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We present MHIT36, a GPU-tailored solver for interface-resolved simulations of multiphase turbulence. The 
framework couples direct numerical simulation (DNS) of the Navier–Stokes equations, which describe the flow 
field, with a phasefield method to capture interfacial phenomena. Simulations are performed in a cubic domain 
with periodic boundary conditions applied in all three spatial directions. The governing equations are discretized 
using a second-order finite difference scheme. The Navier–Stokes equations are integrated with an explicit 
fractional-step method, and the resulting pressure Poisson equation is solved using a fast Fourier transform 
(FFT)-based approach. The accurate conservative diffuse interface (ACDI) formulation is used to describe the 
transport of the phasefield variable. From a computational standpoint, MHIT36 employs a two-dimensional 
domain decomposition to distribute the workload across MPI tasks. The cuDecomp library is used to perform 
pencil transpositions and halo exchanges, while the cuFFT library and OpenACC directives are leveraged to 
offload the remaining computational kernels to the GPU. This parallelization strategy enables MHIT36 to achieve 
an excellent scaling efficiency on 1024 GPUs, while maintaining a structure that is easy to extend and modify. 
MHIT36 is released open source under the MIT license.

Program summary

Program Title: MHIT36

CPC Library link to program files: https://doi.org/10.17632/yb2dt99swr.1

Developer’s repository link: https://github.com/MultiphaseFlowLab/MHIT36

Licensing provisions: MIT License

Programming language: Modern Fortran

Nature of problem: Solving the three-dimensional incompressible Navier-Stokes equations in a triply-periodic box. 
A phasefield method based on the accurate conservative diffuse interface (ACDI) formulation is used to describe 
the shape and topological changes of the interface.

Solution method: The system of governing equations is advanced in time using an explicit strategy while the 
governing equations are discretized in space using a second-order finite difference approach. A fractional step 
is used to solve the Navier-Stokes equations and an FFT-based method is used to solve the resulting Poisson 
equation for pressure. The parallelization relies on a 2D domain decomposition strategy and all intra- and inter

node communications are handled by the cuDecomp strategy. The cuFFT library and OpenACC directives are 
used to entirely offload code execution to GPUs.

1. Introduction

Turbulent multiphase flows are ubiquitous in nature and our ev

eryday life. These flow instances play a key role in many different 
applications, from geophysical phenomena [1,2] to environmental and 
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industrial processes [3--5]. With respect to single-phase turbulence, the 
description and modeling of multiphase turbulence is much more chal

lenging: these flows require the accurate representation of a continu

ously evolving interface, including its topological changes and interac

tion with turbulence [6--9]. Highfidelity simulations are of vital im
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portance to obtain a better understanding of the physics of multiphase 
turbulence and are becoming increasingly popular in recent years: nu

merical investigations give access to detailed space- and time-resolved 
data on the flow field and on the morphology of the two phases as well 
as other quantities of interest.

Obtaining an accurate description of the dynamics of a dispersed 
multiphase flow -- as for instance an emulsion -- on a discretized tem

poral and spatial grid is a challenging task because of the large scale 
separation that characterizes these flows: scales range from the largest 
flow scale (of the order of the domain size), down to the Kolmogorov 
scale of turbulence and further down to the molecular scale that gov

erns interface-interface interactions. This has direct implications on the 
description of multiphase turbulence as the spatio-temporal resolution 
one can reasonably afford is limited by computing capabilities [10]. 
Specifically, as done for single-phase turbulence [11--13], it would be 
desirable to perform simulations in which all scales are directly resolved, 
without any model. This brute force approach, however, cannot be ap

plied to multiphase flows: the scale separation between the largest flow 
scale and the smallest interfacial scale is about eight to nine orders of 
magnitude, while the most recent high-performance computing (HPC) 
infrastructures can handle a maximum scale separation of about three 
to four orders of magnitude. In this context, performing finely resolved 
simulations is highly desirable as it allows to improve the description 
of very thin interfacial structures and alleviate the inherent drawbacks 
present in this type of simulations due to the impossibility to model 
and resolve the wide range of scales involved. The need of perform

ing simulations with large grid resolution requires the use of a large 
amount of computing resources. For this reason, MHIT36 is tailored to

wards GPU-accelerated high-performance systems, which constitute the 
most common and efficient computing architecture currently available 
in pre-exascale and exascale computing infrastructures.

MHIT36 performs interface-resolved simulations of dispersed multi

phase flows. Within the onefluid formulation, the code combines direct 
numerical simulation (DNS) to solve the incompressible Navier-Stokes 
equations with a phasefield method (PFM) based on the conservative 
Allen-Cahn equation to capture interfacial dynamics. The governing 
equations are discretized in space using a second-order finite difference 
method, while time integration is performed using the explicit two-step 
Adams-Bashforth scheme. The incompressibility constraint is enforced 
using the fractional-step method, originally introduced by Chorin [14] 
and Temam [15] to solve the primitive-variable formulation of the 
Navier-Stokes equations. At each time step, the momentum equations 
for the fluid are advanced in time neglecting the contribution of the 
pressure gradient, thus yielding an intermediate velocity field that does 
not satisfy the incompressibility constraint. Then, a Poisson equation is 
solved for an auxiliary scalar field, commonly interpreted as the pres

sure or a pressure correction. The gradient of this scalar field is used 
to correct the velocity and project the intermediate solution onto the 
divergence-free space, thereby obtaining the solenoidal velocity at the 
new time step.

The code has been developed from scratch and targets GPU archi

tectures. It uses the MPI library as a bootstrap to perform the initial 2D 
domain decomposition (slabs or pencils) and then leverages the highly 
efficient cuDecomp library [16] to handle all inter- and intra-node com

munication tasks, including pencil/slab transpositions and halo updates. 
The cuDecomp library supports seven different communication back

ends and has specifically been developed for GPU-based computing ar

chitectures. In addition, it features auto-tuning capabilities and it is thus 
able to identify the most suitable domain decomposition and communi

cation backend before running the main application. Fast Fourier trans

forms and the computations of the different terms present in the two 
equations are offloaded to GPUs using OpenACC directives and cuFFT li
braries [17]. The chosen approach allows for obtaining an efficient and 
easy-to-modify code that can also be extended from the currently im

plemented flow configuration of homogeneous isotropic turbulence to 
other flow instances (e.g., open and closed channel flows, square duct 

flows). In addition, the solution of new governing equations (e.g., for 
description of heat and mass transfer, surfactants, etc.) can also be in

cluded as the code is developed with a modular structure in mind.

The paper is organized as follows. In Section 2, the governing equa

tions are presented; in Section 3 the numerical method is detailed. Then, 
in Section 4, the implementation of the parallelization strategy is pre

sented and the strong scaling and code profiling results are reported. 
In Section 5, benchmarks for single- and multiphase flows are used to 
demonstrate the accuracy and the capabilities of MHIT36. Finally, we 
draw our conclusions in Section 6.

