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The addition theorem for locally monotileable monoid actions

Dikran Dikranjan*, Antongiulio Fornasiero*, Anna Giordano Bruno*, Flavio Salizzoni

Abstract

We prove the so-called Addition Theorem for the algebraic entropy of actions of cancellative right amenable monoids S
on discrete abelian groups A by endomorphisms, under the hypothesis that S is locally monotileable (that is, S admits a
right Fglner sequence (Fp)nen such that F, is a monotile of Fj, 41 for every n € N). We study in details the class of locally
monotileable groups, also in relation with already existing notions of monotileability for groups, introduced by B. Weiss and
developed further by other authors recently.

2020 Mathematics Subject Classification: Primary 20K30, 20M20; Secondary 37A35, 37B40, 43A07.
Keywords: algebraic entropy, amenable semigroup, amenable monoid, group endomorphism, semigroup action, monotileable, congruent
monotileable; locally monotileable.

1 Introduction

After a very brief and schematic introduction by Adler, Konheim and McAndrew [1], the algebraic entropy for endomorphisms
of abelian groups was gradually developed by M. Weiss [46] and Peters [36], [37]. The interest in this direction increased
after [16], where a rather complete description in the case of torsion abelian groups was obtained. The algebraic entropy
defined by Peters [36] for automorphisms of arbitrary abelian groups was suitably extended to endomorphisms in [I5] (see
also [I1]); this entropy is denoted by haig in the sequel. On the other hand, appropriate versions of the algebraic entropy
for module endomorphisms were introduced by Salce and Zanardo [39] and studied further by Salce, Vdmos and Virili [38],
also in connection with length functions in the sense of Northcott and Reufel. Recently, Virili [43] extended this algebraic
entropy to amenable group actions on modules and found applications to the Stable Finiteness Conjecture and the Zero
Divisors Conjecture, originally stated by Kaplansky. These ideas were pushed further by Li and Liang [30].

Let S be a cancellative right amenable semigroup, A an abelian group, and S A A a left action by endomorphisms.
In [9], inspired by the recent results and definitions of Ceccherini-Silbertstein, Coornaert and Krieger [5], the algebraic
entropy haig was extended to such actions a as follows. For X € Pyin(A) and F € Pyin(S), let

Tr(a, X) =) a(s)(X)

seF

be the a-trajectory of X with respect to F. The algebraic entropy of a with respect to X € Prin(A) is

— iy TE (o, X))

Halg(a7X) _lzlenll |Fz| )
where (F})icr is a right Fglner net of S and ¢(X) is the natural logarithm of the cardinality of X. The limit defining
Haig(a, X) exists and does not depend on the choice of the right Fglner net (F;)icr in view of |5, Theorem 1.1]. The

algebraic entropy of « is
hatg(a) = sup{Haig(a, X) : X € Prin(A)}.

This definition of algebraic entropy coincides with that for single endomorphisms (mentioned above) when those are
considered as left N-actions. Moreover, for amenable group actions on discrete abelian groups it coincides with the algebraic
entropy defined in [44] on locally compact abelian groups.

A fundamental property of haiy, established in [I5] (and in [16] for torsion abelian groups), is the so-called Addition
Theorem (or Yuzvinski’s addition formula):

Theorem 1.1. Let A be an abelian group, ¢ : A — A an endomorphism and B a ¢-invariant subgroup of G. Then
haig () = haig(P) + haig(¢ [B), where ¢ : A/B — A/B is the endomorphism induced by ¢.

This result was generalized to locally finite groups that are either quasihamiltonian or FC-groups in [26], while a
counterexample in the non-abelian case was given in [24].

Moreover, the same additivity property was provided in [38] [39] for the algebraic entropy of module endomorphisms
under suitable conditions. This was extended in [40] to a more general setting, and to amenable group actions in [43].

In [9] the first three authors proved the Addition Theorem for left actions of cancellative right amenable monoids S on
torsion abelian groups A. Here we prove it for all abelian groups A under the hypotheses that S is also countable and locally
monotileable in the sense of Definition [L.5}

*The first three named authors are members of the “National Group for Algebraic and Geometric Structures, and Their Applications” (GNSAGA
- INdAM)



Theorem 1.2 (Addition Theorem). Let S A A be a left action of a locally monotileable cancellative right amenable monoid
S on an abelian group A. Let B be an a-invariant subgroup of A, and denote by as/p and ap the induced actions of S on
A/B and on B, respectively. Then

hatg(@) = hag(@ayB) + hag(as).

Since N is locally monotileable, as a corollary of Theorem we find Theorem While the proof in [15] was quite
long and heavily used the structure of the abelian group A, the proof in the present paper is much shorter and makes no
recourse to the structure of A.

The problem on whether the hypothesis “locally monotileable” can be relaxed in Theorem remains open.

In Section [2] we prove Theorem and give its consequences for the topological entropy. In particular, in we offer
a background on the topological entropy of (semi)group actions and its connection with the algebraic one by means of
Pontryagin-van Kampen duality.

In Section [3] we study the class of countable locally monotileable groups.

Definition 1.3. For subsets T,V of a semigroup S, we say that T' is a monotile of V if there exists a subset C' of S such
that {¢T": ¢ € C} is a partition of V.

The notion of monotile was defined in [45], in the case when V = G, in connection with the e-quasi tilings from [34].
The interest in monotiles (of G) stems from the celebrated Rokhlin Lemma:

Fact 1.4 (Rokhlin Lemma). Let T : X — X be an invertible measure-preserving transformation on a probability space
(X, %, ). We assume T is (measurably) aperiodic, that is, the set of periodic points for T has zero measure. Then for every
integer n € No and for every € > 0, there exists a measurable set E such that the sets E, TE, ..., T" 'E are pairwise
disjoint and such that u(EUTEU---UT" 'E) > 1 —¢.

An extension of Rokhlin Lemma for Z%actions was proved in [7] and in [27]. A further extension of this result for
amenable group actions was announced in [34] and then proved in [35]. More precisely, if a countable amenable group G
acts freely on a Lebesgue measure space (X, u), we say that Rokhlin Lemma holds for a finite subset F' of G if for every
€ > 0 there is a subset B of X such that the sets in {fB : f € F'} are pairwise disjoint and u(U;cr fB) > 1 —e. Rokhlin
Lemma holds for F' if and only if F' is a monotile of G (see [35]).

For our purpose concerning the Addition Theorem, we need the following special right Fglner sequences.

Definition 1.5. Let S be a monoid. A sequence (Fy,)nen in Pyin(S) is locally monotileable if Fy = {1} and F), is a monotile
of Fy41 for every n € N.
A countable right amenable monoid is locally monotileable if it admits a locally monotileable right Fglner sequence.

Consider a locally monotileable sequence (Fy)nen of S. By definition for every n € N4 there is a finite subset K,, of F,,
such that F,, = |_|k€Kn kFn_1 (in particular, F,, = K, F,r_1). Let Ko = {1}. Since Fy = {1}, we have that K; = F; and so
by induction we conclude that, for every n € N,

F,=K,...KiKp.

The sequence (K, )nen is the tiling sequence associated to the locally monotileable sequence (Fy,)nen.
Definition is inspired by a notion due to Weiss, that he introduced for groups in [45]:

Definition 1.6. Let S be a monoid. A countable cancellative right amenable monoid S is monotileable amenable (briefly,
MTA) if there exists a right Fglner sequence (F),)nen of S such that F,, is a monotile of S for every n € N.

The following special case of monotileability was introduced in [4, Definition 4] in the case of groups, we now give it
using our terminology.

Definition 1.7. Let S be a monoid. A sequence (Fp)nen in Pyin(S) is congruent if it is locally monotileable and it admits
a tiling sequence (Kp)nen with 1 € K, for every n € N. Moreover, (Fp)nen is ezhaustive if |, oy Fn = S.

A countable right amenable monoid S is congruent monotileable if it admits an exhaustive congruent right Fglner
sequence.

If S is a cancellative monoid and (Fy)nen is a locally monotileable sequence of S with associated tiling sequence (Kp)nen
and 1 € K, for every n € N, then (Fy)nen is increasing, that is, F, C Fp,41 for every n € N, and moreover K, C F,41 for
every n € N. Example [3.4 shows that the converse is not true in general.

For a right Fglner sequence (Fy,)nen of a monoid S, the following (non-)implications hold.

Ex Ex
exhaustive congruent =——=> congruent =—=> locally monotileable

ﬂ ‘///V

consisting of monotiles

Since an exhaustive congruent sequence of a monoid S consists necessarily of monotiles of S (see Lemma, a countable
congruent monotileable monoid is MTA. In particular, the condition of monotileability in [4, Definition 4] is redundant.

For countable right amenable monoids, one has the following implications among the notions of monotileability introduced
and recalled above. A counterexample witnessing that locally monotileable does not imply MTA (and so neither congruent
monotileble) is given in Example



congruent monotileable

locally monotileable Exm /MTA
amenable

Restricting to the case of groups, first note that for groups the notions of local monotileability and congruent monotileabil-
ity are equivalent (see Proposition [3.14).

Moreover, recall that Weiss [45] proved that every countable residually finite amenable group is MTA and that every
countable solvable group is MTA. The latter result was extended by Ebli [2I], showing that every countable elementary
amenable group is MTA. So, the next related question is very natural.

Question 1.8. Is every MTA group necessarily elementary amenable?
The following very general question by Weiss is open.
Question 1.9 (See [45]). Is every countable amenable group necessarily MTA ¢

In this sense Downarowicz, Huczek and Zhang [20] provided a positive answer to a weaker version of this problem.

Inspired by this result from [20], Cecchi and Cortez [4] introduced the notion recalled above of congruent monotileable
group. Cortez and Petite proved in [§] that residually finite amenable groups are congruent monotileable. Using this result,
Cecchi and Cortez showed that every countable virtually nilpotent group is congruent monotileable (see [4, Theorem 1]).
The following questions from [4], connected to the general Question are open.

Question 1.10 (See [4]). (a) Is every countable amenable group necessarily congruent monotileable?
(b) In particular, is every countable MTA group necessarily congruent monotileable?
In [45], also the following notion was introduced in the case of groups.

Definition 1.11. A semigroup S is monotileable (briefly, MT) if every finite subset of S is contained in a finite monotile
of S.

While every MTA group is necessarily MT and amenable (see Proposition [3.15)), the validity of the converse implication
is not known, and the following question by Weiss is open.

Question 1.12 (See [45]). If a countable group G is MT and amenable, is G necessarily MTA ?
We are not aware if a negative answer of the counterpart of Question for cancellative monoids is available.

In order to study the class 9t of (countable) locally monotileable groups, we consider the following general problem
concerning the stability of 9t under extension.

Problem 1.13. Consider three countable groups G, H and K, such that 0 - H % G = K — 0 is a short exact sequence
of groups.

(a) If H and K are locally monotileable, is then G locally monotileable as well?

(b) What about splitting extensions G = H x K ?

Moreover, we introduce the following notion of monotileability stronger than local monotileability, where for a group
G we denote by Aut(G) its group of automorphisms, while Inn(G) denotes the subgroup of Aut(G) consisting of all inner
automorphisms of G.

Definition 1.14. Let G be a group, (Fy)nen a sequence in Py;n(G) and id € X C Aut(G). We say that (F)nen is an
X-monotileable sequence of G if for all n € N and ¢ € X, we have that ¢(F,) is a monotile of F,y1. We say that G is
X-monotileable if there exists an X-monotileable right Fglner sequence (F,)nen of G.

