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Abstract
We prove a representation formula for superharmonic functions on the half-space R

N+ :=
R

N−1×]0,+∞[. As a consequence, we derive some comparison principles and various
positivity results.
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1 Introduction

Let u ∈ L1
loc(R

N ), N ≥ 3, be a nonnegative superharmonic function, namely,

− �u = μ, u ≥ 0, in D′(RN ), (1)

hereμ is a positiveRadonmeasure.1 From theRiesz representation theorem (see [1, Corollary
4.4.2]) it follows that u is given by

u(x) = l +
∫
RN

�x (y)dμ(y), f or a.e. x ∈ R
N , (2)

where �x (y) is the fundamental solution of −� (see (69)) and l = inf u.
The assumption of boundedness from below of u is crucial for the validity of (2)2. There-

fore, finding sufficient conditions that ensure the positivity of a superharmonic function is
an important and natural question. An answer to this problem is provided in [6], where the
authors demonstrate:

Theorem 1.1 Let N ≥ 3 and let u ∈ L1
loc(R

N ) be a superharmonic function. Let μ = −�u
and l ∈ R. Then (2) holds if and only if

lim inf
R→+∞

1

RN

∫
R<|x−y|<2R

|u(y) − l| dy = 0 f or a.e. x ∈ R
N . (R)

The ring condition (R) also plays a role in the representation theorem related to distribu-
tional solutions of L(u) ≥ 0, even when L is a higher-order operator, either homogeneous
or non-homogeneous (see [6, 7]). Representation theory has also been studied for problems
stated in non-Euclidean settings (see [4, 8], and [10]). Further generalizations to smooth
solutions of problems associated with general second-order operators L(u) ≥ 0, have been
studied in [8], where the role of (R) is played by special means modeled on the fundamental
solution of the operator L .

One purpose of this paper is to study superharmonic functions on the half-space RN+ :=
{(x1, . . . , xN ) ∈ R

N , xN > 0}where N ≥ 2, and related representation formulae. Addition-
ally, we will prove some comparison principles (see [9] for some Liouville theorems). Here,
we will focus on problems in the half-space RN+; the more general case of a cone in RN will
be addressed in a forthcoming paper.

It is well known that for nonnegative superharmonic functions in the half-space RN+ , the
following Riesz representation theorem holds. See Corollary 4.4.2 and Theorem 4.3.8 in [1].

Theorem 1.2 (Riesz representation) Let u be a distributional superharmonic function inRN+ ,
that is −�u ≥ 0 in D′(RN+). If u ≥ 0, then there exist a positive Radon measure μ on R

N+
and a positive Radon measure ν on ∂RN+ together with a constant h ≥ 0, such that

u(x) = hxN +
∫

∂RN+
K x (y′)dν(y′) +

∫
R
N+
Gx (y)dμ(y) f or a.e. x ∈ R

N+ . (3)

Furthermore,
−�u = μ on R

N+ in the distributional sense.

1 As usual, by a positive Radon measure, we mean a regular Borel measure which is positive and finite on
compact sets.
2 Since we aim to represent u by means of (2), and the integral in the right-hand side is nonnegative, the
function u must necessarily be bounded from below. Moreover, l = inf u must be finite for (2) to make sense.
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Here K and G are the Poisson kernel and the Green function of −� on RN+ respectively (see
Appendix A for more details).

Even in the context of problems in a half-space, the question of the nonnegativity of
superharmonic functions arises.

Throughout this paper, unless otherwise specified, wewill assume thatμ and ν are positive
Radon measures on R

N+ and on ∂RN+ = R
N−1 respectively. Our research will focus on the

differential equation, ⎧⎨
⎩

−�u = μ on R
N+ ,

u = ν on ∂RN+ ,

(4)

and on the differential inequality
⎧⎨
⎩

−�u ≥ μ on R
N+ ,

u ≥ ν on ∂RN+ .

(5)

As will become increasingly evident as we proceed, when studying problems in R
N+ , the

role of the ring condition (R) for the problem (1) in the whole space RN , in RN+ it is played
by the following weighted ring condition:

there exists h ∈ R such that

lim inf
R→+∞

1

RN+2

∫
{yN>0}∩{R<|x−y|∗<2R}

yN |u(y) − hyN | dy = 0, f or a.e. x ∈ R
N+ ,

(R+)

where |·|∗ is the cylindrical norm defined by,

|x |∗ = |(x ′, xN )|∗ := max{|x ′|, |xN |}. (6)

To understand why we introduce the condition (R+), we first note that for the problem
(1), the solution u is not unique. Indeed, adding a constant to u, yields a different solution.
This non-uniqueness also applies to problem (4), where a linear term like hxN , h ∈ R, can
be added to a solution to produce another solution. This explains why the correction hyN
appears inside the integral in (R+).

The presence of the weight yN in (R+) is instead motivated by the behavior of the Green
function of −� on R

N+ , indeed, Gx (y) ≈ C ′
N xN yN |x − y|−N as |y| → ∞ (see Proposi-

tion A.1), so yN is the natural weight for controlling the Green potential at infinity. Moreover,
the necessity of the weight is confirmed a posteriori by Theorem (B), which shows that (R+)
is not only sufficient but also necessary for the validity of the representation formula.

Our first main result is the following.

Theorem (A) Let N ≥ 2, let μ and ν be positive Radon measures on RN+ and ∂RN+ , respec-

tively. Assume that μ ∈ Mloc(R
N+ , xN ) and let u ∈ L1

loc(R
N+) be a weak solution of (5).

Suppose x ∈ R
N+ is a Lebesgue point for u. Assume that there exists h ∈ R such that (R+)

holds at the point x that is,

lim inf
R→+∞

1

RN+2

∫
{yN>0}∩{R<|x−y|∗<2R}

yN |u(y) − hyN | dy = 0.

Then,

u(x) ≥ hxN +
∫

∂RN+
K x (y′)dν(y′) +

∫
R
N+
Gx (y)dμ(y). (7)
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Moreover, if u is a weak solution of (4), then the inequality in (7) becomes an equality,
that is

u(x) = hxN +
∫

∂RN+
K x (y′)dν(y′) +

∫
R
N+
Gx (y)dμ(y). (8)

We observe that a special case arises when (R+) holds with h = 0, i.e.,

lim inf
R→+∞

1

RN+2

∫
{yN>0}∩{R<|x−y|∗<2R}

yN |u(y)| dy = 0 f or a.e. x ∈ R
N+ . (R+

0 )

Notice that all bounded and measurable functions on R
N+ satisfy (R+

0 ). Other examples
of functions satisfying (R+

0 ), will be provided in Appendix B below.
We point out that another interesting class of functions satisfying (R+

0 ) is the set of
solutions to the problem, {±�u ≥ |u|q , on R

N+ ,

u = 0, on ∂RN+ ,
(9)

here q > 1. For a proof of this fact and related Liouville theorems see [9].
Our main result, Theorem (A), can also be applied to the representation of harmonic

functions. Recently, in [17], integral representation formulae for harmonic functions on a
half-space have been studied. It is worth comparing (R+

0 ), with the condition given in [17]
for representing a harmonic function by an integral formula.

We emphasize that for a superharmonic function u in a half-space R
N+ , the condition

(R+) is sufficient for the validity of the representation formula (3), thereby ensuring its
positivity, provided h ≥ 0. Furthermore, the condition (R+) is also necessary for the validity
of the integral representation. Indeed, our second main result is the following theorem whose
principal statement is the converse of the statement in Theorem (A).

Theorem (B) Let N ≥ 2, and let μ and ν be positive Radon measures on R
N+ and ∂RN+ ,

respectively. Let u be defined by (8) and assume that it is finite for a.e. x ∈ R
N+ .

Then u ∈ L1
loc(R

N+), μ ∈ Mloc(R
N+ , xN ) and u is a weak solution of (4). Moreover, u

satisfies the condition (R+), where the constant h appears in (8).
Furthermore,

(a)

h = inf
R
N+

u(x)

xN

(b) Let � ⊂ R
N+ be a nonempty bounded open set. If h = inf�

u(x)
xN

, then u(x) = hxN , with
μ ≡ 0 and ν ≡ 0.

(c) If u − hxN is not identically zero, then there exists a constant c0 > 0 such that

u(x) ≥ hxN + c0
xN

1 + |x |N , f or all x ∈ R
N+ . (10)

(d) For almost every x ∈ R
N+ ,

lim
R→+∞

1

RN+2

∫
{yN>0}∩B∗

R(x)
yN |u(y) − hyN | dy = 0.

This paper is organized as follows.
Section 2 is dedicated to defining weak solutions for problems (4) and (5), even when ν

and μ are general local Radon measures, and to the concept of lim-trace. See Definition 2.5.
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To illustrate the implications of this concept, we explore its application in Section 2.1, where
we establish the relationship between distributional and weak solutions of (4) and (5), and
certain specific properties (see Remark 2.13).

Section 3 formulates and proves the main result of this paper, namely the representation
Theorem 3.1. The techniques we use to prove this representation result for (4) allow us
to deal with measures that are general local Radon measures, without requiring positivity.
See Theorem 3.8. We investigate the case of superharmonic but not necessarily nonnegative
functions u in Theorem 3.11 and Corollary 3.14. Consequently, weak solutions of (5) that
are bounded from below are nonnegative. See Theorem 3.15. This section also includes a
simple characterization of a comparison principle (see Theorem 3.12). The remainder of the
section is devoted to proving other related results.

Lastly, for completeness, in Section 4, we highlight another representation theorem for a
superharmonic function on R

N+ . The results contained in this section are based on general
theorems established in [8].

As a final remark, wewould like to point out that if u is a superharmonic function and there
exists a superharmonic function g such that u ≥ −g, then the results contained in Section 3,
apply to u + g. We emphasize that in this case, by Riesz’s decomposition theorem, we know
that there exists a harmonic function H on R

N+ , such that

u(x) = H(x) +
∫
R
N+
Gx (y)dμ(y),

where μ := −�u. The harmonic function H can be obtained as a weighted limit of u on
some rings. This construction is detailed in Section 4, see Theorem 4.1.

In Appendix A, we present basic and important information on the fundamental solution
of −� in R

N+ and its Poisson kernel and the related Green function. This includes a few
precise estimates on related potentials. Appendix B contains basic examples of functions
fulfilling the condition (R+

0 ).

Notation

R
N+ The half-space RN−1×]0,+∞[, x = (x ′, xN ) ∈ R

N+ with xN > 0
and x ′ ∈ R

N−1.
∂RN+ = R

N−1 × {0} The boundary of RN+ that we can identify with R
N−1.

| · | The Euclidean norm.
B ′
R The Euclidean ball in R

N−1 centered at the origin and radius R.

Be,N+2
R (ξ0) The Euclidean ball in R

N+2 of radius R centered at ξ0 ∈ R
N+2.

|x |∗ The cylindrical norm defined as |x |∗ = |(x ′, xN )|∗ := max{|x ′|,
|xN |}.

B∗
R(x) The cylindrical ball in R

N+ defined as
{
y ∈ R

N+ : max{|yN − xN |,
|y′ − x ′|} < R

}
.

Cc(E), C2c (E) The spaces of continuous and C2 functions respectively whose sup-
port is compact and contained in E .

D0(�) Test functions space used along the paper defined as

D0(�) :=
{
ϕ|� : ϕ ∈ C2c (RN ), ϕ = 0 on ∂�

}
.

D′(RN+) The space of the distributions on RN+ .

σN The measure of the unit sphere in R
N , σN := 2πN/2

�(N/2) .
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CN ,C ′
N The constants defined as C−1

N := σN max{N − 2, 1}, and C ′
N :=

2/σN .
�x The fundamental solution of −� at x , see (69).
Gx The Green function of −� at x on RN+ , see (70).
K x The Poisson kernel, see (71).
Mloc(X) The space of local Radon measures on the σ -compact and locally

compact Hausdorff space X , that is the space of linear continuous
functionals on Cc(X). Moreover if μ ∈ Mloc(X), then μ = μ+ −
μ−, withμ+ andμ− positive Radon measures and set |μ| := μ+ +
μ−.

Mloc(R
N+ , xN ) The space of local Radon measures μ ∈ Mloc(R

N+) such that∫
�
xNd|μ| < ∞ for any bounded � ⊂ R

N+ .

L1
loc(R

N+) The space of locally integrable functions up to the boundary, that is
the space of functions u ∈ L1

loc(R
N+) such that u ∈ L1(�) for any

open bounded set � ⊂ R
N+ .

W 1,p
loc (RN+) The space of functions u ∈ W 1,p

loc (RN+) such that u ∈ W 1,p(�) for
any open bounded set � ⊂ R

N+ .

BVloc(RN+) The space of functions u ∈ BVloc(RN+) such that u ∈ BV (�) for
any open bounded set � ⊂ R

N+ .
Tr(u) The lim-trace of u, see Definition 2.5.
c We will use the symbol c to denote a generic positive constant, the

value of which may change from line to line, and is not dependent
on the solutions of the problem under study and may depend on
certain non-essential parameters.

