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An Algebraic Geometry Approach to
Viewing Graph Solvability

Federica Arrigoni, Kathlén Kohn, Andrea Fusiello, Tomas Pajdla

Abstract—The concept of viewing graph solvability has gained
significant interest in the context of structure-from-motion. A
viewing graph is a mathematical structure where nodes are
associated with cameras and edges represent the epipolar geo-
metry connecting overlapping views. Solvability studies under
which conditions the cameras are uniquely determined by the
graph. In this paper we propose a novel framework for analyzing
solvability problems based on algebraic geometry, demonstrating
its potential in understanding structure-from-motion graphs and
proving a conjecture that was previously proposed.

Index Terms—viewing graph, projective reconstruction, fun-
damental matrix, solvability, computer vision theory

I. INTRODUCTION

In recent years, there has been a notable increase in interest
surrounding the concept of viewing graph solvability in the
field of computer vision [1]-[6]. This concept plays a pivotal
role in the domain of structure-from-motion (SfM) [7]-[11],
which aims to reconstruct three-dimensional scenes from a
multitude of images. A viewing graph [1] is a mathemat-
ical structure in which the nodes represent the cameras that
capture the scene and the edges connect the cameras that
have overlapping views. More precisely, an edge is present
between two nodes if and only if it is possible to estimate
the geometric relationship between the two cameras, encoded
in the fundamental matrix (assuming an uncalibrated scen-
ario). This defines a constraint system that is classically con-
sidered solvable if the information encoded in the fundamental
matrices uniquely determines all cameras in the scene, up to
a global projective transformation (see Figure 1). Importantly,
for sufficiently random cameras, solvability can be reduced
to a property of the graph topology, which does not depend
on the specific (noisy) values of the estimated fundamental
matrices. Despite significant advances having been recently
made, both from the theoretical and practical point of view
[5], [6], viewing graph solvability still presents open issues,
as discussed in the next subsection.
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Figure 1. The solvability problem considers the following theoretical question:
given a set of fundamental matrices encoded in a graph, how many camera
configurations are compliant with such fundamental matrices?

A. Related Work

It is well known that a single fundamental matrix uniquely
determines the two perspective cameras up to a projective
transformation [12]. However, when considering multiple fun-
damental matrices attached to the edges of a viewing graph,
there may be cases with many solutions or no solution at all.

A viewing graph is called solvable if, for almost all choices
of cameras, there are no other sets of cameras yielding the
same fundamental matrices (up to global projective transform-
ation). In other terms, it is assumed that a solution exists
(i.e., a set of cameras compliant with the given fundamental
matrices), and the question is whether such solution is the only
one or there are more. The concept of solving viewing graph
(later called solvable by [4]) was first introduced in [1] where
small incomplete graphs (up to six cameras) were manually
analyzed, by reasoning in terms of how to uniquely recover
the missing fundamental matrices from the available ones.

The authors of [1] also derived a necessary condition
for solvability, namely the property that all the nodes have
degree at least two and no two adjacent nodes have degree
two. Later, additional necessary conditions were developed: a
solvable graph must be biconnected [4]; it must have at least
(11n —15)/7 edges, with n being the number of nodes [4]; it
must be bearing rigid [13]. The latter means that, as expected,
a graph that is solvable with unknown intrinsic parameters is
also solvable when they are known [14]-[16].

Sufficient conditions are also available: in [3] it is proved
that those graphs which are constructed from a 3-cycle by
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adding nodes of degree 2 one at a time are solvable; [4]
introduces specific “moves” which can be applied to a graph,
possibly transforming it into a complete one, in which case
the graph is solvable.

In fact, necessary or sufficient conditions alone are not
enough to classify all possible cases, so a characterization
is required. In this respect, the authors of [4], [5] study solv-
ability using principles from algebraic geometry. Specifically,
a polynomial system of equations was derived in [4], so that
solvability can be tested by counting the number of solutions
of the system with algebraic geometry tools (e.g., Grobner
basis computation). Building on [4], the authors of [5] improve
efficiency by deriving a simplified polynomial system with
fewer unknowns. Still, the largest example tested in [5] is a
graph with 90 nodes, which is far from the size of structure-
from-motion datasets appearing in practice.

The main drawback of [4], [5] is that solving polynomial
equations is computationally highly demanding, therefore lim-
iting the practical usage of this characterization of solvability.
For this reason, the related notion of finite solvability has been
explored [4]. Specifically, a graph is called finite solvable
if, for almost all choices of cameras, there is a finite set
of cameras that gives the same fundamental matrices (up to
a global projective transformation). This concept represents
a proxy for (unique) solvability since it does not exclude
the presence of more than one solution (e.g., two distinct
solutions); however, it has been shown to be more practical
since it can be deduced from the rank of a suitable matrix.
Later, the authors of [6] improved the efficiency of this
formulation and developed a method to partition an unsolvable
graph into maximal components that are finite solvable.

Problems related to solvability, which are not addressed in
this paper, include the compatibility of fundamental matrices,
namely, whether a camera configuration exists that yields the
given fundamental matrices [17], [18], and the practical task
of retrieving cameras from fundamental matrices [19]-[23].

B. Potential Practical Implications

In practice, viewing graph solvability should ideally be
tested before running a method that addresses projective
structure-from-motion (SfM) [24]. More specifically, since the
viewing graph does not represent image point correspondences
but only encodes fundamental matrices, an approach based
on fundamental matrices should be chosen, such as [19]-
[23]. If a specific graph turns out to be unsolvable, then
none of such methods will produce a useful solution, since
the problem is inherently ill-posed. In other terms, checking
solvability (or its proxy, finite solvability) allows to identify
bad graphs, and therefore restricts SfM to the largest subgraph
that is worth considering by extracting maximal finite solvable
components [6]. If the considered graph turns out to be (finite)
solvable, then one is guaranteed that there are no degeneracies
arising from the graph structure itself. Let us stress here
that viewing graph solvability is independent of the actual
fundamental matrices and concerns only the structure of the
graph. Therefore, issues arising from inconsistent fundamental
matrices due to noise and/or outliers, or from other specific

degenerate configurations (like collinear cameras), fall outside
the scope of solvability.

