
for some o < w,, we can find a single function ¢ : @ — w; that has countable intersection with
all oz using a standard diagonalisation argument. Then, we simply let o, equal o below o and
constantly equal to o above a.

For larger continuum, the existence of such families becomes much less clear, as a consequence
of the larger gap between the countable size of the pairwise intersections and the size of the family
and their elements. In fact, in Section 5, we will show how to force these types of families, based
on a technique by Baumgartner. This will be a key starting point for the construction of a Wetzel
family by forcing.

As a small observation of independent interest, let us mention the following:

Lemma 3.3. A Wetzel family cannot consist only of polynomials.

Proof. Suppose F is such a family. Since |F| = 2% and 2% has uncountable cofinality, we can
assume that all polynomials in 7 have the same degree n. Then, pick any n + 1-many points
@y, ..., a, € C. The set {f | {ay,...,a,} : f € F} has size less than 2%, because F is Wetzel. But
each f € Fisuniquelydetermined by f I {ay, ..., a,} and so F has small size as well, contradicting
Lemma 3.2. O

Definition 3.4. We call a set Y C C, where |Y| < 2%, universal (for entire functions) if for any
X C Cwith |X| < 2%, there is a non-constant f € H(C), such that f(X) C Y.

Proposition 3.5 (Erdés, [13]). Assuming CH, any countable dense set is universal.

Let us write the argument for sake of completeness. In a way, the forcing notions we will use
later mimic this construction.

Proof. Let Y C C be countable dense and X C C be arbitrary countable and enumerated as
(z, : n € w). Werecursively construct a sequence (f, : n € w) of entire functions that converges
uniformly on compact sets. Start by simply letting f, be constantly 0. Next, if f,, has been defined,
consider

IOES | [CEEMW)

m<n
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Note that the set of zeros of g,  is exactly {z,, : m < n}, when |€| > 0. Then, there is § > 0, so
that

1
lgnelln < o’
for every £ € B;(0). Since Y is dense, there is some £ € B5(0) so that

fa(z) + gn’g(zn) eY\ f,liz, : m <n}].

Then,let f,,,; = f, + gn¢- Finally, let f be thelimit of (f,, : n € w). By Proposition 2.2, f isentire.
Clearly f(X) C Y since f,,(z,) remains constant for m > n and equals f,,,(z,) € Y. Moreover,
f is injective on X, so definitely non-constant. O

Proposition 3.6. Let Y be a universal set. Then, |Y|* = 2% and in particular the continuum is a
successor cardinal.

Proof. Suppose that there is X C C uncountable with |Y| < |X| < 2%.If f € H(C)and f"X C Y,
by the pigeonhole principle, thereisy € Y such that{z € X : f(z) = y}is uncountable. But then
this set has an accumulation point and by Proposition 2.1, f is constant. O

Proposition 3.7. Ifthere is a universal set, there is also a Wetzel family.

Proof. LetY be universal and let (z, : o < x) enumerate C. For each a < x, let f, € H(C) be
non-constant such that f,({zg : f < a}) CY. Weclaim that 7 = {f, : a < x}is a Wetzel family.

First of all, we note that |F’| = x. By Proposition 3.6, x is a successor and in particular regular.
Thus, if |[F| < «, there is an unbounded subset S C x so that f, = fg, forall @, § € S. But then for
anysucha € S, f,(C) C Y. Thiswould imply that f, is constant, as in the proof of Proposition 3.6.

Now let z, € C be arbitrary. Then, {f(z,) : f € F} C {fﬁ(za) : B < a}UY and the right-hand
side has size less than x. O

Corollary 3.8 (Erddés, [13]). There is a Wetzel family under CH.

4 | STRONGLY ALMOST DISJOINT FUNCTIONS AND
BAUMGARTNER’S THINNING-OUT FORCING

This section can be skipped entirely if one wants to pass directly to the proof of the main result.
The main purpose is to prove Proposition 4.1 below which is used in the setup of our main forcing
construction. It is an adaptation of Baumgartner’s ‘thining-out’ technique to obtain certain types
of almost disjoint families (see [5]). To be more precise, we show how to obtain the type of family
of functions necessitated by a Wetzel family, as shown in Section 3, where pairwise intersections
are finite. Interestingly, a different type of strongly almost disjoint family was also used in [22] to
obtain a Wetzel family with continuum R, . It is unclear to us how this relates to our argument.

Proposition 4.1 (GCH). Let x be an infinite cardinal of uncountable cofinality and for every o <
x, let u, = max(|a|,N,). Then, there is a cardinal and cofinality preserving forcing extension of V
where 28 = x and there is (o, : a < x), such that forall a < < x,
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8 of 27 | SCHILHAN and WEINERT

M) o, € H§<K He
(2) lognogl < w.

Ifx is regular, we additionally have that |H(x)| = x.

Proof. LetS = Uge[wyk){é’} X g C [w,%) X x and let K be the set of regular cardinals < x. For every
1 € K, consider the forcing P, consisting of partial functions p : x — [S]<%, such that

(1) [dompl < 2

(2) forall a, B € dom p, proj p(a) = proj p(B), that is, p(a) and p(f) have the same projection to
the first coordinate;

(3) and for all @ € dom p and ¢ € proj p(a) N 4, |p(er) N ({5} X ue)| = e

We will simply write proj p to denote proj p(a), for any a € dom p, and if dom p = @, we let

projp = 0.
For any p,q € P, q < p ifand only if dom p C dom g and for any distinct «, § € dom p,

1 p(a) € g(a), and
(2) g@)ng@B)n([A7,%) xx) = p(a) N p(B) N ([A7,%) X %),

where 17 is the predecessor of 4, if A is a successor cardinal, or A~ = 4, if 1 is a limit cardinal.
Whenever G is P;-generic, let S, = |J peG p(a) for every a < x. Then, it is not hard to check
that every vertical section of S, is non-empty (see more below) and for any a < 3,

[Se NS N ([47,%) xx)| <A
In particular, when 4 is a successor cardinal,
|SO£ N Sﬁl <A

In fact, for any & € [w, A7), the section with index & of S,, equals g The reason why we include
these sections is purely notational.

It is clear that P, is < A-closed. Ideally we would like to force with P, since if we then choose
04, such that (w + £,0,(&)) € S, for every & < x, (1) and (2) of the proposition are satisfied. But
P, is far from being ccc. To circumvent this, we use Baumgartner’s thinning out trick.

Let P C [],cx P; consist of all p = (p; : 1 € K) such that for I’ < 4, dom p;, C dom p,; and
for any a € dom p;/, py(a) € p;(ar). When G is P-generic, we obtain the sets S% = Upec Pa(@)
for every A € K and it is very easy to see again that

IS5 NS5 (A7, 1) x1)] <4,
for o < B < k. Let us check that all vertical sections of Sé are non-empty. To this end, let p € P be

arbitrary.

Claim 4.2. Thereis g < psothata € domg;.

