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To Pir:



“La mia domanda - quella che a cinquant’anni mi conduceva al suicidio -
era la domanda piu semplice, quella che sta in fondo all’animo di ogni
uomo, dal bambino piu stolto al vecchio pitu saggio, quella domanda senza la
quale, come avevo sperimentato in concreto, la mia vita non € possibile.

La domanda era questa: che cosa verra fuori da quello che faccio oggi, da
cio che faro domani; che cosa verra fuori da tutta la mia vita? - Formulata
in altro modo, la domanda sarebbe: a quale scopo vivere, a quale scopo
desiderare qualcosa, a quale scopo fare qualcosa? - In altro modo ancora, la
domanda si puo formulare cosi: c¢’é nella mia vita un qualche senso che non
venga annullato dalla morte che mi incombe inevitabilmente?”

L. Tolstoj, Confessione, 1882
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Abstract

The development of the forcing method [Coh63], [Eas70] has shown that sev-
eral key questions regarding infinite sets cannot be settled under ZFC alone.
The most widely supported view is that this undecidability simply reflects
the limitations of ZFC in addressing all mathematical problems. This per-
spective has motivated an extensive search for new axioms — the so-called
large cardinal axioms — which, when added to ZFC, yield a deeper and more
robust understanding of the set-theoretic universe [Madl1]. Along this line,
the dissertation is divided into three thematic blocks, each of them framed
within these extensions of ZFC:

(N) Very large cardinals at the threshold of Kunen inconsistency [Kun71],
with a focus on elementarity and cardinal correctness (Chapter [2)).

(3) Generalized Descriptive Set Theory at singular strong limit cardinals of
countable cofinality [DMR], with a focus on two regularity properties
(Chapter [3)).

(3) Covering lemmas and Woodin’s HOD Dichotomy in the lens of Shelah’s
pcf theory [She94) [AMTI0], [Eis10] (Chapter [4)).

Specifically, Chapter [2| establishes an inconsistency result using tools from
singular cardinal combinatorics and Shelah’s pcf theory, proving the nonexis-
tence of cardinal preserving elementary embeddings into V' and establishing
thereby a limitation in the hierarchy of large cardinal axioms. The proof
is based on the notion of good scales and its connection with Jonsson car-
dinals. Chapter |3| proves a consistency result obtained via a Prikry-type
forcing construction, providing a singular-cardinal analogue of Solovay’s the-
orem [Sol70]. This thematic block is inspired by Woodin’s Axiom [, [Cralj]
which provides the appropriate axiomatic framework to develop General-
ized Descriptive Set Theory in generalized Baire/Cantor spaces at singular
cardinals. Chapter [4] further explores the study of “covering lemmas” and
Woodin’s HOD dichotomy, employing both the perspective and the tools of
pcf theory. Concretely, the connection between the cover property and a new
pcf-theoretic concept — called the scale property — is analyzed.
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Chapter 1

Introduction

The subject matter of the present dissertation is Set Theory, the subfield
of Mathematics devoted to the study of mathematical truth and infinity.
More particularly, Set Theory is concerned with the study of the abstract
infinite sets and the possible extensions of the standard axiomatization of
Mathematics. This standard axiomatization is provided by ZFC, namely the
Zermelo-Fraenkel axioms plus the Axiom of Choice (AC). This set of axioms
has become the most widely accepted system for formalizing Mathematics.
Indeed, starting with just ZFC one can derive most of the classical theorems of
Mathematics. An instructive example comes from the earliest days of Set the-
ory, when Georg Cantor, introducing the notion of cardinality, demonstrated
that the size of the real numbers is strictly larger than the size of the natural
numbers. Nevertheless, since K. Godel’s discovering of incompleteness [G31],
it is known that any recursively enumerable system of axioms such as ZFC, if
consistent, is incomplete, i.e., there are statements expressed in the language
of the system that are neither provable nor disprovable within the system.
Such mathematical statements are called independent or undecidable. More
precisely, if ¢ is a sentence in the language of set theory such that neither
it nor its negation is provable in ZFC, we say that ¢ is independent of ZFC.
The Continuum Hypothesis (CH) was the first important example of an inde-
pendent mathematical statement. Recall that CH states that every infinite
set of real numbers is either countable (i.e., it can be put into a one-to-one
correspondence with the natural numbers) or it has the same cardinality as
R (i.e., it can be put into one-to-one correspondence with the real numbers).
Equivalently, CH asserts that 2% = X;. The natural generalization of CH
states that the class functions 20): X, + 2% and (-)*: R, + XF coincide
not only on N, but on all cardinals X,. In symbols, the Generalized Contin-
uum Hypothesis (GCH) is the statement Vo € Ord(2% = R,41), where Ord
denotes the class of all ordinals.
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In 1878, Georg Cantor conjectured that CH was true, and after stubborn
and unfruitful attempts finally abandoned his hope to settle the problem.
Cantor’s conjecture experienced a renewed interest in 1902, when D. Hilbert
put it in the first place of his famous list of twenty-three unsolved mathemat-
ical problems. Nonetheless, the first (partial) satisfactory answer to Cantor’s
CH still had to wait for almost forty years. In 1938, Godel was able to con-
struct (using only ZF) his famous model L, the universe of constructible sets,
and proved that ZFC together with CH hold in it, thereby showing that it is
impossible to refute CH in ZFC.

1.1 Forcing and Large Cardinals

Nevertheless, Godel’s answer did not provide a totally satisfactory solution
to the continuum problem, as it left open the door for CH to be a theorem
of ZFC. Twenty-five years later, in 1963, Paul Cohen discovered a new rev-
olutionary and extremely powerful method for expanding a given countable
transitive model of (a fragment of) ZFC. The method — called forcing — was
used by Cohen to obtain models in which CH fails, thereby showing that it
is impossible to prove CH in ZFC. With this method, one starts with an
arbitrary (countable transitive) model M of ZFC and a partial order P € M,
and then passes to a generic extension M[G] in which a new set G C P
is adjoined. The model M[G] is the smallest transitive model of ZFC that
contains G and all elements of M. As a crucial corollary, we get that if
ZFC is consistent, so is ZFC + —~CH. To see this, assume ZFC is consistent
and, towards a contradiction, suppose that ZFC 4+ —CH is inconsistent. Then
ZFC = CH. So there is a proof of CH from ZFC. Let ¢ be the conjunction
of finitely many axioms of ZFC such that ¢ = CH. By the Reflection and
Lowenheim-Skolem theorems, followed by the Mostowski collapse, there is a
countable transitive model M that satisfies ¢ together with a sufficiently big
finite fragment of ZFC. What forcing does is generate an extension M[G] of
M where ¢ holds and CH fails, leading to a contradiction.

Both combined, Goédel and Cohen theorems show that CH cannot be
decided on the basis of ZFC. Therefore, it was not a lack of cleverness but a
foundational issue which prevented Cantor to prove or refute his conjecture.

The history of Mathematics of the last sixty years confirms that the
real breakthrough was not the independence of the continuum problem but
rather the discovering of Forcing. Forcing is indispensable in many indepen-
dence proofs in set theory. Strictly speaking, a proof of independence of a
given mathematical statement ¢ splits into two relative consistency proofs.
Namely, a proof that if ZFC has a model (i.e., it is consistent), then it has a
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model where ¢ holds (i.e., ZFC plus ¢ is also consistent), and also a model
where ¢ fails (i.e., ZFC plus the negation of ¢ is consistent). In most known
cases, one of the models is an L-like model, while the other model is obtained
by forcing. Along this line, many natural questions in Set Theory require
the interplay between Forcing and Large Cardinals.

Large cardinal axioms extend the standard framework of ZFC by postulat-
ing the existence of infinite cardinals with strong combinatorial or structural
properties. These axioms have been widely studied for their deep connections
to descriptive set theory, inner model theory, and forcing (see [Kan09, [Jec03]).
Accordingly, after more than a half of a century of advances in set theory,
there is a wide consensus that large cardinal axioms should be part of the
right foundations of Mathematics. The cardinals witnessing these axioms ex-
hibit certain properties that make them very large. For example, an uncount-
able regular cardinal « is said to be inaccessible if for each cardinal A < k the
cardinality of the power-set of A is strictly smaller than «. Other examples
of large cardinal notions include measurable, strongly compact, supercom-
pact, and Woodin cardinals, each implying increasingly strong reflection and
compactness principles (see [Mag71] [Wool0al). Their consistency strength
provides a natural hierarchy that helps calibrate the relative strength of var-
ious independent set-theoretic statements. Indeed, a crucial aspect of large
cardinals is that their existence cannot be proved from ZFC alone; in fact,
their existence entails the consistency of ZFC. Remarkably, large cardinal
axioms provide a unified framework allowing to order all the extensions of
ZFC (and therefore all mathematical theories) in a linear hierarchy based on
the consistency strength. In other words, any natural consistency question
can be decided by a large cardinal hypothesis.

Large cardinal axioms play a central role in modern set theory [Ste96,
Fri00], particularly in exploring:

(X) The boundaries of consistency;
(3) Consistency results;

(3) The structure of inner models such as the class of Hereditarily Ordinal
Definable sets HOD.

Instances of items (R), (3) and (J) will be discussed in Chapters [2] 3] and
respectively. Accordingly, in §1.2] and below we present the topics.
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1.2 Elementarity and cardinal correctness

The study of elementary embeddings between models of set theory has long
played a central role in the exploration of large cardinal axioms and the
structure of the set-theoretic universe. Recall that an elementary embedding
between two transitive set or classes is a function j: M — N such that, for
any first-order formula ¢ and any sequence (ay, ..., a,) € <“M, it holds that

M = p(ay,...,a,) if and only if N = ¢(j(a1),...,j(am)).

If 7 # id we say that j is nontrivial and denote by crt(j) the first ordinal
witnessing this.

Following Kunen’s celebrated result [Kun71] that there is no nontrivial
elementary embedding j: V — V (assuming the Axiom of Choice), the ques-
tion naturally arose as to whether nontrivial elementary embeddings might
exist between inner models of V', especially under additional structural as-
sumptions. An inner model of ZFC (ZF) is a transitive class that contains all
ordinals and satisfies the axioms of ZFC (ZF). Throughout this dissertation,
if the context is clear, we will simply write inner model. Structural assump-
tions on an inner model M typically refer, for instance, to closure under small
sequences (i.e., <YM C M or "M C M, for some ordinal 7) or inclusion of
initial segments of V' (i.e., V, C M, for some ordinal 7). Here <YM ("M)
is the class of functions with domain an ordinal < « (with domain ) and
codomain M, while V, is the yth-stage of the Von Neumann hierarchy of
sets. Examples of this kind include ~-supercompact and ~v-strong cardinals:
the existence of a y-supercompact (y-strong) cardinal implies the existence
of a nontrivial elementary embedding j: V — M with "M C M (V, C M).
Other large cardinals defined in a similar manner are introduced in §2.1]

However, another possible assumption on the inner models involved con-
cerns their cardinal structures. Accordingly, Chapter [2] of this dissertation
approaches a related question posed by Caicedo [Cail()], asking whether there
can exist inner models with the same class of cardinals of V' that embed into
one another.

Question 1. Suppose that j: M — N is a nontrivial elementary embedding
between two inner models of ZFC. Can it be the case that

Card™ = Card" = Card

'Card denotes the class of all cardinals of V. Similarly, Card™ (Card") denotes the
class of all cardinals of M (N).
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Definition. A nontrivial elementary embedding j: M — N between two
inner models of ZFC is said to be cardinal preserving if

Card™ = Card" = Card.

These embeddings exhibit structural behavior that differs markedly from
those arising from other known large cardinal axioms. For instance, they
lack the closure assumption mentioned in the previous paragraph:

Proposition 1 (SCH). Suppose that j: M — N is cardinal preserving. Then
“Ord€ M NN.

For a more accurate statement of Proposition |1, see Proposition n
42.2)

In the case where the codomain is the entire universe, the behavior of
these embeddings becomes even more unusual:

Lemma 1 (§2.4] Lemma[2.4.1)). Suppose that j: M — V is cardinal preserv-
ing. Then j(a) > «, for all ordinals o > crt(j).

The proof of Proposition [I| draws on Zapletal’s proof of Kunen inconsis-
tency [Zap96], which employs elementary pcf theory to rule out nontrivial
elementary embeddings j: V — M with j“\ € M, where A is the least fixed
point above crt(j).

Pcf theory (short for Possible Cofinalities) is a powerful framework in set
theory developed to analyze the structure of singular cardinals and their suc-
cessors. Introduced by Saharon Shelah in the 1990s [She94], the theory aims
to understand how the cofinalities of partial ordered sets (for short, posets)
behave, especially in cases where classical cardinal arithmetic becomes diffi-
cult to control. We briefly review the notions of cofinality and true cofinality.
A subset A of a poset (P, <) is said to be <-cofinal in P if for every p € P
there exists an a € A such that p < a. The cofinality of P, denoted by
cof (P, <), is the smallest size of a <-cofinal set. In symbols,

cof (P, <) := min{|A| | A is <-cofinal in P}. (1.1)

For an arbitrary (P, <), it is not necessary for cof(P, <) to be regular.
However, if P contains a totally ordered set B, then cof(P, <), and also
the cofinality of B, becomes regular. Moreover, they also share the same
cofinality; namely cof(P, <) = cof(B,<[ (B x B)). The cofinality of P
under the presence of a totally ordered set B C P is referred to as the true
cofinality of P and is denoted by tcof (P, <).
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At its core, pcf theory investigates the possible cofinalities of products
of sets of regular cardinals modulated (or “reduced”) by certain ideals —
typically the ideal of bounded subsets, denoted by J*%. These investigations
lead to profound combinatorial results, such as the determination of bounds
on the power-set of singular cardinals. In particular, the theory provides
upper bounds on 2* for singular strong limit cardinals, shedding light on
phenomena not yet settled by the standard ZFC axioms. For example, if ¥,
is a strong limit cardinal then

2% < N,

Another pioneering result in this area concerns the representation of the
successor of a singular cardinal as true cofinality. Specifically, for all singular
cardinals \ there is a cofinal set A C X of regular cardinals such that there
is a totally ordered set f C I A, called scale on A, witnessing

tCOf(H A, <de) = /\+.

Here ] A is the set of all functions f: A — Ord such that f(a) < a for all
a€ A and f <jpa g:e= {a € A| f(a) > g(a)} € J*I. Throughout this
dissertation, for the benefit of readability we abuse the notation by identifying
f €] A with its class [f] € [TA/J"4.

Pcf theory has had profound implications not only for cardinal arithmetic
but also for inner model theory, covering lemmas (see Chapter [4), and the
structure of scales in inner models of set theory [ST17].

In Chapter [2] we contribute to expand the long list of applications of pcf
theory and show the following Kunen-like inconsistency theorem:

Theorem 1 (§2.5.3] Theorem [2.5.14). There are no nontrivial cardinal pre-
serving elementary embeddings from an inner model M into the universe of
sets V.

The proof exploits the interplay between Jdnsson cardinals and pcf-
theoretic objects called good scales.

1.3 PSP and BP at singular cardinals

The Perfect Set Property (PSP) and the Baire Property (BP) are cornerstone
concepts in the study of the real line. Recall that a set A C R has the PSP
if A is either countable or contains a non-empty perfect set; namely, a closed

2See Theorems and from Chapter
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set without isolated points in the topology of R. Likewise, A C R has the
BP if there is an open set U C R such that AAU is meager.

The PSP and the BP are paradigms of what are commonly referred to
as reqularity properties; namely, properties indicative of well-behaved sets of
reals. Classical theorems in Descriptive Set Theory, due to Luzin and Suslin,
show that all Borel sets (in fact, all analytic sets) have both the PSP and
the BP as well as other regularity properties such as Lebesgue measurability.
For more complex subsets of the real line (i.e., sets at higher levels of the
projective hierarchy) the issue becomes sensitive to the consistency of strong
axioms of infinity, i.e., large cardinal axioms [Koel3].

The Aziom of Choice (AC), one of the backbone components of mod-
ern mathematics, yields sets lacking the above-mentioned regularity prop-
erties. A natural competitor of AC is Mycielski-Steinhaus Aziom of De-
terminacy (AD) which asserts that every set of reals is determined. AD
wipes out most of the pathologies inoculated by the non-constructive na-
ture of AC. For instance, under AD every set of reals has the PSP (Davis,
1964), the BP (Banach-Mazur, 1957) and is Lebesgue measurable (Mycielski-
Swierczkowski, 1964). In fact, these are just some of a profuse list of struc-
tural consequences of AD which are typically precluded by AC. Besides from
these pleasant consequences, AD yields a coherent rich theory of the real line
(cf. [Kan09, KWO09, [Koel3| Lar23]).

Since AC contradicts the Axiom of Determinacy, who is then a natural
model for AD? L(R), the smallest transitive model of Zermelo-Fraenkel set
theory (ZF) containing the real numbers. But for AD to hold in L(R) very
large cardinals are required to exist. Indeed, a deep theorem of Woodin says
that AD® (i.e., the assertion “L(R) = AD” holds) is equiconsistent with
infinitely-many Woodin cardinals. However, mild large cardinal hypotheses
suffice to grant the regularity properties inferred from ADY® | as proved by
Solovay in his celebrated Annals of Mathematics’ paper [Sol70]. Solovay
shows that starting (merely) with an inaccessible cardinal one can construct
a model of ZFC where every set of reals A C R in L(R) has both the PSP
and BP. The inaccessible cardinal is needed for every set of reals in L(R) to
have the PSP [Sol70] yet superfluous when it comes to the BP, as showed by
Shelah in [She84].

Curiously, the first proof of the consistency of ADY® relied on the struc-
tural properties of a model beyond the confines of the continuum. The said
model is L(V,;1) and it was inspected under the lenses of axiom Iy(k), one
of the strongest known large cardinal axioms (Woodin, 1984). Here L(V, 1)
stands for the least transitive model of ZF containing Vi, the power set
of the sth-stage of the Von Neumann hierarchy of sets (i.e., V). Axiom
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Iy (k) postulates the existence of a nontrivial elementary embeddings between
L(V,11) and itself crt(j) < . It turns out that Iy(x) is on the verge of the in-
consistency with the ZFC framework. By virtue of Kunen’s analysis [KunT71],
the cardinal x must be equal to sup,,_, ki, being (k, | n < w) the critical
sequence of the embedding j E| Remarkably, the investigation of regularity
properties of sets A C “k in L(V,11) under Iy(k) is regarded as a natural
generalization of the classical study of regularity properties of sets A C R in
L(R) under AD*®) . Indeed, Woodin realized that L(V,;1) behaves under
Iy(k) very much like L(R) does under AD*™® [Koel3, [Cralf]. For instance,

L(Vi11) | “k™ is measurable”

under Iy(k), while
L(R) = “w; is measurable”

under AD*®): similarly, under Io(x), L(V,41) admits an analogue of Mosko-
vakis Coding Lemma [Mos80, Mos09] which holds in L(R) under AD*®. In
light of this, axiom Iy(k) provides arguably the appropriate axiomatic frame-
work to develop Generalized Descriptive Set Theory (GDST) in generalized
Baire/Cantor spaces (e.g., “x and *2) at singular cardinals x; that is, I(k)
supplies the frame theory to investigate definable subsets of “x and *2 (and
their regularity properties).

Our knowledge of GDST at regular uncountable cardinals has been sub-
stantially expanded in recent years (cf. [FHK14] [LS15, LMRS16l, [AMRS23]).
On the contrary, similar investigations at singular cardinals are barely ex-
istent, besides the fact that they require sophisticated forcing technologies.
This is perhaps due to the seemingly disconnection between

(1) the descriptive-set-theoretic methods, and
(2) the techniques employed in the study of singular cardinals.

In Chapter |3| of this dissertation, our aim is to bridge this conceptual gap.

Along this line of research, work by Woodin [Woolll, §7] and his students,
Cramer [Cralbl §5] and Shi [Shil5l §4], have revealed that under axiom Iy(r)
every set A C “k in L(V,11) has the k-PSP (see Definition [3.1.30] in §3.1.3]).
This is in clear concordance with the effects of AD*™® upon sets of reals in
L(R). Our first result is the following:

3The critical sequence of j is defined by recursion as kg = crit(j) and r,41 1= j(kn).
Since each k,, is an inaccessible cardinal s := sup,, ., £, becomes a strong limit cardinal
of countable cofinality. In addition, this is the first point beyond kg fixed by j.

4There is natural identification between R and P(N). Also, L(R) = L(V,+1) -
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Theorem 2 (§3.3.1 Corollary [3.3.20)). Suppose that k < A are cardinals with

Kk <A-supercompact and X\ inaccessible. Then, there is a model of ZFC where
K is strong limit singular with cof(k) = w and every set in P(“k) N L(V,11)
has the k-PSP.

The hypotheses employed in our theorem are noticeably weaker than those
used by Cramer, Shi and Woodin to get the same configuration, thus pin-
ning down substantially the consistency strength of the x-PSP. In addition,
our result also improves former theorems by Dimonte [Dim23] and Dimonte,
Iannella and Liicke [DIL23].

The second regularity property analyzed in Chapter |3|is the U-BP (see
Definition [3.1.35| in §3.1.3)), a generalization of the classical Baire Property
introduced by Dimonte, Motto Ros and Shi in [DMRS] and recently studied
in [DIL23]. By strengthening a bit the large cardinal assumptions of our
previous theorem, we can prove the following:

Theorem 3 (§3.3.2) Corollary [3.3.47). Suppose that ¥ = (k, | n < w) is

a strictly increasing sequence of <A-supercompact cardinals and that X is an
inaccessible cardinal above k := sup(X). Then, there is a model of ZFC where
K 1s a strong limit singular cardinal of countable cofinality and the following
hold:

1. Bvery set in P(“k) N L(V,41) has the k-PSP.
2. Bvery set in P(]], ., kn) NV L(Viy1) has the U-BP (for certain U ).

The above provides the singular-cardinal analogue of Solovay’s theorem
[Sol70]. Also, it enhances the extent of x-PSP and U/-BP obtained in [DIL23].
It is still open (although the author believes in its plausibility) whether
Iy(k) outright implies the {-BP of every set in P(I1,< tn) N L(Viq1), where
(Kn | n < w) is the critical sequence of the embedding witnessing Iy(x) (see
Definition 2.1.7). In [DIL23, p.16] partial results are provided.

Theorems [2] and [3] follow from a general framework to obtain x-PSP and
U-BP configurations at singular cardinals. This paradigm is underpinned by
the X-Prikry technology, developed in [PRS19, [PRS22l [PRS23|, [PS23] and
provides a unified setting to deal with Prikry-type forcings in a systematic
way. The paradigm also arose as an attempt to get a general tool to prove
consistency results at singular cardinals. So far the method has been proved
successful in establishing consistency results on stationary reflection and the
tree property at small successors of ¥, [PRS23, [PS23]. In addition, our
analysis lays the groundwork for investigating other regularity properties or
regularity properties at the first singular cardinals; namely N,,.
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1.4 A pcf view on covering lemmas

A central line of inquiry in set theory concerns the analysis of the universe
of sets V' via canonical inner models M C V that exhibit additional strong
features. This approach is motivated by the intuitive idea that, when such
an inner model M sufficiently “approximates” V', structural or combinatorial
properties holding in M may reflect upward to V. This, in turn, can yield
new consequences about the behavior of models of set theory.

An arguably successful way to express this idea of “approximating” V' is
formalized by the cover property:

Definition. Let k be an uncountable cardinal and let M be an inner model

of ZFC.

1. M has the k-cover property if for every set X C M of cardinality less
than K, there is a set Y € M of cardinality less than k such that X C Y.

2. M has the cover property (above k) if M has the p-cover property for
each uncountable cardinal p (strictly greater than k).

The notion of cover property was introduced by Jensen [DJ06] to mainly
understand the cardinal exponentiation of singular cardinals. Similar to their
finite counterparts, one can define all the usual arithmetic operations to the
infinite cardinals. Although the addition and multiplication become very
trivial for infinite case, the cardinal exponentiation behaves in a completely
different manner from its fellows. Indeed, if A > w and 2 < k < A, it can be
shown that x* is always equal to 2*. Thus, cardinal exponentiation seems
to have an intimate connection with the power-set operation P: A — P(\).
However, Godel’s result regarding the consistency CH and, Cohen’s work on
the the consistency of =CH revealed the indeterminacy associated to the com-
putation of exponentiation. Using the forcing technique, one can show that
2% can be any cardinal of uncountable cofinality. Adapting Cohen’s method,
Easton [Eas70] came up with a general version of the result by proving that
for any cardinal function F': Reg — Card with certain restrictions on co-
finalities and monotonicity, it is consistent that 2® = F(k), for all regular
cardinals k, showing that understanding the power-set operation is nearly
impossible within ZFC alonef| After Easton’s discovery, many set theorists
started looking for an analogous result in the realm of singular cardinals.
Under the large cardinal assumptions, progress was made for large singular

>Reg denotes the class of all regular cardinals. Similarly, Sing is the class of all singular
cardinals.
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cardinals. For instance, the work of Prikry and Silver showed that it is pos-
sible for a strong limit singular cardinal s to satisfy 2 > ™ in some generic
extension. Using large cardinals, Magidor, in 1973, proved the consistency of
R,, being the first cardinal x for which 2% > x* holds. All these results grew
a belief towards the possible existence of a framework under the large cardi-
nal assumptions that will incorporate the behavior of all singular cardinals.
But in the year 1974, Silver revealed the possible limitation concerning the
existence of such a framework for singular cardinals. Formally, he showed
that if x is a singular cardinal with uncountable cofinality and S is a sta-
tionary subset of Card Nk such that 2¢ = ot for all « € S, then 2% = k7.
After Silver’s result, it became quite evident that the power-set of singular
cardinals is much rigid in comparison to regular cardinals. So, following his
discovery, people began investigating new ways to understand the arithmetic
of singular cardinals.

The problem associated to the understanding of the singular cardinal
arithmetic, especially cardinal exponentiation, is known as the singular car-
dinal problem and the leading contributor to this problem is the so-called
Singular Cardinal Hypothesis (SCH) which states that for every singular car-
dinal x,

chof(/@) — kT 200f(/§)‘

One of the many equivalent reformulations of SCH asserts that
|Poc(N)] <257 AT (1.2)

for every regular uncountable cardinal x and every cardinal A > xJ| Since
|Pc(N)| = 2<% - cof (P<x (M), ©), inequality (1.2]) suggests that it is natural
to consider the statement that cof(P..(\), C) < AT for all k and A as above,
where

cof (P<x(A), ©) := min{|B| | B is C-cofinal in P.,.(A)} (see from §1.2).

This assertion is equivalent to Shelah’s Strong Hypothesis (SSH), which will
be formally defined in Definition [2.3.10] of Chapter [2] and invoked in both
Chapter [2] and Chapter [4]

In connection with the singular cardinal problem, Jensen, in his 1975
paper [DJ0OG], introduced his famous Covering Lemma, which provided an

5P .(\) (or [\]<*) denotes the set {A C \ | |A| < k}. More generally, if X is a set,
then P, (X) (or [X]<*) stands for the set {4 C X | |A| < x}. Similarly,

P<n(X) = [X]=" = {AC X | |A] < s}
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inner model-theoretic perspective on the problem. The lemma states that
every uncountable set of ordinals can be covered by a constructible set of
the same size under the absence of some special subset of natural numbers
called 0%. However, its connection with singular cardinals becomes clear when
stated as a dichotomy theorem:

Theorem 4 (Jensen’s L dichotomy, [DJ06]). Ezactly one of the following
holds:

1. If k is a singular cardinal, then k is singular in L and k' = k+.
2. FEvery uncountable cardinal is inaccessible in L.

Using completely different techniques, Woodin proved a more abstract
version of Jensen’s Covering Lemma for HOD under large cardinal hypoth-
esis.

Theorem 5 (Woodin’s HOD dichotomy, [WoolT]). Assume that k is an
extendible cardinal. Then exactly one of the following holds:

1. If X\ is a singular cardinal above k, then X is singular in HOD and
A\FHOD _ \+

2. Every reqular cardinal X > k is measurable in HOD.

Conclusion of Theorem [5[is known as the HOD hypothesis.

Later, Goldberg [Gol24, §2.2] improves the large cardinal hypothesis of
Woodin’s HOD dichotomy from an extendible cardinal to a strongly compact
cardinal:

Theorem 6 (Goldberg). Suppose that k is a strongly compact cardinal. Then
exactly one of the following holds:

1. HOD has the k-cover property. In particular, if X is a singular cardinal
above k, then X is singular in HOD and \*THOP = \+.

2. All sufficiently large cardinals are measurable in HOD.

Although Goldberg’s result has given an insight into the cover property
for HOD below &, the situation beyond s remains unknown:

Question 2. Does the HOD hypothesis imply that HOD has the cover prop-
erty above the first strongly compact cardinal?
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To investigate the cover property for HOD, a new pcf-theoretic property
is introduced, the scale property (see Definitions and . The ex-
pectation is that if an inner model M has the scale property, then it should
be able to “approximates” V in such a way that pcf-theoretic facts holding
in M may reflect upward to V. As pointed out in the first paragraph, the
task of “approximating” V' had long been associated with the cover property.
Indeed, our first main theorem of Chapter [4 shows that the scale and the
cover properties are deeply connected:

Theorem 7 (§4.3] Corollary [4.3.25)). Let x be an uncountable cardinal and
let M be an inner model. Suppose that

(N) M = A, (see Definition[{.3.1)).

(3) M has the k-cover property.

(3) M has the intermediate cover property above k (see Definition .
Then the following are equivalent:

(o) M has the cover property above k.

(8) M has the \-scale property, for all M-singular cardinals X > k with
cof(A) < |A.

Under the HOD hypothesis and HOD-supercompactness, one may show
that HOD satisfies Clauses (R), (3), (I) and («) in Theorem[7] This yields the
following theorem, which expresses the informal idea that the pcf structure
in HOD is preserved when passing to V.

Theorem 8 (§4.4) Theorem [4.4.5). Assume the HOD hypothesis, and sup-
pose that k is HOD-supercompact. Then HOD has the \-scale property, for
all HOD-singular cardinals A > r with cof(A) < |A|.

Despite Theorem [§] the absoluteness of certain pef-theoretic statements
remains unclear. For instance, it is unknown whether SSH transfers down to
HOD. More precisely, the question of whether the HOD hypothesis, together
with the existence of a strongly compact cardinal x, implies that

HOD [ “SSH holds above k7,

remains open. The question has a positive answer if x is HOD-supercompact

(see Lemma [4.3.18)).



Chapter 2

Elementarity and cardinal
correctness

This chapter is devoted to the proof of an inconsistency theorem in the style
of Kunen’s theorem (see Theorem below).

To help the reader navigate the chapter, we collect a few notions and
results from standard textbooks such as [Jec03] and [Kan(9].

Definition 2.0.1 (Elementary embedding). Let M and N be sets or classes.
A function j: M — N s an elementary embedding if for any first-order
formula ¢ and any sequence (ay,...,a,) € <“M,

M = p(ay,...,ay) if and only if N = @(j(a1),...,j(ay)).

If 7: M — N is an elementary embedding then for any ordinal a, j(«) is
an ordinal > «. Moreover, if j is not the identity, and M = AC or N C M
then there is a least ordinal x such that j(k) # k, called the critical point of
j and denoted by crt(j). If « is an ordinal, the sequence (™ (a) | n < w) is
defined by setting

1. j9a) =«
2. j ) = (5" (a)), for n < w.

If an elementary embedding is not the identity function, we say that it is
nontrivial.

In [Cail0], Caicedo combined the notions of elementarity and cardinal
correctness: An elementary embedding j: M — N between two inner models
of ZFC is cardinal preserving if M and N correctly compute the class of
cardinals. This chapter deals with the case N = V. More specifically, we
show that there is no nontrivial cardinal preserving elementary embedding
from M into V', answering a question of Caicedo.

21
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Convention 2.0.2. [t will be assumed throughout the following sections that,
unless otherwise specified, all embeddings are elementary, and between tran-
sitive models of ZFC.

2.1 Strong axioms of infinity

Large cardinal axioms are typically formulated in terms of elementary em-
beddings from the universe V' into some transitive subclass M. The seminal
idea is Scott’s reformulation of measurability.

Definition 2.1.1 (Scott, 1961). A cardinal k is measurable if there exists an
elementary embedding j: V- — M such that crt(j) = k.

By demanding a stronger and stronger degree of resemblance between V'
and M, one obtains stronger and stronger principles of infinity. For example,
one may require M to have more and more fragments of V.

Definition 2.1.2 (Strongness and superstrongness).

1. A cardinal k is \-strong, where X > kK, if there exists an elementary
embedding j: V. — M with critical point r such that j(k) > X\ and
ViC M.

2. A cardinal k is strong if it is A-strong for all A > k.

3. A cardinal Kk is superstrong if there exists an elementary embedding
J: V.= M with critical point k such that Vi, C M.

4. A cardinal Kk is n-superstrong, where n < w, if there exists an elemen-
tary embedding j: V — M with critical point k such that Vj(m(,ﬂ CM.

Similarly, one may ask how close M is.
Definition 2.1.3 (Supercompactness and hugeness).

1. A cardinal k is A-supercompact, where A > k, if there exists an ele-
mentary embedding j: V — M with critical point k such that j(k) > A
and *M C M, i.e., every sequence {a, | o < \) consisting of elements
of M is a member of M.

2. A cardinal k is < d-supercompact, where § > kK, if it is A\-supercompact

for all A € [k, 9).

3. A cardinal k is supercompact if it is A-supercompact for all A > k.
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4. A cardinal k is huge if there is an elementary embedding j: V — M
with critical point k such that %)M C M.

5. A cardinal k is n-huge, where n < w, if there exists an elementary
embedding j: V — M with critical point k such that iMEN C M.

The informal idea that V' and M closely resemble each other can also be
expressed in terms of a slightly weaker form of the cover propertyll]

Definition 2.1.4 (Strong compactness, [BM14a, BM14b]). Suppose r > §
are two uncountable cardinals.

1. Forany 6 > k, K is (8, 0)-strongly compact if there ezists an elementary
embedding j: V. — M with crt(j) > & such that there is D € M
satisfying 7“0 C D and |D|M < j(k).

2. K is d-strongly compact if it is (6,0)-strongly compact for any 0 > k;
k is exactly d-strongly compact if it is 0-strongly compact but not 6 -
strongly compact.

3. k is almost strongly compact if it is 0-strongly compact for every un-
countable cardinal § < k.

4. Kk is strongly compact if it is k-strongly compact.

Straining the limits of consistency, Reinhardt [Rei67] considered the nat-
ural extreme of this trend in which the target model is the entire universe.

Definition 2.1.5 (Reinhardt cardinal). A cardinal x is Reinhardt if there
s an elementary embedding j: V — V with critical point k.

Few years later, Kunen [Kun71], with his celebrated inconsistency theo-
rem, refuted Reinhardt’s suggestion and provided what seems to be an upper
bound in the formulation of large cardinal axioms.

Theorem 2.1.6 (Kunen, [Kun71]). There is no nontrivial elementary em-
bedding from the universe to itself.

Kunen’s proof actually shows that if j: V' — M is a nontrivial elementary
embedding and A is the supremum of the critical sequence of 7, then

V)\+1 g M
!The cover property will be intensively discussed in Chapter [4| (see Definition .
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Definition 2.1.7 (Critical sequence). Let j: M — N be an elementary
embedding between two transitive models of ZFC. The critical sequence of j
is the sequence (k,(7) | n < w) defined by setting

1. Kko(j) == crt(j);

2. Kusa () = GV (ert(j), forn < w.
)

The ordinal k,(j) is the supremum of the critical sequence of j. In symbols,

Kew(J) = sup kn(j).
n<w
Looking for inconsistencies and with attention shifted upward to stronger
principles, a new breed of large cardinal hypothesis was introduced, the so-
called rank-into-rank embeddings.

Definition 2.1.8 (Extendibility). A cardinal k is A-extendible, where A > k,
if it is the critical point of some elementary embedding j: Vi — Vy with
Jj(k) > A. In the same vein, k is said to be extendible if it is A-extendible
for every ordinal A > k.

Definition 2.1.9 (Rank-into-rank embeddings).

o [3: There exists a nontrivial elementary embedding j: V\ — V), where
A= Ky (J).

o [;: There exists a nontrivial elementary embedding j: V. — M such
that Vnw(j) g M.

o [i: There exists a nontrivial elementary embedding 7: Va1 — Vi,
where X := k(7).

e [y: There exists an elementary embedding j: L(Vyi1) — L(Viy1) with
critical point less than X\ := k,(j).

Remark 2.1.10. Suppose that j witnesses Iy, and set X\ := k,(j). Then
J I Vi is an elementary embedding from Vy to itself. In particular, j | V\
witnesses I3.

Convention 2.1.11. Throughout this dissertation, we sometimes write Io(\)
to underline the role of \.

Caicedo [Cail0] pushed this further and proposed another way to extend
the large cardinal hierarchy in ZFC and to obtain axioms just at the edge of
Kunen inconsistency. Following the usual template of resembling V', the idea
here is to impose agreement of cardinals between the models involved.
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Definition 2.1.12 (Cardinal correctness). A transitive model of ZFC is car-
dinal correct if M and V' have the same class of cardinals, i.e.,

Card™ = Card .

Notation 2.1.13. If M is a transitive model of ZFC and u is an M -cardinal
(i.e., p € Card™), then pt™ denotes the successor of p as computed in M.
Clearly, pt™ < u*.

Definition 2.1.14 (Cardinal preserving elementary embeddings). Suppose
J: M — N is an elementary embedding between two transitive models of ZFC.
Then, j is cardinal preserving if M and N are cardinal correct, i.e.,

Card™ = Card" = Card.

Question 2.1.15 (Caicedo). Assume j: M — N is a nontrivial elementary
embedding. Can j be cardinal preserving?

The expectation is that Question [2.1.15| has a negative answer. Taking
the first step towards this line of research, Caicedo considered the case where
either M or N is V. Both principles have significant consistency strength:

Theorem 2.1.16 ([Gol21, Theorem 2.10]). The existence of a cardinal pre-
serving embedding j: V — N implies the consistency of

ZFC + “There is a strongly compact cardinal”.