C. Contribution

In the wake of the emerging field of algebraic vision [25],
in this work we advance the understanding of viewing graphs
by focusing on the notion of finite solvability. The main
contributions can be summarized as follows:

e We derive a new formulation of the problem that is
more direct (hence more intuitive) than previous work, as
our equations explicitly involve cameras and fundamental
matrices. Previous sets of equations [4], [6], instead, are
harder to interpret, as they involve unknown projective
transformations representing the problem ambiguities.

o We show that, by evaluating the rank of the Jacobian mat-
rix of our polynomial equations in a fabricated solution,
we can test finite solvability. It is not immediate that this
Jacobian check can assess the presence of a finite number
of solutions overall, being designed as a local analysis.
Our proof, based on the Fiber Dimension Theorem [26],
confirms a conjecture made in our preliminary work [27].

e Our method for testing finite solvability naturally extends
to an algorithm for graph partitioning into the maximal
components that are finite solvable, to be applied to
unsolvable cases with infinitely many solutions. The
number of unknowns depends on the number of nodes
in the graph, which is typically significantly smaller than
the number of edges used by previous work [4], [6]. This
permits us to set the state of the art in terms of efficiency
on large graphs coming from SfM datasets.

This paper is an extended version of our preliminary study
[27]. The manuscript is organized as follows. Section II reports
some useful concepts from algebraic geometry, while Section
III reviews the relevant background on solvability and finite
solvability. Section IV presents our theoretical contributions
and introduces the set of polynomial equations employed in
our formulation. Section V details our approach for testing
finite solvability and extracting maximal components. Section
VI reports formulas for derivatives. Experiments on synthetic
and real viewing graphs are reported in Section VII, while the
conclusion is drawn in Section VIIIL.

II. ALGEBRAIC GEOMETRY BACKGROUND

In this section, we recall some useful definitions and results
from algebraic geometry, central to our developments.

An algebraic variety is the solution set of a system of
polynomial equations. An irreducible variety is a variety that
cannot be written as the union of two non-empty proper sub-
varieties. The dimension of an algebraic variety intuitively
quantifies the number of independent parameters required to
describe points on the variety, much like the dimension of a
vector space or a manifold. While we omit a formal definition
here, we note that a variety has dimension zero if and only
if it consists of a finite number of points [26, Chap. 1]. An
algebraic map is a function between algebraic varieties given
locally by rational functions.
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The fiber over a given point (also known as the preimage)
refers to the set of all points in the domain of a map that are
mapped to the given point in the codomain.

A subset Z C X of an algebraic variety X is called Zariski-
closed if it is the zero set of a collection of polynomial
functions on X. We say that a property holds for generic
points in X if there is a Zariski closed proper subset Z C X
such that the property holds for all x € X \ Z. When points
are sampled at random from a continuous distribution, the
resulting configuration is generic with probability one, since
Zariski-closed proper subsets have measure zero. If a property
holds for generic points in X, we equivalently say that it holds
for almost all points of X, or simply that it holds generically.

Lemma 1 (Fiber Dimension Theorem). If f : X — Y is an
algebraic map between irreducible varieties (over C), then

dim X = dim f~'(f(x)) + dimim(f) (1)
for almost all © € X, where im denotes the image of the map.

Lemma 1 is known as the Fiber Dimension Theorem [26,
Chap. 1.6.3]. It establishes that the fiber dimension is constant
on generic points, and that this dimension is dual to the
dimension of the image parameterized by the map. This
relation extends the rank-nullity theorem from linear algebra
to polynomial maps. In particular, it says that an algebraic
map f either has (generically) finite fibers or it has generically
infinite fibers. In other words, all generic fibers have the same
dimension, hence the behavior of a single fiber is enough to
get global information.

Another standard fact in algebraic geometry is that, at a
generic point in the domain of an algebraic map, the rank of
the Jacobian matrix equals the dimension of the image [26].

Lemma 2 (Lemma 2.4 in Chap. 2.6 of [26]). If f : X —» Y
is an algebraic map between irreducible varieties, then, for
almost all x € X,

dimim(f) = rank D f(x). ()
From these two lemmas it follows immediately that:

Corollary 1. If f : X — Y is an algebraic map between
irreducible varieties (over C), then

dim f~!(f(x)) = dim X — rank D f(z) 3)
for almost all x € X.

The above Corollary is essential for our formulation of finite
solvability, as will be detailed in Section IV.

Before presenting our developments, we recall the defini-
tion of viewing graph and solvability/finite solvability in the
following section.

ITII. VIEWING GRAPH BACKGROUND

Let Py, ..., P, denote n uncalibrated cameras, represented
by 3 x 4 full-rank matrices up to scaling, identified with
elements of P!, Let G = (V, E) be an undirected graph with
node set V = {1,...,n} and edge set E C {1,...,n} X
{1,...,n} representing a viewing graph of an uncalibrated
structure-from-motion problem. We denote the cardinality of

the vertex set with n = |V|, the number of edges with m = | F|
and the fundamental matrix of (i,j) € E with Fj;. We
use the following terminology: given a graph G = (V, E),
a configuration is a map P : V — P! (full rank) that
assigns nodes to cameras. A framework is a pair (G, P), where
G = (V,E) is a graph and P is a configuration.

Fundamental matrices are equivalence classes of rank two
3 x 3 matrices up to non-zero scaling, identified with elements
of P8, They are assigned to edges via the map Fg(P) =
[... F(P;, Pj)...] where F(P;, P;) evaluates the fundamental
matrix F;; on the edge (¢, j) € E. Hence:

F:PH x Pl P8, (P, Pj) — Fij, “)

where F}; is the fundamental matrix defined by cameras P;
and P;. One way of specifying this map entry-wise is:

Pk
[Fijlng = (=1)"F det [ch} ; S)
J
where P} denotes the 2 x 4 sub-matrix of camera P; obtained
by removing row k (and similarly for Pjh with row h).

Since (5) is a polynomial map between varieties P! x
P!t — P8, then F is, in particular, an algebraic map.

Note that Eq. (5) gives the zero matrix if P; and P; have
coincident centres, meaning that the map F is undefined in
the projective sense: in this scenario, it is known that the
fundamental matrix is not uniquely defined [12]. Therefore,
we assume henceforth that cameras have distinct centres.

The key question is the following:

given a framework (G,Py), how many config-
urations P exist yielding the same fundamental
matrices?
In algebraic terms, we want to study the cardinality of the
fibers of F¢; hence the question can be rephrased as:
what is the cardinality of F5' (Fc(Po))?
In formulating this question, we identify all configurations that
are projectively equivalent. For instance, if we state that a
configuration is unique, this is always intended up to a global
projective transformation, which is an element of PGL4, the
Projective General Linear Group on P3.

