T Available online at www.sciencedirect.com _
‘ Journal of

e ScienceDirect Differential
: 4 Equations
ELSEVIER Journal of Differential Equations 476 (2026) 114464 _—

www.elsevier.com/locate/jde

Continuation theorems for periodic systems and
applications to problems with nonlinear time-dependent
differential operators

Pierluigi Benevieri *, Guglielmo Feltrin "~

A Instituto de Matemdtica, Estatistica e Ciéncia da Computagdo, Universidade de Sdo Paulo, Rua do Matéo 1010,
Sédo Paulo, SP - CEP 05508-090, Brazil
b Dipartimento di Scienze Matematiche, Informatiche e Fisiche, Universita degli Studi di Udine, Via delle Scienze 206,
33100 Udine, Italy

Received 24 December 2025; revised 28 April 2026; accepted 3 May 2026

Abstract

In this paper we propose some continuation theorems for the periodic problem

xi/=gi(l,xi+1), i=1,...,n—1,
x,/, =h(t,x1,...,%xn),
x;(0) =x; (1), i=1,...,n,

providing a unified framework that improves and extends earlier contributions by Jean Mawhin and collab-
orators to second-order differential problems governed by nonlinear time-dependent differential operators
of the form

(P, x") = ft,x,x"),
x(0)=x(T), x'(0)=x'(T).

The proof is based on the topological degree theory.
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1. Introduction

The search for periodic solutions is a central topic in the areas of differential equations and
dynamical systems, with wide-ranging applications in physics, biology, and engineering. Among
the various techniques developed to establish the existence of such solutions, continuation meth-
ods have become a standard tool due to their broad applicability. In this paper, we present new
continuation theorems that apply to a wide and general class of periodic problems, providing a
unified framework that extends earlier contributions.

The continuation technique typically involves two topological spaces X and Y, a continuous
map f: X — Y, and an equation of the form

fx)=y, xeD, (1.1)

where y is a given element of ¥ and D € X. The key principle of a continuation method is
embedding (1.1) in a family of parameter-dependent equations

Fx,2)=y, A€l0,1],
where the function F: X x [0, 1] — Y is such that:

e F(x,1)= f(x), forevery x € X;

e the equation F(x, 0) = y has at least one solution in D;

e at least one of the solutions of F(x,0) = y can be “continued” to a solution of F(x, 1) =y
in D, when A moves from O to 1, thus yielding a solution of (1.1).

The last property is particularly delicate and the most challenging to establish. Let us consider
two simple illustrative examples with X = R and D = ]—1, 1[. The parameter-dependent equa-
tion

1=-Mx+x1=0, xrel0,1],

admits a unique solution at x =0, for L = 0. As A increases, this solution evolves continuously,
shifting leftward. When A = 1/2, it exits the domain D through the boundary point x = —1.
Hence, the continuation cannot be realized. Turning to the equation

42 +20—1=0, Arel0,1],

we observe that it has two solutions x = 1/2 when A = 0. As A increases, the two solutions
gradually approach each other, merge into the unique solution x = 0 for A = 1/2, and then dis-
appear. Also in this situation, the continuation cannot be realized.
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From these simple examples it is evident that a way to fulfill the third property is to require
that the set of solutions {x € D: F(x, A) =y, for some A} remains away from the boundary 0 D
and has a certain property of “robustness”. This idea led to the development of the topological
degree, initially explored by Leopold Kronecker, Jules Henri Poincaré, and Luitzen E. J. Brouwer
for continuous functions between finite-dimensional vector spaces. Thanks to Jean Leray and
Juliusz Pawel Schauder this notion was then extended to a significant class of mappings defined
in Banach spaces, which may have infinite dimension. We refer the reader to [4,5,7,12].

To contextualize our new contributions to the continuation theory, it is first essential to briefly
review the main preceding developments. In 1934, Leray and Schauder published their seminal
paper [11], which marked a significant milestone in the fields of nonlinear functional analysis
and nonlinear differential equations. Their main result, commonly referred to today as the Leray—
Schauder continuation theorem, states the following (see [26, Section 14.6] or [5, Chapter 2] for
the proof). Throughout this paper, we use “deg; ¢ to denote the Leray—Schauder degree.

Theorem 1.1 (Leray—Schauder continuation theorem). Let X be a Banach space and Q2 C X x
[0, 1] be a bounded set which is open in the topology of X x [0, 1]. Let G: Q2 — X be a completely
continuous function (i.e., G is continuous and maps bounded subsets into relatively compact
subsets). If

e XNIQ=0, where L :={(x,1) € Q: x —G(x, 1) =0);
o deg; s(Idx — G(-,0),Q,0) #0;

then there exists a compact connected (continuum) set C in X along which A takes all values in
[0, 1].

We observe that the degree condition ensures that
So={x€X:x—G(x,0)=0} #0.

Moreover, we stress that the theorem implies that the subset C of ¥ connects Sp to Sy := {x €
X: x —G(x, 1) =0}, showing in particular that the equation x — G(x, 1) = 0 has a solution. For
additional details, comments, and historical perspectives, the reader is referred to the compre-
hensive surveys [18-21].

The identification of an open and bounded set €2 satisfying the first condition in Theorem 1.1
is typically achieved by establishing, when possible, a significantly stronger a priori bound con-
dition on the solution set . Accordingly, many applications of the Leray—Schauder continuation
theorem have been developed specifically to address this scenario, and this perspective is central
also in the contribution by Jean Mawhin for the study of the periodic problem

{x/zF(t,x), (12)

x(0) =x(T),
where F: [0, T] x R™ — R™ is a Carathéodory vector field, that is,

e for almost every ¢ € [0, T'], F (¢, -) is continuous;
e for every x € R™, F(-, x) is measurable;
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e for every p > 0, there exists a map £ € L'([0, T1, [0, +00)) such that, for almost every
t € [0, T] and every x € R™, with ||x|| < p, it holds that || F (¢, x)|| < £(¢).

Let X = Cr be the Banach space of continuous functions x: [0, T] — R™ satisfying x(0) =
x(T). Mawhin’s result reads as follows (cf. [15, Theorem 4] or [22, Theorem 2]; see also [14]).
We henceforth denote the Brouwer degree by “degp”.

