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Abstract

The paper deals with electromagnetic perturbations of a central force problem of the form

d 
dt

(︁
φ(ẋ)

)︁ = V ′(|x|) x

|x| + Eε(t, x) + ẋ ∧ Bε(t, x), x ∈R3 \ {0},

where V : (0,+∞) →R is a smooth function, Eε and Bε are respectively the electric field and the magnetic 
field, smooth and periodic in time, ε ∈R is a small parameter. The considered differential operator includes, 
as special cases, the classical one, φ(v) = mv, as well as that of special relativity, φ(v) = mv/

√︁
1 − |v|2/c2. 

We investigate whether non-circular periodic solutions of the unperturbed problem (i.e., with ε = 0) can be 
continued into periodic solutions for ε ≠ 0 small, both for the fixed-period problem and, if the perturbation 
is time-independent, for the fixed-energy problem. The proof is based on an abstract bifurcation theorem of 
variational nature, which is applied to suitable Hamiltonian action functionals. In checking the required non
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degeneracy conditions we take advantage of the existence of partial action-angle coordinates as provided 
by the Mishchenko–Fomenko theorem for superintegrable systems. Physically relevant problems to which 
our results can be applied are homogeneous central force problems in classical mechanics and the Kepler 
problem in special relativity.
© 2026 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In classical mechanics, the motion in the d-dimensional Euclidean space (d ≥ 2) of a particle 
under the action of a central force is described by the differential equation

mẍ = V ′(|x|) x

|x| , x ∈ Rd \ {0}, (1.1)

where m > 0 is the mass of the particle and V : (0,+∞) → R is a potential. More recently, 
central force problems have been also considered in a special relativistic setting; in this case, the 
equation writes as

d 
dt

(︄
mẋ√︁

1 − |ẋ|2/c2

)︄
= V ′(|x|) x

|x| , x ∈ Rd \ {0}, (1.2)

where c is the speed of light, see [15,34] and the references therein. It is a well known fact that, 
for both such equations, each orbit lies on a plane passing through the origin (see, for instance, 
[25, Appendix A]), so that in the description of the dynamics it is not restrictive to assume d = 2.

Whenever the force is attractive (i.e., V ′ < 0), equations (1.1) and (1.2) possess circular (that 
is, |x(t)| ≡ R for some R > 0) periodic solutions and, often, non-circular periodic solutions, as 
well. Consequently, a natural problem from the point of view of nonlinear analysis and dynamical 
systems is to investigate whether such periodic solutions can be continued into periodic solutions 
of perturbed problems of the form

mẍ = V ′(|x|) x

|x| + ∇xUε(t, x), x ∈Rd \ {0}, (1.3)

or

d 
dt

(︄
mẋ√︁

1 − |ẋ|2/c2

)︄
= V ′(|x|) x

|x| + ∇xUε(t, x), x ∈Rd \ {0}, (1.4)

where ε is a small parameter and Uε : R × (Rd \ {0}) → R is a family of external potentials, 
periodic in time with the same period of the unperturbed solution, such that U0(t, x) ≡ 0. Note 
that, in spite of the fact that the orbits of the unperturbed problem are planar, in the perturbed 
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setting it is meaningful to take d ≥ 2 arbitrary, the choice d = 3 being the most significant from 
the point of view of the applications.

It is evident that periodic solutions for ε = 0 cannot be isolated: indeed, since (1.1) and (1.2)
are autonomous equations, if x∗(t) is a solution, then x∗(t − θ) is still a solution for every 
θ ∈ R. Accordingly, one typically looks for a so-called bifurcation, for ε ≠ 0 and small, from a 
fixed manifold ℳ of periodic solutions (periodic manifold, for short) of the unperturbed prob
lem. More precisely, we seek a family {xε} of periodic solutions of the perturbed problem (1.3)
(or (1.4)) which stay close, as ε → 0, to some unperturbed solution x∗ ∈ ℳ. Typically, these 
bifurcating solutions are required to have either fixed-period (that is, the same period of the un
perturbed solution) or, if the external potential U is time-independent, fixed-energy (that is, the 
same energy of the unperturbed solution, where the notion of energy is defined in agreement 
with the Lagrangian structure of equations (1.3) and (1.4) respectively, see Remark 2.2 for more 
details). As a matter of fact, the crucial condition ensuring that a bifurcation actually exists is a 
non-degeneracy assumption for the periodic manifold ℳ.

The first results in this spirit seem to be the one contained in the pioneering paper [6]. Therein, 
an abstract bifurcation theorem of variational nature, previously established in [8], was used to 
prove the existence of periodic solutions, bifurcating from circular solutions, for equations of the 
type (1.3), in the fixed-period case. More precisely, Keplerian-type potentials V (r) = κ/(αrα), 
with κ,α > 0, were considered in arbitrary dimension d ≥ 2. The validity of the required non
degeneracy condition, involving the linearization of equation (1.1) along a circular solution, was 
investigated using a Fourier series argument. It is worth mentioning that the Keplerian case α = 1
was left out of that analysis, since the superintegrable character of the Kepler problem determines 
the failure of the non-degeneracy condition. Similar results in the fixed-energy case were later 
obtained in [5], using the same abstract theorem as in [6], applied however to the Maupertuis 
functional instead of the Lagrangian action one. See also [11,23] and the references therein for 
other contributions on this line of research. Bifurcation from circular solutions for the relativistic 
problem (1.4), instead, has been considered in [20] (see also [27] for a previous related result) 
for the Kepler potential V (r) = κ/r in dimension d = 2 and d = 3, both in the case of fixed
period (again via the same abstract theorem as in [6]) and in that of fixed-energy (via a different 
bifurcation theorem from periodic manifolds established in [39,40]). Incidentally, note that these 
results show that the degeneracy of the Kepler problem is broken when introducing a relativistic 
correction.

The problem of bifurcation from non-circular periodic solutions of central force problems, 
on the other hand, has a much more recent history and has been considered, in dimension d = 2, 
starting with the paper [15]. Therein, for the relativistic equation (1.4) with Kepler potential 
V (r) = κ/r , the occurrence of bifurcation was proved from the manifold

ℳ2 = {︁
eiϕx∗(t − θ) : ϕ, θ ∈R

}︁
, (1.5)

made up by time-translations and planar rotations of a fixed non-circular (and non-rectilinear) 
periodic solution x∗ of the unperturbed problem. The periodic manifold ℳ2 is homeomorphic 
to a two-dimensional torus and in fact it corresponds to (a connected component of) the level set 
of the energy and the (relativistic) angular momentum: these are the two natural first integrals of 
equation (1.2) in the planar case d = 2. Accordingly, in a sort of periodic counterpart of KAM 
theory, bifurcation from the torus ℳ2 was obtained, using a higher-dimensional version of the 
Poincaré–Birkhoff theorem [26] (see also [24]), after proving that the KAM non-degeneracy 
condition
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det∇2𝒦0(I
∗) ≠ 0 (1.6)

is satisfied, where 𝒦0 is the Hamiltonian of the unperturbed problem in action-angle coordinates 
(I, φ) ∈R2 ×T 2, and I ∗ is the action-value corresponding to the fixed torus ℳ2. We emphasize 
that this approach was greatly facilitated by the rather unusual fact that the expression of the 
Hamiltonian 𝒦0 is fully explicit for the relativistic Kepler problem. Actually, in the subsequent 
paper [16], this general strategy was refined and, taking advantage of an equivalent reformulation 
of the non-degeneracy condition (1.6) proved therein, bifurcation from the periodic manifold ℳ2
was established for the perturbed problem (1.3) in the case of homogeneous potentials V (r) =
κ/(αrα) for every α < 2, with α / ∈ {−2,0,1}. In [18] (see also [17]), counterparts of these results 
were given for the fixed-energy problem, using an energy reduction procedure together with 
the classical planar version of the Poincaré–Birkhoff theorem. In this case, the non-degeneracy 
condition to be checked turns out to be

det

(︄
∇2𝒦0(I

∗) ∇𝒦0(I
∗)⊤

∇𝒦0(I
∗) 0

)︄
≠ 0, (1.7)

corresponding to the so-called isoenergetic KAM non-degeneracy condition (see [9, Appendix 8] 
and [21]). We stress that all these contributions deal with the planar case d = 2.

Motivated by the above described achievements, in this paper we investigate bifurcation from 
non-circular periodic solutions of central force problems in the three-dimensional space. More 
precisely, we deal with the differential equation

d 
dt

(︁
φ(ẋ)

)︁ = V ′(|x|) x

|x| + Eε(t, x) + ẋ ∧ Bε(t, x), x ∈R3 \ {0}, (1.8)

where, here and throughout the paper, we assume that:

(H1) φ : Ba(0) → Bb(0) (with a, b ∈ (0,+∞]) is a homeomorphism such that φ(0) = 0 and

φ(v) = f (|v|) v

|v| , v ≠ 0,

where f : [0, a) → [0, b) is a continuous function, continuously differentiable on (0, a), 
and such that

f (0) = 0, f ′(s) > 0, for every s ∈ (0, a), lim 
s→a− f (s) = b;

(H2) V : (0,+∞) → R is of class 𝒞2;
(H3) Eε : R× (R3 \ {0}) → R3 and Bε : R× (R3 \ {0}) →R3 are given, for small ε, by

Eε(t, x) = ∇xUε(t, x) − ∂

∂t
Aε(t, x), Bε(t, x) = curlx Aε(t, x), (1.9)

where Uε : R× (R3 \ {0}) → R and Aε : R× (R3 \ {0}) → R3 are T -periodic in t , twice 
differentiable with respect to x, and Aε is differentiable with respect to t ; moreover, Uε and 
Aε and their derivatives are continuous in (t, x) and depend smoothly on ε, with U0(t, x) ≡
0 and A0(t, x) ≡ 0.
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Note that the above setting is general enough to include perturbations of central force problems in 
classical mechanics as well as in the special relativistic scenario, by taking, in assumption (H1), 
f (s) = ms and f (s) = ms/

√︁
1 − s2/c2, respectively. We also observe that the structure for the 

perturbation term described in (H3), which finds its motivation in the theory of electromag
netism (indeed, Eε and Bε can be interpreted, respectively, as an electric field and a magnetic 
field, given, via (1.9), by the electrostatic potential Uε and the magnetic vector potential Aε) 
is slightly more general with respect to previously mentioned works, where Aε ≡ 0 (and, thus, 
Eε = ∇xUε and Bε ≡ 0). Equation (1.8) is still of Lagrangian type (see Section 2 for the details), 
with associated Lagrangian function

ℒε(t, x, v) = F(|v|) + ⟨v,Aε(t, x)⟩ + V (|x|) + Uε(t, x), (1.10)

where v = ẋ and

F(s) =
s∫︂

0 

f (ξ) dξ, s ∈ [0, a).

