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1. Introduction

This paper is a contribution to a project aimed at classifying, via Majorana represen-
tations, the subalgebras of the Griess algebra whose associated Miyamoto groups appear
as factors over their centers of monstralizers (see [18]) of the subgroups H of the Mon-
ster group M that are isomorphic to the alternating group As (see [13, 5.11.3]). In [18,
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Table 3], Norton listed the conjugacy classes of such subgroups H and, for each such
subgroup, the isomorphism type of its monstralizer. There are 8 such classes, labeled
with a triple (2X,3Y,57) (with (X,Y, Z) in {A, B} x{A, B,C} x{A, B}), whose entries
are the conjugacy classes (in Atlas notation [2]) of the 2, 3, and 5 elements of H in
M. Majorana representations of monstralizers of an As-subgroup of type (24,3A,5A)
(which are isomorphic to A15) have been considered in [1,3,5]. In this paper we deal with
the class of As-subgroups of type (2B,3A4,5A4), whose monstralizers are isomorphic to
2.M35.2. An important inductive step towards this goal is to determine the Majorana
representation induced on a submaximal subgroup G = Z x G in the derived subgroup of
such a monstralizer, where Z is a group of order 2 generated by z and G is isomorphic to
Ag (see [2, p. 39]). In this case, the set of Fischer (i.e. 24 in Atlas notation) involutions
in G is the diagonal set D := {zs | s is a bitransposition in Ag} while the involutions in
G are Conway (i.e. 2B) involutions. Since the product of two elements of D does not
lie in D and, by [13, p.258], central elements are contained in the kernel of a Majorana
representation, by [10, Axiom (M8)], the action of G on the Griess algebra, induces
a Majorana representation of G/(z) (i.e. Ag) of shape (2B,3A,5A) (see definition in
Section 2).

More generally, in this paper we consider Majorana representations of the alternating
groups A,, n > 5, with shape (2B,3Y,5A4), with Y in {A, C'}. The case n = 5 has been
investigated by Ivanov, Seress, McInroy, and Shpectorov (see [12,22,15]). By [18, Table
3], all the Majorana representations of Aj are based on embeddings of A5 or 2x A5 in M.
Recall from [3] that a Majorana representation of A, is standard if the bitranspositions
of A, are Majorana involutions. In Section 3 we prove

Theorem 1. The alternating group A, has

(a) a standard Majorana representation of shape (2B,3Y,5A4), for every Y € {A,C}, if
and only if n € {5,6}.
(b) a nonstandard Majorana representation of shape (2B,3A,5A), if and only if n = 8.

The case n = 6 and shape (2B,34,5A) has been addressed in [15] with the use
of the expansion algorithm, but the computation of the representation could not be
completed within a reasonable time. In this paper we use a different approach, building up
inductively a representation V' of Ag with shape (2B,3A4,5A) from its proper subalgebras
whose associated Miyamoto groups are isomorphic to the maximal subgroups As or Sy
of Ag. Moreover, we introduce dormant 4-azes (see the definition in Section 2) which
are likely to be useful also in other situations, e.g. for the still open classification of
the Majorana representations of A,, for 8 < n < 11 (see [5, Conjecture 1]). Dormant
4-axes are particular idempotents of length 2 in V' which turn to be 4-axes whenever
V' is realised as a subalgebra of the Griess algebra. This fact will be discussed in more
detail in Section 2. Accordingly to what happens in the Griess algebra, we assume that
dormant 4-axes are in one-to-one correspondence with the cyclic subgroups of order 4 of
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Ag. We call a representation of Ag, with shape (2B,3Y,5A4) (Y € {4, C}) satisfying this
extra hypothesis a diagonal Majorana representation.

Theorem 2. The alternating group Ag has a unique diagonal Majorana representation of
shape (2B,3A,5A). This representation is 2-closed of dimension 121 and based on the
embedding of 2 X Ag into the Monster.

For a partition A of 6, denote by & the Specht module associated to .

Theorem 3. Let V' be the diagonal Majorana representation of Ag with shape (2B,3A,5A).
The structure of R[Ag]-module of V' lifts naturally to a structure of R[Sg]-module and,
with the above notation, the decomposition of V into irreducible R[Sg]-submodules is the
following

V2360 03660 ¢ 5642 ¢ 26620 ¢ 66 362 g 521 ¢ &7,

While this paper was in preparation, a Majorana algebra of dimension 121 and shape
(2B,3A,5A) was constructed in [7] as a subalgebra of a larger algebra. Theorem 2 an-
swers, under the above extra hypothesis, the question posed in [7, p.703] about the
uniqueness of that algebra.

In Section 2 we give the basic definitions and recall the known results that will be
used in the sequel. Theorem 1 is proved in Section 3. From Section 4 onwards, we
fix a diagonal Majorana representation V of Ag with shape (2B,3A4,5A4). In Section 4
we compute the inner products between axes and odd axes in V and determine the
dimensions of the corresponding linear spans. In Section 5 we consider the subalgebras
of V' corresponding to the maximal subgroups of Ag isomorphic to S4 or As and, by
examining their intersections, we derive relations between axes, odd axes, and dormant
4-axes which are used in Section 6 to show that all dormant 4-axes are contained in
the linear span U of 2-; 3-, and 4-axes. In Section 7 we prove that U has codimension
1 in the linear span V° of all axes and odd axes. Moreover, we show that the R[Ag]-
module structure of V° extends naturally to R[Ss] and determine its decomposition
into irreducible R[Sg]-modules. Finally, in Section 8, we show that the product in V is
uniquely determined and V° = V.

Notice that, in this paper, we use the exponential notation for automorphisms. In
particular permutations act on the right.

2. Preliminary results
Let V be a real vector space endowed with a (non-associative) commutative multipli-
cation, and a positive definite symmetric bilinear form ( , )y which associates with the

algebra multiplication, i.e. for every u,v,w € V

(u-v,w)y = (u,v-w)y.
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Table 1
Monster fusion law.
* 1 0 1 =
1 1 0 I 35
0 (] 0 1 &=
i3 1 L0 5
35 | 35 3 35 L0g

For a € V let ad, be the adjoint operator v — av and, for A € R, denote by Vy* the

A-eigenspace for ad,, i.e. Vi :={v € V |av = Av}. A vector a € V is called a Majorana
azis if

Ax1l. a-a=aand (a,a)y =1

Ax2. ad, is semisimple with spectrum S := {1,0, 1, 5

Ax3. Vi ={Xa| X € R}

Ax4. for every A, u € S, the eigenspaces V', VI satisfy the Monster fusion law in Table 1,
in the sense that

ve-vec @ v

VEAXLL

Conditions Ax1 - Ax4 yield that, for every Majorana axis a, the linear map 7, : V — V
such that

v ifveViaVie VY
4

Ta

—v ifveVi
32

is an involutory algebra automorphism of V' which preserves the bilinear form. The map
Tq 1s called Miyamoto involution (or Majorana involution) associated to a (see [16]).

The algebra V is called Majorana algebra if it is generated (as an algebra) by a set A
of Majorana axes. Usually Norton inequality is assumed, i.e. for every u,v € V

(w-v,u-v,)y <(u-u,v-v)y.

In this paper, however, we will not make use of the Norton inequality.

Let V be a Majorana algebra generated by the set of axes A. The automorphisms
of V are the algebra automorphisms that are also isometries of the vector space V. In
particular, Miyamoto involutions are automorphisms of V. Define the Miyamoto group
Miy(A) of V' with respect to A, as follows:

Miy(A) := (1, | a € A). (1)
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Since, by [14, Lemma 3.5] Miy(A) = Miy(AM¥A) one usually assumes (as we shall do
in this paper) that

A= AMYA),
Let
G :=Miy(A) and T :={7,]a € A},
the quintet
V. (v, AG),

is called a Majorana representation of G on V' with respect to T. When the setting is
clear, we shall simply say that V is a Majorana representation of G. The dimension of the
representation is the dimension of V. For n € N, the n-closure of the representation is the
subspace of V' spanned by all products of length n of elements in A. The representation
is n-closed if it is equal to its n-closure. If H is a subgroup of G, denote by V(H) the
subalgebra of V' generated by all the axes a € A such that 7, € H.

The Griess algebra V* is a Majorana algebra and, if 24 denotes the set of 2A-axes
in V¥ then (V¥ (,)y:,-,24, M) is a Majorana representation of the Monster group M
with respect to the set of Fischer involutions (see e.g. [9]). If G is a subgroup of M
generated by a set T' of Fischer involutions and A is the set of axes corresponding to T,
then (VF, (,)y+,-, A, G) is a Majorana representation of G' and we say that it is based on
an embedding into the Monster.

A fundamental result in the Majorana theory is the combination of Norton’s classifi-
cation of subalgebras of the Griess algebra generated by two axes [17] and a similar result
of Sakuma [21] for VOA’s, relying on earlier work of Miyamoto, reproved independently
in [10] in the context of Majorana Theory.

Norton-Sakuma Theorem [17,21] Let V' be a Majorana algebra, let ag and ay be two azes
inV, pi=TauTay, and N :=|p|. Fori € N, let as; = agl and a1 = a’fl. Then N < 6
and ({ag,a1)) is one of the nine algebras in Table 2.

Remark 2.1. The vectors a,, a2, a,3 appearing in Table 2 are defined as follows:
ap = ag + a1 — 8apai, ay2 = ag+ az —8apa2, a3 = ag + az — Bagas.

An easy computation shows that the vectors a,, a,2, a,3 are still axes. Thus, by the
Norton-Sakuma Theorem, Norton-Sakuma algebras of type 14, 24, 2B, 3C, and 4B are
linearly spanned by axes, while for those of type N A, for N € {3,4, 5,6}, a further vector
(denoted by u,, v,, wy, and u,2, respectively) is needed.
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Table 2
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The nine types of Norton-Sakuma algebras.

Type Basis Structure constants Inner products
1A ap ap *ap = agp ((ZO:U'O)
ao, ao-a1 = zr(ao+ a1 —a,), (ao,a1) = 35
2A ai, ap - ap, = 95 (a0 + ap, — a1) (ao,ap):%
ap Ap  Ap = Qp (a1, a,) = %
2B ao, ag-a1 =0 (a07a1):0
ai
a—1
" ’ a0~a1:2—15( ap +2a1+a_1) — 211 U, (ao,al)zﬁ,
0
3A o ’ a0~up:%(2ao—a1—a 1)-‘1—2% (a()vup)_%v
1 3
Up ~ Up = Up (up,up) = 2?
Up
a—1,
3C  ao, ao-a1=g(a0+ar—a_1) (a0,a1) = 35
ay
a—i, 1 _ 1
" ao-a1_ﬁ(3a0+3a1+a_1+a273vp) (ao,al)_ﬁ
0
1A ’ ap-az2 =0 (ag,az2) =0
ay
’ ag - vp = % (bag — 2a1 — 2a—1 — a2z + 3v,) (a0,vp) = 35
az,
v, Vp = Uy (vp,vp) =2
Vp
a—1,
ao (a0,a1) = 55
" ag-a1 = &(ap+ar —a_1 —az+ay) ’ z
4B ai, 1 (ag,az) = 35
ag - az = 5z (ao + a2 — ay2) 1
as (ao,a,ﬂ) = 33
a2
a—2,
a_i, ao-a1 = 3 (3ap+3a1 —a_1 —az —a_2)+w, .
_ 1 (ag,a1) = -
ag, ao-a2 = 57(3a0 +3az —a1 —a_1 —a_2)—w, 0
5A ) _ 7 _ _ (aL)va) =
a1, ao-wp,=gzz(ar+a_1 —az—a_2)+ FHw, ( )= o
Wy, wp,) = 25
az, Wy Wy = 52 5if(ap+ a1 +a_1+az+a_s) P 2"
Wp
a—2,
1 32
’ ao.a1:%(a0+a170,_17a27a_27a3+aps)+52,'1511,/)2 5
ao, 1 (a0, a1) = 35
ag - az = 55 (2a0 +2az2 +a_2 2 _ 13
- ) (a0, a2) = 35
6 aop - a3 = 35 (a0 + a3z — a,s) _
asz, ) (ao,a3) = 33
as, ag - Uy = 35 (2a0 — az — a_2) + Fupe (aps,ups) = 0
Aps - Up2 =0
Cl,p.’s7
’u,pz

The extra vectors u,, v,, w,, resp. uy are called N-azes, for N € {3,4,5}, resp.