2 Some qualitative properties of weak and distributional solutions

In this section, we present the formal definition of weak solutions for the problem (4) and
discuss some of its properties.

The definition of weak solution of (4) can be formulated even if μ and ν are more general
than positive Radon measures, extending to local Radon measures. For a σ -compact and
locally compactHausdorff space X , a local Radonmeasureμ is a linear continuous functional
on Cc(X). The space of all the local Radon measures on X will be denoted by Mloc(X).

Clearly, Mloc(X) contains any positive Radon measure as well as any signed Radon
measure on X . Furthermore, if ν and λ are two positive Radon measures on X , then ν − λ

defines a linear functional on Cc(X), that is, an element of Mloc(X) (note that in general
ν − λ is not a signed Radon measure). On the other hand, for any μ ∈ Mloc(X), there exist
two positive Radon measures, ν and λ, such that μ = ν −λ. As usual, we rewrite μ in terms
of the positive measuresμ+ andμ−, as in the classical Jordan decompositionμ = μ+ −μ−.
Therefore, for the functional μ ∈ Mloc(X) we have the following:

μ(φ) =
∫
X

φdμ+ −
∫
X

φdμ− =:
∫
X

φdμ ∀φ ∈ Cc(X).

As usual, we set |μ| := μ+ + μ−, which defines a classical positive Radon measure. The
interested reader may refer to the relationships between classical measures, local Radon
measures and their representation in [5] and [12].
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In what follows we will need the following spaces:

Mloc(R
N+ , xN ) := {μ : μ is a local Radon measure on RN+ such that∫

�
xNd|μ| < ∞ for any bounded � ⊂ R

N+},

and
D0 = D0(R

N+) :=
{
φ|RN+ : φ ∈ C2c (RN ), ϕ(x ′, 0) = 0

}
.

Next we notice that if, instead of μ and ν being measures, they are continuous functions
and u is a smooth solution of (4), then by multiplying the differential equation in (4) by
ϕ ∈ D0 and integrating by parts, we obtain the identity:∫

R
N+

μ(x)ϕ(x)dx +
∫

∂RN+
ν(x ′)ϕN (x ′, 0)dx ′ =

∫
R
N+
u(−�ϕ). (11)

Here, and in the following, we denote by ϕN the partial derivative of the function ϕ with
respect to xN , i.e. ϕN (x) = ∂Nϕ(x) = ∂

∂xN
ϕ(x).

Similarly, if u solves (5), then by multiplying the differential inequality in (5) by a non-
negative ϕ ∈ D0, we obtain∫

R
N+

μ(x)ϕ(x)dx +
∫

∂RN+
ν(x ′)ϕN (x ′, 0)dx ′ ≤

∫
R
N+
u(−�ϕ). (12)

With these preliminaries, we can now provide the formal definition of weak solutions and
discuss their properties. The relations (11) and (12) justify the following definition of weak
solution.

Definition 2.1 Letμ ∈ Mloc(R
N+ , xN ) and ν ∈ Mloc(∂R

N+). A function u is aweak solution

of (4) [resp. (5)] if u ∈ L1
loc(R

N+) and for every test function ϕ ∈ D0 [resp. ϕ ∈ D0 and
ϕ ≥ 0], there holds,∫

R
N+

ϕ(x)dμ(x) +
∫

∂RN+
ϕN (x ′, 0)dν(x ′) = [≤]

∫
R
N+
u(−�ϕ). (13)

Remark 2.2 Observe that if, in the definition of weak solution, we replace μ with a general
local Radon measure, μ ∈ Mloc(R

N+), then it is not guaranteed that the terms in (13) are all
finite. On the other hand, ifμ ∈ Mloc(R

N+) is a positive Radon measure, it is straightforward
to recognize that requiring the term

∫
R
N+ ϕ(x)dμ(x) to be finite for anyϕ ∈ D0 is equivalent to

the fact that the measure μ satisfies
∫
�
xNdμ(x) < ∞ on every bounded open set � ⊂ R

N+ ,

i.e., that μ ∈ Mloc(R
N+ , xN ).

Remark 2.3 Needless to say, if u is a weak solution of (4) then

−�u = μ in D′(RN+),

i.e., u is a distributional solution of−�u = μ. This follows by choosing ϕ ∈ C∞
c (RN+) ⊂ D0

in (13). An analogous remark is valid for a weak solution of (5).

Remark 2.4 We point out that if u is a weak solution of⎧⎨
⎩

−�u = μ1 on R
N+ ,

u = ν1 on ∂RN+ ,
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and of ⎧⎨
⎩

−�u = μ2 on R
N+ ,

u = ν2 on ∂RN+ ,

where μ1, μ2 ∈ Mloc(R
N+ , xN ) and ν1, ν2 ∈ Mloc(∂R

N+), then μ1 = μ2 and ν1 = ν2.
Indeed, from the definition of weak solution, we have that for any ϕ ∈ D0∫

R
N+

ϕ(x)dμ1(x) +
∫

∂RN+
ϕN (x ′, 0)dν1(x

′) =
∫
R
N+
u(−�ϕ)

=
∫
R
N+

ϕ(x)dμ2(x) +
∫

∂RN+
ϕN (x ′, 0)dν2(x

′).
(14)

From Remark 2.3 we deduce that μ1 = μ2, and by (14) we get,∫
∂RN+

ϕN (x ′, 0)dν1(x
′) =

∫
∂RN+

ϕN (x ′, 0)dν2(x
′), ∀ϕ ∈ D0.

Next, let ψ ∈ C∞
c (RN−1). Let φ ∈ C2c (R) be a standard cut-off function, that is

0 ≤ φ ≤ 1, φ(t) = 1 f or 0 ≤ t ≤ 1, φ(t) = 0 f or t ≥ 2, (15)

and set, ϕ(x ′, xN ) := xNψ(x ′)φ(xN ). Since ∂Nϕ(x ′, 0) = ψ(x ′)φ(0) = ψ(x ′), we get,∫
∂RN+

ψ(x ′)dν1(x
′) =

∫
∂RN+

ψ(x ′)dν2(x
′).

Hence ν1 = ν2.

2.1 Weak solutions and lim-trace

In this section, we introduce the definition of lim-trace for functions belonging toW 1,p
loc (RN+)

and we study its properties in connection to the weak solutions of (4) and (5).
In this respect, we observe that if u is a weak solution of (4) or (5) with μ and ν local

Radon measures, then for any bounded open set � ⊂ � ⊂ R
N+ , we have u ∈ W 1,p(�) for

any 1 ≤ p < N/(N − 1) (see e.g. [11]). This means that u has a Sobolev trace u∂� on ∂�.

Therefore, if u is a weak solution of (4) or (5), then u ∈ W 1,p
loc (RN+) and, for any ε > 0, u has

a Sobolev trace u(·, ε) on each hyperplane with equation xN = ε. Mimicking the argument
in [2] for harmonic functions, we define the trace of a given function on ∂RN+ as the limit of
the Sobolev trace u(·, ε) as ε → 0+. More precisely, we have the following.

Definition 2.5 Let u ∈ W 1,p
loc (RN+) for some p > 1 and let ν be a local Radon measure

on ∂RN+ . We say that ν is the lim-trace of u on ∂RN+ and we write ν = Tr(u), if for any
ψ ∈ C2c (∂RN+), we have

lim
ε→0+

∫
∂RN+

ψ(x ′)u(x ′, ε)dx ′ =
∫

∂RN+
ψ(x ′)dν(x ′),

where u(·, ε) is the Sobolev trace of u on the hyperplane with equation xN = ε.

Definition 2.5 can similarly be extended to a function u ∈ BVloc(RN+). If u ∈ C(RN+) then

Tr(u) = u(x ′, 0). If u ∈ W 1,p
loc (RN+) then Tr(u) is the Sobolev trace of u. In a more general

setting, if u ∈ BVloc(RN+), then Tr(u) is the trace of u in the BV sense (see [13]).
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We point out that if u and v have the lim-traces, then u + v also has the lim-trace and
Tr(u + v) = Tr(u) + Tr(v). Similarly if a ∈ R, then Tr(au) = aTr(u).

The following results are similar to the ones proved in [16] in another context.

Theorem 2.6 Let μ ∈ Mloc(R
N+ , xN ) and ν ∈ Mloc(∂R

N+). Let u be a weak solution of
⎧⎨
⎩

�u = μ on R
N+ ,

u = ν on ∂RN+ .

(16)

Then u has the lim-trace on ∂RN+ , and Tr(u) = ν.

Another important result for functions that possess the lim-trace is for nonnegative super-
harmonic distributions considered in Corollary 3.2 below.

We need the following Lemma.

Lemma 2.7 Let μ ∈ Mloc(R
N+) and let u be a distributional solution of

�u = μ in D′(RN+).

Then, for any Lipschitz bounded open set � ⊂ � ⊂ R
N+ , it follows that u ∈ W 1,p(�) for

1 ≤ p < N/(N − 1). Moreover, for any ϕ ∈ D0(�) there holds,∫
∂�

u∂�(∇ϕ · n) =
∫

�

u�ϕ −
∫

�

ϕdμ. (17)

Proof Since u ∈ W 1,p(�), for any ϕ ∈ C2c (RN ), we have∫
�

u�ϕ = −
∫

�

(∇ϕ · ∇u) +
∫

∂�

u∂�(∇ϕ · n), (18)

(see e.g. [15]). Next, let (mη) be an approximation of the identity with supp(mη) ⊂ Bη(0),
and let us choose η sufficiently small such that a compact η-neighborhood of � is still
contained in R

N+ , � + Bη ⊂ � + Bη ⊂ R
N+ . Since uη := mη ∗ u is a classical solution of

�uη = μη, where μη := mη ∗ μ, integrating by parts we obtain
∫

�

ϕμη =
∫

�

ϕ�uη =
∫

∂�

ϕ(∇uη · n) −
∫

�

(∇ϕ · ∇uη

)
.

Now, if ϕ ∈ D0(�) the first integral in the right hand side of the above identity vanishes.
Letting η → 0 in the above identity, it follows that∫

�

ϕdμ = −
∫

�

(∇ϕ · ∇u) ,

which, combined with (18) yields the claim. ��
Proof of Theorem 2.6 Fix ψ ∈ C2c (∂RN+). For ε > 0, define ϕε(x ′, xN ) := (xN −
ε)ψ(x ′)φ(xN ) where φ ∈ C2c (R) is a standard cut-off function as in (15). Let R > 0 be
sufficiently large so that supp(ψ) ⊂ B ′

R := {|x ′| < R}. For 0 < ε < 1, let �ε be the
cylinder �ε := B ′

R × (ε, 2). Since ϕε ∈ D0(�ε), applying the integration by parts formula
(17) gives:∫

�ε

ϕεdμ −
∫

�ε

u�ϕε = −
∫

∂�ε

u∂�ε (∇ϕε · n) =
∫

∂RN+
u(x ′, ε)ψ(x ′)dx ′,
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where we have used the fact that∇ϕε = 0 on ∂�ε ∩{xN > ε} and (∇ϕε ·n) = −∂Nϕε = −ψ

on ∂�ε ∩{xN = ε}. Next, observe that as ε → 0+, ϕε → ϕ0 uniformly, where ϕ0(x ′, xN ) =
xNψ(x ′)φ(xN ). Since μ ∈ Mloc(R

N+ , xN ), we have:∫
�ε

ϕεdμ →
∫

�0

ϕ0dμ as ε → 0+.

On the other hand, since again �ϕε → �ϕ0 uniformly, and u ∈ L1(�0), we obtain∫
�ε

u�ϕε →
∫

�0

u�ϕ0 as ε → 0+.

Noting that ϕ0(x ′, xN ) := xNψ(x ′)φ(xN ) we can conclude that there exists the limit in the
definition of lim-trace, that is,

T (ψ) := lim
ε→0+

∫
∂RN+

u(x ′, ε)ψ(x ′)dx ′ = lim
ε→0+

(∫
�ε

ϕεdμ −
∫

�ε

u�ϕε

)

=
∫
R
N+
ϕ0dμ −

∫
R
N+
u�ϕ0.

(19)

To complete the proof, it remains to show that T does not depend on the choice of φ (which
implies that T is a distribution onRN−1) and can be represented by a local Radonmeasure. To
this end, since u is a weak solution of equation (16), we utilize ϕ0(x ′, xN ) := xNψ(x ′)φ(xN )

in the definition of weak solution. We deduce that

T (ψ) =
∫
R
N+

ϕ0dμ −
∫
R
N+
u�ϕ0 =

∫
∂RN+

∂Nϕ0dν =
∫

∂RN+
ψdν,

which concludes the proof. ��
The following can be seen as a sort of converse of Theorem 2.6.

Theorem 2.8 Let μ ∈ Mloc(R
N+ , xN ) and let u ∈ L1

loc(R
N+) be such that,

�u = μ in D′(RN+).