When X = {id, ¢,% '}, we simply write ¢-monotileable.

One of our main results is the following partial answer to Problem [[.13]

Theorem 1.15 (Extension Theorem). Consider three countable groups G, K and H. Suppose that
0-HL5G S K—0

s a short exact sequence. If K is locally monotileable and H is Inn(G)-monotileable, then G is locally monotileable.

Using this result, we prove one of the main achievements of this paper, that is, Theorem Recall that a group G is
hypercentral if its upper central series terminates at the whole group, that is, there exists an ordinal « such that Z,(G) = G;
the length of G as an hypercentral group is the minimum such a.

Theorem 1.16. Every countable virtually hypercentral group of length < w? is locally monotileable (i.e., congruent monotileable).

Clearly every nilpotent group is hypercentral. So, as an immediate corollary of Theorem [1.16| we obtain the above
mentioned result from [4], that every countable virtually nilpotent group is congruent monotileable.

Since all countable solvable groups are known to be MTA, and in view of Theorem [1.16} it is natural to ask the following.

Question 1.17. Are all countable solvable groups locally monotileable? What about polycyclic groups?



A positive answer to Problem [[.13] would also be a positive answer to Question [I.I7] In this context, the next theorem
provides an example of a locally monotileable solvable (actually, metabelian) group that is neither virtually nilpotent nor
residually finite.

Theorem 1.18. For every automorphism ¢ of Q, the groups Q and Q x4 Z are locally monotileable.

The following diagram represents all known (non-)implications among the above mentioned properties for countable
groups, and the related open questions.

N

virtually nilpotent

i lly h 1
solvable and congr. monot. TII8 virtually hypercentra

of length < w?

TLId

T

solvable — ~LO > congr. monotileable PF:n;%glocally monotileable & res. finite amenable

- N
QELy_ -~ \
T ) CLT )
< [211 [@5) / . ;
elem. amenable MTA / residually finite
28
_ —— QA
amenable <= MT and amenable MT

—_——

The following open questions, related to Problem m and Question [1.17] are motivated by Theorem [1.18
Question 1.19. (a) Is the group Q" x4 Z locally monotileable for every automorphism ¢ of Q™ 2
(b) More generally, is the group H X4 Z locally monotileable for an abelian group H and ¢ € Aut(H)?
(¢) If H is a locally monotileable group and K is a finitely generated locally monotileable subgroup of Aut(H), is the group
H x K locally monotileable?

Call a group G hereditarily locally monotileable (briefly, h-locally monotileable) if every countable subgroup of G is locally
monotileable. It can be easily deduced from Theorem [I.I6] that every virtually nilpotent group, as well as every locally
nilpotent group, is h-locally monotileable.

Problem 1.20. Find examples of finitely generated amenable groups that are not locally monotileable, or at least h-locally

monotileable.

In §5.2] we provide further examples, showing an example of a locally monotileable group that is neither virtually
solvable nor locally finite, nor residually solvable, and of a locally monotileable group that is virtually hypercentral, yet
neither virtually nilpotent nor residually finite.

We show that 91 is stable under some countable direct limits, in particular, under countable direct sums (so, under finite
direct products as well). So, we conclude with the following open question about basic stability properties of 9.

Question 1.21. Is 9M stable under taking subgroups or quotients?
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Notation and terminology

For a set X, we let £(X) = log|X|, using the convention that £(X) = oo if the set X is infinite. Moreover, we denote by
P(X) the family of all subsets of X and by Py, (X) its subfamily consisting of all non-empty finite subsets of X. For an
abelian group A, let P?m (A) be the family of all finite subsets of A containing 0.



In case S is a monoid with neutral element 1, a left semigroup action S A X is a left monoid action of S on X if
a(l)(z) = z for all z € X, ie., a(l) is the identity map id. If S is a group, then this condition implies that a(s) is a
bijection for every s € S. Unless otherwise stated, all the actions of monoids considered in this paper are monoid actions.

We recall that a right Fglner net of a semigroup S is a net (F})icr in Pyin(S) such that lim;er |Fis \ Fi|/|Fi| = 0 for
every s € S. By [32], Corollary 4.3], a semigroup S is right amenable if and only if S admits a right Fglner net. In case S is
commutative we omit the adjective “right”. Left Fglner nets and left amenability are defined analogously.

Moreover, a group G admits admits a right Fglner net if and only if it admits a left Fglner net, so we simply speak of
amenable groups.

2 Addition Theorem

2.1 Properties of the trajectories

Lemma 2.1. Let S be a semigroup, A an abelian group, and S ~ A a left action. If F,F' € Psin(S) are disjoint and
X € PYin(A), then Trpup (o, X) = Tr(o, X) + Trr (e, X).

Note that the inclusion Trp/ (o, X) C Tr(a, Tr(a, X)) in the next lemma holds in general.

Lemma 2.2. Let S be a semigroup, A an abelian group, and S A A a left action. If F,F' € Prin(S), X € PPin(A) and
the sets {fF': f € F} are pairwise disjoint, then Trp(a, X) = Tr(a, Trr (o, X)).

Proof. By Lemma we have that

Trp(o, X) =T, o prr(@, X) = > Tyer(a, X) = Y a(f)(Ter (@, X)) = Tr(a, T (@, X)). O
fer jer

Lemma 2.3. Let S be a semigroup, A an abelian group, S ~ A a left action, F € Pin(S) and X,Y € Plin(A). Then
Tp(a, X + Y) = TF(Oz, X) + TF(Oz, Y)

Proof. By definition

Tr(a, X +Y) =) a()(X +Y) = (a(s)(X) +a(s)(Y)) =

=Y a(s)(X) + > a(s)(Y) = Tr(a, X) + Tr(a,Y). O

The proof of the next lemma is straightforward.

Lemma 2.4. Let S be a semigroup, A an abelian group, S A A a left action, and B an a-invariant subgroup of A with
m:A— A/B the canonical projection. If X € P}, (A) and F € Prin(S), then Tr(aa g, 7(X)) = (Tr(c, X)).

2.2 The function ¢(—, —)
Let A be an abelian group. For X, Y € P(A) let

n—1
w(X,Y) :min{nEN: Jap =0,a1,...,an-1 € A, X C U(ai—l—Y)}; (2.1)

=0

if such n does not exist we put u(X,Y) = co (clearly, when X is finite and Y is nonempty, u(X,Y") is also finite); we define
L(X,Y) =logu(X,Y). If X and Y are subgroups of A, then u(X,Y) = (X +Y,Y) =[X +Y :Y]; in particular, if Y C X,
then u(X,Y)=[X:Y].
Obviously, the family
YP={ao+Y,a1+Y,...,00-1+Y}

appearing in (2.1) is pairwise disjoint when (C — C) N (Y —Y) = {0}, where C = {ao,a1,...,an—1}. We say that 2 is
strongly pairwise disjoint if the “fattened” family

V' ={a+Y-Y,a1+Y -Y,...;an-1 +Y - Y}

is still pairwise disjoint, or equivalently, when (C —C)N(Y =Y +Y —Y) = {0}.
In the following lemma we collect other useful properties of the function £(—, —).

Lemma 2.5. Let A an abelian group and X,Y,Z, X' )Y’ € P})m(A). Then:

(a) ((X,Y)>0,4(X,X)=0 and £(X) = £(X,{0});

(b) the function £(X,Y) is increasing in X and decreasing in Y ;

(c) (X,)Y) <UX)<UX,Y)+LY);

(d) (X +X',Y+Y') <UX,)Y)+0X"Y');

(e) U(X,)Y)<UX,Z)+4(Z,Y);



(f) if o : A— A is an endomorphism, then £(p(X), p(Y)) < L(X,Y);
(9) ifao =0,a1,...,an—1 € A are such that X CJ!"(ai +Y), the family Y = {ao+Y,a1 +Y, ... ,an—1+Y} is strongly
pairwise disjoint and X meets a; +Y for every i € {0,1,...,n}, then u(X,Y) =n.

Proof. (ED (]ED and () are clear.

(d) Follows from the fact that if ap = 0,a1,...,an—1 € A and ay = 0,4a1,...,a;,_1 € A are such that
X C(ao+Y)U...U(an-1+Y)and X' C (ag +Y')U...U(apm_1 +Y7),
then
X+X' Clao+Y+Y)U...U(ano1 +Y +Y)U(ap+ Y +YVU... U (a1 + Y +Y7).
(ED Similarly, if ap = 0,a1,...,an—1 € A and bp = 0,b1,...,bm_1 € A are such that
XC(aw+2)U...U(an-1+Z)and ZC (bp+Y)U...U(bp—1+Y),
then
XC U (ai +b; +Y).
i€{0,...,n—1},j€{0,...,m—1}
() Let a0 =0,a1,...,an—1 € A such that X C (a0 +Y)U (a1 +Y)U...U(an—1 +Y). Then
(X)) Cp(lap+Y)U(ar +Y)U...U(an—1 +Y))
= (p(a0) + oY) U (p(a1) + oY) U... U(p(an-1) +o(Y)).
@ Obviously, u(X,Y) < n. Assume that m := pu(X,Y) < n. Then there exist bo = 0,b1,...,bm—1 € A such that

xc U +v). (2:2)
=0

For every i € {0,1,...n — 1} there exists x; € X N (a; +Y), by hypothesis. From and our assumption, m < n implies
that there exist 0 < i < j <n and k € {0,...,m — 1} such that z;,z; € by + Y. Hence, z; —z; € Y — Y. Since moreover
i —xj €Ea; —a; + Y =Y, it follows that a; —a; €Y =Y +Y =Y. For C = {ao, a1,...,an—-1}, our hypothesis on 2) gives
a;—a; € (C-C)N(Y =Y +Y —Y) ={0}, and so a; — a; = 0, a contradiction. O

Proposition 2.6. Let A be an abelian group, B a subgroup of A and w: A — A/B the canonical projection. If X € P?in(A),
then:
(a) there exists Y € P}, (B) such that {(m(X)) = ( ) ={(X,Y);
(b) forY € P}, (B) we have that (X +Y) > £(m(X)) + £(Y).
Proof. (a) The equality
((x(X)) = £(X, B) (2.3)
is obvious.
Let Y = (X—X)NB € P}, (B) and let Z = {a1,...,an—1} C X\B besuch that 7(X) C 7(Z)U{0} and (Z—Z)NB = {0},
in other words Z U {0} is a set of representatives of w(X). Then
1Z U {0} = |m(ZU{0})] = [x(X)].
In particular, putting ap = 0, one obtains
XC(aw+Y)U(@m+Y)U...U(an-1+Y). (2.4)

In fact, assume that ¢ € X. If z € B, so x € X N B C Y. Otherwise, if x ¢ B, there exists ¢ € {1,...,n — 1} such that
T € a; + B; since x —a; € (X — X)N B =Y, one concludes that € a; + Y.

On the other hand, by the choice of Z, the family {a; + Y : 4 € {0,...,n — 1}} appearing in is strongly pairwise
disjoint. Indeed, Y — Y +Y —Y C B, as Y C B. Therefore,

(Z-Z)N(Y =Y +Y -Y)C(Z-2Z)nB=/{0}.

