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 a b s t r a c t

Reverberation and early reflections create spurious peaks in acoustic power maps and bias direction-of-arrival 
(DOA) estimates. At the same time, the direct path and dominant reflections carry useful information about the 
acoustic environment. This paper investigates joint localization of direct sound and multiple dominant reflected 
components in single-source reverberant environments using spherical microphone arrays (SMAs). It introduces 
an iterative spherical-harmonic (SH) diagonal-unloading (DU) beamforming framework for multipath analysis. 
Microphone signals are encoded in the SH domain and fused into a broadband covariance matrix by frequency 
smoothing with per-bin trace normalization. Multi-peak localization alternates DU map evaluation and iter-
ative covariance filtering, with detected directions suppressed through a two-sided null-steering update and 
per-iteration trace renormalization. Performance is assessed through controlled simulations spanning reverber-
ation time, signal-to-noise ratio (SNR), signal-to-diffuse-noise ratio (SDNR), and gain mismatch, together with 
experiments based on multichannel room impulse responses recorded with a spherical microphone array. Re-
sults in terms of root-mean-square error (RMSE) and accuracy rate (AR) show that increasing SH order improves 
localization of the direct path and strongest reflected components, whereas later iterations become more chal-
lenging as weaker components are extracted. The proposed method outperforms the baselines while retaining a 
computationally attractive structure for SH processing.

1.  Introduction

Accurate localization of acoustic sources in enclosed environments 
remains challenging because of multipath propagation and reverbera-
tion. In typical rooms, boundary reflections create multiple propagation 
paths whose energy can be comparable to that of the direct sound and 
whose arrivals may fall within the same analysis window. As a result, 
acoustic maps often exhibit multiple peaks that do not uniquely iden-
tify the direct path, which biases direction-of-arrival (DOA) estimates 
and reduces localization accuracy. This issue is particularly important 
for high-angular-resolution methods, which can resolve multiple com-
ponents but may also emphasize reflections when they are coherent with 
the direct sound.

These challenges have motivated extensive research on robust local-
ization in reverberant conditions, where reflections are usually treated 
as interference to be suppressed or mitigated. Representative examples 
include robust beamforming, spatial filtering, and neural methods de-
veloped in recent years [1–11].

Early reflections, however, have increasingly been recognized as 
informative cues about the acoustic environment. Joint estimation of 
the direct path and the directions of dominant reflected components 
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can reveal properties of reflective boundaries, room geometry, and 
propagation structure, thereby supporting room-acoustics analysis and 
geometry-related inference. From this viewpoint, reflections are not 
merely interference to be suppressed but are informative components 
of the acoustic scene that can be explicitly analyzed and exploited [12].

A large portion of the reflection-aware literature has been developed 
within a room impulse response (RIR) analysis framework. In this set-
ting, measured or estimated RIRs are analyzed to extract reflection time-
of-arrival (TOA) and DOA information. Reflection TOAs can be con-
verted into geometric constraints for planar-reflector localization, for 
example by using Hough-transform-based ambiguity resolution to im-
prove robustness in noise [13]. Time–frequency directional analysis of 
measured RIRs with spherical microphone arrays (SMAs) has been com-
bined with spherical-harmonic (SH) processing, delay-and-sum beam-
forming, and wavelet-based peak detection to estimate the time and 
direction of early reflections [14]. Subsequent studies addressed room-
geometry inference by localizing reflecting boundaries from reflection 
TOA/DOA information, including approaches that handle both convex 
and non-convex room shapes [15]. More recently, learning-based strate-
gies have been proposed to regress room dimensions and reflection coef-
ficients directly from RIRs, including settings that do not require known 
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$Q$


$\mathbf {r}_q = [x_q, y_q, z_q]^\top \in \RR ^3$


$q = 1,\ldots ,Q$


$\mathbf {r}_c = [x_c, y_c, z_c]^\top $


\begin {align}\boldsymbol {\Omega }_p = [\theta _p,\ \vartheta _p]^\top , \label {Xeqn1-1}\end {align}