Accordingly, the energy can be defined as

ℰε(t, x, v) = G(|φ(v)|) − V (|x|) − Uε(t, x), (1.11)

where

G(s) =
s∫︂

0 

f −1(ξ) dξ, s ∈ [0, b), (1.12)

with f −1 the inverse of f . As well known, if equation (1.8) is autonomous, then ℰε(t, x, v) =
ℰε(x, v) is a first integral, that is, ℰε(x(t), ẋ(t)) is constant along a solution x of (1.8).

In this setting, we study, both in the fixed-period case and in the fixed-energy one, bifurcation 
from the manifold

ℳ3 = {︁
Mx∗(t − θ) : M ∈ O(3), θ ∈R

}︁
, (1.13)

made up by time-translations and orthogonal transformations of a fixed non-circular (and non
rectilinear) periodic solution x∗ of the unperturbed problem

d 
dt

(︁
φ(ẋ)

)︁ = V ′(|x|) x

|x| , x ∈Rd \ {0}, (1.14)

with d = 3. It turns out (see Proposition 3.1) that ℳ3 is a compact manifold of dimension four, 
homeomorphic to SO(3) × T 1. We also remark that, since the orbit of x∗ is planar, it is not 
restrictive to assume that x∗ actually belongs to the horizontal plane x3 = 0. With this in mind, 
we are going to prove (see Theorem 5.1 and Theorem 5.2 for the precise statement) that:

If the unperturbed problem (1.14) is non-degenerate as a planar problem, then bifurcation 
from ℳ3 occurs for the spatial problem (1.8).
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By ``non-degenerate as a planar problem'', we mean that the periodic manifold ℳ2 defined in 
(1.5), made up by solutions of the unperturbed problem (1.14) lying on the horizontal plane (that 
is, equivalently, solutions of (1.14) for d = 2), is non-degenerate in the sense considered in [16] 
and [18], that is, conditions (1.6) and (1.7) hold, for the fixed-period and fixed-energy problem 
respectively. Incidentally, we mention that, as observed in Section 4.2, these non-degeneracy 
conditions in action-angle coordinates can be equivalently expressed in terms of the dimension 
of the space of T -periodic solutions of a suitable linearized equation along x∗ (in particular, 
dealing with the easiest case of the fixed-period problem, condition (1.6) is satisfied if and only 
if the linearization of (1.14) along the planar solution x∗ has a 2-dimensional space of horizontal 
T -periodic solutions). We also observe that, since the Lusternik–Schnirelmann category of ℳ3
can be exactly computed (being equal to 5, see again Proposition 3.1), a sharp lower bound for 
the number of bifurcating solutions can be given in the case of the fixed-period problem, see also 
Remark 5.3.

Having reduced the problem of bifurcation from ℳ3 to a non-degeneracy condition for a 
planar problem, our results find immediate applications to any three-dimensional equation of 
the type (1.8) for which the non-degeneracy of the unperturbed problem has been established in 
the planar setting. In particular, in view of the results in [16] (fixed-period) and [17,18] (fixed
energy), in the context of classical mechanics we can deal with spatial perturbations of the Levi
Civita equation

mẍ = −κ
x

|x|3 − 2λ
x

|x|4 , κ,λ > 0,

introduced in [29] as a relativistic correction of the Kepler problem, as well as spatial perturba
tions of the homogeneous central force problem

mẍ = −κ
x

|x|α+2 , κ > 0, α < 2, α / ∈ {−2,1}.

Incidentally, we point out that this result is essentially optimal, since for α ≥ 2 the unperturbed 
problem does not have non-circular periodic solutions [7, Section 2.b], while the other excluded 
values of α correspond to the well known degenerate cases of the harmonic oscillator (α = −2) 
and of the Kepler problem (α = 1). As for relativistic mechanics, instead, we can deal with spatial 
perturbations of the relativistic Kepler problem

d 
dt

(︄
mẋ√︁

1 − |ẋ|2/c2

)︄
= −κ

x

|x|3 , κ > 0,

whose non-degeneracy in the plane has been proved in [15] (fixed-period) and [17] (fixed
energy). Incidentally, we observe that exploring the non-degeneracy of the relativistic problem 
with different homogeneous potentials (that is V (r) = κ/(αrα) with α ≠ 1) seems to be a rather 
delicate issue which could deserve further investigation.

The proof of our main results is performed using the abstract theorem in [8] (see Theo
rem 5.5), providing bifurcation (from a fixed critical manifold) of critical points for a family 
of 𝒞2-functionals ℱε defined on an open subset of a Hilbert space H . It is worth noticing that 
here, due to the lack of the 𝒞2-smoothness of the Lagrangian action associated with (1.8) when 
φ(v) ≠ mv (see [20, Remark 3.3] and [3]), we are forced to first pass to the Hamiltonian formu
lation and then consider the associated Hamiltonian action functional. This strategy has already 
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been used in the papers [20,27] dealing with the fixed-period problem, and thus considering a 
functional of the type

𝒜ε(z) = 1

2

T∫︂
0 

⟨Jz′(t),w(t)⟩ dt −
T∫︂

0 

ℋε(t, z(t)) dt,

on the fractional Sobolev space H = H
1/2
T , see Section 4.1 for the details. It is worth noticing 

that, due to the facts that the Hamiltonian ℋε is not globally defined and that the functions in 
H 1/2 are not bounded in general, a suitable cut-off procedure has to be implemented in order 
to recover L∞-bounds. In this paper, similar ideas are used for the fixed-energy problem: in 
particular (see again Section 4.1) the free-period Hamiltonian action functional

ℬε(ζ, T ) = 1

2

1 ∫︂
0 

⟨Jζ ′(s), ζ(s)⟩ ds − T

1 ∫︂
0 

(︁
ℋε(ζ(s)) − h

)︁
ds

must be considered. We stress that, even if the above functional (also known as Rabinowitz action 
functional, see [35]) is very popular in the context of Floer homology [4], its use in the more 
elementary framework of the fractional Sobolev space H 1/2 seems to be much less explored.

Within this variational setting, the core of the proof consists in showing that the non
degeneracy condition for the periodic manifold ℳ2 (which is assumed as a hypothesis) implies 
that ℳ3 satisfies the non-degeneracy condition required for the application of the abstract bifur
cation result. To achieve this goal, we exploit the fact that the unperturbed spatial problem is a 
superintegrable Hamiltonian system with 3 degrees of freedom, having as independent first inte
grals the energy and the three components of the vector angular momentum (see Section 3.2 for 
more details). Accordingly, we make use of a suitable symplectic change of coordinates trans
forming (locally) the unperturbed problem into a system of the form{︄

İi = 0, ϕ̇i = ∂Ii
𝒦0(I1, I2), i = 1,2,

Ξ̇ = 0, ξ̇ = 0,

where I1, I2,Ξ, ξ are real variables and ϕ1, ϕ2 ∈ T 1. The above system of coordinates is pro
vided by the Mishchenko–Fomenko theorem for superintegrable systems [31] (see also [22]). 
Roughly speaking, it can be seen as an extension of the traditional system of action-angle co
ordinates given by the classical Liouville–Arnold theorem for integrable systems, the novelty 
being in the presence of the coordinates (Ξ, ξ), which do not form an action-angle pair. On the 
other hand, (I1, ϕ1, I2, ϕ2) are nothing but the usual action-angle coordinates of the planar prob
lem, with 𝒦0 the associated Hamiltonian. In this way, the non-degeneracy of ℳ3 is reduced to a 
condition on the planar Hamiltonian 𝒦0.

We end this introduction by observing the following quite subtle fact. While for the unper
turbed planar problem the non-degeneracy condition required for bifurcation from ℳ2 coincides 
with the non-degeneracy condition of KAM theory (implying the persistence of tori made by 
quasi-periodic solutions), the unperturbed problem in the 3-dimensional space is always KAM
degenerate (since it is superintegrable). In spite of this, the non-degeneracy condition required 
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for bifurcation from ℳ3 can be satisfied in some cases, precisely the ones in which ℳ2 is 
non-degenerate.

The plan of the paper is the following. In Section 2, we discuss the Hamiltonian structure 
of the perturbed equation (1.8). Next, in Section 3 we focus our attention on the unperturbed 
equation (1.14), in the plane and in the three-dimensional space; in both cases, we illustrate 
the structure of the manifold of non-circular periodic solutions and the associated action-angles 
coordinates. In Section 4, we deal with general Hamiltonian systems in R2N , presenting a vari
ational formulation and an overview of the notion of non-degeneracy, both for the fixed-period 
and fixed-energy problems. Finally, the precise statements and proofs of our main bifurcation 
results are given in Section 5.

Throughout the paper, by | · | we denote the Euclidean norm of a vector in Rd , with d ≥ 2, 
and by ⟨·, ·⟩ the associated scalar product. Dealing with differential equations like the ones above 
considered, by circular solution we always mean a solution x such that |x(t)| = R for every t
(for some R > 0), while a solution is called rectilinear if x(t)/|x(t)| = c for every t (for some 
versor c). By the Lusternik–Schnirelmann category of a topological space X, denoted by cat(X), 
we mean the least number of open contractible sets needed to cover X. If X is a binormal ANR 
(in particular if X is a topological manifold) the above definition coincides with the one usually 
considered in nonlinear analysis, namely the least number of closed contractible sets needed to 
cover X (see for instance [36, Proposition 4.3]).

2. Hamiltonian formulation

Let us consider equation (1.8). Recalling the vector calculus formula

(DxAε(t, x))⊤y − DxAε(t, x)y = y ∧ curlx Aε(t, x), (2.1)

valid for every t ∈ [0, T ] and x, y ∈ R3, it is easily checked that equation (1.8) can be written as 
the following first-order system in R6

⎧⎨⎩ẋ = φ−1(p − Aε(t, x)),

ṗ = V ′(|x|) x

|x| + ∇xUε(t, x) + (DxAε(t, x))⊤φ−1(p − Aε(t, x)).
(2.2)

Notice that φ−1 : Bb(0) → Ba(0) is given by

φ−1(w) = f −1(|w|) w

|w| = ∇G(|w|), w ≠ 0,

where G is as in (1.12). From this we immediately deduce that (2.2) is of Hamiltonian type

ẋ = ∇pℋε(t, x,p), ṗ = −∇xℋε(t, x,p), (2.3)

with Hamiltonian function

ℋε(t, x,p) = G(|p − Aε(t, x)|) − V (|x|) − Uε(t, x). (2.4)
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Note that ℋε is T -periodic in time, and twice continuously differentiable with respect to (x,p)

as long as x ≠ 0 and p ≠ Aε(t, x). The energy ℰε defined in (1.11) is nothing but the Hamiltonian 
ℋε written in terms of the velocity

v = ẋ = φ−1(p − Aε(t, x))

instead of the momentum p, that is

ℰε(t, x, v) = ℋε(t, x,φ(v) + Aε(t, x)) = G(|φ(v)|) − V (|x|) − Uε(t, x).