Theorem 2.1.17 ([Cail(, Theorem 2.11]). Assume that there is a cardinal
preserving embedding j7: M — V. Then there are inner models with strong
cardinals.

In [Cail0l Corollary 2.10], it has been shown that PFA rules out the case
N = V. On the other hand, Goldberg [Gol20, Theorem 6.6] proved that the
existence of a proper class of almost strongly compact cardinals refutes the
case M = V. In this chapter we show that cardinal preserving embeddings
j: M — V are inconsistent with ZFC. It is still open whether ZFC alone can
refute cardinal preserving embeddings from V' to V.

The organization of the chapter is as follows:

e Section highlights a tension between forcing axioms and cardinal
preserving elementary embeddings. Concretely, we invoke Zapletal’s
proof of Kunen inconsistency [Zap96] to show that, under PFA, the
target model of a cardinal preserving elementary embedding cannot be
closed under countable sequences.
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e In Section the abstract pcf-theoretic framework is presented. The
goal of the section is to isolate sufficient conditions ensuring the ex-
istence of good scales. This motivates the definitions of the square
principle, Jonsson cardinal and pseudopower.

e In Section we prove a crucial lemma asserting that there are no
fixed points above the critical point of a cardinal preserving elementary
embedding j: M — V.

e In Section [2.5 our main inconsistency result is proved.

e The chapter concludes with Section which presents a few relevant
open questions, along with some remarks on w-cofinal and cardinal
preserving elementary embeddings.

2.2 Forcing axioms

A first impulse for this investigation around cardinal preserving embeddings
is due to the following conjecture [Via08, Conjecture 1].

Conjecture 2.2.1 (Caicedo, Velickovi¢). Assume W C V' are models of
MM with the same cardinals. Then W and V' have the same wy-sequences of
ordinals.

For completeness, we recall the following definitions.
Definition 2.2.2 (MM, PFA and BPFA).

1. Martin’s Maximum (MM) states that for any forcing poset P preserving
stationary subsets of wy, and collection D of dense subsets of P with
|D| = Ny, there is a filter F C P meeting every member of D.

2. The Proper Forcing Axiom (PFA) states that for any proper forcing
poset P, and collection D of dense subsets of P with |D| = Ny, there is
a filter F' C P meeting every member of D.

3. The Bounded Proper Forcing Axiom (BPFA) states that for any proper
forcing poset P, and collection A = (A; | it < wq) of mazimal antichains
of P with |A;] < Wy for alli < wy, there is a filter F C P meeting every
member of A.

The conjecture above is motivated by a result of Caicedo and Velickovi¢
[CV06, Theorem 1] which asserts that, if W C V' are transitive models of
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ZFC + BPFA and w) = wy, then P(w;)¥ C W. In light of this, one may
ask whether any two models W C V' of some strong forcing axiom with the
same cardinals have the same w;-sequences of ordinals. Thus, Caicedo and
Velickovié¢’s conjecture is a possible way to formalize this idea.

However, there is a tension between Conjecture and cardinal pre-
serving embeddings j: M — N with M = MM. Indeed, under MM, the
conjecture would refute these embeddings:

Proposition 2.2.3. If M C V are models of MM and j : M — N s a
cardinal preserving embedding, then Conjecture implies that j is the
identity map.

Proof. Suppose towards a contradiction that k = crt(j) exists and let A be
Kw(j). Conjecture ensures that the critical sequence (k,(j) | n < w)
belongs to M. Therefore,

J(A) = 3(sup in(j)) = SUP in41(j) = A

and cardinal correctness leads to AT = AN = j(\)TV = j(AT™M) = j(AT).
As cof( \)M = w, we may fix in M a sequence § = (3, | n < w) which is
cofinal in A and consisting of successor cardinals. Let (f, | a < AT) be a
scale of length A™ on {0,, | n < w}. Here a scale of length A™ on {0,, | n < w}
is a sequence of functions from [, _ 577E| which is increasing and cofinal with
respect to < wa; namely, for all o and 8 with @ < 8 < AT, it holds that
fa <jva fg, and for all f € [],_s0, there is @ < A* such that f <1 fo. For
functions f and g in [],_, n, f <,pa g means that there exists n < w such
that for every m > n, f(m) < g(m)ﬂ Since MM implies SCH and 2% = R,
(see [FMSS88, Corollary 11 and Theorem 10]), it holds that \* = A*T. Note
that by closure under countable sequences and cardinal preservation, the
statement A\ = AT is absolute between M, N and V. So, using \* = AT,
one can easily construct by induction such a sequence of f,’s.

Without loss of generality, we may assume that each ¢, lives in the interval
(k, ). By elementarity,

N E “j((fa | @ < A1) is a scale of length A* on {j(6,) | n < w}”.

Say j({fa | a < AT)) = (gs | B < AT). Since N is closed under countable
sequences, being a scale is upwards absolute to V. As j“AT is cofinal in AT,

*Recall that [], . 6, is defined as the set of functions f: w — X such that f(n) < d,,
for all n < w.

3In Chapter 4 we will deal with a more general definition of scale of length A* in which
the cofinality of X is allowed to be uncountable (see Definition 4.2.3)). However, for the
purposes of this chapter it is enough to work with singular cardinals of countable cofinality.
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(gs | B € 7“A\T) is also a scale of length A™ on {j(,) | n < w}. Of course
Gia) = J(fa) for all < A*, and so (j(fa) | @ < AT) is trivially a scale
of length A* on {j(d,) | n < w}. Now we reach a contradiction following
Zapletal’s proof of Kunen inconsistency [Zap96]. Let

h = (supj“0, | n < w).

Since A is the first fixed point above &, d,, < j(6,) for all n < w. Moreover,
each ¢, is a successor cardinal, say &, = v = v and thus

J(0n) = j(Vn)+N = j(Vn)+-

This means that j(d,) is a regular cardinal larger than ¢,, and therefore
sup j “0, < j(0n). Hence h € [],_,7(0,). Thus there is v < A such that
h <ja j(fa). But for all n < w,

J(fa)(n) = j(fa)(G(n)) = j(fa(n))

and since f,(n) < d0,, we have that j(f.(n)) < supj“d, = h(n). Therefore,
for all n big enough, we get

h(n) < j(fa)(n) = j(fa(n)) < h(n),
which is absurd. O

Let us observe that all we used to get the contradiction in the proof above
is the fact that the cardinal correct models M, N and V have the same
w-sequences of ordinals, together with A = A*. In [VWOI, Theorem 2.4],
Foreman proved that if j: M — V is a nontrivial elementary embedding
(Card” # Card is possible), then “M ¢ M. The argument above shows
that this is also the case for embeddings of the form j: M — N that are
cardinal preserving up to r,(j)*.

Proposition 2.2.4. Let j: M — N be a nontrivial elementary embedding
between two transitive models of ZFC, and let X = k,(j). Suppose that

1.\ =\t
2. Card™ N\t = Card™ N\t = Card NAt.
Then either j(A\) > X or “A\ € N. In particular, “X £ M N N.

Goldberg observed in [Gol20), §6.1] that N cannot be closed under count-
able sequences, whenever N C V' is the target model of a cardinal preserving
elementary embedding whose domain is V. Exploiting the following result
by Viale one can show that, under PFA, the same conclusion holds in a more
general case.
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Lemma 2.2.5 ([Via08, Corollary 28]). If PFA holds and M is an inner model
with the same cardinals, then M computes correctly all ordinals of countable
cofinality, i.e.,

Vo € Ord (cof(ar) = w = cof(a)” = w).

Corollary 2.2.6 (PFA). Let j: M — N be a nontrivial cardinal preserving
embedding. Then “X € N, where X = k(7).

Proof. By Lemma [2.2.5 cof(\)™ = w. Let (), | n < w) € M be a sequence
cofinal in A\. Then j(A) = j(Sup,<, An) = Sup,«,, j(An). If @ < j(A) then
a < j(Ap) for some n < w. But A\, < k,(j) and so there is m < w such that
A < Km(J). In particular,

a < j(An) < J(Em(f)) = fm1(J) < Kold) = A
This shows that j(A) = A. Hence “A € N, by Proposition m O

2.3 Singular cardinal combinatorics

The proof of nonexistence of j: M — V with Card™ = Card involves singular
cardinal combinatorics. More specifically, it relies on some results concerning
square principles (Magidor-Sinapova [MS17]), good scales, Jénsson cardinals
(Shelah [She94]), w;-strongly compact cardinals (Bagaria-Magidor [BM14b])
and basic facts from Shelah’s pcf theory.

Accordingly, with a view to the proof of Theorem below, we collect
some definitions and results, with the further intent of fixing the notation.

Convention 2.3.1. In the following, unless stated otherwise, all embeddings
we will consider are supposed to be nontrivial.

2.3.1 Weak forms of square

The notion of square principle, denoted by [, is a central concept in Jensen’s
[Jen72] fine structure analysis of L. For a cardinal , [J, states that there
exists a sequence (C, | @ < k1) such that each C, is a closed unbounded
(club, for short) subset of «, ot(C,) < K, and whenever § € lim C,, it holds
that C,, Nd = Cs. In his study of core models for Woodin cardinals, Schim-
merling [Sch95] isolated a spectrum of square principles [, ., for cardinals
k > X > 1, that form a natural hierarchy below [J,. We are interested in a
specific weakening of [, that allows at most countably many guesses for the
clubs at each point:
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Definition 2.3.2 (O..). Let k be a cardinal. The principle O, asserts
that there exists a sequence (Cy, | a < KT) such that, for all o < kT,

1. 1 <|Cy| € wy
2. Fvery C € C, is a club subset of a with ot(C) < /@ﬁ
3. If C € C, and § € lim(C), then CNd € Cs.

Cummings and Schimmerling [CS02] showed that after Prikry forcing
at k, O, holds in the generic extension. Magidor and Sinapova [MS17]
observed that arguments in Gitik [Git97] and independently in DZamonja-
Shelah [DS95] yield a more general result for O,

Lemma 2.3.3. Let V C W be transitive models of ZFC. Suppose that k
1. V |= “k is an inaccessible cardinal”.

2. W = “k is a singular cardinal of countable cofinality”.

3. kTV = gtW,

Then W = 0O, .

There is a connection between this square principle and a pcf-theoretic
object called good scale.

Definition 2.3.4 (Good scale). Suppose that (k, | n < w) is an increasing
sequence of reqular cardinals with sup, ., kn = A. Let f = (fo | @ < A1) be a

sequence of functions from ], _ kn. The sequence f is a good scale at A if

1. fz’s a scale of length \™ on {k, | n < w};

2. For all v < At with cof(v) > w, there is a cofinal subset C' of v such
that, for some n < w, and for all k > n, the sequence (fo(k) | a € C)
18 strictly increasing.

Lemma 2.3.5 ([CEMOI, Theorem 3.1]). Let A be a singular cardinal. Then
Uy tmplies that there is a good scale at )\ﬂ

4Throughout this dissertation, we will use the expression “C'is a club” as a shorthand
for saying that C' is club subset.

®Note that X is allowed to have uncountable cofinality, and one can define good scales
at such cardinals in the same fashion. However, the case cof(\) > w is beyond the scope
of this chapter.
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2.3.2 Jobnsson cardinals and Shelah’s Strong Hypothe-
sis

Another crucial role for our argument will be played by Jonsson cardinals,

and their influence on the pcf structure: the presence of successor Jonsson

cardinals implies the failure of Shelah’s Strong Hypothesis (SSH), which in

turn ensures the existence of good scales. To define SSH we first recall the

key definitions from pcf theory. We also aim to establish the notation that
will be used throughout this chapter and again in Chapter

Definition 2.3.6 (<; and <j). Let I be an ideal over some index set X,

and let R be some relation on the class of ordinals Ord. Given functions f
and g mapping X to Ord (i.e., f,g € X Ord), define

fR1g = {z € X [~(f(z)Ryg(z))} € I.
In particular, we have
f<rg=A{reX|flz)=g)} el

and
[<igw=f{ae X | f(@)>gle)} € .

Convention 2.3.7. If D is an ultrafilter on some index set X, we write <p
instead of <y for I the ideal dual to D.

Definition 2.3.8 (J[[ A). If A is a set of ordinals, define

[[4:=1{f€"*0rd|Vaec Af(a) <a)}

If A={a, | v < p}, for some cardinal p1, we identify [[ A with

[[a = 1{f €"Ord | ¥y < p(f() <ay)}.

y<p

Definition 2.3.9 (Pseudopower). Suppose that X is a singular cardinal. Stip-
ulate PP(X) is the set of all cardinals of the form cof(][ A, <p), where A is
a set of reqular cardinals cofinal in \ of order-type cof(\) and D is an ultra-
filter on A containing no bounded subsets. We define the pseudopower of A,
denoted by pp(N), as the supremum of PP(N). In symbols,

pp(A) :=sup PP(A).
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Definition 2.3.10 (Shelah’s Strong Hypothesis). Shelah’s Strong Hypoth-
esis, denoted by SSH, states that pp(\) = AT for every singular cardinal \.
For any fized singular cardinal A we say that SSH holds at A if pp(A) = AT.
Similarly, if k is a cardinal, we say that SSH holds above k (in symbols,
SSH....) if pp(A) = AT for each singular cardinal A > k.

Definition 2.3.11 (Jénsson cardinal). A cardinal k is called Jénsson if every
first-order structure of cardinality k whose language is countable possesses
a Jénsson substructure, i.e. a proper elementary substructure of the same
cardinality.

The following characterization of Jénsson cardinals in terms of elementary
embeddings will be useful.

Proposition 2.3.12 ([Try84, Lemma 1]). Let x be an uncountable cardinal.
Then the following are equivalent:

1. k is Jonsson.

2. For some a > K, there is an elementary embedding j : N — V, such
that N is a transitive set, j(k) = k and crt(j) < k.

Erdés and Hajnal [EHG6] proved that, under GCH, a successor cardinal
cannot be Jonsson. Appealing to stationary reflection, Tryba showed in ZFC
alone a special case of this result.

Definition 2.3.13 (Stationary reflection). Suppose that p is an uncountable
reqular cardinal, and let S be a stationary subset of y.

1. Given a < p, say that S reflects at o if a has uncountable cofinality
and S N« is a stationary subset of a.

2. S reflects if there is some o < p such that S reflects at c.
3. Refl(S) asserts that every stationary subset of S reflects.
Remark 2.3.14. If ju is reqular, then Refl(u™) fails.

Theorem 2.3.15 ([Try84] Theorem 2]). If a reqular cardinal k is Jonsson,
then every stationary S C k reflects. In particular, if k is a regular cardinal,
then Kk is not Jonsson.

Proposition [2.3.12] and Theorem [2.3.15| provide a new proof of the result
by Kunen quoted in Section (Theorem [2.1.6]).
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Theorem 2.3.16 (Kunen). There is no elementary embedding from the uni-
verse to itself.

Proof. Suppose j: V — V is an elementary embedding. Then r,(j)" is
fixed by j. Let a be a fixed point of j above k,(j)™", and consider the
elementary embedding j | V,: V, — V,. By Proposition [2.3.12] k()™ is
Jénsson. On the other hand, k,(j)"" is the successor of a regular cardinal
and so, by Theorem [2.3.15] it cannot be Jénsson. O

Among other things, Theorem says that, if A™ is Jonsson, A has
to be singular and by Erdds-Hajnal [EH66] GCH has to fail. Therefore it
makes sense to ask whether SSH holds at \. We incorporate the answer in
following lemma, due to Shelah. The first assertion can be found in [Eis10]
Corollary 5.9], while the second one is proved in [Eisl(), Theorem 4.78] (see
also [She94, Chapter 2, Claim 1.3]).

Lemma 2.3.17. Let A be a singular cardinal.
1. If Xt is Jonsson then pp(\) > AT.

2. If pp(N\) > AT then X carries a good scale.

Another natural question is whether one can replace the power set op-
eration A\ € Card — 2* by the pseudopower pp: Sing — Card in Silver’s
celebrated theorem. Recall that Silver’s theorem asserts that if A is a sin-
gular cardinal of uncountable cofinality and there exists a stationary set of
cardinals S C X such that, for every § € S, 20 = §*, then 2* = \* (see
e.g., [Sil74, Theorem 2.1]). Shlelah provided a positive answer, proving the
following Silver-type lemma.

Lemma 2.3.18 ([HSW09, Theorem 9.1.6]). Suppose A is a singular cardinal
of uncountable cofinality. If

{6 € SingN\ | pp(6) ="}

is stationary, then pp(A) = AT.

2.4 Discontinuities

Using the alternative definition of Jénsson cardinal (Proposition [2.3.12]), we
provide a different proof of the following lemma due to Caicedo.

Lemma 2.4.1 ([Cail0, Theorem 2.5]). If j: M — V is a cardinal preserving

embedding, then 7 has no fized points above its critical point. In particular,
for all X > crt(j), if 7“X C A, then cof(\)M > crt(j).
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Proof. Suppose towards a contradiction that there is some ordinal o above
crt(g) such that j(a) = a. By cardinal correctness, j(at™) = a™. Pick an
ordinal 8 > ot and stipulate

N = (V)" = {x € M | rank(z) < 3}.

Then j [ N is an elementary embedding from N to Vj(g). To see this, note
that for b in N and 1 a first-order formula, N |= 1(b) is equivalent to
M | ¢N(b). By elementarity, M = ¢ (b) if and only if V' | ¢ (5(b)).
Finally, V' = ¢"i® (j(b)) is equivalent to Vjg) [= ¢(j(b)). Therefore j | N
witnesses that o™ is Jonsson, contradicting the fact that the successor of a

regular cardinal cannot be Jénnson (Theorem [2.3.15]).

To prove the last assertion suppose
A > crt(5), 7“N € A and cof (MM < crt ().

Let A be a cofinal subset of A in M with |A| < crt(j). By elementarity, j(A)
is a cofinal subset of j(\). Hence

Jj(A) =supj(A) =supj“A <supj“A <sup A = A,
contradicting the fact that A < j(\). O

An immediate corollary is that, if j: M — V is a cardinal preserving
embedding, then M cannot be closed under sequences of size less than crt(j).
Despite this discontinuity, we still have a proper class of closure points.

Definition 2.4.2 (Closure point). Let j: M — N be an elementary embed-
ding between two transitive models of ZFC. A cardinal X\ is a closure point

of 7 if 74\ C A

So for example if j: M — V is cardinal preserving, then k,(j) is a closure
point.ﬁ More generally, one can easily find an w-club class consisting of
strong limit closure points of j of countable cofinality above crt(j). We will
show that such cardinals are either M-regular cardinals or predecessors of a
Joénsson cardinal.

SNote that the target model does not need to be the entire universe. In fact, r(j) is
a closure point whenever j: M — N is an elementary embedding between two transitive
models of ZFC: If a < Kk, (j) then a < £,(j), for some n < w. By elementarity,

() < j(kn(7)) = fnp1(5) < Ku(d)-
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2.5 Application: An inconsistency theorem

Our next goal is to prove that, for class many closure points A of a cardinal
preserving elementary embedding j: M — V', exactly one of the following
holds:

1. A is M-regular.
2. A" is J6nsson.

This will be the content of Lemma below which will yield two incom-
pactness phenomena. The key step in its proof deals with ultrafilters derived
from an embedding, and applied to a model to which they do not belong.
Accordingly, we review some basic definitions and facts about relativized
ultrapowers and factor embeddings. For more details, we recommend the
excellent exposition presented by Goldberg in [Gol22] §2.2].

2.5.1 Factor embeddings

Definition 2.5.1 (N-ultrafilter). Let j: N — P be an elementary embedding
between two transitive models of ZFC and let x be a set in N. Suppose

a € j(x).

e An N-ultrafilter on « is a set U C P(z) NN such that

(N,U) = “U is an ultrafilter”.

e The N-ultrafilter on x derived from j using a is the N-ultrafilter
{AeP(x)NN|acj(A)}.

If U is an N-ultrafilter on a set z, MY denotes the unique transitive
collapse of the class

N, U) = {15 | £+ 2 — N},
where [f]Y is the set of functions g: x — N in N such that

1. g=v f{]
2. For each function h: x — N in N, if f =y h then rank(g) < rank(h).

"g =y f means that g and f are equal on a U-big set, i.e. {y € x| g(y) = f(y)} € U.
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The latter requirement ensures that [f]5 is a set and it is known as Scott’s
trick [Jec03, §17]. Ult(N,U) is called the relativized ultrapower of N by
U, and will be tacitly identified with M. Moreover, N is elementarily
embeddable in its ultrapower via the map j{y : N — M}, defined as

iv sy lal,

where ¢,: * — {y} is the constant function. We refer to j}/ as the the
canonical embedding of N in M}Y.

One of the most basic notions from ultrafilter theory is the size of an
ultrafilter:

Definition 2.5.2. Suppose N is a transitive model of ZFC and U is an N-
ultrafilter. Then the size of U is the M -cardinal

o= (XN | X eUY.

The canonical embedding of N in M}, for some N-ultrafilter U, is in a
certain sense trivial above Ay, which will be very useful in Claim [2.5.9]

Lemma 2.5.3 (|Gol22, Lemma 2.2.34]). Suppose that
1. N is a transitive model of ZFC.

2. U is an N-ultrafilter.

Then for all N-reqular cardinals v > Ay,

30 () = sup i “y.

The following is an useful relationship between an elementary embedding
and the ultrapowers associated to its derived ultrafilters.

Lemma 2.5.4 (Factor embedding). Let j: N — P be an elementary embed-
ding between two transitive models of ZFC. Suppose that

1. € N.
2. a € j(x).
3. U is the N-ultrafilter on x derived from j using a.

Then there is an elementary embedding k: MY — P such that ko j = j
and k([id]Y) = a.

N
J
N Uy My

9%
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Proof. For each [f]N € M{Y, stipulate k([f]) = j(f)(a). It is routine to
verify that k fulfills the desired properties. O

We refer to the embedding k as the factor embedding associated to the
derived N-ultrafilter U.

2.5.2 Good scales

Setup 2.5.5. In the following j: M — V is a cardinal preserving elementary
embedding and X is a strong limit closure point of j of countable cofinality
above crt(j). In symbols,

JAC A e Card A Va € CardNA(2* < A) A cof(A) =w A A > crt(j).

Lemma 2.5.6. Fither \ is reqular in M or \* is Jonsson.

Proof. Suppose A is singular in M.
First, we factor the embedding j. Concretely, stipulate that

1. D is the M-ultrafilter on A derived from j using A; namely,
D:={AePN)NM|XejA}f
2. jg: M — M% is the canonical embedding of M in Mg, ie.,
by lalp.
3. k: MM — V is the factor embedding associated to D, so that

koM = jand k([id)¥) = A,

- M
J
M2 MMty
J

An easy argument yields [id]¥ = X. Nevertheless, we provide the proof just
to clarify where the closure of A is used.
Claim 2.5.7. [id]¥ = \.

8Note that A € D simply because A < j(A) (Lemma .
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Proof of claim. Let a < A. As j“\ C A, j(a) < A. So A belongs to the set
{8 < jA) | j(a) < B}. By definition of D, {8 < A\ | a < 8} € D. Lo$’s
Theorem [Jec03, §12] yields

a < jp (@) = lealp < [id]p.

Now suppose a < [id]¥, say o = [f]¥ for some function f: A — X in M. By
Lo§’s Theorem, {f < A | f(8) < B} € D. Hence

Ae{B <) i(f)(B) < B}

Appealing to the proof of Lemma [2.5.4] we deduce that

a=[flp <k(flp) =i(HN) <A
O

Therefore \ is fixed by k: k(\) = k([id]¥) = A. The following standard
argument shows that A\* is correctly computed by M}:

Claim 2.5.8. \*M5' = \*. In particular, k(AT) = \*.

Proof of claim. First observe that if <C A\ x X is a wellorder of A in M, then

by elementarity
a=gM(<)N (A x A

is a wellorder of \ in M3 with length > ot(<). Thus
ATME > ot (<) > ot(<).

Now suppose towards a contradiction that A*5 < A*_ Then there are
in M a bijection f: A — A5 and a wellorder < of \ given by

a =< f = f(a) € f(B)

Appealing to the observation of the first paragraph, we deduce the following
contradiction:

ATMB > ot (1M (<) N (A x X)) > ot(<) = ATME

So AMB' has to be A™™. By cardinal correctness, A\tM5 = \tM = X\t In
particular, AT is fixed by k, i.e., k(AT) = AT. ]

Claim 2.5.9. crt(k) < A.
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Proof of claim. Note that since A is singular in M, there is a set C € D
such that |[C|M < A. In fact, let C' € M be a closed unbounded subset of
A of ordertype cof (\)M ] Then j(C) is closed in j(\) > A, and j(C) N\ is
unbounded in A since it contains j“C' H Therefore A € j(C), so C € D by
the definition of a derived ultrafilter.

By Lemma , M is continuous at every M-regular v < ) such that
v > |CIM > Ap, ie.,

Jb (7) = sup jp “v,

whenever v € Reg™ \|CM. Therefore letting v < A be any M-regular cardi-
nal satisfying v > max{|C|, crt(j)} = |C|™, we have that

i(v) = k(Y (7)) = sup((d5 | B < k(7))),

for some <-increasing sequence (dg | 5 < k(7)) consisting of ordinals < j(7).
But j() is regular by elementarity, and so k() = j(v). Suppose for the sake
of contradiction that j¥ () = k(7). Then

J(v) = k(p (7)) = sup((Js | B < 3 (7)) = sup({§n () | @ <)

By regularity of j(), v has to be j(v). But this is impossible because

j(7) >~ by Lemma 4.1} Hence j}(7) < k(y) = j(7) = k(j (7). Since
FM(y) < ATt follows that crt(k) < A. =

As argued in the proof of Lemma we get that AT is Jénsson: pick
B > At and let N be (Vg)ng. Then k [ N: N — V() is an elementary
embedding witnessing the Jénssonness of A*. Here we are using the charac-
terization of being Jénsson stated in Proposition [2.3.12] O

We have already pointed out that both cases lead to some kind of in-
compactness. Suppose A is regular in M. Then A, being strong limit, is
inaccessible in M. So we can apply Lemma to infer that Oy, holds.
Moreover, Lemma [2.3.5] ensures that A carries a good scale. On the other
hand, if A* is Jénsson, we get the same conclusion by Lemma [2.3.17 Alto-

gether we deduce the following more quotable corollary:
Corollary 2.5.10. There is a good scale at .

Now we aim to show that this cannot be the case.

9Recall that cof(\)M > crt(j) by Lemma m
100bserve that j“C C j“\ C .
HRecall that A is a closure point of j and so j& (v) < j(v) < A.
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2.5.3 Embeddings into V

In [BM14b], Bagaria and Magidor proved that SCH holds above an w;-
strongly compact cardinal x; namely, A°f) = X\t . 2N for all singular
cardinals A above k. They essentially used the following theorem, together
with a result due to Shelah [She94| asserting that the failure of SCH implies
the existence of a good scale.

Theorem 2.5.11 (Bagaria-Magidor). If k is wy-strongly compact, then there
is no A > Kk of countable cofinality carrying a good scale.

Combining Theorem [2.5.11] with the last two lemmas in Subsection [2.3.2

(Lemmas 2.3.17 and [2.3.18)), one can easily show that not only SCH but

also SSH holds above an wy-strongly compact cardinal.
Proposition 2.5.12. If k is wy-strongly compact, then SSH holds above k.

Proof. Let A\ > k be a singular cardinal. We have to show that pp(\) = \*T.
Two cases may occur:

Case cof(\) = w: In that case we may appel to Theorem [2.5.11| to infer

that A does not carry a good scale. By Lemma [2.3.17([2)), pp(A) = A*.
Case cof(A) > w: Define the set

S:={6€SingNA|d>r A cof(d) =w}.
As cof(\) > w, S is stationary. By the previous case, it holds that
S C {6 € SingNA | pp(6) ="}

In particular, {6 € SingNA | pp(d) = 67} is stationary. So pp(A) = AT by
Lemma 2.3.18 [

In order to prove our inconsistency theorem (Theorem [2.5.14] below), we
will not need Bagaria and Magidor’s theorem (Theorem [2.5.11]) but rather

its proof. Indeed, it carries over exactly to our context:

Lemma 2.5.13. If j: M — V s cardinal preserving, then no singular car-
dinal A > j(crt(7)) of countable cofinality carries a good scale.

Proof. Towards a contradiction, suppose there is a singular cardinal greater
than j(crt(7)) of countable cofinality carrying a good scale. By elementarity,
this is true in M. Namely, M thinks that

“There is a cardinal A > crt(j) with cof(\) = w carrying a good scale”.



CHAPTER 2. ELEMENTARITY AND CARDINAL CORRECTNESS 41

Working in M, let (A, | n < w) be a <-increasing sequence of regular car-
dinals with limit A\, and let (f, | @ < AT) be a good scale of length A* on
{\n | n <w}. By LemmaR.4.1) At < j(A*). Passing to V, let 8 = sup j “A*.
Since A™M = AT we have j(A\T) = j(A™™) = j(A\)T. In particular, j(\*) is
regular. On the other hand, § is the supremum of a subset of j(A1) of car-
dinality less than j(AT), and therefore bounded in j(A1). Thus, 5 < j(AT).
Elementarity of j leads to

VI “({(fa | @ < AT)) is a good scale of length j(A*) on {j(\,) | n < w}”.

Say j({fa | @ < A1) = (ga | @ < j(AT)). Since f < j(AT) and has
uncountable cofinality, we can use the goodness of (g, | @ < j(A1)) to
pick a cofinal subset C' of § such that, for some n < w, for all & < &
in C, and for all k& > n, g¢ (k) < ge, (k). Following the proof of [BM14b]
Theorem 4.1], we will define by induction on § < AT a strictly increasing
sequence of ordinals (75 | § < A™) contained in C, and an auxiliary sequence
of ordinals (a5 | § < A1) such that 75 < j(as) < Y511, for all § < AT, Let v
be the first ordinal in C. Let aq be the least ordinal such that vo < j(ap).
Then let v; € C be such that j(ag) < 71. Then, let oy be the least ordinal
such that y; < j(aq). And so on. At limit stages, take the least v € C' greater
than all the ordinals 75 picked so far. Clearly, ay < A™, for all § < A*.

For each 6 < A%, we have g,; < va gj(as) <svd Gys.,, and so we may
pick some ns > n such that g,,(m) < gjas) (M) < Gy, (M), for all m > ns.
By the pigeonhole principle, there is some D C AT of cardinality AT such
that for all € D, the ns is the same, say k. In particular, if 6 € D, then
Gvs (k) < Gj(as) (k) < gys,, (k). On the other hand, if 4y, 6, € D and dp+1 < 4y,
then g, (k) < gy, (k), by goodness. Therefore,

s, (k) < gj(aao)(k) < Gysp41 (k) < s, (k) < gj(oé(sl)(k) < g“/al+1<k)7

whenever g, 0; € D and 0y + 1 < d;. Note that for every § < AT,

Gi(as) (k) = J(fas(k)) € 5“Nk.

But this is impossible since the sequence (g,,(k) | 6 € D) has ordertype A%,
and

0t((g5(k) | 0 € D)) = 0t((gj(an (k) | 0 € D)) < 0t(5"Ax).
However, the ordertype of j“)\, is Ay < AT. This is a contradiction. O]

Now the proof of our inconsistency theorem is straightforward.

Theorem 2.5.14. There are no nontrivial cardinal preserving elementary
embeddings from an inner model M into the universe of sets V.
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Proof. Suppose not and let j: M — V be a cardinal preserving elementary
embedding. Let A be the first strong limit closure point of j of countable
cofinality strictly above j(crt(j)). By Corollary [2.5.10} there is good scale at
A. But Lemma [2.5.13| says that this is impossible. O

2.6 Open questions

The inconsistency theorem of the previous subsection (Theorem [2.5.14)) sug-
gests a natural question about the behavior of M-cardinals from the point
of view of V:

Question 2.6.1. Let j: M — V be a nontrivial elementary embedding.
What is the first ordinal in Card™ \ Card?

More generally, cardinal correctness does not seem to be the right closure
property to look at. This naturally leads to the (vague) question of whether
there exist alternative closure properties that align more closely with ele-
mentarity. In this vein, an interesting theorem due to Goldberg [Gol21]
Theorem 2.11] states that the existence of a cardinal preserving elementary
embedding j: V — M entails an even stronger closure property, showing
that such embeddings goes beyond mere preservation of cardinals:

Theorem 2.6.2 (SCH). Suppose that there is a cardinal preserving elemen-
tary embedding from the universe into some inner model M. Then for any
ordinal o, cof ()M = cof ().

The conclusion of Theorem [2.6.2] suggests the following definition.

Definition 2.6.3 (Cofinal preserving elementary embeddings). Suppose that
j: M — N is an elementary embedding between two inner models of ZFC.
Then, j is cofinal preserving if M and N compute correctly the cofinalities;
namely, for any ordinal o,

cof (@)™ = cof(a)" = cof(a).

Question 2.6.4. Assume j: M — N 1is a nontrivial elementary embedding.
Can j be cofinal preserving?

Of course, the case N = V is inconsistent by Theorem [2.5.14] On the
other hand, under large cardinal assumptions, one can rule out the case
M = V. Indeed, as mentioned in , Goldberg [Gol20), Theorem 6.6] proved
that the existence of a proper class of almost strongly compact cardinals
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refutes cardinal preserving elementary embeddings from V' to some inner
model N.

The following weaker version of cofinal correctness could be more man-
ageable.

Definition 2.6.5 (w-cofinal preserving elementary embeddings). Suppose
that j: M — N is an elementary embedding between two inner models of
ZFC. Then, j is w-cofinal preserving if

Va € Ord (cof(a) = w = cof(a)" = cof(a)" = w).

As highlighted in it is quite natural to study the properties of ele-
mentary embeddings j: V' — N for some inner model N. Reversing the arrow
and looking at a nontrivial j: M — V is less common. Along this line of
research, w-cofinal preserving elementary embeddings of the form j: M — V
have been studied by Vickers and Welch in [VWOI]. Specifically, they in-
vestigated consequences of the existence of such a j: M — V (see [VWOI,
Theorem 1.7]).

2.6.1 w-cofinal preserving embeddings into V

Lemma [2.2.5| says that PFA and cardinal correctness implies agreement of
ordinals of countable cofinality. It is unclear whether one can find inner
models with this closure property that embed into V:

Question 2.6.6 ([VWO01]). Assume j: M — V is a nontrivial elementary
embedding. Can j be w-cofinal preserving?

Such an embedding would imply the existence of class many Jénsson
cardinals.

Proposition 2.6.7. Let j: M — V be an w-cofinal preserving elementary
embedding. Then there is an w-club class consisting of Jonsson cardinals.

Proof. Let C be the w-club class of closure points of j of countable cofinality
above crt(j). In symbols,

C:={0€Sing|j“0Cd A cof(d) =w A > crt(y)}.

We claim that
0 € C = ¢ is Jénsson.

Accordingly, assume § € C. Since j is w-cofinal preserving, cof(§)™ = w. So
there is an increasing sequence (d, : n < w) in M with limit 6. Since J is a
closure point, j(d,) < 0 for each n < w, and so j(§) = sup,, ., j(0,,) = 6. The
alternative definition of Jénsson cardinal (Proposition [2.3.12)[2))) ensures that
¢ is Jonsson as witnessed by j | (V3)M: (V)™ — Vi), for some > 4. O
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In the style of Lemma [2.4.1] it turns out that also these objects exhibit
a rather bizarre behavior.

Proposition 2.6.8. Let j: M — V be an w-cofinal preserving elementary
embedding. Then for each ordinal o with cof(a)™ > crt(j), it holds that
jla) > a.

Proof. The proof is based on an argument due to Woodin (see [HKP12]).
Stipulate x := crt(j). Towards a contradiction, suppose that there is an
ordinal @ with cof(a)™ > k and j(a) = a. In particular,

cof ()™ < j(cof(a)M) = cof(j(a)) = cof(a) < cof (a)M. (2.1)

Hence cof (o)™ = cof (a). We shall make use of the Ulam-Solovay stationary
partition theorem, asserting that every stationary subset of a regular un-
countable cardinal § can be partitioned into § many stationary subsets (see
e.g., [JecO3l p. 95]). A mild generalization of this result shows that if 0 is an
ordinal of uncountable cofinality, say cof(§) = n > w, then every stationary
subset of § can be partitioned into 17 many disjoint stationary sets.

Working in M, define

(82)" = {8 <a|cof(B)" = w}.

By our assumption on M, there is no ambiguity between the sets (S%)* and
So = {B < a|cof(B) = w}, ie., (SH)M = 52 Clearly w < k < cof(a),
so we can apply, in M, the Ulam-Solovay stationary partition theorem, and
partition S¢ into 7 many disjoint stationary sets, where 1 := cof(a)™. Let

—

S = (S | B < mn € M be such a partition. Now we pass to V' and
deduce, by elementarity, that j (g) = (T | B < j(n)) is a disjoint partition
of j(n) many stationary subsets of S¢. But by equation 2.1, j(n) = n and
so j(S) = (T | B < n) is actually a disjoint partition of 7 many stationary
subsets of S¢. Now define C := {y < a | j“y € ~}. Since C is a club and
T, is stationary, there is v € C' N T,. Then j“y C v and cof(vy) = w. This
implies that v is fixed by j. On the other hand, v € Ss for some 3 < 7 since

(Sp: B < m) is a partition of SS. Therefore,
v =13(7) €5(Ss) = Tj).
This contradicts the fact that Tg) and T} are disjoint. O]

In other words, if « is fixed by an w-cofinal preserving j: M — V', then
its M-cofinality has to be strictly below crt(j). An immediate consequence
of this fact is that the M-successor of a fixed point is always collapsed.
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Corollary 2.6.9. Let j: M — V be an w-cofinal preserving elementary em-
bedding. Suppose that « is an ordinal with j(a) = a > crt(j). Then
+n)M < +n

(c a™

whenever 0 < n < w.

Proof. Suppose 0 < n < w. Since (a™)™ > crt(j) is M-regular Proposi-
tion yields (o)™ < j((a*™™)M). Since « is fixed by j, it holds that

(™)™ <j((a™™)M) = jla)™ = a™™.

