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1 Introduction

Celestial holography is an implementation of the holographic principle in asymptotically
flat spacetimes where n-particle scattering amplitudes are recast as correlators of a celestial
two-dimensional conformal field theory (2D CFT) on the celestial sphere. For massless
particles, this rewriting is achieved by switching from the standard basis of energy-momentum
eigenstates to a basis of asymptotic boost eigenstates through a Mellin transform in the
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energies [1]. This reformulation strongly relies on the fact that, in the large-r mode expansion
of the bulk fields near null infinity, the spatial direction of the massless 4-momenta is identified
with the position of the dual CFT operator on the celestial sphere. Such identification allows
to relate the collinear limit of amplitudes in momentum space to the operator product
expansion (OPE) of primary operators in the celestial CFT (CCFT); in particular the leading
term in the OPE given by a conformal primary is uniquely determined by the leading collinear
behavior of scattering amplitudes, while demanding global SL(2,ℂ) covariance of the OPE
determines the contribution from all its descendants [2–4].

The second key ingredient of the celestial holography proposal to reformulate the scattering
problem is the range of boost weights ∆ labeling, in addition to a point (z, z̄) on the celestial
sphere, a complete basis of boost eigenstates. It was shown in [5] that the continuum of
conformal primary wavefunctions with ∆ = 1+iλ, λ ∈ ℝ span the complete set of normalizable
solutions to the Klein-Gordon equation in ℝ1,3. Conformal primary wavefunctions of spin
J can be constructed out of these and the massive case can be included as well. At the
same time, the study of the infrared sector of the theory, where most of the physically
interesting effects have been studied so far through the manifestation of BMS symmetries,
requires the introduction of a conformally soft limit [6, 7] and the inclusion of celestial
operators with discrete ∆ [8–11]. The celestial OPE involving these operators has led to the
discovery of an infinite tower of conformally soft theorems governed by a w1+∞ symmetry in
gravity and an S-algebra symmetry in Yang-Mills (YM) theory, when restricting to the same
helicity sector [4, 12, 13]. Treatment of conformally soft celestial operators in terms of the
principal continuous series of irreducible unitary representations of Lorentz seems unpractical;
alternatively, inclusion of the tower of conformally soft operators in a basis of conformal
primary wavefunctions is possible if one works with the discrete basis ∆ ∈ ℤ introduced
in [14] for fields in a functional space of Schwartzian type.

Moreover, while the ∆-basis is very natural when working with CFT structures, the
energy ω-basis and the retarded time u-basis can provide a more transparent treatment of
different aspects of soft physics [11]; in order to move freely from one basis to another [14],
one wants to avoid putting apriori restrictions on the boost weight and study celestial OPEs
in the full complex-∆ plane.

Among the CFT structures, an important role is played by the shadow transform [15, 16].
This is an operation that sends an operator O(∆,J)(z, z̄) to S[O(∆,J)](z′, z̄′), where (z, z̄), (z′, z̄′)
are two different points on the celestial sphere; the shadow operator transforms as a conformal
primary operator of boost weight and spin (2 − ∆,−J), explicitly1

S[O(∆,J)](z′, z̄′) := K∆,J

∫
d2z

2π
O(∆,J)(z, z̄)

(z′ − z)2−∆−J(z̄′ − z̄)2−∆+J

with K∆,J = (−)1−∆−J Γ(2−∆− J)
Γ(∆− J − 1) . (1.1)

The shadow transform is thus a non-local operation that appears in at least three important
ways in celestial holography. First and foremost, a local CCFT energy-momentum tensor can
be constructed as the shadow transform of the sub-leading soft graviton operator [18–20],

1The normalization constant K∆,J coincides with the one in [17], up to a sign.
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reproducing the standard OPE with a second conformal primary operator; reproducing the
expected TT OPE is however a thorny issue [21] to which we will come back in section 4.1.
The second appearance is due to the realization that, in addition to the local highest-weight
basis for ∆ ∈ 1 + iℝ mentioned above, the shadow transform of this family provides a second
non-local family of conformal primary wave-functions spanning the space of plane wave
states [5]. The third appearance has been preliminarily revealed in [22] and it concerns the
role of shadow higher spin charges in providing a closed bracket for the mixed-helicity sector of
celestial symmetry algebras; this will be the main topic of our upcoming companion paper [23].

These three pieces of evidence, as well as several other applications of the shadow
transform [24–35], hint towards an important role played by shadow operators in the dual
CCFT; this raises the interesting question of how to derive celestial OPEs involving at least
one shadow celestial operator and how to take their double-soft limit. This last operation
is characterized by a degree of ambiguity already in the case of standard (local) operators
(see, e.g., [20, 21, 36–40]).

The main goal of this manuscript is to provide a consistent algorithm to take the double-
soft limit of celestial OPEs, including the case when at least one of the two entries is a shadow
operator, both in the case of gravity and YM theory. The key tool of our analysis is the
equivalence between the celestial OPE with a first soft insertion and the celestial hard charge
bracket action on the same general operator appearing in the second entry, as revealed in [41].
More explicitly, this charge OPE/bracket correspondence can be written as

q1
s(z, z̄)O(∆′,J ′)(z′, z̄′) ↔

1
i
{q2

s(z, z̄), O(∆′,J ′)(z′, z̄′)} , (1.2)

where q1
s , q

2
s are respectively the soft and the hard charge contributions [14, 41, 42], with

s ∈ ℤ+, and O(∆′,J ′) is a conformal primary operator. The correspondence (1.2) represents
a key entry in the bulk/boundary dictionary for flat holography and it is rooted in the
equivalent formulations of tree-level soft theorems for scattering amplitudes in the energy-
momentum basis (l.h.s. of (1.2)) and in the boost basis (r.h.s. of (1.2)). More precisely, in
their standard formulation, soft theorems can be understood as Ward identities associated
to an infinite number of conserved charges, with one conservation law for each point of
the celestial sphere [43–46]. Leaving antipodal matching implicit, these truncated2 Ward
identities take the form

⟨out|[q1
s ,S]|in⟩ = −⟨out|[q2

s ,S]|in⟩. (1.3)

The action of the soft charge on the l.h.s. of (1.3) generates the insertion of a soft gravi-
ton/gluon at O(ωs) in the S-matrix element; replacing the Poisson bracket of the quadratic
charge in a Fourier mode expansion with the quantum commutator, the r.h.s. of (1.3) gener-
ates the corresponding soft factor. On the other hand, when expressing scattering observables
in a basis of asymptotic boost, these take the form of conformal correlators, as recalled
above; in this formulation then classical soft theorems can be expressed as OPEs of conformal
primary operators with a conformally soft limit taken on the first entry [3, 48], namely the

2For s ≥ 2 in the case of gravity and s ≥ 1 in YM higher order contributions to the charges appear, giving
rise to collinear terms in the soft factors [46, 47].
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r.h.s. of (1.2). It follows that the celestial OPE with one soft insertion where ∆ → 1 − s

is given by the (sub)s-leading soft factor [41].
While the correspondence (1.2) is thus simply a statement about the validity of tree-level

soft theorems when expressed in two different basis, its realization is a non-trivial fact
nevertheless, given the different ingredients that enter the derivation of its two sides. On the
one hand, the charge bracket action is computed working within the asymptotic covariant
phase space formalism; starting with the conserved charge at spatial infinity and using the
asymptotic Einstein/YM equations of motion in a large-r expansion about null infinity, one
re-expresses the charge as an integral over scri of powers of the conjugate fields parametrizing
the asymptotic phase space as well as their spatial and (inverse) time derivatives. The
charge bracket action is then computed from the symplectic form of the radiative phase
space of the theory and it is an on-shell result derived from solving the recursion relation
encoding a truncation (beyond a certain value of the spin) of the evolution equations for
the higher spin charges [14, 41, 42].

On the other hand, celestial conformal primary OPEs have been derived starting from
the leading collinear singularities of three-point vertices in momentum space computed
with Feynman diagrams and applying Mellin transforms; asymptotic symmetry constraints,
together with some analyticity assumptions, are then implemented to determine the coefficients
of the leading (primary) as well as subleading (descendants) contributions in terms of the
conformal dimensions of the primaries [4, 48, 49]. The construction is purely kinematical,
with no dynamical evolution equation involved.

While very powerful and elegant, the celestial OPE derivation becomes fuzzy when shadow
operator are involved due to the non-local nature of the shadow transform, which spoils the
coincident collinear limit. In this case then, the leading term in the collinear limit of the
three-point function in momentum space does not necessarily dominate over the other terms
and both primary and descendants contributions should be included at the same time when
computing the OPE coefficients. A preliminary treatment of this issue by means of the OPE
block technique in CCFT [3, 50] has recently appeared in [51] (see also [52]).

In this work, we will employ the r.h.s. of (1.2) to derive OPEs involving at least one soft
insertion and where either one or both entries are shadow operators. The advantages of this
phase-space-based approach are twofold. Firstly, demanding the OPE of the soft charges
to correctly reproduce the first order charge bracket fixes the double-soft limit prescription
to “first entry goes soft first”, as we will show in section 3. Secondly, since the collinear
limit does not really play any role when computing the charge bracket action, there is no
conceptual obstacle to applying the shadow transform to it, as the quadratic charge expression
already includes all the primary and descendant contributions. Therefore, demanding the
correspondence (1.2) to remain valid in the case where shadowed operators are included
provides a direct algorithm to compute shadow celestial OPEs, which we will apply in
section 4 to the case of gravity and in section 5 to YM theory. We will first test our proposal
for the case of OPEs involving one as well as two copies of the energy-momentum tensor
(corresponding to a shadowed subleading soft graviton operator) and show that we recover
results appeared in previous literature. As an extra bonus, the phase-space-based approach
allows us to clarify another ambiguity maybe not always explicitly emphasized, namely the
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commutativity or not of the shadow transform and the conformally soft limit. We will show
that the two operations can be performed in any of the two orders, giving the same result.

Beyond the key observation (1.2), our analysis exploits another useful tool represented
by the organization of conformally soft primary operators and charges provided by celestial
diamonds [9, 10, 12, 53]. We will review their structure in section 2, together with other
preliminary material, and clarify some aspects of the relation between different corners
along the way. Concluding remarks are presented in section 6 and detailed derivations are
extensively provided in the series of appendices A, B, C.

2 Preliminaries

We start by reviewing the construction of higher spin charges in gravity and YM theory, their
bracket action on fields parametrizing the asymptotic phase space and their relation to other
relevant (to our analysis) operators, as captured by celestial diamonds.

2.1 Higher spin charges and their action

2.1.1 Gravity

We describe the gravitational radiation near ℐ+ through the shear helicity scalar C(u, z, z̄)
and the news N(u, z, z̄) = ∂uC

∗(u, z, z̄), being functions of the retarded time u and the
transverse coordinates (z, z̄) on the celestial sphere S. We define positive and negative
energy modes of the shear as

C̃+(ω) =
∫ ∞

−∞
dueiωuC(u), C̃−(ω) =

∫ ∞

−∞
dueiωuC∗(u), ω > 0 (2.1)

and the Mellin transforms

Ĉ±(∆) =
∫ ∞

0
dωω∆−1C̃±(ω). (2.2)

One can decompose C(u) into positive and negative energy sectors as

C(u) = C+(u) + C∗
−(u) (2.3)

where

C±(u) =
1
2π

∫ ∞

0
dωe−iωuC̃±(ω). (2.4)

Analogous objects can be constructed also for the news N(u).
If we restrict to signals belonging to the Schwartz space, an infinite tower of higher spin

charges [41] can be extracted from the asymptotic expansion of truncated (for s > 3) Einstein’s
equations near ℐ+. These charges have conformal dimension/helicity3 (∆, J) = (3, s), with
s ∈ ℤ, s ≥ −2, and satisfy the recursive equations

∂uQs = DzQs−1 +
(s+ 1)

2 CQs−2, (2.5)

3We use interchangeably the tensor notion of ‘spin’ with the scalar notion of ‘helicity’; see [46] for
more details.
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where Q−2 = ∂uN/2 is the derivative of the news, and Q−1 = DzN/2 is the energy current.
Moreover Q0 = Mℂ is the complex mass aspect, and Q1 = J is the angular momentum
aspect [54]. Here Dz denotes a covariant derivative with respect to z on the celestial sphere
S; it will also be denoted as D in the following, and similarly for Dz̄ and D̄.

Since the charge aspects Qs diverge in the limit u→ −∞, one defines the renormalized
higher spin generators (see also [55] for a generalized renormalization procedure)

q̂s(u, z, z̄) :=
s∑

n=0

(−u)s−n

(s− n)!D
s−nQs(u, z, z̄) , (2.6)

which parametrize the non-radiative phase space ΓNR corresponding to the conditions ∂uN =
0 = DN . The limit u → −∞ of these generators is finite and defines the higher spin
charge aspects

qs(z, z̄) := lim
u→−∞

q̂s(u, z, z̄). (2.7)

While these charge aspects have helicity s, their hermitian conjugates q̄s := q†s have helicity
−s. We can expand qs in powers of radiation fields as qs = q1

s + q2
s + · · · , where the first

two contributions are the soft charge aspect (linear in radiation fields) and the hard charge
aspect (quadratic in radiation fields). Explicitly, by solving the recursion relation (2.5) at
linear order, we have

q1
s(z, z̄) = Ds+2Ns(z, z̄), where Ns(z, z̄) =

(−)s+1

2s!

∫ ∞

−∞
duusN(u, z, z̄) , (2.8)

is the (sub)s-leading soft graviton. At quadratic order, the renormalized charge aspect
take the form

q2
s(z, z̄) = −1

4

∫ ∞

−∞
du

[
s∑

ℓ=0

(ℓ+ 1)(−u)s−ℓ

(s− ℓ)! Ds−ℓ
[
CDℓ∂−ℓ+1

u N
]
(u, z, z̄)

]
, (2.9)

where

∂−n
u :=

∫ u

+∞
du1

∫ u1

+∞
du2 · · ·

∫ un−1

+∞
dun . (2.10)

The higher spin charges are defined by integrating the charge aspects against an arbitrary
spin-s function τs(z, z̄) over the celestial sphere S, namely

Qs(τs) :=
8
κ2

∫
S
τs(z, z̄)qs(z, z̄) , (2.11)

where we denote
∫

S :=
∫

S d
2z
√
q, with q the determinant of the leading order celestial sphere

metric. As celestial OPEs are usually derived conformally mapping the celestial sphere to
the celestial plane, with covariant spatial derivatives becoming simple partial derivatives
∂, ∂̄, in the following we will adopt this setup as well to simplify some manipulations and
the comparison with previous literature. Where necessary, we will adopt also the convention
∂1 := ∂z1 , ∂̄1 := ∂̄z1 and similarly for z2.

– 6 –



J
H
E
P
0
3
(
2
0
2
6
)
0
9
6

The action of the quadratic charge aspects on the shear and News fields can be computed
straightforwardly by means of the radiative phase space symplectic form, which yields the
fundamental Poisson bracket [56–58]

{N(u1, z1), C(u2, z2)} = κ2

2 δ(u1 − u2)δ2(z1, z2) , (2.12)

where κ =
√
32πG. In a conformal primary basis, where one introduces the conformal

primary gravitons N±
∆ of ±-helicity corresponding to operators of dimension/helicity (∆,±2)

defined as4

N−
∆(z, z̄) := −Γ(∆− 1)

2

∫ +∞

−∞
duu1−∆N(u, z, z̄),

N+
∆(z, z̄) := −Γ(∆− 1)

2

∫ +∞

−∞
duu1−∆N∗(u, z, z̄) , (2.13)

this action is given by [41]

{q2
s(z1, z̄1), N±

∆2
(z2, z̄2)}

= κ2

8 s!

s∑
n=0

(−1)n−s(∆2 ± 2)s−n(s)n(n+ 1)∂s−n
1 δ(2)(z12, z̄12)∂n

2N
±
∆2+1−s(z2, z̄2) , (2.14)

where z12 = z1 − z2, z̄12 = z̄1 − z̄2 and we have introduced the falling factorial (x)n = x(x−
1) · · · (x − n + 1). The fields N±

∆ are proportional to conformal primary boost eigenstates
O±

∆ of [1, 5], explicitly

O±
∆ = i∆

8π
iκ
N±

∆ . (2.15)

In terms of the Mellin transforms (2.2), we also have the relation N±
∆ = −1

4(i
−∆Ĉ±(∆) +

i∆Ĉ∗
∓(∆)).
The rescaling (2.15) is simply motivated by the fact that the residues of N−

∆ at negative
integer dimensions correspond exactly to the (sub)s-leading soft graviton modes in (2.8),

Res∆=1−s

(
N−

∆(z, z̄)
)
= (−1)s+1

2s!

∫ +∞

−∞
duusN(u, z, z̄) = Ns(z, z̄) , (2.16)

where one uses the identity Res∆=−nΓ(∆) = (−1)n

n! ; similarly,

Res∆=1−s

(
N+

∆(z, z̄)
)
= N̄s(z, z̄) . (2.17)

A main result of [41] was to show that the OPE of two conformal primary boost eigenstates
in the antiholomorphic collinear limit [2, 3]

O−
∆1

(z1, z̄1)O±
∆2

(z2, z̄2)∼−κ2
1
z̄12

∞∑
n=0

B(∆1−1+n,∆2±2+1)z
n+1
12
n! ∂nO±

∆1+∆2
(z2, z̄2)+O(z̄0

12),

(2.18)
4We refer to [14, 42] for the precise details on iϵ-prescriptions and contour integrations.
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where B(x, y) = Γ(x)Γ(y)/Γ(x+y) is the Euler beta function, implies the charge OPE/bracket
correspondence

q1
s(z1, z̄1)N±

∆2
(z2, z̄2) ↔

1
i
{q2

s(z1, z̄1), N±
∆2

(z2, z̄2)} . (2.19)

This follows from taking the conformally soft limit of the first entry of (2.18). This cor-
respondence is the key observation that will allow us to compute celestial OPEs involving
shadow operators starting from the hard charge bracket. As already mentioned above, a
second important tool to achieve this goal is represented by celestial diamonds, which we
will briefly review below. Before moving to the analog construction for YM theory, an
important remark is in order.

As implied by the antiholomorphic collinear limit, the OPE (2.18) is valid as long as
z, z̄ are taken as independent real variables, corresponding to an analytic continuation to a
(2, 2) signature in the bulk. When instead working with a Lorentzian signature, as in our
case, z and z̄ are complex conjugates, and the mixed-helicity OPE in (2.18) receives extra
contributions characterized by a pole in z12. This was derived in [7] for the case of Yang-Mills
theory, starting from multi-gluon scattering amplitudes (see eq. (4.18) there). The case of
gravity was discussed in [41], where the authors propose the following expression

O−
∆1

(z1, z̄1)O+
∆2

(z2, z̄2) ∼ − κ

2
1
z̄12

∞∑
n=0

B(∆1 − 1 + n,∆2 ± 2 + 1)z
n+1
12
n! ∂nO+

∆1+∆2
(z2, z̄2)

− κ

2
1
z12

(
z̄12B(∆1 + 3,∆2 ± 2− 1)O−

∆1+∆2
(z2, z̄2) +O(z̄2

12)
)
.

(2.20)

When taking the conformally soft limit on the first entry, these extra terms vanish for spins
s ≤ 3, since the Euler beta function is regular in this range, reflecting the exact nature of the
asymptotic evolution equations (2.5) (and therefore the expression (2.9) of the hard charge
aspects) for this range of spin. Whenever this fact, which applies also to celestial OPEs in YM
theory, will be relevant in our analysis, we will use extra care to point it out and deal with it.

2.1.2 Yang-Mills theory

We can apply the same analysis to Yang-Mills theory in 4-d Minkowski spacetime [42]. We
work with a non-abelian gauge theory with gauge group G and related Lie algebra 𝔤, whose
generators Ta, with a = 1, . . . , dim(𝔤), satisfy

[Ta, Tb] = ifab
cTc, (2.21)

where the structure constants are normalized such that

Tr(TaTb) = δab. (2.22)

The Yang-Mills equations take the form

d ⋆ F, F = dA+ iA ∧A, (2.23)

– 8 –
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with the gauge field A = Aµdx
µ a 1-form valued in the adjoint representation of 𝔤, i.e.

Aµ = Aa
µTa. We will denote the adjoint representation’s action with Ad(X)Y = [X,Y ]𝔤. We

use retarded Bondi coordinates (u, r, z, z̄) in which the Minkowski metric takes the form

ds2 = −du2 − 2dudr + 2r2γzz̄dzdz̄ (2.24)

where γzz̄ = 2/(1 + zz̄)2 are the components of the round metric on the celestial sphere S.
As in the case of gravity, we will restrict for simplicity to the case when the celestial sphere is
flattened to a plane, and the sphere metric becomes γzz̄ = 1. Under this hypothesis, covariant
derivatives on the sphere become partial derivatives.

In radial gauge Ar = 0, the asymptotic expansion of the gauge field around ℐ+ reads

Au =
∞∑

n=0

A
(n)
u

rn
, Az =

∞∑
n=0

A
(n)
z

rn
. (2.25)

Furthermore, we assume Au(z, z̄)|ℐ+
−
= 0. The asymptotic behaviour of the field strength F is

Fur = 1
r2

∞∑
n=0

F
(n)
ur

rn
, Fuz =

∞∑
n=0

F
(n)
uz

rn
, Frz = 1

r2

∞∑
n=0

F
(n)
rz

rn
, Fzz̄ =

∞∑
n=0

F
(n)
zz̄

rn
. (2.26)

We define positive and negative energy modes of A(0)
z as

Ã+(ω) =
∫ ∞

−∞
dueiωuA(0)

z (u) , Ã−(ω) =
∫ ∞

−∞
dueiωuA(0)∗

z (u) , ω > 0 , (2.27)

and the Mellin transforms

Â±(∆) =
∫ ∞

0
dωω∆−1Ã±(ω). (2.28)

One can decompose A(0)
z into positive and negative energy sectors as

A(0)
z (u) = A+(u) +A∗

−(u) , (2.29)

where

A±(u) =
1
2π

∫ ∞

0
dωe−iωuÃ±(ω). (2.30)

Analogously, one can decompose F (0)
z̄u = −∂uA

(0)∗
z into positive and negative energy modes,

and define the related Mellin transform. This defines conformal primary gluon operators as

F−a
∆ (z, z̄) = −Γ(∆− 1)

∫ ∞

−∞
duu1−∆F

(0)a
z̄u (u, z, z̄) ,

F+a
∆ (z, z̄) = −Γ(∆− 1)

∫ ∞

−∞
duu1−∆F (0)a

zu (u, z, z̄) . (2.31)

These are related to the usual O±a
∆ one finds in literature by a normalization factor (see [41]

for details)

F±a
∆ = (−i)∆ gYM

4π(−i)O
±a
∆ . (2.32)
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By large-r expanding the Yang-Mills equations (2.23), one can extract an infinite tower
of 𝔤-valued charge aspects with conformal dimension and spin (∆, J) = (2, s) obeying the
following recursive differential equations

∂uRs = ∂Rs−1 + i[A(0)
z ,Rs−1]𝔤, s ≥ 0, R−1 = F

(0)
z̄u . (2.33)

In analogy with the case of gravity, (2.33) are exact for s = 0, 1, while they represent a
truncation of the full Yang-Mills equations for s > 1; moreover, such charge aspects diverge
in the limit u → −∞, so one introduces the renormalized charge aspects at ℐ+

−

rs(z, z̄) = lim
u→−∞

s∑
l=0

(−u)s−l

(s− l)! ∂
s−lRl(u, z, z̄), (2.34)

which are finite. These charge aspects have positive spin s, while their Hermitian conjugates r̄s

have negative spin −s. They can be expanded in powers of the gauge field A as rs = r1
s+r2

s+. . . ,
where we will focus on the first two contributions. Explicitly, the soft charge aspects read

r1
s(z, z̄) = ∂s+1Fs(z, z̄), where Fs(z, z̄) :=

(−)s+1

s!

