J. Math. Anal. Appl. 562 (2026) 130682

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

journal homepage: www.elsevier.com/locate/jmaa

Regular Articles

Critical sinh-Gordon flow with non-negative weight functions * )

Check for
updates

Qiang Fei®, Aleks Jevnikar "*, Sang-Hyuck Moon

& Department of Mathematics, Jiujiang University, Jiujiang 332005, People’s Republic of China
Department of Mathematics, Computer Science and Physics, University of Udine, Via delle Scienze

206, 33100 Udine, Italy

¢ Department of Mathematics and Institute of Mathematical Science, Pusan National University, Busan

46241, Republic of Korea

ARTICLE INFO ABSTRACT
Article history: The aim of this article is twofold: on one side we introduce and study the properties
Received 5 November 2025 of a critical sinh-Gordon type flow

Available online 7 April 2026
Submitted by J. Galvez
o w hie* hoe ¥
K —e*=Aju+8r | —+—— 1| —p2| ———+— -1,
Sinh-Cordon flow o <fz faetdvy ) ’ <fz hae™vdVq )
Global existence
Critical case where p2 < 8m, hi,hs are non-negative weight functions and ¥ is a closed
Non-negative weights Riemannian surface. Secondly, under suitable geometric conditions, we prove the
convergence of the flow to a solution of the critical sinh-Gordon equation, extending
the result of Zhou (2008) to the case of non-negative weights. The argument is based
on a careful blow-up analysis. Some remarks about a Toda flow are also given.
© 2026 The Authors. Published by Elsevier Inc. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Let (3, g) be a closed Riemann surface with metric g and let hy, ha be smooth non-negative and non-zero
functions. For simplicity, we will assume that the area |X|, of the surface equals 1 throughout the paper.
We are concerned with the following sinh-Gordon equation
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hiet hoe™ ¥
—Ayu = - =1 - _— -1 by 1.1
= (fz hietdV, ) P (fz hae="dVy ) o (1)

where p; and py are non-negative constants.

Derived from Onsager’s vortex model [40], equation (1.1) appears in [26,42] as a model in the description
of the mean field of the equilibrium turbulence with arbitrarily signed vortices from different statistical
arguments, and for more physical background concerning 2D-turbulence, see [11,34,38] and the references
therein. In addition to turbulent Euler flows, it also arises as a mean field equation in the description of
self-dual condensates of some Chern-Simon-Higgs model, see [3,14,15,44,48]. As for conformal geometry,
when ps = 0, (1.1) is related to the problem of prescribing the Gaussian curvature in a conformal class of
metric on X. In particular, on the standard sphere S2, it is called the Nirenberg problem; see [27,7,10] and
the references therein.

The sinh-Gordon equation (1.1) has a variational structure, and its solutions correspond to the critical
points of the functional I, ,, : H}(X) = R

1 —Uu
Iy, po(u) = 5 / |V gul?dV, — p1 log/hle“dVg — p2 log/hge dVy + (p1 — p2) /udVg.
by ) b )

One fundamental tool to deal with this kind of functionals is the Moser-Trudinger type inequality

_ - 1
log/e“*“dVg +log/e*“+“dvg < Tom / |Vgul?dV, + C, Yue H'(X), (1.2)
5 D) D)

where @ represents the average of u and C is a constant independent of u. In the subcritical case, i.e.,
when p1, p2 € (0,87), by the Moser-Trudinger inequality (1.2), I,, ,, is bounded from below and coercive.
Thus, the global minima of I,,, ,, can be attained by the direct minimization. However, in the critical case,
i.e., when p; < 8m, i = 1,2 and max(p1, p2) = 8, the functional is bounded from below but not coercive.
This leads to a loss of compactness and makes the existence problem quite subtle and existence of solutions
typically depends on the geometry of the underlying surface. This is why the literature about this case is
very limited, as we will comment later on. The goal of this paper is to introduce a new tool to address this
problem and to extend some previous results.

For the supercritical case, i.e., when max(p1, p2) > 8, I,, ,, is unbounded from below and direct min-
imization can not be applied to the problem. This was considered by many authors, especially for ps = 0,
which reduces to the well-known mean-field equation

he*
—A = _ 1 . 1.
gu=r (fz hetdV, ) (13)

Indeed, many techniques have been developed like degree counting and min-max schemes. For example, we
refer to the papers [9,16,17,31,37,36] and the references therein. On the other hand, there are few results
about the sinh-Gordon equation (1.1) in the supercritical case. We refer to the papers [1,22,25,54] and
references therein. We also remark that the problem has some analogies with the Toda system, see [1].

From now on, we will focus on the sinh-Gordon equation and the mean field equation in the critical case.
For the mean field equation (1.3) with p = 87 and a positive function h € C*°(X), Ding, Jost, Li and Wang
(see [13]) proved the first existence result under a geometric condition. They considered the minimizer w.
of the slightly subcritical case

1
Ign—e(u) = 3 / |V yu|?dV, + (87 — ¢) /udVg — (81 —¢) log/he"dVg.
M D) )
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When u, blows up and does not converge in H'(X), by blow-up analysis, they inferred the following lower
bound related to the geometry of

Hill(lsz) Igx(u) > —8m — 8mlogm — 4w max (A(zo) + 2log h(zo)). (1.4)
On the other hand, they also constructed a test function ¢, such that, for small € > 0, Is;(¢pc) is strictly
less than the right hand side of (1.4), which contradicts the blow-up property. Consequently, u. converges
in H'(X) to the solution @ of (1.3) with p = 87. Later, Yang and Zhu (see [50]) generalized the above
result for a non-negative function h by excluding the possibility of the blow-up at zeros of h(x) based on
compactness-concentration lemma in [14]. Recently, in [46,55], the authors proved that such existence results
still hold even when £ is sign-changing.

There are also existence results for the sinh-Gordon equation in the critical case. In [53], Zhou obtains the
existence result of (1.1) with ki, he =1, p1 = 87, p2 € (0,87] under some geometric conditions generalizing
[13]. The argument is in the spirit of Toda systems (see [24]) and exploits the compact-concentration theorem
established by Ohtsuka-Suzuki [39]. However, when hq, ho are non-negative functions, we can not directly
follow this approach. Thus, the main goal of this paper is to provide an alternative proof of the previous
results and to extend them to non-negative functions hq, hs.

We will base our analysis on the flow method, which was already exploited for the mean field equation
(1.3). In [5,6], the author introduced the following mean field type flow

1o} e
v Ap— _°
at° v Q+pf2 evdVy’

€ (0,1), where Q € C*(X) is a given function such that [;, QdV; = p. We note that the time-independent
solution satisfies a mean-field type equation, which is equivalent to (1.3). In [6], Castéras proved the global
existence of the solution. Moreover, using the compactness theorem in [5], he proved the convergence of the
flow v(t) to a solution of the mean field equation associated to (1.5) provided that p # 8N for N € N*.
However, such compactness theorem fails in the critical case p = 8. In [30], the authors used the idea of

v(-,0) = vo(x) € C*(%), (1.5)

[13] to overcome this difficulty, proving a lower bound of the corresponding functional Is, when the flow is
not bounded. They constructed a test function ¢, such that Is,(¢.) is smaller than the lower bound under
the geometric condition in [13]. This means the flow converges when we choose an appropriate initial data.
Subsequently, in [47], Sun and Zhu generalized this approach for non-negative functions h. Finally, in [29)],
Li and Xu generalized the above result to the case of the sign-changing function h. Yang and Wang (see
[49]) also considered the mean field type flow with a sign-changing function h when a finite isometric group
acts on the surface and h is invariant under the group action. For other variant of mean field type flows,
see [33,51,52]. For Q-curvature flows we refer to the recent result [12] and the references therein. Recently,
there is also a result [41] about a parabolic system related to Toda systems.

Motivated by [29,30,47,49], we introduce the following evolution problem (1.6) to deal with the critical
sinh-Gordon equation (1.1)

0 hie% hoe ™%

R YAy VY (RS ) A (L —

T (fz hietdV, ) P2 (fz hae—udV, ) ’ (1.6)
u(+,0) = ug € C*T*(%),

€ (0,1). We note that it is a gradient flow with respect to the functional Ig. ,,. For simplicity, we will
denote it J,,

1
Ty (u) = 3 / |V yu|?dV, — 8 log/hle"dVg — p2 log/hge*“dVg + (8™ — p2) /udVg. (1.7)
S S S S
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We investigate the properties of the latter flow and, in particular, prove the following result.

Theorem 1.1. Fiz o € (0,1). For any initial data ug € C*T*(X), there exists a unique global solution
u € C?H1+e/2(3 % [0, 4+00)) to (1.6).

In the second part of the paper we exploit the latter result to establish existence of solutions for the
critical sinh-Gordon equation with non-negative weight functions, generalizing the results of Ding-Jost-Li-
Wang [13] and Zhou [53] for the mean field and sinh-Gordon equations, respectively. Before stating the
theorem, we introduce some notations.

Let K denote the Gaussian curvature of 3. For each p € 3, let G}, be the Green function satisfying

—AyGp =81, — 81 on X, /Gp dVy, =0, (1.8)
5

and A(p) be the regular part of the Green function. More precisely, G,(x) has the following expansion in
normal coordinates near p:

Gp(w) = —4logdisty(z,p) + A(p) + O(r?), r = disty(z,p). (1.9)

For p € X, let I', be the set of solutions w, € H'(X) to the singular mean field equation

—Ajw, = po hpe”rets -1 on X /w dVy =0. (1.10)
9 J5 hoe=CrevrdV, ’ P

We also introduce the functional

- 1
JIp(u) = §/|Vgu\2dVg — p2 log/hge_cpe“dVg, Yu € HY(X) with /u:O, (1.11)
) 5 )

whose critical points solve (1.10).
Now we are prepared to state the second main theorem.