3-axis, for N = 6, or simply odd azes, when N needs not to be specified (note

that a 4-axis is an odd axis, according to our definition) and are defined as follows

(cf. Table 2):
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26 211
UP = m(2a0 + 2@1 =+ a,1> — ﬁaoal;
. 1 26 .
vy 1= ag + a1 + z(a_1 +az) — Fapay;
— 1 .
wy := —57(3ap +3a1 —a_1 —az — a_3) + apas;

26 911
Up2 = ﬂ(2a0 + 2@2 + CL,Q) — ﬂaoaz.

For N € {2,3,4,5}, denote by V(NA) the subspace of V spanned by the N-axes (here
the 2-axes are the axes, i.e. the elements of .A). Note that, by Table 2, the Norton-Sakuma
algebras are 2-closed. More generally, the 2-closure of V', which we shall denote by V°,
is the linear span of the axes and the odd axes of V.

Remark 2.2. Let ({(ag, a1)) be a subalgebra of the Griess algebra of type NA, with N €
{3,4,5,6}, generated by two axes ag and ay, and let p := 7,,74,. Then the odd axis
Up, Vp, Wy, OF Uy, depends only on the conjugacy class of p in the dihedral group
(Tags Tay)- In particular, if N € {3,4,6}, we have only one conjugacy class, if N =5 we
have two conjugacy classes with representatives p and p?, respectively. In the latter case
wy2 = —w), (see [17, Introduction and Table 1]).

This fact, together with the correspondence between axes and Miyamoto involutions
is axiomatized in the following conditions, usually known as Condition 2A and Axiom
MBS, respectively.

(2A) For every pair of axes a,b € A, if 7,7, € T, then ({a, b)) has type 24 and 7,7, = 7,
where ¢ = a + b — 8ab.

(M8) The vectors a,, a2, a,s in the 2A, 4B, and 6A type algebras respectively, are
Majorana axes in V and, for i € {1,2,3}, (Ta,7a,)" = 7a,, € T for i € {1,2,3}. The
vectors u,, v,, and w, in the 34, 44, and 54 type algebras depend uniquely only on
the conjugacy class of p in the dihedral group (7,,,74,), and wy2 = —w,.

Let (V,(,)v, -, A, G) be a Majorana representation of G and suppose that G contains a
subgroup H isomorphic to Sy such that V induces a Majorana representation V(H )on H
of shape (2B,3A). By [10, Section 5], V(H) contains three idempotents 7, (i € {1,2,3})
of length 2, uniquely depending (in V (H)) on the subgroup (g;) of order 4 in H. Note that
T, is not a 4-axis in V(H), since there is no dihedral subalgebra of type 44 in V(H).
We call v, a dormant 4-axis. This situation is realized when G = M is the Monster
group, V is the Griess algebra, and H is a subgroup of M isomorphic to Sy such that the
transpositions of H are involutions of type 24 in M and the bitranspositions of H are
elements of type 2B in M. Norton showed that, in this case, the vectors 7, in V(H) are
true 4-axes in V' depending uniquely on (g) (see [10, p.2462]). We shall therefore assume
the following

(M8D) dormant 4-axes U, depend uniquely on the subgroup (g) of G.



818 C. Franchi, M. Mainardis / Journal of Algebra 691 (2026) 811-85/

We call (V,(,)v,,A,G) a diagonal Majorana representation if, for every a;,as € A
such that |74, 7a,| = 2, {{a1,a2)) is a Norton-Sakuma algebra of type 2B and Condition
(MSD) holds.

Given a Majorana algebra V, by the Norton-Sakuma Theorem, every subalge-
bra of V generated by two distinct axes is an algebra of type NL, with NL €
{24,2B,3A,3C,4A,4B,5A,6A}. Clearly, the type NL is constant on the Aut(V)-orbits
of the 2-generated subalgebras. The function that assigns the type NL to each Aut(V)-
orbit of the 2-generated subalgebras of V' is the shape of V.

Lemma 2.3. Let (V, (,), -, A, Ag) be a diagonal Majorana representation of Ag with respect
to the set T of its bitranspositions and let s,t € T. Then |st| € {2,3,4,5}, moreover

(i) if st has order 2, then ({as,a;)) has type 2B;
(i1) if st has order 4, then {({as,a:)) has type 4A;
(73t) if st has order 5, then ({as,at)) has type 5A.

Proof. If st has order 2, the result follows by the definition. Assume st has order 4 and
suppose, by contradiction, that the algebra ({as, a;)) has type 4B. By Table 2, it follows
that its subalgebra ({a;,af)) is of type 24, against (7). If st has order 5, the result follows
by the Norton-Sakuma Theorem. 0O

We close this section by listing some elementary properties of Ag that we assume the
reader is confident with and will be used throughout this paper without further reference.

Proposition 2.4.

(i) All involutions in Ag are conjugate.

(i1) The elements of order 5 in Ag part into two conjugacy classes which are closed under
tnversion.

(#i1) Ag has five conjugacy classes of mazimal subgroups: two classes isomorphic to As,
two classes isomorphic to Sy, and one class isomorphic to 3% : 4 (see e.g. [2]).

(iv) Every element of order 4 in Ag is contained in exactly two mazimal subgroups
isomorphic to Sy. In particular, if t is an involution in Ag, there are exactly two
mazximal subgroups isomorphic to S4 whose derived subgroups contain t.

(v) If S is a subgroup of Ag isomorphic to Sy, there are two subgroups isomorphic to As
containing the derived subgroup S’ of S.

(vi) Let S be a subgroup of Ag isomorphic to Sy and let s € S\ S’ be an element of
order 2. Then there are an involution r and an element g of order 4 in S such that

Cs(s) = {1,s,7,¢%}.

Given a group G and i € N, let G be a set of elements of order i in G which contains
one representative from every subgroup of order ¢ in GG, and these representatives are



C. Franchi, M. Mainardis / Journal of Algebra 691 (2026) 811-85/ 819

chosen in a such a way that, if z,y € G@, (z) and (y) are conjugate in G if and only if
x and y are conjugate in G. Moreover, for a subgroup H of G, r,i € N, set

HY .= HNGW and H? (g) := {h|h € HY |gh| = r}.
3. Proof of Theorem 1

We shall first prove that if n € {5,6} then the alternating group A, has a standard
Majorana representation of shape (2B,3Y,5A) for every Y € {A,C} and, if n = 8, then
A, has a nonstandard Majorana representation of shape (2B,3A4,5A4). For this part we
shall need the first of the next two lemmas. The second one will be used to prove the
converse.

Lemma 3.1. Let z be the permutation (1,7)(2,8)(3,9)(4,10)(5,11)(6,12) in Ay5. There
s a subgroup H of A1 isomorphic to Ag such that

(1) Cay(2) 2 (2) x H
(ii) the involutions in H are permutations of type 2*
(ii7) the diagonal involutions in (z) x H are permutations of type 2°.

Proof. Just take H to be the set of all products gg* where g lies in the subgroup of A
fixing pointwise the set {7,...,12}. O

Lemma 3.2. Suppose a finite group G has a Majorana representation with respect to a
set of generating involutions T such that for every r,s € T with |rs| = 2, ({(ar,as)) has
type 2B. Then, for every r,s € T, rs has order at most 5.

Proof. Let r,s € T, by the Norton-Sakuma Theorem rs has order at most 6. Suppose
|rs| = 6. Then |rsrsrs|=2 and so by hypothesis ({(a,, asrsrs)) has type 2B. On the other
hand, the algebra ({a,,as)) is of type 6A. Again, by the Norton-Sakuma Theorem (see
Table 2), its subalgebra ((a,, asrsrs)) is of type 24, a contradiction. O

Proof of Theorem 1. By [15, Table 4], A5 has a standard Majorana representation with
shape (2B,3A,5A). By [5, Theorem 1], there exists a (unique) Majorana representation
R of Ajp with respect to the set T of the permutations of cycle type 22 or 2° (which is
based on an embedding of A;5 in M). By Lemma 3.1, R induces a (standard) Majorana
representation of Ag with shape (2B,3A4,5A4). Finally, by [5, Theorem 6], the series

A < Ag % ((9,10)(11,12)) < A < M

produces a nonstandard Majorana representation of Ag with shape (2B,3A4,54).
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Conversely, let G = A,, and let R := (V,(, )v,+, A, G) be a Majorana representation
of G, with respect to a G-invariant generating set T of involutions of G, with shape
(2B,3A,5A). Since Az and A4 are not generated by involutions we may assume n > 5.
Assume by contradiction that the “only if” assertion in (a) and (b) is false, we shall
prove that in both cases we can find a pair of involutions in 7" whose product has order
6, against Lemma 3.2. Assume R is standard, if n > 7, take

r:=(1,2)(3,4) and s := (1,5)(6,7),

then r,s € T and |rs| = |(1,2,5)(3,4)(6,7)| = 6. Now assume R is non standard, then
n > 8, since, for n € {5, 6, 7} the involutions of A, are all bitranspositions. If n > 9, take

r:=(1,2)(3,4)(5,6)(7,8) and s := (1,2)(3,5)(4,6)(7,9).

Then there exists an even permutation ¢ fixing {1,...,9} such that {rt,st} C T. Thus
|rtst| = |rs| =1(3,6)(4,5)(7,8,9)| =6. DO

4. The inner products between axes and odd axes

From now on let T" be the set of the bitranspositions of Ag and let
(‘/, ( 5 )V? 'v-Av Aﬁ)

be a Majorana representation of Ag with respect to T, with shape (2B,3A4,5A).

In order to prove Theorem 2, our first goal is to determine the inner product (, )y
on the 2-closure V° of V. Since, by definition, V° is linearly spanned by the set of
axes, 3-axes, 4-axes, and 5-axes of V', in this section we determine the inner products
between the elements of that set. These inner products are displayed in Tables 3 to 11. To
obtain this result we shall make precise, in the forthcoming remarks, the correspondence,
mentioned in Section 2, between a certain subset of Ag and the set of axes and odd axes.
The above inner products will be used to obtain the dimensions of the subspaces V(V4)
of V generated by the N-axes for N € {2,3,4}.

Remark 4.1. By Axiom (MS8), for N € {3,4,5}, to each p € AéN) there corresponds
a unique N-axis in V. By Remark 2.2, for N = 5, if p € Aés), then p? ¢ Aé5) and
’u}p2 = —Wp.

In this case we call w, a positive 5-axis and w,> a negative 5-axis. For N € {3,4},
denote by N A the set of N-axes in V and, for n = 5, denote by 5A the set of positive
5-axes. Set

X =AU3AU4AUBA

and denote by x, the generic element of X corresponding to p.
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Table 3
The inner products between
2-axes and 3-axes.

|th| (t,h) (at, un)v

2 S3 i

4 Sy i3

3 Ay 2

5 As +=
Table 4

The inner products between
2-axes and 4-axes.

[tg]  (t,9) (at,vg)v

2 Ds 2

5 Ag g
4 3%:4  ZE
4 4 0

3 S4 &

Remark 4.2. By the linearity and the fact that Ag acts as a group of isometries on V,
in order to determine the inner products between the elements of X, we can reduce
ourselves to determining the inner products of unordered pairs (x4, zy) with ((g), (h))
varying in a set of representatives of their Ag-orbits (under the action induced by con-
jugation). Moreover, since the arguments we are using depend only on group theoretical
properties that are Aut(Ag)-invariant, we may consider w.l.o.g. only those pairs in a set
of representatives of the Aut(Ag)-orbits.

Remark 4.3. Let t € T, N € {3,4,5}, and h € A" be such that h' = h~!. Then
({at, zp)) is a Norton-Sakuma algebra and the inner product (at, zp,)v is given in Table 2.
This gives the first rows of Tables 3, 4, and 5.

Remark 4.4. A direct check in the set of subgroups of Ag gives immediately all the
columns except for the last one in Tables 3-9.

Lemma 4.5. Lett € T and h € Aég). The possible isomorphism classes for (t,h) and the
corresponding values of the inner products (a,up)y are those listed in the second and
third column of Table 3 respectively.

Proof. If (t,h) = Sy, the result follows by [10, Table 11]. In the remaining two cases,
note that, by [15, Table 4], there is a unique standard Majorana representation R of
Ay with shape (2B,3A4,5A). By Lemma 3.1, R is induced by the saturated Majorana
representation of Ajy. So the values of the inner products are those given in [5, Table 6,
rows 4 and 9]. O
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Lemma 4.6. Lett € T and g € Aé4). The possible isomorphism classes for (t,g) and the
corresponding values of the inner products (a,vg)v are those listed in the second and
the third column of Table J respectively.