∫ ∞

−∞
duusF

(0)
z̄u (z, z̄) (2.35)

are the (sub)s-leading negative helicity conformally soft gluons. In fact, we have that

Res∆=1−sF
−a
∆ (z, z̄) = F a

s (z, z̄) , Res∆=1−sF
+a
∆ (z, z̄) = F̄ a

s (z, z̄) , (2.36)

where F̄s(z, z̄) is defined replacing F (0)
z̄u with F

(0)∗
z̄u in (2.35). The quadratic charge aspects

take the form

r2
s(z, z̄) = −i

s∑
n=0

∫ ∞

−∞

(−u)s−n

(s− n)! ∂
s−n

[
A(0)

z (u, z), (∂−1
u ∂)nF

(0)
z̄u (u, z)

]
𝔤
. (2.37)

The symplectic potential of the theory at ℐ+ reads

ΘYM = 1
g2

YM

∫
ℐ+

Tr[F (0)
z̄u (u, z, z̄)δA(0)

z (u, z, z̄) + F (0)
zu (u, z, z̄)δA(0)

z̄ (u, z, z̄)], (2.38)

from which we can read off the Poisson bracket

{F a(0)
z̄u (u, z, z̄), Ab(0)

z (u′, z′, z̄′)} = g2
YMδ

abδ(u− u′)δ2(z, z′) . (2.39)

Using this bracket, one can straightforwardly compute the action of the quadratic charge
aspects (2.37) on the conformal primary gluons and obtain for instance [42]

{r̄2a
s (z1, z̄1),F±b

∆2
(z2, z̄2)}= g2

YMf
ab

c

s∑
n=0

(−1)s−n (∆2∓1−1)s−n

(s−n)! ∂̄s−n
1 δ(2)(z12)∂̄n

2F
±c
∆2−s(z2, z̄2) .

(2.40)

From this, one obtains the following same-helicity charge aspect bracket

{r̄2a
s1 (z1, z̄1), r̄1b

s2(z2, z̄2)}= g2
YMf

ab
c

s1∑
n=0

(s1+s2−n)s1−n

(s1−n)!
∂̄s2+1

2

(
∂̄s1−n

1 δ(2)(z12)∂̄n
2 F̄

c
s1+s2(z2, z̄2)

)
.

(2.41)
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On the other hand, the tree level OPE for positive-helicity conformal primary gluons derived
in [2, 12] (modulo the rescaling (2.32)) is given by

F a+
∆1

(z1, z̄1)F b+
∆2

(z2, z̄2) ∼ −ig
2
YM
4π

fab
c

z12

∞∑
n=0

Γ(∆1 − 1 + n)Γ(∆2 − 1)
Γ(∆1 +∆2 + n− 2)

z̄n
12∂̄

n
2

n! F c+
∆1+∆2−1(z2, z̄2) .

(2.42)

By using the definition (2.35), (2.36) of the soft charge aspect, it is straightforward
to verify [42] that

r̄1a
s (z1, z̄1)F+b

∆2
(z2, z̄2) ↔

1
2i{r̄

2a
s (z1, z̄1), F+b

∆2
(z2, z̄2)} , (2.43)

and similarly for negative-helicity gluons. The charge OPE/bracket correspondence (2.43)
is thus the equivalent of (2.19) for YM theory.

2.2 Celestial diamonds

Celestial diamonds provide a graphical representation in the (∆, J) plane of conformal
primary descendants operators belonging to global conformal multiplets in 2D celestial CFT
(see [9, 10, 12, 41, 53] for more details). In the case of gravity and for the purposes of our
analysis, there are two classes of memory diamonds according to whether s ≤ 1 or s ≥ 2.5

In the first case, depicted in figure 1(a), the left and right corners are represented by the
conformally soft graviton modes and their shadows respectively; they both descend from a
generalized conformal primary [59], here denoted q̃s and dubbed dual charge aspects,6 with
(∆, J) = (−1,−s) and located at the top corner, and they both descend to the soft charge
aspects at the bottom corner (also generalized conformal primaries). In the second case,
the soft charge aspect operators are located on the right corner and their shadow on the
left one; they both descend from the corresponding spin-s soft graviton operators at the
top corner and they both descend to the dual soft graviton operators, denoted Ñs, with
(∆, J) = (1 + s, 2) and located at the bottom corner. This terminology follows [41], where
the notion of “duality” refers to the fact that both pairs of opposite corners have weights
related by (∆, J) ↔ (2 − ∆,−J) for arbitrary spin-s. In this regard, it is worth noting
that only the left and right corner entries are indeed one the shadow transform of the other.
The duality between the top and bottom corner entries has been given an interpretation
by means of SL(2,ℂ) representation theory in [41]. In particular, representation spaces
labeled by (∆, J) and (2 − ∆,−J) share a duality pairing through the following bilinear
functional on the complex plane

(ϕ, ψ) =
∫
ℂ
d2z[∂−∆−J−1∂̄−∆+J+1ϕ]ψ, (2.44)

where ϕ, ψ are elements of the representation space acting on L2(ℂ), labelled by (∆, J).7 In
the same work, dual soft gravitons Ñs have been identified with the sub-leading component
Ψ(s−2)

0 of the Ψ0 Weyl scalar in the large-r expansion around null infinity Ψ0 =
∑∞

n Ψ(n)
0 /r5+n.

5The zero-area diamond of s = 2 is a limiting case between the two.
6These were referred to as conformally soft dressings in [9, 10].
7Further details can be found in [60].
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q̃s : (�1,�s)
<latexit sha1_base64="r5mDCl1f2t7m6a67O0KJ7gzBmcQ="></latexit>

S[Ns] : (1 + s, 2)
<latexit sha1_base64="1mv6dejH7mB5pj/s7eQI92pGZyk="></latexit>

Ns : (1� s,�2)
<latexit sha1_base64="wAq2FaRB4mDjPFM1sqREIskVypY="></latexit>

@̄2�s
<latexit sha1_base64="4BNc5BW7ok8fapD9uwZUALB6kDQ="></latexit>

@̄2�s
<latexit sha1_base64="4BNc5BW7ok8fapD9uwZUALB6kDQ="></latexit>

@2+s
<latexit sha1_base64="D34psXD5petnb5jvQ6oiUC8hZso="></latexit>

@2+s
<latexit sha1_base64="D34psXD5petnb5jvQ6oiUC8hZso="></latexit>

qs : (3, s)
<latexit sha1_base64="/AhFuFF73vFzeBQiUyl8AVZuFWY="></latexit>

s = 0, 1
<latexit sha1_base64="dzQRGjaFj9R0JWu4lqZbNRhGUF4="></latexit>

(a)

Ns : (1� s,�2)
<latexit sha1_base64="wAq2FaRB4mDjPFM1sqREIskVypY="></latexit>

@2+s
<latexit sha1_base64="D34psXD5petnb5jvQ6oiUC8hZso="></latexit>

@2+s
<latexit sha1_base64="D34psXD5petnb5jvQ6oiUC8hZso="></latexit>

Ñs : (1 + s, 2)
<latexit sha1_base64="BG6v8KICsq5vj9IsPq4/HrfBXIU="></latexit>

qs : (3, s)
<latexit sha1_base64="/AhFuFF73vFzeBQiUyl8AVZuFWY="></latexit>

S[qs] : (�1,�s)
<latexit sha1_base64="PO0D8L4PeJgDil8Dlbbhasx54+Y="></latexit>

@̄s�2
<latexit sha1_base64="qRe0BvFk2n2bufTPMK0CLfq1WgA="></latexit>

@̄s�2
<latexit sha1_base64="qRe0BvFk2n2bufTPMK0CLfq1WgA="></latexit>

s � 2
<latexit sha1_base64="IDGSKHuu+fLk7e6St10Cr8wif3g="></latexit>

(b)

Figure 1. Celestial diamond associated with negative-helicity soft gravitons with ((a)) s = 0, 1 and
((b)) s ≥ 2.

r̃s : (0,�s)
<latexit sha1_base64="mLAboIf1wdPtIDpfBGJ9uP+sJ8s="></latexit>

rs : (2, s)
<latexit sha1_base64="4KuipYbMDts/XtXuftisNHBKriM="></latexit>

Fs : (1� s,�1)
<latexit sha1_base64="6JUywx9SYHNgz5TB/nf+YgU320U="></latexit>

@̄1�s
<latexit sha1_base64="7JejJQs2DCu3ujNq2gAKhOLUlys="></latexit>

@̄1�s
<latexit sha1_base64="7JejJQs2DCu3ujNq2gAKhOLUlys="></latexit>

@1+s
<latexit sha1_base64="zrJNVweoBtYVB9a4LT4+rheM5E8="></latexit>

@1+s
<latexit sha1_base64="zrJNVweoBtYVB9a4LT4+rheM5E8="></latexit>

S[Fs] : (1 + s, 1)
<latexit sha1_base64="0sQkCHEn6dH6eKFwPRDxaoXvN1M="></latexit>

s = 0
<latexit sha1_base64="eVSUjvdxToBwc+DeletMBAGS6Wk="></latexit>

(a)

rs : (2, s)
<latexit sha1_base64="4KuipYbMDts/XtXuftisNHBKriM="></latexit>

Fs : (1� s,�1)
<latexit sha1_base64="6JUywx9SYHNgz5TB/nf+YgU320U="></latexit>

F̃s : (1 + s, 1)
<latexit sha1_base64="IHt7fuaro7MsG+wY4g2QPMEoG3c="></latexit>

@̄s�1
<latexit sha1_base64="Hkba33sF+dhA/sqm/gO72NvsOdg="></latexit>

@̄s�1
<latexit sha1_base64="Hkba33sF+dhA/sqm/gO72NvsOdg="></latexit>

@1+s
<latexit sha1_base64="zrJNVweoBtYVB9a4LT4+rheM5E8="></latexit>

@1+s
<latexit sha1_base64="zrJNVweoBtYVB9a4LT4+rheM5E8="></latexit>

S[rs] : (0,�s)
<latexit sha1_base64="vG1jUoO24i5nwCkQSg4PSq2yJyg="></latexit>

s � 1
<latexit sha1_base64="8g8wzGkHam6vBFbc5C4P4H5QAgI="></latexit>

(b)

Figure 2. Celestial diamond associated with negative-helicity soft gluons with ((a)) s = 0 and
((b)) s ≥ 1.

In the course of our analysis, we will devote a good amount of effort to comparing the OPE
structure of dual soft gravitons Ñs and gluons F̃s (see figure 2(b)) to the one of their shadow
counterparts, providing evidence of their matching.

In YM theory the two classes of celestial diamonds have the same pattern, with the
limiting (zero-area) case corresponding now to s = 1 and the number of spatial derivatives
on each arrow varying as shown in figure 2.

3 Double-soft limit

In the literature of celestial holography, an ambiguity concerning the double-soft gluon
theorem has been discussed. In the context of S-matrix scattering amplitudes, when the
two gluons becoming soft have opposite helicities, the soft theorem has two different forms
depending on the order of the two soft limits [61]. The same ambiguity is encountered in
the case of the OPE counterpart of the scattering problem [7]. We will focus on the OPE
viewpoint, involving conformal primary gluons F±a

∆ .
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In most works, when studying the behavior of two opposite helicity gluons labeled by
indexes 1 and 2, the collinear limit defining the OPE is taken by considering the complex
variables (z, z̄) as independent: this limit is called holomorphic when z12 → 0, while keeping
z̄12 fixed, and antiholomorphic in the opposite case [2]. The leading OPE of two opposite
helicity conformal primary gluons in the holomorphic limit is

O+a
∆1

(z1, z̄1)O−b
∆2

(z2, z̄2) ∼ −igYM
fab

c

z12
B(∆1 − 1,∆2 + 1)O−c

∆1+∆2−1(z2, z̄2) . (3.1)

When, otherwise, the variables (z, z̄) are considered as complex conjugates, the collinear limit
takes both z12, z̄12 → 0. In this case, the leading OPE is

O+a
∆1

(z1, z̄1)O−b
∆2

(z2, z̄2) ∼− igYM
fab

c

z12
B(∆1 − 1,∆2 + 1)O−c

∆1+∆2−1(z2, z̄2)

− igYM
fab

c

z̄12
B(∆1 + 1,∆2 − 1)O+c

∆1+∆2−1(z2, z̄2). (3.2)

We define the soft gluon currents as

ja(z, z̄) = lim
∆→1

(∆− 1)O+a
∆ (z, z̄) , (3.3)

j̄a(z, z̄) = lim
∆→1

(∆− 1)O−a
∆ (z, z̄) . (3.4)

The OPE j̄a(z1, z̄1)jb(z2, z̄2), in principle, can be derived from (3.2), passing through a double
conformally soft limit, but in practice it is not well-defined because the r.h.s. depends on
the order of the two limits. If we take the limit in ∆1 first, we get

ja(z1, z̄1)j̄b(z2, z̄2) ∼ −igYM
fab

c

z12
j̄c(z2, z̄2), (3.5)

while, if we take the limit in ∆2 first, we get

ja(z1, z̄1)j̄b(z2, z̄2) ∼ −igYM
fab

c

z̄12
jc(z2, z̄2). (3.6)

This is the ambiguity shown in [61] and [7]. We want to exploit the correspondence (2.43)
between the OPE and the charge bracket to provide a prescription to fix the ordering of
the two limits. More precisely, when focusing on the mixed-helicity doubly-soft sector, the
correspondence we want to implement, passing from Poisson brackets to commutators via
the convention {·, ·} → i[·, ·], is

r̄1a
s1 (z1, z̄1)r1b

s2(z2, z̄2) ∼
1
2[r̄

2a
s1 (z1, z̄1), r1b

s2(z2, z̄2)]. (3.7)

Therefore, first we need to derive the r.h.s. of (3.7). As shown in appendix A, this commutator
is given by

[r̄2a
s1 (z1, z̄1), r1b

s2(z2, z̄2)]

= −ig2
YMf

ab
c

s1∑
n=0

(s1 + s2 − n− 2)s1−n

(s1 − n)! ∂s2+1
2 (∂̄s1−n

1 δ2(z1, z2)∂̄n
2F

c
s1+s2(z2, z̄2)) . (3.8)
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With this tool at hand, let us start with the holomorphic collinear limit. From [4] we
know that the full expression of the OPE (3.1) including the descendants, after rescaling
the operators with (2.32), is

F+a
∆1

(z1, z̄1)F−b
∆2

(z2, z̄2) ∼ −ig
2
YM
4π

fab
c

z12

∞∑
n=0

1
n!B(∆1 − 1 + n,∆2 + 1)z̄n

12∂̄
nF−c

∆1+∆2−1(z2, z̄2) .

(3.9)

We want to perform a double-soft limit and obtain the OPE

F̄ a
s1(z1, z̄1)F b

s2(z2, z̄2) = lim
∆1→1−s1,∆2→1−s2

(∆1 − 1 + s1)(∆2 − 1 + s2)F+a
∆1

(z1, z̄1)F−b
∆2

(z2, z̄2) .

(3.10)

If we take the limit in ∆1 first, we obtain

F̄ a
s1(z1, z̄1)F b

s2(z2, z̄2) ∼ −ig
2
YM
4π

fab
c

z12

s1∑
n=0

1
n!

(s1 + s2 − n− 2)s1−n

(s1 − n)! z̄n
12∂̄

nF c
s1+s2(z2, z̄2),

(3.11)
where we used that Γ(z) has no singularities on the positive real axis, while Resz=−nΓ(z) =
(−)n

n! ∀n ∈ ℤ+, and that Γ(x + 1)/Γ(x − n + 1) = (x)n.
In the other order, when taking the limit on ∆2 first, we would get zero if s2 = 0, 1, as

Res∆2=1−s2Γ(∆2 + 1) = 0 for s2 < 2, which means that the two soft limits do not commute.
In the case s2 ≥ 2, instead, we get the non-vanishing expression

F̄ a
s1(z1, z̄1)F b

s2(z2, z̄2) ∼− i
g2

YM
4π

fab
c

z12

[ s1∑
n=0

1
n!

(s1 + s2 − n− 2)s1−n

(s1 − n)! z̄n
12∂̄

nF c
s1+s2(z2, z̄2)

+
∞∑

n=s1+s2−1

1
n!

(s1 + s2 − n− 2)s2−2
(s2 − 2)! z̄n

12∂̄
nF c

s1+s2(z2, z̄2)
]
, (3.12)

which is different from (3.11) because of the second row. Thus, for the holomorphic collinear
limit, the conformally soft limits of the OPE do not commute for any s2 ≥ 0.

Let us see what happens with the OPE of soft charges. By applying the differential
operator ∂s2+1

2 ∂̄s1+1
1 to (3.11), we obtain

r̄1a
s1 (z1, z̄1)r1b

s2(z2, z̄2)

∼ −ig
2
YM
2 fab

c

s1∑
n=0

(s1 + s2 − n− 2)s1−n

(s1 − n)! ∂s2+1
2 (∂̄s1−n

1 δ(2)(z1, z2)∂̄n
2F

c
s1+s2(z2, z̄2)), (3.13)

where we used

1
n! ∂̄

s1+1
1

(
z̄n

12
z12

)
= 2π∂̄s1−n

1 δ(2)(z1, z2). (3.14)

The expression on the r.h.s. of (3.13) is proportional to the bracket (3.8), that is the
identification (3.7) is realized. This holds for any s1, s2, only if the limit in ∆1 is taken first.
If we take the limit in ∆2 first, instead, the above identification is not satisfied (we have a
vanishing OPE for s2 = 0, 1 and extra terms for s2 ≥ 2).
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Let us point out that a similar non-commutativity of soft limits is found also for the
same-helicity OPE, as soon as one includes the full tower of descendants in the OPE (2.42).
In fact, if we take the soft limit of (2.42) in ∆1 first, we obtain

F̄ a
s1(z1, z̄1)F̄ b

s2(z2, z̄2) ∼ −ig
2
YM
4π

fab
c

z12

s1∑
n=0

(s1 + s2 − n)s1−n

(s1 − n)!
z̄n

12∂̄
n
2

n! F̄ c
s1+s2(z2, z̄2) , (3.15)

while if we take the limit in ∆2 first, we obtain

F̄ a
s1(z1, z̄1)F̄ b

s2(z2, z̄2) ∼ − i
g2

YM
4π

fab
c

z12

[ s1∑
n=0

(s1 + s2 − n)s1−n

(s1 − n)!
z̄n

12∂̄
n
2

n! F̄ c
s1+s2(z2, z̄2)

+
∞∑

n=s1+s2+1

(s1 + s2 − n)s2

s2!
z̄n

12∂̄
n
2

n! F̄ c
s1+s2(z2, z̄2)

]
. (3.16)

Here, terms in the second row represent an obstruction to the exact commutativity of the
two soft limits, analogous to what happens for s2 ≥ 2 in the mixed-helicity case. This
non-commutativity issue was noted also in [39] for both same-helicity and mixed-helicity
cases (see also [62] for a review). In that work, it is argued that this ambiguity for the
same-helicity sector does not affect the commutator of the holomorphic currents constructed
from a contour integral of the OPE, since the mode expansion of the obstruction terms
does not contain any pole; this way, the Jacobi identity of the current algebra is preserved.
However, we point out that greater care is required when applying this argument to the
mixed-helicity case: here, for s2 ≤ 1, the ambiguity manifests not through obstruction terms,
but through the fact that only one ordering (first entry taken soft first) yields a non-vanishing
OPE. We further emphasize that, unlike the holomorphic commutator, the ordering of the
soft limits is crucial to recover the canonical commutator of charge aspects, computed from
the phase space Poisson bracket (2.39), from the OPE, even in the same-helicity case. More
precisely, the linear-order of the canonical commutator of two YM charge aspects is given
by the sum of two contributions, namely

[r̄a
s1(z1, z̄1), r̄b

s2(z2, z̄2)]1 = [r̄1a
s1 (z1, z̄1), r̄2b

s2(z2, z̄2)] + [r̄2a
s1 (z1, z̄1), r̄1b

s2(z2, z̄2)] . (3.17)

The bracket-OPE correspondence discussed so far, applies to each of the two pieces on
the r.h.s. of (3.18). In particular, applying the derivative operators ∂̄s1+1

1 ∂̄s2+1
2 on the first

ordering (3.15) gives an exact match with the bracket-OPE correspondence

r̄1a
s1 (z1, z̄1)r̄1b

s2(z2, z̄2) ∼
1
2[r̄

2a
s1 (z1, z̄1), r̄1b

s2(z2, z̄2)]. (3.18)

This does not happen for the second ordering (3.16), which introduces an obstruction due
to the extra terms in the second row.

One might then consider a looser notion of bracket-OPE correspondence for the full
linear-order canonical commutator (3.17), consisting of the following combination of OPEs

[r̄a
s1(z1, z̄1), r̄b

s2(z2, z̄2)]1 ∼ 1
2 r̄

1a
s1 (z1, z̄1)r̄1b

s2(z2, z̄2)−
1
2 r̄

1b
s2(z2, z̄2)r̄1a

s1 (z1, z̄1) . (3.19)

One could then ask whether this correspondence is independent of the ordering of the two
conformally-soft limits. The answer is negative: the correspondence is verified only when
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both terms on the r.h.s. are computed using the prescription first entry goes soft first. With
the reverse ordering (or any mixed combination of orderings), the extra terms from (3.16) do
not cancel, thus obstructing the correspondence. Let us also point out that we would have
commutativity of the two conformally soft limits only if the summation over the descendants
in (2.42) was truncated at most to n = s1+s2, i.e. if we restrict to the wedge, as already
noticed in [39]. These results, considering the full tower of descendants, already provide a
first indication that there is a preferred ordering for the double limit.

So far we restricted to the holomorphic collinear limit. If one wants to go beyond it, thus
considering (z, z̄) as complex conjugates, the expression of the same-helicity OPE (2.42) does
not change, so the above observations still hold. In the case of mixed-helicity, instead, the
form of the OPE of the two conformal primary gluons becomes

O+a
∆1

(z1, z̄1)O−b
∆2

(z2, z̄2) ∼− igYM
fab

c

z12

∞∑
n=0

1
n!B(∆1 − 1 + n,∆2 + 1)z̄n

12∂̄
nO−c

∆1+∆2−1(z2, z̄2)

− igYM
fab

c

z̄12

(
B(∆1 + 1,∆2 − 1)O+c

∆1+∆2−1(z2, z̄2) +O(z12)
)
.

(3.20)

The first row here is the same as the holomorphic limit restriction. When one performs
the conformally soft limit in ∆1 on the second row, this vanishes for s1 < 2. This means
that beyond s1 = 1, the conformally soft limit of the OPE receives corrections. If these come
with corrections to the higher-spin charges, as expected since their evolution equations (2.33)
beyond s1 = 1 are only truncations of the Yang-Mills equations, it might be possible to preserve
the correspondence (3.7). Such analysis is however beyond the scope of this manuscript.

Nevertheless, if one takes the conformally soft limit of the second row of (3.20) in ∆2 first,
this is non-vanishing for all values of s2, even spins s2 = 0, 1. Given the possible appearance
of both helicity soft gluons in the OPE, when taking the double-soft limit in different orders,
a scenario one could contemplate is the following. In the mixed-helicity sector, the linear
order bracket between two charge aspects consists of the two contributions

[r̄a
s1(z1, z̄1), rb

s2(z2, z̄2)]1 = [r̄2a
s1 (z1, z̄1), r1b

s2(z2, z̄2)] + [r̄1a
s1 (z1, z̄1), r2b

s2(z2, z̄2)] . (3.21)

A fair guess could be that the first contribution would correspond to the OPE r̄1a
s1 (z1, z̄1)

r1b
s2(z2, z̄2), where the first entry goes soft first, while the second commutator in (3.21) would

correspond to the same OPE but where the second entry goes soft first. What we show
now is that in general this is not the case.