If u has the lim-trace ν = Tr(u) with ν ∈ Mloc(∂R
N+), then u is a weak solution of (16).

Remark 2.9 A further connection between superharmonic functions onRN+ with a prescribed
behavior on the boundary ∂RN+ and weak solutions can be found in Corollary 3.14 below.

Proof of Theorem 2.8 We need to demonstrate that u is a weak solution of (16) with ν =
Tr(u). In other words, we must prove that for any ϕ ∈ D0 the following holds:∫

R
N+

ϕ(x)dμ(x) −
∫
R
N+
u�ϕ =

∫
∂RN+

ϕN (x ′, 0)dν(x ′).

Let ε be such that 0 < ε < 1 and define ϕ̃ε := ϕ(x ′, xN − ε). Let �ε := B ′
R × (ε, R + 1)

with R large enough such that, supp(ϕ) ⊂ B ′
R × (−R, R). Observing that ϕ̃ε = 0 on ∂�ε ,

an application of (17) yields,∫
�ε

ϕ̃εdμ −
∫

�ε

u�ϕ̃ε = −
∫

∂�ε

u∂�ε (∇ϕ̃ε · n) =
∫
x ′∈RN−1,xN=ε

u(x ′, ε)∂N ϕ̃εdx
′

=
∫

∂RN+
u(x ′, ε)∂Nϕ(x ′, 0)dx ′.

Taking the limit as ε → 0 we obtain the desired result. ��
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We conclude this subsection with some generalizations of Theorem 2.6 and 2.8.

Lemma 2.10 Let μ ∈ Mloc(R
N+ , xN ) and ν1 ∈ Mloc(∂R

N+). Suppose u is a weak solution
of ⎧⎨

⎩
�u = μ on R

N+ ,

u ≤ ν1 on ∂RN+ .

(20)

Then, u has the lim-trace on ∂RN+ . Furthermore, T r(u) ≤ ν1, and u is a weak solution of
(16) with ν = Tr(u).

Proof Following a similar approach to the proof ofTheorem2.6, andusing the samenotations,
consider a function ψ ∈ C2c (RN−1). The functional T (ψ), defined in (19) is a distribution
on R

N−1. Given that u is a weak solution of (20), using ϕ0 in the definition of the solution
we obtain: ∫

∂RN+
ψdν1 ≥

∫
R
N+

ϕ0dμ −
∫
R
N+
u�ϕ0 = T (ψ).

This implies that the expression

ψ →
∫

∂RN+
ψdν1 − T (ψ)

is a nonnegative distribution on RN−1. Consequently, there exists a positive Radon measure
ν2 on RN−1, that represents this distribution. In other words, ν1 − T = ν2, indicating that T
is a local Radon measure. This establishes that u has the lim-trace, and Tr(u) ≤ ν1.

Moreover, since
�u = μ in D′(RN+),

applying Theorem 2.8, leads to the conclusion that u is a weak solution of (16) with ν =
Tr(u). ��

Theorem 2.11 Letμ1 ∈ Mloc(R
N+ , xN ) and ν1 ∈ Mloc(∂R

N+). Suppose u is a weak solution
of ⎧⎨

⎩
�u ≥ μ1 on R

N+ ,

u ≤ ν1 on ∂RN+ .

(21)

1. Assume that for any R > 0, there exist M > 0 and δ > 0 such that u ≤ M on the
cylinder {|x ′| < R} × (0, δ). Then u has the lim-trace on ∂RN+ .

2. Assume that for any R > 0, there exist M̃ > 0 and δ > 0 such that∫
|x ′|<R |u(x ′, ε)|dx ′ < M̃ for any 0 < ε < δ. Then u has the lim-trace on ∂RN+ .

3. Assume that u has the lim-trace on ∂RN+ . Then Tr(u) ≤ ν1, and there exist a positive

Radon measure λ ∈ Mloc(R
N+ , xN ) such that u is a solution of (16) with μ = μ1 + λ and

ν = Tr(u).

Proof Since u satisfies
�u ≥ μ1 in D′(RN+),

there exists a positive Radon measure λ ∈ M+(RN+) such that u solves

�u = μ1 + λ in D′(RN+).
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Arguing as in the proof of Theorem 2.6, and adopting the same notations, for a nonnegative
function ψ ∈ C2c (RN−1), we have

I ε
1 :=

∫
∂RN+

u(x ′, ε)ψ(x ′)dx ′ =
∫

�ε

ϕεdμ1 −
∫

�ε

u�ϕε +
∫

�ε

ϕεdλ =: I ε
2 − I ε

3 + I ε
4 .

Next, as in (19) I ε
2 − I ε

3 converges as ε → 0. By the Beppo Levi monotone convergence
theorem, since ϕεχ�ε ↗ ϕ0, it follows that I ε

4 → ∫
R
N+ ϕ0dλ, so I ε

1 has a finite or infinite
limit. We claim that, ∫

R
N+

ϕ0dλ < ∞. (22)

This claim implies that λ ∈ Mloc(R
N+ , xN ). Note that (22) is equivalent to I ε

1 having a finite
limit as ε → 0.

Now, suppose that 1 holds. Let R > 0 be large enough such that supp(ψ) ⊂ B ′
R . Then, by

our assumption there exist M, δ > 0 such that for ε < δ, we have I ε
1 ≤ M

∫
∂RN+ ψ(x ′)dx ′.

Therefore, I ε
4 is uniformly bounded for ε < δ. This implies that I ε

1 has a finite limit as
ε → 0. That is, T (ψ) := limε→0+

∫
∂RN+ u(x ′, ε)ψ(x ′)dx ′ exists and is finite. Using a similar

argument as in the proofs of Theorem 2.6 and Lemma 2.10, we conclude that T can be
represented by a local Radon measure. This completes the proof.

Next, suppose that 2 holds. The claim will follow immediately by arguing as in the case
1, using the estimate |I ε

1 | ≤ ||ψ ||∞
∫
|x ′|<R |u(x ′, ε)|dx ′ < ||ψ ||∞ M̃ .

Finally, suppose that 3 holds and let ν = Tr(u). We know that I ε
1 → ∫

∂RN+ ψ(x ′)dν(x ′)
as ε → 0. This implies that, the I ε

4 converges to a finite limit, so (22) holds. Hence, λ ∈
Mloc(R

N+ , xN ).
The fact that u is a solution of (16) with μ = μ1 + λ and ν = Tr(u), is a consequence

of Theorem 2.8. ��
By slightly modifying the above proofs, we can establish the following generalization of
Theorem 2.8.

Theorem 2.12 Let μ ∈ Mloc(R
N+ , xN ), and let u ∈ L1

loc(R
N+) satisfy

�u ≥ μ1 in D′(RN+). (23)

If u has the lim-trace ν = Tr(u) with ν ∈ Mloc(∂R
N+), then there exist a positive Radon

measureλ ∈ Mloc(R
N+ , xN ) such that u is a solution of (16)withμ = μ1+λ and ν = Tr(u).

In particular, u is a weak solution of⎧⎨
⎩

�u ≥ μ1 on R
N+ ,

u = ν on ∂RN+ .

Furthermore, if equality holds in (23), then λ ≡ 0.

For the lim-trace of a weak solution of (5) with positive Radon measure, refer to Theo-
rem 3.11 and Corollary 3.14 provided below.

Remark 2.13 (on the Lim-Trace of Positive Parts of Functions) It is interesting to investigate
whether a function u that has the lim-trace also ensures that its positive part u+ possesses
the same property. Generally, the answer is negative. Consider the following example: Let
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Fig. 1 The plot of function u of
Remark 2.13

m1 ∈ C∞
c (R) be an even, nonnegative standard cut off function supported in (−1, 1) with∫

m1 = 1. For ε > 0, define the mollifier family as mε(x) := 1
ε
m1(

x
ε
). Next, for x ∈ R and

ε > 0, define u(x, ε) as (see Figure 1)

u(x, ε) := 1√
ε
mε(x − ε) − 1√

ε
mε(x + ε).

Clearly, u ∈ C∞(R2+), and by the Lagrange theorem, for any ψ ∈ C2c (R), we have the
estimate: ∣∣∣∣

∫
R

u(x, ε)ψ(x)dx

∣∣∣∣ ≤ 2
√

ε||ψ ′||∞.

Thus, u has the lim-trace ν = Tr(u) = 0, the trivial measure on ∂R2+ = R.
However, the positive part u+(x, ε) = 1√

ε
mε(x − ε) does not admit the lim-trace. For a

nonnegative ψ ∈ C2c (R) with ψ(0) > 0 we have:
∫
R

u+(x, ε)ψ(x)dx ≥ 1√
ε

ψ(0)

4
for sufficiently small ε,

and hence,

lim
ε→0

∫
R

u+(x, ε)ψ(x)dx ≥ lim
ε→0

1√
ε

ψ(0)

4
= ∞.

On the other hand, in the general case, if both u and u+ have the lim-traces, say ν = Tr(u)

and λ = Tr(u+), it can be shown that λ ≥ ν+. However, it is not necessarily the case that
λ = ν+. To illustrate this, consider:

v(x, ε) := mε(x − ε) − mε(x + ε).

As before, v has the lim-trace and Tr(v) = 0, while v+ admits the lim-trace Tr(v+) = δ0,

the Dirac measure at the origin.
The example related to the function u highlights the challenges in relaxing the definition

of lim-trace.While the lim-trace can be viewed as a weak* convergence of the traces u(x ′, ε),
this convergence is achieved through smooth test functions, and the example suggests that
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relaxing this to continuous test functions would require further investigation, Nonetheless,
our definition of lim-trace is suitable for our purposes, as Theorems 2.6 and 2.8 establish a
strong connection between the weak solutions of (16) and their lim-traces.

3 Main results

To maintain clarity and streamline the organization of this paper, we will postpone the proof
of our first main result to Sections 3.1 and 3.3. The reasons for this will become apparent in
due course.

For the reader’s convenience we rewrite Theorems A and B of the introduction in the
following form.

Theorem 3.1 Let N ≥ 2, and let μ and ν be positive Radon measures on R
N+ and ∂RN+ ,

respectively.

A. Letμ ∈ Mloc(R
N+ , xN ) and let u ∈ L1

loc(R
N+) be a weak solution of (5). Suppose x ∈ R

N+
is a Lebesgue point for u. Assume that there exists h ∈ R such that (R+) holds at the
point x that is,

lim inf
R→+∞

1

RN+2

∫
{yN>0}∩{R<|x−y|∗<2R}

yN |u(y) − hyN | dy = 0.

Then,

u(x) ≥ hxN +
∫

∂RN+
K x (y′)dν(y′) +

∫
R
N+
Gx (y)dμ(y). (24)

Moreover, if u is a weak solution of (4), then the inequality in (24) becomes an equality,
that is

u(x) = hxN +
∫

∂RN+
K x (y′)dν(y′) +

∫
R
N+
Gx (y)dμ(y). (25)

B. Let u be defined by (25) and assume that it is finite for a.e. x ∈ R
N+ .

Then u ∈ L1
loc(R

N+), μ ∈ Mloc(R
N+ , xN ) and u is a weak solution of (4). Moreover, u

satisfies the condition (R+), where the constant h appears in (25).
Furthermore,

(a)

h = inf
R
N+

u(x)

xN
.

(b) Let � ⊂ R
N+ be a nonempty bounded open set. If h = inf�

u(x)
xN

, then u(x) = hxN ,
μ ≡ 0 and ν ≡ 0.

(c) If u − hxN is not identically zero, then there exists a constant c0 > 0 such that

u(x) ≥ hxN + c0
xN

1 + |x |N , f or all x ∈ R
N+ . (26)

(d) For almost every x ∈ R
N+ ,

lim
R→+∞

1

RN+2

∫
{yN>0}∩B∗

R(x)
yN |u(y) − hyN | dy = 0.
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Note that the main statement in B. is the converse of the statement in A.

As a consequence of Theorems 1.2, 3.1.B and 2.6, the following corollary holds:

Corollary 3.2 A nonnegative superharmonic distribution on RN+ possesses the lim-trace.

Remark 3.3 We observe that Theorem 3.1 and Remark 2.4, imply the uniqueness of the
measures μ and ν in the representation Theorem 1.2.

Corollary 3.4 Let μ ∈ L1
loc(R

N+ , xN ) and ν ∈ L1
loc(R

N−1) be nonnegative functions, and let
u be a weak solution of (5) satisfying (R+

0 ). Then for almost every x ∈ R
N+ , we have

u(x) ≥
∫
RN−1

K x (y′)ν(y′)dy′ +
∫
R
N+
Gx (y)μ(y)dy. (27)

Corollary 3.5 Under the assumptions of Theorem 3.1.A with h ≥ 0, if u is a weak solution of
(4), then u(x) > hxN or u(x) ≡ hxN a.e. on R

N+ .

Remark 3.6 In general, a superharmonic function on R
N+ does not belong to L1

loc(R
N+). For

example, the function u(x1, x2) = −|x |−2 does not belong to L1
loc(R

N+) with N = 2, and
−�u = 4|x |−4 ≥ 0. See also the example defined in (38).