Incidentally, notice that the function Aε does not appear explicitly in the definition of ℰε. When 
both Aε and Uε do not depend on time (that is, system (2.3) is autonomous), the Hamiltonian 
ℋε(t, x,p) = ℋε(x,p) (and, thus, the energy ℰε(t, x, v) = ℰε(x, v)) are constant along the solu
tions of (2.3) (note the rather subtle fact that, if Aε is time-dependent while Uε is not, the energy 
ℰε(t, x, v) does not depend explicitly on the time-variable t , but is not a first integral).

When ε = 0, one finds the unperturbed (autonomous) Hamiltonian

ℋ0(t, x,p) = ℋ0(x,p) = G(|p|) − V (|x|) (2.5)

and the unperturbed system⎧⎨⎩ẋ = φ−1(p),

ṗ = V ′(|x|) x

|x| ,
(x,p) ∈ (Rd \ {0}) ×Rd , (2.6)

where d = 3. However, in what follows, we will also need to consider system (2.6) in the planar 
case d = 2.

Remark 2.1. Using formula (2.1), it is immediate to verify that (1.8) is the Lagrange equation of 
the Lagrangian ℒε(t, x, ẋ) defined in (1.10). The Hamiltonian ℋε(t, x,p) is, of course, nothing 
but the Legendre transform (with respect to v) of the Lagrangian ℒε(t, x, v), that is

ℋε(t, x,p) = (︁⟨v,p⟩ −ℒε(t, x, v)
)︁|v=φ−1(p−Aε(t,x)).

Indeed, by simple computations the above formula gives

ℋε(t, x,p) = ⟨φ−1(p − Aε(t, x)),p − Aε(t, x)⟩ − F(|φ−1(p − Aε(t, x))|)
− V (|x|) − Uε(t, x)

= f −1(|p − Aε(t, x)|)|p − Aε(t, x)| − F(f −1(|p − Aε(t, x)|))
− V (|x|) − Uε(t, x),

and, since

G(s) = f −1(s)s − F(f −1(s)),

we immediately recover the expression of ℋε(t, x,p) given in (2.4). ◁
9 



A. Boscaggin, G. Feltrin and D. Papini Journal of Differential Equations 470 (2026) 114423 

Remark 2.2. For the reader’s convenience and in order to facilitate possible comparisons with 
existing results in the literature, we write down the explicit expressions of the unperturbed La
grangian, energy and Hamiltonian in the case of classical mechanics (f (s) = ms) and relativistic 
mechanics (f (s) = ms/

√︁
1 − s2/c2). Precisely, in the classical case one finds

F(s) = m

2 
s2, f −1(s) = s

m
, G(s) = s2

2m
,

so that

ℒ0(x, v) = m

2 
|v|2 + V (|x|),

ℰ0(x, v) = m

2 
|v|2 − V (|x|),

ℋ0(x,p) = |p|2
2m 

− V (|x|).

On the other hand, in the case of special relativity,

F(s) = mc2

⎛⎝1 −
√︄

1 − s2

c2

⎞⎠ , f −1(s) = s

m
√︁

1 + s2/(m2c2)
,

and

G(s) = mc2

⎛⎝√︄
1 + s2

m2c2 − 1

⎞⎠ ,

so that

ℒ0(x, v) = mc2

⎛⎝1 −
√︄

1 − |v|2
c2

⎞⎠ + V (|x|),

ℰ0(x, v) = mc2

(︄
1 √︁

1 − |v|2/c2
− 1

)︄
− V (|x|),

ℋ0(x,p) = mc2

⎛⎝√︄
1 + |p|2

m2c2 − 1

⎞⎠ − V (|x|).

Note that, in the non-relativistic limit c → +∞, all the above functions reduce to the classical 
ones. ◁

10 
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3. Non-circular periodic solutions and action-angles coordinates

In this section, we discuss the structure of the manifold of non-circular periodic solutions for 
the unperturbed system (2.6) as well as the canonical transformation in action-angle coordinates. 
More precisely, after having recalled some well-established facts dealing with the 2-dimensional 
case in Section 3.1, in Section 3.2 we analyze in detail the 3-dimensional case, providing the 
crucial tools needed in the proof of our main theorems in Section 5.

3.1. The 2-dimensional case

Let us focus on the unperturbed system (2.6) in the case d = 2, that is, equivalently, the planar 
equation

d 
dt

(︁
φ(ẋ)

)︁ = V ′(|x|) x

|x| , x ∈R2 \ {0}. (3.1)

As well known, in this situation there are two first integrals: the Hamiltonian ℋ0, cf. (2.5), and 
the scalar angular momentum

ℒ(x,p) = ⟨Jx,p⟩ = x1p2 − x2p1, (3.2)

with x = (x1, x2), p = (p1,p2) and J the standard symplectic matrix

J =
(︃

0 −1
1 0

)︃
. (3.3)

Let us assume now that there is a non-circular non-rectilinear periodic solution x∗ of equation 
(3.1), and let (H ∗,L∗) ∈ R2 be the associated values of energy and angular momentum. Then, 
the set of functions made up by time-translations and planar rotations of x∗, namely

ℳ2 = {︁
eiϕx∗(t − θ) : ϕ, θ ∈R

}︁
, (3.4)

is a manifold of non-circular non-rectilinear periodic solutions to (3.1), which is homeomorphic 
to the two-dimensional torus T 2. We observe that in order to have a one-to-one parametrization 
of ℳ2 it is sufficient to take ϕ ∈ [0,2π) and θ ∈ [0, τ ∗), where τ ∗ is the minimal period of |x∗|.

Let us consider the map

ℳ2 ∋ x(t) ↦→ Π(x(t)) = (x(0),p(0)) = (x(0), φ(ẋ(0))) ∈ R4. (3.5)

It is easy to check that

Π(ℳ2) ⊂ 𝒯(H ∗,L∗) := {︁
(x,p) ∈ R4 : ℋ0(x,p) = H ∗, ℒ(x,p) = L∗}︁.

Actually, the map Π provides a homeomorphism of ℳ2 onto the connected component 𝒯 ∗
(H ∗,L∗)

of the level set 𝒯(H ∗,L∗) which contains the value (x∗(0),p∗(0)), where p∗(0) = φ(ẋ∗(0)). Since 
on 𝒯 ∗

(H ∗,L∗) the first integrals ℋ0 and ℒ are independent and in involution, the Liouville–Arnold 
theorem (see, for instance, [33, Theorem 3.4]) implies that there exist an open set 𝒟R2 ⊂ R2, 

11 
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an open neighborhood 𝒟′
R2 ⊂ R2 of (H ∗,L∗), an open neighborhood 𝒰R4 ⊂ R4 of 𝒯 ∗

(H ∗,L∗), a 
diffeomorphism

η : 𝒟R2 →𝒟′
R2, (I1, I2) ↦→ (η1(I1, I2), η2(I1, I2)),

and a symplectic diffeomorphism

Ψ : 𝒟R2 ×T 2 → 𝒰R4, (I1, I2, ϕ1, ϕ2) ↦→ (x,p),

satisfying, for every I = (I1, I2) ∈𝒟R2 ,

Ψ
(︁{I } ×T 2)︁ = {︁

(x,p) ∈ R4 : ℋ0(x,p) = η1(I ), ℒ(x,p) = η2(I )
}︁ ∩ 𝒰R4,

and transforming, on 𝒰R4 , system (3.1) into the canonical form

İi = 0, ϕ̇i = ∂Ii
𝒦0(I1, I2), i = 1,2, (3.6)

for a suitable function 𝒦0 : 𝒟R2 →R. Notice that, setting I ∗ = η−1(H ∗,L∗), it holds that

Ψ
(︁{I ∗} ×T 2)︁ = 𝒯 ∗

(H ∗,L∗) ∼ = ℳ2. (3.7)

The coordinates (I1, I2, ϕ1, ϕ2) are the so-called action-angle coordinates. Their construction (in 
our specific case of system (2.6) with d = 2) can be made in a quite explicit way: more details 
on this are however not needed in the rest of the paper, and we refer to [14,16] for a thorough 
discussion.

3.2. The 3-dimensional case

We now turn our attention on system (2.6) in the case d = 3, that is, equivalently, the spatial 
equation

d 
dt

(︁
φ(ẋ)

)︁ = V ′(|x|) x

|x| , x ∈R3 \ {0}. (3.8)

In this case, there are four independent first integrals: the Hamiltonian ℋ0 and the three compo
nents of the (vector) angular momentum

ℒ⃗(x,p) = x ∧ p.

Notice that, denoting by ℒi (i = 1,2,3) the three components of ℒ⃗, it holds that ℒ3(x,p) =
ℒ(π(x),π(p)), where ℒ is defined in (3.2) and

π : R3 → R2, (y1, y2, y3) ↦→ (y1, y2).

Having more first integrals than degrees of freedom, system (2.6) in the case d = 3 is a 
so-called superintegrable system. Similarly to the standard integrable case, also superintegrable 
systems can be written in a canonical form, which is now in terms of so-called generalized (or 

12 
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partial) action-angle coordinates: the associated theory basically goes back to the Mishchenko--
Fomenko theorem [31] and has been accurately revisited in [22]. In what follows, we briefly 
describe how these coordinates can be defined in the specific case of system (2.6); we refer to 
[10,13] for further details.

Let us assume that there is a non-circular non-rectilinear periodic solution x∗ of equation (3.8)
which lies on the horizontal plane x3 = 0 and let (H ∗,L∗) be the associated values of ℋ0 and 
ℒ3 (notice that ℒ1 = ℒ2 = 0). Let 𝒮∗

(H ∗,L∗) be the connected component of the level set

{︁
(x,p) ∈ R6 : ℋ0(x,p) = H ∗, ℒ⃗(x,p) = (0,0,L∗)

}︁
containing (x∗(0),p∗(0)), where as usual p∗(0) = φ(ẋ∗(0)). Notice that

𝒮∗
(H ∗,L∗) ⊂ V4 := {︁

(x,p) ∈ R6 : x3 = p3 = 0
}︁
.