2. Governing equations

To describe the dynamics of the system, direct numerical simulation 
(DNS) of the Navier-Stokes equations, used to describe the flow field, are 
coupled with a second-order phasefield method (PFM), used to describe 
the shape and deformation of the interface as well as coalescence and 
breakage phenomena.

2.1. Navier-Stokes equations

To describe the flow field of the multiphase system, a onefluid ap

proach is employed and a single set of Navier-Stokes equations is solved 
in the entire computational domain [7,9]. We consider two incompress

ible and Newtonian phases with matched density and viscosity. Under 
these assumptions, the continuity and Navier-Stokes equations read as:

∇ ⋅ 𝐮 = 0 , (1)

𝜕𝐮
𝜕𝑡 

+∇ ⋅ (𝐮⊗ 𝐮) = −∇𝑝
𝜌 

+ 𝜈∇2𝐮+ 𝐟𝜎 + 𝐟𝐴𝐵𝐶 , (2)

where 𝐮 = (𝑢, 𝑣,𝑤) is the velocity vector, 𝑝 is the pressure field, 𝐟𝜎 rep

resents the surface tension forces and 𝐟𝐴𝐵𝐶 is the turbulence forcing. 
The surface tension forces are evaluated using an energy-based surface 
tension model [18]. Specifically, the interfacial forces are computed as 
follows:

𝐟𝜎 = 𝜇𝜙∇𝜙 , (3)

where the chemical potential 𝜇𝜙 is defined as follows:

𝜇𝜙 = 6𝜎
𝜖
𝜓 ′ − 6𝜎𝜖∇2𝜙 , (4)

where 𝜎 is the surface tension and 𝜓 ′ is the free energy functional [18, 
8], whose expression is:

𝜓 ′ = 𝜙(1 − 𝜙)(1 − 2𝜙) . (5)

The use of this surface-tension model minimizes the number of commu

nications required (e.g., halo updates) as well as reduces the magnitude 
of the spurious currents induced by surface tension forces [18].

To sustain the turbulence motion, an ABC forcing scheme [19,20] is 
employed, which is defined as follows:

𝐟𝐴𝐵𝐶 = [𝐶 sin(𝜅𝐹 𝑧) +𝐵 cos(𝜅𝐹 𝑦)]𝐢 (6)

+ [𝐴 sin(𝜅𝐹 𝑥) +𝐶 cos(𝜅𝐹 𝑧)]𝐣 (7)

+ [𝐵 sin(𝜅𝐹 𝑦) +𝐴 cos(𝜅𝐹 𝑥)]𝐤 , (8)

where 𝐴, 𝐵 and 𝐶 are three coefficients, 𝜅𝐹 is the forced wavenumber 
and 𝐢, 𝐣 and 𝐤 are the unit vector along the three directions.

2.2. Phasefield method

For the description of the interface, we employ here the accurate con

servative diffuse-interface/phasefield method (ACDI/ACPF) [21]. The 
phasefield method relies on an Eulerian variable, 𝜙, which is constant 
in the bulk of the two phases (𝜙 = 0 and 𝜙 = 1) and undergoes a smooth 
transition across a thin interfacial layer [22,8]. The time evolution of 
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Fig. 1. The domain is decomposed along the 𝑦 and 𝑧 directions in 𝑝𝑟 × 𝑝𝑐 pencils, respectively. Each color corresponds to a different MPI task, numbered from 0 to 
15 (𝑝𝑟 = 4 and 𝑝𝑐 = 4). In physical space, the domain is divided along the 𝑦 and 𝑧 directions (X-pencil) while in Fourier space (i.e., after the 3D FFT) the domain 
is decomposed along the 𝑥 and 𝑦 directions (Z-pencil). All derivatives are evaluated in physical space using a second-order finite difference approach and only in 
this configuration halo cells are present (X-pencil, panels 𝑎 and 𝑏). In contrast, when the pressure Poisson equation is solved using the FFT-based solver, in spectral 
space, no halo cells are present as they are not required (Y- and Z-pencils, panels 𝑐 and 𝑑). (For interpretation of the colors in the figure(s), the reader is referred to 
the web version of this article.)

the phase field variable is described by a modified version of the con

servative Allen-Cahn equation [23,24,21], which reads as follows:

𝜕𝜙

𝜕𝑡 
+∇ ⋅ (𝐮𝜙) = ∇ ⋅

[
Γ
(
𝜖∇𝜙− 1

4

[
1 − tanh2

(
𝜓

2𝜖

)] ∇𝜓 |∇𝜓|
)]

, (9)

where 𝜖 is a numerical parameter that controls the characteristic length

scale of the thin transition layer and 𝜓 is a smooth function defined as 
follows:

𝜓 = 𝜖 log
(

𝜙+ 𝜉 
1 − 𝜙+ 𝜉

)
, (10)

where 𝜉 is a small number used to avoid an undefined solution when 𝜙
approaches the bulk values. On the right-hand side, we can distinguish 
the diffusive and sharpening terms, which allow for preserving the inter

facial profile during the computation, e.g., an hyperbolic tangent profile. 
The strength of these two terms is tuned via the numerical parameter 
Γ, which should be set accordingly [24,25]. We adopt this formulation 
of the phasefield method because, with appropriate selection of the pa

rameters 𝜖 and Γ, it guarantees a bounded solution for the phasefield 
variable [24]. This property is crucial for accurately evaluating quanti

ties that depend directly on the local value of the phasefield variable 
[8,26]. In addition, because this method relies on a second-order partial 
differential equation, its numerical discretization is more suitable for 
second-order finite difference schemes—unlike the Cahn–Hilliard equa

tion, which involves a fourth-order term and typically requires higher

order discretizations or ad hoc numerical techniques [8,27].

3. Numerical method

The governing equations [(1)--(2)--(9)] are solved in a triply periodic 
domain using a fixed, uniform, staggered grid, as shown in the inset 
of Fig. 1𝑎. Velocity components are defined at cell faces, while scalar 
fields such as pressure and the phase field are defined at cell centers. 

Spatial derivatives are evaluated using a second-order central differ

ence scheme. Time integration of the momentum equation is carried 
out using a fractional-step method [14,15], with the provisional velocity 
field computed via the Adams–Bashforth scheme. Likewise, the phase

field equation is advanced in time using the same scheme. An explicit 
time integration strategy has been adopted for all governing equations 
to maximize performance on GPUs, which are particularly efficient for 
operations on independent data sets characteristic of explicit schemes. 
Similar strategies have also been adopted in other GPU-oriented codes 
or codes for simulations of multiphase flows [28--30].