2.6.2 Cardinal preserving embeddings from V

Similar questions arise in the context of cardinal preserving embeddings from

v

Question 2.6.10. Assume j: V — M is a nontrivial elementary embedding.
Can j be w-cofinal preserving?

On the other hand, assuming large cardinal axioms, what kind of cardinal
preservation is possible? Suppose, for instance, that j: V — M is an em-
bedding witnessing I5. In particular, V. ;) € M and therefore M is cardinal
correct up to A 1= k,(j), i.e. Card™ N\ = CardNA. In addition, for all
a < K := crt(j), it holds that AT = (AT*)M. Indeed,

AT < ) = (M < At

Thus (AT*)M = A\T*. As argued in the proof of Lemma (Claim [2.5.8)),
one can show that (\**1)M = \T#*+1 Concretely, suppose, towards a contra-

diction, that (A*T1)M < \*x+1 Qo there is a bijection f: A™F — (ATRHH)M
in V. Now let < be the wellorder of A" given by o < 8 :<= f(a) € f(0).

120bserve that by Goldberg’s theorem (Theorem [2.6.2)), under SCH, cardinal correctness
and cofinal correctness are equivalent in the context of embeddings from V':

j:V — M is cardinal preserving <= j: V — M is cofinal preserving.

13Recall that AT is defined by induction as follows:

Case a = 0: A\T0:= )\

Successor case: If & = 34 1, then AT := (A*#)T, that is, the successor of A*7#.
Limit case: If « is a limit ordinal, then AT := sup{\*# | 8 < a}.
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Then by elementarity j(<) N (AT* x A™%) is a wellorder in M of A** with
length at least ot(<). Therefore, we deduce the following contradiction:

(AT S 0t(5(<) N (AT x AT)) > ot(<) = (ATHHM,

This means that, under I, the first A + k + 1 cardinals coincide. So if
one wants to refute a cardinal preserving j: V — M, the place one should
look is above A***1. In fact, it is unclear whether one can get more cardinal
preservation:

Question 2.6.11 ([Cail0]). Is it consistent to have an embedding
g V=M

such that the first \**! cardinals of M and of V' coincide? Here, k := crt(5)
and X := k(7).



Chapter 3

PSP and BP at singular
cardinals

A well-known phenomena in Set Theory is that the Axiom of Choice (AC)
allows to build set of reals which are somehow pathological. A pathological set
can be a non Lebesgue measurable set, a set not having the Baire Property
(BP), or a set without the Perfect Set Property (PSP). All these pathologies
are possible under AC, in the sense that for each regularity property (e.g.
Lebesgue measurability, BP and PSP), one can rely on the full power of AC to
prove the existence of a set of reals lacking that property. This is in contrast
with a prevailing paradigm in Descriptive Set Theory expressing the informal
idea that if a set in a Polish space (e.g. the Cantor space “2 or the Baire
space “w) admits a simple description, then it should not be pathological in
any of the senses mentioned above. As pointed out in the Introduction
this claimed scenario may occur in the rather different setting of ZF + AD,
the Axiom of Determinacy, in which there are no sets of reals exhibiting a
pathological nature. In fact, one can rely on AD to prove that every set of
reals is Lebesgue measurable, and has the PSP and the BP.

Another interesting feature of AD is that the structure of L(R) assuming
ADE® s similar to the structure of L(V,,;) assuming a strong principle of
infinity called Iy(k). An evidence of this similarity is that x* is measurable
in L(V,,1) under Iy(x), while w; is measurable in L(R) under AD*®) . Taking
cue from some descriptive set-theoretical aspects of Iy(k), the Dimonte and
Motto Ros developed a Generalized Descriptive Set Theory [DMRS] on strong
limit uncountable cardinals of countable cofinality (note that if k witnesses
Iy, then k has to be strong limit and xk > cof(k) = w). Accordingly, a r-Polish
space is defined as a completely metrizable topological space with weight at
most k, and one may attempt to formulate the classical regularity properties
for subsets of (w-)Polish spaces in terms of subsets of k-Polish spaces. Work-

47
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ing in this generalized context, Cramer [Cral5|] discovered another similarity
between L(Vi,1) under Io(x) and L(R) under ADY® . Namely, he proved
that, under Iy(k), every subset of the generalized Baire space “k in L(Vji1)
has an analogue of the Perfect Set Property, the k-Perfect Set Property (k-
PSP). Along the same line, Dimonte, lannella and Liicke [DIL23] showed
that, under Io(x), all subsets that are X! -definable with parameters in V, 4

have a generalization of the Baire Property. These two results are analogous
to the fact that, under AD*™ all sets of reals in L(R) have the PSP and the
BP.

However, there is evidence suggesting that Iy(x) may not be the optimal
large cardinal assumption for ensuring regularity properties for subsets in
k-Polish spaces. A first suggestion arises from a celebrated work due to
Solovay [Sol70]. He proved that, after Levy collapsing an inaccessible cardinal
to wy, every set of reals in L(R) has the PSP and the BP. This result
considerably improves the consistency strength, since the existence of an
inaccessible cardinal is much lower than AD*® in the large cardinal hierarchy
(AD is equiconsistent with the existence of infinitely many Woodin cardinals).
Following this phenomena and with attention shifted upward to uncountable
strong limit cardinals x of countable cofinality, the expectation is that Io(k)
is unnecessary for producing models in which all sets in L(V,y;) have the
generalizations of the BP and the PSP.

In this chapter, we develop an abstract framework, underpinned by the
>-Prikry machinery, to obtain the Baire and Perfect Set properties at sin-
gular cardinals of countable cofinality. As an application we construct a
model of ZFC with a singular cardinal s such that every subset of “x in
L(V,41) has both the x-Perfect Set Property and the U-Baire Property. This
is a higher analogue of Solovay’s result for L(R) [Sol70]. Our result relies
on large cardinal assumptions in the realm of supercompactness (see Defini-
tion . More precisely, such a configuration is obtained from an increas-
ing w-sequence Y = (k, | n < w) consisting of (partial) supercompacts with
an inaccessible cardinal above the supremum of . We also obtain a model
where every subset of “x in L(V,,) has the k-Perfect Set Property start-
ing just from a single (partial) supercompact x and an inaccessible above it,
thus improving former theorems by Cramer [Cral5], Shi [Shil5] and Woodin
[Wooll] who employed Woodin’s axiom [y(k).

One might be tempted to extend our results to arbitrary strong limit sin-
gular cardinals. However, such an attempt is unfruitful. In fact, a remarkable
theorem by Shelah [She97] states that if « is singular and has uncountable
cofinality, then L(V, ) satisfies AC, and in particular there must be a subset
without the k-PSP. A straightforward consequences of our first main theo-
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rem (see Theorem is that Shelah’s theorem can consistently fails if
k singular of countable cofinality, showing therefore another evidence that
singular cardinals of countable cofinality behave differently from the one of
uncountable cofinality. Namely, it is consistent, relative to the existence of
an inaccessible A and a < A-supercompact below it, that for some singular
strong limit cardinal s of countable cofinality AC fails in L(V,,1). The previ-
ously known upper bound for the consistency strength of this statement was
]0.
The organization of the chapter is as follows:

e In Section [3.1] we set notations and provide relevant preliminaries about
projections, complete embeddings, »-Prikry posets and Generalized
Descriptive Set Theory.

e In Section[3.2]the abstract X-Prikry-based framework is presented. Our
method is partially inspired by former work of Kafkoulis [Kaf94] on the
consistency strength of an infinitary Ramsey property. The analysis
carried out by Kafkoulis involves a Y-Prikry forcing known as Super-
compact Prikry forcing (see [Git10]). In contrast our arguments will be
applicable to a wider class of posets, allowing us to obtain models for
the x-PSP and the Z/-BP at singular cardinals.

e In Section |3.3|our main consistency results are proved. Here we also de-
velop a new forcing poset (the Diagonal Supercompact Extender Based
Prikry forcing) which has set-theoretic interests beyond the scope of
the manuscipt.

e The chapter is closed with Section proposing a few relevant open
questions.

3.1 Preliminaries and notations

In this section we collect a few definitions and notations which should help
the reader navigate the chapter. When it comes to set-theoretic forcing our
main reference is Kunen'’s [Kunl4], whilst Kanamori’s text [Kan09] will be
our preferred source when it comes to large cardinal azioms (see also in

Chapter [2).
3.1.1 Review on projections and complete embeddings

Following the set-theoretic tradition our notation for (forcing) posets will be
P, Q, etc. As customary members p of a poset P will be referred as conditions.
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Given two conditions p,q € P we will write “¢ < p” as a shorthand for “q is
stronger than p”. We shall denote by P, the subposet of P whose universe
is {¢ € P | ¢ < p}. Finally, p and q are compatible if there is r € P such that

r<p,q.

Definition 3.1.1 (Separative poset). A forcing poset P is separative if when-
ever P € P does not extend q € P there is an extension of p that is incom-
patible with q. In symbols,

Vp,g € P(p £ ¢ = Ir <p(r Lq)).

Fact 3.1.2 (Folklore). Given a forcing poset P, define an equivalence relation
~ on P as

P~ (V'r € P(r and p are compatible <= r and q are compatible)).

Let P := P/ ~ and stipulate [p] <p [q] if and only if for every v <p p, r
and q are compatible. Then P is separative, and the map []: P — P given by
[[]: p = [p] has the following pleasant properties:

1. For every q € P there exists p € P such that [p] <p q;
9. For every p.q € P, if p < q then ] <p [a];
3. For every p,q € P, if p L q then [p| L [q].

P is called the separative quotient of P.

Convention 3.1.3. Whenever we talk about forcing with a forcing P, we
actually mean that we force with its separative quotient IP.

Definition 3.1.4 (||p). Let P be a forcing poset. If T is a name for an object
in the ground model and p is a condition, then we say that p decides 7 if
there is x € V' such that p - & = 7. We write p ||p T (or simply p || ) for
“p decides 7.

In Section [3.2] we will make an extensive use of the theory of weak projec-
tions, as well as the duality between forcings and their corresponding regular
open Boolean algebras.

Definition 3.1.5. Let P and Q be forcing posets.
e [FIWW91] A weak projection is a map 7m: P — Q such that:

1. For allp,p' € P, if p <p' then n(p) < n(p');
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2. For all p € P there is p* < p such that for all ¢ € Q with ¢ < w(p*)
there is p' < p such that ©(p') < q.

o A weak projection m: P — Q is called a projection if 7(1p) = 1g and
in Clause (2) above the condition p* can be taken to be p,E| 1.e., for all
p € P and g € Q with ¢ < 7(p), there is p' < p such that w(p') < q. If
there is a projection from P into Q, we say that P projects into Q and
write Q < P.

e A complete embedding is a map o: Q — P such that:

1. Forallq,q € Q, if ¢ < ¢ then o(q) < o(d);

2. Forallq,q € Q, if ¢ and ¢’ are incompatible then so are o(q) and
o(q');

3. For all p € P there is ¢ € Q such that for all ¢ < q, o(q") and p
are compatible.

The notion of a weak projection was first isolated by Foreman and Woodin
in [FW9I] to address the issue that Supercompact Radin forcing does not
project onto Radin forcing. This issue will arise in this paper too in the study
the extender-based forcings (Section

Fact 3.1.6. Let P and Q be forcing notions and G be P-generic.

1. If m: P — Q s weak a projection, then the upwards closure of the set
7“G (namely, {g € Q| Ip € G w(p) < q}) is a Q-generic filter (see
[FW91l, Proposition 2.8]).

2. If 0: Q — P is a complete embedding then {q € Q | o(q) € G} is
Q-generic (cf. [Kunlj)]).

Convention 3.1.7. We will identify m“G with its upwards closure.

Definition 3.1.8 (Quotient forcing). Given a projection w: P — Q between
posets and a Q-generic filter H one defines the quotient forcing P/H as the
subposet of P with universe {p € P | n(p) € H}.

Fact 3.1.9. Fvery P/H-generic G (over V[H]) is P-generic (over V).

'Recall that the weakest condition of a forcing poset PP is customarily denoted by 1p —
or simply by 1 if there is no confusion.
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We are going to identify P with its isomorphic copy in B(PP), the regular
open Boolean algebra of P (minus its least element 0) [Kuni4]. These two
objects are forcing equivalent as forcing posets in the sense that both yield
the same generic extensions. Bearing in mind this (usual) identification, P
is dense in B(P) and P-names are also B(P)-names. In particular, if Q is a
forcing and p: B(P) — B(Q) is a projection, then so is its restriction to P.
Moreover, if G is B(P)-generic then G NP is P-generic. Conversely, if G is
P-generic, then its upwards closure in B(P)

{beBP)|IpeGp<b}
is B(P)-generic.

Definition 3.1.10 (Complete subalgebra). Assume B and C are complete
Boolean algebras. C is a complete subalgebra of B if it is a Boolean sub-
structure of B and the identity map id: C — B is a complete embedding.

Forcing with complete Boolean algebras has the advantage that every
formula ¢ admits weakest a condition ||¢|| € B(IP) (the Boolean value of )
forcing ; this is defined as

lell == \/{p €| plre ©}.

If P and Q are forcings and ¢ is a P-name such that 1 IFp “g is Q-generic”,
there is a way to define a complete embedding o: B(Q) — B(P), as well as a
projection from P into (a cone of) B(Q), using the P-name g.

Definition 3.1.11 (Embedding induced by a name). Assume P and Q are
forcings and ¢ is a P-name such that

11lkp “g is Q-generic”.

The embedding induced by ¢ is the complete embedding o : B(Q) — B(P)
given by
olq) = 4 € 4gll,

for all q € Q.

The following facts regarding projections and complete embeddings will
become useful in our analysis in Section [3.2]

Fact 3.1.12 (Folklore). Let P and Q be forcings. The following are equiva-
lent:

1. There is a projection w: P — B(Q).



CHAPTER 3. PSP AND BP AT SINGULAR CARDINALS 53

2. There is a complete embedding e: B(Q) — B(P).

Proof. If  is as hypothesized, then 1 IFp “7G is B(Q)-generic”, where G is
the canonical P-name for the P-generic filter. Then the embedding induced
by m“G witnesses the existence of a complete embedding from B(Q) to B(P).

Conversely, suppose e is as hypothesized. Then e“B(Q) is a complete
subalgebra of B(P). Define a projection my: P — e“B(Q) as

mo(p) = \{b € e“B(Q) | p < b},

for all p € P. Exploiting the fact that e“B(Q) = B(Q) it is easy to deduce
the existence of a projection m: P — B(Q). ]

Fact 3.1.13 ([FHS18, Lemma 2.1]). Let P and Q be forcing notions. Suppose
that p is a condition in P and § is a P-name such that p IFp “g is Q-generic”.
Let p: B(P),, — B(Q) be the extension to B(P),, of the map defined as

P <eprp) = N\geQlp ke ge gl

Then p: B(P),, = B(Q) 1, as well as its restriction p | Py, are projections.

Moreover, for each P-generic filter G with p € G, the upwards closure in
B(Q) of p“G\y is {b € B(Q) | 3q € ga (¢ < 1)}

Convention 3.1.14. In the situation described in Fact we will refer
to the map

p: B(P),, = B(Q),0)

as the projection induced by ¢ (and p). If o: B(P) = B(Q) (1) @5 a pro-
jection we will economize language and say instead that “o: B(P) — B(Q) is
a projection”. Note that o(1p) is possibly stronger than the least element in
B(Q), thus our convention is not trivial.

A technical caveat with certain Prikry-type forcings (the principal posets
of this chapter) is the non-existence of projections, but only weak projec-
tions ]

However, given two posets P and QQ, and a weak projection 7: P — Q
between them, one can combine Fact with Fact to form the
projection induced by 7“G, p: B(P) — B(Q). The next technical lemma
shows that any commutative system of weak projections has a corresponding

2Here we are identifying the P-generic G with its induced B(IP)-generic.
3The interested reader may refer to Supercompact Prikry forcing [Git10] and AIM
forcing [CFM™18] as examples of this phenomenon.
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(commutative) system of projections between their regular open algebras.
Roughly speaking, we do not lose the advantage of dealing with projections
if we work with weak projections. This observation will be important in
Section 3.2

Lemma 3.1.15. Every commutative diagram of weak projections induces a
commutative diagram of projections between their reqular open algebras:

P—"s Q B(P) —“— B(Q)
lﬁﬁ = b %
R B(R)

Proof. Let Gp (resp. Gg) be the canonical name for the P-generic (resp.
Q-generic) filter. Define three names for generic filters as

L gi={{@p)lpeP A m(p) < q};

2. 9o ={(F,q) [q€Q A m(q) <7}

3. g:={(",p) [pEP A 7(p) <r}.
One can easily check that

1. 1p IFp “gy is the upwards closure of m “G]p”;

2. 1g IFg “go is the upwards closure of m, “Gg”;

3. 1p IFp “g is the upwards closure of W“G[p”.
Therefore by Fact [3.1.6{1), it follows that

1. 1p IFp “gy is Q-generic”;

2. 1g IFg “g2 is R-generic”;

3. 1p IFp “g is R-generic”.

Appealing to Fact [3.1.13] we let p;: B(P) — B(Q), po: B(Q) — B(R) and
p: B(P) — B(R) be the projections induced respectively by the names §;, o
and ¢.

Let us verify that the projections pi, p2 and p commute. For this it suffices
to check that they commute when restricted to P. For each p € P we have

p2(p1(p) = p2(Nfa € Qlplre G€in}) = Nlr2(@) g€ Q A plhe G € g}

First, we prove pa(p1(p)) < p(p).
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Claim 3.1.16. pa2(p1(p)) < p(p).
Proof of claim. Note that everything amounts to verify that
p2(p1(p)) < r for all r € R such that plFp 7 € g.

So fix a condition r as above. First observe that m(p) kg 7 € go.
To see this let be a Q-generic filter H with m(p) € H, and let G be
P/H—genericﬁ with p e G. AsplFp 7 € g and p € G, we deduce that

re gG =71“G = 7T2“7T1 “G = 7T2“H = (gQ)H,
leading to m(p) kg 7 € g2. In particular, the definition of py yields

p2(mi(p)) <.
On the other hand, p forces that m(p) € ¢;. Recalling that

p2(p1(p)) = N{p2(@) |4 €Q A plFp g€ gi}.

we finally conclude that ps(p1(p)) < p2(mi(p)) < r. O

It remains to verify p(p) < p2(p1(p)).
Claim 3.1.17. p(p) < pa(p1(p))-

Proof of claim. Tt is enough to show that p(p) < pa(q) for all ¢ € Q with
ple g € g1 I so, p(p) < N{p2(q) |4 € Q A plhp G € g1} = p2(pr(p))- So
let ¢ € Q with plFp ¢ € ¢1. For the sake of readability, define

A, ={reR|plkpregtand A, :={reR|qlkqg 7 € ¢}

and note that A, C A,. To see this, assume r € A,. Then ¢ IFg 7 € ¢o.
We claim that p IFp 7 € ¢. Indeed, if G is P-generic with p € G, then
g€ () =m “GH As qlFg 7 € g2 and ¢ € m “G, we deduce that

S (92)n1“G =mm ‘G =71"G = gq,

where the equality m “m “G = 7“G follows from the commutativity of the
weak projections involved. This shows that p IFp 7 € ¢g. Finally, observe that
A, C A, yields

p(p) = N4 < N\ A, = p2(0),

as required. O

The lemma has thus been proved. O

4Hence w1 “G = H.
5Recall that we are identifying 7, “G with its upwards closure.
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3.1.2 A review of the X-Prikry framework

Let us provide a succinct account of the ¥-Prikry framework developed in
[PRS19, [PRS22, [PRS23, [PS23|. Basic acquaintance with this matter will be
required for Section [3.2]

Definition 3.1.18 (Graded poset). We say that a pair (P,0) is a graded
poset whenever P is a poset and ¢ : P — w is a surjection such that for all
peP:

o For every q <p, {(q) > {(p);

o There exists ¢ < p with {(q) = {(p) + 1.

If (P, ¢) is a graded poset p € P, and n < w, we denote
o P :={peP|lp) =n}k

o Ph:={qeP[qg<p A lqg) ={(p)+n}

o P2 :={qeP|qg<p A q) > {(p)+n}.

We will also write ¢ <" p whenever g € P%. Note that Py, = P%,. If ¢ € Py,
we write ¢ <* p and call ¢ a direct extension of p.

Definition 3.1.19 ([PRS22]). Suppose that P is a forcing poset with a great-
est element 1, and that ¥ = (k, | n < w) is a non-decreasing sequence of
reqular uncountable cardinals, converging to some cardinal k. Suppose that

X is a cardinal such that 1 1-p A = £*. For a function ¢ : P — w we say that
(P, ¢) is X-Prikry if all of the following hold:

1. (P,?) is a graded poset;
2. Forn <w, P, contains a dense subposet which is k,-directed-closed;

3. For allp € P, n,m < w and q <" p, the set {r <" p | ¢ <™ r}
contains a greatest element which we denote by m(p,q). In the special
case m = 0, we shall write w(p, q) rather than 0(p, q),ﬁ

4. For all p € P, the set W(p) :={w(p,q) | ¢ < p} has size < X;

5. For allp <pinP, the map w: W(p') — W(p) defined by q — w(p,q)
1S order-preserving;

SNote that w(p,q) is the weakest n-step extension of p above q.
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6. (Complete Prikry Property) Suppose that U C P is a 0-open setﬂ
Then, for all p € P and n < w, there is ¢ <* p, such that, either
PiNU=0orPLCU.

The Complete Prikry Property in Clause @ is an analogue of the notion
of a completely Ramsey subset of [w]“. It turns out that it is a simultaneous
generalization of the usual Prikry Property and the Strong Prikry Property
([PRS19. Corollary 2.7]).

Remark 3.1.20. Regarding Clause above, in our intended applications
the dense subposet of P, will always be P, itself. This is applicable to the
great magority of X-Prikry forcings. The need to relax the clause and just
demand the existence of a dense subposet of P, was explained at length in
[PRS22]. Briefly, the reason is that Sharon’s functor (i.e., the poset yield-
ing the reflection pattern obtained in [PRS27]) does not satisfy the stronger
requirement.

In [PRS19] it is demonstrated that the Y-Prikry framework captures vir-
tually all known Prikry-type forcings dealing with countable cofinalities. In
the same paper it is also analyzed the extent by which abstract »-Prikry
posets change cofinalities, collapse cardinals, etc.

An important feature of ¥-Prikry forcings that we will exploit in Sec-
tion [3.2|is the Strong Prikry Property, as well as the existence of indiscernibles
for O-open colorings. Let us briefly review the relevant facts:

Definition 3.1.21 ([PRS19]). Assume (P,¢) is a graded poset, d: P — 0 is
some coloring, with 6 a nonzero cardinal, and H C P.

e d is 0-open if either d(p) =0 or d(p) = d(q) for all ¢ <* p:

e H is a set of indiscernibles for d if for all p,q € H,
U(p) = U(q) implies d(p) = d(q).
Lemma 3.1.22 (|[PRS19]). Assume (P, ?) is X-Prikry and let p € P.

1. For every 0-open coloring d: P — n, n < w, there exists ¢ <* p such
that Py, is a set of indiscernibles for d;

2. (Prikry Property) If ¢ is a formula in the forcing language of P, there
15 a condition q <* p deciding p;

TA set U is 0-open whenever r € U if and only if P, C U.
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3. (Strong Prikry Property) If D C P is a dense open set there are ¢ <* p
and n < w such that P%,, C D.

Lemma 3.1.23 ([PRS19)). Assume (P,¢) is 3-Prikry. Then P does not add
bounded subsets to k= sup(X).

3.1.3 Generalized Descriptive Set Theory

Classical Descriptive Set Theory [Kecl2|] studies the properties of definable
subsets of Polish spaces, with the real line R and the Baire space “w serving
as paradigmatic examples. A number of results in the area show that simply
definable sets (e.g., Borel or analytic sets) do posses a rich canonical structure
theory. Instead, the emerging field of Generalize Descriptive Set Theory
stems from the study of definable objects beyond the continuum. Specifically,
this line of research employs descriptive set-theoretic tools to study definable
sets in higher function spaces like #2 and "k (see [FHKI4]). It turns out
that when « is an infinite strong limit cardinal with cof(x) = w, there are a
number of results that parallel the findings of classical descriptive set theory,
and that get lost in the uncountable regular case. In most cases the reason for
this parallelism is that such a cardinal k shares with w some crucial properties
which are used to obtain the various results in classical descriptive set theory.

Setup 3.1.24. For the sake of a uniform presentation we will assume that
K is a cardinal with cof(k) = w and 3, = k. Our base axiomatic theory is

ZF +DC,.

Recall that DC, stands for Axiom of k-Dependent Choice; namely, this
is the assertion that for every non-empty set X and every total relation
R C <fX x X (i.e., for every s € <X there is x € X such that (s,z) € R)
there is f: K — X such that (f [ «, f(«)) € R for all a < k.

The first demand of Setup ensures that our forthcoming topological
spaces will admit a metric compatible with their topology; the second demand
ensures that Vi, and P(k) are interchangeable; finally, the theory ZF + DC,
will grant that the classical proofs go smoothly even in this generalized case.

Definition 3.1.25 ([DMR]). A topological space X is called k-Polish in case
it 1s homeomorphic to a completely metrizable space with weight IQEI

8The weight of X, denoted w(X), is the least cardinal y such that there exists a basis
for X of cardinality pu.
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Convention 3.1.26. Given a non-empty set X and an infinite cardinal X,
the set *X of all functions from X\ to X will be equipped with the so-called
bounded topology; namely, the topology whose basic open neighborhoods are

Ngvs::{xe’\X|x[§:s},

where £ < X and s € X. In case A = w this coincides with the product of the
discrete topologies in X.

The following accounts for what can be considered a canonical k-Polish
space, playing a role analogous to the Baire space “w in classical Descriptive
Set Theory.

Example 3.1.27 (Examples of canonical k-Polish spaces).
1. The Generalized Baire Space “k.
2. The Generalized Cantor Space *2 (this is homeomorphic to “k).

3. Suppose X = (K, | n < w) is an increasing sequence of reqular cardinals
with k = sup(X). The space [],,., kn = {x € “Kk | Vn <w x(n) € Ky}
(also denoted by C(X)) is closed in “k and thus k-Polish. It is homeo-
morphic to “k.

4. P(k) is k-Polish when endowed with the topology whose basic open sets
are

Nyo:={beP(k)|bNn=a}
forn <k and a Cn.

P(k) and 2 are homeomorphic — this can be seen by sending each a € P(k)
to its characteristic function. Similarly, there is a homeomorphism between
“ and a closed subspace of P(k) given by x — {< n,z(n) =| n < w}f

The classical descriptive hierarchy on a Polish space extends naturally to
the new setting of k-Polish spaces. In particular, one has the following:

Definition 3.1.28 ([DMR]). Let X be a k-Polish space. A set A C X is:
e r-Borel: If A is in the k-algebra generated by the open sets of X .

e r-analytic: If A is a continuous image of another rk-Polish space )
(equivalently, A is a continuous image of “k).

9Here < -,- = denotes the Gddel pairing function.
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e r-coanalytic: If A =X\ B for a k-analytic set B C X.

e r-projective: If A is in the family that contains the k-Borel sets and it
15 closed under complements and continuous images.

Remark 3.1.29. If X is a definable subset of V.41 (e.g., all the spaces in
Ezxample , it 1s routine to prove that this hierarchy is equivalent to a
definability hierarchy. In particular, the k-projective subsets of X are exactly
those that are definable in Vi1 with parameters in X .

One of the main tenets of classical descriptive set theory are regularity
properties, a way to show that low-level sets in the descriptive hierarchy are
well-behaved. Two paradigmatic examples are the Perfect Set Property and
the Baire Property which we will discuss in the context of k-Polish spaces.

The Perfect Set Property

Recall that a set A C R has the Perfect Set Property (PSP) if either A is
countable or there is a perfect set P C A; that is, P is closed and does not
have isolated points.

A map t: X — Y between topological spaces is called an embedding
if it is an homeomorphism between X and ran(:). A well-known theorem
in Classical Descriptive Set Theory says that a set A contains a perfect
set if and only if it contains a Cantor set, i.e., a closed set homeomorphic
to “2 (see [Kecl2, Theorem 6.2]). So A C R has the PSP if and only if
either A is countable or there is an embedding ¢: “2 — A closed-in-R. This
second equivalent definition is the one that is usually generalized to higher
cardinalities:

Definition 3.1.30 (k-Perfect Set Property). Let X be k-Polish. A set A C
X has the k-Perfect Set Property (briefly, k-PSP) if either |A| < &k, or there
exists an embedding from "2 to A closed-in-X .

The following has been proved in [DMR]:

Fact 3.1.31. Let X be k-Polish and a set A C X. The following are equiv-
alent:

1. A has the k-PSP;

2. |Al < Kk or there is an embedding v: C — X with ran(r) C A, for C
some (all) of the canonical k-Polish spaces of Example|3.1.27.

3. |A| < Kk or there is a continuous injection v: C — X with ran(r) C A,
for C some (all) of the canonical k-Polish spaces of Example|3.1.27.
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4. |Al < Kk or A contains a k-perfect set P, i.e., a set that is closed
and such that iof x € P, for all open neighborhoods U of ¥ we have
|[PNU| > k.

Note that in item ([2) we are not asking for ran(¢) to be closed.
Fact 3.1.32 ([DMR]). k-analytic sets in a k-Polish space X have the k-PSP.

If AC holds, there are always sets without the x-PSP: Since the set of
embeddings between “k and P(k) has cardinality 2%, one can build a subset
of P(k) without the x-PSP via a standard recursive construction (see [Kan09,
Proposition 11.4]). By results of Shelah [She97]) if & is a strong limit singular
of uncountable cofinality then L(V,;1) = AC and as a result there are sets
X € P(k) N L(V,41) without the x-PSP. In contrast, a theorem of Cramer
[Cralbl, Theorem 5.1] says that under axiom Iy(k) every set X € P(k) in
L(V,41) has the x-PSP. Similar results were also obtained by Shi [Shilj]
and Woodin [Wooll]. In Section we will prove the consistency of this
configuration starting from much weaker large-cardinal hypothesis. Under
axiom Iy(k), however, L(V,1) manifests other desirable properties — e.g.,
kY is measurable in L(V, ).

Many proofs in this chapter take place in L(V,1); that is the smallest
model of ZF that contains V;., 1. Since 3, = & is equivalent to |V, | = &, and
the bijection that witnesses it is lives V1, it follows that

L(V,e)) 3, = &,

Moreover, L(P(k)) E DC, in the same way that L(R) = DC ([Diml8,
Lemma 4.10]). Therefore, L(V,1) is a model for the configuration described
in Setup [3.1.24]

It is standard to prove that if ¢: “k — “k is continuous, then it is uniquely
defined by its behavior on <“k, just like every continuous function in R is
defined by its behavior on Q. Therefore ¢ is codeable by an element in V.
The same reasoning works if we swap one or both instances of “x with any
space in Example As a result the x-PSP is absolute between models
that have the same P(k), thus it is absolute between L(V.1) and V.

The Baire Property

Recall that a topological space X is a Baire space if every non-empty open
subset of X" is not meager. A set A C X has the Baire Property (BP, for
short) in case there is an open set O C X such that AAO is meager. In
a similar fashion [DMRS], one defines the notions of a k-Baire space and
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k-Baire Property (k-BP) by replacing “meager” by “k-meager” (i.e., a union
of k-many nowhere dense sets). As expected, k-comeager sets are defined as
complements of k-meager sets.

While the notion of a k-Baire space is meaningful for general topological
spaces it does not fit well with the canonical x-Polish topologies. Specifically,
C(X) (the natural extension of the Baire space “w) is not a x-Baire space
in its k-Polish topology for it is the union of w;-many nowhere dense sets
[DMRS] ¥ To bypass this issue another route is outlined in [DMRS]. Namely,
the authors consider C'(¥) with a topology accessory to its natural product
topology — the U-Ellentuck- Prikry topology (Zj EP). While we will insist
on C’( ) retaining its k-Polish topology (in fact, C'(X) is not s-Polish in
the U-EP topology) it is in the U-EP topology where the x-BP for subsets
A C C(X) will be formulated. This is because C(X) is a k-Baire space with
respect to the accessory U-EP topology [DMRS].

The choice of the U-EP topology is inspired by the fact that in classi-
cal Descriptive Set Theory the product topology of the Baire space “w is
homeomorphic to the topology of ultrafilters on Cohen forcingﬂ What is
more, there is a strong relationship between categoricity and Cohen forcing.
Specifically, the Boolean algebra of Borel sets modulo the meager ideal is
equivalent to Cohen forcing, and if M is an inner model of ZFC with (2%0)M
countable, then the set of Cohen reals over M is comeager (see e.g., [Schi4l
§8.1]). If & is singular, then the x-Cohen forcing collapses cardinals, so it is
not the right forcing to add subsets of k (so one can say that it is not the
“right” generalization of Cohen forcing). But under large cardinals, Prikry-
type forcings manage to add subsets of k without collapsing cardinals, so it
is natural to attempt to build a kind of Baire Property around it instead. In
light of these observations, the analogy in the singular case is provided by
Magidor’s Diagonal Prikry forcing.

Hereafter we assume that 2/ = (U, | n < w) are normal (non-principal)
ultrafilters over each member &, of an increasing sequence ¥ = (k,, | n < w).
We shall set £ := sup(X). Recall that C(X) denotes the x-Polish space

Hn<w Kn.

OFor each a < wy, set U, = {x € C(¥) | 3In < wz(n) = a} and observe that
cxE)=U (C(X)\ Uy). Since the U,’s are dense open, the conclusion follows.
a<wi
"This is the topology generated by the basic open sets

N, :={F C Add(w, 1) | F is an ultrafilter and p € F'}

where p is a condition in Cohen forcing Add(w, 1). Such a topology yields an homeomor-
phism between Baire space “w and {F C Add(w, 1) | F is an ultrafilter}.
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Definition 3.1.33 (Diagonal Prikry forcing (Magidor)). A condition in the
Diagonal Prikry forcing with U (in symbols, P(U)) is a sequence

b= <Oz€, s 704120(;7)—17 A?(p)’ A?(p)-l,—l? cee )
where s? = (ag, ..., oy 1) € [,y Kin s strictly increasing, A} belongs to

U, for n > {(p) and every B € AV, is bigger than k,.

Given conditions p,q € P(U) write p < q if sP end-extends s? (in symbols,
sP Js9), sP(n) € AL forn € [€(q),L(p)) and AP C A% for all n > {(p).

Definition 3.1.34 (The U-EP topology).

-

1. For each x € ], __ kn we consider the filter F, C P(U) defined as

F.={pe ]P’(Z/_i) | sP Cx A Vn>L(p)(x(n) € AP)}

and we say that © is P(U)-generic if F, is a P(U)-generic filter.

—

2. For each condition p € P(U), define

Ny ={z € CX)|pe F}.

3. The U-Ellentuck-Prikry (Z]—EP) topology T gp is the topology which
has .
{Np [ p e P(U)}

as basic open sets.

Let us remark that this topology is quite pathological (for example, C'(X)
with the Zj—Ellentuck—Prikry topology is not even k-Polish space), so it is not
meant to be considered as a new topology, but as an accessory topology to
the product one, in the same vein as Ellentuck and Gandy topologies in the
classical case.

Definition 3.1.35 (Z/-Baire Property). A set A C C(X) has the U-Baire
Property (in short, Zj—BP) if it has the k-BP as a subset of the topological
space (C(X), Ty gp). More verbosely, if there is a U-EP-open set O C C(X)
such that AAO 1is k-meager in the U-EP topology.

This definition generalizes many classical results, like the Mycielski and
the Kuratowski-Ulam theorems ([Kec12]), and it is a regularity property:

Fact 3.1.36.
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1. [DMRS] (C(%), Tjj.gp) s a k-Baire space.
2. [DMRS] All the k-analytic subsets of C(3) have the U-BP.
3. [DIL23] There exists a subset of C(X) without the U-BP.

There is a natural way to construct a k-comeager set in the U-EP topology.
This is again inspired by the classical example of the Baire space “w and
Cohen forcing Add(w, 1). We have already pointed out that, if M is an inner
model of ZFC and the cardinality of its continuum (2%°)™ is countable (in
V'), then the set of Cohen reals over M is comeager in “w (see e.g., [Schl4]
Lemma 8.10]).

In the singular case the construction of a xk-comeager subset of the product

-

space C'(X) appeals to the Mathias criterion of genericty for P(U):

Fact 3.1.37 (Mathias criterion of genericity). Let M C N be inner models
of ZFC with P(U) € M. A sequence & € (IL,-., &n)™ is P(Uf)-generic over M
if and only if for each sequence (A, | n < w) € (I, Us)™ there is n* < w
such that x(n) € A, for all n > n*.

This characterization is an instance of a more general phenomena con-
cerning Prikry-type forcings. The first impulse is due to Mathias [Mat73] who
proved that a sequence is generic for the classical Prikry forcing if and only
if for each measure one set, a tail of the sequence belongs to the set. Subse-
quently, Fuchs showed in [Fuc05] that a similar result (stated in Fact
holds for diagonal Prikry forcing. Along this line, Poveda provided another
criterion for genericity for Sinapova/Diagonal Supercompact Magidor forcing
(see [Pov20), Theorem 8.2.6]).

The next lemma will be crucial in our verification of the Z/-BP in Sec-

tion 3.3t
Lemma 3.1.38 ([Ian23]). Let P be a forcing such that
VIG] E “IP(r)"| < 57
for a certain P-generic filter G. Working in V[G] define
C = {z € () | & is P(U)-generic over V}.
Then, C' is k-comeager in the ZZ—EP—topology.

Proof. By the Mathias criterion of genericity (Fact[3.1.37)), C'is the set of all
z € C(X)V19 such that for each sequence A = (A, | n < w) € ([T, Un)"
there is n* < w with z,, € A,, for all n > n*.
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For each A = (A, | n < w) € ([, Un)", set
OA) :={zeC(X) |In<wVm>n (z, € An)}.

The set O(A) is open and dense in the U-EP topology (as computed in V).

