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Abstract

In this paper we propose some continuation theorems for the periodic problem

⎧⎪⎨⎪⎩
x′
i
= gi(t, xi+1), i = 1, . . . , n − 1,

x′
n = h(t, x1, . . . , xn),

xi(0) = xi(T ), i = 1, . . . , n,

providing a unified framework that improves and extends earlier contributions by Jean Mawhin and collab
orators to second-order differential problems governed by nonlinear time-dependent differential operators 
of the form {︄

(ϕ(t, x′))′ = f (t, x, x′),
x(0) = x(T ), x′(0) = x′(T ).

The proof is based on the topological degree theory.

✩ Work written under the auspices of the Gruppo Nazionale per l’Analisi Matematica, la Probabilità e le loro 
Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM). The authors are partially supported 
by FAPESP, project n. 2024/21356-2 (Brazil).

* Corresponding author.
E-mail addresses: pluigi@ime.usp.br (P. Benevieri), guglielmo.feltrin@uniud.it (G. Feltrin).

https://doi.org/10.1016/j.jde.2026.114464
0022-0396/© 2026 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND 
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2026.114464&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2026.114464
http://www.elsevier.com/locate/jde
mailto:pluigi@ime.usp.br
mailto:guglielmo.feltrin@uniud.it
https://doi.org/10.1016/j.jde.2026.114464
http://creativecommons.org/licenses/by-nc-nd/4.0/


P. Benevieri and G. Feltrin Journal of Differential Equations 476 (2026) 114464 

© 2026 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND 
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

MSC: 34B15; 34C25; 47H11; 47J05

Keywords: Periodic solutions; Differential systems; Continuation theorems; Degree theory; Nonlinear time-dependent 
differential operators

1. Introduction

The search for periodic solutions is a central topic in the areas of differential equations and 
dynamical systems, with wide-ranging applications in physics, biology, and engineering. Among 
the various techniques developed to establish the existence of such solutions, continuation meth
ods have become a standard tool due to their broad applicability. In this paper, we present new 
continuation theorems that apply to a wide and general class of periodic problems, providing a 
unified framework that extends earlier contributions.

The continuation technique typically involves two topological spaces X and Y , a continuous 
map f : X → Y , and an equation of the form

f (x) = y, x ∈ D, (1.1)

where y is a given element of Y and D ⊆ X. The key principle of a continuation method is 
embedding (1.1) in a family of parameter-dependent equations

ℱ(x,λ) = y, λ ∈ [0,1],
where the function ℱ : X × [0,1] → Y is such that:

• ℱ(x,1) = f (x), for every x ∈ X;
• the equation ℱ(x,0) = y has at least one solution in D;
• at least one of the solutions of ℱ(x,0) = y can be ``continued'' to a solution of ℱ(x,1) = y

in D, when λ moves from 0 to 1, thus yielding a solution of (1.1).

The last property is particularly delicate and the most challenging to establish. Let us consider 
two simple illustrative examples with X = R and D = ]−1,1[. The parameter-dependent equa
tion

(1 − λ)x + λ = 0, λ ∈ [0,1],
admits a unique solution at x = 0, for λ = 0. As λ increases, this solution evolves continuously, 
shifting leftward. When λ = 1/2, it exits the domain D through the boundary point x = −1. 
Hence, the continuation cannot be realized. Turning to the equation

4x2 + 2λ − 1 = 0, λ ∈ [0,1],
we observe that it has two solutions x = ±1/2 when λ = 0. As λ increases, the two solutions 
gradually approach each other, merge into the unique solution x = 0 for λ = 1/2, and then dis
appear. Also in this situation, the continuation cannot be realized.
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From these simple examples it is evident that a way to fulfill the third property is to require 
that the set of solutions {x ∈ D : ℱ(x,λ) = y, for some λ} remains away from the boundary ∂D

and has a certain property of ``robustness''. This idea led to the development of the topological 
degree, initially explored by Leopold Kronecker, Jules Henri Poincaré, and Luitzen E. J. Brouwer 
for continuous functions between finite-dimensional vector spaces. Thanks to Jean Leray and 
Juliusz Paweł Schauder this notion was then extended to a significant class of mappings defined 
in Banach spaces, which may have infinite dimension. We refer the reader to [4,5,7,12].

To contextualize our new contributions to the continuation theory, it is first essential to briefly 
review the main preceding developments. In 1934, Leray and Schauder published their seminal 
paper [11], which marked a significant milestone in the fields of nonlinear functional analysis 
and nonlinear differential equations. Their main result, commonly referred to today as the Leray--
Schauder continuation theorem, states the following (see [26, Section 14.6] or [5, Chapter 2] for 
the proof). Throughout this paper, we use ``degLS'' to denote the Leray–Schauder degree.

Theorem 1.1 (Leray–Schauder continuation theorem). Let X be a Banach space and Ω ⊆ X ×
[0,1] be a bounded set which is open in the topology of X×[0,1]. Let 𝒢 : Ω → X be a completely 
continuous function (i.e., 𝒢 is continuous and maps bounded subsets into relatively compact 
subsets). If

• Σ ∩ ∂Ω = ∅, where Σ := {(x,λ) ∈ Ω : x − 𝒢(x,λ) = 0};
• degLS(IdX − 𝒢(·,0),Ω,0) ≠ 0;

then there exists a compact connected (continuum) set C in Σ along which λ takes all values in 
[0,1].

We observe that the degree condition ensures that

S0 := {︁
x ∈ X : x − 𝒢(x,0) = 0

}︁ ≠ ∅.

Moreover, we stress that the theorem implies that the subset C of Σ connects S0 to S1 := {x ∈
X : x − 𝒢(x,1) = 0}, showing in particular that the equation x − 𝒢(x,1) = 0 has a solution. For 
additional details, comments, and historical perspectives, the reader is referred to the compre
hensive surveys [18--21].

The identification of an open and bounded set Ω satisfying the first condition in Theorem 1.1
is typically achieved by establishing, when possible, a significantly stronger a priori bound con
dition on the solution set Σ. Accordingly, many applications of the Leray–Schauder continuation 
theorem have been developed specifically to address this scenario, and this perspective is central 
also in the contribution by Jean Mawhin for the study of the periodic problem{︄

x′ = F(t, x),

x(0) = x(T ),
(1.2)

where F : [0, T ] ×Rm → Rm is a Carathéodory vector field, that is,

• for almost every t ∈ [0, T ], F(t, ·) is continuous;
• for every x ∈Rm, F(·, x) is measurable;
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• for every ρ > 0, there exists a map ℓ ∈ L1([0, T ], [0,+∞)) such that, for almost every 
t ∈ [0, T ] and every x ∈Rm, with ∥x∥ ≤ ρ, it holds that ∥F(t, x)∥ ≤ ℓ(t).

Let X = 𝒞T be the Banach space of continuous functions x : [0, T ] → Rm satisfying x(0) =
x(T ). Mawhin’s result reads as follows (cf. [15, Theorem 4] or [22, Theorem 2]; see also [14]). 
We henceforth denote the Brouwer degree by ``degB''.

Theorem 1.2 (Mawhin’s continuation theorem). Let Ω ⊆ 𝒞T be an open bounded set and suppose 
that

• for each λ ∈ ]0,1[ there is no solution of{︄
x′ = λF(t, x),

x(0) = x(T ),

with x ∈ ∂Ω;
• the map F # : Rm → Rm, F #(w) := 1 

T

∫︁ T

0 F(t,w) dt has no zeros on ∂Ω ∩ Rm and 
degB(F #,Ω ∩Rm,0) ≠ 0.

Then, problem (1.2) has a solution in Ω.

We point out that Mawhin’s continuation theorem has the same structure of Theorem 1.1: the 
first condition requires that no solution lies on the boundary of Ω along the homotopy, while the 
second condition involves the topological degree. The novelty of Theorem 1.2 is that the finite
dimensional Brouwer degree can be employed, thanks to the application of a reduction property 
when λ = 0.

From now on, given our interest in solutions to the original problem (1.2), we refrain from 
explicitly mentioning the existence of the continuum of solutions for λ ∈ [0,1].