Definition 1 (Solvable framework [4]). Let P = {Py,..., P}
be a configuration of cameras, and let G be a graph. The
framework (G, P) is called solvable if all camera config-
urations yielding the same fundamental matrices as P are
obtained from P via a global projective transformation. In
other words, F,*(Fg(P)) is a single point, modulo PGLy.

Studying the solvability of frameworks requires considering
the actual camera configuration and accounting for special
cases, such as collinear centers. To avoid this, a generic con-
figuration is typically considered, leading to another concept
of solvability, which is a property of the graph itself.

Definition 2 (Solvable graph [4]). A graph G is called solvable
if it is solvable for a generic configuration of cameras. In other
words, G is solvable if and only if, generically, the non-empty
fibers of F¢ are points, modulo PGLy,.

To be more concrete, one can assign random cameras Py
to nodes of G and compute the fundamental matrices using
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Fa(Py) with Equations (4) and (5). The task is then to
determine how many camera configurations produce the same
fundamental matrices as Py, modulo PGLy.

Note that, consistently with prior research [4], [13], solvabil-
ity does not concern finding a specific solution Py (i.e., a cam-
era configuration producing the given fundamental matrices),
but rather counting how many solutions exist, under the
assumption that at least one solution Py exists.

Determining the solvability of a graph requires solving a
polynomial system of equations [4], [13]. This process is
computationally demanding, rendering it prohibitive for large
or dense graphs often encountered in practice. A relaxed notion
is finite solvability, requiring a finite number of solutions, as
opposed to one solution. More formally, the goal is to study
whether F'(Fg(P)) for generic P is a finite set or an
infinite one (modulo PGL,), which is equivalent to studying
the dimension of F5'(Fa(P)).

Definition 3 (Finite solvable graph [4]). A graph G is called
finite solvable if and only if, generically, the non-empty fibers
of F¢ are finite, modulo PGLy.

Although finite solvability is only a necessary condition for
solvability, it remains a valuable property. It can be interpreted
as a local solvability, meaning that the solution is unique
within a neighborhood of the given configuration.

Remark 1 (The approach of [4]). In the formulation of solv-
ability by [4], polynomial equations are derived by reasoning
on the problem ambiguities, whose solution set forms a
smooth algebraic variety endowed with a group structure. This
property implies that the dimension of this variety coincides
with the dimension of its tangent space at the identity, which
is a linear space. Its dimension can be computed as the rank of
a linear system of equations. This dimension reveals whether
the original polynomial system admits a finite number of
solutions or, equivalently, whether the graph is finite solvable.
Our approach targets the same notion of finite solvability
but from a different perspective. In contrast to [4], later
refined in [6], we work directly with cameras and fundamental
matrices, thereby gaining interpretability by design. However,
this comes at the cost of losing the group structure (since
cameras are not invertible matrices), which necessitates a
different mathematical treatment, given in Section IV. Finally,
it is worth observing that the number of unknowns in [4],
[6] scales with the number of edges, whereas our formulation
is node-based, with cameras as the unknowns, as will be
clarified in Section IV-B. This leads to improved efficiency,
as confirmed by our experiments.

IV. THEORETICAL RESULTS

This section is devoted to our theoretical results, which set
the basis for the proposed method for checking finite solvab-
ility. We first prove a new characterization of the problem and
then detail our choice of polynomial equations.

A. Characterization of Finite Solvability

Our goal is to address finite solvability, or, in other terms, to
study the dimension of F'(F(P)) for generic P. Although

this is a global question, it can be addressed through a local
analysis, enabled by Proposition 1. Specifically, thanks to the
Fiber Dimension Theorem (see Section II), we characterize
the finite solvability of a graph G in terms of the rank of
the Jacobian matrix associated with F, the function that
computes the fundamental matrices along the edges of G.

To simplify our mathematical derivations, in the following
we are going to represent matrices in an affine chart, and
consequently work with the affine version! of the map F,
denoted by F2ff : R!' x R — RS, With a little abuse of
notation, we are not going to distinguish between a projective
element and its affine representation, as the map where they
appear will be enough to disambiguate.

Proposition 1. Ler F2f : (R'M)VI — (R®)IZ| pe the affine
version of the algebraic map that computes the fundamental
matrices along a viewing graph G with nodes V' and edges
E. It has a Jacobian Df‘gff made of 8 x 22, blocks:

oFf
aff] —
[D‘FG LJ . 8Pi,P]‘.

Then, for a generic configuration Py, we have:

rank(D F&T(Py)) = 11|V | — 15 <= G is finite solvable.

(6)

Proof. The domain of our map is the set of camera matrices
(R™)IVI (interpreted as 3 x 4 matrices). The map F&f is well-
defined on generic cameras in this domain. Since both domain
X = (R'")IVI and codomain Y = (R®)IZ! of the map F2 are
linear spaces, they are irreducible. So F&'T is an algebraic map
between irreducible varieties and Corollary 1 implies that:

dim F2 T (F2f (D)) = 11|V| — rank D F2f (D).

Now, finite solvability means that the generic non-empty fiber
is finite modulo PGLy, i.e., the fiber is a union of finitely
many copies of PGLy. Since the latter group has dimension
15, we obtain:

finite solvable <= dim ]:gﬂil(fgﬁ(Po)) =15,

hence we get the thesis. O

The takeaway of this proposition is the following: to de-
cide whether the solution set has positive dimension (and
hence infinitely many solutions, modulo the global projective
gauge), it suffices to evaluate the rank of the Jacobian of the
fundamental-matrix map at a generic configuration.

B. Our Formulation

Proposition 1 provides a test for finite solvability based
on the map Fg, which can, in principle, be used directly.
Our formulation, instead, relies on implicit homogeneous
constraints that link fundamental matrices to cameras (Lemma
3). This approach yields polynomials of lower degree and

'One way of fixing an affine chart in the domain P! x P! is by
setting one of the 12 entries in each camera matrix to 1. Similarly, in the
codomain P8, we can choose an affine chart by fixing one of the entries of
the fundamental matrix to be 1, e.g., the very last entry. That way, the ]map

ijlh.k

F2f becomes a rational map: Its coordinate functions are fractions [[F‘B]h .

of the polynomials in (5).
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eliminates the need to account for projective scales. We start
the section with the statement of Lemma 3 [12], and then
explain how this turns into a polynomial system of equations in
the unknown cameras. Subsequently, in Proposition 2 we use
the Implicit Function Theorem to connect the derivatives of our
polynomial system to the Jacobian of the algebraic map Fg.
The combination of Propositions 1 and 2 will produce the main
result of our paper (Theorem 1), which will be implemented
by our algorithm for testing finite solvability.

