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ABSTRACT
Bootstrap procedures represent a straightforward approach to assessing the uncertainty around estimates of interest in statistical
models. However, with the rising prevalence of massive datasets in statistical problems, the computational cost of bootstrap meth-
ods can quickly become prohibitive in many settings. To this end, this paper proposes the Averaged Robbins-Monro Bootstrap
(ARM-B), a scalable tool for estimating parameter variability via multiple chains of Robbins-Monro updates. The method is illus-
trated in large-scale Poisson regression and logistic regression settings and compared with the alternative scalable method given
by the bag of little bootstraps (BLB). Some simulation experiments and an illustrative analysis on a large-scale dataset show that
ARM-B has comparable accuracy with ordinary bootstrap, but, at the same time, it is significantly less computationally demanding
and quite competitive with BLB.

1 | Introduction

In the last decades, there has been an increased use of sensors
and automatic systems to predict and monitor processes in indus-
try. To deal with such a prevalent trend, statistics and machine
learning methods had to adapt to datasets of growing dimensions
progressively. One widely spread strategy to enhance the compu-
tational scalability of model estimation on large datasets has been
the use of stochastic optimisation algorithms, which stemmed
from the seminal work of [1] and became the de facto standard
choice in many large-scale applications in machine learning. We
refer to [2] for a comprehensive review.

While the focus of research in the stochastic optimisation area
has typically been on pointwise estimates, in recent years, there
has been a growing interest in the interpretability and explain-
ability of large-scale models. Thus, more relevance has been given
to the possibility of drawing statistical inferences with such esti-
mates. See the works of [3–6] and [7] among many. Much of the
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research in this direction builds on the fundamental results of [8],
who proved the statistical optimality and asymptotic normality of
averaged stochastic estimators.

However, depending on the complexity of the model of inter-
est and the dimensions of the data available, one can argue
that there are still plenty of applications where the computa-
tional affordability of stochastic methods is not really needed
for point estimates and the maximum likelihood estimator
(MLE) can be computed numerically in a reasonable amount
of time on modern commodity hardware, especially if paral-
lelisation is possible. Nevertheless, there is a large variety of
settings where evaluating the MLE once is computationally
affordable, but repeating the estimation hundreds of times to
assess the quality of the estimates via bootstrap methods [9–11]
can be unfeasible due to practical time constraints. Very lit-
tle research has been carried out in such settings, with the
notable exception of the bag of little bootstraps (BLB) proposed in
Reference [12].
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To deal with such scenarios, we propose the Averaged Robbins-
Monro Bootstrap (ARM-B), which is a bootstrapped version of the
averaged Robbins-Monro updates studied in Reference [8], and
exploits the intrinsic variability of stochastic estimators around
the MLE to approximate its asymptotic covariance matrix.

In the following, we illustrate the proposal and provide some
theoretical support for it. Then, we compare it to the conven-
tional bootstrap and the BLB approach in two simulation studies.
Finally, the method is applied to a real dataset, to obtain infer-
ential results on the parameters of a classification model for the
failure of the Air Pressure System (APS) on heavy Scania trucks.1

2 | Background

Let us consider a sample of dimension 𝑛 of independently and
identically distributed observations (𝑌1, 𝑋1), . . . , (𝑌𝑛,𝑋𝑛), with
each pair (𝑌 ,𝑋) following a certain unspecified distribution F.
We also denote the empirical distribution of the observed sample
with 𝔽𝑛.

We then assume a parametric specification for the conditional
distribution of 𝑌 given𝑋, given by 𝑝(𝑌 ;𝑋, 𝜃), where 𝜃 ∈ ℝ𝑑 is the
vector of model parameters. The Maximum Likelihood Estima-
tor (MLE), 𝜃̂MLE = 𝜃̂MLE(𝔽𝑛), is obtained by solving the estimating
equation

E𝔽𝑛

{
∇ log 𝑝(𝑌 ;𝑋, 𝜃̂MLE)

}
= 0, (1)

where ∇ log 𝑝(𝑌 ;𝑋, 𝜃) is the gradient of the log-density function
with respect to 𝜃. Let Q𝑛(F) be the distribution of 𝜃̂MLE with 𝑛

observations sampled from F. Then, to assess the uncertainty
around maximum likelihood estimates, we are interested in eval-
uating their variance, i.e., 𝑉 (Q𝑛(F)). A standard approach is given
by the nonparametric bootstrap, for which textbook treatments
are given by Efron and Tibshirani [11] and Davison and Hink-
ley [9], among many others. The bootstrap requires drawing from
𝔽𝑛 further 𝑅 independent samples, with empirical distributions
given by 𝔽 (1)