By Lemmam this shows also that u(X,Y) = n = |w(X)|. Therefore, £(m(X)) =£(X,Y).
(b) Let Z € PY;,,(A) such that Z C X, 7(Z) = n(X) and (Z — Z)NB = {0}; then |Z| = |x(Z)| = |7(X)| . The bijectivity
of themap Z XY — Z+Y, (2,y) — 2z + y entails

|Z+Y|=|Z||Y]. (2.5)
The inclusion Z+Y C X + Y and yield the required inequality
UX+Y)2UZ+Y)=0Z)+LY) =L(m(X)) +L(Y). O

Lemma 2.7. Let S be a semigroup, A an abelian group, and S ~ A a left action. If F € Prin(S) and X, Y € P?in(A),
then {(Tr(o, X),Tr(a,Y)) < |FU(X,Y).

Proof. By definition, Lemma [2.5|(d) and Lemma 2.5|ff), we have that

L(Tr(a, X), Tr(a,Y)) =4£ <Z a(s)(X), Z a(s)(Y)) <

sEF seF

<Y Hals)(X),a(s)(YV) < D UXY) = [FIUX,Y). O

sEF seF



2.3 Proof of the Addition Theorem

We recall the following basic property of the algebraic entropy that is used in the sequel without referring to it each time.

Lemma 2.8 (See [9]). Let S be a cancellative right amenable semigroup, A an abelian group, and S A A a left action. If
X,Y € Prin(A) and X C Y, then Hag(a, X) < Hag(a,Y). Consequently, if F C Pyin(A) is cofinal with respect to C, then
haig(a) = sup{Haig(a, X) : X € F}.

By the above lemma, it is clear that
halg(a) = Sup{Halg(av X) : X € P;‘)zn(A)}

The following is the key point for the proof of the Addition Theorem.

Proposition 2.9. Let S be a countable locally monotileable cancellative right amenable monoid, and let (Fy)nen be a locally

monotileable Tight Folner sequence of S. Let A be an abelian group and S ~ A a left action. Let X,Y € P?m (A). Then the
following functions are decreasing:

UTr, (a, X)) and N3 n s UTr, (a, X),TF, (oe,Y)).

No>n—
| Fnl | £

Proof. The first assertion follows from the second one by taking Y = {0}. To prove the second assertion let n € N. Then
there exists K = K41 such that F,, 41 = |_|S€K sFy; in particular, |Fn41| = |K||Fn|. Then by Lemma

Tr, (o, X) = Tkr, (a0, X) = Tk (o, T, (a, X)).
The same holds for Y. Therefore, by Lemma

Z(TFn«Fl (a, X)? TFn+1 (a, Y)) =Tk (a,TF, (a7 X)), Tk (a? Tr,(a,Y))) < |K| Z(TFn (a7 X),Tr,(a,Y)),

and so
Z(TF""'l(a’X)’ F”'+1(Q7Y)) < |K‘€(TF7L (a7X)7TFn (057 Y)) — K(TFn (a7X)7TFn (a7Y))
| Frg1] - ||| | P ’
this proves the second assertion. O

We are now in position to prove the Addition Theorem.

Proof of Theorem [I.2l We have to prove that if S is a countable cancellative right amenable monoid with a locally
monotileable right Fglner sequence (Fy,)nen, A is an abelian group, S A A a left action, and B is an a-invariant subgroup
of A, then haig(a) = hatg(@ayB) + haig(as).
First we prove the inequality

haig(t) > haig(aasp) + hag(as). (2.6)
Let m : A — A/B be the canonical projection, X € ’P})M(A) and Y € P?in(B). Pick Z € P})m(A), as in the proof of
Proposition [2.6(b), i.e., with 7(Z) = 7(X) and (Z — Z) N B = {0}, so that |Z| = |7(Z)| = |x(X)|. For every n € N, by
Lemma Proposition b) and Lemma one has the inequalities

E(TF’!L(O{7Z+ Y)) (TFn (a,Z) +TF, (a,Y)) >

=/
2 U(n(Tr, (o, 2))) + U(Tr, (@, Y)) = U(TF, (@a/p,7(Z))) + £(TF, (@, Y)).
Since m(X) = w(Z), after division by |F,| and letting n — oo one obtains the inequalities

haig(a) > Harg(o, Z+Y) > Halg(aA/BaW(X)) + Harg(ap,Y).

So, taking the supremum on the right-hand side of the latter inequality over all X € P}Jm(A) and Y € P?m (B), gives the
inequality in (2.6).

It remains to prove the inequality
halg(a) S halg(aA/B) + halg(aB)- (27)

Fixe >0and X € ’P?m (A). By Lemma[2.9) there exists M € N such that, for every n > M,

UTr, (aa/p,m(X)))
|

SHalg(OzA/B,W(X))JrEShalg(aA/B)+6. (28)

By Proposition a), there exists Y € P, (B) such that {(m(Tr,, (a,X))) = €(Tr, (o, X),Y). Hence, we can write
U(Try (0, X),Y) = L(TFy (@B, 7(X))), in view of Lemma So, Lemma and the inclusion Y C Tr,, (, Y) allow
us to conclude that

UTry (. X), Ty (@, Y)) S U(Try (@, X),Y) = 6Ty, (2ay 5, 7(X))).

Combining this inequality with (2.8) and Lemma we obtain

UT#r, (o, X),Tp, (2, Y))
[l

< Hag(aa/p, (X)) 4+ € < hag(aayp) +¢ (2.9)



for all n > M. In view of Lemma again, there exists M™ > M such that, for every n > M™,

UTr, (a,Y))

o] < Hug(a,Y) + e < hag(as) +e. (2.10)
By Lemma [2.9]
s Z(TFn (a7 X)) Z(TF‘}W* (o, X))
Hag(o, X) = Tllrelg ] o] , (2.11)
and by Lemma [2.5((c]),

UTpy (0, X)) S LTy (0, X), Ty (0, Y)) + 8Ty, (0, Y)). (2.12)

Therefore, by 1), [€12), (&9) and (T0),

UTr . (o, X UTr, . (0, X), Tr, . (o, Y UTr,. (o, Y
Halg(a,X) S ( FM (Oé )) S ( FM (C( ) FZ\/I (Of )) ( FM (Of )) S halg(aA/B) + halg(aB) + 25.
| Far+| | Far| | Far+|

Since € was chosen arbitrarily, this proves (2.7)). O

2.4 Application to the topological entropy via the Bridge Theorem

We recall that, inspired by the work of Kolmogorov and Sinai in ergodic theory, Adler, Konheim and McAndrew [I] intro-
duced the topological entropy for continuous selfmaps of compact topological spaces, while a different notion of topological
entropy for uniformly continuous selfmaps of metric spaces was given by Bowen [3] and Dinaburg [I8] independently. In
the realm of topological groups, Yuzvinski [47] proved the so-called Addition Theorem (usually called Yuzvinski’s addition
formula) for the topological entropy of continuous endomorphisms of metrizable compact groups, that was recently extended
to all compact groups in [17].

Lind, Schmidt and Ward [31I] generalized for Z%-actions on metrizable compact groups both the definition of topological
entropy by Bowen, as well as that by Adler, Konheim and McAndrew, showing that they coincide. They proved the Addition
Theorem for Z%-actions on metrizable compact groups. Moreover, Ollagnier [33] defined the topological entropy for amenable
group actions on compact spaces using open covers as in [I]. Recently, Li [29] established the Addition Theorem for actions
of countable amenable groups G on metrizable compact groups K; see also Chapter 13 in the recent monograph of Kerr
and Li [28]. Even if a proof seems to be not available in the literature, this result can be apparently extended to the general
case, that is, without the assumption on G to be countable and on K to be metrizable.

Recently, Ceccherini-Silberstein, Coornaert and Krieger [5] extended Ornstein-Weiss Lemma from [35] to cancellative
amenable semigroups, and this allowed them to define the topological entropy for amenable semigroup actions on compact
spaces as follows. Let C' be a compact topological space, let S be a cancellative right amenable semigroup, and consider a
right action C' A S by continuous selfmaps. Let U = {U;};jes and V = {Vi }xex be two open covers of C. One says that V
refines U, denoted by U < V, if for every k € K there exists j € J such that Vi C U;. Moreover, let

uvy={U,NVvy:(,k)eJx K}.

Let also N(U) = min{n € Ny : U/ admits a subcover of size n}.
For a continuous selfmap f : C' — C and an open cover U of C, let f~(U) = {f 1 (U;)},jes, and for F € Ppin(S), let

Uy r = \/ ()7 U).

SEF
The topological entropy of ~v with respect to U is given by the limit
. log N(U,F;)
H :1 et
top(7,U) = lim T

where (F}i)ier is a right Fglner net of S; this limit exists and does not depend on the choice of (F;)ier by [5, Theorem 1.1].
The topological entropy of ~ is
hiop(y) = sup{H¢op(y,U) : U open cover of C}.

In order to discuss the relation of the topological entropy with the algebraic entropy, for a locally compact abelian group
A, denote by A its Pontryagin dual group, which is a locally compact group as well. For a continuous homomorphism
¢ : A — B, where B is another locally compact abelian group, let ¢ B — A be the dual of ¢, defined by (;5( ) = xo ¢ for

every y € B. By Pontryagin-van Kampen duality, A and A are canonically topologically isomorphic. Moreover, in case A
is discrete (respectively, compact), A is compact (respectively, discrete).

Now let S be a cancellative right amenable semigroup, A a locally compact abelian group and A ASa right action by

continuous endomorphisms. Then v induces the left action S A A by continuous endomorphisms (called the dual action of
), defined by

ﬁ(s):'@:gﬁg for every s € S.
Analogously, a left action S A A by continuous endomorphisms induces the right action AA S, defined by

a(s)=a(s): A— A, for every s € S.



By Pontryagin-van Kampen duality § = v and a=a up to conjugation (due to the above mentioned canonical isomor-
phisms).

Weiss [46] and Peters [36] discovered a remarkable connection, usually named Bridge Theorem, between the topological
entropy and the algebraic entropy, which was proved in general in [13]. More precisely, the topological entropy of a continuous
endomorphism ¢ of a compact abelian group K coincides with the algebraic entropy of its dual endomorphism ngS of the
Pontryagin dual group K of K, which is a discrete abelian group. This connection was extended to totally disconnected
locally compact abelian groups in [14].

The Bridge Theorem from [36] was recently extended by Kerr and Li [28] to actions of countable amenable groups on
metrizable compact abelian groups. Then Virili [44] proved it for actions of amenable groups on locally compact abelian
groups. Moreover, the one from [14] was extended in [23] to semigroup actions on totally disconnected locally compact
abelian groups. In [9], generalizing the main result of [46], we proved a Bridge Theorem for left actions of cancellative left
amenable monoids on totally disconnected compact abelian groups (their Pontryagin dual groups are precisely the torsion
abelian groups).

The following theorem combines the Bridge Theorems from [I0] and [44].

Theorem 2.10. Let S be a cancellative right amenable semigroup, A an abelian group, and S ~ A a left action. Then
hatg(@) = htop(@) in the following two cases:

(a) A is torsion;
(b) S is a group.

Since the Pontryagin dual group of a compact abelian group K is torsion precisely when K is totally disconnected, we
immediately obtain the following counterpart of the above theorem.

Corollary 2.11. Let S be a cancellative right amenable semigroup, K a compact abelian group, and K ASa right action.
Then hiop(y) = haig(y) in the following two cases:

(a) K is totally disconnected;
(b) S is a group.
From Corollary 2:11] and Theorem [I.2] we obtain the following Addition Theorem for the topological entropy.