Theorem 1.2 (Mawhin’s continuation theorem). Let 2 C Ct be an open bounded set and suppose
that

e for each X\ €10, 1] there is no solution of

x'=AF(t,x),
x(0) = x(T),

with x € 082;
o the map F*: R™ — R™, F¥(w) = %fOT F(t,w)dt has no zeros on Q2 N R™ and
degg (F*, QNIR™,0) #0.

Then, problem (1.2) has a solution in Q.

We point out that Mawhin’s continuation theorem has the same structure of Theorem 1.1: the
first condition requires that no solution lies on the boundary of €2 along the homotopy, while the
second condition involves the topological degree. The novelty of Theorem 1.2 is that the finite-
dimensional Brouwer degree can be employed, thanks to the application of a reduction property
when A = 0.

From now on, given our interest in solutions to the original problem (1.2), we refrain from
explicitly mentioning the existence of the continuum of solutions for A € [0, 1].

In the context of periodic problems, it is common to deal with perturbations of autonomous
systems and thus encounter equations of the form

x'= Fy(x) + P(t, x),

where Fj is an autonomous vector field. In this framework, it is natural to introduce the
parameter-dependent equation

x'=Fo(x)+1P(t,x), Ael0,1],

with the aim of applying a continuation principle to reduce the study to the autonomous periodic
problem

x'= Fy(x),
x(0) =x(T).
With this perspective in mind, in [3] Anna Capietto, Mawhin, and Fabio Zanolin proposed a sec-

ond continuation theorem (see also [1,22]), where the parameter-dependent family of problems
is given by a Carathéodory vector field
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F=F(,x,2):[0,T] xR" x [0,1] > R™
such that
F(t,x,00=Fy(x),  F(t,x,1)=F(t,x).
Notice that the equation is autonomous for A = 0. The result is the following (cf. [3, Theorem 2]).

Theorem 1.3 (Capietto—-Mawhin—Zanolin continuation theorem). Let Q2 C Cy be an open
bounded set and suppose that

e for each A € [0, 1] there is no solution of

x'=F(t,x,)),
x(0) = x(T),

with x € 0€2;
e degg(Fp, 2NR™,0) #0.

Then, problem (1.2) has a solution in Q.

Theorem 1.2 and Theorem 1.3 admit extensions that allow to study the existence of periodic
solutions of second-order differential equations of the form

x"=f(t,x,x"),

where f: [0, T] x R™ x R”™ — R™ is a Carathéodory vector field. As outlined above, the con-
tinuation method involves embedding the above equation into a parameter-dependent family

x'=f,x, 20, 2elo1],

where in the case of Theorem 1.2 f is of the form
Fl,x,x', 0 =rf(t,x,x), (1.3)

and in the case of Theorem 1.3 the map f satisfies
[ x.x" 0= folx.x"),  fa.x.x'.1)=f@tx.x), (1.4)
for some autonomous function fj. The corresponding statements are straightforward adaptations
of Theorem 1.2 and Theorem 1.3; for brevity, we omit their explicit formulations and refer the

reader to [14, Théoreme 2], [3, Corollary 6], and [17, Chapter 6].

In recent decades, the interest in nonlinear differential operators, such as the p-Laplacian and
curvature operators, has grown significantly, largely driven by their wide range of applications;
consequently, new continuation theorems have emerged within the framework of topological

methods. A crucial milestone in this direction was established by Rail Mandsevich and Mawhin

5



P. Benevieri and G. Feltrin Journal of Differential Equations 476 (2026) 114464

in [13], as reflected by its extensive citation record. Their investigation concerns the periodic
solutions of the second-order differential equation

@) = f(t,x,x7),

where ¢: R” — R"™ is a continuous function satisfying

(H1) (p(x1) — @ (x2), x1 —x2) > 0, for every xy, xo € R™ with x; # x2;
(Hp) there exists a function «: [0, +o0o[ — [0, +o0[, with a(s) — 400 as s — 400, such that
(¢ (x), x) = a(lx|Dllx]l, for all x € R™.

Their continuation results are applied to the homotopic equation

(@) + f(r,x,x',2)=0, Arel0,1], (1.5)

with f as in (1.3) in their version of Theorem 1.2 (cf. [13, Theorem 3.1]), while f satisfies (1.4)
in their version of Theorem 1.3 (cf. [13, Theorem 4.1]).

The technical conditions (H{) and (Hy) are exploited in [13] (and in several subsequent pa-
pers) to construct a completely continuous operator whose fixed points correspond to periodic
solutions of (1.5). It is easy to prove that from these two conditions it follows that the map
¢: R™ — R™ is a homeomorphism such that ¢ (0) = 0 (cf. [4, § 11]). In [6] Guglielmo Feltrin
and Zanolin showed that these technical assumptions can be removed, requiring only that ¢ is a
homeomorphism with ¢ (0) = 0. Then, [6] generalizes the results in [13], also in the context of
cyclic-type systems.

In recent decades, attention has also grown toward p-Laplacian-type operators with vari-
able exponents, specifically those of the form div(|Vu|1’(’“)_2Vu). These operators represent
an important generalization of the classical p-Laplacian, offering greater flexibility in modeling
complex nonlinear phenomena in applied sciences, such as fluid dynamics and the behavior of
porous media. In such contexts, some materials cannot be accurately modeled using the classi-
cal Lebesgue and Sobolev spaces L” and W7, and it becomes essential to allow the exponent
to vary. This need naturally arises in various applications, including phase transitions and dam-
age mechanics. For a foundational treatment of variable exponent spaces, see [23]; for further
examples and insights, we refer to [24].