Theorem 1.2. Let py € (0,87) and hq, hy be smooth non-negative and non-zero functions. Suppose
81 — p2 — 2K (po) + Aglog hi(po) >0

for any minimizer po € ¥ of p — inf (J,(w)—47A(p)—8mlog hi(p)). Then, there exists an initial datum
P

inf
eXwely,
ug € C?*T(X) such that the flow u(z,t) converges in C%(X) to a solution us, of the critical sinh-Gordon
equation (1.1) with p; = 8w, pa € (0,87).

In fact, when py = 0, I', = {0} and the condition is consistent with the one for the mean field equation.
However, when py > 0, due to the effect of e™* term in (1.1), jp(w) appears in the lower bound (see
Proposition 3.7).

We sketch now the proofs highlighting the differences with the previous results. We first prove that the
solution u(x,t) of (1.6) exists globally in time. For this, we derive several a priori estimates (Proposition 2.4
— Proposition 2.6). However, this is different from previous works [6,47,49] since we have to control the

" is not conserved. Even though we can perform the below explained blow up analysis

e term and [y e~
for po = 87 and sign-changing weight functions, we use in this step po < 0 and hq, hy non-negative. We

postpone to a future work the discussion of this point and possible extensions of this method.



Q. Fei et al. / J. Math. Anal. Appl. 562 (2026) 130682 5

Next, we prove that the time-slices u(t,) can not blow up at the zero set of hy (Proposition 3.3). We
also show —u(t,,) does not blow up (Proposition 3.5). The blow-up analysis is delicate especially when u(t,,)
and —u(t,) blow up at the same point. We adapted the idea of the selection process in [23,32] and used
the hypothesis p2 < 871 subtly. We remark that we can not apply the result in [23] directly due to the time
derivative term and the non-negativeness of hy, hs.

Based on this blow-up analysis, we prove the lower bound of the functional lim; o J,, (u(t)) when the
time-slices u(t,) blow up (Proposition 3.7). As we mentioned after the main theorem, jp(w) appears in the
lower bound, since —u(t,,) converges to a solution of (1.10). Then we construct a test function ®. such that,
under suitable geometric conditions, J,,(®.) is smaller than the lower bound (Proposition 4.3). For this
purpose, we have to choose a solution w of (1.10) achieving the infimum of the leading term, so we prove
the compactness of the solution set of (1.10) (Proposition 4.1). Finally, we show the convergence of the flow
using a priori estimates and FLojasiewicz-Simon gradient inequality [18].

We conclude the introduction with the following remark about the flow method for Toda systems.

Remark 1.3. By the same method we can address following critical SU(3) Toda system:
hie*t hoet?
—Agu; =2 — =1 - — —1
g = (fz hietrdvy ) P2 (fz haet2dVy ) 7
hoet? hie*t
—Agus =200 | —/——5 -1 — — 1
gtz =2 (fz haet2dVy > & (fz hietrdVy ) 7

where p1 = 4w, py € (0,47), hy, he € C®(X), h1, he > 0. Indeed, following the same strategy as before, we
are able to carry out the blow up analysis and the construction of suitable test functions. However, we face

(1.12)

a new difficulty in the global existence of the associated flow, which we describe hereafter.
We note that (1.12) is the Euler-Lagrangian equation for the following functional

Ty (1 (0, 1),u2(,1)) = [ QUur,ua)dVy = prlog [ e Tav, — patog [ e v,
> > )

where Q(u1,uz) = % (|Vgur|* + [Vgua|? + Vgu1 Vgus).

One interesting point is that a possible gradient flow of I, o is the following one, quite different from

1,P2
standard (semilinear) parabolic equations,

ouy 2 . 1 _ hq _
= CeTMA U+ me T Agug 4T | — T

ot~ 3° gt T 3¢ gtiz T2 <fz hiendv, ’ 113)
6uQ 1 _ 5 2 _ h2 _ ’
—— = ge “Agu; + e " Aguy + ——c 2.

at 3" gt T 3¢ gtz T P2 ( s, hae2dV, ‘

To study the global existence we exploit the following idea. Observe that the eigenvalues of the matrix

gefwl(z,t) lewa(:v#t)
(3 5 ) . wi(z,t) € CFFOIF/2(8 % [0,00)) : fixed functions
3

Lemwi(@h)  Zewa(e)

are positive and distinct. Thus, one can use the eigenvalues \;(z,t) and their eigenvectors to transform the
linearized operator of (1.13) at (w1, ws) into the standard form alike

99
ot

— )\i((Eﬂf)A(bi + Li(x,t,¢1,¢2,v¢1, V¢2), )\i((Eﬂf) >c¢>0forzxe E,t c [O,T], L= 1,2.
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From this observation, we can apply the standard parabolic theory to prove the short time existence of
(1.13). (We refer to [19, Chap. 9] for the linear parabolic systems and [19, Chap. 7], [21] for the quasilinear
parabolic equations.)

However, there is an obstacle when proving a priori estimates for the original quasilinear system. In
order to apply the well-known estimates for the standard parabolic equations (e.g. Schauder estimate),
we need to transform the system again. Observe that the coefficient matrix involves e™%) e™ "2, and the
coefficients of the transformed system are related to e™* and their derivatives. Since the constant in the
Schauder estimate depends on the norm of the coefficients of the differential operator, we could not apply
the standard estimate. Due to this difficulty, at this point we can not prove the global existence of the flow
(1.13). We postpone this to a future work.

We remark that, in [41], the authors proved the global existence of the solution of another semilinear
parabolic system related to elliptic systems including Toda systems and Liouville systems.

Remark 1.4. After the submission of the present paper, two preprints on related subjects appeared online. In
[45] the authors carry out blow-up analysis for sinh-Gordon equation with sign-changing weight functions,
while in [35] a Toda flow is studied.

The organization of this paper is as follows. In Section 2, we prove the global existence of solutions to
(1.6). In Section 3, we will carry out blow-up analysis and derive the lower bound of blow-up sequences,
which is the key element in proving the existence result of (1.1). In Section 4, we construct a test function
and we prove the convergence of the flow. This completes the proof of Theorem 1.2.

2. Global existence of the flow

In this section, we prove the global existence and uniqueness of solutions to the flow (1.6). The argument
is divided into two main steps: we first recall the short-time existence and present several preliminary
properties of the solution, and then derive a priori estimates that allow us to extend the solution globally
in time.

2.1. Short-time existence and preliminaries

As the first step, by the standard parabolic theory, we can prove the short-time existence and uniqueness
of the solution to (1.6) (for example, see [19]). We omit the details and refer the reader to the references.

Lemma 2.1. Fiz o € (0,1). For any initial data ug € C*t*(X), there exists ¢ > 0 such that (1.6) has a
unique solution u € C*+1+a/2(3 % [0, ¢]).

We first note that by Lemma 2.1, there exists T > 0 such that (1.6) has a unique solution u €
C?reslta/2(53 % [0,T)). In addition, we prove several basic properties of the solution, including conser-
vation of mass and monotonicity of the energy functional. These preliminaries are crucial for the energy
method employed in the next subsection and will also be used later in the paper.

Lemma 2.2. Suppose that (1.6) admits a solution u € C?*T*1+2/2(2 % [0,T]) for some T > 0. Then the
following properties hold: (i) For allt € [0, T], we have

/ e"Mav, = / e dVy.
%

P

(i) The energy functional J,,(u(t)) is non-increasing in t, that is, for all0 <ty <t < T,
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Ips (ultr)) < Jp, (ulto))-

Proof. (i) By integrating both sides of (1.6) over ¥ x [0,t], we have

t
0= / / %(eu(t))dsdvg = / e"Oav, — / e"Oqy, = / e"Oav, — / e“odv,.
0

b b ) b
(ii) By differentiating J,, (u(t)) with respect to ¢ and integrating by parts, we get

2
etdVy, < 0. (2.1)

0 Ou
—J t))=—|[|=
simu =~ [ |%
5
Integrating (2.1) with respect to time from ¢y to ¢;, we obtain that

2
e*dVydt <0. O

T (u(t1)) — Jpy (ulto)) = jz/‘g?

Lemma 2.3. There exist C,c > 0, independent of T, such that for all t € [0,T],

u f e_udv u —Uu
/hle dvy, f;T’”fng <C and /hle dVg,/hge dVy > c.
P P

Proof. First, we prove that ¢ < fz hie*dV, < C for some constants C,c > 0, independent of ¢t € [0,T].
Indeed, by Moser-Trudinger inequality (1.2) and Jensen’s inequality, it holds that

1 - _
5 / |V ul?dV, > 8 log/e“_“dVg + p2 log/e_““‘dVg —Cs. (2.2)
> > 5

Employing (2.2) and the monotonicity of J,,(u(t)), we obtain that for all ¢ € [0, 77,

Iy (wo) > Jp, (u(t)) > 8w log/e“dVg + p2 log/e*“dVg — 8 log/hle“dVg

b b by (2.3)

— p2 log/hze_“dVg - Cx.
)

This implies that J,,(u(t)) > 8rlog [y, e“dVy — 8mlog [s, hie"dVy — palog ||ha|| L= (x)y — Cx. From this in-
equality, we derive that

log ||ha|| e (sy + +C
O<exp<fp2 OgH 2||L (28)7T p2(UO) E)/euOdng/hleudVgS than(Z)/euodvg' (2.4)

) ) )

fii};;iff&. From (2.3), we also deduce that J,,(u(t)) >

p2log [\ e "dVy — palog [s hoe™"dVy — 8mlog||h1 || (x) — Cx. This implies that for all ¢ € [0,7]]

Next, we prove the uniform boundedness of

< fz e "dVy
fE hge—“dVg

Jps (t0) + 87 log || ha || L= (s) + CZ)

< exp (
P2
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Finally, we show that fz hoe™*dVy > ¢ for some ¢ > 0, independent of t € [0, T7]. Indeed, by the Cauchy-
Schwarz inequality and (2.4), we obtain

2 2
/h e tdV, > (Jg Vhoemult) - evMdvy) — (J VhadVy) >0
J ? 9= [ ev®ay, [, ewodV,

This completes the proof of Lemma 2.3. O
2.2. A priori estimates and global existence

We now address the global existence of solutions to the flow (1.6), i.e. Theorem 1.1.
Let us define the maximal time Ty > 0 by

Tp := sup {T >0:u e C?relta/2(5 5[0, 7)) is the unique solution of (1())}

To prove global existence, it suffices to show that T, = oo. For this purpose, we first derive a priori
estimates for the solution of (1.6) in three steps: Step 1. H'-estimate (Proposition 2.4); Step 2. H?-estimate
(Proposition 2.5); Step 3. C2t*1+e/2 estimate (Proposition 2.6).

