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We address the problem of formation control in multi-agent systems tasked with tracking a leader-imposed
trajectory. Inter-agent interactions are encoded by a graph, with each node representing an agent that uses
only relative position and velocity information from its neighbors for control. A subset of agents, designated
as dampers, also utilizes their absolute velocity to improve damping in the formation. We formulate an
optimization problem to minimize the maximum real part of the closed-loop eigenvalues, a criterion that
directly governs both stability margins and the rate at which the formation recovers from disturbances. We
derive an explicit solution for a line graph configuration where the leader and a damper occupy the endpoints.
We also provide the globally optimal solution for a generic graph, assuming that each agent applies a damping
action that must be the same across all nodes. We prove the overall robustness of the protocol against network
topology variations. Theoretical findings are validated through both simulations and real-world experiments
with a quadrotor swarm, which confirm that damping agents significantly improve formation integrity under
dynamic conditions.

1. Introduction capabilities and interaction topologies (typically modeled as a graph),
different kinds of formation control formulation can be stated [8-12]
which can further be categorized according to the agents’ dynamics
(e.g., first/second order point-mass model or rigid body dynamics).
Among the various scenarios, leader—follower configurations are espe-
cially relevant for structured group behaviors, such as those seen in
aerial swarms or ground convoys. In these settings, a designated leader
dictates the global trajectory, while the remaining agents coordinate
locally to preserve formation and follow the intended path. A sub-
stantial body of work frames the leader—follower problem within the
consensus paradigm [13]. Indeed, by properly selecting the states over
which consensus is achieved, a variety of formation control problems

The coordination of autonomous multi-agent systems has gained
increasing attention due to its broad applicability in robotics, trans-
portation, and surveillance [1]. In particular, formation control—where
agents maintain prescribed spatial relationships while tracking a collec-
tive motion—serves as a foundational problem in distributed
robotics [2]. Formation control has a long history, dating back to the
’60s, when one of the first control schemes for vehicle platoons was
proposed [3], addressing optimal error regulation in linear, sequentially
connected systems. Over subsequent decades, the problem has been
generalized beyond platoons, with emphasis on robustness, scalabil-
ity, and communication constraints. This progression has established

decentralized and distributed control as the dominant paradigm for
large formations (see [4-6] for an overview of the subject). A key
motivation for decentralization is that global control from a central
unit becomes impractical as the number of agents grows or as commu-
nication becomes unreliable. Consequently, decentralized strategies [7]
that rely on local control laws and relative measurements with neigh-
boring agents have been widely studied. Depending on the sensing

can be reformulated as consensus problems (see, for instance [14]
that deals with second order dynamics). A persistent challenge in
decentralized formation control is managing the dynamic interactions
that emerge from graph topology and local control laws. These inter-
actions determine both stability margins and transient performance.
In particular, disturbances or abrupt leader maneuvers can propagate
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and amplify through the network, degrading formation integrity [7].
A widely adopted mechanism to counteract this phenomenon is the
introduction of damping [15-17]. In the case of second-order dynamics,
damping naturally appears as a parameter in the agents’ dynamics,
typically associated with the relative velocities of neighboring agents.
Additionally, damping agents—special nodes equipped with absolute
velocity measurements—can be introduced into the formation (see,
e.g., [18-20]). These agents help mitigate oscillations and improve
convergence without requiring centralized information. However, the
optimal deployment and tuning of damping actions remain largely open
questions, particularly in sparse, low-degree networks such as line or
ring topologies.

The present paper addresses the problem of formation control for
agents evolving on a connected graph, where only a subset may act
as dampers using absolute speed feedback. Each agent implements
a decentralized control strategy based solely on its relative position
and velocity with respect to adjacent agents. We study the spectral
properties of the closed-loop system and propose a principled approach
for tuning the control parameters to minimize the maximum real
part of the eigenvalues, thereby enhancing both stability and conver-
gence speed. For line graphs—a canonical topology in many real-world
systems—we provide an explicit solution for the optimal gains when
the leader and damper occupy opposite ends of the formation. The main
contributions of the manuscript are summarized next.

We consider a linear decentralized control strategy that distin-
guishes three categories of agents: leader, regular, and damping
agents. Agents within each category adopt the same strategy. We
consider the problem of minimizing the maximum real part of the
overall system eigenvalues.

In the case of a line (platoon) of agents, we provide the optimal
solution in closed form.

In the case of a generic graph, under the assumption that all
agents perform a damping action, we show that the optimiza-
tion problem admits a global (though not necessarily isolated)
minimum. We characterize such a minimum.

We discuss how to select, among the equivalent minima, a solu-
tion that ensures robustness against variations in network topol-
ogy.

We discuss how to redesign the protocol, relying on simple gain-
scaling, to account for acceleration bounds.

The theoretical analysis is complemented by simulations as well as real-
world experiments conducted with a quadrotor swarm in a controlled
indoor arena. The empirical results demonstrate that the proposed
protocol successfully maintains formation integrity under dynamic con-
ditions and validates the predicted benefits of damping agents.

2. Problem formulation

We consider a network of N agents with second-order dynamics:
P =u@), i=12,...,N, €y

where r; € R denotes the position of agent i, with respect to a common
reference frame, in one, two, or three spatial dimensions, i.e., d €
{1,2,3}. This framework captures 1D platoons, 2D planar formations,
and 3D spatial formations. The agents are categorized as follows:

» Leader: a designated agent that follows a prescribed reference
position 7;

* Regular agents: agents that maintain the formation pattern based
on local relative information;

» Damping agents: a subset of agents that additionally contribute to
the damping of formation oscillations.
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(6) damper

Fig. 1. Example of a formation graph. Node 1 is the leader, node 4 and 6 act
as damping agents.