In this perspective, in [9], Marta Garcia-Huidobro, Mandasevich, Mawhin, and Satoshi Tanaka
generalized Theorem 1.2 (and also [13, Theorem 3.1]) for the T-periodic problem associated
with

(@@, x) = f(t,x,x"), (1.6)
where ¢: [0, T] x R™ — R™ is a continuous function satisfying

e ¢(0,x)=¢(T,x), for every x € R™;
e foreveryt € [0, T], ¢(t,x) =0if and only if x =0;

together with
(H’l) (p(t,x1) — P(t,x2), x1 —x2) >0, forevery ¢t € [0, T] and x, xp € R™ with x| # x;

6
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(H’2) there exists a function «: [0, +00[ — [0, +00[, with a(s) — +00 as s — +00, such that
(p(,x), x) > a(||lx])|lx]|, for every ¢t € [0, T] and x € R™.

We refer to [9, Theorem 4.1] for the precise statement. We note, however, that [9] does not treat
the case when the right-hand side of (1.6) depends nonlinearly on A (cf. Theorem 1.3), and, to
the best of our knowledge, it remains unexplored. We refer also to [10,25] for related result in
this context.

Having reviewed the main foundational works of this line of research, we are now in a position
to present our contribution. In the spirit of [6], we investigate the following periodic problem

xlfzgi(t,xi_;’_l), i=1,...,n—1,
X, =h(t,x1,..., %), (1.7)
xi(0) = x; (T), i=1,...,n,

which is a system of n vector differential equations with periodic boundary conditions, being
T > 0 fixed. This family of problems includes as special cases all the aforementioned second-
order equations, possibly involving nonlinear differential operators that depend explicitly on
time. In addition, it also covers higher-order vector differential equations. For example, a n-th
order differential equation of the form

@@, x"D) = fx,x L x07D)

can be reformulated as a first-order system of n equations

x;.:xj_H, j=1,...,n—2,
'x;l_ ZW(I’xn)s
x;l:h(t7xlax27"'axn) = f(taxl’xQ.a"'5xn*1"(/f(tﬂxn))’

where (¢, -) denotes the inverse of ¢ (z, -); in particular, the (n — 1)-th equation corresponds to
the equality x,(r) = ¢ (t,x, _,(t)) fora.e.t € [0, T].

As will be discussed later (see Remark 4.4), our approach allows to remove the unnecessary
technical conditions (H’l) and (H’z) assumed in [9] and, moreover, to present a more general
version of Theorem 1.3 in the context of (1.7).

Furthermore, in order to include as well differential operators such as the mean curvature and
the relativistic Minkowski ones, namely,

s s
¢(S)—T|s|2, ¢(S)—\/TW,

we will consider continuous functions ¢: [0, T] x U — V, with U and V open subsets of R”
containing 0, such that, for every ¢ € [0, T'], ¢ (¢, -) is a homeomorphism with ¢ (¢,0) = 0, and
¢(0,s5) =¢(T,s) for every s € U. To the best of our knowledge, this is the first result that
applies to singular (i.e., U # R™) and bounded (i.e., V € R bounded) differential operators ¢
depending on time.

Our approach relies on the coincidence degree theory developed by Mawhin (cf. [8,16]), to-
gether with the reduction formula established in [6].

7
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The main goal of our paper is to formulate two new continuation theorems. For this reason, we
do not focus on specific applications to second-order (or higher-order) problems here, pointing
out that the results established in earlier works under similar assumptions on the right-hand side
of (1.6) or (1.7) continue to be valid within our more general framework. For the same reason,
we also do not discuss the broad literature in which these methods have been applied.

The plan of the paper is as follows. In Section 2, we recall the reduction formula developed
in [6], which is a key ingredient for the proof of our main results, which are two continuation
theorems for (1.7) presented in Section 3. Next, in Section 4, we explore the implications for
second-order vector differential equations, providing improvements to all the previously estab-
lished results discussed in this introduction.

2. A degree reduction formula

In this section, we review a result discussed in [6, Section 2]. Specifically, the goal is to present
a reduction formula for the computation of the coincidence degree associated with an equation
of the form

Lx=N(x), xedomLNdomN,

where L and N are defined in the cartesian product of normed spaces.

Fori=1,...,n,let (X;, | -llx,) and (Z;, || - ||z;) be real normed linear spaces and consider
n n
X:=1_[Xi5 Z:=1_[Zi9
i=1 i=l
endowed with the norms || - [[x =) ;| - llx; and || - Iz =_; || - l| z; respectively.

Fori=1,...,n,let
L;:domL;(C X;)— Z;

be a not necessarily bounded Fredholm linear operator of index zero. We recall that Fredholm
means that ker L; has finite dimension, Im L; is closed in Z; and has finite codimension; the
index of L; is defined as dim(ker L;) — codim(Im L;).

Since L; is Fredholm, there exist two linear continuous projections

P Xi — X, Qi: Zi —> Z;,
such that
Im P; =kerL;, ker Q; =ImL;.
This implies that
X; =kerL; @ ker P;, Zi=ImL; ®ImQ;.

Let K;: Im L; — dom L; Nker P; be the right inverse of L; (depending on P;), i.e., the linear
map such that L; K;v =v foreach v e ImL;.
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We fix an orientation on the finite-dimensional spaces ker L; and Im Q;, and a linear
orientation-preserving isomorphism J; : Im Q; — ker L;.
LetdomL :=[[;_;domL; € X and L: dom L — Z be defined as

Lx = (Lix1,...,Lyxy), x=(x1,...,x,) €domL.
As a consequence, we have
n n
kerL=[]kerL; <X, ImL=[]ImL;CZ,
i=1 i=1

and hence L is a Fredholm linear mapping of index zero. The map K: ImL — domL N
]_[;1:1 ker P;, defined as

KZ:Z(KIZI,...,KVLZ”), ZZ(Zlv"'vzn)EIva

is the right inverse of L.
Moreover, we define

P:X—X, Px = (Pix1,..., Pyxy), x=(x1,...,Xxy) € X,
0:Z2—- 727, Qz:= (0121, ---» Onzn), z2=(21,...,2n) € Z,
J:ImQ — kerL, Jz:=NIz1, ... Tnzn), z=(21,...,2n) €ImQ.