We will only analyze the case s1 = s2 = 0, which is interesting because in this regime the
evolution equations of the higher-spin charges are exact, and also because this is the case
in which the double-soft limit ambiguity is discussed in literature. Taking the double-soft
limit of (3.20) in the two orderings, we have

F̄ a
0 (z1, z̄1)F b

0 (z2, z̄2) ∼

−ig2
YM
4π

fab
c

z12
F c

0 (z2, z̄2) for ∆1 → 1 first,
−ig2

YM
4π

fab
c

z̄12
F̄ c

0 (z2, z̄2) for ∆2 → 1 first.
(3.22)

We see that in the ∆1 → 1 first case the sum over descendants gets truncated to the primary
only; even if the second row of (3.20) already contains only the primary term, we assume
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that the same truncation for the ∆2 → 1 first case would remain valid even after inclusion
of descendants for the positive-helicity gluon in (3.20).

These two expressions are respectively equivalent to (3.5) and (3.6), since

F̄ a
0 (z) =

gYM
4π ja(z). (3.23)

If we apply ∂2∂̄1 to (3.22), we obtain

r̄1a
0 (z1, z̄1)r1b

0 (z2, z̄2)

∼

−ig2
YM
2 fab

c∂2(δ(2)(z1, z2)F c
0 (z2, z̄2)) for ∆1 → 1 first,

i
g2

YM
2 fab

c

(
∂̄1δ

(2)(z1, z2)F̄ c
0 (z2, z̄2) + 1

2π
1

z̄2
12
∂2F̄

c
0 (z2, z̄2)

)
for ∆2 → 1 first,

(3.24)

We observe that only for ∆1 → 1 taken first, the charge OPE/bracket correspondence

r̄1a
0 (z1, z̄1)r1b

0 (z2, z̄2) ∼
1
2[r̄

2a
0 (z1, z̄1), r1b

0 (z2, z̄2)] (3.25)

is verified. In fact, if we turn to the case ∆2 → 1 taken first, we can rewrite it as

r̄1a
0 (z1, z̄1)r1b

0 (z2, z̄2) ∼ i
g2

YM
2 fab

c

(
∂̄1(δ(2)(z1, z2)F̄ c

0 (z2, z̄2)) +
1
2π

1
z̄2

12
∂2F̄

c
0 (z2, z̄2)

)
. (3.26)

This means

r̄1a
0 (z1, z̄1)r1b

0 (z2, z̄2) ∼
1
2[r̄

1a
0 (z1, z̄1), r2b

0 (z2, z̄2)] + i
g2

YM
4π

1
z̄2

12
fab

c∂2F̄
c
0 (z2, z̄2) , (3.27)

from which we see that the case ∆2 → 1 first does not realize a charge OPE/bracket
correspondence with the second term on the r.h.s. of (3.21). We observe, however, that such
scenario could be realized if the second line of (3.20) were expanded around (z1, z̄1) instead
of (z2, z̄2): at the level of primaries only, the two choices of expansion point in (3.20) are
equivalent. We would then start with

O+a
∆1

(z1, z̄1)O−b
∆2

(z2, z̄2) ∼− igYM
fab

c

z12

∞∑
n=0

1
n!B(∆1 − 1 + n,∆2 + 1)z̄n

12∂̄
nO−c

∆1+∆2−1(z2, z̄2)

− igYM
fab

c

z̄12

(
B(∆1 + 1,∆2 − 1)O+c

∆1+∆2−1(z1, z̄1) +O(z12)
)
,

(3.28)

instead of (3.20). Applying the double-soft limit to it, we would obtain

F̄ a
0 (z1, z̄1)F b

0 (z2, z̄2) ∼

−ig2
YM
4π

fab
c

z12
F c

0 (z2, z̄2) for ∆1 → 1 first,
−ig2

YM
4π

fab
c

z̄12
F̄ c

0 (z1, z̄1) for ∆2 → 1 first.
(3.29)

instead of (3.22).8 Then, acting with ∂2∂̄1 on the second line of (3.29) would precisely
yield the correspondence

r̄1a
0 (z1, z̄1)r1b

0 (z2, z̄2) ∼
1
2[r̄

1a
0 (z1, z̄1), r2b

0 (z2, z̄2)] , (3.30)

8Alternatively, one could start with (3.20), and Taylor-expand the second line of (3.22) around (z1, z̄1),
truncating to the primary contribution. This would lead to the same conclusion.
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without the obstruction term appearing in (3.27).
To summarize, the results of this section show that, both for the case of same-helicity

and mixed-helicity gluons, the canonical approach can remove the ambiguities arising in the
OPE approach when we include the full tower of descendants and both operators go soft,
providing the prescription: First entry goes soft first. We will apply this rule in the following
when studying OPEs involving shadow operators in the case where both entries are soft. Let
us thus move to our second and main application of the charge OPE/bracket correspondence.

4 Shadow OPE in gravity

The shadow transform can be defined through a notion of propagator Gn(z; z1) such that

Dn
z1Gn(z; z1) = δ2(z, z1), (4.1)

and its complex conjugate Ḡn(z; z1) := (Gn(z; z1))∗. On the celestial plane, for n ≥ 1, one has

Gn(z1; z) =
1

2π(n− 1)!
(z − z1)n−1

z̄ − z̄1
. (4.2)

Shadow charge aspects and shadow soft gravitons are then given by

S[qs](z, z̄) = ∂̄s−2
∫

S1
Gs+2(z1; z)qs(z1, z̄1), for s ≥ 2 (4.3)

S[Ns](z, z̄) = ∂s+2
∫

S1
Ḡ2−s(z1; z)Ns(z1, z̄1) for s ≤ 1 . (4.4)

Complementary to these, we can express the dual charge aspects q̃s and dual soft gravi-
tons Ñs as

q̃s(z, z̄) =
∫

S1

∫
S2
Ḡ2−s(z1; z)Gs+2(z2; z1)qs(z2, z̄2), for s ≤ 1 (4.5)

Ñs(z, z̄) = ∂s+2∂̄s−2Ns(z, z̄) for s ≥ 2 . (4.6)

Eqs. (4.4), (4.6) express the web of relations depicted by the celestial diamonds in figure 1.
Shadow and dual soft charge aspects can then be expressed in terms of soft gravitons via (2.8).

More generally, we use the following definitions (see (1.1)) of the shadow transform
S : (∆, J) → (2 − ∆,−J) for conformal primary gravitons

S[N−
∆ ](z2, z̄2) =

K∆
2π

∫
S3

1
z4−∆

23

1
z̄−∆

23
N−

∆(z3, z̄3) , (4.7)

N−
∆(z2, z̄2) =

K̃2−∆
2π

∫
S3

1
z∆−2

23

1
z̄∆+2

23
S[N−

∆ ](z3, z̄3) , (4.8)

where the constants are

K∆ = (−)3−∆Γ(4−∆)
Γ(1 + ∆) , (4.9)

K̃2−∆ = (−)∆+1Γ(2 + ∆)
Γ(3−∆) . (4.10)
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The corresponding expressions for the positive-helicity primaries N+
∆ are identical to the

above ones upon the exchange z23 ↔ z̄23. Let us point out that, taking the conformally soft
limit of (4.7), we recover the operators (4.4) for s ≤ 1; for s ≥ 2, the two classes of operators
given by the conformally soft limit of (4.7) and (4.6) only share the same conformal dimension
and helicity (∆, J) = (1 + s, 2). Nevertheless, one of the main focus of our analysis is to
provide evidence that, when inserted in a correlation function, these two sets of operators
exhibit the same OPE structure.

Our strategy for deriving shadow celestial OPEs is to employ the charge OPE/bracket
correspondence (2.19) together with (4.4), (4.6), (4.7). In order to test the validity of this
strategy, we apply it first to recover results in previous literature on OPEs involving the
CCFT energy-momentum tensor.

Before proceeding, we inform the reader that, in the rest of this manuscript, we will
sometimes restrict to conformal primary gravitons/gluons such that the real part of their
conformal dimension satisfies ℜ∆ ≤ 1. This includes the complete basis of boost eigenstates
labeled by the principal continuous series ∆ = 1 + iλ, λ ∈ ℝ [5], as well as the set of memory
observables in the discrete basis of [14]; in particular, it allows us to take the conformally
soft limit ∆ → 1 − s, s ∈ ℕ of both conformal primary gravitons and gluons within an
OPE. At the same time, this restriction (which we will explicitly point out when applied)
simplifies the expression of some OPEs, whose analytic structure would otherwise require
a more general treatment.

4.1 Energy-momentum tensor

The CCFT energy-momentum tensor is defined as the shadow transform of the s = 1 soft
graviton operator

T (z1, z̄1) := S[N1](z1, z̄1) = − 3!
2π

∫
S

1
(z1 − z)4N1(z, z̄)

= 1
2π

∫
S

1
z1 − z

q1(z, z̄) , (4.11)

and it has been shown to be the generator of local conformal transformation on the celestial
sphere [18–20]. Let us first verify this property by using our prescription to compute celestial
OPEs involving shadow operators.

Starting from the second line of (4.11), we can use the bracket (2.14) to write the OPE

q1
1(z1, z̄1)N±

∆2
(z2, z̄2)∼− iκ

2

8

[
−(∆2±2)∂1δ

2(z1,z2)N±
∆2

(z2, z̄2)+2δ2(z1,z2)∂2N
±
∆2

(z2, z̄2)
]
,

(4.12)

from which

T (z1, z̄1)N±
∆2

(z2, z̄2) ∼ − iκ
2

8
1
2π

[ (∆2 ± 2)
(z1 − z2)2N

±
∆2

(z2, z̄2) +
2

z1 − z2
∂2N

±
∆2

(z2, z̄2)
]
, (4.13)

which yields the expected conformal Ward identity for positive and negative helicity gravitons
with conformal weights 2h2± = ∆2 ± 2.
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We can now proceed further and take a shadow transform on the second entry. We focus
first on the same-helicity OPE. For ℜ∆2 ≤ 1, we have (see appendix B.1 for details)

T (z1, z̄1)S[N−
∆2

](z2, z̄2)

∼ − iκ2

16π

(
− (4−∆2)3z

∆2−5
12 z̄∆2+1

12
1
2π

∫
S4
z1−∆2

41 z24z̄
−1
24 z̄

−∆2−1
41 S[N−

∆2
](z4, z̄4)

− (3−∆2)2z
∆2−4
12 ∂z1(z̄

∆2+1
12 ) 1

2π

∫
S4
z2−∆2

41 z̄−1
24 z̄

−∆2−1
41 S[N−

∆2
](z4, z̄4)

+ z−2
12 (4−∆2 + 2z12∂z2)S[N−

∆2
](z2, z̄2)

)
, (4.14)

where the second row only contributes when ℜ∆2 ≤ −2. Upon the rescaling (2.15) of primary
fields, the local part of this expression is in agreement with [51] (see eq. (3.16) there), up to a
sign. In the aforementioned work, this sign mismatch is found via a different construction of
the OPE of shadow operators, relying on an OPE block, and it is attributed to the alleged
presence of additional singularity structures in correlators, beyond what is captured by the
shadow transform of the OPE coefficients.

In order to obtain the OPE between two copies of the energy-momentum tensor, we can
take the conformally soft limit ∆2 → 0) of (4.14) (see appendix B.3) and we arrive at

T (z1, z̄1)T (z2, z̄2) ∼ − iκ2

8π

[( 2
z2

12
+ 1
z12

∂2

)
T (z2, z̄2)

− 24
z5

12

(
q̃1

1(z2, z̄2)− q̃1
1(z1, z̄1)

)
− 12
z4

12
(∂2q̃

1
1(z2, z̄2) + ∂1q̃

1
1(z1, z̄1))

]
.

(4.15)

The first line on the r.h.s. of (4.15) reproduces the expected OPE of two copies of the energy-
momentum tensor; the second line represents an extra non-contact term.9 Such undesired
contribution is not new of course; in fact, it can be rewritten as (see appendix B.3)

24
z5

12

(
q̃1

1(z2, z̄2)− q̃1
1(z1, z̄1)

)
+ 12
z4

12
(∂2q̃

1
1(z2, z̄2) + ∂1q̃

1
1(z1, z̄1)) = − 1

π

6
z2

12

∫
S3

1
z2

23z
2
13
N1(z3, z̄3) ,

(4.16)
which is exactly the obstruction term found in [20] (see eq. (4.12) there). There the authors
argued that, by means of the sub-leading soft theorem (due to the insertion of N1) [44] and
conformal integrals of the form (B.1), this undesired contribution vanishes due to global
conformal invariance. However, the validity of this conclusion has been questioned in [21]
due to subtleties related to subleading divergent terms of a Γ(0) function, appearing when
performing the conformal integral. Here, as in [21], we include both operators N1 and its
shadow T in the theory. In this setting, we provide further support for the conclusion
that the obstruction term (4.16) is non-vanishing, based on the structure of the relevant
celestial diamond. If we compute the OPE associated with the conservation law for the

9As a remark, if we compute (4.15) with the opposite ordering of soft limits (i.e., taking the second entry
soft first), the situation becomes more complicated: not only are the extra terms not removed, but additional
undesired terms also survive.
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energy-momentum tensor, we obtain

T (z1, z̄1)∂̄T (z2, z̄2) ∼− iκ2

4
1
2π

[
− 24
z5

12
N1(z2, z̄2)−

12
z4

12
∂N1(z2, z̄2)

+ 2
z2

12
q1

1(z2, z̄2) +
1
z12

∂q1
1(z2, z̄2)

]
; (4.17)

we see that the second line on the r.h.s. above gives rise to contact terms when inserted
in a correlation function, due to the sub-leading graviton soft theorem, but the first line
represents a true obstruction to a conservation law for tree level amplitudes, as its insertion
does not vanish even for a point (z2, z̄2) away from other operator insertions. As we show
in appendix B.4, the result (4.17) is derived without passing through (4.16), but by making
use of the celestial diamond relation ∂̄T = ∂3N1 (see figure 1(a) for s = 1). If we want to
preserve both the right and left corners of the celestial diamond (namely, the sub-leading
soft graviton N1 and the stress-energy tensor T ), the same expression should follow also
from simply acting with ∂̄2 on (4.16). This is indeed the case only if the obstruction term
in the latter is non-vanishing, as otherwise we would recover only the second line of (4.17)
(up to contact terms).

In order to solve these issues, the authors of [21] proposed a modified definition for the
CCFT energy-momentum tensor, whose OPE with itself contains no obstruction terms. In
such a construction, the modified energy-momentum tensor comes with a manifest Virasoro
symmetry but, if N1 is kept in the theory, the 𝔰𝔩(2,ℂ) symmetry it generates is lost. Their
reasoning is based on the introduction of an object [q̃1]S with the same conformal dimension
and helicity as q̃1

1, such that

∂̄[q̃1]S = N1 and ∂3[q̃1]S(z1, z̄1)N1(z2, z̄2) ∼ Contact Terms. (4.18)

The definition they propose requires taking z, z̄ as independent variables and performing a
contour integral from reference point10 z̄0 to z̄, explicitly

[q̃1]S(z, z̄) :=
∫ z̄

z̄0
dw̄N1(z, w̄). (4.19)

Being able to perform a contour integral only on one of the celestial sphere coordinates is
crucial in order to guarantee that the conservation law of the modified energy-momentum
tensor Tmod = T − ∂3[q̃1]S is compatible with the vanishing of any non-contact term in the
OPE Tmod∂̄Tmod; in fact, the subtraction piece corresponds to a modification of the shadow
integral kernel in the (2, 2) signature. The price to pay for rescuing the Virasoro symmetry
associated to Tmod this way though is that the 𝔰𝔩(2,ℂ) symmetry associated to N1 is no
longer preserved, namely the left corner of the celestial diamond in figure 1(a) (for s = 1)
is removed as a local operator. This may represent a too drastic of a solution, as N1 is
associated to the soft component of the angular momentum charge, whose insertion in a
S-matrix element generates the subleading soft graviton theorem [44, 46, 63]; moreover, the

10In [21] (see the discussion below eq. (3.9) there), the authors emphasize that the reference point z̄0

appearing in (4.19) explicitly breaks the global conformal invariance, and they conveniently choose it to be
z̄0 → ∞.
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operator N1 defines the subleading displacement memory near null infinity [64, 65], an effect
potentially measurable by future detectors [66].

Therefore, whether this analytic continuation and modification of the shadow transform
kernel is the only viable prescription surely deserves further investigation, but that is beyond
the scope of this work. We simply limit ourself to pointing out how the expression of
the undesired non-contact contribution in the second line of (4.15) in terms of q̃1

1 and its
spatial derivative might prove useful in finding a more general definition of modified energy-
momentum tensor compatible with the expected OPEs. The possible usefulness of this
rewriting of the obstruction term in (4.15) is borne out by the following observation. If
we use the standard definition of the Virasoro generators as the coefficients of the mode
expansion of the energy-momentum tensor and their commutator as a double contour integral
of its OPE [67], then one finds

[Ln, Lm] = 1
(2πi)2

κ2

8πi

∮
0
dz2z

m+1
2

∮
z2
dz1z

n+1
1

(2T (z2)
z2

12
+ ∂T (z2)

z12

− 24
z5

12
(q̃1

1(z2)− q̃1
1(z1))−

12
z4

12
(∂2q̃

1
1(z2) + ∂1q̃

1
1(z1))

)
= 1

(2πi)2
κ2

8πi

∮
0
dz2z

m+1
2

(
2(n+ 1)zn

2T (z2) + zn+1
2 ∂T (z2)

− 2∂(zn+1
2 )∂3q̃1

1(z2)− zn+1
2 ∂4q̃1

1(z2)
)
= 0 , (4.20)

where we used ∂3q̃1
1 = T and the strong assumption of q̃1

1 to be holomorphic. This shows
that the second line of (4.15) encodes the structure of a Virasoro algebra as well.

As a final check of our procedure, we compute the mixed-helicity T̄ T OPE. Following
similar steps as above, for ℜ∆2 ≤ 1, we obtain first (see appendix B.2)

T̄ (z1, z̄1)S[N−
∆2

](z2, z̄2)

∼ iκ2

16π

[
∆2z̄

−2
12 S[N

−
∆2

](z2, z̄2)− 2z̄−1
12 ∂̄S[N

−
∆2

](z2, z̄2)

− (∆2 + 2)(∆2 + 1)∆2z
∆2−3
12 z̄∆2−1

12
1
2π

∫
S4
z−1

24 z̄24z
3−∆2
41 z̄−∆2−3

41 S[N−
∆2

](z4, z̄4)

+ (∆2 + 2)(∆2 + 1)∂̄z1

(
z∆2−3

12

)
z̄∆2

12
1
2π

∫
S4
z−1

24 z
3−∆2
41 z̄−∆2−2

41 S[N−
∆2

](z4, z̄4)
]
. (4.21)

If we take now the second conformally soft limit ∆2 → 0, we arrive at (see appendix B.5)

T̄ (z1, z̄1)T (z2, z̄2) ∼ − iκ
2

8π

[ 1
z̄12

∂̄T (z2, z̄2)

− 2π
(
∂2

2δ
2(z1, z2)∂̄q̃1

1(z2, z̄2)− 3∂2δ
2(z1, z2)∂̄∂q̃1

1(z2, z̄2)− 3δ2(z1, z2)∂̄∂2q̃1
1(z2, z̄2)

) ]
.

(4.22)

Again, this derivation reproduces the result of [20], with the r.h.s. of (4.22) giving only regular
terms modulo delta-function contact terms, including the first line on the r.h.s. of (4.22)

— recall in fact that ∂̄T = q1
1, thus its insertion in correlation functions also yields only
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delta-function contributions due to the sub-leading soft theorem —. We thus see that the
mixed-helicity sector of the energy-momentum OPE does not pose any problem.

After this review of how OPEs involving the energy-momentum tensor, as obtained in
previous literature, can be recovered using the algorithm laid out at the beginning of this
section, we can now reliably apply it to compute OPEs involving a shadow soft operator
for the whole tower s1 ≥ 0.

Before moving to this more general case, let us point out another useful clarification of an
ambiguity often times lurking behind the application of the shadow transform. This concerns
the commutativity or not of performing the shadow transform before or after the conformally-
soft limit. As shown in appendix B.6, the same expressions for the OPEs (4.15), (4.22) can
be derived by performing the second conformally-soft limit first and then taking the shadow
transform of the second entry. This provides good evidence that indeed the two operations
commute with each other, and more will be provided shortly.

4.2 Same-helicity sector

We want extend our procedure to compute shadow OPEs for a general s1 ≥ 0, focusing first
on the same-helicity sector. By ‘same-helicity’ hereafter we refer to the starting point OPE
between a soft charge and a conformal primary graviton, from which we can next derive
OPEs involving a shadow transform on either one (in which case the OPE will acquire a
mixed-helicity) or both entries (in which case we will still have the same helicity, although of
opposite sign). We start again from the charge aspect bracket (2.14), which yields the OPE

q1
s1(z1, z̄1)N−

∆2
(z2, z̄2)

∼ − iκ2

8s1!

s1∑
n=0

(−)n−s1(∆2 − 2)s1−n(s1)n(n+ 1)∂s1−n
1 δ2(z1, z2)∂n

2N
−
∆2+1−s1

(z2, z̄2) . (4.23)

Given the different structure of the two classes of celestial diamonds in figure 1, let us
treat the cases s1 = 0 and s1 ≥ 2 separately — the case s1 = 1 has been studied already
in section 4.1 —. For s1 = 0, (4.4) together with (4.23) yield

S[N0](z1, z̄1)N−
∆2

(z2, z̄2) = − iκ
2

8
1
2π

z̄1 − z̄2
z1 − z2

N−
∆2+1(z2, z̄2) . (4.24)

If we take the conformally soft limit of the second entry, we get

S[N0](z1, z̄1)Ns2(z2, z̄2) ∼ − iκ
2

8
1
2π

z̄1 − z̄2
z1 − z2

Ns2−1(z2, z̄2) , (4.25)

and, for s2 ≤ 1, taking the shadow transform of the second entry,

S[N0](z1, z̄1)S[Ns2 ](z2, z̄2) ∼ − iκ2

16π
1
2π (−)s2 (2 + s2)!

(1− s2)!

∫
S3

(z̄2 − z̄3)1−s2

(z2 − z3)3+s2

z̄1 − z̄3
z1 − z3

Ns2−1(z3, z̄3) .

(4.26)

– 23 –



J
H
E
P
0
3
(
2
0
2
6
)
0
9
6

This is non-trivial only for s2 = 1, yielding (see appendix B.7)

S[N0](z1, z̄1)S[N1](z2, z̄2) ∼
iκ2

8
1
2π

3!
2π

∫
S

1
(z2 − z)4

z̄1 − z̄

z1 − z
N0(z, z̄)

= − iκ2

16π

[ 1
z12

(
z̄12∂̄∂ + ∂ + 3 z̄12

z12
∂̄ + 3 1

z12

)
S[N0](z2, z̄2)

+ 6
z3

12

(
z̄12∂̄∂q̃

1
0(z2, z̄2) + ∂q̃1

0(z2, z̄2) +
z̄12
z12

∂̄q̃1
0(z2, z̄2) +

1
z12

(q̃1
0(z2, z̄2)− q̃1

0(z1, z̄1))
)]

.