In the context of periodic problems, it is common to deal with perturbations of autonomous 
systems and thus encounter equations of the form

x′ = F0(x) + P(t, x),

where F0 is an autonomous vector field. In this framework, it is natural to introduce the 
parameter-dependent equation

x′ = F0(x) + λP (t, x), λ ∈ [0,1],
with the aim of applying a continuation principle to reduce the study to the autonomous periodic 
problem {︄

x′ = F0(x),

x(0) = x(T ).

With this perspective in mind, in [3] Anna Capietto, Mawhin, and Fabio Zanolin proposed a sec
ond continuation theorem (see also [1,22]), where the parameter-dependent family of problems 
is given by a Carathéodory vector field
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F̃ = F̃ (t, x, λ) : [0, T ] ×Rm × [0,1] →Rm

such that

F̃ (t, x,0) = F0(x), F̃ (t, x,1) = F(t, x).

Notice that the equation is autonomous for λ = 0. The result is the following (cf. [3, Theorem 2]).

Theorem 1.3 (Capietto–Mawhin--Zanolin continuation theorem). Let Ω ⊆ 𝒞T be an open 
bounded set and suppose that

• for each λ ∈ [0,1[ there is no solution of{︄
x′ = F̃ (t, x, λ),

x(0) = x(T ),

with x ∈ ∂Ω;
• degB(F0,Ω ∩Rm,0) ≠ 0.

Then, problem (1.2) has a solution in Ω.

Theorem 1.2 and Theorem 1.3 admit extensions that allow to study the existence of periodic 
solutions of second-order differential equations of the form

x′′ = f (t, x, x′),

where f : [0, T ] ×Rm ×Rm → Rm is a Carathéodory vector field. As outlined above, the con
tinuation method involves embedding the above equation into a parameter-dependent family

x′′ = f̃ (t, x, x′, λ), λ ∈ [0,1],

where in the case of Theorem 1.2 f̃ is of the form

f̃ (t, x, x′, λ) = λf (t, x, x′), (1.3)

and in the case of Theorem 1.3 the map f̃ satisfies

f̃ (t, x, x′,0) = f0(x, x′), f̃ (t, x, x′,1) = f (t, x, x′), (1.4)

for some autonomous function f0. The corresponding statements are straightforward adaptations 
of Theorem 1.2 and Theorem 1.3; for brevity, we omit their explicit formulations and refer the 
reader to [14, Théorème 2], [3, Corollary 6], and [17, Chapter 6].

In recent decades, the interest in nonlinear differential operators, such as the p-Laplacian and 
curvature operators, has grown significantly, largely driven by their wide range of applications; 
consequently, new continuation theorems have emerged within the framework of topological 
methods. A crucial milestone in this direction was established by Raúl Manásevich and Mawhin 
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in [13], as reflected by its extensive citation record. Their investigation concerns the periodic 
solutions of the second-order differential equation

(ϕ(x′))′ = f (t, x, x′),

where ϕ : Rm → Rm is a continuous function satisfying

(H1) ⟨ϕ(x1) − ϕ(x2), x1 − x2⟩ > 0, for every x1, x2 ∈Rm with x1 ≠ x2;
(H2) there exists a function α : [0,+∞[ → [0,+∞[, with α(s) → +∞ as s → +∞, such that 

⟨ϕ(x), x⟩ ≥ α(∥x∥)∥x∥, for all x ∈Rm.

Their continuation results are applied to the homotopic equation

(ϕ(x′))′ + f̃ (t, x, x′, λ) = 0, λ ∈ [0,1], (1.5)

with f̃ as in (1.3) in their version of Theorem 1.2 (cf. [13, Theorem 3.1]), while f̃ satisfies (1.4)
in their version of Theorem 1.3 (cf. [13, Theorem 4.1]).

The technical conditions (H1) and (H2) are exploited in [13] (and in several subsequent pa
pers) to construct a completely continuous operator whose fixed points correspond to periodic 
solutions of (1.5). It is easy to prove that from these two conditions it follows that the map 
ϕ : Rm → Rm is a homeomorphism such that ϕ(0) = 0 (cf. [4, § 11]). In [6] Guglielmo Feltrin 
and Zanolin showed that these technical assumptions can be removed, requiring only that ϕ is a 
homeomorphism with ϕ(0) = 0. Then, [6] generalizes the results in [13], also in the context of 
cyclic-type systems.

In recent decades, attention has also grown toward p-Laplacian-type operators with vari
able exponents, specifically those of the form div

(︁|∇u|p(x)−2∇u
)︁
. These operators represent 

an important generalization of the classical p-Laplacian, offering greater flexibility in modeling 
complex nonlinear phenomena in applied sciences, such as fluid dynamics and the behavior of 
porous media. In such contexts, some materials cannot be accurately modeled using the classi
cal Lebesgue and Sobolev spaces Lp and W 1,p , and it becomes essential to allow the exponent 
to vary. This need naturally arises in various applications, including phase transitions and dam
age mechanics. For a foundational treatment of variable exponent spaces, see [23]; for further 
examples and insights, we refer to [24].

In this perspective, in [9], Marta García-Huidobro, Manásevich, Mawhin, and Satoshi Tanaka 
generalized Theorem 1.2 (and also [13, Theorem 3.1]) for the T -periodic problem associated 
with

(ϕ(t, x′))′ = f (t, x, x′), (1.6)

where ϕ : [0, T ] ×Rm → Rm is a continuous function satisfying

• ϕ(0, x) = ϕ(T , x), for every x ∈ Rm;
• for every t ∈ [0, T ], ϕ(t, x) = 0 if and only if x = 0;

together with

(H′
1) ⟨ϕ(t, x1) − ϕ(t, x2), x1 − x2⟩ > 0, for every t ∈ [0, T ] and x1, x2 ∈ Rm with x1 ≠ x2;
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(H′
2) there exists a function α : [0,+∞[ → [0,+∞[, with α(s) → +∞ as s → +∞, such that 

⟨ϕ(t, x), x⟩ ≥ α(∥x∥)∥x∥, for every t ∈ [0, T ] and x ∈Rm.

We refer to [9, Theorem 4.1] for the precise statement. We note, however, that [9] does not treat 
the case when the right-hand side of (1.6) depends nonlinearly on λ (cf. Theorem 1.3), and, to 
the best of our knowledge, it remains unexplored. We refer also to [10,25] for related result in 
this context.

Having reviewed the main foundational works of this line of research, we are now in a position 
to present our contribution. In the spirit of [6], we investigate the following periodic problem⎧⎪⎨⎪⎩

x′
i = gi(t, xi+1), i = 1, . . . , n − 1,

x′
n = h(t, x1, . . . , xn),

xi(0) = xi(T ), i = 1, . . . , n,

(1.7)

which is a system of n vector differential equations with periodic boundary conditions, being 
T > 0 fixed. This family of problems includes as special cases all the aforementioned second
order equations, possibly involving nonlinear differential operators that depend explicitly on 
time. In addition, it also covers higher-order vector differential equations. For example, a n-th 
order differential equation of the form

(ϕ(t, x(n−1)))′ = f (t, x, x′, . . . , x(n−1))

can be reformulated as a first-order system of n equations⎧⎪⎨⎪⎩
x′
j = xj+1, j = 1, . . . , n − 2,

x′
n−1 = ψ(t, xn),

x′
n = h(t, x1, x2, . . . , xn) := f (t, x1, x2, . . . , xn−1,ψ(t, xn)),

where ψ(t, ·) denotes the inverse of ϕ(t, ·); in particular, the (n − 1)-th equation corresponds to 
the equality xn(t) = ϕ(t, x′

n−1(t)) for a.e. t ∈ [0, T ].
As will be discussed later (see Remark 4.4), our approach allows to remove the unnecessary 

technical conditions (H′
1) and (H′

2) assumed in [9] and, moreover, to present a more general 
version of Theorem 1.3 in the context of (1.7).

