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Abstract

We prove a representation formula for superharmonic functions on the half-space Rﬁ =
RN=1x]0, +-00[. As a consequence, we derive some comparison principles and various
positivity results.
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1 Introduction

Letu € L ll oc (RN ), N > 3, be a nonnegative superharmonic function, namely,
—Au=p, u=0, in D'RY), (1

here 1 is a positive Radon measure.! From the Riesz representation theorem (see [ 1, Corollary
4.4.2]) it follows that u is given by

u(x) :l-i—/ I*(Vdu(y), fora.e.x €RN, )
RN

where I'* (y) is the fundamental solution of —A (see (69)) and [ = inf u.

The assumption of boundedness from below of  is crucial for the validity of (2)2. There-
fore, finding sufficient conditions that ensure the positivity of a superharmonic function is
an important and natural question. An answer to this problem is provided in [6], where the
authors demonstrate:

Theorem 1.1 Let N > 3 and letu € L' (RN) be a superharmonic function. Let . = —Au

loc

andl € R. Then (2) holds if and only if

lim inf 1 lu(y) —Il|dy =0 fora.e.x € RV. (R)
R—+00 RN R<|x—y|<2R

The ring condition (R) also plays a role in the representation theorem related to distribu-
tional solutions of L(u) > 0, even when L is a higher-order operator, either homogeneous
or non-homogeneous (see [6, 7]). Representation theory has also been studied for problems
stated in non-Euclidean settings (see [4, 8], and [10]). Further generalizations to smooth
solutions of problems associated with general second-order operators L(«) > 0, have been
studied in [8], where the role of (R) is played by special means modeled on the fundamental
solution of the operator L.

One purpose of this paper is to study superharmonic functions on the half-space ]Rﬁ =
{(x1,...,x5) € RY, xy > 0} where N > 2, and related representation formulae. Addition-
ally, we will prove some comparison principles (see [9] for some Liouville theorems). Here,
we will focus on problems in the half-space RY; the more general case of a cone in RY will
be addressed in a forthcoming paper.

It is well known that for nonnegative superharmonic functions in the half-space RY, the
following Riesz representation theorem holds. See Corollary 4.4.2 and Theorem 4.3.8 in [1].

Theorem 1.2 (Riesz representation) Let u be a distributional superharmonic function in Rﬁ ,
that is —Au > 0 in D’(Rf). If u > 0, then there exist a positive Radon measure pu on Rﬁ
and a positive Radon measure v on B]Rﬁ together with a constant h > 0, such that

u(x) = hxy —I—/ K*(y)dv(y') + f G (y)du(y) fora.e.x € Rﬁ. 3)
RY RY

IRY +
Furthermore,
—Au=p on Rﬂ\r/ in the distributional sense.

I As usual, by a positive Radon measure, we mean a regular Borel measure which is positive and finite on
compact sets.

2 Since we aim to represent # by means of (2), and the integral in the right-hand side is nonnegative, the
function u must necessarily be bounded from below. Moreover, / = inf # must be finite for (2) to make sense.
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Here K and G are the Poisson kernel and the Green function of —A on R_’X respectively (see
Appendix A for more details).

Even in the context of problems in a half-space, the question of the nonnegativity of
superharmonic functions arises.

Throughout this paper, unless otherwise specified, we will assume that ;. and v are positive
Radon measures on Rﬁ and on aRﬁ = RV~! respectively. Our research will focus on the
differential equation,

—Au = on ]Rf,
“
u=v on dRY,
and on the differential inequality
—Au > on RY,
(&)
u>v on BRK.

As will become increasingly evident as we proceed, when studying problems in Rﬁ , the
role of the ring condition (R) for the problem (1) in the whole space R”, in Rf it is played
by the following weighted ring condition:

there exists h € R such that

o (R™)
hmmfi/ ynlu(y) —hyy|dy =0, fora.e x € RY,
R>o0 RV¥2 Jiy o ojn(r<lv—yl. <2R)

where ||, is the cylindrical norm defined by,
x| = (X, x| 1= max{|x[, [xn}. (6)

To understand why we introduce the condition (R™), we first note that for the problem
(1), the solution u is not unique. Indeed, adding a constant to u, yields a different solution.
This non-uniqueness also applies to problem (4), where a linear term like hxy, & € R, can
be added to a solution to produce another solution. This explains why the correction hyy
appears inside the integral in (R™).

The presence of the weight yy in (R™) is instead motivated by the behavior of the Green
function of —A on Rf, indeed, G*(y) ~ C;vayN|x — |7V as |y| — oo (see Proposi-
tion A.1), so yy is the natural weight for controlling the Green potential at infinity. Moreover,
the necessity of the weight is confirmed a posteriori by Theorem (B), which shows that (R")
is not only sufficient but also necessary for the validity of the representation formula.

Our first main result is the following.

Theorem (A) Let N > 2, let u and v be positive Radon measures on RQ_’ and aRﬁ , respec-
tively. Assume that pu € M;oc(Rﬁ, xn) and let u € L} (Rﬁ) be a weak solution of (5).

loc

Suppose x € Rf is a Lebesgue point for u. Assume that there exists h € R such that (R™")
holds at the point x that is,

lim inf

SN2 ynlu(y) —hyny| dy = 0.
R—-+oo RNT2 ~/{)’N>0}0{R<x—y|*<2R}

Then,
u(x) = hxy +/ K*(y)dv(y) +/ G (Mdp(y). (7N
oRY RY
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Moreover, if u is a weak solution of (4), then the inequality in (7) becomes an equality,
that is
u =k + [ KO0+ [ 6T ®)
aRY RY
We observe that a special case arises when (R*) holds with h = 0, i.e.,
liminfi/ ywlu(y)|dy =0 fora.e.x eRY. (R
R>to0 RNF2 J iy v 0)n(R<lx—yl, <2R) " ’
Notice that all bounded and measurable functions on Rﬁ satisfy (Rar ). Other examples
of functions satisfying (Ra' ), will be provided in Appendix B below.
We point out that another interesting class of functions satisfying (R(J)r ) is the set of
solutions to the problem,
+Au > |ul?, on RY,
— N 9
u=0, on R,

here ¢ > 1. For a proof of this fact and related Liouville theorems see [9].

Our main result, Theorem (A), can also be applied to the representation of harmonic
functions. Recently, in [17], integral representation formulae for harmonic functions on a
half-space have been studied. It is worth comparing (725r ), with the condition given in [17]
for representing a harmonic function by an integral formula.

We emphasize that for a superharmonic function u in a half-space RY, the condition
(R™) is sufficient for the validity of the representation formula (3), thereby ensuring its
positivity, provided & > 0. Furthermore, the condition (R ") is also necessary for the validity
of the integral representation. Indeed, our second main result is the following theorem whose
principal statement is the converse of the statement in Theorem (A).

Theorem (B) Let N > 2, and let v and v be positive Radon measures on Rﬁ and 8Rﬁ,
respectively. Let u be defined by (8) and assume that it is finite for a.e. x € Rﬁ .

Then u € L}OC(Rﬁ), JTS Mgog(Rﬁ, xn) and u is a weak solution of (4). Moreover, u
satisfies the condition (R™), where the constant h appears in (8).
Furthermore,

(a)
h = inf “)
RY XN

(b) Let Q C Rﬁ be a nonempty bounded open set. If h = infg "X(—;) then u(x) = hxy, with
n=0andv = 0.
(c) If u — hxy is not identically zero, then there exists a constant cy > 0 such that

u(x) > hxy + co for all x € Rﬁ. (10)

XN
1 [x |V
(d) For almost every x € RY,

1

tim s [ wwlu(y) — hyy| dy = 0.
R=+o0 RNT2 Jiy - om0

This paper is organized as follows.
Section 2 is dedicated to defining weak solutions for problems (4) and (5), even when v
and p are general local Radon measures, and to the concept of lim-trace. See Definition 2.5.
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To illustrate the implications of this concept, we explore its application in Section 2.1, where
we establish the relationship between distributional and weak solutions of (4) and (5), and
certain specific properties (see Remark 2.13).

Section 3 formulates and proves the main result of this paper, namely the representation
Theorem 3.1. The techniques we use to prove this representation result for (4) allow us
to deal with measures that are general local Radon measures, without requiring positivity.
See Theorem 3.8. We investigate the case of superharmonic but not necessarily nonnegative
functions u in Theorem 3.11 and Corollary 3.14. Consequently, weak solutions of (5) that
are bounded from below are nonnegative. See Theorem 3.15. This section also includes a
simple characterization of a comparison principle (see Theorem 3.12). The remainder of the
section is devoted to proving other related results.

Lastly, for completeness, in Section 4, we highlight another representation theorem for a
superharmonic function on Rﬁ. The results contained in this section are based on general
theorems established in [8].

As afinal remark, we would like to point out that if u is a superharmonic function and there
exists a superharmonic function g such that u > —g, then the results contained in Section 3,
apply to u + g. We emphasize that in this case, by Riesz’s decomposition theorem, we know
that there exists a harmonic function H on Rf , such that

u(x) = H(x) + / G*(Mdu(y),
RY
where @ := —Au. The harmonic function H can be obtained as a weighted limit of « on
some rings. This construction is detailed in Section 4, see Theorem 4.1.

In Appendix A, we present basic and important information on the fundamental solution
of —A in RQ’ and its Poisson kernel and the related Green function. This includes a few
precise estimates on related potentials. Appendix B contains basic examples of functions
fulfilling the condition (R{)).

Notation

Rﬁ The half-space RY=1%10, +oo[, x = (x/, xXy) € Rﬁ with xy > 0
and x’ € RV,
8Ri’ =RN1 x {0} The boundary of R_’X that we can identify with RV =1,
[+ The Euclidean norm.

B The Euclidean ball in RV ~! centered at the origin and radius R.

BEV 2 (&) The Euclidean ball in RV*2 of radius R centered at £ € RV +2.

x4 The cylindrical norm defined as |x|, = [(x’, xy)|x = max{|x'],
lxn ]}

Bj(x) The cylindrical ball in Rﬁ defined as {y € Rﬁ :max{|yy — xn|,
' = ¥l} < R}.

C.(E), CCZ(E ) The spaces of continuous and C2 functions respectively whose sup-
port is compact and contained in E.

Do (2) Test functions space used along the paper defined as

Dy(2) := {(p\g Tp € CCZ.(RN), ¢ =0o0n BQ} .

D’ (]Rj\_' ) The space of the distributions on ]R_’X .