(4.27)

If instead we do not want to take the double-soft limit but compute the OPE with a
shadow conformal primary graviton, we can take the shadow transform of the second entry
in (4.24), which yields for a general ∆2 (see appendix B.8)

S[N0](z1, z̄1)S[N−
∆2

](z2, z̄2)

∼ − iκ
2

8

[
− (3−∆2)2

1
2πz

∆2−4
12 z̄∆2+2

12

∫
S3
z1−∆2

31 z̄−2
23 z̄

−∆2−1
31 S[N−

∆2+1](z3, z̄3)

+ z−2
12 z̄

∆2+2
12 (3−∆2 + z12∂2) ∂̄2

(
z̄−∆2−1

12 S[N−
∆2+1](z2, z̄2)

) ]
. (4.28)

Taking the conformally soft limit for ∆2 = 0, one recovers (4.27), showing again the com-
mutativity between conformally soft limit and shadow transform.

For s1 ≥ 2, the OPE (4.23) together with (4.6) yield

Ñs1(z1, z̄1)N−
∆2

(z2, z̄2)

∼ − iκ2

8s1!

s1∑
n=0

(−)n−s1(∆2 − 2)s1−n(s1)n(n+ 1)∂̄s1−2
1 ∂s1−n

1 δ2(z1, z2)∂n
2N

−
∆2+1−s(z2, z̄2).

(4.29)

Taking the shadow transform of the conformal primary graviton in the second entry, we
immediately obtain

Ñs1(z1, z̄1)S[N−
∆2

](z2, z̄2) ∼− iκ2

8s1!
K∆2

2π

s1∑
n=0

(−)n−s1(∆2 − 2)s1−n(s1)n(n+ 1)

× ∂̄s1−2
1 ∂s1−n

1

(
z̄∆2

12
z4−∆2

12
∂n

1N
−
∆2+1−s1

(z1, z̄1)
)
. (4.30)

Eq. (4.30) gives the OPE of a dual soft graviton with a shadow conformal primary. However,
let us stress again that, for s1 ≥ 2, the dual soft graviton and the shadow soft graviton
operators are not the same object, Ñs1 ̸= S[Ns1 ]. To derive the OPE of a shadow soft graviton,
rather than a dual soft graviton, one can start with the OPE involving a (sub)s1-leading soft
graviton with a shadow conformal primary and then eventually take the shadow on the first
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entry. Let us perform the first step and start again from (4.23) to write11

Ns1(z1, z̄1)N−
∆2

(z2, z̄2)

∼ − iκ2

16πs1!

s1∑
n=0

1
n! (−)n−s1(∆2 − 2)s1−n(s1)n

(z1 − z2)n+1

z̄1 − z̄2
∂n

2N
−
∆2+1−s1

(z2, z̄2). (4.31)

Taking the shadow of the second argument for a general ∆2 we get (see appendix B.9)

Ns1(z1, z̄1)S[N−
∆2

](z2, z̄2)

∼ − iκ2

16πs1!
K∆2

2π
K̃1−∆2+s1

2π

s1∑
n=0

1
n! (−)n−s1(∆2 − 2)s1−n(s1)n

[
(1 + s1 −∆2)n

×
∫

S3

∫
S4

1
z−n−1

13

1
z4−∆2

23

1
z∆2−s1−1+n

34

1
z̄13

1
z̄−∆2

23

1
z̄∆2+3−s1

34
S[N−

∆2+1−s1
](z4, z̄4)

+
n∑

k=1
(1 + s1 −∆2)n−k

(
n

k

)

×
∫

S3

∫
S4

1
z−n−1

13

1
z4−∆2

23

1
z∆2−s1−1+n−k

34

1
z̄13

1
z̄−∆2

23
∂k

z3

(
1

z̄∆2+3−s1
34

)
S[N−

∆2+1−s1
](z4, z̄4)

]
.

(4.32)

The extra double integral in the last line on the r.h.s. of the OPE above can contribute
only in the case ℜ∆2 ≥ s1 − 2. However, as shown in appendix B.10, when taking the
conformally soft limit of the second entry as well, this contribution is never there for all
s1, s2 ≥ 0. The resulting OPE reads

Ns1(z1, z̄1)S[Ns2 ](z2, z̄2) ∼ − iκ2

16π
(s1 + s2)s1

s1!
K1−s2

2π
K̃s2+s1

2π

s1∑
n=0

(s1)n

n!

×
∫

S3

∫
S4

1
z−n−1

13

1
z3+s2

23

1
z−s2−s1+n

34

1
z̄13

1
z̄s2−1

23

1
z̄4−s2−s1

34
S[Ns1+s2−1](z4, z̄4). (4.33)

For s1 ≥ 1 the conformal integral identity (B.1) cannot be applied to the integral in square
brackets above, as the condition (B.3) cannot be satisfied. Therefore, we do not presently
know how to simplify further the expression of the OPE (4.33). However, a local OPE
expression can be obtained if, instead of taking the second soft limit in (4.32), we do a shadow
transform of the first entry; in particular, we want to ask the question whether the OPE
with a shadow conformal primary graviton of a dual soft graviton (4.30) and of a shadow
soft graviton have exactly the same form. The answer is in the affirmative, namely, as shown

11It is convenient to replace

∂s1−n
1 δ2(z1, z2) = 1

2π(n + 1)!∂s1+2
1

(
(z1 − z2)n+1

z̄1 − z̄2

)
in (4.23).
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in appendix B.11, we have for s1 ≥ 2,∆2 ∈ ℂ

S[Ns1 ](z1, z̄1)S[N−
∆2

](z2, z̄2) ∼− iκ2

8s1!
K∆2

2π

s1∑
n=0

(−)s1−n(∆2 − 2)s1−n(s1)n(n+ 1)

× ∂̄s1−2
1 ∂s1−n

1

(
z̄∆2

12
z4−∆2

12
∂n

1N
−
∆2+1−s1

(z1, z̄1)
)
. (4.34)

This result is expected in the limiting case of the zero-area diamond s1 = 2, where the
definitions of the shadow soft graviton and of the dual soft graviton should coincide. The
fact that the same correspondence of OPEs persists for higher spins is more surprising, and
may hint at the possible decomposition of shadowed operators S[Ns] with s > 2 into a local
part given by Ñs, and a non-local part, which does not contribute in the OPE structure. We
leave a more detailed investigation of this point to future work.

4.3 Mixed-helicity sector

To study shadow OPEs in the mixed-helicity sector, the starting point is again the key
bracket (2.14). In fact, from the complex conjugate of that bracket for a positive helicity
graviton, we can obtain at the operatorial level the OPE

q̄1
s1(z1, z̄1)N−

∆2
(z2, z̄2)

∼ κ2

8is1!

s1∑
n=0

(−)n−s1(∆2 + 2)s1−n(s1)n(n+ 1)∂̄s1−n
1 δ2(z1, z2)∂̄n

2N
−
∆2+1−s1

(z2, z̄2) . (4.35)

This implies

N̄s1(z1, z̄1)N−
∆2

(z2, z̄2) ∼
κ2

8is1!

s1∑
n=0

(−)n−s1(∆2 + 2)s1−n(s1)n
1
n!
z̄n+1

12
z12

∂̄n
2N

−
∆2+1−s1

(z2, z̄2) .

(4.36)

Before continuing, let us warn the reader that, for s1 > 3, the OPE (4.36) should receive a
contribution including a pole in z̄12, as already pointed out at the end of section 2.1.1. We
will ignore these extra terms in the rest of this section, as we will be mostly interested in the
case s1 = 0. However, once the full quadratic charge aspect expression is derived for a general
spin, the complete structure of the mixed-helicity OPE (4.36) can be obtained through its
bracket action, and some of the OPE formulas below straightforwardly generalized.

Taking the conformally soft limit on the second entry of (4.36), we obtain

N̄s1(z1, z̄1)Ns2(z2, z̄2) ∼
κ2

8i

s1∑
n=0

(s1 + s2 − n− 4)s1−n

(s1 − n)!
1
n!
z̄n+1

12
z12

∂̄n
z2Ns1+s2−1(z2, z̄2) . (4.37)

The OPE (4.37) can be used to derive (see appendix B.12)

N̄s1(z1, z̄1)Ñs2(z2, z̄2) ∼
κ2

8i

[
2π(s1 + s2 − 2)2

(
s1 + s2 − 4

s1

)
s2−4∑
n=0

1
(s1 + n+ 2)2

(
s2 − 4
n

)
× ∂s2+2

2

(
∂̄n

2 δ
2(z1, z2)∂̄s2−4−n

2 Ns1+s2−1(z2, z̄2)
)

+ 1
s1!
∂s2+2

z2

(
z̄s1

12
z12

(2− s2 − s1 + z̄12∂̄2)S[q1
s1+s2−1](z2, z̄2)

)]
, (4.38)
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which is valid for all dual soft gravitons (s2 ≥ 2). In order to compare the OPE structure
of dual soft gravitons with the one where we insert a shadow soft graviton in the second
entry instead, let us restrict to the case s1 = 0 in (4.38); after some manipulations (see
appendix B.12), this yields

N̄0(z1, z̄1)Ñs2(z2, z̄2) ∼
κ2

8i

[
c.t.− 1

2π (s2 + 2)2z
−s2−3
12

∫
S3

(z̄12 + (s2 − 2)z̄23)
zs2

13
z̄2

23
Ñs2−1(z3)

+ z−2
12 (s2 + 2 + z12∂z2)(2− s2 + z̄12∂̄z2)Ñs2−1(z2, z̄2)

]
, (4.39)

where c.t. stands for the contact terms given by the sum contribution on the r.h.s. of (4.38).
We thus study now the OPE involving a shadow soft graviton. Restricting again to

the case ℜ∆2 ≤ 1, the OPE (4.36) yields (see appendix B.13 for the full expression for
a general ∆2 ∈ ℂ)

N̄s1(z1, z̄1)S[N−
∆2

](z2, z̄2)

∼ κ2

8is1!
K∆2

2π
K̃2−(∆2+1−s1)

2π

s1∑
n=0

1
n! (−)n−s1(∆2 + 2)s1−n(s1)n(s1 −∆2 − 3)n

×
∫

S3

∫
S4

1
z13

1
z4−∆2

23

1
z−s1+∆2−1

34

1
z̄−n−1

13

1
z̄−∆2

23

1
z̄3+∆2−s1+n

34
S[N−

∆2+1−s1
](z4, z̄4). (4.40)

We immediately notice that, for s1 = 0, the OPE (4.36) is identical to (4.24), so when we
take the shadow of the second argument, we get

N̄0(z1,z̄1)S[N−
∆2

](z2,z̄2)∼
κ2

8i

[
−(3−∆2)2

1
2πz

∆2−4
12 z̄2+∆2

12

∫
S4
z1−∆2

41 z̄−2
24 z̄

−1−∆2
41 S[N−

∆2+1](z4,z̄4)

+z−2
12 z̄

2+∆2
12 (3−∆2+z12∂2)∂̄2

(
z̄−1−∆2

12 S[N−
∆2+1](z2,z̄2)

)]
, (4.41)

which is identical to (4.28) and holds for a general ∆2. It is an interesting observation that
the leading shadow negative-helicity soft graviton exhibits the same OPE than the leading
positive-helicity soft graviton. This is possible as both operators N̄0, S[N0] have the same
(∆, J) = (1, 0); clearly, this is no longer the case for s1 ≥ 1.

If we take the conformally soft limit on the second entry of (4.40). We get

N̄s1(z1, z̄1)S[Ns2 ](z2, z̄2)

∼ κ2

8is1!
K1−s2

2π
K̃2−(2−s2−s1)

2π

s1∑
n=0

1
n! (−)n−s1(3− s2)s1−n(s1)n(s1 + s2 − 4)n

×
∫

S3

∫
S4

1
z13

1
z3+s2

23

1
z−s1−s2

34

1
z̄−n−1

13

1
z̄−∆2

23

1
z̄4−s2−s1+n

34
S[Ns1+s2−1](z4, z̄4) , (4.42)

which holds for any s1, s2 ≥ 0. However, we can use the integral identity (B.1) to compute
the integral in (z3, z̄3) only for s1 = 0 (otherwise we have h̄1 + h̄2 + h̄4 < 2) — this is
why we explicitly worked out the case s1 = 0 in (4.39) —. Therefore, restricting to this
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case, (4.42) yields12

N̄0(z1, z̄1)S[Ns2 ](z2, z̄2) ∼
κ2

8i

[
− 1

2π (s2 + 2)2z
−s2−3
12 z̄3−s2

12

∫
S3

zs2
13
z̄2

23
z̄s2−2

13 S[Ns2−1](z3, z̄3)

+ z−2
12 (s2 + 2 + z12∂2)(2− s2 + z̄12∂̄2)S[Ns2−1](z2, z̄2)

]
. (4.43)

Clearly, the second lines on the r.h.s. of (4.39) and (4.43) have exactly the same form
upon the replacement Ñs ↔ S[Ns]. In appendix B.13 we prove that in fact the first lines
as well have the same form, namely one can show that

z̄3−s2
12

∫
S3

zs2
13
z̄2

23
z̄s2−2

13 S[Ns2−1](z3, z̄3) =
∫

S3
(z̄12 + (s2 − 2)z̄23)

zs2
31
z̄2

23
S[Ns2−1](z3, z̄3) . (4.44)

5 Shadow OPE in Yang-Mills

We can apply our algorithm to derive OPE between shadow/soft operators also in the case of
YM theory, using the celestial diamonds in figure 2. In this case we have the relations

S[rs](z, z̄) = ∂̄s−1
∫

S1
Gs+1(z1; z)rs(z1, z̄1), for s ≥ 1 (5.1)

S[Fs](z, z̄) = ∂s+1
∫

S1
Ḡ1−s(z1; z)Fs(z1, z̄1) for s = 0 , (5.2)

as well as

r̃s(z, z̄) =
∫

S1

∫
S2
Ḡ1−s(z1; z)Gs+1(z2; z1)rs(z2, z̄2), for s = 0 (5.3)

F̃s(z, z̄) = ∂s+1∂̄s−1Fs(z, z̄) for s ≥ 1 . (5.4)

In addition, we define the shadow conformal primary gluons as

S[F−
∆ ](z2, z̄2) =

K∆
2π

∫
S3

1
z3−∆

23

1
z̄1−∆

23
F−

∆ (z3, z̄3) , (5.5)

F−
∆ (z2, z̄2) =

K̃2−∆
2π

∫
S3

1
z∆−1

23

1
z̄∆+1

23
S[F−

∆ ](z3, z̄3) , (5.6)

with the normalization constants given by

K∆ =(−)2−∆Γ(3−∆)
Γ(∆) , (5.7)

K̃2−∆ =(−)∆Γ(1 + ∆)
Γ(2−∆) . (5.8)

The corresponding expressions for the positive-helicity primaries F+
∆ are identical to the above

ones upon the exchange z23 ↔ z̄23. Analogously to the case of gravity, in the conformally
soft limit ∆ → 1 − s (5.5) reduces to (5.2) only for s = 0, while for s ≥ 1 the two sets of
operators F̃s, S[Fs] share the same weights (∆, J) = (1 + s, 1) but otherwise they are apriori
different; nevertheless, we will provide evidence that they share the same OPE structure
in this case as well.

12After performing the integral over (z3, z̄3), we relabeled z4 → z3.
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5.1 Same-helicity sector

We start again from the same-helicity sector, namely the sector that can be studied starting
from the OPE

F a
s1(z1, z̄1)F−b

∆2
(z2, z̄2) ∼ −i g

2
YM

4πs1!
fab

c

z̄12

s1∑
n=0

(−)s1−n (s1)n

n! (∆2 − 2)s1−nz
n
12∂

nF−c
∆2−s1

(z2, z̄2) ,

(5.9)

which follows from the bracket (2.40) via the correspondence (2.43). Assuming a general
∆2 ∈ ℂ, if we take the shadow of the second entry, we get (see appendix C.1)

F a
s1(z1, z̄1)S[F−b

∆2
](z2, z̄2)

∼ −i g
2
YM

4πs1!
fab

c
K∆2

2π
K̃2−∆2+s1

2π

s1∑
n=0

(−)s1−n

(
s1
n

)
(∆2 − 2)s1−n

[
× (1−∆2 + s1)n

∫
S3

∫
S4

1
z−n

13

1
z3−∆2

23

1
z−1+∆2−s1+n

34

1
z̄13

1
z̄1−∆2

23

1
z̄1+∆2−s1

34
S[F−c

∆2−s1
](z4, z̄4)

+
n∑

k=1

(
n

k

)
(1−∆2 + s1)n−k

∫
S3

∫
S4

1
z−n

13

1
z3−∆2

23

1
z−1+∆2−s1+n−k

34

1
z̄1−∆2

23

× ∂k
3

(
1

z̄1+∆2−s1
34

)
S[F−c

∆2−s1
](z4, z̄4)

]
. (5.10)

Performing the conformally soft limit on the second entry, we further arrive at (see ap-
pendix C.1)

F a
s1(z1z̄1)S[F b

s2 ](z2, z̄2) ∼− i
g2

YM
4π

(s1 + s2)s1

s1!
fab

c
K1−s2

2π
K̃1+s2+s1

2π

s1∑
n=0

(s1)n

n!

×
∫

S3

∫
S4

1
z−n

13

1
z2+s2

23

1
z−s2−s1+n

34

1
z̄13

1
z̄s2

23

1
z̄2−s2−s1

34
S[F c

s1+s2 ](z4, z̄4) .

(5.11)

This is the YM equivalent of the OPE (4.33).
Starting from the OPE (5.9), we can alternatively derive the OPE between a dual soft

gluon and a negative-helicity conformal primary gluon. In light of different nature of the two
s = 0 and s ≥ 1 sectors, as pointed out above, we proceed by studying the two separately.

For s1 = 0, taking the shadow of the first entry in (5.9), we have

S[F a
0 ](z1, z̄1)F−b

∆2
(z2, z̄2) ∼ −ig

2
YM
4π

fab
c

z12
F−c

∆2
(z2, z̄2) . (5.12)

If we further take the shadow of the second argument for a general ∆2 ∈ ℂ, we get (see
appendix C.2)

S[F a
0 ](z1, z̄1)S[F−b

∆2
](z2, z̄2) ∼ − i

g2
YM
4π fab

c

[ 1
z12

S[F−c
∆2

](z2, z̄2)

− (2−∆2)
2π z∆2−3

12 z̄∆2
12

∫
S3
z1−∆2

31 z̄−1
23 z̄

−∆2
31 S[F−c

∆2
](z3, z̄3)

]
.

(5.13)
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The OPE above can be used, taking the conformally soft limit ∆2 → 1, to derive

S[F a
0 ](z1, z̄1)S[F b

0 ](z2, z̄2) ∼ −ig
2
YM
4π fab

c

[ 1
z12

S[F c
0 ](z2, z̄2) +

1
z2

12

(
r̃1c

0 (z2, z̄2)− r̃1c
0 (z1, z̄1)

)]
.

(5.14)

Eq. (5.14) is reminiscent of the structure of the OPE (4.15) of the energy-momentum tensor
with itself in gravity, with the contribution in z−2

12 on the r.h.s. above, which we can write as

1
z2

12

(
r̃1c

0 (z2, z̄2)− r̃1c
0 (z1, z̄1)

)
= 1

2π
1
z12

∫
S3

1
z23z13

F0(z3, z̄3) , (5.15)

and representing an obstruction to the realization of a holomorphic Kac-Moody symmetry.
Moreover, to continue the analogy with gravity (4.17), we see from the OPE

S[F a
0 ](z1, z̄1)∂̄S[F b

0 ](z2, z̄2) ∼ −ig
2
YM
4π fab

c

[ 1
z2

12
F c

0 (z2, z̄2) +
1
z12

r1c
0 (z2, z̄2)

]
(5.16)

that the first term in the square brackets above represents an obstruction to the holomorphicity
condition ∂̄S[F0] = 0.

Of course, these concerns are unmotivated in the case of YM theory. In fact, as we know
very well from [61], a holomorphic Kac-Moody current insertion is a positive helicity soft gluon
insertion, not a shadow transform of a negative soft gluon insertion; this follows immediately
from the structure of the OPE (5.20), which corresponds to the insertion of a holomorphic
Kac-Moody current. Taking the double-soft limit ∆1,∆2 → 1 of (2.42) then yields the
Ward identity of a holomorphic Kac-Moody symmetry for the gauge group G [61], with no
obstruction to the holomorphicity condition. The reason why leading soft gluon operators
are the natural candidates to play the role of (anti-)holomorphic Kac-Moody currents is clear
from the conformal dimension of the operator appearing on the r.h.s. of the OPE of two
primary gluons. In fact, we see for instance in (2.42) that the primary gluon on the r.h.s.
has conformal dimension ∆1 +∆2 − 1. This means that the expected OPE of a Kac-Moody
current requires a first entry insertion such that ∆1 = 1, which happens to be exactly the
conformal dimension of a Kac-Moody current. In this case then, the positive-helicity leading
soft gluons F̄0, defined as Res∆=1F

+
∆ , is the natural object to consider as a holomorphic

Kac-Moody current;13 there is no need to take any shadow transform, despite the fact that
the operators S[F0] and F̄0 have the same OPE structure when appearing as the first entry
of the OPE (we will clarify further this point in the next section).

The case of gravity is different as, on the r.h.s. of (2.18), the primary graviton operator
has conformal dimension ∆1 +∆2, requiring a first entry insertion on the l.h.s. of an operator
with ∆1 = 0 in order to be compatible with an energy-momentum tensor action; the natural
candidate would then be the positive helicity sub-leading soft graviton N̄1 = Res∆=0N

+
∆ .

However, in this case ∆1 = 0 does not match the conformal dimension of an energy-momentum
tensor, which is ∆ = 2. Hence, in gravity, the shadow transform of a negative-helicity sub-
leading soft graviton comes to the rescue and it allows us to construct an operator with the
right (∆, J) = (2, 2) and able to reproduce the OPE of a positive-helicity energy-momentum

13The operator F̄0 has also the correct spin J = 1 of a holomorphic Kac-Moody current.
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tensor. At the same time, this need to involve the shadow transform is also at the origin
of the issue with the TT -OPE revisited in section 4.1.