Consider now an L-completely continuous map
N=(Ni,...,N,):domN(CX)— Z,
where L-completely continuous means that N and K (Idz — Q)N are continuous, and, for any
bounded subset B of dom N, the sets QN (B) and K (Idz — Q)N (B) are relatively compact in

Z and X, respectively.
With the previous assumptions on L and N, we study the coincidence equation

Lx=N(x), xedomLNdomAN\. 2.1
Consider the nonlinear operator ®: dom N — X, defined by
Ox)=Px+JONXx)+K({dz — Q)N(x), xedomAN.

Observe that the L-complete continuity of N implies the complete continuity of &. It is not
difficult to prove that equation (2.1) is equivalent to the fixed point problem

x=®((x), xedomN.
Consequently, in this framework the classical topological degree theory applies. We recall that
the coincidence degree Dy (L — N, 2) of L and N in an open (possibly unbounded) set 2 is

well-defined if the set {x € : Lx = N(x)} is compact. In this case, we define

9
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D, (L — N, Q) =deg; (Idxy — ®, 2,0)

and Dy inherits all the classical properties of the topological degree (for more details, we refer
to [8,16]).

From now on, we assume that the n components N;: dom N — Z; of N have the following
form:

N;(xix11), =1,...,n—1,
i(i+1) ! " x=(x1,...,X;) €EdomN.
N}’l(xlv‘*'vxn)v

Given an openset Q C X, fori =1,...,n,let

Q= {weXi: E(xl,...,x,,)eruchthatxi:w};

in other words, €2; is the projection of 2 on X;. From now on and in the rest of this section, we
consider sets 2 contained in dom N. Fori =1, ...,n — 1, we define the maps

ni: Qir1NkerLiy — kerL;, ni(w) = —J; Qi Ni (w). (2.2)

We can now state a reduction formula for the coincidence degree of L and N in an open set
Q.

Proposition 2.1 (Reduction formula). Let L and N be as above. Let Q2 be an open (possibly
unbounded) set in X with @ C dom N. For 9 € ]0, 1], consider the following system

Lix; = Ni(xi+1), i=1,...,n—1,

2.3)
Lyxy =0 Ny(x1,...,%,),

and define

Sy = {x e QNdomL: x is a solution of(2.3)}, ¥ €]0,1].
Assume that
(1) ImL; N N; (i1 NkerL;11) €{0z}, foralli=1,...,n—1;
(ap) there exists a compact set K C Q2 such that Sy C IC, for all ¥ € 10, 1];

(az) the set Sp:={x € QNkerL: QN (x) =0} is compact.
Then,
Di(L — N, Q) =degg(N,QNkerL,0),

where N': Q Nker L — ker L is defined as

Nx) = (nl(XZ)v-~~vnn—l(xn)v_JnQnNn|S2ﬂkerL(x))v X =(x1,...,Xn). (2.4)

10
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Sketch of the proof. The proof is contained in [6, Section 2] and it relies, inter alia, on the
homotopy invariance property of the coincidence degree. For the reader’s convenience, we now
summarize the main steps of the proof. We refer to [6, Theorem 2.6] for more details.

Step 1. For ¥ € [0, 1], we consider the system

Lix;i = N;(xi11), i=1,...n—1,

2.5)
Lyxy =0Nu(x)+ (1 —9)0,N,(x),

and we denote by N: Qx[0,1]— Z the continuous map whose components are given by the
right-hand sides of (2.5). We point out that

{x € 2NdomL: x is a solution of (2.5)} =Sy,

for every ¥ € ]0, 1]. Therefore, using (a2) and (a3), thanks to the homotopy invariance property
of the coincidence degree we have

D.(L—N(,1),Q2) =D.(L —N(,0), Q).
Hence,
D (L —N,Q)=D,(L - N(,0), Q).

Step 2. Consider the operator N: Q> Z , given by N=N (-, 0), that is,

ﬁi(xi+l) =Ni(xiy1), i=1,...n—1,
Nu(x) = QuNy(x),

and the homotopy map ®:[0,1] x & — X defined as

D(u,x)=Px+JONx) +pKddz — Q)N (x).

Following [6, Lemma 2.4] and exploiting hypothesis (a;), we deduce that the set {(u,x) €
[0, 1] x @: x = ®(u, x)} is compact. By the homotopy invariance property, we have

DL(L — N, Q) =deg s(Idx — ®(1,-), ,0) = deg; (Idx — D(0, -), 2, 0),

where the first equality is due to the definition of the coincidence degree.

Step 3. We notice first that 5(0, 2) C ker L. An application of the classical finite-dimensional
reduction property of the Leray—Schauder degree (cf. [4, Theorem 8.7]) leads to

deg; (Idy — ®(0, -), 2, 0) = degg (N, 2 Nker L, 0),
where A is as in formula (2.4), and thus the thesis follows. O

11
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The next result deals with the computation of degg (N, 2 Nker L, 0) via an application of the
product property of the degree (cf. [2, Theorem 11.3]). Recalling the definition (2.2) of the maps
ni,i=1,...,n—1,now we need to define the map

M Q1 —kerL,, nu(w):=—Jy0pnNy(w,0,...,0),
where 51 ={wekerL;: (w,0,...,0) € Q}is assumed to be nonempty.

Proposition 2.2 (Product formula). Let L, N and Q2 be as in Proposition 2.1. Let N be defined
as in (2.4), assume that the degree degg(N, Q Nker L, 0) is well-defined and suppose that the
following conditions hold:

(ag) dim(kerL;) =d, foralli=1,...,n;
(as) Ox, € Q;, foralli=2,...,n;
(ae) {we Qiy1NkerLit1: ni(w)=0x,} ={0x,,,}, foralli=1,...,n—1

Then,

degg(NV, QNkerL,0) =
n—1

= (=)D degp (n,, 21,0) - | | degg (i, Qi1 Nker Liy1, 0).

i=1

Sketch of the proof. For reader’s convenience, we summarize the idea of the proof and refer to
[6, Lemma 2.8] for more details.

Step 1. Let
Q= §~21 x (o NkerLy) x --- x (2, NkerL,)
and let n: Q — ker L be defined as

N = (Mm2),s -y 1)y T (x1)), X = (X1, ..., Xp) € 2.