Proof. If for all v € K, o ¢ dom p,,, we let domq, = dom p, U{a}, g, I domp, = p, I domp,
and

0,(@ ={(0: §eprojp, \v}u | J {&xu,

&eproj p,nv
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WETZEL FAMILIES AND THE CONTINUUM | 9 of 27

for every v € K. Otherwise, there is a minimal u € K so that « € dom p,,. In this case, pick the
least a; so that (§,a;) € p,(a), for every § € proj p,,. Then, for each v € K, we let g, extend p,
as before, but with

0,(@) = p,(@)U{(ap) s Eeprojp, \viu ] 1€ xp.
geproj p,nv O

Now let £ € [w, k) be arbitrary.
Claim 4.3. There is § < p so that £ € projq;.

Proof. 1f £ < 17, simply extend every single p,(8), for v > 1 and 8 € dom p,, by adding {£} x Me.
This works since pairwise intersections occurring below v~ > A~ do not matter when extending
Dy-

If§ € [17,4), Ais asuccessor and Mg = A™. Then, we can assume already that for every v > A"
and 8 € dom p,, {€} x ue € p,(B), using the same procedure as before. Since | dom p;| < 4 and
thus |dom p;| < 47, it is easy to find pairwise disjoint sets Xz C us = A~ of size u; = 17, for all
B € dom p;. Simply extend each p;(B) by adding {§} X X 4.

Finally, if £ > A, we can assume already that £ € proj p,, for v = |£|T, using what we have just
shown. Then, we can easily find pairwise distinct ag, SO that (&, aﬁ) € p,(B), for all B € dom p,),
since |[dom p,| < v~ = |§| = pe and |p,(B) N (&} x ue)l = pg, for every B € dom p,,. Now simply
extend all p,,(B), for v/ € K n[4,v) and § € dom p,/, by adding in (&, ag). O

The o, as defined above, for S, = Sfx", are then as required.
Claim 4.4. P preserves all regular cardinals.

Proof. Let A € K. We will show how to factor P into a two-step iteration of a < A*-closed and a
At-cc forcing. Let P, = {p I [A1,x] : p € P} and note that P, is < A*-closed and thus does not
add sequences of length 1.” Let G, be P,-generic over V. Let S, = S;l:, for a < x, be defined as
before, that is,

Sa = U pﬁ(oc).

PEGy
Let P, consistof all p | A, for p € P, where
p/l(“) c Soc’

for each o € dom p;,. Then, it is easy to verify that if G, is P;-generic over V[G,], V[G,][G,] is a

P-generic extension of V. Work in V[G,] and suppose that (p’ : i < A*) is an anti-chain in P;.
Note that for any i < A%, there is § < 1 so that dom pi, as well as p/iv () are the same for all

A €[8,2) N K and fixed & € dom p),, since these sets grow and are subsets of dom p’ and p’ (),

TWhen 4 = «, then P, is simply the trivial forcing.
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10 of 27 | SCHILHAN and WEINERT

respectively, which have size strictly less than 1." We may assume that this § is the same for all
i <At and let

D! = dom pi,,

for any, equivalently all A’ € [§, 1) N K, if this exists.*
Since 1<% = 1, a A-system argument lets us assume that there are sets D and E such that D =
D'n D/ and dom p;, ndom p] = E, for all i < j < A*. Note that we can also do the same for all

A’ € 8 n K simultaneously, as § < 1. To be more precise, we can assume D, = dom p;, N dom pﬁ,,
forall A’ € 5nK and i < j < A*. Moreover, using another A-system argument, we can assume
Rj'1 n le = R, for some fixed R and all i < j < A%, where R; = Usedom o p/il(oc).

Now comes the heart of the thinning out argument. Let i < A1 be arbitrary, then note that for
any distinct ¢, 8 and any A/, pfl,(oc) N S(B) is a < A sized subset of S(cx) N S(B), which has size at
most A. Also R has size < A. Thus, we find i < j < 1% such that

pL,(@ N SPB) = pl, (@) N S(B)

and
pL(@NR=pl(@nR,

for all 2’ € § nK and distinct «, 8 € D;s, also for any, equivalently all, 1 € [6,4) N K and dis-
tinct a, 8 € D, and for A’ = 1 and distinct «, 8 € E. It is straightforward to check that p’ and p/
are compatible.

Now let us check that all regular cardinals 6 are preserved. Suppose that in V7, cf(6) = u < 6.
If u > x, then either x is regular and we have shown above that P is x*-cc, so in particular 6-cc.
Or x is singular, u > x* and |P| < x*, so P is x**-cc and also 6-cc. If u < x, P is the iteration of a
ut-closed and a u*-cc forcing and 6 > u*. O

Itis clear thatin V¥, 2% > xsince{o, | w : a < x}is an almost disjoint set of functions from w
to w. In the other direction, note that 2* < x for any regular 1 < cf(x). Namely P is P, * I, where
P, does not add any new sequences of length 1 and P, has size at most x and is A*-cc. A counting
of names argument then shows 2* < x. In particular, 2% = x and |H(x)| = 2<* = x, when x is
regular. O

Corollary 4.5. The answer to [33, Question 22] is positive. Namely, assuming GCH, it is pos-
sible to add arbitrarily large strongly almost disjoint families of functions in Nzw“ without
collapsing cardinals.

The following is of further interest, especially for Question 8.1 at the end of the paper. In the
second paragraph after the proof of Lemma 3.2, we have shown the following using a simple
construction:

T Of course, if A is a successor cardinal, this is trivial as we may choose § such that K N [§, 1) is empty. Otherwise, recall
that A is regular.

*IfK n[8, 1) is empty, D! is left undefined as it will be irrelevant.
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Proposition 4.6. 2% =X, implies that there is (o, : a < w,) so that for any a < f8 < w,,
0y € “2w; and|o, Nog| < w;.

In fact, MA + 2% = N, (in particular PFA) implies that we can even assume finite intersections,
and thus the conclusion of Proposition 4.1 holds.

Proposition 4.7. MA + 2% = X, implies that there is (o, : a < w,) so that for any a < f < w,,
0y € “2w; and|o, Nog| <.

Proof. We recursively construct a sequence as above, but where each o, is an element of
T1 <, max(w;, 8 + 1). This clearly makes no difference. We also ensure that o, always constantly
maps to @ on [a, w,). Suppose that (og : § < o) has been constructed. Using a simple diagonalisa-
tion argument, we find a function S : a - [w;]%, so that forany 8 < a, {§{ < @ : oﬁ(§) e S(é)tis
countable. Now let P be the natural poset with finite conditions adding a function o € [] t<a S(&)
that has finite intersection with each o5, B < a. To be more precise, P consists of pairs (s, w) where
s is a finite partial function s € [] tedom(s) S(€&) and w € [a]<“. A condition (¢, u) extends (s, w) if
s Ct,w Cuandforeveryf € w,(t \ s) N og = B. Once we have shown that P is ccc, we can apply
MA to find 0. Then simply let o, | « = o0 and o, | [@, w,) constantly equal a.