For s1 ≥ 1, we can use (5.4) to write first

F̃ a
s1(z1, z̄1)F−b

∆2
(z2, z̄2)

∼ −ig
2
YM
2s1!

fab
c

s1∑
n=0

(−)s1−n(s1)n(∆2 − 2)s1−n∂̄
s1−1
1 ∂s1−n

1 δ2(z1, z2)∂nF−c
∆2−s1

(z2, z̄2) . (5.17)

Taking the shadow transform of the second entry then, it is straightforward to derive the OPE

F̃ a
s1(z1, z̄1)S[F−b

∆2
](z3, z̄3) ∼− i

g2
YM

4πs1!
K∆2f

ab
c

s1∑
n=0

(−)s1−n(s1)n(∆2 − 2)s1−n

× ∂̄s1−1
1 ∂s1−n

1

(
z̄∆2−1

12
z3−∆2

12
∂nF−c

∆2−s(z1, z̄1)
)
. (5.18)

As in the case of gravity (section 4.2), we can now ask whether replacing the dual soft
gluon in the first entry above with a shadow soft gluon yields the same OPE. Not surprisingly,
as shown in appendix C.3, the answer is again in the affirmative, namely

S[F a
s1 ](z1, z̄1)S[F−b

∆2
](z2, z̄2) ∼− i

g2
YM

4πs1!
K∆2f

ab
c

s1∑
n=0

(−)s1−n(s1)n(∆2 − 2)s1−n

× ∂̄s1−1
1 ∂s1−n

1

(
z̄∆2−1

12
z3−∆2

12
∂nF−c

∆2−s(z1, z̄1)
)
. (5.19)

5.2 Mixed-helicity sector

In this case, the starting point OPE is

F̄ a
s1(z1, z̄1)F−b

∆2
(z2, z̄2) ∼ −i g

2
YM

4πs1!
fab

c

z12

s1∑
n=0

(−)s1−n (s1)n

n! (∆2)s1−nz̄
n
12∂̄

nF−c
∆2−s1

(z2, z̄2) , (5.20)

that follows immediately from the bracket action (2.40). For s1 = 0, this gives the OPE

F̄ a
0 (z1, z̄1)F−b

∆2
(z2, z̄2) ∼ −ig

2
YM
4π fab

c
1
z12

F−c
∆2

(z2, z̄2) . (5.21)

The r.h.s. of (5.21) is identical to (5.12); consequently, if we take the shadow of the second
argument, we get,

F̄ a
0 (z1, z̄1)S[F−b

∆2
](z2, z̄2)

∼ −ig
2
YM
4π fab

c

[ 1
z12

S[F−c
∆2

](z2, z̄2)−
1
2π (2−∆2)z∆2−3

12 z̄∆2
12

∫
S3

z1−∆2
31
z̄23z̄

∆2
31
S[F−c

∆2
](z3, z̄3)

]
. (5.22)

As in the case of gravity, the two operators S[F0], F̄0, sharing the same (∆, J) = (1, 1),
exhibit the same OPEs. As we did in the case of gravity, it is interesting to compare these
observations with the findings of [51]. There the correspondence of OPEs (5.22) and (5.13)
finds confirmation (see, respectively, the conformally soft limits ∆1 → 1 of eq.’s (3.21) and

– 31 –



J
H
E
P
0
3
(
2
0
2
6
)
0
9
6

(3.22) in [51]). However, the expression they find corresponds only to the local part of the
r.h.s. of (5.22), up to a sign difference. Such a mismatch is exactly analogous to what we
observed for the case of the energy-momentum tensor in gravity.

If we take the conformally soft limit of the second entry, we get

F̄ a
0 (z1, z̄1)S[F b

s2 ](z2, z̄2)

∼ −ig
2
YM
4π fab

c

[ 1
z12

S[F c
s2 ](z2, z̄2) +

(s2 + 1)
2π

z̄1−s2
12
zs2+2

12

∫
S3

zs2
13z̄

s2−1
13
z̄23

S[F c
s2 ](z3, z̄3)

]
. (5.23)

Let us now come back to an observation made above. If we take the double leading soft
limit of (2.42), we obtain

F̄ a
0 (z1, z̄1)F̄ b

0 (z2, z̄2) ∼ −ig
2
YM
4π fab

c
1
z12

F̄ c
0 (z2, z̄2) , (5.24)

which is the expected Ward identity of a holomorphic Kac-Moody symmetry. If the corre-
spondence in the OPE structures of F̄0 and S[F0] were completely general, one might expect
that replacing F̄0 → S[F0] in the second entry of (5.24), would preserve the same structure
on the r.h.s. However, what we actually obtain specializing (5.23) to the case s2 = 0 is

F̄ a
0 (z1, z̄1)S[F b

0 ](z2, z̄2) ∼ −ig
2
YM
4π fab

c

[ 1
z12

S[F c
0 ](z2, z̄2) +

1
2π

z̄12
z2

12

∫
S3

1
z̄13z̄23

S[F c
0 ](z3, z̄3)

]
,

(5.25)

which is manifestly different. This shows that the correspondence S[F0] ∼ F̄0 in OPEs
only applies to the first entry.

For s2 ≥ 1, as we show in appendix C.4, the OPE (5.23) can be recast in the form

F̄ a
0 (z1,z̄1)S[F b

s2 ](z2,z̄2)∼−ig
2
YM
4π fab

c

[
1
z12

S[F c
s2 ](z2,z̄2)+

(s2+1)
2π

1
zs2+2

12

∫
S3

zs2
13
z̄23

S[F c
s2 ](z3,z̄3)

]
.

(5.26)
We now would like to compare this OPE with the one where in the second entry we

replace the shadow soft gluon with the dual soft gluon F̃s2 , with s2 ≥ 1. To this purpose, we
can work in the more general case of an arbitrary s1 ≥ 0 and derive first (see appendix C.5)

F̄ a
s1(z1, z̄1)S[r1b

s2 ](z2, z̄2) ∼ −ig
2
YM
4π fab

c

[ 1
s1!

z̄s1
12
z12

S[rc
s1+s2 ](z2, z̄2)

− 2π(s1 + s2 − 1)
(
s1 + s2 − 2

s1

)
s2−2∑
n=0

(s2 − 2)n

(s1 + n+ 1)n! ∂̄
n
2 δ

2(z1, z2)∂̄s2−2−n
2 F c

s1+s2(z2, z̄2)
]
,

(5.27)

where the last sum contribution vanishes for s2 = 1, consistently with the fact that S[r1] = F1.
Next, if we apply ∂s2+1

2 to (5.27), we obtain

F̄ a
s1(z1,z̄1)F̃ b

s2(z2,z̄2)∼−ig
2
YM
4π fab

c

[s2+1∑
k=0

(
s2+1
k

)
k!
s1!

z̄s1
12

zk+1
12

∂s2+1−k
2 S[r1c

s1+s2 ](z2,z̄2)

−2π(s2+s1−1)
(
s2+s1−2

s1

)
s2−2∑
n=0

(s2−2)n
(s1+n+1)n!∂

s2+1
2

(
∂̄n

2 δ
2(z1,z2)∂̄s2−2−n

2 F c
s1+s2(z2,z̄2)

)]
.

(5.28)
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For the case s1 = 0, (5.28) yields

F̄ a
0 (z1, z̄1)F̃ b

s2(z2, z̄2) ∼ −ig
2
YM
4π fab

c

[ 1
z12

F̃ c
s2(z2, z̄2) +

s2+1∑
k=1

(s2 + 1)k

zk+1
12

∂s2+1−k
2 S[rc

s2 ](z2, z̄2)

− 2π(s2 − 1)
s2−2∑
n=0

1
(n+ 1)

(
s2 − 2
n

)
∂s2+1

2

(
∂̄n

2 δ
2(z1, z2)∂̄s2−2−n

2 F c
s2(z2, z̄2)

) ]
. (5.29)

If we ignore for the moment the contact terms appearing in the second line on the r.h.s.
of (5.29), we see that the terms ∝ z−1

12 in both (5.26) and (5.29) have the same form, upon
the replacement S[Fs] ↔ F̃s. A natural question is wether, upon the same replacement, also
the sum term in the first line of (5.29) can be matched with the integral term on the r.h.s.
of (5.26). To answer the question, we use the celestial diamond in figure 2(b) to rewrite

s2+1∑
k=1

(s2 + 1)k

zk+1
12

∂s2+1−k
2 S[rc

s2 ](z2, z̄2) =
1

2πs2!

s2+1∑
k=1

(s2 + 1)k

zk+1
12

∫
S3
∂s2+1−k

2

(
zs2

23
z̄23

)
F̃ c

s2(z3, z̄3)

= (s2 + 1)
2π

1
zs2+2

12

∫
S3

zs2
13
z̄23

F̃ c
s2(z3, z̄3) . (5.30)

We thus see that, up to contact terms in the second line on the r.h.s. of (5.29), the OPE (5.26)
and (5.29) have the same form, upon the replacement S[Fs] ↔ F̃s, in complete analogy
to the gravity case (section 4.3).

For completeness, if we take the shadow transform of the first entry in (5.22), we obtain

S[F̄ a
0 ](z1, z̄1)S[F−b

∆2
](z2, z̄2)

∼ −ig
2
YM
4π fab

c

[ 1
z12

S[F−c
∆2

](z2, z̄2) +
1
2π∆2z

∆2−2
12 z̄∆2−1

12

∫
S3

z2−∆2
31

z23z̄
∆2+1
31

S[F−c
∆2

](z3, z̄3)
]
. (5.31)

Finally, let us point out that, as in the case of the energy-momentum tensor in gravity,
the holomorphicity condition ∂̄S[F0] = 0 does not receive any obstruction from the mixed-
helicity OPE

S[F̄ a
0 ](z1, z̄1)∂̄S[F b

0 ](z2, z̄2) ∼ −ig
2
YM
4π fab

c∂2

( 1
z̄12

F c
0 (z2, z̄2)

)
, (5.32)

as the r.h.s. generates only contact terms when inserted in a correlation function where all
of the other operators are hard.

6 Conclusions

The charge OPE/bracket correspondence (1.2) represents a useful and insightful tool to
translate between CCFT techniques and phase space formalism, allowing to connect results
in scattering amplitudes to implications of asymptotic charge evolution equations and the
Poisson structure of radiative modes.

We have first exploited this correspondence to fix a prescription to perform the double-soft
limit of celestial OPEs. The prescription corresponds to a sequential limit where the first
entry of the OPE goes soft first. It has been pointed out in several places in the literature
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that a sequential limit would violate the symmetry structure of one of the two helicity sectors.
The fate of asymptotic symmetries in the mixed-helicity sector will be the main topic of our
forthcoming companion paper [23], where an interplay between mixed-helicity bracket and
shadow charges will be revealed. We hope that such connection described through techniques
of the covariant phase space framework can be applied to investigate the associativity of
mixed-helicity OPEs via the charge OPE/bracket correspondence (see [39, 40, 68, 69] for
the issue of associativity of the celestial OPE).

As a second step of this work, we have applied the charge OPE/bracket correspondence,
together with the celestial diamond organization of CCFT primaries and their descendants, to
derive OPEs involving shadow operators. The agnostic nature of the charge bracket towards
collinear limits in momentum space allowed us to deal with the non-local nature of the shadow
transform and reveal a non-local analytic structure of the OPE.

Moreover, we have verified that, up to possible contact terms, dual soft gravitons and
gluons exhibit the same OPE structure than shadow soft gravitons and gluons; more precisely,
starting from an OPE involving Ñs (or F̃s) one can obtain the equivalent OPE involving
S[Ns] (or S[Fs]) simply replacing Ñs → S[Ns] everywhere. This is not an obvious property of
CCFT as dual soft gravitons/gluons, defined as the bottom corner of celestial diamonds for
s ≥ 2, s ≥ 1 respectively, do share the same weights (∆, J) than shadow soft gravitons/gluons,
but they are apriori different operators. In fact, the duality pairing and the shadow transform
correspond to different maps between SL(2,ℂ) representations acting on L2(ℂ) [41]; neverthe-
less, their OPE similarity may prove to be a useful technical tool in computing shadow OPEs,
given the local expressions of the dual operators (bottom corners) in terms of their soft modes
partners (top corners), as compared to the non-local nature of their corresponding shadow
operators. It would be desirable to develop a more precise group theoretical understanding of
this celestial OPE property, as well as a more physical intuition of its origin.

The shadow transform plays a key role in the study of soft symmetries, providing a
definition of energy-momentum tensor for the dual CFT [18–20]. Moreover, the shadow
transform of conformal primary operators has appeared in the definition of boundary ob-
servables constructed from an Euclidean path integral in the asymptotic boundary limit of
an asymptotically flat space-time [30, 70], in analogy with the AdS-CFT correspondence.
Advantages of using the shadow conformal primary basis over the standard one, when com-
puting celestial four-point amplitudes, have been pointed out in [32–35]. At the same time,
shadow-transformed operators pose the puzzle of an over-complete basis for conformal primary
states [5]. These are all indications that a deeper characterization of the sought after CCFT
cannot occur without a clearer understanding of the role of shadow operators and their
relation to non-shadowed basis elements of opposite (w.r.t. the operator being shadowed)
helicity. We expect that the OPEs derived in this work can prove useful to such investigation.
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A Mixed-helicity charge bracket in Yang-Mills

If we require the vector potential to belong to the Schwartz space S, a discrete basis can be
used to describe the phase space of the Yang-Mills theory [42]. In complete analogy with
the case of gravity, we can introduce memory observables ℱ±(n, z, z̄), and Goldstone bosons
𝒜±(n, z, z̄), n ∈ ℤ+. This can be done by first decomposing the fields as

A(0)
z (u, z, z̄) = A+(u, z, z̄) +A∗

−(u, z, z̄), (A.1)

F
(0)
z̄u (u, z, z̄) = F−(u, z, z̄) + F ∗

+(u, z, z̄), (A.2)

and then14

A±(u, z, z̄) =
1
2iπ

∞∑
ℓ=0

(−iu)ℓ

ℓ! 𝒜±(ℓ, z, z̄) , ℱ±(n, z, z̄) :=
in

n!

∫ +∞

−∞
duunF±(u, z, z̄) .

(A.3)

In this discrete basis, the symplectic potential (2.38) can be written as ΘYM = ΘYM
+ +

ΘYM
− , where

ΘYM
± = 1

2πig2
YM

∞∑
n=0

∫
S
Tr[ℱ±(n, z, z̄)δ𝒜∗

±(n, z, z̄)], (A.4)

from which we can read off the only non-trivial commutator of the quantum theory

[ℱa
±(n, z, z̄),𝒜

b†
± (m, z′, z̄′)] = 2πg2

YMδ
abδnmδ

2(z, z′). (A.5)

Similarly, the charge aspects can be decomposed in terms of positive and negative
energy parts

rk
s (z, z̄) = rk

s+(z, z̄) + rk
s−(z, z̄) , (A.6)

where the linear and quadratic charge aspect operators are expressed as

r1
s±(z, z̄) = −i−s∂s+1ℱ†

±(s, z, z̄) , (A.7)

r2
s±(z, z̄) = − i

−s

2π

∞∑
ℓ=0

s∑
n=0

(ℓ+ n)ℓ

ℓ! ∂n
[
𝒜±(ℓ, z, z̄), ∂s−nℱ†

±(s+ ℓ, z, z̄)
]
𝔤

= − is

2π

∞∑
ℓ=0

s∑
n=0

(−)n (s+ ℓ− 1)s−n

(s− n)! ∂s−n
[
ℱ±(s+ ℓ, z, z̄), ∂n𝒜†

±(ℓ, z, z̄)
]
𝔤
. (A.8)

The alternative expression of the quadratic charge aspect in the second line of (A.8) was not
derived in [42], but it can be obtained using the same identities applied in the case of gravity
in [14] (see appendix G.1 there); we omit the explicit derivation here.

14The rigorous definition of the memory observables ℱ±(n, z, z̄) requires a contour prescription; the precise
details can be found in [42].
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Given this expression of the quadratic charge aspect, we can use the commutator (A.5)
to compute the action

[r2a
s1+(z1, z̄1),ℱb

+(s2, z2, z̄2)]

= −ig2
YMi

s1fab
c

s1∑
n=0

(−)n (s1 + s2 − 1)s1−n

(s1 − n)! ∂s1−n
1

(
ℱc

+(s1 + s2, z1, z̄1)∂n
1 δ

2(z1, z2)
)

= −ig2
YMi

s1fab
c

s1∑
ℓ=0

(
s1∑

n=ℓ

(−)s1+n (s1 + s2 − 1)n

n!
(n)ℓ

ℓ!

)
∂ℓ

1ℱc
+(s1 + s2, z1, z̄1)∂s1−ℓ

1 δ2(z1, z2)

= −ig2
YMi

s1fab
c

s1∑
ℓ=0

1
(s1 + s2 − ℓ− 1)

(s1 + s2 − 1)!
ℓ!(s1 − ℓ)!(s2 − 2)!∂

ℓ
1ℱc

+(s1 + s2, z1, z̄1)∂s1−ℓ
1 δ2(z1, z2)

= −ig2
YMi

−s1fab
c

s1∑
p=0

(s1−p∑
ℓ=0

(−)ℓ+p

(s1 + s2 − ℓ− 1)
(s1 + s2 − 1)!

ℓ!p!(s1 − ℓ− p)!(s2 − 2)!

)
× ∂s1−p

2 ℱc
+(s1 + s2, z2, z̄2)∂p

1δ
2(z1, z2)

= −g2
YMi

s1+1fab
c

s1∑
p=0

(s1 + s2 − p− 2)s2−2
(s2 − 2)! ∂p

2ℱc
+(s1 + s2, z2, z̄2)∂s1−p

1 δ2(z1, z2) , (A.9)

where we used

s1∑
n=ℓ

(−)s1+n (s1 + s2 − 1)n

n!
(n)ℓ

ℓ! = 1
(s1 + s2 − ℓ− 1)

(s1 + s2 − 1)!
ℓ!(s1 − ℓ)!(s2 − 2)! ,

(A.10)
s1−p∑
ℓ=0

(−)ℓ+p

(s1 + s2 − ℓ− 1)
(s1 + s2 − 1)!

ℓ!p!(s1 − ℓ− p)!(s2 − 2)! = (−)s1 (s2 + p− 2)p

p! . (A.11)

The action (A.9), can be used to compute in a straightforward manner the commutator

[r2a
s1+(z1, z̄1), r̄1b

s2+(z2, z̄2)]

= i1+s1+s2g2
YMf

ab
c

s∑
n=0

(s1 + s2 − n− 2)s2−2
(s2 − 2)! ∂̄s2+1

2 (∂s1−n
1 δ2(z1, z2)∂n

2ℱc
+(s1 + s2, z2, z̄2)).

(A.12)

A similar result for the negative-energy counterpart of (A.12) can be obtained by performing
the substitutions rs+ → r̄s−, ∂ → ∂̄, ℱ+(s) → ℱ−(s). Putting the two sectors together,
one obtains

[r2a
s1 (z1, z̄1), r̄1b

s2(z2, z̄2)]

= −ig2
YMf

ab
c

s∑
n=0

(s1 + s2 − n− 2)s2−2
(s2 − 2)! ∂̄s2+1

2 (∂s1−n
1 δ2(z1, z2)∂n

2 F̄
c
s′+s(z2, z̄2)), (A.13)

where one uses that Fs(z, z̄) = −i−sℱ†
+(s, z, z̄) − isℱ−(s, z, z̄). The Hermitian conjugate

of this commutator yields (3.8).
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B Shadow OPE in gravity

In this appendix, as well as in appendix C, we will repeatedly use the integral identity [71]

1
2π

∫
S3

1
zh1

31

1
zh2

32

1
zh4

34

1
z̄h̄1

31

1
z̄h̄2

32

1
z̄h̄4

34
= C124z

h4−1
12 zh1−1

24 zh2−1
41 z̄h̄4−1

12 z̄h̄1−1
24 z̄h̄2−1

41 (B.1)

with

C124 = Γ(1− h1)Γ(1− h2)Γ(1− h4)
Γ(h̄1)Γ(h̄2)Γ(h̄4)

= Γ(1− h̄1)Γ(1− h̄2)Γ(1− h̄4)
Γ(h1)Γ(h2)Γ(h4)

, (B.2)

which holds for

h1 + h2 + h4 = h̄1 + h̄2 + h̄4 = 2 and hi − h̄i ∈ ℤ, i = 1, 2, 4. (B.3)

Also, in order to avoid extra cluttering, we adopt the notation (z) := (z, z̄).

B.1 T S[N−
∆]

We start from (4.13) and (4.7), (4.8) and we want to derive the OPEs (4.14). Assuming
ℜ∆2 ≤ 1, we have

T (z1)S[N−
∆2

](z2)

∼ − iκ
2

8
1
2π

K∆2

2π

∫
S3

z̄∆2
23

z4−∆2
23

[
(∆2 − 2) 1

z2
13
N−

∆2
(z3) + 2 1

z13
∂z3N

−
∆2

(z3)
]

∼ − iκ
2

8
1
2π

K∆2

2π
K̃2−∆2

2π

∫
S3

z̄∆2
23

z4−∆2
23

[
(∆2 − 2) 1

z2
13

+ 2 1
z13

∂z3

]
×
∫

S4

1
z∆2−2

34

1
z̄∆2+2

34
S[N−

∆2
](z4)

∼ − iκ
2

8
1
2π

K∆2

2π
K̃2−∆2

2π (∆2 − 2)
∫

S4

∫
S3

z̄∆2
32

z4−∆2
32

[ 1
z31

+ 2 1
z34

]
× 1
z31

1
z∆2−2

34

1
z̄∆2+2

34
S[N−

∆2
](z4)

∼ − iκ
2

8
1
2π

K∆2

2π
K̃2−∆2

2π

∫
S4
[(∆2 − 2)∂z1 + 2∂z4 ]

(∫
S3

1
z31

1
z4−∆2

32

× 1
z∆2−2

34

1
z̄−∆2

32

1
z̄∆2+2

34

)
S[N−

∆2
](z4)

∼ − iκ
2

8
1
2π

K∆2

2π
K̃2−∆2

2π
1

(∆2 − 3)

∫
S4
[(∆2 − 2)∂z1 + 2∂z4 ]∂z4

(∫
S3

1
z31

1
z4−∆2

32

× 1
z∆2−3

34

1
z̄−∆2

32

1
z̄∆2+2

34

)
S[N−

∆2
](z4)

∼ − iκ
2

8
1
2π

K∆2

2π K̃2−∆2C124
1

(∆2 − 3)

∫
S4
[(∆2 − 2)∂z1 + 2∂z4 ]

× ∂z4

(
z∆2−4

12 z3−∆2
41 z̄∆2+1

12 z̄−1
24 z̄

−∆2−1
41

)
S[N−

∆2
](z4)

∼ − iκ
2

8
1
2π

K∆2

2π K̃2−∆2C124
1

(∆2 − 3)

∫
S4
[(∆2 − 2)∂z1 + 2∂z4 ]

(
(3−∆2)z∆2−4

12 z2−∆2
41

× z̄∆2+1
12 z̄−1

24 z̄
−∆2−1
41 − 2πz∆2−4

12 z3−∆2
41 z̄∆2+1

12 δ2(z2, z4)z̄−∆2−1
41

)
S[N−

∆2
](z4). (B.4)
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This becomes

T (z1)S[N−
∆2

](z2) ∼− iκ2

16π

(
− (4−∆2)3z

∆2−5
12 z̄∆2+1

12
1
2π

∫
S4
z1−∆2

41 z24z̄
−1
24 z̄

−∆2−1
41 S[N−

∆2
](z4)

− (3−∆2)2z
∆2−4
12 ∂z1(z̄

∆2+1
12 ) 1

2π

∫
S4
z2−∆2

41 z̄−1
24 z̄

−∆2−1
41 S[N−

∆2
](z4)

+ z−2
12 (4−∆2 + 2z12∂z2)S[N−

∆2
](z2)

)
, (B.5)

where the second row on the r.h.s. above only contributes when ℜ∆2 ≤ −2.