Corollary 2.12. Let S be a locally monotileable cancellative right amenable monoid, K a compact abelian group, and K A8
a right action. Let H be a y-invariant closed subgroup of K, and denote by vx,u and ym the induced actions of S on K/H
and on H, respectively. If either S is a group or K is totally disconnected, then

hiop(7) = top(Vic 1) + htop (Vi)
Proof. Let A = K , &« =% and let B be the annihilator of H in A. By Corollary and Theorem we have

hiop(77) = hatg() = haig(ap) + hag(a, ). (2.13)

By Pontryagin-van Kampen duality B =2 I?/?J and A/B H , and moreover these natural isomorphisms witness that ap is
conjugated to 'V/K/\H and o4/ p is conjugated to Yz. The algebraic entropy is invariant under conjugation (see [10]), so, by
applying also Corollary we get haig(aB) = htop(Vi/m) and haig(aa;p) = hiop(yr). We conclude by applying the last
two equalities in . O

Remark 2.13. (a) Our notion of local monotileability is inspired by that of monotileability from [45]. In both cases these
are “left” conditions. Indeed, one could define that, for subsets T,V of a semigroup S, T is a right monotile of V if there
exists a subset C of S such that {T'c: ¢ € C'} is a partition of V.

Then, in a monoid S; a sequence (Fp)nen in Pyin(S) is right locally monotileable if Fy = {1} and F, is a right monotile
of Fy,4+1 for every n € N. So, a left amenable monoid is right locally monotileable if it admits a right locally monotileable
left Fglner sequence.

(b) Assume that one would like to consider the topological entropy of left actions of cancellative left amenable semigroups
on compact spaces as in [0, or the algebraic entropy of right actions of cancellative left amenable semigroups on abelian
groups. Then one should consider left amenable semigroups that are right locally monotileable, to obtain the counterparts
of the above results.

3 Locally monotileable monoids

3.1 Starting examples

We propose some basic examples.

Example 3.1. Every finite monoid S is congruent monotileable, and so locally monotileable. This is witnessed by the
sequence (Fy)neny with Fo = {1} and F,, = S for all n € Ny, which is obviously a congruent and exhaustive right Fglner
sequence of S.

Remark 3.2. Let (Fy)nen be a locally monotileable sequence of a cancellative monoid S and consider a tiling sequence
(Kn)nen associated to (Fn)nen. It is easy to prove by induction that |F,,| = [];_, | K;| for every n € N and that | K, ... K| =
[T, | K] for all positive integers I < n.



A strictly increasing sequence of natural numbers (an)nen is an a-sequence if ap = 1 and ay, | ant1 for every n € N.
It follows from Remark that if (Fy)nen is locally monotileable sequence of a monoid S, the sequence (|Fy|)nen is an
a-sequence.

Example 3.3. (a) The monoid (N, +) is congruent monotileable (so locally monotileable) and MT. Indeed, consider an
a-sequence (an)nen (for example the sequence (n!)) and define F,, = [0, a,, — 1] for every n € N. Then each finite subset
of N is contained in some F),, and the sequence (F,)nen is a congruent and exhaustive Fglner sequence of N consisting
of monotiles.

(b) Clearly, by (a) the sequence ([0,n! — 1])nen is a congruent and exhaustive Fglner sequence of N, while ([0, n! — 1]),en
is a congruent Fglner sequence of Z that is not exhaustive.

(¢) The sequence ([0, n])nen is a Folner sequence of N that is not locally monotileable, while [0, n] is a monotile of N for every
n € N. On the other hand, consider the sequence (F}, )nen, where Fy = {0} and F,, = {0}U[2,3(2" 1) —1Ju{3(2""})+1}
for every n € Ni. For every n € Ny, we have F,11 = F, U (3(2"*1) + F,). Then (F,)nen is a locally monotileable
Fglner sequence of N but F,, is not a monotile of N for any n € N..

The following example shows a locally monotileable Fglner sequence (F,)nen of Z such that, for every tiling sequence
(Kn)nen associated to (Fi)nen, 0 € Ky, for every n > 2; so (F)nen cannot be congruent, even if Z is congruent monotileable.
Note that in this case F,, C Fj,+1 for every n € N.

Example 3.4. In Z let Fy = {0} and, for every n € Ny, let F,, = [-2"7! +1,2"!]. Then, K; = F; = {0, 1}, but for every
n € N with n > 2, K, = {—2"72,2"72}. In particular, 0 ¢ K, for every n > 2.

We end this section showing that all countable locally finite groups are locally monotileable.

Proposition 3.5. If G is a countable locally finite group, then G is congruent monotileable, and so locally monotileable.

Proof. The group G is countable, so we enumerate its elements as G = {gn : n € N} with go = 1. For every n € N, let
F, ={gi1,...,9n). Since G is locally finite, all subgroups F, are finite. Clearly, F, C F,41 for every n € N.
Fix gn € G. If n > 7, then gn € F,, and so F,gn = Fy, hence |F,gr \ Frn|/|Fn| = 0. Therefore,
i Engn \Fnl _ o Frrgn \ Fask| _

0. 3.1

The left cosets of F,, in F, 11 are disjoint left translates of F), and they cover F,4i. By this and by (3.1) we conclude that
(Fn)nen is a congruent (hence, locally monotileable) exhaustive right Fglner sequence of G. O

3.2 Basic properties

Here we start with the following property of Fglner sequences with respect to translates of finite sets. It applies in both
Proposition |3.14] and Proposition [3.15)

Lemma 3.6. Let S be a cancellative monoid and let (Fy.)nen be a right Fplner sequence of S. If X € Pyin(S), then there
exists n € N such that, for every n > n, Fy, contains a left translate of X.

Proof. Let X € Psin(S). Since (Fy)nen is a right Fglner sequence of S,

im XA\l (3.2)

n—»co |F |
We assume by contradiction that there is an increasing sequence of natural numbers (k»)nen such that, for all n € N, each
F},,, contains no left translates of X. Fix a n € N. Then, for all f € Fj, , the set fX \ F, is non-empty. Therefore, we can
define a map ¢, : Fi,, — X, f > ¢n(f) with f¢,(f) € fX \ Fk,. By the pigeonhole principle there exists z € X such that
|6t ()] > |Fin|/|1X|. Clearly, if fi and fo are two distinct elements of ¢, '(x), then fix # fox because S is cancellative.
This implies that
_ F
(B X\ Fi | > (6" (@) > el
| X
Dividing both sides by |Fk,, |, we obtain |Fx, X \ Fk, |/|Fk,| > 1/]|X]|. Since this holds for all n € N,

lim M > i’
noeo [ Fi,| RY

that is in contradiction with (3.2]). O

We proceed with the following observation on monotiles.
Remark 3.7. Let S be a monoid and let T' be a monotile of S.
(a) If S is a group, then g7 is still a monotile of S for all g € S.

(b) Item (a) may fail in case S is not a group. For example, if S = N, then a monotile 7' of S necessarily contains 0, so
g + T is not a monotile of S if g # 0.

We omit the easy proof of the next two lemmas (the first one can be used for a proof of the second one, as well as further
on).
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Lemma 3.8. Let S be a cancellative monoid. Consider X CY C Z subsets of S. If there exist U and V such that
Y =l,cpuX and Z =],cy vY, then Z = || ey ey vuX = ;e tX, where T =VU.

This lemma simply asserts that if X is a monotile of Y and Y is a monotile of Z then X is a monotile of Z.

Lemma 3.9. Let S be a cancellative monoid and (Fn)nen a locally monotileable sequence of S. Then every subsequence
(Fk,, )nen such that ko = 0 is still a locally monotileable sequence of S.

Next we see that the class of locally monotileable cancellative monoids if stable under taking countable direct sums.

Proposition 3.10. Let {S; : i € N1} be a family of countable locally monotileable cancellative monoids, then S = ®iEN+ Si

is locally monotileable.

Proof. Since S; is locally monotileable for all ¢ € N4, we can fix a locally monotileable right Fglner sequence (F; »)nen of
Si. We define a new sequence by letting, for every n € N, Fr, = @;_, Fi.n ©® D5, {1}

First we prove that (Fn)nen is a right Fglner sequence of S. Fix ¢ > 0 and h = (hn)nen € @,y Sn, and let
k =max{n € N: h, # 1} € N. For every i € {1,...,k} there exists m; € N such that for all n > m;,

<
‘Fi,n

(3.3)

| ™

If n > k, then Fr,h = @}, Finhi ® @iZnH{l}. Moreover, since

Fub\ Fo C | J | (Finhi\Fin)® @@ Finhi | & P {1}
=1

J=1j#i i>nt1
and since |F;nh; \ Fin| = 0 for every k < i < n, we obtain that

n k n

[Fuh \ Ful <D [Finhi \ Finl [ 1Fnhsl | =D ([ 1Finba \ Finl [ [Finbsl | - (3.4)

i=1 J=1j#i i=1 J=1,57i

By (3.3) and (3.4), observing that |Fj,h;| = |Fj .| for every j € Ny (as the monoid S; is cancellative) and that |F,| =
©_1 |Finl| for every n € N, we conclude that for every n > m := max{m; : 1 <1 < k},

k n
|Fnh\ Fn| < Zi:1 (|Fi»nhi \Fl,n| Hj:Lj;m' ‘ijhﬂ)
|Fa| 7 [T [Fin

k n
< D e (|anhz \ Finl H]‘=1,j¢i ‘Fj,n|) < i |(Fs,nhi) \ Finl
- [Ty [Finl T = | Fin

<e

Then, when € — 0, we have lim, o |Frnh \ F|/|Fn| = 0, and hence, (Fy)nen is a right Fglner sequence of S.

By hypothesis (F; n)nen is locally monotileable for every i € N4. Then, for all ¢,n € N4 there exists a finite set gln cS;
such that F;, = |—|gi65i n(giFi,nfl)- Define S,, = {9 = (g9i)ien € S:¢; € §,n ifi <n, gg=1ifi > n}. Then S, is finite
and F,, = |_|g€§n (anflj. Therefore, (Fn)nen is a locally monotileable right Fglner sequence of S. O

By Proposition [3:10, Example [3.I] and Example [3.3] we have the following consequence.

Corollary 3.11. The family 9 is stable under countable direct sums. In particular, M contains all finitely generated abelian
groups.

The first assertion of this corollary can be obtained also as a consequence of a more general result proved below (see
Theorem [4.17)).

3.3 Relations among notions of monotileability

We start this part by verifying that, for a monoid S, an exhaustive and congruent sequence in Py, (S) consists necessarily
of monotiles of S.

Lemma 3.12. If S is a cancellative monoid and (Fp)nen is an ezhaustive and congruent sequence in Pyin(S), then each
F,, is a monotile of S. In particular, every countable congruent monotileable monoid is MTA.

Proof. Fix no € N. We prove that Fj,, is a monotile of S.
For every m > ng let Py, = Ky ... Kng+1 and K =
equality

n>no P,. In order to prove our assertion it suffices to prove the

S=| | kFu,. (3.5)

keK
To check that the above union is pairwise disjoint, pick k, k' € K with k # k’; then there exists m > ng such that k, k' € Pp,,
and so kF,,Nk'F,, = (). To prove the equality in , pick z € S. Since the sequence (Fy )nen is exhaustive, S = J,, cy Fns
and so there exists k € N such that z € Fj. If K < ng, we have 1 -z € F,,, where 1 € K because the sequence (F)nen
is congruent and hence 1 € mnzno K,. If K > no, then Fy, = P,F,, C KF,,. Hence, we have the required equality in

B3). m
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Next we give an example of a commutative (so amenable) monoid that is locally monotileable but neither MTA nor MT,
and so not congruent monotileable by Lemma |3.12

Example 3.13. Consider the submonoid S = (N x N) \ ({0} x N;) of N x N.