-,

To see that O(A) is open, observe that O(A) = (U, p5) Np, where
P(A) := {p € PU) | Yn > U(p) (A} = A,)}.

To prove the density of O(A), it is enough to observe that O(A)N N, # 0,
for each p € IP’(Z]) This is the case since, for each p € IP’(L?)7 we may pick
a sequence (Y, | £(p) < n < w) in [[,,)<pen (A5 N Ay), and define another

sequence = (x, | n < w) as

Poif f(p);
v {an, if n < 4(p);

Yn, otherwise.

-,

It is clear that z € O(A) N N,,.
Now appealing to the Mathias criterion of genericity, we have that

-,

Maeqr, . uv O(A4) € C.

nw N

Our assumption “V[G] |= |P(k)"| < %" implies that (T], ., U.)" has car-
dinality s in V|G| and from this we infer that C' contains the intersection of
k-many U-EP-open dense subsets of C(X)VI¢ which amounts to saying that

C' is k-comeager. O

3.2 The X-Prikry tool box

This section presents our abstract »-Prikry-based framework to get the con-
sistency of the x-PSP and U-BP for a singular strong limit cardinal x of
countable cofinality[] The consistency of these configurations will be estab-
lished in Subsections [3.3.1] and [3.3.2] as an application of this technology.

Most of the results presented here will require the »-Prikry apparatus
and just few others will apply to general forcing posets. To help the reader
navigate the section we have grouped the corresponding lemmas in different
subsections depending of their scope.

12Results of Shelah [She97] reveal that the configurations obtained here cannot be gen-
eralized to singular cardinals of uncountable cofinality.
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3.2.1 Two general lemmas

Let us begin proving two general lemmas:

Lemma 3.2.1. Let k be an uncountable (possibly singular) cardinal, P a
poset not adding bounded subsets of k, T a P-name for a function in “k and
p a condition in P such that plkFp 7: O — K.

Consider the set of possible decisions about T made by conditions below

b

A(p) ={§ <k |IgePEm <wlg<p A qlre 7() =) }.
If A(p) has cardinality <r then plkp 7 € V.

Proof. Let B, = {{m,&) € wx k| g € P(¢g < pAqlke 7(h) = &)}
As |[A(p)| < k and Kk > w, it follows that |B,| < x[%] Pick n < & such
that |B,| = n and let f: B, — n be a bijection in V witnessing it. Let
h be P-generic with p € h. In VI[h|, 7, C B, and f“m, C 1. So f“rm,
is a bounded subset of x in V[h]. But P does not add bounded subsets
to k so f“m, € V. Finally note that 7, is definable from f and f“7, as
7 ={(m,&) e wx k| f((m,&)) € fm}. This yields 7, € V. O

Remark 3.2.2. Lemma fails if kK = w. For instance, Cohen forcing
Add(w, 1) provides a counterexample. In fact, one may consider the canonical
Add(w, 1)-name 7 for the Add(w, 1)-generic function from w to 2, represent-
ing the Cohen real added by the forcmgﬂ

Lemma 3.2.3. Suppose that P is a forcing poset and that k and X are car-
dinals such that p IFp “6TVIE = X7 for a condition p € P. Then,

pls H'C C L(V[Gn).

In particular, if there is a weak projection m: P — Q, G is a P-generic
containing p and \ is inaccessible in V[r“G], then (“k)VI""¢ € L(V[G]ei1).

Proof. Fix G a P-generic filter with p € G. Let © € V[G] be such that
ViG],
x € Hy,"™"; namely
tel({z )|V < A

We claim that € L(V[G].41)-
As x*VICl = X the transitive closure of {z} has cardinality 7 in V[G] for
some n < k. Let f:n — tcl({z}) be a bijection in V|G| and define the

13Note that B, C w x A(p).
14The author thanks the referee for bringing this point to attention.
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relation <« C n x n as £ <10 <= f(§) € f(9). Note that < can be coded as a
subset of n < Kk (e.g., using Godel’s pairing function) and therefore

(n,9) € L(V[Glit1)-
If we compute the transitive collapse of (1,<) (in L(V[G]x+1)) it has to take
the form (tcl({z}), €) and thus, by transitivity, z € L(V[G].y1). All of these
show H,V C L(V[G).t1).
For the second assertion note that V[G] = “(|tcl((“x)V"N| < \)” by

inaccessibility of A in the intermediate model V[r“G]. Combining this with
our previous conclusion, we deduce

(w%)V[W“G} c H)‘\/[”“G] C H;\/[G} C L(V[G]nJrl)
]

The forthcoming subsections (i.e., §3.2.2) §3.2.3] §3.2.4] and §3.2.5) will
instead regard Y-Prikry forcings. Our blanket assumptions therein will be
as follows:

Setup 3.2.4. ¥ = (K, | n < w) is a fized non-decreasing (possibly constant)
sequence of reqular uncountable cardinals with k := sup(X) and A > K is an
inaccessible. Unless otherunse stated, posets will be assumed to be ¥-Prikry.

Note that in this setup if IP is a forcing poset that does not add elements
of V. and such that p IFp “cof(k)VI) = w A &Vl = X" for a condition
p € P, then by the inaccessibility of A, it follows that |V;| < A, and so in
every P-generic extension V[G] with p € G, we have that

k< VS = |V VIO < V| < A = wHVIE,

Therefore 3y ¢ = Kk, yielding the configuration described in Setup |3.1.24]

3.2.2 The Interpolation Lemma

The goal of this section is to prove the Interpolation Lemma (Lemma
which is one of the main technical devices in the proof of the k-PSP and the
U-BP. Before that we prove another lemma saying that if s is singular in a
generic extension V[G] by a Y-Prikry forcing then every function f: k — E
in V[G] has its traces in V.

Lemma 3.2.5 (Trace Lemma). Let G a P-generic filter and suppose that in
VI[G], cof (k) =w and f: kK — E is a function with E € V. Then there is a
sequence (B, | n < w) € V[G] consisting of bounded subsets of  such that
Upco Bn=rand f | B, €V, for alln < w.
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Proof. Work in V[G] and fix (v, | n < w) € [],_, #n an increasing cofinal
sequence in k. In the proof we define auxiliary sequences (r,,; | i,n < w) and
(Ch.i | i,n < w) such that the following properties hold for each n < w :

(@) (rn;|i<w)€“G is a <-decreasing sequence with £(r, ;1) > (rn;).

(B) (Cni i< w)isa C-increasing sequence of subsets of [v,_1, yn) in V[G]
such that |, CmZ = [Vn_1, V). Here, by convention, v_; := 0.

<w
(v) TnilFp “F 1 Cpni € V", where f is a P-name such that fg = f.

For the rest of the proof we fix n < w such that f | [v,_1,,) ¢ V — otherwise
one simply sets B,, := [V,_1,V,). Since n will be fixed, in what follows we
opt to write (r; | ¢ < w) and (C; | i < w) in place of the more cumbersome
notation involving the extra subindex n.

Let p € G and 7 be a P-name such that p IFp “7 = f | [Vn—1,vn)". The
construction of the above sequences is accomplished by induction on 7 < w.

Case i = 0: For each ¢ € [v,_1,1,,) consider the coloring d¢ : P — 2
defined as

1, ifq || 7€) (ie., q IFp 7(€) = &, for some e¢ € E);
de(q) = .
0, otherwise,

for all ¢ € P. d¢ is a 0-open coloring (see Definition [3.1.21)) and therefore
Lemma [3.1.22) applies.

Claim 3.2.6. Let Dy be the set of all conditions r < p such that:
1. For all € € [Vp_1,1), Py, is a set of indiscernibles for dg;

2. C, is non-empty and v IFp 7 | C. € V, being
Cr:={€ € n1,v) [ 7 | T()}-

Then Dy is dense below p € G.

Proof of claim. Fix ¢ < p. We find r < g in Dy. Without loss of generality
we may assume that ¢(q) > n, so that the <*-order of Py is ky-closed and

Vn < Ky, (see Definition [3.1.19] (Clause (2)))/7]

15This is not technically true. Indeed by Definition (Clause (2)) there is a <*-
dense subset of Py, which is k(,)-closed, and thus x,-closed. For the sake of readability,
we assume that the dense subset is Py, itself. Note that we do not lose generality with
this abuse of notation.
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First, we show how to meet Clause (1) of the claim. For this we construct
a <*-increasing sequence of auxiliary conditions (g | £ € [V—1, 14)) <*-below
q such that each P, is a set of indiscernibles for d¢. To do so put ¢,, , := ¢,
invoke Lemma at successor stages and combine the x,-closure of
Py, <*) with the said lemma. This allows us to construct each g¢. In fact,
more is true — this allows us to define rq <* ¢ that serves as a <*-lower
bound for the ¢¢’s. Clearly, ry witnesses Clause (1). By <-extending ry to r
if necessary, we may assume that r lkp 7(7,_1) = ¢é,,_, for some e, , € F,
which yields C, # (. By setting h := {({,e¢) | £ € C,} we conclude that
rIFpT[CT:iLEV. O

Let o € G N Dy and stipulate Cj := C,,. This witnesses (7).

Induction step: Suppose that (r; | ¢« < j) and (C; | i < j) have been
constructed complying with Clauses () — () above, for j < w. Note that
Cj is not [v,_1,v,) for otherwise r; € G would have decided the value of
f T [¥n-1,vn), contrary to our departing assumption. As a result the set

Djyy = {r <rj | (r) > max(l(r;),j) A rlrp “T [C, € V" A C; CC,}
is dense below r; € G.

So again we can pick 111 € G N Djyy and set Cjpq = C, .

This finishes the construction of (r;, C; | i < w) witnessing (a)—(7).

Claim 3.2.7. |J,_,Ci = [Va—1, V) and f [ C; € V.

Proof of claim. By construction, r; Ikp f | C; = 7 | C; € V hence (as
r; € G) f ] C; € V. For the other claim we use the indiscernibility of rq: Let
€ € [Vn_1,Vs) and r < 1 such that r || 7(£). Since the length of the r;’s
is cofinal in w we can find r; < ry such that ¢(r;) > ¢(r). By extending r
further if necessary we may assume that both r; and r have the same length.
Since r decides the value of 7(&£) that means that d¢(r) = 1. However, every
member of the cone P, is an indiscernible for d¢ so that d¢(r;) = 1, as well.
This tantamounts to saying & € C;, and we are done. O

The above argument was carried out for a fixed n < w so we obtain a
sequence (Cr; | i,n < w) such that | J,_, Cn; := [Va—1, ). Pick a bijection
F: w — wxw (e.g., the inverse of Godel pairing function) and, for all m < w,
stipulate

B = [mebym)a if f f [mebym) S V;
" Crim), otherwise.

Clearly (B, | m < w) is as desired. O
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The time is now ripe to formulate and prove the Interpolation Lemma.
Essentially it says that, if Q <P are ¥-Prikry forcings and Q € H,, then
any Q-generic filter living in any P-generic extension can be written as the
upwards closure of a strictly <-decreasing sequence of conditions.

Lemma 3.2.8 (Interpolation Lemma). Let P and Q be X-Prikry forcings
such that

Qe Hyand 1plkp “ cof(/{)v[G] —w A gTVIE Z A7,

and let R be any forcing (not necessarily ¥-Prikry and possibly trivial).
Suppose also that we are given a commutative system of weak projections

P=25Q 23R

™

and that its mirror B-system of projections (see Lemma s

B(P) —"= B(Q) — B(R)

W

(Interpolation) Let G be B(P)-generic, and let g be B(R)-generic with
g € VIG] and p € B(P)/g. Then there is a B(Q)/g-generic filter h such that

pi(p) € h.
Moreover, h is obtained as the upwards closure of a <-decreasing sequence

(P |n <w) € V(]
consisting of conditions in B(Q)/g below py(p). Explicitly,
h={beBQ)|3n<wp <)}

whose corresponding sequence of lengths (¢(p,) | n < w) is cofinal in w.

(Capturing) In addition, if in V[g] there is a projection

o: (B(@)/g)u — B(R)iz%

for some t € (B(Q)/g)1pp) and p € p“G, we can choose h above in such a
way that t € h and p“G € V[h].

16Recall that by Convention we are implicitly agreeing that the new weakest
conditions of B(Q) and B(R) are, respectively, p1(1p) and p(1g). Formally speaking, these
may not be the original trivial conditions in B(Q) and B(R) but in that case we simply
force below the cone given by the new trivial conditions.
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Proof. First we prove Interpolation and then we will dispose with Capturing.
Interpolation: As |Q] < A and X is inaccessible, |[P(Q)| < A. By our

assumption V[G] £ “A = ktVIE” | hence there is an enumeration

D:=(D,|a<k)

in V]G] of the set £ :={D € P(Q)" | D is dense open in Q}. Applying the
Trace Lemma (Lemma to P and D, we find a sequence (B, | n < w)
in V[G] of bounded subsets of x such that | J,_ B, =k and D [ B, € V for
all n < w.

We construct a sequence (p, | n < w) such that p,+1 < p, < pi(p) and
(ppi1) > L(py), for all n < w. We proceed by induction. For n = 0 let

nw

E() = {q € @iﬂl(p) | Yo € BO Hka < w quka - Da}.

Here Q,, () is a shorthand for the poset Q N B(Q),,,(») (note that formally
speaking p;(p) may not be a condition in Q but only a condition in B(Q)).

Claim 3.2.9. Ej is a dense subset of B(Q),,,(p)-

Proof of claim. Note that Fy is in V because D | By € V — this is crucial
to run the forthcoming argument. Let b € B(Q),,,(») and let ¢ € Q;. Since
By is bounded in & there is v < k such that By C v < &, for some m < w.
Set (ap | B < 7) a one-to-one enumeration of By, for some ~, and (by
extending ¢ if necessary) suppose that ¢(g) > m. We construct a decreasing
sequence (ug | 8 < ) <*-below ¢ such that ngzﬂ is included in D, , for some
ks < w. The construction of these ug’s combines the Strong Prikry Lemma
(Lemma (3)) with kp,-closure of (Qyg), S*)H Concretely, let vy <* ¢
be such that Q%) C D, for some kg < w. If (ug | B < 0) is defined, let
usy1 <* us be such that Q;‘Skil C Dy, for some ksi1 < w. It n < v is
limit and (ug | 8 < n) is defined, use the kp,-closure of (Qy(), <*) to pick a
condition v, <*-below each ug, for § < 7. Now let u, <* v, be such that

;"kn C D,, for some k, < w.

Once the sequence (ug | < ) is defined, let ¢* <* ¢ a lower bound for
the ug’s. Clearly, ¢* € Ey. n

Since ps is a projection, it follows that p, “Ej is a dense subset of B(R) ()

(recall that pa(p1(p)) = p(p)). Moreover, p(p) € g and so p2“Eq N g # 0.
Pick a condition g € Ey with p(q) € p2“Ey N g and stipulate py := gq.

"By Definition |3.1.19| (Clause ) there is a <*-dense subset of Q) which is k-
closed. As argued in the proof of Claim [3.2.6] we assume that the dense subset is precisely

Qe(q)-
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Now suppose (p,, | m < n) has already been defined, for some n < w,
and define

Enpi={q€Qy, | (q) > l(pn) N Va € Bnyr3ka <w QL C Dy}

Carrying out exactly the same argument in the proof of Claim [3.2.9] we
deduce that F,; is dense below p,,. Therefore, there is ¢ € F,, .1 such that
p2(q) € g. Stipulate p,11 := ¢. Thus we have constructed a <-decreasing
sequence (p,, | n < w) such that £(p,+1) > €(pn), pn € E, and pa(p,) € g, for
all n < w. Let h be the B(Q)-upwards closure of (p, | n < w), i.e.

h={beB(Q)|3n <w (p. <b)}.

Claim 3.2.10. h is B(Q)/g-generic over V[g].

Proof of claim. By construction p, € B(Q)/g for all n < w so is enough to
verify that h is B(Q)-generic. Let D be dense open in B(Q). Then the set

D*:={qd€Q|q¢d eDNQy,p V ¢ and pi(p) are incompatible}
is a dense open subset of Q. Therefore there are a < k and n < w such that

D* = D, and a € B,,. By definition of E,, there is some k, < w such that

2., © D*. But by construction the sequence (£(p,) | n < w) is cofinal in

w and so there is some m < w with ¢(p,,) > €(p,) + ke, yielding p,, € D*.
Thus, p,, witnesses h N D # (), as needed. ]

Capturing: Work in V[G] and assume t € (B(Q)/9),p,(»), P € p“G and
o: (B(Q)/g)y = B(R);

are as in the assumptions of the lemma. Mimicking the previous construction
we define a B(Q)/g-generic h which captures the generic filter p“G.

To simplify notations let us agree that (Q/g);: := QN (B(Q)/g):. Let
Fo:={ue(Q/g)u|Va € Byan, <w Q%, C Da}.
Claim 3.2.11. Fj is a dense subset of (B(Q)/g) -
Proof. Let s € (B(Q)/g)y:. Since py : B(Q) — B(R) is a projection and
Ey={v € Q| Vaec Bydn, <w QY, C D.}

is a dense subset of B(Q), (see Claim [3.2.9)), it follows that ps “Ej is a dense
subset of B(R) below ps(s). Since pa(s) € g, g N p2“Ey # 0. Let s' € Ey be
such that ps(s’) € g. Clearly, s’ < s and moreover s’ € Fy. ]



CHAPTER 3. PSP AND BP AT SINGULAR CARDINALS 73

Since o: (B(Q)/g);x — B(R),; is a projection, o“Fp is a dense subset
of B(R); and since p € p“G it follows that p“G N o“Fy # 0. Let ty be a
condition in F such that o(ty) € p“G. It is clear by construction that ¢y < ¢,
p2(ty) € g and o(ty) < p. In general, we define a <-decreasing sequence
(t, | n < w) with o(t,) € p“G as in the previous argument taking as a dense
set

Foi={ue(Q/g),_, | {(u) > l(t,_1) N Ya € Byan, <w Q% C D,}.
As in the “interpolation argument”, we let
h={beBQ)]|3In<w (t, <b)}.

The argument in Claim shows that h is B(Q)/g-generic over V[g| and
by construction ¢t € h and o(t,,) € p“G for all n < w. Since o: (B(Q)/g);: —
B(R),; is a projection and t € h, o“hy; is B(R), z-generic. Also, o“h); C
(p“G)yp so, by maximality, o “hy; = (p“G)p. This implies that p“G € V[h],
thus showing that h has the desired capturing feature. O]

Lemma [3.2.8 provides a complete description (in V[G]) of the generic
filters of a 3-Prikry forcing that is small relative to . Its proof strategy will
be used in the forthcoming Theorem [3.2.30]to build a tree of conditions whose
branches are generic filters, and in Lemma to construct a generic filter
computing correctly P(k).

Remark 3.2.12. If the original m;’s were projections one would be able to
prove Interpolation Lemma (including its capturing feature) replacing the
Boolean algebras B(P), B(Q) and B(R) merely with the posets P,Q and R,

respectively.

3.2.3 The Constellation Lemma

In order to build a model of ZFC in which all subsets of “x in L(Vj.41) have the
k-PSP we mimic Solovay’s original proof [Sol70] asserting that (consistently)
every set in P(“w) N L(R) has the PSP and BP.

Solovay’s configuration is established in a generic extension V|G| where
an inaccessible cardinal A is collapsed to w; via the standard Levy collapse
Col(w, <)) ([Kan09, p. 127]). Solovay factors Col(w, <) as

Col(w, <a) x Col(a, <) x Col(3,<\)

for w < a < B < A, and shows that if A is an ordinal-definable uncountable
set of reals in V[G] (i.e., a generic extension by Col(w, <\)) whose defining
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parameters are in V[G [ «, then there is a perfect set of Col(«, </3)-generic
filters over V[G | «] (here homogeneity of Col(a, <) becomes crucial). Since
the other factor Col(3, <)) is also homogeneous, each element x in the perfect
set satisfies the formula defining A in V[G | «a][z][H] for all Col(8, <\)-
generic H. But Solovay proved that there is a Col(3, <\)-generic H, such
that V[G] = V|G | o][z][H.], so the perfect set is actually inside A.

In our case, we start with an inaccessible A above some (possibly singular)
cardinal k that will eventually become (or remain) of countable cofinality
after a X-Prikry forcing P. Like Solovay, we collapse A to k% via P. In our
case, we will pick a subset A of the k-Baire space “k of cardinality >« living
in L(V,41) (this latter as computed in the generic extension by P). Then we
will factor P as a three-stages iteration, where the first factor of the iteration
will be responsible for capturing the parameters defining A (in V¥). The
Interpolation Lemma (Lemma will help us construct a s-perfect set
of small generic filters — the construction will take place in the second stage
of the iteration. Eventually, this set of generic will induce a x-perfect set in
L(V,41) as it will be demonstrated in Theorem It would remain to
provide an analogue of the generic H, in Solovay’s proof but it turns out that
this is unnecessary: to prove that the k-perfect set is inside A we will argue
that it suffices to exhibit a P-generic H* such that P (k)" = P(k)VIH"],

This section is devoted to define a poset (the constellating forcing) which
yields this generic H*. The poset is a generalization of Kafkoulis forcing Q
in [Kaf94, Definition 3.1.1]. The section’s main result is the Constellation
Lemma (Lemma which displays the main properties of the forcing.

Recall that we are still working under the precepts of Setup [3.2.4]

Definition 3.2.13 (Weak system). Let (D, <) be a directed set with a maz-
imal element oo
A sequence

P=(Py7eq:P. > Py|diecD AN d=<e)
is a (weak) directed system of forcings (shortly, a (weak) system ) whenever:
1. P4 is a forcing poset for all d € D;
2. Teq is a (weak) projection and mqq = id for alld < e in D;

3. Tpg=Teq0omse for alld < e X f inD.

18Te., for all d,e € D\ {oo} there is f € D\ {oo} such that d,e < f < oco.
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For an index e € D the e-truncation of P is the (weak) system
P [e:: <Pd,7Tf7dI]P)f—)]P)d|d,f€D A djfje)

If (Py | d € D) happen to be X-Prikry (i.e., for alld € D, Py is X-Prikry)
one says that P is a (weak) system of X-Prikry forcings (or, shortly, a (weak)
Y-system ).

For the sake of readability we will denote

D*: =D\ {0}, P:=P and 14 := Moo 4-

Convention 3.2.14. To avoid triviality, we assume that for each d € D*
there exists e € D* with d < e, i.e., d <X e and d # e.

Given a weak system P there is a natural way to construct a system B
via the duality between weak projections and projections between the corre-
sponding regular open Boolean algebras (see Fact [3.1.13|and Lemma [3.1.15):

Lemma 3.2.15. Given a weak system
P=(Pymeq:P. > Py|diecD AN d=<e)
there is an associated system between their reqular open algebras
B = <B(Pd)¢pd(1ﬂ»)7pe7d3 B(P.)p. (1) — B(]P)d)ipd(lp) |d,ee D N d=<e).

Proof. Suppose d and e are indexes in D with d < e. By Fact|3.1.13| the weak
projections 7., mq and 7. 4 induce respectively the following three projections:

L pe: B(P) = B(Pe),,, (1,);
2. pa: B(P) — B(P,)

Lpa(1p)’
3. pear BPe)p1p) = B(Pa) 1)
By Lemma [3.1.15| if P commutes so does B. O]

Definition 3.2.16. The Boolean completion of a weak system P is the sys-
tem B defined above. We will denote B := B(P) and B, := B(P.),,,(1,) for
ee€D.

Formally speaking the Boolean completion B of a weak »-system P may
not be a Y-system. Nevertheless, B will inherit all the pleasant »-Prikry
features of the individuals of P in the sense that the cone (P.), 1,) is a
dense subforcing of B..
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Remark 3.2.17. Let us explain our reasons for considering weak projections
instead of projections and for passing to the corresponding Boolean comple-
tions. The first reason is that there are ¥-Prikry forcings which do not admit
projections to their corresponding “small” forcings — only weak projections are
available. Examples of such X-Prikry forcings will be given in Section
but these pathologies were already observed by Foreman and Woodin [FW91).
The reason for looking at the Boolean completion of weak systems is because
projections provide a safe environment to make claims of the following na-
ture: “If D 1is dense in P, then ©.“D 1is dense in P.” or “If g is P.-generic
and G is P/g-generic, then G is P-generic and V|G| = V[g]|G]”. If the m.’s
are mere weak projections, these claims may fail.

The main technical devise developed in this section is the constellating
forcing C. Before introducing it and explain its functionality we first present
the notion of a P-sky and P-constellation of a P-generic filter G:

Definition 3.2.18 (Sky and Con). Let P be a system and G a P-generic
filter.

1. The P-sky of G is Skyp(G) := {g € V[G] | Fe € D* (g is P.-generic)}.
2. The P-constellation of G is Conp(G) = {n.“G | e € D*}.

Remark 3.2.19. Clearly, Conp(G) C Sky,(G). Also note since P is a
system,
g € Conp(G) if and only if G is P/g-generic.

Given a system P and a P-generic filter G, the constellating poset
C:=C(P,G)
will be defined in V[G] and will have the next two properties:
1. (k-captures) Forcing with C induces a P-generic G* such that

Pr)VIE = P(r)V1E),

2. (Constellates) Given g € Sky,(G) there is ¢ € C such that

VIG] = “clFc § € Conp (G,

For the constellating forcing accomplish its duties we will need to restrict
ourselves to a class of systems called (k, A)-nice:
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Definition 3.2.20 (Nice system). A (weak) system P is (k, \)-nice if:
1. P s k-capturing:

1hpVz € P(r)VEVd € D*Ie € D (d < e A z € V. “G));

2. P is A-bounded:
{]P)d | dED*} QH)\,

3. P is amenable to interpolations:

1lkp “A =TV A COf(/{)V[G] =w”.

If P is a weak (k, A)-nice system its Boolean completion B is a (k, A)-nice
system. This is because B and P are forcing equivalent (hence and
hold for B) and small members of B belong to Hy (Clause (2))) because A is
inaccessible. In symbols,

{By|de D} C Hy.

Clauses ({]), and in Definition [3.2.20| have the following useful

consequence, stating essentially that any small generic filter can be captured
by a small forcing.

Lemma 3.2.21. Suppose that P is a (k,\)-nice system and that G is a P-
generic filter over V.. Then for each g € Skyp(G) there is e € D* such that
g € Skyp (7. “G).E In symbols,

Skyp(G) = | Skypy(m“G).

ecD*

Proof. Let d € D* such that ¢ is Pgs-generic. By Clauses and in
Definition [3.2.20} [tcl(Py)| < A = kTV[€. Working in V[G], pick a bijection

f:v—tcl(Py),

for some v < k, and define £ <9 <= f(§) € f(0). Clearly < can be coded as
a subset of n < k (e.g., using Godel’s pairing function). By the x-capturing
property of P (Clause (I))) there is d < eq € D* such that (v,<) € V[, “G].
By uniqueness the transitive collapse of (v, <) as computed in V[, “G| has

YRecall that Skyp. (7. “G) := {g € V[ “G] | Fep < e (g is Pe,-generic)}.
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to be (tcl(Py), €), and consequently tcl(P;) € Vm,, “G] as well. In fact, the
isomorphism in V[r,, “G] witnessing

(v, <) = (tcl(Py), €)

is unique and so it has to be f, yielding f € V[m,, “G]. On the other hand,
we have that g C Py C tcl(P;) so as before we can code g as a subset of &.
Specifically, let a := {o € v | f(a) € g}, which is clearly a subset of x in
V[G]. Use again to pick eg < e; € D* such that a € V., “G|. Since
g = f“a, g belongs to V[, “G]. Now letting e; < e € D*, we conclude
g € Skype(7e“G). u

The time is now ripe to present the constellating forcing, C. For this we
begin with a weak (k, A)-nice X-system P and pass to its Boolean completion
B, which is a (k, \)-nice system. X-Prikry forcings are necessary to fulfill the
hypothesis of the Interpolation Lemma proved in This, as we will show,
is the key ingredient to ensure that C indeed “constellates”. Recall that
Y-Priky members of P densely (and canonically) embed into members of B.
Nevertheless, notice that the Boolean algebras in B are not X-Prikry.

Definition 3.2.22 (Constellating poset). Let B be the Boolean completion
of a (k, \)-nice ¥.-system P and let G be a B-generic filter. Working in V|G|,
we define the constellating poset C := C(B, G) as the collection of all triples
(p,d,g) such that d € D* witnesses g € Skyg(G) and p € B/g. The order
between conditions s

(¢,e,h) < (p,d,g)

if and only one of the following requirements is met:
e ¢ <ppand (d,g) = (e, h);
e <gp, d<eandgc Conme(h)m (i.e., h is B./g-generic).

Hereafter we work under the assumptions that B is the Boolean comple-
tion of a weak (k, \)-nice X-system P and that G is a B-generic filter over
V. Moreover, note that C has been defined in V[G], which will play the role
of the ground model for a while. The next lemma garners some of the basic
features of a C-generic filter.

Lemma 3.2.23. Let G be a C-generic over V[G]. Then,

1. G* .= {p € B| (¢q,d,g) € G for some ¢ <p,d € D* and g} is a B-
generic filter.

20Recall that Congje(h) := {pe.a“h | d < e}.
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2. Eq:={(p,e,h) € C|d = e} is dense for each d € D*.
3. p.“G* = g for each (p,e,g) € G.

Proof. (1) It is not hard to show that G* is a filter. To check genericity we
argue that D N G* # () for all dense open sets D € P(B)". First note that

D :={{q,e,h) €C|qe€ D}

is dense in C. To see this pick (q,e,h) € C. In particular ¢ € B and so,
by density of D and since p.(q) € h, there is ¢ < g with ¢ € DNB/h. It
follows that (¢/,e,h) < {(q,e,h) and (¢, e, h) € D, showing that D is dense
in C. Thus, by genericity of G, there is (g,e, h) € DN G. By definition of D
and G*, we deduce that ¢ € D N G™.

(2) Suppose that (qo, eo, ho) € C. By directedness of D there is e € D*
such that e, d < e. We are going to find h such that (qo, e, h) < {(qo, €9, ho)-
The main obstacle is to find a B.-generic h (over V') which is also B./ho-
generic (over V[ho]). Here the Interpolation Lemma (Lemma comes
into our rescue. Note that since P is a weak (k, A)-nice X-system the as-
sumptions of this lemma are fulfilled when regarded with respect to

Te,eq
AN

g 14 Pe,eq
P— P > P, B—— B, > B

Teq Peq

€0

and the condition gy € B/hg. The Interpolation Lemma thus gives us a
B./ho-generic h € Skygz(G) such that p.(qo) € h. As a result, {qp,e,h) € C
and crucially (qo, e, h) < (qo, €0, ho)-

(3) Since G* is B-generic, p.“G* is B.-generic so that it suffices to check
pe C(G* g g.

Fix ¢ € G*. By definition, there are r < ¢, d € D* and h such that
(r,d,h) € G. Since (r,d,h),(p,e,g) € G we can let (', d',h') € G wit-
nessing compatibility. If (@', ') = (e, g) then p.(r') € g (because r' € B/})
and so p.(r') < pe(q) € g. Alternatively, e < d' and k' is By /g-generic. In
this case we have that

par(r') < pa(q) € W
and 50 pa(par(q)) = pe(q) € g. [

The next is an immediate consequence of the previous lemma:

Corollary 3.2.24.
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1. For each d € D, pg“G* is By-generic.

2. For each g € Skyg(G) the condition (1,d, g) € C constellates g: i.e.,

VIG] = (1,d,g) IFc § € Cong(G*).

Next we show that C captures all sets in P(x)"[¢. The main technical
observation towards this end is the following lemma:

Lemma 3.2.25. D, := {(¢,e,h) € C | x € V[h]} is dense for all x €
P(r)VIE.

Proof. Let {qo,e0,ho) € C. By the k-capturing property of B there is an
index e; € D* such that ey < e; and x € V]p., “G]. Also, as shown in

Lemma [3.2.23) (2)), the set E., := {(p,e,g) € C | e; < e} is dense, so we may
let (qo, €2, ho) € E., with (ga, €2, ha) < (qo, €0, ho). We have two cases:

Case hy = p., “G: In that case we are done because

2 € Vipe, “G] € Vlpe, “G] = V[ha].

Case hy # pe, “G: Let p € p.,“G \ hy. This condition must exist as
otherwise hy C pe, “G and thus, by maximality of generic filters, ho = p, “G.

The proof strategy is divided in the following three steps.

(1) For some e3 € D* with e; < e3, we find a B.,/he-name g2, and a
condition t < p.,(g2) such that pe, ,(t) € he and

t 1B, /hy “Go is (B, ) 5-generic”.
(2) Using g, we construct the complete embedding induced by gs,
v (Bey)yp = (Bey/h2)y
and appealing to Fact [3.1.12] we get a projection
0: (Bey/h2)ye = (Be, )15

(3) Applying the Capturing part of Lemma [3.2.8, we find a B, /ho-generic
filter h such that t € h and p,, “G € V[h].

Once those three steps are verified we will be done with density of D,:

Claim 3.2.26. (g2, e3,h) < (qo, €0, ho) and {qa,e3,h) € D,.
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Proof of claim. First x € V{p., “G] C Vpe, “G] C V[h] (by the choice of h).
Second, since t < pe,(g2) and t € h, it follows that (ge,es, h) is a condition
in C. To conclude, note that (gs, e3, h) < (g2, €2, ha) < (qo, €0, ho)- O

Step one: Let H be a C-generic filter over V[G] with (g, a2, ho) € H.
By Lemma |3.2.23 , this induces a B-generic

H*={peB|(qd,g) € Hsome q < p, d € D* and g}.

As (g2, €9, hy) € H, Lemma [3.2.23 leads to hy € Cong(H*). In other
words, he = p., “H*.
Consider the system of weak projections and its Boolean completion

Teg Pey

y P, —— {p}, B > B, LIS {p}

P

being 7 the trivial projection sending every condition in P, to p. In the same
fashion, 7% maps each b € B., to p. Let us invoke the Interpolation Lemma
(Lemma with respect to these maps, taking also {p} as {p}-generic
(in V[H*]) and as condition p € B/{p} the p.,-preimage of p (recall that
D € pe, “G). The lemma thus give us a B,,-generic go € Skyz(H*) such that

pez(p) = ﬁ € g2.
Now apply Lemma [3.2.21] to Skyz(H*) and e, thus finding e3 € D* such
that ey < e3 and gy € Skyp,, (pe; “H*). As the condition (go, €a, hy) is in H,

Lemma (3.2.23 yields

hy € Congje,(pe; “H™).
Thus, pe, “H* is B, /ho-generic (over V[hy]) and
Vhs][pe; “H*] = “(92)15 s (Be,) -generic”.
Let t € pe, “H* C Be,/ho and pick an open B.,/ho-name ¢o such that
Viho] = tlbg,, jny “g2 is (Be,) p-generic”.

Recall that a name 7 is called open whenever (o, q) € 7 yields (o,r) € T
for all » < ¢. For any name o there is always an open name 7 with 1 I- 7 = 0.

Step two: Since the B,,/hs-name ¢o is open we may assume that it is
actually a (B.,/hs)-namef]] Moreover, as t € p,, “H* and ¢ € H*, we also

21f not define gh = {{i,v) |v <t A {(i,v) € g2}. By openness ¢ ., /by G2 = G5-
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assume that ¢ < pe,(g2) ] Note that p is trivially the maximal element of
(Be,)5 and thus
V[hg] ): t H_BES/hQ ]3 € 92.
For the sake of readability identify p., “G with (p., “G),5. This is harmless,
since (pe, “G) 5 can be defined from p,, “G, and viceversa.
Working for a moment inside V[hy], let ¢: (Be,);; — (Bey/h2);s be the
complete embedding induced by g,. Namely,

o(r) = |17 € gull = \/{s € Be/h2)ue | 8 1By oy, T € G2,
for all » € (B,,);5- Appealing to Fact |3.1.12 we deduce (inside V[hy]) the

existence of a projection

0: (Bey/h2)ye — (Bey)yp

Step three: Once again the Interpolation Lemma (Lemma |(3.2.8) comes
to our rescue — this time we will be able to use its “capturing feature” too
thanks to our finding of the projection o. Thus, call the lemma with

Teq Teg,eq Peg Peg,eo
P—P, — P, B > B, > B,

Teg Peg

as maps; as a B.,-generic hy € V[G]; as conditions ¢ € B/hy (for the
interpolation part) and ¢t < p.,(g2) and p € p,, “G (for the capturing part);
as a projection in V[hy| we let o: (B.,/h2);r — (Be,) 5

The lemma gives us a B, /ho-generic filter h such that ¢ € h and pe, “G €
V[h]. This completes the goal of Step three (see (3) in page [80).

As argued in Claim [3.2.26] (g2, €3, h) is the desired condition, i.e.,
(2, €3, h) < {(qo; €0, ho) and (qa, €3, h) € Dy.

We are ready to prove the main result of the section:

Lemma 3.2.27 (Constellation Lemma). Suppose G is a B-generic filter and
(p,d,g) is a condition in C. Then there is a B-generic G* with p € G*,
g € Cong(G*) and

P(r)VIET = p(r)VIE,

In particular, for each g € Skyg(G) there is a B-generic filter G* such that
g € Cong(G*) and P(k)VIE) = P(r)VIC],

221f not, say pe,(s) <t for some s € H*. Then there is s’ < s,q2 with s’ € H*. Replace
t with Pes (S/) < Pes (Q2)'
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Proof. Let G a C-generic filter (over V[G]) with (p,d, g) € G and let G* be

its induced B-generic (see Lemma 3.2.23). Applying Lemma 3.2.23 we
have that p;“G* = g and thus g € Cong(G*). Clearly p € G*. Let us now

show that G* captures P(r)"IC].
Claim 3.2.28. P(x)VI¢"] C P(k)VIC],

Proof of claim. Let x € P(x)VI"). Since B is k-capturing (Definition 3.2.20)
there is d < e in D* such that x € V[p.“G*]. Let (¢, f,h) € G N E, (see
Lemma [3.2.23|[2))). By definition of E., e < f and so

z € Vpe“G"] € V]ps“G"].