Proof. We shall proceed as follows. For each possibility of (¢, g) listed in Table 4 we
choose r,s € T such that g = rs. Then, by Lemma 2.3, ({(a,,as)) is a Norton-Sakuma
algebra of type 44, so, by Table 2,

_ 1 _2°
Vg = ar + a5 + 5(Arsr + Qors) — S aras.

Thus

6
(atavg)V :(atvar)V + (atvas)V + %[(ata ars’r‘)V + (at7asrs)V] - %(atu aras)V

6
=(at,ar)v + (at,as)v + %[(ata Arsr)v + (@, @srs)v] — %(atahas)\ﬁ (2)

Now, for each choice of r and s, all the above inner products, except for (aza,,as)y, are
given by Table 2 and so computations can be reduced to find, in each case, the value of
(atar,as)v.

Assume first (¢, g) = Ag and let

H=A{({t),{(9)) | t,9 € A, [t| =2, |g| =4, and (£, g) = Ag}.
Then H parts into two orbits under the action of Ag (via conjugation) with represen-

tatives ({(3,4)(5,6)),((1,6)(2,5,3,4))) and (((3,4)(5,6)), ((1,5)(2,6,3,4))) respectively.
Suppose

t=(3,4)(5,6) and g = (1,6)(2,5,3,4),

and write g = rs with r := (3,4)(2,5) and s := (2,3)(1,6). Since |[tr|] = 3 and V has
shape (2B,3A4,54), ({as,a,)) is a Norton-Sakuma algebra of type 34, thus, by Table 2

Aty = 31*2(26% -+ 2(17« + atrt) — %utr- (3)

The value of (aa,,as)y is obtained by a direct computation using Lemma 4.5 and
Table 2. Swapping 5 and 6, the result for ({(t), (g)) = (((3,4)(5,6)),((1,5)(2,6,3,4))) is
obtained in the same way, taking r = (3,4)(2,6) and s = (2,3)(1, 5).

Next assume (¢, g) = 32 : 4. As in the previous case, we may w.l.o.g. assume that

t=(3,4)(5,6) and g = (1,2,3,5)(4,6).

Let s := (1,3)(4,6) and r := (1,5)(2, 3). As in the previous case, by Equation (2) and
Table 2, we get
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Table 5
The inner products between
2-axes and 5-axes.

[tfl (& f)  (ar,wyr)v

2 D10 0

5 As —h
3 As o5

5 Ag o

4 Ag — 5

6
(at,v9)v = g + 55 + 3(35 + 155) — 5 (@ear, as)v.

Since [tr] = 3, ({at,a,)) is of type 34, the result follows by substituting the expression
for a,a, given in Equation (3) and using Lemma 4.5

The inner products for the last two cases are obtalned in a similar way (see also [23,
Lemma 4.12]). O

Lemma 4.7. Lett € T and f € A((f). The possible isomorphism classes for (t,g) and the
corresponding values of the inner products (a:, ws)yv are those listed in the second and
the third columns of Table 5 respectively.

Proof. We argue as in the proof of Lemma 4.6: we write f as the product of two elements
r and s of T. Then, by the Norton-Sakuma Theorem, the algebra ({(a,, as)) has type 5A4,
so, by Table 2,

Wf = —%(36&- +3as — asrs — Qpsr — ar(sr)3) + aras,

whence

(atvwf)V = [ (aty ar)v + 3(ataas>V - (atv asrs)V - (ata ars’r‘)V

)

)V] (ataaras)v

= - [ (atv T)V + B(Gt,as>V - (atv asrs)V - (at; ars’r‘)V
)

(ahar(er)?’ V] (ata57 ar)V'

So, this time, computations can be reduced to find the value of (a:as,a,)y.

Assume first that |[tf| = 5 and (¢, f) = As, as in line 2 of Table 5. W.l.o.g., we
may assume t = (3,4)(5,6) and f = (2,5,3,6,4) and choose r := (2,4)(5,6) and s :=
(4,5)(3,6), so that f = rs. Since |st| = 2, by Lemma 2.3, ({as,as)) is a Norton-Sakuma
algebra of type 2B, whence, by Table 2, a;as = 0. Thus, (atas,a,)y = (0,a,)y = 0.

Suppose that |tf| = 3 and (t, f) & As, as in line 3 of Table 5. Then the pair (¢, f?)
satisfies the conditions of line 2, thus the result follows, since, by Remark 2.2, wy = —wy-.

Suppose that [tf| =5 and (¢, f) = Ag, as in line 4 of Table 5. Then we may assume
t=(3,4)(5,6) and f = (1,2,3,4,5) and choose r := (2,4)(1,5) and s := (2,5)(3,4), so
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that f = rs. Proceeding as in the previous case and using Lemma 4.5 we get the value
of the inner product.

Finally, if [tf| = 3 and (¢, f) = Ag, as in line 5 of Table 5, the pair (¢, f?) satisfies the
conditions of line 4 and we conclude as in the previous case. 0O

In order to treat the cases involving two odd-axes, we use three easy observations, the
first of which describes a standard procedure in Majorana theory (see e.g. [12,11]).

Remark 4.8. Let h,k € Ag such that z; and xj are odd axes of V. Suppose there is
t € T inverting by conjugation both h and k. Then the inner product (zp,xy)y can be
computed in the following way. The algebra ({(at, 23)) is contained in a Norton-Sakuma
algebra of type |h|A and similarly ({(at, 2x)) is contained in a Norton-Sakuma algebra of
type |k|A. Let e, be a 0-eigenvector for ad,, and e, be a i-eigenvector for ad,, . Using [10,
Table 4], we express ey, (resp. ex) as a linear combination of axes and xp, (resp. xy). Since
en and ey are eigenvectors relative to different eigenvalues, we get

(eh, ek)v = 0

Thus, expanding this equation by substituting e;, and e, with their respective linear
combinations, by Lemmas 4.5, 4.6, and 4.7, we can obtain the value for (zp,xk)v.

Lemma 4.9. Let A be a Majorana algebra and let a; be azes for i € {1,2,3}. Ife € A is
a 0-eigenvector for ad,,, then

(a1a2,ea3) s = (are,azas) 4.

Proof. By the associativity of the inner product and by Lemma 1.10 in [10], we have

(a1a2,ea3)a =((araz)e,az)a = (az(are),az)a = (are,asa3)a. O

Note that Norton inequality and positive definiteness of the Majorana form imply
that in any Majorana algebra two orthogonal idempotents multiply to zero. If one of the
two idempotents is a 2-axis, this can be proved independently from Norton inequality.

Lemma 4.10. Let A be a Majorana algebra, let a be an axis and let e be an idempotent.
If (a,e)a =0, thena-e=0.

Proof. Decompose e as the sum of a 1-eigenvector ey, a 0-eigenvector eg, a %—eigenvector
€q,and a %—eigenvector eg for ad,. Since (a, €) 4 = 0 and eigenvectors relative to different
eigenvalues are orthogonal, we get, by the associativity,

0=(a,e)a = (a,e?)a=(a-e,e)q = (el—i—ieaﬁ—:ﬂ%e&el+eo+ea+eg)A

= (e1,€1)a + i(emea)A + %(emeﬁ)A-
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Table 6
The inner products between two 3-axes.
(h, k) (un, ur)v
3 :
3x3 0
As =5
Table 7
The inner products between 3-axes and 4-axes.
|hg] lhg ™| (R, g) (un,vg)v
2 Sa 5
2.
4 3%:4 =
3 5 Ag %
5 5 Ag 1—12
Table 8
The inner products between 3-axes and 5-axes.
[hf] |hft (h, ) (un,wy)v
2 5 As woarE
5 3 As — 755
3 4 Ag — 3oars
4 5 Ag 299312

5

By the positive definiteness of the form, it follows e; = e, = eg = 0, e = ey and so
a-e=0. O

Lemma 4.11. Let h, k € Aé3), g€ Aé4), fe Aés),

(i) The values of the inner products (up,u)y are given in the last column of Table 6.
(13) The values of the inner products (un,vy)yv are given in the last column of Table 7.
(#9¢) The values of the inner products (up, wy)y are given in the last column of Table 8.

Proof. For every h, k € Ag)’), g € A((;l), and f € Aé5) there exists ¢ € T inverting by
conjugation both h and k, or h and g, or h and f. The result then follows using the
argument described in Remark 4.8. O

Lemma 4.12. Let g1, 92 € Aé4). The values of the inner products (vq, ,vg,)v are given in
the last column of Table 9.

Proof. If g; and g are as in the first row of Table 9, then g; = g2, whence, by Table 2,

(Ugl ) VUgy )V =2.
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Table 9
The inner products between two 4-axes.

lgrgz]  lg1gs 'l (g1,92)  (vg,,vg)v

2 1 4 2

3 3 Sy i1
2, 53

2 3 32:4 23

5 5 Ag =

5 4 Ag o

o
00
W~

Suppose (g1, g2) = Sy, as in the second row of Table 9. Then we may assume g; =
(1,2)(3,6,4,5) and g» = (1,2)(3,6,5,4). Let t = g3. Then, by Table 4 (at,v,2)y = 0 and
so, by Lemma 4.10, v, is a 0-eigenvector for ad,,. Furthermore, since ¢ inverts g1, tg; is
an involution whence ((a, aiq,)) is a Norton-Sakuma algebra of type 4A containing vy, .
By [10, Table 4],

€= Ug — %at - %(a’tgl + atg?) - %atgl (4)

is a J-eigenvector for ad,, in this algebra. As in Remark 4.8, it follows that (vg,,e)y =0
and, expanding this equation by substituting the expression for e given in Equation (4),
we get

(Vgy, Vg, )V = %-

Now suppose (g1,92) = 32 : 4, as in line 3 of Table 9. W.l.o.g., we may assume
g1 = (1,2)(3,5,4,6) and g2 = (1,4)(2,6,3,5). Let t; = (1,2)(3,4), r1 = (3,6)(4,5),
to = (1,4)(2,3), and 2 = (2,5)(3,6) so that g1 = ¢t17m1 and go = tars. Then, by Table 2,
for i € {1,2}, we have

Vg, = Gt; + ar; + %(aﬂtﬂ”i + atﬂ:‘,ti) - %atiari
whence, by the linearity of the inner product and Lemmas 4.5, 4.6, 4.7, and 4.11, the

computation of (vg, , vg, )y reduces to that of (ay, ar, , ag,ar, )v. Now, ((ar, , ar,)) is of type
2B and so ay, is a O-eigenvector for ad,, . Hence, by Lemma 4.9, we have

(atlah y Aty a"'Z)V = (aﬁ 7 atlaTz)V'

Since |rita| = |t1r2] = 3, and V has shape (2B,3A4,5A4), the two algebras ((a,,,a,)) and
{{at,,ar,)) are of type 3A. By Table 2, the vectors a,,as, and a4, a,, are linear combi-
nations of axes and 3-axes, whence, using Lemmas 4.5 and 4.11, a direct computation
gives

—

(anatzaaham)v = % and (UQNUQZ)V = %

—
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Suppose (g1, g2) = Ag and |g1g2| = |g195 | = 5, as in the fourth row of Table 9. Then
we may assume g1 = (1,2)(3,6,4,5) and g» = (1,2,3,4)(5,6). Since ¢t := (1,2)(3,4)
inverts both ¢g; and g2, by Remark 4.8 we get

(Uglvvgz)v = 45_8

Finally, suppose |g1g2| = 5, |g195 ‘| = 4 and (g1, g2) = Ag, as in the fifth row of
Table 9. Then we may assume g1 = (1,2)(3,5,4,6) and go = (1,6)(2,5,3,4). Set

t1:=(3,5)(4,6), 7 :=(1,2)(3,4), t2=1(2,5)(3,4), and ro:=(1,6)(2,3)
so that g1 = t1r1 and g = tare. By Table 2, we have

(vgl’UQQ)V :(atmvgz)v + (aﬁvvgzr)V + %(atlhtmvgz)v + %(ahtlﬁ’v%)V (5)

- % (aty@ry,vg,)v

The first four summands of Equation (5) are inner products between axes and vy,, so by
Lemma 4.6,

2 2
(Ug1vv92)v :2% + 2% + 2_8 + 3_8 - %(atlaTﬂvg‘z)V = é_g - %(ahaﬁvvm)v' (6)

In order to compute the value of (a, ar,, vy, )y, note that ((as, , as,)) is of type 5A. By [10,
Table 4], the two vectors

