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Abstract. We study Hardy type inequalities involving mixed cylindrical and spherical weights, for functions

supported in cones. These inequalities are related to some singular or degenerate differential operators.
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1 Introduction

We deal with the best constant mp,a,b(C) in inequalities of the type

mp,a,b(C)
ˆ

C

|y|a|z|−b−p|u|p dz ≤
ˆ

C

|y|a|z|−b|∇u|p dz , u ∈ C∞c (C) , (1.1)

where C ⊆ Rd is a cone, that is a dilation-invariant open set, p > 1, a, b ∈ R and z = (x, y) is the

variable in Rd ≡ Rd−k×Rk. Inequality (1.1) includes the well known case of purely spherical weights;

for this reason we assume that 1 ≤ k < d and a 6= 0.

Our starting motivation arose from the growing interest, inspired by [1], in differential operators

of the form

Lu = −div(|y|aA(z)∇u) . (1.2)

Indeed, in case p = 2, the right hand side in (1.1) is the quadratic form associated to the differential

operator L, where A(z) = |z|−b Id. Starting with the seminal paper [5], large efforts have been spent

to investigate degenerate/singular operators including (1.2) (see for instance [2, 3] and references

therein). We refer also to the papers [13, 14, 16] by Susanna Terracini and collaborators. With respect

to [13] (even solutions), and [14] (odd solutions), the relevant cones are Rd and Rd+ = Rd−1 × (0,∞),

respectively.
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Remark 1 If C is the union of two disjoint cones C1, C2, then mp,a,b(C) = min{mp,a,b(C1),mp,a,b(C2)}.

Thus it would be enough to consider connected cones.

In dealing with (1.1), one is forced to assume that the weights involved are locally integrable on the

cone C. This leads us to distinguish different situations, depending on the position of C with respect

to the singular set

Σ0 := {y = 0}.

More precisely, the cone C = Rd needs k + a > 0 and d + a > p + b; if C ⊆ Rd \ {0} then we have to

require that

C ⊆ Rd \ Σ0 , or k + a > 0. (1.3)

In any case, a special role is played by the real constant

Hp,a,b =
d+ a

p
− p+ b

p
. (1.4)

We start with a simple result, that deals with the two largest cones (here, ∂r stands for the radial

derivative).

Theorem 1 Let k + a > 0. Then the inequality

|Hp,a,b|p
ˆ

Rd

|y|a|z|−b−p|u|p dz ≤
ˆ

Rd

|y|a|z|−b|∂ru|p dz (1.5)

holds for any u ∈ C∞c (Rd \ {0}), with a sharp constant in the left hand side.

In particular, mp,a,b(Rd \ {0}) = |Hp,a,b|p.

If d+ a > p+ b, then (1.5) holds for any u ∈ C∞c (Rd), and mp,a,b(Rd) = Hp
p,a,b.

Theorem 1 implies that the Hardy inequality (with mixed weights) in Rd\{0} holds with a positive

constant if and only if d+a 6= p+b. From the proof, see Section 3, it is evident that the corresponding

best constant is not achieved on any reasonable function space.

We point out a remarkable case. It is well known that(k + a− p
p

)p ˆ
Rd

|y|a−p|u|p dz ≤
ˆ

Rd

|y|a|∇u|p dz for any u ∈ C∞c (Rd), (1.6)
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provided that a > p − k, which is needed for the local integrability of the weight in the left-hand

side. Notice that in the threshold case a = p− k, the constant in (1.6) vanishes. In contrast, a Hardy

inequality involving mixed weights holds, as pointed out in the next statement.

Corollary 1 Let d > k. Then(d− k
p

)p ˆ
Rd

|y|p−k|z|−p|u|p dz ≤
ˆ

Rd

|y|p−k|∇u|p dz for any u ∈ C∞c (Rd).

The constant in the left hand side can not be improved.

From now on we deal with general cones C ⊂ Rd. We start with the superdegenerate case (cf. [16]).

Theorem 2 Let C ⊆ Rd \ {0}. If k + a ≥ p, then mp,a,b(C \ Σ0) = mp,a,b(C). In particular,

mp,a,b(Rd \ Σ0) = |Hp,a,b|p.

The next result is already known in case of purely spherical weights [11, Section 6]; see also [15]

for related issues in case p = 2. Here we denote by Π the restriction of the orthogonal projection

Π : Rd−k × Rk → {0} × Rk to the unit sphere Sd−1.