On the other hand, p;“G* = h € V[G] by Lemma [3.2.23|[3), which yields
x € V[h] C V[G]. In particular, z € P(x)"I. O

Claim 3.2.29. P(x)VI¢l C P(x)VI¢]

Proof of claim. Let x € P(x)"I%. Since D, is dense (Lemma [3.2.25) there
is {(q,e,h) € GN D,. Lemma 3.2.23 leads to h = p,“G*. This yields

z € V[h] = Vp."G"] € VIGT].
O

This completes the main claim of the lemma. As for the “in particular”
one, this follows by applying the first part to the condition (1,d, g). O

3.2.4 Y-Prikry forcings and the x-PSP

Mimicking Solovay’s argument [Sol70] (see page for an account on it),
in this subsection we show how to construct sets with the x-PSP in generic
extensions by »-Prikry forcings.

Recall that we are still working under Setup in page [67]

Theorem 3.2.30. Let P,Q and R be forcings satisfying the assumptions of
the Interpolation Lemma (Lemma @ Suppose also that

\_/\/

Bl.e., P and Q are X-Prikry forcings satisfying 1p IFp “cof(x )V[G] —w A KTVIE =\
and Q € Hy, and R is any forcing,.

24Recall that by Convention we are implicitly agreeing that the new weakest
conditions of B(Q) and B(R) are, respectively, p1(1p) and p(1p).

B(P) 2 B(Q) 2 B(R) P
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are, respectively, weak projections and their B-mirror projections.

Let G C B be a V-generic filter, T a B(Q)/p“G-name and py € B(Q)/p“G
such that

V[p“G] ): “1 H_B(Q)/p“G T ¢ V A Do H—B(Q)/pug T: W — R”
Then the set defined in V|G| as
T :={m | h is B(Q)/p“G-generic over V[p“G] and py € h}

contains a copy of a k-perfect set. More specifically, if (v, | n < w) is a
cofinal increasing sequence in k living in V|G|, with v, V[G]-reqular for all
n < w, then there is a map

. w
v [ Lhew Vn = 9K

that defines a topological embeddind™| with ran(t) C T, so T satisfies Fact

G131

Proof. For the sake of readability we denote IF5q)/,«q just by IF as this is
the only forcing relation involved in the arguments. Since cof (k)" = w, we
may pick a strictly increasing sequence (v, | n < w) € V[G] cofinal in x and
consisting of V[G]-regular cardinals.

In L(V[G].41) we are going to define a tree of triples (ps, gs, 7's) consisting
of conditions in B(Q)/p“G with indices s € U, <, [ [;<,, ¥ and such that

Ps~(e) S Ts~(e) < Qs~(e) < Ps <75 < g5 provided § < vy

The idea behind the construction is summarized by the following points:

(1) For each index s and distinct &1, < Vs, Gom(e,) and gy~ are go-
ing to force a different behavior for the B(Q)/p“G-name 7. For the
construction of these conditions we will use Lemma 3.2.71

(2) rs decides the behavior of 7: W — & up to a certain natural number.

3) If x € []._, v;is a branch then (p,, | n < w) generates a B(Q)/p“G-
1<w I
generic filter, h,. For this we use the X-Prikryness of Q, which is a
dense subforcing of B(Q).

?Note that the forcing involved in the argument is B(Q)/p“G and thus V' refers to the
ground model V[p“G]. Specifically, V' is {(z,p) | € V[p“G] N p € B(Q)/p“G} and so
Vorsa = VIp*Gl.

26Recall that a topological embedding is an homeomorphism between []
ran(t).

n<w Vn and
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At the end of this construction we shall show that the map
v €[ vi=Th, €T

is a topological embedding; namely, it yields a homeomorphism between
[L..., v and ran(e). Specifically, we shall show that ¢ is injective due to the
way we have chosen the ¢,’s, and continuous due to the way we have chosen

the r,’s (see Claim [3.2.34] below).

Working in V'[G], pick an enumeration D := (D, | o < k) of the family
{D C Q| D is dense open in Q}.

An enumeration of that length exists because A is inaccessible in V., Q € H,
and A becomes the successor of k in V[G]. Also, since P is ¥-Prikry, apply
the Trace Lemma (Lemma to P and D, and deduce the existence of a
sequence (B, | n < w) in V[G] consisting of bounded subsets of x such that
Un<o Bn =k and

DI B,eVforaln<w.

We start the construction by setting py = po (recall that py was chosen so
as to force “7: w — £7). Since 1) IF “7 ¢ V[p“G]” Lemma implies
that the set of possible decisions about 7 made by conditions ¢ <p(q)/,«c Po
is of cardinality x in V[p“G] (note Lemma is applied to B(Q)/p“G, T,
pp and V[p“G], where V[p“G| is playing the role of the ground model). More
formally, V[p“G] thinks that

“‘Uy<rw|Fg<ppIm<w(qgeBQ)/p“G A qlF1(m) =5} =~r". (3.1)
For each m < w, consider the set of possible decisions for 7(7h)
Am(po) :={y <rl3g<p (¢ € BQ/p*G N qlF7(m) =)}

There must exist an index my < w for which there are at least vg-many
possible decisions about 7(my); namely, there is mg with |Ap,, (pg)| > 1.
Let (79¢ | £ < o) be an injective enumeration of a set in

[Am ()] :={A S Ay (po) | |A] = 10}

Then for each § < 14 choose gy < py such that g € B(Q)/p“G and

Qe IF T(g) = Yp.e.

Claim 3.2.31. Without loss of generality we may assume that g € Q.
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Proof of claim. If this is not the case, note that Q is dense in B(Q) and so

p2°Qyqe, (i€, p2°(Q N B(Q)q,)) is dense below pa(q)) € p“G C B(R).
In particular, p2“Qyq,, N p“G # (. Now replace g with some condition

ey < qe) satistying pa(qj,) € p“G. Clearly, qioy € Q/p"G. O

The sequence (g | £ < 1) has been constructed in V[p“G] but actually
Lemma [3.2.3] guarantees that such a sequence is also in L(V[G,41):

Claim 3.2.32. (g | £ < 1) € L(V[Glig1)-

Proof of claim. This is a consequence of one of our general preliminary lem-
mas; namely, Lemma|3.2.3] The sequence (g | £ < 1) is a subset of 15 x Q.
But A is inaccessible so that (v x Q) € V) = H,. In particular,

tel({ge) | € < o)) C tel(vo x Q) € Hy .
Finally, use Lemma to infer that
tel({{ge | £ < vo)}) € Hy ¥ C L(V[Glus1)-
O

Next extend g to a condition r in B(Q)/p“G so that for each m < my,
r(¢y decides the value of 7(m). As argued in the previous paragraph, we may
assume that ri € Q. The choice of piy € B(Q)/p“G is provided by the
following Interpolation-like argument. Recall that By was a bounded subset
of k such that D [ By € V and D an enumeration of all dense open subsets
D, CQin V. In Claim we already proved the following:

Claim 3.2.33. Define
Eoe :={p € Qp, | Yo € ByIn, <w QL. € Do}

Then Eog is a dense subset of B(Q) ;- O

Since p, : B(Q) — B(R) is a projection, ps “Ey¢ is dense below py(r()) in
B(R). On the other hand, py(r¢)) € p“G (recall that r¢ € B(Q)/p“G) and
so we may pick a condition

T € P2 “E(Lg N p“G.

Thus there is p € Ey¢ such that py(p) = r. Stipulate pyy := p. It is clear
that p) € B(Q)/p“G and by definition of Eog, piy € Q-

The above completes the construction of the first level of the tree

Py, aiey>me) | € <o) € (Q/p“G x Q/p“G x Q/p“G).
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i<n Vi We construct the next level
((Psm(e)> s~ () Tsmie)) | € < vpp) € 15H(Q/p"G x Q/p“G X Q/p“G)

in the very same fashion. More precisely, we start the process with the

condition ps € B(Q)/p“G. Then appealing to (3.1) find an index my < w

such that |A,, (ps)| > v and obtain the various re-) < s~ < ps with

Ts~e): As~(e) € Q, p2(Ts~6)), P2(Gsm(ey) € p“G and 14~ ¢ forcing a value for 7(7)
for every i < max{my,|s| + 1}. Then for each { < v,

Else={peQur

is a dense subset of B(Q)w&ﬁ(g). Finally, we get py~() in (B(Q)/p“G) N B¢

For each branch = € [[,_ v in the tree, let h, be the upwards closure of
the sequence {p,p, | n < w} in B(Q). That is, we let

hy :=={be B(Q) | In < w py < b}.
By Claim [3.2.10}, h, is B(Q)/p“G-generic over V[p“G].

To conclude the proof it remains to show that

For an arbitrary node s € (J;,,., I]

| E(p) > e(ps) N Va € B|s| dng <w @gna - Da}

v el vimm €T
is a (topological) embedding.
Claim 3.2.34. ¢ is an embedding.

Proof of claim. The injectivity of ¢ is granted by the the ¢,’s. Concretely, let
z,y € [, vn distinct and let n < w be maximal such that = [ n =y | n.

By construction, qyin~(z,) and gy j,~(y,) are conditions below p,, satisfying

Azin~(z,) I T(mﬂﬁm) - ’Vme,xn and Azin~ (yn) I+ T(mﬂﬂn) = '?y[n,yn'
The construction was performed so that x,, # v, implies Yoz, 7 Veiny,-
On the other hand, g;(n41) € ha and gyjm+1) € hy because
Paitn+1) < Gaj(n+1) A0 Pyinr1) < Qyin1)-

SO Th, (Maan) = Yatnzn 7 Vatnyn = Ty (Main)-

Now we deal with the continuity of :™': 73, + =z (the proof that ¢ is
continuous is also similar): for each x,y € [],__ v;, if n is maximal such that
x [ n =y [n, consider ryp,. SInce Puint1): Pyi(n+1) < Tzin, Tzin 1S both in h,
and in h,. What is more, r,, forces a value for 7(¢) for every

i < max{mgim-1), |z [ (n —1)| + 1} = max{mgn_1),n}.

Therefore, 74, (i) = 73, (4), whenever i < max{mg—1),n}. O
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The above completes the proof of the theorem. O

Remark 3.2.35. As a bonus result, note that the k-perfect set

ran(cv) = {m, |z € H vn} €YK
n<w
in fact belongs to L(V[G]ki1). The reason is that the generic filters hy’s

belong to L(V[Glk+1) (by an argument analogous to Claim and the
map assigning x € [[ _ vn = Th, can be coded in L(V[G].y1).

n<w

We are now in conditions to prove our first abstract theorem on the xk-PSP
in >-Prikry generic extensions:

Theorem 3.2.36. If P = (P, m.q: P. = Py | e,d e D A d=e)isa weak
(K, \)-nice X-system then

1lFp VX € P(“k) N L(Viey1) (X has the k-PSP)”.

Proof. Let B = (B, peq: B. — By | e,d € D A d < e) be the Boolean
completion of the system P (see Definition and recall that B is a
(k, A)-nice system (i.e., the p.q now are projections but the B.’s are not
Y-Prikry).

Let G be a B-generic filter. Unless otherwise stated, we shall be work-
ing in V[G]. Let (v, | n < w) € V[G] be an increasing cofinal sequence in
k such that each v, is regular in V[G]. This is possible because the defi-
nition of (r, \)-niceness requires 1 IFp “cof(x)VIC) = w” (see Clause in
Definition [3.2.20).

Fix A € P(“k) N L(V[G)ry1) with [A]VIE) > k. Let o(z,90,...,yn) be a
first-order formula in the language of set theory and parameters

ag, - - -, an € P(x)VI€ U Ord
which together with ¢(x,yo, ..., y,) define A; to wit,
A={ze“k | V|G] E o(x,ap,...,an)}.

Our formula ¢(z, 4o, .., ¥y,) has the pleasant property of being absolute
between inner models sharing the same P(k) (equivalently, V,1). Indeed,
there is a first-order formula ¥ (z,yo,...,y,) in the language of set theory
such that

VIG] E (2, ap,. .., an) & VIG] E “L(Vi) | oz, ag, .. ., an)”
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In particular, if G* is another V-generic filter for the complete Boolean
algebra B such that P(x)"[ = P(k)VI] then

VIG] E ¢(z,a0,...,a,) & V[G*] E p(z,a0,...,a,). (A)

We will obtain this alternative generic G* at the end of our argument em-
ploying to this effect the Constellation Lemma (Lemma .

As B is a (k, \)-nice system, we may appeal to its k-capturing property
(see Clause (|1)) in Definition to infer the existence of an index d € D*
such that

{ag, ..., an} € V[pa“G].

The proof is divided into two steps: First, we show that there is a sequence
b € A that is not in V[ps“G]. Since this sequence can be coded as a subset of
k the k-capturing property of B allows us to pick an index e with d < e € D*
such that b € V[p.“G]. Thus, there is a condition ¢ € B./p,“G forcing b to
be a function b: @ — &. This would enable us to invoke Theorem with
respect to the posets P, P, Py, the B-generic G, the B./ps“G-name b and
the condition ¢ € B,./ps“G. Thus, we will obtain a k-perfect Seﬂ

P = {bhz ’ T e Hn<w V”}B

where the h,’s are going to be B./p,“G-generic filters over the intermediate
model V|[ps“G] in L(V[G],41) containing g. In the second step of the proof
we will show that P C A. For this we will make a crucial use of Lemma|3.2.27]

(Constellation Lemma).

Step one: By A-boundedness of B (see Clause in Definition |3.2.20)),
we may appeal to Lemma |3.2.3[ which yields

(“r) P € L(V[Garn)

Also, |(“k)VIPe"CIIVIG] = K as X is collapsed to be the successor of x by B.
Let f: k — (“k)VIPa"¢l be a bijection in V[G]. Since this can be coded as a
member of P(x)V[ it follows that f € L(V[G].s1) and thus

LV[Glun) b (%) P4 = .

Since A was chosen with cardinality >~ we can certainly pick b € A not in
(“)V1Pa"Gl Once again, since b can be coded (within V[G]) as a subset of
the r-capturing property of B yields d < e in D* such that b € V]p. “G|.

2Tn fact, this k-perfect set will be a member of L(V[G].+1).
Z8For readability, by, stands for by, .
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Since b is taken from A we have:
VIG] E ¢(b,ag, ..., a,). (3.2)
Also, since p.: B — B, and p. 4: B, — By are projections,

VI[G] = V]p.“G][G] and V]p.“G] = V[ps"“G][pe “G]. (3.3)

Step two: Combining the previous equations, we deduce the existence
of a condition p € G such that

Vip.“Gl & “plrgjpec (b, o, - .., an)"
Denote by ®(p, B, p.“G, b, ag, . .., a,) the formula

~ 7

“pIFg/p. < gp([), Agy -y Gp)”.
By the second part of equation (3.3]) there is ¢ € p.“G such that
Vipa“G) = “qFg,/pyec (5,B, G, b,ao, ..., a,)" (3.4)

Without loss of generality we may assume that g = p.(p’) for some con-
dition p’ in G below p. Moreover, since b € V[p.“G], by extending ¢ (inside
pe “G) if necessary we may assume that

R =
Equation (3.4) tantamouts to
V[pd “G] [h] |: “(D(pa Ba h: bh: ap, - - -, an)”;

provided h is a B./pq“G-generic filter (over V[p,“G]) containing g.
Equivalently,

Vlpa“Glh] t= “pram ¢(bn, do, - ., @n)" (3.5)

Since b ¢ V[pa“G] (this was the conclusion of Step one) we can invoke

Theorem [3.2.30| (and its proof), applied to 74 = T g0 m.: P =5 P, Ted, Py,
G, b and ¢, to infer that the set P := {by, | # € [[__vn} € L(V[Glxs1) is
k-perfect.

To finish the proof, we have to verity that P C A. Recall that by con-
struction the h,’s were B./p;“G-generic over V|[p;“G| with ¢ € h,. By
equation above we may infer that for each x € []

n<w

n<w Un,

Vihe] & “p Fpsm, ©(bn,, a0, an)"
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(note that here we implicitly used that V|[ps“G][h.] = V]hg]).
Next apply the Constellation Lemma (i.e., Lemma with respect
to the condition (p, e, h,) in the constellating poset C of Definition [3.2.22|
This lemma gives us a B-generic filter G, such that p € G, and that
constellates h, —i.e., h, € Cong(G,) or, equivalently, G, is B/h,-generic. In
addition, P(k)VI%] = P(k)VIE. Therefore, by p € G, we deduce that

VIh|[Gs] E (bn,,ao, ..., a,)

and since V[h,][G.] (equivalently, V[G,]) knows about the full power set
P(x)VIE we conclude that ¢(by,,ao,...,a,) also holds in V[G] (by virtue
of equation @ above and the explanations preceding it). This in turn is
equivalent to saying that b,, € A. All in all we have shown that P C A where
P is the k-perfect set defined in page 89} This concludes the proof. m

Corollary 3.2.37. Let P = (P, meq: P. > Py e,d € D AN d=<e) be a weak
(K, \)-nice X-system. Then

1lkp “L(Vii1) = —AC + DC,.”.

Proof. First, it is a well-known fact due to Bernstein that AC yields the
existence of a subset of R without the PSP [Kan(09, Proposition 11.4]. An
analogous argument shows that AC yields a subset of “x without the x-PSP.
By Theorem the conclusion follows.

For a proof of DC, in L(V,41) see [Diml18, Lemma 4.10]. O

By absoluteness of the k-PSP we get:

Corollary 3.2.38. Assume there is a weak (K, \)-nice X-system. Then there
is a model of ZF 4+ DC,; satisfying the following property:

“For all k-Polish space X all subsets of X have the k-PSP”.

Proof. Let P = (Pe,meq: P. — Py | e,d € D A d < e) be as hypothesized
and let G be P-generic. We prove that L(V[G].41) is the desired model.

Accordingly, work in V[G]. We already noticed that L(V[G].41) is a
model of ZF + DC,. Let & be a s-Polish space in L(V[G].41). In [Sto62]
Section 3.3] it is proven that there is a closed set F' C “k and a continuous
bijection f: F' — X in L(V[G]x41). Solet A C X with A € L(V[G]x41), and
call

B:={z e F| f(x) € A}.

29Recall that we have intentionally assumed that ¢ < p.(p) and so p € B/h,.
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In particular, B C “k and B € L(V[G]s+1), so by Theorem and
absoluteness B has the xk-PSP in L(V[G].+1). Now work in L(V[G].41). If
|B| < k, since f is a bijection also |A| < k. If there exists an embedding ¢
from "2 to B, then f o is a continuous injection from *2 to A, so A satisfies
Fact [3.1.31|(3). Therefore we proved that A has the x-PSP in L(V[G].41) for
all AC X in L(V[G]os1). O

Corollary 3.2.39. Assume there is a weak (K, \)-nice X-system. Then there
is a model of ZFC such that all the k-projective subsets of C have the k-PSP,

where C is any space in Example |3.1.27.
Proof. Note that all the spaces in Example are definable over V1,

therefore their k-projective subsets are exactly their subsets in Ly (V.41). But
then if P = (P.,meq: Pe = Py | e,d € D A d < e) is a weak (k, \)-nice X-
system and G is P-generic, all the x-projective subsets of C in V[G] belong
to L1(V|[G]x11), and by Theorem the corollary follows. O

3.2.5 X-Prikry forcings and the U-BP

In this subsection we strengthen the blanket assumptions of Setup and
assume that:

Setup 3.2.40. ¥ = (k, | n < w) is a strictly increasing sequence of measur-
able cardinals with limit k. This fact will be witnessed by a sequence of normal
(uniform) ultrafilters that we denote byU = (U,, | n < w). As in Setup

we also require A to be an inaccessible cardinal above Kk := sup(X).

Recall that we denote by IP(Z] ) the Diagonal Prikry Forcing relative to u
(see Definition [3.1.33]). The following is a slight tweak of the notion of weak
(K, A)-nice X-system (see Definition |3.2.20)) accommodating P(Uf):

Definition 3.2.41 (U-niceness). A (weak) S-system P is said to be (U, \)-
nice if P is (k, \)-nice and P(U) equals Py for some index d € D* .

And with this at hand we can prove our abstract theorem about the U-BP:

Theorem 3.2.42. Let P = (Pe,meq: Pe > Pyl e,d € D A d =€) be a weak
(U, N)-nice S-system (say with Py = P(U)). Then
1lkp “VA € P([T,, #n) N L(Vir1) (A has the U-BP)"F]

30Note that ¢ in fact codes the sequence (Kn | » < w) and therefore k too. As a result
the terminology “P is (U, X)-nice” is unambiguous.

n<w

31Note that I/ remains a sequence of measures in the generic extension by P for by
3-Prikryness the latter does not add bounded subsets to .
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Proof. Let B = (B, peq: B — By | e,d € D A d < e) be the Boolean
completion of P and recall that B is a (k, A)-nice system. Let G be B-generic
and unless otherwise stated let us work in V[G].

Recall that
C(2) = ([Tpew )"

is a k-Polish space with respect to the product topology (see Example [3.1.27)
and that the U-BP is formulated in the accessory U-EP- topology 7,7 gp-

Since we will be moving from generic filters for a poset to generic filters
on its corresponding regular open algebra the following convention becomes
handy:

Convention: If H C Q is generic for a poset, by B(H) we denote its
upwards closure in B(Q); namely, B(H) :={b € B(Q) | 3¢ € H ¢ < b}.

Assume A € L(V[G].i1) N P(C(X))VICL Then there exists a first-order

formula ¢(z, yo, .. .,y,) in the language of set theory and parameters
ag, ... ,0y € P(H)V[G] U Ord

such that
A={zeCX) | VIGIE p(z,ap,...,a,)}

By coding (ay, . .., a,) if necessary we may assume that there is a unique pa-
rameter a € P(k ) [€] (this will enhance readability). Using the x-capturing
property of B there is an index ey € D* such that d < ey and a € Vp, “G].

Recall that P, is the diagonal Prikry forcing P(U) and we defined in
Lemma [3.1.3§ the set

C:={z € C(X)|F,is Pg-generic over V},
where F, is the filter generated by x; more pedantically,
Fo={pePlU)]|s"Cz A x(n) e AP for all n > |s”|}.

We already proved in Lemma [3.1.38| that C' is k-comeager in the Ellentuck-
Prikry U topology ’Tu ep and as a result C'(X) \ C' is k-meager in T p. To
prove that A has the 4-BP we have to work with C(a), a seemingly refinement
of C.

Accordingly, let C'(a) be the collection of x € C' for which there is e € D*
with ey < e, a condition p € p.“G, a projection o: (B./pe, “G)1p = (Ba) o)
in Vipe, “G] and a (B./pe, “G) p-generic h € V[G] such that o“h = B(F,).
Claim 3.2.43. C' = C(a). In particular, C(a) C C(X) is k-comeager in
Tii-ep-
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Proof of claim. The inclusion C'(a) C C' is obvious.

Let € C. By definition F, is P4-generic and belongs to V[G]. In other
words, F, € Skyg(G). By Lemma [3.2.21] there exists an index e € D*, with
eo < e, such that F, € Skyg (p.“G). Let a (B./pe, “G)-name F, such that

Fu = (fz)pe «¢ and p € p.“G a condition such that
Vipeo “G] E P IF @, /pe, ) “F, is Py-generic”.

Let 0: (Be/peo “G)1p — (Ba) 1o (p) be the projection induced by F, (and p):

ol g /\{7“ €Pa | qIF®./pe c),, T € F.}.

By Fact [3.1.13] this is indeed a projection and o“(p.“G);, = B(F,). All in
all we have showed that z € C'(a), which yields C' C C(a). O

Let us set some additional notation. We define the set of relevant projec-
tions R(a) and relevant conditions P(a, o) as follows:

(N) Let R(a) be the set of all projections of the form

o (Be/peo “G)ip = (Ba)iom)
such that, for some z € C(X), o witnesses z € C'(a).

(3) For each ¢ € R(a), by P(a,c) we denote the set of all conditions ¢ in
B./pe, “G),, such that, for some v € B, p.(v) = and
0 ip

V[peo “G] ): “q “_(IBe/peO “G)ip (I)({J7 Ba ga 6-“97 d)”?
where we denoted

(I)('U,]B,g, 0-“97 CI/) = “'U “_]B/g QO(%U“g, CVL)”.

-

Here 7,4+, denotes the P(/)-generic sequence generated by ¢“g and g is
the canonical (B./pe, “G) p-name for the (B./pe, “G),,-generic.

32Note that for each ¢ € (B./pe, “G))p we do not lose generality by assuming ¢ €
pe “B. If not, note that (p.“B),, is dense below g, and s0 pe e, “(pe “B) 4 is dense below
Pe,eo(q). On the other hand, pee,(q) € pe, “G, and S0 pe. e, “(pe “B)1q N pe, “G # 0. Let
U € Peey (P “B) g N pey “G. Thus u = pe e, (vo) for some vy € (pe“B)1q, and vy = pe(v)
for some v € B. Now replace ¢ with vy < ¢, and observe that vy € (Be/pe, “G) p-
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The definitions of R(a) and P(a, o) have been posed so as to be in condi-
tions to use the Capturing part of the Interpolation Lemma (Lemma .
This will become more transparent at a due time.

Finally, we define an open set in the ZJ—EHentuek—Prikry topology by

0 := UaER(a) UqGP(a,J) Ure(nmd)w(q) Ny,
where N, is the basic open neighborhood defined as
N, ={zeCX)|reF}.
For each o € R(a) and ¢ € P(a,0), set
No(g) :={z € C(¥) | 0(q) € B(F,)}.

The next easy claim allows us to reduce the discussion of whether z € O
to whether z is in some of the Ny (,)’s.

Claim 3.2.44. For o € R(a) and q € P(a,0), U = Ny(g)-

7€(Pa) o(q) N;

Proof of claim. Suppose that x belongs to the left-hand-side. Then there
exists 1 € (Pq);0(q) such that r € F,. Asr < 0(q), we deduce o(q) € B(F,),
i.e., ¥ € Nyq). Conversely, let x € Ny(g). By definition, o(q) € B(F,) which
means that for some " € F,, " < o(q). But then z € N,.. O

We devote the rest of the proof to showing that AAO is k-meager in
Tii.ep-

By k-comeagerness of C'(a), it is enough to prove that
ANO C C(3)\ Cla),

which amounts to saying that for each z € C'(a), x € A if and only if z € O.
Bear in mind that for every sequence x € C'(a) the corresponding filter F, is
Pg-generic over V.

Claim 3.2.45. Let x € C(a). If v € A then x € O.

Proof of claim. Let x € A. By definition, V[G] | ¢(z,a). Since z € C(a)
there is p € p.“G, a projection o: (Be/pe, “G)1p = (Ba) o) in Vpe, “G] with
o € R(a) and a (B./pe, “G) ,-generic filter h € V|G| with o “h = B(F,).

Since h € Skyg(G) the Constellation Lemma in page[82]yields a B-generic
G* such that h € Cong(G*) and P(k)VI¢" = P(k)VICl. Thus by absoluteness
of ¢(-,-), and by the correct computation of the power set of x, we have

VG = o(,a).
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Recalling that V[G*] = V[h][G*], let t € G* C B/h be such that

VIh] = “t bgpn o(i,a)". (3.6)

-

Since o“h = B(F,) it follows that 7,«, is the P(U)-generic sequence induced
by F.. In other words, 7,«, = x. Thus, the above is equivalent to saying

VIh] E “t kg o(Toan, )"
So VIh] = ®(t,B,h,0“h,a).
Recalling that V' [h] = Vp., “G][h], let 7 € h C (B./pe, “G),p be such that
Vipe, “G) = “r b, /pe, <cy,, B, §,6%g,a)”. (3.7)

If we show that there is an extension r* < r such that p.(v) =1’ € P(a,0)Nh
(for some v € B) we will be done with our task of proving that = € O.
Indeed, in that case o(pe(v)) € B(F,) (recall that o“h = B(F,)) and then,
by definition of Ny(,.(v)), © € No(p.v))- But pe(v) € P(a,o) and so, by
definition of O, Ny, (v)) € O.

Subclaim 3.2.46. There exists v € B such that p.(v) € h N P(a,o) and
pe(v) <.

Proof of subclaim. Ast € G* C B/h, p.(t) € h. So we may pick a condition
r’ € h witnessing the compatibility between r and p.(f). Since the subset
E = (p.“(By:)), is dense below 7" and r’ € h there is s € ENh. Let v € By,
be such that p.(v) = s <7'. Thus p.(v) € h and so v € (B/h),;.

Since v < t equation (3.6) above ensures that

VIR | “o e o(#, )",
Similarly, since pe(v) < ' < r, equation ensures that
Vpey “Gl I “pe(v) IF®. /0.y 0y, (LB, g, 6g,a)”.
But now note that
Vipe ‘Gl I “pe(v) @ jory s, (B, 9,549,0) — ®(,B,9,69,4))",
simply because v < t. Therefore,
Vpeo “G) = “pe(0) IF B, 00y “c),, P(0,B, 3,549, a)”.

This is equivalent to saying that p.(v) € P(a,0) (see (3) in page [94). O
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The above argument disposes with the proof of Claim [3.2.45] O]

Let us now prove the second part of our assertion:
Claim 3.2.47. Let v € C(a). If x € O then x € A.

Proof of claim. Suppose x € O. Then there are ¢ € R(a) and ¢ € P(a,0)
such that x € N,(,. That is to say, there is a projection

o: (Be/peo “G)ip - (Bd)ia(p)

in Vipe, “GJ, for eg < e € D* and p € p.“G, and a condition g € P(a, o) such
that o(q) € B(F,).

After inspecting the definition of the set of relevant conditions P(a, o)
one realizes that ¢ < p. Thus, trivially,

o (Be/pe, “G)1g = (Ba)yo(q

is a projection. This puts us in an ideal position to invoke the Capturing
clause of the Interpolation Lemma (see p. . Namely, we apply the lemma
with respect to the following parameters: As projections,

Pe,d

B 5 B, —% By (Be/peo “G)ig —2— Ba)io(o);

as a condition in B we take v the p.-preimage of ¢, which exists because
q € P(a,0), and as a By-generic we take B(F,). Note that

pa(0) = pea(pe(v)) = pealq) € B(Fz)

and so v € B/B(F,).
The lemma yields a (B./p., “G),,-generic h € V[G] with ¢ € h such that

o“h = B(F,)
Unwrapping the definition of ¢ € P(a, o) we have that

V[peo “G] ): “C] H_(IBe/peo “G)yp q)(flv}a Ba ga 6“97 d)” .

33Pedantically speaking we are not applying the Capturing part of the Interpolation
Lemma since the domain of the projection o is (Be/pe, “G) 14 and not (B./B(Fy)) 4. Also,
the generic we aim to capture is B(F,)) and not pg“G. However, one can carry out exactly
the same argument performed in the proof of Lemma (Capturing) to deduce that
such an h actually exists in V[G].
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and since ¢ € h and h is (B./p., “G),p-generic,
VIh] E ®(v,B, h,c“h,a).
But by our comments derived from the Interpolation Lemma, we have
o“h = B(F,)
and thus
VIh] E ®(v,B, h, B(F,),a),

which literally means V[h| = v IFg/ ¢(2, d).ﬂ

Once again by the Constellation Lemma (Lemma , there is a B-
generic G* that constellates h (i.e., h € Cong(G*)), captures all subsets of &
in V[G] (i.e., P(r)VI = P(k)VIE) and v € G*.

Therefore, V[G*] = ¢(x,a) and by absoluteness, V|G| = ¢(x,a). This
amounts to saying x € A, as needed. O

The above claims (3.2.45 and |3.2.47)) ensure that AAO C C(X) \ C.
Therefore AAO is k-meager since so is C'(X) \ C. This proves that A has the
U-BP. O

As an immediate corollary we get:

Corollary 3.2.48. Assume that there is a weak (Z], A)-nice system. Then
there is a model of

ZF + DC,. + “All subsets of C(X) have the U-BP and the x-PSP”.

3.3 Application: Two consistency theorems

In the present section we show that Merimovich’s Supercompact Extender-
Based Prikry forcing [Merll] and a new Diagonal Extender-Based Y:-Prikry
forcing yield weak (k, A)-nice 3-systems. This will enable us to appeal to
the abstract machinery developed in the previous sections and deduce the
consistency of

“Every set in P(“k) N L(V,.41) have the xk-PSP”,
as well as the consistency of

“Every set in P(H tin) N L(V,es1) have the 24-BP and the x-PSP”.

n<w

#Here we used the fact that 757, (i.e., the Pg-generic sequence induced by B(F,)) is
x.
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The first of these results is a substantial improvement of a former theorem
by Cramer [Cral5], Shi [Shil5] and Woodin [Crald], who got the x-PSP
starting with a cardinal witnessing Iy(x). The second of our results is fairly
new; for instance, it is not even known whether the 2/-BP follows from Iy(k)
alone.

3.3.1 The consistency of the x-PSP

This subsection begins providing a succinct account of Merimouvich Supercom-
pact Extender-Based Prikry forcing introduced in [Mer11]. Our presentation
will be different from [Merll] and instead will be akin to the account on the
Supercompact Extender-Based Radin forcing in [Mer17]. This digression has
to do with our need for the projected forcings P, to be small (i.e., of cardi-
nality <\). We shall discuss the various natural projections of this forcing
as well as its capturing properties.

Setup 3.3.1. We assume that k is a <A-supercompact cardinal with X > K
inaccessible. Namely, we assume the existence of an elementary embedding

g V=M
such that crt(j) =k, j(k) > X\ and <M C M.
Definition 3.3.2 (Domains). The set of domains is
D(k,A) :={d € A\ 6]* | kK = min(d)}.
Definition 3.3.3 (Objects). For d € D(k, \) a d-object is a map
v: domv — K

fulfilling the following requirements:
1. k € domv Cd and |domv| < k.
2. v is <-increasing, i.e. v(a) < v(pB) for each o < B in domw.

The set of d-objects will be denoted by OB(d). Given v, u € OB(d) we write
V<u
whenever

1. domv C dom pu;
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2. lv| < p(k);
3. v(a) < u(k) for all o € dom(v).

The definition of a d-object is motivated by the properties of the maximal
coordinate of d (in symbols, mc(d)) in the M-side of j: V — M:

me(d) == {(j(a),a) | a € d}.
For each d € D(k, A), mc(d) induces a k-complete ultrafilter over OB(d):
E(d) :={X € OB(d) | me(d) € j(X)}.
This in turn yields a sequence
E:=(E(d)|deD(k,N\)

called the D(k, \)-extender induced by j. Notice that while £ is not an
extender in the traditional sense (see e.g., [Kan(9]) it nevertheless shares
with them most of their natural properties — for instance, F is a directed

system of k-complete ultrafilters and there is a canonical projection 7y 4
between E(d) and E(d') for d C d':

mwa: v € OB(d) — v | de OB(d).
One defines the Supercompact Extender-Based Prikry forcing Pg as follows:

Definition 3.3.4 (Supercompact Extender-Based Prikry forcing). A condi-
tion in Pg is a pair p = (fP, AP) such that:

1. dom(fP) € D(k, A).
2. fP: dom(fP) — <“k and fP(«a) is <-increasing for a € dom(fP).
3. AP € E(dom(f?)) and for each v € AP, v(k) > max(f?(«)).

Given p,q € Pg we write p <* q if fP 2 f and Taom(fr),dom(fa) “AP C AL
Forp e Py and v € AP, p~v is the condition (fP, AP) defined by:

1. f? is the function with dom(f?) = dom(f?) and

P(q) = {fp(a)a if a ¢ domv;
' fP(a)~(v(a)), ifa€domvy.

2. AV :={p e AP | v < u}.
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Ifp=(f*,A?) € Pg and UV = (1, ..., Vp-1) € “¥(AP) is <-increasing one
defines the condition p~v = (f%, ALY recursively as

P vi=0pw..., V‘g|_2>)mV‘g|_1.ﬁ

The order on Pg is defined as follows: q¢ < p if and only if there is a
<-increasing sequence U € <Y(AP) such that ¢ <* p"v.
Remark 3.3.5. Since ) € <“(AP), it follows that <*C<.

Notation 3.3.6. Let e,d be domains with d C e. If A € E(e), we shall
denote
Ald:={v|d|ve A}

Since the “extender” E will be fixed hereafter we shall write P in place of the
more informative notation Pg. Also, following Merimovich, we denote by P*
the poset with universe {f? | p € P} endowed with the natural order; namely

Vf,g €P* (f <p- g if and only if f 2 g).
Lemma 3.3.7. P is a X-Prikry poset taking ¥ := (k| n < w).

Proof. This follows from Merimovich’s work [Mer17], therefore we just sketch
the proof for the reader’s benefit. Accordingly, let us go over the clauses of

Definition B.1.19
1. The length function is £({f, A)) := | f(k)| and so (P, ¢) is a graded poset;
2. For each n < w, (P,, <*) is clearly k-directed-closed;

3. The weakest extensions of a condition (f, A) are exactly those in the
following set

{f,A)V| Ve YA A I is <-increasing};

4. The previous set has size <\ by inaccessibility of the latter;
5. It is routine to verify that, for all p’ < p in P, the map
w: W(p') = W(p)
defined by ¢ — w(p, q) is order-preserving;

6. The Complete Prikry Property can be proved arguing as in [MerlT,
§4.2| replacing “dense open” by “O-open”.

35p™( is conventionally assumed to be p itself.
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The next lemma is due to Merimovich:
Lemma 3.3.8 (Cardinal structure, [Merl7]).
1. P is A" -cc and preserves both k and .
2. 11Ikp “MVIE = X A cof(r)VIC) = w”.
Proof. We only check that
1p IFp “tVIC = \ A COf(I{)V[G] =w”.

Fix G C P a V-generic filter. For each V-regular cardinal o < A with a > &,
the set
Do :={({f,A) € P]a\ r C dom(f)}

is dense. Let p = (f, A) € GN D, and for each n < w let , be the unique
sequence in "A such that p~7, € G. A density argument shows that

Un<w(d0m(ﬁn) N a) = Q.

This implies that o has countable cofinality in V[G]. Since the argument is

valid for every V-regular in the interval [k, \) we may infer that A becomes
xtVIE and that cof (k)" = w. O

After having checked that P is ¥-Prikry we change gears and check that
there is a natural (k, A)-nice X-system associated to P.