. . N/2
oN The measure of the unit sphere in RN, oy = I“Z(HT/Z)
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Cn, Cl The constants defined as C;] = oymax{N — 2,1}, and C}, :=
2/onN.

rx The fundamental solution of —A at x, see (69).

G* The Green function of —A at x on ]Rﬂ , see (70).

K* The Poisson kernel, see (71).

Mioe(X) The space of local Radon measures on the o-compact and locally

Mioe(RY , xy)

compact Hausdorff space X, that is the space of linear continuous
functionals on C.(X). Moreover if it € M;,e(X), then p = u+ —
w~, with u* and ™ positive Radon measures and set |u| := u™ +
JA

The space of local Radon measures © € M/ac(]Rf) such that
Jq xnd|p| < oo for any bounded @ C RY.

L }OC (@) The space of locally integrable functions up to the boundary, that is
the space of functions u € Lllo C(Rf ) such that u € L'() for any
open bounded set Q2 C RQ’ .

WIL‘f (Rﬁ ) The space of functions u € Wli)’f (Rﬁ ) such that u € W1-P(Q) for
any open bounded set Q2 C ]Rf .

BV (]Rﬁ ) The space of functions u € BV[OC(Rﬁ ) such that u € BV (Q2) for
any open bounded set Q2 C Rﬁ .

Tr(u) The lim-trace of u, see Definition 2.5.

c We will use the symbol ¢ to denote a generic positive constant, the

value of which may change from line to line, and is not dependent
on the solutions of the problem under study and may depend on
certain non-essential parameters.

2 Some qualitative properties of weak and distributional solutions

In this section, we present the formal definition of weak solutions for the problem (4) and
discuss some of its properties.

The definition of weak solution of (4) can be formulated even if ;« and v are more general
than positive Radon measures, extending to local Radon measures. For a o-compact and
locally compact Hausdorff space X, alocal Radon measure j is a linear continuous functional
on C.(X). The space of all the local Radon measures on X will be denoted by M, (X).

Clearly, M;j,-(X) contains any positive Radon measure as well as any signed Radon
measure on X. Furthermore, if v and A are two positive Radon measures on X, then v — A
defines a linear functional on C.(X), that is, an element of M;,.(X) (note that in general
v — A is not a signed Radon measure). On the other hand, for any u € M, (X), there exist
two positive Radon measures, v and A, such that © = v — A. As usual, we rewrite p in terms
of the positive measures ;™ and 1™, as in the classical Jordan decomposition gt = 0™ — ™.
Therefore, for the functional u € M;j,.(X) we have the following:

(@) = / pdut — / pdu~ = f ddi Vo € C(X).
X X X

As usual, we set || := ™ + ™, which defines a classical positive Radon measure. The
interested reader may refer to the relationships between classical measures, local Radon
measures and their representation in [5] and [12].

@ Springer



Characterization of positive superharmonic... Page70f38 227

In what follows we will need the following spaces:

Mloc(@, xn) = {p : u is a local Radon measure on Rﬁ such that
Jqxnd|p| < oo for any bounded @ C RY },

and
Do = Do(RY) = [q&lM L € CCRY), p(x', 0) = o] .

Next we notice that if, instead of © and v being measures, they are continuous functions
and u is a smooth solution of (4), then by multiplying the differential equation in (4) by
¢ € Dy and integrating by parts, we obtain the identity:

[ peoemds s [ vahene 0 = [ uc-ap. (11
RY aRY RY
Here, and in the following, we denote by ¢y the partial derivative of the function ¢ with
respect to xy, i.e. oy (x) = Iye(x) = %(p(x).

Similarly, if u solves (5), then by multiplying the differential inequality in (5) by a non-
negative ¢ € Dy, we obtain

/ p(x)g(x)dx +/ v(x )N (', 0)dx’ 5/ u(=Ag). 12)
RY aRY RY

With these preliminaries, we can now provide the formal definition of weak solutions and
discuss their properties. The relations (11) and (12) justify the following definition of weak
solution.

Definition 2.1 Let & € M, (@, xy)andv € M[,,L.(E)Rﬁ). A function u is a weak solution

of (4) [resp. (5)] ifu € L}oc(Rf) and for every test function ¢ € Dy [resp. ¢ € Dy and
¢ > 0], there holds,

/Nw(x)du(XHf on (', 0)dv(x') = [5]/ u(=Ag). (13)
aRY N

RY RY

Remark 2.2 Observe that if, in the definition of weak solution, we replace p with a general
local Radon measure, u € My, (Ri’), then it is not guaranteed that the terms in (13) are all
finite. On the other hand, if © € M, (Rﬁ ) is a positive Radon measure, it is straightforward
torecognize that requiring the term fRQ ¢ (x)dp(x) tobe finite for any ¢ € Dy is equivalent to

the fact that the measure p satisfies fQ xndu(x) < oo on every bounded open set 2 C RY,
i.e., that L € Moe(RY, xp).

Remark 2.3 Needless to say, if u is a weak solution of (4) then
—Au=p in D'RY),

i.e., u is a distributional solution of —Au = . This follows by choosing ¢ € C° (Rﬁ) c Dy
in (13). An analogous remark is valid for a weak solution of (5).

Remark 2.4 'We point out that if u is a weak solution of

—Au = on RY,
U= onaRg\_’,

@ Springer



227  Page8of38 L. D’Ambrosio, E. Mitidieri

and of
—Au = up on Rﬁ,

U= on dRY,

where 11, 2 € Myoe(RY, xn) and vi,v2 € M ARY), then g = o and v; = vy.
Indeed, from the definition of weak solution, we have that for any ¢ € Dy

/ <ﬂ(x)d#1(x)+/ en(x', 0)dvi(x)) :f u(—Agp)
RY aRY RY
+ + + (14)
- / P()dpa(x) + / o (', 0y ().
RY aRY

From Remark 2.3 we deduce that 1 = w», and by (14) we get,
/ on (X', 0)dvi (x') = / on(x',0)dva(x"), Vg € Dy.
aRY aRY

Next, let ¢y € C° (RVN-1). Let ¢ € CC2 (R) be a standard cut-off function, that is
0<¢=<1, ¢()=1for0=<r=<1, ¢@)=0 fort=>2, (15)
and set, p(x’, xy) 1= xy ¥ (x")p (xy). Since dyp(x’, 0) = ¥ (x")p(0) = ¥ (x), we get,

/ w(x’)dw(x’):/ ¥ (x)dvy (x).
aRY aRY

Hence vi = v).

2.1 Weak solutions and lim-trace

In this section, we introduce the definition of lim-trace for functions belonging to Wllo’ Cp (Rﬁ )
and we study its properties in connection to the weak solutions of (4) and (5).

In this respect, we observe that if u is a weak solution of (4) or (5) with x and v local
Radon measures, then for any bounded open set 2 C Qc ]Rﬁ, we have u € WP (2) for
any 1 < p < N/(N — 1) (see e.g. [11]). This means that u has a Sobolev trace uyg on 9€2.
Therefore, if u is a weak solution of (4) or (5), thenu € Wllo’f (]Rf ) and, for any € > 0, u has
a Sobolev trace u(-, €) on each hyperplane with equation xy = €. Mimicking the argument
in [2] for harmonic functions, we define the trace of a given function on BRf as the limit of
the Sobolev trace u(-, €) as € — 0T. More precisely, we have the following.

Definition 2.5 Let u € Wllo’cp (Rf) for some p > 1 and let v be a local Radon measure

on aRﬂ. We say that v is the lim-trace of u on 8R_1¥ and we write v = Tr(u), if for any
v oe CE(BRQ), we have

lim f w(x’)u(x/,e)dx/:/ Y (x)dv(x'),
aRY aRY

e—>0F
where u(-, €) is the Sobolev trace of u on the hyperplane with equation xy = €.

Definition 2.5 can similarly be extended to a function u € BV, (]R_'X ).IfuecC (@) then
Tr(u) =u(x',0).Ifu e Wﬁ)’f (Rﬁ) then Tr(u) is the Sobolev trace of u. In a more general
setting, if u € BV[OC(]RZX), then T'r(u) is the trace of u in the BV sense (see [13]).
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We point out that if # and v have the lim-traces, then u + v also has the lim-trace and
Tr(u+v) =Tr(u)+ Tr(v). Similarly if a € R, then Tr(au) = aTr(u).
The following results are similar to the ones proved in [16] in another context.

Theorem 2.6 Let n € My, (@, xy)andv € MIUC(BRﬁ)‘ Let u be a weak solution of

Au=pu onRi\_',
(16)
u=v on BRﬁ.

Then u has the lim-trace on aRf, and Tr(u) = v.

Another important result for functions that possess the lim-trace is for nonnegative super-
harmonic distributions considered in Corollary 3.2 below.

We need the following Lemma.
Lemma 2.7 Let u € Mjye (Rf) and let u be a distributional solution of
Au=pu in D’(Rﬁ).

Then, for any Lipschitz bounded open set @ C Q C RY, it follows that u € WP (Q) for
1 < p < N/(N —1). Moreover, for any ¢ € Do(2) there holds,

/ um(V<p~n)=/ qu—f pd. (7
Fle Q Q
Proof Since u € WP (), for any ¢ € CCZ(RN), we have
[uso==[ @05+ [ wawe-m. (8)
Q Q aQ

(see e.g. [15]). Next, let (m;) be an approximation of the identity with supp(m,) C B;(0),
and let us choose 5 sufficiently small such that a compact n-neighborhood of 2 is still
contained in RY, @ + B, ¢ Q@+ B, c RY. Since u, := m, * u is a classical solution of
Auy = [Ly, where i, := my * u, integrating by parts we obtain

/¢Mn=/ guAu,,:f (p(Vu,,'n)—/ (V<p~Vu,,).
Q Q Q Q

Now, if ¢ € Do(£2) the first integral in the right hand side of the above identity vanishes.
Letting n — O in the above identity, it follows that

/wdu=—/(V<p-Vu),
Q Q

which, combined with (18) yields the claim. ]

Proof of Theorem 2.6 Fix ¢ € C2(dRY). For € > 0, define gc(x',xy) = (xny —
VY (x)p(xy) where ¢ € Cg(]R) is a standard cut-off function as in (15). Let R > 0 be
sufficiently large so that supp(y¥) C By := {|x| < R}. For 0 < € < 1, let Q. be the
cylinder Q, := B} x (¢, 2). Since ¢, € Do(£2.), applying the integration by parts formula
(17) gives:

/ Qedt —/ UAQe = —/ uya, (Voe - n) :f u(x’, e)y(xHdx’,
2 o 10 oRY

@ Springer
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where we have used the fact that Vo, = 0on Q2. N{xy > €} and (V. -n) = —oype = —¢
on 092 N{xy = €}. Next, observe@t ase — 07, g — o uniformly, where go(x’, xy) =

Xy (x)e(xy). Since u € Mlac(Rﬁ, xnN), we have:
/ Qedt — wodp  as € — 0.
Qe Qo
On the other hand, since again Ag, — Agq uniformly, and u € L'(€0), we obtain
/ uUApe — uAgy as € — 0T,
€ QO

Noting that ¢o(x’, xn) := xy¥ (x")¢ (xy) we can conclude that there exists the limit in the
definition of lim-trace, that is,

T(¥) := lim / u’, )y xHdx' = lim (/ wédu—/ uAgoe)
e—~>0" JorY =0t \Jq, Qe

Z/RNwodM—/l;Nqu(y

+ +

19)

To complete the proof, it remains to show that 7" does not depend on the choice of ¢ (which
implies that T is a distribution on R¥ ~!) and can be represented by a local Radon measure. To
this end, since u is a weak solution of equation (16), we utilize o (x’, xy) := xy ¥ (x" )P (xn)
in the definition of weak solution. We deduce that

T(W)Z/ wodu—/ MA(POZ/ 3N<P0dV=/ ydv,
RY RY aRY aRY

which concludes the proof. O
The following can be seen as a sort of converse of Theorem 2.6.
Theorem 2.8 Let u € Mloc(@, xy) and let u € L}oc(@) be such that,
Au=p in D'RY).
If u has the lim-trace v = Tr(u) withv € MIOC(E)RQ\_’), then u is a weak solution of (16).