4) damper

The inter-agent communication is modeled by an undirected graph
G = (V,€), where each node represents an agent. Two agents i and j
can exchange information if and only if there exists an edge(i, j) € €.
The set of neighbors of node i is denoted by Adj(i).

The control input u;(r) depends on the role of the agent. Following
earlier work in platooning [8,19,20], the proposed control laws are:

* Leader (agent 1 in Fig. 1)

O IO R B W IO R ORI
jeAdjm)

S TGCEL RV YR CIORTIO) @
jeAdj)

Regular agent
F,‘(t) = —K Z (ri(t)—rj(t)—f,-j)
jeAdji)

—h Y G — i) 3)
jeAdja)

Damper agent

B ==k Y (0 =10 = Fy)
jeAdj@
—h Y 0 =i 0) - gh (). )
jeAdji

Here « is the inter-agents stiffness factor, 4 the inter-agents damping
factor, g is the damping node friction. The vector 7; is the desired
relative displacement between agents i and j, with 7;; = —7;. The
model can be interpreted as a system of unit masses connected by
springs (with stiffness k) and dampers (with damping 4), with some
nodes having additional local damping g. To ensure the feasibility of
the desired formation, we make the following assumption.

Assumption 1. Given the leader’s target (constant) position 7 there
exist target positions 7,, 73, ..., Fy such that

Fij =F —Fj, Vi, j.

This guarantees internal consistency of the relative position con-
straints (for instance, if 4 agents are on the vertices of a square, the
desired positions for two opposite nodes must be the diagonal). If this
condition is violated, steady-state errors may occur.

At steady state, the desired conditions are

ry=F ri—r;

= r =Fy =0, Vi 5)

j )
Let the deviation from the desired formation be:
g=r-F

where r and 7 € R?N are the stacked vectors of actual and desired posi-
tion, respectively. This vector has dimension N, 2N, or 3N depending
on the considered spatial dimensions.
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For the 1D case (d = 1), the system dynamics can be compactly
expressed as:
§(t) = -[hL + gEl4—xLq, (6)

where L € RV*N is the grounded graph Laplacian matrix [21] such
that

0 if nodes i and j are not connected
Lo -1 if nodes i and j are connected
LA D Y o if i=j#1 ’
=YL+l i i=j=1

and E € RV*V is a diagonal matrix with entries E;; = 1 if agent i is a
damper, 0 otherwise. The modification of L ensures the leader (node
1) is pinned to the external reference, making L nonsingular when the
graph is connected [22-24].

Define the damping matrix:

H =hL +gE. )

In higher dimensions (¢ = 2,3), the dynamics decouple along each
spatial axis, yielding d independent systems of the same form. Hence,
theoretical analysis can focus on the scalar case without loss of gener-

ality.
The system can be written in state-space form as:
0 I
() = A A=
x(1) = Ax(0), —xL —(hL +gE)|’ 8

where x(t) = [¢"(1) ¢TO]T.
We work under the following assumption.

Assumption 2. The stiffness coefficient x > 0 is given; only the
damping coefficients, 4 and g, have to be optimized.

Remark 2.1. The problem is ill-posed if « is also a free variable, as
the eigenvalues can be driven arbitrarily far into the left-half plane. As
it is well known, this is unrealistic. We will discuss later on how one
can determine a suitable «.

We seek the fastest convergence to steady-state. Given a fixed
stiffness coefficient « > 0, the optimization problem can be stated as
follows.

Problem 1. Given x > 0, find 2 > 0, g > 0 that minimize the largest
real part of the eigenvalues of the matrix A.

Claim 1. Without loss of generality, and to simplify the analysis, we will
assume x = 1 in the sequel.

This assumption is justified through a time rescaling argument
k =t so that dt = \/;dr. Dividing (6) by x we have that
1& _ & 1d_d
kdr2 di?’ |\ fedr o di’
So if we find the optimal g*, h* corresponding to x = 1 the resulting
system is

d? d
—q=—-Lg— |hWL —g*E| —q.

ar’ 1 [ & ]dtq
Scaling time

1 d? . 1d
~ L g=-Lg- nL —g*E| — =g,
)cdrzq 4 \/;[ & ]Kd'rq
which writes as

d? d
~—g=—«xLg—[hL + gE] —q,
J2d=xLa—lhL+gE]l-2q

with A = h* \/E and g = g* \/E Since a rescaling of time does not affect
the optimization problem, the following proposition holds.

Proposition 1. If g* and h* are the optimal for x = 1, then g = g*\/x
and h = h* \/E are the optimal for a generic k > 0.
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2.1. Lyapunov analysis

As discussed earlier, if parameters x, h, and g are treated as
free, it becomes possible to achieve arbitrarily fast—yet physically
unrealistic—convergence. To avoid this, Problem 1 assumes « is fixed,
and focuses on optimizing 4 and g to improve the convergence rate.
In this section, we propose a method to preliminarily choose a suitable
value for x, based on a constraint on the deviation from the desired
formation.

We penalize deviation from the target configuration, both for the
leader and for the relative agent positions. Consider the following
quadratic cost:

J= Y =Ll = F) = (ry =PI + Iy = 7y 1P
i#j

2 2
> —Ljllg = g7+l I* = q" La.
i#j
This cost penalizes relative deviations from the target distances be-
tween neighboring agents and the absolute deviation of the leader from

its goal. Given a tolerance y > 0, we impose the constraint:

an€Q,=1{q:q Lg<pu}. ©)

This constraint ensures that the formation remains sufficiently close to
the desired configuration during the evolution.

The following Proposition shows that the previous constraint re-
mains satisfied during the whole transient starting from the rest condi-
tion.