3.1. Navier-Stokes equations

The Navier-Stokes and continuity equations are solved using a 
projection-correction method [14], reported below in a semi-discrete 
form:

𝐮∗ − 𝐮𝑛
Δ𝑡 

= 𝛼𝑛 − 𝛽𝑛−1 , (11)

∇2𝑝𝑛+1 = ∇ ⋅ 𝐮∗
Δ𝑡 

, (12)

𝐮𝑛+1 = 𝐮∗ − Δ𝑡
𝜌 
∇𝑝𝑛+1 , (13)

where 𝛼 = 1.5 and 𝛽 = 0.5 are the coefficients of the Adams-Bashforth 
scheme; the operator 𝑛 and 𝑛−1 includes the convective, diffusive 
and surface tension terms, computed at the current and previous time 
steps. For the first time step, where 𝑛−1 is not defined, an Euler explicit 
scheme is used by setting 𝛼 = 1 and 𝛽 = 0. To solve the resulting Poisson 
pressure equation in the context of the fractional step method, different 
methods are available: from iterative solvers -- based for instance on 
the multi-grid method -- up to direct solvers where, by exploiting peri

odic directions, the resulting Poisson equation is decoupled along one or 
more directions [28]. We follow here the latter approach: by leveraging 
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periodic boundary conditions in all spatial directions, the source term 
(right-hand side of equation (12)) is transformed into Fourier space us

ing a three-dimensional Fast Fourier Transform (FFT). This ensures the 
solution of the Poisson equation with machine precision accuracy. In 
spectral space, the Poisson equation reduces to an algebraic relation, al

lowing the solution to be obtained via direct division by the squared 
wavevector magnitude. To ensure a unique solution for pressure, the 
zero wavenumber (mean) mode is set to zero. The inverse FFT is then 
applied to recover the solution for the pressure field in physical space. 
This method provides spectral accuracy and computational efficiency. 
Details on the parallel implementation of the Poisson solver can be found 
in Section 4. The type of Poisson solver employed can be easily extended 
to other types of flow configurations, e.g., channel flow or square ducts. 
Specifically, by changing the type of transforms performed (or avoiding 
the FFT operation), different combinations of pressure boundary condi

tions can be applied [28,31,32] and thus different flow geometries can 
be simulated without requiring major modifications to the code par

allelization. This ensures that code performance and scalability of the 
MHIT36 code are retained.

3.2. Phasefield method

To advance the solution of the governing equation for the phase

field variable, an Adams–Bashforth scheme is used. The type of scheme 
adopted ensures that a bounded solution of the phasefield variable is 
obtained [24]. The governing equation in a semi-discrete form reads as 
follows:

𝜙𝑛+1 − 𝜙𝑛

Δ𝑡 
= 𝛼𝑛 − 𝛽𝑛−1 , (14)

where the terms 𝑛 and 𝑛−1 include the advection, diffusion and sharp

ening terms evaluated at the step 𝑛 and 𝑛−1. All these terms are treated 
explicitly, which introduces a limitation on the maximum allowable 
time step. In particular, using the ACDI formulation [21], the maximum 
time step that can be used reads as follows:

Δ𝑡𝑝ℎ𝑎𝑠𝑒
𝑚𝑎𝑥

= Δ𝑥 
𝑢𝑚𝑎𝑥𝜀

∗ , (15)

where 𝜀∗ = 𝜀∕Δ𝑥 and 𝑢𝑚𝑎𝑥 is the maximum value of the velocity in 
the domain. This limitation is comparable to that imposed by the ex

plicit treatment of the viscous terms in the Navier–Stokes equations. 
Indeed, for an Adams–Bashforth scheme, the maximum stable Courant--

Friedrichs--Lewy (CFL) number that can be used for simulations of tur

bulent flow range from 0.3 to 0.5 [29,33]. Thus, the resulting maximum 
time step is:

Δ𝑡𝑓𝑙𝑜𝑤
𝑚𝑎𝑥

=
CFL𝑚𝑎𝑥Δ𝑥

𝑢𝑚𝑎𝑥
. (16)

By considering a unitary value of 𝜀∗, we obtain Δ𝑡𝑝ℎ𝑎𝑠𝑒𝑚𝑎𝑥 = Δ𝑥∕𝑢𝑚𝑎𝑥 and 
thus the two time step restrictions are similar. Overall, the explicit treat

ment significantly improves the efficiency of the implementation as it 
eliminates the need for implicit solvers (and associated pencil trans

poses), which use can degrade performance on GPU architectures due 
to the global coupling and thus the additional communication required.

4. Implementation of the parallelization strategy

The domain is decomposed into smaller subdomains (pencils) in the 
𝑦 and 𝑧 directions, the number of pencils along the two directions is 
𝑝𝑟 (𝑦 direction) and 𝑝𝑐 (𝑧 direction), as shown in Fig. 1𝑏. The domain 
decomposition (slabs or pencils) is performed using the MPI library 
(bootstrapping); during this phase, each pencil is assigned to a MPI task 
and in turn to a specific GPU. OpenACC directives are used to offload 
the computation of all the terms, which are evaluated in physical space 
using a second-order finite difference scheme. Likewise, all the Fourier 
transforms are performed exploiting the highly optimized cuFFT library 

[17], which can be invoked using the interoperability features present in 
OpenACC. To obtain a code that can be easily modified, we employ the 
managed memory model present in OpenACC (which exploits the CUDA 
unified memory feature). As in most systems CPU and GPU memories are 
physically separated, the use of GPUs usually requires explicit memory 
transfers. Thanks to the managed memory feature, memory transfers be

tween the CPU (host) and the GPU (device) do not have to be explicitly 
defined and memory can be accessed using a single pointer from both 
CPU and GPU code sections. In terms of performance, this choice has a 
minor effect (less than 2%) as most of the host-to-device and device-to

host memory transfers occur only during the initialization.

Communications between processors are required to perform halo 
updates and during the execution of the pressure Poisson solver, which, 
being based on FFTs, requires pencil transpositions to perform FFT along 
all three directions. Specifically, halo cells -- extra layers of cells sur

rounding the boundaries of a pencil -- must be updated whenever a vari

able is modified, as they are required to evaluate derivatives in physical 
space at the boundaries of the pencil. This operation requires commu

nications with the neighboring pencils (i.e., processes); as illustrated in 
Fig. 1𝑎. Communication is also required to perform a 3D FFT as each 
process must hold all the points along the transform direction. Starting 
from X-pencil (physical space, Fig. 1𝑏), the first FFT is performed along 
the 𝑥 direction. Following this, the parallelization is rearranged so that 
each process holds all the data along the 𝑦 direction (Y-pencils, Fig. 1𝑐), 
and the FFT is then performed in the 𝑦 direction. Finally, the paralleliza

tion is changed again to align with the 𝑧 direction (X-pencils, Fig. 1𝑑), 
and the FFT is applied along the 𝑧 direction.

All these communications -- halo updates and pencil transpositions 
– are handled by the cuDecomp library [34]. The library supports mul

tiple communication backends and includes autotuning capabilities to 
optimize performance and scalability on different combinations of net

work configurations and GPU architectures. Autotuning can be used to 
identify the most performing decomposition strategy (autotune process 
grid) as well as to also identify the most performing communication 
backend (full autotuning).