B.2 T̄ S[N−
∆]

To compute the OPE (4.21), we start with

q̄1
1(z1)N−

∆2
(z2) ∼ − iκ

2

8

1∑
n=0

(−)n−1(∆2 + 2)1−n(1)n(n+ 1)∂̄1−n
z1 δ2(z1, z2)∂̄n

z2N
−
∆2

(z2)

∼ − iκ
2

8

[
− (∆2 + 2)∂̄z1δ

2(z1, z2)N−
∆2

(z2) + 2δ2(z1, z2)∂̄z2N
−
∆2

(z2)
]
, (B.6)

from which

T̄ (z1)N−
∆2

(z2)

∼ − iκ2

16π

[
− (∆2 + 2)

∫
S

1
z̄1 − z̄

∂̄z1δ
2(z1, z2)N−

∆2
(z2) + 2

∫
S

1
z̄1 − z̄

δ2(z1, z2)∂̄z2N
−
∆2

(z2)
]

∼ − iκ2

16π

[
(∆2 + 2) 1

(z̄1 − z̄′)2N
−
∆2

(z2) + 2 1
z̄1 − z̄′

∂̄z2N
−
∆2

(z2)
]
. (B.7)

If we take the shadow of the second argument with ℜ(∆2) ≤ 1, we have

T̄ (z1)S[N−
∆2

](z2)

∼ − iκ2

16π
K∆2

2π

∫
S3

z̄∆2
23

z4−∆2
23

[
(∆2 + 2) 1

z̄2
13
N−

∆2
(z3) + 2 1

z̄13
∂̄z3N

−
∆2

(z3)
]

∼ − iκ2

16π
K∆2

2π
K̃2−∆2

2π

∫
S4

∫
S3

1
z̄−∆2

23

1
z4−∆2

23

[
(∆2 + 2) 1

z̄2
13

+ 2 1
z̄13

∂̄z3

]
×
[ 1
z∆2−2

34

1
z̄∆2+2

34
S[N−

∆2
](z4)

]

∼ − iκ2

16π
K∆2

2π
K̃2−∆2

2π (∆2 + 2)
∫

S4

∫
S3

1
z4−∆2

32

1
z∆2−2

34

[ 1
z̄2

31

1
z̄−∆2

32

1
z̄∆2+2

34
+ 2 1

z̄31

1
z̄−∆2

32

1
z̄∆2+3

34

]
× S[N−

∆2
](z4)

∼ − iκ2

16π
K∆2

2π
K̃2−∆2

2π
1

(∆2 + 1)

∫
S4
((∆2 + 2)∂̄z1 ∂̄z4 + 2∂̄2

z4)
∫

S3

1
z4−∆2

32

1
z∆2−2

34

[ 1
z̄31

1
z̄−∆2

32

1
z̄∆2+1

34

]
× S[N−

∆2
](z4)

∼ − iκ2

16πK∆2

K̃2−∆2

2π C124
1

(∆2 + 1)

∫
S4
((∆2 + 2)∂̄z1 ∂̄z4 + 2∂̄2

z4)
[
z∆2−3

12 z−1
24 z

3−∆2
41 z̄∆2

12 z̄
−∆2−1
41

]
× S[N−

∆2
](z4)
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∼ − iκ2

16πK∆2

K̃2−∆2

2π C124
1

(∆2 + 1)

[
(∆2 + 2)∂̄z1

[
− 2π

∫
S4
z∆2−3

12 δ2(z2, z4)z3−∆2
41 z̄∆2

12 z̄
−∆2−1
41

− (∆2 + 1)
∫

S4
z∆2−3

12 z−1
24 z

3−∆2
41 z̄∆2

12 z̄
−∆2−2
41

]
S[N−

∆2
](z4)

− 2
∫

S4

[
− 2πz∆2−3

12 δ2(z2, z4)z3−∆2
41 z̄∆2

12 z̄
−∆2−1
41

− (∆2 + 1)z∆2−3
12 z−1

24 z
3−∆2
41 z̄∆2

12 z̄
−∆2−2
41

]
∂̄z4S[N−

∆2
](z4)

]
∼ − iκ2

16π

[
−∆2z̄

−2
12 S[N

−
∆2

](z2) + 2z̄−1
12 ∂̄S[N

−
∆2

](z2)

+ (∆2 + 2)(∆2 + 1)∆2z
∆2−3
12 z̄∆2−1

12
1
2π

∫
S4
z−1

24 z̄24z
3−∆2
41 z̄−∆2−3

41 S[N−
∆2

](z4)

− (∆2 + 2)(∆2 + 1) 1
2π ∂̄z1

(
z∆2−3

12

)
z̄∆2

12

∫
S4
z−1

24 z
3−∆2
41 z̄−∆2−2

41 S[N−
∆2

](z4)
]
. (B.8)

B.3 T T

If we take the subleading conformally soft limit (residue in ∆2 = 0) of (B.5), we get

T (z1)T (z2)

∼ − iκ2

16π

[
− 24z−5

12 z̄12
1
2π

∫
S4

z14
z̄14

z42
z̄42

T (z4) + z−2
12 (4 + 2z12∂z2)T (z2)

]
∼ − iκ2

16π

[
− 24z−5

12
1
2π

∫
S4

(
z42 − z14
z̄14

+ z42 − z14
z̄42

)
∂2

z4 q̃
1
1(z4) + z−2

12 (4 + 2z12∂z2)T (z2)
]

∼ − iκ2

16π

[
24z−5

12
1
2π

∫
S4

( 2
z̄14

− 2πz12δ
2(z1, z4) +

2
z̄14

− 2πz12δ
2(z4, z2)

)
∂z4 q̃

1
1(z4)

+ z−2
12 (4 + 2z12∂z2)T (z2)

]
∼ − iκ

2

8π

[
z−2

12 (2 + z12∂z2)T (z2)− 24z−5
12

(
−q̃1

1(z1) + q̃1
1(z2)

)
− 12z−4

12 (∂z1 q̃
1
1(z1) + ∂z2 q̃

1
1(z2))

]
.

(B.9)

Let us write the terms in the last line above as

24
z5

12

(
q̃1

1(z2)− q̃1
1(z1)

)
= 1

2π
24
z5

12

∫
S

( 1
z2 − z

N1(z)−
1

z1 − z
N1(z)

)
= 1

2π
24
z4

12

∫
S

1
(z2 − z)(z1 − z)N1(z) , (B.10)

and analogously

12
z4

12

(
∂̄z2 q̃

1
1(z2) + ∂̄z1 q̃

1
1(z1)

)
= − 1

2π
12
z4

12

∫
S

( 1
(z2 − z)2N1(z) +

1
(z1 − z)2N1(z)

)
= − 1

2π
12
z4

12

∫
S

z2
1 − 2z1z + z2

2 − 2z2z + 2z2

(z2 − z)2(z1 − z)2 N1(z). (B.11)
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We thus have
24
z5

12

(
q̃1

1(z2)− q̃1
1(z1)

)
+ 12
z4

12

(
∂̄z2 q̃

1
1(z2) + ∂̄z1 q̃

1
1(z1)

)
= − 1

π

6
z2

12

∫
S

1
(z2 − z)2(z1 − z)2N1(z) .

(B.12)

B.4 T ∂̄T

The OPE (4.17) can be computed starting from the conformally soft limit ∆2 → 0 of (4.13), i.e.

T1(z1)N1(z2) ∼ − iκ
2

4
1
2π

∫
S

1
z1 − z

[
∂zδ

2(z, z2)N1(z2) + δ2(z, z2)∂z2N1(z2)
]

∼ − iκ
2

8π

∫
S

[
− 1

(z1 − z)2 δ
2(z, z2) +

1
z1 − z

δ2(z, z2)∂z2

]
N1(z2)

∼ − iκ
2

4
1
2π

[
− 1

(z1 − z2)2 + 1
z1 − z2

∂z2

]
N1(z2), (B.13)

and applying15 ∂3
z2

T1(z1)∂3N1(z2)

∼ − iκ
2

4
1
2π

[
− ∂3

z2

( 1
(z1 − z2)2

)
N1(z2)− 3∂2

z2

( 1
(z1 − z2)2

)
∂N1(z2)

− 3∂z2

( 1
(z1 − z2)2

)
∂2N1(z2)−

( 1
(z1 − z2)2

)
∂3N1(z2) + ∂3

z2

( 1
z1 − z2

)
∂N1(z2)

+ 3∂2
z2

( 1
z1 − z2

)
∂2N1(z2) + 3∂z2

( 1
z1 − z2

)
∂3N1(z2) +

1
z1 − z2

∂4N1(z2)
]

∼ − iκ
2

4
1
2π

[
− 24 1

(z1 − z2)5N1(z2)− 12 1
(z1 − z2)4∂N1(z2)

+ 2 1
(z1 − z2)2∂

3N1(z2) +
1

z1 − z2
∂4N1(z2)

]
. (B.14)

B.5 T̄ T

If we take the residue in ∆2 = 0 of (B.8), we get

T̄ (z1)T (z2) ∼− iκ2

16π

[
2z̄−1

12 ∂̄T (z2)− ∂2
z1δ

2(z1, z2)
∫

S4
z−1

24 z
3
41z̄

−2
41 T (z4)

∼− iκ2

16π

[
2z̄−1

12 ∂̄T (z2)− ∂2
z1

(
δ2(z1, z2)

∫
S4
z−1

24 z
3
41z̄

−2
41 T (z4)

)
− 6∂z1

(
δ2(z1, z2)

∫
S4
z−1

24 z
2
41z̄

−2
41 T (z4)

)
− 6δ2(z1, z2)

∫
S4
z−1

24 z41z̄
−2
41 T (z4)

]
∼− iκ2

16π

[
2z̄−1

12 ∂̄T (z2) + ∂2
z1δ

2(z1, z2)∂̄z2

∫
S4
z2

42z̄
−1
42 T (z4)

+ 6∂z1δ
2(z1, z2)∂̄z2

∫
S4
z42z̄

−1
42 T (z4) + 6δ2(z1, z2)∂̄z2

∫
S4
z̄−1

42 T (z4)
]

∼− iκ2

8π

[
z̄−1

12 ∂̄T (z2)− 2π∂2
z2δ

2(z1, z2)∂̄q̃1
1(z2)

− 6π∂z2δ
2(z1, z2)∂̄∂q̃1

1(z2)− 6πδ2(z1, z2)∂̄∂2q̃1
1(z2)

]
. (B.15)

15From the celestial diamond in figure 1(a), we see that ∂̄T = ∂3N1.

– 40 –



J
H
E
P
0
3
(
2
0
2
6
)
0
9
6

B.6 Commuting shadow transform and soft limit

The same expressions for the OPEs (4.15), (4.22) can be derived by performing the second
conformally-soft limit first and then taking the shadow transform of the second entry. We
start by showing the commutativity of these two operations in the same-helicity sector. In
this case, the relevant charge aspect bracket is

{q2
1(z), q1

1(z′)} = κ2

8

1∑
n=0

(2− n)
(
1 + n

1

)
∂3

z′(∂1−n
z′ N1(z′)∂n

z δ
2(z, z′))

= κ2

4 ∂
3
z′

(
∂z′N1(z′)δ2(z, z′) +N1(z′)∂zδ

2(z, z′)
)
. (B.16)

Recalling the relation (4.11), we can compute the TT -OPE from the double shadow transform

T (z1)T (z2)

= −i 1
4π2

∫
S

∫
S′

1
z1 − z

1
z2 − z′

{q2
1(z), q1

1(z′)}

= iκ2

16π2

∫
S
∂3

z

( 1
z2 − z

)( 1
z1 − z

∂z∂̄z q̃
1
1(z)− ∂z

( 1
z1 − z

)
∂̄z q̃

1
1(z)

)
= − iκ2

16π2

∫
S

(
∂̄z

[
∂3

z

( 1
z2 − z

) 1
z1 − z

]
∂z q̃

1
1(z)− ∂̄z

[
∂3

z

( 1
z2 − z

)
∂z

( 1
z1 − z

)]
q̃1

1(z)
)

= iκ2

8π

∫
S

([
∂3

z

(
δ2(z2, z)

) 1
z1 − z

]
∂z q̃

1
1(z)−

[
∂3

z

(
δ2(z2, z)

)
∂z

( 1
z1 − z

)]
q̃1

1(z)
)

+ iκ2

8π

∫
S

([
∂3

z

( 1
z2 − z

)
δ2(z1, z)

]
∂z q̃

1
1(z)−

[
∂3

z

( 1
z2 − z

)
∂z

(
δ2(z1, z)

)]
q̃1

1(z)
)

= − iκ
2

8π

[
∂3

z2

( 1
z1 − z2

∂z2 q̃
1
1(z2)

)
− ∂3

z2

(
∂z2

( 1
z1 − z2

)
q̃1

1(z2)
)

− ∂3
z1

( 1
z2 − z1

)
∂z1 q̃

1
1(z1)− ∂z1

(
∂3

z1

( 1
z2 − z1

)
q̃1

1(z1)
)]

= − iκ
2

8π

[ 1
z12

∂z2T (z2) +
2
z2

12
T (z2)−

12
z4

12

(
∂z2 q̃

1
1(z2) + ∂z1 q̃

1
1(z1)

)
− 24
z5

12

(
q̃1

1(z2)− q̃1
1(z1)

) ]
,

(B.17)

where in the first passage we used the celestial diamond relation N1 = ∂̄q̃1. We thus recover
exactly (4.15).

In the mixed-helicity sector, the relevant charge aspect bracket is

{q̄2
1(z), q1

1(z′)} = −κ
2

4 ∂
3
z′
(
N1(z)∂z̄δ

2(z, z′)
)
, (B.18)
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and the T̄ T -OPE can be obtained from

T̄ (z1)T (z2) = i
κ2

4
1

4π2

∫
S

∫
S′

1
z̄1 − z̄

1
z2 − z′

∂3
z′
(
N1(z)∂z̄δ

2(z, z′)
)

= i
κ2

4
1

4π2

∫
S
∂3

z

( 1
z2 − z

)
∂z̄

( 1
z̄1 − z̄

N1(z)
)

= −iκ
2

4
1
2π∂

3
z2

( 1
z̄12

N1(z2)
)

= −iκ
2

4
1
2π

( 1
z̄12

∂̄Ñ1(z2)− 6πδ2(z1, z2)∂2∂̄q̃1
1(z2)− 6π∂z2δ

2(z1, z2)∂∂̄q̃1
1(z2)

− 2π∂2
z2δ

2(z1, z2)∂̄q̃1
1(z2)

)
, (B.19)

where in the last passage we used again the celestial diamond relation N1 = ∂̄q̃1; hence again,
we exactly reproduce the expression (4.22). Notice that the second to the last row coincides
with the (complex conjugate) expression given in eq. (4.23) of [20].

B.7 S[N0]S[N1]

The OPE (4.27) is obtained as follows

S[N0](z1)S[N1](z2)

∼ iκ2

8
1
2π

3!
2π

∫
S′

1
(z2 − z′)4

z̄1 − z̄′

z1 − z′
N0(z′)

∼ iκ2

8
1
2π

3!
2π

∫
S′
∂̄2

z′

( 1
(z2 − z′)4

z̄1 − z̄′

z1 − z′

)
q̃1

0(z′)

∼ iκ2

8
1
2π

3!
2π

∫
S′

(
− 2π 1

3! ∂̄z′∂
3
z′δ

2(z2, z
′) z̄1 − z̄′

z1 − z′
− 4π 1

3!∂
3
z′δ

2(z2, z
′) 1
z′ − z1

+ 2π 1
(z2 − z′)4 δ

2(z1, z
′)
)
q̃1

0(z′)

∼ iκ2

8
1
2π

3!
2π

∫
S′

(
− 2π 1

3!δ
2(z2, z

′)∂̄z′∂
3
z′

(
z̄1 − z̄′

z1 − z′
q̃1

0(z′)
)
− 4π 1

3!δ
2(z2, z

′)∂3
z′

( 1
z1 − z′

q̃1
0(z′)

)
+ 2π 1

(z′ − z2)4 δ
2(z1, z

′)q̃1
0(z′)

)
∼ iκ2

8
3!
2π

[
− 1

3!∂
3
z2

(
z̄12
z12

∂̄z2 q̃
1
0(z2)

)
− 1

3!∂
3
z2

( 1
z12

q̃1
0(z2)

)
+ 1
z4

12
q̃1

0(z1)
]

∼ − iκ2

16π∂
3
z2

[
z̄12
z12

∂̄z2 q̃
1
0(z2) +

1
z12

(q̃1
0(z2)− q̃1

0(z1))
]

∼ iκ2

8
3!
2π

[
− z̄12
z4

12
∂̄z2 q̃

1
0(z2)−

z̄12
z3

12
∂̄z2∂z2 q̃

1
0(z2)−

1
2
z̄12
z2

12
∂̄z2∂

2
z2 q̃

1
0(z2)−

1
6
z̄12
z12

∂̄z2∂
3
z2 q̃

1
0(z2)

− 1
z4

12
q̃1

0(z2)−
1
z3

12
∂z2 q̃

1
0(z2)−

1
2

1
z2

12
∂2

z2 q̃
1
0(z2)−

1
6

1
z12

∂3
z2 q̃

1
0(z2) +

1
z4

12
q̃1

0(z1)
]

∼ − iκ2

16π

[
z̄12
z12

∂̄∂S[N0](z2) +
1
z12

∂S[N0](z2) + 3 z̄12
z2

12
∂̄S[N0](z2) + 3 1

z2
12
S[N0](z2)

+ 6 z̄12
z3

12
∂̄∂q̃1

0(z2) + 6 1
z3

12
∂q̃1

0(z2) + 6 z̄12
z4

12
∂̄q̃1

0(z2) + 6 1
z4

12
(q̃1

0(z2)− q̃1
0(z1))

]
. (B.20)
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B.8 S[N0]S[N−
∆2

]

In order to derive the OPE (4.28), we take the shadow transform of the second entry in (4.24);
restricting to ℜ∆2 ≤ 1, we have

S[N0](z1)S[N−
∆2

](z2)

∼ κ2

8i
K∆2

2π
K̃2−(∆2+1)

2π

∫
S4

[∫
S3

1
z13

1
z4−∆2

23

1
z∆2−1

34

1
z̄−1

13

1
z̄−∆2

23

1
z̄3+∆2

34

]
S[N−

∆2+1](z4)

∼ κ2

8i
K∆2

2π
K̃2−(∆2+1)

2π

∫
S4

[∫
S3

1
z13

1
z4−∆2

23

1
(3−∆2)2

∂2
z4

1
z∆2−3

34

1
z̄−1

13

1
z̄−∆2

23

1
z̄3+∆2

34

]
S[N−

∆2+1](z4)

∼ κ2

8i
1

(3−∆2)2

K∆2

2π
K̃2−(∆2+1)

2π

∫
S4

∂2
z4

[∫
S3

1
z31

1
z4−∆2

32

1
z∆2−3

34

1
z̄−1

31

1
z̄−∆2

32

1
z̄3+∆2

34

]
S[N−

∆2+1](z4)

∼ κ2

8i
1

(3−∆2)2

K∆2

2π K̃2−(∆2+1)C124z
∆2−4
12 z̄2+∆2

12

∫
S4
∂2

z4

[
z3−∆2

41 z̄−2
24 z̄

−1−∆2
41

]
S[N−

∆2+1](z4)

∼ κ2

8i
1

(3−∆2)2

K∆2

2π K̃2−(∆2+1)C124z
∆2−4
12 z̄2+∆2

12

∫
S4[

∂2
z4z

3−∆2
41 z̄−2

24 z̄
−1−∆2
41 +2∂z4z

3−∆2
41 ∂z4

(
z̄−2

24 z̄
−1−∆2
41

)
+z3−∆2

41 ∂2
z4

(
z̄−2

24 z̄
−1−∆2
41

)]
S[N−

∆2+1](z4)

∼ κ2

8i
1

(3−∆2)2

K∆2

2π K̃2−(∆2+1)C124z
∆2−4
12 z̄2+∆2

12

∫
S4

[
(3−∆2)2z

1−∆2
41 z̄−2

24 z̄
−1−∆2
41

−4π(3−∆2)z2−∆2
41 ∂̄z4δ

2(z2,z4)z̄−1−∆2
41 −2πz3−∆2

41 ∂̄z4∂z4δ
2(z2,z4)z̄−1−∆2

41

]
S[N−

∆2+1](z4)

∼ κ2

8i
1

(3−∆2)2

K∆2

2π K̃2−(∆2+1)C124z
∆2−4
12 z̄2+∆2

12

[
(3−∆2)2

∫
S4
z1−∆2

41 z̄−2
24 z̄

−1−∆2
41 S[N−

∆2+1](z4)−4π(3−∆2)∂̄z2

(
z2−∆2

12 z̄−1−∆2
12 S[N−

∆2+1](z2)
)

−2π∂̄z2∂z2

(
z3−∆2

12 z̄−1−∆2
12 S[N−

∆2+1](z2)
)]

; (B.21)

if we use the explicit form of the constants (4.10), (4.9), (B.2), we arrive at

S[N0](z1)S[N−
∆2

](z2) ∼
κ2

8i

[
− (3−∆2)2

1
2πz

∆2−4
12 z̄2+∆2

12

∫
S4
z1−∆2

41 z̄−2
24 z̄

−1−∆2
41 S[N−

∆2+1](z4)

+ z−2
12 z̄

2+∆2
12

(
3−∆2 + z12∂z2

)
∂̄z2

(
z̄−1−∆2

12 S[N−
∆2+1](z2)

) ]
.

(B.22)
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Otherwise, if we take the case ℜ∆2 > 1, we obtain

S[N0](z1)S[N−
∆2

](z2)

∼− iκ
2

8
1
2π

K∆2

2π

∫
S3

z̄∆2
23

z4−∆2
23

z̄13
z13

N−
∆2+1(z3)

∼− iκ
2

8
1
2π

K∆2

2π
K̃2−∆2−1

2π

∫
S4

[∫
S3

1
z31

1
z4−∆2

32

1
z∆2−1

34

1
z̄−1

31

1
z̄−∆2

32

1
z̄∆2+3

34

]
S[N−

∆2+1](z4)

∼− iκ
2

8
1
2π

K∆2

2π
K̃2−∆2−1

2π
1

(3−∆2)(2−∆2)
∂2

z2

∫
S4

[∫
S3

1
z31

1
z2−∆2

32

1
z∆2−1

34

× 1
z̄−1

31

1
z̄−∆2

32

1
z̄∆2+3

34

]
S[N−

∆2+1](z4)

∼− iκ
2

8
K∆2

2π K̃2−∆2−1C124
1

(3−∆2)(2−∆2)
∂2

z2

∫
S4

[
z∆2−2

12 z1−∆2
41 z̄∆2+2

12 z̄−2
24 z̄

−∆2−1
41

]
S[N−

∆2+1](z4)

∼− iκ
2

8
K∆2

2π K̃2−∆2−1C124
1

(3−∆2)(2−∆2)

∫
S4

[
∂2

z2z
∆2−2
12 z1−∆2

41 z̄∆2+2
12 z̄−2

24 z̄
−∆2−1
41

+2∂z2z
∆2−2
12 z1−∆2

41 z̄∆2+2
12 ∂z2 z̄

−2
24 z̄

−∆2−1
41 +z∆2−2

12 z1−∆2
41 z̄∆2+2

12 ∂2
z2 z̄

−2
24 z̄

−∆2−1
41

]
S[N−

∆2+1](z4)

∼− iκ
2

8
K∆2

2π K̃2−∆2−1C124
1

(3−∆2)2

∫
S4

[
(3−∆2)2z

∆2−4
12 z1−∆2

41 z̄∆2+2
12 z̄−2

24 z̄
−∆2−1
41

+4π(2−∆2)z∆2−3
12 z1−∆2

41 z̄∆2+2
12 ∂̄z4δ

2(z2,z4)z̄−∆2−1
41 +2πz∆2−2

12 z1−∆2
41

×z̄∆2+2
12 ∂̄z4∂z2δ

2(z2,z4)z̄−∆2−1
41

]
S[N−

∆2+1](z4)

∼− iκ
2

8
K∆2

2π K̃2−∆2−1C124
1

(3−∆2)2

[
(3−∆2)2z

∆2−4
12 z̄∆2+2

12

∫
S4
z1−∆2

41 z̄−2
24 z̄

−∆2−1
41 S[N−

∆2+1](z4)

−4π(2−∆2)z∆2−3
12 z̄∆2+2

12 ∂̄z2

(
z1−∆2

21 z̄−∆2−1
21 S[N−

∆2+1](z2)
)

−2πz∆2−2
12 z̄∆2+2

12 ∂z2 ∂̄z2

(
z1−∆2

21 z̄−∆2−1
21 S[N−

∆2+1](z2)
)]

∼ iκ2

8

[
(3−∆2)2

1
2πz

∆2−4
12 z̄∆2+2

12

∫
S4
z1−∆2

41 z̄−2
24 z̄

−∆2−1
41 S[N−

∆2+1](z4)

−z∆2−3
12 z̄∆2+2

12 (4−2∆2+z12∂z2)∂̄z2

(
z1−∆2

21 z̄−∆2−1
21 S[N−

∆2+1](z2)
)]
. (B.23)

With further manipulations, this expression reduces to (B.22).