Theorem 3 Let C satisfy (1.3) and put ωC = Sd−1 ∩ C. Then mp,a,b(C) =Mp,a,b(ωC), where

Mp,a,b(ωC) = inf
ϕ∈C∞c (ωC)

ϕ6=0

ˆ
ωC

|Πσ|a(|∇σϕ|2 + H2
p,a,b|ϕ|2)

p
2 dσ

ˆ
ωC

|Πσ|a|ϕ|pdσ
.

Under the assumption (1.3), we can define the following weighted Sobolev spaces:

S1) D1,p
0 (C; |y|a|z|−bdz) is the completion of C∞c (C) with respect to the norm

‖u‖p =

ˆ

C

|y|a|z|−b
(
|∇u|p + |z|−p|u|p

)
dz ;

S2) W 1,p
0 (ωC ; |Πσ|adσ) is the completion of C∞c (ωC) with respect to the norm

|||ϕ|||p =

ˆ

ωC

|Πσ|a
(
|∇σϕ|p + |ϕ|p

)
dσ.
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The best constant Mp,a,b(ωC) is attained in W 1,p
0 (ωC ; |Πσ|adσ), due to the compactness of the

embedding W 1,p
0 (ωC ; |Πσ|adσ) ↪→ Lp(ωC ; |Πσ|adσ) given by Corollary 3 in Section 2. In contrast, the

next result holds.

Theorem 4 Let C satisfy (1.3). The infimum mp,a,b(C) is not achieved on D1,p
0 (C; |y|a|z|−bdz).

Theorem 3 shows, in particular, that mp,a,b(C) ≥ |Hp,a,b|p (notice that for k+ a > 0, this evidently

follows from Theorem 1) and that equality might occur, compare with Theorem 2. It is natural to

look for conditions that guarantee the validity of the strict inequality.

Since Mp,a,b(ωC) is achieved, we can easily infer conditions to have that

mp,a,b(C) > |Hp,a,b|p. (1.7)

Consider for instance the following situations:

i) Σ0 does not intersect ωC . Then |Πσ|a is bounded and bounded away from 0, so we are in fact

in the case a = 0. We have that the inequality (1.7) holds if the set Sd−1 \ωC is not p -negligible

in Sd−1, which means that the corresponding p -capacity is positive, see [9, Theorem 14.1.2].

ii) k + a < kp. Take q ∈ [1, p) such that q(k + a) < kp (recall that k + a can be negative). Then

(1.7) holds if the set Sd−1 \ωC is not q -negligible in Sd−1, as W 1,p
0 (ωC ; |Πσ|adσ) is embedded into

W 1,q
0 (ωC) by Hölder inequality.

Larger exponents a are included in the next statement.

Theorem 5 Let k + a ≥ kp. If k = 1, assume in addition that C ⊂ Rd+ = {y > 0} (otherwise,

Theorem 2 and Remark 1 can be applied). Then (1.7) holds provided that ∂ωC \Σ0 is not p -negligible

in Sd−1.

It not easy to calculate mp,a,b(ωC) for general cones and exponents. If a = 0 then Theorem 3 gives

m2,0,b(C) = inf
ϕ∈H1

0(ωC)

ϕ6=0

ˆ
ωC

(|∇σϕ|2 + H2
2,0,b|ϕ|2)dσ

ˆ
ωC

|ϕ|2dσ
= λ1(ωC) + |H2,0,b|2,
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where λ1(ωC) is the first eigenvalue of the Laplace-Beltrami operator on ωC with Dirichlet boundary

conditions.

For the cone Rd \ Σ0 we have the following result (here s+ = max{s, 0}).

Theorem 6 Let p = 2. Then m2,a,b(Rd \ Σ0) > |H2,a,b|2 if and only if k + a < 2. More precisely,

m2,a,b(Rd \ Σ0) = (d− k)(2− (k + a))+ + |H2,a,b|2.

In case k = 1, the singular set Σ0 = {y = 0} is a hyperplane which disconnects Rd. Thus from

Theorems 2, 6 we immediately obtain the next statement.

Corollary 2 i) If a ≥ p− 1, then mp,a,b(Rd+) = |Hp,a,b|p.

ii) If p = 2, then m2,a,b(Rd+) = (d− 1)(1− a)+ + |H2,a,b|2 for any a ∈ R.