Proposition 2. Let y > 0 and desired positions 7; be given. Assume that (9)
is satisfied at time t = 0. Assume that the initial velocities 7;(0) = 4(0) = 0.
Then the constraint (9) holds for all t > 0.

Proof. Consider the Lyapunov function
. 1 1+, 1
Vig.9)=4d"d+ 34"k La. (10)

Taking the time derivative and substituting the system dynamics (6),
we get:

d[l v, 1 T, . . .

—|5d"d+ —qTKLq] =q"G+q xkLg=—4"[nL +gEl4,

dt 12 2

which is negative semi-definite. Therefore, V' is non-increasing over

time. Since §(0) = 0 by assumption, we have
qu(oLq(r) < ququm +4T(04(1)
< %qT(O)Lq(O) +47(0)4(0) = %qT(O)Lq(O) < %

Then «q" (t)Lq(t)/2 < xu/2, dividing by « /2, the proof is complete. []

Example 2.1. Consider N = 3 agents with desired positions (0,0),
(0, 1), (1,0), and assume a fully connected graph. Let the initial positions
be (1,1), (1,2), (2,1), so that initially all agents are offset by the same
vector (1, 1). Thus, ¢;(0) = (1, 1) for all i, and the initial cost is J = \/5
Thus, the formation deviation remains bounded by \/5 throughout the
transient.

If the damping matrix H is positive definite, then the Lyapunov
function V' also guarantees asymptotic stability, as established below.

Proposition 3. Since the leader is pinned, the grounded Laplacian, L is
positive definite and k,h > 0, then V' — 0 as t — oo.

Proof. This is a direct application of LaSalle’s Invariance Principle.
Since V(q,¢) < 0, all trajectories converge to the largest invariant set
contained in {(g,4) € RN : V = 0}. Since L is positive definite, the
matrix H is also positive definite; therefore, the condition V' = 0 implies
G =0, i.e., the set of zero velocity. In such a set, we have

§=-xLlLgq.
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(O Leader target

D—O0—0O0—@—0B—=®
Leader damper

Fig. 2. The line graph. Node 1 is the leader, the final node 6 has a damping
role.

If ¢ # 0, then § = d /dt[4] # 0, hence ¢ cannot remain zero, contradicting
invariance. Therefore, the only invariant set is the origin. []

Remark 2.2. The parameters k, 4, and g are assumed to be broadcast
to the agents, which then implement the corresponding local control
protocol.

3. Optimal solution for the line graph

The line graph with a designated leader (see Fig. 2) is a key
special case in formation control, particularly in the context of vehicle
platooning (see e.g., [25-31]).

In this section, we provide a closed-form optimal solution to Prob-
lem 1 for this topology.

Theorem 3.1. Let x > 0 be fixed. For a line graph topology with the leader
at one end and a damping agent at the opposite end, the solution to Problem
1is:

h:g:\/z.

Proof. As mentioned before, we assume x = 1, and we prove that
the optimal parameters are » = g = 1 (then, the claim follows by
Proposition 1). The proof proceeds in two steps. The first is to show
that for x = 1 and for » = g = 1, all 2N eigenvalues are at —1. The
second is to show that if there exists an eigenvalue with real part less
than —1, there must be another with real part greater than —1.

First part: All eigenvalues equal to —1 for h = g = 1. Recall from
earlier that the eigenvalues of the system matrix correspond to the roots
of the characteristic polynomial:

¥(s,h,g) = det [s] + (hL + gE)s + xL| = 0. an

Set k = h = g = 1. The matrix becomes the following tridiagonal matrix.

M =
(s+12+1 —(s=1) 0 0
s+ G+Dr+1 —(s=1 0
0 s+ +DP+1 0
0 0 5=  G+DX+1 —(s=1)
0 0 0 —(s—=1) (s+ 1)?
It can be factored as:
(s + 1) -1 0 0
0 (s+1) -1 0
wel © 0 (s+1) 0
. . 0
0 0 0 (s+1) -1
0 0 0 0 (s+1)]
(s + 1) 0 0 0 7
-1 (s+1) 0 0
0 -1 (s+1) 0
X : : 0
0 0 0 (s+1) 0
) 0 0 -1 (s+ 1]

Therefore we have

P(s)=(s+ DN (s+ DV,
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Fig. 3. The transient with 20 nodes. It is apparent that there is no reflection
in the “wave” with k =h=g=1.

Hence, the only root is s = —1 of multiplicity 2N, so all eigenvalues
satisfy:

max R(oy) = —1.

Second part: Any improvement on —1 leads to a worse eigen-
value elsewhere. Consider the polynomial again in (11). The constant
term is ¥ (0) = det(x L).Adopting the previous factorization, we have

2 -1 0 0
—1 2 -1 0
¥(0) = det(x L) = det 9 -1 2 -1 0
O O _1 2 _1
0 0 0 -1 1
-1 0 0 Lo o .
o1 0 -1 1 0 0
o 1 0 -1 1 0
= det . B
de : : 0 X de ' : T ,
0O O 0 1 -1 0 0 0 1 0
00 0 0 1 o 0 o0 -1 1

which is the product of all eigenvalues: [], o, = 1. Since the modulus
of the product is 1, if any eigenvalue has a real part < —1, then its
modulus is > 1. To preserve the product, another eigenvalue must have
the modulus < 1, implying a real part > —1. Therefore, it is not possible
to improve the convergence rate beyond —1 without worsening another
mode. Thus, the optimal solution is uniquely achieved for h = g = 1,
completing the proof. []

Remark 3.1. This result is analogous to impedance matching in
transmission line theory. For a mechanical analog of a transmission
line with unit mass per unit length and stiffness «, the characteristic
impedance is \/; Terminating the line with this value prevents wave
reflections. In our case, setting the damper gain at the end of the
formation to g = \/x cancels reflections induced by the leader’s motion.
This is clearly illustrated in the simulation in Fig. 3. If we remove
the “matching” term, setting g = 0, we get undesirable oscillations, as
expected, due to wave reflection as shown in Fig. 4. The simulation
shows that the transient is not over even if we triplicate the horizon
T = 120.