(a) We prove here that if F' is a finite monotile of S and (u,v1), (u,v2) € F, then v; = va. As F' is a monotile of S, there

exists C' C S such that
S=|]+p). (3.6)
ceC
Since F is finite there exists k € N4 such that (1,k + v1),(1,k+v2) € S\ F. By , there exist s1,s2 € C' with
(1,k+v1) € si+ F and (1,k+v2) € sa+ F. As (1,k+v1),(1,k +v2) € S\ F, one has s1 # (0,0) # s2. Then
s1 = (1,k4+wv1) and s2 = (1,k+v2), as ({0} x N)NS ={(0,0)}. Then (1+u,k+vi+v2) € (s1+F)N(s2+ F), which
implies that s1 = s2. Therefore, v1 = v2, as required.

(b) The monoid S is not MTA. Suppose by contradiction that there exists a Fglner sequence (Fy,)nen of S such that F,
is a monotile of S for every n € N. Since (Fy)nen is a Fglner sequence of S, without loss of generality we have, for all
sufficiently large n € N,

1
2

n

-1 n—1 1
[(Fn + (1,1)) N Fy| > - |En| > =|Fn] and |[(Fn +(1,0)) N Fy| > T|Fn| > §|Fn|
This implies that [(F + (1,1)) N (Fn + (1,0))| > 0 and so that there exists (u,v) € F;, such that also (u,v+ 1) € F,,.
This contradicts (a), since F,, is a monotile of S by assumption.
(¢) The monoid S is not MT. Indeed, according to item (a), for example the finite set {(1,1),(1,2)} is not contained in
any finite monotile of S.
(d) The monoid S is locally monotileable. Let (Fy)nen be the sequence in Py, (S) given by Fo = {(0,0)} and F,, =
[2771,27) x [2771 27) for all n € N. Tt is easy to see that (Fy,)nen is a locally monotileable Fglner sequence of S.
Next we see that for groups the new notion of local monotileability coincides with the existing one of congruent
monotileability.

Proposition 3.14. A countable amenable group G is locally monotileable if and only if G is congruent monotileable.

Proof. By definition, if G is congruent monotileable, then G is locally monotileable.

Assume that G is locally monotileable and let (Fy)nen be a locally monotileable right Fglner sequence of G. Since G
is countable, enumerate its elements as G = {g» : n € N} with go = 1. For every n € N, let G, = {go,...,9n}. We build
inductively a sequence (Hp)nen in Pyin(G) satisfying the following conditions:

(1) Ho = {1};

(2) foralln €N, g, € Hy;

(3) for all n € N, there exist g € G and m € N such that Hp, = gFn;

(4) for all n € N, there exists Kpy1 with 1 € Kpy1 and Hpp1 = |_|,C€Kn+1 kH,.

Then (2) and (3) ensure that (Hy)nen is a right Fglner sequence of G, (2) that it is exhaustive, while (4) shows that (Hy)nen
is congruent and implies that H,, C H,+; for all n € N.
Suppose that we already defined Ho, ..., H,. Then H, = tF,, for some t € G and m € N. There exists [ € N such that

[ > m and
| £

|Hn |
Note that there exists D € Pyin(G) such that F; = | |, , dFy. Therefore, Fy = | |, ¢ ps d'Hp, where D' = Dt~
We show that there exists d € D’ such that dH,gn+1 C F;. Otherwise, for every d’ € D’, there would exist a point

v € d'Hygny1 \ Fi; since the sets d' Hygn+1, for d € D', are pairwise disjoint, and are contained in F;g,+1, we would have
that

|Fign+1 \ Fi| <

(3.7)

||
[Hal’

|Figna \ Fi| > |D'| =

contradicting .
Clearly JHngnH C Fi, in conjunction with 1 € H,,, yields ngn+1 € Fy. Define Hy41 = d 'F, and Koy = d~'D’. Then
l=d'd € K1y and
Hyp=d 'Fi=d" || dH.= || kH. O
d'eD’ KEK 41

The next result shows that for groups MTA implies MT.
Proposition 3.15. If a countable group G is MTA, then G is MT.

Proof. By hypothesis, there exists a right Fglner sequence (Fy)nen of G such that Fi, is a monotile of G for every n € N. Let
K € Pfin(G). By Lemma there exist n € N and g € G such that gK C F,,. This immediately implies that K C g~ F,.
By Remark g 'F, is a monotile of G and this concludes the proof. O

The implication in the above proposition cannot be inverted. Indeed, every residually finite group is MT, so free
non-abelian groups are MT but fail to be amenable.
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4 Extension Theorem

4.1 CIF sequences

Let G be a countable amenable group and let G = (Gy)nen be an increasing exhaustive sequence in Py, (G). A sequence
(Fn)nen in Prin(G) is canonically indezed (briefly, a CIF sequence of G) with respect to G if for all n € N4 and for all
g € Gn,
|Fng \ Fnl
e <
| P
Proposition 4.1. Let G be a countable amenable group and let (Grn)nen be an increasing exhaustive sequence in Pyin(G).

For every right Folner sequence (Fy,)nen of G there exists an increasing sequence of natural numbers (kn)nen (with ko =0)
such that (F, )nen is a CIF sequence of G with respect to (Gn)nen-

1
-

Proof. By recursion we build a suitable sequence (kn)nen of natural numbers. Set ko = 0. Assume that n > 0 and
suppose that k,_; is defined. Then there exists k, € N such that k, > k,—1 and, for all s > k,, and for all g € G,
|Fsg \ Fs|/|Fs| < 1/n. Clearly, (Fk, )nen is a CIF sequence of G with respect to (Gr)nen- O

Remark 4.2. Let G be a countable amenable group and let (Gr)nen be an increasing exhaustive sequence in Pyin (G).
(a) By definition, a CIF sequence (Fy,)nen of G with respect to (Gr)nen is also a right Fglner sequence of G.

(b) Let G be a countable amenable group and (Gn)nen be an increasing exhaustive sequence in Py (G). Then any
subsequence of a CIF sequence with respect to (Gr)nen is still a CIF sequence of G with respect to (G )nen-

(¢) One can easily deduce from (a) and (b) that if (Fy.)nen is a CIF sequence of G with respect to (Gy)nen, then for
every increasing exhaustive sequence (Hp)nen in Prin(G), an appropriate subsequence (Fi,, )nen of (Fi)nen is a CIF
sequence of G with respect to (Hp)nen, hence simultaneously a CIF sequence of G with respect to (Gn)nen as well.
So, in this sense, the notion of “CIF sequence of G with respect to (Gn)nen” essentially does not depend on (Gp)nen
and one can loosely speak of CIF sequence of G.

The next lemma is straightforward to prove.

Lemma 4.3. Let G and K be countable amenable groups. Let m : G — K be a surjective homomorphism and H = ker .
Let 0 : K — G be a section for m with o(1x) = 1g. Consider a right Folner sequence (En)nen of H and a right Folner
sequence (Fy)nen of K with 1x € F, for alln € N. Then, for all n € N:

(a) HO(o(Fu)o(Fa)™h) = {1};

(b) foralli,j €N, Ejo(F) =Uc,(r,) Eif;

(c) for all i,j € N, |Ejo(Fy)| = |Esllo(F)].

The next theorem is implicitly contained in [0, Theorem 2.27], for the sake of completeness we provide a complete and

independent proof.
Theorem 4.4. Let G and K be countable amenable groups, m : G — K a surjective homomorphism with H = ker, and
o: K — G a section for m with c(1x) = lg. If (En)nen is a right Folner sequence of H and (Fn)nen is a right Folner
sequence of K with 1x € F, for all n € N, then there exist two increasing sequences of natural numbers (mn)nen and
(kn)nen such that:

(1) the sequence given by _
F, = En, 0(Fy,) for alln € N, (4.1)

is a right Folner sequence of G;
(2) for alln €N, |F,| = |Em,,||Fx,|;

(3) for every sequence (an)nen in N there exists a sequence (hn)nen in N such that, for alln € N, my,
the sequence given by

ng1 > Mn, +an and

F, = Ep, o(Fy,) for alln €N, (4.2)
is a right Fglner sequence of G.

Proof. The group G is countable so we enumerate its elements as G = {g» : n € N} with go = 1; let also G, = {go, ..., gn}
for all n € N. By Proposition there exists an increasing sequence of natural numbers (kn)nen (With kg = 0) such that
(Fk,, )nen is a CIF sequence of K with respect to (7(Gn))nen-

For every n € N define

H,={h € H: ho(Fy,)No(Fx,)Gn # 0} = O’(Fkn)GnU(Fkn)_l NH.

Since o(Fy, ) and G, are finite, also o(Fk, )Gno(Fk, ) " is finite. This means that also H, is finite.
Clearly, J,,cy Hn € H. On the other hand, for every h € H, there is an n, € N such that h € Gn,. So h € Hy,,, as
o(lg) =1¢ and 1x € F, for all n € N. Then H = H, and H, C Hy4; for all n € N.

neN

Claim 4.5. Let (mn)nen be an increasing sequence of natural numbers (with mo = 0) such that (Em,, )nen is a CIF sequence
of H with respect to (Hp)nen. Let (Fn)nen be the sequence given by (4.1). Then, (Fn)nen satisfies (1) and (2).
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Fix arbitrarily n € N. Lemma c) implies that |F,| = |Em,||o(Fk,)|- Since o is injective, we immediately obtain
item (2).

The rest of the proof is dedicated to verify that (F),)nen is a right Fglner sequence. Fix n € N, pick an element g € G5,
and let C,, = F,,g \ Fn, A, = 7 '(F}, ), so that

Co = (Co \ An) U (Cn N Ay).

Since we need to estimate |Cy|, it is enough to separately estimate the cardinalities |Cpn \ An| and |Cyr, N Ay
Pick an z € C,, then © = eo(f)g with f € Fy, and e € Ep,,,. If z € C, \ Ap, then n(z) = fr(g) € Fr,m(g) \ Fr,-
Since (Fk, )nen is a CIF sequence with respect to (7(Gr))nen, we have |Fi, 7(g) \ Fk,, | < |Fk,|/n, and so there are at most
|Fk,, |/n choices for f. Since e ranges in E,,, arbitrarily, this leads to
B[Pl _ |F

.|
'n n| < —MmM—"= s .
o\ A B lZhnl < I (43)

Now suppose that z € Ay, i.e., f':=7n(z) = fr(g) € Fy,,. As

w(o(f") = f = fr(g) = w(a(f)g),

we get (o (f)go(f)™') = 1. Therefore, hy := o(f)go(f')~" € H. Actually, hy € Hy, as g € Gy From o(f)g = hyo(f))
we deduce that x = eo(f)g = ehso(f'). As x = (ehs)o(f') ¢ F, = Em, 0(Fk,), while o(f’') € o(Fg, ), we conclude that
ehs ¢ Em,, . Hence, ehy € Em, hy \ Em,,, so x = (ehf)o(f') € (Em,hs \ Em,)o(f’). In view of f' = fm(g) this proves that

CanAnC | (Buahs \ Em,)o(fr(g)).

f€FL,
Since (Em,, )nen is a CIF sequence with respect to (Hy)nen and hy € Hy,, we get |Em, hy \ Em,| < |Em,|/n. This gives

1Co 1 An| < [EmallFinl _ 1Fn], (4.4)
n n

Combining (4.3) and (4.4) we obtain

F F 2
(Cal = |G (1 An| 4G\ A <l [0l 20Fn]
n n n
therefore i i
[Frg \Fn| 2 )

Since n was chosen arbitrarily and (4.5 holds for all g € G.,, we have proved that (F},)nen is a right Fglner sequence of G.
Therefore, we have proved Claim

By Proposition there exists an increasing sequence of natural numbers (m,)nen satisfying the assumptions of
Claim and therefore the sequence (F,)nen given by also satisfies (1) and (2).