Remark 3.7 i) In Theorem 3.1.A, the fact that, the integrals in (25) are well defined is an
outcome of our approach. In other words, the finiteness of the integrals in (25) is a necessary
condition for the existence of a solution satisfying (R+).

ii) If we know a priori that the integrals in (25) are finite, then (25) describes all the
solutions satisfying (R+).

iii) Notice that if we require a priori that the integrals in (25) are finite without any
assumption on the sign of the measures μ and ν, then (25) defines a solution of (4). More
precisely, if

∫
∂RN+ K x (y′)d|ν|(y′) < ∞ and

∫
R
N+ Gx (y)d|μ|(y) < ∞, then (25) defines a

weak solution of (4). For a proof of this, the interested reader can follow the same steps in
the proof of Theorem 3.1.B, see Section 3.3.

A more general result is given by the following.

Theorem 3.8 Let N ≥ 2, and let μ ∈ Mloc(R
N+ , xN ) and ν ∈ Mloc(∂R

N+).

Writing μ = μ+ − μ− and ν = ν+ − ν−, for a.e. x ∈ R
N+ we assume that∫

RN−1
K x (y′)dν−(y′) < ∞,

∫
R
N+
Gx (y)dμ−(y) < ∞. (28)

Let u ∈ L1
loc(R

N+) be a weak solution of (4). If u satisfies (R+), then (25) holds for a.e.
x ∈ R

N+ .

The proof of Theorem 3.8 is a small modification of the proof of Theorem 3.1.A, which can
be found in Section 3.2.

Remark 3.9 If u is given by (25), or equivalently u is a nonnegative superharmonic function,
then u satisfies (R+). Moreover, the lim inf in the (R+) condition is actually a limit, meaning
u satisfies

there exists h ∈ R such that

lim
R→+∞

1

RN+2

∫
{yN>0}∩{R<|x−y|∗<2R}

yN |u(y) − hyN | dy = 0, f or a.e. x ∈ R
N+ .

(29)
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Generally, the functional class satisfying (R+) is not a linear space. However, the set of
functions that fulfill (29) forms a linear space.

Theorem 3.10 Let μ be a positive Radon measure such that μ /∈ Mloc(R
N+ , xN ). Then the

problem
−�u = μ, in D′(RN+), u ≥ 0,

does not admit a solution.

The proof is an immediate consequence of Theorem 3.1.B (indeed if the problem admits a

solution, then necessarily μ ∈ Mloc(R
N+ , xN )).

The following result establishes a connection between the notion of weak solution and
distributional solution of the problem:

− �u = μ, in D′(RN+). (30)

An additional result in this context is presented in Corollary 3.14 below.
Let us first recall the Riesz decomposition theorem (see [1, Theorem 4.4.1]); if u is a

superharmonic function satisfying (30) and there exists a superharmonic function g such that
u ≥ −g, then there exists a harmonic function H on RN+ , such that

u(x) = H(x) +
∫
R
N+
Gx (y)dμ(y).

Moreover, H is the greatest harmonic minorant of u.
We shall prove that this harmonic function H can be obtained as a weighted limit of u on

certain rings, see (60) below. This construction is further discussed in Section 4, see Theorem
4.1.

The key point in order to establish a connection between a solution u of (30) and a weak
solution of (4) is whether or not u possesses the lim-trace. If u ≥ −g with g a superharmonic
function, then u + g has the lim-trace as stated in Corollary 3.2. However, this does not
necessarily imply that u itself has the lim-trace. A sufficient condition that ensures u has the
lim-trace is if g ≥ 0.

Theorem 3.11 Let μ be a positive Radon measure on R
N+ , and let u ∈ L1

loc(R
N+) be a

distributional solution of (30).
Assume there exists a nonnegative superharmonic function g onRN+ such that u ≥ −g a.e.

on RN+ . Then u admits the lim-trace Tr(u), which is a local Radon measure (not necessarily

positive) and μ ∈ Mloc(R
N+ , xN ). Moreover, setting ν := Tr(u) ∈ Mloc(∂R

N+), we have:
(a) u is a weak solution of (4),
(b) There exists hu ∈ R such that (25) holds a.e. on RN+ with h = hu, i.e.

u(x) = huxN +
∫

∂RN+
K x (y′)dν(y′) +

∫
R
N+
Gx (y)dμ(y). (31)

(c) u + g satisfies (R+) for a suitable h ≥ 0.
(d) u satisfies (R+) with h = hu.
(e) If u is bounded from below, then hu ≥ 0.
(f) If u is nonnegative, then the lim-trace Tr(u) is a positive Radon measure.
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Proof The first step relies on the same reasoning as in Corollary 3.2. Indeed, since g is non-
negative and superharmonic, Theorem 1.2 applies (see also Theorem 1.37 in [1]), implying
that there exists hg ≥ 0, a positive Radon measure νg on ∂RN+ and a positive Radon measure
μg on R

N+ , such that

g(x) = hgxN +
∫

∂RN+
K x (y′)dνg(y

′) +
∫
R
N+
Gx (y)dμg(y), f or a.e. x ∈ R

N+ .

Thus, by Theorem 3.1.B, it follows that μg ∈ Mloc(R
N+ , xN ) and g is a weak solution of

{−�g = μg on R
N+ ,

g = νg on ∂RN+ .
(32)

Therefore, by Theorem 2.6 g has the lim-trace Tr(g) = νg .
Next, let v := u + g. The function v is nonnegative and satisfies −�v = μ + μg ≥ 0

in distributional sense on R
N+ . Using the same argument as above, there exists hv ≥ 0 and

positive Radon measures νv on ∂RN+ , μv ∈ Mloc(R
N+ , xN ) such that

v(x) = u(x) + g(x) = hvxN +
∫

∂RN+
K x (y′)dνv(y

′) +
∫
R
N+
Gx (y)dμv(y). (33)

Additionally, v is a weak solution of
{−�v = μ + μg on R

N+ ,

v = νv on ∂RN+ .
(34)

Hence, μv = μ + μg and v has the lim-trace Tr(v) = νv . Consequently, u = v − g has the

lim-trace Tr(u) = Tr(v) − Tr(g) = νv − νg ∈ Mloc(∂R
N+) and μ ∈ Mloc(R

N+ , xN ).
By applying linearity, from (32) and (34), we complete the proof of (a).
The proof of (b) follows by reformulating the integral expressions of v and g mentioned

earlier, where hu = hv − hg . The claim of (c) is a direct result of applying Theorem 3.1.B
to (33).

Proof of (d). Utilizing Theorem 3.1.B andRemark 3.9 applied to g and v, it can be deduced
that both g and v satisfy (29). Consequently, u = v−g also satisfies (29) and therefore (R+).

Proof of (e). If u is bounded from below, i.e., if g is a positive constant g = a, then it
follows that νg = a. In other words, νg is a positive multiple of the Lebesgue measure on
∂RN+ , and hg = 0. Hence, νu = νv − a, and hu = hv − 0 ≥ 0.

Proof of (f). This conclusion follows directly from the previous points. ��
The following result provides a characterization of a comparison principle.

Theorem 3.12 Let u, v ∈ L1
loc(R

N+) such that

−�u ≥ −�v in D′(RN+),

and
lim inf
x→(y′,0)

u(x) ≥ lim sup
x→(y′,0)

v(x), f or any y′ ∈ ∂RN+ . (35)

Then xN |u − v| ∈ L1
loc(R

N+).
Furthermore,

u ≥ v a.e. on R
N+ , (36)
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if and only if
u − v satis f ies (R+) wi th h ≥ 0. (37)

Moreover, if (36), or equivalently (37), holds, then u − v ∈ L1
loc(R

N+).

In particular, this comparison principle applies to functions that satisfy (R+
0 ). For another

comparison principle, see Section 4 in [9].
To avoid unnecessary complexity, we defer the proof of Theorem 3.12 to Section 3.4. The

reason is that it relies on notations and results introduced in the proof of Theorem 3.1.

Remark 3.13 In the above theorem, the fact thatu−v ∈ L1
loc(R

N+) is a significant consequence
of (36) or (37).

Furthermore, consider N ≥ 2 and v ≡ 0. Define

u(x) := 1

|x |N
(
1 − N

x2N
|x |2

)
. (38)

The function u is harmonic on RN+ and satisfies (R+
0 ). However, it is not nonnegative, which

is because u /∈ L1
loc(R

N+). In this scenario, the conditions of Theorem 3.12 are not satisfied.
Indeed, if y′ �= 0, we have limx→(y′,0) u(x) = |y′|−N > 0, while if y′ = 0 we have
lim infx→(0,0) u(x) = −∞. This implies that condition (35) must hold for every y′ ∈ ∂RN+ .
The latter cannot be relaxed to hold for almost every y′ ∈ ∂RN+ .

As a consequence of Theorems 3.12 and 3.1, we obtain the following result, which estab-
lishes a connection between the notion of weak solution and distributional solution.

Corollary 3.14 Let u ∈ L1
loc(R

N+) be a superharmonic function such that

lim inf
x→(y′,0)

u(x) ≥ 0, f or any y′ ∈ ∂RN+ . (39)

Then xN |u| ∈ L1
loc(R

N+).
Furthermore, u ≥ 0 if and only if u satisfies (R+) with h ≥ 0.
Moreover, if u satisfies (R+) for some h ∈ R, then there exist suitable positive Radon

measures μ and ν such that (25) holds and u is a weak solution of (4).

Related results on themaximumprinciple in bounded domains for superharmonic function
with boundary condition like in (39) can be found in [3].

The following positivity result seems noteworthy on its own.

Theorem 3.15 Let μ and ν be positive Radon measures on R
N+ , and ∂RN+ , respectively. Let

u be a weak solution of (5) [or (4)]. If u is bounded from below, then u is nonnegative.
Furthermore, u has the lim-trace, satisfies (R+) with h ≥ 0, can be represented by (24) [or
(25)], and Theorem 3.1 applies.

Proof Since u is superharmonic onRN+ , Theorem 3.11 is applicable. From points (d) and (e),
it follows that u satisfies (R+) with h ≥ 0. Therefore, applying Theorem 3.1 completes the
proof. ��
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3.1 Proof of Theorem 3.1.A

The proof employs a systematic method to demonstrate the claim by utilizing Green’s func-
tions and test functions in a weak formulation structured as follows:

Proof We adjust u by replacing it with u(y) − hyN to ensure that the function satisfies the
condition (R+

0 ) at the point x . This is a necessary step to simplify the proof.
In what follows, we use the notation of Appendix A along with the results contained

therein. We select the test function ϕ̃(y) := Gx
ε (y)ϕ(y),where Gx

ε is the regularized Green’s

function centered at x with parameter ε > 0 (see (75)), and ϕ ∈ C2c (RN+). Since Gx
ε ∈ C∞

and
Gx

ε (y
′, 0) = 0, (40)

we can use ϕ̃ as test function in (13) obtaining,∫
R
N+
Gx

ε (y)ϕ(y)dμ(y) +
∫

∂RN+
K x

ε (y′)ϕ(y′, 0)dν(y′) ≤ −
∫
R
N+
u(y)�(Gx

ε ϕ)(y)dy3 (41)

=
∫
R
N+
u(y)ϕ(y)(−�Gx

ε )(y)dy +
∫
R
N+
u(y)(−�ϕ)(y)Gx

ε (y)dy

−2
∫
R
N+
u(y)∇Gx

ε · ∇ϕ =: I1 + I2 + I3.

For the first integral we have,

I1 =
∫
R
N+
u(y)ϕ(y)(−�Gx

ε )(y)dy

=
∫
R
N+
u(y)ϕ(y)(−��x

ε )(y)dy −
∫
R
N+
u(y)ϕ(y)(−�� x̂

ε )(y)dy =: I11 + I12.

Now from the estimate,

|u(y)ϕ(y)(−�� x̂
ε )(y)| = |u(y)ϕ(y)c

ε2

a(N+2)/2
1

| ≤ |u(y)ϕ(y)|c ε2

xN+2
N

∈ L1(RN+),

an application of the Lebesgue dominated convergence theorem implies that I12 → 0 as
ε → 0.

In addition, since x is a Lebesgue point of u, I11 → u(x)ϕ(x) as ε → 0.
Finally, in order to estimate I2 and I3 we choose ϕ as

ϕ(y) := φ(
|x ′ − y′|

R
)φ(

|xN − yN |
R

),

where R > 0 and φ ∈ C2c (R) is a standard cut-off function as in (15).
Note that the support of ϕ is contained in {y ∈ R

N : |y − x |∗ ≤ 2R}, and ϕ ≡ 1 on
B∗
R(x), while the support of ∇ϕ is contained in {y ∈ R

N : R ≤ |y − x |∗ ≤ 2R}.