Remark 2.9 A further connection between superharmonic functions on ]Rﬁ with a prescribed
behavior on the boundary BRI and weak solutions can be found in Corollary 3.14 below.

Proof of Theorem 2.8 We need to demonstrate that u is a weak solution of (16) with v =
Tr(u). In other words, we must prove that for any ¢ € Dy the following holds:

/ @(x)du(x) —/
RY R

Let € be such that 0 < € < 1 and define @ := @(x', xy — €). Let Q¢ := Bj, x (¢, R+ 1)
with R large enough such that, supp(¢) C B} x (—R, R). Observing that $ = 0 on 92,
an application of (17) yields,

/ Ped 1 —/ UAPe = —/ uye, (Voe - n) :/ u(x’, €)n@edx’
Qe Qe Q% X' eRN-1 xy=e

:/ ux’, e)oyex’', 0)dx'.
aRY

+

ulAg :/ on (X', 0)dv(x)).
v aRY

+

Taking the limit as € — O we obtain the desired result. O
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We conclude this subsection with some generalizations of Theorem 2.6 and 2.8.

Lemma2.10 Let u € Mloe(Rf, xn) and vy € Mzgc(aRf). Suppose u is a weak solution
of
Au = |1 on ]Rﬁ,
(20)
u <vy on 8]R1X.

Then, u has the lim-trace on 8Rf. Furthermore, Tr(u) < v1, and u is a weak solution of
(16) with v = Tr(u).

Proof Following a similar approach to the proof of Theorem 2.6, and using the same notations,
consider a function ¢ € Ccz. (RN—1). The functional T (), defined in (19) is a distribution
on RN~ Given that u is a weak solution of (20), using ¢o in the definition of the solution
we obtain:
Ydv = / pod i —/ ubpo =T ).
IRy RY RY

This implies that the expression
v [ wan -1
aRY

is a nonnegative distribution on R¥~!. Consequently, there exists a positive Radon measure
vy on RV~ that represents this distribution. In other words, v — T = vy, indicating that T
is a local Radon measure. This establishes that u has the lim-trace, and Tr(u) < v;.
Moreover, since
Au=pu in D’(]R_IX),

applying Theorem 2.8, leads to the conclusion that u is a weak solution of (16) with v =
Tr(u). O

Theorem 2.11 Let 11 € My (Rf, xy)andvy € M;oc(aRﬁ). Suppose u is a weak solution
of
Au > i1 on Ri’,
(21
u<vy on BRﬁ.
1. Assume that for any R > 0, there exist M > 0 and § > 0 such that u < M on the
cylinder {|x'| < R} x (0, 8). Then u has the lim-trace on BRI.
2. Assume that for any R > O, there exist M > 0 and § > 0 such that
f|x’|<R lu(x’, e)|dx’ < Mfor any 0 < € < 8. Then u has the lim-trace on 8R$.

3. Assume that u has the lim-trace on BRﬁ. Then Tr(u) < vy, and there exist a positive

Radon measure A € M, (@, xn) such that u is a solution of (16) with u = 1 + A and
v="Tru).

Proof Since u satisfies
Auzpy in D'RY),

there exists a positive Radon measure A € M*(Rﬁ) such that u solves

Au=p+ 1 inD'RY).
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Arguing as in the proof of Theorem 2.6, and adopting the same notations, for a nonnegative
function ¢ € Cf, (R¥—1), we have

If :=/ u(x’, )y (x)dx' =/ Qed i —/ UAQ, —I—/ Qedr =I5 — IS + 1.
3R1 Qe Qe Q¢

Next, as in (19) I; — I converges as € — 0. By the Beppo Levi monotone convergence

theorem, since ¢ xo. /' o, it follows that I} — fRﬂ @odA, so If has a finite or infinite

limit. We claim that,

/ wodX < oo. (22)
RN

+

This claim implies that & € M, (]Rf , xy). Note that (22) is equivalent to /{ having a finite
limit as € — O.

Now, suppose that 1 holds. Let R > 0 be large enough such that supp (/) C Bj. Then, by
our assumption there exist M, § > 0 such that for ¢ < §, we have If <M faM Y (xdx'.
Therefore, I is uniformly bounded for € < §. This implies that I{ has a finite limit as
€ — 0.Thatis, T () := lim._, o+ faﬂw u(x’, )y (x")dx’ exists and is finite. Using a similar
argument as in the proofs of Theorem 2.6 and Lemma 2.10, we conclude that 7 can be
represented by a local Radon measure. This completes the proof.

Next, suppose that 2 holds. The claim will follow immediately by arguing as in the case
1, using the estimate |If| < ||¥|[o, flx’|<R lu(x’, )ldx" < ||| M.

Finally, suppose that 3 holds and let v = T'r(u). We know that I{ — faRi’ Y (xNdv(x")
as € — 0. This implies that, the I§ converges to a finite limit, so (22) holds. Hence, A €
Mlac(Rﬁa XN).

The fact that u is a solution of (16) with u = 1 + A and v = Tr(u), is a consequence
of Theorem 2.8. O

By slightly modifying the above proofs, we can establish the following generalization of
Theorem 2.8.

Theorem 2.12 Let u € M;oc(@, xN), and letu € L} (@) satisfy

loc
Au > py in D'(RY). (23)

If u has the lim-trace v = Tr(u) with v € MZOC(B]RQ\_'), then there exist a positive Radon

measure A € My (RiN, XN) suchthat u is a solution of (16) withu = wi+randv = Tr(u).
In particular, u is a weak solution of

Au > py onRY,

u=v on E)Rﬁ.
Furthermore, if equality holds in (23), then A = 0.

For the lim-trace of a weak solution of (5) with positive Radon measure, refer to Theo-
rem 3.11 and Corollary 3.14 provided below.

Remark 2.13 (on the Lim-Trace of Positive Parts of Functions) It is interesting to investigate

whether a function « that has the lim-trace also ensures that its positive part u™* possesses
the same property. Generally, the answer is negative. Consider the following example: Let
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Fig.1 The plot of function u of
Remark 2.13

my € C°(R) be an even, nonnegative standard cut off function supported in (—1, 1) with
fml = 1. For € > 0, define the mollifier family as m¢(x) := éml(;—‘). Next, for x € R and
€ > 0, define u(x, €) as (see Figure 1)

1 1
u(x,e) = ﬁme(x —€)— ﬁme(x + €).
Clearly, u € C*® (]R_%_), and by the Lagrange theorem, for any y € Cg (R), we have the
estimate:

‘/Ru(x,e)«/f(x)dx < 2/el1¥|loe.

Thus, u has the lim-trace v = Tr(u) = 0, the trivial measure on E)IR?F =R.
However, the positive part u™t(x, €) = ﬁme (x — €) does not admit the lim-trace. For a

nonnegative y € C'Z, (R) with ¥ (0) > 0 we have:

1 0
/ ut(x, P (x)dx > — M for sufficiently small e,
R Ve 4
and hence,
. R ERI()
+ _—— =
i, f s o > iy 2 E2 = o

On the other hand, in the general case, if both u and ™ have the lim-traces, say v = Tr (u)
and A = Tr(u™), it can be shown that . > vT. However, it is not necessarily the case that
A = vT. To illustrate this, consider:

v(x,€) :i=me(x —e€) —me(x + €).

As before, v has the lim-trace and 7r(v) = 0, while v admits the lim-trace Tr(v") = 8o,
the Dirac measure at the origin.

The example related to the function u highlights the challenges in relaxing the definition
of lim-trace. While the lim-trace can be viewed as a weak* convergence of the traces u(x', €),
this convergence is achieved through smooth test functions, and the example suggests that
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relaxing this to continuous test functions would require further investigation, Nonetheless,
our definition of lim-trace is suitable for our purposes, as Theorems 2.6 and 2.8 establish a
strong connection between the weak solutions of (16) and their lim-traces.

3 Main results

To maintain clarity and streamline the organization of this paper, we will postpone the proof
of our first main result to Sections 3.1 and 3.3. The reasons for this will become apparent in
due course.

For the reader’s convenience we rewrite Theorems A and B of the introduction in the
following form.

Theorem 3.1 Let N > 2, and let  and v be positive Radon measures on Rﬁ and 8Rﬁ,
respectively.

A. Let u € My (@, xy)andletu € Llloc (@) be a weak solution of (5). Suppose x € Rﬁ
is a Lebesgue point for u. Assume that there exists h € R such that (R™) holds at the
point x that is,

liminf —— / yNlu(y) = hyn|dy =0.
R0 RNF2 J iy v 0)n(R<lx—y1, <2R)
Then,
u =+ [ K000+ [ 6 0du. 4
aRY RY
Moreover, if u is a weak solution of (4), then the inequality in (24) becomes an equality,
that is
u(x) = hxy +/ K*(y)dv(y) +/ G*(Mdup(y). (25)
aRY RY

B. Let u be defined by (25) and assume that it is finite for a.e. x € ]RZX.

Then u € L}OC(@), n e Mzgc(@, xn) and u is a weak solution of (4). Moreover, u
satisfies the condition (R™"), where the constant h appears in (25).
Furthermore,
(a)
h = inf M
RY XN

u(x)

XN

(b) Let Q C Rﬁ be a nonempty bounded open set. If h = infq
nu=0andv =0.
(c) If u — hxy is not identically zero, then there exists a constant co > 0 such that

, then u(x) = hxy,

u(x) > hxy + co for all x e RY. (26)

XN
1+ |x|V°

(d) For almost every x € RY,

| ylu(y) = hywldy = 0.
R—+00 RN+2 {yN>0}ﬁB§(x)
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Note that the main statement in B. is the converse of the statement in A.
As a consequence of Theorems 1.2, 3.1.B and 2.6, the following corollary holds:

Corollary 3.2 A nonnegative superharmonic distribution on RQ_’ possesses the lim-trace.