Furthermore, in order to include as well differential operators such as the mean curvature and 
the relativistic Minkowski ones, namely,

ϕ(s) = s√︁
1 + |s|2 , ϕ(s) = s√︁

1 − |s|2 ,

we will consider continuous functions ϕ : [0, T ] × U → V , with U and V open subsets of Rm

containing 0, such that, for every t ∈ [0, T ], ϕ(t, ·) is a homeomorphism with ϕ(t,0) = 0, and 
ϕ(0, s) = ϕ(T , s) for every s ∈ U . To the best of our knowledge, this is the first result that 
applies to singular (i.e., U ≠ Rm) and bounded (i.e., V ⊆ Rm bounded) differential operators ϕ
depending on time.

Our approach relies on the coincidence degree theory developed by Mawhin (cf. [8,16]), to
gether with the reduction formula established in [6].
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The main goal of our paper is to formulate two new continuation theorems. For this reason, we 
do not focus on specific applications to second-order (or higher-order) problems here, pointing 
out that the results established in earlier works under similar assumptions on the right-hand side 
of (1.6) or (1.7) continue to be valid within our more general framework. For the same reason, 
we also do not discuss the broad literature in which these methods have been applied.

The plan of the paper is as follows. In Section 2, we recall the reduction formula developed 
in [6], which is a key ingredient for the proof of our main results, which are two continuation 
theorems for (1.7) presented in Section 3. Next, in Section 4, we explore the implications for 
second-order vector differential equations, providing improvements to all the previously estab
lished results discussed in this introduction.

2. A degree reduction formula

In this section, we review a result discussed in [6, Section 2]. Specifically, the goal is to present 
a reduction formula for the computation of the coincidence degree associated with an equation 
of the form

Lx = N(x), x ∈ domL ∩ domN,

where L and N are defined in the cartesian product of normed spaces.
For i = 1, . . . , n, let (Xi,∥ · ∥Xi

) and (Zi,∥ · ∥Zi
) be real normed linear spaces and consider

X :=
n ∏︂

i=1 
Xi, Z :=

n ∏︂
i=1 

Zi,

endowed with the norms ∥ · ∥X =∑︁
i ∥ · ∥Xi

and ∥ · ∥Z =∑︁
i ∥ · ∥Zi

, respectively.
For i = 1, . . . , n, let

Li : domLi(⊆ Xi) → Zi

be a not necessarily bounded Fredholm linear operator of index zero. We recall that Fredholm 
means that kerLi has finite dimension, ImLi is closed in Zi and has finite codimension; the 
index of Li is defined as dim(kerLi) − codim(ImLi).

Since Li is Fredholm, there exist two linear continuous projections

Pi : Xi → Xi, Qi : Zi → Zi,

such that

ImPi = kerLi, kerQi = ImLi.

This implies that

Xi = kerLi ⊕ kerPi, Zi = ImLi ⊕ ImQi.

Let Ki : ImLi → domLi ∩ kerPi be the right inverse of Li (depending on Pi ), i.e., the linear 
map such that LiKiv = v for each v ∈ ImLi .
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We fix an orientation on the finite-dimensional spaces kerLi and ImQi , and a linear 
orientation-preserving isomorphism Ji : ImQi → kerLi .

Let domL :=∏︁n
i=1 domLi ⊆ X and L : domL → Z be defined as

Lx := (L1x1, . . . ,Lnxn), x = (x1, . . . , xn) ∈ domL.

As a consequence, we have

kerL =
n ∏︂

i=1 
kerLi ⊆ X, ImL =

n ∏︂
i=1 

ImLi ⊆ Z,

and hence L is a Fredholm linear mapping of index zero. The map K : ImL → domL ∩∏︁n
i=1 kerPi , defined as

Kz := (K1z1, . . . ,Knzn), z = (z1, . . . , zn) ∈ ImL,

is the right inverse of L.
Moreover, we define

P : X → X, Px := (P1x1, . . . ,Pnxn), x = (x1, . . . , xn) ∈ X,

Q : Z → Z, Qz := (Q1z1, . . . ,Qnzn), z = (z1, . . . , zn) ∈ Z,

J : ImQ → kerL, Jz := (J1z1, . . . , Jnzn), z = (z1, . . . , zn) ∈ ImQ.

Consider now an L-completely continuous map

N = (N1, . . . ,Nn) : domN(⊆ X) → Z,

where L-completely continuous means that N and K(IdZ − Q)N are continuous, and, for any 
bounded subset B of domN , the sets QN(B) and K(IdZ − Q)N(B) are relatively compact in 
Z and X, respectively.

With the previous assumptions on L and N , we study the coincidence equation

Lx = N(x), x ∈ domL ∩ domN. (2.1)

Consider the nonlinear operator Φ : domN → X, defined by

Φ(x) := Px + JQN(x) + K(IdZ − Q)N(x), x ∈ domN.

Observe that the L-complete continuity of N implies the complete continuity of Φ. It is not 
difficult to prove that equation (2.1) is equivalent to the fixed point problem

x = Φ(x), x ∈ domN.

Consequently, in this framework the classical topological degree theory applies. We recall that 
the coincidence degree DL(L − N,Ω) of L and N in an open (possibly unbounded) set Ω is 
well-defined if the set {x ∈ Ω : Lx = N(x)} is compact. In this case, we define
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DL(L − N,Ω) = degLS(IdX − Φ,Ω,0)

and DL inherits all the classical properties of the topological degree (for more details, we refer 
to [8,16]).

From now on, we assume that the n components Ni : domN → Zi of N have the following 
form: {︄

Ni(xi+1), i = 1, . . . , n − 1,

Nn(x1, . . . , xn),
x = (x1, . . . , xn) ∈ domN.

Given an open set Ω ⊆ X, for i = 1, . . . , n, let

Ωi := {︁
w ∈ Xi : ∃ (x1, . . . , xn) ∈ Ω such that xi = w

}︁;
in other words, Ωi is the projection of Ω on Xi . From now on and in the rest of this section, we 
consider sets Ω contained in domN . For i = 1, . . . , n − 1, we define the maps

ηi : Ωi+1 ∩ kerLi+1 → kerLi, ηi(w) := −JiQiNi(w). (2.2)

We can now state a reduction formula for the coincidence degree of L and N in an open set 
Ω.

Proposition 2.1 (Reduction formula). Let L and N be as above. Let Ω be an open (possibly 
unbounded) set in X with Ω ⊆ domN . For ϑ ∈ ]0,1], consider the following system{︄

Lixi = Ni(xi+1), i = 1, . . . , n − 1,

Lnxn = ϑNn(x1, . . . , xn),
(2.3)

and define

𝒮ϑ := {︁
x ∈ Ω ∩ domL : x is a solution of (2.3)

}︁
, ϑ ∈ ]0,1].

Assume that

(a1) ImLi ∩ Ni(Ωi+1 ∩ kerLi+1) ⊆ {0Zi
}, for all i = 1, . . . , n − 1;

(a2) there exists a compact set 𝒦 ⊆ Ω such that 𝒮ϑ ⊆ 𝒦, for all ϑ ∈ ]0,1];
(a3) the set 𝒮0 := {x ∈ Ω ∩ kerL : QN(x) = 0} is compact.

Then,

DL(L − N,Ω) = degB(𝒩 ,Ω ∩ kerL,0),

where 𝒩 : Ω ∩ kerL → kerL is defined as

𝒩 (x) := (︁
η1(x2), . . . , ηn−1(xn),−JnQnNn|Ω∩kerL(x)

)︁
, x = (x1, . . . , xn). (2.4)
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Sketch of the proof. The proof is contained in [6, Section 2] and it relies, inter alia, on the 
homotopy invariance property of the coincidence degree. For the reader’s convenience, we now 
summarize the main steps of the proof. We refer to [6, Theorem 2.6] for more details.

Step 1. For ϑ ∈ [0,1], we consider the system{︄
Lixi = Ni(xi+1), i = 1, . . . n − 1,

Lnxn = ϑNn(x) + (1 − ϑ)QnNn(x),
(2.5)

and we denote by ˜︁N : Ω × [0,1] → Z the continuous map whose components are given by the 
right-hand sides of (2.5). We point out that{︁

x ∈ Ω ∩ domL : x is a solution of (2.5)
}︁= 𝒮ϑ ,

for every ϑ ∈ ]0,1]. Therefore, using (a2) and (a3), thanks to the homotopy invariance property 
of the coincidence degree we have

DL(L − ˜︁N(·,1),Ω) = DL(L − ˜︁N(·,0),Ω).