Lemma 3 (Result 9.12 in [12]). A non-zero matrix Fj; is the
fundamental matrix corresponding to a pair of cameras P;
and P; if and only if S = PJ-TFijPi is skew-symmetric.

Note that any scaling of each of the three terms of the
product would clearly leave the result skew-symmetric.
The above condition can be rewritten as:

S+ST=0 <= PIF;P+PIFLP;j=0. (7)

Since (7) is symmetric, it translates into 10 quadratic equations
when considered entry-wise. This replaces an explicit formula
for F;; with homogeneous constraints in the camera entries,
that have never been used before in viewing graph solvability.

We write Sym, for the vector space of real symmetric 4 x 4
matrices, and P Sym, for its projectivization. Note that the
latter is isomorphic to PY since dim Sym, = 10. Let us define:

@ : P x P x P® - PSym, = P?, (8)
(P;, P;,F) — PTFP, + PTFTP;.

Note that ¢ is homogeneous in each of its inputs. Lemma 3
states that there is a unique F' (in the projective space) such
that ®(P;, P;,F') = 0, and this is the fundamental matrix
corresponding to the camera pair (F;, P;). In formulae:

Note that Eq. (7) holds for a single edge (i,7) € E. By
collecting equations coming from all the edges in the graph
G, this yields a polynomial system

D ((Py)iev, (Fe)ecr) = 0. (10)

with &g : (P'HIVI x (P31l — (P9)IE], Specifically, since
we start from fundamental matrices given by a generic con-
figuration Py, our polynomial system is

O¢(P, Fa(Po)) =0 (1D

with unknowns P. It is clear from the definitions (and
Lemma 3) that this system has a unique solution (equal to
Po) if and only if F,'(Fa(Po)) = {Po} (modulo PGLy),
which is tantamount to saying that G is solvable.

Similarly to before, we restrict the maps ¢ and @ to affine
charts. But since ® vanishes on corresponding camera pairs
and their fundamental matrices, this time we do not restrict
the codomain to an affine chart (otherwise, we would work
with fractions with vanishing denominator; cf. footnote!). We
denote the affine versions of our maps by ® : (R11)2 x
R® — R'0 and &Y : (R'™M)IVI x (R®)IFI — (R1)IZI. The
following proposition links the rank of ngﬁ' to that of the
Jacobian of CID%;H with respect to cameras, thereby establishing

an alternative characterization of finite solvability, which we
formalize later in Theorem 1.

Proposition 2. The map }'gﬁ is implicitly defined by <I>3éff
(in a neighborhood of a solution). Moreover, for a generic
configuration Py with fundamental matrices Fo := F&L(Py),
we have:
aq)%ﬂ aff
rank | ——=—(Po, Fo) | = rank(D F&" (Po)). (12)
I(P;)iev

Proof. Consider the function ® defined in (8). The Jacobian?
of ®, denoted by D ®, can be reorganized as:

24 9
0P 0P
D® = P, P, aF | "

Since & is linear in F, this means that, for fixed cameras P;
and P; with distinct centers, the 10 x 9 matrix g—? has rank
8 with kernel given by span{F'}.

Since ® is homogeneous in each of its inputs, we can think
of the matrices P;, P;, F' and ®(FP;, P;, F') in their respective
projective spaces instead. Recall that the tangent space of P®
at F' is the quotient vector space R®**3 /span{F} [26, Chap.
2]. That means, when restricting the domain of ® to affine
charts, which we denote by ®* : R x R x R® — R0,
then the 10 x 8 Jacobian matrix ag’;ff is of full rank 8.

To turn this into an invertible matrix, we fix a generic 8 x 10
matrix A and consider the composition Ao®*f : R x R x
R® — RS. Since the Jacobian of ®*% is divided into two
blocks of size 10 x 22 and 10 x 8, then the Jacobian of Ao®?
has the following structure:

22 8
aff aff
D Aoq)aff _ 81407(1) (9[107@ 8
Since now Mggfaff is invertible, we can apply the Im-

plicit Function Theorem: there is a function f defined and
differentiable in some neighborhood of a solution, such that
Ao (P, P;, f(P;, P;)) = 0. This is not a surprise as
we already know that 72 is this function f. However, the
Implicit Function Theorem also tells us that the Jacobian of
the function f = F2 is given by

OF T (9A0® T\ T 9 A0l
OP, P; OF oP;, P;
(Note that the Jacobian matrices in this equality should be

evaluated at a generic camera pair and their corresponding
fundamental matrices, just as in (12), but we skip this here

13)

20n fact, this is the Jacobian of & : (R12)2 x R — R0, the homogeneous
map that induces ® by identifying collinear points within their projective
equivalence classes. However, we omit this distinction to maintain notational
simplicity.
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. . . aff
for simpler notation.) Since ‘9A5§3

camera pair, the ranks of 68“}304} -, are the same.
Due to the generlclty of the matrix A thlS rank is the same

a<1>a
as rank o

Observe that, by (13), 8A°q> serves as a local coordinate
change between the eXpllClt coordmates of each fundamental
matrix and its implicit coordinates in terms of the skew-
symmetric matrix condition, as in the following diagram:

is invertible for a generic
and 0]:

o Faff
oP;, P,
Rll X Rll J R8
(14)
a;mh/A 2 Aogff
OP; . P} oF

R8

Finally, we consider the map F&ff : (R'1)IVI — (R®)IZI that
computes the fundamental matrices along a viewing graph G
with nodes V' and edges E. Similarly, we extend the function
Ao® 10 (Ax...x A)odH : (RM)IVIx (RSPl — (RS)IFI,
This gives local coordlnate changes between the explicit and
implicit coordinates of the fundamental matrices along each
of the edges, and so as above we obtain:

OF (aA<E>oq>gﬁ>1 9 AUED opaft
O(P)iev O(Fe)ecE I(Pi)iev
fgﬁ e(l;f‘f
Hence, rank——=— = rank————=— for generic P;. [
I(P)iev IPicv  ° ’

Finally, we establish our main result:
Theorem 1. A graph G is finite solvable if and only if

6@-&6
k(5 — = 1V -1 .
ran (3(P¢)iev(7)0’}—0)> V| 5 for a generic
Fel(Po).

configuration Py with fundamental matrices Fo =

Proof. 1t follows from Propositions 1 and 2. O

One implication of Theorem 1 was already demonstrated
in our conference paper [27]. There, we used the fact that
the Jacobian-rank condition in Theorem 1 — often referred to
as the “Jacobian check” in computational algebraic geometry
[28] — guarantees finiteness of the solutions in a neighborhood
of isolated points. However, the question of whether a corres-
ponding statement could be made for almost all fibers was
left open in [27]. Theorem 1 resolves this question, relying
ultimately on the Fiber Dimension Theorem (Lemma 1).