In the Caffarelli-Silvestre [1] setting we have d = n + 1, a = 1 − 2s ∈ (−1, 1) and b = 0. In case

n > 2s (which is a restriction only if n = 1), the equality

inf
u∈C∞c (Rn+1)

ϕ 6=0

ˆ
Rn+1

|y|1−2s|∇u|2dz
ˆ
Rn+1

|y|1−2s|z|−2|u|2dz
=
(n− 2s

2

)2

(see for instance [6, Lemma 2.4], [10, formula (11)]), follows via Corollary 2 as well. On the half space

Rn+1
+ we have

inf
u∈C∞c (Rn+1

+ )

ϕ6=0

ˆ
Rn+1

+

|y|1−2s|∇u|2dz
ˆ
Rn+1

+

|y|1−2s|z|−2|u|2dz
=
(n+ 2s

2

)2
.

Notice that no restriction on s in case n = 1 is needed.

The paper is organized as follows. The preliminary Section 2 is mostly devoted to the properties of

the weighted Sobolev space W 1,p
0 (ω; |Πσ|adσ). The proofs of the theorems stated above are collected

in Section 3.

Notation. We denote by Π both the orthogonal projection Π : Rd → {0} × Rk, and its restriction to the unit

sphere Sd−1. So, if r > 0, σ ∈ Sd−1 are the spherical coordinates of z = (x, y) ∈ Rd−k × Rk, then |y| = r|Πσ|.
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For R > 0 we denote by BR the ball of radius R about the origin.

Through the paper, any positive constant whose value is not important is denoted by c. It may take different

values at different places. To indicate that a constant depends on some parameters we list them in parentheses.

2 Preliminaries

We start by pointing out the local integrability properties of the weights involved.

Lemma 1 Let a, β ∈ R. Then

i) |y|a|z|−β ∈ L1
loc(Rd \ {0}) if and only if k + a > 0;

ii) |Πσ|a ∈ L1(Sd−1) if and only if k + a > 0;

iii) |y|a|z|−β ∈ L1
loc(Rd) if and only if k + a > 0 and d+ a > β.

Proof. Evidently, |y|a|z|−β ∈ L1
loc(Rd \ {0}) if and only if |y|a ∈ L1

loc(Rk), that is, k + a > 0. Since

ˆ

BR

|y|a|z|−β dz =

R̂

0

rd+a−β−1dr

ˆ

Sd−1

|Πσ|a dσ

for any R > 0, then ii) and iii) readily follow. �

The main results in this section deal with the weighted Sobolev spaces W 1,p
0 (ω; |Πσ|adσ) for ω ⊆

Sd−1 open, under the assumption

ω ∩ Σ0 = ∅ if k + a ≤ 0. (2.1)

Since |Πσ|a ∈ L1
loc(ω), the space W 1,p

0 (ω; |Πσ|adσ) is plainly defined, accordingly with S2) in the

Introduction.

Lemma 2 Let ω satisfy (2.1). If Sd−1 ∩Σ0 6⊂ ω, then there exist t > 0 depending only on a, k and p,

and c(ω) > 0 such that ˆ

ω∩{|Πσ|<ε}

|Πσ|a|ϕ|p dσ ≤ c(ω)εt
ˆ

ω

|Πσ|a|∇σϕ|p dσ (2.2)

for any ϕ ∈W 1,p
0 (ω; |Πσ|adσ) and any ε > 0.
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Proof. We can assume that the south pole e = (−1, 0 . . . , 0) does not belong to ω.

Let P : Rd−1 ≡ Rd−1−k×Rk → Sd−1 \{e} ⊂ Rd be the inverse of the stereographic projection from

e. More explicitly,

P(ξ, y) = (µ− 1, µξ;µy) ∈ Sd−1 ⊂ (R× Rd−k−1)× Rk , µ(ξ, y) =
2

1 + |ξ|2 + |y|2

(the variable ξ has to be omitted if k = d− 1).

Let Ω := P−1(ω). Then Ω ⊂ Rd−1 is open and bounded. Moreover, if k + a ≤ 0 then Ω ∩ Σ0 = ∅

because ω ∩ Σ0 = ∅ by (2.1).