Hence,

DL(L − N,Ω) = DL(L − ˜︁N(·,0),Ω).

Step 2. Consider the operator ˆ︁N : Ω → Z, given by ˆ︁N = ˜︁N(·,0), that is,{︄ ˆ︁Ni(xi+1) = Ni(xi+1), i = 1, . . . n − 1,ˆ︁Nn(x) = QnNn(x),

and the homotopy map ˆ︁Φ : [0,1] × Ω → X defined as

ˆ︁Φ(μ,x) := Px + JQˆ︁N(x) + μK(IdZ − Q)ˆ︁N(x).

Following [6, Lemma 2.4] and exploiting hypothesis (a1), we deduce that the set {(μ,x) ∈
[0,1] × Ω : x = ˆ︁Φ(μ,x)} is compact. By the homotopy invariance property, we have

DL(L − ˆ︁N,Ω) = degLS(IdX −ˆ︁Φ(1, ·),Ω,0) = degLS(IdX −ˆ︁Φ(0, ·),Ω,0),

where the first equality is due to the definition of the coincidence degree.

Step 3. We notice first that ˆ︁Φ(0,Ω) ⊆ kerL. An application of the classical finite-dimensional 
reduction property of the Leray–Schauder degree (cf. [4, Theorem 8.7]) leads to

degLS(IdX −ˆ︁Φ(0, ·),Ω,0) = degB(𝒩 ,Ω ∩ kerL,0),

where 𝒩 is as in formula (2.4), and thus the thesis follows. □
11 
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The next result deals with the computation of degB(𝒩 ,Ω ∩ kerL,0) via an application of the 
product property of the degree (cf. [2, Theorem 11.3]). Recalling the definition (2.2) of the maps 
ηi , i = 1, . . . , n − 1, now we need to define the map

ηn : ˜︁Ω1 → kerLn, ηn(w) := −JnQnNn(w,0, . . . ,0),

where ˜︁Ω1 := {w ∈ kerL1 : (w,0, . . . ,0) ∈ Ω} is assumed to be nonempty.

Proposition 2.2 (Product formula). Let L, N and Ω be as in Proposition 2.1. Let 𝒩 be defined 
as in (2.4), assume that the degree degB(𝒩 ,Ω ∩ kerL,0) is well-defined and suppose that the 
following conditions hold:

(a4) dim(kerLi) = d , for all i = 1, . . . , n;
(a5) 0Xi

∈ Ωi , for all i = 2, . . . , n;
(a6) {w ∈ Ωi+1 ∩ kerLi+1 : ηi(w) = 0Xi

} = {0Xi+1}, for all i = 1, . . . , n − 1.

Then,

degB(𝒩 ,Ω ∩ kerL,0) =

= (−1)d(n+1) degB(ηn,˜︁Ω1,0) ·
n−1∏︂
i=1 

degB(ηi,Ωi+1 ∩ kerLi+1,0).

Sketch of the proof. For reader’s convenience, we summarize the idea of the proof and refer to 
[6, Lemma 2.8] for more details.

Step 1. Let

˜︁Ω = ˜︁Ω1 × (Ω2 ∩ kerL2) × · · · × (Ωn ∩ kerLn)

and let η : ˜︁Ω → kerL be defined as

η(x) = (︁
η1(x2), . . . , ηn−1(xn), ηn(x1)

)︁
, x = (x1, . . . , xn) ∈ ˜︁Ω.

In order to link 𝒩 and η, we introduce a suitable open subset W of Ω ∩ kerL and we consider 
the homotopy ˜︁𝒩 : [0,1] × W → kerL with components{︄ ˜︁𝒩i (ϑ, x) = ηi(xi+1), i = 1, . . . , n − 1,˜︁𝒩n(ϑ, x) = −JnQnNn(x1, ϑx2, . . . , ϑxn).

To construct W we proceed as follows. First of all, we observe that

• if (x1, . . . , xn) ∈ 𝒮η := {x ∈ ˜︁Ω : η(x) = 0}, then x2 = · · · = xn = 0 by (a6); this implies, as a 
byproduct, that 𝒮η ⊆ Ω;

• if (x1, . . . , xn) ∈ 𝒮𝒩 := {x ∈ Ω ∩ kerL : 𝒩 (x) = 0}, then x2 = · · · = xn = 0 as well, still 
using (a6).

12 
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Consequently, we have 𝒮η = 𝒮𝒩 and denote 𝒮 := 𝒮η = 𝒮𝒩 . Next, for every (w,0, . . . ,0) ∈ 𝒮 , 
let εw > 0 be sufficiently small in such a way that the open neighborhood ℬw := B(w,εw) ×
B(0, εw) × . . . × B(0, εw) of (w,0, . . . ,0) in Rdn is contained in Ω. Then, we define

W :=
⋃︂

(w,0,...,0)∈𝒮
ℬw.

We show that ˜︁𝒩 , which is not necessarily well defined in [0,1]× (Ω∩ kerL), is actually well 
defined in [0,1] × W . Indeed, take (x1, x2, . . . , xn) ∈ W and let (w,0, . . . ,0) ∈ 𝒮 be such that 
(x1, x2, . . . , xn) ∈ ℬw . By the definition of ℬw as a product of balls of Rd , which are centered 
at zero except for the first one, it follows that (x1, ϑx2, . . . , ϑxn) ∈ ℬw for every ϑ ∈ [0,1]. 
Therefore, the homotopy ˜︁𝒩 is correctly defined.

By (a6), we have that 
⋃︁

ϑ∈[0,1]{x ∈ W : ˜︁𝒩 (ϑ, x) = 0} coincides with [0,1] × 𝒮 and is com
pact. Therefore, from the homotopy invariance property we deduce that

degB(𝒩 ,W,0) = degB(η,W,0).

Then, recalling the definition of 𝒮 , we can apply the excision property to 𝒩 and η obtaining

degB(𝒩 ,W,0) = degB(𝒩 ,Ω ∩ kerL,0)

and

degB(η,W,0) = degB(η,˜︁Ω,0).

Therefore,

degB(𝒩 ,Ω ∩ kerL,0) = degB(η,˜︁Ω,0).

Step 2. Let η̃ : ˜︁Ω → kerL be defined as

η̃(x) = (︁
ηn(x1), η1(x2), . . . , ηn−1(xn)

)︁
, x = (x1, . . . , xn) ∈ ˜︁Ω.

We notice that η̃(x) = Aη(x) for all x ∈ ˜︁Ω, where

A =

⎛⎜⎜⎜⎜⎜⎜⎝

0 0 · · · 0 IdRd

IdRd 0 · · · 0 0

0
. . .

. . .
...

...
...

. . . IdRd 0 0
0 · · · 0 IdRd 0

⎞⎟⎟⎟⎟⎟⎟⎠ ∈Rdn×dn

is a permutation matrix with determinant det(A) = (−1)d(n+1). Hence, we have

degB(η̃,˜︁Ω,0) = sign(det(A)) degB(η,˜︁Ω,0) = (−1)d(n+1) degB(η,˜︁Ω,0)

13 
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(cf. [5, Lemma 1.3.1] or [7, Theorem 2.10]). Next, by the product property, we conclude that

degB(η̃,˜︁Ω,0) = degB(ηn,˜︁Ω1,0) ·
n−1∏︂
i=1 

degB(ηi,Ωi+1 ∩ kerLi+1,0)

and the thesis follows. □
3. Continuation theorems

In this section, we investigate the periodic problem⎧⎪⎨⎪⎩
x′
i = gi(t, xi+1), i = 1, . . . , n − 1,

x′
n = h(t, x1, . . . , xn),

xi(0) = xi(T ), i = 1, . . . , n.