So suppose that ((s5, ws) : § < w;) is an uncountable anti-chain in P. Without loss of gener-
ality, we can assume that (dom(ss) : § < w;) forms a A-system with root r and that s; | r = s
and | dom(ss)| = n, for all § and some fixed s and n. Also we may assume that (ws : § < w,)
is a A-system with root w. Since (dom(ss) \ 7 : § < w,) is pairwise disjoint and for each og,
ogN U§<a ({€} x S(§)) is countable, there is a large enough y € [w, w;), so that for every § €
[y7 wl)y

ss | (dom(ss) \r)Nnog =6,

for all 8 € J,e,, w;- Note that this means that (s; U s5, w; U ws) < (s;, w;), for every i € w. Thus,

the only way in which (s;, w;) and (ss, ws) can be incompatible, is if there is § € ws \ wand & €
dom(s;) \ 7, so that

o5(§) = 5;(8).

For any & > y, let us define functions {5 and 85 with domain w so that £5(i) € dom(s;) \ r is a
witness £ as above for S5(i) € ws \ w. Since for all i € w, dom(s;) \ r has finite size < n, there
must be §, < §; and an infinite x C w so that

5, 1 X =85 I x.
Since ws, \ w and w; \ w are finite, we find an infinite y C x so that both 85 Iy and 85 |y

are constant, say with values 8% and B'. Now g% # ', since ws \ wand ws \ w are disjoint. But
then ogo N o4 is infinite, yielding a contradiction. O

5 | WETZEL FAMILIES WITH ARBITRARY CONTINUUM AND MA

In this section, we prove our main result that Wetzel families can coexist with arbitrary values of
the continuum and in combination with Martin’s Axiom.
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12 of 27 | SCHILHAN and WEINERT

5.1 | Adding entire functions

Definition 5.1. The poset Q consists of all conditions

p=(ap, fpep.myp),

where a, € [C]<, f » € H(C), €, isapositive rational number and m, € w. A condition g extends
pifandonlyifa, Cay, fy M a, =f, I ap, &g <€y, mp, <mgand || f, —fpllmp <Eg, — &g

Definition 5.2. Let H : X — P(C), for some X C C. Then, we define
QH)={p€Q:a,CXAVzEayf,(z) € H2))}

Note that the notion of incompatibility of conditions p,q € Q(H) is not dependent on H.
Namely, if r extends p and q in Q, then (a, U ag, f,,&,,m,) € Q(H) and also extends p and g.
In other words, Q(H) is a sub-forcing of Q (see Definition 2.4). For most considerations, it is also
not relevant in which transitive model of set theory M, we evaluate the definition of Q(H), as long
asH e M.

Lemma 5.3. Let M CV be a transitive model of ZF~(possibly a proper class) and H € M be a
partial function from C to P(C). Then, Q(H)M is a dense sub-forcing of Q(H)" .

Proof. Note that conditions p such that f, is a polynomial in coefficients in the field generated
by dom H U |J,,cgom i H(2) € M form a dense sub-poset of Q(H)". Namely, if || f — gl|,, = 6 <&,
andf ta=g91a,(ag,e—6m)<(a,f,em). O

In particular, any iteration of the form Q(H,) * Q(H,), where H,,, H, are in the ground model,
is equivalent to the product Q(H,) X Q(H,) and the ccc of the iteration is equivalent to that of the
product. This will be used at least implicitly in several arguments.

Lemma 5.4. Suppose that H(z) is dense in C, for every z € dom H. Then, Q(H) generically adds
an entire function f such that f(z) € H(z) for every z € dom H.

Proof. Let G be Q(H)-generic over V. Forany n € w, theset D, ={p € Q(H) : ¢, < % Amy > n}
is clearly dense open. Moreover, for any £ € C and any p € Q(H), consider

fe@=f,@+¢ [[E-».

yea,

Note that f:(y) = f,(y), forevery y € a,. Let z € dom H \ a,, be arbitrary. Since H(z) is dense,
we can easily find a small enough & so that

é :=||fp_f§”mp<gp

and fg(z) € H(z). Then, (ap U {z},fg,ap —&,m,) < p. This shows E, = {geQH) : ze aq} is
dense open. We claim that for any sequences (p, : n € w) and (q,, : n € w), with p,,,q, € D, N
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G, (f p, - E w) and (f g, -NE w) converge uniformly on compact sets to the same function
f € H(C). To see this, use Proposition 2.2 and notice that when p,q € D,, N G are arbitrary, there
isr < p,q and thus

1 1
”fp_fq”n < ”fp _fr”n-l' ”fr—fq”n < E + Z

For any z € dom H, we can find a decreasing sequence (p,, : n € w)suchthatp, € D, NE, N
G, for every n. Then, f(z) = lim,_, fpn(z) = fpo(z) € H(2). O

Let us make the following interesting observation that will somewhat elucidate the necessity
of the approach taken in the proof of the main result.

Lemma5.5. Let dom H be uncountable and suppose that there is an entire f such that f(z) € H(z),
for every z € dom H. Then, Q(H) is not ccc.

Proof. Let n € w be such that B, (0) n dom H is uncountable and let ¢ > 0 be so that || Re(f")],, <
¢. For any z, € B,(0) ndom H, define

f2,(2) = 2e(z — zy) + f(2).

Note that there is § > 0 and m > n so that whenever ||g — fz0||m < 8, then ||’ — 2¢||, <e." Let
Pz, = (2o}, f5,, 8, m). We claim that {p, : z, € B,(0) ndom H} is an anti-chain. Namely, sup-
pose zy,z, € B,(0)ndomH are arbitrary and that r < p, , p, . Then, ||f, = f; Il,, <& and so
lf/ = 2¢ll,, < e. In particular, for any z € B, (0), Re(f/(z)) > ¢. At the same time, by the complex
mean value theorem (see e.g. [14, Theorem 2.2]),

€<R6<M>=Re<w><g,

20— 20— 21
which poses a contradiction. O

It would be interesting to obtain some sort of converse to Lemma 5.5. For instance, suppose
that H only maps to countable sets. Does the non-ccc of Q(H) imply at least that there is a Borel
function f, with f(z) € H(z) for uncountably many z € dom H(z)?

Corollary 5.6. Let dom H be uncountable and suppose that H(z) is dense in C, for every z € dom H.
Then, Q(H) X Q(H) is not ccc.

Proof. Either Q(H) is already not ccc, or dom H is preserved to be uncountable and by Lem-
mas 5.3 and 5.4, we are in the situation of Lemma 5.5 after forcing with Q(H) once. Thus,
IFqery ‘Q(H) is not cec” and by Lemma 2.3, Q(H) * Q(H) = Q(H) x Q(H) is not ccc. O

Thus, the forcings Q(H) can generally not be recycled in a ccc construction. If one wants to add
another entire function, one has to pass to a new H.