Moreover, if (hn)nen is any strictly increasing sequence of natural numbers, with ho = 0, then Remark b) implies
that (mp,, )nen also satisfies the assumptions of Claim[4.5] and therefore (F}; )nen defined as in also satisfies (1) and (2):

therefore, if we choose the sequence (hn)nen in such a way that Mh,, 1 > Mh, + an, We get (3). O

4.2 X-monotileable sequences

According to Definition [1.14] a countable amenable group G is Inn(G)-monotileable if it admits a right Fglner sequence
(Fn)nen invariant under conjugation by any element g € G (i.e., gF, = F,,g for alln € N and g € G).

Example 4.6. Here are two examples of countable amenable groups G having a right Fglner sequence (F)nen that is
Aut(G)-monotileable.

(a) Take an infinite collection {S, : n € N} of simple finite groups such that for n # m the only homomorphism S, — Sm
is the trivial one and let H = €D,y Sn- By our choice of the family {S, : n € N} one has Aut(H) =[], o\ Aut(Sn).
Consider the sequence (], Si)nen; it is easy to see that it is an Aut(H)-monotileable right Fglner sequence of H.

(b) Consider the group K = EBf:l Z(ps®), where p1, . .., pr are pairwise distinct primes. Then for every n € N the subgroup
K[n] := {k € K : nk = 0} of K is finite and fully invariant. Therefore the sequence (K[n!])nen is Aut(K)-monotileable.

The following lemma is the counterpart for X-monotileable groups of Lemma [3.9] and has a similar proof.

Lemma 4.7. Let G be a group and (F,,)nen an X -monotileable sequence with id € X. Then every subsequence (Fi,, )nen s
still an X -monotileable sequence.

We need a technical result for the proof of Theorem Given a finitely generated group K with generating set X, as
usual, let Ix(1) =0 and, for g € G\ {1}, Ix(¢9) =min{n e Ny : g =2z7* ... 27", 2; € X, ¢; € {0,1}}; if X is symmetric, that
is, X' = X, then Ix(g) =min{n € Ny : g=x1...2,,2; € X}.

Lemma 4.8. Let H be a countable group and K a finitely generated group with a symmetric generating set X = {fi,..., fm}.
Consider a group homomorphism ¢ : K — Aut(H) and let X = {id, ¢(f1),...,0(fm)}- If (En)nen is an X -monotileable
sequence of H, then for all f € K the set ¢(f)(Ey) is a monotile of Epn+s, where s = lx(f).
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Proof. Fix n € N. We proceed by induction on s € N. If either Ix (f) = 0 or Ix(f) = 1, the statement follows by hypothesis.
Suppose we have already proved the thesis for all the elements of K of length s — 1 and let f be such that Ix(f) = s. This
means that exist an index i € {1,...,m} and an element f such that f = f;f and Ix(f) = s — 1. So there exists a subset
E of H such that

Ento1 = || e0(F)(En). (4.6)
écE
By hypothesis, ¢(f;)(Fnts—1) is a monotile of F, 5, therefore there exists a subset E’ of H such that
Ents = |_| e/qb(fi)(EnJrsfl)' (4.7)

e’'cE’

Combining (4.6)) and (4.7), we obtain

Buve= || €0t [ |] @) ()

L] e Ll ¢(f)(@6(f)(En)

e'€EE’ S(f)(©)Ed(f1)(E)

Let B = E'¢(f:)(E). By Lemma .8 Enis = cpn " 0(f)(En). O

4.3 Proof of the Extension Theorem

Consider two countable groups G and K and a surjective homomorphism 7 : G — K. Fix a section o : K — G for 7, such
that 0(1x) = 1g. Let (Fn)nen be a locally monotileable sequence of K and let (K, )nen be a tiling sequence associated
to (Fn)nen. We recall that any element f € F,, can be written in a unique way as f = [[]_, k;, where k; € Kuq1-; for
1 < j <n. For all n € N we define

on:Fn— G as on(f):Hcr(k]-) wheref:ij.
=1

j=1

Since F, C Fyn41 for all n € N, we obtain that opt1[F, = on for all n € N. Then the map 7 : |J
G(f) = on(f) for n € N such that f € F,, is well defined.

It is straightforward to verify that 7(1x) = 0o(lx) = 0(1x) = 1g and that, for every f € U,y Fn, 7(5(f)) = f, that
is, Tod =idg [UnEN F,,; in particular & is injective. Hence, we can extend the map & to a section ¢ : K — G for m and we
call it the section associated to (Fy)nen and o. Clearly, this & need not be unique. In case |J__y Frn = K (so, & = 5) and
0 = o, we simply say that o is associated to (Fy)nen-

nen Fn = G, given by

neN

Lemma 4.9. Let G and K be countable groups, m : G — K a surjective homomorphism and o : K — G a section for w
with o(1x) = 1lg. For a locally monotileable sequence (Fy)nen of K with associated tiling sequence (Kp)nen consider also
the section & associated to (Fn)nen and o. Then (6(Fn))nen is a locally monotileable sequence of G with associate tiling
sequence (0(Kn))nen.

Proof. To verify that (6(Fn))nen is a locally monotileable sequence we have to prove that
o (K1) o (K1) NG (Fa)a(Fa) ™ = {1}, (4.8)

for every n € N. Fix n € Nand g € 0(Knt1) o (Knt1) N6 (Fn)a(F,) " . So there are ki, k2 € Kny1 and fi, fo € 6(Fy)
such that g = f1f; ' and o (k1) f1 = o(k2)fo. Thus, applying 7,

kim(f1) = w(o(k1) fr) = n(o (k) f2) = ke (f2).

Since (Fr)nen is a locally monotileable sequence of K, from k17(f1) = kem(f2) we conclude that k1 = k2 and 7 (f1) = 7(f2).
This implies (k1) = o(k2) and fi1 = fo. Therefore, g = 1 and then (4.8) holds. O

We are now in position to prove Theorem [[-15] that is the Extension Theorem stated in the introduction. Actually, here
we prove the more technical claim below, from which the theorem follows immediately. Recall that, for a group G and a
subset X of G, ca(X) ={g € G : gr = xg for every x € G} is the centralizer of X in G.

Claim 4.10. Suppose that 0 - H = G 55 K — 0 is a short exact sequence of countable groups, where K, H are locally
monotileable. Fiz a section o : K — G for m such that o(1x) = la, a locally monotileable Folner sequence (Fr)nen of K
and a locally monotileable Folner sequence (En)nen of H. Let (Kn)nen be a tiling sequence associated to (Fy)nen and & a
section associated to (Fp,)nen and o. For convenience, for every n € N, we set F,, = 6(F,) and K}, = 0(K,). If one of the
following two conditions holds:

(a) (En)nen ts Inn(G)-monotileable,
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(b) K, =0(K,) Cca(H) foralln € N,
then there exist a locally monotileable sequence (F#)HGN of G and a strictly increasing sequence (Mmn)nen in N such that:
(1) (7(F#))nen is a locally monotileable right Folner sequence of K ;
(2) (F)nen = (Em, F¥)nen is a locally monotileable right Folner sequence of G
(8) foralln €N, F, = LlfeFf En, f.

Proof. By Theorem H applied to the section &, there exist two strictly increasing sequences of natural numbers (7, )nen
and (kn)nen such that the sequence (F'n)neN given by F,, = Em,, F,;n for all n € N is a right Fglner sequence of G. So, for
all n € N let £ = F}, . Moreover, Lemma (with j = m,, and i = n) gives F,, = Uf#eFf Epm, f* for all n € N, and so
also (3) holds. Since, for every n € N, n(F) = n(F}, ) = m(5(F},)) = Fk,, the condition in (1) is satisfied by Lemma

It remains to prove only that (F,).en is locally monotileable, so that also (2) is satisfied. The sequence (F,)nen is
locally monotileable by Lemma and so also (Fy )nen is locally monotileable by Lemma that is, for every n € N
there exists a finite subset K, of G such that

Ff=F,=|] fr._,. (4.9)
feEKR

If (a) holds, then (Em, )nen is Inn(G)-monotileable by Lemma and so, for every n € N and f € K,, the subset
fEm, ,f~" is a monotile of E,,,. If (b) holds, we immediately conclude that K, C cg(H), and so, for every n € N and
fe Rn, Emp_1 = fEmnflf_1 is a monotile of Ey,, . Hence, in both cases, for every n € N and each f € K, there exists a
finite subset Ef, of H such that

Em, = |_| efEmn—lf_l' (4.10)
eeE‘f.n
Fixed n € N4, (4.9) and Lemma b) yield
Fo=Emn,Fi, =Em, || fFi,_, = || EmafFi,_,, (4.11)
feRy feKn

and by (4.10), (4.11) and Lemma b), we have

Fo= || Ew.fF. = || L] efBm, o f | | =

fekn fekn eeEf,n
, _ _
= U U eBmbi = [ U effr= 1 gFa,
fEKn e€Ey , feKn ecEy , 9€Gn

where G, = Uex, Ej ., f (this union is disjoint since from the last equality we obtain that |C_¥n’ =D tek,

Era). O

The following corollary about the stability of 9t under central extensions coincides with [4, Lemma 6].

Corollary 4.11. Consider two countable groups G and K. Let G be a central extension of K, and let H be a subgroup of
G with H C Z(G) and such that 0 - H — G — K — 0 is a short exact sequence. If H and K are locally monotileable,
then also G is locally monotileable.

Proof. Since H is abelian, every locally monotileable sequence of H is trivially Inn(G)-monotileable. Therefore Claim
applies. O

Example 4.12. The Heisenberg group Hs(Z) is the group of 3 x 3 upper unitriangular matrices in M3(Z). Since H3(Z) is
a central extension of Z by Z?2, so H3(Z) is locally monotileable by Corollary

If in Claim H is finite, we can consider the locally monotileable Fglner sequence (Er)nen given by Fo = {1} and
E, = H for all n > 0. Since H = kerm, we have that H is normal in G. Therefore the sequence (E,)ncn is invariant
under conjugation by any element g € G and so it is Inn(G)-monotileable. Thus we can apply Claim and we obtain
the following result.

Corollary 4.13. Consider two countable groups G and K. Let m : G — K be a surjective homomorphism with ker 7 finite.
If K is locally monotileable then also G is locally monotileable.