(3.1)

From now on, we assume that

• 𝒟 is an open subset of Rnm =∏︁n
i=1 R

m and, for i = 1, . . . , n,

𝒟i := {︁
w ∈ Rm : ∃ (x1, . . . , xn) ∈𝒟 such that xi = w

}︁
denotes the projection of 𝒟 onto the i-th component;

• 0 ∈ 𝒟i , for every i = 2, . . . , n;
• gi : [0, T ] ×𝒟i+1 → Rm is an L1-Carathéodory function, for every i = 1, . . . , n − 1;
• h : [0, T ] ×𝒟 → Rm is an L1-Carathéodory function.

A solution of (3.1) is a function x = (x1, . . . , xn) such that, for every i = 1, . . . , n, 
xi : [0, T ] → Rm is absolutely continuous with xi(0) = xi(T ), and the differential equations 
in (3.1) are satisfied for a.e. t ∈ [0, T ].

Our first goal is to write problem (3.1) as a coincidence equation of the form

Lx = N(x), x ∈ domL ∩ domN,

as discussed in Section 2. With this aim, for i = 1, . . . , n, we consider the Banach spaces

Xi := 𝒞([0, T ],Rm), Zi := L1([0, T ],Rm),

endowed with the norms

∥xi∥∞ := max 
t∈[0,T ] |xi(t)|, ∥zi∥L1 :=

T∫︂
0 

|zi(t)| dt,

respectively. As a consequence,

14 
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X =
n ∏︂

i=1 
Xi = 𝒞([0, T ],Rmn), Z =

n ∏︂
i=1 

Zi = L1([0, T ],Rmn).

For i = 1, . . . , n, we define

domLi := {︁
xi ∈ Xi : xi is absolutely continuous and xi(0) = xi(T )

}︁
and the map Li : domLi → Zi as

(Lixi)(t) := x′
i (t), t ∈ [0, T ].

Hence, Li is a Fredholm linear operator of index zero. Moreover, kerLi is given by the constant 
functions in Rm and

ImLi =
{︃
zi ∈ Zi :

T∫︂
0 

zi(t) dt = 0

}︃
.

Next, we set

Pi : Xi → Xi, Pixi := 1 
T

T∫︂
0 

xi(t) dt,

Qi : Zi → Zi, Qizi := 1 
T

T∫︂
0 

zi(t) dt.

Notice that kerPi is made up of the continuous functions with zero mean value. Furthermore, we 
define Ki : ImLi → domLi ∩ kerPi as the right inverse of Li (depending on Pi ), which is the 
operator that to every function zi ∈ Zi with 

∫︁ T

0 zi(t) dt = 0 associates the unique map xi such 
that

x′
i = zi and 

T∫︂
0 

xi(t) dt = 0;

notice that xi(0) = xi(T ). As linear orientation-preserving isomorphism Ji : ImQi → kerLi , we 
choose the identity map in Rm.

Let

domN := {︁
x ∈ X : x(t) ∈𝒟, for all t ∈ [0, T ]}︁

and consider the Nemytskii operator N : domN → Z with components{︄
Ni(xi+1)(t) := gi(t, xi+1(t)), i = 1, . . . , n − 1,

Nn(x1, . . . , xn)(t) := h(t, x1(t), . . . , xn(t)),
t ∈ [0, T ].

15 



P. Benevieri and G. Feltrin Journal of Differential Equations 476 (2026) 114464 

An application of the Ascoli–Arzelà theorem shows that N is an L-completely continuous oper
ator.

In addition, we define

g#
i : 𝒟i+1 → Rm, g#

i (w) := 1 
T

T∫︂
0 

gi(t,w) dt, i = 1, . . . , n − 1,

h# : 𝒟 → Rm, h#(s1, . . . , sn) := 1 
T

T∫︂
0 

h(t, s1, . . . , sn) dt,

and

ℓ : 𝒟 → Rmn, ℓ(s1, . . . , sn) := −(︁g#
1(s2), . . . , g

#
n−1(sn), h

#(s1, . . . , sn)
)︁
.

Given the above setting, we can now state and prove our first continuation theorem.

Theorem 3.1. Let Ω be an open (possibly unbounded) set in X = 𝒞([0, T ],Rmn) with Ω ⊆
domN ; denote by Ωi its projection onto Xi , for i = 2, . . . n. Suppose that

(h1) there exists a compact set 𝒦 ⊆ Ω containing all the solutions in Ω of

⎧⎪⎨⎪⎩
x′
i = gi(t, xi+1), i = 1, . . . , n − 1,

x′
n = λh(t, x1, . . . , xn),

xi(0) = xi(T ), i = 1, . . . , n,

(3.2)

for every λ ∈ ]0,1[;
(h2) for every i = 1, . . . , n − 1,

• 0 ∈ Ωi+1,
• gi(t,w) = 0 for every t ∈ [0, T ] if and only if w = 0,
• g#

i is injective;

(h3) the set ĥ−1(0) ∩ ˜︁Ω1 is compact, where ĥ(w) := h#(w,0, . . . ,0) for w ∈ Rm and ˜︁Ω1 :=
{w ∈ Rm : (w,0, . . . ,0) ∈ Ω};

(h4) degB(ĥ,˜︁Ω1,0) ≠ 0.

Then, problem (3.1) has a solution in Ω.

Proof. Observing that ℓ = −JQN |kerL, we first aim to apply Proposition 2.1. Hypothesis (a1)

of the proposition requires to prove that, for i = 1, . . . , n − 1, if there exists a constant function 
w ∈Rm such that

T∫︂
0 

gi(t,w) dt = 0,

16 
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then gi(t,w) = 0 for every t ∈ [0, T ], and this is a direct consequence of hypothesis (h2). Con
cerning (a2), if for λ = 1 there is no compact set in Ω containing all the solutions of (3.2), then 
the thesis of the theorem trivially holds, otherwise (a2) straightforwardly follows from hypothe
sis (h1). Finally, to prove (a3) we show that 𝒮0 := {x ∈ Ω ∩ Rmn : ℓ(x) = 0} is compact. From 
(h2) we have that g#

i (w) = 0 if and only if w = 0. Then, x ∈ 𝒮0 implies that x = (w,0, . . . ,0)

for a suitable w ∈ ˜︁Ω1. The compactness of 𝒮0 immediately follows from (h3). Therefore, Propo
sition 2.1 can be applied to obtain

DL(L − N,Ω) = degB(ℓ,Ω ∩Rmn,0).

Now, we conclude the proof by applying Proposition 2.2. Since assumptions (a4), (a5), (a6)

trivially hold true, then

degB(ℓ,Ω ∩Rm,0) = (−1)m(n+1) degB(−ĥ,˜︁Ω1,0) ·
n−1∏︂
i=1 

degB(−g#
i ,Ωi+1 ∩Rm,0).

= (−1)m degB(ĥ,˜︁Ω1,0) ·
n−1∏︂
i=1 

degB(g#
i ,Ωi+1 ∩Rm,0).

By (h2), for all i = 1, . . . , n − 1, since g#
i is injective, g#

i (0) = 0 and 0 ∈ Ωi+1, it holds that

degB(g#
i ,Ωi+1 ∩Rm,0) = ±1 (3.3)

(cf. [5, Theorem 7.4.5]).
Finally, (h4) implies that degB(ℓ,Ω ∩ Rm,0) ≠ 0 and hence DL(L − N,Ω) ≠ 0. The thesis 

follows from the existence property of the degree. □
For the second continuation theorem, we consider an L1-Carathéodory homotopy h̃ : [0, T ]×

𝒟 × [0,1] →Rm between h and an autonomous vector field h0, that is, we assume that

h̃(t, x1, . . . , xn,0) = h0(x1, . . . , xn), h̃(t, x1, . . . , xn,1) = h(t, x1, . . . , xn).

The following holds true.