The next corollary states that the damping matrix (hL+gE) achieves
the best damping among all the possible positive semi-definite damping
matrices H.
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20 *_/\_/-
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0 T T T T T
0 20 40 60 80 100 120
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Fig. 4. The transient with 20 nodes without final impedance matching on a
longer horizon T = 120. The reflection in the “wave” with k =h=1but g=0
causes quite undesirable oscillations.

Corollary 3.1. Let k > 0 be fixed and consider the eigenvalue optimization
1I1nizno ml?x R(op),

where

W(s,x, H) =det [s*I + Hs + kL] =0. 12)
Then the optimal damping matrix is

H = (hL + gE),

Withh=g=\/;

Proof. We already showed that for this choice, all eigenvalues are
located at —\/E. Since the product of eigenvalues equals ¥(0,«, H) =
det(xL) = N, no configuration can place all eigenvalues further left
on the complex plane without violating the constraint on the deter-
minant (product of roots). Hence, this choice minimizes the spectral
abscissa. [

4. The case of a generic graph

We now consider the scenario where the damping matrix is of a
generic form, and H and E are not restricted to line graphs. The
eigenvalues of the system are the roots of the polynomial:

¥(s,x,h,g) = det [s"] + (hL + gE)s + kL] = 0. @3)

We begin by providing the following important lower bound for the
optimal solution.

Proposition 4. Let (h*, g*) be the optimal parameters. Then the maximum
real part of the eigenvalues satisfies:

max R(o;) > — X/ det(L).
1

The proof follows the same reasoning as the corollary for the line-
graph case and relies on the fact that the determinant of a matrix equals
the product of its eigenvalues.

We now consider the case E = I, corresponding to the situation
where each agent acts as a damper. In this setting, the damping matrix
is modeled as a linear combination of L and the identity matrix.

The following theorem establishes the quasi-convexity of the opti-
mization problem.
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Theorem 4.1. Let E = I. For fixed «, the sublevel sets of the maximum
real part function

Sub(g, h) = {(g,h) : maxR(c;) < -},

with ¢ > 0 a parameter, are convex polygons. That is, the function
max; R(o;) is quasi-convex.'

Precisely such sub-level sets are the intersection of stripes defined by the
inequalities

2§§hﬂi+g§max{2ﬁ,§+%} i=1,2,...,N. 14)
Proof. Assume ¥ = 1. Let QTLQ = A = diag{4,,4,,...} be the
diagonalization of L. Then (13) becomes:

¥ (s, k,h,g) = det [s*I + (hA+ gD)s + A] = 0. (15)
The eigenvalues are the roots of the equations:

2+ (hd+gs+4,=0, i=12,..,N, (16)

whose maximum real part is

[(h2; + )2 —44,] "
2

where we denote by [x]* the function [x]* = max{x,0}. The proof
follows by noticing that the set

VAT
2

is an interval [a;, b;] for x = (hA;+g) for suitable a; and b;, so the polygon

is defined by the inequalities a; < h4; + g < b;. To prove that T is an

interval, consider the set of points that satisfy the inequality in (17),

which can be written as

\J[X2 =441 < x—2¢&

Clearly, we must have

—(hd; +g) +

<-£i=12,...,N,

I={(x: <-¢) an

x>2& (18)
(hence x must be positive). Then square both sides to obtain

[x2 — 44,17 < x* +48% —4¢x.

If x> < 44;, and since x is positive, we have

x < 2\/7,—. 19)

Therefore, the inequality is true. Conversely let x> > 44;, namely

x > 24/4;, we have [x? —44,]" = x> — 4, and therefore, by eliminating
x2, we get —4J; < 4&% — 4éx or

xs¢+?. (20)

The overall set results by considering that it must be x > 2¢ and that
either (19) or (20) must be true (so x cannot exceed the larger between
2\//1_,- and ¢ + 4;/€). Letting x = h; + g for all i, we have that the set is
defined by the inequalities in (14). []

Corollary 4.1. Under the same assumptions of the theorem, any local
minimum is a global minimum.

Proof. This is a standard property of the quasi-convex functions. []

The following theorem provides a possible optimal value (non-
unique in general) for s and g.

1 A function is quasi-convex if and only if its sublevel sets are convex. For
instance, 4/|x| is not convex, but quasi-convex.
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Parameter g

T T T T T T T T T T T T T T T T T T T
02 04 06 08 1 12 14 1.6 1.8 2 22 24 26 28 3 32 34 36 38 4
Parameter h

Fig. 5. The sublevel set of the function max; R(c;).

Theorem 4.2. Let E = I and fix k. Then an optimal choice is:

(g%, h*) = (24/k4,,0), 21

where 4, is the smallest eigenvalue of L. The corresponding optimal value
for the maximum real part of the eigenvalues is —4/A, k.