These three steps provide progressively stronger control over the solution, which ultimately allows us to
extend the solution beyond any finite maximal time.

Proposition 2.4. Let u be the solution of (1.6) on [0,T) for some T > 0. Then there exists a constant
Cry = C(T, ||luo|lgr (), depending on ¥, hy and ho, such that

lu@)|| sy < Cra, VE€[0,T).

Proof. Since J,,(u(t)) is decreasing in ¢, by subtracting a multiple of the Moser-Trudinger inequality (1.2)
from the definition of J,,(u(t)), we obtain

1
Iy (10) > Jp, (u(t)) = 3 / |V yu|?dV, — 87 log/hle“dVg — p2 log/hge_“dVg + (87 — p2)u
5 ) 5

2.5
8m — P2 ( )

167

v

/ Vgul?dVy — (87 — p2) log/e“dVg + (87— p2)u—C
) s

for a constant C' independent of uy and ¢. Since fz e“(t)dVg = fz: e*°dVy,, applying Young’s inequality, we
obtain that for small € > 0

16
IV gu(t)]22s) < ﬁJm (uo) — 167T(t) + 167 log / e"odV, + C
- P2
) (2.6)

< O(fluollarsy) + GHUH%Z(E) + Ce

where C(||uol| 7, (5)) denotes a constant depending only on [Jug|| f1(x;), and C. is a constant depending on e.
Next, differentiating [, e2“dV, with respect to ¢, we obtain that there exists a constant C' = C(||uo| g1 (x))
such that
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1d w w hie¥ hoe™
§d_/ 2 (t dV / {Agu(t) + 8T(m — 1) — pg(m — 1):|dVg
b
fz hie*"dV, fz hadVy
=— [ |V ul?dV, + 87 — p2 — — (87 — p2) /e“dV
E/ s e T e, PP haedv, J

<C / 2DV, + C

Integrating this differential inequality, we conclude that

/ezu(t)dVg < eCt/eQU"dVg + e < O(T, ||uoll g (s))  for t € [0,T). (2.7)
b b
In order to estimate the average value of u(t), set
1
At) == {m ex: @t > 5 /e“(t)dVg}.
s

By Holder’s inequality and (2.7), it follows that

1
/euodVg — / "Wy, + / ey, < 5/ewdvgjLC(T, ol r2) | At)]3/2.

oY S\A(t) At) >
Therefore, there exists ¢y > 0 such that
todV,
or < JA()| <1, and |A( fz < / w(t)dV, < / e“ gy, .

Consequently, by Hélder’s inequality and (2.7), we have

(0] < 2\ A u®)lovaey +| [ uaVa| < VIZerlu®llacs, + OT Juollm).

A(t)
Combining this estimate with the Poincaré inequality, we deduce
lu@®)llzz < ellVu@®)le: + VI—crllu)lrz ) + C(T, uolla),
which implies
[u(®)llz> < ClIVu@)|z2 + C(T, luol[a1)- (2.8)
Finally, combining (2.6) and (2.8), and choosing e sufficiently small, we complete the proof. O

Proposition 2.5. Let u be the solution of (1.6) on [0,T) for some T > 0. Then there exists a constant
Cro = C(T, ||luo||g2(x)), depending on £, hy and hy, such that

lu(t)|| 2y < Cr2, V€ [0,T).
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Proof. By Proposition 2.4, it suffices to estimate ||Aju(t)| z2(s). To this end, we introduce the auxiliary
function v(t) = ag—gt)e“(t)/z. Then, by a direct computation we obtaln

1d 2 ou(t)
§£/<1+|Agu(t)‘ )dVg—/Agu(t)Ag( 0 av,
b b
o % hleu hge_u _15
_Z/(e t) = Srl g~ D+ el 1)y (e Fu(n)av,
1
== [V P, +  [v@?9,uPav, 2.9)
> )
8w u(t) 1
+ W e 2 (Vghl + hlvgu) (Vgl/(t) — ilj(t)vgu)dvg
- L/ ~% (Vyha — haV u) (V,u(t) — 1y(t)v u)dV.
To hoe—vdV, g gDV gtt) iV

By Lemma 2.3, Proposition 2.4 and the Moser-Trudinger inequality, there exists a constant Crp, such
that for all p > 1, t € [0,T)

1 1

pu(t) —pu(t)

Je e @av, oo @y, +/ s / ¢ dVy < Cr (2.10)
b b

Now, using (2.10) together with Hélder’s inequality and Young’s inequality, we can estimate the third term
on the right-hand side of (2.9) as follows:

8 /eugw
fz hievdV, J

2u gy 1 % 3
_C%(/lvghl + Y ult /|v V(1) — vV gu(t) dV, )
>

(Vghi + hiVgu(t)) (Ver(t) — %u(t)vgu(t))dvg

(2.11)
<Cr(1+ 9 gullus) § IVarlzncsy + ([ 0P V5uavy )
b

<V lace) ¢ [ PO 0PV, + Cor (14 [Vl sy),
b

where C¢r depends only on X, T\ ¢, |lug| g1 (). Similarly, we can estimate the fourth term on right-hand
side of (2.9). More precisely,

4 (Y hy — hoVgu(t)) (Vor(t) — %u(t)vgu(t))dVg

fZ h26 udV /

(2.12)
< €| Vorllizs) + 6/V(lf)zIVgU(t)IQdVg +Cer (14 [IVgulZas))-
3
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Combining (2.11) and (2.12), and choosing € > 0 sufficiently small, we simplify (2.9) into

1d 2 1
331 | (L1800 )V < =190 Olm + [ 195PdY + Cer(L+ Vyuliw):  (213)

2 P

On the other hand, by Proposition 2.4, Holder’s inequality, Calderén-Zygmund inequality and Gagliardo-
Nirenberg inequality, we deduce

/Vz(t)IVgU\QdVg < Cllv®) ez v @)l o)l g ) w2
z

(2.14)
< C(T, lluoll () IV ()| 22 () I )| 2 (2 1) 1225
< €(||V9VH%2(2) + ||V||2L2(z:)) + Ce,T||V||2L2(2)(||A9U(t)||2L2(2) +1),
and similarly
IVgullias) < Cllullm s lullazs) < C(T, uollms)) (1Agu®)lZ2s) +1)- (2.15)
Therefore, combining (2.13), (2.14) and (2.15) together, we obtain
d
@) (1+18guP?)dVy < O(T. fuolli ) (1 + [7132m) (1 + 1850l sy).
As a consequence, using the energy identity J,, (u(T")) — J,, (uo) fo fz 2evdV,dt and integrating in

time, we obtain

T
ou u
log (1 + ||Agul|%2(2)> < C(T, luoll g (sy) (1 + / (1+ ||§€2 H%Z(z))dt)
0

C(T, luoll () (1 + Jps (u0) = Jp, (U(T))> < O(T, [Juoll () -
This completes the proof. O

Proposition 2.6. Let u be the solution of (1.6) on [0,T) for some T > 0. Then there exists a constant
Crs = C(T, ||lug||c2+e(x)), depending on %, hi, hy such that

[u(®)llg2+a1+arzmxio,1)) < Cr3-
Proof. For the proof of this proposition, it suffices to show the following estimate:
u(z, t1) — u(y, )] < c(\m oyl — t2|%), for any z,y € 5 t1,t2 € [0,T), (2.16)

where |z — y| denotes disty(x,y) for simplicity. In view of (2.16), the classical parabolic Schauder estimates
(see, e.g., [19, Chapter 3]) yield the desired conclusion.

Now we prove (2.16). By Proposition 2.5, we have ||u(t)||g2(zy < Cry2, and by Sobolev embedding
theorem, there exists a constant Cy such that [|u(t)|co.as) < Cy for all t € [0,T). Therefore, it is enough
to prove

|u(z,t1) — u(z,t2)] < Clt1 — 2| forall a € X, t1,t2 €1[0,7). (2.17)
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(i) If t2 — t; > 1, then we have
’u(x,h) - u(%,tg)‘ < C’(T7 Hu0||H2(E)) < C(T, Hu0||H2(E))|t1 — tQ‘S. (218)

(i) If 0 < to — t1 < 1, set s = min{rg/2, /2 — t1}, where r¢ is the injectivity radius of ¥. Then, we have

1
) st )] = (/ | [ufa, 1) — u(e, 1)V, (y)

(2.19)

Z ‘ (y,ti )‘ N |u(y,t1) - u(y’tQ)’dVg(y),

tz — t1 ta — 1
Bu(z) *

where we used cs? < |By(z)| < Cs? on (¥, g) with constants C, ¢ > 0 depending only on (X, g).
Let us calculate the first term of the right-hand side on (2.19). By Holder continuity ||u(t)||co.«(x) < Ch,
we obtain that, for i = 1,2,

wlR

’u(m,ti) u(y, t )’ ’33 — y‘a sot2
< L. < < —1)®.
/ R dV, ( )< C / — dVg(y) < Ct2 3 S C(tQ t1) (2.20)
Bs(z) Bs(z)

For the second term, we obtain

to —t1 1 <t<ts
Bs(z) B

(2.21)

=

< CIB,@)[V2 sup ( /
t1<t<ts
B, (x)

g(y))

< O(T, |luollm2) (t2 — 1) %,

since [|Agu(t)|| g2, [|u(t)||pe < C(T, |uollg2) and [y hie*dVy, [ hoe™*dVy > ¢ > 0 by Lemma 2.3 and

Proposition 2.5. Combining (2.18)—(2.21), we obtain (2.17) and this completes the proof. O
We now complete the proof of the global existence.