3 Here, we have used the definition of K x , (40) and the fact that

∂

∂ yN
(Gx

ε ϕ)(y′, 0) = ∂Gx
ε

∂ yN
(y′, 0)ϕ(y′, 0) + Gx

ε (y′, 0) ∂ϕ

∂ yN
(y′, 0) = K x

ε (y′)ϕ(y′, 0).
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Let L be the radial Laplacian operator in dimension N − 1, that is, L(φ)(r) := φ′′(r) +
N−2
r φ′(r), and set t := |xN−yN |

R , s := |x ′−y′|
R . By computation we have,

�ϕ(y) = 1

R2

[
φ′′(t)φ(s) + φ(t)L(φ)(s)

]
,

hence,

|�ϕ(y)| ≤ M

R2 .

Now, the supports of �ϕ and of ∇ϕ are such that, supp(�ϕ) ⊂ supp(|∇ϕ|) ⊂ {y : R ≤
|x−y|∗ ≤ 2R}. Inwhat followswedenote by A∗

R(x) the annulus A∗
R(x) := B∗

2R(x)\B∗
R(x) ⊂

R
N+ . See Figure 2 at page 29.
Therefore we have,

|I2| ≤ M

R2

∫
A∗
R(x)

|u|Gx
ε (y)dy.

Observing that for R ≤ |x − y|∗ ≤ 2R we have, ε2 + |x − y|2 > R2, from 1. of Proposi-
tion A.1 we deduce |Gx

ε | ≤ C ′
n
xN yN
RN , hence,

|I2| ≤ cxN
RN+2

∫
A∗
R(x)

yN |u(y)|dy. (42)

Next, we estimate |I3|. We begin by computing |∇ϕ ·∇Gx
ε | in A∗

R(x)with R > xN . Since

|I3| ≤2
∫
A∗
R(x)

|u(y)||∇Gx
ε · ∇ϕ|

≤2
∫
A∗
R(x)

|u(y)|
∣∣∣∣∣∣
N−1∑
j=1

∂ jϕ(y)∂ j G
x
ε (y)

∣∣∣∣∣∣+ 2
∫
A∗
R(x)

|u(y)| ∣∣∂Nϕ(y)∂NG
x
ε (y)

∣∣

=:I31 + I32,

we get∣∣∣∣∣∣
N−1∑
j=1

∂ jϕ(y)∂ j G
x
ε (y)

∣∣∣∣∣∣ =
∣∣∣∣∣φ(

|xN − yN |
R

)φ′(
∣∣x ′ − y′∣∣

R
)
1

R
C ′
N

∣∣x ′ − y′∣∣ (a−N/2
1 − a−N/2

2

)∣∣∣∣∣

≤c1

∣∣x ′ − y′∣∣
R

aN/2
1 − aN/2

2

aN/2
1 aN/2

2

≤c1

∣∣x ′ − y′∣∣
R

N

2
(a1 − a2)a

N/2−1
1

1

aN/2
1 aN/2

2

= c1

∣∣x ′ − y′∣∣
R

N

2

4xN yN

a1a
N/2
2

.

Here, we have used the convexity inequality (92) with α = N/2, and (76). Therefore, since
for y ∈ A∗

R(x), we know that a1 ≥ a2 ≥ R2, we infer∣∣∣∣∣∣
N−1∑
j=1

∂ jϕ(y)∂ j G
x
ε (y)

∣∣∣∣∣∣ ≤ c
yN

RN+2 ,

while,

∣∣∂Nϕ(y)∂NG
x
ε (y)

∣∣ =
∣∣∣∣∣
1

R
φ′(

|xN − yN |
R

)φ(

∣∣x ′ − y′∣∣
R

)C ′
N

(
yN + xN

aN/2
1

− yN − xN

aN/2
2

)∣∣∣∣∣ .
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Now, we observe that the above term can be non zero only for R ≤ |xN − yN | ≤ 2R.
Next by choosing R ≥ 2|xN |, it follows that |yN | ≥ |xN − yN | − |xN | ≥ R/2, and
|yN | ≤ |xN − yN | + |xN | ≤ 5R/2. Hence for a1 ≥ a2 ≥ R2, we obtain

∣∣∂Nϕ(y)∂NG
x
ε (y)

∣∣ ≤ c

[
|yN |
R

(
1

aN/2
2

− 1

aN/2
1

)
+ |xN |

R

(
1

aN/2
2

+ 1

aN/2
1

)]

≤ c

[
5

2

aN/2
1 − aN/2

2

aN/2
1 aN/2

2

+ |xN |
R

(
1

aN/2
2

+ 1

aN/2
1

)
2|yN |
R

]

≤ c

[
5

2

N

2
(a1 − a2)a

N/2−1
1

1

aN/2
1 aN/2

2

+ 2xN
2

RN

yN
R2

]

= c

[
5N

4

4xN yN

a1a
N/2
2

+ 2xN
2

RN

yN
R2

]
≤ cxN [5N + 4] yN

RN+2 .

Therefore, we conclude that for R > 2xN , we have

|I3| ≤ cxN
RN+2

∫
A∗
R(x)

yN |u(y)|dy. (43)

It is important to note that the constants c in (42) and (43) depends only on N and on the
cut-off function φ.

To complete the proof of Theorem 3.1.A, we first need to take the limit as ε → 0 and then
let R → ∞ in (41).

Considering the right hand side of (41), using the estimates above and the assumption
(R+

0 ), it follows that

−
∫
R
N+
u(y)�(Gx

ε ϕ)(y)dy
ε→0−−−→ u(x) + I2|ε=0 + I3|ε=0

R→∞−−−−→ u(x).

On the left hand side of (41), the limits∫
∂RN+

K x
ε (y′)ϕ(y′, 0)dν(y′) ε→0−−−→

∫
∂RN+

K x (y′)ϕ(y′, 0)dν(y′) R→∞−−−−→
∫

∂RN+
K x (y′)dν(y′),

follow from the Beppo Levi monotone convergence theorem. From (41) we deduce that these
limits are finite.

The same reasoning applies to the first integral in (41), yielding∫
R
N+
Gx

ε (y)ϕ(y)dμ(y)
ε→0−−−→

∫
R
N+
Gx (y)ϕ(y)dμ(y)

R→∞−−−−→
∫
R
N+
Gx (y)dμ(y).

This completes the proof of (24).
If u solves (4), then (41) holds with equality, and the proof follows by applying the same

arguments. ��

3.2 Proof of Theorem 3.8

We proceed using the same approach as in the proof of Theorem 3.1.A. The key difference in
this proof lies in the conclusion, specifically in the computation of the limits of the following
integrals: ∫

∂RN+
K x

ε (y′)ϕ(y′, 0)dν(y′), and
∫
R
N+
Gx

ε (y)ϕ(y)dμ(y). (44)
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Since ν = ν+ − ν−, the first integral can be expressed as∫
∂RN+

K x
ε (y′)ϕ(y′, 0)dν(y′) =

∫
∂RN+

K x
ε (y′)ϕ(y′, 0)dν+(y′) −

∫
∂RN+

K x
ε (y′)ϕ(y′, 0)dν−(y′).

Each of these integrals can be analyzed separately. By the Beppo Levi monotone convergence
theorem, we have∫

∂RN+
K x

ε (y′)ϕ(y′, 0)dν±(y′) ε→0−−−→
∫

∂RN+
K x (y′)ϕ(y′, 0)dν±(y′) R→∞−−−−→

∫
∂RN+

K x (y′)dν±(y′).

Given the assumption (28), it follows that
∫

∂RN+
K xdν(y′) =

∫
∂RN+

K xdν+(y′) −
∫

∂RN+
K xdν−(y′)

is well-defined, and from (41), we deduce that it is finite.
The second integral in (44) can be handled similarly.

3.3 Proof of Theorem 3.1.B

Let u be defined by (25).

To prove that u ∈ L1
loc(R

N+), we start by defining

u1(x) :=
∫

∂RN+
K x (y′)dν(y′), u2(x) :=

∫
R
N+
Gx (y)dμ(y), f or x ∈ R

N+ . (45)

It suffices to show that ∫
B∗
R

u j (x)dx < ∞ f or any R > 0, (46)

for j = 1, 2.

For y′ ∈ R
N−1, set f1(y

′) :=
∫
B∗
R

K x (y′)dx . We then have

∫
B∗
R

u1(x)dx =
∫
B∗
R

∫
∂RN+

K x (y′)dν(y′)dx =
∫

∂RN+

(∫
B∗
R

K x (y′)dx
)
dν(y′)

=
∫

∂RN+
f1(y

′)dν(y′) =
∫

|y′|≤S
f1(y

′)dν(y′) +
∫

|y′|>S
f1(y

′)dν(y′),

where S > 0 is chosen later. Since u1 is finite a.e., K x (y′) ≈ |y′|−N as |y′| → ∞, and ν is
finite on bounded sets, we deduce that∫

∂RN+

1

1 + |y′|N dν(y′) < ∞. (47)

Next, we claim that f1(y′) ≈ |y′|−N as |y′| → ∞. Indeed, applying the Lebesgue dominated
convergence theorem and Proposition A.1(3), we obtain

lim
|y′|→∞

f1(y
′)|y′|N = lim

|y′|→∞

∫
B∗
R

K x (y′)|y′|Ndx =
∫
B∗
R

C ′
N xNdx < ∞.

This fact, together with (47), yields,
∫
|y′|>S f1(y′)dν(y′) < ∞ for S large.
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To prove that the remaining integral is also finite, it is sufficient to show that f1 is locally
bounded. Consider the expression

f1(y
′) = C ′

N

∫
|x ′|<R

∫ R

0

xN
(x2N + |x ′ − y′|2)N/2

dxNdx
′ = C ′

N

∫
|x ′|<R

γ (|x ′ − y′|)dx ′,

where we define

γ (|x ′ − y′|) :=
∫ R

0

xN
(x2N + |x ′ − y′|2)N/2

dxN .

Thus, we have f1 = C ′
NχBR ∗ γ , where the convolution is taken in R

N−1. Since χBR ∈
L∞(RN−1) and has bounded support, if γ ∈ L1

loc(R
N−1), then the claim f1 ∈ L∞

loc(R
N−1)

follows by standard arguments. Explicitly, in the case N = 2, we have

γ (|x ′ − y′|) =
∫ R

0

xN
(x2N + |x ′ − y′|2)dxN = 1

2
ln

R2 + |x ′ − y′|2
|x ′ − y′|2 .

For N ≥ 3, we have

γ (|x ′ − y′|) =
∫ R

0

xN
(x2N + |x ′ − y′|2)N/2

dxN

= 1

N − 2

(
1

|x ′ − y′|N−2 − 1

(R2 + |x ′ − y′|2)(N−2)/2

)
.

This completes the proof of (46) for j = 1.
The proof of (46) for j = 2 follows the same steps as before. For y ∈ R

N+ , let f2(y) :=∫
B∗
R

Gx (y)dx . We have

∫
B∗
R

u2(x)dx =
∫
B∗
R

∫
R
N+
Gx (y)dμ(y)dx =

∫
R
N+

(∫
B∗
R

Gx (y)dx

)
dμ(y)

=
∫
R
N+
f2(y)dμ(y) =

∫
|y|≤S

f2(y)dμ(y) +
∫

|y|>S
f2(y)dμ(y),

where S > 0 will be chosen later.
Next, observe that f2(y) ≈ yN /|y|N as |y| → ∞. Indeed, since Gx (y) ≈ yN |y|−N as

|y| → ∞ (see 2. of Proposition A.1), by the dominated convergence theorem, we obtain

lim|y|→∞ f2(y)|y|N/yN = lim|y|→∞

∫
B∗
R

Gx (y)|y|N/yNdx =
∫
B∗
R

C ′
N xNdx < ∞.

Since ∫
R
N+

yN
1 + |y|N dμ(y) < ∞, (48)

we have ∫
|y|>S

f2(y)dμ(y) < ∞ f or S large.

Moreover,

f2(y) =
∫
B∗
R

Gx (y)dx =
∫
B∗
R

�x (y)dx −
∫
B∗
R

� x̂ (y)dx = χB∗
R

∗ �y − χB∗
R

∗ �x (ŷ),
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where f2 is the sum of two functions which are convolutions of χB∗
R
with locally integrable

kernels. Hence, f2 is locally bounded. This concludes the proof of (46) for j = 2.

To prove that u is a weak solution of (4), we choose ϕ ∈ D0 and we aim to show that (13)
holds with equality sign. This requires us to compute the following integrals
∫
R
N+ ,x

(
(−�xϕ)(x)

∫
R
N+ ,y

Gx (y)dμ(y)

)
dx +

∫
R
N+ ,x

(
(−�xϕ)(x)

∫
∂RN+ ,y′

K x (y′)dν(y′)
)
dx .

Using Fubini-Tonelli theorem, the symmetry Gx (y) = Gy(x) and the fact that G is the
Green function of −� on RN+ , we compute the first integral as follows:

∫
R
N+ ,x

∫
R
N+ ,y

(−�xϕ)(x)Gx (y)dμ(y)dx =
∫
R
N+ ,y

(∫
R
N+ ,x

(−�xϕ)(x)Gy(x)dx

)
dμ(y)

=
∫
R
N+ ,y

ϕ(y)dμ(y).