B.9 Ns1S[N−
∆2

]

The OPE (4.32) is obtained from (4.31) computing

Ns1(z1, z̄1)S[N−
∆2

](z2, z̄2)

∼ − iκ2

16πs1!
K∆2

2π

s1∑
n=0

1
n! (−)n−s1(∆2 − 2)s1−n(s1)n

∫
S3

z̄∆2
23

z4−∆2
23

zn+1
13
z̄13

∂n
z3N

−
∆2+1−s1

(z3)
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∼ − iκ2

16πs1!
K∆2

2π
K̃2−∆2−1+s1

2π

s1∑
n=0

1
n! (−)n−s1(∆2 − 2)s1−n(s1)n

×
∫

S3

z̄∆2
23

z4−∆2
23

zn+1
13
z̄13

∂n
z3

∫
S4

1
z∆2−s1−1

34

1
z̄∆2+3−s1

34
S[N−

∆2+1−s1
](z4)

∼ − iκ2

16πs1!
K∆2

2π
K̃1−∆2+s1

2π

s1∑
n=0

1
n! (−)n−s1(∆2 − 2)s1−n(s1)n

[
(1 + s1 −∆2)n

×
∫

S3

∫
S4

1
z−n−1

13

1
z4−∆2

23

1
z∆2−s1−1+n

34

1
z̄13

1
z̄−∆2

23

1
z̄∆2+3−s1

34
S[N−

∆2+1−s1
](z4)

+
n∑

k=1
(1 + s1 −∆2)n−k

(
n

k

)

×
∫

S3

∫
S4

1
z−n−1

13

1
z4−∆2

23

1
z∆2−s1−1+n−k

34

1
z̄13

1
z̄−∆2

23
∂k

z3

(
1

z̄∆2+3−s1
34

)
S[N−

∆2+1−s1
](z4)

]
.

(B.24)

B.10 Ns1S[Ns2]

If we take the conformally soft limit on the second entry in the OPE (B.24), we get

Ns1(z1)S[Ns2 ](z2)

∼− iκ2

16πs1!
K1−s2

2π
K̃s2+s1

2π

s1∑
n=0

1
n! (−)n−s1(−s2 − 1)s1−n(s1)n

[
(s1 + s2)n

×
∫

S3

∫
S4

1
z−n−1

13

1
z3+s2

23

1
z−s2−s1+n

34

1
z̄13

1
z̄−1+s2

23

1
z̄4−s2−s1

34
S[Ns1+s2−1](z4)

+
n∑

k=1
(s1 + s2)n−k

(
n

k

)

×
∫

S3

∫
S4

1
z−n−1

13

1
z3+s2

23

1
z−s2−s1+n−k

34

1
z̄13

1
z̄−1+s2

23
∂k

z3

(
1

z̄4−s2−s1
34

)
S[Ns1+s2−1](z4)

]

∼− iκ2

16πs1!
K1−s2

2π
K̃s2+s1

2π

s1∑
n=0

1
n! (−)n−s1(−s2 − 1)s1−n(s1)n

[
(s1 + s2)n

×
∫

S3

∫
S4

1
z−n−1

13

1
z3+s2

23

1
z−s2−s1+n

34

1
z̄13

1
z̄−1+s2

23

1
z̄4−s2−s1

34
S[Ns1+s2−1](z4)

+ θ(3− s1 − s2)
n∑

k=1
(s1 + s2)n−k

(
n

k

)

×
∫

S3

∫
S4

1
z−n−1

13

1
z3+s2

23

1
z−s2−s1+n−k

34

1
z̄13

1
z̄−1+s2

23

2π
(3− s1 − s2)!

× (−)k−1∂k−1
z4 ∂̄3−s1−s2

z4

(
δ2(z3, z4)

)
S[Ns1+s2−1](z4)

]
∼− iκ2

16πs1!
K1−s2

2π
K̃s2+s1

2π

s1∑
n=0

1
n! (−)n−s1(−s2 − 1)s1−n(s1)n

×
[
(s1 + s2)n

∫
S3

∫
S4

1
z−n−1

13

1
z3+s2

23

1
z−s2−s1+n

34

1
z̄13

1
z̄−1+s2

23

1
z̄4−s2−s1

34
S[Ns1+s2−1](z4)
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+ θ(3− s1 − s2)
n∑

k=1
(−)k−1(s1 + s2)n−k

(
n

k

)
k−1∑
p=0

(
k − 1
p

)
(−)3−s1−s2

×
3−s1−s2∑

q=0

(
3− s1 − s2

q

)∫
S3

∫
S4

1
z−n−1

13

1
z3+s2

23
∂̄3−s1−s2−q

z4 ∂k−1−p
z4

(
zs2+s1−n+k

34

)
× 1
z̄13

1
z̄−1+s2

23

2π
(3− s1 − s2)!

δ2(z3, z4)∂̄q
z4∂

p
z4S[Ns1+s2−1](z4)

]
, (B.25)

where θ(x) is the Heaviside function; the sum over q in the second contribution in the square
brackets above is different from zero only for q = 3− s1 − s2, and we thus arrive at

Ns1(z1)S[Ns2 ](z2)

∼− iκ2

16πs1!
K1−s2

2π
K̃s2+s1

2π

s1∑
n=0

1
n! (−)n−s1(−s2 − 1)s1−n(s1)n

×
[
(s1 + s2)n

∫
S3

∫
S4

1
z−n−1

13

1
z3+s2

23

1
z−s2−s1+n

34

1
z̄13

1
z̄−1+s2

23

1
z̄4−s2−s1

34
S[Ns1+s2−1](z4)

+ θ(3− s1 − s2, 0)
n∑

k=1
(−)k−1(s1 + s2)n−k

(
n

k

)
k−1∑
p=0

(
k − 1
p

)
(−)3−s1−s2

×
∫

S3

∫
S4

1
z−n−1

13

1
z3+s2

23
(−)k−1−p(s2 + s1 − n+ k)k−1−pz

s2+s1−n+1+p
34

× 1
z̄13

1
z̄−1+s2

23

2π
(3− s1 − s2)!

δ2(z3, z4)∂̄3−s1−s2
z4 ∂p

z4S[Ns1+s2−1](z4)
]

∼− iκ2

16πs1!
K1−s2

2π
K̃s2+s1

2π

s1∑
n=0

1
n! (−)n−s1(−s2 − 1)s1−n(s1)n(s1 + s2)n

×
∫

S4

∫
S3

1
z−n−1

13

1
z3+s2

23

1
z−s2−s1+n

34

1
z̄13

1
z̄−1+s2

23

1
z̄4−s2−s1

34
S[Ns1+s2−1](z4) . (B.26)

Here, in the last step, we use that the power of z34 is such that s2+s1−n+1+p ≥ s2+1 ≥ 1,
so integrating it against the Dirac delta always yields zero. This derivation proves that the
potential additional terms one has when ∆2 = 1−s2 ≥ s1−2 do never contribute for s1, s2 ≥ 0.

B.11 S[Ns1]S[N∆2]

The OPE (4.34) can be derived starting from the first line of (B.24) and computing

S[Ns1 ](z1)S[N−
∆2

](z2)

∼− iκ2

16πs1!
lim

∆1→1−s1

K∆2

2π
K∆1

2π

s1∑
n=0

1
(s1 − n)! (−)n(∆2 − 2)n(s1)s1−n

×
∫

S4

∫
S3

1
z4−∆1

14

1
z∆1+n−2

43

1
z̄−∆1

14

1
z̄43

z̄∆2
23

z4−∆2
23

∂s1−n
z3 N−

∆2+1−s1
(z3)

∼− iκ2

16πs1!
lim

∆1→1−s1

K∆2

2π
K∆1

2π

s1∑
n=0

1
(s1 − n)! (−)n(∆2 − 2)n(s1)s1−n

×
∫

S4

∫
S3

1
z4−∆1

14

1
(∆1 + n− 1)n

∂n
z3

1
z∆1−2

43

1
z̄−∆1

14

1
z̄43

z̄∆2
23

z4−∆2
23

∂s1−n
z3 N−

∆2+1−s1
(z3)
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∼− iκ2

16πs1!
lim

∆1→1−s1

K∆2

2π
K∆1

2π

s1∑
n=0

1
(s1 − n)! (−)n(∆2 − 2)n(s1)s1−n

1
(2−∆1)n

×
∫

S4

∫
S3

1
z4−∆1

14

1
z∆1−2

43

1
z̄−∆1

14

1
z̄2+∆1−2+s1

43
∂n

z3

(
z̄∆2

23
z4−∆2

23
∂s1−n

z3 N−
∆2+1−s1

(z3)
)

∼− iκ2

16πs1!
lim

∆1→1−s1

K∆2

2π
K∆1

2π

s1∑
n=0

1
(s1 − n)! (−)n(∆2 − 2)n(s1)s1−n

× 1
(2−∆1)n

1
(∆1 + s1 − 1)s1−2

∫
S4

∫
S3

1
z4−∆1

14

1
z∆1−2

43

1
z̄−∆1

14
∂̄s1−2

z3

1
z̄2+∆1

43

× ∂n
z3

(
z̄∆2

23
z4−∆2

23
∂s1−n

z3 N−
∆2+1−s1

(z3)
)

∼− iκ2

16πs1!
lim

∆1→1−s1

K∆2

2π
K∆1

2π

s1∑
n=0

1
(s1 − n)! (−)n(∆2 − 2)n(s1)s1−n

× 1
(2−∆1)n

1
(−∆1 − 2)s1−2

∫
S4

∫
S3

1
z4−∆1

14

1
z∆1−2

43

1
z̄−∆1

14

1
z̄2+∆1

43

× ∂̄s1−2
z3 ∂n

z3

(
z̄∆2

23
z4−∆2

23
∂s1−n

z3 N−
∆2+1−s1

(z3)
)
. (B.27)

Here, in taking the shadow of Ns1 , we defined the latter as the limit of an operator with
conformal dimension ∆1, for ∆1 → 1 − s1. This definition has to be understood as a
regulatization procedure we adopted in order to properly cancel out divergent Γ-functions
that arise in the calculation at ∆1 = 1 − s1. To put the integral in its final form, it was
essential to rewrite the exponent of z̄43 as 1 = lim∆1→1−s1(∆1 + s1) in the 3rd step. Given
this final expression, we can now use (4.9) and the conformal integral identity [71]

1
2π

∫
S3

1
z2h

13

1
z2−2h

23

1
z̄h̄

13

1
z̄2−h̄

23
=2πδ2(z1,z2)

Γ(2h̄−1)Γ(1−2h̄)
Γ(2−2h)Γ(2h) =2πδ2(z1,z2)

Γ(2h−1)Γ(1−2h)
Γ(2−2h̄)Γ(2h̄)

,

(B.28)
to arrive at

S[Ns1 ](z1)S[N−
∆2

](z2)

∼− iκ2

8s1!
lim

∆1→1−s1

K∆2

2π (−)3−∆1
s1∑

n=0

1
(s1−n)!

(−)n(∆2−2)n(s1)s1−n

× 1
(2−∆1)n

1
(−∆1−2)s1−2

Γ(3−∆1)
Γ(2+∆1)

∂̄s1−2
z1 ∂n

z1

(
z̄∆2

21
z4−∆2

21
∂s1−n

z1 N−
∆2+1−s1

(z1)
)

∼− iκ2

8s1!
lim

∆1→1−s1

K∆2

2π (−)3−∆1
s1∑

n=0

1
(s1−n)!

(−)n+s1(∆2−2)n(s1)s1−n

×Γ(3−∆1−n)
Γ(s1+∆1)

∂̄s1−2
z1 ∂n

z1

(
z̄∆2

21
z4−∆2

21
∂s1−n

z1 N−
∆2+1−s1

(z1)
)

∼− iκ2

8s1!
K∆2

2π

s1∑
n=0

(−)s1−n(∆2−2)s1−n(s1)n(n+1)∂̄s1−2
z1 ∂s1−n

z1

(
z̄∆2

12
z4−∆2

12
∂n

z1N
−
∆2+1−s1

(z1)
)
,

(B.29)
which is identical to (4.30).
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B.12 N̄s1Ñs2

Starting from the OPE (4.37) and using the diamond in figure 1(b), we can compute first
the OPE of a positive helicity soft graviton and a shadow charge. Supposing initially
s2 ≥ s1 + 4, we have

N̄s1(z1)S[q1
s2 ](z2)

∼κ
2

8i

s1∑
n=0

(s1+s2−n−4)s1−n

(s1−n)!
1
n! ∂̄

s2−2
z2

(
z̄n+1

12
z12

∂̄n
z2Ns1+s2−1(z2)

)

∼κ
2

8i

s1∑
n=0

s2−2∑
k=0

(s1+s2−n−4)s1−n

(s1−n)!
1
n!

(s2−2)k

k! ∂̄k
z2

(
z̄n+1

12
z12

)
∂̄s2−2−k+n

z2 Ns1+s2−1(z2)

∼κ
2

8i

[
2π

s1∑
n=0

s2−2∑
k=n+2

(−)n(n+1)(s1+s2−n−4)s1−n

(s1−n)!
(s2−2)k

k!

× ∂̄k−2−n
z2 δ2(z1, z2)∂̄s2−2−k+n

z2 Ns1+s2−1(z2)

+
s1∑

n=0

n+1∑
k=0

(n+1)
(n+1−k)!

(s1+s2−n−4)s1−n

(s1−n)!
(s2−2)k

k! (−)k z̄
n+1−k
12
z12

∂̄s2−2−k+n
z2 Ns1+s2−1(z2)

]

∼κ
2

8i

[
2π

s2−2∑
k=2

k−2∑
n=0

(−)n(n+1)(s1+s2−n−4)s2−4
(s2−4)!

(s2−2)k

k!

× ∂̄k−2−n
z2 δ2(z1, z2)∂̄s2−2−k+n

z2 Ns1+s2−1(z2)

+
s1+1∑
k=0

s1+1−k∑
n=0

(−)s1−k+1 (n+k)
k!

(3−s2)s1−n−k+1
(s1−n−k+1)!

(s2−2)n

n!

 z̄k
12
z12

∂̄s2−3+k
z2 Ns1+s2−1(z2)

]
.

(B.30)

Let us now compute the two double sums above separately. We start with

s2−2∑
k=2

k−2∑
n=0

(−)n(n+ 1)(s1 + s2 − n− 4)s1−n

(s1 − n)!
(s2 − 2)k

k!

× ∂̄k−2−n
z2 δ2(z1, z2)∂̄s2−2−k+n

z2 Ns1+s2−1(z2)

=
s2−4∑
n=0

(
s2−4∑
k=n

(−)n+k(k − n+ 1)(s1 + s2 − k + n− 4)s1−k+n

(s1 − k + n)!
(s2 − 2)k+2
(k + 2)!

)
× ∂̄n

z2δ
2(z1, z2)∂̄s2−4−n

z2 Ns1+s2−1(z2)

=
s2−4∑
n=0

1
(s1 + n+ 1)(s1 + n+ 2)

(s1 + s2 − 2)!
s1!n!(s2 − n− 4)! ∂̄

n
z2δ

2(z1, z2)∂̄s2−4−n
z2 Ns1+s2−1(z2).

(B.31)
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The second double sum gives

s1+1∑
k=0

s1+1−k∑
n=0

(−)s1−k+1 (n+ k)
k!

(3− s2)s1−n−k+1
(s1 − n− k + 1)!

(s2 − 2)n

n!

 z̄k
12
z12

∂̄s2−3+k
z2 Ns1+s2−1(z2)

=
s1+1∑
k=0

(s2 − 2)
k! (−)s1−k+1 (0)s1−k

(s1 − k)!
z̄k

12
z12

∂̄s2−3+k
z2 Ns1+s2−1(z2)

+
s1+1∑
k=1

1
(k − 1)!(−)s1−k+1 (1)s1−k+1

(s1 − k + 1)!
z̄k

12
z12

∂̄s2−3+k
z2 Ns1+s2−1(z2) , (B.32)

where, on the r.h.s. above, in the first sum only the k = s1 contribution survives, while in
the second sum only k = s1 + 1, s1. We thus finally arrive at

N̄s1(z1)S[q1
s2 ](z2)∼

κ2

8i

[
2π(s1+s2−2)2

(
s1+s2−4

s1

)
s2−4∑
n=0

1
(s1+n+2)2

(
s2−4
n

)
∂̄n

z2δ
2(z1,z2)

×∂̄s2−4−n
z2 Ns1+s2−1(z2)+

1
s1!

z̄s1
12
z12

(2−s2−s1+z̄12∂̄z2)S[q1
s1+s2−1](z2)

]
.

(B.33)

For the case s1 + 3 ≥ s2, one can instead split the sums in the second passage as∑s2−2
k=0

∑s1
n=0 =

∑s2−2
k=2

∑k−2
n=0 +

∑s2−2
k=0

∑s1
n=k−1 and, with similar manipulations, arrive at the

same final expression. Taking ∂s2+2
z2 derivatives of (B.33), we arrive at the OPE

N̄s1(z1, z̄1)Ñs2(z2, z̄2) ∼
κ2

8i

[
2π(s1 + s2 − 2)2

(
s1 + s2 − 4

s1

)
s2−4∑
n=0

1
(s1 + n+ 2)2

(
s2 − 4
n

)
× ∂s2+2

2

(
∂̄n

2 δ
2(z1, z2)∂̄s2−4−n

2 Ns1+s2−1(z2, z̄2)
)

+ 1
s1!
∂s2+2

z2

(
z̄s1

12
z12

(2− s2 − s1 + z̄12∂̄2)S[q1
s1+s2−1](z2, z̄2)

)]
. (B.34)

If we restrict to the case s1 = 0 in (B.34), we get

N̄0(z1)Ñs2(z2) ∼
κ2

8i

[
c.t.+ ∂s2+2

z2

( 1
z12

(2− s2 + z̄12∂̄z2)S[q1
s2−1](z2)

)]

∼κ
2

8i

[
c.t.+

s2+2∑
k=2

(
s2 + 2
k

)
∂k

z2

1
z12

(2− s2 + z̄12∂̄z2)∂s2+2−k
z2 S[q1

s2−1](z2)

+ z−2
12 (s2 + 2 + z12∂z2)(2− s2 + z̄12∂̄z2)Ñs2−1(z2)

]
∼κ

2

8i

[
c.t.− 1

2π (s2 + 2)2z
−3−s2
12

∫
S3

(z̄12 + (s2 − 2)z̄23)
zs2

13
z̄2

23
Ñs2−1(z3)

+ z−2
12 (s2 + 2 + z12∂z2)(2− s2 + z̄12∂̄z2)Ñs2−1(z2)

]
, (B.35)
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where c.t. stands for the contact terms given by the sum contribution on the r.h.s. of (B.34),
and we manipulated the S[q1

s2−1] terms as follows

1
2π

s2+2∑
k=2

(
s2 + 2
k

)
k!z−(1+k)

12 (2− s2 + z̄12∂̄z2)∂s2+2−k
z2

1
s2!

∫
S3

zs2
23
z̄23

Ñs2−1(z3)

= 1
2π (s2 + 2)2

s2∑
k=0

s2!
k!(s2 − k)!z

−(3+k)
12 (2− s2 + z̄12∂̄z2)

∫
S3

zk
23
z̄23

Ñs2−1(z3)

= − 1
2π (s2 + 2)2z

−3−s2
12

∫
S3

(z̄12 + (s2 − 2)z̄23)
zs2

13
z̄2

23
Ñs2−1(z3), (B.36)

where in the last passage we used

zs2
13 = (z12 + z23)s2 =

s2∑
k=0

(
s2
k

)
zs2−k

12 zk
23. (B.37)

B.13 N̄s1S[N−
s2

]

Starting from the OPE (4.36) and taking the shadow of the second entry for a general
∆2, we get

N̄s1(z1)S[N−
∆2

](z2)

∼ κ2

8is1!
K∆2

2π
K̃2−(∆2+1−s1)

2π

s1∑
n=0

(−)n−s1(∆2 + 2)s1−n(s1)n
1
n!

∫
S3

z̄∆2
23

z4−∆2
23

z̄n+1
13
z13

×
∫

S4

[ n∑
k=0

(
n

k

)
∂̄k

z3

(
1

z∆2−1−s1
34

)
∂̄n−k

z3

(
1

z̄3+∆2−s1
34

)]
S[N−

∆2+1−s1
](z4)

∼ κ2

8is1!
K∆2

2π
K̃2−(∆2+1−s1)

2π

s1∑
n=0

(−)n−s1(∆2 + 2)s1−n(s1)n
1
n!