$\theta _p \in [0,2\pi )$


$\vartheta _p \in [0,\pi ]$


$(\cdot )(k,f)$


$k$


$f$


$f$


$\nu _f$


$q$


\begin {align}x_q(k,f) = \sum _{p=0}^{P} a_q(f,\boldsymbol {\Omega }_p)\, s_p(k,f) + v_q(k,f), \label {eq:mic_model}\end {align}


$p=0$


$p\geq 1$


$s_p(k,f)$


$p$


$v_q(k,f)$


$a_q(f,\boldsymbol {\Omega }_p)$


$q$


$\boldsymbol {\Omega }_p$


\begin {align}\mathbf {x}(k,f) = \begin {bmatrix} x_1(k,f) & \cdots & x_Q(k,f) \end {bmatrix}^{\top }. \label {Xeqn3-3}\end {align}


\begin {align}\mathbf {x}(k,f) = \sum _{p=0}^{P} \mathbf {a}(f,\boldsymbol {\Omega }_p)\, s_p(k,f) + \mathbf {v}(k,f), \label {eq:vector_model}\end {align}


$\mathbf {v}(k,f)=[v_1(k,f),\ldots ,v_Q(k,f)]^\top $


\begin {align}\mathbf {a}(f,\boldsymbol {\Omega }_p) = [a_1(f,\boldsymbol {\Omega }_p),\ldots ,a_Q(f,\boldsymbol {\Omega }_p)]^{\top } \label {Xeqn5-5}\end {align}


$\boldsymbol {\Omega }_p$


$L$


$N_{\mathrm {SH}}=(L+1)^2$


\begin {align}(L+1)^2 \leq Q, \label {Xeqn6-6}\end {align}


$L$


$\Lambda \geq L$


$\mathbf {E}_{L,\Lambda }(f) \in \CC ^{(L+1)^2 \times Q}$


$L$


$\Lambda $


\begin {align}\mathbf {b}(k,f) = \mathbf {E}_{L,\Lambda }(f)\,\mathbf {x}(k,f). \label {eq:sh_encoding}\end {align}


$\mathbf {E}_{L,\Lambda }(f)$


$\boldsymbol {\Omega }_q=[\theta _q,\vartheta _q]^\top $


$q$


$R$


$\Lambda $


\begin {align}\mathbf {x}(k,f)\approx \mathbf {H}_{\Lambda }(f)\,\mathbf {b}_{\Lambda }(k,f), \label {Xeqn8-8}\end {align}


$\mathbf {b}_{\Lambda }(k,f)\in \mathbb {C}^{(\Lambda +1)^2}$


$\Lambda $


$\mathbf {H}_{\Lambda }(f)\in \CC ^{Q\times (\Lambda +1)^2}$


\begin {align}\left [\mathbf {H}_{\Lambda }(f)\right ]_{q,(l,m)} = w_l\!\left (\frac {2\pi \nu _f R}{c}\right )\,Y_l^{m}\!\left (\theta _q,\vartheta _q\right ), \qquad 0\leq l\leq \Lambda ,\ -l\leq m\leq l, \label {Xeqn9-9}\end {align}


$w_l(\cdot )$


$Y_l^{m}(\cdot )$


$L$


$\mathbf {H}_L(f)\in \CC ^{Q\times (L+1)^2}$


$\mathbf {H}_{\Lambda }(f)$


$0\leq l\leq L$


$c$


\begin {align}\mathbf {E}_{L,\Lambda }(f)=\mathbf {H}_L^{\Hh }(f)\Big (\mathbf {H}_{\Lambda }(f)\mathbf {H}_{\Lambda }^{\Hh }(f)+[\beta (f)]^2\I _Q\Big )^{-1}, \label {eq:tikhonov_encoding}\end {align}


$\I _Q$


$Q\times Q$


\begin {align}\beta (f)=\beta _{\mathrm {set}}\ \sigma _{\max }\!\big (\mathbf {H}_{\Lambda }(f)\big ), \label {eq:beta_adaptive}\end {align}


$\sigma _{\max }(\cdot )$


$\beta _{\mathrm {set}}>0$


$\beta _{\mathrm {set}}$


$\beta _{\mathrm {set}}$


$\Lambda $


\begin {align}\Lambda =\left \lfloor \frac {2\pi \nu _{f_{\max }} R}{c}\right \rfloor , \label {Xeqn12-12}\end {align}