𝑛
, . . . , 𝔽 (𝑅)

𝑛
. Then, for the 𝑟-th sample, 𝑟 = 1, . . . , 𝑅,

the MLE given by 𝜃̂MLE(𝔽 (𝑟)
𝑛
) is computed. The 𝑅 maximum

likelihood estimates define the empirical distribution ℚ𝑛,𝑅(𝔽𝑛),
which is used to approximate the variance of 𝜃̂MLE by comput-
ing 𝑉 (ℚ𝑛,𝑅(𝔽𝑛)), i.e., the sample variance of the 𝑅 realisations of
the maximum likelihood estimator with data resampled from 𝔽𝑛.
Basic bootstrap theory (see for example [9, Ch. 2]), ensures that
𝑉 (ℚ𝑛,𝑅(𝔽𝑛)) converges in probability to 𝑉 (Q𝑛(F)). In addition,
the classic result by White [13] guarantees that, under standard
regularity conditions but without assuming a correctly specified
parametric model, the MLE converges almost surely to 𝜃∗, the
parameter vector minimising the Kullback-Leibler distance from
the true distribution. In other words, it holds 𝜃̂MLE

𝑎.𝑠.

−−−→
𝑛→∞

𝜃∗, and the
MLE behaves asymptotically according to

√
𝑛(𝜃̂MLE − 𝜃∗)

𝑑

−−−→
𝑛→∞

𝑁
(
0;𝐻∗−1

𝐽 ∗𝐻∗−1) (2)

where 𝐻∗ = −EF{∇2 log 𝑝(𝑌 ;𝑋, 𝜃∗)} and 𝐽 ∗ = VarF{∇ log
𝑝(𝑌 ;𝑋, 𝜃∗)}, with the symbol

𝑑

→ denoting convergence in dis-
tribution. By combining (2) with the bootstrap theory, we get
that, under the regularity conditions outlined in Reference [13],

𝑉 (ℚ𝑛,𝑅(𝔽𝑛)) approximates 𝑛−1𝐻∗−1𝐽 ∗𝐻∗−1 when both 𝑛 and 𝑅
are large enough.

While the bootstrap computation is straightforward in princi-
ple, for large-scale data settings, the computational burden might
be demanding. Indeed, the computation of 𝜃̂MLE requires to
solve (1) by iteratively re-evaluating the log-likelihood gradient
E𝔽𝑛{∇ log 𝑝(𝑌 ;𝑋, 𝜃)}, whose computational complexity is 𝑂(𝑛𝑑).
Consequently, obtaining the estimation across the 𝑅 bootstrap
samples often involves prohibitive computational times. Refer-
ence [12] propose the bag of little bootstraps (BLB), a modified
bootstrap procedure that allows for efficient computations with
large sample sizes. Consider drawing𝑆 subsets from 𝔽𝑛 of dimen-
sion 𝑏 = 𝑛𝛾 , 0 < 𝛾 ≤ 1, and let us denote with 𝔽 (𝑠)

𝑛,𝑏
their empiri-

cal distributions, with 𝑠 = 1, . . . , 𝑆. For each of the subsets, they
propose to resample 𝑅 times 𝑛-out-of-𝑏 observations, leading to
𝑅 independent samples with empirical distributions 𝔽 (𝑠)(𝑟)

𝑛,𝑏
, with

𝑟 = 1, . . . , 𝑅, and compute 𝜃̂MLE(𝔽
(𝑠)(𝑟)
𝑛,𝑏

) on each of them. The col-
lection of maximum likelihood estimates on the 𝑅 resamples
within the same subset 𝑠 is characterised by the empirical dis-
tribution ℚ𝑛(𝔽

(𝑠)
𝑛,𝑏
). Thus they propose to estimate 𝑉 (Q𝑛(F)) by

computing𝑆−1∑𝑆

𝑠=1𝑉 (ℚ𝑛(𝔽
(𝑠)
𝑛,𝑏
)). The computational advantage of

BLB over the classical bootstrap procedure lies in the evalua-
tion of 𝜃̂MLE(𝔽

(𝑠)(𝑟)
𝑛,𝑏

). If the model allows for data reduction via
observation weights, it is straightforward to notice that, since
𝑏 < 𝑛, then E𝔽 (𝑠)(𝑟)

𝑛,𝑏

{∇ log 𝑝(𝑌 ;𝑋, 𝜃)} complexity reduces to 𝑂(𝑏𝑑)
which can be much smaller than the standard 𝑂(𝑛𝑑). Thus, with
its peculiar resampling procedure, BLB allows for a lower com-
putational burden than standard nonparametric bootstrap when
evaluating point estimates, which is its main benefit.