4.1. Strong scaling

To evaluate the code performance and the efficiency of the imple

mentation reported above, we analyze the strong scaling behavior of 
the code. The tests have been performed on two different pre-exascale 
systems: i) booster module of Leonardo [35] (CINECA) ii) ACC partition 
of Marenostrum5 [36] (BSC). Refer to Table 1 for the technical specifi

cations of the two clusters. For both machines, the Nvidia nvfortran 
compiler has been used. The scaling tests have been executed consid

ering the single-phase solver (solution of the mass conservation and 
Navier-Stokes equations only) as well as the multiphase solver (solution 
of mass conservation and Navier-Stokes equations as well as transport 
equation of the phasefield variable).

The strong scaling results are shown in Fig. 2. The left panel shows 
the scaling of the single-phase solver, while panel 𝑏 shows the strong 
scaling results of the multiphase solver. Four problem sizes have been 
tested: 256×256×256 (blue), 512×512×512 (red), 1024×1024×1024
(orange) and 2048 × 2048 × 2048 (violet). The autotune process grid is 
kept enabled during the scaling test, and the cuDecomp library defines, 
via some preliminary tests (before each run), the most suitable domain 
decomposition strategy. In particular, the library defines the number 
of pencils to be used along the 𝑦 and 𝑧 directions (i.e., the parame

ters 𝑝𝑟 and 𝑝𝑐 , see Fig. 1𝑎). In addition, it is also possible to enable the 
full autotuning mode: the cuDecomp library not only defines the do

main decomposition strategy but also the communication backend to 
be employed [16]. This second autotuning option has not been used 
here and for all the scaling tests the MPI backend (not pipelined) has 
been used. Analyzing the strong scaling performance exhibited by the 
code, we can observe that in general, very good results are obtained on 
both machines. In particular, the code exhibits an excellent scaling up to 
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Table 1
Technical specifications of the computing infrastructures employed for the strong 
scaling tests: booster partition of Leonardo and ACC partition of Marenostrum5.

System CPU (per node) GPU (per node) 
Leonardo booster (CINECA) 1 x Intel Xeon Phi 8358 32c 4 x NVIDIA A100 
Marenostrum5 - ACC (BSC) 2 x Intel Sapphire Rapids 8460Y 40c 4 x NVIDIA H100 

Fig. 2. Strong scaling results obtained on two GPU-accelerated computing infrastructures: Leonardo and Marenostrum5. Panel 𝑎 shows the scaling of the single-phase 
solver and panel 𝑏 of the multiphase solver (single-phase and phasefield). Four different problem sizes have been considered: 2563 (blue), 5123 (red), 10243 (orange) 
and 20483 (violet). Results obtained on Leonardo (booster) are reported using filled symbols while those obtained on Marenostrum5 (ACC partition) are represented 
with empty symbols.

512/1024 GPUs when the two larger problem sizes are considered. Inter

estingly, both the single-phase and multiphase solvers exhibit a similar 
scaling behavior. Indeed, the phasefield method is an interface blind 
method and thus its computational cost does not depend on the inter

face extension [8,9]. Specifically, the method does not rely on interface 
reconstruction algorithms or non-linear advection schemes, which can 
hinder scalability on GPU-based computing architectures.

It is worth to observe that scaling performance is retained among the 
two different machines tested and with different generations of GPU ar

chitectures (Ampere and Hopper). In terms of pure performance (i.e., 
time elapsed per iteration), the difference between the two architec

tures -- Ampere (A100, Leonardo) and Hopper (H100, Marenostrum5) -- 
is about 10% in favor of the newer GPU architecture. This difference is 
rather contained because the technical specifications of the two GPUs 
are identical in terms of memory bandwidth, which is the main bottle

neck in CFD codes [37,38]. Indeed, both cards offer a peak bandwidth of 
about 1.6 TB/s [35,36] and are based on a HBM2e memory technology.

The efficiency of the present GPU implementation is further demon

strated through performance benchmarks comparing CPU and GPU exe

cutions. These tests evaluate the time required for a single time step, 
using all available cores on a single node (32 on Leonardo and 80 
on Marenostrum) against the time taken by the 4 GPUs available per 
node (4 on both systems). For both machines, the GPU implementation 
achieves a speedup of approximately 17× compared to the CPU coun

terpart; these results align with the speed-up achieved by codes based 
on similar numerical methods [39].

4.2. Weak scaling

Having analyzed the strong scaling performance of the code, we now 
turn to analyze the weak scaling results. The tests were conducted on 
the same two clusters used for the strong scaling benchmarks, employ

ing the Nvidia nvfortran compiler. As with the strong scaling analysis, 
results are presented for both the single-phase solver—which involves 
solving the mass conservation and Navier–Stokes equations—and the 
multiphase solver, which additionally includes the transport equation 
for the phasefield variable. The results are shown in Fig. 3. The left 
panel shows the weak scaling performance of the single-phase solver, 
while panel 𝑏 presents the weak scaling of the multiphase solver. Two 

problem sizes per node have been tested: 2563 (blue) and 5123 (red), 
corresponding to approximately 4 and 32 million grid points per MPI 
task, respectively (with 4 MPI tasks per node, one per GPU). First, we 
observe that both the single-phase and multiphase solvers exhibit similar 
behavior in terms of weak scaling efficiency. In general, better effi

ciency is achieved when using the larger problem size per node (full 
and empty circles), as the increased computational workload helps to 
partially hide communication overhead. On both machines, the scaling 
efficiency remains satisfactory even when using 512 or 1024 GPUs. The 
main bottleneck limiting efficiency at scale arises from the pencil trans

pose operations required by the Poisson solver. These operations involve 
all-to-all communication, which is a well-known scalability challenge in 
numerical methods relying on direct FFT-based solvers [28,40--43,34]. 
Here, the use of the cuDecomp library provides a significant advantage: 
its autotuning capabilities help mitigate this bottleneck by selecting the 
optimal pencil decomposition strategy and communication backend for 
a given computing system and problem size.

4.3. Code profiling

To gain further insights into the time distribution across the different 
code sections, Fig. 4 shows the time spent in each section, normalized 
by the total runtime and expressed as a percentage. The results have 
been obtained considering a problem size equal to 5123 executed on a 
single-node of the Leonardo supercomputer. Panel 𝑎 refers to the single

phase solver, while panel 𝑏 shows the breakdown for the multiphase 
solver. In both cases, the majority of computational time is devoted 
to solving the pressure Poisson equation, which involves performing 
FFTs and the associated pencil transpositions needed to compute FFTs 
along all three spatial directions. This is typical of solvers based on the 
fractional step method, where the Poisson equation solution is a major 
computational bottleneck [38,34]. Transpose operations, which require 
all-to-all communication, account for approximately 25% of the total 
time per time step in both solver versions. In contrast, halo updates�-

which also involve inter- and intra-node communication—have a sig

nificantly smaller impact. These updates involve only nearest-neighbor 
exchanges with relatively small data volumes and contribute less than 
7% to the total runtime for both solvers. For the multiphase solver, halo 
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Fig. 3. Weak scaling results obtained on two GPU-accelerated computing infrastructures: Leonardo and Marenostrum5. Panel 𝑎 refers to the single-phase solver while 
panel 𝑏 to the multiphase solver. Two problem sizes have been considered: 2563 points per node (blue) and 5123 grid points per node (red). This corresponds to 
about 4 and 32 million grid points per MPI task (4 for each node), respectively. Results obtained on Leonardo (booster) are reported using filled symbols while those 
obtained on Marenostrum5 (ACC partition) are represented with empty symbols.