Remark 3.3 We observe that Theorem 3.1 and Remark 2.4, imply the uniqueness of the
measures i and v in the representation Theorem 1.2.

Corollary 3.4 Let u € L}OC(RN, xy)andv € Lllac (RN=1) be nonnegative functions, and let
u be a weak solution of (5) satisfying (Rar). Then for almost every x € Rﬁ, we have

u(x) > / K*()v(y)dy' + / G* ()u(y)dy. 27
RN -1 RY
Corollary 3.5 Under the assumptions of Theorem 3.1.A with h > 0, if u is a weak solution of
(4), then u(x) > hxy or u(x) = hxy a.e. on Rﬁ.

Remark 3.6 In general, a superharmonic function on ]Rf does not belong to L [1 oc (@). For

example, the function u(xy, x2) = —|x|~2 does not belong to L}OC (]R_[X) with N = 2, and
—Au = 4|x|~* > 0. See also the example defined in (38).

Remark 3.7 i) In Theorem 3.1.A, the fact that, the integrals in (25) are well defined is an
outcome of our approach. In other words, the finiteness of the integrals in (25) is a necessary
condition for the existence of a solution satisfying (R™).

ii) If we know a priori that the integrals in (25) are finite, then (25) describes all the
solutions satisfying (R ™).

iii) Notice that if we require a priori that the integrals in (25) are finite without any
assumption on the sign of the measures p and v, then (25) defines a solution of (4). More
precisely, if f&Rﬁ K*(y))d|v|(y') < oo and fRi’ G*(y)d|jt|(y) < oo, then (25) defines a
weak solution of (4). For a proof of this, the interested reader can follow the same steps in
the proof of Theorem 3.1.B, see Section 3.3.

A more general result is given by the following.

Theorem 3.8 Let N > 2, and let ju € Mype(RY, xy) and v € Mjpe(ORY).
Writing p = um —p~andv =vt —v~, fora.e x € Rﬁ we assume that

/ K*(ydv™(y") < oo, / G (y)dp~ (y) < oo. (28)
RN~ RY

Letu € Lllm, (@) be a weak solution of (4). If u satisfies (R™), then (25) holds for a.e.
X € Rﬁ .

The proof of Theorem 3.8 is a small modification of the proof of Theorem 3.1.A, which can
be found in Section 3.2.

Remark 3.9 1f u is given by (25), or equivalently u is a nonnegative superharmonic function,
then u satisfies (R ™). Moreover, the lim inf in the (R ™) condition is actually a limit, meaning
u satisfies
there exists h € R such that
1

lim 7/‘ >
R—+oo RN+2 {yn>0}N{R<|x—y|,<2R}

ynlu(y) —hynldy =0, fora.e.x € RY.
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Generally, the functional class satisfying (R™") is not a linear space. However, the set of
functions that fulfill (29) forms a linear space.

Theorem 3.10 Let (u be a positive Radon measure such that (v ¢ Mzgc(@, xn). Then the
problem
—Au=u, in D/(Rﬁ), u >0,

does not admit a solution.

The proof is an immediate consequence of Theorem 3.1.B (indeed if the problem admits a
solution, then necessarily u € M, (Rﬁ ,XN)).

The following result establishes a connection between the notion of weak solution and
distributional solution of the problem:

—Au=p, in D'RY). (30)

An additional result in this context is presented in Corollary 3.14 below.

Let us first recall the Riesz decomposition theorem (see [1, Theorem 4.4.1]); if u is a
superharmonic function satisfying (30) and there exists a superharmonic function g such that
u > —g, then there exists a harmonic function H on Rﬁ , such that

u(x) = H(x)+/ G*(y)du(y).
RN

+

Moreover, H is the greatest harmonic minorant of u.

We shall prove that this harmonic function H can be obtained as a weighted limit of # on
certain rings, see (60) below. This construction is further discussed in Section 4, see Theorem
4.1.

The key point in order to establish a connection between a solution u of (30) and a weak
solution of (4) is whether or not u# possesses the lim-trace. If u > —g with g a superharmonic
function, then u + g has the lim-trace as stated in Corollary 3.2. However, this does not
necessarily imply that u itself has the lim-trace. A sufficient condition that ensures u has the
lim-trace is if g > 0.

Theorem 3.11 Let u be a positive Radon measure on Rf, and let u € L}OC(Rﬁ) be a
distributional solution of (30).

Assume there exists a nonnegative superharmonic function g on R_’X suchthatu > —g a.e.
on Rf. Then u admits the lim-trace Tr(u), which is a local Radon measure (not necessarily

positive) and 1 € Mzoc(@, XN). Moreover, setting v := Tr(u) € MZUC(B]RK), we have:
(a) u is a weak solution of (4),
(b) There exists h, € R such that (25) holds a.e. on Rﬁ with h = hy, i.e.

u(x) = hyxy +/ K*(y)dv(y) +/ G*(Mdp(y). (3D
aRY RY
(c) u + g satisfies (R™) for a suitable h > 0.
(d) u satisfies (R*) with h = h,,.
(e) If u is bounded from below, then h,, > 0.
(f) If u is nonnegative, then the lim-trace Tr(u) is a positive Radon measure.
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Proof The first step relies on the same reasoning as in Corollary 3.2. Indeed, since g is non-
negative and superharmonic, Theorem 1.2 applies (see also Theorem 1.37 in [1]), implying
that there exists 1, > 0, a positive Radon measure v, on BRf and a positive Radon measure
Lg ON Rﬁ, such that

g(x) = hexy + /]RN K*(YNdve, (') + A&N G*(Mdug(y), forae.xe Rﬁ.
IR N

Thus, by Theorem 3.1.B, it follows that jug € Mj, (@, xy) and g is a weak solution of

—Ag =1 On R_’X,
{ g =g on B]Rf. (32)

Therefore, by Theorem 2.6 g has the lim-trace Tr(g) = vy.
Next, let v := u + g. The function v is nonnegative and satisfies —Av = u + g > 0
in distributional sense on Rﬁ. Using the same argument as above, there exists 4, > 0 and

positive Radon measures v, on E)Rﬂ, o € Mioe(RY, xy) such that

v(x) = u(x) + g(x) = hyxy +/ K*(y)dvy (y) +/ G* (V) (y).- (33)
aRY RY

Additionally, v is a weak solution of

{—Av:,u—i—ug oan, (34)

V=1, on BRﬁ.

Hence, 11, = i + pg and v has the lim-trace Tr(v) = v,. Consequently, u = v — g has the
lim-trace Tr(u) = Tr(v) — Tr(g) = vy, —vg € Mzoc(aRﬁ) and u € MIOC(RQ, XN).

By applying linearity, from (32) and (34), we complete the proof of (a).

The proof of (b) follows by reformulating the integral expressions of v and g mentioned
earlier, where h, = hy, — hg. The claim of (c) is a direct result of applying Theorem 3.1.B
to (33).

Proof of (d). Utilizing Theorem 3.1.B and Remark 3.9 applied to g and v, it can be deduced
that both g and v satisfy (29). Consequently, u = v — g also satisfies (29) and therefore (R™T).

Proof of (e). If u is bounded from below, i.e., if g is a positive constant g = a, then it
follows that v, = a. In other words, v, is a positive multiple of the Lebesgue measure on
BRI, and hg = 0. Hence, v, = v, —a,and hy, = h, — 0> 0.

Proof of (f). This conclusion follows directly from the previous points. O

The following result provides a characterization of a comparison principle.

Theorem3.12 Letu,v € L} (RY) such that

loc
—Au > —Av in D'(RY),

and

liminf u(x) > limsup v(x), forany y € B]Rf. (35)
x=(y,0) x=(y,0)

Then xylu — v| € L (@).

loc
Furthermore,
N
u>v ae.on RY, (36)
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if and only if
u—v satisfies (R") with h > 0. (37)

Moreover, if (36), or equivalently (37), holds, then u — v € Llloc(@).

In particular, this comparison principle applies to functions that satisfy (Ra“). For another
comparison principle, see Section 4 in [9].

To avoid unnecessary complexity, we defer the proof of Theorem 3.12 to Section 3.4. The
reason is that it relies on notations and results introduced in the proof of Theorem 3.1.

1

Ioc (]R_’X) is a significant consequence

Remark 3.13 Inthe above theorem, the factthatu—v € L
of (36) or (37).

Furthermore, consider N > 2 and v = 0. Define

1 x12v
u(x) ::W 1_NW . (38)

The function u is harmonic on ]Rﬁ and satisfies (Rar ). However, it is not nonnegative, which

is because u ¢ Lllo . (Rﬂ ). In this scenario, the conditions of Theorem 3.12 are not satisfied.

Indeed, if y # 0, we have lim,_,(y oyu(x) = [y'|7¥ > 0, while if y/ = 0 we have
liminfy_, (o) u(x) = —oo. This implies that condition (35) must hold for every y’ € BRﬁ.
The latter cannot be relaxed to hold for almost every y’ € 3Rﬁ .

As a consequence of Theorems 3.12 and 3.1, we obtain the following result, which estab-
lishes a connection between the notion of weak solution and distributional solution.

Corollary 3.14 Letu € L}OC(Rﬁ) be a superharmonic function such that

liminf u(x) >0, forany y € 8Rﬁ. 39)
x—(y",0)

Then xy|u| € L}, (RY).

Furthermore, u > 0 if and only if u satisfies (R™) with h > 0.

Moreover, if u satisfies (R') for some h € R, then there exist suitable positive Radon
measures | and v such that (25) holds and u is a weak solution of (4).

Related results on the maximum principle in bounded domains for superharmonic function
with boundary condition like in (39) can be found in [3].

The following positivity result seems noteworthy on its own.