3 15 1
Wyt + 59 Aty — 2*7(&151 - atztltz) - 277(at1t2t1 + atltztltztl)
and
3 1 15
Wity — 5508, + 37 (A, — Qtatyt,) + 57 (Qtrtaty + Atytatitor,)
are O-eigenvectors for ad,,,. Taking their difference multiplied by 8, we get that

,_ 3
€ 1= —350t, Aty + Atytaty t Qtatyty T Atatatitats (7)

is a 0-eigenvector for ad,,, in ((as,,at,)). By Equation (7) we obtain

(eaT17vg2)V = %(a’tza’rl ) 'Ugg)V + (at1a‘7‘1’vg2)v + (at1t2t1a7‘1’vg2)v (8)

+ (at2t1t2a’havgz)v + (at1t2t1t2t1arlvvg2)\/a

whence

(a’tlaﬁ » Vg )V :(earl ) ng)V + 3% (at2 Qryy Vgy )V - (atltztl Qry, Vgy )V (9)

- (at2t1t2aﬁ7vgz)v - (at1t2t1t2t1a7‘17vgz)v'
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Now ai,ar, € {({aty,ar,)) and @i iptytot, 0y € ((@iytat taty, @y )). These are Norton-
Sakuma algebras of type 3A (since |tar1| = 3 and |t1tatitat171| = 3) and so, by Table 2,
the products at,a,, and a¢,¢yt,4,t, @, are linear combinations of axes and 3-axes. Thus,
we can use Lemma 4.5 and Lemma 4.11 to obtain

(a'tza’ﬁ?vgz)v = 25T12 and (at1t2t1t2t1a’7‘1’v92)v = _21T32' (10)

The algebra ({as,¢,¢,,ar,)) is of type 4A and v(1,2.4,3)(5,6) is a 4-axis in it. Hence the
product ay,¢,¢,ar, is a linear combination of axes and v(;24.3)(5,6)- Since the pair
(v(1,2,4,3)(5,6)s Vg ) satisfies the conditions in the third row of Table 9, by the previous
case we get
2

(atltztlaTﬂvgz)V = _23T3' (11)
The algebra ((ayt,¢,,ar,)) is of type 5A with 5-axis w1 2,3,6,4), Whence the product
Qtyt1t,Gr, 18 a linear combination of axes and w2 3,6,4). Since (1,6)(2,3) inverts both
(1,2,3,6,4) and g2, by Remark 4.8, we get

(w(1,2,3,6,4)aU92)V = i
whence
(at2t1t2a7“1 y UQQ)V = 213 (12)

Thus, by Equations (9), (10), (11), and (12), we obtain

(at1a7“1 ) ng)V :(eaﬁ ; 'ng)V + 3251723 (13)
To compute the value of (ea,,,vq,)v, observe that, by Table 2,
Vgy = Aty + Qrqy + %(ambrz + at2T2t2) - %atzarz

and so

(€a7-1 ) Uga )V :(eaT‘l ) Aty )V + (eaTl y Ay )V (14)

1 1 64
+ 3 (ea"l'l 9 a/thzT'z )V + 3 (ea’l'l 9 a/tg’l'ztz)v - 3 (ea’!'l ) a’tz a”r'z )V'
Now, by Equation (7), we obtain
_ 3
€lry = —3504,0ry + Agy Qry + Qpyty0, Ay + Qiotyto ey T Otytatytaty O

which is a linear combination of axes and odd axes. Thus, substituting the above expres-
sion for ea,, in Equation (14), by Lemmas 4.5, 4.6, and 4.7, we get
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Table 10
The inner products between 4-
axes and 5-axes.

lgfl 1gf~"  (vg,wp)v

5 3 — 2
4 3 2%
5 5 0
5 4 — 5
5 2 .
(earl’v92)v = _% - %(eah?atzaﬂ“z)‘/ (15)

Furthermore, by Lemma 4.9, we have

(€lry, atyry ) v = (Ar, a1y, €0, )V

Since a,, at, is a linear combination of axes and a 3-axis while ea,,, similarly as above,

is a linear combination of axes and odd axes, using Lemmas 4.5, 4.6, 4.7, and 4.11 we

get (ar,a,, ear,)y = 323, whence, by Equation (15),

2053
(eaﬁ y Vg )V = T 317.3-
Substituting this value in Equation (13), we get
(atla’ﬁ?vgz)v = _QLS

and the result follows by Equation (6). O

Lemma 4.13. Let g € Ag4), fe Ag)). The values of the inner products (vg, wy)y are given
in Table 10.

Proof. Suppose |gf| =5 and |gf~!| = 3, as in the first row of Table 10. We may assume
g=(1,6)(2,5,3,4) and f = (1, 3,4,2,6). Since these two permutations are inverted by
(1,6)(2,3), the result follows by Remark 4.8. Moreover, since |gf?| = 4 and |gf 2| = 3,
the value in the second row of Table 10 is obtained by Remark 2.2, substituting f by f2.

Next suppose |gf| = 5 and |gf~!| = 5, as in the third row of Table 10. We may
assume g = (1,2)(3,4,5,6) and f = (2,3,4,6,5). Set t := (3,5)(4,6) = g>. Then, by the
fourth row of Table 4, (at,vq)v = 0, whence by Lemma 4.10,

adg, (vg) = 0. (16)

Since f is inverted by ¢, (¢, f) is a dihedral group of order 10, whence, by Lemma 2.3,
({(at,arp)) is a Norton-Sakuma algebra of type 5A. Let
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L

e:= g (i + ap — agpr — agps) + wy. (17)

By [10, Table 4], e is a %—eigenvector for ad,,. Thus, by Equation (16), we get

(e,vg)v = 0. (18)

Since, by Lemma 4.6, (a;f + af — a2 — agps,v9)y = 0, substituting in Equation (18)
the expression of e given in Equation (17), we obtain (vg, ws)yv = 0.

Suppose |gf| = 5 and |gf | = 4. We may assume g = (1,2)(3,6,5,4) and f =
(1,3,6,2,4). Set t1 = (3,6)(4,5), r1 := (1,2)(3,5), ta := (1,2)(3,6), and ro = (1,4)(2,3)
so that ¢ = ¢171 and f = tore. Then, by Lemma 2.3, the Norton-Sakuma algebra
((at,, ar,)) (resp. ((as,,ar,))) is of type 4A (resp. 5A), and contains the odd axis v,
(resp. wg). Thus, by Table 2,

— 1 64
Vg = Gty + Qry =+ §(a7”19 + agtl) — 3 Q¢ Ary

and

wr = _2%(3042 +3a;, — Aty f2 — Qiy f3 — at2f4) + Aty Ory
By the linearity of the inner product and the previous lemmas, the computation of

(vg, wy)y reduces to that of (ay, ar,, as,ar, )v. Since |t1ts| = 2, by Lemma 2.3, ((at,, a,))
is of type 2B, whence, by Table 2, a;, a;, = 0 and so, by Lemma 4.9,

(atlaT1 s Aty aTz)V = (aTl Aty s atlarz)V' (19)
Since [tire| = [tari| = 3, the algebras ({a¢,,ar,)) and ({(at,,a,,)) are of type 3A. Using
Table 2, we can express the vectors as, a,, and a,a,, as linear combinations of axes and

a 3-axis. Substituting a¢, a,, and a;,a,, with these expressions, by Lemmas 4.5, and 4.11,
we obtain

_ 1
(aTla/t27 atlaTz)V — T 217

and get

(vg, wf)y = —2%.

Finally since |gf?| =5 and |gf 2| = 2, we obtain the value of (vg,w¢)y in the last row
as we did for the second row. O
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Table 11

The inner products between two 5-axes.
|f1 2] |f1f5 " (wy,, wy,)
5 (5) 1(1) 5
3(5) 5(3) — 3
4(4) 4(4) Pl
5(2) 5(4) s

Lemma 4.14. Let fy, fo € Aés). The values of the inner products (wy,,wy,)y are given
in Table 11."

Proof. If f; and f5 are as in the first row of Table 11, then f; = fo5, whence, by Table 2,

3
(wf1’wf1)V = %~

Suppose |fif2] = 3 (vesp. |fifa] = 4) and |fify | = 5 (vesp. |fifs*| = 4). Then
we may assume f1 = (1,3,5,2,4) and fo = (2,3,6,4,5) (resp. fo = (2,3,4,5,6)). Thus
(2,5)(3,4) inverts f; for ¢ € {1,2} and the result for the second (resp. third) row of
Table 11 follows by Remark 4.8.

Finally suppose |fifa| = |fifs'| = 5. Then we may assume f; = (1,2,3,4,5) and
fo = (2,3,5,4,6). Set t; := (2,5)(3,4), r1 = (1,2)(3,5), to := (2,4)(3,5), and rp =
(2,6)(3,4) so that f; =ty and fo = tary. Then, by the Norton-Sakuma theorem, the
linearity of the inner product and lemmas above, the computation of (w¢, ,wy, )y reduces
to that of (at, ar,, at,ar,)v. Now, ((at,, at,)) is of type 2B and so, by Lemma 4.9 we have

(atl Gy y Gty Apy )V = (aT1 Aty Aty Apy )V'

Since |rita| = [tir2| = 3, the algebras ({a,,,as,)) and ({as,,a,,)) are both of type 34,
hence the products a,,as, and a, a,, are linear combinations of axes and 3-axes. Thus,
by the same argument used in Lemma 4.13 to compute the last row of Table 10, we get

(Qry Qtyy Aty Qry )y = ?’2%9, and the result follows. O

Proposition 4.15.

(1) dim(V34Y) = 45;
(43) dim(VBY) = 40;
(iii) dim(V44)) = 45.

Proof. This follows by computing the ranks of the Gram matrices associated to the inner
product with respect to the sets A, 34, and 44, whose entries are given in Tables 2-11
(see [6, r2xA6_innerproduct.g]). O

! Recall that, by definition, the set Aé5) depends on the choice of one of the two conjugacy classes of
5-elements in Ag. The possible values of |f1 f2| and |f1f5 '| depend on this choice. Numbers in parentheses
correspond to the values associated to the other choice of the conjugacy class.
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5. Maximal subalgebras

The maximal subgroups of Ag generated by involutions are isomorphic either to As
or to S;. The axes corresponding to these involutions generate Majorana subalgebras
of V which have been studied in [15, Table 4] and in [10], respectively. In this section
we collect some results about those subalgebras. In particular, since these subalgebras
are not 2-closed, we introduce new vectors, denoted by 75 and 7, besides the dormant
4-axes mentioned in the Introduction. We find some technical results (Proposition 5.7
and Lemma 5.10) on the algebra product which will be used in the next sections to show
that the above vectors are contained in the 2-closure V° of V.

Let S be a subgroup of Ag isomorphic to Sy. By Proposition 2.4.(4), all nine involutions
in S are Miyamoto involutions, hence V(.S) affords a Majorana representation of .S with
nine Majorana axes. Since V' has shape (2B,3A4,5A4), by Lemma 2.3, this representation
has shape (2B,3A4,4A), hence, by [15, Table 4], it is unique and has dimension 25.
Denote, as usual, by S’ the derived subgroup of S and by V(S) the subalgebra of V(.S)
generated by the set {a; |t € S?)\ S’}. Then V(S) affords the Majorana representation

of S with six Majorana axes and shape (2B,3A). By [10, Section 5], V(S) has dimension
13, it is not 2-closed, and a basis for V(S) is given by the set

{a; |t € SPN\ S} U {upn|h e SPYU T, |ge S}

Observe that, if g € Agl), say g = (1,2)(3,4,5,6), then ¢ is contained in exactly two
subgroups of Ag isomorphic to Sy, namely

S = ((1,2)(5,6),(3,4,5)) and S* := ((1,5)(2,3),(1,3,4)(2,5,6)).

It follows that there are two distinct subalgebras V(S) and V(S*) of V, each of which
containing a dormant 4-axis corresponding to (g). For the remainder of the paper we
assume that condition (M8D) holds.