Figure 2 provides a summary of our results as well as known
connections between various solvability notions.

V. PROPOSED METHOD

We now show how Theorem 1 can be used to test finite solv-
ability and how to partition an unsolvable graph into maximal
subgraphs (called components) that are finite solvable.

A. Testing Finite Solvability
The conclusion of the previous section is that, in order to
establish finite solvability of a viewing graph G = (V, E), one

can test if r := rank(%) is equal to 11|V | — 15, where

[ infinitesimally solvable] — [mnk D Fd) = 11\‘/"\715]
APl ) Prop. 2
mnl\(m> =11|V|-15

I Thm. 1 Prop. 1

[ finite solvable ]
#solutions < oo

5% 4 Tivial

[ solvable ]
#solutions = 1

Figure 2. The connections between different concepts of solvability. The rank
condition in Theorem 1 was dubbed “infinitesimally solvable” in [27].

this 10|E| x 11|V|-Jacobian is evaluated at a configuration
Po and fundamental matrices }'gff(PO) (please note that these
fundamental matrices are compatible by construction). For
computational reasons (that will be clarified at the end of this
section), it is preferable to test whether a matrix is full rank
rather than determining its exact rank. Therefore, we include
15 additional independent equations in order to fix a basis for
PGLy, which raises the rank by 15 (making it full rank if and
only if G is finite solvable).

In practice, we consider the Jacobian Jp = 8(87G, which
has dimension 10|E| x 12|V| and rank r. The rank is the same
as above because it is the codimension of the tangent space
of the variety defined by ®¢ (P, Fe(P)) = 0 at Py, and that
codimension is the same no matter whether one looks at an
affine chart or the affine cone over the projective variety. The
affine chart is fixed by introducing one additional equation per
camera, which raises the rank by |V|. Overall, the Jacobian J
of the augmented polynomial system has rank r + 15 + |V|
and it achieves full-rank 12|V if and only if r = 11|V| — 15.

Specifically, the global projective ambiguity is fixed, without
loss of generality, by arbitrarily choosing the first camera and
the first row in the second camera:

Pi=[I3xs 03x1] and [100]P,=[0001], (15)

resulting in 16 additional equations. Note that [1 0 0P, is
equivalent to selecting the first row in P». In fact, any pair
of cameras can be chosen to fix the projective ambiguity. In
practice, we will use two nodes that are endpoints of an edge
in the graph (see Section V-B).

Concerning the selection of the affine chart, the scale of
each camera can be arbitrarily set, e.g., by fixing the sum of
its entries to 1:

11,vec(P;) = 1, (16)

where 1,5 denotes a vector of ones of length 12. This yields
a linear equation for each node, except the first camera used
to fix the global ambiguity. In total we add 16 + |[V| — 1 =
15 4 |V equations. In summary, equations of the form (10)
(i.e., ®g = 0), (15) and (16) are all collected in a polynomial
system, for a total of 10|E|+(|]V|—1)+16 = 10| E|+|V|+15
equations. The unknowns of our polynomial system are the
camera matrices, for a total of 12|V| unknowns.
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The Jacobian matrix of our polynomial system — denoted
by J — contains Jp and the derivatives of (15) and (16). Jp
is constructed by 10 x 12 blocks, whose formulas are given in
Section VI — see Equations (28) and (29). The block structure
follows the incidence matrix B of the viewing graph, which
has one row for every edge and one column for every node.
In the row of B that represents the edge (i, j), there is a —1
in column ¢ and a +1 in column j and other entries are zero.
In Jp, the 41 is replaced by the 10 x 12 block (28) and the
—1 is replaced by the 10 x 12 block (29):

0...()787(1),0...07 87@’0...0
O(vec P)T O(vec P;)T
Matrices of the form (17) are then stacked for all the edges in
the graph to make Jp. Note that this matrix is sparse because B
is sparse. As for the derivatives of the additional equations that
fix scales and projective ambiguity, they are constant matrices
of zero and ones.
To summarize, in our implementation:

a7

1) we assign random cameras Py to nodes of G and
compute the fundamental matrices using F¢(Po);

2) we then build the Jacobian as just explained;

3) G is finite solvable if and only if J has full rank.
The last test is accomplished by computing the smallest sin-
gular value of J, which in turn is equivalent to computing the
smallest eigenvalue of JT.J. Checking a given rank, instead,
would entail computing more eigenvalues: a number equal to
the kernel dimension.

Remark 2. Theorem 1 applies to generic camera configur-
ations, meaning that we establish if the number of generic
solutions of ®4 is finite or not. However, additional non-
generic solutions may exist — for example, those corresponding
to rank-deficient cameras, that symbolic solvers will find. If
one is interested in counting all generic solutions then one
should incorporate extra equations into the polynomial system
to enforce full-rank camera conditions, as was done in [27].

B. Finding Maximal Components

We now show how to extract maximal finite-solvable com-
ponents in the case where a viewing graph is established to be
unsolvable. Proposition 3 from [6] states that such components
form a partition of the edges. In other terms, each edge belongs
to exactly one component. However, it is important to remark
that a node can belong to more components. For example,
an articulation point (or cut vertex) always belongs to two
different components (see e.g. the blue and red components
of Figure 3a which share a cut vertex).

For this reason, we cannot trivially use the edge-based meth-
odology from [6], for our formulation is node-based (i.e., our
unknowns are associated with the nodes in the graph). Indeed,
the null space of the Jacobian matrix J, which is nontrivial
for an unsolvable graph, is such that any block of 12 rows
corresponds to a camera/node in the viewing graph (whereas
in [6] there was a correspondence between rows in the null
space and edges in the graph). Luckily, it is still possible to
identify components from the null space of J with proper
modifications. In this context, an important observation is that

(c) Six components

(d) Seven components

Figure 3. Examples of maximal components on synthetic viewing graphs,
where each component is represented with a different color.

we need two nodes to fix the global projective ambiguity:
in particular, for the purpose of identifying components, it is
useful to select two adjacent nodes (i.e., an edge).