Proof of Theorem 1.1. Suppose, by contradiction, that Ty < co. By the a priori estimates in Proposition 2.6,
the solution u(t) remains bounded in C?T%(X) up to t = Ty, and hence the short-time existence lemma
guarantees that u can be extended beyond Tj. This contradicts the definition of T as the maximal existence
time. Therefore, we conclude that Ty = oco. This completes the proof of the global existence and uniqueness
of solutions to the flow (1.6). O

3. Blow-up analysis

In this section we investigate the blow-up behavior of the flow (1.6). We choose a sequence of times
t, — oo (see (3.2)) and study the behavior of wu(t,). We determine the number of blow-up points on 3
and establish a uniform upper bound for the second (normalized) component (Proposition 3.5). We also
derive an energy lower bound in the blow-up regime. All normalizations and rescalings used for blow-up
subsequences will be introduced where they are first needed.

To this end, we extract a sequence t,, — oo along which the time—derivative term vanishes in a suitable
sense. Since J,,, (u(t)) is nonincreasing in ¢ (Lemma 2.2(ii)) and bounded from below, we have
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i 2
T ((0)) = lim J,, (u(t)) = / / %(t)] " v, dt < C. (3.1)
0%
Hence there exists t,, — oo such that
2
/‘83_1;“") et dV, — 0 asn — oo. (3.2)
)

For simplicity, set w, := u(t,) and introduce the normalized functions

0
uy = up — log/ hyet™ dVy, uy = —uy, — log/ hoe™ " dVy, fni= a—?(tn) eln/2, (3.3)
b b
With these notations, u,, solves
—Agu, =871 hie't — P2 hoe's — (8w — p2) — fn elin/? on Y. (3.4)
Moreover, the normalized functions u]' and f,, satisfy the identities
u” ull 2 ou 2 u
hoet Vv, = 1, hae dVy =1, | fulldage = ’E(tn) et dV, = 0, (3.5)
b b b
In particular, (3.5) shows that the time—derivative term is negligible as n — co.
Passing to a subsequence if necessary, we may assume that
81 hietl — 11, P2 hoe'? — po in the sense of measures on Y.

Define the singular set

= {z e T m{x}) + pa(fa}) > 4r).

Since p1(X) = 87 and p2(X) = pe, the singular set S is finite. In the class of stationary mean-field models
(including the sinh-Gordon equation and the Toda systems), it is well-known that S coincides with the set
of blow-up points

Sy :={z € X: Iz, — x with max(u](z,),us(x,)) = +oo}.

In our setting, the equation contains an additional time—derivative term. For the sake of completeness,
we include a proof that the identification S = S still holds in this case. We recall the Brezis—Merle estimate
[2], and also refer to [13] for the result on surfaces.

Lemma 3.1 (Lemma 2.7 in [15]). Let @ C X be a smooth domain. Assume that u is a solution to a Dirichlet
problem

—Agu=f inQ, u=0 on 0%,

where f € LY(Q). For every 0 < § < 4x, there is a constant C depending only on & and 0 such that

(4m — 6)|ul
exp |~ |dVy < C.
Q/ Py 1=
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As a consequence of Lemma 3.1, we first prove that u, — %, is uniformly bounded on every compact
subset of ¥\ S, and we then deduce that the singular set S coincides with the blow-up set Sj.

Lemma 3.2. (1) For x ¢ S, there exist a geodesic ball B%(x) C £\ S and a constant C > 0 such that
[un —nllLo (Y, (e)) < C foralln € N. (3.6)

Proof. (1) By Lemma 2.2 (i) and (3.5), we have || foe®/?||11s) < [l€“/?| 2y fullz2s) = Ifallzecs) -
1

(Je"dVy)? — 0as n — oo. Fix « ¢ S and choose R > 0 so small that Bf,(z) C ¥\ S. Then, by the

definition of S, there exists some 0 € (0,47) such that for sufficiently large n

ne%“" + 8rhie™ + pghge”g + 81 — po )dV, < 4w — 20.
g

Big(2)

Let (,, be the solution of a Dirichlet problem
AgGn = fne%% — 8rhie™ + pghge“g +8r —po in Bip(z), (=0 ondBiy(x).

Applying Lemma 3.1 to (,, we obtain that

4 — 0

Py 1 (3.7)

¢l oo, < e N Lepe, @)y < C, forp=

with C independent of n.
Set 1, = wp — Uy, — G- Then 7, is a harmonic function in B, (z), so we have

10l Lo (B8, (2)) < Clitmllisg, @) < Cllun = nllLis) + 16all L (82, )) < C (3.8)

From Lemma 2.2 (i), applying Jensen’s inequality, we obtain @, < e"r < [je'rdV, = [e"dV, < C.
Combining this with (37) and (38) yields ||6u" HLp(BgR(I)) < CH@'C"l ||Lp(B§/R(z)) <C.

Setting s = z% > 1, by Holder’s inequality, we obtain

/ | et degg( / |fn|2dVg)%( / ep“”LdV!])l_Q

BgR(QJ) BgR(z) BgR(I)

< C( / |fn|2dVg>5 — 0, asn — 4oo.
Bir(x)
Applying LP-estimates (see [20, Theorem 9.11]) and the Sobolev embedding, we deduce that {(,},en is
bounded in W?#(B%(x)) and L>(B%(z)). Thus, u, — U, = (, + 1, is bounded in L (B%(z)).
(2) First, we prove that S C Sy. If z1 ¢ S1, then there exist Ry > 0 and C' > 0 such that B%l (x1) C \S,

and max {e“?, 6“3} < C. For any 0 <r < Ry,
zEB%l (x1)

8 / hle”?dVg + p2 / hge“ngg <Cr? =0, asr—0,

Bg(wl) Bg(wl)

which implies that z; ¢ S.
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Next, it suffices to show that S; C S. Suppose zy ¢ S. By Jensen’s inequality and Lemma 2.3, we have

. . [ ewdy, ,,L . [ e~undy,
<ot < [entgy, = A2 o —n<u2</u2dV:279
r=et = Z/e 7 [y hievndVy — t2=€0 = J ‘ 7 [ hoemundV,

<cC. (3.9)

Then, by (3.6) and (3.9), it follows that for any x € B} (xg) C X\ S,

ulM(z) < e

< exp (||U? = U | o= (B, (20)) +ﬂ?) <C, i=12
Thus, o ¢ S;. We conclude S = 5;. O
3.1. Asymptotic behavior of a blow-up sequence (uf, uy)

We now study the asymptotic behavior of a blow-up sequence (u},u}) arising from (3.3). For ¢ = 1,2,
let 7 € ¥ be a maximum point of »}, and set

n

i (xy), =% /2, (3.10)

= maxul(z) =u
i o= maxu;(z)

Our analysis proceeds in two steps. First (Proposition 3.3), we show that blow-up is concentrated at a
single point and obtain global pointwise control in terms of the distance to this point. Second (Proposi-
tion 3.5), we prove a uniform upper bound for the second component uf on . We begin with the first
step:

Proposition 3.3. Let (uf,u}) be a blow-up sequence. Then, up to a subsequence, the following hold:

(1) ry/r} — o0, ¢ — 00 as n — oo and hyi(zg) > 0 where xg = lim z7;
n—oo
(2) There exists C1, independent of n, such that

ut (z) + 2logdisty(z,27) < C1, uj(x)+ 2logdisty(x,27) < C4, Vo € X. (3.11)
In particular, xq is the unique blow-up point, in other words, S = {xo}.

Proof. Proof of (1) We first prove that r%/r?" — oo. Suppose, by contradiction, that r5 < Cr} for some
C > 0. Taking a subsequence, we may assume that x — xo € S as n — co. Choose an isothermal coordinate
system near xo, which satisfies g = e¥(®)|dz|? and t(xg) = 0. Since S is finite, we can fix # > 0 so small
that xo = 0 is the unique blow-up point in Bz(0).

Set, for i = 1,2,

wi(z) == ul (x5 + riz) + 2logry x € By (0) C R2.
Then, wh satisfies, in By /5 (0) C R?,
—Awd () =pa(hoe?) (2l + ria)e™s — 8 (hie?)(xh + rix)e®t + (87 — p2)€w(x;+r§m)fcg
(3.12)

n n 1
+ (fe?) (@ + ria)er T 2GR petn |12,

where A denotes the Laplacian in the chosen coordinate.
By the definition of w} and r%, we have w3 (0) = 0. Moreover, by (3.5), there exists C’ > 0 such that
e, % < C’ on each fixed ball Br(0), and
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fn (@5 + 1y a) e D a0y < [ fallzagy = 0 for any R > 0.

By Harnack’s type inequalities (see [20, Theorems 9.20, 9.22]) and LP-estimates, {w} },en is bounded in
H} .(R?). Hence, up to a subsequence,

wh — wy  weakly in HE (R?), w} — wy in CF.(R?).
On the other hand, by Lemma 2.3, we have ||hie"" | 11(x), [|h2e""||11(x) > ¢ for all n € N, and thus
wy (z) + wy (x) < 4logry —log(|[hie" ||L1(syllh2e™ " || L1(x)) = —o0, (3.13)
uniformly on compact subsets of R2. In particular, wf* — —oco locally uniformly.
Taking the limit in (3.12) on each Br(0) (using e¥®@2+722) — 1 (h;e¥)(x} + r3x) — h;(20) uniformly,
the vanishing of the terms with e®t and e~ , and the L2-smallness of the fn-term), we obtain

—Awy = pg ho(zp)e®? in  R2 (3.14)

We distinguish two cases according to the value of ha(z).