Since this integral is finite for any ϕ ∈ D0, we can conclude that μ ∈ Mloc(R
N+ , xN ) (see

Remark 2.2).
Similarly, for the second integral, we have:

∫
R
N+ ,x

∫
∂RN+ ,y′

(−�xϕ)(x)K x (y′)dν(y′)dx

=
∫

∂RN+ ,y′

(∫
R
N+ ,x

(−�xϕ)(x)
∂

∂ yN
G(x, y)|yN=0dx

)
dν(y′)

=
∫

∂RN+ ,y′
∂

∂ yN

(∫
R
N+ ,x

(−�xϕ)(x)G(x, y)dx

)

|yN=0

dν(y′)

=
∫

∂RN+ ,y′
∂

∂ yN
(ϕ(y))|yN=0 dν(y′) =

∫
∂RN+ ,y′

ϕN (y′, 0)dν(y′).

Here ϕN (y′, 0) denotes the normal derivative of ϕ at yN = 0.By summing the results of these
integrals, we conclude that u satisfies the weak formulation of the equation (4), confirming
that u is indeed a weak solution.

To complete the proof of Theorem 3.1.B, we turn now to the transformation proposed
by Huber [14], following an idea of Weinstein. Define a transformation of the function
v(ξ) = H [u(x)] in the extended spaceRN+2,where ξ = (ξ1, . . . , ξN−1, ξN , ξN+1, ξN+2) =
(ξ ′, ξ̄ ) ∈ R

N+2, with the notation ξ ′ = (ξ1, . . . , ξN−1) ∈ R
N−1, ξ̄ = (ξN , ξN+1, ξN+2) ∈

R
3, and set

S := {ξ ∈ R
N+2, |ξ̄ | = 0}.

Let v(ξ) = H [u(x)] be defined on RN+2 by

v(ξ) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u(ξ1, ξ2, . . . , ξn−1, (ξ
2
n + ξ2n+1 + ξ2n+2)

1/2)

(ξ2n + ξ2n+1 + ξ2n+2)
1/2

f or ξ /∈ S,

lim inf
η→ξ,η/∈S v(η) f or ξ ∈ S.

(49)
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Lemma 3.16 ( [14]) If u is superharmonic on R
N+ and

lim inf
x→y

u(x) ≥ 0 f or all y ∈ ∂RN+ , (50)

then v is superharmonic on RN+2.
Conversely, if v is superharmonic onRN+2 and is symmetric with respect to the subspace

S 4, then the function,
u(x) = xNv(x1, . . . , xN−1, xN , 0, 0)

is superharmonic on RN+ and satisfies (50).

Notice that in the Lemma above, there is no assumption on the sign of u (or, equivalently, of
v).

Completion of the Proof of Theorem 3.1.B

We need to show that (R+) holds. By replacing u(x) with u(x) − hxN , i.e. assuming that
h = 0, it follows that u is a nonnegative and superharmonic weak solution of (4).

Let v(ξ) = H [u]. Since u is nonnegative,we deduce that v is a nonnegative superharmonic
function in RN+2. Let c := inf v ≥ 0. It is known that (see [6])

lim
R

1

RN+2

∫
Be,n+2
R (η0)

(v(ξ) − c)dξ = 0, f or a.e. η0 ∈ R
N+2,

where Be,n+2
R (η0) is the Euclidean ball in R

N+2 of radius R centered at η0 ∈ R
N+2. In the

integral above, the Euclidean ball can be replaced by the ball B∗,N+2
R (η0) associated with

the norm

|ξ |∗ = |(ξ1, . . . , ξN−1, ξN , ξN+1, ξN+2)|∗ = |(ξ ′, ξ̄ )|∗ := max{|ξ ′|, |ξ̄ |}.
Here, we have used a notation similar to the one we have used inRN+ . Now, fix x = (x ′, xN ) ∈
R

N+ and set η0 := (η′
0, η̄0) = (x ′, xN , 0, 0), so that η′

0 = x ′, η̄0 = (xN , 0, 0) and |η̄0| = xN .
Therefore, we have

lim
R

1

RN+2

∫
B∗,N+2
R (η0)

(v(ξ)−c)dξ = lim
R

1

RN+2

∫
|ξ ′−η′

0|<R

∫
|ξ̄−η̄0|<R

(v(ξ)−c)d ξ̄dξ ′ = 0.

(51)
Let us estimate the last integral for large R. Let R ≥ 2 |η̄0| and set δ := |η̄0| /R, τ :=√
1 − δ2. In R

3, with this choice, we have the inclusion{
ξ̄ : ∣∣ξ̄ ∣∣ < τ R, ξN > 0

} ⊂ Be,3
R (η̄0) = {ξ̄ : ∣∣ξ̄ − η̄0

∣∣ < R}.
Recalling that v(ξ) = v(ξ ′, |ξ̄ |), we obtain:
∫

|ξ̄−η̄0|<R
|v(ξ) − c|d ξ̄ ≥

∫
ξN>0

|ξ̄ |<τ R

|v(ξ ′, |ξ̄ |) − c|d ξ̄ = σ3

2

∫ τ R

0
|v(ξ ′, r) − c|r2dr

= σ3

2

∫ τ R

0
|u(ξ ′, r) − cr |rdr ≥ σ3

2

∫
yN>0

|yN−xN |<γ R

|u(ξ ′, yN ) − cyN |yNdyN

where γ > 0 is such that {yN : |yN − xN | < γ R, yN > 0} ⊂ [0, τ R]. This is possible
whenever γ R + xN ≤ τ R, which holds for 0 < γ ≤ τ − δ = √

1 − δ2 − δ.

4 This means that it depends only on ξ1, ξ2, . . . , ξN−1 and (ξ2N + ξ2N+1 + ξ2N+2)
1/2.
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Therefore, for any 0 < γ ≤
√
1 − x2N

R2 − xN
R , or equivalently for any 0 < γ < 1 and

R > 2max{1, (√1 − γ 2 − γ )−1}xN , 5, we have∫
B∗,N+2
R (η0)

|v(ξ) − c|dξ =
∫

|ξ ′−η′
0|<R

∫
|ξ̄−η̄0|<R

|v(ξ) − c|d ξ̄dξ ′

≥ σ3

2

∫
|ξ ′−η′

0|<γ R
dξ ′

∫
yN>0

|yN−xN |<γ R

|u(ξ ′, yN ) − cyN |yNdyN

= σ3

2

∫
y∈B∗

γ R(x)∩RN+
|u(y) − cyN |yNdy.

(52)
Relation (52), combined with (51) and the fact that v ≥ c, implies by rescaling the

parameter R that u satisfies (R+) with a constant c ≥ 0. We aim to prove that c = 0. Since
u is a weak solution of (4) and satisfies (R+) with a constant c ≥ 0, u can be written as:

u(x) = cxN +
∫

∂RN+
K x (y′)dν(y′) +

∫
R
N+
Gx (y)dμ(y).

However, given that u is defined by (25) with h = 0, it follows that c = 0. Finally, we observe
that (52), along with (51) and the fact that v ≥ c, confirm the statement 3.1.B.(d).

Proof of 3.1.B.(a). From the above argument, it is evident that the infimum of v is the
constant h appearing in the representation of u.

Therefore, by definition of v, we have:

h = inf
RN+2

v = inf
RN+2

u(ξ ′, |ξ̄ |)
|ξ̄ | .

Proof of 3.1.B.(b). Let �̃ ⊂ R
N+2 be defined as �̃ := {ξ ∈ R

N+2 : (ξ ′, |ξ̄ |) ∈ �}. If
h = inf�

u(x)
xN

, then h = inf�̃ v. Since v is superharmonic on the whole R
N+2 and �̃ is

bounded, it follows that v ≡ h, thus the claim is proved.
Proof of 3.1.B.(c). To establish the estimate (26), we begin by noting that at least one

of the measures μ or ν must be nontrivial. Without loss of generality we may assume that
h = 0. We first consider the case where μ �≡ 0 and let R0 be such that μ(B∗

R0
) > 0. Since

Gx (y) = Gy(x), from part 2 of Proposition A.1, it follows that, Gx (y) ≥ c xN
|x |N for large |x |

and for any y ∈ B∗
R0
. Therefore,

u(x) ≥
∫
R
N+
Gx (y)dμ(y) ≥

∫
B∗
R0

Gx (y)dμ(y) ≥
∫
B∗
R0

c
xN

|x |N dμ(y) ≥ cμ(B∗
R0

)
xN

|x |N .

Now consider the case ν �≡ 0 and let R0 be such that ν(B ′
R0

) > 0. For y′ ∈ B ′
R0
, we have

|x ′ − y′| ≤ |x ′| + R0 ≤ √
2
√

|x ′|2 + R2
0 .

Hence,
x2N + |x ′ − y′|2 ≤ 2(x2N + |x ′|2 + R2

0),

which implies

K x (y′) ≥ c
xN

(x2N + |x ′|2 + R2
0)

N/2
, f or |y′| < R0.

5 For instance, choosing γ = 1/2, (52) holds for any R > 5
2 xN .
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Therefore,

u(x) ≥
∫

∂RN+
K x (y′)dν(y′) ≥

∫
B′
R0

c
xN

(x2N + |x ′|2 + R2
0)

N/2
dν(y′) = cν(B ′

R0
)

xN
(|x |2 + R2

0)
N/2

.

In summary, the claim is proved for |x | large, say for |x | > R1.
Since 3.1.B.(a) and 3.1.B.(b) hold, the claim for any x follows by observing that,

infBR1

u(x)
xN

> 0 = h.

3.4 Proof of Theorem 3.12

Proof Let w := u − v. Since −�w ≥ 0 in the distributional sense, there exists a positive
Radon measure μ such that −�w = μ and

lim inf
x→(y′,0)

w(x) ≥ 0, f or y′ ∈ ∂RN+ .

Using the same notations as on page 24, set z := H [w] as in (49). From Lemma 3.16, it
follows that z is superharmonic in R

N+2. Fix x = (x ′, xN ) ∈ R
N+ and let η0 = (η′

0, η̄0) :=
(x ′, xN , 0, 0). Arguing as in (52) for R > 5

2 xN , we have∫
B∗,N+2
2R (η0)

|z(ξ)|dξ ≥ σ3

2

∫
B∗
R(x)∩RN+

|w(y)|yNdy.

Now, since z is superharmonic, we know that z ∈ L1
loc(R

N+2). Hence we deduce that the

above integrals are finite and xN |w| ∈ L1
loc(R

N+). This completes the proof of the claim.
Next we prove the equivalence between (36) and (37), i.e., the equivalence betweenw ≥ 0

and the fact that w satisfies (R+) with h ≥ 0.
Step 1 : Assume w ≥ 0. Since w is a superharmonic function, by Theorem 1.2, it follows

that w can be represented by (25). An application of Theorem 3.1.B completes the proof of

the claim, implying w ∈ L1
loc(R

N+).
Step 2: Assume w satisfies (R+) with h ≥ 0. Without loss of generality we may suppose

that w satisfies (R+
0 ). Notice that if z := H [w] is nonnegative, then w ≥ 0. To prove that

z ≥ 0, we apply Theorem 1.1 to the function z with l = 0 in R
N+2. Let 1 > τ > 1/

√
2

be fixed. Consider x = (x ′, xN ) ∈ R
N+ and let η0 = (η′

0, η̄0) := (x ′, xN , 0, 0). Our claim is
that:

lim inf
1

RN+2

∫
√
2R
τ

<|η0−ξ |<2R
|z(ξ)| dξ = 0.6

Noticing that B∗,N+2
2R (η0) ⊃ Be,N+2

2R (η0) and B∗,N+2
R (η0) ⊂ Be,N+2√

2R
(η0), we have

∫
√
2R
τ

<|η0−ξ |<2R
|z(ξ)| dξ ≤

∫
B∗,N+2
2R (η0)\B∗,N+2

R/τ (η0)

|z(ξ)| dξ.

Therefore, it suffices to prove that for R > 2τ
1−τ

xN , there holds:
∫
B∗,N+2
2R (η0)\B∗,N+2

R/τ (η0)

|z(ξ)| dξ ≤ 2σ3

∫
yN>0

R<|x−y|∗<2R

|u(y)|yN dy. (53)

6 Obviously, in condition (R) the annulus B2R \ BR can be replaced by the annulus Bγ R \ BR with any
γ > 1.
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The claim will follow from the hypothesis (R+
0 ).