Lemma 4. Let J be the Jacobian matrix constructed as
explained above, and let N be the null space of J. A node
is in the same component as the edge used to fix the global
projective ambiguity <= the associated rows in N are zero.

Proof. Following the reasoning from [6], we can prove the
thesis based on this observation: if we focus on the component
containing the edge used to fix the global projective ambiguity,
then the fact that all ambiguities have been fixed in that
component, it is equivalent to saying that there are no degrees
of freedom, i.e., the null space is trivial on that component. [

According to the above result, we can define an iterative
approach to identify components:

o first, we use two adjacent nodes to fix the global pro-
jective ambiguity and identify all nodes within such
component by selecting the ones corresponding to the
zero rows in IV;

o then, we repeatedly apply the same procedure to the
remaining part of the graph until there are no more edges
to be assigned.

Observe that, although the null space is computed several
times (equal to the number of components), the Jacobian
matrix has a size that gets smaller and smaller, for the
procedure is not re-applied to the whole graph but only to
the subgraph containing the remaining edges.

Some visualizations of the components are given in Fig-
ure 3, showing established cases of unsolvable graphs, like the
“square” topology (3b,3d) or the presence of pendant edges
and articulation points (3a,3c,3d).
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VI. FORMULAS FOR DERIVATIVES

In this section we report explicit formulas for the derivatives
of our polynomial equations with respect to their unknowns,
that are the basis of the Jacobian check implemented in our
approach. This section is not essential for a first reading and
could be skipped, as it is meant for readers interested in
implementation details.

A. General Formulas

The derivatives of functions involving vectors and matrices
ultimately lead back to the partial derivatives of the individual
components, and it is all about how to arrange these partial
derivatives. There are several conventions, here we follow [29],
which allows to apply the chain rule.

Definition 4 ( [29]). Let f : R®*! — R"*4 be a differentiable
function. The derivative of f in X is the matrix rq X st:

o100 eI

where vec denotes the vectorization of the matrix by stacking
its columns. In particular, if f : R® — RY then D f(x)
coincides with the usual Jacobian matrix of f.

(18)

We will use the following lemma [29].

Lemma 5. Assuming A, X and B are matrices of sizes r X s,
sxt and t X q, respectively, then the derivatives of the following
matrix functions in X are:

D(AX) = (I ® A)
D(XB) = (B ® I,)
D(AXB) = (B™® A)

19)

where & denotes the Kronecker product.

The above result exploits the “vectorization trick” [30],
stating that we can write vec(AXB) = (BT @ A)vecX.
Furthermore, it can be also shown that [29]:

D(XT) =K, (20)

where K, is the commutation matrix, namely the st x st
matrix such that vec(C') = K, ;vec(CT) for any C of size
s X t. Moreover, for A and B of sizes r x s and ¢ X g
respectively, we have [29]:

B® A=K, ,(A® B)K,,. 1)

The commutation matrix is a permutation, hence it is ortho-
gonal: K, K[, = I. Note also that K, ; = K[ _.

When vectorizing symmetric matrices, the vech operator
is used to extract only the lower triangular part of the
matrix. There exist unique matrices transforming the half-
vectorization of a matrix to its vectorization and vice versa
called, respectively, the duplication matrix and the elimination
matrix [29]. In particular for the latter we have: vech(X) =
Lqvec(X) VX € Sym,(R).

The reader is referred to [30] for a review of results
involving the Kronecker product and [29] for derivatives of
matrix functions.

B. Derivatives of ® with Respect to Cameras

Consider the map ® defined in Eq. (8). Since the codomain
is given by symmetric matrices, we consider — in practice —
only the lower triangular part:

®(P;, Pj, F) == vech (P]TFPi + PiTFszij) (22)

where the vech operator vectorizes while extracting the non-
duplicated entries. Let us define S = PjTFijPZ-, then the map
P rewrites:

®(P;, Pj, F) = vech(S + ST). (23)
From the formulae (19) and (20) we get:
Ovec S T
Blvec PyT 14 ® (P] Fij) 24)
dvec ST T
Bvec Byt~ aalla® (F1F)) (25)
dvecS
O(vec P;)T Kya(la® (Fy P)T) (26)
dvec ST
—_ = .. PAT
d(vec P;)T L@ (FyB)T. 27
Hence:
0% = L4(K. Iig) (I F; P 28
e by~ LalKaa+ o) (L@ (FgPY) - (28)
0P
dlvec P)T Ly(Ky + L) (Is ® (P] Fij)) (29)

where L4 is the elimination matrix. Hence the Jacobian of &

with respect to vectorized cameras vec(P;) and vec(F;) is the
following 10 x 24 matrix:

0P B

O|(vec P)T|(vec P;)T]

=L4(Ksa+he) (L@ (F; P)T) | (1s@(P] Fj))] .

In the rest of the manuscript, the same Jacobian matrix has

been referred to, with a slight abuse of notation, as 5 g_q}v.
(2R

(30)

C. Derivatives of ® with Respect to Fundamental Matrices

By the definition of elimination matrix and commutation
matrix one can rewrite (23) as

O(P;, P;, F) = Ly(I16 + Kua) vec(S). (€20
Since
vec(S) = vec(P] Fi;P;) = (P! @ P]) vec(F) (32)
we get
®(P,, P;, F) = Ly(Iis + K1) (P © PT)vee(F).  (33)

10x16

Hence, the Jacobian of ® with respect to vectorized fun-
damental matrices can be obtained as the following 10 x9
matrix:

0P
——— = L4(K L) (P @ PT). 34
Bvec )T 1(Kq4+ o) (P @ Pf) (34)
In the rest of the manuscript, the same Jacobian matrix has

been referred to, with a slight abuse of notation, as g—?.
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VII. EXPERIMENTS

In this section we report results on synthetic and real
data. We implemented our method in MATLAB R2023b —
the code is publicly available’ — and used a MacMini M1
(2020) with 16Gb RAM for our experiments. We compared
our approach to the one by Arrigoni et al. [6], that addresses
finite solvability as well. We also discuss the efficiency of
the analyzed approaches. We did not consider the method by
Trager et al. [4] in our comparisons since it was subsumed by
[6]. We refer the reader to [6] and Section VII-D for additional
insights on the performance of [4].