T For instance, this follows easily from Proposition 2.2. This part of the argument strongly depends on the special geometry
of holomorphic functions. The statement is clearly not true for functions that are merely infinitely often differentiable.
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14 of 27 | SCHILHAN and WEINERT

5.2 | Tools for the successor step

Lemma 5.7. Letl,m € w and K C C!*! be compact, such that every element of K is one-to-one.
Then, there is L > 0 such that for any z € K, there is g € H(C) with ||¢|l,,, < L, g(z;) = 1 for every
i<landg(z)=0.

Proof. Consider an interpolation formula such as

o zZ—2z) (Z_Zj)
180= 2 e ey

i<k M1
J#
and simply note that Z — ¢(Z, ) is a continuous map from K to H(C) in the norm || - ||,,,- The
claim follows from the compactness of K. O

Lemma5.8. Let Hy, ..., H, besuch that Q(Hy) X --- X Q(H,,) is ccc. Let z € C be arbitrary and H 2
H,, where dom H(’) = dom H, U {z} and Hé(z) is countable. Then, @(H(’)) X Q(H,) X -+ X Q(H,,)
is ccc.

Proof. Suppose towards a contradiction that (p, : a < w;) is an anti-chain in Q(H, (’)) X Q(H;) X
--- X Q(H,,). Then, we may assume without loss of generality that foreverya < w;,z € a p(0)and
f pa(o)(z) =y, forsomefixedy € H, (’)(z). Otherwise, we find an uncountable anti-chain in Q(H,)) X
--- X Q(H,). Furthermore, we may assume Ep (0) = & Mp (o) = M, |apa(0)| =l+1and ap.(0) \ {z}
is enumerated by zZ_, = (za’i i <), for every a and some fixed ¢, m and l. Even more, we can
assume [|f, ) = fps0)llm < % for every a, 8 < w;.

Then, there is some § < w,, such that Z; is an w,-accumulation point of {Z, : a < w;} in cl,
in the sense that for any open neighbourhood of Zg, there are uncountably many a with z, in
said neighbourhood.” Let O 5 Zg be a compact neighbourhood of zz so that every element of O
is one-to-one and does not have z in any coordinate. This is easily possible as z; is one-to-one
andz & {zg; 1 i<l}= Apy(0) \ {z}. According to Lemma 5.7, and considering K = O X {z}, there
is L > 0 such that for any zZ € O, there is g € H(C) such that g(z) =0, ¢(z;) = 1, forall i < [, and
llgll,, <L.Nowlete < i and for each a < wy, let p/, be such that p/ (i) = p,(i), fori > 0 and

Pe(0) = (ap o) \ {2}, f,(0)- €' - ).

Then, note that p/ € Q(H,) X --- X Q(H,,), for every a. Thus, there are y < § < w; such that
Z,,Zs € 0and g’ < p;,pg,for some g’ € Q(H,) X -+ X Q(H,,). Let g € H(C) be such that ||g||,,, <
L, g(zs;) = 1foreveryi <land g(z) = 0. Letk = f o) — fpy(O) and consider f = fpy(O) +g-k.
Note that

W =Sp,@llm =g Kl < gl - Kl

fWhen I = 0, then C! contains one element, namely the empty sequence, which all Z, then equal to.
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Asllfp o) = fpsoll < % we immediately find

£
2

€
If = fpsllim < Sts=¢

Also, note that since f q/(o)(z%i) =f py(o)(zy,i), k(zy,i) = 0 for every i < L. Then, by choice of g
and the fact that §’ < p;, P}, itis easy to compute f P, ! @p () € fand f, o) I ap,) S f-Thus,
if we let g be such that q(i) = ¢’(i) for i > 0, and

q(O) = (apy(o) U apé(o), f, E*, m),
for some small enough ¢* < ¢, we have g < p,, Ps, contradicting our initial assumption. O

Note that by a simple inductive argument, the previous lemma implies that we can extend
simultaneously each H; in countably many arbitrary points with arbitrary countable sets of values
and preserve the ccc:

Proposition 5.9. Let Hy, ..., H, be such that Q(H,) X -+ X Q(H,,) is ccc. Let H) 2 Hy,...,H] 2 H,
be such that for every i < n,

(1) dom H! \ dom H; is countable,
(2) and for any z € dom Hl.’ \ dom H;, Hi’(z) is countable.

Then, Q(Hy) X -- X Q(H),) is ccc.

5.3 | Tools for the limit step

Lemma 5.10. Let M CV be a transitive model of ZF~ (possibly a proper class). Let f € H(C),
a €[C]*“NM such that f | a € M, K € [C\ a]<® N M such that f | K is constant, € > 0 and
m € w. Moreover, for any & € C, let

9§(2)=§2 H %

$EK yea\(x)
where A = a UK. Then, there is f € H(C)NM and & > 0 such that f | a C f, f | K is constant,
If = flln <eand

@) V& € Bs(O)If + g5 = fllm <),
(2) 3¢ € B5(0)vz € K(f(2) + g¢(2) = f(2)).

Whenever f € M, we can assume f = f.

Before we continue to the proof, let us note that g € H(C) is simply a function such that g; | K
is constantly & and 9¢(z) = 0, for z € a. Also, the smaller the absolute value of & is, the smaller

¢l gets.

Proof. We may assume, without losing generality, that m is large enough such that A C B,,(0).
Letd < % be small enough so that for any & € Bs(0), lgell, < % Since f | a € M, we can easily
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find a function f € H(C)NM such that f } a C f, f is constant on K and || f — f]|,,, < 8 < &. If
f € M already, we may simply use f = f. For (1),

1F + g5 = Fll <UF = Flly + N2l

<s+8<E4E ¢
2 2

For (2), define £ = f(z) — f(z), for any, equivalently every, z € K. Then, ¢ € Bs(0) and for any
z €K, f(2) + g:(2) = [ (). 0

For a set F of finite partial functions on C, let
Qy(F) :={pea: fplap € F}.

Forcings Q(H) are a particular type of forcings of the form Q,(F). As with Q(H), the interpretation
of Q,(F) in any transitive model that contains F is easily seen to be a dense subset of Q,(F) as
interpreted in V. The following lemma will be formulated for this more general type of forcing,
since that will be needed in Section 7. The proof of this core lemma originates in ideas fleshed
out in Burke’s [8]. For instance, Claim 2.8 in the aforementioned paper corresponds roughly to
Claim 5.12 below. Burke remarks that this is a version of an argument by Shelah from [29].

Lemma5.11. Let M C V beasin Lemma 510,F e M,ze Cn(M \ UheF dom h) and ¢ a Cohen
real over M." Furthermore, let F' = F U{h U{(z,c)} : h € F}and P € M be a forcing notion that is
dense in a forcing P’ € V. Then,

Qy(F) X P <3y Qu(F') X .

Proof. 1t is easy to see that Q,(F) x P is a sub-forcing of Q,(F’) x P’ (the incompatibility relation
is preserved). Now let E € M, E C Qy(F) X P be pre-dense in Q,(F) X P and suppose towards
a contradiction there exists p = (py, p;) € Qy(F’) X P', such that p L E, where z € a, and so
fp,(2) = c. By extending p, we may assume without loss of generality that p, € P and thata, C
Bmpo (0).