Theorem 3.2. Let Ω be an open (possibly unbounded) set in 𝒞([0, T ],Rmn) with Ω ⊆ domN . 
Assume (h2) and suppose that

(h′
1) there exists a compact set 𝒦 ⊆ Ω containing all the solutions in Ω of

⎧⎪⎨⎪⎩
x′
i = gi(t, xi+1), i = 1, . . . , n − 1,

x′
n = h̃(t, x1, . . . , xn, λ),

xi(0) = xi(T ), i = 1, . . . , n,

(3.4)

for every λ ∈ ]0,1[;

17 
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(h′
3) the set ĥ−1

0 (0) ∩ ˜︁Ω1 is compact, where ĥ0(w) := h0(w,0, . . . ,0) for w ∈ Rm and ˜︁Ω1 :=
{w ∈ Rm : (w,0, . . . ,0) ∈ Ω};

(h′
4) degB(ĥ0,˜︁Ω1,0) ≠ 0.

Then, problem (3.1) has a solution in Ω.

The proof follows the same steps of the proof of Theorem 3.1 and we omit the details.

Remark 3.3. The hypothesis (h2), assumed in Theorem 3.1 and in Theorem 3.2, is quite natural. 
As it is evident from the proof of Theorem 3.1, such a condition provides an effective way to 
ensure the validity of (3.3), which is crucial in the computation of DL(L − N,Ω). In Section 4, 
we present an application to second-order systems of the form

(ϕ(t, x′))′ = f (t, x, x′),

where the fact that g1 = ϕ−1 is a homeomorphism immediately ensures that condition (h2) holds 
(see also hypotheses (ϕ1)--(ϕ4)). ◁

Since the classical continuation theorems reviewed in the introduction consider the case of an 
open and bounded set Ω, we now give the following versions of our continuation theorems in 
that framework. The proofs are straightforward.

Theorem 3.4. Let Ω be an open and bounded set in 𝒞([0, T ],Rmn) with Ω ⊆ domN . Assume 
(h2), (h4) and

• there is no solution of (3.2) on ∂Ω for λ ∈ ]0,1[;
• ĥ−1(0) ∩ ∂˜︁Ω1 = ∅.

Then, problem (3.1) has a solution in Ω.

Theorem 3.5. Let Ω be an open and bounded set in 𝒞([0, T ],Rmn) with Ω ⊆ domN . Assume 
(h2), (h′

4) and

• there is no solution of (3.4) on ∂Ω for λ ∈ ]0,1[;
• ĥ−1

0 (0) ∩ ∂˜︁Ω1 = ∅.

Then, problem (3.1) has a solution in Ω.

4. Applications to second-order systems

This section deals with the second-order periodic problem{︄
(ϕ(t, x′))′ = f (t, x, x′),
x(0) = x(T ), x′(0) = x′(T ),

(4.1)

where f : [0, T ] × Rm × U → Rm is an L1-Carathéodory function. We assume the following 
conditions on ϕ:

18 
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(ϕ1) ϕ : [0, T ] × U → V is a continuous function, where U and V are open subsets of Rm

containing 0;
(ϕ2) ϕ(t,0) = 0, for every t ∈ [0, T ];
(ϕ3) ϕ(0, s) = ϕ(T , s), for every s ∈ U ;
(ϕ4) ϕ(t, ·) is a homeomorphism with ϕ(t,U) = V , for every t ∈ [0, T ].

Given any t ∈ [0, T ], being ϕ(t, ·) invertible, we denote, with a little abuse of notation, its inverse 
as ϕ−1(t, ·). We suppose also that

(ϕ∗) the map V ∋ s ↦→ 1 
T

T∫︂
0 

ϕ−1(t, s) dt is injective.

A solution of system (4.1) is a continuously differentiable map x : [0, T ] → Rm such that 
t ↦→ ϕ(t, x′(t)) is absolutely continuous, the first equality in (4.1) holds for a.e. t ∈ [0, T ], and 
the periodic boundary conditions are satisfied.

Let 𝒞1
T be the space of continuously differentiable functions x : [0, T ] → Rm with x(0) =

x(T ) and x′(0) = x′(T ).
The following continuation theorem holds true.

Theorem 4.1. Let 𝒪 be an open (possibly unbounded) set in 𝒞1
T with x′(t) ∈ U for every t ∈

[0, T ] and every x ∈𝒪. Assume that

(A1) there exists a compact set 𝒦 ⊆ 𝒪 containing all the solutions in 𝒪 of

{︄
(ϕ(t, x′))′ = λf (t, x, x′),
x(0) = x(T ), x′(0) = x′(T ),

(4.2)

for every λ ∈ ]0,1[;
(A2) the set f̂ −1(0) ∩𝒪 is compact, where

f̂ (w) := 1 
T

T∫︂
0 

f (t,w,0) dt, w ∈Rm;

(A3) degB(f̂ ,𝒪 ∩Rm,0) ≠ 0.

Then, problem (4.1) has a solution in 𝒪.

Proof. We introduce the first-order periodic problem

⎧⎪⎨⎪⎩
x′

1 = ϕ−1(t, x2),

x′
2 = h(t, x1, x2),

x1(0) = x1(T ), x2(0) = x2(T ),

(4.3)
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where h(t, x1, x2) = f (t, x1, ϕ
−1(t, x2)). Notice that x solves (4.1) if and only if (x1, x2) =

(x,ϕ(·, x′(·))) solves (4.3). The equivalence of the second-order equation and the first-order 
system is straightforward, while the equivalence of the periodic boundary conditions follows 
from the equality ϕ(0, x′(0)) = ϕ(T , x′(T )), which is valid thanks to assumption (ϕ3).

With the aim of applying Theorem 3.1 to problem (4.3) (with n = 2 and g1 = ϕ−1), we 
consider the parameter-dependent system⎧⎪⎨⎪⎩

x′
1 = ϕ−1(t, x2),

x′
2 = λh(t, x1, x2),

x1(0) = x1(T ), x2(0) = x2(T ),

(4.4)

equivalent to (4.2).
As a first step, using the same notation introduced in Section 3, we need to define an open set 

Ω with

Ω ⊆ domN = {︁
x ∈ 𝒞([0, T ],R2m) : x(t) ∈ 𝒟, for all t ∈ [0, T ]}︁,

where 𝒟 = Rm × V and N is defined as

N(x)(t) = N(x1, x2)(t) = (ϕ−1(t, x2(t)), h(t, x1(t), x2(t))).

Let 𝒦 ⊆ 𝒪 be the compact set given in condition (A1). For every y ∈ 𝒦, let εy > 0 be such that 
the open set

𝒰y := {︁
x ∈ 𝒞1

T : ∥x − y∥∞ < εy, ∥x′ − y′∥∞ < εy

}︁
(4.5)

is contained in 𝒪. Observe that

𝒦 ⊆
⋃︂
y∈𝒦

𝒰y ⊆ 𝒪. (4.6)

By hypotheses (A2) and (A3), the set 𝒮0 := f̂ −1(0) ∩𝒪 is compact and nonempty. Thus, for any 
z ∈ 𝒮0, which is a constant function, there exists a corresponding εz > 0 such that the open set

𝒰z := {︁
x ∈ 𝒞1

T : ∥x − z∥∞ < εz, ∥x′∥∞ < εz

}︁
(4.7)

is contained in 𝒪. It is easily seen that

𝒮0 ⊆
⋃︂
z∈𝒮0

𝒰z ⊆ 𝒪. (4.8)

Next, for every y ∈ 𝒦, corresponding to 𝒰y given by formula (4.5) we define in the space 
𝒞([0, T ],R2m) = 𝒞([0, T ],Rm) × 𝒞([0, T ],Rm) the set

Λy :=

⎧⎪⎨⎪⎩
∥x1 − y∥∞ < εy,

(x1, x2) ∈ 𝒞([0, T ],R2m) : x2(t) ∈ V , for every t ∈ [0, T ],
∥ϕ−1(·, x2(·)) − y′∥∞ < εy

⎫⎪⎬⎪⎭ .
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Analogously, for every z ∈ 𝒮0, corresponding to 𝒰z in (4.7) we define

Λz :=

⎧⎪⎨⎪⎩
∥x1 − z∥∞ < εz,

(x1, x2) ∈ 𝒞([0, T ],R2m) : x2(t) ∈ V , for every t ∈ [0, T ],
∥ϕ−1(·, x2(·))∥∞ < εz

⎫⎪⎬⎪⎭ .