A different area of the literature has focused on reducing the com-
putational cost of 𝜃̂MLE(𝔽𝑛) from a different perspective than data
reduction observation weights. It is the case of parameter esti-
mation via stochastic optimisation, which has gained significant
traction since the seminal work of Robbins and Monro [1], both
in the machine learning and statistics communities. Given a start-
ing point 𝜃0 and a suitable decreasing scheduling for the stepsize
𝜂𝑡, the simple Robbins-Monro scheme proceeds by progressively
updating the parameter estimate as

𝜃𝑡 = 𝜃𝑡−1 + 𝜂𝑡∇ log 𝑝(𝑌𝑡;𝑋𝑡, 𝜃𝑡−1), for 𝑡 = 1, . . . ,∞. (3)

In the update (3), at each iteration 𝑡, a new data point (𝑌𝑡, 𝑋𝑡)
is sampled from some suitable distribution P. Such an updating
rule is computationally appealing since it requires evaluating the
log-likelihood gradient at a single data point rather than at the
full sample, and thus has an 𝑂(𝑑) cost. Under suitable regularity
conditions for 𝜂𝑡, ∇ log 𝑝(𝑌 ;𝑋, 𝜃) and log 𝑝(𝑌 ;𝑋, 𝜃), Robbins and
Monro [1] show that 𝜃𝑡 converges almost surely to the solution of
the equation EP{∇ log 𝑝(𝑌 ;𝑋, 𝜃)} = 0 as 𝑡 diverges. It readily fol-
lows that by setting P ≡ 𝔽𝑛, the estimate 𝜃𝑡 converges to 𝜃̂MLE(𝔽𝑛).
In practice, while the scheme (3) is computationally very effi-
cient, the values of 𝜃0 and 𝜂0 play an essential role, affecting both
the stability of the updating trajectories and the number of itera-
tions needed for the algorithm to converge.

In the following, we propose to leverage the computational
advantage of (3) to lower the estimation burden of bootstrap
procedures.
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3 | Averaged Robbins-Monro Bootstrap
(ARM-B)

The ARM-B estimator is based on the simple idea of taking advan-
tage of the variability of stochastic estimators around the MLE to
estimate the asymptotic variability of the MLE around the true
parameter value. In this sense, it enters the inferential process
only after the practitioner has computed 𝜃̂MLE(𝔽𝑛) on the origi-
nal data. From a theoretical perspective, the consistency of the
ARM-B estimator builds on the standard type of assumptions
outlined in Reference [8] and used, possibly with some varia-
tions, throughout the literature of averaged stochastic estimators
[3–5, 7]. The assumptions are hence as follows.

Assumption 1. The log-likelihood function on the sample is
concave, continuously differentiable over 𝜃, and twice continu-
ously differentiable at 𝜃̂MLE. Its gradient, as well as its Hessian at
𝜃̂MLE, are Lipschitz continuous, and its Hessian at 𝜃̂MLE is nega-
tive definite.

Assumption 2. 𝐸||∇ log 𝑝(𝑌 ; 𝑥, 𝜃)||2 ≤ 𝐶(1 + ||𝜃||2) for some
positive 𝐶 and 𝐸||∇ log 𝑝(𝑌 ; 𝑥, 𝜃) − ∇ log 𝑝(𝑌 ; 𝑥, 𝜃̂MLE)||2 ≤ 𝛿

(||𝜃 − 𝜃̂MLE||) with 𝛿(𝑥) → 0 as 𝑥→ 0.

Assumption 3. The learning schedule satisfies lim𝑡→∞∑𝑡

𝑠=1𝜂𝑡 = ∞, lim𝑡→∞
∑𝑡

𝑠=1𝜂
2
𝑡
< ∞ and lim𝑡→∞

∑𝑡

𝑠=1𝜂𝑡∕
√
𝑡 < ∞.

Assumption 1 guarantees the strong convexity of the negative
sample log-likelihood and imposes a set of smoothness conditions
on its derivatives, while Assumption 2 controls the variance of
the stochastic gradients at each iteration. Assumption 3, finally,
imposes a decaying and controlled schedule on the learning rate,
guaranteeing the convergence of the stochastic updates.