Leta :=a, \{z},K :={z}, f :=f,,e:= g%,m :=m,, and apply Lemma 5.10 to find f €

M and § > 0 asin the conclusion of the lemma. Let p, := (a, f, E’%, m). Then, (P, p;) € (Qy(F) X
P) N M. Since ¢ € Bs(f(z)), we may find a basic open set O C Bs(f(z)) such thatc € O.

In the following, for a condition p and a subset E of a poset, we write p < E to mean that p
extends some element of E.

Claim 5.12. There is a dense open set U C O coded in M so that for every d € U, there is § €
Qy(F) x P with § < E, (P, p;) and fqo(z) =d.

Once we prove the claim we are done. Namely, as ¢ € O is Cohen generic over M, c €
U. Then, according to the claim, there is g < E, (o, p;) such that f, (z) = c. Letting r, :=

That is, c is in any open dense subset of C coded in M.
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(aro, fqo’ €00 Mg, ), where

a, :=a, Uiz}

o 90

we clearly have 7 = (ry,q;) < §and 7 € Q,(F’") X P’. Moreover, we have r, < p, and thus7 < p, E

”fpo _fr()”mpo = ”pr _qu”m < ”fpo _f~||m + ”.f—fqollm

€ 3
Po Do 3
<T+<7_8q0> _ZEPO_EVO

This contradicts the assumption that p L E.

Proof of Claim. Work in M. Let O, C O be an arbitrary non-empty open set. We will find a non-
empty open set O; C O, that will be included in U. Let e € O, be an arbitrary rational complex
number. Then, we find § € B5(0) such that f g(z) = e, where

fe=F+g

and 9e is the function from the statement of Lemma 5.10. Then, by (1) of the lemma,

= 0fe = Fllwy, < s = Fpoll + 15 py = Flln

Consider a condition q(’) =(a,f & &g ,m) € Qy(F), where &g < €py, ¢*and &, is small enough
so that Bzg (e) C Oy. Then, g} < Py as

r I _ ek _
||f§_f”mﬁ0—5 = £p, (Epo E)<5p0 &g/

In particular, (g, p;) < (Pg,p1)- Now let §” € Qy(F) x P be such that ¢ =(qy,q]) <
E, (q(’), p1)- Lety € (0, sq(/)) be small enough so that foranyv € By(O) there is an entire function h,
with ||hU||mq,, <egrs h,(z)=vandh, | agy constantly equals 0 (e.g. using a similar formula as

0

in Lemma 5.10).
As ||fq(r)r —fellm, < Eq» We have that for any v € B,(0) and h,, as above,
9o

1y + ) = Felly < gy = Fellmy, + Wl

!

<El]6 + Eqé’ < ZEqO.

Now we let O1 ‘=B ( f qu(Z)) C B,, ,(e) C Oy. The inclusion follows, since for any d €

B,(f g @), |ld—e|l=|f g (2) + h,(2) - f g(z)| <2, : for some v € B,(0). U is constructed in M
as the union of all sets O1 that we obtain in this way
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18 of 27 | SCHILHAN and WEINERT

Let us check that this works. So working inV,letd € O, be arbitrary. Then, thereisv € By(O)
and h,, as before so that f q//(Z) + h,(z) =

Let g = (g, f» €4y Mg, )» Where ag = agr, fo = for + hy,

qu < Eq(’)’ - ”fqo - fqg ”mq(;)/

and my = mgy. Then, for I agr = fq | ag ash, | agr is constantly 0. So if we let g = (90,97
then § € Q,(F) x P and § < §” < E,(Py, p1):

”fqo fqo Ml ql q; _(E e ”f% _fq(’)’”mqu)
0

< Eq(/)r — qu.

Moreover, f % (z) = d as required. This finishes the proof of the claim. O

Proposition 5.13. Let M C V be as in Lemma 5.10, H, ... ,.H, € M and H(’) 2 Hy,.. ,H”1 2 H, be
partial functions from C to P(C) such that

(1) dom(H)) \ dom(H;) C M, foralli< n
(2) for any pairwise distinct pairs (i iz j), J <1l whereij<n, z; € dom(H l.’j) \ dom(H, i ), and any

sequence(c; : j<l),¢c; € Hl.’_(zj), we have that {(c; : j < l) is mutually Cohen generic over M."
J
Then, Q(Hy) X -+ X Q(H,) <3 Q(Hy) X -+ X Q(H).

Proof. This is an inductive argument using Lemma 5.11. Let E € M be pre-dense in Q(H,,) X --+ X
Q(H,,). Towards a contradiction suppose that [ is minimal such that there is p € Q(H, 'YX e X
QH)), p LE and {(i,z) :i<n,z€ a, \dom(H )} is enumerated by a sequence ((1], J) Jj<
I). Then, according to (2), (c tjgh = ( f p,-,.(Z i) ¢ j <) is mutually Cohen generic over M. In

Mcy, ..., ¢;_; ], consider

for every i < n. Then, by the minimality of , E is still pre-dense in Q(H{") X --- x Q(H]/). Now
apply Lemma 5.11 once to accommodate the full condition p and reach a contradiction. O

5.4 | The main theorem

Theorem 5.14 (GCH). Let x be an infinite cardinal of uncountable cofinality. Then, there is a
cofinality and cardinal preserving forcing extension in which

@) 2% =1,

(2) thereis a Wetzel family,
(3) ifx is regular, MA holds.

That is, (¢j * j <) isin any open dense subset of c!*1 coded in M.
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WETZEL FAMILIES AND THE CONTINUUM | 19 of 27

Proof. Start with the model obtained in Proposition 4.1, where there is an almost disjoint sequence
(oq + a <x)in[]e., pe, pe = max(|§], Ny). This is our ground model V now. Fix a bookkeeping
function B with domain x. The details of B are going to be discussed at the end. We are going to
recursively define a ccc finite support iteration P = (P,,Q, : a < x). Additionally, there will be
the following objects for each a < «:

(1) Py, -namesC,, £, & < py, for pairwise disjoint countable dense sets of complex numbers, such
thatany ¢ € (., Ca,)=® is mutually Cohen generic over VPa,

(2) acountable set X, C x,

(3) aP,-name z, for a complex number,

(4) aP,,,-name f, for an entire function, such that L fa(zs) € U§<M& Ca,g, forall § < a.

Forany o € [, u¢, we then let H, be a P,-name for
{(Z5,C5,a(5)) 16 < cx}.
We will inductively prove that forany n € w and §, < --- < &, € ¥ \ s Xs,

I-p @(Hggo 1) X oo X @(Hog,, 1) 18 ccc. *

Start with P, = {1}. Clearly (%) above is satisfied when a = 0.” Suppose we have constructed
P, and we showed that () holds. Then, we first define a forcing notion P} extending P,.