Definition 3.3.9. For d € D(k,\), Py is the subposet of P whose universe
18

{(f,A) € P| dom(f) € d}.
The next lemma is key to prove the existence of weak projections:

Lemma 3.3.10. Let e,d € D(k,\) and A € E(e). Define
Ald):={neA|VYweAldv<nld—3ArecA(r[d=v N T =<n)}.

Then A(d) € E(e).

J(A)

Proof. The claim is equivalent to mc(e) € j(A(d)). First, mc(e) € j(
[ 5(d).

because A € E(e). Next, let v € j(A) | j(d) be such that v < mc(e)
Claim 3.3.11. v = j(v) for somev € A | d.
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Proof of claim. Since v < mc(e) | j(d) that means that:

e dom(v) € dom(me(e) [ j(d)) = j“(eNd).

o v(a) < me(e)(j(k)) = & for all a € dom(v).

o [v] <mc(e)(j(k)) = k.
Combining the above items, there is dom(?) € [e N d]<* such that

dom(v) = j“dom(#) = j(dom(#)).
Define 7 a map with domain dom(7) such that 7(3) := v(j(5)). Note that
i@)G(B)) = j(@(B)) = j(w(i(B))) = v(i(B))

This shows that j(7) = v € j(A | d), and therefore 7 € A | d. O

Let 7 € A be such that 7 [ d = v. Let 7 = j(7). We have 7 | j(d) = v
and we also claim that 7 < mc(e). Indeed,

e dom(j(7)) = j“dom(7) C j“e = dom(mc(e)) [
e j(T)(j(a)) = T(a) < k =mc(e)(j(k)) for all & € dom(7).
e |j(7)| = |7] < K, once again because T € OB(e).
The above completes the verification. O

Remark 3.3.12. Note that in Lemmal3.3.10 above we did not need to assume
that d C e.

Definition 3.3.13. Fiz a domain d € D(k,\) and let A € E(e) for some
other domain e € D(k,\). The sequence (A™(d) | n < w) is defined by
induction by setting

o AO(d):= A;
o AI(d) := (AMW(d))(d), for n < w.
o API(d):=(,.,A™M(d).

By Lemma [3.3.10| the following corollary is straightforward.

Corollary 3.3.14. Ifd,e € D(k,\) and A € E(e), then

36This is because |dom(7)| < & in that 7 is an e-object.
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o {AM(d)|n <w}C E(e);
o A(d) € E(e).
Lemma 3.3.15. There is a directed system of weak projections
P = (Tea: Pe > Pyl e,d € D(k,A\) U{oc} A dC el
with Py := P such that

1. Fore,d € D(k,\) U{oo} with d C e, the map w4 is given by
(f A) = (f1d,ATd);

2. tcl(Py)| < A for d # oc.

Proof. Let e,d € D(k,\) U {oco} with d C e and d # oo. It is routine to
verify that [tcl(Py)| < A and that the map 7.4 is order-preserving. Let us
now check Clause (2) of being a weak projection (see Definition [3.1.5)). Let
p = (f, A) and <*-extend it to p* = (f, A>°(d)). Suppose ¢ = (f9, A9) is a
condition in Py with ¢ < p* | d. By definition of <, that means that there is
a <-increasing sequence

U= (Vo,...,vn) € (A®(d) | &)™
such that ¢ <* (p* | d)"~7. By definition, there is another sequence
Moy - -+, M) € (A%(d))" (non-necessarily <-increasing)

such that n; [ d = v;.

The first goal is to find a <-increasing sequence 7 = (7, ..., 7,) € A1
with the same property. Since 1,_1,n, € A (d) they belong, respectively,
to A™(d) and A™+Y(d). By our choice, 9,1 | d € (A™(d)) | d and also

Tin—1 rd:Vn—IKVn:nn fd

The definition of A™+1Y)(d) guarantees the existence of an object 7 € A™(d)
such that 7 < n, and 7 [ d =n,_1 [ d. Set 7, :=n, and 7,,_; := 7. Clearly,
Tne1 = Tny, Tn | d=1v, and 7,1 [ d = vp,_1.

37As expected, oo is the maximal element. Note that we are abusing the notation by
writing d C oo for all d € D(k, A),

38Observe that here we only require that the sequence (7o, ..., 7,) is in Al" 11 and not
(05 -+, Tn) € (A®(d))I"H1,
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Repeat the same procedure as before but this time with 7, o and 7,
thus obtaining 7" < 7,,_1 such that 7/ [ d =1, o [ d = v, _o. Set 7,9 :=7'.
Proceeding this way we obtain a <-increasing sequence

7= {(T0,...,Tn) € Alnt1l

such that 7; [ d = v;.
Note that since 7 € A"t is <-increasing it is “addable” to p; therefore,

me = <f T AF >
is a well-defined condition. Said this define

pl=(fzu f* 1 (dom(f?)\ dom(f)),C)
where C' is the intersection of the pullbacks of A» and A? under the projec-

tions Tdom(f)udom(f2),dom(f) and T dom(f)Udom(f2),dom(f9), respeCtiVGIY'
A moment of reflection makes clear that p’ < p and that p' [ d <*¢q. O

Note that so far we have almost checked that the system P is a (k, \)-
nice X-system (Definition [3.2.20). Indeed, we have showed that P (i.e., the
oo-element of P) is X-Prikry and that Clauses and of the definition
hold. Let us dispose with the k-capturing properties (i.e., Clause )

Lemma 3.3.16 (Capturing). Let G be a P-generic filter. Then for each
a € P(k)VIE there is a domain d € D(k,\) such that a € P (k)" where

g4 = Tq “Gﬂ
Proof. Work in V[G]. Since cof(k)VI®! = w, we may pick a <-increasing
sequence (k, | n < w) cofinal in k. For each n < w, stipulate

Ap = a N Ky.

Observe that by X-Prikryness P does not add bounded subsets to
(Lemma [3.1.23)), and so each a,, is actually in V. Let @: w — P(k)" be
the map given by

a:ne ay,,
and let @ be a P-name for a, i.e. dc = d. Let D be the set of conditions
p = (fP, AP) € P such that:

Vi < W < p (9 Ilp (R) > 37 € (A7) (f < 7 A 7 [ (7)) T
Recall that p' ||p @(7) means that there is ¢ € V such that p/ IFp ¢ = @(n)
(see Definition (3.1.4)).

39This is sufficient to establish the k-capturing property displayed in Definition
Let d € D(k, A) be as in the lemma. Given dy € D(k, \), define e := d U dy and observe
that dy C e and 2 € P (k)" 19, where g, := 7. “G.

40The sequence ¥ is supposed to be <-increasing.
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Claim 3.3.17. D is dense.

Proof of claim. Let p € P. For each n < w consider the coloring d,, : P — 2,

0.r) ::{1, if 7 [|p @();

0, otherwise.

d, is a 0-open coloring (see Definition [3.1.21]) and so Lemma 3.1.22 applies.

More specifically, define a <*-increasing sequence (p, | n < w) consisting of
conditions <*-below p as follows:

e Let po <* p be such that P}, is a set of indiscernibles for d;

e If (p,, | m < n) is defined, for some n < w, let p,11 <* p, be such that
Py, is a set of indiscernibles for d,,;.

Since (Py), <*) is k-closed, there is a condition p., = (f, A) € P such that
Poo < pp for all n < w. We claim that p, € D. Suppose n < w and
P' < Poo- In particular, there is a <-increasing sequence 7 € <“A such that
P <* PV < pn. Now suppose p' ||p d(72). Then d,(p’) = 1 by definition of
d,. But P}, is is a set of indiscernibles for d,, and so

(') = U(pss" V) implies d,,(p') = d(po" 7).

As ((p') = U(pse"7) and d,,(p') = 1, we deduce that d,(p-""7) = 1. There-
fore, poo 7 ||p () as desired. O

Let ¢ € D NG and stipulate d := dom(f?). To complete the proof define
b={a<rk|IregIn<w(rirpaecd)} (recall g; = m“G).
Claim 3.3.18. b = a.

Proof of claim. Let o € b and r € g4 witnessing it. So r Ibp & € @(n) for
some n < w. Let 7 € G be such that 74(7) = r. By definition of 7q, 7 < ()
so that 7 IFp & € @(n), which ultimately yields

a € dg(n) = d(n) = a, = anNk,.

Conversely, let o € a. Then o € d@(n) for some n < w. Pick a condition
r € G with r < ¢ and r IFp & € @(n). By extending r (inside &) if necessary
we may assume that 7 ||p @(72). Since 7 < g and g € D, we deduce that there
is a <-increasing sequence v/ € <“(A?) such that » <* ¢ and ¢~V ||p d(n).

By definition, there is ¢ € V' such that ¢V IFp ¢ = @(n). Since r € G
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and r < ¢77, it holds that ¢"7 € G. In particular, ¢ = 3G(n) = an ky.
By definition of the forcing relation IFp and since a € a, it follows that
q"Vlkp & € ¢ and so ¢"V IFp & € d(n). Now note that

Ta(q"V) = ¢V € gq.
Therefore o € b.
The lemma has thus been proved simply because a = b € V[gy]. O
Putting all the results into the same canopy we conclude:

Lemma 3.3.19. P = (P, e q: P. = Py | e,d € D(k,A\) U{oo} A dCe)is
a weak (K, \)-nice X-system.

The next corollary follows from the previous lemma and our abstract the-
orem (Theorem [3.2.36)) about the Perfect Set Property in generic extensions
by >-Prikry forcings:

Corollary 3.3.20. Assume that K is a <A-supercompact cardinal and \ > K
15 inaccessible. Then there is a model of ZFC where:

1. K is a strong limit singular cardinal with cof (k) = w;

2. Fvery A € L(Viy1) NP(“K) has the k-PSP. In particular, all the k-
projective subsets of “k have the k-PSP.

Proof. Let G be P-generic. Theorem [3.2.36] and Lemma [3.3.19| ensure that
the witnessing model is V[G]. O

Corollary 3.3.21. Assume that k is a <A-supercompact cardinal and \ > K
is inaccessible. Then there is a model of ZF + DC, + -AC where:

1. K is a strong limit singular cardinal with cof(k) = w;
2. For each k-Polish X and each A € P(X), A has the k-PSP.

Proof. Let G be P-generic. By Corollary [3.2.38] item [2| holds in L(V[G].11).
Moreover, L(V[G].+1) E DC, + =AC (see Corollary 3.2.37)). O
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3.3.2 The consistency of the x-PSP and the U-BP

In this section we construct a diagonal version of Merimovich’s forcing pre-
sented in §3.3.1} Our original plan was to use the AIM forcing of Cummings
et al. [CEM™18| but it was shortly realized that this is not quite suitable for
our purposes. The issue is that there are no natural weak projections between
Q (the AIM forcing) and their projected forcings Qg |[CEM™18|, §3.6]; instead,
for each fixed condition g € Q there is a weak projection m,: Q;, — Qg,.
This only ensures that for each ¢ € Q there one can construct a weak (k, \)-
nice Y-system P, and this creates some troubles when running the argument

for the U-BP in V€ (see Theorem [3.2.42).

The forcing was designed by Poveda and the author during a visit of the
latter to Harvard in the Spring of 2024.

Setup 3.3.22. Suppose that ¥ = (k, | n < w) is a <-increasing sequence of
<A-supercompact cardinals with X\ > sup,, ., K, tnaccessible. Specifically, for
each n < w, we assume the existence of an elementary embedding

In: V. — M,
with crt () = Kp, julkn) > X and <*M, C M,,. We also let

A <& < min j,(kn)

n<w

which will determine the value of the power set of k := sup(X) in the generic
extension. In our intended application, € will be just .

Definition 3.3.23 (n-domains). Fiz n < w. An n-domain is a set
d € [{r.}U(e\K)]™
such that k, = min(d). The set of n-domains will be denoted by D, (e, ).

Note that {x,} is always an n-domain — the trivial n-domain.

Given d € D, (e, \) one defines its mazimal coordinate by

me, (d) := {{jn(a), ) | a € d}.

Definition 3.3.24 (Objects). Let n < w and d € Dy(e,\). A d-object is a
function v: dom(v) — K, with the following properties:

1. Kk, € dom(v) Cd and |dom(v)| < ky,.
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2. v(Ky) is an inaccessible cardinal above Fén—yﬂ
3. v(a) < v(pB) for all < B in dom(v).
The set of d-objects will be denoted by OB, (d) ﬁ

As usual, d-objets attempt to resemble the properties of mc,(d) in the
ultrapower M,,. More formally,

M, E “mc,(d) € j,(OB,(d))”.
The above enable us to pose the following definition.

Definition 3.3.25. Let n < w and d € D,(,\). Define
E,(d) :=={X C OB,(d) | mc,(d) € jn.(X)}.

Clearly, E,(d) is a r,-complete (yet, not necessarily normal) measure on
OB,.(d). Since k,, € dom(v) for any v € OB, (d), it is nevertheless the case
that E,(d) projects onto a normal measure; specifically, it projects to

Uy = {X C ki | Kin € (X)) (3.8)

via the map eval,,: OB, (d) — k,, defined as eval,, : v — v(ky).

Let us next discuss a few more important aspects of the measures £, (d).
Before doing so we have to define the order between objects.

Convention 3.3.26. Let n < m and d,,d,, be n and m-domains, respec-
tively. We shall write d,, C* d,,, whenever d,, \ {kn} C d,,.

Definition 3.3.27. Let n < m and d,, € Dy(e,\) and d,, € Dp,(e,\) such
that d,, C* d,,,. Giwen v € OB, (d,) and p € OB,,(d,,) we write

v<pu
whenever
1. dom(v) C* dom(u);
2. v < p(kim);

3. v(a) < (k) for all o € dom(v).

4By convention, K_1 := N;.

42While formally speaking the notion of d-object depends on n this latter can be read
off from d; indeed, n is the unique integer m such that &, = min(d). Thus, the reader
should not find ambiguities in our terminologies.
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Note that our definition yields a transitive order between objects.

Lemma 3.3.28. Let n < m, d,, € D,(,\) and d,,, € Dy,,(e,\) be such that
d, C* d,. Suppose that X C OB,(d,) and that v € j,(X) is such that
v < mcy,(dy,). Then there is v € X such that v = j, (V).

Proof. Since v < mc,,(d,,) it follows that dom(v) C* j,, “dy, v(a) < Ky
for all @ € dom(v), and |v| < mc,(dm)(Gm(km)) = Km. Hence there is
dom(7) € [d,]~"" such that dom(v) = j,,“dom(7) and v(a) = jn (&) for
certain &, < K. Define 0: 8= ¢, (3). It follows that j,,(7) = ﬂ and by
elementarity v € X @ O

We have a form of diagonal intersection lemma:

Lemma 3.3.29 (Normality). Suppose that 0 < ¢ < m < w are integers and
that

1. {d, | £ <n <m) is a C*-increasing sequence in [[,<,, ., Pnle; ),

2. S C [li<pem OBnldn) is a family consisting of <-increasing sequences
of objects such that for each UV € S we are given a set X(V) € Ep,(d,,).

Then,

NpesX (V) = {n € OB, (dy) |VF € S (mgxﬁ <n = neX@)}

is large with respect to E,,(d,,). In symbols,
AD’ESX(ﬁ) € Em(dm)

Proof. We have to show that mc,,(d,,) € Jm(Dses X (V)). So suppose that i €
Jm(S) is a <-increasing sequence such that max i < mc,,(d,,). Applying
the previous lemma (Lemma|3.3.28)) to each of the individual of /i we conclude
that

= Gm@e)s - jmn(Vm1)),

for some sequence (v, ..., Vm-1) =V € S C [[,c,,cr, OBn(dy). Note that by
elementarity v has to be <-increasing. Denote

(X*() | i € Gm(S)) = Jm((X(7) | 7 € 5)).

1BSay a = ju(B) for some 3 € dom(7). Hence

Jm(@)(@) = Jm (V) (m (B)) = jm(P(B)) = jm(&j,.(8)) = v(im(B)) = v().

My € j(X) and j,, (7) = v implies v € X.
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By our previous comment, for each /i € j,,(S) with max fi < mc,,(d,,) there
is 7 € S with j,, (V) = fi. It follows that

X*(f) = X*(m(P) = jm(X) (m (7)) = Jm (X (7).
Since X (V) € E,(d,), we conclude that mc,,(d,,) € X*(jii). Therefore,
MC (din) € Jm(Dies X (V). u

In the setting of Lemma [3.3.29 we will refer to Ayes X (7) as the diagonal
intersection of {X (V) | 7 € S}.

The next technical lemma will be key in establishing the existence of a
family of weak projections between our main forcing and its subforcings:

Lemma 3.3.30. Let n < w. Let e, C* e, 11 be members of D,(e,\) and
Dyi1(g, M), respectively. Suppose that

1. A€ E,(en);
2. B€ E,i1(ent1);
3. d, C* dp11 are n and n + 1-domains, respectively.
Let B* be the following set:
{neB|WweAld,(v<nldy1)—3IT€A(Tdy=v ANT=<n)}
Then B* is E,y1(en11)-large, i.e. B* € E, q1(eni1).
Proof. We show that mc,1(e,11) € Jny1(B*). First, let us observe that

mCp11(€nt1) € Jni1(B) simply because B € FE,ii(e,41). Second, suppose
v € jnr1(A | d,) is such that

v < an+1(€n+1) Unﬂ(dnﬂ)-

By the argument of Lemma [3.3.28] v = j,.1(7) for certain v € A | d,,. Thus
we deduce the existence of an object 7 € A such that 7 [ d, = v. Notice
that

V= jn+1(17) = jnJrl(T f dn) = jn+1 (T) f]n+1(dn)
Since 7 € OB, (e,,) it is routine to check that j,.1(7) < mc,.1(€n11). O

At this point everything is in place to introduce the main forcing notion:

Definition 3.3.31 (Poveda forcing). A condition in P := P(X,e,\) is an
w-sequence

p=_{fo.-- ﬁp)—l’ < ﬁp)’ Ag(p)% <pr)+1’ Azlz(p)+1> )

meeting the following requirements:
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1. For each n < w, fF: dom(fP) C X\ — Kk, is a partial function with
dom(fP) € Dy(e,\) and fP(ky) is an inaccessible cardinal above Ky, 1.

2. For each n > {(p), AP € E,(dom(fP)) and the sequence

(dom(fR) [ n = €(p)) € [nep) Prle; M)
15 C*-increasing.

Given conditions p,q € P the pure-extension order p <* q is defined in the
following fashion; namely, p <* q if and only if

o Up) = Ua);
o f1C fP foralln <w;
o AP I dom(f?) C A% where AP | dom(f2) :={v | dom(f9) |v € AP}.

Definition 3.3.32 (One-point extensions). Let p € P and v € Ag(p). The
one-point extension of p by v, denoted by p~v, is declared to be the w-sequence

<f(:)0a sy pr)flv Zp) S v, <pr)+17 (A]g(p)+1)(u)>a < Zp)JrQ? (All?(p)Jrz)(l/)) cee >
where fy, & v and ((A})q) [ n > L(p)) are defined as follows:

1. fy, © v is the function with domain dom(fy,,) and values

(fﬁp) ©1)(a) = {V(a), if a € dom(v);

fzp)(a), otherwise.

2. For each n > ((p), (AV)wy :=={n € A2 | v < n}.

More generally, given a finite <-increasing sequence of objects

V= <Vg(p),..‘,Vm_1> € H Afl

L(p)<n<m
one defines p~U by recursion as
pmﬁ = (pm<Vg(p), ey l/m_2>)me_1.ﬁ

Remark 3.3.33. Since every v € OB, (d) is required to have k,, in its domain
the value of f, ® v at k, is always determined by v(ky,), i.e.,

(fo ®V)(kn) = v(Kn).

45By convention p™0 := p.
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Fact 3.3.34. p~ is a condition for all U € [],, A and n > {(p).

<i<n

Definition 3.3.35 (The order on P). Given p,q € P we write p < q if
1. U(q) < Up);

2. There is a <-increasing sequence U € {0} U [ [y <per(y) A% such that

mn =

p <" ¢V

Fact 3.3.36. The order < is transitive.
Lemma 3.3.37. P is ¥-Prikry taking ¥ := (k, | n < w).

Proof. The proof is very similar to the verification that the AIM forcing is a
Y-Prikry forcing. In light of this, for the reader’s benefit we only sketch the
main points going over the clauses of Definition [3.1.19;

1. The length function ¢: P — w ensures that (P, /) is a graded poset;
2. It is easy to show that (IP,,, <*) is k,-directed-closed for all n < w;
3. The weakest extensions of p are of the form p™v;
4. The fact that |[W(p)| < A for all p € P follows from inaccessibility of \;
5. It is routine to verify that, for all p’ < p in P, the map
w: W(p') = W(p)
defined by ¢ — w(p, q) is order-preserving;

6. The argument for the Complete Prikry Property is similar to the cor-
responding verification for the AIM forcing (see [Pov23, §3] for a full
detailed account).

O
Lemma 3.3.38 (Cardinal structure).
1. P is A" -cc and preserves both k and ).
2. 1lFp “tVIE = X A cof (k)VIE) = W

3. 1lkp “2¢ > |e|”. In particular, if e > (\*)V then SCH fails at |1

46This feature of P will not be needed in this manuscript, but we think it is worth
pointing out for other future applications of the forcing.



CHAPTER 3. PSP AND BP AT SINGULAR CARDINALS 114

Proof. (1) The argument for the A*-cc is similar to the one given by Gitik in
[Git10, Lemma 2.15] using the A-system lemma. The preservation of x is an
immediate consequence of (P,, <*) being k,-closed and the Prikry Property
[PRS19, Lemma 2.10(1)]. The preservation of X\ is a consequence of the
Complete Prikry Property and the fact that

Hp~v|ve H AP ig <-increasing, m < w}| < .
£(p)<n<m

For a full detailed account see [PRS19, Lemma 2.10(3)].

(2) Let G be P-generic over V and suppose a € (k,A) is a V-regular
cardinal. The set

Dy = {p €P[Vn > {(p) dom(fy) 2 o\ K}

is dense. Thus, there is p € GN D,. For all n < w let v, = (vy,...,v,) be
the unique <-increasing sequence in [ | ) <i<t(p)+n A? for which p™7, is in G.
We claim that |J, __(dom(v,) N ) covers a \ k. Indeed, for each v < o with
v > K, the set

Ey:={q<p|Vn=q)Vv e Af (v € dom(v) A v(7) # fi(7)}

is dense below p. Hence there is ¢ € G N E,. Let pu € AZ(q) be such that

(" € G. Therefore, 5 € dom(y) and ([, & u)(7) = u(x) # (7). On
the other hand, since ¢ < p and ¢ € G it must be the case that

n<w

for some n < w. As u(y) # Zq) (7), v has to be in dom(v,). In particular,
v € dom(v,) N a.

(3) Let G be P-generic over V. For each a € (k,e) define a function
F, € ([1,-. )V as F,(n) := f2(«a) for some p € G with {(p) > n and
a € dom(fP). This definition is well-posed thanks to the genericity of G. We
claim that F, ¢ V. Indeed, for each h € ([],_ #n)" the set

Dop:={peP|Vn>{p)VveA (o €dom(v) A v(a)> h(n))}

is dense. Let p € GN D,y and v € A’g(p) be the unique object such that
p~v € G. Now observe that, by definition and our choice of p,

Fa(t(p) + 1) = f1i,) (@) = (f§,) ®v)(@) = v(a) > h(l(p) + 1).
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Therefore, F,, # h. By arbitrariness of h, it follows that F, ¢ V.
Similarly, F,, # Fj, for indices a < f in (k, €), because the set

E.p:={pelP|Vn>Ll(p)Vve Al (a,f € dom(v))}

is dense. Indeed, let p € GN E,p and v € Af(p) be the unique object such
that p~v € G. By definition of E, 3, o, 8 € dom(r) and so v(a) < v(B)
(Definition 3.3.24). As argued in the previous paragraph, it holds that

F,(l(p)+1) =v(a) <v(B) = Fs(l(p) + 1).
]

After having checked that P is »-Prikry and collapses cardinals in the
interval (k, A), we change gears and show that there is a natural (U, \)-nice
weak Y-system associated to P.

Definition 3.3.39. Let D denote the collection of all C*-increasing sequences
d=(d, | n <w)€][],.,Dnle,N). Given two sequences d,e € D we write
d < e whenever d, C* e, for eachn < w.

Remark 3.3.40. Note that (D, =) has a <-minimal element; namely,
min := ({k,} | n < w).

This minimal element will correspond to the Diagonal Prikry forcing induced
byU = (U, | n < w) (see Definition . Recall that the U,,’s are the

normal measures induced by the maps eval,, : v — v(k,) for n < w, ie.

Uy :={X C Ky | Ky € ju(X)} (see equation[3.8).
Next we analyze the weak projections from P into its “small” subposets:

Definition 3.3.41 (Subforcings). For each sequence of domains d € D de-
note by Pq the subposet of P whose universe is

{peP|V¥n <w dom(f) Cd,}.
Our top forcing Py, will be just P.
Let us now show that there is a (Zj , A)-nice weak X-system:
Lemma 3.3.42 (Weak Projections).
1. There is a directed system of weak projections
P = (Tea:Pe >Pa|e,deDU{cc} Nd=e)

where P is the diagonal Prikry forcing relative to U = (U, | n < w).
In symbols, Puin = P(U).
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2. In the case where ¢ = X\ we also have |tcl(Pq)| < A for all d € D.

Proof. (1) Suppose first that d # min.
Suppose that d < e and let me q: Pe — P4 be the map given by p—p [ d
where

pldi=(f0 oo [y 1 digyor (Fh) 1 degy Al i) ).

It routine to check that 7 q is a well-defined order-preserving map.

Claim 3.3.43. meq witnesses Clause (2) of Definition [3.1.5, i.e. for all
p € Pe there is p* < p such that for all ¢ € Pq with ¢ < mea(p*) =p* [ d
there is p' < p such thatp’ | d = mea(p’) < q.

Proof of claim. Let p € P, and say it takes the form

(fos s fo1, (fo, Ae), (for1, Avgr), - - -)-

We are going to use Lemma [3.3.30] to <*-extend p to a condition p* € P,
which witnesses the condition of being a weak projection. Define a sequence

(A, | n = 0) € || En(dom(f,)) (3.9)

n>/{

inductively as follows. First, set A} := A,. Second, appeal to Lemma |3.3.30
with (A, B) := (A}, Ay1) and the pair of domains (dy, dy4;) thus obtaining
Ay € Eypq(dom(fey1)). More pedantically, A7, is the set

meAmi |YWweA [de(v<nlde) > 3IT€A(tdi=v ANT=<n))}

Inductively, for n > ¢, apply the lemma to the pairs (A% A, 1) and
(dn, dnt1), thus obtaining A% | € E,1(dom(f,41)). In the end we define

p* = <f07 ceey f€—1> <fﬁaAz>7 <f€+1>AZ+1>7 S >

Now let ¢ € Pq be such that ¢ < p* | d. By definition there exists a
<-increasing sequence

V= (l/g,...,Vg(q)_1> S H Af I d'?
£<i<t(q)

such that ¢ <* (p* | d)™v. Moreover, by definition of the measure one sets
of p* I d there is a sequence (1, ..., Ny g-1) € H€§n<€(q) A? (not necessarily

4TWithout loss of generality, we may assume that 7 is not the empty sequence.
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<-increasing) such that v; = n; | d;, whenever ¢ < i < {(q). Let us now
use the defining property of the sets A’s to get an alternative sequence
(Tes .. Togg)—1) that is <-increasing.

First, set 7yq)—1 := Nyqg)—1- To construct the rest of objects we argue
by recursion as follows. Since 1yq)—2 € Az(q)_2, To(q)—1 € AZ@_l and their
respective restrictions to dyg)—2 and dyg)— do form a <-increasing pair, the
definition of A’g( o1 enables us to find 7442 € AZ( -2 such that

Tog)—2 | doig)—2 = Ve(g)—2 and Tyg)—2 < Ty(g)-1-

To construct 7yq)—3 in AZ( -3 argue in the same way yet this time with
respect to 1yq)—3 and 7y4)—2, and appealing to the definition of AZ( 9—2° Note
that in the end we get 7y(q)—3 < Tog)—2 < Te(q)-1-

Having constructed (74, ..., 7yq-1) We are in conditions to define p’ < p
such that 7e q(p’) < ¢. Specifically, let p’ be the condition

(- Bt Py At Bl Alggan) )
where
o fMi=flUffor0<i<
o /= fIU(fi@m) for £ <i<(q);
o (FFLAT) = (U \ (i, filk)}), By) for i = €(q).
Here the sequence (B; | i > ¢(q)) is defined, for each ¢ > {(q), as

e —1 * —1 q
Bi:= {(ﬂ_dom(fi)udom(fiq),dom(fi)Ai) N <7rd0m(f¢)udom(f§),dom(ff)Ai )}<Tl(q)1> :

One can check that p’ < p and that e qa(p’) <* q. ]

If d = min, then the definition of 7e min: Pe — Pmin is slightly different;
namely, for each p € P, stipulate p [ min is the condition

(J6(Ro)s - s i1 (Few)—1), evale, ) Ay evale, o “AT o)

Mimicking the argument above, one can check that this is actually a weak
projection. Concretely, let p € P, be a condition of the form

(fos s fo1, (fo, Ae), (for1, Avga), - 0)

and <*-extend p to a condition p* of the form

<f07 cee 7f2717 <f€7AZ>7 <f€+17AZ+1>7 v >



CHAPTER 3. PSP AND BP AT SINGULAR CARDINALS 118

Here (A | n > ¢) is the sequence introduced in but this time the
C*-increasing sequence of domains used to construct (A* | n > () is
({kn} | n >1{). Now let

q={(ag,... ,az(q)fl, Bg(q), Bg(q)ﬂ, .. ) € Priin

be such that ¢ < p* | min. By extending q if necessary, we may assume that
¢ < €(q). Thus there is a sequence (v, ..., Vyq)-1) € H2§i<€(q) A7 such that

(ag, ... ,ozZ(q),J = (Ve(Ke), - Vigg)-1(Keg)-1))-
Moreover,

o ol = fi(ky) for 0 <i < ¢

e B! C eval,, “Af for i > {(q).

It might be the case that is not (v, ..., vyq)-1) is not <-increasing. As argued
above, one can use the defining property of the sets A!’s to get an alternative
sequence (7¢, ..., Tyq-1) € [[cijcpy A7 that is <-increasing satisfying 7; |
{ri} = v; | {ki}, for £ < i < £(q). We can now define p’ < p such that
Temin(P') < . Specifically, let p’ be the condition

<f07 SRR fffla f@ D1, ff(q)fl S Te(q)—15 <f€<Q)7 Cf(q)>7 <f€(q)+17 CZ(q)Jrl)? < >7

where C; := (A} )(r,_1) N eval_'B? for all i > ((q). One can verify that
P < p (e, Teg)-1) < p and that Te min(p') <* ¢

It is also routine to check that (meq: Pe — Pq |e,d € DU{c0} Ad <€)
is a directed system.

(2) Obvious because A is inaccessible in V. O

Let us finalize our verifications showing that the above weak Y-system
has the capturing property. For the reader convenience, we recall that for a
condition p € P, W(p) denotes the collection of weak extensions of p; namely,
conditions of the form p™7 for a <-increasing v/ € {0} U [],, AP and
for m > {(p).

<n<m

Lemma 3.3.44 (Capturing). Let G be a P-generic filter. Then for each
x € P(r)VIE there is d € D such that x € P (k)19 where gq := 74 “G.

Proof. Let x C k be in V[G]. For simplicity of notation, assume that the
trivial condition 1p forces this. For each n < w, let ,, be a P-name such that
(0n)e = x N Ky,. Denote

D, ={peP|3yePk) (plkpy=o0,)}
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Equivalently, p € D, if and only if p ||p 0,, (see Definition [3.1.4)). Since P is
¥-Prikry it does not introduce bounded subsets to # (Lemma[3.1.23)) — hence,
D,, is dense and open. Appealing iteratively to the Strong Prikry Property
we construct a <*-decreasing sequence of conditions (p, | n < w) such that
for each n < w there is some m,, < w such that Pﬂ"mn C D,. Letting p be a
<*-lower bound for this sequence we get that, for each n < w, P, C D,
We have actually proved the existence of densely-many conditions p as

above, so we may assume that our condition p is in G. Let gq be the generic
filter induced by 74 and G where d := (dom(f?) | n < w).

Claim 3.3.45. W(p) NG = {q € W(p) | ma(q) € ga}-

Proof of claim. The left-to-right inclusion is obvious. For the other let ¢ in
the right-hand-side, i.e., ¢ € W(p) and 74(q) € ga. There is ¢ € G such
that ma(¢') <p, ma(q). Since ¢ € W(p) (i.e., ¢ = p~¥ for some /) observe
that m4(¢) = g. From this we infer that ¢ < m4(¢’) < ma(q) = ¢, and thus
qeq. O

By virtue of the above claim W(p) N G € V([gq]. It is routine to check
that r = {a <k |In<wdge W(p)NG (¢lFp & € 0,)} € V]ga). In fact,
if & < kK is such that ¢ IFp & € o, for n < w and for ¢ € W(p) N G, then
a € (0,)c = x N Kky,. Conversely, suppose o € x N K, for some n < w. Let
q € G be a condition <-below p such that ¢(q) > ¢(p) +m,, and ¢ IFp & € o,,.
Since ¢ € P, C D, we deduce ¢ ||p 0,. Hence there is y € P(x) such
that ¢ IFp & € 0, = §. Let 7 € He(p)gid(q) A? be a <-increasing sequence
such that ¢ <* p“ﬁ.@ In particular, p~7 € G N D,, because ¢(q) = {(p~ V).
Therefore, p~7 IFp 0, = y and so p~V IFp & € 0,. As p~v € W(p), the
conclusion follows. O

Putting all the results into the same canopy we deduce:

Lemma 3.3.46. There is a weak (U, \)-nice X-system
P = (Tea:Pe >Pa|e,deDU{cc} Nd=e)

with Py, being P and Pyin being the diagonal Prikry forcing IP’(ZJ ).
The next corollary follows from the previous lemma and Theorem [3.2.42

Corollary 3.3.47. Assume that ¥ = (K, | n < w) is an increasing sequence
of <A-supercompact cardinals and X > k = sup(X) is inaccessible. Then
there is a model of ZFC where:

48Since we are intentionally assuming that £(q) > ¢(p), the sequence ¥/ cannot be the
empty one.
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1. K is a strong limit singular cardinal with cof (k) = w;
2. Fvery A € L(Vii1) NP(“K) has the k-PSP;
3. Every A € L(V,y1) NP(C(X)) has the U-BP.

Proof. Let G be P-generic. Since by Lemma [3.3.40)

P = (Tea:Pe >Pa|e,deDU{oc} Nd=e)

is a weak (U, \)-nice S-system, every A € L(V[Glup1) N P(C(Z)VIE has
the U-BP (Theorem [3.2.42). On the other hand, (x, A)-niceness of P ensures
that every A € L(V[G].41) NP (“k)VI has the x-PSP (Theorem [3.2.36). [

3.4 Open questions

We would like to conclude the chapter posing a few open questions.

As mentioned on page[15]in §1.3 Cramer, Shi and Woodin proved, assum-
ing Woodin’s axiom Iy(k) (see [Dim18]), that every set in P(“x)NL(V,1) has
the xk-PSP. In this chapter we have pinned down the large-cardinal strength
of this configuration to the existence of a supercompact with an inaccessible
above.

Question 3.4.1. Modulo ZFC, what is the exact consistency strength of:
1. K is strong limit singular with cof(k) = w
2. Every set A € P(“k) N L(V,11) has the k-PSP?

Another remarkable consequence of [y(k) discovered by Woodin is that
kT is measurable in the model L(V 1) as witnessed by restrictions of the club

filter on k™. This is akin to Solovay’s theorem saying that w; is measurable
in L(R) under ADY®

Question 3.4.2. Can one get L(V[G]e11) E “kT is measurable” where G is
P-generic and P is the Supercompact Extender-Based Prikry forcing described

in Definition [3.3.4?

Dimonte, Iannella and Liicke showed in [DIL23] that under Iy(k) all
k-projective subsets of [], _ s, have the U-BP, where (x, | n < w) is the
crtical sequence of an Iy(k)-embedding and

U=U,|n<w) e H P(P(kn))

n<w
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is a sequence of normal measures on the x,’s. This is in analogy with the
fact that every set of reals in L(R) has the BP under ADY® However, the
question of whether Iy(k) yields the full #/-BP remains open:

Question 3.4.3. Suppose ly(k) holds, as witnessed by the Iy(k)-embedding
j: L(Viy1) = L(Viy1), and that X is the critical sequence of j, i.e.,

Y= (kn(J) | n < w).

Lett = (U, | n < w) € [L.<.. P(P(kn(j))) be a sequence of normal measures.
Does every set A € L(Vpy) NP(C(X)) have the U-BP?

Our developments in have settled the groundwork to open an exciting
avenue of research; namely, studying regularity properties at small singular
cardinals — with N, as a paradigmatic example. Up to date the problem of
whether every subset of “R,, in L(P(X,)) could have the X -PSP is open. It is
well-known that transferring down to X, a combinatorial configuration known
to hold at a high singular cardinal x is far from trivial. Further developments
of our abstract apparatus employing (2, S)-Prikry forcings (JPRS23]) may
lead to these sorts of configurations. But for the moment this is unknown to
us:

Question 3.4.4. Consider the following configuration:
1. N, is a strong limit cardinal;
2. BEvery set in A € L(P(Xy,)) NP(“R,) has the X,-PSP.

Is it consistent modulo large cardinals in the realm of supercompactness?