Under assumptions equivalent to 1–3, [8] show that the averaged
Robbins-Monro estimate, i.e., the average over 𝑡 = 1, . . . , 𝑇 of
𝜃𝑡 specified as in Equation (3), not only converges to the root of
EP{∇ log 𝑝(𝑌 ;𝑋, 𝜃)} = 0 as 𝑇 → ∞, but it is also asymptotically
normally distributed around it. We leverage such results to show
that, by running 𝑅 parallel chains of averaged Robbins-Monro
updates, the empirical variance of the obtained 𝑅 independent
pointwise stochastic estimates can be used as an estimator of
𝑉 (Q𝑛(F)) when P ≡ 𝔽𝑛. Hence, while the stochastic procedure
outlined in Reference [8] leads to a pointwise estimator of
𝜃̂MLE(𝔽𝑛), we propose to use its variability around it to estimate
the variability of 𝜃̂MLE(𝔽𝑛) around the true parameter value 𝜃∗.

Let Δ𝑡 be the vector of differences with the MLE of the stochas-
tic estimates computed by (3), i.e., Δ𝑡 = 𝜃𝑡 − 𝜃̂𝑀𝐿𝐸 . The method
is based on running 𝑅 independent chains of Robbins-Monro
updates in parallel, updating the quantities Δ(1)

𝑡
, . . . ,Δ(𝑅)

𝑡
at each

iteration following the iterative scheme

Δ(𝑟)
𝑡

= Δ(𝑟)
𝑡−1 + 𝜂𝑡∇ log 𝑝(𝑌 (𝑟)

𝑡
; 𝑥(𝑟)

𝑡
,Δ(𝑟)

𝑡−1 + 𝜃̂𝑀𝐿𝐸);

(𝑌 (𝑟)
𝑡
, 𝑥

(𝑟)
𝑡
) iid∼ 𝔽𝑛 for 𝑟 = 1, . . . , 𝑅 and 𝑡 = 1, . . . , 𝑛 (4)

where the learning rate is given by 𝜂𝑡 = 𝜂0𝑡
−𝑐 , 1∕2 < 𝑐 < 1, 𝜂0

> 0 and the starting point is set at Δ(𝑟)
0 = 0 for 𝑟 = 1, . . . , 𝑅. Let

Δ
(𝑟)
𝑛

= 𝑛−1∑𝑛

𝑠=1Δ
(𝑟)
𝑠

be the average stochastic error at the end of the

procedure on the 𝑟-th chain. We evaluate the variability of such a
stochastic quantity across the 𝑅 chains via

𝑉 𝑛,𝑅 = 1
𝑅 − 1

𝑅∑
𝑟=1

{
Δ

(𝑟)
𝑛

− Δ̃𝑛,𝑅
}{

Δ
(𝑟)
𝑛

− Δ̃𝑛,𝑅
}⊤
, (5)

where Δ̃𝑛,𝑅 = 𝑅−1∑𝑅

𝑟=1Δ
(𝑟)
𝑛

is the average stochastic error
across chains. The update in Equation (4) is equivalent to a
Robbins-Monro update centered around the MLE. Note, in fact,
that by adding 𝜃̂MLE on both sides of the update in Equation (4),
one exactly retrieves the update (3). The choice of Δ(𝑟)

0 = 0, thus,
implies the initialisation of (3) at 𝜃̂MLE. Such an initialisation
makes sense only once the MLE has been obtained, and is not
available when using stochastic approximations to obtain point
estimates, as usually done in the literature. Nevertheless, even
if started at the MLE, the variability of the stochastic gradients
leads the Robbins-Monro updates to jiggle around the 𝜃̂MLE
rather than stopping there. ARM-B takes advantage of this
intrinsic variability of the updates to estimate the asymptotic
variance of 𝜃̂𝑀𝐿𝐸 .

Proposition 1. Under Assumptions 2 and 3, it holds that
𝑉 𝑛,𝑅 − 𝑉 (Q𝑛(F))

𝑝

→ 0.

The proof of Proposition 1, which is reported in the Appendix,
relies on the averaged construction of the quantitiesΔ

(1)
𝑛
, . . . ,Δ

(𝑅)
𝑛

which allows to directly apply Theorem 2 in Reference [8]. At the
same time, the proposition can be easily adapted to more gen-
eral settings by taking advantage of the available extensions of
the results in Reference [8] to more flexible assumptions. See,
e.g., [7] for an extension to globally convex locally strongly convex
log-likelihoods, or [5] for a functional alternative.