\begin {align}\mathbf {b}(k,f)=\sum _{p=0}^{P}\mathbf {y}(\boldsymbol {\Omega }_p)\,s_p(k,f)+\mathbf {n}(k,f), \label {eq:sh_model}\end {align}


$\mathbf {y}(\boldsymbol {\Omega }_p)\in \CC ^{(L+1)^2}$


$\boldsymbol {\Omega }_p$


$\mathbf {n}(k,f)$


$\mathbf {v}(k,f)$


$\mathbf {y}(\boldsymbol {\Omega }_p)$


\begin {align}\mathcal {S} = \{\boldsymbol {\Omega }_0, \boldsymbol {\Omega }_1, \ldots , \boldsymbol {\Omega }_P\}. \label {Xeqn14-14}\end {align}


$L$


$B$


$f$


\begin {align}\widehat {\mathbf {R}}_{\mathrm {SH}}(f) = \frac {1}{B}\sum _{k=1}^{B} \mathbf {b}(k,f)\mathbf {b}^\Hh (k,f), \label {eq:Rsh}\end {align}


$\mathbf {b}(k,f)\in \CC ^{(L+1)^2}$


$k$


$f$


\begin {align}\widehat {\mathbf {R}}_{\mathrm {FSPT}} = \sum _{f=f_{\min }}^{f_{\max }} \frac {\widehat {\mathbf {R}}_{\mathrm {SH}}(f)} {\tr \!\left \{\widehat {\mathbf {R}}_{\mathrm {SH}}(f)\right \}}. \label {eq:Rfs}\end {align}


$1/F$


$F=f_{\max }-f_{\min }+1$


$\widehat {\mathbf {R}}^{(i)}$


$i$


\begin {align}\widehat {\mathbf {R}}^{(0)} = \widehat {\mathbf {R}}_{\mathrm {FSPT}}. \label {eq:Rinit}\end {align}


$i$


\begin {align}\mathbf {R}^{(i)}_{\mathrm {DU}} = \widehat {\lambda }_{\max }^{(i)}\,\I - \widehat {\mathbf {R}}^{(i)}, \label {eq:Rdu}\end {align}


$\widehat {\lambda }_{\max }^{(i)}$


$\widehat {\mathbf {R}}^{(i)}$


$\boldsymbol {\Omega }=[\theta ,\vartheta ]^\top $


\begin {align}\mathcal {P}^{(i)}_{\mathrm {DU}}(\boldsymbol {\Omega }) = \frac {1} {\mathbf {y}^\Hh (\boldsymbol {\Omega })\, \mathbf {R}^{(i)}_{\mathrm {DU}}\, \mathbf {y}(\boldsymbol {\Omega })}, \label {eq:Pdu}\end {align}


$\mathbf {y}(\boldsymbol {\Omega })\in \CC ^{(L+1)^2}$


$i$


\begin {align}\widehat {\boldsymbol {\Omega }}_i = \arg \max _{\boldsymbol {\Omega }}\; \mathcal {P}^{(i)}_{\mathrm {DU}}(\boldsymbol {\Omega }). \label {eq:argmax}\end {align}


\begin {align}\mathbf {d}_i = \mathbf {y}(\widehat {\boldsymbol {\Omega }}_i), \qquad \alpha _i = \mathbf {d}_i^\Hh \mathbf {d}_i. \label {Xeqn21-21}\end {align}


\begin {align}\mathbf {F}_i = \alpha _i\,\I - \mathbf {d}_i \mathbf {d}_i^\Hh . \label {eq:nulling_filter}\end {align}


$\mathbf {F}_i\mathbf {d}_i=\mathbf {0}$


\begin {align}\widetilde {\mathbf {R}}^{(i+1)} = \mathbf {F}_i\, \widehat {\mathbf {R}}^{(i)}\, \mathbf {F}_i^\Hh , \label {eq:nulling_update}\end {align}