Theorem 3.15 Let v and v be positive Radon measures on RY , and BRﬁ , respectively. Let
u be a weak solution of (5) [or (4)]. If u is bounded from below, then u is nonnegative.
Furthermore, u has the lim-trace, satisfies (R*) with h > 0, can be represented by (24) [or
(25)], and Theorem 3.1 applies.

Proof Since u is superharmonic on Rﬁ , Theorem 3.11 is applicable. From points (d) and (e),

it follows that u satisfies (R™*) with 2 > 0. Therefore, applying Theorem 3.1 completes the
proof. O
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3.1 Proof of Theorem 3.1.A

The proof employs a systematic method to demonstrate the claim by utilizing Green’s func-
tions and test functions in a weak formulation structured as follows:

Proof We adjust u by replacing it with u(y) — hyy to ensure that the function satisfies the
.. + . . . . .
condition (R ) at the point x. This is a necessary step to simplify the proof.
In what follows, we use the notation of Appendix A along with the results contained
therein. We select the test function ¢(y) := G (y)¢(y), where G7 is the regularized Green’s

function centered at x with parameter € > 0 (see (75)), and ¢ € Cg (Rﬁ ). Since G} € C*®
and
Gi(y',0) =0, (40)

we can use ¢ as test function in (13) obtaining,

/ GI(Me(du(y) +/ KXoy, 0)dv(y) < —/ u(NA(GEe)()dy® (41)
RY oRY RY
+ + +

= [ uem-achmdy+ [

oy u(M(—Ap)(MGE(y)dy

—Z/N u(y)VG: Vo =1+ L + L.

RY

For the first integral we have,

h= [ w0860y

o
:/ u(y)w(y)(—AFf)(y)dy—/ u(N@ () (—ATH(y)dy =: Iy + I1a.
RY RY
Now from the estimate,
c e? €2

lu(MeN(=ATH )| = Iu(y)sﬂ(y)cai,vT)/zl = |M(y)<ﬁ(y)|cx,1\\l,ﬁ e L'®RY),
an application of the Lebesgue dominated convergence theorem implies that /1 — 0 as
€ — 0.

In addition, since x is a Lebesgue point of u, I1; — u(x)p(x) ase — 0.
Finally, in order to estimate I and I3 we choose ¢ as

X =Y e =
p(y) == ¢( R )9 ( R )
where R > O and ¢ € Cg (R) is a standard cut-off function as in (15).

Note that the support of ¢ is contained in {y € RV : |y — x|, < 2R},and ¢ = 1 on

B} (x), while the support of V¢ is contained in {y € RN : R < |y — x|« <2R}.

3 Here, we have used the definition of K*, (40) and the fact that

aG¢ ’ X/t g X/ /
O 0y, 0) + G (y ,O)M()’ ,0) =Kz (0)e(y', 0).

d
—(Gp)(Y',0) =
ayn € dyn
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Let L be the radial Laplacian operator in dimension N — 1, that is, L(¢)(r) := ¢" (r) +
NT_qu/(r), and set 7 := w, s = % By computation we have,

1
Ap() = 23 [¢" () (s) + d(OL(P)(s)],

hence,
M
Mg = 75
Now, the supports of Ag and of Vg are such that, supp(Ag) C supp(|lVe|) C {y : R <
|x—yls« < 2R}.Inwhatfollows we denote by A% (x) the annulus A% (x) := B3, (x)\Bj(x) C

RN. See Figure 2 at page 29.
Therefore we have,

M
b < ﬁ/ | GE (3)dy.
AR (x)

Observing that for R < |x — y|, < 2R we have, ez + [x — y|2 > RZ, from 1. of Proposi-
tion A.1 we deduce |G}| < C,’lx’l"e#, hence,

1= gty [ wluold @)
— u .
2l = 2y A*(x)yN »ldy
R
Next, we estimate | /3]. We begin by computing [V - VG| in A% (x) with R > xy. Since

13| 52/ ()IIVGE - Vgl
2@
N—-1

52/ [u(y)] Z ()3, G(y) +2/ lu) |Ine (NG ()|
AR (x) o AR ()
=:I31 + I3,
we get
N—1
. ey —wl o =YL e e
> 00 ,GE0)| = |6 (g (=2 [ =] (o =0y
j=1
N/2 N/2 o
|x ‘ a’m —a, ‘x -y | NJj2—1 1
<ci <c — (a1 — az)a; N N
R a{V/zaéwz R 2 ' 2al 7
|x" = | N 4xyyy
=C1 - .
R 2 alaév/z

Here, we have used the convexity inequality (92) with « = N /2, and (76). Therefore, since
for y € A% (x), we know that a; > a, > R?, we infer

N-1
YN
> 90MBGIM| < erys.
j=1
while,
ey —ynlo X =Y, [yv+xnv yv—axn

INeWMINGL ()| = |5 ¢'( )b ( )C - .
’ ’ R R R N a{\//z aé\//z
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Now, we observe that the above term can be non zero only for R < [xy — yn| < 2R.
Next by choosing R > 2|xy/, it follows that |yy| > |xy — yn| — |xn| = R/2, and
lynl < |xy — yn| 4+ |xn] < 5R/2. Hence for a; > ar > R?, we obtain

lynl (1 1 lxnl 1 1]
[N (MANGE ()] fc[R N~ W + W+W
2 1 2 1 J

N/2 N/2 7
sl -a ol (11 2l
= ) a{V/zaé\//z R aé\//z N2 R

1

SN Np-1 ] 2 v |
§c|:22(a1—a2)a1 W‘i‘szRiNﬁ
1 2 i
SN 4xyyn 2 yN YN
:C|:4alaév/2+ZXNRNR2 SCXN[5N+4]RN+2
Therefore, we conclude that for R > 2x,, we have
1= s [ il 3)
30 = v ynjuly)lay.
RN+2 A% ()

It is important to note that the constants ¢ in (42) and (43) depends only on N and on the
cut-off function ¢.

To complete the proof of Theorem 3.1.A, we first need to take the limit as ¢ — 0 and then
let R — ooin (41).

Considering the right hand side of (41), using the estimates above and the assumption
(R¢), it follows that

x —0 R—
- /R LUOAGE) () dy == u(x) + Dleo + Ble=o ——> u(x).

¥
On the left hand side of (41), the limits

f KX, 0dv(y) =2 [ KX (D00, 00dv() <=2 | KE (v,
aRY aRY aRY
follow from the Beppo Levi monotone convergence theorem. From (41) we deduce that these
limits are finite.

The same reasoning applies to the first integral in (41), yielding
0 R
[, G:owmane) = [ 6 oemne) == [ 6 oiduo.
RY RY RY

This completes the proof of (24).
If u solves (4), then (41) holds with equality, and the proof follows by applying the same
arguments. O

3.2 Proof of Theorem 3.8

We proceed using the same approach as in the proof of Theorem 3.1.A. The key difference in
this proof lies in the conclusion, specifically in the computation of the limits of the following
integrals:

f KX, 0dv(y), and / GE(e»u(y). (44)
aRY RY

+
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Since v = v — v, the first integral can be expressed as

/ KZ()e(y', 0)dv(y) = f KXoy, 0)dvt(y) — / KZ()e(y', 0)dv™ ().

aRY aRY aRY
Each of these integrals can be analyzed separately. By the Beppo Levi monotone convergence
theorem, we have
—0 R—
/ KXO0De( . 00dv () == [ K* (e, 0dvF () —> | KX OGNdvEQ).
aRY aRY aRY

Given the assumption (28), it follows that

f K dv(y) = / K vt () — / K dv™ ()
aRY aRY aRY

+

is well-defined, and from (41), we deduce that it is finite.
The second integral in (44) can be handled similarly.

3.3 Proof of Theorem 3.1.B

Let u be defined by (25). -
To prove thatu € L lloc (]Rﬁ ), we start by defining

ui(x) ;:f K*(YNdv(y"), uz(x) ;:/ G*(»du(y), forxeRY. (45
RY RY

aRY ¥
It suffices to show that

/ uj(x)dx < oo forany R >0, (46)

By

for j =1,2.
For y € RN~ set f1(y) := / K*(y")dx. We then have
B*

(/

/ uy (x)dx :/ / K*(y)dv(y")dx :/ K"(y/)dx) dv(y"
B}  JORY aRY
=/ f1ONdv(y') =/ fl(y’)dV(y’)Jr/ AOGHdv(KY),
oRY AEN 1y'|>S

*
+ R

where S > 0 is chosen later. Since u; is finite a.e., K*(y") ~ |y’|~V as |y'| — oo, and v is
finite on bounded sets, we deduce that

1
——dv(y) < oco. 47
/(;Rf 14 [y/|V

Next, we claim that f1(y") = |y'| ™" as |y’| — oo. Indeed, applying the Lebesgue dominated
convergence theorem and Proposition A.1(3), we obtain

lim AGHYIY = lim / KXYV dx = / Cyxydx < co.
p/ | — BI*Q *

;
[y'|—>00 Bg

This fact, together with (47), yields, |,

ly

=5 F1ONdV(Y) < oo for S large.
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To prove that the remaining integral is also finite, it is sufficient to show that f; is locally
bounded. Consider the expression

R
XN ’ ’ / / ’ ’
dxydx' =C x - dx’,
J @+ -y N m N e

A = Cy / ,

|x'|<R |x'|<R

where we define

y(x' =) = /R atl dxy
o Gf -y N

Thus, we have f; = C;\/XBR * y, where the convolution is taken in RN Since XBr €
L>(RN~) and has bounded support, if y € L}, (R¥™"), then the claim f; € L (RN
follows by standard arguments. Explicitly, in the case N = 2, we have

R 2 ’ 72

XN 1 R+ |x" =

(x' — ’):/ N gy =-hm T
A e e R N

For N > 3, we have
R
XN
x' =y =/ dx
P e
_ 1 1 1
- N -2 |x/_y/|N—2 - (R2+|x/_y/|2)(N72)/2 :

This completes the proof of (46) for j = 1.
The proof of (46) for j = 2 follows the same steps as before. For y € Rﬁ et fo(y) =

/ G*(y)dx. We have

B
/ ur(¥)dx = / f G () du(y)dx = / (f
B} B JRY RrRY \JBj

- / Ay = / Al + / SOV,
RY N Iyl>$

R

G* (y)dX> du(y)

where S > 0 will be chosen later.
Next, observe that f>(y) = yn/|y|V as |[y| — oco. Indeed, since G*(y) ~ yn|y|™" as
|y] — oo (see 2. of Proposition A.1), by the dominated convergence theorem, we obtain

lim H)yY/yy = lim / G*(IyIY ywdx = / Clyxndx < 0o,
[y|=00 |y[—o00 B *

By
Since
/M #du(y) < 00, (48)
we have
/ Hrdu(y) <oo for Slarge.
[yI>$
Moreover,

o= [ 6roidr= [ mroidr— [ Toax = e - gy <16,
5 5 5
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where f3 is the sum of two functions which are convolutions of y g« with locally integrable
kernels. Hence, f> is locally bounded. This concludes the proof of (46) for j = 2.