Step 3: Proof of (53).We split the integration domain as B∗,N+2
2R (η0)\B∗,N+2

R/τ (η0) = A∪B

where: A := {|ξ̄ − η̄0| < R/τ, R/τ ≤ |ξ ′ − η′
0| < 2R} and B := {R/τ ≤ |ξ̄ − η̄0| <

2R, |ξ ′ − η′
0| < 2R}. Since

∫
A

|z(ξ)|dξ =
∫
R/τ≤|ξ ′−η′

0|<2R
dξ ′

∫
|ξ̄−η̄0|<R/τ

|z(ξ ′, ξ̄ )|d ξ̄ , (54)

and considering that z(ξ ′, ξ̄ ) = z(ξ ′, |ξ̄ |), we have:
∫

|ξ̄−η̄0|<R/τ

|z(ξ ′, ξ̄ )|d ξ̄ ≤
∫

|ξ̄ |<R/τ+|η0|
|z(ξ ′, ξ̄ )|d ξ̄ = σ3

∫ R/τ+|η0|

0
|z(ξ ′, r)|r2dr

= σ3

∫
yN>0

|yN−xN |<R/τ

|u(ξ ′, yN )|yNdyN ≤ σ3

∫
yN>0

|yN−xN |<2R

|u(ξ ′, yN )|yNdyN ,

where in the last identity, we have used the fact that R > τ xN . Therefore, from (54), we can
conclude that:∫

A
|z(ξ)|dξ ≤ σ3

∫
R≤|ξ ′−η′

0|<2R
dξ ′
∫

yN>0
|yN−xN |<2R

|u(ξ ′, yN )|yNdyN

≤ σ3

∫
yN>0

R<|x−y|∗<2R

|u(y)|yN dy.

Similarly, for region B, we have:∫
B

|z(ξ)|dξ =
∫

|ξ ′−η′
0|<2R

dξ ′
∫
R/τ≤|ξ̄−η̄0|<2R

|z(ξ ′, ξ̄ )|d ξ̄ . (55)

Since {R/τ ≤ |ξ̄ − η̄0| < 2R} ⊂ {R/τ − xN < |ξ̄ | < 2R + xN }, we obtain:∫
R/τ≤|ξ̄−η̄0|<2R

|z(ξ ′, ξ̄ )|d ξ̄ ≤
∫
R/τ−xN<|ξ̄ |<2R+xN

|z(ξ ′, ξ̄ )|d ξ̄

= σ3

∫ 2R+xN

R/τ−xN
|z(ξ ′, r)|r2dr = σ3

∫
R/τ−2xN<yN−xN<2R

|u(ξ ′, yN )|yNdyN

≤ σ3

∫
R<yN−xN<2R

|u(ξ ′, yN )|yNdyN ,

where we used the fact that R > 2τ xN and R > 2τ
1−τ

xN . Therefore, from (55), we can
conclude that:∫

B
|z(ξ)|dξ ≤ σ3

∫
|ξ ′−η′

0|<2R
dξ ′
∫
R<yN−xN<2R

|u(ξ ′, yN )|yN dyN ≤ σ3

∫
yN>0

R<|x−y|∗<2R

|u(y)|yN dy.

This completes the proof. ��

4 Another integral representation formula

In this section we prove some representation formulae concerning regular superharmonic
functions in the half-spaceRN+ . These results can be deduced from some theorems contained
in [8]. In what follows μ stands for a continuous function defined on RN+ .
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Fig. 2 On left: In blue the level sets ∂�r (x) with x = (0, 5) and r = 1, 2, 3, 4, 5. The yellow filled region is
the “annulus” �2(x) \ �1(x). On right: In dotted line the surface of the ball B∗

r (0, 5) (in the |·|∗ norm) for
r = 1, 3, 6, 12 The yellow filled region is the “annulus” A∗

6(x) = B∗
12(x) \ B∗

6 (x)

The possibility to represent a superharmonic function u in the whole space R
N or on

the half-space R
N+ with an integral formula, is linked to the asymptotic behavior of some

weighted integrals of the function u on some rings, see Theorem 1.1 and 3.1 respectively.
Let x ∈ R

N+ and r > 0. We set

�r (x) :=
{
y ∈ R

N+ |Gx (y) >
1

r

}
∪ {x}.

Throughout this section we shall call the set �2R(x) \ �R(x) the standard annulus. See
Fig. 2.

Notice also that the rings of condition (R) aremodeled in a similarwaymodulo a rescaling.
Indeed the integration domain appearing in (R) is given by B2R(x) \ BR(x). Notice that

Br (x) =
{
y ∈ R

N+ | �x (y) >
CN

r N−2

}
∪ {x}.

Theorem 4.1 Let u ∈ C2(RN+) be such that −�u =: μ ≥ 0.

A. Let x ∈ R
N+ and assume that

lx := 1

ln 2
lim inf
R→+∞

∫
�2R(x)\�R(x)

|∇Gx (y)|2
Gx (y)

u(y)dy ∈ R, (56)

then

u(x) = lx +
∫
R
N+
Gx (y)μ(y)dy. (57)

Therefore assuming that (56) holds for any x ∈ R
N+ , and setting l(x) := lx , we deduce

that,

(a) inf u = inf l (finite or infinite), and the following alternative holds,

ei ther u(x) > l(x),∀x ∈ R
N+ , or u ≡ l and μ ≡ 0. (58)
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(b) l is harmonic in RN+ .
(c) If lx does not depend on x, i.e. lx = l ∈ R, then for any x ∈ R

N+

u(x) = l +
∫
R
N+
Gx (y)μ(y)dy. (59)

B. If u is bounded from below, then (56) is fulfilled for any x ∈ R
N+ . Hence the claims in A.

hold true.
C. If there exists a harmonic function H ∈ C2(RN+) such that

u(x) = H(x) +
∫
R
N+
Gx (y)μ(y)dy,

then for any x ∈ R
N+

H(x) = 1

ln 2
lim inf
R→+∞

∫
�2R(x)\�R(x)

|∇Gx (y)|2
Gx (y)

u(y)dy. (60)

D Let x ∈ R
N+ and lx ∈ R. Then

lim inf
R→+∞

∫
�2R(x)\�R(x)

|∇Gx (y)|2
Gx (y)

|u(y) − lx |dy = 0, (61)

if and only if

lim inf
R→+∞ R

∫
�2R(x)\�R(x)

1

|x − y|2N |u(y) − lx |dy = 0. (62)

Moreover, if one of these assumptions is satisfied, then (56) holds.

Remark 4.2 The existence of a harmonic function H in the hypothesis of point C. above,
is guaranteed by the Riesz decomposition theorem provided there exists a subharmonic
minorant of u. See also [1, Theorem 4.4.1] and the comment preceding Theorem 3.11.

The following result is a consequence of Theorem 14 and Remark 17 of [8]. Set

X := {u ∈ C2(RN+) : u(x ′, 0) = 0, and lim inf
xN→∞

u(x)

xN
= 0}.

Theorem 4.3 The following statements hold.

A. Let u ∈ X. Then −�u =: μ ≥ 0 and inf u = 0 if and only if

u(x) =
∫
R
N+
Gx (y)μ(y)dy ∀x ∈ R

N+ .

B. Let u ∈ X be such that −�u ≥ 0. Then, inf u = 0 if and only if

lim inf
R→+∞

∫
�2R(x)\�R(x)

|∇Gx |2
Gx

udy = 0 ∀x ∈ R
N+ , (63)

if and only if

lim
R→+∞

∫
�2R(x)\�R(x)

|∇Gx |2
Gx

|u|dy = 0 ∀x ∈ R
N+ , (64)
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if and only if

lim inf
R→+∞

∫
∂�R(x)

|∇Gx | udHN−1 = 0 ∀x ∈ R
N+ , (65)

if and only if

lim
R→+∞

∫
∂�R(x)

|∇Gx | |u − l|dHN−1 = 0 ∀x ∈ R
N+ , (66)

if and only if

l = lim
R→+∞

1 + α

R1+α

∫
�R(x)

|∇Gx |2
(Gx )2+α

udy α > −1 ∀x ∈ R
N+ . (67)

C. Let u ∈ X . Suppose that u is bounded from below and −�u ≥ 0. Set

cx := lim inf
R→+∞

1

ln 2

∫
�2R(x)\�R(x)

|∇Gx |2
Gx

udy ∀x ∈ R
N+ , (68)

then cx does not depend on x and cx = 0.

Proof of Theorem 4.1 The theorem is a consequence of Remark 17 and Theorem 6 of [8].
Indeed, the Green function on the half-space RN+ satisfies the assumptions listed in [8] H1.–
H7.

The statements A, Aa, Ac, B and C are a direct consequence of Theorem 6 in [8].
The claim in Ab follows again from Theorem 6 in [8] provided

w(x) :=
∫
R
N+
Gx (y)μ(y)dy ∈ L1

loc(R
N+).

This is easily seen to be true since w is a superharmonic function.
Proof of D. First we observe that the equivalence between (61) and (62) is a consequence

of the following argument. For x, y ∈ R
N+ , x �= y, from the estimates (88) and (89) we have

(
C ′
N

2

)2

x2N ≤ ∣∣∇Gx (y)
∣∣2 |x − y|2N ≤ C ′

N
2x2N [(1 + N )2 + N 2].

Let x ∈ R
N+ be fixed, let R > 0 and consider �2R(x) \ �R(x). If y ∈ �2R(x) \ �R(x) we

have 2R > 1
Gx (y) > R. Hence, for y ∈ �2R(x) \ �R(x) we deduce

|∇Gx (y)|2
Gx (y)

≈ R

|x − y|2N .

This completes the proof of the equivalence between (61) and (62).
Finally, the implication (61) ⇒ (56) follows from Lemma 26 in [8].

Proof of Theorem 4.1 From Theorem 14 and Remark 17 of [8] it follows that the statements
A., B. and C. are equivalent to the following classical Liouville property:

Let u ∈ X. If u is harmonic and bounded from below, then u is constant.
Indeed let c > 0 be such that u + c > 0. By Theorem 1.2 it follows that

u(x) + c = hxN +
∫

∂RN+
K x (y′)dν(y′),
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where ν is a suitable positive Radon measure and h ≥ 0. Since u ∈ X we have
lim infxN→∞ u(x)/xN = 0. Hence h = 0. In addition, by the fact that u(x ′, xN ) → 0
as xN → 0 it follows that∫

∂RN+
K x (y′)dν(y′) → c as xN → 0, ∀x ′ ∈ R

N−1.

In other words the harmonic function w(x) := ∫
∂RN+ K x (y′)dν(y′) has boundary value

identically equal to the constants c. Therefore w ≡ c on RN+ , that is, u ≡ 0.

Appendix A Estimates related to Poisson kernel and Green function

Here we collect a few results related to the fundamental solution of−� onRN+ , to the Poisson
kernel, and its Green function.

Let R > 0 and set,

B∗
R(x) :=

{
y ∈ R

N+ : max{|yN − xN |, |y′ − x ′|} < R
}

,

the “cylindrical” ball in R
N+ centered at x ∈ R

N+ and radius R generated by the norm |·|∗
defined in (6).

In this paper G and K are defined as follows. Let �x (y) be the fundamental solution of
−� at x , that is, −�y�

x (y) = δx where δx is the Dirac measure at x . It follows that,

�x (y) =
{

CN
|x−y|N−2 , f or N ≥ 3,

−C2 ln |x − y|, f or N = 2,
f or x �= y. (69)

Let x = (x ′, xN ) ∈ R
N+ . We set x̂ = (x ′,−xN ). For y ∈ R

N+ \ {x} we put,
G(x, y) := Gx (y) := �x (y) − � x̂ (y), (70)

and for x ∈ R
N+ and y′ ∈ ∂RN+ , we define,

K x (y′) := C ′
N xN

(x2N + |x ′ − y′|2)N/2
= ∂Gx

∂ yN
(y′, 0). (71)

By computation, we notice the following properties of the Green’s function G:

Gx (y) = Gy(x), ∀x �= y, (72)

Gx (y′, 0) = 0, ∀(x ′, xN ) �= (y′, 0), (73)

∂G

∂ yN
(x ′, 0, y) = 0. (74)

For further applications, we need a regularized version of the kernels G and K . For

0 ≤ ε < 1, x, y ∈ R
N+ , we define the regularized fundamental solution �x

ε (y) and the
regularized Green’s function Gx

ε (y), as follows

�x
ε (y) :=

⎧⎪⎨
⎪⎩

CN
(ε2+|x−y|2)(N−2)/2 , N ≥ 3,

−C2
2 ln(ε2 + |x − y|2), N = 2,
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and
Gx

ε (y) := �x
ε (y) − � x̂

ε (y). (75)

That is,

Gx
ε (y) := CN

(ε2 + |x − y|2)(N−2)/2
− CN

(ε2 + |x̂ − y|2)(N−2)/2
, f or N ≥ 3,

Gx
ε (y) := −C2

2
ln(ε2 + |x − y|2) + C2

2
ln(ε2 + |x̂ − y|2), f or N = 2.

For x ∈ R
N+ and y′ ∈ ∂RN+ we define the regularized Poisson kernel as

K x
ε (y′) := ∂Gx

ε

∂ yN
(y′, 0) = C ′

N xN

(ε2 + x2N + |x ′ − y′|2)N/2
.