A. Mining Minimally Solvable Graphs

A graph is called minimally solvable if the removal of any
edge results in a non-solvable graph. Recall that a necessary
condition is that the graph has at least (11n — 15)/7 edges,
with n being the number of nodes [4]. So, any solvable graph
with this number of edges is minimally solvable. In the need of
a combinatorial characterization of minimally solvable graphs,
we can build a catalog by “mining” them. In this respect, we
exhaustively generated all the biconnected graphs (a necessary
condition for solvability) with a given number of nodes (up to
ten) having [(11n — 15)/7] edges. Among these candidates,
we tested for finite solvability using our method and [6], which
always returned the same result, as expected. The results are
reported in Table I. Please note that among the 27 minimal
graphs with 9 nodes that passed the test, there are the 10
counterexamples found by [5] that are finite solvable and
admit two realizations in R, showing that finite solvability
= solvability.

Table 1
MINIMALLY SOLVABLE GRAPHS.
COLUMN “#CANDIDATES” REPORTS THE NUMBER OF BICONNECTED
GRAPHS WITH UP TO 10 NODES AND [(11n — 15)/7] EDGES; OUT OF
THESE GRAPHS, “#FIN_SOLV” HAVE BEEN FOUND FINITE SOLVABLE.

#nodes  #candidates  #fin_solv
3 1 1

4 1 1

5 2 1

6 9 4

7 20 3

8 161 36

9 433 27

10 5898 756

B. Synthetic Data

We then analyzed synthetic graphs with n = 20 nodes*
generated by randomly selecting a fixed percentage of edges
from the complete graph (named density), discarding discon-
nected graphs. We considered density values ranging from 5%
to 70%: for each value, 1000 graphs were sampled, for a total
of 8000 samples. Both our method and [6] were applied to
each graph and they always gave the same output. Results
are collected in Table II: as expected, when the percentage of

3https://github.com/federica-arrigoni/finite-solvability
4We also tested other values of 7, obtaining comparable results.

edges decreases, the graphs are more likely to be unsolvable
and the number of components increases. The examples shown
in Figure 3 are taken from this experiment.

Table 11
ANALYSIS ON 1000 RANDOM GRAPHS WITH 20 NODES AND VARYING
DENSITY. COLUMN “#FIN_SOLV” REPORTS THE NUMBER OF GRAPHS THAT
PASSED THE FINITE SOLVABILITY TEST. THE LAST COLUMN REPORTS THE
[MIN MAX] NUMBER OF COMPONENTS.

%density  #fin_solv #comp.
5 0 [10, 25]

10 2 [1, 27]

20 253 [1, 24]

30 826 [1, 5]

40 977 [1, 3]

50 999 [1, 2]

60 1000 [1, 1]

70 1000 [1, 1]

C. Real Data

As done in [6], we consider real viewing graphs taken from
popular structure-from-motion datasets: the Cornell Arts Quad
dataset [7], the 1DSfM dataset [31], and image sequences
from [32]. Some statistics about these graphs are reported
in Table III, namely: the number of nodes; the number of
edges; the density (i.e., the percentage of available edges
with respect to the complete graph). Table III also reports
the outcome of this experiment: the number of components
and the execution times of the competing methods. Note that
#components=1 is equivalent to saying that the graph is finite
solvable. Information on the number of rows/columns of the
matrix used by Arrigoni et al. [6] and the one from our
formulation is given in Figure 4, whereas explicit formulas
are given in Section VII-D.

g x10°

© Arrigoni et al.
7' % Our Approach

6

6 x10°

o © Arrigoni et al.
5 | X Our Approach o

~

5 2
E £ °
54 33
o Q
S x 9
3 =,
2 ! o0 x X
1 oo K X XX ! & oo °
JLERERRRE X X JLgeeece %
O A . ° @ & &L L&D LS QA . ° @& &L LS
FFELEESEELETSI SIS S E S S T Fo
FOW P G EEFL S P FOW S E S P
%i\ag} @QQA \s@@ é\»s %K@Q,«QQQAE)»\%QQ@ @ <F
@@b <9 Q\,,,ﬂ' & & g @5’ <9 ¢¢ & & &
&

3

Figure 4.  Number of rows and columns of the matrix used by Arrigoni
et al. [6] and the one from our formulation on large-scale SfM datasets [7],
[31]. Observe that the difference in the number of columns even surpasses
one order of magnitude.

Results show that there are only five unsolvable cases
among the analyzed graphs, all exhibiting four components, in
agreement with previous work. One example is visualized in
Figure 5. Our method and the one by Arrigoni et al. [6] always
gave the same output on all the graphs, as expected. Table III
also shows that our approach is significantly faster than the
state of the art, highlighting the advantage of a node-based
approach with respect to an edge-based one. Indeed, the matrix
employed by our formulation is significantly smaller than the
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Table III
RESULTS OF OUR EXPERIMENTS ON REAL SFM DATASETS [7], [31], [32].
“TIME” IS THE TOTAL TIME (IN SECONDS) SPENT BUILDING THE SOLVABILITY MATRIX (ARRIGONI ET AL. [6]) OR THE JACOBIAN MATRIX (OUR
APPROACH), TESTING FOR FINITE SOLVABILITY, AND COMPUTING THE COMPONENTS (ONLY ON NON-SOLVABLE CASES).

Dataset Arrigoni et al. [6] Our Method
Name #nodes  %density  #edges #comp. Time #comp Time
Gustav Vasa 18 72 110 1 0.10 1 0.37
Dino 319 36 37 230 1 0.07 1 0.15
Dino 4983 36 37 231 1 0.06 1 0.06
Folke Filbyter 40 32 250 1 0.06 1 0.05
Jonas Ahls 40 41 321 1 0.09 1 0.20
Park Gate 34 94 529 1 0.13 1 0.12
Toronto University 77 33 974 1 0.30 1 0.18
Sphinx 70 55 1330 1 0.53 1 0.23
Cherub 65 64 1332 1 0.53 1 0.24
Tsar Nikolai I 98 52 2486 1 1.32 1 0.46
Skansen Kronan 131 88 7490 1 10.08 1 2.07
Alcatraz Courtyard 133 92 8058 1 11.59 1 2.30
Buddah Tooth 162 73 9546 1 15.47 1 2.93
Pumpkin 195 65 12276 1 26.16 1 4.63
Ellis Island 240 71 20290 1 74.22 1 11.54
NYC Library 358 32 20662 1 74.44 1 12.10
Madrid Metropolis 370 35 23755 1 99.45 1 15.25
Tower of London 489 20 23844 4 103.83 4 19.53
Piazza del Popolo 345 42 24701 4 108.57 4 18.35
Union Square 853 7 25478 4 124.94 4 27.64
Yorkminster 448 28 27719 1 126.89 1 19.31
Gendarmenmarkt 722 18 48124 4 411.67 4 69.81
Montreal N. Dame 467 48 52417 1 462.81 1 65.53
Roman Forum 1102 12 70153 4 913.57 4 158.16
Alamo 606 53 97184 1 2335.94 1 222.35
Vienna Cathedral 898 26 103530 1 2565.31 1 253.84
Notre Dame 553 68 103932 1 2631.00 1 249.12
Arts Quad 5460 1 221929 1 10979.35 1 898.56
Piccadilly 2446 11 319195 1 25889.20 1 2361.20