Fig. 4. Visualization of the time spent in the different code-sections with respect to the total time for the single-phase solver (panel 𝑎) and for the multiphase solver 
(panel 𝑏). The results refer to a grid size equal to 5123 executed on 4 GPUs on Leonardo.

updates have a slightly greater impact due to the additional commu

nications required for solving the phasefield transport equation and 
computing surface tension forces. Finally, the overhead introduced by 
the phasefield method is relatively modest. As shown in the pie chart 
of the multiphase solver, only 15% of the total runtime is used to ad

vance the phasefield transport equation and to evaluate surface tension 
forces.

While the results presented in Fig. 4 refer to a problem size of 5123
executed on a single node (4 GPUs), it is worth discussing how the rela

tive cost of the different code sections changes when larger problem sizes 
or a greater number of GPUs are used. For the single-phase flow solver, 
the projection and correction steps exhibit good scalability, as their com

putational cost scales proportionally with the number of points per task. 
Similarly, halo updates involve only communication with neighboring 
tasks and therefore do not represent a significant communication bottle

neck. In contrast, the Poisson solver—which accounts for a substantial 
portion of the total time due to the combined cost of FFTs and pen

cil transposes—exhibits only satisfactory scalability. This is because the 
transpose step requires all-to-all communication, a known scalability 
bottleneck [28,34,41,43]. This trend is also evident in the weak scaling 
results, where the relative cost of the Poisson solver increases with the 
number of MPI tasks. Turning to the multiphase solver, the picture does 
not change remarkably compared to the single-phase case when scaling 
to larger problem sizes or more GPUs. Indeed, the phasefield code sec

tions demonstrate good scalability: the kernels involved are similar to 
those used in the projection and correction steps, and only a few addi

tional halo exchanges are required.

5. Validation and benchmark

In the following, we report the validation tests of the code and some 
results from production runs to illustrate the capabilities of MHIT36. 
First, we validate the implementation of the single-phase solver. Sec

ond, we move to the validation of the phasefield module by considering 
different tests, from the Laplace equation to the breakage of drops in ho

mogeneous isotropic turbulence.

5.1. Taylor-Green vortex

The first validation test we consider is the temporal evolution of a 
Taylor-Green vortex. For this benchmark, only the Navier–Stokes equa

tions are solved, with no external forcing applied. The simulation is per

formed in a triply periodic box with dimensions 𝐿×𝐿×𝐿 = 2𝜋×2𝜋×2𝜋. 
The viscosity is set to 𝜈 = 1∕1600 and the fluid density is 𝜌 = 1 and the 
resulting Reynolds number is equal to 𝑅𝑒Γ = 1∕𝜈 = 1600 [28,38,44]. 
The following initial condition for the velocity field is adopted:

𝑢(𝑥, 𝑦, 𝑧) = 2 √
3
sin

(
𝜃 + 2𝜋

3 

)
sin(𝑥) cos(𝑦) cos(𝑧) ,

𝑣(𝑥, 𝑦, 𝑧) = 2 √
3
sin

(
𝜃 − 2𝜋

3 

)
cos(𝑥) sin(𝑦) cos(𝑧) ,

𝑤(𝑥, 𝑦, 𝑧) = 2 √
3
sin(𝜃) cos(𝑥) cos(𝑦) sin(𝑧) ,

(17)

where 𝜃 is a free parameter that defines a family of possible initial con

ditions and is set to zero [44]. The smooth initial velocity field generates 
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Fig. 5. Iso-contour of the 𝑧-component of the vorticity 𝜔𝑧 = 𝜕𝑣∕𝜕𝑥− 𝜕𝑢∕𝜕𝑦 for the Taylor–Green vortex benchmark. The left panel refers to the initial time instant 
(𝑡 = 0) while the right panel to the time instant where the maximum dissipation rate is attained (𝑡 = 9). The two iso-contours shown refer to 𝜔𝑧 = ±2 (panel 𝑎) and 
𝜔𝑧 = ±20 (panel 𝑏) and are rendered in red and blue, respectively.

Fig. 6. Time evolution of the average dissipation rate for the Taylor–Green vor

tex benchmark. Archival literature results obtained by van Rees et al. (2011) 
[44] (pseudo-spectral and remeshed vortex method) and Costa (2018) [28] (fi

nite difference) are reported as reference. Results obtained from MHIT36 using 
three different grid resolutions are reported using red symbols: 2563 (circles), 
5123 (triangles), 10243 (diamonds).

vorticity through the vortex-stretching mechanism, leading to the for

mation of small-scale vortex structures. This process is illustrated in 
Fig. 5, which shows iso-contours of the vorticity magnitude at the initial 
time (𝑡 = 0) in panel 𝑎 and at the time of maximum energy dissipation 
(𝑡 = 9), in panel 𝑏.

We compare the results obtained from MHIT36 against those avail

able in archival literature [28,44,38]. Fig. 6 shows the time evolution of 
the viscous dissipation, averaged over the entire domain. Archival lit
erature results are shown in black: a continuous and a dashed line are 
used to identify the results obtained by van Rees et al. (2011) [44] using 
a pseudo-spectral and a remeshed vortex method while results obtained 
by Costa (2018) [28] using a second-order finite difference method are 
reported using a dotted line. Results obtained from MHIT36 using three 
different grid resolutions (2563, 5123 and 10243) are shown using dif

ferent red symbols. Comparing the results, we observe that with a grid 
resolution equal or larger than 5123, present results converge to archival 
literature results and an excellent agreement is found. The smaller grid 
resolution (2563) is not sufficient to describe the small-scale vortical 
structures generated in the latter stages of the simulation. It is worth 
observing that the results of van Rees et al. (2011) [44] obtained using 
the pseudo-spectral method exhibit a higher order of convergence as the 
method accuracy allows for the recovery of the correct behavior with 

a lower grid resolution. Indeed, the results of Costa (2018) [44], which 
are obtained using a second-order finite difference method, employ a 
grid resolution equal to 5123, thus conforming to present results. The 
same grid resolution is also required for the remeshed vortex method to 
converge to reference results. Notably, for a given grid resolution, the 
computational cost associated with a pseudo-spectral method is higher 
than the one of a second-order finite-difference method and thus the two 
methods have a comparable accuracy/computational cost ratio. Specif

ically, using the same grid resolution, using the pseudo-spectral solver 
present in the cuDecomp library examples folder, we observe that it re

quires about 7 times the time required by MHIT36 for a single time step. 
Clearly, this is only a rough indication as many factors can influence per

formance, especially using GPU-based architectures.