∫
S3

z̄∆2
23

z4−∆2
23

z̄n+1
13
z13

×
∫

S4

[ n∑
k=0

(
n

k

)
∂̄k

z3

(
1

z∆2−1−s1
34

)
(s1 −∆2 − 3)n−k

(
1

z̄3+∆2−s1+n−k
34

)]
S[N−

∆2+1−s1
](z4)

∼ κ2

8is1!
K∆2

2π
K̃2−(∆2+1−s1)

2π

s1∑
n=0

1
n! (−)n−s1(∆2 + 2)s1−n(s1)n(s1 −∆2 − 3)n

×
∫

S3

∫
S4

1
z13

1
z4−∆2

23

1
z−s1+∆2−1

34

1
z̄−n−1

13

1
z̄−∆2

23

1
z̄3+∆2−s1+n

34
S[N−

∆2+1−s1
](z4)

+ κ2

8is1!
K∆2

2π
K̃2−(∆2+1−s1)

2π

s1∑
n=0

(−)n−s1(∆2 + 2)s1−n(s1)n
1
n!

n∑
k=1

(s1 −∆2 − 3)n−k

(
n

k

)

×
∫

S3

∫
S4

1
z13

1
z4−∆2

23
∂̄k

z3

(
1

z∆2−1−s1
34

)
1

z̄−n−1
13

1
z̄−∆2

23

1
z̄3+∆2−s1+n−k

34
S[N−

∆2+1−s1
](z4). (B.38)

We see that the second contribution in the last passage above would vanish for ℜ∆2 ≤ 1. When
taking the second soft limit, this condition is always fulfilled (since we have ∆2 = 1− s2 ≤ 1),
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so the extra term always drops out. In fact, we have

N̄s1(z1)S[Ns2 ](z2)

∼ κ2

8is1!
K1−s2

2π
K̃2−(2−s2−s1)

2π

s1∑
n=0

1
n! (−)n−s1(3− s2)s1−n(s1)n(s1 + s2 − 4)n

×
∫

S3

∫
S4

1
z13

1
z3+s2

23

1
z−s1−s2

34

1
z̄−n−1

13

1
z̄−∆2

23

1
z̄4−s2−s1+n

34
S[Ns1+s2−1](z4)

+ κ2

8is1!
K1−s2

2π
K̃2−(2−s2−s1)

2π

s1∑
n=0

(−)n−s1(3− s2)s1−n(s1)n
1
n!

n∑
k=1

(s1 + s2 − 4)n−k

(
n

k

)

×
∫

S3

∫
S4

1
z13

1
z3+s2

23
∂̄k

z3

(
1

z−s2−s1
34

)
1

z̄−n−1
13

1
z̄−1+s2

23

1
z̄4−s2−s1+n−k

34
S[Ns1+s2−1](z4) , (B.39)

and for all s1, s2 ≥ 0 of our interest, the terms in the third and fourth rows above vanish.
Therefore, restricting to the s1 = 0 case, we have

N̄0(z1)S[Ns2 ](z2) ∼
κ2

8i

[
− (s2 + 2)2

1
2πz

−s2−3
12 z̄3−s2

12

∫
S4
zs2

41z̄
−2
24 z̄

−2+s2
41 S[Ns2−1](z4)

+ z−2
12 z̄

3−s2
12

(
s2 + 2 + z12∂z2

)
∂̄z2

(
z̄−2+s2

12 S[Ns2−1](z2)
) ]

∼κ
2

8i

[
− (s2 + 2)2

1
2πz

−s2−3
12 z̄3−s2

12

∫
S4
zs2

41z̄
−2
24 z̄

−2+s2
41 S[Ns2−1](z4)

+ z−2
12 (s2 + 2 + z12∂z2)(2− s2 + z̄12∂̄z2) (S[Ns2−1](z2))

]
. (B.40)

Let us manipulate the non-local term

−(s2 + 2)2
1
2πz

−s2−3
12 z̄3−s2

12

∫
S4
zs2

14z̄
−2
24 z̄

−2+s2
14 S[Ns2−1](z4)

= − (s2 + 2)2
1
2πz

−s2−3
12 z̄3−s2

12

s2−2∑
k=0

(
s2 − 2
k

)∫
S4
zs2

14z̄
−2
24 z̄

k
12z̄

s2−2−k
24 S[Ns2−1](z4)

= − (s2 + 2)2
1
2πz

−s2−3
12

∫
S4
(z̄12 + (s2 − 2)z̄24)

zs2
41
z̄2

24
S[Ns2−1](z4)

− (s2 + 2)2
1
2πz

−s2−3
12

s2−4∑
k=0

(
s2 − 2
k

)
z̄3−s2+k

12

∫
S4
zs2

41z̄
s2−4−k
24 S[Ns2−1](z4). (B.41)

The last row above can be written as

−(s2 + 2)2
1
2πz

−s2−3
12

s2−4∑
k=0

(
s2 − 2
k

)
z̄3−s2+k

12

∫
S4
zs2

41z̄
s2−4−k
24 S[Ns2−1](z4)

= − (s2 + 2)2
1
2πz

−s2−3
12

s2−4∑
k=0

s2−4−k∑
n=0

(−)s2+n

(
s2 − 2
k

)(
s2 − 4− k

n

)
z̄3−s2+k+n

12∫
S4
zs2

14z̄
s2−4−k−n
14 S[Ns2−1](z4)
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= − (s2 + 2)2
1
2πz

−s2−3
12

s2−4∑
k=0

s2−4−k∑
n=0

(−)s2+n

(
s2 − 2
k

)
(s2 − 4− k)!
n!(s2 − 4)! z̄

3−s2+k+n
12 ∂̄k+n

z1∫
S4
zs2

14z̄
s2−4
14 S[Ns2−1](z4)

= (s2 + 2)2
1
2πz

−s2−3
12

s2−4∑
k=0

s2−4−k∑
n=0

(−)n

(
s2 − 2
k

)
(s2 − 4− k)!
n!(s2 − 4)! z̄

3−s2+k+n
12 ∂̄k+n

z1(
lim

∆→2−s2

Γ(3−∆)
Γ(2 + ∆)Ns2−1(z1)

)

=(s2 + 2)2
1
2πz

−s2−3
12

s2−4∑
k=0

s2−4−k∑
n=0

(−)n

(
s2 − 2
k

)
(s2 − 4− k)!
n!(s2 − 4)! z̄

3−s2+k+n
12(

lim
w→0

Γ(1− w + s2)
Γ(w − (s2 − 4))

)
∂̄k+n

z1 Ns2−1(z1)

= 0 , (B.42)

where we used the definitions (4.8), (4.10) and, in the last passage, we used Euler’s reflection
formula as follows

lim
w→0

Γ(1− w + s2)
Γ(w − (s2 − 4)) = lim

w→0
(−)s2−1Γ(1− w + s2)Γ(s2 − 3− w)

Γ(−w)Γ(1 + w)

= lim
w→0

(−)s2−1(−w)Γ(1 + s2)Γ(s2 − 3)
Γ(1) = 0. (B.43)

C Shadow OPE in Yang-Mills

C.1 Fs1S[Fs2]

From the OPE (5.9), assuming a general ∆2 ∈ ℂ e taking the shadow of the second operator,
we have

F a
s1(z1)S[F−b

∆2
](z2)

∼− i
g2

YM
4π fab

c
K∆2

2π
1
s1!

s1∑
n=0

(−)s1−n

(
s1
n

)
(∆2 − 2)s1−n

∫
S3

1
z3−∆2

23

1
z̄1−∆2

23

zn
13
z̄13

∂nF−c
∆2−s1

(z3)

∼− i
g2

YM
4π fab

c
K∆2

2π
K̃2−∆2+s1

2π
1
s1!

s1∑
n=0

(−)s1−n

(
s1
n

)
(∆2 − 2)s1−n

×
∫

S3

∫
S4

1
z3−∆2

23

1
z̄1−∆2

23

zn
13
z̄13

∂n
z3

(
1

z−1+∆2−s1
34

1
z̄1+∆2−s1

34

)
S[F−c

∆2−s1
](z4)

∼− i
g2

YM
4π fab

c
K∆2

2π
K̃2−∆2+s1

2π
1
s1!

s1∑
n=0

(−)s1−n

(
s1
n

)
(∆2 − 2)s1−n

[
× (1−∆2 + s1)n

∫
S3

∫
S4

1
z−n

13

1
z3−∆2

23

1
z−1+∆2−s1+n

34

1
z̄13

1
z̄1−∆2

23

1
z̄1+∆2−s1

34
S[F−c

∆2−s1
](z4)

+
n∑

k=1

(
n

k

)
(1−∆2 + s1)n−k

∫
S3

∫
S4

1
z−n

13

1
z3−∆2

23

1
z−1+∆2−s1+n−k

34

1
z̄1−∆2

23

× ∂k
z3

(
1

z̄1+∆2−s1
34

)
S[F−c

∆2−s1
](z4)

]
. (C.1)
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If we take the second conformally soft limit, we get

F a
s1(z1)S[F b

s2 ](z2)

∼− i
g2

YM
4π fab

c
K1−s2

2π
K̃1+s2+s1

2π
1
s1!

s1∑
n=0

(−)s1−n

(
s1
n

)
(−s2 − 1)s1−n

[
× (s1 + s2)n

∫
S3

∫
S4

1
z−n

13

1
z2+s2

23

1
z−s2−s1+n

34

1
z̄13

1
z̄s2

23

1
z̄2−s2−s1

34
S[F c

s1+s2 ](z4)

+
n∑

k=1

(
n

k

)
(s1 + s2)n−k

∫
S3

∫
S4

1
z−n

13

1
z2+s2

23

1
z−s2−s1+n−k

34

1
z̄13

1
z̄s2

23

× ∂k
z3

(
1

z̄2−s2−s1
34

)
S[F c

s1+s2 ](z4)
]

∼− i
g2

YM
4π fab

c
K1−s2

2π
K̃1+s2+s1

2π
1
s1!

s1∑
n=0

(−)s1−n

(
s1
n

)
(−s2 − 1)s1−n

[
× (s1 + s2)n

∫
S3

∫
S4

1
z−n

13

1
z2+s2

23

1
z−s2−s1+n

34

1
z̄13

1
z̄s2

23

1
z̄2−s2−s1

34
S[F c

s1+s2 ](z4)

+ θ(1− s1 − s2)
n∑

k=1

(
n

k

)
(s1 + s2)n−k

∫
S3

∫
S4

1
z−n

13

1
z2+s2

23

1
z−s2−s1+n−k

34

1
z̄13

1
z̄s2

23

× 2π
(1− s1 − s2)!

(−)k−1∂k−1
z4 ∂̄1−s1−s2

z4

(
δ2(z3, z4)

)
S[F c

s1+s2 ](z4)
]

∼− i
g2

YM
4π fab

c
K1−s2

2π
K̃1+s2+s1

2π
1
s1!

s1∑
n=0

(−)s1−n

(
s1
n

)
(−s2 − 1)s1−n

[
× (s1 + s2)n

∫
S3

∫
S4

1
z−n

13

1
z2+s2

23

1
z−s2−s1+n

34

1
z̄13

1
z̄s2

23

1
z̄2−s2−s1

34
S[F c

s1+s2 ](z4)

+ θ(1− s1 − s2)
n∑

k=1

(
n

k

)
(s1 + s2)n−k

k−1∑
p=0

(
k − 1
p

)
(−)k−1−p(s1 + s2 + k − n)k−1+p

×
∫

S3

∫
S4

1
z−n

13

1
z2+s2

23
zs2+s1−n+1+p

34
1
z̄13

1
z̄s2

23

2π
(1− s1 − s2)!

× (−)1−s1−s2δ2(z3, z4)∂p
z4 ∂̄

1−s1−s2
z4 S[F c

s1+s2 ](z4)
]

∼− i
g2

YM
4π fab

c
K1−s2

2π
K̃1+s2+s1

2π
1
s1!

s1∑
n=0

(−)s1−n

(
s1
n

)
(−s2 − 1)s1−n(s1 + s2)n

×
∫

S3

∫
S4

1
z−n

13

1
z2+s2

23

1
z−s2−s1+n

34

1
z̄13

1
z̄s2

23

1
z̄2−s2−s1

34
S[F c

s1+s2 ](z4). (C.2)

In the last step, we used that the power of z34 in the θ-terms is such that s1 + s2 + 1 + p−
n ≥ s2 + 1 ≥ 1, so integrating the Dirac delta against it always yields zero.
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C.2 S[F0]S[F −
∆2

]

We want to take the shadow of the second entry of the OPE (5.12); we consider first the
case ℜ∆2 ≤ 1, which gives

S[F a
0 ](z1)S[F−b

∆2
](z2)

∼− i
g2

YM
4π fab

c
K∆2

2π

∫
S3

1
z3−∆2

23

1
z̄1−∆2

23

1
z13

F−c
∆2

(z3)

∼ig
2
YM
4π fab

c
K∆2

2π
K̃2−∆2

2π

∫
S4

[ ∫
S3

1
z31

1
z3−∆2

32

1
z−1+∆2

34

1
z̄1−∆2

32

1
z̄1+∆2

34

]
S[F−c

∆2
](z4)

∼− i
g2

YM
4π fab

c
1

(2−∆2)
K∆2

2π
K̃2−∆2

2π

∫
S4
∂z4

[ ∫
S3

1
z31

1
z3−∆2

32

1
z∆2−2

34

1
z̄1−∆2

32

1
z̄1+∆2

34

]
S[F−c

∆2
](z4)

∼− i
g2

YM
4π fab

c
1

(2−∆2)
K∆2K̃2−∆2C124

2π z−3+∆2
12 z̄∆2

12

∫
S4
∂z4

[
z2−∆2

41 z̄−1
24 z̄

−∆2
41

]
S[F−c

∆2
](z4)

∼− i
g2

YM
4π fab

c

[
− 1

2π (2−∆2)z∆2−3
12 z̄∆2

12

∫
S4
z1−∆2

41 z̄−1
24 z̄

−∆2
41 S[F−c

∆2
](z4) + z−1

12 S[F
−c
∆2

](z2)
]
,

(C.3)

where we used the constant expressions (5.7), (5.8), (B.2). If we take ℜ∆2 > 1, we have

S[F a
0 ](z1)S[F−b

∆2
](z2)

∼− i
g2

YM
4π fab

c
K∆2

2π

∫
S3

1
z3−∆2

23

1
z̄1−∆2

23

1
z13

F−c
∆2

(z3)

∼ig
2
YM
4π fab

c
K∆2

2π
K̃2−∆2

2π

∫
S4

[ ∫
S3

1
z31

1
z3−∆2

32

1
z−1+∆2

34

1
z̄1−∆2

32

1
z̄1+∆2

34

]
S[F−c

∆2
](z4)

∼ig
2
YM
4π fab

c
K∆2

2π
K̃2−∆2

2π
1

(2−∆2)
∂z2

∫
S4

[ ∫
S3

1
z31

1
z2−∆2

32

1
z−1+∆2

34

1
z̄1−∆2

32

1
z̄1+∆2

34

]
S[F−c

∆2
](z4)

∼ig
2
YM
4π fab

c
K∆2K̃2−∆2C124

2π
1

(2−∆2)
∂z2

∫
S4

[
z−2+∆2

12 z1−∆2
41 z̄∆2

12 z̄
−1
24 z̄

−∆2
41

]
S[F−c

∆2
](z4)

∼− i
g2

YM
4π fab

c

[
− 1

2π (2−∆2)z−3+∆2
12 z̄∆2

12

∫
S4
z1−∆2

41 z̄−1
24 z̄

−∆2
41 S[F−c

∆2
](z4) + z−1

12 S[F
−c
∆2

](z2)
]
.

(C.4)

We thus obtain the same result as in (C.3). If we take the conformally soft limit ∆2 → 1
of the second argument, we obtain

S[F a
0 ](z1)S[F b

0 ](z2) ∼ −ig
2
YM
4π fab

c

[ 1
z12

S[F c
0 ](z2)−

1
2π

z̄12
z2

12

∫
S4
z̄−1

24 z̄
−1
41 S[F c

0 ](z4)
]

∼ −ig
2
YM
4π fab

c

[ 1
z12

S[F c
0 ](z2) +

1
2πz2

12

∫
S4

( 1
z̄41

+ 1
z̄24

)
S[F c

0 ](z4)
]

∼ −ig
2
YM
4π fab

c

[ 1
z12

S[F c
0 ](z2) +

1
z2

12
(r̃1c

0 (z2)− r̃1c
0 (z1))

]
. (C.5)
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C.3 S[Fs1]S[F −
∆2

]

Following similar steps as in appendix B.11, the OPE (5.19) can be obtained starting from
the first line in (C.1), we can write

S[F a
s1 ](z1)S[F−b

∆2
](z2)

∼− i
g2

YM
4π fab

c lim
∆1→1−s1

K∆1

2π
K∆2

2π
1
s1!

s1∑
n=0

(−)n

(
s1

s1 − n

)
(∆2 − 2)n

×
∫

S4

∫
S3

1
z3−∆1

14

1
z̄1−∆1

14

1
z−1+∆1+n

43

1
z̄1+∆1−1+s1

43

1
z3−∆2

23

1
z̄1−∆2

23
∂s1−nF−c

∆2−s1
(z3)

∼− i
g2

YM
4π fab

c lim
∆1→1−s1

K∆1

2π
K∆2

2π
1
s1!

s1∑
n=0

(−)n

(
s1

s1 − n

)
(∆2 − 2)n

(−)n

(1−∆1)n

(−)s1−1

(−1−∆1)s1−1

×
∫

S4

∫
S3

1
z3−∆1

14

1
z̄1−∆1

14
∂n

z3

1
z−1+∆1

43
∂̄s1−1

z3

1
z̄1+∆1

43

1
z3−∆2

23

1
z̄1−∆2

23
∂s1−nF−c

∆2−s1
(z3)

∼− i
g2

YM
4π fab

c lim
∆1→1−s1

K∆1

2π
K∆2

2π
1
s1!

s1∑
n=0

(−)n

(
s1

s1 − n

)
(∆2 − 2)n

1
(1−∆1)n

1
(−1−∆1)s1−1

×
∫

S4

∫
S3

1
z3−∆1

14

1
z̄1−∆1

14

1
z−1+∆1

43

1
z̄1+∆1

43
∂̄s1−1

z3 ∂n
z3

(
1

z3−∆2
23

1
z̄1−∆2

23
∂s1−nF−c

∆2−s1
(z3)

)

∼− i
g2

YM
2 fab

c lim
∆1→1−s1

(−)∆1K∆2

2π
1
s1!

s1∑
n=0

(−)n

(
s1

s1 − n

)
(∆2 − 2)n

1
(1−∆1)n

1
(−1−∆1)s1−1

× Γ(−∆1)
Γ(∆1 − 1) ∂̄

s1−1
z1 ∂n

z1

(
1

z3−∆2
21

1
z̄1−∆2

21
∂s1−nF−c

∆2−s1
(z1)

)

∼− i
g2

YM
4πs1!

K∆2f
ab

c

s1∑
n=0

(−)s1−n(s1)n(∆2 − 2)s1−n∂̄
s1−1
z1 ∂s1−n

z1

(
1

z3−∆2
12

1
z̄1−∆2

12
∂nF−c

∆2−s1
(z1)

)
.

(C.6)

C.4 F̄0S[Fs2]

Starting from the OPE (5.23), for s2 ≥ 1, we can use the identity

1
z̄23

(
z̄13
z̄12

)s2−1
= 1
z̄23

s2−1∑
k=0

(s2 − 1)k

k!

(
z̄23
z̄12

)k

, (C.7)

following from the binomial formula, to rewrite it as

F̄ a
0 (z1, z̄1)S[F b

s2 ](z2, z̄2)∼−ig
2
YM
4π fab

c

[ 1
z12

S[F c
s2 ](z2, z̄2)+

(s2+1)
2π

1
zs2+2

12

∫
S3

zs2
13
z̄23

S[F c
s2 ](z3, z̄3)

+ (s2+1)
2π

1
zs2+2

12

s2−1∑
k=1

(s2−1)k

k!
1
z̄k

12

∫
S3
zs2

13z̄
k−1
23 S[F c

s2 ](z3, z̄3)
]
. (C.8)
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Next, we want to show that the second line contribution on the r.h.s. of (C.8) vanishes. In
order to do this, we use the manipulations

(s2 + 1)
2π

1
zs2+2

12

s2−1∑
k=1

(s2 − 1)k

k!
1
z̄k

12

∫
S3
zs2

13z̄
k−1
23 S[F c

s2 ](z3, z̄3)

= (s2 + 1)
2π

1
zs2+2

12

s2−2∑
k=0

(s2 − 1)k+1
(k + 1)!

1
z̄s2−2−k+1

12

∫
S3
zs2

13z̄
s2−2−k
23 S[F c

s2 ](z3, z̄3)

= (s2 + 1)
2π

1
zs2+2

12

s2−2∑
k=0

(s2 − 1)
(k + 1)!

1
z̄s2−2−k+1

12
∂̄k

2

(
lim

∆→1−s2
(−)∆Γ(2−∆)

Γ(1 + ∆)F
c
s2(z2, z̄2)

)
= 0 , (C.9)

where we used the definitions (5.6), (5.8), and Euler’s reflection formula as follows

lim
∆→1−s2

(−)∆Γ(2−∆)
Γ(1 + ∆) = lim

w→0
(−)w+1−s2 Γ(1− w + s2)

Γ(2 + w − s2)

= lim
w→0

(−)wΓ(1− w + s2)Γ(s2 − 1− w)
Γ(−w)Γ(1 + w)

= lim
w→0

(−)w(−w)Γ(1 + s2)Γ(s2 − 1)
Γ(1) = 0. (C.10)

C.5 F̄s1S[r1
s2

]

In order to derive the OPE (5.27), let us consider first the case s1 ≥ s2−1. In this case we have

F̄ a
s1(z1)S[r1b

s2 ](z2)

∼ −ig
2
YM
4π fab

c

s1∑
n=0

1
n!

(s1 + s2 − n− 2)s1−n

(s1 − n)! ∂̄s2−1
z2

(
z̄n

12
z12

∂̄nF c
s1+s2(z2)

)

∼ −ig
2
YM
4π fab

c

[ s2−1∑
k=1

k−1∑
n=0

1
n!

(s1 + s2 − n− 2)s1−n

(s1 − n)!
(s2 − 1)k

k! ∂̄k
z2

(
z̄n

12
z12

)
∂̄s2−1−k+nF c

s1+s2(z2)

+
s2−1∑
k=0

s1∑
n=k

1
n!

(s1 + s2 − n− 2)s1−n

(s1 − n)!
(s2 − 1)k

k! ∂̄k
z2

(
z̄n

12
z12

)
∂̄s2−1−k+nF c

s1+s2(z2)
]

∼ −ig
2
YM
4π fab

c

[
2π

s2−1∑
k=1

k−1∑
n=0

(s1 + s2 − n− 2)s1−n

(s1 − n)!
(s2 − 1)k

k! (−)n+1

× ∂̄k−1−n
z2 δ2(z1, z2)∂̄s2−1−k+nF c

s1+s2(z2)

+
s2−1∑
k=0

s1∑
n=k

1
(n− k)!

(s1 + s2 − n− 2)s1−n

(s1 − n)!
(s2 − 1)k

k! (−)k z̄
n−k
12
z12

∂̄s2−1−k+nF c
s1+s2(z2)

]

∼ −ig
2
YM
4π fab

c

[
2π

s2−2∑
n=0

 s2−1∑
k=1+n

(−)n+k (s1 + s2 − k + n− 1)s2−2
(s2 − 2)!

(s2 − 1)k

k!


× ∂̄n

z2δ
2(z1, z2)∂̄s2−2−nF c

s1+s2(z2)

+
s1∑

k=0

s1∑
n=k

1
(n− k)!

(s1 + s2 − n− 2)s1−n

(s1 − n)!
(s2 − 1)k

k! (−)k z̄
n−k
12
z12

∂̄s2−1−k+nF c
s1+s2(z2)

]
,

(C.11)
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where in the last double sum above we can take the upper bound for k to be s1, as (s2−1)k = 0
∀k > s2 − 1.

Let us now compute the two double sums above separately. The first double sum gives

s2−2∑
n=0

 s2−1∑
k=1+n

(−)n+k (s1 + s2 − k + n− 1)s2−2
(s2 − 2)!

(s2 − 1)k

k!


× ∂̄n

z2δ
2(z1, z2)∂̄s2−2−nF c

s1+s2(z2)

= −(s2 + s1 − 1)
(
s2 + s1 − 2

s1

)
s2−2∑
n=0

1
(s1 + n+ 1)

(
s2 − 2
n

)
× ∂̄n

z2δ
2(z1, z2)∂̄s2−2−nF c

s1+s2(z2). (C.12)

The second double sum gives

s1∑
k=0

s1∑
n=k

1
(n− k)!

(s1 + s2 − n− 2)s1−n

(s1 − n)!
(s2 − 1)k

k! (−)k z̄
n−k
12
z12

∂̄s2−1−k+nF c
s1+s2(z2)

=
s1∑

k=0

s1−k∑
n=0

1
n!

(s1 + s2 − n− k − 2)s1−n−k

(s1 − n− k)!
(s2 − 1)k

k! (−)k z̄
n
12
z12

∂̄s2−1+nF c
s1+s2(z2)

=
s1∑

n=0

(
s1−n∑
k=0

1
n!

(s1 + s2 − k − n− 2)s1−n−k

(s1 − n− k)!
(s2 − 1)k

k! (−)k

)
z̄n

12
z12

∂̄s2−1+nF c
s1+s2(z2)

=
s1∑

n=0

(−)s1−n

n!
(0)s1−n

(s1 − n)!
z̄n

12
z12

∂̄s2−1+nF c
s1+s2(z2), (C.13)

where, on the r.h.s. above, only the n = s1 contribution survives. We thus finally arrive at

F̄ a
s1(z1)S[r1b

s2 ](z2)∼−ig
2
YM
4π fab

c

[
−2π(s2+s1−1)

(
s2+s1−2

s

)
s2−2∑
n=0

1
(s1+n+1)

(
s2−2
n

)

×∂̄n
z2δ

2(z1,z2)∂̄s2−2−nF c
s1+s2(z2)+

1
s1!

z̄s1
12
z12

S[r1c
s1+s2 ](z2)

]
. (C.14)

In the case s1 ≤ s2 − 1, one can instead split the sums as
∑s2−1

k=0
∑s1

n=0 =
∑s1

n=0
∑s2−1

k=n+1
+
∑s1

n=0
∑n

k=0 and, with similar manipulations, arrive at the same expression (C.14).
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