Note that |S®)| = 4 and |S™®| = 3. Let S® = {hy, hy, h3, hs} and for an involution
s € 5 define

Vs i= s - (Upy + Uy + Ung + Up, ) (20)
Similarly, let S = {g1, g2, 93} and for s € S\ S’ define
Ns 1= Qs - (Ugl + Vg, + ng)' (21)

Since, every x € Ca,(s) acts trivially on vy, + vg, + v4, and on up, + up, + ung + Un,,
we have

Lemma 5.1. n; and s depend only on S and s.
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Proposition 5.2. With the above notation, the following assertions hold:

(1) V(S) has dimension 25 and it is 3-closed;
(i) a basis of V(S) is given by the union of the following sets

a) {as|s €SP} (2-azes),
b) {un|h € SO} (3-aves),
¢) {vg,,vg,vg,} (4-azes),
d) {Ug,, Ug,, Vg, } (dormant 4-azes),

e) {ns|seS®\ S}
(iii) for every g € SW, we have ayz -7, = 0 and v, - v, = 0;
(iv) for every g € S®, we have

Vg2 = %agz =+ % Z ags — % Z as + 1_16 Z Up (22)

s€8"\(g2) s€Cs(g2) D\ 5" hes®
2 2 32
—9Y ~ 15 E, u+ 3 E, Ns-
1ES\{g} s€Cs(g?) D\ 5"

Proof. Claims (4), (i¢), and (ii¢) have been proved in [23] and can be checked using [6,
algebra2xS4.g|. The formula for 7,2 in (iv) has been computed using the construction of
the algebra V'(S) in [23] (see [6, algebra2xS4.g]). O

Corollary 5.3. For every g € Agl) we have ag2 - Vg = 0 and vy - Vg = 0.

Proof. If g € Agl), then g is contained in maximal subgroup of Ag isomorphic to S; and
the result follows by Proposition 5.2.(i5¢). O

Lemma 5.4. With the notation above, let g € S and let g%, t,r be the involutions of S'.
Then

5 o— 5 1 1 1 E' _u E
at Vg = 35042 + 750t + 450r + 3 as — 75 Qs

s€Ns(g)D\S" s€SPN\Cs(g?)
15 5 1
+mZuh—4—8 Z vl-i—ﬂvg
heS3) leS®W\{g}
1
ST
r€Ns(g)P\S’ reS@\Cs(g?)

Proof. This formula has been computed in [6, algebra2xS4.g]. O
Let

U:=vCe) LyBA L y@A) and U :=U+ (@ |1e GW). (23)
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Since Miy(A) = Ag, U and U*® are invariant under the action of Miy(.A).

Lemma 5.5. With the above notation, let s € 5(2)\5’ and letr, t, and rt be the involutions
in S'. Then there are elements h and hy in S©®), s € S\ S and a unique element
g1 € SW | such that

(i) rs = sr,
(i4) h* =h~' and h§ = hy*,
(i4i) rg1 = g1,

moreover

1 13 49 1 3 1
Qr - Up = {50r + 2—70(% +ap) — 5790s T 530rs + g7 UR T+ gz URy

_% Z Vg — %Ugl + gns. (24)
geS™®\{g1}

In particular, ns € a, - up + U.

Proof. The first part follows by a direct inspection in the group S = Sy, the last formula
has been computed in [6, algebra2xS4.g]. O

Corollary 5.6. Let s € Agf). Then there exist r € Agf) and h € Ag?’) such that ns €
ar-up +U.

Proof. This follows immediately by Equation (24). O
Proposition 5.7. Let g € SW. Then v, € U*.

Proof. By Proposition 5.2.(iv) it is enough to prove that

> meU. (25)

r€Cs(g2)D\S’

We may assume w.l.o.g. that S = ((1,2)(5,6), (3,4,5)) and g = (1,2)(3,4,5,6), so that

CS(QQ)@) \S/ = {<1’2)(375)7 (172)(476)}'

Let S* := ((1,5)(2,3),(1,3,4)(2,5,6)). Then, as mentioned at the beginning of this
section, S and S* are the two subgroups of Ag isomorphic to Sy that contain g. Since
SNS* = Na,({g)) = Ds, the Klein subgroups of S and S* are both contained in SN S*
and they intersect exactly in (g?). Let t := (3,6)(4,5). Then ¢ belongs to the Klein
subgroup K of S, but ¢ does not belong to the Klein subgroup of S*. Let V(S*) be the
subalgebra of V' (S*) generated by the axes a; associated to the involutions ¢ of S* that
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are not contained in its derived subgroup. By the discussion at the beginning of this
section, V(S*) affords a Majorana representation of Sy of type (2B,3A). Hence, by the
formula in [10, p.2462], the product a; - U4 belongs to U®. Thus, by Lemma 5.4, we get

Z Nr — Z 777'€U.

rE€Ns(g)P\s’ reS@\Cs(g?)

that is

N(1,2)(3,5) T N(1,2)(4,6) — 1(1,2)(3,4) — 1(1,2)(3,6) — 1(1,2)(4,5) — N(1,2)(5,6) € U®.  (26)

Applying (1,2)(3,4) to Equation (26) we get

—1(1,2)(3,5) — M(1,2)(4,6) — 1(1,2)(3,4) T 1(1,2)(3,6) T 1(1,2)(4,5) — 1(1,2)(5,6) € U*® (27)

whence, taking the sum and dividing by —2, we get

M(1,2)(3,4) + 1(1,2)5,6) € U*
which is the condition in Equation (25). O

We consider now the subalgebras of V' corresponding to the maximal subgroups of
Ag isomorphic to As. So let L be a subgroup of Ag with L = A5 and let V(L) be the
subalgebra of V' generated by the axes a; with t € T'N L. By Lemma 2.3, it follows that
V(L) affords a Majorana representation of As with shape (2B,34,5A4).

Lemma 5.8. The alternating group As has a unique Majorana representation W of shape
(2B,3A,5A). The space W has dimension 46 and a basis for W is given by the set con-
sisting of all 2-azes, 3-azes, 5-azes and the vectors v jy,) as defined in Equation (20),
for every (i,7)(k,1) € As.

Proof. By [15, Table 4] there is a unique Majorana representation of As with shape
(2B,3A,5A) and this representation has dimension 46. Using the GAP package “Majo-
ranaAlgebras” [19] one sees that the set consisting of all 2-axes, 3-axes, 5-axes, and
the vectors 7 j)(k,) has size 46 and its elements are linearly independent (see [6,
repA5(2B).g]). O

Lemma 5.9. Let L be a subgroup of Ag isomorphic to As. Let t € L® and h € L® be
such that (t,h) = Ay. Let v € Cp(t) \ {1,t} and let

(i) L& (h) N LY (8) = {1},
(i) L () N LY () = {ha},

t
i) L9 () 0 LO(E) = {£).
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In the algebra V (L), we have
at.uh:?)izuh—i—% Z (as—asr)
seL$? ()NLEY (n)

1
+35 E (as + agt — agr — ager)
seL{ ()NLEY (h)

+6—14 Upy — Uhy — Z Uk
keLEY (H)\{h,ht,(h=1)t}
— 32 (wy —wyr)
+i— 8 > ()
se L) (1)NLEY ()
-3 > (Vs + Vst — Ysr — Vstr) -

seL$ (HNLE (k)
In particular, ap - up € (W —wyr) + U,

Proof. The formula has been computed in GAP using the package “MajoranaAlgebras”
(see [6, repA5(2B).g]). O

Lemma 5.10. For every s € Aéz), there are f1, fo € Ag’) such that
Ns € (’wf1 — wfz) +U°.

Proof. By Corollary 5.6, there exist t € Aéz) and h € Aég) such that (¢, h) = A4 and
Ns € ay - up + U®. Let L be a maximal subgroup of Ag isomorphic to A5 and containing
(t,h). By Lemma 5.9, there exist fi, fo € L®) such that a; - up, € (wy, —wy,) + U® and
the result follows. O

6. More inner products
Let U and U*® be defined as in Equation (23). In this section we show that
U* =10,
in particular this implies that every dormant 4-axis is contained in the 2-closure V° of
V. This fact will be used in Section 8 to prove that VV° = V. Since by definition U < U*®,
it is enough to show that the two subspaces have the same dimension. To do that, we

first compute the inner products between N-axes, N € {2,3,4,5}, and dormant 4-axes.
In order to simplify the notation, for the remainder of this paper we let
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G = AG.
Lemma 6.1. Let t € G®, h € G, g,1 € G®). The following holds

(i) if t =12, then (ar,v;)y = 0;

(it) if (t,1) = Dg, then (a,v;)y = 2147

(idd) if (t,1) = Sq, then (as, Ty = 524;

(i) if (h,1) = Sy, then (up, )y = 5;

(U) (qu )V = O

(vi) if <9a 1) = Sy, then (vy, )y = 15 and (Vy,T))y = +%;
(vii) (v, 01)v = 2;

(

viii) (e, m)v = ;52612-

Proof. These inner products can be obtained inside a Majorana subalgebra V(.S), with
S = Sy, of dimension 25 and shape (2B, 3A4,4A). Hence the result follows by [23, Section
4.1], where all these inner products have been computed. O

Lemma 6.2. Let t e G®, h e G®), g,1 € GW, and f € G®). The following holds

(i) if (t,1) = 3% : 4, then (ar,V))v = 2¢;

(i) if (t,1) = Ag, then (a, D))y =

(#it1) if h € Gg?’)(l) U GEB)(Z_l)y then (up, 7))y = %f
(iv) if (g,1) = 3% : 4, then (vy, V)V = 5t;

(v) i 9 € GO GV, then (v, m)v =
(vi) if (g,1) = 3% : 4, then (Vy,0))y = 2;

(vii) if (h,1) = 3% : 4, then (up, D))y = 55;

(viii) if h € G(B)( Hn G?)(l_l)y then (up,v)v = 5;
(iz) if g € GEV () NGV (Y), then (vg, 0)v = i
(2) 9 € G UGE ™), then (vy, 1)y = 5.

Proof. For i € {1,...,10}, denote by x; the inner product in claim (%). We shall first
express Iy, Ts, L9, and x1g in terms of x1,...,x6. Then, from the fusion law, we shall
derive linear relations involving x1,...,xs and determine the values of z1,...,zs. We
refer to [6, algebraA6(2B).g] for the explicit computations.

Let h € G® be such that (h,I) = 32 : 4, as in (vii). W.l.o.g. we may assume
I =(1,2)(3,6,4,5) and h = (2,3,4). Then h = [%s with s = (2,3)(5,6), hence ({(a;2, as))
is a Norton-Sakuma algebra of type 3A. Set

5
o= up — ap — 3 (as + apg2). (28)

Then, by [10, Table 4],
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and, by Corollary 5.3

Whence (see Remark 4.8)
(Ol,@l)v =0. (29)

Substituting in Equation (29) the expression of a given in Equation (28) and using
Lemma 2.3 and Table 2 to obtain the values of the inner products between axes, we get

z7 = (up, U1)v = %(at,ﬁl)v Z;‘xl (30)

Let h € GéB)(l) N Ggs)(l_l) as in (viiid). We may assume | = (1,2)(3,6,4,5) and
h=(1,2,5). Then h =rs with r = (2,5)(4,6) and s = (1,2)(4,6). By [10, Table 4]

5
B = Up — é*(; +%7(ar+asrs)

and

A

5
Bi=up— %as - 2_5(&7" + asrs)

are, respectively, a O-eigenvector and a j-eigenvector for ad,,. Since 7; + 7} is invariant
for s, by [20, Equations (3.5) and (3.6)], the vectors

N

0:=as(U; +77) — (U +7],as)vas

and

~

= +5ls — (El —&—ils,as)vas — 46

are, respectively, a i—eigenvector and a O-eigenvector for ad,,. Hence (B,S)V = 0 and
(8,8)y = 0. Since (s,1) = Sy, using [10, Section 5], we obtain expressions of the vectors
and § as linear combinations of N-axes and dormant 4-axes in a basis of the subalgebra
V({s,1)). Thus, as in the previous case, a straightforward computation gives, by the
identities (3,68)y = 0 and (3,8)y = 0, respectively the relations

wg = (un,0)v = §o1 — Bas + o5 (31)

and

T2 = 10331 + 7563890 (32)
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Let g € Gé4)(l) ﬂG(4 (I71) as in (iz). We may assume g = (1,2)(3,5,6,4) and [ =
(1,4,2,6)(3,5). Then, 1> = (1,2)(4,6) = s, and so, by Corollary 5.3, 7; is a 0-eigenvector
for as, whence (7;,9)y = 0. From this equality, we get, as in the previous cases,

Tg = (ﬁwﬁl)v = %Cb‘l + % (33)

To compute the product (T4,7;)y when g € Gf)(l) U Ggg (I71), as in claim (z), we
may assume ! = (1,2)(3,6,4,5) and g = (1,4,5,6)(2,3). Let s := (1,2)(3,5). Then

(s,9) =S4 = (s,1).