Let us point out that all the sets Λy and Λz are nonempty and open. In fact, consider y ∈ 𝒦. 
By the definition of 𝒪, we have y′(t) ∈ U for each t ; consequently ϕ(·, y′(·)) is well defined 
and its image is contained in V . In addition, ϕ−1(·, ϕ(·, y′(·))) coincides with y′ and thus 
(y,ϕ(·, y′(·))) ∈ Λy . The openness of this set is straightforward since U and V are open. The 
argument showing that the sets Λz are nonempty and open is the same. Moreover, all the sets Λy

and Λz are contained in domN .
We can now define

Ω :=
⋃︂
y∈𝒦

Λy ∪
⋃︂
z∈𝒮0

Λz. (4.9)

Notice that Ω is open and contained in domN .
We are now in a position to verify hypotheses (h1), (h2), (h3), and (h4) of Theorem 3.1. To 

check condition (h1), given 𝒦 ⊆ 𝒪 as in (A1), we define the set

𝒦̂ := {︁
(x1, x2) ∈ 𝒞([0, T ],R2m) : x1 ∈ 𝒦, x2 = ϕ(·, x′

1(·))
}︁

and observe that 𝒦̂ ⊆ ⋃︁
y∈𝒦 Λy ⊆ Ω, as a consequence of (4.6) and the definition of Ω. In 

addition, 𝒦̂ is compact being the image of 𝒦 by the continuous map

G : 𝒞1
T → 𝒞([0, T ],R2m), G(x) = (x,ϕ(·, x′)).

Moreover, by (A1), 𝒦̂ contains all the solutions of (4.4), for all λ ∈ ]0,1[, recalling that problems 
(4.2) and (4.4) are equivalent. Then, condition (h1) holds.

Concerning condition (h2), we first observe that 0 ∈ Ω2, since (z,0) ∈ Ω for any z ∈ 𝒮0, by 
construction. Moreover, for every t ∈ [0, T ], ϕ−1(t, s) = 0 if and only if s = 0, by (ϕ2) and (ϕ4). 
The injectivity is assumed in (ϕ∗). Then, condition (h2) holds as well.

To verify (h3) and (h4) we proceed as follows. Let ĥ(w) := 1 
T

∫︁ T

0 h(t,w,0) dt , for w ∈ Rm, 
and ˜︁Ω1 := {w ∈ Rm : (w,0) ∈ Ω} be as in hypothesis (h3). From (ϕ2), we have that f̂ and ĥ
coincide.

We show first that

ĥ−1(0) ∩˜︁Ω1 ⊆ 𝒮0.

In fact, take w ∈ ˜︁Ω1 such that ĥ(w) = 0. We have that (w,0) ∈ Ω, so there exists either y ∈ 𝒦
such that (w,0) ∈ Λy , or z ∈ 𝒮0 such that (w,0) ∈ Λz. In the first case, we have w ∈ 𝒰y , in 
the second one w ∈ 𝒰z. In both cases, w ∈ 𝒪 because all the sets 𝒰y are 𝒰z are contained in 𝒪. 
Since, by definition, 𝒮0 = f̂ −1(0) ∩𝒪 and recalling that f̂ = ĥ, then w ∈ 𝒮0.
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Next, we claim that ⋃︂
z∈𝒮0

𝒰z ∩Rm ⊆ ˜︁Ω1. (4.10)

To see this, fix w ∈⋃︁z∈𝒮0
𝒰z ∩Rm and let z̄ ∈ 𝒮0 be such that w ∈ 𝒰z̄. This implies that (w,0) ∈

Λz̄, which is contained in Ω by (4.9). Therefore, w ∈ ˜︁Ω1 and the claim follows. As a byproduct 
of (4.10), we have that 𝒮0 ⊆ ˜︁Ω1. Thus, ĥ−1(0)∩˜︁Ω1 = 𝒮0 which is compact by (A2), and so (h3)

is verified.
At last, we have to show that (h4) holds, that is degB(ĥ,˜︁Ω1,0) ≠ 0. Recalling (4.10), (4.8), 

and that 𝒮0 is the set of solutions of f̂ (w) = 0 in 𝒪 ∩ Rm, we can apply twice the excision 
property of the degree obtaining

degB(ĥ,˜︁Ω1,0) = degB(f̂ ,
⋃︂
z∈𝒮0

𝒰z ∩Rm,0) = degB(f̂ ,𝒪 ∩Rm,0).

Consequently, (h4) follows form (A3).
Therefore, Theorem 3.1 can be applied and we deduce the existence of a solution (x1, x2) of 

(4.3) in Ω. Finally, setting x := x1, we have that x solves (4.1), as observed above. The proof is 
thus complete. □
Remark 4.2. The assumption in Theorem 4.1 that the open set 𝒪 is such that x′(t) ∈ U for every 
t ∈ [0, T ] and every x ∈ 𝒪 should not be regarded as a technical assumption. Rather, it reflects an 
intrinsic structural property of the problem. Indeed, in several relevant applications the operator 
ϕ is defined only on a proper subset U ⊆ R. In such cases, any solution of the periodic problem 
(4.1) must necessarily satisfy the pointwise constraint x′(t) ∈ U for all t ∈ [0, T ], otherwise 
the differential operator is not well defined along the trajectory. Therefore, the condition on 𝒪
simply expresses this compatibility requirement between the functional setting and the domain 
of definition of the operator. ◁

For the second continuation theorem, we consider an L1-Carathéodory map f̃ : [0, T ] ×𝒟 ×
[0,1] → Rm such that

f̃ (t, x1, x2,0) = f0(x1, x2), f̃ (t, x1, x2,1) = f (t, x1, x2).

The following holds true. The proof is analogous to the one of Theorem 4.1 and is therefore 
omitted.

Theorem 4.3. Let 𝒪 be an open (possibly unbounded) set in 𝒞1
T with x′(t) ∈ U for every t ∈

[0, T ] and every x ∈𝒪. Assume that

(A′
1) there exists a compact set 𝒦 ⊆ 𝒪 containing all the solutions in 𝒪 of{︄

(ϕ(t, x′))′ = f̃ (t, x, x′, λ),

x(0) = x(T ), x′(0) = x′(T ),

for every λ ∈ ]0,1[;
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(A′
2) the set f̂ −1

0 (0) ∩𝒪 is compact, where f̂0(w) := f0(w,0) for w ∈ Rm;

(A′
3) degB(f̂0,𝒪 ∩Rm,0) ≠ 0.

Then, problem (4.1) has a solution in 𝒪.

Remark 4.4 (The hypotheses on ϕ). Firstly, we point out that, if ϕ does not depend on time (i.e., 
ϕ(t, s) = ϕ(s)), all the hypotheses on ϕ reduce to the following one:

• ϕ : U → V is a homeomorphism with ϕ(U) = V , where U and V are open subsets of Rm

containing 0, and ϕ(0) = 0.

Indeed, hypotheses (ϕ1)--(ϕ4) and (ϕ∗) are straightforward consequence of the above assump
tion. This ``autonomous'' framework improves the one in [13]. Indeed, in the case U = V = Rm

considered in [13], when m ≥ 2 it is possible to propose examples of homeomorphisms which do 
not satisfy the monotonicity and coercivity conditions (H1) and (H2) introduced therein (recalled 
in our introduction). For instance, for m = 2, one can consider the map

ϕ : R2 →R2, ϕ(s1, s2) = (−s2,−s1), (4.11)

which is a homeomorphism of R2, but does not satisfy (H1) and (H2) (see also [6, Remark 3.12]). 
Moreover, our framework improves also [6], since in our case U and V are not imposed to be 
the whole Rm. Accordingly, we can for instance consider the mean curvature operator and the 
Minkowski one:

ϕ : Rm → BRm(0,1), ϕ(s) = s√︁
1 + |s|2 ,

ϕ : BRm(0,1) → Rm, ϕ(s) = s√︁
1 − |s|2 ,

or the Perona–Malik operator, which introduces anisotropic diffusion in image processing, the 
hyperelastic tangent flow operator, which smooths sharp transitions through saturation effects, 
the congestion-type cost gradient operator, modeling limited mobility in high-density regions 
as observed in transport and crowd dynamics, and many other nonlinear differential operators 
arising in geometry, physics, biology, and engineering.