In order to linkNN and n, we introduce a suitable open subset W of Q2 Nker L and we consider
the homotopy N: [0, 1] x W — ker L with components

Ni@, x) =i (xi 1), i=1,....n—1
Nn(ﬂ, X)=—Jp OnNy(x1,0x2,...,0x,).

To construct W we proceed as follows. First of all, we observe that

o if (x1,...,x,) €S, ={x¢€ Q: n(x) =0}, then x, = --- = x,, = 0 by (ae); this implies, as a
byproduct, that S, € ;

o if (x1,...,xy) €Sy ={xeQnkerL : N(x) =0}, then xp =--- = x, = 0 as well, still
using (ag).

12
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Consequently, we have S, = Sxr and denote S := S, = Ss. Next, for every (w,0,...,0) € S,
let &y, > 0 be sufficiently small in such a way that the open neighborhood B, := B(w, &) X
B(0, &) X ... x B(0, &) of (w,0,...,0) in R?" is contained in §2. Then, we define

W = U By.

(w,0,...,00eS
We show that /\N/ , which is not necessarily well defined in [0, 1] x (2 Nker L), is actually well
defined in [0, 1] x W. Indeed, take (x{, x2,...,x,) € W and let (w, 0, ...,0) € S be such that
(x1,x2,...,x,) € By. By the definition of B,, as a product of balls of R4, which are centered
at zero except for the ﬁrsL one, it follows that (xy,¥x3, ..., 0x,) € By, for every ¢ € [0, 1].
Therefore, the homotopy N is correctly defined.

By (ag), we have that Uﬁe[o’l]{x eW: J\~/'(z§‘, x) = 0} coincides with [0, 1] x S and is com-
pact. Therefore, from the homotopy invariance property we deduce that

degg (N, W, 0) =degg(n, W, 0).
Then, recalling the definition of S, we can apply the excision property to A and 7 obtaining
degg (N, W,0) =degg (N, QNker L, 0)
and
degp (7, W. 0) = degg (n, 2, 0).
Therefore,
degg (N, Q Nker L, 0) = degg (1, 2, 0).
Step 2. Let 1y € — ker L be defined as
) = (00D 2, a1 ) X = (X1, x0) €2

We notice that 77(x) = An(x) for all x € ?2, where

0 0 e 0 Idga
Idga O e 0 0
A= 0 eRdnxdn
: Idga O 0
0 -+ 0 Idga O

is a permutation matrix with determinant det(A) = (—1)4®*+1 . Hence, we have

degg (7, 2, 0) = sign(det(A)) degg (1, 2, 0) = (= 1)@ +V degp (1, 2, 0)

13
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(cf. [5, Lemma 1.3.1] or [7, Theorem 2.10]). Next, by the product property, we conclude that
n—1
deggp (7, 2, 0) = degg (nn, 21, 0) - 1_[ degg(ni, Q241 NkerLiy1,0)
i=1
and the thesis follows. O

3. Continuation theorems

In this section, we investigate the periodic problem

xlfzgi(t,xi_;’_l), i=1,...,n—1,
X, =h(t,x1,...,xn), 3.1)
% (0) = x;(T), i=1,...,n.

From now on, we assume that

e D is an open subset of R"" = ]_[f':l R™ and, fori =1,...,n,

D; :=={weR™: 3(x1,...,x,) € D such that x; = w}
denotes the projection of D onto the i-th component;
e 0D, foreveryi =2,...,n;
e 2,:[0,T] xDjy;1 — R isan Ll-Carathéodory function, foreveryi =1,...,n — 1;
e 1:[0,T] xD— R™isan Ll-Carathéodory function.
A solution of (3.1) is a function x = (x1,...,x,) such that, for every i = 1,...,n,
x;: [0, T] — R™ is absolutely continuous with x;(0) = x;(T), and the differential equations

in (3.1) are satisfied for a.e. r € [0, T].
Our first goal is to write problem (3.1) as a coincidence equation of the form

Lx=N(x), xedomLNdomAN,
as discussed in Section 2. With this aim, for i =1, ..., n, we consider the Banach spaces
X;=C(0,T,R™),  Z;=L'([0,T1.R™),

endowed with the norms

T
Iilloo = max i@l lzill = / (0] dr,
t€[0,7T]
0

respectively. As a consequence,

14



P. Benevieri and G. Feltrin Journal of Differential Equations 476 (2026) 114464
n n
x=[[xi=cqo.71.®™),  z=[]z:=L'C0.TLR™).
i=1 i=1
Fori=1,...,n, we define
domL; = {xi € X;: x; is absolutely continuous and x; (0) = x; (T)}
and the map L;: domL; — Z; as
(Lix;)(t) = x;(t), te€[0,T].

Hence, L; is a Fredholm linear operator of index zero. Moreover, ker L; is given by the constant
functions in R and

T
ImL; = {Zi €Z;: /zi(t)dtzo}.
0
Next, we set
| T
P X; —> X, Pix; = T /xl-(t)dt,
0

T
1
Qi: 72, — 7, Qizi = ?/Zi(t)dt-
0

Notice that ker P; is made up of the continuous functions with zero mean value. Furthermore, we
define K;: ImL; — dom L; N ker P; as the right inverse of L; (depending on P;), which is the
operator that to every function z; € Z; with fOT z;i (t)dt = 0 associates the unique map x; such
that

T
x/=z and fx,-(t)dt:O;
0

notice that x; (0) = x; (T'). As linear orientation-preserving isomorphism J; : Im Q; — ker L;, we
choose the identity map in R™.
Let

domN :={x € X: x(t) € D, forall t € [0, T}

and consider the Nemytskii operator N : dom N — Z with components

Ni(xi+1) () = gi(t, xi+1(2)), i=1,...,n—1,
Ny(xt1, ..., x) () =h(t, x1(2), ..., x,(1)),

15
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An application of the Ascoli-Arzela theorem shows that N is an L-completely continuous oper-
ator.
In addition, we define

T
1
gD > R™, gf(w):?/gi(l,w)dt, i=1,....,n—1,

0

T
# m # 1
h":D— R"™, h (sl,...,sn):z? h(t,sq,...,s,)dt,

0

and

) # # #
£: D— R™, £(s1,...,8,) = —(gl(sz), ey 8n_1(sp), B (1, sn)).
Given the above setting, we can now state and prove our first continuation theorem.