4.4 Countable virtually nilpotent groups are locally monotileable

In this section we use the Extension Theorem (actually Claim to prove first that a countable group with a locally
monotileable normal subgroup of finite index is necessarily locally monotileable, and then that all countable abelian groups
are locally monotileable. These results together give that all countable virtually nilpotent groups are locally monotileable.
Note that the virtually nilpotent finitely generated groups are precisely those of polynomial growth by the celebrated Gromov
Theorem.

Proposition 4.14. If G is a countable group having a normal subgroup of finite index H which is locally monotileable, then
so is G.
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Proof. Let (En)nen be a locally monotileable right Fglner sequence of H. Let K = G/H, let 7 : G — K be the canonical
projection and ¢ : H — @ the inclusion of H in G. Fix a section ¢ : K — G for 7 such that o(1x) = 1g, and let o(K) = R.
Since K is finite, consider the locally monotileable Fglner sequence (F)nen given by Fo = {1k} and F,, = K for alln € Ny.
By Theorem there is an increasing sequence of natural numbers (1, )nen such that the sequence (F,)nen, given by
Fy = {1} and F,, = E,,, R for all n € N4, is a right Fglner sequence of G (note that R is finite and so also F}, is finite for
every n € N).

It remains to prove that (F,)nen is locally monotileable. Clearly Fp is a monotile of F, so we can suppose n > 1. The
sequence (En)nen is locally monotileable by hypothesis so by Lemma[3.9]also (Em,, Jnen is locally monotileable. Therefore,
for every n > 1 there is a finite subset E,, of H such that

Ep, = || €Bm,_,. (4.12)
ecEy,

For é1,ex € E,, with &; # é2, we have e1Em,, , Né2Ey,, | = (. Therefore, since R is a set of right coset representatives of
Hin G and B, C H,
€é1Em, RNéE,, R=0. (4.13)

By (#.12) and (4.13) we conclude that, for all n € N, F,, = E,,,R = Uecen, €Bm, R =l.cs, eF,_1. O
Example 4.15. Consider the group G = Z x Za, where Z2 acts on Z as the automorphism ¢(z) = —x. The group G is the

semidirect product between Z and Zg therefore 0 — Z — G — Z2 — 0 is a short exact sequence. We know that Z and Z»
are both locally monotileable groups, so by Proposition we have that also G is locally monotileable.

We apply twice the following easy observation in the proof of Theorem
Lemma 4.16. Let G be a group and A, B € Psin(G). If g € G, then

[(AgB) \ (AB)| < [(Ag) \ A[|B| and [(ABg)\ (AB)| < [(Bg) \ B|[A].

Proof. Fix g € G and let a € A and b € B be such that agb ¢ AB. This clearly implies that ag ¢ A. So, (AgB) \ (AB) C
(Ag\ A)B, and it is straightforward to deduce the first inequality. The second inequality can be proved analogously. O
Theorem 4.17. Assume that the group G is the increasing union of its subgroups Go < G1 < G2 < ..., and that:

(1) every Gy is locally monotileable,

(2) every quotient Gyn4+1/Gnr is locally monotileable,

(8) every quotient Gny1/Grn admits a section oy : Grny1/Grn — Gnya such that 0,(1) = 1 and 0n(Gry1/Gn) C ca,yi (Gn).
Then G is locally monotileable.
Proof. We build recursively a locally monotileable right Fglner sequence (Ey ;) jen of Gy, for every n € N. Let (Eo,;) en be

a locally monotileable right Fglner sequence of Go. Fix n € N and suppose we have already defined a locally monotileable
right Fglner sequence (Ey,;)jen of Gy. Consider the exact sequence

0— Gn — Gn+1 — Gn+1/Gn — 0. (414)

Since 0n(Gn+1/Gn) C cG,,,(Gn), by Claim {.10[ there exist a locally monotileable sequence (Fn#+1,j)jeN of Gp+1 and

a strictly increasing sequence of natural numbers (mn41,5)jen with mpy1,; > j for all 7 € N, such that the sequence
(En+1,5)jen, defined letting, for every j € N,

R #
Enii1,; = En,mn+1,j Fn+1,j’

is a locally monotileable right Fglner sequence of Gn41. Since Fil" C 0n(Gn+1/Gn) C ¢G4y (Gn), then

J

En+1,j - U fEn,mn+1ﬁj- (415)

#
feriia,;

It remains to prove that the diagonal sequence (Ep,n)nen is a locally monotileable right Fglner sequence of G.

Claim 4.18. (En,n)nen s a locally monotileable sequence of G.

For every n € N, (4.15) yields
En+1,n+1 = I_I fEn7m71+1.n+1 . (4'16)

#
FeF 1 nt

For all n € N, let (K,,,;)jen be a tiling sequence associated to (Fyn,j)jen. For every n € N and j € N, for mp41,; = j let
M, ; = {1}, while for mn11,; > j the product My ; = Knm, . ; --- Kn j+1 makes sense, and so for every n € N and j € N,

En»mn+1,j =My ;En,;. (4.17)

FixneNand j =n+1. Then My nt1 = K .. K nyo, and letting M = My, 41 Kn nt1,

My 41 n41

E =M1 Knni1Enp=MEyn= | | mEpn. (4.18)

meM

,Mn41,n+1
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Combining (4.16) and ( -7 we get
Eniinsr = |_| f< |_| mEn,n).

# meM
FEFT 1 nt1

For A, 41 = FTLJrl n+1M by Lemma we obtain that E,41,n41 = LlaeAn+1 aE, . This proves Claim m

Claim 4.19. (E, »)nen s a right Folner sequence of G.

Take g € G. Since G = |J,,cy Gn, there exists t € N such that g € G:. Pick n € N with n > t. Then g € G, so

Ffﬂ = FnHng for every j € N. Moreover, for every j € N,

|Enti,ig \ Eni1l _ |En,mn+1,ij+1,jg\ (En,mn+1,_ij+1,j)| N |En,mn+1 JgF +1,5 \ (En,mn+1,ij+1,j)|

|E"+17j| |En Mpi1, ij+1,j| |En7mn+1,ij+1,j| B (4 19)
|En Mn+41, Jg \ En mn+1 J H n+1 ]l _ ‘Envm'rt+1,jg \ E"ﬁmn+1,j|
B |En mn+1]|| n+1 ]| |En’m"+1yj‘
where the inequality holds by Lemma By Remark and by (4.17)) we obtain that, for mpy1,; > 7,
|Enympgn | = [ MnjBnjl = [ Knmypq ;o Knjjr1En | = [Knmp oo ;| [ K1l En gl = [Mn ]| En jl; (4.20)
the equality |En m, .y ;| = [Mn,;||En ;| holds trivially for mn,41,; = j. Now (4.20) and Lemmam give
iy 9\ Erimir | (Mo B o\ Moy Bu)| _ 1B\ B M| |Eng\ B )
| Enma |Mp,;En,j] T B[ Ma ) | En,;l
and so and ( - yield
|En+1,39\ Ent14| _ [Enig\ En,
|En+l ]| - |E’”J|
Using this inequality for n = t, by induction we get that, for every n > t,
|E”ajg\E”aj < |Et1]g\Et,]|A (422)
| ;] |Et 51
By the choice of the sequence (E¢ ;);jen,
E E
lim [Pea9\ sl _ (4.23)
J—roo |Ee
By (4.22)) and (4.23) we conclude that
tig 1Ennd\ Bl _ o | Bragierig \ Evvgierdl < lim |Eterig \ Everl _ o 1Brig \ Bl _ 0.
n—oo  |Ennl j—oo | Bt j,t45] oo | Et 4] imoe | Byl
This proves Claim [4.19] and so concludes the proof of the theorem. O

Now Corollary can be obtained as a consequence of Theorem Moreover, by Theorem We have that Q € M
(for an alternative proof see Theorem [1.18)) and the following more general results.

Corollary 4.20. If G is a countable abelian group, then G € 9.

Proof. By hypothesis G is the increasing union of an increasing chain {G, : n € N} of finitely generated subgroups;
moreover, Gp41/Gy is finitely generated for every n € N. By Corollary for every n € N, G,, and Gp4+1/G, are locally
monotileable. Hence G is locally monotileable by Theorem O

Corollary 4.21. If G is a countable hypercentral group of length < w?, then G € M.

Proof. By hypothesis G = Z,(G) for some countable ordinal o < w?. We prove by induction that Z.(G) is locally
monotileable for every ordinal x < w?. Indeed, Zo(G) = {1} is locally monotileable. Moreover, if x = 3 + 1 for some
ordinal 3, since Zg(G) is locally monotileable by the inductive hypothesis and Z.(G)/Zs(G) is locally monotileable by
Corollary [4.20, Z.(G) is locally monotileable by Corollary “ If k is a limit ordinal, then x = mw for some m € N, and
so Z.(G) is increasing union of its subgroups {Z,,— 1)W+n(G) n € N}. By the inductive hypothesis and by Corollary-
those subgroups satisfy the hypotheses of Theorem so Z. (@) is locally monotileable.

Corollary and Proposition give Theorem [1.16]
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5 Applications of the Extension Theorem

5.1 Extensions of Q by Z

The following technical lemma is needed in the proof of Theorem [5.2]

Lemma 5.1. Let H, K be countable groups, ¢ : K — Aut(H) a group homomorphism and (En)nen a locally monotileable
sequence of H. Consider also a locally monotileable sequence (Fy)nen of K and let (Kn)nen be an associated tiling sequence.
Let (Fn)neN be the sequence in Prin(H x K) given by Fo=FE,xF,. Ifforalln e N and k € Kn11, o(k)(En) is a monotile
of Ent1, then (Fy)nen is a locally monotileable sequence of H x4 K.

Proof. Fix n € N. By hypothesis ¢(k)(Ey) is a monotile of Fn4q for all k € K, 1. Therefore for all k € K41, there is
Eyy1,k such that Enq1 = uéEEﬂ,+1 . €0(k)(En). Consider Knp1 = Urex, _— Eni1k x {k}. Then

Fapr=FEni1 X Fapi= || Eopix (kFa)= || k(E.xF,) |_| kE,. O
ke

k€K1 Fe€Rnyi1

Theorem 5.2. Let H be a countable group and K a locally monotileable finitely generated group with a symmetric generating
set X = {f1,..., fm}. Consider a group homomorphism ¢ : K — Aut(H) and let X = {id, ¢(f1),...,¢(fm)}. If H is X-
monotileable then the group G = H x4 K is locally monotileable.

Proof. Let (En)nen be an X-monotileable right Fglner sequence of H and (Fp)nen a locally monotileable right Fglner
sequence of K. By Theoremthere exist two sequences (mn)nen and (kn)nen in N such that the sequence (F‘n)nem, given
by F, = Ey,, x Fy,, for every n € N, is a right Fglner sequence of H x4 K.

Consider a tiling sequence (Kj,)nen associated to (Fk, )nen. For all n € N let a, = max{ls(k) : ¥k € Kn41}. By
Theorem 3) there exists a strictly increasing sequence (hn)nen in N such that:

(1) mn, ., > mn, + an for every n € N;

(2) the sequence (I )nen, given by F; = Ey,, X Iy, for every n € N, is a right Fglner sequence of H x4 K.

By Lemma the subsequence (Emh Jnen is still an X-monotileable sequence of H. By Lemma H we know that
qﬁ(k:)(Emhn) is a monotile of E,,, 15 for all k € Kny1. On the other hand, since mp,, +Is(k) < mn,, ., by Lemma
B, +1s(k) is a monotile of Emthrl' Finally by Lemma we have that ¢(k)(Erm, ) is a monotile of B, ., fora
ke Kn+1.