From an implementation perspective, ARM-B requires specify-
ing the number of resamples 𝑅, the initial step 𝜂0, and the decay
rate 𝑐. However, it is convenient to set 𝑐 arbitrarily close to 1∕2
to slow down the decay and allow for larger updates; thus, we
set 𝑐 = 1∕2 + 𝜖 and 𝜖 = 10−3. In addition, we equip the chains
of updates with a burn-in period of length 𝐵, which aims to
start the trajectory averaging after the chains have stabilised. The
number of iterations to burn-in can be set in advance or evalu-
ated as the algorithm iterates. For the latter option, we suggest
monitoring the log-likelihood of the model and start the averag-
ing procedure when its absolute percentage change drops under
a given tolerance level, i.e., when |(𝓁𝑡 − 𝓁𝑡−1)|∕|𝓁𝑡−1| ≤ 𝜏, with
𝓁𝑡 = log 𝑝(𝑌 ,𝑋,Δ𝑡 + 𝜃̂) and 𝜏 > 0. The pseudo-code for a single
chain run is described in Algorithm 1. As concerns the initial
learning rate 𝜂0, a careless specification may be detrimental to the
performance of the algorithm. Therefore, we suggest tuning it by
evaluating a single chain with no burn-in on a grid of candidate
rates. The best-performing rate is then chosen by evaluating the
log-likelihood of the model at the end of the chain, as reported
in Algorithm 2. After this step, the 𝑅 chains are then run using
the selected learning rate. The full procedure to run the ARM-B
is summarised in Algorithm 3.

4 | Simulation Experiments

This section investigates the performance of the ARM-B esti-
mator in quantifying the asymptotic variability of the MLE,

Applied Stochastic Models in Business and Industry, 2025 3 of 9
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ALGORITHM 1 | ARM chain.

Input: 𝜃̂, 𝐵max, 𝜂0
Data: 𝑌 ,𝑋, 𝑛

1 Δ0 ← 0; Δ̄0 ← 0; 𝐵 ← 𝐵max;
2 for 𝑡 from 1 to 𝐵 + 𝑛 − 1 do
3 𝜂𝑡 ← 𝜂0𝑡

−.5001;
4 (𝑦𝑡, 𝑥𝑡) ∼ 𝔽𝑛;
5 Δ𝑡 ← Δ𝑡−1 + 𝜂𝑡𝛻 log 𝑝(𝑦𝑡; 𝑥𝑡,Δ𝑡−1 + 𝜃̂);
6 if 𝑡 ≤ 𝐵 then
7 𝓁𝑡 ← log 𝑝(𝑌 ,𝑋,Δ𝑡 + 𝜃̂);
8 if 𝓁𝑡 converged then
9 𝐵 ← 𝑡;

10 else
11 Δ̄𝑡−𝐵 ← {(𝑡 − 𝐵 − 1)Δ̄𝑡−1 + Δ𝑡}∕(𝑡 − 𝐵);

Return: Δ̄𝑛;

ALGORITHM 2 | Learning rate selection.

Input: 𝜃̂, 𝜂0
Data: 𝑌 ,𝑋, 𝑛

1 for 𝑠 from 1 to 10 do
2 Evaluate Δ̄(𝑠)

𝑛
via Algorithm 1, with arguments

(𝜃̂, 0, 𝜂0∕2𝑠−1);
Store: Δ̄(𝑠)

𝑛
;

3 𝑠∗ ← argmax𝑠 log 𝑝(𝑌 ,𝑋,Δ(𝑠)
𝑛

+ 𝜃̂);
4 𝜂∗0 ← 𝜂0∕2𝑠

∗−1;
Return: 𝜂∗0 ;

ALGORITHM 3 | ARM-B.

Input: 𝜃̂, 𝑅, 𝐵max, 𝜂0
Data: 𝑌 ,𝑋, 𝑛

1 Evaluate 𝜂∗0 via Algorithm 2 with arguments (𝜃̂, 𝜂0);
2 for 𝑟 from 1 to 𝑅 do
3 Evaluate Δ̄(𝑟)

𝑛
via Algorithm 1, with arguments (𝜃̂, 𝐵max, 𝜂

∗
0 );

Store: Δ̄(𝑟)
𝑛

;

4 Compute 𝑉𝑛,𝑅 from Δ̄(1)
𝑛
,… , Δ̄(𝑅)

𝑛
via (5);

Return: 𝑉𝑛,𝑅;

considering the case of logistic and Poisson regression models.
Simulations run under different setting dimensions and spec-
ifications of the generative distribution of the design matrix.
To benchmark the accuracy of the estimator, we use a para-
metric bootstrap as an oracle method, with 𝑅 = 500 datasets
simulated from the true model. The same oracle has been used
in Reference [12] with a higher number of replications on set-
tings involving fewer parameters. We then evaluate the mean
square distance of the diagonal of the estimated covariance
matrix from the oracle one. For assessing ARM-B, we com-
pare its performance with that of the nonparametric Bootstrap
and BLB.