In the case of time-dependent differential operators, some remarks are in order regarding 
hypothesis (ϕ∗). First, we observe that hypotheses (H′

1) and (H′
2) in [9] are significantly stronger. 

Indeed, as a consequence of the sole (H′
1), we have

1 
T

T∫︂
0 

⟨ϕ−1(t, s1) − ϕ−1(t, s2), s1 − s2⟩ dt > 0, for every s1, s2 ∈Rm with s1 ≠ s2,

which implies that (ϕ∗) holds true. Moreover, by considering operators of the form

ϕ(t, s) = η(t)φ(s), (4.12)
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where η : [0, T ] → ]0,+∞[ and φ : Rm → Rm, it is easy to adapt the above counterexample 
(4.11) to show that there are maps ϕ satisfying (ϕ1)--(ϕ4) and (ϕ∗), but not (H′

1) and (H′
2).

Furthermore, we can introduce a class of operators different from that considered in [9]. Pre
cisely, in addition to (ϕ1)--(ϕ4) and (ϕ∗), we assume that the inverse operator ϕ−1 is of the form

(ϕ#) ϕ−1(t, s) = σ(t, s)τ (s), where σ : R× V → R and τ : V →Rm are continuous functions.

As an illustrative example, the p(t)-Laplacian operator ϕ(t, s) = |s|p(t)−2s (with inverse 
ϕ−1(t, s) = |s|q(t)−2s for an appropriate q) belongs to this class of operators, provided that suit
able conditions on p are satisfied. Clearly, functions of the form (4.12), which do not satisfy (H′

1)

and (H′
2), may belong to this class.

To show that, under assumption (ϕ#), condition (ϕ∗) is satisfied, we employ the mean value 
theorem for integrals to deduce that

1 
T

T∫︂
0 

ϕ−1(t, s) dt = τ(s)
1 
T

T∫︂
0 

σ(t, s) dt = τ(s)σ (t̃ , s) = ϕ−1(t̃ , s),

for some t̃ ∈ [0, T ]; thus the injectivity directly follows from the fact that ϕ−1(t̃ , ·) is a homeo
morphism.

We finally observe that, again by the mean value theorem for integrals, if m = 1 condition 
(ϕ1) directly implies (ϕ∗). This is not the case in higher dimension (i.e., m ≥ 2), as one can see 
by considering the homeomorphism

ϕ(t, s) =
(︄

cos
(︁ 2π

T
t
)︁ − sin

(︁ 2π
T

t
)︁

sin
(︁ 2π

T
t
)︁

cos
(︁ 2π

T
t
)︁ )︄ s, (t, s) ∈R×R2,

which obviously satisfies (ϕ1)--(ϕ4), but the mean value of the rotation matrix gives an identically 
zero function which is clearly not injective. ◁
CRediT authorship contribution statement

All the authors equally contributed to the implementation of the research and to the writing of 
the manuscript.

Acknowledgments

The authors gratefully acknowledge the anonymous referee for his/her valuable comments.

Availability of data and materials

No datasets were generated or analyzed during the current study.

References

[1] T. Bartsch, J. Mawhin, The Leray-Schauder degree of S1-equivariant operators associated to autonomous neutral 
equations in spaces of periodic functions, J. Differ. Equ. 92 (1991) 90--99.

24 

http://refhub.elsevier.com/S0022-0396(26)00371-2/bib7390083452E03044F830EE3C6027F8A3s1
http://refhub.elsevier.com/S0022-0396(26)00371-2/bib7390083452E03044F830EE3C6027F8A3s1


P. Benevieri and G. Feltrin Journal of Differential Equations 476 (2026) 114464 

[2] R.F. Brown, A Topological Introduction to Nonlinear Analysis, 3rd ed., Springer, Cham, 2014.
[3] A. Capietto, J. Mawhin, F. Zanolin, Continuation theorems for periodic perturbations of autonomous systems, Trans. 

Am. Math. Soc. 329 (1992) 41--72.
[4] K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, Berlin, 1985.
[5] G. Dinca, J. Mawhin, Brouwer Degree. The Core of Nonlinear Analysis, Progress in Nonlinear Differential Equa

tions and Their Applications, vol. 95, Birkhäuser/Springer, Cham, 2021.
[6] G. Feltrin, F. Zanolin, An application of coincidence degree theory to cyclic feedback type systems associated with 

nonlinear differential operators, Topol. Methods Nonlinear Anal. 50 (2017) 683--726.
[7] I. Fonseca, W. Gangbo, Degree Theory in Analysis and Applications, Oxford Lecture Series in Mathematics and Its 

Applications, vol. 2, The Clarendon Press, Oxford University Press, New York, 1995.
[8] R.E. Gaines, J. Mawhin, Coincidence Degree, and Nonlinear Differential Equations, Lecture Notes in Math., 

vol. 568, Springer-Verlag, Berlin-New York, 1977.
[9] M. García-Huidobro, R. Manásevich, J. Mawhin, S. Tanaka, Periodic solutions for nonlinear systems of ODE’s with 

generalized variable exponents operators, J. Differ. Equ. 388 (2024) 34--58.
[10] M. García-Huidobro, R. Manásevich, J. Mawhin, S. Tanaka, Two point boundary value problems for ordinary differ

ential systems with generalized variable exponents operators, Nonlinear Anal., Real World Appl. 81 (2025) 104196.
[11] J. Leray, J. Schauder, Topologie et équations fonctionnelles, Ann. Sci. Éc. Norm. Supér. 51 (1934) 45--78.
[12] N.G. Lloyd, Degree Theory, Cambridge Tracts in Mathematics, vol. 73, Cambridge University Press, Cambridge

New York-Melbourne, 1978.
[13] R. Manásevich, J. Mawhin, Periodic solutions for nonlinear systems with p-Laplacian-like operators, J. Differ. Equ. 

145 (1998) 367--393.
[14] J. Mawhin, Équations intégrales et solutions périodiques des systèmes différentiels non linéaires, Acad. Roy. Belg. 

Bull. Cl. Sci. 55 (1969) 934--947.
[15] J. Mawhin, Periodic solutions of nonlinear functional differential equations, J. Differ. Equ. 10 (1971) 240--261.
[16] J. Mawhin, Topological Degree Methods in Nonlinear Boundary Value Problems, CBMS Regional Conference 

Series in Mathematics, vol. 40, American Mathematical Society, Providence, RI, 1979.
[17] J. Mawhin, Continuation theorems and periodic solutions of ordinary differential equations, in: Topological Methods 

in Differential Equations and Inclusions, Montreal, PQ, 1994, in: NATO Adv. Sci. Inst. Ser. C: Math. Phys. Sci., 
vol. 472, Kluwer Acad. Publ., Dordrecht, 1995, pp. 291--375.

[18] J. Mawhin, Leray-Schauder continuation theorems in the absence of a priori bounds, Topol. Methods Nonlinear 
Anal. 9 (1997) 179--200.

[19] J. Mawhin, Continuation theorems for nonlinear operator equations: the legacy of Leray and Schauder, in: Travaux 
Mathématiques, Fasc. XI, Sém. Math. Luxembourg, Luxembourg, 1998, Centre Univ. Luxembourg, Luxembourg, 
1999, pp. 49--73.

[20] J. Mawhin, Leray-Schauder degree: a half century of extensions and applications, Topol. Methods Nonlinear Anal. 
14 (1999) 195--228.

[21] J. Mawhin, Periodic solutions in the golden sixties: the birth of a continuation theorem, in: Ten Mathematical Essays 
on Approximation in Analysis and Topology, Elsevier B. V., Amsterdam, 2005, pp. 199--214.

[22] J. Mawhin, Some contributions of Fabio Zanolin to continuation theorems for periodic solutions of differential 
systems, Rend. Semin. Mat. Univ. Politec. Torino 81 (2023) 49--69.

[23] W. Orlicz, Über konjugierte Exponentenfolgen, Stud. Math. 3 (1931) 200--211.
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