These regularized kernels Gx
ε (y) and K x

ε (y) help in dealing with potential singularities and
are useful in various analytical settings. Observe that,

Gx
ε (y) ↗ Gx (y), and K x

ε (y′) ↗ K x (y′) as ε → 0.

Let us introduce the auxiliary functions,

a1 := ε2 + |x̂ − y|2, a2 := ε2 + |x − y|2.
It follows that Gε can be written as,

Gx
ε (y) = CN

a(N−2)/2
2

− CN

a(N−2)/2
1

, f or N ≥ 3,

Gx
ε (y) = C2

2
ln

a1
a2

, f or N = 2.

Notice that
a1 − a2 = 4xN yN . (76)

Therefore, in the case N = 2, we have

Gx
ε (y) = C2

2
ln

a1
a2

= C2

2
ln(1 + a1 − a2

a2
) = C2

2
ln(1 + 4xN yN

a2
), (77)

while for N ≥ 3, we have

Gx
ε (y) = CN

a(N−2)/2
2

− CN

a(N−2)/2
1

= CN
a(N−2)/2
1 − a(N−2)/2

2

a(N−2)/2
1 a(N−2)/2

2

(78)

= CN
aN−2
1 − aN−2

2

a(N−2)/2
1 a(N−2)/2

2 (a(N−2)/2
1 + a(N−2)/2

2 )
(79)

= CN
4xN yN (aN−3

1 + aN−4
1 a2 + · · · + aN−3

2 )

a(N−2)/2
1 a(N−2)/2

2 (a(N−2)/2
1 + a(N−2)/2

2 )
. (80)

For future reference, let us compute the derivatives of Gx
ε . We have,

∂

∂ yN
Gx

ε (y) = C ′
N

2

(
yN + xN

aN/2
1

− yN − xN

aN/2
2

)
, (81)
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and for j = 1, . . . , N − 1,

∂

∂ y j
Gx

ε (y) = C ′
N

2

(
1

aN/2
1

− 1

aN/2
2

)
(y j − x j ).

So that,

|∇Gx
ε |2 =

(
C ′
N

2

)2
∣∣∣∣∣
y − x̂

aN/2
1

− y − x

aN/2
2

∣∣∣∣∣
2

(82)

=
(
C ′
N

2

)2
⎡
⎣
∣∣∣∣∣

1

aN/2
1

− 1

aN/2
2

∣∣∣∣∣
2

|x ′ − y′|2 +
(
yN + xN

aN/2
1

− yN − xN

aN/2
2

)2
⎤
⎦ . (83)

This detailed computation of the gradients and their magnitudes provides a clear under-
standing of the behavior of the regularized Green’s function and its derivatives. This will be
useful in further analytical work involving these functions.

Proposition A.1 Let 0 ≤ ε < 1.

1. For y, x ∈ R
N+ , x �= y, we have

0 ≤ Gx
ε (y) ≤ C ′

N
xN yN

(ε2 + |x − y|2)N/2 . (84)

2. We have,

lim|y|→∞Gx
ε (y)

|y|N
yN

= C ′
N xN , (85)

uniformly with respect to ε and x in bounded sets.
3. We have,

lim
|y′|→∞

K x
ε (y′)|y′|N = C ′

N xN , (86)

uniformly with respect to ε and x in bounded sets.
4. For y, x ∈ R

N+ , x �= y, we have

|∇Gx
ε |2(y) ≤

(
C ′
N

2

)2 x2N
aN2

⎡
⎣
(
1 + (

a2
a1

)N/2 + 2N
y2N
a1

)2

+ 4N 2 y
2
N |x ′ − y′|2

a21

⎤
⎦ (87)

≤ C ′
N
2 x2N
(ε2 + |x − y|2)N

[
(1 + N )2 + N 2] , (88)

|∇Gx
ε |2(y) ≥

(
C ′
N

2

)2 x2N
(ε2 + |x − y|2)N . (89)

5. For y, x ∈ R
N+ , x �= y, we have

|∂NGx
ε (y)| ≤ C ′

N

2

xN

aN/2
2

[
1 +

(
a2
a1

)N/2

+ 2N
y2N
a1

]
≤ (N + 1)C ′

N
xN

(ε2 + |x − y|2)N/2 .

(90)

Proof Proof of claim 1. We begin by observing that since a1 ≥ a2, we have Gx
ε ≥ 0.
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In the case N = 2, by the concavity of the logarithmic function, we obtain:

Gx
ε = C2

2
ln

a1
a2

= C2

2
ln(1 + a1 − a2

a2
) ≤ C2

2

a1 − a2
a2

= C2

2

4xN yN
a2

,

which proves (84).
Let N ≥ 3. By the convexity of the function, t �→ t−α for t > 0 and α > 0, we have:

1

sα
− 1

tα
≤ α

1

sα+1 (t − s), f or t, s > 0. (91)

Applying (91) with α = (N − 2)/2, s = a2 and t = a1, we deduce:

Gx
ε = CN

(
1

a(N−2)/2
2

− 1

a(N−2)/2
1

)
≤ CN

N − 2

2

1

aN/2
2

(a1 − a2) = CN (N − 2)2
xN yN

aN/2
2

.

This completes the proof of (84) for N ≥ 3.
Proof of claim 2. Let C ⊂ R

N+ be bounded and let x ∈ C . For |y| > 2 sup{|x | : x ∈ C}, we
have, √

1 + |y − x̂ |2 ≥ √
a1 ≥ √

a2 ≥ |y − x | ≥ |y| − |x | ≥ |y|/2.

Next, let N = 2. Since 4xN yN
a2

→ 0 uniformly with respect to x ∈ C and ε, whenever

|y| → ∞, and taking into account that ln(1 + t) ∼= t as t → 0,7 from (77) it follows that

Gx
ε (y) ∼= C2

2

4xN yN
a2

∼= 2C2xN
yN
|y|2 , as |y| → ∞,

completing the proof of the claim.
Next we consider the case N ≥ 3. From (80) we have,

Gx
ε (y)

|y|N
yN

=4CN xN
(aN−3

1 + aN−4
1 a2 + · · · + aN−3

2 )

|y|2N−6

|y|2N−4

(a1a2)(N−2)/2

|y|N−2

a(N−2)/2
1 + a(N−2)/2

2

∼=4CN xN (N − 2)
1

2
, as |y| → ∞,

this completes the proof of claim 2.
Proof of claim 3. Proceeding as in the proof of claim 2., we have

K x
ε (y′)|y′|N = C ′

N xN
|y′|N

(ε2 + x2N + |x ′ − y′|2)N/2
∼= C ′

N xN , as |y′| → ∞.

Proof of claim 4. and claim 5. From the expression of the derivative of Gx
ε , it follows that we

must estimate the quantity, a−N/2
2 − a−N/2

1 . We observe that since the function tα is convex
for α ≥ 1, we have

tα − sα ≤ α(t − s)tα−1, f or t, s > 0. (92)

Taking into account (76), the latter inequality, with t = a1, s = a2 and α = N/2, produces

1

aN/2
2

− 1

aN/2
1

= aN/2
1 − aN/2

2

aN/2
1 aN/2

2

≤ N

2
(a1 − a2)

aN/2−1
1

aN/2
1 aN/2

2

= 2N
xN yN

a1a
N/2
2

.

7 a(t) ∼= b(t) as t → t0 means limt→t0 a(t)/b(t) = 1.
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Next from (81) we have,

|∂NGx
ε (y)| =C ′

N

2

(
yN (

1

aN/2
2

− 1

aN/2
1

) + xN (
1

aN/2
2

+ 1

aN/2
1

)

)

≤C ′
N

2

(
yN2N

xN yN

a1a
N/2
2

+ xN (
1

aN/2
2

+ 1

aN/2
1

)

)
.

This proves the first inequality in (90), while the second one is due to the fact that, a1 ≥ a2
and a1 ≥ y2N . This concludes the proof of claim 5.

Similarly from (83) we have,

|∇Gx
ε |2

(C ′
N/2)2

=
∣∣∣∣∣

1

aN/2
1

− 1

aN/2
2

∣∣∣∣∣
2

|x ′ − y′|2 +
(
yN (

1

aN/2
2

− 1

aN/2
1

) + xN (
1

aN/2
2

+ 1

aN/2
1

)

)2

≤4N 2 x
2
N y

2
N

a21a
N
2

|x ′ − y′|2 + x2N
aN2

(
1 +

(
a2
a1

)N/2

+ 2N
y2N
a1

)2

,

which is (87). The remaining inequality (88) is a consequence of the fact that, a1 ≥ a2,
a1 ≥ y2N and a1 ≥ |x ′ − y′|2.

Second, we prove the estimate (89). Indeed we have,

|∇Gx
ε |2

(C ′
N/2)2

=
∣∣∣∣∣

1

aN/2
1

− 1

aN/2
2

∣∣∣∣∣
2

|x ′ − y′|2 +
(
yN (

1

aN/2
2

− 1

aN/2
1

) + xN (
1

aN/2
2

+ 1

aN/2
1

)

)2

≥
(
xN (

1

aN/2
2

+ 1

aN/2
1

)

)2

≥ x2N
1

aN2
.

��

Appendix B Examples of functions satisfying (R+
0 )

Here we summarize examples of functions satisfying (R+
0 ).

Remark B.1 We notice that a function u ∈ L1
loc(R

N+) can be extended to the whole space RN

by setting u(x) = 0 for x /∈ R
N+ . We will still denote this extension with u. If u satisfies the

ring condition

lim inf
1

RN

∫
R<|x−y|∗<2R

|u(y)|dy = 0, f or a.e. x ∈ R
N+ , (93)

then u satisfies also (R+
0 ). It is easy to see that (93) is satisfied by any function belonging to the

following global spaces: L p(RN+), theMarcinkiewicz spaces L p
w(RN+), and to theCampanato-

Morrey spaces Mp
q (RN+) (see [6]). This implies that such a function fulfills (R+

0 ). In effect,
essentially bounded functions fulfill (R+

0 ) but not (93).

Theorem B.2 1. Let 1 ≤ p ≤ ∞. If u ∈ L p(RN+), then u satisfies (R+
0 ).

2. Let 1 ≤ p < ∞. If xN |u|p ∈ L1(RN+), then u satisfies (R+
0 ).

3. If xN |u| ∈ L∞(RN+), then u satisfies (R+
0 ).
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4. If u ∈ L1
loc(R

N+) and |u(x)| ≤ c|x |p for a suitable c > 0, 0 < p < 1 and |x | large,
then u satisfies (R+

0 ).
5. If u ∈ Mp

q (RN+) with 1 ≤ q ≤ p, then u satisfies (R+
0 ).

Proof We begin by proving statements 2 and 4, since they imply the others. Let x ∈ R
N+ . For

R > 0, define A∗
R(x) := B∗

2R(x) \ B∗
R(x). See Figure 2 at page 29.

Proof of claim 2. From our assumption, we know that

lim
R→∞

∫
A∗
R(x)

yN |u(y)|pdy = 0.

This directly implies the claim for p = 1. Now consider the case p > 1. By Hölder
inequality with exponent p, we have

1

RN+2

∫
A∗
R(x)

yN |u(y)|dy = 1

RN+1

∫
A∗
R(x)

|u(y)| yN
R

dy

≤ 1

RN+1

(∫
A∗
R(x)

|u(y)|p yN
R

dy

)1/p (∫
A∗
R(x)

yN
R

dy

)1/p′

≤ RN/p′

RN+1

(∫
A∗
R(x)

|u(y)|p yN
R

dy

)1/p

→ 0,

and the claim follows.
Proof of claim 4. Let R0 be such that |u(x)| ≤ c|x |p ≤ c(|x ′|p + |xN |p) for |x | > R0. We
have∫

B∗
R\B∗

R0

yN |u(y)|dy ≤ c
∫
B∗
R\B∗

R0

yN (|y′|p + |yN |p)dy ≤ c
∫
B∗
R

yN (|y′|p + |yN |p)dy

≤
∫

|y′|<R
dy′

∫ R

0
yN (|y′|p + |yN |p)dyN ≤ c

∫
|y′|<R

(|y′|R2 + Rp+2)dy′ ≤ cRN+1+p.

Therefore, we can complete the proof by noticing that

1

RN+2

∫
B∗
R\B∗

R0

yN |u(y)|dy ≤ cR p−1 → 0, as R → ∞.

Proof of claims 1. and 5. The case 1 ≤ p < ∞ is contained in Remark B.1. While the case
p = ∞ follows from point 4.
Proof of claim 3. It follows by using the same argument as above. ��

Another example of functions which naturally meet the condition (R+
0 ) is the following.

Theorem B.3 Let 1 < q < ∞. Let u ∈ Lq
loc(R

N+) be a weak solution of
{−�u ≥ |u|q , on R

N+ ,

u ≥ 0, on ∂RN+ .
(94)

Then u satisfies (R+
0 ).

For a proof of this theorem see [9].
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