By the discussion in Section 3.1, there are an open set 𝒟R2 ⊂ R2, an open neighborhood 𝒟′
R2 ⊂

R2 of (H ∗,L∗), an open neighborhood 𝒰V4 ⊂ V4 of 𝒮∗
(H ∗,L∗), a diffeomorphism

η : 𝒟R2 →𝒟′
R2, (I1, I2) ↦→ (η1(I1, I2), η2(I1, I2)),

and a symplectic diffeomorphism

Ψ : 𝒟R2 ×T 2 → 𝒰V4 , (I1, I2, ϕ1, ϕ2) ↦→ (x,p),

satisfying, for every I = (I1, I2) ∈𝒟R2 ,

Ψ
(︁{I } ×T 2)︁ = {︁

(x,p) ∈ V4 : ℋ0(x,p) = η1(I ),ℒ3(x,p) = η2(I )
}︁ ∩ 𝒰V4 ,

and transforming system (2.6) into the form (3.6) on the invariant subspace V4 ⊂ R6. At this 
point, the transformation Ψ is extended to a symplectic diffeomorphism

˜︁Ψ : 𝒟R2 ×T 2 × ℰR2 → 𝒰R6, (I1, I2, ϕ1, ϕ2,Ξ, ξ) ↦→ (x,p), (3.9)

where 𝒰R6 ⊂ R6 is an open neighborhood of 𝒰V4 and ℰR2 ⊂ R2 is an open set, in such a way 
that system (2.6) takes the form{︄

İi = 0, ϕ̇i = ∂Ii
𝒦0(I1, I2), i = 1,2,

Ξ̇ = 0, ξ̇ = 0,
(3.10)

where 𝒦0 : 𝒟R2 →R is as in formula (3.6). The novelty with respect to the integrable case is the 
presence of the pair of conjugate variables (Ξ, ξ) which, by (3.10), remain both constant along 
the flow. Without entering into the details, given (x,p) ∈ 𝒰R6 , the variables (Ξ, ξ) are provided 
by the plane on which the solution of (3.8) with initial conditions (x(0), ẋ(0)) = (x,φ−1(p))

lies, see [13, p. 42]. Next, on this plane one can repeat the same construction made on V4 to 
define the action-angle coordinates (I1, I2, ϕ1, ϕ2). We stress that these partial action-angle co
ordinates (I1, I2, ϕ1, ϕ2,Ξ, ξ) are local in nature, and typically cannot be constructed globally, 
cf. Remark 3.2.
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Our next aim is to describe the topology of the manifold

ℳ3 = {︁
Mx∗(t − θ) : M ∈ O(3), θ ∈R

}︁
,

composed by all the periodic solutions of (3.8) which can be obtained from x∗ taking into ac
count the invariance by isometries and time-translations. Notice that ℳ3 is homeomorphic to 
the connected component of the level set{︁

(x,p) ∈R6 : ℋ0(x,p) = H ∗, |ℒ⃗(x,p)| = |L∗|}︁
containing the value (x∗(0),p∗(0)), where p∗(0) = φ(ẋ∗(0)).

Proposition 3.1. The manifold ℳ3 is homeomorphic to SO(3) ×T 1. In particular,

dim(ℳ3) = 4 and cat(ℳ3) = 5.

Proof. For convenience, we suppose that the solution x∗ of (3.8), which lies in x3 = 0, is the 
only one that satisfies also x∗(0) = (max |x∗|,0,0) and L∗ > 0 (by the conservation of energy, 
p∗(0) is thus uniquely determined). Moreover, we denote again by τ ∗ the minimal period of |x∗|.

Let us consider the continuous map

Ψ : SO(3) ×R/τ ∗Z→ ℳ3

(M, θ) ↦→ Mx∗(· − θ).

Since SO(3) and R/τ ∗Z are compact Hausdorff spaces, we just need to show that Ψ is bijective.
We first prove that Ψ is onto. Given x ∈ ℳ3, let θ be the first non-negative time in which 

|x(θ)| = max |x| = max |x∗|. Moreover, let

M = column

(︃
x(θ) 
|x(θ)| ,

p(θ) 
|p(θ)| ,

x(θ) ∧ p(θ) 
|x(θ) ∧ p(θ)|

)︃
,

with p = φ(ẋ). It is straightforward to check that Mx∗(t − θ) = x(t) for all t , due to the unique
ness of the solutions of the associated Cauchy problems.

Next we prove that Ψ is injective. If M1x
∗(t − θ1) = M2x

∗(t − θ2) for all t , then 
M−1

2 M1x
∗(t − θ1 + θ2) = x∗(t) for all t , where M−1

2 M1 ∈ SO(3). As a consequence −θ1 + θ2 =
kτ ∗, then θ1 = θ2 (mod. τ ∗) and M−1

2 M1x
∗(t) = x∗(t) for all t . Recalling condition (H1), 

we deduce also that M−1
2 M1p

∗(t) = φ(M−1
2 M1ẋ

∗(t)) = p∗(t) for all t . The two equations 
M−1

2 M1x
∗(0) = x∗(0) and M−1

2 M1p
∗(0) = p∗(0) are enough to show that M−1

2 M1 = I3 since 
M−1

2 M1 ∈ SO(3).
By [32, Theorem 2] (see also [37]) if X is a closed (piecewise linear) manifold with cat(X) ≥

(dim(X) + 5)/2, then cat(X ×T 1) = cat(X) + 1. This result can be applied when X = SO(3), 
since dim(SO(3)) = 3 and, by [11, Lemma 4], cat(SO(3)) = 4, giving the thesis. □
Remark 3.2. Note that the periodic manifold ℳ3 contains two families of solutions which lie 
on the plane x3 = 0: the time-translations and planar rotations of x∗ (namely the manifold ℳ2
defined in (3.4)) as well as the time-translations and planar rotations of x∗(−t) (which form a 
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homeomorphic copy of ℳ2). The union of these two families is a disconnected set of planar 
solutions which is however connected as a set of spatial solutions (cf. [20, Remark 2.5] in the 
case of circular solutions).

We also emphasize that, since ℳ3 has nontrivial topology, the change of variable (3.9) cannot 
be global. ◁
4. Variational formulation and non-degeneracy

In this section we provide some further auxiliary tools and results to be used in Section 5. 
Precisely, dealing with a general Hamiltonian system in R2N , in Section 4.1 we discuss the 
variational formulation of both the fixed-period and the fixed-energy problem. Then, for both 
these problems, in Section 4.2 we give an overview of the notion of non-degenerate periodic 
manifold.

4.1. Hamiltonian action functionals

Let us consider the Hamiltonian system

Jz′ = ∇zℋ(t, z), z ∈ R2N, (4.1)

where

J =
(︃

0 −IN

IN 0

)︃
is the standard symplectic matrix (here IN stands for the identity matrix in RN ) and ℋ : R ×
R2N → R is a function which is T -periodic in the first variable, for some T > 0. We also sup
pose that ℋ is twice differentiable with respect to z, and that the functions ℋ,∇zℋ,∇2

zℋ are 
continuous on R×R2N and have at most polynomial growth with respect to z.

As carefully discussed in [1,12], under these assumptions the T -periodic problem for (4.1)
admits a variational formulation in the fractional Sobolev space

H
1/2
T =

{︃
z = (x,p) ∈ L2(R/TZ,R2d) :

∑︂
k∈Z

|k||ẑk|2 < +∞
}︃
,

where ẑk ∈ C2d are the complex Fourier coefficients of the function z. Indeed, the bilinear form

ℓT (z,w) =
T∫︂

0 

⟨Jz′(t),w(t)⟩ dt,

defined for 𝒞1 and T -periodic functions z,w, admits, by density, a unique continuous extension 
to a bilinear form on H 1/2

T , still denoted by ℓT . Moreover, by the assumptions on the Hamiltonian 

ℋ, the nonlinear term z ↦→ ∫︁ T

0 ℋ(t, z(t)) dt is well defined and of class 𝒞2 on H 1/2
T . Then, the 

(Hamiltonian) action functional 𝒜 : H
1/2
T → R given by
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𝒜(z) = 1

2
ℓT (z, z) −

T∫︂
0 

ℋ(t, z(t)) dt (4.2)

is of class 𝒞2 on the Hilbert space H 1/2
T . Moreover, it is easy to verify that its critical points 

correspond to T -periodic solutions of (4.1) in the classical sense. For further convenience, we 
also observe that the second differential of 𝒜 is given by the bilinear form

d2𝒜(z)[w,u] = ℓT (w,u) −
T∫︂

0 

⟨∇2
zℋ(t, z(t))w(t), u(t)⟩ dt, (4.3)

for w,u ∈ H
1/2
T . Moreover, as proved in [1, pp. 68--69], d2𝒜(z) is a Fredholm operator of index 

zero, meaning that its self-adjoint realization F , namely

d2𝒜(z)[w,u] = ⟨Fw,u⟩
H

1/2
T

,

is a linear Fredholm operator on H 1/2
T of index zero.

When the Hamiltonian does not depend on time, the same functional setting just described 
allows us to obtain a variational formulation for the fixed-energy periodic problem{︄

Jz′ = ∇ℋ(z),

ℋ(z) = h.
(4.4)

Indeed, moving from the observation that, if z is smooth and T -periodic, the function ζ(s) =
z(T s) is 1-periodic and

1

2

T∫︂
0 

⟨Jz′(t), z(t)⟩ dt −
T∫︂

0 

ℋ(z(t)) dt = 1

2

1 ∫︂
0 

⟨Jζ ′(s), ζ(s)⟩ ds − T

1 ∫︂
0 

ℋ(ζ(s)) ds,

one can define the so-called free-period action functional ℬ : H
1/2
1 × (0,+∞) → R as

ℬ(ζ, T ) = 1

2
ℓ1(ζ, ζ ) − T

1 ∫︂
0 

(︁
ℋ(ζ(s)) − h

)︁
ds. (4.5)

Clearly, ℬ is of class 𝒞2 on H 1/2
1 × (0,+∞). Moreover, a critical point (ζ, T ) ∈ H

1/2
1 × (0,+∞)

gives rise to a T -periodic solution of (4.4). Indeed, since

dζℬ(ζ, T )[μ] = ℓ1(ζ,μ) − T

1 ∫︂
0 

⟨∇ℋ(ζ(s)),μ(s)⟩ ds,
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for every μ ∈ H
1/2
1 , the function ζ is a 1-periodic solution of Jζ ′ = T ∇ℋ(ζ ) and, thus, z(t) =

ζ(t/T ) is a T -periodic solution of Jz′ = ∇ℋ(z). On the other hand, since

dT ℬ(ζ, T )[σ ] = −σ

1 ∫︂
0 

(︁
ℋ(ζ(s)) − h

)︁
ds,

for every σ ∈ R, together with the fact that ℋ(ζ(s)) is constant since ζ is a solution, we get that 
ℋ(z(t)) = ℋ(ζ(s)) ≡ h.

For further convenience, we also write down the expressions of the second differential of ℬ. 
Precisely, for every μ,ν ∈ H

1/2
1 and σ, τ ∈R,

d2
ζ ζℬ(ζ, T )[μ,ν] = ℓ1(μ, ν) − T

1 ∫︂
0 

⟨∇2ℋ(ζ(s))μ(s), ν(s)⟩ ds,

d2
ζT ℬ(ζ, T )[μ,σ ] = −σ

1 ∫︂
0 

⟨∇ℋ(ζ(s)),μ(s)⟩ ds,

d2
T T ℬ(ζ, T )[σ, τ ] = 0,

implying that

d2ℬ(ζ, T )[(μ,σ ), (ν, τ )] = ℓ1(μ, ν) − T

1 ∫︂
0 

⟨∇2ℋ(ζ(s))μ(s), ν(s)⟩ ds (4.6)

− τ

1 ∫︂
0 

⟨∇ℋ(ζ(s)),μ(s)⟩ ds − σ

1 ∫︂
0 

⟨∇ℋ(ζ(s)), ν(s)⟩ ds.