Next, for ϕ ∈ C∞c (ω) we put ϕ̃ := ϕ ◦ P ∈ C∞c (Ω). Since µ = µ(ξ, y) is bounded and bounded

away from 0 on Ω, we have that there exist c > 1, R > 0 depending only on ω such thatˆ

ω

|Πσ|a|∇σϕ|p dσ =

ˆ

Ω

µd+a−p−1|y|a|∇ϕ̃|p dξdy ≥ c−1

ˆ

Ω

|y|a|∇ϕ̃|p dξdy

ˆ

ω∩{|Πσ|<ε}

|Πσ|a|ϕ|pdσ ≤
ˆ

Ω∩{|y|<Rε}

µd+a−1|y|a|ϕ̃|pdξdy ≤ c
ˆ

Ω∩{|y|<Rε}

|y|a|ϕ̃|pdξdy.
(2.3)

The conclusion of the proof follows via the Hardy-Maz’ya inequalities in [9, Chapter 2].

Let k + a > 0. We fix any 0 < t < min{k + a, p} and useˆ

Rd−1

|y|a−t|ϕ̃|p dξdy ≤
( p
k+a−t

)p ˆ
Rd−1

|y|a+p−t|∇ϕ̃|p dξdy ,

to estimateˆ

Ω∩{|y|<Rε}

|y|a|ϕ̃|p dξdy ≤ cεt
ˆ

Rd−1

|y|a−t|ϕ̃|p dξdy ≤ cεt
ˆ

Rd−1

|y|a+p−t|∇ϕ̃|p dξdy ≤ cεt
ˆ

Ω

|y|a|∇ϕ̃|p dξdy .

Thus (2.2) is proved in this case, thanks to (2.3).

If k + a ≤ 0 we use ˆ

Rd−1

|y|a−p|ϕ̃|p dξdy ≤
( p
p−(k+a)

)p ˆ
Rd−1

|y|a|∇ϕ̃|p dξdy

to get ˆ

Ω∩{|y|<Rε}

|y|a|ϕ̃|p dξdy ≤ cεp
ˆ

Rd−1

|y|a−p|ϕ̃|p dξdy ≤ cεp
ˆ

Rd−1

|y|a|∇ϕ̃|p dξdy,

and (2.2) again follows. The proof is complete. �
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Lemma 3 Let ω satisfy (2.1). If Sd−1 ∩ Σ0 6⊂ ω, then

ˆ

ω

|Πσ|a|ϕ|p dσ ≤ c
ˆ

ω

|Πσ|a|∇σϕ|p dσ for any ϕ ∈W 1,p
0 (ω; |Πσ|adσ) (2.4)

and the embedding W 1,p
0 (ω; |Πσ|adσ) ↪→ Lp(ω; |Πσ|adσ) is compact.

Proof. Trivially, inequality (2.4) follows from (2.2), by choosing ε = 1.

The embedding operator W 1,p
0 (ω; |Πσ|adσ) ↪→ Lp(ω ∩ {|Πσ| > ε}; |Πσ|adσ) is compact by the

Rellich theorem. Lemma 2 shows that the operator W 1,p
0 (ω; |Πσ|adσ) ↪→ Lp(ω; |Πσ|adσ) can be

approximated in norm by compact operators. Thus it is compact itself. �

Corollary 3 i) The embedding W 1,p
0 (Sd−1 \ Σ0; |Πσ|adσ) ↪→ Lp(Sd−1; |Πσ|adσ) is compact;

ii) If k + a > 0, the embedding W 1,p(Sd−1; |Πσ|adσ) ↪→ Lp(Sd−1; |Πσ|adσ) is compact.

Proof. Take a point e ∈ Sd−1 ∩ Σ0 and a cut-off function η ∈ C∞c (Sd−1 \ {e}) such that η ≡ 1 in a

neighborhood of −e. The operators

ϕ 7→ ηϕ , ϕ 7→ (1− η)ϕ , W 1,p
0 (Sd−1 \ Σ0; |Πσ|adσ)→ Lp(Sd−1; |Πσ|adσ)

are compact by Lemma 3, which proves i). For ii) repeat the same argument. �

3 Proofs

Proof of Theorem 1. Notice that |Πσ|a ∈ L1(Sd−1), see Lemma 1. Let u ∈ C∞c (Rd). If d+a ≤ p+b

assume in addition that u ∈ C∞c (Rd \ {0}).