Proceeding as above, taking, in place of § and 3, two orthogonal eigenvectors for ad,_,
one in the subalgebra V((s,g)) and the other one in the subalgebra V((s,!)), we get,
using the structure of these subalgebras given in [10, Section 5],

10 = (69751) 44230 Ty — 494:1:3 - 1_10"176 + % (34)

We are now ready to compute 21, ...,xzq. Let s := (1,2)(4,6) and

B = U(1,2)(3,4,5,6) — %as - §(az(3,4><5,6) + a2(3,6)(4,5)) —
B 1= 0(12.4.6)(3.5) — 305 — 3(a=(1.4)(3.5) + 0=(2.6)(3.5)) —

a2(1,2)(3,5)

C,vl»—\ o:l»—A

@2(1,6)(2,4)
01 = as(u23,5) + U1,53) — (U235 + U153, @)V s,
B1 = v(1,2)(3,4,5,6) — 505 + 2(02(3,0)(5,6) T C2(3,6)(4,5));
B2 = U(1,2,4,6)(3,5) — 30s + 2(a2(1,0)(3,5) T 02(2,6)(3.,5))>
01 1= U235 T u(1,5,3) — (W2,3,5) +U153),0s)Vas — 401.
By [10, Table 4] and, since w2 3 5) +u(1,5,3) is invariant for s, by [20, Equations (3.5) and

(3.6)], B, Ba, and &1 are ——elgenvectorb for ad,,, while 81, 2, and 4, are O-eigenvectors
for ad,,. Hence, by Remark 4.8, we have

A

(8,01)v = (6,81)v = (61, B1)v = (61, 81)v = (8, B2)v = 0.
The identities (0, 31)\/ =0 and (5, d1)y = 0 imply respectively

3392 2 16 7801 __
5075 L1 — 5%3 — 3726 1T grags = U

and
2272 112 18461 _
—Goms 1t x3 + 13526 ~ g7200 — 0>
131 _ 1376, 6283 ; iy 2 _
WAhence T = xl + 1395 a;d T3 = 15755 T1 + 37g50- Lhe fllentltles ((251,51)\/ =0 a5131d
(01,P1)v =0 1mply r1 = 565 and x5 = g5, whence x3 = 557, 3 = 55 and 2 = 5%5.

Finally, the identity (0, 32)‘/ = 0 implies x4 = %. ]



840 C. Franchi, M. Mainardis / Journal of Algebra 691 (2026) 811-85/

Lemma 6.3. Let g,1 € G and f € GO). The following hold

(i) if € GO NGPIY), then (wys,m1)y =0;

(@) if f € GY ) NG 1Y), then (wy, T)y = 275
(i) if f €GP W) NG, then (wp, )y = — 27555
() if f €GP NGP A, then (wr, )y = £ ;
() if f €GP ) NG A7V, then (wy,T)y = — 522 ;
(vi) if g€ GV UG (IY), then (vy, 1)y = 4L

Proof. Let [ and f be as in (7). We may assume | = (1,2)(3,4,5,6) and f = (2,4,5,3,6).
By Corollary 5.3, v; is a 0-eigenvector for ad,,,. Let

/3’ = wy + 2—17(6”2)0 +al2f4 — Q242 —alzfs).

Since (12, f) = Dio, ({a2,a2¢)) is a Norton-Sakuma algebra of type 54 and by [10,

A

Table 4], Bis a i—eigenvector for adg,,. Thus (7, )y = 0. Since, by Lemmas 6.1 and
6.2, (517(”2]" +apzpe — a2y — alsz)v =0, we get

(ﬁl7wf)v = (El,wf =+ 2—17(al2f + Qp2fs — Qp2f2 — al2f3))v = (ElaB>V = 0.

Let [ and f be as in (#). We may assume [ = (1,2)(3,6,4,5) and f = (1,4,3,5,6).
Set s :=(3,5)(4,6),

Bi = ws + g5as — 52 (asy + agpa) — gr(aspe + agps) (35)
and
Bri=wy + Fr(ass + sps — agpz — agps).
Then f* = f~! and so, by [10, Table 4], 3; is a O-eigenvector and 31 is a i—eigenvector

for ad,, , respectively. Moreover, since [* = [~!, 7 is s-invariant. By [20, Equations (3.5)
and (3.6)], it follows that the vectors

01 := asU; — (Uy,a5)vas and 01 :=70; — (U, as)vas — 401
are, respectively, a i—eigenvector and a 0-eigenvector for ad,,, whence
(B1,01)v = (61, P1)v = 0.

Now, substituting the expressions for Bi,B1,81, and &; in the identity (,Bl,Sl)V +

(51,31)‘/ = 0, by the results in Section 4 and Lemmas 6.1 and 6.2, we obtain

(W, wy)y = 491)122'
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If [ and f are as in (iii), then | and f? satisfy the hypotheses of claim (ii) and the
result follows by Remark 2.2.

Let [ and f be as in (iv). We may assume [ = (1,2)(3,6,4,5) and f = (1,6,2,5,4). Set
s:=(1,2)(4,5) and define 8; as in Equation (35). By [10, Table 4], 3 is a 0-eigenvector
for ad,,. Moreover, by [20, Equations (3.5) and (3.6)],

A

02 = as(U; + Ups) — (U1 + Tps, a5) vas

isa %—eigenvector for ad,, and it can be computed explicitly as a linear combination of
axes and dormant 4-axes in the subalgebra V((s,1)). From the identity (81,02)y = 0 we
get (T, wy)y = %

If [ and f are as in (v), then [ and f? satisfy the hypotheses of claim (iv) and the
result follows by Remark 2.2.

Finally, assume g and [ are as in (vi). Fix s € G(?), then, by Lemma 6.1.(iz),

(n87 nS)V = £42526858 . (36)

By Lemma 5.10, ns has an expression as a linear combination of axes, odd axes and
dormant 4-axes, which can be explicitly obtained using Proposition 5.2, Lemma 5.5,
Proposition 5.7, and Lemma 5.9 (see [6, algebraA6(2B).g]). Substituting this expression
in Equation (36), by the linearity of the inner product and the values of the inner
products obtained so far, we get

4565 _ _ 36643 _ 3 -
Toss = (s> 1)V = 5g301 — 356 (Vgs V)V

whence

(Ug,ﬁl)v = % ]

Let ¢ € GW. Let K, and K, denote the two subgroups of G isomorphic to Sy
containing g, such that, for i € {1,2}, the elements of order 3 in K; have cycle structure
3%. Further, let Y be the set of all 2-axes, 3-axes and 4-axes of V (i.e. Y = X \ 54, in
the notation used at the beginning of Section 4). Set

Tols =~ g — 8 3O _s Y 0y
[Ugl2 := — %1 ag2 — 5 as — g5 ag + 57 ag

teK1nGS (9) teK2nGY (g) teGS (g)

98 10
81 g at + g7 E at

teK1nGSY (g) teK-nGE (g)

2 52 )
— 31 E ar + 57 E ag;

teGYY (g),lg,t)€K2\{1c} te€GSY (g).[g,t]€ K1\ {1}
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[Ugls = —12 Z up + 32 Z up + 3 Z Up

he(1,2,3),|[g,h]|=5 heK{® he(1,2,3)%,|[g,h]|=2
5 } : 5 E ;
+15 Uh — 78 Uhs
he K he(1,2,3)(4,5,6)9,|[g,h]|=2
_ 1 14 40
[Ugla = —57 > Un T 57 2. o
heGW, |[g,h]|=5 heas? (92),1l9,h)|=3
10 2
+40 > Un 7 > Uh-
heGM) |[g,h]|=2 heG{Y (g2),][9,h)|=3

Note that, for N € {2,3,4}, [7,]y € VIV < (V).

Lemma 6.4. For every g € G®, V4 admits the following expression as a linear combina-
tion of elements of Y :

Ug = [59}2 + [59}3 + [69]4- (37)
Proof. The inner products computed in this section and in Section 4 imply
(Eg - wgb - [59}3 - [59}4 » Ug — [Eg]2 - [Eg]3 - [59]4)V =0,

whence Ty = [Ug]2 + [U4]3 + [TUg)a by the positive definiteness of the inner product. (for
the explicit computation see [6, algebraA6(2B).g]). O

Corollary 6.5. U®* =U.

Proof. By Lemma 6.4 v, € U. Now U is invariant under the action of G, so the claim
follows because, by Hypothesis (M8D), 7, depends uniquely on (g) and G is transitive
on its subgroups of order 4. O

7. 5-axes

Let U be defined as in Equation (23), let H and S be maximal subgroups of Ag
isomorphic to As and Sy, respectively, and let V(H) and V(S) be their associated sub-
algebras of V', as defined in Section 2. In this section we prove that the subspace U is a
hyperplane of V° and that V(H) and V(S) are contained in V°. Further, we show that
V° has dimension 121 and give its decomposition into irreducible R[Sgs]-modules. These
results will be used in Section 8 to prove that V' = V°, from which Theorems 2 and 3
will follow.

Let

wi= 3 w, (39)

eeG®)
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be the sum of all the 36 positive 5-axes of V. Moreover, for f € G set

[wilo =5 | D, @ — > at

tecP(f) teG (£).(f.1)2 A5
= D IR S )
eGP (N(H=G eGP ())
s =i | > w3 w
heG®) [f h]efC heG®) |[f,h]|=3
s D D P A
heG® |[f,h]|=5,(f,hIZf heG®),|[f,h]|=2
=g | X wmt X w
REGW |[f,h]|=2 heGW [f,hl€fC
76%1 Z v + Z U | - (41)
heG®) |[f,h]|=4,(wy,vn)v#0 he€G®),|[f,h]|=5,[f,h]¢fC

Lemma 7.1. For every f € GO®), wy admits the following expression as a linear combi-
nation of w and elements of Y :

wy = g5w + [wlz + [wyls + [wyla (42)

Proof. Using the values of the inner products between axes obtained in Sections 4 and 6,
we get

(wi — sgw — [wyla — [wyls — [wla, wp — gw — [wyle — [wyls — [wila)v =0

(see [6, algebraA6(2B).g]), whence wy = g=w + [wy]s + [wy]s + [wyls, by the positive
definiteness of the inner product. O

Now let K be a subgroup of G isomorphic to S4 and let s be an element of order 2
in K\ K’. By Proposition 2.4, there are r € K’ of order two and g € G such that
Ck(s) = {lg,s,r,g°}. Let t € K® be such that the Klein subgroup of K is {1¢,r,t,°}.
Then, set

. 15 1 1 _ _ 23 11 E
[7]8}2 = ﬁas — ﬂar — %(at + ats) — TSSaQ2 + 144 Qg
teCa(s)A\Cq(r)
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1 17
+3 > v > at

te KD\ {s,rt,t5,92} teCa(g2)D\Cq(s)
11 1
i ), et > ar (43)
teCaq(s)N\K te GP,

|ts| =4, |tr] =3

+% Z at + % Z ay;

teG® Jtg?|=5 tea®,
[ts| =5, |tr| =3

[Ns]3 == —% Z up, + % Z Up,

heG®, hea®,
[{h, s)| < 24, (h, g°) = Ss (h,s) =2 Ay, (h, g°) =2 S4
5 5
+ 198 Z Un + 133 Z Up
hea®, hea®,
(h,s) =2 Sy, (h,g°) = A4 (h,s) = 83, (h,g°) = Ay
5 15
3513 > Uh = 513 > un (44)
heG®, heG®n(,2,3)%,
(hys) 22 (h,g%) = Sy (h,s) = (h,g%) = A;
5 5 .
—513 > un — 53 > un;
hea®, hea®,
(h,s) 2 S5, (h, g%) = Sy (hys) = (h,g%) = Ay
1 1 1
[1s]4 = 3709 — 75 > w5 Y, W
le GW, le KW,
1°=1"1(,¢%) =58, (l,s) =K
1 1
~16 E , UL 38 Z vl
le GW, le GW,
|<l’92>|:367‘<l»5>‘ 6{24’36} <l’92>:G
1 5
+15 Z vl + 43 E U (45)
le GW, le g®,
(Lisy =G, |{l,g°)| = 36 {1, s)| = 36, (l,g°) = S4
7 5
+E Z (% + 32 Z vr.
1eGW, leGW,

19° =171 (I, s) = Sy 1F=1"19 =1!