\begin {align}\widehat {\mathbf {R}}^{(i+1)} = \frac {\widetilde {\mathbf {R}}^{(i+1)}} {\tr \!\left \{\widetilde {\mathbf {R}}^{(i+1)}\right \}}. \label {eq:trace_norm}\end {align}


$i=0$


$P$


\begin {align}\widehat {\mathcal {S}} = \{\widehat {\boldsymbol {\Omega }}_0, \widehat {\boldsymbol {\Omega }}_1, \ldots , \widehat {\boldsymbol {\Omega }}_P\}, \label {Xeqn25-25}\end {align}


$\widehat {\boldsymbol {\Omega }}_0$


$\widehat {\boldsymbol {\Omega }}_p$


$p>0$


$K=P+1$


$P$


$G=N_{\mathrm {azim}}N_{\mathrm {col}}$


$\mathcal {O}(BFQN_{\mathrm {SH}})$


$\mathcal {O}(BFN_{\mathrm {SH}}^2)$


$\mathcal {O}(FN_{\mathrm {SH}}^2)$


$\mathcal {O}(KGN_{\mathrm {SH}}^2)$


$\mathcal {O}(KN_{\mathrm {SH}}^3)$


$\mathbf {F}_i\widehat {\mathbf {R}}^{(i)}\mathbf {F}_i^{\Hh }$


$N_{\mathrm {SH}}$


\begin {align}\mathcal {C}_{\mathrm {Proposed}} = \mathcal {O}\!\left ( BFQN_{\mathrm {SH}} + BFN_{\mathrm {SH}}^2 + FN_{\mathrm {SH}}^2 + KGN_{\mathrm {SH}}^2 + KN_{\mathrm {SH}}^3 \right ). \label {eq:c_idu_sh}\end {align}


\begin {align}\mathcal {C}_{\mathrm {SH\text {-}DU}} = \mathcal {O}\!\left ( BFQN_{\mathrm {SH}} + BFN_{\mathrm {SH}}^2 + FN_{\mathrm {SH}}^2 + GN_{\mathrm {SH}}^2 \right ). \label {eq:c_sh_du}\end {align}


\begin {align}\mathcal {C}_{\mathrm {SH\text {-}MUSIC}} = \mathcal {O}\!\left ( BFQN_{\mathrm {SH}} + BFN_{\mathrm {SH}}^2 + FN_{\mathrm {SH}}^3 + FGN_{\mathrm {SH}}^2 \right ). \label {eq:c_sh_music}\end {align}


$N_{\mathrm {SH}}$


$N_{\mathrm {SH}}$


\begin {align}\mathcal {C}_{\mathrm {SH\text {-}SRP}} = \mathcal {O}\!\left ( BFQN_{\mathrm {SH}} + BFN_{\mathrm {SH}}^2 + FGN_{\mathrm {SH}}^2 \right ). \label {eq:c_sh_srp}\end {align}


\begin {align}\mathcal {C}_{\mathrm {SRP\text {-}PHAT}} = \mathcal {O}\!\left ( BFQ^2 + FQ^2 + FGQ^2 \right ). \label {eq:c_srp_phat}\end {align}


$K$


$F$


$\mathbf {D}_{\mathrm {room}}=[7,\;9,\;4]~\mathrm {m}$


$\mathbf {r}_c=[2.2,\;4.7,\;1.5]$


$\mathrm {T}_{60}=0.75$


$\mathrm {T}_{60}=1.5$


$\mathrm {T}_{60}=1.0$


$L=15$


$T=10$


$(n_x,n_y,n_z)$


$|n_x|+|n_y|+|n_z|\le 3$


$(\pm 3,0,0)$


$(0,\pm 3,0)$


$(0,0,\pm 3)$


$N_{\mathrm {img}}=56$


$Q$


$q$


\begin {align}\vartheta _q &= \arccos \!\left (1-\frac {2(q-0.5)}{Q}\right ), \\ \theta _q &= \operatorname {mod}\!\left (\pi (1+\sqrt {5})(q-0.5),\,2\pi \right ),\end {align}