Suppose B(«) is a P,-name A for a ccc poset of size < x. In not, we simply let PY =Py In VPa,
there may be £, < -+ <&, € x\ [Js., X5 such that

A X Q(HU;’O o) X -+ X Q(Hy, 1) is not ccc.

Note then, that Q(Hc,g ta) X oo XQ(H% la
0 n

case in any further ccc extension, by Lemma 2.3. Also, this forces that for any §(’) <<t e
K \ U5<o¢X5 U{§O << gn}’

@(Hc'g/ te) X o0 X @(Hgg, 1) is still ccc.
0 m

) forces that A is not ccc and this remains the

Ifnosuch §, < --- < &, exist, then A preserves that all such products are ccc, again by Lemma 2.3.
We let P* be P, + B, where B is a P,-name for QHo, 1o)X = X Q(Hg, 1) or A, depending on
which of the cases occur. In V, using the ccc of P, we let X be a countable set that contains any
such &, ..., &, that we might choose in the former case. Then, () still holds if we replace P, by
Prandif §; < -+ < §,areinx \ (X U Js., X5), by what we have already noted.

Next, we let Z, = B(y), where y is least such that B(y) is a P,-name for a complex number
distinct from any Z5, 6 < a. LetC,_be the forcing for adding mutually generic Cohenreals (c, ¢ ; :
§ < g1 € w). LetPI* = PF x C,, and Ca,§ beaP}*-namefor{c,;; : i € w}.Forany§, < - <
€, € x \ (X U sy X5), we still have

[ @(HUEO o) X e X Q(Hogn 1) I8 ccc,

TQ(#) has a countable dense subset, for example, consisting of those conditions p, where f p Is a polynomial in
rational coefficients.
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20 of 27 | SCHILHAN and WEINERT

since Cohen forcing preserves the ccc of any poset. Let 7, € x \ (X U Js., X5s) be arbitrary, let
Xa = X; U {770{}’
IPD(+1 = P;‘F * @(Hgﬂa ra)’

and f, be a name for the entire function added by Q(H o 1o)> @s described in Lemma 5.4.
Now, for any & < -+ < &, € %\ (Up<qs1 X)

”_PaH Q(HU§O roc) X X @(Ho'é,n TOC) is ccc

and by Proposition 5.9,
||—[p>0t+1 Q(Hgfo F0£+1) X oo X @(H%n rrx+1) is ccc.

So (%) holds at a + 1. It remains to show that (x) is preserved in limits a. So once again, let
§o <+ <&, €1\ (Us<yXs) Then, there is § < a so that o, (6) # agj(é) and hence following,
C5’0§4(5) N C5,U§.(5) =@, foranyi < j < nand § € [B, ). Thus, by Proposition 5.13,

i J

”_5+1 @(Hcgo ra) X X @(Hogn ra) <ypPs Q(Hago r6+1) Xeee X Q(Hcrgn r5+1)’
which, according to Lemma 2.7, is equivalent to
P5 * @(Ho§0 ré‘) X e X @(Hgfn ré‘) < P5+1 * @(HOEO r5+1) X e X Q(Hgfn r5+1).

By induction, it is then easy to see that for any limit § € [8, a], Ps * Q(Ha% 16) X ooe X @(H%’n 15)
is the direct limit of the forcings Pg = @(HC,E0 151) X - X (D(HCIg 1), for 8" €[B,8)andfor § < a,
we know already by (x) that'

Ps * @(H% 18) X o X Q(Hagn 1s) is ccc.

Thus, by Lemma 2.6, P, * Q(H o, 1) X -+ X QH, o 1) s itself ccc. In particular, () now follows,
by Lemma 2.3.

This finishes the construction. The bookkeeping function B is supposed to enumerate all P-
names for complex numbers, and in case « is regular, also all P-names for ccc forcings on ordinals
< x unboundedly often. This is a standard argument. When « is regular, it suffices to let B enumer-
ate all elements of H(x) unboundedly often. A standard argument then shows that MA holds after
forcing with P. When x is not regular, let B enumerate all elements of P} (x), where 7)2(76) =k,
Pj“(x) = Pg(x) U [PS(K)F“’, and we take unions at limits. Since 2% = x, |PE(x)| = x as well.
It is then standard to see that P C P¥(x), using the ccc and choosing appropriate names for Qy»
a<k.

Finally, after forcing with P, we have that (z, : a < x) enumerates the complex numbers and
for every 6, a < x,

fo(z5) € {fp(zs) : B<8YU | Cs

§<us

which has size < |8] + s - Ry = 45 < x = 2%, Thus, F = {f, : a < x} is a Wetzel family. O

"To be slightly more accurate, the direct limit is a dense sub-forcing of Py * G.ZD(Hf,g0 16) X o0 X @(H% 16)-
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Let us note that it is not very important that the o,’s had finite pairwise intersections and we
could easily get by with assuming only countable intersections. In that case, we would just have
to split up the limit stages into countable and uncountable cofinalities. The proof for uncountable
cofinality stays the same and for countable cofinality the ccc follows easily from the previous
steps.

Also, some interesting modifications can be made to the forcing construction above. For exam-
ple, instead of taking care of all complex numbers along the iteration, we can leave out some
values. For example, we may leave out exactly 0. The resulting family 7 is then a Wetzel fam-
ily on the modified domain C \ {0}, while all values f(0), for f € F, are pairwise distinct. To see
this, note that if z ¢ dom H, then the function added by Q(H) maps to a generic complex number
at z.

More generally, for any given infinite Q C C, we can construct a family of entire functions that
is Wetzel on Q, while attaining 2%0-many values at any point outside of Q. For x regular, we can
force ¢, over the model from Proposition 4.1 without collapsing cardinals or changing cofinalities,
by adding a x-Cohen real in the standard way. This does not affect the result of Proposition 4.1.
Then, using a standard guessing argument in the iteration of Theorem 5.14, it should not be hard
to modify the construction in order to obtain a model where such families exist for every infinite
subset O C C. Whenever Q, C (zz : B < ) is guessed at step a, we may force with Q(HU% e 1
Q,) instead. Here note that if Q(H) is ccc, then for any restriction H' C H, Q(H’) is a sub-forcing
(not necessarily complete) of Q(H) and thus also ccc.

6 | MA AND UNIVERSAL SETS

In this section, we show that under MA 4+ —~CH there is no universal set. Recall that MA is saying
that for any ccc partial order P and any family D of less than 2%0-many dense subsets of P, there
is a filter G C P such that G N D # @, for every D € D.

‘We begin by introducing the ccc poset that we will use. The forcing S shall consist of conditions
of the form p = (w, s) = (w,,s,), wherew € [C]<*® and s is a finite sequence of open intervals with
rational endpoints in (0,1) C R such that

(a) Vi< j < |s|Vx € s()Vy € s())(y < xP),
(b) Vzy, 2z, € w(|zy — 24| € Ui<|s| s(i) u{0}).