5.2. Homogeneous isotropic turbulence

We consider now the homogeneous isotropic turbulence flow case. 
This is a well-established setup that has been largely validated and tested 
using many different methods. This flow instance considers a triply

periodic box having dimensions 𝐿×𝐿×𝐿 = 2𝜋 ×2𝜋 ×2𝜋. We replicate 
here the flow configuration adopted by Crialesi-Esposito et al. (2023) 
[45]. Specifically, we set the viscosity equal to 𝜈 = 𝜇∕𝜌 = 0.006, and 
the flow is forced using the following parameters: 𝐴 = 𝐵 = 𝐶 = 1 and 
𝜅𝐹 = 2. Two different grid resolutions have been used: 𝑁 ×𝑁 ×𝑁 =
256 × 256 × 256 and 𝑁 ×𝑁 ×𝑁 = 512 × 512 × 512. The flow is initial

ized using the Taylor-Green flow used for the previous test case. After a 
short transient, memory of the initial condition is lost, and a steady-state 
configuration for the turbulent flow is obtained. In this new configu

ration, the energy injected via the ABC forcing balances out with the 
viscous energy dissipation. The mean flow induced by the ABC forcing 
is removed at every time step in order to have a proper homogeneous 
isotropic turbulence flow.

To validate the results obtained, we first evaluate some macroscopic 
properties of the flow, such as the mean viscous dissipation and the 
associated Taylor and Kolmogorov length scales. The Taylor and Kol

mogorov length scales and the corresponding Taylor Reynolds number 
have been computed as follows:

𝜆 =
(
15𝑢𝑟𝑚𝑠𝜈

𝜀 

)1∕2
, 𝜂𝑘 =

(
𝜈3

𝜀 

)1∕4
, 𝑅𝑒𝜆 =

𝜆𝑢𝑟𝑚𝑠

𝜈
, (18)

where 𝑢𝑟𝑚𝑠 identifies the root mean square of the velocity fluctuations.

The resulting values are reported in Table 2 as well as reference 
data obtained from previously published literature [45--47]. Analyzing 
present results, we observe a very good agreement with the reference 
data for all the macroscopic parameters for both grid resolutions. In
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Fig. 7. Panel 𝑎 shows the power energy spectrum for the homogeneous isotropic turbulence flow for the two grid resolutions tested: 2563 (circles) and 5123 (triangles). 
Results are compared against archival literature data at roughly the same Taylor Reynolds number: Jiménez et al. (1993) [46], Ishihara et al. (2003) [47], Chumakov 
et al. (2008) [48] and Crialesi-Esposito et al. (2023) [45]. Panel 𝑏 shows the cumulative scale-by-scale energy budget; the contributions are shown using different 
line styles: injected energy (dash-dotted), viscous dissipation (continuous) and energy transfer (dashed). The inset shows a rendering of the turbulent kinetic energy.

Table 2
Macroscopic parameters obtained from the simulation of homogeneous 
isotropic turbulence. Archival literature results are also reported as refer

ence.

Case ⟨𝜀⟩ 𝑢𝑟𝑚𝑠 𝜆 𝜂𝑘 𝑅𝑒𝜆

MHIT36 - 2563 2.955 1.76 0.308 0.016 94 
MHIT36 - 5123 3.002 1.80 0.316 0.016 95 
Crialesi-Esposito et al. (2023) [45] 3.059 1.81 0.314 0.016 95 
Jiménez et al. (1993) [46] 0.311 0.016 94 
Ishihara et al. (2003) [47] 0.327 0.017 94 

deed, for this value of the Taylor Reynolds number, even the smaller grid 
resolution (2563) is sufficient to accurately resolve all the flow scales. In 
particular, for the smaller grid resolution, we obtain 𝐾𝜂𝑘 ≃ 2.1 > 2 with 
𝐾 =𝑁∕2 (𝑁 being the grid resolution), thus ensuring that the resolu

tion used is adequate [46].

Moving to more detailed statistics, we start by considering the ki

netic energy spectrum, shown in Fig. 7𝑎. Results obtained from MHIT36 
are reported using red colors (circles for 2563 and triangles for 5123) 
while archival literature results1 [45--48] are reported using black lines 
and different line styles. Comparing the results, we can observe a good 
agreement between all the different energy spectra. Differences in the 
𝑦-values can be traced back to the different combination of forcing, 
density, and viscosity values used in the archival literature data. We 
can also appreciate the emergence of an inertial range that spans from 
the wavenumber associated with energy injection (𝜅𝐹 = 2 in this case) 
down to approximately the wavenumber linked to the Taylor length 
scale, 𝜅𝜆 = 2𝜋∕𝜆, covering about one decade. In the inertial range, the 
present energy spectra (red) match well with the theoretical scaling law 
𝐸(𝜅) = 𝐶⟨𝜀⟩2∕3𝜅−5∕3 being 𝐶 ≃ 1.6 the Kolmogorov constant [49,50]. 
Finally, the peak observed for 𝜅 = 2 corresponds to the forced wavenum

ber (𝜅𝐹 = 2) and it is also visible in other works where the ABC forcing 
is employed.

To further confirm the accurate description of the flow field, we com

pute the cumulative scale-by-scale (SBS) energy budget. The balance 
equation for the cumulative SBS energy budget can be obtained by inte

grating the SBS energy budget over a sphere (i.e., for all |𝜅𝑖| < 𝜅) [51]. 
In this way, we obtain the following equation:

1 With reference to the work of Chumakov et al. (2008), the data reported 
here is not present in the original manuscript but has been obtained using 
the code HIT3D, developed by Chumakov and available at https://github.com/

schumakov/hit3d.

𝜕
∑|𝜅𝑖|<𝜅 𝐸(𝜅𝑖)

𝜕𝑡 
=

∑
|𝜅𝑖|<𝜅

 (𝜅𝑖) +
∑

|𝜅𝑖|<𝜅
(𝜅𝑖) +

∑
|𝜅𝑖|<𝜅

 (𝜅𝑖) , (19)

where the first term on the right-hand side indicates the energy flux 
from the largest flow scales down to the dissipative scales, the second 
term represents the energy dissipated by the viscous forces and the third 
term represents the energy injected to sustain turbulence. At steady

state, when the injected energy balances out the energy dissipated by 
the viscous forces, the sum of these three terms is zero. The cumulative 
value of these three terms as a function of the wavenumber is shown in 
Fig. 7𝑏 using different line styles: injected energy (dash-dotted), viscous 
dissipation (continuous), and energy transfer (dashed). We can observe 
that the energy injection term (dot-dashed) is zero at 𝜅 = 1 and increases 
to a unitary value for 𝜅 = 2 as the flow is forced at 𝜅𝐹 = 2. Beyond 𝜅 = 2, 
the energy injection term contribution is zero as no energy is injected at 
smaller scales. The energy transfer mechanism (dashed) exhibits its peak 
for 𝜅 = 2 and then decays and approaches zero for larger wave numbers. 
Indeed, being an energy transfer mechanism, it has no active contribu

tion to the energy balance. Finally, the viscous dissipation (continuous) 
starts from zero and increases for larger wave numbers where viscous 
forces become important, and its value reaches a unitary value. Present 
results confirm the capabilities of MHIT36 in describing all flow scales 
accurately as well as satisfying the energy balance of the system. Cu

mulative SBS trends are also in agreement with data from prior studies 
[51,52].