Case (i) If ha(xg) = 0, then ws is harmonic in R?. Since e*? is subharmonic and e%2(0) = 1, the mean-value
inequality gives fBR(O) e®2 > 1t R? for all R > 0, hence fR2 e"? = oco. This contradicts Lemma 2.3 because

nin n n ~undy,
wy s Py +ryx)+w : u 1 fE € g
e =i [ et < [ e, = ST < 315)
R2 Br/rg (0) b
Case (i) If ha(zg) > 0, then from (3.14) we have
paha(xo) / €2 = py le (hoe¥) (28 + riz)evs @dy < le /pghze%ldvg = po.
Br(0) Br(0) =

By the classification in [8], paha(zg) [. €“> = 87, which contradicts the above inequality for R sufficiently
large. Thus, we have r% /r} — oco. Finally, ¢} — oo since ¢} > ¢§ and ¢} + ¢§ — oo.
Now we prove that hi(xg) > 0 where g = lim z}. Work in an isothermal coordinate system near xg
n—oo

(we will use the notation g = e¥(®)|dz|? again) and define

vl (x) == ui (xf + rix) + 2logrf, x € Bjpp(0) C R

K2

Then v} (0) = 0, and arguing as before, we obtain the analogue of (3.12) for v}, and v} — v; weakly in
H . (R?) and strongly in C{_(R?). Moreover, as in (3.13) (with r% replaced by r}'), we have v§ — —o0
locally uniformly in R?. Taking the limit in the rescaled equation gives

—Awv; = 8mhy(zo)e’t  in R (3.16)

If hy(xp) = 0, then v; is harmonic in R?, and using the same argument as in (3.15) we derive a contradiction
with Lemma 2.3. Thus, hq(z¢) > 0, and it follows from the classification result [8] that

vi(z) = —2log (1 + why(z0)|z[?). (3.17)

Proof of (2) Now we prove (3.11). We work in an isothermal coordinate system near zo = 0 € R? such that
xo is the unique blow-up point in Bs7(0) for some 7 > 0. By (3.17), there exists R,, — oo such that
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vt (y) +2loglyl < C, Vy € Bg,(0).
With a change of variables © = 7 + ]y, we can find I} — 0 such that {7 /r] — oo and
uf (z) + 2loglz — 27| < C, Vz € Bip (7). (3.18)
Assume by contradiction that

max  (uf(x) + 2log |z — z7]) — oco. (3.19)

i=1,2,|z|<F
Let ¢, € B#(0) be a point where the above maximum is attained, and define, for i = 1,2,
dn = %|qn - .Z‘;L|, Szn(x) = ’U’zn(x) + 210g (dn - |l‘ - in) in Bdn (qn)
Then SP'(x) — —o0 as © — 0By, (qn), while, as n — oo, it follows from (3.19) that

max S (qn) = max (ul(gqn) + 2logd,) > max (u}(gn) + 2log |gn — 27|) — 2log 2 — .

Let p,, be the point where max {S7,S57} is attained. We distinguish two cases comparing ST (p,) and
z€Bq, (gn)

Case (i) Assume ST (pp) > ST (pr). Then
ui (pn) + 2108 (dn — [P — anl) = ST (Pn) = max{S} (qn), S5(qn)} — +o0. (3:20)

Let I, = 5 (dn — |pn — qu|). For any y € By, (p,) and i = 1,2,

ui (y) + 21og (dy — [y — qnl) < uf(pn) + 2log(2Ly),
dn =Y = qn| = dn — [P0 — qul — [y = Pn| = ln,

(3.21)

hence
ul'(y) < ul(pn) +2log2, forallye By, (pn), i=1,2.

Define the rescaled functions @7 (2) := ul(pp +rn2) +2logry, i = 1,2, where r,, := e~%1(Pn)/2_ Then, by
(3.20) and (3.21),

ar(z) <2log2, forall |z| <l,/rn, i=1,2, and 71, —0, l,/r, — 0.

Moreover, @7 satisfies on By, /... (0) the rescaled equation analogous to (3.12). By LP-estimates and Sobolev
embedding, we obtain that @7 — ; in H? (R?) and @7 — @; in C2_(R?). Arguing as in (3.13), we have
AP 4+ @ — —oo locally in R?, hence @5 — —oo locally uniformly in R2. Taking the limit, we obtain

—Adiy = 8hy(z0)e™ in R?, (3.22)

since uf (pn) — oo and xy = 0 is the unique blow-up point in Bz(0). Hence, by (3.22) and the classification
result [8],

1=p /eﬁldy = lim / (h1€¥)(pn + rny)e™ Wdy = lim / hie"t ¥ dy.

R2 By, /2, (0) B, /2(pn)
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On the other hand, from (3.17) (the blow-up at z}) we have

1 = hy(zo) /e”ldy = lim / (h1e?)(z} + riy)e’ Wdy = lim / hie" i+ dy,

R2 Bip s2,7(0) Byn o (zt)

where we used I7/2r7 — oo.

Since uf(pn) + 2log|pn, — 2t > ul(pn) + 2log(2l,,) — C — oo, the inequality (3.18) implies p, ¢
Bz (gny. Moreover, by the definition of dp,l,, we also have z7 ¢ By, (pn). Therefore, for large n,
By jo(x7) N By, j2(pn) = 0, so combining the above integration identities derives a contradiction to the
fact that [, hie"1dV, = 1. Hence, Case (i) cannot occur.

Case (ii) Suppose that S%(p,) > S7"(pn). Then we define a7 (y) := ul’(pn + rny) + 2logry, i = 1,2, where
7y = e 42Pn)/2 Asin Case (i), by LP-estimates, we have that @4 — iy in H? _(R?), @} — iy in C2(R?),
and @y satisfies

—Aliy = pafae™ in R?  where 3 = lim ha(p,).
n—oo

By the same argument used for (3.14), we derive a contradiction. Hence, Case (ii) cannot occur.
Combining the above, we obtain (3.11) on Bg(xg). If there was another blow-up point &y # xg, then the
same blow-up analysis at Z( yields, for every é > 0,

/ hyett dVy—1 or / pahaet? dV, — 8.

Bi(Zo) Bj (Zo)

However, we already have fB;‘{(zo) hie"t dV, — 1, while Js hie"t dV, = 1 and Js pahaets dVy = py < 87, a
contradiction. Hence x( is the unique blow-up point.

Consequently, 7 and u} are uniformly bounded above on ¥\ B (x); This proves (3.11) and completes
the proof of Proposition 3.3. O

Remark 3.4. From the proof of Proposition 3.3, we also obtain a useful consequence: In contrast to the
blow-up behavior uf(z}) — oo, it holds that

uy — —oo, and gy = 8Mdy,,

where §,, is the Dirac measure concentrated at x. Consequently, Lemma 3.2 implies that, for any compact
subset K € ¥\ {zo}, uf — —oo uniformly on K.

In fact, using (3.16) and the classification result [8] (see (3.17)) in the proof of Proposition 3.3, we further
deduce that, for any 6 > 0,

8 = 87T/h1(x0)evldx = 8r lim h1e"dVy = 1 (Bf(20)) < 1 (¥) = 8.

n—00
R2 B{ ()

Hence 11 (B (xo)) = 87 for all sufficiently small §, which implies that p; = 87d,,.
To see U} — —oo, fix § > 0 so small that hy(z) > € > 0 on the annulus As := BY(x) \ Bg/2(m0). By
Lemma 3.2, there exists Cs > 0 such that

el /hldVg < C’(;/hle“?dVg —0 asn— oo.
A5 A5
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Since fAé h1dVy, > 0, we conclude that u} — —oo. O

Next, we focus on the second component u5. Recall that z] is the maximum point of ', with ¢! =« (z]),
ri = e~ /2. We work in an isothermal coordinate around the unique blow-up point zo = 0 (sog = e¥(®) |dz|?
with ¢(0) = 0), and set s, = |27 — z%|. Rescaling at the scale s,, around z%, define

wy () := uh (25 + spx) +2logry, wi(x) :=ul(xh + spx) + 2log s,.

Set also the unit vector &, := (2] — 25)/s, € 9B1(0) (so wj(0) = 0 = supwd). After passing to a
subsequence if necessary, assume &, — Zo € 9B1(0).

Proposition 3.5. The sequence vl is uniformly bounded above on X, i.e. there exists C' > 0 such that
ub(z) < C forallz € ¥ and alln € N.

Proof. Suppose that u} also blows up, i.e. ¥ — 0 as n — oo. Substituting = z into the inequality in
(3.11) for uf, we obtain |27 — 2%|/ry < C for some C independent of n. Taking a subsequence if necessary,
we may assume s, /ry — A € [0,00) as n — cc.

Before analyzing the functions wf, i = 1,2, we claim that s, /r?" — co as n — oo. To see this, suppose

not. Then, up to a subsequence, (x5 — x7)/r? — 29 € R2. As in the proof of Proposition 3.3 (see (3.17)),
we have

v (x) = uf (2] 4+ riz) + 2logr? — vi(z) = —2log (1 + why(z)|z|*)  in Cf(R?).

Since vy (z) is radially symmetric and strictly decreasing, u3(z} + rfx) = —v'(z) + const, the functions
ul (2 + ra) cannot have a maximum at x = (2 — 27)/r} for large n. This contradicts the definition of
xy. Hence, the claim holds.

Step 1. Asymptotic behavior of w}. We claim that wf — —oo locally uniformly in R? \ {Zg}.