Proof. Assume x = 1. Consider first of the Egs. (16) for i =1
52+ (hAy +g)s+ 4, = 0. (22)

Its roots have product o,6, = 4, hence their real parts cannot be both
smaller than —4/4,. This number is a lower bound for the optimum.
Take g = 24/4; and h = 0. Then the two roots are real negative and
both equal to —4/4;. We prove that all the other roots for i > 1 have
real part exactly equal to —4/4,. For i > 1 the equation is
2+ 24/As+ 4, =0,
and the corresponding root pair is complex
—24/2, + /42, = 424, )

A VR
with real part —4/4,. O

In Fig. 5, we plot the sublevel sets for the case x = 1 and

3 -1 -1 0 0

-1 3 o -1 0
L=(-1 0 3 -1 -1}

o -1 -1 3 -1

0 o -1 -1 2

The optimal parameters are approximately g = 0.77, h = 0.99, and the
dominant eigenvalue is max; R(o;) = —0.5176. Note that the minimum
is not isolated.

Remark 4.1. The solution (21) provides one possible optimal choice of
the parameters in terms of the spectral abscissa. However, the optimal
solution is not unique, and other pairs (g, #) yield the same dominant
eigenvalue.

It is important to note that the optimal value A* = 0, although
theoretically optimal for the convergence rate, removes the relative
velocity coupling between neighboring agents. In practice, this cou-
pling plays an important role in improving robustness and attenuating
disturbances.

For this reason, it is often preferable to select a different optimal
pair that retains a non-zero relative damping term. In particular, a
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convenient choice is to minimize the value of g, which reduces the
absolute viscous force that may deform the formation when the leader
moves with non-zero velocity.

In view of the above remark, we wish to characterize the set of
all minimizers, which turns out to be a segment. Let x = 1, consider
expression (14) and let us notice that the minimum —¢, namely the
maximum ¢, is the largest possible value such that all the stripes in
(14) are non-empty

A
max & : 2§$max{2\//l_i,§+?} i=1,2,...,N. (23)
The ith inequality is true if either 2¢ < 24/4; or 2¢ < &+ % is true,
namely

e<Vior &<,

that are the same condition, meaning that the optimal is & = 4/4,.
Correspondingly, the strip associated with the first inequality in (14)
becomes the line

hay +g =28 =24/, (24)

Therefore, the set of optimal solutions is the segment defined by (24),
subject to all the other inequalities in (14), excluding the first that is
collapsed to a line. In Fig. 5, one can see this segment where the level
surfaces meet the optimal value.

An important issue is how one can choose a value on the optimal
line (24). A good criterion, which is in contrast to the theoretically
motivated (21), is to take on the segment (24) the point that minimizes
g* and (as it is immediate) maximizes h*. By reducing g*, we minimize
an absolute viscous force, which is important for damping but can
introduce a deformation when the leader speed is non-zero. We also
show that this choice increases robustness. We will come back to this
later on.

The next corollary shows that, for fixed «, the worst topology is the
line, in agreement with existing literature [22-24].

Corollary 4.2. Let Ly, be the Laplacian of the line graph with N nodes
and smallest eigenvalue Alli"e. Then for any other connected topology with
Laplacian L and smallest eigenvalue A, the optimal eigenvalue satisfies:

Vicky > y/xealine.

Proof. Any connected graph contains a spanning line graph (a path
crossing all N nodes), so we can construct Lj;,. < L (in the sense that
L— Ly, is positive semi-definite). This implies /111‘“6 < 4y, and hence the
optimal damping performance (in terms of real parts of eigenvalues) is
always worse in the line topology. []

4.1. Choosing k: convergence speed and actuator exploitation

So far, we have considered a fixed « > 0 and optimized the damping.
The previous investigation provides a guideline for the choice. We have
seen that the optimal maximum real part is —y/k A, = —o;. This is the
dominant real part that provides a clue for the speed of convergence,
which is imposed by the dominant eigenvalue, and then equivalent
to e’ The speed of convergence is associated with the actuator
exploitation, and it should be decided accordingly. Once o, is fixed,
we consequently choose k = af /Ay

Furthermore, the system bandwidth is associated with its dominant
eigenvalue w,,, = 2zc,, henceforth x can be chosen by specifying a
proper @} .

A more rigorous possibility for choosing « is based on the maximum
acceleration ap,,,. The idea is to solve the problem for x = 1 (computing
the optimal g* and 4*) that corresponds to a maximum acceleration a,
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and subsequently scaling «, according to the ratio a,,,,/a, and updating
g and h as follows (see Proposition 1):

K=amax,g=g*\/;h=h*\/;‘ (25)

a;

The values of 4 and g in (25) are optimal for the new x, as we have
seen in Proposition 1.

We can consider a set of candidate initial positions ¢(0) € Q (possi-
bly a singleton) and ¢(0) = 0 and compute the maximum acceleration
a, for all possible initial conditions in this set. Specifically, consider a
single nominal initial condition ¢(0) = ¢,, 4(0) = 0. Assuming k = 1, the
control variable u(f) over time is described by the impulse response of
the linear system with matrices

A:[o I

— qa — | _(h* ®
1 _(h*L+g*E)] B_[ ] Cc=[-L (W*L+g*E))|.

0

Adopting standard software, we can straightforwardly compute the
impulse response and its maximum value. Choosing a different x # 1,
in view of (25), results in the x—system

0 1
A =
x [—KL —\/k(h*L +g*E)

] C, = [—KL —/R(h*L +g*E)] .
with B, = B. The transfer functions of the two systems are related by
C.[sI — A, ]"'B, = xC[sI — \/xA]"'B.

To prove this, apply the state transformation (that of course leaves
unchanged the transfer function)

. r 0 0 I I 0
A= o ﬁl] [—KL —\/E(h*L+g*E)] [0 \/EI]Z\/;A’

¢, [—KL —\/E(h*L+g*E)] [é \/O;I] =kC,

0w

The impulse response of the k—systems is

. I 0
B.=1|y _;|B=B

C e B, = kCeV¥ATB = xCeA' B, (26)

where we adopted the scaled time 7 = \/Er. Since scaling time does
not change the maximum, the only variation is due to the amplitude
scaling of a factor x. Hence, given the maximum admissible norm for
the acceleration, a,,,, we can take x as in (25) with

a; = max ||Ce?' B||.
>0

Remark 4.2. If the set of all possible initial conditions is a poly-
tope Q, then the overall maximum is achieved at some vertex of Q.
Consequently, it suffices to compute the maximum over all vertices.