We use the classical Hardy inequality for functions of one variable, which holds with a sharp and

not achieved constant, see [7, Theorem 330], to estimate

∞̂

0

rd+a−b−1|(∂ru)(rσ)|p dr ≥ |Hp,a,b|p
∞̂

0

rd+a−b−p−1|u(rσ)|p dr
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for any σ ∈ Sd−1. It follows that

ˆ

Rd

|y|a|z|−b|∂ru|p dz =

ˆ

Sd−1

|Πσ|a dσ
∞̂

0

rd+a−b−1|(∂ru)(rσ)|p dr

≥ |Hp,a,b|p
ˆ

Sd−1

|Πσ|a dσ
∞̂

0

rd+a−b−p−1|u(rσ)|p dr = |Hp,a,b|p̂

Rd

|y|a|z|−b−p|u|p dz,

which concludes the proof. �

Proof of Theorem 2. Clearly mp,a,b(C \ Σ0) ≥ mp,a,b(C). To prove the opposite inequality fix any

nontrivial function u ∈ C∞c (C). Our aim is to suitably approximate u by a sequence of functions in

C∞c (C \ Σ0). We take a function η ∈ C∞c (R) such that η ≡ 1 on [0, 1], η ≡ 0 on [2,∞) and ‖η‖∞ ≤ 1.

For any integer h ≥ 1 we put

uh(x, y) = η
(− log |y|

h

)
u(x, y).

Then uh ∈ C∞(Rk \ Σ0), uh → u pointwise and

uh(x, y) = 0 if |y| ≤ e−2h , uh(x, y) = u(x, y) if |y| ≥ e−h.

We claim that ˆ

C

|y|a|z|−b−p|uh|p dz =

ˆ

C

|y|a|z|−b−p|u|p dz + oh(1)

ˆ

C

|y|a|z|−b|∇uh|p dz =

ˆ

C

|y|a|z|−b|∇u|p dz + oh(1)

(3.1)

as h→∞. The first limit in (3.1) plainly follows by Lebesgue’s theorem. To prove the second one, it

suffices to show that

Ih :=

ˆ

Sh

|y|a|z|−b|∇uh|p dz = oh(1) , Sh := Rd−k × {e−2h < |y| < e−h}.

Let δ ∈ (0, 1) be such that supp(u) ⊂ {δ < |z| < δ−1}. Since

|∇uh(x, y)| ≤ ‖∇η‖∞
|u(x, y)|
h|y|

+ |∇u(x, y)| on Sh,
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we can estimate

Ih ≤
c

hp

ˆ

Sh

|y|a−p|z|−b|u|p dz + oh(1) ≤ c(δ, u)

hp

e−hˆ

e−2h

rk+a−p−1dr + oh(1) = oh(1).

In conclusion, we have

mp,a,b(C \ Σ0) ≤

ˆ

C

|y|a|z|−b|∇uh|p dz

ˆ

C

|y|a|z|−b−p|uh|p dz
=

ˆ

C

|y|a|z|−b|∇u|p dz

ˆ

C

|y|a|z|−b−p|u|p dz
+ oh(1).

Since u ∈ C∞c (C) was arbitrarily chosen, the inequality mp,a,b(C \ Σ0) ≤ mp,a,b(C) follows. The proof

of Theorem 2 is complete. �

Remark 2 The same argument shows that W 1,p
0 (ω \ Σ0; |Πσ|adσ) = W 1,p

0 (ω; |Πσ|adσ) for any open

ω ⊆ Sd−1, provided that k + a ≥ p.

Proof of Theorem 3. We have to compare the infima

m(C) = inf
u∈C∞c (C)
u 6=0

ˆ
C
|y|a|z|−b|∇u|p dz

ˆ
C
|y|a|z|−b−p|u|p dz

, M(ωC) = inf
ϕ∈W1,p

0 (ωC ;|Πσ|adσ)

ϕ6=0

ˆ
ωC

|Πσ|a(|∇σϕ|2 + H2|ϕ|2)
p
2 dσ

ˆ
ωC

|Πσ|a|ϕ|p dσ
,

where H := Hp,a,b is given by (1.4) (in this proof we omit the indexes p, a, b).

Thanks to Theorem 2, we can assume that the following stronger hypothesis hold:

C ⊂ Rd \ Σ0 , or 0 < k + a < p. (3.2)

In the first case, the weight |y|a|z|−b is bounded and bounded away from zero on any compact set

in C. If 0 < k + a < p then |y|a belongs to the Muckenhoupt class Ap. It follows that the weighted

space W 1,p
loc (C; |y|a|z|−bdz) ⊂ L1

loc(C) is well defined (see for instance [8, Subsection 1.9], where the

notation H1,p
loc (Ω;w(z)dz) is used). In addition, thanks to [8, Theorems 3.51, 3.66] we have that any

nonnegative and nontrivial function u ∈W 1,p
loc (C; |y|a|z|−bdz) satisfying

−div
(
|y|a|z|−b |∇u|p−2∇u

)
≥ 0 in C (3.3)
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is lower semicontinuous and positive in C.