5.3. Enright test case

To validate the implementation of the phasefield method (ACDI 
formulation), we start by considering an advection test. We employ 
the Enright three-dimensional test case [53,54]. We consider a unitary 
computational domain 𝐿 × 𝐿 × 𝐿 = 1 × 1 × 1. A sphere with diameter 
𝐷 = 0.3𝐿 and located at 𝐱𝐜 = (0.35,0.35,0.35) is advected by a time

varying velocity field. The velocity field is prescribed over space and 
time and it is defined as follows:

𝑢(𝑥, 𝑦, 𝑧) = 2 sin2(𝜋𝑥) sin(2𝜋𝑦) sin(2𝜋𝑧) cos(𝜋𝑡∕𝑇 ) ,

𝑣(𝑥, 𝑦, 𝑧) = −sin(2𝜋𝑥) sin2(𝜋𝑦) sin(2𝜋𝑧) cos(𝜋𝑡∕𝑇 ),

𝑤(𝑥, 𝑦, 𝑧) = −sin(2𝜋𝑥) sin(2𝜋𝑦) sin2(𝜋𝑧) cos(𝜋𝑡∕𝑇 ),

(20)

where the last temporal pre-factor defines the temporal modulation 
of the velocity field. For the present case, we select 𝑇 = 3. This flow 
stretches the sphere into a thin sheet, creating two bending and spi

raling tongues. The maximum deformation occurs for 𝑡 = 𝑇 ∕2 = 1.5, 
where the temporal cosine pre-factor fully elongates the sphere, mak
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Fig. 8. Iso-contour of the phasefield variable (𝜙 = 0.5) for different grid resolutions (left to right) at two different times: 𝑡 = 𝑇 ∕2 = 1.5 (top row) and 𝑡 = 𝑇 = 3.0
(bottom row). In the plots reported in the bottom row, the initial spherical shape (𝑡= 0) is also shown in gray. By increasing the grid resolution, the initial spherical 
droplet shape can be recovered more accurately and the thin interfacial structures obtained for 𝑡= 𝑇 ∕2 can be better described.

ing it challenging for numerical methods to capture the resulting very 
thin interfacial structure. Beyond this point, the flow reverses, and the 
sphere is expected to recover its original spherical shape for 𝑡 = 𝑇 = 3.0.

We execute this benchmark by considering three different grid res

olutions, from 1283 up to 5123; the phasefield parameters have been 
set equal to Γ = 1 and 𝜖∕Δ𝑥 = 1. The parameter 𝜖∕Δ𝑥 controls the num

ber of grid points present across the interface and specifically, by setting 
𝜖∕Δ𝑥 = 1, from 4 to 5 grid points are present across the thin interfacial 
layer (identified as the region where the phasefield smoothly increases 
from 𝜙 = 0.1 to 𝜙 = 0.9. The Enright test case results are shown in Fig. 8
and each column refers to a different grid resolution. The top row refers 
to 𝑡 = 𝑇 ∕2 (maximum drop deformation) while the bottom row refers to 
𝑡 = 𝑇 . In the bottom row, the initial spherical shape of the drop is also 
reported in gray as a reference. From the results shown, we can observe 
that with the larger grid resolution (5123), the thin interfacial structures 
obtained for 𝑡 = 𝑇 ∕2 = 1.5 can be captured without inducing numerical 
breakage. In addition, we can also notice that as the grid resolution is 
increased, the initial spherical shape of the drop can be better recovered 
and only marginal deviations can be observed, Fig. 8𝑓 . This confirms 
the accuracy of the method from the advection and mass conservation 
point of view. Present results are also in agreement with those obtained 
by Pirozzoli et al. (2025) [54] using a similar phasefield formulation 
and by Enright et al. (2002) [53] using the particle level-set method.

5.4. Laplace pressure jump

To validate the implementation of the surface tension forces and thus 
the coupling between the phasefield method and the momentum and 
mass conservation equations, we consider a spherical drop in a quies

cent fluid. We test here the capabilities of the code in reproducing the 
theoretical pressure jump, which for a three-dimensional spherical drop 
can be calculated as Δ𝑝 = 2𝜎∕𝑅, 𝑅 being the radius of the drop and 𝜎
the surface tension. For this test, we consider two fluids with the same 
density and viscosity and the phasefield method module is enabled.2

Density and viscosity have been set equal to 𝜌 = 1 and 𝜇 = 0.006 and 
surface tension has been set equal to 𝜎 = 1. Simulations consider a triply

periodic box 𝐿 ×𝐿 ×𝐿 = 2𝜋 × 2𝜋 × 2𝜋 using a grid resolution equal to 
2563. Fig. 9𝑎 shows a comparison between the numerical and theoretical 
values of the pressure jump obtained. Different values of the ratio 𝜖∕Δ𝑥

2 Please note that this test case can be also performed without advancing in 
time the phasefield variable as the drop is not advected by the flow.

and droplet radii 𝑅∕𝐿 (where 𝐿 is the computational domain size) have 
been considered. Generally speaking, we can observe a very good agree

ment between theoretical and numerical results for the entire range of 
droplet radii and capillary widths 𝜖 considered. Small deviations can be 
observed for the smaller values of the drop radius considered and for 
𝜖∕Δ𝑥 > 1. This small deviation is due to the fact that when the drop 
is small and 𝜖∕Δ𝑥 > 1, its size becomes comparable with the transition 
layer thus resulting in a loss of accuracy. The small imbalance between 
surface tension forces and pressure jump obtained for this case can lead 
to the generation of spurious currents, which are shown in Fig. 9𝑏. Nev

ertheless, the surface tension model here employed, which avoids the 
explicit computation of the curvature, and the use of the ACDI formula

tion ensures that the magnitude of these spurious currents is minimized 
[18,21,55,56].

5.5. Coalescence and breakage of drops in turbulence

To demonstrate the capabilities of MHIT36 in describing drop-laden 
turbulence, we consider a swarm of large and deformable drops re

leased in homogeneous isotropic turbulence. The configuration adopted 
by Crialesi-Esposito [45], originally simulated using the volume-offluid 
method, is here reproduced using MHIT36. The computational domain 
is a triply-periodic box with dimensions 𝐿×𝐿×𝐿 = 2𝜋×2𝜋×2𝜋. Equa

tions are discretized on a grid with 𝑁 ×𝑁 ×𝑁 = 512 × 512 × 512 grid 
points. The simulation starts from a flow field obtained from a precur

sor simulation of homogeneous isotropic turbulence at 𝑅𝑒𝜆 = 95. For the 
phasefield, a spherical drop with radius 𝑅 = 1.8 is initialized in the cen

ter of the domain; the resulting volume fraction is Φ = 𝑉𝑑∕(𝑉𝑑 + 𝑉𝑐) =
9.8% (where 𝑉𝑑 is the drop volume and 𝑉𝑐 the continuous phase vol

ume). After an initial transient, the turbulent flow starts to deform and 
break the drop; the generated drops, in turn, start to break and interact 
with the surrounding drops until a new equilibrium situation is reached 
in which coalescence and breakage events alternate over time.