To prove that u is a weak solution of (4), we choose ¢ € Dy and we aim to show that (13)
holds with equality sign. This requires us to compute the following integrals

f ((_Ax‘P)(x)/ G"(y)du(y)> dx-ir/ ((—Axw)(X)/ K“(y’)dV(y’)) dx.
RY x RY.y RY x aRY .y

Using Fubini-Tonelli theorem, the symmetry G*(y) = G”(x) and the fact that G is the
Green function of —A on Rﬁ , we compute the first integral as follows:

/ / (—Axw)(x)Gx(y)du(y)dx:/ (/ (—Axw)(x)Gy(x)dX> dp(y)
RY.x JRY,y RY RY

+5 +X

=/N vw(y)du(y)

+)

Since this integral is finite for any ¢ € D, we can conclude that © € My, (@, xy) (see
Remark 2.2).
Similarly, for the second integral, we have:

/ / (=Ax@) () K (y)dv(y)dx
Rﬁ,x BRﬁ,y’

8 /
-/ . ( i ARG, y)yN—odx> avy)

=
arY,y OyN \JrY

4+

(—Axw)(X)G(x,y)dX) dv(y")
o lynv=0

0
= — (@(¥)yy=0 dV(Y") :/ en (Y, 0)dv(y).
/BM,y’ dyn =0 aRY y! N

Here o (Y, 0) denotes the normal derivative of ¢ at yy = 0. By summing the results of these
integrals, we conclude that u satisfies the weak formulation of the equation (4), confirming
that u is indeed a weak solution.

To complete the proof of Theorem 3.1.B, we turn now to the transformation proposed
by Huber [14], following an idea of Weinstein. Define a transformation of the function
v(€) = H[u(x)]in the extended space RN*2 where& = (&1, ..., En—1. EN, Enil, Ent2) =
(¢',8) € RN*2, with the notation &' = (&1, ...,&v—1) € RVN7L & = (y, Eny1, Eng) €
R3, and set

S:={& eRVNT2 || = 0).

Let v(§) = H[u(x)] be defined on RN+2 by

u(gh 527 e Sn—l’ (ér% + gy%+] + E,%+2)1/2)

v(§) = &+ E'%-H + §3+2)1/2

liminf v or £€8.
Jim inf¢ (m for &

for § ¢S,
(49)

@ Springer



Characterization of positive superharmonic... Page 250f38 227

Lemma 3.16 ( [14]) If u is superharmonic on RQ\_’ and

liminfu(x) >0 forall y € 9RY, (50)
xX—>y

then v is superharmonic on RN*2.
Conversely, if v is superharmonic on RN T2 and is symmetric with respect to the subspace
S 4, then the function,
u(x) =xyvlxy,...,xy_1,xn5,0,0)

is superharmonic on Rf and satisfies (50).

Notice that in the Lemma above, there is no assumption on the sign of u (or, equivalently, of

v).
Completion of the Proof of Theorem 3.1.B

We need to show that (R™) holds. By replacing u(x) with u(x) — hxy, i.e. assuming that
h = 0, it follows that u is a nonnegative and superharmonic weak solution of (4).

Letv(&) = H[u]. Since u is nonnegative, we deduce that v is a nonnegative superharmonic
function in RY*2. Let ¢ := inf v > 0. It is known that (see [6])

Jim — () —c)de =0, fora.e.nyeRNT?
R RN+2 Bc,n+2( ’ €10 ’
R )

where B;’"H(ng) is the Euclidean ball in RN*2 of radius R centered at 9 € RV*12. In the

integral above, the Euclidean ball can be replaced by the ball B;‘N +2(n0) associated with

the norm

€l =11, ... EN—1, ENL ENt1, EN42) e = (E', ©) 4 == max{|€'], |E]}.

Here, we have used a notation similar to the one we have used in Rﬁ. Now, fixx = (x, xy) €
RY and set ng := (1), o) = (x, xy, 0, 0), so that n, = x', 7o = (xn, 0, 0) and |ijo| = xn.
Therefore, we have

1 / 1 -
lim ——— (v(€) —c)dE = lim —— / / (v(€) —c)dEdE’ = 0.
R RN¥2 Jgeverg, R RNV2 Jior_ i <r Jig—iigI<R
(51)
Let us estimate the last integral for large R. Let R > 2no| and set § := |no| /R, T :=
/1 =82, In R3, with this choice, we have the inclusion
{E:|E] <tR.En > 0} C B (o) = (£ : [E — 70| < R).

Recalling that v(§) = v(&/, |€]), we obtain:

TR
[ @ etz [ wE i - cdE =2 [ e - arar
|E—7jo| <R N 2 Jo

|E|]<TR

B o3 TR , 03 ,
= 7/0 (€', r) —crirdr > 7/ oeo IGE 3N = evnlyndyy
lyn—xnI<yR
where y > 0 is such that {yny : |[yy — xn| < YR, yy > 0} C [0, TR]. This is possible
whenever YR + xy < TR, which holds for0 <y <17 —8 =+/1 — 82 — 6.

4 This means that it depends only on &1, &, ..., En—1 and (Sl%/ + S;’]%,Jrl + 51%/+2)1/2-
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2
Therefore, for any 0 < y < /1 — ;—"2’ — 2, or equivalently for any 0 < y < 1 and
R > 2max{l, (/1 —y2 — ) xy, 7, we have

/ (&) — clds f f (&) — cldEde’
BN (no) &' —npl<R J1E—7ol <R

03 ’ ’
> 5 d / . ) — eynlyndyn

2 Y yn>0
B mol<r Ry —anl<y R

03
=5 lu(y) — cynlyndy.
YEB} R ()NRY

(52)

Relation (52), combined with (51) and the fact that v > ¢, implies by rescaling the

parameter R that u satisfies (R™) with a constant ¢ > 0. We aim to prove that ¢ = 0. Since
u is a weak solution of (4) and satisfies (R") with a constant ¢ > 0, u can be written as:

u(x) = cxy + / K*(y)dv(y") + / G*(Vdp(y).
aRY RY
However, given that u is defined by (25) with 2 = 0, it follows that ¢ = 0. Finally, we observe
that (52), along with (51) and the fact that v > ¢, confirm the statement 3.1.B.(d).
Proof of 3.1.B.(a). From the above argument, it is evident that the infimum of v is the
constant /# appearing in the representation of u.
Therefore, by definition of v, we have:

-
h = inf v= inf M
RN+2 RN+2 |$|

Proof of 3.1.B.(b). Let 2 c RV*2 be defined as Q := {€ € RN12 . (&', |&]) € Q). If
h = infg ”x(x), then & = infg v. Since v is superharmonic on the whole RN*+2 and Q is
bounded, it follows that v = h, thus the claim is proved.

Proof of 3.1.B.(c). To establish the estimate (26), we begin by noting that at least one
of the measures p or v must be nontrivial. Without loss of generality we may assume that
h = 0. We first consider the case where i % 0 and let Ry be such that M(B* ) > 0. Since
G*(y) = G”Y(x), from part 2 of Proposition A.1, it follows that, G*(y) > c - for large | x|

and for any y € By, . Therefore,

w = [ oanm = [ 6 manm = [ e Idu = i)y
Ro

+ BRO

Now consider the case v # 0 and let R be such that V(B;eo) > 0.Fory’ € B ,» We have

X" =y < I¥'] + Ro < V2\/Ix'|? + R3.

xlz\, +x =y < 2(x12v + 1x')2 + R(%),

Hence,

which implies
xN

. for Iyl < Ro.
(xy + X2 + RN/

K*(y)=¢

5 For instance, choosing y = 1/2, (52) holds for any R > %xN.
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Therefore,

u(x) = / K* O )dv(y) = / ¢ sl dv(y) = ev(Bly)——N
- iﬂRf — Jp (X12V+|x’|2+R(2))N/2 Ro (|x|2+R5)N/2.

BRO

In summary, the claim is proved for |x| large, say for |x| > Rj.
Since 3.1.B.(a) and 3.1.B.(b) hold, the claim for any x follows by observing that,

infp,, ”)f;) >0=h.

3.4 Proof of Theorem 3.12

Proof Let w := u — v. Since —Aw > 0 in the distributional sense, there exists a positive
Radon measure  such that —Aw = u and
liminf w(x) >0, for y € dRY.
x—(y',0)
Using the same notations as on page 24, set z := H[w] as in (49). From Lemma 3.16, it
follows that z is superharmonic in RVN+2 Fix x = (x/, xy) € ]Rﬁ and let ng = (n/o, no) =
(x’, xn, 0,0). Arguing as in (52) for R > %xN, we have

a3
2@)lde = 2 / w)lywdy.
/B;;f’”(no) 2 JBjneY

+

Now, since z is superharmonic, we know that z € L l] oc (]RN +2). Hence we deduce that the

above integrals are finite and xy|w| € L 110 . (Rﬁ ). This completes the proof of the claim.
Next we prove the equivalence between (36) and (37), i.e., the equivalence between w > 0
and the fact that w satisfies (R™) with z > 0.
Step 1 : Assume w > 0. Since w is a superharmonic function, by Theorem 1.2, it follows

that w can be represented by (25). An application of Theorem 3.1.B completes the proof of
the claim, implying w € L}OC (Ri’).

Step 2: Assume w satisfies (R™) with 4 > 0. Without loss of generality we may suppose
that w satisfies (Rg ). Notice that if z := H[w] is nonnegative, then w > 0. To prove that
z > 0, we apply Theorem 1.1 to the function z with [ = 0 in RVN*2 Let I > 7 > 1/4/2
be fixed. Consider x = (x/, xy) € Rf and let no = (15, 7o) := (x, xn, 0, 0). Our claim is

that: 1
liminf —— / |z(&)|dE =0.°
RNF2 J2R g0k

Noticing that B;kNJrz(no) ») B;’RN+2(T]()) and BZ’NH(no) c B&N+?

e,
V2R

12(6)] d& < / l2(6)] de
/ V2R _|po—£|<2R B3 P mo\By N (o)

2R R/t

(no), we have

Therefore, it suffices to prove that for R > lz%rx N, there holds:

12(6)] d& < 203 / | ) lyw dy. (53)
/B;‘kN”(no)\B;ﬂ”(no) Rl 2r

6 Obviously, in condition (R) the annulus Byg \ Bg can be replaced by the annulus By, g \ Bg with any
y > 1.

@ Springer



227  Page 28 of 38 L. D’Ambrosio, E. Mitidieri

The claim will follow from the hypothesis (Rar ).