The best constantM(ωC) is attained by a function Φ ∈W 1,p
0 (ωC ; |Πσ|adσ), due to the compactness

of embedding W 1,p
0 (ωC ; |Πσ|adσ) ↪→ Lp(ωC ; |Πσ|adσ) given by Corollary 3. By a standard argument,

Φ can not change sign in ωC . Thus, we can assume that Φ is nonnegative.

We use spherical coordinates to define

U(rσ) = r−HΦ(σ) (3.4)

for r > 0 and σ ∈ ωC . Since

|∇U |2 = (∂rU)2 + r−2|∇σU |2 = r−2(H+1)
(
H2Φ2 + |∇σΦ|2

)
,

we have that U ∈W 1,p
loc (C; |y|a|z|−bdz). Moreover, for any fixed v ∈ C∞c (C) it holds that

∇U · ∇v = ∂rU∂rv + r−2∇σU · ∇σv = r−(H+2)
(
−HΦr∂rv +∇σΦ · ∇σv

)
Notice that d+ a− b = p(H + 1), see (1.4). We have

ˆ

C

|y|a|z|−b|∇U |p−2∇U · ∇v dz

=

ˆ

ωC

dσ

∞̂

0

|Πσ|a
(
H2Φ2 + |∇σΦ|2

) p−2
2 (−HΦ rH ∂rv + rH−1∇σΦ · ∇σv) dr

=

∞̂

0

rH−1dr

ˆ

ωC

|Πσ|a
(
H2Φ2 + |∇σΦ|2

) p−2
2 (H2Φv +∇σΦ · ∇σv) dσ,

where we used integration by parts and then Fubini’s theorem.

Since Φ achieves M(ωC), we infer that

ˆ

C

|y|a|z|−b|∇U |p−2∇U · ∇v dz =M(ωC)

∞̂

0

rH−1dr

ˆ

ωC

|Πσ|aΦp−1v dσ

=M(ωC)

∞̂

0

rpH−1dr

ˆ

ωC

|Πσ|aUp−1v dσ =M(ωC)

ˆ

C

|y|a|z|−b−pUp−1v dz .

We proved that U is a nonnegative local solution to

−div
(
|y|a|z|−b |∇u|p−2∇u

)
=M(ωC) |y|a|z|−b−p |u|p−2u in C, (3.5)
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in the sense that

ˆ

C

|y|a|z|−b|∇U |p−2∇U · ∇v dz =M(ωC)

ˆ

C

|y|a|z|−b−pUp−1v dz (3.6)

for any v ∈ C∞c (C). Since U ∈ W 1,p
loc (C; |y|a|z|−bdz), then (3.6) holds for any v ∈ D1,p

0 (C; |y|a|z|−bdz)

with compact support.

To prove the inequalityM(ωC) ≤ m(C) fix v ∈ C∞c (C). Since U ∈W 1,p
loc (C; |y|a|z|−bdz) solves (3.3),

then U is bounded away from zero on the support of v. It follows that U1−p|v|p ∈ D1,p
0 (C; |y|a|z|−bdz),

hence it can be used as test function in (3.6). We infer the equality

ˆ

C

|y|a|z|−b|∇U |p−2∇U · ∇(U1−p|v|p) dz =M(ωC)

ˆ

C

|y|a|z|−b−p|v|p dz. (3.7)

To handle the first integral in (3.7) we notice that

∇U · ∇(U1−p|v|p) = pU1−p(∇U · ∇v)|v|p−2v − (p− 1)U−p|∇U |2|v|p.

Thus

|∇U |p−2∇U · ∇(U1−p|v|p) ≤ p
( |∇U ||v|

U

)p−1
|∇v| − (p− 1)

( |∇U ||v|
U

)p
≤ |∇v|p

by the elementary Young inequality p|s|p−1|t| ≤ |t|p + (p− 1)|s|p. Thus we conclude that

ˆ

C

|y|a|z|−b|∇v|p dz ≥M(ωC)

ˆ

C

|y|a|z|−b−p |v|p dz.