5. Robustness of the protocol and decentralization

An optimal pair of parameters (g, k), designed for a specific graph
topology with Laplacian L and damping matrix H, may become non-
optimal if the topology changes. However, stability is not compromised,
as the following proposition shows.

Proposition 5. System (6) is asymptotically stable for all positive values
of k, h, and g as long as the graph is connected.

Proof. It follows from the proof of Theorem 4.1. The system eigenval-
ues are the roots of the polynomials in (16), hence all the roots have a
negative real part. []
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The previous proposition guarantees robustness to changes in topol-
ogy, but it does not address the case where the topology is time-varying.

If the communication topology changes arbitrarily fast, stability can
be lost. However, stability is preserved if changes occur with sufficient
dwell time. Let us define:

T* =min{T : |le’°|| < 1—¢, Yo > T,Vk)} 27

for a given family of Hurwitz matrices A, and tolerance ¢ > 0. Then we
have the following.

Proposition 6 ([32]). Let Ay, k = 1,...,N, be a family of Hurwitz
matrices. Consider the switched system:

x(t) = ADx(@), A(t) = Ay, t, <t <ty,. (28)

If the switching instants t,, satisfy a dwell time condition t; ., —t, > T > T*,
then the system is asymptotically stable.

Remark 5.1. The value 7* can be computed numerically by plotting
the function ¢(c) = |e#«°| and identifying the smallest ¢ for which all
trajectories decay below 1 —e.

This result ensures that stability is preserved under slow enough
switching.

Let us now consider the performance loss due to communication
loss. Suppose that some communication links fail, resulting in a de-
graded Laplacian L,. We assume a nominal design based on a fixed
Laplacian L and optimal parameters (x, 4, g), and we ask: how much
does performance degrade under link loss?

Let the damping matrix remain £ = I, and x = 1 fixed. The fol-
lowing theorem provides a performance bound based on the minimum
algebraic connectivity across all possible topologies.

Theorem 5.1. Let L;, k = 1,2...,N be a set of possible Laplacians
(one for each failed-link configuration), and let A, be the smallest of the
smallest eigenvalues of all possible L,. Let —r* denote the largest real part
of the roots of the second-order polynomial:

S+ (hA+gs+i=0 (29)

evaluated at A = A;,. Then the dominant eigenvalue o of the system for
any L, satisfies:

SR(O')SmaX{—r*,—%} =—min{r*,%}. (30)

Proof. We consider the diagonalized system as in (15). Since the matrix
is diagonal this corresponds to the Eq. (29). All possible closed-loop
systems eigenvalues correspond to some A > A, eigenvalue of the
true configuration L.

The proof then requires showing that if 4 > A.;,, condition (30)
holds. We prove this by proving that either ¢,(1) < —1/h, or ¢,(4) is
decreasing in A. Assume R[c,;(4)] > —1/h. We distinguish two cases.

(D o,(4) is complex (hence o,(4) is the conjugate). The real part is

Rio, ()] = -8,
This function is clearly decreasing in A.

(ID) o,(4) is real (hence o,(4) < o0,(4)). We now compute the
derivative of o,(4). Adopting the theorem of the derivative implicitly
defined functions®* we have:
ds _ sh+1

di - 2s+hi+g

where s = ¢, is the larger real root that has the well-known form

(31)

oy = —(hi+g)/2+V4/2,

2 1f f(x.y) =0, then dy/dx = ~[df/0x]/[0f /o).
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with 4 = (hA + g)*> — 44 > 0. Replacing in (31) we get
ds _ sh+1
da Va
where the last inequality is due to the fact that the numerator of the

fraction is positive because we are considering the case s = ¢,(4) >
-1/h. O

<0, (32)

Remark 5.2. As anticipated in Remark 4.1, choosing h = 0, although
equivalent from the optimization problem, could not be a good choice
from the robustness standpoint. From (30) we see that if we take 4 = 0,
then the limiting term —1/h becomes —co, so the only bound remains
—r*. When the connectivity is low, 4,,, is close to 0, and consequently
—r* is also close to zero, making the bound rather weak.

5.1. Discussion about decentralization

As far as the real-time control is concerned, our protocol is fully
decentralized. This is true as long as we fix a target with a final zero
speed. Note that, since convergence speed is our concern, this makes
sense since the speed of convergence is referred to an equilibrium.

This aspect has to be re-discussed if we admit that the leader can
impose a moving reference. Assume that the leader imposes a constant
speed o. The reference becomes

F=0t

Then there are two options. The first is that the leader broadcasts,
in real time, the desired speed . In this case, the protocol should be
transformed by replacing the term —gr, by

—8(Fy — D). (33

Then the theory works without change. All the agents reach their target
position asymptotically, referred to a reference frame moving with
speed 0.

The second case is that, conversely, the leader cannot broadcast
the desired speed. In this new situation, the dissipation terms —gr,
create deformation of the formation geometry due to this viscosity
force. For instance, in the platooning case, the steady-state distance
between agents increases (decreases) if the leader is pulling (pushing).
This effect is clearly limited if the parameter « is large enough to ensure
rigidity. In any case, convergence is not compromised.