Suppose not. Then there exist D, d > 0 such that max w} > cforall n € N. On the other hand,
:L’EBD(EU)\B(; (53(])

by the definition of Z,, = (2} — z%)/s,, we have w}(z) < C — 2log |z — &,|. Since &,, — Zo, for large n, we

have max w] < C. Hence, by Harnack type inequalities ([20, Theorems 9.20, 9.22]) applied on
2€B2p (Z0)\Bs/2(%0)

a compact subset K € Bp(Zg)\ Bs(Zo), there exists C independent of n such that min wy > —C.
z€Bp(&0)\Bs(Zo)

In particular, by the fact hy(zg) > 0, there exists ¢y > 0 independent of n such that

/(hlew)(mg + spa)e?T @ dz > 2¢0 > 0. (3.23)
K

Next, by the classification result (see (3.16)—(3.17)), there exists R > 0 such that 1 — ¢ =
hi(xo) fBR(O) e’tdz. By a change of variables, it follows that

1—¢€ = lim (hpe¥)(z? 4 rT2)e’t @dz = lim / (h1e¥)(x} + spx)e™t @ dz. (3.24)

n— o0 n— oo
Br(0) Brrg o (&n)

Since s,,/r{ — 00 as n — oo, the sets Bryu /s, (T5,) and K are disjoint for large n. Combining (3.23) and
(3.24), we then obtain that, for large n,

1= /hle"?dvg > / (h1e¥)(x} + spx)e™ @de > 14 ¢ > 1. (3.25)

% BRT?/Sn("E")UK
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It is a contradiction. This completes the proof of the claim.

Step 2. Analysis of the PDE for w}. First, by the definition, wj(x) < 0 and w4 (0) = 0. We also note that,
in the isothermal coordinate around xo = 0, the rescaled function wy satisfies, in By, (0) C R?

n 2 n
—Awl () =pa(hoe?) (2} + spx)e @) (i—g) — 8m(hye?) (ah + spax)ett @
2

(3.26)
n n l
+ (81 — po)e?TET I 4 (fre?) (@ + sp2)e O 2sp et || 7 )

Fix an annulus Ag 5 := Br(Zo) \ Bs(Zo) with 0 < § < R < co. By Step 1, w} — —oo locally uniformly on
R2\ {Zo}; hence (hie¥)(z} + s,z) €1 (@) — 0 uniformly on Apgs. Since || f,|/r2(z) — 0 and [; e = [, e,
we also have

n 1 2
/ ](fnew)(xg +spw)e ™ sy [hye |2, 5| = 0.
Br(Z0)\Bs(Z0)

Moreover, by s,/ry — A € [0,00), the remaining terms of the right-hand side of (3.26) are uniformly
bounded in L?*(Ag.s).

By the Harnack type inequality and LP-estimate, the sequence {w4} is bounded in H? (R?\ {Zo}). After
passing to a subsequence, we see that wh — wse weakly in H? (R?\ {Zo}) and strongly in C{*.(R? \ {Zo})
for some « € (0, 1), where wq satisfies

AU)Q + A2p2h2(£€0)6w2 =0 in RQ \ {ﬂ?o}
Applying the LP-estimates again, we obtain that w} — wo strongly in HZ _(R? \ {Zo}).

It now remains to show that w, satisfies the equation in Bj(#y) C R2. To see this, we decompose
wy = w," + wy, where the singular part w} solves the Dirichlet problem

Aw? = 8(hae?) (a3 + sn0)e™ — (fue?) (@3 + suw)e™ 2s,llhact | £y gy in Bi(do),
wy =0 on 9B1(Zo).

By Cauchy-Schwarz inequality and (3.5), we have that

/ frulxl + snx)snew?(x)/de < CllanLQ(z)(/ e”odVg)% 0.
Bi1(&0) b))

Moreover, by Step 1, we have
hy (2 + spa)e®t @) —~ 55
in the sense of measures.
By potential estimates (e.g. [20, Lemma 7.12]), the sequence {w”},cn is bounded in WP (B;(ig)) for
any 1 < p < 2. Hence, taking to a subsequence, we may assume that w? — ws weakly in Wol’p(Bl (Zp)), and

Aw, = 8710z, in R?

in the sense of distributions. Consequently, w,(x) = 4log |z — Zo].
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Now we characterize the regular part w)’, which satisfies the following Dirichlet problem:

5
~—

{A“’f = —pallhac) @} + su)e" (33)? - (87— po)etHNISEin B ()

’LU,,T,L — wgl on 8B1 (Li‘())

2 (R2\{Zo}) near 0B (), applying standard elliptic estimates, we obtain
that w? — w, in H?(B;(%g)) and w, satisfies

Since w4 < 0 and wf — ws in H?

Aw, + A%pohy(x0)e®? =0 in By(Zo), w,=ws on dB;(¥).
Thus, wy = w, + 4log | - —F¢| satisfies the following equation in distribution sense
Awsy + A2p2h2($o)€w2 = 871'5530 in R2. (327)

We distinguish two cases according to the limiting coefficient:

Case (i) When A2hy(z¢) = 0. Then (3.27) reduces to Awy = 87 §;,, hence wy is harmonic on R? \ {&}.
By construction we < 0 and wy(0) = SUpPR2\ 7,3 W2 = 0; hence by the strong maximum principle wy =0 on
R?\ {Z0}, which contradicts Awy = 87 dz,.

Case (ii) When A2?hg(zg) > 0. We rewrite (3.27) into

— Aw,(x) = A*paha(o) | — o[ ™ in R?,

~ wy w : Tg uly f _undv
[l ateer = [ < G [esiav, = 5t 5T <o
R2 R2 b

By the classification result in [43], it holds that A%paho(xo) [gs |v — Zo|*e*r = 24w. Therefore, we can
choose R > 1 and 0 < § < 1 such that A%psha(xo) fBR(O)\Bg(i'(]) |z — Zo|*e®r > 8m. However, this leads to
a contradiction:

2
8T < pg lim S: 5 / (hge”’)(mg + spx)e wz () < pg/hge“;dVg = po < 8.
n—o0 r2)
Br(0)\Bs(Zo) by

Both cases lead to contradictions, hence u% is uniformly bounded from above on ¥. This completes the
proof of Proposition 3.5. O

Now we can describe the global weak limit of the sequence u,, — @,. The next proposition identifies the
limiting profile as a Green function plus a smooth correction, which will be the key input for the lower
bound.

Proposition 3.6. For any 1 < p < 2, u, — U, + w, converges to Gy, weakly in WHP(X) and strongly in
loc (Z\{xo}) where Gy, is the Green function in (1.8) with p = o, and w,, is the solution of the following
equation

hoe™Un
2

In addition, up to a subsequence, wy, — Wy, in CL*(X) for some constant 0 < a < 1, where wy, satisfies
the singular mean field equation (1.10) with p = xq.
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Proof. Observe that u, — @, + w, solves

h1 eln

lun
8T(m — ].) — fn€2 on > (329)

A (un — U, + wn) =

By Remark 3.4 and (3.5), we have hie/ [ hie“dVy — 6, in the sense of measure, and (| fre2tn s <
| fallz2s) (s e“OdVg)% — 0, as n — oo. Consequently, by the potential estimates, u, — U, + w, — Gg,
weakly in WP (X) for any p € (1,2).

On the other hand, by Remark 3.4, u,, = —oo uniformly on any compact set K € X \ {x¢}. Therefore,

h Un 2
/’Sﬂ—fhllc+"d‘/ — fne%“" dVg < C”an%z(E) —0 as n— oo.
b g9

This estimate, combined with standard elliptic regularity theory, yields the strong convergence in I/Vlif (X\
{zo}).

Finally, Proposition 3.5 implies the boundedness of e~%n/ fg hoe™*dV,. Applying elliptic regularity
theory to (3.28), we conclude that {wy},en is bounded in W24(X) for every q € (1,00). By the Sobolev
embedding theorem, it follows that w,, — w,, in C1*(X) for some a € (0, 1). This completes the proof. O

3.2. Energy lower bound in the blow-up regime

We are ready to establish a lower bound for the energy functional J,,(u,) along the blow-up sequence
Uy. This will be important in Section 4, where we select initial conditions that prevent blow-up and show
that the flow converges to a solution of the stationary problem (1.1).

Recall that, for p € 3, '), denotes the set of solutions to the singular mean field equation (1.10).

Proposition 3.7. Let u,, € H?(X) be a blow-up sequence. Then

lim J,,(u,) > inf inf {J,(w,) — 47 A(p) — 8mlog hi(p)} — 87 log T — &, (3.30)

n— o0 pEX wyely

where G, is the Green function in (1.8), A(p) is the regular part of G, defined in (1.9), and jp is the
functional (1.11) for the singular mean field equation (1.10).

Proof. Recalling the definition of the energy functional J,, and the definition of u} in (3.3), we have
1 _
I o () = 3 / |V gul2dVy — p2 log/hge_“"'+“”qu + 8nuy. (3.31)
) b

In order to compute the second term in (3.31), we claim that a sequence (—u,, +%,,) is uniformly bounded
above. If not, then by (3.6) and the fact that S = {x¢}, there exists a sequence of points y,, — x¢, such that
—Un(Yn) + Up — 00. On the other hand, by Lemma 2.3 and Remark 3.4, we know that @] — —oo, while
fz hie“rdVy remains bounded. Hence, %,, = u7 + log fz hie""dVy — —oo. This implies that w, (y,) — —oo,
as n — oo. However, by Proposition 3.3, x¢ is the unique blow-up point of u}. Since fz hie*ndVy is bounded,
we conclude that w,(y,) — oo as n — oo. The two conclusions contradict each other, and therefore the
claim is proved.