This is a Fredholm operator of index zero. Indeed, let

S = (S1, S2) : H
1/2
1 ×R→ H

1/2
1 ×R

be the linear continuous self-adjoint operator such that

d2ℬ(ζ, T )[(μ,σ ), (ν, τ )] = ⟨S(μ,σ ), (ν, τ )⟩
H

1/2
1 ×R

= ⟨S1(μ,σ ), ν⟩
H

1/2
1

+ S2(μ,σ )τ.

Comparing with (4.6) it is apparent that

S(μ,σ ) =
(︃

S1(μ,σ )

S2(μ,σ )

)︃
=

(︃
F G

K 0

)︃(︃
μ

σ

)︃
,

where

17 



A. Boscaggin, G. Feltrin and D. Papini Journal of Differential Equations 470 (2026) 114423 

F : H
1/2
1 → H

1/2
1 , ⟨Fμ,ν⟩

H
1/2
1

= ℓ1(μ, ν) − T ⟨∇2ℋ(ζ )μ, ν⟩L2 ,

G : R→ H
1/2
1 , ⟨Gσ,ν⟩

H
1/2
1

= −σ ⟨∇ℋ(ζ ), ν⟩L2 ,

K : H
1/2
1 → R, Kμ = −⟨∇ℋ(ζ ),μ⟩L2 .

Since G and K are compact, S is a compact perturbation of the operator

˜︁F : H
1/2
1 ×R→ H

1/2
1 ×R, ˜︁F(μ,σ ) =

(︃
F 0
0 0

)︃(︃
μ

σ

)︃
,

which is Fredholm of index zero, since F is Fredholm of index zero (by the result for the fixed
period case) and

ker ˜︁F = kerF ×R, Im˜︁F = ImF × {0}.

Accordingly, by the stability of the Fredholm index with respect to compact perturbations (see, 
for instance, [28, Chapter IV, § 5]), S is Fredholm of index zero, as well.

4.2. Non-degenerate periodic manifolds

Let us now consider the autonomous Hamiltonian system

Jz′ = ∇ℋ(z), z ∈ Ω ⊂ R2N, (4.7)

and assume that 𝔐 ⊂ Ω is a compact manifold made up by (initial conditions of) non-constant 
periodic solutions of (4.7) (with a slight abuse of notation, in what follows we systematically 
identify any z ∈ 𝔐 with the solution z(t) with z(0) = z). Moreover, we suppose that a smooth 
choice 𝔐 ∋ z ↦→ T (z) can be made for a period of z; accordingly, we denote by

Pz : R2N →R2N

the Poincaré operator at time T (z) for the linear system Jw′ = ∇2ℋ(z(t))w (that is, the so-called 
monodromy of z).

We start by discussing the (rather standard) notion of non-degeneracy for the fixed-period 
problem. In the following proposition, we use the action functional 𝒜 defined in (4.2) (with 
ℋ(t, z) = ℋ(z)): note that in principle the definition is not well-posed, since ℋ is defined only 
on Ω ⊂ R2N and H 1/2

T -functions are not bounded in general. In spite of this, we can formally 
use, for every z ∈𝔐, the second differential d2𝒜(z), meant as the bilinear form defined in (4.3).

Proposition 4.1. Assume that T (z) = T for every z ∈ 𝔐. Then, the following conditions are 
equivalent:

(i) for every z ∈𝔐, the dimension of ker(I − Pz) equals the dimension of 𝔐;
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(ii) for every z ∈𝔐, the dimension of the space of T -periodic solutions of the linear system

Jw′ = ∇2ℋ(z(t))w

equals the dimension of 𝔐;
(iii) for every z ∈𝔐, the dimension of ker(d2𝒜(z)) equals the dimension of 𝔐.

Moreover, if system (4.7) has the form (2.6) with d = 2 and 𝔐 = Π(ℳ2), with ℳ2 and Π
defined in (3.4) and (3.5) respectively, then the above conditions are equivalent to

(iv) it holds that

det∇2𝒦0(I
∗) ≠ 0,

where 𝒦0 is the Hamiltonian in action-angle coordinates (see (3.6)) and I ∗ is the action 
corresponding to ℳ2 via (3.7).

According to the above proposition, a manifold 𝔐 is called non-degenerate for the fixed
period problem if it satisfies one (and, hence, all) of the conditions (i), (ii) and (iii) therein.

Proof of Proposition 4.1. The equivalence between (i), (ii) and (iii) is straightforward. As for 
(iv), we observe that the linearization of (3.6) along any solution of 𝔐= Π(ℳ2) is given by

Ẋ = 0, Ẏ = ∇2𝒦0(I
∗)X, (X,Y ) ∈R2 ×R2.

Thus the monodromy Q : R4 → R4 is given by

Q(X,Y ) = (X,T ∇2𝒦0(I
∗)X + Y)

and therefore

dim(ker(I − Q)) = 2 + nullity
(︁∇2𝒦0(I

∗)
)︁
.

Since Π(ℳ2) has dimension two, we obtain

dim (ker(I − Q)) = dim (Π(ℳ2)) ⇐⇒ det∇2𝒦0(I
∗) ≠ 0.

Recalling that ker(I − Q) and ker(I − Pz) are isomorphic (see, for instance, [20, Appendix A]), 
we infer the equivalence between (iv) and (i). □

We now turn our attention to the less popular fixed-energy problem. Here, we formally use 
the free-period action functional ℬ defined in (4.5) and its second differential d2ℬ as computed 
in (4.6) (the same considerations given before Proposition 4.1 about the well-posedness of these 
definitions can be repeated here).

Proposition 4.2. Assume that 𝔐 ⊂ ℋ−1(h) for some h ∈ R. Then, the following conditions are 
equivalent:
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(i) for every z ∈𝔐, the dimension of the linear space

ℱ = {︁
w ∈ Tz(ℋ−1(h)) : w = Pzw + λJ∇ℋ(z), for some λ ∈R

}︁
equals the dimension of 𝔐 (here Tz means the tangent space);

(ii) for every z ∈ 𝔐, the dimension of the linear space of T (z)-periodic solutions of the prob
lem {︄

Jw′ = ∇2ℋ(z(t))w + γ∇ℋ(z(t)), for some γ ∈ R,

⟨∇ℋ(z(t)),w⟩ ≡ 0,
(4.8)

equals the dimension of 𝔐;
(iii) for every z ∈ 𝔐, the dimension of ker(d2ℬ(ζ, T (z))) equals the dimension of 𝔐, where 

ζ(s) = z(T (z)s).

Moreover, if system (4.7) has the form (2.6) with d = 2 and 𝔐 = Π(ℳ2), with ℳ2 and Π
defined in (3.4) and (3.5) respectively, then the above conditions are equivalent to

(iv) it holds that

det

(︄
∇2𝒦0(I

∗) ∇𝒦0(I
∗)⊤

∇𝒦0(I
∗) 0

)︄
≠ 0,

where 𝒦0 is the Hamiltonian in action-angle coordinates (see (3.6)) and I ∗ is the action 
corresponding to ℳ2 via (3.7).

According to the above proposition, a manifold 𝔐 is called non-degenerate for the fixed
energy problem if it satisfies one (and, hence, all) of the conditions (i), (ii) and (iii) therein. The 
equivalence between these three conditions has been already discussed in [40]; however for the 
reader’s convenience we review these arguments in the proof below.

Proof of Proposition 4.2. In order to prove that (i) and (ii) are equivalent, we show that w is a 
T (z)-periodic solution of (4.8) if and only if w(0) ∈ ℱ . In fact, if w is a T (z)-periodic solution 
of (4.8), then ˜︁w(t) := w(t) + γ tJ∇ℋ(z(t)) satisfies J ˜︁w′ = ∇2ℋ(z(t))˜︁w, and so ˜︁w(T (z)) =
Pz˜︁w(0). Moreover,

˜︁w(0) = w(0), ˜︁w(T (z)) = w(T (z)) + γ T (z)J∇ℋ(z(0)),

and

(I − Pz)w(0) = ˜︁w(0) − ˜︁w(T (z)) = −γ T (z)J∇ℋ(z(0)).

Furthermore, ⟨∇ℋ(z(0)),w(0)⟩ = 0, finally proving that w(0) ∈ ℱ . On the other hand, if w0 ∈ ℱ
and ˜︁w is the solution of the Cauchy problem
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J ˜︁w′ = ∇2ℋ(z(t))˜︁w,˜︁w(0) = w0,

the function w(t) := ˜︁w(t) − λtJ∇ℋ(z(t)) satisfies

Jw′ = ∇2ℋ(z(t))w + λ∇ℋ(z(t)),

and

w(T (z)) = ˜︁w(T (z)) − λT (z)J∇ℋ(z(T (z))) = Pzw0 − λT (z)J∇ℋ(z(0)) = w0 = w(0).

Straightforward computations show that

d 
dt

⟨∇ℋ(z(t)),w(t)⟩ = 0, (4.9)

hence ⟨∇ℋ(z(t)),w(t)⟩ = ⟨∇ℋ(z(0)),w0⟩ = 0 for all t . We conclude that w is a T (z)-periodic 
solution of (4.8).

We now show the equivalence between (ii) and (iii). Let μ ∈ H
1/2
1 and σ ∈ R be such that 

(μ,σ ) ∈ ker(d2ℬ(ζ, T (z))), that is

d2ℬ(ζ, T (z))[(μ,σ ), (ν, τ )] = 0 (4.10)

for every ν ∈ H
1/2
1 and τ ∈ R, cf. (4.6). In particular, taking τ = 0, we find that

ℓ1(μ, ν) − T (z)

1 ∫︂
0 

⟨∇2ℋ(ζ(s))μ(s), ν(s)⟩ ds − σ

1 ∫︂
0 

⟨∇ℋ(ζ(s)), ν(s)⟩ ds = 0

for every ν ∈ H
1/2
1 , which means that μ is a 1-periodic solution of

Jμ′ = T (z)∇2ℋ(z(s))μ + σ∇ℋ(z(s)).

Therefore, w(t) := μ(t/T (z)) is a T (z)-periodic solution of the differential equation in (4.8)
with γ = σ/T (z). Next, taking ν = 0 in (4.10), we find that

0 =
1 ∫︂

0 

⟨∇ℋ(ζ(s)),μ(s)⟩ ds =
T (z)∫︂
0 

⟨∇ℋ(z(t)),w(t)⟩ dt.