Step 3: Proof of (53). We split the integration domain as B;kNH(no)\B;’/Z\T,“(;}O) = AUB
where: A == {|§ —7jo| < R/t, R/t < |§ —njl < 2R}and B := {R/t < | — 7| <
2R, |&' — 1yl < 2R}. Since

[ e = [ i [ B, (54)
A R/T<|E'—nyl<2R [§—=nol<R/7

and considering that z(¢', &) = z(&’, |€|), we have:

R Lo R/t+[nol , 5
/_ o€, B)IdE < f 2’ B)|dE =03/ 2 Irdr
E—iiol<R/T \El<R /7 +Inol 0
=03 0 lu(€', yn)lyndyn < 03/ w0 luE', yn)lyndyn.
lyn—xN|<R/T |yn—xn[<2R

where in the last identity, we have used the fact that R > txy. Therefore, from (54), we can
conclude that:

[ @ < of af e E mlvdim
A R<|g'—n)|<2R YN

[yv—xn|<2R

saf Lo WOy
R<|x—y|,<2R

Similarly, for region B, we have:

/ I2(6)]dE = / dg’ / , 2, E)ldE. (55)
B |€'—ngl<2R R/t<|§—nol<2R

Since {R/t < |E —ijo| < 2R} C {R/T — xy < |&| < 2R + xy}, we obtain:

f ] 2, B)dE < / ) 2’ B)|dE
R/t<[E—iio|<2R R/t—xy<|E|<2R+xn

2R+xn
— o / 2. P lrdr = o3 / W& y) lydyn

R/t—xn R/t—2xny<yn—xn<2R
< 03/ (€, yn)lyndyn,
R<yN7XN<2R

where we used the fact that R > 2txy and R > lz_—frxN. Therefore, from (55), we can

conclude that:

/lz@ldé 503/ dé’f lu(€’. yn)lyndyn 503/ oo lulyndy.
B [€"=mpl<2R R<yy—xn<2R N

R<|x—y|,<2R
This completes the proof. O

4 Another integral representation formula

In this section we prove some representation formulae concerning regular superharmonic
functions in the half-space Rﬂ. These results can be deduced from some theorems contained
in [8]. In what follows u stands for a continuous function defined on Rﬁ .
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Level sets of Q. (x) Spheres dB,* ()

Fig.2 On left: In blue the level sets 92, (x) with x = (0, 5) and r = 1, 2, 3, 4, 5. The yellow filled region is
the “annulus” €27 (x) \ €1 (x). On right: In dotted line the surface of the ball B(0, 5) (in the |-|, norm) for
r =1,3,6, 12 The yellow filled region is the “annulus” A% (x) = B (x) \ Bg (x)

The possibility to represent a superharmonic function u in the whole space RN or on
the half-space ]Rﬁ with an integral formula, is linked to the asymptotic behavior of some
weighted integrals of the function u on some rings, see Theorem 1.1 and 3.1 respectively.

Letx € Rﬁ and r > 0. We set

N X 1
Qr(x) = {y€R+|G (y) > ;}U{x}.

Throughout this section we shall call the set Qg (x) \ Qg (x) the standard annulus. See
Fig. 2.

Notice also that the rings of condition (R ) are modeled in a similar way modulo arescaling.
Indeed the integration domain appearing in (R) is given by Bar(x) \ Br(x). Notice that

C
B (x) = {y eRYIT*(y) > rN%} U {x}.

Theorem 4.1 Letu € Cz(Rf) be such that —Au =: u > 0.

A. Letx € Rﬁ and assume that

1 VG*(y)
Iy == — liminf / VGO, 1y e R, (56)
In2 R=+oo Joypanape) GO
then
ux) =1 + /RN G*(nry)dy. (57)

+

Therefore assuming that (56) holds for any x € RY, and setting (x) := I, we deduce
that,

(a) infu = infl (finite or infinite), and the following alternative holds,
either u(x) > I1(x),Vx € RY, or u=I and n=0. (58)
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(b) [ is harmonic in R_’X.
(c) Ifl; does not depend on x, i.e. l, =1 € R, then for any x € Rﬁ

u(r) =1+ / G*(u()dy. (59)
]RN

+

B. Ifu is bounded from below, then (56) is fulfilled for any x € Rﬂ. Hence the claims in A.
hold true.

C. Ifthere exists a harmonic function H € Cz(Rf ) such that

u@)zfﬂﬂ4iéNGx@Nde%

+

then for any x € Rf

1 VG*(y)|?
H(x) = —lim inf/ ﬂu(y)dy. (60)
In2 R=+o0 Joypanare) GO
D Letx € Rﬁ andl, € R. Then
VG~ 2
1iminf/ ﬂW(y)—lxldy:O, (61)
R=+00 Josp(on@r(r)  GF(Y)
if and only if
1

lim inf R/ ———u(y) = Lldy = 0. (62)
R=>+00  Joyp(o\Qr(x) 1¥ = VI

Moreover; if one of these assumptions is satisfied, then (56) holds.

Remark 4.2 The existence of a harmonic function H in the hypothesis of point C. above,
is guaranteed by the Riesz decomposition theorem provided there exists a subharmonic
minorant of u. See also [1, Theorem 4.4.1] and the comment preceding Theorem 3.11.

The following result is a consequence of Theorem 14 and Remark 17 of [8]. Set

X::WeC%ﬁ%:Mﬂﬂ):Q¢mdhmmﬂ&Q:0}

XN—O0 XN

Theorem 4.3 The following statements hold.
A. Letu € X. Then —Au =: u > 0 and inf u = 0 if and only if

u(x) = / LG undy  Vx e RY.

RY

B. Letu € X be such that —Au > 0. Then, inf u = 0 if and only if

vVG*|?
mmm/ | |My:0 Vx e RY, (63)
R—+00 Jorp\Qr(r) G
if and only if
VG*|?
lim VGl luldy =0 Vx e RY, (64)

R—>+00 Jorpon@r(r) G
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if and only if
lim inf/ IVG*|udHy_1 =0 Vx e RY, (65)
k=00 Jogr o)
if and only if
lim IVG*| lu —IlldHy-1 =0 Vx € RZ, (66)
R—+00 QR ()
if and only if
1 VG |?
[= lim T“/ IVGI™ dy o> —1 vx e RY. 67)
R—4o00 Rt Qr(x) (Gx)2+ot

C. Letu € X. Suppose that u is bounded from below and —Au > 0. Set

o1 IVG*|?
¢y = liminf —
R—+oo In2 Qor ()\ Qg (x) G~

udy VxeRY, (68)

then cy does not depend on x and ¢, = 0.

Proof of Theorem 4.1 The theorem is a consequence of Remark 17 and Theorem 6 of [8].
Indeed, the Green function on the half-space Rﬁ satisfies the assumptions listed in [8] H1.—
H7.

The statements A, Aa, Ac, B and C are a direct consequence of Theorem 6 in [8].

The claim in Ab follows again from Theorem 6 in [8] provided

wee)i= [ G0y € L, R,

+

This is easily seen to be true since w is a superharmonic function.
Proof of D. First we observe that the equivalence between (61) and (62) is a consequence
of the following argument. For x, y € Rﬁ , X # y, from the estimates (88) and (89) we have

i\’ 2
(%’) % < VG Ix = yPN < Oy a3 11+ N)? + N2
Letx € Rﬁ' be fixed, let R > 0 and consider Q;r(x) \ Qrx). If y € Qor(x) \ Qr(x) we
have 2R > G%()) > R. Hence, for y € Qg (x) \ Qg(x) we deduce
IVG*»)I* R
Gx(y) |x_y|2N'

This completes the proof of the equivalence between (61) and (62).

Finally, the implication (61) = (56) follows from Lemma 26 in [8].

Proof of Theorem 4.1 From Theorem 14 and Remark 17 of [8] it follows that the statements
A., B. and C. are equivalent to the following classical Liouville property:

Let u € X. If u is harmonic and bounded from below, then u is constant.
Indeed let ¢ > 0 be such that # + ¢ > 0. By Theorem 1.2 it follows that

u(x) +c = hxy +/ K*(y"dv(y),
aRY
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where v is a suitable positive Radon measure and # > 0. Since © € X we have
liminfy, oo u(x)/xy = 0. Hence & = 0. In addition, by the fact that u(x’, xy) — 0
as xy — 0 it follows that

/ y K*(y)dv(y) = ¢ as xy — 0, Vx' e RN7L,
R+
In other words the harmonic function w(x) := f aRY K*(y)dv(y") has boundary value

identically equal to the constants c. Therefore w = ¢ on Rﬁ , thatis, u = 0.

Appendix A Estimates related to Poisson kernel and Green function

Here we collect a few results related to the fundamental solution of —A on Rﬁ, to the Poisson
kernel, and its Green function.
Let R > 0 and set,

By = |y e RY smax{lyy — xyl. 1y = x'l) < R},

the “cylindrical” ball in Rﬁ centered at x € Rﬁ and radius R generated by the norm |-,
defined in (6).

In this paper G and K are defined as follows. Let I'* (y) be the fundamental solution of
—A at x, thatis, —A,I"*(y) = 8, where §, is the Dirac measure at x. It follows that,

T | A (69)
= or X .
Y —Cyln|x —y|, for N=2, Y

Letx = (x', xy) € ]R{X. We set £ = (x/, —xy). For y € Rf \ {x} we put,
G(x,y) = G*(y) :==T*(y) = I (y), (70)
and for x € Rf and y’ € 9RY , we define,
Clyxn G

X
K () =95 oy, 71
0= e R = OO (71)

By computation, we notice the following properties of the Green’s function G:

G'(y) =G’ (x), Vx #y, (72)
G*(y',0) =0, V(' xn) #(y,0), (73)
87G(x/, 0,y)=0. (74)

dyn

For further applications, we need a regularized version of the kernels G and K. For
0<e <l x,yc€ ]Rf , we define the regularized fundamental solution I'} (y) and the
regularized Green’s function G (y), as follows

Cn
(2+[x—y[H)(N=2/2>

N =3,
Fey) =
~2 @@ +x—y»), N=2,
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and R

Ge(y) =T () =T). (75)
That is,

CN CN
@+ 1x —yPHND2 (@ 4 [ = yP)y N2/

Gi(y) =

Cy Cy
Gx()———ln(e +x =y + — ln(e +18=y)?), for N=2.