A condition g extends p if and only if w, C w, and s, C s;.
Lemma 6.1. S is ccc.
Proof. Suppose p, € S, for @ < w, are pairwise incompatible. Then, we may assume without loss
of generality that Sp, = sand |w, | = nisthesame foralla < w;.Letus write wy = {zi' 1 i<n},
for every a and consider the functiond : C" X C" — [0, 0c0)™ ", where

d((z; 1 i<n),(z : i<n>):<|zi—zj.| 1 (i, j) e nxn).

d is clearly continuous. Moreover, since {(z{" : i <n) : a < w;} C C" is uncountable, there is
some o < w; such that (zf‘ : i < n)is an accumulation point of that set. Thus, let o), # «, k € w,
be such that (z?k ti<n)—(zf 1 i<n)ask — oo. Let ¢ be the left endpoint of s(|s| — 1), that
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22 0f27 | SCHILHAN and WEINERT

is, ¢ is the the infimum of | J;_, s(i). Now note that

i<|s|

d((z* 1i<n)(zfi<n)) € <U s@u o, 08)) .

i<|s|

Thus, by continuity, there is k large enough so that

d((z* ti<n)(zFri<n)) € <U s(i) U [0,c8)> .

i<|s|

: 8 8
In other words, for all z,, z; € wp U wpak, |zg — 21| € Ui<|s| s(i)U[0,c®). Let 0 < b < c®, where

b is strictly bigger than the maximal distance between points in w,

Similarly, let 0 < a < b, where a is strictly smaller than the minimal such distance. Letting I be
the interval (a, b), (wp Vw, ,s71 ) is a condition extending both p, and P> while o # a;.. This
a O(k

. . 8
U Wp,, that lies in (0, c®).

is a contradiction to the assumption that p, L p, . O
In the following, Q is the set of rational numbers.

Lemma 6.2. Foreveryz € Candeveryn € w, thesetsD, ={gq €S : z € wg +(Q+ iQ)}}andE, =
{ge€ S : Isql > ntaredenseins.

Proof. Let p € S be arbitrary. If w, = §J, then clearly g = ({z}, s,,) extends p and lies in D,. Other-
wise, there is z, € w, and a small open neighbourhood O of z, so that for any z, € O, there is an
extension g of p with z, € w,. This is similar to the argument in the proof of Lemma 6.1. O clearly
contains a rational translate of z. The case of E,, is obvious. O

Lemma 6.3. Let O C (0,00) be open containing arbitrarily small values. Then, there is an
uncountable set X C R such that{|zy — z;| : 24,2, € X,z # 2,3 CO.

Proof. By recursion construct a Cantor scheme, that is, a map ¢ from 2<® to non-empty open
intervals of R, such that for every t C t/, p(t') C ¢(t), diam(g(t)) < ﬁ and p(t~0)Ne(t™1) =

@. Start with (@) = (0, 1) and given ¢(t), find (¢ ~0) and ¢(¢t 1) such that for every x € (¢t —0),
y € (t™1), |x — y| € O. This is possible since O is open and contains arbitrarily small numbers
> 0. Clearly, X = (),.c, U;ean () works. O

Lemma 6.4 (essentially [1, Proposition 9.4]). Let X,Y C C, X uncountable, and assume that for
everyx € {|zy — z,| : 29,2, €X,20 # 215,V €{|20 — 21| : 29,21 €Y, 2y # 21},

min(x, y) < max(x, y)?.
Then, there is no non-constant entire function f such that f"X C Y.

Proof. Suppose there is such f. Since f is non-constant, we can find an accumulation point x € X
of X such that f/(x) # 0. Let x,, — x, where x,, € X for every n € w. Then there is (n, : k € w)
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such that for all k,
1%, — x| < |f () = FCOP
or for all k,
£ () = FOOI < [, — xI2.
The former is impossible since then

1£Gen) = SN 1fCs) = £ .

Xy, = X1 7 1f o) = FOOI? T 1f () = f()I
which does not converge, and from the latter, we follow that

|f(xnk)_f(x)| |xnk _x|2
<

[x

=[x, —x

=<
n, — Xl |x,, — x|

which converges to 0. This contradicts that f’(x) # 0. O

Theorem 6.5. MA + —CH implies that there is no universal set.

Proof. LetY C C, |Y| < 2%. Using MA, find a filter G C S intersecting all sets D, for z € Y and
E, for n € w from Lemma 6.2. Let Z = (J ,cq Wp, s = U ep Sp and U = ¢, S(n). Then, Y C
Z+ (Q+iQ)and{|z, — z,| : zy,2; € Z,2, # z;} C U.Leta, be the left endpoint of s(n), for every
n € w and consider O = J,,(a}, a2). Then, note that for everyx € U,y € O,

min(x, y) < max(x, y)?.
Finally apply Lemma 6.3 to find a set X C C of size X, such that {|z; — z;| : zp,2z; € X,z #
z;} C O. We claim that there is no entire f such that f””X C Y. Otherwise, as Y C Z + (Q + iQ),
there is an uncountable X’ C X and there are rationals ry, r;, such that

"X CZ+(ry+irp).

Clearly, {|zg — z1| : 29,2y € Z + (rg +iry), 2o # 21y =1{l20 — 21| : 29,21 € Z, 2y # z,} € U. This
contradicts Lemma 6.4 O
Corollary 6.6. The existence of a Wetzel family does not imply the existence of a universal set.

Proof. Taking x = RN,, this follows from Theorem 6.5 and Theorem 5.14. Note that if we are allowed
to assume the existence of a weakly inaccessible cardinal, this already follows from the main result
in combination with Proposition 3.6. O

7 | A UNIVERSAL SET WITH 2™ = X,

The construction in the following section will use a countable support iteration of proper forcing
notions. For more information, we refer the reader to [20, Chapter 31].
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Theorem 7.1 (CH). There is a proper forcing extension of V preserving all cardinals and cofinalities
inwhich CV is universal and 2% = X,. In particular, the existence of a universal set is consistent with
ZNO = Nz.

‘We will construct a forcing notion that uses models as side conditions. For now let us fix an arbi-
trary set Y of complex numbers. We then say that a pair (M, N) is a node, if (M, €,Y N M), (N, €
,Y N N) are countable elementary submodels of (H(w;), €,Y) and (M,€,Y N M) € N. In partic-
ular, M and N are transitive. A side condition is a finite set s = {(M;, N;) : i < n} of nodes, where
(M;,N;) e M;,, foreveryi < n.

Recall the poset Q from Definition 5.1. The forcing P(Y) then consists of pairs (w, s) where
s ={(M;,N;) : i < n}isaside condition, w = (a, f,e,m) € M, N Q,a C M,,_, and foreveryi < n,
(f(@):zeanM;\ Uj<i M;)) € M, NY is mutually Cohen generic over N;. In other words,
the elements of a that appear in a model M;, but not before, are mapped to mutually generic-over-
N; complex numbers that lie in Y N M; ;. A condition (v, t) extends (w, s) if v extends w in Q@ and
s Ct.