As mentioned, we run the experiments for different configura-
tions of the design matrix. In particular, following the simulation
setups of [3], we generate the covariates according to𝑥𝑖 ∼  (0,Σ)
for 𝑖 = 1, . . . , 𝑛, with Σ specified as

• Identity: Σ = 𝐼𝑝;

• Toeplitz: Σ𝑖,𝑗 = 0.5|𝑖−𝑗|;
• Equicorrelation: Σ𝑖,𝑖 = 1 and Σ𝑖,𝑗 = 0.2 for 𝑖 ≠ 𝑗.

The unique combinations of such configurations with
𝑛 ∈ {5, 000, 10, 000, 50, 000, 100, 000} and 𝑝 ∈ {50, 100, 200, 500}
define the grid of settings analysed. Therefore, the ratio 𝑝∕𝑛 goes
from 5 × 10−4 to 10−1. In the Supporting Information are included
additional simulation experiments with 𝑝∕𝑛 ∈ {0.5, 0.2, 0.1}.

As concerns the software, all analyses are conducted in R [14].
The Bootstrap methods rely on the resampling functions pro-
vided by theboot package [15], while the BLB resampling mech-
anism employs the implementation of the rSW2utils package
[16]. Note that rSW2utils adopts adaptive convergence check-
ing for BLB. If convergence is reached, the algorithm stops before
running all the Monte Carlo iterations and, thus, speeds up the
estimation. On each Bootstrap and BLB resample, the model is
fitted via the standard glm function, which runs on C code. The
stochastic updates of Algorithm 3 instead run via a custom imple-
mentation using Rcpp [17].

4.1 | Logistic Regression

Following [12], the true parameter values are all set to 1∕
√
𝑝

across the different settings, and data are generated from a logis-
tic regression model. We run ARM-B, Bootstrap, and BLB with
𝑅 = 100 Monte Carlo iterations. For ARM-B, we run Algorithm 3
with 𝐵max = 𝑛 and 𝜂0 = 1. The tolerance level to end the burn-in
period is set at 10−2 and evaluates the percentage change of the
objective function after periods of 𝑛∕5 iterations. Recall that 𝜂0 is
only a plausible candidate learning rate. A well-performing value
is then automatically chosen by Algorithm 3. Additional exper-
iments with fixed stepsize values and no tuning are reported in
the Supporting Information. For what concerns BLB, [12] suggest
using 𝛾 = 0.7 and 𝑠 ∈ {1, 2, 3}, where 𝑠 is the number of sam-
pled subsets and 𝑛𝛾 their size. Thus, we fix 𝛾 = 0.7 and let 𝑠 = 1
since we do not observe significant differences for higher values
of 𝑠, apart from increased computational times. Additional sim-
ulations with higher values of 𝑠, 𝛾 , and 𝑅 can be found in the
Supporting Information, as well as experiments based on lower
sample sizes.

Figure 1 presents the performances of the different methods in
terms of mean square distance of the diagonal of the estimated
covariance matrix from the oracle. Note that a hard-coded upper
visual limit has been set on the vertical axis at 0.1 because the per-
formance of BLB with 𝑛 = 5, 000 sometimes appears out of scale
compared to the other two methods and does not allow a clear
visual investigation of the results. As expected, with 𝑝 fixed, the
accuracy of all methods improves as the sample size increases.
The only exception is the equicorrelation setting, where BLB
appears to suffer most convergence issues. However, ARM-B
exhibits a very different pattern from that of BLB. It is appar-
ent, in fact, that BLB slightly outperforms ARM-B when the ratio
𝑝∕𝑛 is particularly favourable. Such settings are also more in
line with the experiments in Reference [12]. However, when 𝑝∕𝑛
increases, BLB estimates appear much more unstable. The poor
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FIGURE 1 | Simulation results for the logistic regression model in terms of mean square distance of the diagonal of the estimated covariance matrix
from the oracle.

performance of the BLB configuration in the settings with higher
𝑝∕𝑛 can be explained by the fact that each BLB resample con-
tains at most 𝑛𝛾 data points, and thus 𝛾 = 0.7 might not be enough
when the number of parameters increases. The Supporting Infor-
mation shows how BLB performances improve when increasing
𝛾 but partially sacrifice their computational convenience. How-
ever, ARM-B appears more robust to increases in 𝑝∕𝑛 and to dif-
ferent configurations ofΣ. In the settings with 𝑝 = 200 or 𝑝 = 500,
it is almost always preferable to BLB and needs a lower 𝑛 to get
accurate performances. As reported in Figure 2, computational
times endorse the same flipping preference between BLB and
ARM-B based on the ratio 𝑝∕𝑛. When 𝑝∕𝑛 is low, BLB slightly
outperforms ARM-B both statistically and computationally. In
more challenging settings, when 𝑝∕𝑛 increases, ARM-B remains
statistically reliable and still computationally viable, in contrast
to BLB.