Theorem 3.1. Let Q be an open (possibly unbounded) set in X = C([0, T], R™"*) with Q C
dom N; denote by 2; its projection onto X;, fori =2, ...n. Suppose that

(hy) there exists a compact set KC C Q containing all the solutions in  of

xl'/:gi(t»xi+l)s i=1,...,”l_],
X, =Ah(t, x1, ..., %), (3.2)
x;(0) =x;(T), i=1,...,n,

forevery . €10, 1[;
(hy) foreveryi=1,...,n—1,
o 04y,
e gi(t,w)=0foreveryt [0, T] if and only if w =0,
. g? is injective;
(h3) the set fz_l(O) N S~21 is compact, where ﬁ(w) = h*(w,0,...,0) for w e R™ and S~21 =
{we]@’"f:v(w,o,...,O)e Q};
(hg) degg(h, 21,0) #0.

Then, problem (3.1) has a solution in <.

Proof. Observing that £ = —J QN |ker 1., We first aim to apply Proposition 2.1. Hypothesis (a;)
of the proposition requires to prove that, fori =1, ...,n — 1, if there exists a constant function
w € R™ such that

T

/gi(t,w)dtz(),

0

16
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then g; (¢, w) = 0 for every t € [0, T], and this is a direct consequence of hypothesis (42). Con-
cerning (ay), if for A = 1 there is no compact set in €2 containing all the solutions of (3.2), then
the thesis of the theorem trivially holds, otherwise (a») straightforwardly follows from hypothe-
sis (h1). Finally, to prove (a3) we show that Sp := {x € Q NR"™": £(x) = 0} is compact. From
(hy) we have that g?(w) =0 if and only if w = 0. Then, x € Sy implies that x = (w, 0, ..., 0)
for a suitable w € fll. The compactness of Sy immediately follows from (43). Therefore, Propo-
sition 2.1 can be applied to obtain

Dr(L — N, Q) =degg(¢, 2NR™,0).

Now, we conclude the proof by applying Proposition 2.2. Since assumptions (as4), (as), (ag)
trivially hold true, then

n—1
degg (€, QNR™,0) = (=)D degp (—h, 21,0) - ]_[ degg(—g¥, Qi1 NR™, 0).
i=1
n—1
= (—1)" degg(h,$21.0) - | [ degg (g, Qiy1 NR™.0).
i=1

By (hy), foralli =1,...,n— 1, since g is injective, g(0) = 0 and 0 € Q;1, it holds that

degg (gf, Qip1 NR™,0) = %1 (3.3)
(cf. [5, Theorem 7.4.5]).

Finally, (h4) implies that degg (¢, 2 N R™,0) # 0 and hence Dz (L — N, 2) # 0. The thesis
follows from the existence property of the degree. O

For the second continuation theorem, we consider an L '-Carathéodory homotopy /4 [0, T'] x
D x [0, 1] — R™ between h and an autonomous vector field &g, that is, we assume that

Rt x1, ..., X0, 0) = ho(x1, ..., Xn), h(t, X1, .o X, D =h(t,x1, ..., Xn).
The following holds true.

Theorem 3.2. Let Q2 be an open (possibly unbounded) set in C([0, T], R™") with Q C dom N.
Assume (hy) and suppose that

(h') there exists a compact set K C Q containing all the solutions in Q of

x; = gi(t, xit1), i=1,....n—1,
Xy =ht,x1, ..., X0, A), (3.4)
xi(0) =x;(T), i=1,...,n,

forevery . €10, 1[;

17
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(hé) the set };51(0) N ?21 is compact, where ﬁo(w) =ho(w,0,...,0) for w e R™ and ?21 =
{we I@m :~(w,0, ...,0) e Q};

(h) degg (o, ©1.0) #0.

Then, problem (3.1) has a solution in 2.

The proof follows the same steps of the proof of Theorem 3.1 and we omit the details.

Remark 3.3. The hypothesis (%2), assumed in Theorem 3.1 and in Theorem 3.2, is quite natural.
As it is evident from the proof of Theorem 3.1, such a condition provides an effective way to
ensure the validity of (3.3), which is crucial in the computation of Dy (L — N, €2). In Section 4,
we present an application to second-order systems of the form

(@, x")) = f(t,x,x"),

where the fact that g; = ¢! is a homeomorphism immediately ensures that condition (A,) holds
(see also hypotheses (¢1)—(¢1)). <

Since the classical continuation theorems reviewed in the introduction consider the case of an
open and bounded set 2, we now give the following versions of our continuation theorems in

that framework. The proofs are straightforward.

Theorem 3.4. Let Q be an open and bounded set in C([0, T], R™) with Q@ € dom N. Assume
(h2), (hg) and

° tﬁere is no A;olution of (3.2) on 92 for A €10, 1[;
e 1 1(0)NIQ =0.

Then, problem (3.1) has a solution in Q.

Theorem 3.5. Let Q be an open and bounded set in C([0, T1, R™") with Q@ C dom N. Assume
(ha), (k) and

° ahere is no A:glution of 3.4) on 02 for A €10, 1[;
o iyl (0)N3Q =1

Then, problem (3.1) has a solution in Q.
4. Applications to second-order systems

This section deals with the second-order periodic problem

(@, x") = f(t,x,x"),

@.1)
x(0)=x(T), x'(0)=x"(T),

where f: [0, T] x R x U — R™ is an Ll-Carathéodory function. We assume the following
conditions on ¢:

18
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(¢1) ¢:[0,T] x U — V is a continuous function, where U and V are open subsets of R"
containing 0O;

(¢2) ¢(¢,0)=0, foreveryt e[0,T];

(¢3) ¢(0,5)=¢(T,s), forevery s € U,

(¢4) @(t,-) is a homeomorphism with ¢ (¢, U) =V, for every r € [0, T].