Corollary 7.2. With the above notation, the following assertions hold:

(i) Vo ={(w)4+ U and dim(V°) = dim(U) + 1 = 121;

(i) if f1, fo € G®), then wy, —wy, € U;

(iii) if S is a subgroup of G isomorphic to Sy and s € S@\ S’, then n, € U and admits
the following expression as a linear combination of elements of Y :

Ns = [ns]Q + [775}3 + [778]47 (46)
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in particular, V(S) < U;
(i) if H is a subgroup of G isomorphic to As, then V(H) < V°.

Proof. Since V° = U+V®4) by Lemma 7.1 we have V° = (w)+U. A direct computation
in GAP of the Gram matrices I and I'* associated to Y and YU{w}, respectively, gives ()
(see [6, algebraA6(2B).g]). The second assertion follows immediately by Equation (42).
Now let S be a subgroup of G isomorphic to S; and let s € S\ " as in (4ii).
By Corollary 5.10, ns € wy, — wy, + U® for some fi, f» € G®). Then, by (ii) and
Proposition 6.5, ns € U, whence, by Proposition 5.2.(i¢) and Corollary 6.5, V(S) < U.
The explicit formula for n; has been computed with GAP in [6, algebraA6(2B).g].
Finally, let H be a subgroup of G isomorphic to As as in (iv) and let t € H?). By
Proposition 5.7 and Corollary 6.5, v € U®* = U, so the result follows by Lemma 5.8. O

Let now t € G and let K; and K> be the two subgroups of G isomorphic to Sy such
that ¢ is contained in the derived subgroup of K, i € {1,2}. Denote by v, ; the element
vt defined as in Equation (20) in the subalgebra V(K;).

Corollary 7.3. With the above notation, let t € G®). Then, for N € {2,3,4} and i €
{1,2}, there exist [y;i]n € VIVA) such that v = [yei)2 + [1.4]3 + [e.ila-

Proof. This follows from Equations (22) and (46). O

We conclude this section by determining the decomposition into irreducible submod-
ules of V°.

For a partition A of 6, denote by V) the subspace of V' spanned by the N-axes in V'
associated to a permutation of cycle type A.

Proposition 7.4. The structure of R[Ag]-module of V° lifts naturally to a structure of
R[Se]-module. With the above notation, the decomposition of V° into irreducible R[Sg]-
submodules is the following

Ve =360 $36% ¢ 56™? 326020 ¢ 66 03627 6 621 g 61,
Proof. By Equation (23) and Corollary 7.2,
Ve = (Ve Ly L ey g (). (47)
Let
Cw: Se = GL({w))

be the alternating representation and denote by (w)¢ the corresponding R[Sg]-module,
so that
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(w) = &1, (48)

Further, for N € {2,3,4}, let Py be the R[Sg]-permutation module induced by the
action by conjugation of Sg on the set Cy of the cyclic subgroups of order N in Ag, and
let B be the direct sum of R[Sg]-modules Po & Ps @ Py. Since U is a homomorphic
image of P (as R[Ag]-modules), the inner product on V induces in an obvious way an
inner product

k1P x P o R

on P (see e.g. [, Section 2]). By Remark 4.2, rad(k) is a R[Sg]-submodule of 9B and
U = 9B/rad(k), thus the permutation representation

Gp: S6 — GL(P)
defines a representation

Cu: Se — GL(U).
By construction, (i @ (,, is a representation of Sg on U & (w) = V°, whose restriction
to Ag is induced by the identity map on Ag as the Miyamoto group of V', proving the
first assertion.

Let N € {2,4}, by Proposition 4.15,
dim(VIVAY) = 45 = |Cy| = dim(Py),
whence, by [3, Lemma 6],
WA > p g0 st g™ g st g s (49)
Let now N = 3. By Proposition 4.15,
dim(VEY) = 40 = |C3| = dim(P3),

and, since the exceptional automorphism of Ag swaps 3-cycles with cycles of type 32, we
have

VO = v® g vE) and dim(V®) = dim(VE)) = 20.
Let
V(32) o s .
= (Uab + Ugp-1 | @, b disjoint 3-cycles in G)

and
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VEBQ) := (Ugh — Ugp—1 | @, b disjoint 3-cycles in G).
Clearly V3% is the sum of V+(32) and V£32). Since
dim(VP?)) = dim(V®)) = 10 = L dim(V ),
we have
Ve = V+(32) @ V,(Bg). (50)

2
Since Vf’ ) is isomorphic to the permutation module associated to the action of Sg on
the 10 conjugates of ((1,2,3), (4,5,6)), an easy computation shows that

V+(32) ~ 506) 42, (51)
By [4, Theorem 1.1], Ve g6 542 g6 g 6(2’14), whence by Equation (50),
V_(32) ~ V(32)/V_£32) ~ @) g a1, (52)

By the Pasechnik’s relations [11, Lemma 3.4], Vf’Q) Cc V4 gV whence

dim(U) < dim(VEY) + dim(V®) + dim(V.")) + dim(V @A)
<45+ 20+ 10 4+ 45 = 120.

By Corollary 7.2, dim(U) = 120. It follows that
U=ve)gv® eyt gyia),

Finally, since V®) is isomorphic to the permutation module of Sg on its subsets of order
3, we have

VO =260 et et et (53)
The result follows by Equations (49), (52), and (53). O
8. The algebra closure of V°
In this section we prove that there is a unique possibility for the algebra product in
V, that V° =V, and prove Theorems 2 and 3. We first show that a;-V° C V°, for every

te GO,

Lemma 8.1. For every t € G, a; - (V4 4 VB C ye,
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Proof. By the definition of V°, we have a; - V?4) C V°. Since for every h € G®), (t, h)
is contained in a maximal subgroup of G isomorphic to Sy or to As (see Table 3), by
Corollary 7.2, we get a, - VB4 C Ve, O

To deal now with V(*4) and w, we show we can find a set A of vectors generating
V(44) and such that, for every v € A, the product a; - v lies in V°.

Lemma 8.2. Let t € G and g € G and suppose that (t,g) = Sy. Then, with the
notation of Equation (37), a; - [Ugla € V°.

Proof. Since (t,g) = Sy, by Corollary 7.2, V° contains a; - T4. Hence, by Lemma 6.4 and
Corollary 8.1,

at - [Ugla = ar -0y —ar - ([Vg]2 + [Ugl3) €V°. D

Lemma 8.3. Let t € G and f € G®) and suppose that (t, f) is properly contained in
G. Then, with the notation of Equation (41), a; - [wy]s € V°.

Proof. Set
Ey = {(f1,f2) € G® x GO | (t, f;) < G, Vi € {1,2}},
and
Fr={(f1.£2) € GO x GO |(f) = (fa)}-
We first prove that
for every (fi, f2) € Et UFy, a; - (wy, —wy,) € V°. (54)

Assume (f1, f2) € E; and let H; be a maximal subgroup of G containing (¢, f;). Then
H; 2 As and a; and wy, are contained in the subalgebra V(H;). Hence, by Lemma 5.8,
there is a unique possibility for the product a; - wy,, and, by Corollary 7.2.(iv), this
product belongs to V°. Next assume (fi, fo) € F;. Since (f{) = (f2), by the choice of
the set G®), f; and f, are conjugate in G. Hence, either f! = fo, or fi = f2_1. In
both cases (wy,)" = wy = wy,. Thus wy, — wy, is a 35-eigenvector for ad,, and so
ar - (wy, —wyp,) = 55 (wy, —wy,) € V°, proving (54).

Set

Wi = ([wp]a = [wpla | (f1, f2) € B U F),

W, :=(vg | (t,g) = Dg or (t,g) = Sa),
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W/ = (v, — vy | g € GY), and

Wt = Wt + th + WtN

A direct calculation using GAP (see [6, algebraA6(2B).g]) shows that, for f € G such
that (¢, f) < G, we have dim(([wy]s, W;)) = dim(W;) = 36, whence

[wy]s € Wy (55)
By Equation (42), for every (f1, f2) € G®) x G®) we have
ap - ([wp]a = [wpla) = ar - (wp, —wp,) = ap - ([wp ]2 + [wg |3 = [wp,]2 = [wr]3),

whence, by Equation (54) and Corollary 8.1, we get

az- W, C V°. (56)
By claim (i4i) of Corollary 7.2, we have also

a- W, C Ve, (57)
and finally

ap - W/ C Ve, (58)

since vy — vyt is a z5-eigenvector for ad,,. Thus, by Equations (55), (56), (57), and (58),
at~[wf]4€at-Wt§V°. O

Lemma 8.4. Let w be as in Equation (38). For everyt € G®), ay -w € V°.

Proof. Let f € G® be such that f* = f~!. Then, w; is contained in the subalgebra
({a¢,arp)), which is of type 5A. By Table 2, a; - wy € V°. Hence, by Equation (42),
Corollary 8.1 and Lemma 8.3, we have

ag-w = 36a; - (wy — [wyr]a — [wy]s — [wrla) €V°. O
Lemma 8.5. For every t € G, a; - V) C Ve,

Proof. Let t € G? and let K; and K, be the two subgroups of G isomorphic to Sy
such that ¢ is contained in the derived subgroup of K, i € {1,2}. Let 7,; and [y ]n,
for N € {2,3,4}, be as in Corollary 7.3. Moreover, for i € {1,2}, let L; and L} be the
two subgroups of G isomorphic to Ay containing the derived subgroup of K;. Let
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Qui= (i | € LU L} i € {1,2}). (5)

For each ¢ € {1,2}, the vectors a; and -, ; belong to V(L;) N V(L}). Hence, for each
r €L, UL},

(v,)" € VI(Li) UV(L])
and so, by Corollary 7.2,

at - (veq)* € V(L) UV (L) CV°.
Thus, by Corollaries 7.3 and 8.1,
at - Qp CV°. (60)
Let W/ and W/’ be the subspaces defined in the proof of Lemma 8.3 and set
Ry = ([wsla| f €GP (t, f) <G) and Ry := R, + W/} + W/

As in the proof of Lemma 8.3, by Equation (60), Lemma 8.3 and Corollary 7.2,

ar- (Qe+ Ry) CV°.
A direct computation using GAP (see [6, algebraA6(2B).g]) shows that

dim(Q; + Ry) = 45.

Since Q; + R; < V4 and, by Proposition 4.15, dim(V{*4)) = 45, it follows that
Qi + Ry = VA4 and the result follows. O

Proposition 8.6. For cveryt € G?), a,-V° C V°.

Proof. The result follows immediately by Corollary 7.2.(i), Corollary 8.1, Lemma 8.4,
and Lemma 8.5. O

We can now use the resurrection principle in its simpler version given in [10,
Lemma 1.8] to get the remaining products between two odd axes.

Lemma 8.7. Let h, k € G such that xp, and i, are odd azes of V. Suppose there ist € G®
inverting by conjugation both h and k. Then xy, - xp, € V°.

Proof. ({a:,x)) is contained in a Norton-Sakuma algebra of type |h|A and similarly
({at, x)) is contained in a Norton-Sakuma algebra of type |k|A. Let ep, be a 0-eigenvector
for ad,, and let e, and €, be a 0-eigenvector and a i-eigenvector for ad,,, respectively.
Using [10, Table 4], we can express ep, (resp. e, and €j) as a linear combination of axes
and z, (resp. zy and Fy). It follows that there exist y and z in V°, such that
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ep-er =T T +y and ep - € = Tp - T + 2.

By the fusion law, ey, - e is a 0-eigenvector for ad,,, while e, - e is a i—eigenvector for
adg,. By [10, Lemma 1.8] and Proposition 8.6,

xp-xp=—[das - (y—2)+ 2] €V°. O
Corollary 8.8. V) .y° C ye

Proof. The result follows by Lemma 8.7 since, for every h,k € G®), g € G®W, and
f € GO there exists t € G inverting by conjugation both h and k, or h and g, or h
and f. O

Proposition 8.9. For every g,1 € G and fi, fo € G®) the following products belong to
Vve:

(1) vg-vg and wy, - wy, ;

(13) vg - vy, if (g,1) < Sa;

(iii) vg - o1, if (g,1) = Ag and 1 € G (g) N GP (g~ 1);
(iv) vy wp,, if {f1, 1} NG (@) NG (g71) #0;
(W) wp, - wpy, if f2 € G (F1) NGO (F71);

(vi) vy wy,. if 1 € G (g) NG (g7Y).