The sequences (Em,, )nen, (Fi, )nen and (F)nen satisfy the hypothesis of Lemma so we apply it to conclude. [J

The following is an immediate consequence of Theorem (take X = {1,—1} as a finite generating set of Z).

Corollary 5.3. Let H be a countable locally monotileable group and ¢ : H — H an automorphism. If H is ¢-monotileable,
then H x4 Z s locally monotileable.

Now we prove Theorem stating that for every automorphism ¢ of Q, the group Q x4 Z is locally monotileable. First
we need the following folklore lemma; recall that an a-sequence (an)nen is geometric if for every k € N there exists i € N
Lemma 5.4. Let (an)nen be a geometric a-sequence.

(a) For every q € Q there is a minimum ngq € N such that q € (ﬁ)

(b) For q and ng as in item (a), there exist unique ki1,..., k., € N and ko € Z such that ¢ = Z?qo Toand 0 < k; < qi =
ai/ai—1 for alli € {1,...,ng}.

Proof. (a) Fix ¢ = § € Q, where (s,t) = 1 and 0 < t = plfl ...pEm . Since (an)nen is a geometric a-sequence, for every
i=1,2,...,m there exists a minimal n; € N such that p¥ | a,,. Let n, = max{n; : 1 <i < m}, then q € (1/an,) and ng is
minimal with this property.

(b) We proceed by induction on ng. If ng = 0 then g € Z and the statement is known to be true. Fix n € N and suppose
that we already proved the statement for all the ¢ € Q such that ny < n. Fix ¢ = € (—1-) such that n, = n+ 1, then

Ap 41 An 41
there are unique 0 < kn+1 < qnt1 and s’ € Z such that s = k.41 + s'gne1 and so, by inductive hypothesis,

n+l

An+1 an+1

In order to prove Theorem [I-18] we start with the following fact.

Claim 5.5. Let (an)nen be a geometric a-sequence and (cn)nen an a-sequence, then the sequence (Fp)nen, with Fo = {0}
and F, = (%) N[0, ¢n) for every n € Ny, is a Folner sequence of Q.

a

Proof. Fix 0 < ¢ = 2 € Q. There exists n’ such that ¢ < ¢,/ and by Lemma [5.4] there is ny such that
7 = max{ngq,n } then q € F5. Note that Fi4 can be covered by ¢tk /cn disjoint sets of the form

€ Fn,. Let

o+ =

Fﬁ+km[zcﬁ,(z+1)cﬁ)=< ! >m[zcﬁ,(z+1)cﬁ),

An+k
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where [ € [0, catr/crn — 1]. In each of these sets there are exactly |Frik|ca/catr elements. If we translate Frix by ca, all

these sets, except the last one, are shifted exactly in the next one. So,

1
(ca + Frtk) \ Fatr = (< > N [Chtn — Cﬁ7ck+'ﬁ)> + ca,
An+k

and then Fo el

a+k| Cn

(e + Fate) \ Fagr| = ==

Ca+k

Moreover q < cs, SO q € <#) for all k € N. Thus, (¢ + Fa+r) U Fatr C (¢a + Frt+k) U Fatg, and this implies

Antk

(¢ + Frtr) \ Fatr C (ca + Fatr) \ Fatr.
By (5.1) and (5.2]) we obtain that

Fﬁ Cp,
@+ Fasi) \ Fasrl < [(en + Frpn) \ Pags| = Lsklen
Cr+k
and so
n—oo |Fn‘ k—oo |F»ﬁ+k| k—o0 Catk

If we consider instead a negative ¢ € QQ, we can proceed in a similar way. We find 7 € N as before but using —g and then

we have

(Fosn — cn) \ Fasp = (< L >m [o,cﬁ)> .

An+k
As before we conclude that

Fﬁ Cp,
@+ Frion) \ Fasal < [(Fass = ca) \ Fron| = 2L

and then also in this case P P
lim MS lim -~ — .
n— oo |Fn‘ k—oo Ca+tk

Therefore (Fp)nen is a Fglner sequence of Q.

O

One can verify that the above Fglner sequence of Q is also locally monotileable (see [41]). This is written in details in

the next proof in a particular case (but in a more general setting), where one should take g = 1.

Proof of Theorem [I.18 Each automorphism ¢ of the group (Q, +) is of the form ¢, : z — gz for some q € Q \ {0}. Fix

g=a/be Q\ {0}, with (a,b) =1, a € Z\ {0} and b € N\ {0}. For every n € N, we define E,, by

1 n nin
o= (e ) 071

First (En)nen is a Fglner sequence of Q, since (|a|"b" (n!))nen is a geometric a-sequence and (2" |a|"b")nen is an a-sequence,

and so Claim applies.
Now we verify that (En)nen is ¢g-monotileable, To this end, fix n € N. If a = |a| > 0, then

v
bn+1|a|n71(n!)

¢q(En) = qEn = < > N [07 2n‘a‘n+1bn—1).

We note that

2?2
En+1 — I_l 2n|a|n+1bn—1j + (En+1 N [072n‘a‘n+lbn—1)) )
j=0
Moreover,
lal?(n4+1)—1 i
Epan[0,2%a"0" ) = || T+ ¢q(En)

Lt la|»+1bn 1 (n + 1)

Combining (5.3) and (5.4]), we obtain

2621 la|?(n+1)-1 ;
_ n n+lyn—1 .
Eny1 = |_| (2 lal" " 0" 5 + ( | | la|" 1671 (n + 1)! + ¢q(En)>>

=0 i=0
Define

EIH = {2n|a|n+1bn_1j +

By Lemma and (5.5)),

1
R e

S 0<i<[af(n41) -1, 0§j<2b2—1}.

Eupi= || e+¢a(Bn),
eeBl |

i.e., ¢q(Er) is a monotile of E,11. Exactly in the same way we obtain that <Z>;1(En) is a monotile of Epy1.
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If a < 0, then

1 1
E,)=qE,=( —————— —on| g1 (B =2 et & B,
0u(B) = a8 = (e ) D 2Tl and 6oy (B) = Y e b 0u(52)
Since a < 0, clearly —g > 0, and so (5.6]) yields
1
_ = _ = n n+l;n—1
En+l == |__+| e+ ¢—Q(En) = |__| (6 + 2 \a\ b — m + ¢q(En)) . (57)
eEE, 11 eEET

Define L
-+ El.
[ Tonti(al) T
By (5.7) we have Epn 1 = |l,cp~ €+ ¢q(En), and so ¢¢(Ey) is a monotile of Ey41. In the same way we find that b7 (En)
n+1

is a monotile of F, 1. Hence, (E,)nen is ¢pg-monotileable.
To conclude, apply Corollary O

By =2"la 5!

Given a finitely generated subgroup K of Aut(Q), one can prove that Q x K is locally monotileable. Suppose that K is
generated by {%, R %} Consider the sequence (Ey)nen given by

1 n n n
En_<(|a1...am|b1...bm)"(n!)>m[o’(z lar . am|" (b1 ... bm)").

Proceeding as in the proof of Theorem one could prove that (En)nen is K-monotileable and then apply Theorem [5.2

5.2 Examples of locally monotileable groups that are not virtually nilpotent

Here we show that the general Extension Theorem can be proved for extensions
0-H5GSK—0 (5.8)

when H has a property a bit stronger than local finiteness.

Corollary 5.6. Suppose that in the short exact sequence (5.8) the group H has the property that every finite subset of H
is contained in a finite characteristic subgroup of H. If K is locally monotileable, then G is locally monotileable as well.

Proof. Clearly, H is locally finite, hence locally monotileable by Proposition Moreover, there exists an exhausting
increasing sequence (FEy)nen of finite characteristic subgroups of H. In particular, E, is invariant under conjugations
in G. So (En)nen is an Aut(G)-monotileable right Fglner sequence of G. Therefore Claim gives that G is locally
monotileable. O

This corollary provides some new examples of locally monotileable groups.

Example 5.7. Take an infinite collection {S, : n € N} of simple finite groups such that for n # m the only homomorphism
Sn — S, is the trivial one and exp(Sy) is not bounded. Let H = @, .y Sn be as in Example a). Then H satisfies the
hypotheses of Corollary In particular, H is locally finite, hence H is locally monotileable by Proposition [3.5

Let us see that for every residually finite countable abelian group K one can define an appropriate faithful action 6
of K on H, such that H xy K is locally monotileable. Indeed, K can be identified with a subgroup of P =[] ., Z(m).
Since Aut(H) = [,y Aut(Sn), each Aut(S,) contains a copy of Sy, hence the orders of these groups are not bounded.
Therefore, the product Aut(H) contains a subgroup isomorphic to P. In particular, P (hence, Aut(H) as well) contains an
isomorphic copy of the group K, which gives rise to a faithful action 6 of K on H. Since the group K is locally monotileable
by Corollary we deduce that G = H x¢ K is locally monotileableby Corollary

For example, we can just pick a non-torsion element ¢ € P and put K = (¢) = Z; then G = H x K € 9. Note that G
is neither locally finite, nor virtually solvable, nor residually solvable.

Example 5.8. We build here examples of locally monotileable amenable groups that are neither virtually nilpotent nor
residually finite.

(a) Suppose that in the short exact sequence the group H is abelian and satisfies the descending chain condition
on subgroups. If K is locally monotileable, then G is locally monotileable as well. Indeed, it is well known that the
hypothesis on H implies that H = F @ @le Z(ps°), where p1,...,pr are not necessarily distinct primes (see [22]).
Then for every n € N the subgroup H[n] = {h € H : nh = 0} is finite and fully invariant. Since every finite subset
of H is contained in some of the subgroups H[n|, the group H satisfies the hypotheses of Corollary Hence, G is
locally monotileable.

(b) Take as in Example b) H = @le Z(p$°), where p1, ..., pr are distinct primes. Then K* = Aut(H) Hle UJp:),
where U (J,) is the group of units of the ring J,, and in particular K* = Aut(H) is abelian. So any countable subgroup

K of K™ is locally monotileable. Now consider the semidirect product G = H x K, where the action of K is that
induced by the natural one of Aut(H) on H. By item (a) G is locally monotileable.
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(¢) Now take for simplicity k = 1 and p = p1 > 2 in item (b), so H = Z(p™) and K* = U(J,). Since p > 2, we can choose

K Z 1+ pJ,, and so the natural action of K on H is fixed-point free. Therefore, G = H x K is center-free, so G is
locally monotileable and G is not nilpotent.

To see that G is not virtually nilpotent consider a finite index subgroup N of G contained in K7 = (1 -l—kap) NK. It
is enough to show that N is not nilpotent. Since H is divisible, we deduce that H < N. Hence, N = H x (N N K)
and m = [K : (NNK)] < o0, so N C mK. In particular, if m = p'ms, with I € N and (m4,p) = 1, then there
exists £ € N N (14 p'J,). This implies that Z(N) = Z1(N) = Z(p') x {1}. Arguing by induction one can see that
Zs(N) = Z1(N) = Z(p"*) x {1}. Hence, N # Zs(N) for every s € N. Thus N is not nilpotent. Since H = Usen Zs(N),
N is hypercentral. Therefore, GG is virtually hypercentral, yet not virtually nilpotent.

Finally, it is easy to see that G is not residually finite, as H is a non-trivial divisible subgroup of G.
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