Given any t € [0, T], being ¢ (¢, -) invertible, we denote, with a little abuse of notation, its inverse
as ¢~ (1, ). We suppose also that

T
1
(¢4) themap Vs> T / (]57] (¢, s)dt is injective.
0

A solution of system (4.1) is a continuously differentiable map x: [0, T] — R™ such that
t — ¢(t,x'(t)) is absolutely continuous, the first equality in (4.1) holds for a.e. € [0, T'], and
the periodic boundary conditions are satisfied.

Let CIT be the space of continuously differentiable functions x: [0, T] — R™ with x(0) =
x(T) and x'(0) = x'(T).

The following continuation theorem holds true.

Theorem 4.1. Let O be an open (possibly unbounded) set in C} with x'(t) € U for every t €
[0, T] and every x € O. Assume that

(A1) there exists a compact set K C O containing all the solutions in O of

[ @, %) =2, x, %), “2)

x(0)=x(T), x'(0)=x"(T),

for every A€o, 1[;
(A2) the set £f~1(0)N O is compact, where

T
f(w) ::%/f(t,w,O)dt, w e R™;
0

(A3) degg(f, ONR™,0)0.
Then, problem (4.1) has a solution in O.

Proof. We introduce the first-order periodic problem

X =¢7'(t, x2),
xy = h(t, x1, x2), 4.3)
x1(0) =x1(T), x2(0) =x2(T),
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where h(t, x1,x2) = f(t,xl,qb_l(t,xz)). Notice that x solves (4.1) if and only if (x1,x3) =
(x, (-, x’(-))) solves (4.3). The equivalence of the second-order equation and the first-order
system is straightforward, while the equivalence of the periodic boundary conditions follows
from the equality ¢ (0, x'(0)) = ¢ (T, x'(T)), which is valid thanks to assumption (¢3).

With the aim of applying Theorem 3.1 to problem (4.3) (with n =2 and g; = ¢~!), we
consider the parameter-dependent system

x) =971, x2),
xé = M(t, x1,x2), 4.4)
x1(0) =x1(T), x2(0) =x2(7),

equivalent to (4.2).
As a first step, using the same notation introduced in Section 3, we need to define an open set
Q with

Q CdomN = {x €C([0, T1,R*"): x(1) € D, for all € [0, T},
where D =R™ x V and N is defined as

N@) (@) = N(x1, x2)(1) = (¢~ (1, x2(0)), (2, x1 (1), x2(2))).

Let £ C O be the compact set given in condition (A7). For every y € K, let &, > 0 be such that
the open set

Uy =[x €CilIx — Ylloo <y, X' = lloo < &y} (4.5)
is contained in O. Observe that

kel Ju,co. (4.6)
yelkl

By hypotheses (A2) and (A3), the set Sp = f ~1(0) N O is compact and nonempty. Thus, for any
7 € 8y, which is a constant function, there exists a corresponding &, > 0 such that the open set

U= {x eCh: [Ix — zlloo < &2, X llo < &} 4.7
is contained in O. It is easily seen that

Scl|Juco. (4.8)

ZES()

Next, for every y € K, corresponding to I, given by formula (4.5) we define in the space
C([0, T1,R¥") =C([0, T]1,R™) x C([0, T], R™) the set

lx1 — ylloo < &y,
Ay =1 (x1,x2) €C(0,T1,R>):  xa(t) € V, forevery ¢ € [0, T,
o~ x2()) — ¥ lloo < &y
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Analogously, for every z € Sp, corresponding to U in (4.7) we define

X1 — zlloo < ez,
Az =1 (x1,x) €C(0, T1,R¥):  xp(t) € V, forevery t € [0, T,
6~ x2(D) lloo < &:

Let us point out that all the sets A, and A, are nonempty and open. In fact, consider y € K.
By the definition of O, we have y'(¢) € U for each ¢; consequently ¢ (-, y'(+)) is well defined
and its image is contained in V. In addition, ¢>’1(o,¢(~, y'(+))) coincides with y" and thus
(y,¢(-,¥'())) € Ay. The openness of this set is straightforward since U and V are open. The
argument showing that the sets A, are nonempty and open is the same. Moreover, all the sets A
and A, are contained in dom N.

We can now define

Q=[JaulJA. 4.9)

yelkl €85

Notice that 2 is open and contained in dom N.
We are now in a position to verify hypotheses (h1), (h2), (h3), and (h4) of Theorem 3.1. To
check condition (1), given L € O as in (A1), we define the set

K= {(x1,x2) €C([0, T, R*™): x; € K, x2= ¢ (-, x| (-))}

and observe that K - UveIC Ay € Q, as a consequence of (4.6) and the definition of Q. In

addition, K is compact being the image of K by the continuous map
G:Cl—C(0,T1,R™), G(x)=(x,¢(-x").

Moreover, by (A1), K contains all the solutions of (4.4), for all 1 € ]0, 1[, recalling that problems
(4.2) and (4.4) are equivalent. Then, condition (/1) holds.

Concerning condition (h,), we first observe that 0 € 2, since (z,0) € Q2 for any z € Sp, by
construction. Moreover, for every ¢ € [0, T], ¢_1 (t,s) =0if and only if s = 0, by (¢2) and (¢4).
The injectivity is assumed in (¢,). Then, condition (47) holds as well.

To verify (h3) and (h4) we proceed as follows. Let fz(w) = %fOT h(t, w,0)dt, for w e R,
and 51 ={w e R™: (w,0) € 2} be as in hypothesis (k3). From (¢,), we have that f and h
coincide.

We show first that

AN 0)N € Sp.
In fact, take w € 831 such that ﬁ(w) = 0. We have that (w, 0) € €2, so there exists either y € IC
such that (w,0) € Ay, or z € Sp such that (w,0) € A;. In the first case, we have w € Uy, in
the second one w € U/;. In both cases, w € O because all the sets I{) are U, are contained in O.

Since, by definition, So = f’l (0) N O and recalling that f —h, thenw € So.
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Next, we claim that

| tenR" Q. (4.10)

ZESO

To see this, fix w € UZESO U, NR™ and let 7 € Sp be such that w € U;. This implies that (w, 0) €
Az, which is contained in €2 by (4.9). Therefore, w € 51 and the claim follows. As a byproduct
of (4.10), we have that Sy C Q. Thus, A1 on Q =Sy which is compact by (A2), and so (h3)
is verified.