4.2 | Poisson Regression

Coherently with the logistic simulation settings, the true param-
eters are set to 1∕

√
𝑝 in all experiments related to the Pois-

son regression case. As before, we set 𝑅 = 100 for all methods
and keep the same configuration of ARM-B. Concerning BLB,
we set 𝛾 = 0.7 and 𝑠 = 2 because its influence on the accuracy

performance was more evident than in the logistic regression
case. However, we experienced systematic numerical instability
when fitting the models with Σ following an equicorrelation or
Toeplitz design due to the generation of extremely high counts in
the simulated data. Thus, in this case, we only present the results
of the case of Σ = 𝐼𝑝. Figure 3 outlines the accuracy performance
of the three methods and their computational times. Different
from the logistic regression experiments, the performance of BLB
appears to be more robust across the different settings. The flat
lines related to computational times point out that, for increas-
ing sample sizes, BLB reaches convergence faster and stops before
using all Monte Carlo iterations. Nevertheless, similarly to the
logistic regression case, the performance of BLB deteriorates with
𝑝∕𝑛 increasing. In such cases, ARM-B appears again as a more
robust alternative, as in Section 4.1. The Supporting Information
reports additional experiments for different values of 𝑠, 𝛾 , and 𝑅.

5 | Application

We use the ARM-B estimator to quantify the uncertainty around
logistic regression parameters estimated on the Air Pressure Sys-
tem (APS) Failure and Operational Data from Scania. The dataset
has been shared at the 15th International Symposium on Intelli-
gent Data Analysis. It collects operational data from heavy Scania

Applied Stochastic Models in Business and Industry, 2025 5 of 9
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FIGURE 2 | Computational times from the simulations experiments on the logistic regression model.
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FIGURE 3 | Simulation results for the Poisson regression model in terms of mean square distance of the diagonal of the estimated covariance matrix
from the oracle and computational times.
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FIGURE 4 | Comparison of ARM-B asymptotic confidence intervals with the oracle ones on the APS failure dataset.

trucks, along with a binary response variable denoting the failure
or proper functioning of the Air pressure system of the trucks,
for a total of 60,000 observations on 170 numerical variables, out-
come excluded. Note that covariate names have been anonymised
for proprietary reasons. Thus, we are not able to interpret parame-
ter values directly. While the dataset has been analysed for predic-
tive aims [18], we argue that inference about parameter estimates
might be of crucial importance from a business point of view,
allowing the identification of the variables playing a statistically
significant role in the failure of the APS.

From a pre-processing perspective, the dataset presents two main
challenges. The first is the presence of missing values (≈ 8%), and
the second is the severe imbalance in the outcome class, with
only 1000 failures out of the 60,000 observations. To deal with the
first issue, we retain only rows with less than 30% missing rate,
and from the subsetted dataset, we drop all columns with more
than 70% missing rate, ending up with 𝑛 = 57143 and 𝑝 = 163.
Finally, we replace the remaining missing values (≈ 3.5%) by
simply imputing the median by column. Regarding the balanc-
ing issue, we rely on the smoothed bootstrap approach proposed
in Reference [19], as implemented in the R package ROSE [20].
That is, first, we compute the MLE on a balanced resample from
ROSE. Second, we let Algorithm 3 sample new data points at
each iteration via ROSE rather than directly using the empirical
distribution of the dataset. ARM-B is run with 𝐵 = 𝑛 and 𝜂0 = 1
as in the simulation experiments. To benchmark the accuracy of
ARM-B, we compute the oracle estimates with 𝑅 = 500 as in the
simulation experiments. However, differently from the simula-
tion studies, the true parameters are not available in this case.
Therefore, we leveraged the bootstrap functionalities made avail-
able by the ROSE package, and we employed as an oracle the

covariance matrix estimated from the logistic regressions fitted
on the R smoothed bootstrap resamples provided by the pack-
age. Notice that the ratio 𝑝∕𝑛 might allow BLB to perform well,
yet adapting its implementation to deal with imbalanced data is
not obvious. Consequently, we only compare ARM-B to the oracle
estimates described above.