Since v was arbitrarily chosen in C∞c (C), we proved that M(ωC) ≤ m(C).

To prove the opposite inequality we adopt a standard strategy. Consider the sequence

uδ(r, σ) = r−H±δΦ(σ) on C±,

where we have set C+ = C ∩B1, C− = C \B1. Clearly, uδ ∈ D1,p
0 (C; |y|a|z|−bdz) and moreover

ˆ

C

|y|a|z|−b−p|uδ|p dz =

ˆ

C+

|y|a|z|−b−p|uδ|p dz +

ˆ

C−

|y|a|z|−b−p|uδ|p dz =
2

pδ

ˆ

ωC

|Πσ|a|Φ|p dσ. (3.8)
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It is easy to see that |∇uδ| = r−H−1±δ
[
(H∓ δ)2Φ2 + |∇σΦ|2

] 1
2

on C±, from which one easily infer

ˆ

C

|y|a|z|−b|∇uδ|p dz =
1

pδ

ˆ

ωC

|Πσ|a
{[

(H− δ)2Φ2 + |∇σΦ|2
] p

2 +
[
(H + δ)2Φ2 + |∇σΦ|2

] p
2
}
dσ

=
2

pδ

(ˆ
ωC

|Πσ|a
[
H2Φ2 + |∇σΦ|2

] p
2 dσ +O(δ2)

)
as δ → 0. Since Φ achieves M(ωC), we infer that

ˆ

C

|y|a|z|−b|∇uδ|p dz =
2

pδ

(
M(ωC)

ˆ

ωC

|Πσ|a|Φ|p dσ +O(δ2)
)
.

Taking into account the definition of m(C) and (3.8), we see that

m(C) ≤

ˆ
C
|y|a|z|−b|∇uδ|p dzˆ
C
|y|a|uδ|p dz

=M(ωC) +O(δ2),

which concludes the proof. �

Proof of Theorem 4. As in the proof of Theorem 3 we omit the indexes p, a, b.

If m(C) = 0 the result is trivial, as nonzero constant functions are not in D1,p
0 (C; |y|a|z|−bdz). Thus,

let m(C) > 0.

Arguing as in the proof of Theorem 3, we can assume that (3.2) is satisfied. Let U(rσ) = r−HΦ(σ)

be the function in (3.4). We already proved that U ∈ W 1,p
loc (C; |y|a|z|−bdz) is a lower semicontinuous

and positive local solution to

−div
(
|y|a|z|−b |∇u|p−2∇u

)
= m(C) |y|a|z|−b−p |u|p−2u in C, (3.9)

compare with (3.5) and recall that m(C) = M(ωC). From (3.9) we infer that U is locally bounded

outside Σ0 by [12], therefore it is of class C1,α on C \ Σ0 by [4, 17].

By contradiction, assume that u ∈ D1,p
0 (C; |y|a|z|−bdz) achieves m(C). Up to a change of sign, u is

nonnegative and is a weak solution to (3.9). Thus, just as U , the function u is positive on C and of

class C1,α outside the singular set Σ0.
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Take a domain A, compactly contained in C \ Σ0. The main step in the proof consists in showing

that the open sets

A1 =
{
z ∈ A | ∇u · ∇U � |∇u||∇U |

}
, A2 =

{
z ∈ A | |∇u|

u
6= |∇U |

U

}
are empty. This easily imply that there exists a constant λ > 0 such that u = λU on A. Since A was

arbitrarily chosen, the constant λ does not depend on A. Thus u is proportional to U on C \Σ0, which

is impossible as U /∈ D1,p
0 (C; |y|a|z|−bdz).

To show that the sets A1, A2 are empty we refine the calculations in the proof of Theorem 3. Take

a sequence of nonnegative functions uh ∈ C∞c (C) such that uh → u in D1,p
0 (C; |y|a|z|−bdz). We have

m(C)
ˆ

C

|y|a|z|−b−pup dz = m(C)
ˆ

C

|y|a|z|−b−p uph dz + oh(1)

≤
ˆ

C

|y|a|z|−b|∇U |p−2
(
p
∇U · ∇uh
Up−1

up−1
h − (p− 1)

|∇U |2uph
Up

)
dz + oh(1) . (3.10)

Now, as h→∞ we have

ν1 := p

ˆ

A1

|y|a|z|−b|∇U |p−2
( |∇U | |∇u|

Up−1
− ∇U · ∇u

Up−1

)
up−1 dz

= p

ˆ

A1

|y|a|z|−b|∇U |p−2 |∇U | |∇uh| − ∇U · ∇uh
Up−1

up−1
h dz + oh(1) .