Lemma 7.2. P(Y) is proper.

Proof. Let K < H(6) be countable with Y € K, for some large 6. Furthermore, letK € K™ < H(6)
be another countable model. Consider M = K N H(w;) and N = K* N H(w;). Then, (M,N) is a
node, since both M and Y n M are hereditarily countable in K* and thus elements of N. Ele-
mentarity of (M, €,Y N M) and (N, €,Y n N) follows easily from the definability of H(w,) within
K,K* and the elementarity of K, K. Any subset of M that lies in K™ is an element of N, since M
is countable in K*. In particular, P(Y) N K = P(Y) N M € N. Moreover, for any subset A € K of
P(Y),ANK=ANME€EN.
In the following, r || A means that r is compatible with some element of A.

Claim 7.3. Let A € N be any pre-dense subset of P(Y) N M and r be any condition of the form r =
(w,s U{(M,N)}Ut),wheres € M and t " M = @. In other words, r is any condition that contains
(M, N) in its side condition. Then, r || A.

Proof. 'We proceed by induction on the length of t. If ¢ is empty, then (w,s) € P(Y) N M. By
assumption, (w, s) || A since A is pre-dense in P(Y) N M. Thus, there is (w’,s") < (w,s) in M,
extending an element of A. Then, (w’,s’ U{(M,N})) is a condition extending (w,s U {(M,N)})
and that same element of A.

Now suppose ¢t = t, U{(M;,N,)}, where t, € M; and let (M, N,) be the last node of t,, or
(M,N)ift, = 0. Let

a = wea:3'eM,sCs(w,s)eP))} ift,=0
0 fwea:3I' eMsCsW,s U{M,N}Ut,) €P(Y)} otherwise.

Then, note that Q, € N, is a forcing of the form Qy(F) for F € N,,." Furthermore, let E = {w’ €
Q : 3s'((w',s") € A)}. Then, E C Q,, E € N, and by the inductive hypothesis, it is pre-dense in

o see that Q,, F € N, note that the subset of M, consisting of countable elementary sub-models of (H(w, ), €,Y) can
be defined in N, as the elements of M|, that are elementary sub-models of (M, €,Y N M,).
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Q- Now use Lemma 5.11, for P, P’ trivial forcings, and a similar argument as in Proposition 5.13
to finish the inductive step. O

Finally, if (w, s) € K is an arbitrary condition, then we have shown that (w,s U {(M,N)}) is a
master condition over K. This proves the lemma. O

Lemma 7.4. Let p,Y € K < H(0), K countable, for large 6, and let ¢ be a Cohen real over K. Then,
there is a master condition q < p over K so that q I c is Cohen over K[G].

This is known as ‘almost preserving C°°P¢™” in [4, section 6.3.C] and implies the preservation
of non-meager sets in countable support iterations.

Proof. LetM = K n H(w,) and H be a Coll(w, 1)-generic over K[c], where A = |H(w,)|X. Then, cis
stilla Cohen real over K[H] and K[H] E |[M| = w. Moreover,P(Y)NK = P(Y) N M € K[H], since
P(Y) N M is definable from M,Y N M € K[H]. Now let K* < H(6) be countable with K,H,c €
K*. Let p=(w,s) and N = K* n H(w,). Then, g = (w,s U {(M, N)}) is a master condition over
K, as in the proof of Lemma 7.2. Let G  q be P(Y)-generic over V. According to Claim 7.3,
for any pre-dense subset A € KT of P(Y)NK, AN G # @. Thus, G NnK is P(Y) N K-generic over
K* and in particular over K[H][c] € K*. But P(Y) N K is a countable forcing in K[H]| and thus
equivalent to Cohen forcing (or, in the simplest case, a trivial forcing) witnessed through an iso-
morphism in K[H]. So K[H][c][G NnK] is a Cohen extension of K[H][c], and c is still Cohen
generic over K[H][G N K]. In particular, c is still Cohen generic over K[G] = K[GN K] C K[H]
[GNnK]. O

Lemma 7.5. Let Y C C be everywhere non-meager. Then, P(Y) generically adds a non-constant
entire function f such that f(CV) C Y.

Proof. Let (w,s) € P(Y) and z € C. Extending (w, s) further, we can assume z € M,, for some
(My, N,) € s, where M, is minimal with this property and there is a successor (M;,N;) € s of
(My, Ny). Since Y is everywhere non-meager, M; knows this and since N, is countable in M,
there is c € Y n M, that is arbitrarily close to f,,(z) and Cohen generic over Ny[c,, ..., ¢,], where
Cps --- » €, enumerates the mutual Cohen generics f,(x), for x € a,, that first appear in M,,. The
rest then follows as in the proof of Lemma 5.4. O

Proof of Theorem 7.1. Let Y = CV and iterate P(Y) in a countable support iteration of length c,.
By Lemma 7.4 and [4, Lemma 6.3.17, 6.3.20], Y stays everywhere non-meager along the iteration.
Everything else follows from standard counting of names arguments and the fact that P(Y") has
size ¥, under CH. O

It seems that it would also suffice to consider nodes where M, N are merely countable transitive
models of ZF~, (M, €,Y n M)iscountablein N and Y n M is non-meager in M. This has the slight
advantage that P(Y) n M is already a definable subclass of M and not just definable in N. Also in
the proof of Lemma 7.4 we could directly let K* = K[H][c].

There is a also a ccc way to do this starting from a model of ¢. This is a modification of the
construction presented in [8], from which our result draws its main inspiration. Instead of gener-
ically adding an e-increasing sequence of nodes using side conditions, we start already with a
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given sequence ((M,,N,) : a < w;), where (N, : a < ;) is an ‘oracle’ (see [30]). It can then
be shown that the resulting forcing, consisting of those w € @ such that (w, s) € P(Y) for every
s C((M,,N,) : a <), is ‘oracle-cc’. In fact, our proper forcing is built directly from this con-
struction. The advantage is that it has a much easier setup and does not depend on a particular
chosen sequence of nodes. Also there might be a bigger potential of generalising it to continuum
higher than N,, although this is not very clear to us.

8 | OPEN QUESTIONS
Question 8.1. Does MA or PFA imply that there is a Wetzel family? Is MA + 2% = R, sufficient?
Recall that non(M) is the least size of a non-meager set.

Question 8.2. Is every universal set non-meager under -CH? In particular, can we replace MA
with non(M) = 2% in Theorem 6.5?

Question 8.3. Is the existence of a universal set consistent with 280 = R,? With 2% = « for
arbitrary successor cardinal x?

Recall that a domain Q C C is any open connected subset of C. We may then define the
analogous notion of Wetzel families on Q for functions that are holomorphic on Q.

Question 8.4. Let Q C C be any domain and suppose that there is a Wetzel family on Q. Does
there exist a Wetzel family on the whole of C? What about Q = C \ {0}?

Question 8.5. Can we characterise when Q(H) is ccc?
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