Figure 4 shows that the ARM-B estimates of the asymptotic stan-
dard deviations closely approximate the oracle ones and can be
used in constructing the confidence intervals to draw inferences
on MLE parameters. The average length ratio between the ora-
cle and ARM-B confidence intervals is 0.985, which points out a
close accordance between the two methods. Running the estima-
tion with 4 cpus on a personal laptop,2 ARM-B only took around
140 s, against almost 24 min needed by the oracle method.

6 | Discussion

In this paper, we presented the ARM-B estimator, a computation-
ally scalable procedure aimed at assessing the variability of the
MLE on massive datasets. From a practical perspective, ARM-B
starts from a single pointwise evaluation of the MLE, which prac-
titioners can obtain with their numerical method of choice. In
this regard, the convenience of ARM-B is tangible in all those set-
tings where practical time constraints allow evaluating the MLE
once but prevent using traditional bootstrap methods to draw sta-
tistical inference on model parameters.

The simulation experiments stress the robustness of the ARM-B
estimator to different settings and data dimensions, highlight-
ing, in particular, its statistical and computational convenience

Applied Stochastic Models in Business and Industry, 2025 7 of 9
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compared to competitors when the number of parameters
increases. While the simulations in Section 4 focus on logis-
tic and Poisson regression, in the Supporting Information,
we outline a possible use of ARM-B on random effects mod-
els. Nevertheless, unlike traditional bootstrap methods, which
allow practitioners to rely on existing software to compute the
MLE for the model of interest, it is worth emphasising that
ARM-B requires directly providing a function that evaluates the
log-likelihood of the model and its gradient.

From a theoretical point of view, the consistency of ARM-B can
be easily extended to more complex models than the ones consid-
ered in this paper, following recent extensions of standard asymp-
totic results for averaged stochastic estimators (e.g., [7], [5]).

Computationally, the method still requires running multiple
independent chains of stochastic updates, eventually in paral-
lel, mimicking the behaviour of standard nonparametric boot-
strap procedures. However, if the computational burden needs to
be lowered further, the sample distribution of the independent
chains can be approximated by relying on techniques proposed
for online inference in the stochastic optimisation literature
(e.g., [4], [3]).

Reproducibility

The code to reproduce the simulations and real data results pre-
sented in the paper and the Supporting Information is available
at the online repository https://github.com/giuseppealfonzetti/
armb_experiments.
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Appendix A

Proof of Proposition 1

Let  (𝑟)
𝑡

be the filtration on the 𝑟-th chain at iteration 𝑡, and denote the
collection of such filtrations with 𝑅

𝑡
= { (1)

𝑡
, . . . ,

(𝑅)
𝑡

}. Under Assump-
tions 1–3 we can directly apply Theorem 2 in Reference [8] to show that
the quantity Δ𝑡 = 𝑡−1∑𝑡

𝑠=1Δ𝑡 follows

√
𝑡Δ𝑡 = 𝑡−1∕2

𝑡∑
𝑠=1
𝐻̂−1
𝑛
∇ log 𝑝(𝑌𝑠; 𝑥𝑠, 𝜃̂MLE) + 𝑜𝑝(1),

which immediately leads to 𝑡Var𝔽𝑛{Δ𝑡|𝑡} 𝑝

→ 𝐻̂−1
𝑛
𝐽𝑛𝐻̂

−1
𝑛

, where 𝐻̂𝑛 =
−E𝔽𝑛{∇

2 log 𝑝(𝑌 ; 𝑥, 𝜃̂𝑀𝐿𝐸 )} and 𝐽𝑛 = Var𝔽𝑛{∇ log 𝑝(𝑌 ; 𝑥, 𝜃̂𝑀𝐿𝐸 )}.

After 𝑡 = 𝑛 iterations, the observations Δ
(1)
𝑛
, . . . ,Δ

(𝑅)
𝑛

in Algorithm 3 are
independent and identically distributed conditioned on 𝑅

𝑛
, given the

sampling procedure in Equation (4). It follows that the empirical vari-
ance estimator provided by 𝑉 𝑛,𝑅 is consistent for the conditional variance
of Δ𝑛 given the filtration set 𝑅

𝑛
, i.e., 𝑉 𝑛,𝑅

𝑝

→
𝑟

Var𝔽𝑛{Δ𝑛|𝑅
𝑛
}.

By combining the two results, we obtain therefore that 𝑉 𝑛,𝑅 −
𝐻̂−1
𝑛
𝐽𝑛𝐻̂

−1
𝑛

𝑝

→ 0, which, by the continuous mapping theorem [21],
implies that 𝑉 𝑛,𝑅 − 𝑉 (Q𝑛(F))

𝑝

→ 0, given that 𝜃̂MLE
𝑎.𝑠.

→ 𝜃∗ [13].
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