Observing that the integrand is constant (cf. (4.9)), we infer that w satisfies the second equation 
in (4.8) too. On the other hand, if w is a T (z)-periodic solution of (4.8) for some γ ∈ R, then 
the same argument shows that (μ(s), σ ) = (w(T (z)s), T (z)γ ) belongs to ker(d2ℬ(ζ, T (z))). 
Summing up, (ii) and (iii) are equivalent.

Let us finally deal with (iv). As already observed in the proof of Proposition 4.1, the lin
earization of (3.6) along a solution of 𝔐 = Π(ℳ2) (note that the period is constant along the 
manifold) yields the monodromy
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Q(X,Y ) = (X,T ∇2𝒦0(I
∗)X + Y).

Let us consider the linear space

𝒢 = {︁
(X,Y ) ∈ T(I∗,ϕ)𝒦−1

0 (h) : (X,Y ) = Q(X,Y ) + λ(0,∇𝒦0(I
∗)), for some λ ∈R

}︁
,

where (meaning, with a slight abuse, 𝒦0 as a function of both I and ϕ)

T(I∗,ϕ)𝒦−1
0 (h) = {︁

(X,Y ) ∈R2 ×R2 : ⟨∇𝒦0(I
∗),X⟩ = 0

}︁
.

Recalling that Π(ℳ2) has dimension two, we claim that

dim𝒢 = dim (Π(ℳ2)) ⇐⇒ det

(︄
∇2𝒦0(I

∗) ∇𝒦0(I
∗)⊤

∇𝒦0(I
∗) 0

)︄
≠ 0.

Indeed, dim𝒢 ≥ 2 since (0, Y ) ∈ 𝒢 for every Y ∈ R2; hence, dim𝒢 > 2 if and only if there are 
λ ∈ R and X ∈ R2 \ {0} such that

⟨∇𝒦0(I
∗),X⟩ = 0 and ∇2𝒦0(I

∗)X = λ∇𝒦0(I
∗).

This is equivalent to say that the (2 + 1) × (2 + 1) homogeneous linear system defined by the 
matrix (︄

∇2𝒦0(I
∗) ∇𝒦0(I

∗)⊤

∇𝒦0(I
∗) 0

)︄

admits non-trivial solutions (note that a non-trivial solution of the form (λ∗,0) cannot exist, 
since ∇𝒦0(I

∗) ≠ 0), from which the claim follows. Since ℱ and 𝒢 are isomorphic (see [20, 
Appendix A]), we infer the equivalence between (iv) and (i). □
Remark 4.3. If the Hamiltonian system (4.7) comes, via Legendre transformation, from a 
Lagrangian system (as in the case of system (2.6)), a further equivalent formulation of non
degeneracy can be given in terms of the kernel of the second differential of the Lagrangian action 
functional

ℐ(x) =
T∫︂

0 

ℒ(x(t), ẋ(t)) dt, x is T -periodic,

and of the free-period Lagrangian action functional

𝒥 (γ, T ) = T

1 ∫︂
0 

(︁
ℒ(γ (s), γ̇ (s)/T ) − h

)︁
ds, γ is 1-periodic,
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respectively (computations in the fixed-energy case are slightly more delicate, since the func
tional 𝒥 depends in a more involved manner from the variable T , see for instance [2, Ap
pendix A]).

We also point out that, for a Lagrangian system of the type ẍ = ∇W(x), the fixed-energy 
problem can be formulated as a critical point problem for the Maupertuis functional

ℳ(γ ) =
1 ∫︂

0 

|γ̇ (s)|2 ds

1 ∫︂
0 

(W(γ (s)) + h) ds, γ is 1-periodic.

Accordingly a further notion of non-degeneracy arises considering the kernel of the second dif
ferential of ℳ, see [5]: it can be checked that this notion agrees with the previous ones as well. 
In the relativistic case, a Maupertuis-type functional has been introduced in [19]: the equivalence 
of the associated non-degeneracy conditions could be investigated. ◁
5. Statement and proof of the main results

In this section we state and prove our main results dealing with the equation

d 
dt

(︁
φ(ẋ)

)︁ = V ′(|x|) x

|x| + Eε(t, x) + ẋ ∧ Bε(t, x), x ∈R3 \ {0}, (5.1)

where, of course, we continue to assume the hypotheses (H1), (H2) and (H3) listed in the Intro
duction. More precisely, in what follows we consider both the T -periodic problem⎧⎪⎨⎪⎩

d 
dt

(︁
φ(ẋ)

)︁ = V ′(|x|) x

|x| + Eε(t, x) + ẋ ∧ Bε(t, x), x ∈R3 \ {0},
(x(0), ẋ(0)) = (x(T ), ẋ(T )),

(5.2)

as well as, in the case when Uε and Aε do not depend on time, the fixed-energy periodic problem⎧⎪⎪⎪⎨⎪⎪⎪⎩
d 
dt

(︁
φ(ẋ)

)︁ = V ′(|x|) x

|x| + Eε(x) + ẋ ∧ Bε(x), x ∈R3 \ {0},
(x(0), ẋ(0)) = (x(T ), ẋ(T )),

ℰε(x, ẋ) ≡ h,

(5.3)

where h ∈ R, the energy ℰε is defined as

ℰε(x, v) = G(|φ(v)|) − V (|x|) − Uε(x),

cf. (1.11), and T > 0 is unprescribed. Note that a solution to (5.3) is thus a pair (x, T ), where 
x is a periodic solution of the differential equation, with ℰε(x, ẋ) ≡ h, and T is a period (not 
necessarily the minimal one) for x.

The plan of the section is the following. In Section 5.1, we first provide two abstract bifurca
tion theorems, giving the existence of bifurcating solutions to (5.2) and (5.3), respectively, when 
the existence of a non-degenerate periodic manifold ℳ of the unperturbed problem is assumed 
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a priori. Then, in Section 5.2, we finally give our main results, proving bifurcation from the pe
riodic manifold ℳ3, see (1.13), provided that a non-degeneracy condition is assumed for the 
unperturbed planar problem.

5.1. Abstract bifurcation theorems

In the following results, we assume the existence of a compact manifold ℳ of non-constant 
non-rectilinear periodic solutions of the unperturbed problem

d 
dt

(︁
φ(ẋ)

)︁ = V ′(|x|) x

|x| , x ∈R3 \ {0}, (5.4)

which will be required to have either fixed period (in the case of Theorem 5.1) or fixed energy 
(in the case of Theorem 5.2). From now on, with a slight abuse of notation, we systematically 
identify ℳ with the manifold 𝔐 of periodic solutions (x,p) = (x,φ(ẋ)) of the associated 
Hamiltonian system in R6, see (2.6); in particular, we agree to say that ℳ is non-degenerate 
in the sense of Proposition 4.1 or Proposition 4.2 if 𝔐 is.

Here are the statement of our results, dealing respectively with the fixed-period problem (5.2)
and with the fixed-energy problem (5.3).

Theorem 5.1. Let ℳ be a compact manifold of non-constant non-rectilinear T -periodic solu
tions for the unperturbed problem (5.4). Moreover, assume that ℳ is non-degenerate in the sense 
of Proposition 4.1. Then, for every σ > 0, there exists ε∗ > 0 such that for every ε ∈ (−ε∗, ε∗)
there are m := cat(ℳ) solutions xi of (5.2) and x∗

i ∈ ℳ (i = 1, . . . ,m) such that

|xi(t) − x∗
i (t)| < σ, for every t ∈ [0, T ], (5.5)

for i = 1, . . . ,m.

Theorem 5.2. Let ℳ be a compact manifold of non-constant non-rectilinear periodic solutions 
for the unperturbed problem (5.4) satisfying, for some h ∈R,

ℰ0(x(t), ẋ(t)) ≡ h, for every x ∈ ℳ.

Moreover, assume that a smooth choice ℳ ∋ x ↦→ T (x) can be made for a period of x and that 
ℳ is non-degenerate in the sense of Proposition 4.2. Then, for every σ > 0, there exists ε∗ > 0
such that for every ε ∈ (−ε∗, ε∗) there are a solution (x, T ) of (5.3) and x∗ ∈ ℳ such that 
|T − T (x∗)| < σ and

|x(t) − x∗(t)| < σ, for every t ∈ [0, T ]. (5.6)

Conditions (5.5) and (5.6) ensure that the obtained solutions remain, for ε → 0, arbitrarily 
close to the periodic manifold ℳ: in this sense, we agree to say that they bifurcate from ℳ
(note that in the fixed-energy case also the periods are close, due to |T − T (x∗)| < σ ). We point 
out that, as it will be clear from the proofs, it holds that |φ(ẋ(t)) − φ(ẋ∗(t))| < σ for every 
t ∈ [0, T ], as well. A couple of further remarks about the statements are now in order.

24 



A. Boscaggin, G. Feltrin and D. Papini Journal of Differential Equations 470 (2026) 114423 

Remark 5.3. While Theorem 5.1 provides m = cat(ℳ) solutions of the fixed-period problem 
(5.2), just one solution is obtained for the fixed-energy problem (5.3) using Theorem 5.2. The 
reason for this difference lies in the fact that, while the non-autonomous perturbed problem 
(5.2) breaks in general all the invariances (rotations, time-translations and time-inversions) of 
the unperturbed problem, the autonomous perturbed problem (5.3) is still invariant by time
translation (and by time-inversion if Bε ≡ 0): thus, in principle, multiple bifurcating solutions 
could be in the same equivalence class for such invariances. A way to overcome this difficulty 
could be that of working in a suitable quotient space and using an equivariant version of the 
Lusternik–Schnirelmann category, as done, for instance, in [5] (see, in particular, Remark 4 
therein). However, the computation of the equivariant category is typically very difficult and, 
in particular, we do not know a way to compute it in the setting treated in Section 5.2. For this 
reason, we have preferred to state Theorem 5.2 in a simpler form, avoiding at all any multiplicity 
claim. ◁
Remark 5.4. Even if, for the sake of simplicity in the exposition, we have stated Theorem 5.1
and Theorem 5.2 for the three-dimensional equation (5.1), the very same results hold for the 
d-dimensional system, with d ≥ 2,

d 
dt

(︁
φ(ẋ)

)︁ = V ′(|x|) x

|x| + Eε(t, x) + Cε(t, x)ẋ, x ∈ Rd \ {0}, (5.7)

where Uε : R× (Rd \ {0}) → R, Aε : R× (Rd \ {0}) →Rd , and

Eε(t, x) = ∇xUε(t, x) − ∂

∂t
Aε(t, x), Cε(t, x) = (DxAε(t, x))⊤ − DxAε(t, x).