Proof. Claim (i) follows by the Norton-Sakuma Theorem and Table 2. Claim (i7) follows
by Corollary 7.2. Claims (iii), (iv), and (v) follow by Lemma 8.7 since, for every g,l €
GW and fi, f» € G® as in the statement, there exists t € G inverting by conjugation
both g and [, or g and f1, or f1 and f5. Finally, suppose f € GéS)(g)ﬂGéS) (g7 1). Then, as
in the proof of Lemma 4.13, we may assume g = (1,2)(3,4,5,6) and f = (2,3,4,6,5). Set
t:= g*> = (3,5)(4,6). By Table 4, it follows that (a;,v,) = 0, whence, by Lemma 4.10,
vy is a O-eigenvector for ad,,. Moreover, since ¢ inverts f, the algebra ((a;,a.s)) is a
Norton-Sakuma algebra of type 54, whence, by Table 2,

Wy =a - ayp — 2%(3at +3aiy — a2 — Ggps — Qgpa).
By [10, Lemma 1.10] and Proposition 8.6, it follows that

Vg wp =vg - (g - arf — 57 (3as + Bags — arpz — apps — agpa))
=vg - (ar - arp) — 370 - (3a¢ + Bagy — agpr — agps — agpa)

=(vg - arf) - @y — 57Vg - (3a¢ + Bagy — arpz — ayps —agpa) € VO, O

Proposition 8.10. Y (4) 144 cVve.
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Proof. Let g € G®. Define
Fy:={f € G| either {f, >} NG (9) NG (g7") # 0
or fe G g NG (gh).

By Proposition 8.9, for every f € F,, we have v, - wy € V°, whence, by Equation (42),
Proposition 8.6 and Proposition 8.9, vy - ([wy, |4 — [wy,]a) € V© for every fi, fa € Fy.
Moreover, for every x € Ng((g)), (vg)® = vg, whence

vg - ([wg,]a — [wg,]a)® € VC© for every fi, fo € Fy and = € Ng((g)). (61)

Let K3 and K> be the two subgroups of G isomorphic to Sy containing g. For every
involution s € K, \ K/, denote by 7, the element in the subalgebra V(K;) defined
as in Equation (21). By Corollary 7.2 (Equation (46)), for N € {2,3,4}, there exist
ns:ln € VVA) guch that

Nsi = [Msil2 + [Ms.ils + [Ns.i]a-
By Corollary 7.2, v, - n5,; € V(K;) C V°, whence, by Corollary 8.1 and Proposition 8.9,
vg - [ns,ila € V° for every s € K;\ K}, i € {1,2}. (62)
Now define

Qg = (v ] {g,1) < Sa)

Q%= (u|le GNP (g™

Q% = ((lwp)a = [wpla)® | f1, f2 € Fy,x € Na({g)))
QY = (nela | 5 € K\ i € {1,2})

Q= QL+ Q%+ Q2+ QL

A direct check (see [6, algebraA6(2B).g]) and Proposition 4.15 show that dim(Q,) =
45 = dim (V%)) whence

Qg — V(4A) )

By Proposition 8.9, Equation (61), and Equation (62), v, - Q; C V° for every i €
{1,2,3,4}, whence v, - y4) — v Qg C Ve O

Lemma 8.11. The following assertions hold:

(Z) V(4A) . V(SA) C VO,'
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(1) w-weVe.

Proof. Let g € G® and f € Gés)(g) N GgS)(g’l). By Lemma 7.1, Proposition 8.6,
Corollary 8.8, Proposition 8.9, and Proposition 8.10,

Vg - w =g - 36(wf — [wl2 — [wylz — [wgla) € V°. (63)
It follows that, for every f € G,
Vg " Wy = Vg - (3—1611) + [’wf]z + [wﬂ:; + [’lUf]4) eve,

proving claim (). Claim (i7) follows again by Lemma 7.1, Proposition 8.6, Corollary 8.8,
Proposition 8.10 and claim (7) since

w-w = 36wy - wy — 36> ([wylz + [wyls + [wrla) - (wy — [wylz — [wyls — [wyla)
and wy - wy € V° by the Norton-Sakuma Theorem. O
Proposition 8.12. V = V° and the algebra product in V' is unique.

Proof. By Corollary 7.2.(7), Proposition 8.6, Corollary 8.8, Proposition 8.10, and
Lemma 8.11, V° is closed under the algebra product. Since it contains the generat-
ing axes a;, t € T, we have V° = V. In particular V' has a basis B contained in the set
X defined in Section 4 after Remark 4.1. The arguments used in this section now show
that the structure constants of the algebra V' with respect to the basis B are uniquely
determined. O

Proofs of Theorems 2 and 3. Theorem 2 follows by Proposition 8.12 and Corollary 7.2.
Theorem 3 follows by Propositions 7.4 and 8.12. O

Acknowledgments

This work was supported by the National Group for Algebraic and Geometric Struc-
tures, and their Applications (GNSAGA-INdAM) PAR 20240223-092257-322 and PAR
20240513-163427-434 and by the Italian Ministry of University and Research (MUR)
PRIN 2022-2022PSTWLB, project title: Group Theory and Applications.

Data availability
Computations were performed in GAP [8] run on a MacBook Pro with 2.2 GHz quad-

core Intel Core i7 processor and 16GB 1600 MHz DDR3 memory. The additional code,
developed by the authors, is available at [6].



854 C. Franchi, M. Mainardis / Journal of Algebra 691 (2026) 811-85/

References

[1] A. Castillo-Ramirez, A.A. Ivanov, The axes of a Majorana representation of Ai2, in: Groups of
Exceptional Type, Coxeter Groups and Related Geometries, New Delhi, in: Springer Proceedings
in Mathematics & Statistics, vol. 82, 2014, pp. 159-188.
[2] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker, R.A. Wilson, Atlas of Finite Groups, Clarendon
Press, Oxford, 1985.
[3] C. Franchi, A.A. Ivanov, M. Mainardis, Standard Majorana representations of the symmetric groups,
J. Algebr. Comb. 44 (2016) 265-292.
[4] C. Franchi, A.A. Ivanov, M. Mainardis, Permutation modules for the symmetric group, Proc. Am.
Math. Soc. 145 (8) (2017) 3249-3262.
[5] C. Franchi, A.A. Ivanov, M. Mainardis, Saturated Majorana representations of Az, Trans. Am.
Math. Soc. 375 (2022) 5753-5801.
[6] C. Franchi, M. Mainardis, https://github.com /clarafranchi/majoranaA6, 2025.
[7] I.B. Gorshkov, J. M¢Inroy, T.M. Mudziiri Shumba, S. Shpectorov, Automorphism groups of axial
algebras, J. Algebra 661 (2025) 657-712.
[8] The GAP Group, GAP — groups, algorithms, and programming, Version 4.10.2, https://www.gap-
system.org, 2019.
[9] A.A. Ivanov, The Monster Group and Majorana Involutions, Cambridge Tracts in Mathematics,
vol. 176, Cambridge Univ. Press, Cambridge, 2009.
[10] A.A. Ivanov, D.V. Pasechnik, A. Seress, S. Shpectorov, Majorana representations of the symmetric
group of degree 4, J. Algebra 324 (2010) 2432-2463.
[11] A.A. Ivanov, On Majorana representations of Ag and A7, Commun. Math. Phys. 306 (2011) 1-16.
[12] A.A. Ivanov, A. Seress, Majorana representations of As, Math. Z. 272 (2012) 269-295.
[13] A.A. Ivanov, The future of Majorana theory II, in: Algebraic Combinatorics and the Monster Group,
in: LMS Lecture Notes Ser., vol. 487, Cambridge University Press, Cambridge, 2024, pp. 246-286.
[14] S.M.S. Khasraw, J. M¢Inroy, S. Shpectorov, On the structure of axial algebras, Trans. Am. Math.
Soc. 373 (2020) 2135-2156.
[15] J. Mclnroy, S. Shpectorov, An expansion algorithm for constructing axial algebras, J. Algebra 550
(2020) 379-4009.
[16] M. Miyamoto, Griess algebras and conformal vectors in vertex operator algebras, J. Algebra 179
(1996) 523-548.
[17] S.P. Norton, The monster algebra: some new formulae, in: Moonshine, the Monster and Related
Topics, in: Contemp. Math., vol. 193, Amer. Math. Soc., Providence, RI, 1996, pp. 297-306.
[18] S.P. Norton, Anatomy of the monster I, in: The Atlas of Finite Groups: Ten Years on, in: LMS
Lecture Notes Ser., vol. 249, Cambridge University Press, Cambridge, 1998, pp. 198-214.
[19] M. Pfeiffer, M. Whybrow, MajoranaAlgebras, A package for constructing Majorana algebras and
representations, Version 1.4 (GAP package), https://MWhybrow92.github.io/MajoranaAlgebras/.
[20] F. Rehren, Generalized dihedral subalgebras from the monster, Trans. Am. Math. Soc. 369 (2017)
6953-6986.
[21] S. Sakuma, 6-transposition property of 7-involutions of vertex operator algebras, Int. Math. Res.
Not. 9 (2007), 19 pages.
[22] A. Seress, Construction of 2-closed M-representations, in: Proceedings of the 37th International
Symposium on Symbolic and Algebraic Computation (ISSAC 2012), ACM, New York, 2012,
pp. 311-318.
[23] M. Tameni, On a Majorana representation of the group 2 x PSL(3,2), PhD Thesis, Universita di
Milano-Bicocca, 2024.


http://refhub.elsevier.com/S0021-8693(25)00688-X/bib6155C5A48205C207B7CA430034C187C6s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib6155C5A48205C207B7CA430034C187C6s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib6155C5A48205C207B7CA430034C187C6s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib96FD73B0C28FFF2D9CFD9DC354AC83DBs1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib96FD73B0C28FFF2D9CFD9DC354AC83DBs1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibF69B921FAB94956877FC601637065567s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibF69B921FAB94956877FC601637065567s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib95603ECF3E7575C5B36699BDBE5D9116s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib95603ECF3E7575C5B36699BDBE5D9116s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib0B92B8B2602C011D1831C6C27EF74B76s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib0B92B8B2602C011D1831C6C27EF74B76s1
https://github.com/clarafranchi/majoranaA6
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib643D1D9CD72AA52A18F91470787AC278s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib643D1D9CD72AA52A18F91470787AC278s1
https://www.gap-system.org
https://www.gap-system.org
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibC2DA19D55DA09E7E63FE63F34863C869s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibC2DA19D55DA09E7E63FE63F34863C869s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibD18F6515FD224EF4801C0802BBABA5BFs1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibD18F6515FD224EF4801C0802BBABA5BFs1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibF31425F98D10F4715B1E7B01E7CD74ABs1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibCA70A1E10933A9AE726A3E5A5C975630s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibE131FA5D67BB96C804FD5A55514A2495s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibE131FA5D67BB96C804FD5A55514A2495s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib4A4DF63C87B4F42081B846D9B9189984s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib4A4DF63C87B4F42081B846D9B9189984s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib7A663CAEA1B722A63DC2868158ED584Ds1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib7A663CAEA1B722A63DC2868158ED584Ds1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib5E42FA2637741EA955B0BC9AF440305Ds1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib5E42FA2637741EA955B0BC9AF440305Ds1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib3CE0B2EEF37646503AC3C2905EFA2F1Fs1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib3CE0B2EEF37646503AC3C2905EFA2F1Fs1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibBA38CF775B144F9290171F7816B3BF47s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibBA38CF775B144F9290171F7816B3BF47s1
https://MWhybrow92.github.io/MajoranaAlgebras/
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib3B135008F3828736B6169AA34D355DDCs1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib3B135008F3828736B6169AA34D355DDCs1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibC8D31D007A10E9715C17920019816354s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bibC8D31D007A10E9715C17920019816354s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib53331193050A2A7524DC2FDAABECDF36s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib53331193050A2A7524DC2FDAABECDF36s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib53331193050A2A7524DC2FDAABECDF36s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib83F9C4EB242966CDCADA1D01BE5D9B15s1
http://refhub.elsevier.com/S0021-8693(25)00688-X/bib83F9C4EB242966CDCADA1D01BE5D9B15s1

	On subalgebras of the Griess algebra with alternating Miyamoto group
	1 Introduction
	2 Preliminary results
	3 Proof of Theorem 1
	4 The inner products between axes and odd axes
	5 Maximal subalgebras
	6 More inner products
	7 5-axes
	8 The algebra closure of V◦
	Acknowledgments
	Data availability
	References