one used by the authors of [6] — this can also be seen in Figure
4 and Table IV. In particular, our direct formulation takes
less than 10% of the total running time of [6] on the largest
examples (from “Alamo” to “Piccadilly”). This figure becomes
20% for medium size datasets (from “Skansen Kronan” to
“Roman Forum”). For the smallest ones the running time is
less than a second and the comparison becomes meaningless.

#components = 4

Figure 5. Viewing graph of the Tower of London dataset [31] and maximal
components (color-coded). Edges in the largest components are depicted in
blue. A zoom is drawn to better visualize the non-solvable part, comprising
three edges which resemble the square topology.

D. Number of Rows/Columns for Different Formulations

Here we summarize the comparison with [6] and [4] in
terms of the size of the respective matrices, of which they

compute the nullity. Recall that n = |V| and m = |E| in a
graph G with V vertices and F nodes.

Trager et al. [4]. The solvability matrix of [4] is made of
blocks, where each block comprises 20 equations. The number
of blocks per node is d;(d; —1)/2, where d; denotes the degree
of node 7 (see Table 2 in [6]). By summing over all the nodes in
the graph, a formula is obtained for the number of rows of the
solvability matrix (or, equivalently, the number of equations):

n n
e1 =10 (df —d;)+15+m =10 _d} —19m+15 (35)
i=1 i=1
where 15+m accounts for the additional equations introduced
to remove the ambiguities and > . ; d; = 2m due to the
degree sum formula [33]. Exploiting the Cauchy-Schwarz
inequality we obtain:

n 1 n
ddi=— (> di
i=1 i=1

hence, using again the degree sum formula, we get the
following lower bound for e;:

2
(36)

10 2
e1 > — (2m)? —19m + 15 = 407 — 19m +15. (37)
n n

Hence the number of rows grows asymptotically (at least) as
O(n?) for a dense graph (where m ~ O(n?)) and it grows as
O(n) for a sparse one (where m =~ O(n)).
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Arrigoni et al. [6]. The reduced solvability matrix used by
[6] is made of blocks of 11 equations. The number of blocks
per node is d; — 1 (therefore it scales linearly in the degree
of node 7 whereas in [4] the growth is quadratic). Hence the
total number of rows (i.e., equations) is given by:

e2=11> (d;=1)+15+m=11) d; —1In+15+m
=1 =1

=23m — 11n + 15. (38)

The above formula implies that the number of rows of the
reduced solvability matrix grows asymptotically as O(n?) for
a dense graph and O(n) for a sparse one. Away from the
limit case of a perfectly sparse graph with m = O(n), there
is an advantage of this formulation with respect to [4]. In
concrete terms, it is enough that m > n to ensure that eo <
e1: indeed, after proper simplifications, (37) > (38) becomes
40m?2 + 11n? > 42nm > 42n2, which reduces to 40m?2 >
31n2, which is always satisfied under the hypothesis m > n.
The number of columns (i.e., variables) is the same for [4]
and [6], and it is given by

v = vy = 16m. (39)

We refer the reader to [6] for additional information on the
performance of [4] on real-world datasets.

Our Formulation. As explained in Section V, our polyno-
mial system employs a total of

e3 = 10m +n+ 15 equations (40)
v3 = 12n unknowns.
Hence, the number of rows of our Jacobian matrix grows
asymptotically as O(n?) for a dense graph and O(n) for a
sparse one. In concrete terms, however, e3 < ey as soon as
m > %n ~ n, which is typically satisfied.

A summary is reported in Table IV. Note that our node-
based formulation is the only one where the number of
columns scales with the number of nodes O(n) whereas in
[4], [6] it scales with the number of edges O(m). Observe
also that practical datasets are far from sparse, for the number
of edges is much larger than the number of nodes.

Table IV
NUMBER OF EQUATIONS/UNKNOWNS FOR THE THREE FORMULATIONS.
THE ROW COUNTS ARE IN DECREASING ORDER FOR TYPICAL GRAPHS.

Method #rows #columns
Trager et al. [4] > 40m?/n — 19m + 15 16m
Arrigoni et al. [6] 23m — 11n 4 15 16m
Ours 10m+n+15 12n

VIII. CONCLUSION

This paper underscored the viewing graph as a powerful
representation of uncalibrated cameras and their geometric
relationships. The solvability of the graph corresponds to
the existence of a unique set of cameras, up to a single
projective transformation, that conforms to the given funda-
mental matrices. Our focus was on the relaxed notion of

finite solvability, which considers the finiteness of solutions
rather than strict uniqueness. This approach is computationally
tractable and enables the analysis of large graphs derived from
structure-from-motion datasets.

We presented a novel formulation of the problem that
provides a more direct approach than previous literature —
based on a formula that explicitly establishes links between
pairs of cameras through their fundamental matrices, as sug-
gested by the definition of solvability. Building upon this,
we developed an algorithm designed to test finite solvability
and extract components of unsolvable cases, surpassing the
efficiency of previous methods. The core methodology is
mathematically sound and extremely simple, as it only requires
computing the derivatives of polynomial equations with re-
spect to their unknowns, and checking the rank of the resulting
Jacobian matrix. Although the Jacobian check, by definition,
applies only to a neighborhood of a particular solution, in
our case, this local information extends globally due to the
special structure of the problem. We formally established
this result—originally conjectured in our preliminary study
[27]—using tools from algebraic geometry.

The concept of finite solvability, while valuable, represents
only a partial step toward a computationally efficient character-
ization of viewing graph solvability. Its inherent limitation lies
in asserting the existence of a finite number of solutions rather
than guaranteeing a unique one. The challenge of efficiently
verifying uniqueness in large structure-from-motion graphs
remains an open question. We hope that our results will inspire
further research in this intriguing direction.
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