With this claim, we can compute the second term. By Proposition 3.6, we know that w,, —u, +w, — Gg,
in C2.(X\ {zo}), and w,, — wy, in C*(X). Hence, for sufficiently small § > 0, we obtain



Q. Fei et al. / J. Math. Anal. Appl. 562 (2026) 130682 23

lim [ hoe ¥ tindV, = hae Crotz0qV. + 05(1) = [ hoe Crot®20qV, + 05(1). 3.32
g g g

n—00
by S\ B (z0) =

We next compute the first term in (3.31). To this end, fix an isothermal chart ¥ : Bz(0) — X with
T(0) = 29 and g = e¥@|dz|?. Set x,, := x} and 7, := r as in (3.10), and choose 0 < § < 7 < Rr; ‘7. All
balls are taken in the chart and then pushed forward by W; for brevity, in the remainder of the proof, we
write B,.(z,) both for the Euclidean ball B,.(¥~!(x,)) C R? and for its image (B, (¥~ (x,))) C ¥. With
this convention, we decompose ¥ = Bgy., (2n) U (Bs(#n) \ Brr, (2)) U (2 \ Bs(zn)).

Near the blow-up point z¢, considering the rescaled solution v} in Proposition 3.3, we obtain that

1 1 dhy(
lim = / \Vul2dV, = = lim / |Vl ?da —7'('/‘ mha(@o)r ‘
n-r00 2 ‘ 2 n— mhy(z0)r? + 1 (3.33)

Brr, (€n) BR (0)

= 8mlogm — 81 + 16w log R 4 8w log hy (o) + or(1),

where or(1) — 0 as R — oo.
For the domain X\ BY(z,,), i.e. away from the blow-up point zy, Proposition 3.6 together with the identity
J5 VgGayV gwa, dVy = 8wy, () yields

1 1
lim / [Vgut[dV, = li_)m B / Vg (tn = Tn + wy) = Vgw,[*dV,
n—oo

n—o0 2
: E\Bs(zn) 1 E\Bs(zo0) (3.34)
=5 / |V ywa, [2dVy + 3 / V4G |2dV, — 87wy, (0) + 05(1).
= S\ Bs(wo)

Integrating by parts the second term of (3.34) and using the local expansion (1.9) (with p = x), we obtain

1 1 .
VG |2V, = -3 / (AyGay)GaydVy — 5 / ag %G,y dS,
£\Bs (o) S\ Bs (w0) dBj(x0) (3.35)

N | =

= —16mlog d + 4w A(xo) + 0s(1),

where 05(1) = 0 as 6 — 0.
For the neck domain, we compare w, with harmonic functions (see [30,47]). Define the spherical mean
u) of u, by
27
* 1 n 0
ur(r) = — [ ul(z, + re*?)do.

2
0

Then v} and ) satisfy the following inequality (e.g. see [28, inequality (3.4)])

ou? |2
* 2d < / 1
/ [Vur |“de < 0

B:\B, B,\B,

dx.

Let @} be the harmonic function on the neck domain with boundary conditions @) (r) = w)(r) for r = §
and r = Rr,. Then it satisfies the following inequality (e.g. see [30, equation (31)])

2
1 1 w(6) —ur (Rry,
I LR T B AT U r(ld) - wa(Bro)

log & — log(Rry,)
B} (zn)\B&,,, (¥n) B} (xn)\Bh,., (z7)
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Define 7, := u(6) —uk (Rr,,)—uf —2log ry, and u} —uf +w, — Gy, in Cf (E\{zo}) from Proposition 3.6,
we obtain that

lim (u},(Rr,) 4 2logr,) = —2log (mhi(z0)R?) + or(1),

n—oo

(3.36)
nh_)rrgo (u:(5) — ﬂ’f) = —4logd + A(zg) — way(x0) + 05(1),
hence
Ty — 4log§ + A(xo) — Wy, (zo) + 2logm + 21log hy(z) + 05(1) + or(1) asn — oco. (3.37)

Since U} — —oo and 1, — 0 as n — oo, by straightforward calculation (e.g. see [30,47]), we obtain that
for large n,

(wh(8) —uf(Rra))®  w(mn + @ + 2logr,)’ (1 _logR - log5)—1

logé — log(Rr,) —logry, —logry,
§ W(Tn+ﬂ?+210grn)2(1+10gR—10g5 A )
- —logr, —logr, (logrp)?
uy (2 [ T 2. R (3.38)

> —rlogr, (2 — —2 — 8 — 277, (2 L 2 L ) log =
= TmoeT ( logrn) T (24 logrn)—HT( + 1ogrn) °8 0

277@?7312 og R n wA (2+ ut )2 2w A'T, L u

(logry,) 0  —logry, log 1y, —(logry,) log 1y,

+or(1) 4+ 0s(1) + 0n(1).

Since J,, (u(t)) is decreasing with respect to t, letting n — oo, we must have @} /logr, — 2. Indeed,
if this were not the case, then as r, — 0 and @} — —oo, the first term —mlogr,(2 — lozlr )2 and the
second term —87u} in (3.38) would dominate all the remaining terms. Moreover, combining (3.31)—(3.38),

we obtain

a5n

TN
Jpy () > —mlogry, (2 _ loglrn) (14 0,(1)),

since the contribution of 87} in J,, (u,) is canceled by the second term on the right-hand side of (3.38).
This contradicts the boundedness of the energy J,,(uy). Therefore, we conclude that @y /logr, — 2.
Substituting lim @} /logr, = 2 and the expression of 7, from (3.37) into (3.38), we derive the inequality
n—oo

over the neck region:

1
3 / |V ult|?dV, > — 167 logr, — 87 A(z0) + 8Twy, (z0) — 167 log 7
Bé(xn)\Ban(xn) (3.39)
167 og b1 (z0) — 167 log = + O(——)
T 10g Ny (T 7 10g s IOgT‘n .

Finally, combining (3.31)—(3.35) and (3.39) together, and letting n — oo first and R — 00, § — 0 next,
we obtain the desired lower bound (3.30). This completes the proof. 0O

4. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. Guided by the limit profile in Proposition 3.6 and the energy lower
bound (3.30), we construct test profiles whose energy lies strictly below the barrier level. This provides initial
data for which blow-up is precluded and the flow converges to a stationary solution.
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4.1. Construction of a sub-barrier test function

Define the energy barrier level

L, := inf inf {jp(w) — 47 A(p) — 8w log hy (p)} — 8 logm — 8,
peEX werly,
where Ty, is the solution set of the singular mean field equation (1.10). Thus L, is the barrier below which
blow-up cannot occur by (3.30).
We first show that the infimum is attained by a minimizing pair with py € X and wp, € I'y,.

Proposition 4.1. Let I'), be the solution set of the singular mean field equation (1.10), then there exist pg € ¥
and wp, € 'y, such that

Joo (P0) — 4 A(po) — 8mlog h (po) = inf inf, {Jp(wp) — 4mA(p) — 8 log hi(p)} - (4.1)
Proof. Let (py,wp,) be a minimizing sequence of L,, and up to a subsequence, we may assume that
Pn — Po € 2.

Define &, := wy,, — Gy, —10g [5, ho exp(—Gp, + wp, )dV,, and substitute &, into (1.10). Then &, satisfies
a singular Liouville type equation

— A&, = pahae — py — 81(8,, —1) on X, / esrdv, < C. (4.2)
b

We claim that the sequence {&,},en is uniformly bounded above. If the claim is true, consider the
following equation that w), satisfies

—Agwp, = pahaes™ — py on X, /wpndVg = 0.
5

By standard elliptic estimates, we have that {w,, }nen is uniformly bounded in H'(X). Moreover, by
LP-estimates, {wy,, }nen is uniformly bounded in W2P(X) and, up to a subsequence, wy,, — w,, in C1(X).
Therefore, the pair (pg, wp,) attains the infimum.

Now it only remains to prove the claim. We first note that, for each n € N, by standard elliptic estimates,
wp, € W2P(X) and max w, (z) < o0, and it follows that max &n(x) < 0o. The remaining point is to show

TE S

that this upper bound can be chosen uniformly in n. To the contrary, suppose that max n(x) :=Enlyn) —
rE

oo. Taking a subsequence, we may assume ¥,, — yo. Pick an isothermal coordinate system centered at vy,
such that g = ¥ (dz? + dz}) and ¢(0) = 1. Set 7, := exp(—&n(yn)/2) — 0.

We distinguish two cases according to the relative position of p,, and y,:

Case 1. |p, — yn|/rn — 0. Define the rescaled function ¢, (z) := &, (rnz + yn) + 2logr,. By standard
(R?) and strongly in C2_(R?), and 1) satisfies

blow-up analysis, we may assume that 1,, — 1 weakly in H? i

loc

—Ar2¥(y) = paha(yo)e?™ in R?, /hz(yo)ew(”dy <1, /e’”(y)dy < 0.
R2 R2

If ha(yo) > 0, this contradicts the classification result [8] since ps < 8. If ha(yo) = 0, then 1) is harmonic,
and it contradicts the fact that [p, e?Wdy < oo,

Case 2. [p, —yn|/rn — A € [0,00). We define the rescaled function ¢, (x) := fn(|pn —yn|x+yn) +2logry,.
By the arguments in Proposition 3.5, we have that v, — ¢ weakly in H? _(R?\ {Zo}) and strongly in
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C(X

loc

(R2\ {Zo}) where Zg := lim, 00 (Pr. — Yn)/|Pn — Yn| € R?\ {0}. Therefore, 1)(z) < 0 and 4(0) = 0.
Moreover, by the elliptic regularity theory, v satisfies

—Ar2t(y) = Anghg(yo)ew(y) — 8mdz, in R2, /hg(yo)ew(y)dy <1, /ew(y)dy < oo0.
R2 R2

If A%hy(yo) > 0, then this contradicts the classification result in [43]. If A%ha(yo) = 0, then it contradicts
the maximum principle.