At last, we have to show that (s4) holds, that is degg (fz, §1 ,0) # 0. Recalling (4.10), (4.8),
and that Sy is the set of solutions of f (w) =01in O NR™, we can apply twice the excision
property of the degree obtaining

degg(h, Q1,0) = degg (. | ] U: NR™,0) =degg(f, ONR",0).

ZESO

Consequently, (h4) follows form (A3).

Therefore, Theorem 3.1 can be applied and we deduce the existence of a solution (x1, x2) of
(4.3) in 2. Finally, setting x := x1, we have that x solves (4.1), as observed above. The proof is
thus complete. O

Remark 4.2. The assumption in Theorem 4.1 that the open set O is such that x’(¢) € U for every
t € [0, T] and every x € O should not be regarded as a technical assumption. Rather, it reflects an
intrinsic structural property of the problem. Indeed, in several relevant applications the operator
¢ is defined only on a proper subset U C R. In such cases, any solution of the periodic problem
(4.1) must necessarily satisfy the pointwise constraint x'(z) € U for all # € [0, T], otherwise
the differential operator is not well defined along the trajectory. Therefore, the condition on O
simply expresses this compatibility requirement between the functional setting and the domain
of definition of the operator. <

For the second continuation theorem, we consider an Ll-Carathéodory map f [0, T] x D x
[0, 1] — R™ such that

Flt,x1,%2,0) = folx1,x2),  ft,x1, %2, 1) = f(t,x1,x2).

The following holds true. The proof is analogous to the one of Theorem 4.1 and is therefore
omitted.

Theorem 4.3. Let O be an open (possibly unbounded) set in C} with x'(t) € U for every t €
[0, T] and every x € O. Assume that

(A}) there exists a compact set K C O containing all the solutions in O of

(@@t x")) = f(t,x,x', 1),
x(0) =x(T), x'(0)=x'(T),

forevery X €10, 1[;
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(A/2) the set fo—l (0) N O is compact, where fo(w) = fo(w,0) for w e R™;
(A3) degg(fo. ONR™,0) 0.

Then, problem (4.1) has a solution in O.

Remark 4.4 (The hypotheses on ¢). Firstly, we point out that, if ¢ does not depend on time (i.e.,
o (t,s) = ¢(s)), all the hypotheses on ¢ reduce to the following one:

e ¢: U — V is a homeomorphism with ¢ (U) = V, where U and V are open subsets of R”
containing 0, and ¢ (0) = 0.

Indeed, hypotheses (¢1)—(¢4) and (¢, ) are straightforward consequence of the above assump-
tion. This “autonomous” framework improves the one in [13]. Indeed, in the case U = V = R"™
considered in [13], when m > 2 it is possible to propose examples of homeomorphisms which do
not satisfy the monotonicity and coercivity conditions (Hj) and (Hz) introduced therein (recalled
in our introduction). For instance, for m = 2, one can consider the map

¢: R R% ¢(s1,5) = (—s2, —51), (4.11)

which is a homeomorphism of R2, but does not satisfy (H1) and (Hp) (see also [6, Remark 3.12]).
Moreover, our framework improves also [6], since in our case U and V are not imposed to be
the whole R™. Accordingly, we can for instance consider the mean curvature operator and the
Minkowski one:

N
: R"™ — Bgrm(0, 1), =,
¢ R = Ban(0.D. 60 = e

S
VI=sP?

or the Perona—Malik operator, which introduces anisotropic diffusion in image processing, the
hyperelastic tangent flow operator, which smooths sharp transitions through saturation effects,
the congestion-type cost gradient operator, modeling limited mobility in high-density regions
as observed in transport and crowd dynamics, and many other nonlinear differential operators
arising in geometry, physics, biology, and engineering.

In the case of time-dependent differential operators, some remarks are in order regarding
hypothesis (¢.). First, we observe that hypotheses (H)) and (H)) in [9] are significantly stronger.
Indeed, as a consequence of the sole (H’l), we have

¢: Brn(0,1) > R™, ¢(s) =

~| =

T
/<¢—1(z, s1) — ¢\ (1, 52), 51 —s2)dr >0, forevery s1, so € R™ with 51 # 57,
0

which implies that (¢,) holds true. Moreover, by considering operators of the form

¢(t,s) =nt)p(s), (4.12)
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where n: [0, T] — ]0, +oo[ and ¢: R™ — R™, it is easy to adapt the above counterexample

(4.11) to show that there are maps ¢ satisfying (¢1)—(¢4) and (¢,), but not (H}) and (H).
Furthermore, we can introduce a class of operators different from that considered in [9]. Pre-

cisely, in addition to (¢1)—(¢4) and (¢), we assume that the inverse operator ¢_1 is of the form

(ps) ¢~ 1(t,s)=0(t,5)t(s), whereo: R x V — R and t: V — R™ are continuous functions.

As an illustrative example, the p(r)-Laplacian operator ¢(t,s) = |s|P)=2s (with inverse
¢~ (¢, s) = |59 ~2s for an appropriate ¢) belongs to this class of operators, provided that suit-
able conditions on p are satisfied. Clearly, functions of the form (4.12), which do not satisfy (/)
and (H}), may belong to this class.

To show that, under assumption (¢#), condition (¢, ) is satisfied, we employ the mean value
theorem for integrals to deduce that

T

T
1 1 ~ -
7 o=y [otsa =0t =470,
0 0
for some 7 € [0, T]; thus the injectivity directly follows from the fact that ¢_1 (f,-) is a homeo-
morphism.
We finally observe that, again by the mean value theorem for integrals, if m = 1 condition

(¢1) directly implies (¢,). This is not the case in higher dimension (i.e., m > 2), as one can see
by considering the homeomorphism

2 _ 2
o(t,s) = C?S(T /) Sm(Tt) s, (t,s) e R x R?,
sm(T”t) cos(% )

which obviously satisfies (¢1)—(¢4), but the mean value of the rotation matrix gives an identically
zero function which is clearly not injective. <
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