Notice that the nonnegative constant ν1 is positive if and only if A1 has positive measure. From (3.10)

it follows that

m(C)
ˆ

C

|y|a|z|−b−pup dz

≤
ˆ

C

|y|a|z|−b
[
p
( |∇U |uh

U

)p−1
|∇uh| − (p− 1)

( |∇U |uh
U

)p]
dz − ν1 + oh(1).

Next, as h→∞ we have

ν2 :=

ˆ

A2

|y|a|z|−b
(
|∇u|p + (p− 1)

( |∇U |u
U

)p
− p
( |∇U |u

U

)p−1
|∇u|

)
dz

=

ˆ

A2

|y|a|z|−b
(
|∇uh|p + (p− 1)

( |∇U |uh
U

)p
− p
( |∇U |uh

U

)p−1
|∇uh|

)
dz + oh(1) .
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Thanks to Young’s inequality, we have that ν2 > 0 if and only if A2 has positive measure.

We proved that

m(C)
ˆ

C

|y|a|z|−b−p up dz ≤
ˆ

C

|y|a|z|−b|∇uh|p dz − (ν1 + ν2) + oh(1),

and letting h→∞ we infer that

m(C)
ˆ

C

|y|a|z|−b−p up dz ≤
ˆ

C

|y|a|z|−b|∇u|p dz − (ν1 + ν2)

= m(C)
ˆ

C

|y|a|z|−b−p up dz − (ν1 + ν2) ,

as u achieves m(C). This implies that ν1 = ν2 = 0, which is equivalent to say that the sets A1, A2 are

empty, as claimed. �

Proof of Theorem 5. We can find an open geodesic ball Bθ ⊂ Sd−1 such that Bθ ∩Σ0 = ∅ and the

set Bθ ∩ ∂ωC is not p -negligible in the sphere.

By [9, Theorem 14.1.2] and since |Πσ| is bounded and bounded away from 0 on Bθ, we have that

ˆ

Bθ

|ϕ|p dσ ≤ c(θ, a)

ˆ

Bθ

|Πσ|a|∇σϕ|p dσ

for any ϕ ∈ C∞0 (ωC ; |Πσ|adσ).

By density, we infer that W 1,p
0 (ωC ; |Πσ|adσ) does not contain constant functions, which is enough,

thanks to Theorem 3 and since the best constant Mp,a,b(ωC) is attained in W 1,p
0 (ωC ; |Πσ|adσ). �

Proof of Theorem 6. The last claim in Theorem 3 gives m2,a,b(Rd \Σ0) = H2
2,a,b if k+a ≥ 2. Thus

we can assume k + a < 2. In view of Theorem 3, we have

m2,a,b(Rd \ Σ0) = H2
2,a,b + min

ϕ∈W1,2
0 (Sd−1\Σ0;|Πσ|adσ)

ϕ6=0

ˆ
Sd−1

|Πσ|a|∇σϕ|2 dσˆ
Sd−1

|Πσ|a|ϕ|2 dσ
. (3.11)
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Since the embedding W 1,2
0 (Sd−1 \ Σ0; |Πσ|adσ) → L2(Sd−1; |Πσ|adσ) is compact, see Corollary 3, the

minimum in (3.11) is the first eigenvalue λ1 of the problem−divσ(|Πσ|a∇σϕ) = λ|Πσ|aϕ in Sd−1 \ Σ0

ϕ ∈W 1,2
0 (Sd−1 \ Σ0; |Πσ|adσ).

(3.12)

By known facts, λ1 is simple and the corresponding eigenfunction ϕ1 is the only nonnegative one. By

direct computations based on the remarks above, one can check that

ϕ1(σ) = |Πσ|2−(k+a) , λ1 = (d− k)(2− (k + a)).

In fact, if we write |y| = r cos(θ), |x| = r sin(θ), 0 < θ < π
2 , then for ϕ depending only on θ, problem

(3.12) is rewritten as follows:

−(cosk+a−1(θ) sind−k−1(θ)ϕθ)θ = λ cosa(θ) sind−k−1(θ)ϕ. (3.13)

So, it is evident that ϕ1 = cos2−a−k(θ) satisfies (3.13) with λ = λ1, which concludes the proof. �
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