Fig. 10𝑎 shows a qualitative rendering of the configuration attained 
for 𝑡 = 5. The interface of the drops (iso-contour at 𝜙 = 0.5) is shown 
in white. We can observe the wide range of scales and shapes that 
characterize the drops: from very small and almost undeformed spher

ical droplets to very large drops characterized by a complex three

dimensional shape. In addition, we can also observe the formation of 
thin and elongated liquid threads. To quantify the number of small and 
large drops, we compute the drop size distribution. Results are shown 
in Fig. 10𝑏 with red circles. The drop diameter is normalized using the 
Kolmogorov-Hinze scale, which identifies the critical diameter below 
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Fig. 9. Panel 𝑎 shows the comparison between the numerical and theoretical pressure jump for a spherical drop immersed in a quiescent liquid. Different values of 
𝜖∕Δ𝑥 and drops radii 𝑅∕𝐿 have been tested. Panel 𝑏 shows a contour map of the spurious currents generated by the surface tension forces. The white dashed line 
represents the iso-contour line of 𝜙= 0.5.

Fig. 10. Panel 𝑎 shows a rendering of a swarm of drops in homogeneous isotropic turbulence. The interfaces of the drops is shown in white while colormaps of the 
turbulent kinetic energy (blue-low; white-high) are shown in the background. Panel 𝑏 shows the resulting drop size distribution (red circles). Archival data obtained 
from previous experiments [57--59] and simulations [60--65] is also reported using black symbols. The drop diameter is normalized using the Kolmogorov-Hinze 
scale for each case (estimated when not enough information is provided) while the distributions are reported in arbitrary units due to the different normalizations 
used.

which a drop/bubble will not undergo breakage according to the KH 
framework [66,67], while the distributions are reported in arbitrary 
units for the sake of comparison with reference data from the litera

ture. The Kolmogorov-Hinze (KH) scale has been evaluated as

𝑑𝐾 𝐻 = 0.725⟨𝜀⟩−2∕5(𝜎

𝜌 

)3∕5
, (21)

where 𝜀 is the average viscous dissipation, 𝜎 denotes the surface ten

sion, 𝜌 is the density of the carrier fluid, and the prefactor 0.725 is 
set in accordance with the original work of Hinze [67]. In Fig. 10𝑏, 
the analytical scaling laws [68], 𝑑−3∕2 and 𝑑−10∕3, for the coalescence

dominated regime (drop smaller than the KH scale) and breakage

dominated regime (drop larger than the KH scale) are also reported 
as reference with dashed and continuous lines, respectively. Archival 
literature data on drop/bubble size distribution obtained from experi

ments and simulations of drop/bubble fragmentation in turbulent flows 
are also reported. Specifically, the datasets are obtained from: i) exper

iments of Deane & Stokes (2002) [57], Blenkinsopp & Chaplin [58] and 
Callaghan et al. 2014 [59]; ii) simulations of Deike et al. (2016) [60], 

Mukherjee et al. (2019) [61], Soligo et al. (2019) [62], Di Giorgio et 
al. (2023) [63], Crialesi-Esposito et al. (2023) [64] and Cannon et al. 
(2024) [65]. We can observe that the present results (red) are in very 
good agreement with the theoretical scaling laws as well as with pre

vious experimental and numerical results for both the coalescence- and 
breakage-dominated regimes, i.e., for both sub- and super-Kolmogorov

Hinze scale drops. The agreement extends for an entire decade of drop 
diameters for each regime and overall the agreement extends for two 
decades, i.e., from 𝑑∕𝑑𝐾𝐻 = 0.1 up to 𝑑∕𝑑𝐾𝐻 = 10. In terms of grid res

olutions, the smallest drop scale reported in the plot (𝑑∕𝑑𝐾𝐻 = 0.1) is 
described with at least three grid points while a drop with a size equal to 
the KH scale is described with about 24 grid points. Compared to previ

ous studies based on the phasefield method and in particular based on 
the Cahn-Hilliard equation [62], the ACDI formulation here employed 
ensures a better conservation of small drops and thin ligaments charac

terized by 𝑑∕𝑑𝐾𝐻 < 0.3. Overall, present results confirm the capabilities 
of the chosen interface capturing method -- the phasefield method -- in 
accurately describing the behavior of both sub- and super-Kolmogorov

Hinze drops and matching theoretical scaling laws as well as previous 
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experimental and numerical studies (based on different interface cap

turing schemes).

6. Conclusions

We detail the characteristics and features of MHIT36, a finite

difference code tailored towards large-scale simulations of multiphase 
flows on GPU-based computing infrastructures. The code employs di

rect numerical simulation of the Navier-Stokes equations coupled with a 
phasefield method (ACDI formulation [21]) to describe interface shape 
and its topological changes (e.g., breakage and coalescence).

The governing equations are discretized in space using a second

order finite difference method. Time integration of the Navier–Stokes 
equations is performed via a fractional step method. First, a tentative 
velocity field is computed using an Adams–Bashforth scheme. Next, a 
Poisson equation for pressure is solved using an FFT-based approach. 
The resulting pressure field is then used to correct the velocity and 
project the intermediate solution onto the divergence-free space, yield

ing the velocity field at the new time step. The phasefield method 
– based on a modified version of the conservative Allen-Cahn equa

tion (ACDI method) -- is time advanced using an explicit integration 
scheme. The present methodology has been validated using benchmarks 
for single-phase and multiphase flows. Further validation of the code 
capabilities has been performed by simulating drops breakage and coa

lescence in homogeneous isotropic turbulence. The resulting drop size 
distribution shows excellent agreement with theoretical scaling laws for 
both sub- and super-Kolmogorov Hinze scale drops and matches well 
with previous numerical and experimental studies, thereby confirming 
code capabilities in accurately describing both regimes.

The numerical method is implemented in a Fortran code with full 
support for multi-GPU execution. The parallelization strategy is based 
on a two-dimensional domain decomposition. All inter- and intra-node 
communication operations (e.g., pencil transpositions and halo ex

changes) are handled by the cuDecomp library [34], which ensures 
excellent scalability, achieving up to 95% efficiency on 1024 GPUs. The 
remainder of the solver is offloaded to GPUs using OpenACC directives, 
along with the use of managed memory. Future developments will tar

get the simulation of systems with high dispersed volume fractions (e.g., 
emulsions), including the integration of modules for surfactant transport 
[69] and the implementation of multi-marker methods [70,71].
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