To better analyze the moving formation case, it is convenient to
consider the velocities. These converge to the desired value o (even
with no broadcasting). Let the desired leader velocity be constant and
equal to 7, and define the velocity error, v; = #; — 0. Since & is constant,
we have o; = #,. Consider position Egs. (2)-(4). Differentiating them
yields the following dynamics for the velocity errors:

5(t) = —[hL + gE]o — x L. (34)

Therefore, the velocity errors evolve according to the same dynamics
as the position deviations in (6). As a consequence, all the optimality
results derived in the previous sections also apply to the convergence
of the velocities to the desired value o.

As far as the formation geometry is concerned, clearly, this is, in
general, a centralized decision that has to be communicated to the
agent. Moreover, the optimal values depend on the Laplacian of the
connection, hence require a centralized decision. This information has
to be established offline and communicated to the agents, including
their role, i.e., regular/damping agent.

A notable exception is the platooning case. In a line topology the
structure of the formation allows a simple decentralized implementa-
tion. The leader only needs to transmit the desired spacing and the
parameter x to its follower, which in turn relays this information to
the next agent, and so on. The last agent in the chain naturally assumes
the damping role, since it has no followers, thereby implementing the
impedance-matching condition 4 = g = \/E

Systems & Control Letters 215 (2026) 106472
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o
U 13 15 &/ 14 O

Fig. 6. The nominal topology of simulations.

More general formation geometries can also be spontaneously gen-
erated, given a pattern. If, for instance, the overall pattern is a triangle-
like formation, or a V-like (bird flight) formation, such patterns can
be easily re-configured when a new agent joins the group by just
spontaneously occupying one of the last positions. In this case, each
agent can well ignore its absolute position and just be aware of the
desired position with respect to its neighbors. For spontaneously form-
ing patterns, it is convenient to adopt the same interchangeable control
values «*, g*, h*.

From the control implementation viewpoint, the proposed protocol
is fully decentralized. Each agent uses only relative position and ve-
locity measurements from its neighbors, together with its own velocity
when acting as a damping node.

However, the parameters «, h, and g depend on the topology
through the Laplacian matrix. Consequently, their optimal values must
be computed offline and broadcast to the agents together with their
assigned role (regular or damping node).

6. Simulations

In this section, we present the simulation of a formation of 10 drones
with the nominal communication topology shown in Fig. 6.

We have fixed x = 1. For this setup, the level surfaces of the function
we optimize are shown in Fig. 7. Possible optimal values for 4 and g
turn out to be ~* =3.98 and g* = 0.25, corresponding to the dark blue
segment in Fig. 7.

The step response of the formation under the nominal topology is
shown in Fig. 8 (top).

We next consider the case where some communication links inter-
mittently fail. Four distinct failure patterns are tested:

Topology,
{2,6,8}

Topology,
{4,5,13}

Topology;
{1,3,7}

Topology,
(2,6, 12}

Failed links

Each failure configuration persists for an interval of T;,; = 3 s, and the
four patterns repeat periodically four times, yielding a total simulation
horizon of T = 48 s. The corresponding step response for the switching
topology is shown in Fig. 8 (bottom).

As expected, the loss of connectivity introduces irregularities in the
transient response.

From the robustness perspective, as discussed in Remark 4.1 and
Remark 5.2, the choice (21)—optimal for the nominal topology—may
perform poorly, from the robustness point of view, when the topology
changes. To illustrate this effect, we consider an alternative optimal
pair g* = 0.500 and h* = 0 corresponding to one of the stationary
points of (21). The resulting transient is reported in Fig. 9. Although
the convergence rate remains nearly the same, noticeable oscillations
arise due to the intermittent loss of connections.

As another experiment, we set g = 0, keeping h = 0.39, to see the
effect of removing the absolute damping. The result is a considerable
overshoot as shown in Fig. 10.
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Fig. 7. The maximum real part as a function of » and g. We assume x = 1.
The optima are on the dark blue segment.
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Fig. 8. The step response under nominal topology (top) and under the
switching topology (bottom). We took, among the optimal pairs (g*h*), the
value that minimizes the g* component, namely (g*, 1*) = (0.25,3.98). In this
way, we ensure robustness.
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Fig. 9. The step response under a different optimal choice (g*,h*) =
(24/Kk4,,0). We observe that the convergence speed is essentially preserved,
but oscillations appear due to a lack of robustness.
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Fig. 10. The step response under the choice and switching topology (g*, h*) =
(0,0.39). We observe that in this case, we have a considerable overshoot.

7. Experimental validation

To evaluate the performance and practical feasibility of the pro-
posed formation control strategy with damping agents, we conducted a
series of real-world experiments using a swarm of quadrotor Unmanned
Aerial Vehicles (UAVs). The tests were carried out in the Drones Arena
at the University of Trieste, a dedicated indoor flight facility equipped
with a high-precision motion capture system and real-time tracking
infrastructure developed by Ant-X.®> This arena provides a controlled
environment suitable for repeatable multi-agent flight tests, allowing
to accurately measure position, velocity, and acceleration data in three
dimensions.

The experimental setup involves a team of four quadrotors operating
in a leader—follower configuration. One drone is designated as the
leader, which receives target inputs and dynamically generates its
trajectory through sequential target point calculation at each control
step. The remaining three agents act as followers with no knowledge

3 https://antx.it/educational-products-antx/dronelab-antx/
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of the global target, relying exclusively on local relative measurements
from neighboring agents to maintain formation. Among the followers,
one is assigned the role of a damping agent, implementing an extended
control strategy that incorporates absolute velocity feedback in addition
to local relative measurements. This configuration is consistent with the
theoretical model described in previous sections, and the experimental
results qualitatively confirm the expected stability and convergence
properties of the proposed control protocol.