Chapter 4

A pcf view on covering lemmas

In this chapter we aim to carry out an investigation of “covering lemmas”
through the lens of Shelah’s pef theory [She94, [AM10] [Eis10]. The intent is to
analyze certain cover properties for HOD under the assumption of sufficiently
large cardinals and with the help of pcf-theoretic tools. More generally, given
an inner model M of ZFC and a set of ordinals X, one may ask whether there
is a set in M covering X with the same cardinality. This property is known
as the cover property (see Definition below), and it provides useful
information about the cardinal structure of M from the point of view of
V. In fact, appealing to the cover property one can argue that the cardinal
structure of M does not deeply differ from that of V. For instance, under
the cover property, every singular cardinal remains singular in M, and M
correctly computes its successor. We look at M from the perspective of pcf
theory. More precisely, we inquire whether the pcf structure of M is preserved
and how the cardinal structure affects it.

Concretely, we introduce the notion of intemediate cover property (defined
in Definition [4.2.20)), asserting the existence of a mild degree of resemblance
between V' and M. We show that every inner model satisfying this prop-
erty admits an equivalent reformulation of the cover property in terms of a
pcf-theoretic property; namely, the scale property (see Definitions and
. Roughly speaking, the scale property expresses the informal idea that
the pcf structure in M resembles that of V. Specifically, we show that if M
has the intermediate cover property then the cover and the scale properties
can be extrapolated from each other:

Theorem 9 (Theorem [4.3.20). Let k > w be a cardinal. Suppose that M is
an inner model of AJ] with the k-cover property and the intermediate cover
property above k. Then the following are equivalent:

1See Definition m

122
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1. M has the cover property above k.

2. M has the A-scale property, for all M-singular cardinals \ satisfying
Kk < cof(A) < |A] € Reg.

Combining Theorem [9] with Goldberg’s work on w-club amenable in-
ner models [Gol24], we deduce that, under the HOD hypothesis (Defini-
tion , all scales of length AT are preserved, for all sufficiently large
singular cardinals A with cof(\) < |Al:

Theorem 10 (Theorem [4.4.5). Assume the HOD hypothesis, and suppose
that k 1s HOD-supercompact. Then HOD has the \-scale property, for all
HOD-singular cardinals X\ > k with cof(\) < |A|.

4.1 Covering lemmas

The cover property between transitive models of ZFC has long been a fruit-
ful subject of study. This notion arises naturally between V' and its generic
extensions, and between V' and its canonical inner models, such as L. More
interestingly, it lies at the core of “covering lemmas”. Customarily, these
lemmas infer that there is a strong degree of resemblance between the uni-
verse V' and some inner model M. Essentially, they provide ways to cover
certain sets of ordinals in V' with sets of ordinals in M, thereby allowing
the transfer of properties between the universe and its inner model. More
formally:

Definition 4.1.1 (The cover property). Suppose that M is an inner model,
A is an infinite cardinal, and  is an M -cardinal with 6 > \.

1. M has the (X, d)-cover property if for every set of ordinals X of car-
dinality less than \, there is a set of ordinals Y € M of M -cardinality
less than & such that X C Y P| In symbols,

VX COrd (|X|< A=Y e M([Y|" <6 A X CY)).

2. If A\ =0, we say that M has the \-cover property.

3. M has the cover property (above \) if M has the p-cover property for
each uncountable cardinal p (strictly greater than X\). Equivalently,
VXQOrd(]X|2)\:>3YEM(|Y|:|X]/\XQY)). (4.1)

2Note that if in addition § is a cardinal in V, then Y has M-cardinality less than § if
and only if Y has cardinality less than 4.
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Remark 4.1.2. Under AC, one can replace Ord in equation (4.1)) of Defini-
tion with M. Specifically, M has the cover property above \ if and

only if
‘V’XQM(|X|2)\:>3Y€M(|Y|:|X| A XQY)).

Convention 4.1.3. Throughout the chapter, it will be assumed that, unless
otherwise specified, all inner models satisfy AC.

Of course, the w-cover property does not provide relevant information
regarding the model M since every finite set of ordinals is trivially in M.
Moreover, observe that an inner model M has the cover property if and only
if it has the u-cover property for every uncountable successor cardinal p.

The following easy observation will be useful.

Remark 4.1.4. Suppose that M is an inner model with the k-cover property
for some uncountable cardinal k. Then for all ordinals «,

cof () < w if and only if cof(a)™ < k. (4.2)

To see this, pick a set A C a with sup A = « and |A| = cof(«) < k. By the
K-cover property there is a set Y € M such that |Y| < k and A CY C a.
Clearly, supY = « and so cof(a)M < |Y| < k. The other implication is
trivial.

A straightforward consequence of is that if \ is a singular cardinal
satisfying cof(\) < k < A, then \ has to be M -singular.

4.1.1 From Jensen’s to Woodin’s dichotomy

The first impulse for this investigation around the cover property is due to
Jensen [DJ06] who proved that if 0° does not exist, then every uncountable
set of ordinals is covered by a constructible set of the same cardinality. This
result is known as the Jensen’s Covering Lemma for L and yields a strong
dichotomy for the cardinal correctness of the constructible universe L:

Theorem 4.1.5 (Jensen’s L dichotomy, [DJ06]). Ezactly one of the following
holds:

1. For all singular cardinals X, X is singular in L and

AT =\,

2. Fvery uncountable cardinal is inaccessible in L.
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Conclusion [I] in Jensen’s L dichotomy is the weakest statement in the
spectrum of cover properties:

Definition 4.1.6 (The weak cover property, [Mitl(, Definition 1.9]). Sup-
pose that M is an inner model and that k is an infinite cardinal. M has the
weak cover property (above k) if AYM = At for every singular cardinal
(strictly greater than k)f

Canonical inner models other than L have been defined and shown to sat-
isfy stronger cover properties and corresponding dichotomies. For a detailed
account see e.g., [Mit10l [DJ82al, [DJ82b, MSS97].

The proof of Jensen’s L dichotomy (Theorem and its many gener-
alizations tend to make heavy use of the special structure of canonical inner
models. Some of the deepest and most technically difficult work in set theory
is currently devoted to the construction and analysis of these models. They
are analogs of L for large cardinals; namely, they are models built in some
canonical way and in which certain large cardinals exist. The larger the car-
dinal, the more difficult it is to build such a model. This work is known as the
inner model program, and so far many L-like models were constructed by set
theorists like Jensen, Mitchell, Neeman, Steel and Woodin (see [Mit10]). All
of them extend Godel’s L and form a hierarchy according to their capacity
to capture the large cardinal hierarchy of VE|

Among other things, what all the canonical inner models constructed so

far have in common is that they are all contained in the class of Hereditarily
Ordinal Definable sets HOD. We recall the definition.

Definition 4.1.7 (HOD). LetY be a set. We say thatY is ordinal definable
(in symbols, Y € OD) if there is a formula ¢(x,xo, ..., x,) in the language
of set theory which, together with finitely many ordinals «, . .., oy, defines
Y to wit,

Y ={y| ey a,...,o)}
Additionally, Y is Hereditarily Ordinal Definable (in symbols, Y € HOD) if
the transitive closure of {Y}H consists of OD-sets only. In symbols,

HOD := {Y | tcl({Y'}) € OD}.

The concept of ordinal definability was proposed by Godel in his 1946’s
Princeton lecture [G6d40]. Like the constructible universe L, the class HOD

30bviously, the weak cover property is equivalent to the weak cover property above w.

4The construction of canonical inner models for large cardinals has now reached the
level of Woodin cardinals.

Recall that the transitive closure of {Y'} is the smallest transitive set containing {Y}.
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is an inner model of ZFC. However, HOD and L are customarily regarded as
spectral images of each other in various aspects. The most striking dissem-
blance is that HOD can accommodate all known large cardinals, while L is
limited to that effect. Another important difference is that L is robust under
forcing extensions while HOD is pretty malleable.

Despite these contrasts, Woodin [Wool7, §3.6] showed that Jensen’s L
dichotomy (Theorem holds for HOD under large cardinal hypotheses.
To introduce the dichotomy, we need the notion of w-strong measurability in
HOD (see [Wool0Ob, Definition 189] or [Wool7, Definition 3.35]).

Definition 4.1.8. Suppose that p is an uncountable reqular cardinal. Then
i is w-strongly measurable in HOD if there exists v < p such that

1. 7y is an infinite cardinal in HOD and (27)H°P < y;
2. There does not exist a sequence
(So | @ <) € HOD

of pairwise disjoint subsets of p such that for each o < v, S, s sta-
tionary in S* :={n < u | cof(n) = w}.

Theorem 4.1.9 (Woodin’s HOD dichotomy). If k is extendible, exactly one
of the following holds:

1. For all singular cardinals A > k, X\ is singular in HOD and

)\-i—HOD _ )\—i-'

2. Fvery reqular cardinal greater than or equal to k is w-strongly measur-

able in HOD.

Woodin’s HOD conjecture states that Conclusion [1]is provable from large
cardinal axioms.

In the context of Theorem [1.1.9] Conclusion [I] is known as the HOD
hypothesis (see [WoolT7, Definition 3.42]):

Definition 4.1.10 (Woodin’s HOD hypothesis). The HOD hypothesis states
that there is a proper class of reqular cardinals that are not w-strongly mea-
surable in HOD.

Therefore, under the HOD hypothesis, HOD has the weak cover property
above the first extendible cardinal.

In [Gol24], Goldberg established a similar dichotomy (Theorem |4.1.13))
for a fairly broad class of inner models, just assuming the existence of a
strongly compact cardinal.
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Notation 4.1.11 (w-club filter). For any ordinal 6 of uncountable cofinality,
Cs. denotes the w-club filter on &; namely the filter generated by the w-closed
unbounded subsets of 9.

Definition 4.1.12 (w-club amenability). An inner model M is said to be w-
club amenable if for all ordinals 0 of uncountable cofinality, the w-club filter
Csw on 0 satisfies

Cg’w NMe M.

Theorem 4.1.13 ([Gol24, Corollary 2.9]). Assume M is w-club amenable
and K 18 wy-strongly compact. Fither all singular cardinals A > K are singular

in M and \*M = \*, or all sufficiently large reqular cardinals are measurable
wmn M.

Appealing to the fact that HOD is w-club amenable, Goldberg showed
that Woodin’s HOD dichotomy in fact takes hold far below the least ex-
tendible cardinal (see [Gol24, §2.2]):

Theorem 4.1.14 (Goldberg). Assume k is strongly compact. Then exactly
one of the following holds:

1. HOD has the k-cover property. In particular, for all singular cardinals
A > K, \is singular in HOD and XTHOP = \+.

2. Fvery sufficiently large reqular cardinal is w-strongly measurable in
HOD.

Since HOD incarnates the realm of mathematical definability, the HOD
dichotomy unveils two antagonistic futures for Set Theory — either there is
pattern (i.e., Conclusion [1| holds) or there is chaos (i.e., Conclusion [2| holds).
Intuitively, scenario [1| says that HOD is close to resembling V' in the sense
that HOD and V closely resemble each other in terms of their large cardinal
structure. On the contrary, scenario [2| says that HOD is far from V in the
sense that the large cardinal structures of the two models differ. However,
assuming the pattern scenario, it is still unclear whether HOD has the cover

property above  (Definition [.1.1|(3)).

Question 4.1.15. Suppose that
1. k is strongly compact;
2. HOD has the k-cover property.

Does the cover property above k hold for HOD ?
In other words, does the HOD hypothesis imply that HOD has the cover
property above the first strongly compact cardinal?
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In the forthcoming sections (i.e., and §4.4) we will deduce that an

affirmative answer amounts to saying that HOD has the A-scale property for
all HOD-singular cardinals A satisfying x < cof(\) < |A\| € Reg.

4.1.2 Magidor’s theorem

A partial answer to Question 4.1.15/ has been provided by Goldberg:

Proposition 4.1.16 (|Gol24, Corollary 2.6]). Suppose that k is strongly com-
pact and that HOD has the k-cover property. Then HOD has the \-cover
property for all strong limit cardinals X\ > k.

In light of Proposition [4.1.16] the expectation is that Question [4.1.15| has
a positive answer. In this chapter, we are going to address the question with

the lens of Shelah’s pcf theory [She94]. Note that we have already used this
tool in Chapter [2, but in this instance, the focus will be more on two pctf-
theoretic objects called scales and exact upper bounds (see Definitions m
and respectively). The choice to pursue this approach is essentially
motivated by the following theorem due to Magidor (Theorem who
proved that the cover property exhibits some kind of compactness feature. In
fact, Magidor applied methods from pcf theory to isolate sufficient conditions
on some inner model M ensuring the cover property for M, provided the w;-
cover holds.

Theorem 4.1.17 (Magidor, [AM10, Theorem 2.33]). Suppose that

1. M is a cofinal correct inner model, i.e. cof(a) = cof(a)™, for all
ordinals a.

2. M = GCH.

3. M has the wi-cover property.
Then M has the cover property.

The proof of Magidor’s theorem relies on an important piece of pcf theory;
namely, the determination of conditions that ensure the existence of exact
upper bounds.

In the following sections (i.e., and we will follow Magidor’s
approach with the intent of addressing Question in the slightly broader
context of inner models with the intermediate cover property. The idea here
is to eliminate, as much as possible, the structural assumptions on a given
inner model, and to investigate its cover property through the notion of the
scale property.

The organization of the chapter is as follows:
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e In Section [4.2] we set notations and provide relevant preliminaries about

scales and exact upper bounds. We also define the intermediate cover
property and highlight a first connection with the scale property.

In Section the main theorem is proved. Our method is partially
inspired by former work of Magidor [AMI10, §2.3] on the cover prop-
erty. The analysis carried out by Magidor involves cofinal correct inner
models. In contrast our argument will be applicable to a wider class of
inner models.

In Section we apply our main theorem to the case where the inner
model is either HOD or a ground model.

The chapter concludes with Section [4.5] which presents several remarks
concerning the absoluteness of SSH and SCH.

4.2 The lens of pcf theory

4.2.1 The scale property

We now come to a crucial pcf-theoretic object commonly employed to inves-
tigate the successors of singular cardinals; namely scale. For our purposes,
the notion of scale and its preservation are central in the analysis of the
cover properties. First, we recall some elementary definitions (most of them
from in Chapter [2), with the further intent of fixing the notation.
Specifically, we define the order (] A, <jva), the supremum function and the
product [] A:

Definition 4.2.1. Let A be an infinite set of ordinals.

1.

[T A denotes the set of functions f: A — Ord such that f(a) < a, for
all a € A.

JP4 denotes the ideal of bounded subsets of A.

Given two functions f and g in [[ A we write f <jva g if
{ae Al f(a) > gla)} € I,

Similarly, f =a g means that {a € A | f(a) # g(a)} € J*.

Given an indexed family { f; | i € E} of functions in [ [ A, its supremum
function sup{f; | i € F}: A — Ord is defined as

a€ A Ufz(a)

i€l
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5. Giwven a function h: A — Ord, [[h denotes the set of all functions
f: A — Ord such that f(a) < h(a), for all a € A. In particular, note

Convention 4.2.2. If0 € A, then [[A=10. So to avoid triviality 0 ¢ A is
assumed for all set of ordinals A, whenever the expression [[ A is used. For
the same reason, whenever we need to work with the product [ h, for some
function h: A — Ord, we tacitly assume that h(a) > 0 for all a € A.

Definition 4.2.3 (Scale). Let A be an infinite set of ordinals and let o be
an uncountable ordinal. A scale of length o on A is a sequence of functions

—

f={fs| B <a) such that
1. Forall p < a, fzg € [[A;

2. fz's < gva-increasing, i.e. if vy < <« then f, <ja fz;

3. f is < gva-cofinal, i.e. if g € [[ A then there is B < a such that g < jva
fs-

If o and A are clear from the context, we simply say that f s a scale.

If M s an inner model and
M “f is a scale”
then we say that f 15 an M -scale.

Recall that we have already introduced and used the concept of scale on
countable sets in Chapter [2] (see page 27). However, Definition is more
general since sup A is allowed to have uncountable cofinality and in fact this
is exactly the case we are interested in.

Notation 4.2.4. Let A be an infinite set of ordinals.
1. ]ff: (fa | B < a) is a scale of length o on A and B C A, define

—

fIB:=(fsgI B|f<aq).
2. If M is an inner model, define
AGM) . oM o € A}
As pointed out, the cover property (Deﬁnition provides information
about the degree of resemblance between the universe and its inner models.

The scale property is another way to formalize this feature of closure and, as
we shall see, it is closely related to the cover property.



CHAPTER 4. A PCF VIEW ON COVERING LEMMAS 131

Definition 4.2.5 (The A-scale property, case cof(\)M > w). Let M be an
inner model and let X be an M-singular cardinal with cof(\)™ > w. Then
we say that M has the (strong) A-scale property if for each club D € P(\)M
and for each M -scale fof length \*M on DM there is a club C C D such
that (C € M and) f | CHM) s g scale.ﬁ

Note that Clauses and of Definition are absolute between
transitive models of ZFC. So what the scale property is actually saying is
that Clause (3] is still true in V' (modulo a restriction of the domain). In
other words, the \-scale property asserts that for each club D € P(A\)™ and
for each M-scale f of length A*™ on DM)_ it holds that

M ): “JF is < ja-cofinal in HD(-i—M)n
F + (4.3)
f 1 CHEM s < pa-cofinal in [T CHM) | for some club C' C D.

We insist on scales on sets of the form C*M) in light of the following
celebrated representation theorem due to Shelah (see e.g., [She94l p. 55] or
[AMI0, Theorem 2.23]).

Theorem 4.2.6 (Shelah). Suppose that X is a singular cardinal of uncount-

able cofinality. Then for some club C' C X, there is a scale of length \* on
Ce,

The proof of Theorem [4.2.6| makes use of AC. On the other hand, the
scale property has been defined in the setting of ZF. However, appealing to
Shelah’s theorem one can characterize the property in ZFC.

Corollary 4.2.7. Let M and X\ be as in Definition [{.2.5. Then M has the
(strong) A-scale property if and only if there is a club C C X (in M) such
that M N ] CHM) is < pa-cofinal in ] CHM).

One can define the \-scale property for M-singular cardinals A of count-
able M-cofinality in the very same fashion.

Definition 4.2.8 (The A-scale property, case cof(\)M = w). Let M be an
inner model and let X be an M-singular cardinal with cof( \)¥ = w. Then

we say that M has the (strong) A-scale property if for each M-scale f of
length \™ on some unbounded set D € P(A\)M, there is an unbounded subset

B C D such that (B € M and) f1 B is a scale.

5Observe that by definition of scale (Definition [4.2.3)) this means, in particular, that
ATM is uncountable in V.
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The choice of dealing just with unbounded sets is motivated by the fol-
lowing instance of Shelah’s representation theorem:

Theorem 4.2.9 (Shelah, [AMI0, Theorem 2.26]). Suppose that X is a sin-
gular cardinal of countable cofinality. Then there is a scale of length X™ on
some unbounded set D C X of reqular cardinals.

The intuitive idea is that an inner model M with the A-scale property
for all M-singular cardinals is supposed to be “very close” to V. In fact, it
turns out that, under suitable assumptions, this property is stronger than
the cover property, as we shall see in Theorem below.

Definition 4.2.10 (The scale property). Let k be an infinite cardinal. An
inner model M has the (strong) scale property above « if it has the (strong)
A-scale property for each M -singular cardinal A strictly greater than k. If
Kk = w we simply say that M has the (strong) scale property.

With these tools in place we are ready to establish an initial connection
between the cover and the scale properties.

Proposition 4.2.11. Suppose that M is an inner model with the k-cover
property, for some uncountable cardinal k. If X\ is an M-singular cardinal
with cof(\) < k < X, then M has the strong \-scale property.

Proof. First note that, by Remark 4.1.4) cof(\)™ < k. Working in M, let

F=(fe] € <A™

be an M-scale of length A*™ on some set A € P(A\)™. If cof (\)M = w, then
A is an unbounded set of M-regular cardinals. If cof(\)M > w, then A is a
set of the form DM for some club D € P(A\)M. By Theorems and
f exists. By shrinking A (inside M) if necessary, we may assume that
the ordertype of A is cof(A\)*. We claim that fis a scale in V. So pick a
function f € [[ A in V, and observe that

1f| = |A| = |cof W)Y < cof (MM < k.

The k-cover property yields a relation R € P(A x \)M such that f C R
and |RIM < k. As k < \, the set A\ |R|M is unbounded. Without loss of

generality we may assume that 7 < «, whenever («,~) € R.|Z| Define in M a
function h: A — X as follows.

h(a) = sup{y < a | (a,7) € R} +1, ifae A\ |RM;
' 0, otherwise.

"This assumption is harmless because f C R and f(a) < a, for all a € A.
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It is clear that h € M. Moreover, since the o’s in A are M-regular cardinals
and |RIM < A, we have that h(a) < « for all @« € A\ |R|M. Therefore
h € [T A. Finally, the inclusion f C R yields f < jva h.

On the other hand, f = (fe | € < A™) is an M-scale, and so h is
< spa-dominated by some fe. In other words, there is & < A** such that

f <gva h <jpa ff-
This shows that f is a scale in V. O

Remark 4.2.12. Observe that in Proposition we have shown some-
thing a little stronger than required. Indeed, we have proved that if M, k and
A are as Proposition and f is an M-scale of length X*™™ on some set
A e P(WM with ot(A) = cof (NM, then f is a scale in V.

As a consequence of Proposition4.2.11], we immediately deduce that every
cardinal correct inner model with the cover property has the strong scale

property.

Corollary 4.2.13. Let k be an uncountable cardinal and let M be an inner
model. Suppose that

1. M is cardinal correct above K, i.e. if A > k is an M-cardinal then X\ s
a cardinal.

2. M has the cover property above k.
Then M has the strong scale property above k.

Proof. Let A > k be an M-singular cardinal. By cardinal correctness, A has
to be a singular cardinal in V. Hence, there is a cardinal 6 > k such that
cof(A\) < 6 < A (e.g., 0 := max{x™,cof(N\)T}). By our assumption M has
the d-cover property. So we may apply Proposition to ¢ and A, and
conclude that M has the strong A-scale property. O]

The argument that the scale property holds at M-singular cardinals with
larger cofinality will require additional assumptions on the inner model M,
which will be stated in Subsection 4.2.3| and 4.3.1} The key issue is whether
M-scales admit exact upper bounds in V:

Definition 4.2.14 (Exact upper bound). Let I be an ideal over some set
A C Ord. Suppose that F is a (non-empty) set of functions in 4 Ord such
that for every f € F there exists some g € F with f <; gFf| A function
h: A — Ord is an exact upper bound of F' if

8Recall that f <; g <= {a € A| f(a) > g(a)} € 1.
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1. FCI]h;
2. F is <g-cofinal in [ h, i.e. for all g € [[h there is f € F such that
g<rf.

4.2.2 Existence of exact upper bounds

We collect some definitions and known facts from pcf theory, and in partic-
ular, from the theory of exact upper bounds. Our main reference is [AMI10].

Definition 4.2.15 (Strongly increasing sequences). Suppose that
1. I is an ideal over a set A.
2. 'Y is a set of ordinals.
3. f: (fe | £ €Y) is a <j-increasing sequence of functions in 4 Ord.

Then f is said to be strongly increasing if there are sets Zg € I, for { € Y,
such that whenever € < x are in'Y

a€ A\ (ZeU Zy) = fe(a) < fi(a).
Definition 4.2.16 (The principle (x),). Suppose that
1. 1 is an ideal over a set A.
2. v 1s a reqular cardinal.
3. f= (fe | € < V) is a <;-increasing sequence of functions in * Ord.
For any regqular cardinal p < v, (x), denotes the following property of f

(%), For each unbounded subset X C v there is Xo C X of ordertype p such
that (fe | £ € Xo) is strongly increasing.

With a view to the proof of Proposition below we need some tech-
nical lemmas. The first lemma (Lemma[4.2.17) provides sufficient conditions
for the property (*), to hold. The second one (Lemma establishes a
connection between (%), and the existence of exact upper bounds.

Lemma 4.2.17 (J[AMI0, Lemma 2.19]). Suppose that
1. I is a proper ideal over a set A.

2. p and v are reqular cardinals such that p*t+ < v.
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3. f= (fe | € < V) is a sequence of length v of functions in * Ord that is
<r-increasing and satisfies the following requirement: For every 6 < v
with cof (§) = u™™, there is a club Es C § such that for some §' > § in
V7

sup{f; | i € Es} <; fs.
Then (%), holds for f
Lemma 4.2.18 (JAM10, Theorem 2.15]). Suppose that
1. I is an ideal over a set A.
2. v > |Al" is a regular cardinal.

3. f= (fe | € <) is a <j-increasing sequence of length v of functions in

A0rd.

Then for every reqular cardinal p such that |A|Y < p < v the following are
equivalent:

1. (%), holds for f
2. f has an ezact upper bound h for which {a € A| cof(h(a)) < u} €.

Now we would like to isolate sufficient conditions on an inner model M
ensuring that a V-exact upper bound of an M-scale f is the identity function.
This would ensure that f remains a scale in V. The argument requires a
deeper analysis of the spectrum of the cover properties. We briefly introduce
it in the following subsection.

4.2.3 The intermediate cover property

Recall that Jensen’s Covering Lemma for L states that if 0° does not exist
and A C Ord is uncountable, then there is B € L such that A C B and
|A| = |B|. The conclusion implies that if 6 > w; is a successor cardinal in L,
then cof(d) = |d]. Goldberg proved that a slightly stronger conclusion holds
for all w-club amenable inner models with a sufficient amount of the cover

property:

Lemma 4.2.19 ([Gol24, Theorem 2.8]). Suppose that k is a regular un-
countable cardinal and that M is an w-club amenable inner model with the
(w1, K)-cover property. Then

for all M -regular cardinals 6 > K, cof(d) = |0]. (4.4)
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Conclusion [4.4] of Lemma [4.2.19 will be so relevant for the theory of exact
upper bounds that deserves a deﬁnitionﬂ

Definition 4.2.20 (The intermediate cover property). Let x be an infinite
cardinal and let M be an inner model. Then M has the intermediate cover
property (above k) if cof(d) = ||, for all M-reqular cardinals § (strictly
greater than )]

Corollary 4.2.21 (HOD hypothesis). HOD has the intermediate cover prop-
erty above the first strongly compact cardinal.

Proof. Let k be the first strongly compact cardinal. By the HOD hypothesis,
HOD has the k-cover property (see Theorem [4.1.14]). Since HOD is w-club
amenable, Lemma [4.2.19| applies. O

The intermediate cover property of M ensures that the cardinal structures
of M and V are not so different from each other. For instance, singular
cardinals remain singular in M and the M-cofinality is collapsed to the V-
cofinality:

Lemma 4.2.22 (Cardinal structure). Suppose that M is an inner model with
the intermediate cover property above some infinite cardinal k.

1. If v > Kk is a singular cardinal, then v is singular in M.

2. For all ordinals o, if cof(a)™ > k, then |cof(a)M| = cof(a). In par-
ticular,
cof (a) > & if and only if cof(a)™ > k,

for all ordinals «.

3. For all M -singular cardinals v > K, if |7y| is singular, then

(a) |v| =7, and
(b) v =t

Proof. (1) If v would be regular in M, then the intermediate cover property
above k yields

cof(7) = [7] =1
But this contradicts the fact that ~ is singular.

9The author acknowledges Goldberg for suggesting the name “intermediate” in Defini-
tion

90bviously, the intermediate cover property is equivalent to the intermediate cover
property above w.
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(2) Suppose first that cof(a) = k. Then & is regular and so
k = cof (k) = cof (cof(a)M) = cof(a).

In particular, | cof(a)| = cof(a). Now suppose that cof(a)™ > k. The
intermediate cover property above k yields

| cof (a)M] = cof (cof (a)M) = cof(a).

(3) Suppose towards a contradiction that |y| < 7. Then there is an
M-regular cardinal § such that |[y| < § < v (e.g., 6 := |y[™). By the
intermediate cover property above k, cof(d) = |6| = |y|. But this contradicts
the fact that |y| is singular. Now we verify that v = ~4T. Since v is
singular and v*™ is an M-regular cardinal above x, the intermediate cover
property above k leads to

VM) = cof (M) > .

In particular, |[y™| is regular. On the other hand, v* is the least regular
cardinal strictly greater than ~y, and so y™ > || > 4T, As 4™ < A+,
it follows that y+M = 7. O

Note that item of Lemma is actually equivalent to the in-
termediate cover property above k. Indeed, if § > k is M-regular then
6] = | cof (§)M] = cof(d). So what the intermediate cover property is infor-
mally saying is that while new cofinal sequences may be added, they are not
so “far below” the sequences in M.

As the name suggests, the intermediate cover property lies between the
cover and the weak cover properties:

Cover property
\

Intermediate cover property

¥
Weak cover property.

More generally:
Lemma 4.2.23. Let k be an infinite cardinal and let M be an inner model.

1. If M has the k-cover property and the cover property above k then M
has the intermediate cover property above k.
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2. If M has the intermediate cover property above k then M has the weak
cover property above k.

Proof. (1) Suppose § > k is M-regular. First observe that § = cof(§)” > k.
We use the k-cover property to infer that cof(d) > k. Indeed,

k, if kK > w (see Remark ;

cof(0) > { ‘
w, ifk=w.
Working in V, let A be a cofinal subset of § with |A| = cof(d). As |A| > &,
the cover property above k applies and yields a set Y € M with ACY C§
and [Y]| = |A|. But § is M-regular and Y is unbounded in §, and so |Y|M = 4.
Therefore,
6] = [[Y "] = [Y'| = |A] = cof (6).

(2) Suppose that A > & is singular. By Lemma [1.2.22][1)), A is singular
in M. Trivially, |A| is singular and so Lemma 4.2.22 applies, leading to

ATM = AT, ]

A consequence of Goldberg’s lemma (Lemma is that the class
of inner models with the intermediate cover property above some regular
uncountable k is pretty rich: all w-club amenable inner models with the
(w1, Kk)-cover property have the intermediate cover property above x and in
particular, under the HOD hypothesis, HOD has the intermediate cover prop-
erty above the first strongly compact cardinal (Corollary .

Our next goal is to formalize the connection between the scale and the
cover properties for inner models in this class. Accordingly, we examine the
influence of the intermediate cover property on the scale property.

Let us briefly illustrate the approach we are going to carry out. Suppose
for a while that M is an inner model with the x-cover property and the
intermediate cover property above k, for some uncountable cardinal k. We
have already pointed out that if A > x is M-singular and has small cofinality
then the A-scale property holds (see Proposition . On the contrary, if
the cofinality of A is largelﬂ two cases may occur:

Case |)\| is singular: In that case A remains a cardinal (i.e., |[A| = A) by
Lemma 4.2.22, and hence we may appeal to the theory of exact upper
bounds (incorporated in Lemmas [4.2.17 and 4.2.18]) to infer that the A-scale
property holds. This will be the content of Proposition below.

UHere large means that cof(\) > k (<= cof (\)M > k).
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Case |)\| is regular: In that case it turns out that the strong A-scale
property, for all A with cof(\) < || € Reg, is equivalent to the cover prop-
erty above k, provided that M satisfies in addition a combinatorial principle
(denoted by A, and introduced in Definition . This will be the content
of Theorem [.3.20] below.

In both cases, the intermediate cover property above x will come to our
rescue. This case analysis motivates the following definition.

Definition 4.2.24 (SM and RY). Let x be an uncountable cardinal and let
M be an inner model.

1. Let SM denote the class of M-singular cardinals \ such that |\| is
singular and k < cof(\)[?]

2. Let RM denote the class of M-singular cardinals \ such that |\| is
reqular and r < cof(\)[F]

The following two observations are obvious:

Remark 4.2.25. Let k and M be as in Definition [].2.2])
1. SMURM = Cof(> k) N Sing™ [1]
2. {\ € Sing" | cof(\) < k < A}USM URM = Sing™ \x.
First, we focus on the class S¥, and show that

K

A € S — M has the \-scale property.

4.2.4 The class S

Throughout this subsection, our blanket assumptions will be as follows:

Setup 4.2.26. Unless otherwise stated, k is a fived uncountable cardinal, M

15 an inner model with the intermediate cover property above k, and X\ is any
element of SM.

12|\| = X is possible. Also, note that |A| € Sing implies cof () < |A|.

13Note that the regularity of |\| implies that A cannot be a cardinal. Indeed, if A = ||
then \ is regular in M, contradicting the fact that A € Sing™.

1 Cof(> k) denotes the class {a € Ord | cof () > k}. Similarly,

Cof(< k) := {a € Ord | cof (o) < K}.
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To prove that the A-scale property holds, we need a technical lemma
about inner models with the intermediate cover property.

Lemma 4.2.27. Let D € P(\™ be a club of ordertype cof(\)™ consisting
of M-singular cardz'nals Suppose that h: DTM) — X s a function such
that

1. h(a) < a for all a € DM,
2. For each regular p with |D| < u < A,
{a € DEM) | cof (h(a)) < pu} € P

Then the set {a € D | h(a™) = o™} contains a club C C D.

Proof. We are going to partially mimic the proof of Shelah’s representation
Theorem [£.2.6] (see [AM10, Claim 2.24]). Suppose towards a contradiction
that for each club C' C D there is o € C such that h(agM ) < agM . Then
there exists a stationary set S C D such that h(a™) < a™ for every a € S
(e.g., stipulate S := {a¢ | C C D is a club}). Then, for all a € S,

cof (h(a™)) < cof (h(a™NM < h(a™) < o™,
But by assumption every ordinal in D is M-singular, and so
cof (h(a™)NM < o

for all & € S. Thus the function a + cof (h(a™)) defined on S is regressive.

g O pleany hoy oy e,

\/

Appealing to Fodor’s Theorem, let T C S be a stationary set and let u be a
regular cardinal such that {cof(h(a*M)) | a € T} C u < A1 First observe

5Here the fact that s is uncountable becomes crucial because we want to work with
clubs consisting of M-singular cardinals only. In other words, the assumption D C SingM
is harmless since A € SM implies

cof MM > cof(A) > k > w.

16Verbosely speaking, we are applying a slightly different version of Fodor’s Theorem.
Specifically, we are using the fact that if v is an ordinal with v > cof(y) > w, S C v is
stationary and ¢: S — « is regressive (i.e., ¢ € [[S), then there is a stationary subset
T C S such that ¢“T is bounded in ; namely, p“T C ~y for some 79 < . Throughout
this chapter, we will refer to this version of Fodor’s Theorem without further mention.
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that |A| = A by Lemma [£.2.22|(3a) and so A is singular. Moreover, without
loss of generality, we may assume that |D| < p < A\. We verify this. Indeed,

by Lemma ,
|D| = | cof (\)M] = cof ().

So |D| = cof(A) < AJ"] Now replace p with max{|D[*, u} < \.

Thus we have proved that T C {a € DM | cof(h(a)) < u}, showing
that the set {a € DHM) | cof(h(a)) < p} is unbounded. But this is in
contradiction to assumption [2| of the lemma asserting that

{a € DUM) | cof(h(a)) < pu} € P

Proposition 4.2.28. M has the \-scale property.

Proof. Let f = (fe | € < A*M) be an M-scale of length A on D) for
some club D € P(A\)M. By shrinking D (inside M) if necessary, we may
assume ot(D) = cof(\)M. Recall that cof(\) > & if and only if cof (\)M > k
(see Lemma [4.2.22)@2)). In particular, cof(A)™ is uncountable and hence we
may safely assume that D consists only of M-singular cardinals.

Our goal is to construct in M an auxiliary < jwa-increasing sequence

7="{ge | € < X™M)

consisting of functions in [[ D&M such that for some club C' C D, the
sequence § | CHM) is a scale in V. The existence of C will follow from
Lemma [4.2.27] and the construction of g will be carried out in such a way
that

G CHM ig a scale = f I CHM) i a scale.

Working in M, we proceed by induction.

Case £ = 0: We start the construction by letting gy be any function in
[T DM,
Case { = x + 1: At successor stages, if g, is defined, let g,41 be any

function in [T DM that < jua-extends gy- For instance, stipulate
g1 gy (@) + 1.

Case ¢ is a limit ordinal: At limit stages £ < A fix some club

Ee C ¢

17X\ is singular and so it has to be strictly above cof(\) which is regular.
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of ordertype cof(§)M. Since A is singular in M, cof(£)™ < A. In particular
D\ cof (£)M is a club. Now define g¢: DFM) — \ as follows.

sup{gi(oﬁM) |i€ Ee}, ifaeD)\ cof(g)M;

0, otherwise.

ge(a™) = {

By regularity of a™ it follows that g¢(a™) < o™ whenever o > cof (£)M.
Thus, g¢ € [[ DY), Also, observe that sup{g; | i € E¢} = g¢ and so
Gy <gva ge, for all x < &.

The construction of § is done in M, but now we pass to V and deduce
by Lemma that (), holds for every regular cardinal pt < A™. But
Al = A by Lemma [4.2.22)(34)), and so X is singular. Therefore,

(%), holds for every regular cardinal 1 < . (4.5)

Observe that At is regular since At = A*M by Lemma , and so
we may safely apply Lemma to JP4, DEM) \TM and g.

Now we want to establish the existence of an exact upper bound to the
sequence ¢, and for this we are going to invoke Lemma [4.2.18| in the first
instance, and Lemma [4.2.27] in the second instance. Before proceeding, use

Lemma 4.2.22 to infer that
|IDEM)| = |D| = |cof (\)M| = cof(\) < A.
In particular,
IDEMIF = cof (\)F < X < AT,

Thus, we may apply Lemma [4.2.18 to J*4, DM X\* and §. Specifically,
use (4.5)) to deduce that, for every regular cardinal p with |D| < p < A, the
sequence § has an exact upper bound h: D™*M) — Ord for which

{a € DEM) | cof (h(a)) < pu} € JP.

Without loss of generality, we may assume that h(a) < a for all a € DFM),
since the identity function idpam) is clearly an upper bound to §g. The
assumptions of Lemma [£.2.27] are fulfilled and so we may conclude that there
exists a club C' C D such that

C C{a€D]|h(a™)=atM}.