Forx € @ and y' € B]Rﬁ we define the regularized Poisson kernel as

909G~ Clxn
Kf(y/): é(y/,0)= 2 2 N/ 112\N/2°
dyN (€2 + x5 + [x/ — y|HN/

for N >3,

These regularized kernels G} (y) and K (y) help in dealing with potential singularities and

are useful in various analytical settings. Observe that,
Ge(y) /' G*(»), and KI(Y) / K*(Y) as € —> 0.
Let us introduce the auxiliary functions,
a =€+ |x — y|2, ar = €X + |x — y|2.
It follows that G can be written as,

Cn Cn
Gi(y) = - ,
€ aéN—Z)/2 aiN—z)/z

for N >3,

Gy =2m Y, forn=2.
2 a

Notice that
ay —axy =4xyyn.
Therefore, in the case N = 2, we have

C - 4
Gt = 2 —1——2111(1+‘” Q) - Q2 4 BN
2 2 ap 2 as

while for N > 3, we have

N-2)/2 N-2)/2
N R < aN2 _ -2
)= (N-2)/2 (N—-2))2 — =N (N—2)/2 (N=2)/2
02 [1 (12
. a{v -2 _ N2
(N )72, (N 2)/2( (N— 2)/2+a£1v72)/2)

4xNyN(al Ptra) tay+ a7

N—=2)/2 (N=2)/2, (N=2)/2 N—=2)/2."
ai )/ aé )/ (ai )/ + aé )/ )
For future reference, let us compute the derivatives of G. We have,

d Cy [yv+xy  ynv—2xN
—Gl(y) =X - :
dyn € 2 a{\//z aév/z

=CN

(76)

(77)

(78)

(79

(80)

8D
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andforj=1,...,N —1,

a GX(v) Cy 1 1 ( )
—G.V=— |55 —x)).
o T\ g )

So that,

C/ 2
2
VG| =<7N)
CI 2
— (=~
-(3)

This detailed computation of the gradients and their magnitudes provides a clear under-

standing of the behavior of the regularized Green’s function and its derivatives. This will be
useful in further analytical work involving these functions.

2
y—% y-—x

T (82)
AT

1
a{V/Z aéV/2

2 2
YN+ XN YN — XN
|x/_y/|2+ ( N/2 - N/2 ) (83)
a; a

Proposition A.1 Let 0 <€ < 1.
1. Fory,x € Rf, x # y, we have

XN YN

0<G!(y) <C, } 84
= e(y)_ N(€2+IX—y|2)N/2 ( )
2. We have,
. X Ile _
lim G:(y)—— = Cyxp, (85)
[y|—o00 YN
uniformly with respect to € and x in bounded sets.
3. We have,
lim K21V = Claw, (86)
[y'|>00

uniformly with respect to € and x in bounded sets.
4. Fory,x € RY, x # y, we have

!

X2 Cy ? x12v 2N yzzv ’ zyi,lx’ -y
IVG¢ 7 () < B3 aiN 14 (a) +2NZ + 4N B (87)
2

ay
BRI, SR RO Y 88
=V @ty VN &9
ci\? x2
VGY|? >(X) N 89
| E'(y)‘(2> @5 =y (89

5. Fory,x e@,x # vy, we have

C/ XN a N/2 y2
NGE()| < X2 (14 (= INY | < (N + DT,
NGOl = = 27 +(a1> TN S VDG

XN
(2 +|x — y|HN/2
(90)

Proof Proof of claim 1. We begin by observing that since a; > ap, we have G} > 0.
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In the case N = 2, by the concavity of the logarithmic function, we obtain:

Cr a Cy ap —az
Gl=—In— = —1In(1 <
€ ) na2 ) n(l + @ ) <

Crai—ay _ Cadxnyn
2 ar 2 ay

which proves (84).
Let N > 3. By the convexity of the function, t — ¢~* for t > 0 and o > 0, we have:

1
———fotﬁ(t—s), for t,s > 0. 91
Sa

Applying (91) witha = (N — 2)/2, s = a» and t = ay, we deduce:

1 1 N -2 1 XNYN
Gf =Cy — <Cn (@1 —az) = CN(N = 2)2—-.
€ (aéNZ)/z aiNZ)/Z) 2 aé\l/z aé\//z

This completes the proof of (84) for N > 3.
Proof of claim 2. Let C C Rﬁ be bounded and let x € C. For |y| > 2sup{|x| : x € C}, we

have,
VI+ly =22 =Va, = Vay, = |y —x| = |yl — x| = |yl/2.

Next, let N = 2. Since MZ% — 0 uniformly with respect to x € C and €, whenever
|y| = oo, and taking into account that In(1 4+ 1) = ¢ as t — 0,7 from (77) it follows that

Co4xnyn o 2oy

Gi(y) = EARy
¢ 2 o Iy[?

as |y| — oo,

completing the proof of the claim.
Next we consider the case N > 3. From (80) we have,

|y Y @ +a o+ +a) ) PN |yIV 2
GL) : : :

— :4CNXN
YN |y|2N76 (alaz)(N—Z)/Z aiN—Z)/Z +a£N—2)/2
1
Z4Cyxn (N —2)5, as |yl — oo,

this completes the proof of claim 2.
Proof of claim 3. Proceeding as in the proof of claim 2., we have

'[N

X/ NN __ 7
K OOIWY1" = Cyxy (62+x]2v + ¥/ _y/|2)N/2

= Cyxn, as |y'| — oo.

Proof of claim 4. and claim 5. From the expression of the derivative of G7, it follows that we
must estimate the quantity, a, Nz _ al_N/ 2 We observe that since the function 1% is convex
for @ > 1, we have

1 —s% <a(t— s)z"‘_l, for t,s > 0. (92)

Taking into account (76), the latter inequality, with ¢t = aj, s = a2 and @ = N /2, produces

N2 N2 N/2-1
1 1 a;’m —a, a

N2 T N2 T NBRNZ S 5(“1 — @) N5 N = 2N
a a; ap 4 )

XNYN
N2
2

aya

7 a(t) = b(t) ast — to means lim;— 4, a(t)/b(t) = 1.
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Next from (81) we have,

C} 1 1 1 1
1N GE (V) ZTN <)’N(N/2 - T/z) +XN(T/2 + N/2)>
4 a4 a4y a

C;V XNYN 1 1
aia, a, a;

This proves the first inequality in (90), while the second one is due to the fact that, a; > a;
and a1 > y,z\,. This concludes the proof of claim 5.
Similarly from (83) we have,

2 2
VGl L Ly (e - L e L
= - X =y (w75 — —773) TN (75 + 3
/D | T 37 R TG
2.2 2 N2 2\ 2
X X
4NNy I 1+<a—2> +onIV)
aja, ay ai ai

which is (87). The remaining inequality (88) is a consequence of the fact that, a; > ap,
a; >y} anday > |x' —y'|%.
Second, we prove the estimate (89). Indeed we have,

1

IVGI> _
Cy/2*  |aV? &2

2 2
=3P+ (3w (75 — =) + 5w (=5 + =)
x -y YN\TN2 Ni2) TAINGTR S N2

a 4 a 4

2
N R B B R
>V xn(——= + —= > Xy —w-
aéV/Z a{\//z ay

Appendix B Examples of functions satisfying (R{)
Here we summarize examples of functions satisfying (”Ra' ).

Remark B.1 We notice that a functionu € L 110 . (@) can be extended to the whole space RN

by setting u(x) = 0 for x ¢ @ We will still denote this extension with u. If u satisfies the
ring condition

1
lim inf oN lu(y)|dy =0, fora.e. x € RY, (93)
R R<|x—y|,<2R

then u satisfies also (R(J)r ). Itis easy to see that (93) is satisfied by any function belonging to the
following global spaces: L? (Rf ), the Marcinkiewicz spaces L, (Rﬁ ), and to the Campanato-
Morrey spaces M(f (]Rﬁ ) (see [6]). This implies that such a function fulfills (RaL ). In effect,
essentially bounded functions fulfill (Rar ) but not (93).

TheoremB.2 ]. Let 1 < p < oo.Ifu € L”(Rﬁ), then u satisfies (Ra“).

2. Let1 < p <oo. Ifxylul? € Ll(Rﬁ), then u satisfies (’R(J)r).
3. If xylu| € L®(RY), then u satisfies (R).
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4. Ifu € LIOL(RW) and |u(x)| < c|x|P for a suitable ¢ > 0, 0 < p < 1 and |x| large,
then u satisfies (R%

5.1fu e Mp (RY) with 1 < g < p, then u satisfies (RO)

Proof We begin by proving statements 2 and 4, since they imply the others. Let x € Rﬂ. For
R > 0, define A% (x) := B, (x) \ B(x). See Figure 2 at page 29.
Proof of claim 2. From our assumptlon we know that

lim [ yylu()|Pdy = 0.
R

R—o0 J 4 (x)

This directly implies the claim for p = 1. Now consider the case p > 1. By Holder
inequality with exponent p, we have

1 / 1 YN
—NT3 ynlu)ldy 27/ lu(y)|=—-dy
RNA+2 A% (1) RN+1 A%(0) R

R
| y 1/p y 1/p
N N
S— Iu(y)l” / —dy
RN+ (];2( A% (o) R

’ 1/p
RN/P / N
S— lu(y)|? —dy — 0,
RN+1 ( A}(x) R
and the claim follows.

Proof of claim 4. Let Ry be such that |u(x)| < c|x|? < c(|x'|? + |xn|P) for |x| > Ry. We
have

/ ynlu(y)ldy < C/ yn (Y17 + lynIP)dy < C/ yn(Y'1P + lyn1P)dy
BR\Bj B%\ B B,

R\PR R\PR
R
< / dy' / ww(Iy'1? +1yn1P)dyy < c f (1Y'|R? + RP*2)dy' < cRVF1HP.
Iy'I<R 0 [Y'I<R
Therefore, we can complete the proof by noticing that

1
W/- ynlu()ldy < cRP™' -0, as R — oo.
©\Bk,

Proof of claims 1. and 5. The case 1 < p < oo is contained in Remark B.1. While the case
p = oo follows from point 4.
Proof of claim 3. It follows by using the same argument as above. O

Another example of functions which naturally meet the condition (R(J)r ) is the following.

TheoremB.3 Lerl < g < o00. Letu € L (RN) be a weak solution of

loL

_ q N
{ Au > ul?, on RY, 04)

u >0, on BR_’X.
Then u satisfies (R0+).
For a proof of this theorem see [9].
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