The formation control parameters were set to k = 200, 7 = 14.14,
and g = 14.14, chosen based on the optimization procedure described
in Section 5, specifically following the optimal solution 2 = g = \/E for
line graph topology.

The data was collected at a frequency of 10Hz and includes 3D
position and acceleration measurements. Time is in second, distance
in meters.

The initial position for the drones are x,;(0) = x,(0) = x3(0) = x4(0) =
2, y1(0) =1, y,(0) = 0, y3(0) = =1, y4(0) = =2, z;(0) = z,(0) = z3(0) =
z4(0) = 0.5. All initial velocities are set to 0. The reference trajectory
for the leader is chosen to be piecewise-constant, and is the following:

-2, 1€]0,24) 1, te[0,24)
=4 0, te[2448) ,5=4 2, te[24,48) z=1,1>0
2, 1>48 1, t>48

The desired relative configuration is such that all drones share the same
x and z coordinates, while maintaining a one-meter spacing in the y
direction: y; —y, =1, y, —y3 = 1, and y; — y, = 1, which corresponds
to the configuration at ¢ = 0.

Position trajectories for all drones are shown in Fig. 11, confirming
successful tracking of the Leader’s trajectory across all axes. In the x
and z directions, the formation remains tightly synchronized, while the
y—component reflects the lateral offset due to the initial spacing, main-
tained consistently throughout the maneuver. These results indicate
that relative positioning and local feedback are sufficient to enforce
coherent group motion without centralized control.

To visualize the collective 3D evolution of the swarm, Fig. 12 shows
the drone trajectories projected on the three principal planes: top view
(x — y plane) , side view (x — z plane), and front view (y — z plane).
Circles denote the initial positions and squares the final ones. The initial
configuration is the same as described above.

The coordinated motion is clearly evident, with agents maintaining
consistent relative spacing throughout the maneuver. The Tail drone
(green) shows visibly smoother transitions, especially in the lateral
and vertical dimensions, consistent with the intended damping effect.
The plotted start and end positions further confirm convergence and
formation stability.

To quantitatively assess the preservation of the formation, inter-
agent distances from the Leader to each follower were computed and
are plotted in Fig. 13. The distances remain bounded across the exper-
iment, exhibiting small and rapidly decaying transients in response to
sudden changes in the leader’s velocity. Notably, the distance to the Tail
drone displays the lowest oscillatory behavior, which empirically sup-
ports the theoretical role of damping agents in suppressing disturbance
propagation along the formation.

Overall, the empirical observations strongly align with the theo-
retical guarantees derived in earlier sections. The formation remains
asymptotically stable under the distributed control protocol, even in
the presence of external disturbances and dynamic trajectory changes.
The inclusion of a damping agent significantly improves transient be-
havior, reducing both overshoot and acceleration spikes. These results
underscore the feasibility and robustness of the proposed decentralized
control strategy for real-world applications involving UAV swarms and
multi-agent formations.
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Fig. 11. Position trajectories for all drones tracking the Leader’s trajectory
across all axes. In the x and z directions, the formation remains tightly
synchronized, while the y-component reflects the lateral offset due to the
initial spacing, maintained consistently throughout the maneuver.



E. Salvato et al.

2 |
—~ 14
&
=
S
£ 07
n
o
ol
~ 1
_9 |
I I 1 I I
-2 -1 0 1 2
X Position (m)
3 |
2 |
&
=i
RS T = ——
.45 R
o
oW
ST
—— Leader
Follower 1
—1 —— Follower 2
—— Tail
I T I T I
-2 -1 0 1 2
X Position (m)
3 ]
2 ]
&
g 1 {;_lﬁﬁfmu g——q»
z °
ol
N 0
_1 |

T
-2 -1 0 1 2

Y Position (m)
Fig. 12. Trajectories projected onto the XY (top), XZ (side), and YZ (front)

planes. Start and end points are marked. The Tail drone exhibits reduced
oscillations and enhanced stability.
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Leader - Follower 1
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Fig. 13. Inter-agent distances from the leader to each follower as a function
of time. Despite the leader’s abrupt trajectory variations, the relative distances
remain bounded and well-regulated. The damping agent, positioned at the
tail, exhibits the lowest oscillatory amplitude, empirically validating its role
in suppressing disturbance propagation and enhancing transient robustness
within the formation.

8. Conclusion

In this work, we proposed a decentralized control protocol for
formation tracking in multi-agent systems based on second-order dy-
namics with damping. The method introduces a spectral tuning ap-
proach that leverages a scalar parameter x to regulate inter-agent
coupling strength, enabling the design of controllers that are both
asymptotically stable and capable of achieving fast convergence. By
analyzing the closed-loop system through a Lyapunov framework, we
established constraints on « to guarantee bounded formation error, and
we identified a design methodology to optimize performance while
preserving stability.

We further investigated the robustness of the proposed protocol
under switching topologies and communication failures. By deriving
sufficient conditions based on dwell time and minimal connectivity
eigenvalues, we showed that stability is preserved even when links fail
or the graph structure changes, provided changes are not arbitrarily
frequent. This theoretical robustness was validated through a spectral
margin bound derived from the system’s characteristic polynomial.

Experimental validation was carried out on a physical quadro-
tor swarm in the Drones Arena at the University of Trieste. The re-
sults confirmed the theoretical findings: the use of damping agents
effectively mitigates high-frequency transients, enhances convergence
behavior, and ensures persistent formation cohesion. The system per-
formed robustly under trajectory perturbations and inter-agent de-
lays, demonstrating the practical viability of the protocol in real-world
decentralized scenarios.

Future work may extend the framework to heterogeneous agents,
dynamic graph structures without dwell-time assumptions, and integra-
tion with learning-based estimation or fault recovery mechanisms.
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