All two cases lead to a contradiction. Thus, the sequence &,, must be uniformly bounded above, and this
completes the proof of the claim. 0O

Remark 4.2. For each p € X, the functional
Jy(u) = %/\Vgu|2 dVy — p2 log/ hy e~ Cret dV,
b b

admits a uniform lower bound, independent of p, i.e. there exists C' > 0 such that .J,(u) > —C for all
p € ¥ and all v € HY(X) with fzu = 0. Indeed, in an isothermal coordinate centered at p, one has
e CGr vt ﬁp(x) with ﬁp smooth and strictly positive; by compactness of ¥ and smooth dependence on p,
the weighted singular Moser—Trudinger inequality (see [4]) holds with constants uniform in p. In particular,
any minimizer w, € I', satisfies jp(wp) > —oo uniformly in p.

By Proposition 4.1 there exists a minimizing pair (pg, wp,) such that

Jpo (Wpy) — 4w A(po) — 87 log hy (po) = Helg 1212’ {jp(w) — 4w A(p) — 8mlog hi(p)} < oo.
P welp

Hence —8wlog hi(pg) < oo and therefore hy(pg) > 0.

With the minimizing pair (po, wp,) from Proposition 4.1 in hand, we construct a sub-barrier test function
. with o, (&JG) < L. Unlike [13], Proposition 3.6 shows that u, — @, — G4, — wy,; motivated by this
decomposition, we construction a function ®. centered at pg and subtract wy,.

We work in normal coordinates (r, ) centered at py and we will repeatedly use the standard expansions,
uniform in 6:

G, (2) = —4logr + A(pg) + b7 cosf + byrsin @ + O(r?), (4.3)
v, = (1 _ Elpo) %’90) r? + O(TS))rdrdH. (4.4)

For 0 < ¢ < 1, we define &, := &, — Wp,, where @, constructed in [13] is given as follows:

—2log (r2 + e) + b17 cos 6 + barsin 0 + log e, r € B, /(po),
2
®, == { (Gpo —1B(r,0)) — 2log (“a—“) — A(po) +loge, € By e(po)\Baye(po):  (4.5)
Gy — 210g (2251) = Alpo) + loge, & € D\ By e (o).

Here n € C§°(Baq/e(po)) satisfies n = 1 in B, z(po) and |Vyn| < C/(av/e), and a = a(e) > 1 is chosen so
that ate = 1/log(—1loge) — 0 as € — 0.
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Proposition 4.3. Suppose that 87 — 2K (x) + Agloghi(x) — p2 > 0 for all x ¢ hi*({0}). Then, for e small
enough, the following inequality holds:

Jp, (®e) < ;gg uxiréfll,, (Jp(wp) — 47 A(p) — 8w log hl(p)) — 8 logm — 8w (4.6)

where T'), is the solution set of the singular mean field equation (1.10).

Proof. By substituting the test function @, into the energy functional Jp, in (1.7), we obtain that

~ 1 1
Ty (Pe) :§/|vg¢'e|2qu+ §/|ngpo|2dvg _/V!Jq)evgwpodvg _87r10g/h1€(¢67wp°)dvg
bl o) bl

> (4.7)

— p2 1og/hge*(q’f*w1’0)dvg + (87 — p2) / o.dV,.
b s

Using the expansion of G, (r,0) in (4.3) together with the identities in [13], the ®.—only part can be
computed as

1
5/|vg¢e|2dvg+8ﬂ/@edvg787r10g/h16‘1>6*“’podvg
b ) )
K(po) | bt + b3 (4.8)

= — 87 — 8rlogm — 4w A(po) — 8mlog(hye™ "0 )(po) + 1672 (1 - S
7r T

Ag(hie™"»0)(po) n (k1b1 + kabo)

8mhie™"ro (po) 4mhie %ro (p()) ) ) 6(7 log 6) * 0(6(7 log e))’

where (k1, k2) := Vg(hie ™70 )(pg), and

241 241
/@edVg =loge — 2ma’elog (a —5 ) — 2melog (a2 + 1) — A(po) — 2log (a _g )(1 — ‘Ba\/gl)
5 ¢ ) (4.9)
+ O(a*e® log(a®e)).
Moreover, we have
/ngﬁevgwpodvg :/ngmvgwdeg + 2pamelog(a® + 1) + O(e), (4.10)
¥ b
—(®e—wyy) o +1 G, 4w 4.3
log [ hoe "< "ro/dV, = —loge + 210g(7) + A(po) +1og [ hoe” “roTWrodV, + O(a€”). (4.11)
b b

Substituting (4.8)—(4.11) into (4.7) and using [y V Gp,V gwy,dVy = 8wy, (po), we obtain

- - 1
Jpy (Pc) :(Jpo (wp,) — 4mA(po) — 87 log hy (po)) — 8rlogm — 8w — 16#2(1 - EK(pO)

+ bf + b3 4 Ag(hie™"m)(po) k1b1 + kabo
8w 8mhie™"ro (pg) dmhie"ro (po)

(4.12)

) -e( —loge) + o(e(—loge)).

We now analyze the coefficient of ¢(—loge) in (4.12). Using the fact Ajw,,(po) = p2 (from (1.10)), we
deduce that
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b? + b2 N Ay (hye="r0)(po) k1b1 + kaby )

1
— 16 2(1 - —K
T 4 (po) + 8 8mhye~%ro (py) drhye™ v (po)

Aghl |Vghl|2
- >|w—po (4.13)

:—27T(87T—2K —p2—|—z b1-|- l ))2_|_ P -
1

e—wm (IL‘
2
_—27r(87r—2K(p0)+A log h1(po) p2+Z T(po)) ><0’

where the strict negativity follows from the assumption 87 — 2K (z) + Agloghy(x) — p2 > 0 for all = ¢
hi*({0}) since hy(po) > 0 by Remark 4.2.
Therefore, substituting (4.13) into (4.12) and using Proposition 4.1, we conclude that

T (®) < (jpo(w,,o) — 4w A(po) — S7log hl(po)) — 8rlogm — 87

= inf inf {J,(wp,) — 47 A(p) — 8mloghi(p)} — 8mlogm — 8.

pEX wyely,

This completes the proof of Proposition 4.3. O
4.2. Convergence to a stationary solution

In this subsection, we are now in position to complete the proof of our main theorem. In particular, we
shall prove the existence of a solution to (1.1), provided the initial data wug is chosen suitably.

Proof of Theorem 1.2. Let ®,, as defined in Proposition 4.3, be the initial datum of the flow. Using the
monotonicity of the flow together with Proposition 3.7 and Proposition 4.3, the sequence {u,,} does not blow
up. By Lemma 3.2 together with standard elliptic estimates, we conclude that {[|uy||r~(s)} is uniformly
bounded. Hence, up to a subsequence, u, — us weakly in H?(X) and strongly in C%(X) as n — oco. In
particular, the limit uo, satisfies the mean-field type equation (1.1).

Now it remains to prove the convergence of the flow. Using the estimates in Section 2, we first prove the
boundedness of {||u(t)||c2.«(x)} Then, by a standard argument in parabolic theory, we show that u(t) — e
in L?(X) sense. Finally, applying the Arzela-Ascoli theorem yields that u(t) — .. in C?(X). Thus, the proof
is completed once we establish the boundedness of {||u(t)||c2.a(s)} (Step 1) and the convergence L*(X) (Step
2).

Step 1. To the contrary, we suppose that there exists a sequence t,, — oo such that [|u(t,)|c2.ex) — oo.
For a fixed T' > 0, by (3.1), we can choose a sequence s, — oo such that

Ou(
t, —T < s, <t,, and /‘ u(sn) “(S”)dV
TL—)OO

Since Jp, (ug) is less than the lower bound in Proposition 3.7, the sequence u, := u(s,) does not blow
up. Applying the results in Section 3 to u(s,) (see Lemma 3.2 (2)), we obtain

ul = u(s,) — 1og/h16“(s")dVg, Uy = —Up — 1og/h26_“(8")dVg <C on %,
v s

for all n € N. Moreover, since fz: hle“(t)dVg < C for all t > 0 (see Lemma 2.3), applying the LP-estimate
for elliptic equations to (3.4), we obtain the boundedness of {||u(sn)||z2(x) }-
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By Proposition 2.5, we deduce that |u(t)||g2(s) < C for all t € [s,,, s, +2T) and n € N. In addition, by
the arguments in the proof of Proposition 2.6, we have

||U(95,t)||cw/2(2x[smsn+2T)) <0,

uniformly in n € N. Then, by the Schauder estimates for parabolic equations, we have

||u(m7 t) ||C2+a’1+a/2(2><[Snvsn"l'QT)) S C’

and it contradicts the assumption for ¢,,. This completes the proof of Step 1.

Step 2. First, we observe that the energy functional .J,, : H'(X) — R is analytic and .J), (H*(X)) C L*(2).
Moreover, for any critical point ., € C*(X) of J,,, the second derivative J//, (us) : H'(X) — H™(2) is
a Fredholm operator with index 0. By Lojasiewicz-Simon gradient inequality (see [18, Theorem 2]), there
exist constants Z € (0,00), o € (0,1] and an exponent 6 € [3,1), all of which are fixed by the structure of
J,, and the critical point u., such that for all u € H?(X) with |[u — || gr2(z) < o, we have

6
Z| T, (1) = Ty (o) | < 15, (W)l 2(x).-

Since uy, = u(t,) — U, we can apply this inequality to the flow u(t) for t € [t,,, T], where [[un —ucol|/22(x) K
oand T :=inf {¢t > t, : |[u(t) — usc|z2(s) > o}. Then it follows that

d 2

1)) — T (10)) '™ = (1 0) (U ((0) — Ty 1)) 7 022D

ot

L2(2)
du(t)
ot

)

> cl1-0)|
L%(Z)

for some ¢ > 0. Consequently, for s € (¢,,T), we obtain

1 1-6
L) dt < (:(1——9)(Jp2 (u(s)) = Jpy(uce)) -

[u(s) = utn)ll2(z) < /S Hag—gp

du(t)
ot

Choose n sufficiently large so that T’ = oo and [, ‘

o) dt < oo. This completes the proof of the
convergence in L2(¥). O
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