Indeed, it will be clear that the proofs of Theorem 5.1 and Theorem 5.2 work for the Hamiltonian 
(2.4) in any dimension d ≥ 2 and such a Hamiltonian provides the Lagrangian system (5.7). For 
d = 3, due to (2.1), this system coincides with (5.1). Notice that for d = 2 we have instead

Cε(t, x) = (∂x2A
1
ε(t, x) − ∂x1A

2
ε(t, x))J,

with J as in (3.3). In particular, taking Aε(t, x) = ε(x2,0), we obtain an equation of the form

d 
dt

(︁
φ(ẋ)

)︁ = V ′(|x|) x

|x| + ∇xUε(t, x) + εJ ẋ, x ∈ R2 \ {0}.

This kind of structure is typical of restricted problems of celestial mechanics when passing to a 
rotating system of reference (cf. [38]). ◁

The proofs of Theorem 5.1 and Theorem 5.2 rely on a variational approach, based on the 
use, respectively, of the Hamiltonian action functional and of the free-period Hamiltonian ac
tion functional introduced in Section 4.1 (the reason to adopt a Hamiltonian formulation instead 
of the Lagrangian one, see Remark 4.3, comes from regularity issues, see [20, Remark 3.3]). 
Precisely, we are going to apply an abstract perturbation theorem (see [8, Theorem 2.1] and the 
references therein), which we recall here for the reader’s convenience, in the version stated in 
[30, Theorem 10.8].
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Theorem 5.5. Let H be a real Hilbert space, Ω ⊂ H be an open set, and ℱε : Ω →R be a family 
of twice continuously differentiable functions depending smoothly on ε. Moreover, let 𝔑⊂ Ω be 
a compact manifold (without boundary) such that:

(i) dℱ0(y) = 0, for every y ∈ 𝔑;
(ii) d2ℱ0(y) is a Fredholm operator of index zero, for every y ∈𝔑;

(iii) Ty𝔑 = ker(d2ℱ0(y)), for every y ∈ 𝔑.

Then, for every neighborhood U of 𝔑, there exists ε∗ > 0 such that, if ε ∈ (−ε∗, ε∗), the func
tional ℱε has at least cat(𝔑) critical points in U .

Let us consider equation (5.1), which, as discussed in Section 2, can be written in an equivalent 
way as the Hamiltonian system associated with the Hamiltonian ℋε defined in (2.4), which from 
now on we write as

ℋε(t, x,p) = G(|p|) − V (|x|) +ℛε(t, x,p),

with

ℛε(t, x,p) = −Uε(t, x) + G(|p − Aε(t, x)|) − G(|p|).

Since ℋε is singular at x = 0 and exhibits a possible lack of smoothness at p = Aε(t, x), we are 
not allowed to write down the corresponding action functionals as described in Section 4.1: the 
fact that we can work locally around a compact manifold 𝔑 is, in itself, not enough to remedy 
the difficulty, since functions in the Hilbert space H 1/2 are not bounded, in general.

To overcome this issue, the strategy will be that of defining a modified Hamiltonian ˆ︁ℋε and 
then checking, with an ad-hoc argument, that periodic solutions of the modified system also solve 
the original one. More precisely, we argue as follows. First, we observe that, since the compact 
manifold ℳ does not contain rectilinear solutions of (5.4), then

x(t) ≠ 0 and φ(ẋ(t)) ≠ 0, for every t ∈R,

for every x ∈ℳ and so, by the compactness of ℳ, there are r1, r2, ρ1, ρ2 > 0 such that

0 < r1 ≤ |x(t)| ≤ r2, 0 < ρ1 ≤ |φ(ẋ(t))| ≤ ρ2, for every t ∈R. (5.8)

Accordingly, we consider two smooth functions χ1, χ2 : [0,+∞) → [0,+∞) such that

χ1(s) =
{︄

1, if s ∈ [︁
r1
2 ,2r2

]︁
,

0, if s ∈ [︁
0, r1

4 
]︁ ∪ [4r2,+∞),

χ2(s) =
{︄

1, if s ∈ [︁
ρ1
2 ,2ρ2

]︁
,

0, if s ∈ [︁
0,

ρ1
4 

]︁ ∪ [4ρ2,+∞).

Finally, for every (t, x,p) ∈R×R3 ×R3, we define

ˆ︁ℋε(t, x,p) = ˆ︁G(|p|) − ˆ︁V (|x|) + ˆ︁ℛε(t, x,p),

where
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ˆ︁G(|p|) = χ2(|p|)G(|p|),ˆ︁V (|x|) = χ1(|x|)V (|x|),ˆ︁ℛε(t, x,p) = χ1(|x|)χ2(|p|)ℛε(t, x,p).

Note that ˆ︁ℋε is two times differentiable with respect to (x,p) and that both ˆ︁ℋε and their deriva
tives up to order two are continuous with respect to (t, x,p) and globally bounded. Moreover, it 
is easy to check that for every δ > 0 there exists ε̃(δ) > 0 such that for every ε ∈ (−ε̃(δ), ε̃(δ)) it 
holds that

|ˆ︁ℛε(t, x,p)| + |D(x,p)
ˆ︁ℛε(t, x,p)| ≤ δ, for every (x,p) ∈R3 ×R3. (5.9)

The next key result ensures that, under appropriate conditions, periodic solutions of system 
(2.3) can be obtained via periodic solutions of the modified Hamiltonian system

ẋ = ∇p
ˆ︁ℋε(t, x,p), ṗ = −∇x

ˆ︁ℋε(t, x,p). (5.10)

We stress that in the statement below T stands for the (fixed) period of the Hamiltonian ℋε when 
we deal with the fixed-period problem; on the other hand T is an unprescribed period when 
the Hamiltonian ℋε is autonomous and we deal with the fixed-energy problem. Accordingly, 
if z = (x,p) ∈ ℳ, then we denote by T (z) = T (x) the chosen period of z in the fixed-energy 
problem (cf. Theorem 5.2), while we agree that T (z) = T in the fixed-period case (and, thus, the 
term |T − T (z∗)| appearing in (5.11) below is equal to zero).

Lemma 5.6. For every σ > 0 there exist ε̂, η̂ > 0 such that, if ε ∈ (−ε̂, ε̂), η ∈ (0, η̂) and z =
(x,p) is a T -periodic solution of (5.10) satisfying

∥z(T s) − z∗(T (z∗)s)∥H
1/2
1

+ |T − T (z∗)| < η, (5.11)

for some z∗ = (x∗,p∗) ∈ℳ, then

|x(t) − x∗(t)| + |p(t) − p∗(t)| < σ, (5.12)

for every t ∈ [0, T ]. In particular, if σ < min{r1, ρ1}/2, then z = (x,p) is a T -periodic solution 
of (2.3) (and, thus, x is a T -periodic solution of (5.1)).

Proof. Given σ > 0, let z = (x,p) be a T -periodic solution of (5.10) satisfying (5.11) for some 
η > 0. We first impose that η̂ < min{T (z) : z ∈ ℳ}/2 in such a way that

1

2
min 
z∈ℳ

T (z) ≤ T ≤ max 
z∈ℳ

T (z) + 1

2
min 
z∈ℳ

T (z). (5.13)

By the continuous embedding of H 1 into L∞ we have

|x(t) − x∗(t)| ≤ C
(︁∥x − x∗∥L2(0,T ) + ∥ẋ − ẋ∗∥L2(0,T )

)︁
, for every t ∈ R,
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for a suitable constant C > 0 which can be taken independent of T in view of (5.13). Using the 
equations satisfied by x and x∗ (note that G(|p∗|) = ˆ︁G(|p∗|)) we find

∥ẋ − ẋ∗∥L2(0,T ) ≤ ∥∇ˆ︁G(|p|) − ∇ˆ︁G(|p∗|)∥L2(0,T ) + ∥∇p
ˆ︁ℛε(t, x,p)∥L2(0,T )

≤ M1∥p − p∗∥L2(0,T ) + δT 1/2,

where in the last inequality we have used the global Lipschitz-continuity of ∇ˆ︁G and (5.9) as
suming that ε ∈ (−ε̃(δ), ε̃(δ)). Summing up,

|x(t) − x∗(t)| ≤ C∥x − x∗∥L2(0,T ) + CM1∥p − p∗∥L2(0,T ) + CδT 1/2

≤ C(1 + M1)∥z − z∗∥L2(0,T ) + CδT 1/2, for every t ∈R.

Now we estimate

∥z − z∗∥2
L2(0,T )

=
T∫︂

0 

|z(t) − z∗(t)|2 dt = T

1 ∫︂
0 

|z(T s) − z∗(T s)|2 ds

≤ 2T

⎛⎝ 1 ∫︂
0 

|z(T s) − z∗(T (z∗)s)|2 ds +
1 ∫︂

0 

|z∗(T (z∗)s) − z∗(T s)|2 ds

⎞⎠
≤ 2T

(︄
∥z(T s) − z∗(T (z∗)s)∥2

L2(0,1)
+

(︃
max
t∈R 

|ż∗(t)|
)︃2

|T (z∗) − T |2
)︄

≤ 2T

(︄
∥z(T s) − z∗(T (z∗)s)∥2

H
1/2
1

+
(︃

max 
z∈ℳ

max
t∈R 

|ż(t)|
)︃2

|T (z∗) − T |2
)︄

≤ 2T η2

(︄
1 +

(︃
max 
z∈ℳ

max
t∈R 

|ż(t)|
)︃2

)︄
.

Recalling also (5.13), we finally find

|x(t) − x∗(t)| ≤ C1η + C2δ, for every t ∈ [0, T ],

where C1,C2 are positive constants which depend only on ℳ. A completely analogous argument 
leads to

|p(t) − p∗(t)| ≤ C3η + C4δ, for every t ∈ [0, T ],

where C3,C4 are positive constants which depend only on ℳ. For small enough η and δ (and 
thus ε) the estimate (5.12) thus follows. In particular, if σ < min{r1, ρ1}/2, then, taking into 
account (5.8), we deduce that

r1

2 
< r1 − σ < |x(t)| < r2 + σ < 2r2, 

ρ1

2 
< ρ1 − σ < |p(t)| < ρ2 + σ < 2ρ2,
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for every t ∈ [0, T ] and thus z = (x,p) solves the original system (2.3). □
Proof of Theorem 5.1. We consider the Hamiltonian system (5.10) associated with ˆ︁ℋε . In view 
of the regularity and growth properties of ˆ︁ℋε, as discussed in Section 4.1, the T -periodic problem 
associated with (5.10) is equivalent to the search of critical points for the Hamiltonian action 
functional 𝒜ε : H

1/2
T →R given by

𝒜ε(z) = 1

2
ℓT (z, z) −

T∫︂
0 

ˆ︁ℋε(t, z(t)) dt.

Choosing 𝔑= ℳ, we claim that Theorem 5.5 can be applied.
Indeed, assumption (i) trivially holds true since ˆ︁ℋ0 and ℋ0 coincide on an open region con

taining the orbit of any element of ℳ. For the same reason, condition (iii) is equivalent to the 
non-degeneracy of ℳ in view of Proposition 4.1. Finally, the validity of the Fredholm property 
in (ii) has already been discussed in Section 4.1.