Hence [[(h | CHM) = [Tideean = [JCHM. This means that the set
{ge | CHFM) | ¢ < AT} is < jpa-cofinal in [[CHM). In particular, f | CM)
is a scale: If f € [JCHM) then f is <jwa-dominated by some g, | CHM),
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ie. f <pa gy | CHM for some y < AT. On the other hand, g, € M
and f = (fe | &€ < A™M) is crucially an M-scale. Therefore, g, <ja fe
for some & < AT™M. Finally, f <ja g¢ | O <joa fe | CHM yields
f<de fg f0(+M). O

With this tool in place, we are now in a position to make a straightforward
observation on HOD. In fact, under strong compactness and Woodin’s HOD
hypothesis (Definition , HOD is a model fulfilling the configuration
described in Setup Therefore, combining Propositions and
we immediately deduce that HOD has the A-scale property for a rich
class of HOD-singular cardinals \:

Corollary 4.2.29 (HOD hypothesis). Let k be a strongly compact cardinal
and let X\ > k be a singular cardinal in HOD. If X € Cof(< x) LU SHOP | then
HOD has the \-scale property. In particular, HOD has the \-scale property
for every singular cardinal A > k.

Proof. In light of Goldberg’s Theorem [.1.14] the HOD hypothesis amounts
to saying that HOD has the x-cover property. Assume first that A has small
cofinality, i.e. A € Cof(< k). Then HOD has the strong A-scale property, by
Proposition . On the other hand, if A € SHOP we may apply Proposi-
tion to HOD since it has the intermediate cover property above k, by
Corollary {.2.21] Hence HOD has the A-scale property.

The last assertion follows from the previous paragraph. Concretely, sup-
pose that A > k is singular. By Lemma , A is singular in HOD and
so X € Cof(< k) L SHOD, O

At this point, it is natural to ask whether, under the the HOD hypothe-
sis, HOD has the A-scale property for all HOD-singular cardinals A above a
strongly compact cardinal  (i.e., the scale property above k). Recall that

Sing"P \k = {\ € Sing"°P | cof(\) < k < A} LI SHOP | RIOP,
and so by virtue of Corollary [4.2.29 we are left with the case A € RIOP.

Accordingly, our next focus will be on the class RM.

4.3 Covering the universe with scales

Our interest on the class RM is due to the fact that the A-scale property, for
A € RM plays a crucial role in determining the cover property, as we shall



CHAPTER 4. A PCF VIEW ON COVERING LEMMAS 144

see in Theorem |4.3.20L Of course, the simplest situation arises when RY = (),
which has already been implicitly treated by Magidor (Theorem |4.1.17)):

(1) M | GCH.
(2) M has the w;-cover property. = M has the cover property.
(3) M is cofinal correct (so R} = 0).

(4.6)
With a view to Question [{.1.15]above, it is natural to ask whether one can
get rid of GCH and cofinal correctness in order to deduce a covering lemma for
HOD in the realm of strong compactness, in the style of Magidor’s theorem,
assuming the HOD hypothesis. In fact, the first issue is that HOD may not
be a model of GCH. Therefore, it is reasonable to look for combinatorial
principles that are weaker than GCH and that follow from the large cardinals
in HOD. The second issue is that HOD may not be cofinal correct but, as
we shall see, the intermediate cover property is enough.

Concretely, we continue the study of “covering lemmas” and show that
Magidor’s covering theorem can actually be improved by relaxing the struc-
tural assumptions on M. First, we argue that GCH is redundant, and in fact
it can be replaced with the following weaker combinatorial property.

Definition 4.3.1 (A,). Let k be an infinite cardinal. Then A, states that,
for all successor cardinals 0 > k and for all singular cardinals o > 0,

cof (P-s(), C) < oﬁm
In symbols,
A, = V0 € SuccVa € Sing (k < § — cof (Ps(a),C) < at),
where Succ denotes the class of successor cardinals.

Second, we argue that cofinal correctness can be omitted, provided that
the class functions cof: Card” — Reg and |- |: Card™ — Card coincide
on RY LI (Reg" \w1) (see (3) and (4) in ({.7) below). Specifically, as a
straightforward consequence of our main theorem (Theorem [4.3.20)), we will

80Observe that the assumption o > ¢ is redundant since

a < 6 = cof(P<s(a), C) = cof (P(a),C) = [{a}| < at.
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obtain the following implication:

(1) M E A,
(2) M has the w;-cover property.
E ) For all A € R} cof(\) = [A\|. = M has the cover property.| (4.7)

3
4) M has the intermediate cover
property above wy.

Now observe that
M is cofinal correct => (R =0 A V3 € Reg" (cof(6) = |3])).

On the other hand, it is obvious that GCH = A,,,. Therefore, (4.7)) is
actually a generalization of (|4.6]).

Before stating and proving Theorem [4.3.20] let us elaborate on the above

triangle principle and its connection to SSH (Fact |4.3.3)), SCH (Fact [4.3.10)
and strongly compact cardinals (Fact |4.3.14)).

4.3.1 Weak forms of SSH and SCH

It is clear that A, = A,,, whenever p and v are cardinals with w < pu < v,
and so A\, is the strongest statement we can hope for. More interestingly, A,
is equivalent to SSH. The key point is the following equivalent reformulation
of Shelah’s Strong Hypothesis.

Fact 4.3.2 ([Mat2l, Fact 6.4], [Mat09, Corollary 3.6]). The following are
equivalent:

1. SSH.
2. pp(a) = a for every singular cardinal o of countable cofinality.

3. Let § and a be uncountable cardinals such that § is reqular and 6 < a.
Then
a, if cof(a) > 4;

cof(Ps(ar), C) = {&+ if cof () < 4.

4. For every singular cardinal o of countable cofinality,

cof (Py, (o), C) < a™.

Now the equivalence SSH <= A, follows easily:
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Fact 4.3.3. SSH holds if and only if A, holds.

Proof. SSH = A, follows from Fact [£.3.2)3)), while A, = SSH follows
from Fact [4.3.2{4)). O

However, it is still unclear whether one can characterize SSH above some
cardinal x in terms of A,.:

Question 4.3.4. Let k be an infinite cardinal. Is the principle /\,, equivalent

to SSH... 7

There is a similar characterization of SCH in the style of Fact which
yields A\, provided k is large enough. Here, the notion of largeness is for-
malized by the following definition (see [Mat09, §3]).

Definition 4.3.5. Let § be a regular uncountable cardinal. We let 6(9) denote
the least cardinal @ > 280 such that

cof (P ,+(0),C) < 0F7,
for every infinite cardinal p with p < 6 NJ.
Fact 4.3.6 ([Mat09, Corollary 3.7]). The following are equivalent:
1. SCH.

2. Let § and « be uncountable cardinals such that o > § = cof(d) and
a>0(0)*t. Then

a, if cof(a) > 4;

cof(P<s(ar), C) = {a+ if cof () < 4.

3. For every singular o > 2%° of countable cofinality,

cof (P, (a), ©) < ™.

Corollary 4.3.7. If 2% < R, then SSH and SCH are equivalent.

Proof. Tf 2% < R, Fact and Fact are the same statement.
[

Definition 4.3.8 (15 and 71, [Mat09, §3]).

9Recall that SSH-~., is the assertion that pp(A\) = A, for all singular cardinals A > x.
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1. Let 7y be the least cardinal T > 2%° such that for every cardinal o > 77+
and every reqular uncountable cardinal § < «,

a, if cof(a) > 4;
cof (P<s(a), C) = {oﬁ, if cof () < 0.

2. Let 7 be the least cardinal 7 > 2% such that cof(P,+(7),C) < 77F
for every infinite cardinal p < 7.

Lemma 4.3.9 ([Mat09, Proposition 3.8]). Assume SCH. Then 1y exists and
To = 71. In particular, 7o > 0(0) for every uncountable reqular cardinal §.

Now the implication SCH = A\, is straightforward:
Fact 4.3.10 (SCH). A, holds.

Proof. Let 0 and « be cardinals with 7y < § < a and § € Succ. By
Lemma [4.3.90 we have #(0)" < «. Therefore, cof(P.s(c),C) < at by

Fact . O

With attention shifted to the realm of large cardinal axioms, one can show
that the principle A, follows from strong compactnessm To prove this, we
need the following Silver-type lemma. For proofs of similar facts, see [Rin06,
Lemma 3.8] or the results from [LH23].

Lemma 4.3.11. Let pu be a singular cardinal of uncountable cofinality, and
let § be a regular cardinal with cof(pu) < § < p. If

S:={v<ulcof(Ps(v),C) <vt}
is stationary, then cof(P.s(u), C) < ut.

Proof. Invoking Shelah’s representation theorem (Theorem , we rep-
resent 't by picking a scale f = (fo | @ < p*) of length u* on C),
for some club C' C pu. Without loss of generality, we may assume that
ot(C') = cof(u). Since S is stationary, the set D := SN C' is also stationary
and so f | D™ is trivially a scale of length g on D). First, we define a
sequence (B, | v € D) so that each B, witnesses cof(P.s(v), C). That is, for

20The author acknowledges Lambie-Hanson for communicating the proof of Fact |4.3.14
See, e.g., the following discussion on MathOverflow:

https://mathoverflow.net/questions/486020/computing-the-cofinality-above-the-first-
strongly-compact-cardinal.


https://mathoverflow.net/questions/486020/computing-the-cofinality-above-the-first-strongly-compact-cardinal
https://mathoverflow.net/questions/486020/computing-the-cofinality-above-the-first-strongly-compact-cardinal
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all v € D, B, is a C-cofinal subset of P.s(v) with |B,| = cof(P-s(v), C). As
D C S, cof(P.s(v),C) < vt for all v € D, and so we may pick an enumera-
tion of B, of length < v*, say B, = {B{ | { < K, } for some , < v*. Second,
for each pair (v, a) € Dxput, we choose an injective function h%: f,(v™) — v.
Note that by definition f,(v*) < v*, and so such an h? exists. Now we use
the scale f | D) and the matrices

(BY |veD,&<ky)and (hy | o« < ¥, v € D)

to construct a set B C Ps(u) witnessing cof (P-s(u), C) < put. Concretely,
fora < p*t,ne D and§ <k, <n, let

Ziame = {E | Jv e DIx < k(B = BY, x < fav?) N hJ(x) € Bg)},

and let B the set of the Z, , ¢’s; namely,
B:={Zne | a<p",neDand £ <k}
Claim 4.3.12. |B| < p* and B C P_s(u).

Proof of claim. Tt is clear that |[B| < u* - |D|-p < put. Fixa < pt,ne D
and £ < k,. By definition Zy,,¢ € p. Moreover, |Z 6| < . This is
because 0 is regular, |[D| = cof(u) < 6, [B{| < ¢ and the function Ay is
injective, whenever o < ™ v € D and £ < k,,. In symbols,

Zlane) = U U B;

veD | x<min{ry,fa(r*)}
he (OEB]

= Ziangl <D > Bl <é

veD | xy<min{k,,fa(r1)}
h (x)€B{

Claim 4.3.13. B is C-cofinal in P.s(p).

Proof of claim. Let A be a subset of u with |A| < §. We have to show that
there are a < p*,n € D and £ < K, such that A C Z,,¢. By construction,
for each v € D there is §, < K, such that ANv C BY . As k, < vt the

function f: vt = &, defined on D™ lives in [J D™). Thus there is o < put
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such that f < wa f,. By working above some py < p if necessary, we may
assume that f(v1) < f,(v") for all v € D. Now we use Fodor’s Theorem to
find a stationary set 7' C D on which the regressive function F': v +— h%(&,),
defined on D, is bounded by some v € D, ie. F*“T C .

(')Jr + f + h’lC; «
’ ’ » & < falv ) — hu(él/><y

But |T| = |D| = cof(u) < § and so F“T" € P.s(v). In particular, we may
appeal to the C-cofinal set B, = {B{ | { < kp} to deduce the existence of
an index £ < Ky such that F“T C Bg. If we prove that A C Ziapg We will
be done with our task of showing that B is C-cofinal in Ps(p). Indeed, if
x € A, thenz € ANv C B for some v € T'. Since v € T', it follows that
he(&,) = F(v) € Bg. By the choice of a, it holds that &, = f(vT) < fo(v™)
and hence x € B C Z, ;4. O]

The above claims show that B witnesses cof (P.s(u), C) < pt, as required.
0

Fact 4.3.14. Assume that r is a strongly compact cardinal. Then
cof (P-s(a),C) < a™,

for all cardinals 6 and o such that § is reqular and o > k. In particular, A\,

holds.

Proof. Suppose, aiming for a contradiction, that there are uncountable car-
dinals 0 and « such that € Reg, a > k and

cof (P.s(a),C) > a™. (4.9)

Assume « is the least cardinal above k satisfying inequality (.9
Claim 4.3.15. cof(a) < 4.

Proof of claim. Suppose not, i.e. cof(a) > ¢, and let («o; | i < cof(«)) be a
<-increasing cofinal sequence in o with ay > . Thus

7)<6<O‘): U P<6(ai)'
)

i<cof («
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By minimality of o and since & is inaccessible, for each i < cof(a) we may
pick a family B; such that B; is C-cofinal in P_s(c;) and |B;| < aﬂﬂ But
then B := {J; (o) Bi is a C-cofinal subset of P<s(a), leading to the following
contradiction:

o < cof(Pes(r), Q) < IB] < o - cof(a) = a™.

Next, we argue that o must have countable cofinality.

Claim 4.3.16. cof(a) = w.

Proof of claim. If cof(a) > w, the minimality of « yields

0 #{v<CardNa|v>r A cof(v) =w} C{v<a|cof(Ps),C) <vtl

In particular, {vr < « | cof(P<s(v),C) < vt} is stationary. Since by

Claim {4.3.15| cof (o) < §, we may appeal to Lemma |4.3.11| and deduce that
cof (P<s(a), ©) < o, contradicting inequality [4.9) O

Let (a,, | n < w) be a <-increasing sequence of cardinals above k cofinal
in . Using the minimality of «a, for each n < w, fix a family B,, C P_s(,)
with |B,| < «;f. For each f € [],., By, stipulate z; :== U, _, f(n), and
let B := {xy | f € [[,., Bn}. Then Bis C-cofinal in P.;(a), and crucially
1B| < [l < ¥ But above a strongly compact cardinal, we have
pe = p for every regular cardinal p, so |B] < o < (a™)¥ = a, yielding a
contradiction. ]

For our purposes, it will be convenient to work with inner models M sat-
isfying A\, for some fixed uncountable cardinal x. By virtue of Fact
this can be achieved, for instance, whenever M |= “k is strongly compact”.
In fact, one can show that, under HOD-supercompactness and Woodin’s HOD
hypothesis, the triangle principle holds in HOD. For completeness, we pro-
vide the notion of HOD-supercompactness ([WoolOb, Definition 132]).

2f || = K, then

K, if & > k;

cof (P<s(a;), C) = cof (P<s(k),C) < {HQS, < n

But <% = K, so cof(P<s(a;),C) < k < ;. Otherwise, if |o;| > &, |B;| < af by the
minimality of a.
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Definition 4.3.17 (HOD-supercompactness). Let k be a cardinal. Then K
1s HOD-supercompact if for every a > k, there is an elementary embedding
j: V. — M, where M s transitive, such that:

1. crt(j) = k;

2. a < j(K);

3. VaM C M;

4. HODM NV, =HODNV,,.

Lemma 4.3.18 ([WoolOb, Theorem 193]). Assume the HOD hypothesis. If
k 1s HOD-supercompact, then

HOD = “k is supercompact”.

Combining Fact |4.3.14] and Lemma |4.3.18, the following corollary is im-

mediate.

Corollary 4.3.19 (HOD hypothesis). If k is HOD-supercompact, then

HOD k= A,

4.3.2 The class RY

Now we prove our main theorem, stating essentially that we can characterize
the cover property in terms of the strong scale property.

Theorem 4.3.20. Let k be an uncountable cardinal and let M be an inner
model. Suppose that

N) M E A,.
(3) M has the k-cover property.
(3) M has the intermediate cover property above k.
Then the following are equivalent:
1. M has the cover property above k.
2. For all A\ € RM with cof(\) < |\|, M has the \-scale property.

3. For all A € RM with cof(\) < |\, M has the strong \-scale property.
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4. For all X\ € RM with cof(\) < ||, M has the (cof (A\)T, \)-cover prop-
erty.

5 For all A € RM with cof(\) < |\, M has the (cof(A)*,|)\|)-cover
property.

Proof. We verify that - , — , - , - and
finally — .

1=>5: Assume that A € RY and cof(\) < |A|. Let X be a set of
ordinals with |X| < cof(A\)*. Recall that RM C Cof(> &) N Sing™, and so

cof (\)* > k. Therefore, the cover property above x yields a set Y € M with
X CY and |[Y] < cof(A\)". As cof(\) < |}], it follows that

Y| < cof(\)' < [N,

and so [Y]M < ||
5=—4: Obvious.

4=38: Assume that A € RM and cof(\) < |\|. Let D € P(A)™ be a
club of ordertype cof ()\) and pick a function f in [ D&M, By virtue
of the alternative definition of the scale property (see implication , it is
enough to show that there is h € M N]] D™ such that f <jwa h. We argue
as in the proof of Proposition [£.2.11} Concretely, appeal to the alternative
definition of the intermediate cover property above  (see Lemma [1.2.22|([2))
to deduce that

[f| = D] = D] = [cof ()M] = cof (V).

The (cof(A\)*, A)-cover property yields a relation R € P(D™HM) x X\)M such
that f € R and |RIM < X As |R|M is small, the set D \ |R|M is still a
club. Without loss of generality we may assume that v < o™ whenever
(o™ ~) € R. Working in M, define a function h: DFM) — X as follows.

sup{7 <a™ | (™ ~) e R} +1, ifae D\ |RM,;
0, otherwise.

h(a™) = {

Clearly, h € M. Moreover, since |R|" < X\ we have that h(a™) < o™ for
all @« € D\ |R/™. In other words, h € [[ D&™). Finally, f C R leads to
f <jva h, as required.

3=2: Obvious.

2By shrinking D (inside M) if necessary, we always may assume that ot(D) = cof(\)M.
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2=—>1: For this last implication, we are going to carry out the case anal-
ysis provided by Magidor in the proof of Theorem (see [AMI0), The-
orem 2.33 (Magidor)]). Specifically, the use of A, in M and Claim
below are the author’s main contributions; the rest of the proof is a reorgani-
zation of Magidor’s techniques, combined with straightforward applications
of the intermediate cover property above k.

Let 0 > Kk be a successor cardinal. We are going to prove by induction
on A € Ord that every set X C X of size less than ¢ is covered by some set
Y € M with |Y| < §. Of course, if X is bounded in A then the inductive
assumption applies, and hence we can consider only sets that are unbounded
in \. We also may assume that A > ¢ since otherwise A itself would be a
suitable covering set for X. Moreover, by unboundedness of X we have that
cof(A) < |X] < d < |A] < A, and so A cannot be a regular cardinal. In
particular, A\ > ¢ by regularity of §. Appealing to the intermediate cover
property above k one can actually show that A cannot be an M-regular
cardinal. Indeed, if A would be M-regular then cof(\) = |A|, contradicting
the fact that cof(\) < |A|. Hence we are left with two cases.

Case 1: )\ is not an M-cardinal.

Let f € M be a bijection from X to [A|[M. So f“X C |A\|* < A. By the
inductive assumption, there is a set Z € M such that f“X C Z C |[A|M and
|Z| < 6. Then f'Z :={B8 < X| f(B) € Z} is a covering set for X of size
less than ¢ living in M, as required.

Case 2: )\ is an M-singular cardinal.

Assume first that cof(\)Y < k. Working in M, let

(N | i< cof MMYy e M
be a <-increasing cofinal sequence in A, and pick an enumeration
(Ee | €< (A=)M)

in M of the set P.s(\)™. Now pass to V and consider the C-increasing
sequence (X N \; | i < cof(A\)M). Applying the inductive assumption, cover
each X N )\; by some FE,. By the k-cover property the set {&; | i < cof(A\)*}
can be covered by some B € M with |B| < k and B C (A<°)M. Define
Y = Ueep Be. Clearly, Y € M and X C Y. Moreover, since |B| <k < §
and |E¢| < 0 for all £ € B, we conclude by regularity of ¢ that |Y'| < 6.
Now suppose cof(\)M > k. By the k-cover property, cof(\) > k (see
Remark . Since A, holds in M and ¢ > k is a successor cardinal, we
deduce that
M E “cof(Ps(),C) < a™” (4.10)
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for all M-singular cardinals @ with § < a < A| Let D € P(\)M be a
club consisting of M-singular cardinals above ¢ such that ot(D) = cof(\)*.
Working in M, define a sequence (C, | @ € D) so that each C, witnesses
cof (Ps(a)™,C)M. That is, for all « € D, C, € M is a C-cofinal sub-
set of P_s(a)M satisfying [Co|Y = cof (P<s(a)™,C)M. For each a@ € D,
cof (P<s(a)M, O)M < o™ by ([£.10), and so we may choose in M an injec-
tive function F,: C, — oM. Applying induction, cover each X Na by some
Y, € M with |Y,| < ¢ and take a set Z, € C, such that Y, C Z,. Observe
that (F, | « € D) € M while (Z, | @ € D) might not be in M, so further
work is needed to cover X with a set in M. Now we pass to V' and define
a function d: DEM) — X by d(a*™™) := F,(Z,), for all @ € D. It is clear
by construction that d € [ D&M). Now the A-scale property comes to our
rescue:

Claim 4.3.21. There is g € M N[ DM such that
d O < pa g | CCM,
for some club C' C D.

Proof of claim. Working in M, let f = (fe | € < A™™) be an M-scale of
length A*™ on Cé+M), for some club Cy € P(D)™. By Shelah’s representa-

tion theorem (Theorem D Co and f exist. We argue that the existence
of g follows from the A-scale property. Concretely, pass to V' and look at |\|.

Subclaim 4.3.22. There is a club C C Cy such that f[ CHM) s q scale in
V.

Proof of subclaim. Two subcases may occur.
Subcase 2.a: |)| is regular.

The regularity of |\| implies that A € RY. Recall that cof()\) < |A| and so
assumption [2| applies. Thus we may appeal to the A-scale property to deduce
the existence of a club C' C Cy (not necessarily in M) such that f I CHM)
is a scale in V.

Subcase 2.b: || is singular.

The singularity of |A] implies that A € S¥. By Proposition 4.2.28, M has
the A-scale property. So there is a club C' C Cj (not necessarily in M) such
that f | CHM) is a scale in V. O

23 Observe that cof(\)™ > k > w and so Sing™ N(5, \) # 0.
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Therefore, there is € < A™ such that d | CHM) < jua fe | CHM). Define
g€ MNJ]DHM as

g(a) := {fﬁ(a), if a € C(()+M);

0, otherwise.

It is clear that d [ CHM) < e g | CHM),
The above completes the proof of the claim. O

Hence we have proved the existence of a function g € M N[ DM such
that
d]CHM < a g | CHM)

for some club C' C D. By shrinking the club C' if necessary we may assume
that d(a™) < g(a™) for all a € C.

We are now ready to construct a set Z € M with X C Z and |Z| < 9.
Concretely, work in M and choose for every a € D an injective function
he: g(a™) — a. Now we pass to V and use Fodor’s Theorem to find a
stationary set S C C on which the regressive function a + hy(d(a™)),
defined on C', is bounded by some § < .

a€lCr—— a™ —— da™) —— h,(d(a™)) <«

\/

Applying induction, the set {h,(d(a™)) | « € S} C B can be covered by
some Y € M with |Y| < d. Finally, define

Z :=| J{E | 3o € D such that E € C, and ho(Fo(E)) € Y}

Note that we have have already used this covering technique. Indeed, the
set Z is a simplified version of the Z,,¢’s defined in in the proof
of Lemma [£.3.11] We briefly verify that Z is suitable. Since the sets D,
(Co | @« € D), (hy | @« € D), (Fy | @« € D) and Y are in M, we have
that Z € M. Moreover, if x € X, there is « € S C C' C D such that
reXNaCVY,CZ,eC, Asa €S, it holds that

ha(Fo(Zy)) = ho(d(a™™)) € Y.

This shows that = € Z, leading to X C Z. The fact that |Z| < 0 is a
consequence of the regularity of 9 and the intermediate cover property above
k. Indeed, the property yields

|D| = |cof (\)M| = cof(N\) < |X| < 6.
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On the other hand, |Y| < ¢ and |E| < ¢ for each E € |J,.pCa- Since 6 is
regular and the functions h, and F, are injective for each o € D, it follows
that |Z| < 9. O

Now it is clear that Theorem {4.3.20f leads to Magidor’s covering theorem
(Theorem 4.1.17)):

Corollary 4.3.23. Let k be an uncountable cardinal and let M be an inner
model. Suppose that

(N) M E GCH.
(3) M has the k-cover property.
(3) M is a cofinal correct inner model.
Then M has the cover property above k.
Proof. By cofinal correctness, for all M-regular cardinals 6 > «, we have that
cof (§) = cof (5)M =6 = |6].

In other words, the intermediate cover property above x holds. Moreover,
cardinal correctness ensures that RM = (). Thus item of Theorem 4.3.20
is trivially satisfied. Therefore, M has the cover property above k. n

Among other things, a straightforward reformulation of Theorem
establishes an equivalence between the cover and the intermediate cover prop-
erties.

Corollary 4.3.24. Let k be an uncountable cardinal and let M be an inner
model. Suppose that

N) M E A,..
(3) M has the k-cover property.
(3) For all X € RM with cof(\) < |\, M has the \-scale property.
Then the following are equivalent:
1. M has the cover property above k.
2. M has the intermediate cover property above k.

Finally, observe that the requirement A € RM in assumption [2] of Theo-
rem can be dropped, which yields the following more quotable corol-
lary:
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Corollary 4.3.25. Let k be an uncountable cardinal and let M be an inner
model. Suppose that

(N) M E A,.

(3) M has the k-cover property.

(3) M has the intermediate cover property above K.
Then the following are equivalent:

(o) M has the cover property above k.

(8) M has the X-scale property, for all M-singular cardinals X > k with
cof (A) < |Al.

Proof. First we verify (o) = (). Let A > k be an M-singular cardinal
with cof(A) < |A|, and let us check that M has the A-scale property. Three
cases we have already dealt with may occur.

Case cof(A) < k: It follows from Proposition [4.2.11}
Case \ € SM: Tt follows from Proposition [4.2.28

Case )\ € RM: It follows from (1) = of Theorem 4.3.20}

The implication (8) = («) follows trivially from = of Theo-
rem 4.3.200 O]

With this tool in place, we now focus our analysis on the case where the
inner model under consideration is HOD.

4.4 Application: HOD and ground models

4.4.1 HOD-scales under HOD-supercompactness

We aim to show that, under the HOD hypothesis, HOD resembles the pcf
structure of V. To verify this, we review a technical lemma due to Hamkins
(see Lemma concerning the cover and approrimation properties, along
with a slightly strengthened form of Woodin’s HOD dichotomy (see Theo-

rem [I44).

Definition 4.4.1 (The approximation property, [Ham03, Definition 1]). Sup-
pose that M in an inner model and that k is an uncountable cardinal. M has
the k-approximation property if for all sets X C M,

X € M if and only if X N1 € M for all T € M with |7| < k.
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Hamkins proved that approximation and cover properties propagate up-
ward:

Lemma 4.4.2 (Hamkins). If k is an uncountable cardinal and M is an inner
model with the k-cover and k-approzimation properties, then M has the cover
property above k.

Proof. We proceed by induction. Assume § = p* for u > &, and let A C Ord
be a set of the form A = {8, | « < u}. By the p-cover property, for each
v <  there is B, € M such that {5, | @« < v} C B, and |B,| < p. We may
assume that B, C B,,, whenever v, < 72 < p. There are two cases.

Case 1: p is regular.

Let B =J,., B, Clearly A C B and |B| < u* = . We verify B € M.
Let 7 € M with |7| < k. By regularity of u, there is v < p such that
Bnt=DB,N Tﬁ Thus, BN 7 € M. By the k-approximation property, the
conclusion follows.

Case 2: p is singular.

Let (u; | @ < cof(u)) be an <-increasing sequence cofinal in p. By the
p-cover property, {B,, | i < cof(p)} can be covered by some B € M of size
less than . We may assume that every set in B has size less than p. So
B:=JB € M covers A and |B| < ut = 0. O

Note that without the x-approximation property, it might be the case
that the k-cover property does not transfer upward; namely

(M has the x-cover property A M does not have the k™ -cover property)
(4.11)
is possible. However, Case 2 in the proof of Lemma shows that (4.11))
cannot be the case if k is singular:

Corollary 4.4.3. If M is an inner model with the k-cover property for some
singular x, then M has the k' -cover property.

Theorem 4.4.4 (Woodin, [WoolObl). If x is HOD-supercompact, exactly
one of the following holds:

1. HOD has the k-cover and k-approximation properties.

24For each B € BN T let 75 < p be such that 3 € B,,. Since y is regular,

vi=sup{yg |BEBNT} < p

and so BNt C B, Nr.
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2. Fvery sufficiently large regular cardinal is w-strongly measurable in

HOD.

Theorem 4.4.5 (HOD hypothesis). Let x be HOD-supercompact. Then
HOD has the A-scale property, for all HOD-singular cardinals A > k with
cof () < |A.

Proof. The conclusion follows from the implication (o) = () of Corol-
lary [4.3.25] Therefore, it is enough to verify that

() HOD  A,.
(3) HOD has the x-cover property.
(J) HOD has the intermediate cover property above k.

(o) M has the cover property above .

(R) Since x is HOD-supercompact, HOD |= A, by Corollary [£.3.19 (3) The
fact that HOD has the k-cover property is ensured by Theorem [4.4.4|[1). ()
The intermediate cover property above « is the content of Corollary
() Finally, the HOD hypothesis and the HOD-supercompactness of x yields
the k-cover and k-approximation properties for HOD (see Theorem [4.4.4)).
Therefore, HOD has the cover property above x by Lemma [4.4.2] O

4.4.2 Scales after forcing

We conclude Section [.4] with a simple remark and a relevant question on
the behavior of the scale property for V', from the point of view of its generic
extensions. First observe that, if f = (fe | € < A7) is ascale on some set A, it
is very easy to destroy it using the forcing method. For instance, it is enough
to add a < ja-domintating function f € [[ A to f, ie. fe <pa f for all
¢ < A*. So it is natural to ask whether a given forcing poset preserves scales,
so that the ground model has the scale property in the generic extension. An
answer can easily be provided by appealing to the following basic fact.

Setup 4.4.6. P is a forcing poset, G is P-generic, and k is a reqular un-
countable cardinal.

Fact 4.4.7. If P is k-cc and 0 > Kk is a reqular cardinal, then V has the
d-cover property in the extension V[G].
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Proof. Assume X € V[G] is a set of ordinals with |X|VI] = i for some
cardinal p < §. Let f: u — X be a bijection in V[G] and denote with 7
and X P-names for f and X respectively. Without loss of generality, we
may assume that 1p IFp “7: 1 — Xisa bijection”. Working in V', for each
a < pthe set D, :={q € P | q ||z 7(c)}is dense and so there is a maximal
antichain I, € D,. Now define

Y :={f€O0rd|3a<udpel,(plpr(a) =05)}.

It is clear that X C Y € V. Moreover, since P is k-cc, |I,| < k < § for each
a < p. So |B| <> . _, 1. <0, by regularity of o. O

a<p

Proposition 4.4.8. Suppose that
1. P preserves cardinals above k.
2.V has the cover property above k in V[G].

Then V' has the strong scale property above k in V[G]. In particular, this is
the case when P is k-cc.

Proof. The conclusion follows from Corollary O

Exploiting the connection between the scale and the cover properties, one
may attempt to isolate a class of forcing posets for which the cover property
holds. For instance, the following question remains open.

Question 4.4.9. Suppose P is proper. Does the cover property hold for P?
Namely, does the properness of P imply that

It is known that if P is proper and G is P-generic, then V' has the w;-cover
property in V[G].

4.5 Preserving SSH and SCH

As pointed out in Section of Chapter [I] the absoluteness of certain pcf-
theoretic statements between HOD and V is still not well understood. Along
this line, we conclude the chapter with several remarks (see Lemma [4.5.1]

Lemma [£.5.3] Theorem [4.5.4 Lemma and Theorem [4.5.7) concerning

the absoluteness of SSH, SCH and SSH above a given cardinal .

25See Definition
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Lemma 4.5.1. Let M be an inner model of SSH with the wy -cover property.
Then SSH holds in V.

Proof. Suppose M |= SSH. Let « be a singular cardinal of countable cofi-
nality. By Fact [£.3.2[), it is enough to show that cof(P.,,(a),C) < at.
Working in M, let C € M be a C-cofinal subset of P, (a)™ such that
M = “C| = cof(P<w, (@), )" Y Note that C is C-cofinal in P, (a): if
X € Py, (), then by the w-cover property there is Y € P, (a)™ such
that X C Y. But C is C-cofinal in P, (a)™, and so there is C' € C with
Y C C. Thus, cof (P, (a),C) < |C|. Since M = SSH, Fact leads

to

Hence cof (P, (a),C) <|C| < [CIM < a™ < at. O

M E “C| = cof (Pey, (o), C) < a7,

Corollary 4.5.2. If SSH fails, then there is no inner model of SSH with the
w1 -cover property.

Lemma 4.5.3. Let M be an inner model of SCH with the wy-cover property.
If 2% > (2%)M then SCH holds in V.

Proof. Suppose M }= SCH. Let o > 2™ be a singular cardinal of countable
cofinality. Appealing to Fact [4.3.6{(3), it is enough to show that

cof (Py, (o), C) < a™.

Working in M, let C € M be a C-cofinal subset of P, ()™ such that
M = “IC| = cof(P<y, (a),C)”. As argued in the proof of Lemma C is
C-cofinal in Py, («). Thus, cof (P, (), ) < |C|. On the other hand, since
M = SCH and a > 2% > (2%)M  Fact leads to

M E “|C| = cof (P, (a),C) < a™.
Hence cof (P, (a),C) <|C| < [CIM < a™ < at. O

Under cardinal correctness and full cover, the converse implication of
Lemma [4.5.1] also holds:

Theorem 4.5.4. Suppose that M is a cardinal correct inner model with the
cover property. Then M = SSH if and only if V = SSH.

260bserve that there is no ambiguity here since, under the w;-cover property, it holds
M _
that w” = w;.




CHAPTER 4. A PCF VIEW ON COVERING LEMMAS 162

Proof. 1t is enough to verify that V' = SSH = M = SSH (the converse im-
plication is the content of Lemma|4.5.1)). So let o be an M-singular cardinal
with cof ()™ = w, and let us show that

M E “cof (P, (a),C) < a™”.

Since M is cardinal correct, « is a singular cardinal of countable cofinality
in V. On the other hand, by SSH in V', we have that
|B| = cof (P<y, (a),C) < a,

for some C-cofinal subset B C P_,, (o). By the wi-cover property we may
actually assume that B C P, (o)™ E Appealing to the |B|"-cover property,
pick a set A € M such that B C A C P, (a)™ and |A| = |B|. Now work
in M and let C € M be a C-cofinal subset of P, (a)M satisfying

M E “|C| = cof (P, (a), Q).

By construction A is C-cofinal in P, (a)™, and so, by minimality, it holds
that M = “|C| < |A|”. Finally, use once again cardinal correctness to
conclude that

CIM <A™ =|A| = |B| < o = o™,
Thus, by Fact [£.3.2{), M }= SSH. O

A slightly different argument shows that it is possible to deduce preser-
vation theorems for SSH above some fixed cardinal x. In the first instance,
we assume that SSH-,. holds in some inner model M, while in the second
we assume that SSH-, is true in V. For this latter case, we invoke the no-
tions of wy-strong compactness and goodness of scales from Chapter [2| (see

Definitions and respectively).

Lemma 4.5.5 ([Eis10, Theorem 4.80]). Let A be a singular cardinal of count-
able cofinality. Then the following statements are equivalent:

1. pp(A\) = A*.

2. For every <-increasing sequence X = (A | n < w) of reqular cardinals
with sup A = A, there is a scale of length AT on {\, | n < w}.

Lemma 4.5.6. Let k be an uncountable cardinal and let M be an inner model
of SSH+. . with the wy-cover and the weak cover properties. Then SSH~, holds
m V.

2TIf there is B € B with B ¢ M, apply the wi-cover property to find a set A € M with
B C A and |A| < wy. Now replace B with A.
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Proof. Let A > k be a singular cardinal of countable cofinality. By virtue
of Lemma [2.3.18] it is enough to show that pp(A) = A*. Suppose, aiming
for a contradiction, that pp(A) > A*T. Then by Lemma there exists a
<-increasing sequence X = (\, | n < w) of regular cardinals with sup X = A
such that

There are no scales of length A™ on {\, | n < w}. (4.12)

By the w-cover property, there is a <-increasing sequence

—

fi=(un|n<w)eM

of M-regular cardinals such that {\, | n < w} C {u, | n < w} C A In
particular, X is an M-singular cardinal with cof(A\)" = w. As M |= SSH.,,,
we have that M | “pp(A) = AT”. Therefore, we may apply Lemma m
in M to deduce that there is an M-scale f = (fa | @ < ATM) of length A\TM

on {f, | n < w}. By Remark [4.2.12 f has to be a scale in V. On the other
hand, by the weak cover property, M computes correctly the successor of A;
namely, A*™ = \T. In particular, f | {\, | n < w} is a scale of length AT on

{A\n | n < w}, which is impossible by (4.12]). O

Observe that, under the case k = w;, Lemma is trivially implied by
Lemma [£.5.7]

Theorem 4.5.7. Suppose that k is wy-strongly compact, and let M be a
cofinal correct inner model with the wy-cover property. Then M = SSH-,.

Proof. We claim that

M = “pp(A) = A",
for all M-singular cardinals A > x with cof(\)* = w. Suppose this is not
the case and let 1 be an M-singular cardinal above x with cof(\)M = w and

M = “pp(p) > p™. By Lemma [2.3.17](2),

M = “u carries a good scale, say f_;’ .
As pointed out in Remark [4.2.12] f has to be a scale also in V. More-
over, goodness is upward absolute between cofinal correct transitive mod-

els; namely, if Ny C Ny are cofinal correct transitive models, § € N; and
Ny |= “g is a scale”, then

Ni = “gis good” = N, |= “g is good”.

Therefore, f is a good scale at p. But this is impossible by Theorem [2.5.11
O

Z8Recall that cof(u) = w, so we are referring to Definition
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