Let us fix σ ∈ (0,min{r1, ρ1}/2) and let ε̂ and η̂ be given by Lemma 5.6. Choosing η ∈ (0, η̂)

we consider the open neighborhood

Uη = {︁
z ∈ H

1/2
T : dist(z,𝔑) < η

}︁ ⊃ 𝔑.

Then Theorem 5.5 yields ε∗ ∈ (0, ε̂) such that, if ε ∈ (−ε∗, ε∗), the Hamiltonian system (5.10)
possesses at least cat(𝔑) T -periodic solutions belonging to Uη. By Lemma 5.6, these solutions 
solve system (2.3) and satisfy (5.5). The theorem is thus proved. □
Proof of Theorem 5.2. We consider the Hamiltonian system (5.10) associated with ˆ︁ℋε , which 
now does not depend on time. In view of the regularity and growth properties of ˆ︁ℋε, as discussed 
in Section 4.1 the fixed-energy (that is, ˆ︁ℋε(z) = h) periodic problem associated with (5.10)
is equivalent to the search of critical points for the free-period action functional ℬε : H

1/2
1 ×

(0,+∞) →R given by

ℬε(ζ, T ) = 1

2
ℓ1(ζ, ζ ) − T

1 ∫︂
0 

( ˆ︁ℋε(ζ(s)) − h) ds.

Denoting by T (z) the chosen period T (x) of z = (x,p) ∈ℳ, we define the manifold

𝔑 = {︁
(z(T (z)s), T (z)) : z ∈ ℳ

}︁
.

Similarly as in the proof of Theorem 5.1, one can check that Theorem 5.5 applies; in particular 
the non-degeneracy assumption (iii) holds by Proposition 4.2.

Let us fix σ ∈ (0,min{r1, ρ1}/2) and let ε̂ and η̂ be given by Lemma 5.6. Choosing η ∈ (0, η̂)

we consider the open neighborhood

Uη = {︁
(ζ, T ) ∈ H

1/2
1 × (0,+∞) : dist((ζ, T ),𝔑) < η

}︁ ⊃ 𝔑.
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Then Theorem 5.5 yields ε∗ ∈ (0, ε̂) such that, if ε ∈ (−ε∗, ε∗), the functional ℬε possesses 
at least 1 (≤ cat(𝔑), cf. Remark 5.3) critical point (ζ, T ) ∈ Uη . Then, the rescaled function 
z(t) = ζ(t/T ) is a T -periodic solution of energy h of the Hamiltonian system (5.10) satisfying 
(5.11). By Lemma 5.6, z solves (2.3) and satisfies (5.6) and |T −T (x∗)| < σ provided that η < σ . 
The theorem is thus proved. □
Remark 5.7. Since Theorem 5.1 and Theorem 5.2 are valid in any dimension (see Remark 5.4) 
and for every non-degenerate periodic manifold ℳ, they can be applied in a variety of differ
ent situations, thus recovering some results already proved with other techniques. For instance, 
they can be used to establish bifurcation from non-circular solutions in the plane, previously 
investigated in [16] and [18], for the fixed-period and fixed-energy problems respectively, with 
arguments of Hamiltonian perturbation theory (note that the non-degeneracy conditions on the 
Hamiltonian 𝒦0 in action-angle coordinates used in [16,18] are equivalent to the non-degeneracy 
conditions of Theorem 5.1 and Theorem 5.2). Moreover, Theorem 5.2 can be applied to the case 
of bifurcation from circular solutions (in the plane or in the space) for the fixed-energy problem, 
recently tackled in [20] using the Hamiltonian bifurcation theory developed in [39,40]. The
orem 5.1 and Theorem 5.2 thus show that all these situations (circular/non-circular solutions, 
dimension two/three, fixed-period/fixed-energy) can be treated in a unified manner, always rely
ing on the abstract bifurcation Theorem 5.1, via the H 1/2-Hamiltonian variational formulation 
described in this section.

It is worth observing that Theorem 5.2 could also be established as a direct corollary of the re
sults in [39,40], providing bifurcation of fixed-energy solutions in the even more general setting 
of Hamiltonian systems on symplectic manifolds. The proof given in [40] relies on variational 
arguments, as well; however, due to the more general and geometrical setting, 𝒞∞-smoothness 
is assumed and a different functional setting is introduced: consequently a direct application of 
Theorem 5.1 is not possible and the arguments become rather complicated. For these reasons, 
we thought it appropriate to provide, in the setting of equation (5.1), an alternative and simpler 
treatment of the fixed-energy problem. We stress that this is done by using the H 1/2-Hamiltonian 
formulation, which is nowadays classical for the fixed-period problem: in this way, the asymme
try of the existing literature seems to be overcome. ◁
5.2. The main results

We now consider the unperturbed problem (5.4) and assume the existence of a non-circular 
(thus non-constant) non-rectilinear periodic solution x∗ which, without loss of generality, is re
quired to lie on the plane x3 = 0. Accordingly, we consider the manifold

ℳ2 = {︁
eiϕπ(x∗(t − θ)) : ϕ, θ ∈R

}︁
, (5.14)

where π : R3 → R2 is defined as π(x1, x2, x3) = (x1, x2). Note that ℳ2 is a manifold of non
circular periodic solutions of the unperturbed problem (5.4) in dimension 2, cf. (3.4).

With this in mind, the following theorems can be stated.

Theorem 5.8. Let x∗ be a non-circular non-rectilinear T -periodic solution for the unperturbed 
problem (5.4) and assume that the manifold ℳ2 defined in (5.14) is non-degenerate in the sense 
of Proposition 4.1. Then, for every σ > 0, there exists ε∗ > 0 such that for every ε ∈ (−ε∗, ε∗)
there are five solutions xi of (5.2) and Mi ∈ O(3), θi ∈ R (i = 1, . . . ,5) such that
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|xi(t) − Mix
∗(t − θi)| < σ, for every t ∈ [0, T ], (5.15)

for i = 1, . . . ,5.

Theorem 5.9. Let x∗ be a non-circular non-rectilinear T ∗-periodic solution for the unperturbed 
problem (5.4) (for some T ∗ > 0) and assume that the manifold ℳ2 defined in (5.14) is non
degenerate in the sense of Proposition 4.2, with h = ℰ0(x

∗(t), ẋ∗(t)). Then, for every σ > 0, 
there exists ε∗ > 0 such that for every ε ∈ (−ε∗, ε∗) there are a solution (x, T ) of (5.3) and 
M ∈ O(3) such that |T − T ∗| < σ and

|x(t) − Mx∗(t)| < σ, for every t ∈ [0, T ]. (5.16)

Remark 5.10. In view of the description of the periodic manifold ℳ3 given in the proof of 
Proposition 3.1, in (5.15) one can take Mi ∈ SO(3) and θi ∈ [0, τ ∗), where τ ∗ is the minimal 
period of |x∗|. Similarly, in (5.16) it is possible to choose M ∈ SO(3); notice that here a time
translation is not needed (that is, we can assume θ = 0), since any time-translation of a solution 
of (5.3) is still a solution of (5.3). ◁

The proofs of Theorem 5.8 and Theorem 5.9 will be obtained by showing that the required 
non-degeneracy of ℳ2 implies that the manifold

ℳ3 = {︁
Mx∗(t − θ) : M ∈ O(3), θ ∈R

}︁
of periodic solutions of (5.4) is non-degenerate as well, in such a way that Theorem 5.1 or, 
respectively, Theorem 5.2 can be applied. Note that cat(ℳ3) = 5 by Proposition 3.1 and this 
explains the number of solutions in the statement of Theorem 5.8.

Proof of Theorem 5.8. Let x ∈ ℳ3. Since dim(ℳ3) = 4 by Proposition 3.1, we need to show 
that the linearization along x of the Hamiltonian system⎧⎨⎩ẋ = φ−1(p),

ṗ = V ′(|x|) x

|x| ,
(x,p) ∈ (︁

R3 \ {0})︁ ×R3, (5.17)

has a 4-dimensional kernel of T -periodic solutions. Without loss of generality, due to the in
variances of the equation, we can assume that x = x∗, whose orbits lie in the plane x3 = 0. As 
discussed in Section 3.2, in suitable partial action-angle coordinates, (5.17) writes as{︄

İi = 0, ϕ̇i = ∂Ii
𝒦0(I1, I2), i = 1,2,

Ξ̇ = 0, ξ̇ = 0,
(5.18)

where 𝒦0 is the Hamiltonian of the planar problem in action-angle coordinates and I ∗ is the 
action value corresponding to ℳ2, see Section 3.1. The monodromy Q : R6 → R6 associated to 
(5.18) is

Q(X,Y,α,β) = (X,T ∇2𝒦0(I
∗)X + Y,α,β), (X,Y,α,β) ∈R2 ×R2 ×R×R,
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and thus

ker(I − Q) = {︁
(X,Y,α,β) ∈ R6 : ∇2𝒦0(I

∗)X = 0
}︁
.

Since the periodic manifold ℳ2 is non-degenerate by hypothesis, Proposition 4.1 (iv) ensures 
that det∇2𝒦0(I

∗) ≠ 0. Therefore,

ker(I − Q) = {0} ×R2 ×R×R

and thus its dimension is four. Since this property is invariant by change of coordinates (cf. [20, 
Appendix A]), the proof is concluded. □
Proof of Theorem 5.9. Similarly as in the proof of Theorem 5.8, we fix x = x∗ ∈ℳ3 and, after 
passing to partial action-angle coordinates, we consider the monodromy

Q(X,Y,α,β) = (X,T ∗∇2𝒦0(I
∗)X + Y,α,β), (X,Y,α,β) ∈ R2 ×R2 ×R×R.

According to [20, Appendix A], the non-degeneracy condition can be verified directly for the 
operator Q. Precisely, setting

𝒢 = {︁
(X,Y,α,β) ∈ T(I∗,ϕ,Ξ,ξ)𝒦−1

0 (h) :
(X,Y,α,β) = Q(X,Y,α,β) + λ(0,∇𝒦0(I

∗),0,0), for some λ ∈R
}︁

= {︁
(X,Y,α,β) ∈R6 : ⟨(X,∇𝒦0(I

∗)⟩ = 0,

(0, T ∗∇2𝒦0(I
∗)X,0,0) = λ(0,∇𝒦0(I

∗),0,0), for some λ ∈R
}︁
,

the condition to be checked is now that dim(𝒢) = dim(ℳ3) = 4. Arguing exactly as in the final 
part of the proof of Proposition 4.2, one can check that this is true if and only if

det

(︄
∇2𝒦0(I

∗) ∇𝒦0(I
∗)⊤

∇𝒦0(I
∗) 0

)︄
≠ 0,

that is, by Proposition 4.2, if and only if ℳ2 is non-degenerate. The proof is thus complete. □
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