$\theta _q\in [0,2\pi )$


$\vartheta _q\in [0,\pi ]$


\begin {align}\mathbf {r}_q^{\mathrm {(unit)}}= \begin {bmatrix} \sin \vartheta _q\cos \theta _q\\ \sin \vartheta _q\sin \theta _q\\ \cos \vartheta _q \end {bmatrix}. \label {Xeqn31-33}\end {align}


$L\in \{1,5,10,15\}$


$(L+1)^2\leq Q$


\begin {align}Q_{\min }\in \{4,36,121,256\}. \label {Xeqn32-34}\end {align}


$Q=256$


$L\in \{1,5,10,15\}$


$L$


$Q_{\min }=(L+1)^2$


$d_{\min }=0.035~\mathrm {m}$


\begin {align}R=\frac {d_{\min }}{\displaystyle \min _{q\neq q'}\left \|\mathbf {r}_q^{\mathrm {(unit)}}-\mathbf {r}_{q'}^{\mathrm {(unit)}}\right \|}, \label {Xeqn33-35}\end {align}


$Q$


$L$


$Q$


$f_s=24~\mathrm {kHz}$


$N_w=1024$


$N_w/4$


$[80,\,8000]~\mathrm {Hz}$


$\beta _{\mathrm {set}}=5\times 10^{-3}$


$\beta _{\mathrm {set}}$


$\mathrm {SNR}=30~\mathrm {dB}$


$\mathrm {SDNR}=30~\mathrm {dB}$


$\sigma _{\mathrm {gain}}=0~\mathrm {dB}$


$\mathrm {T}_{60}=1.0$


\begin {align}\mathrm {C}_1 &: \mathrm {SNR}=30~\mathrm {dB},\ \mathrm {SDNR}=30~\mathrm {dB},\ \sigma _{\mathrm {gain}}=0~\mathrm {dB}, \\ \mathrm {C}_2 &: \mathrm {SNR}=10~\mathrm {dB},\ \mathrm {SDNR}=30~\mathrm {dB},\ \sigma _{\mathrm {gain}}=0~\mathrm {dB}, \\ \mathrm {C}_3 &: \mathrm {SNR}=30~\mathrm {dB},\ \mathrm {SDNR}=10~\mathrm {dB},\ \sigma _{\mathrm {gain}}=0~\mathrm {dB}, \\ \mathrm {C}_4 &: \mathrm {SNR}=10~\mathrm {dB},\ \mathrm {SDNR}=10~\mathrm {dB},\ \sigma _{\mathrm {gain}}=1~\mathrm {dB}.\end {align}


$1^\circ $


$K=16$


$\boldsymbol {\Omega }=[\theta ,\vartheta ]^\top $


\begin {align}\mathbf {u}(\theta ,\vartheta )= \begin {bmatrix} \sin \vartheta \cos \theta \\ \sin \vartheta \sin \theta \\ \cos \vartheta \end {bmatrix}. \label {Xeqn34-40}\end {align}


$\widehat {\boldsymbol {\Omega }}=[\widehat {\theta },\widehat {\vartheta }]^\top $


$\boldsymbol {\Omega }=[\theta ,\vartheta ]^\top $


\begin {align}d(\widehat {\boldsymbol {\Omega }},\boldsymbol {\Omega }) = \frac {180}{\pi } \arccos \!\Big ( \clip \big ( \mathbf {u}^{\top }(\widehat {\theta },\widehat {\vartheta }) \mathbf {u}(\theta ,\vartheta ), -1,1 \big ) \Big ), \label {eq:ang_err_vec}\end {align}


$\mathrm {clip}(x,a,b)=\min (\max (x,a),b)$


$[a,b]$


$\mathcal {P}_{6}=\{0,1,\ldots ,6\}$


$\mathcal {P}_{15}=\{0,1,\ldots ,15\}$


$\mathcal {P}$


\begin {align}\mathrm {RMSE}_{\mathcal {P}}= \sqrt { \frac {1}{T\,|\mathcal {P}|} \sum _{p\in \mathcal {P}}\sum _{t=1}^{T} \Big ( d\big (\widehat {\boldsymbol {\Omega }}_p^{(t)},\boldsymbol {\Omega }_p^{(t)}\big ) \Big )^2 }, \label {eq:rmse_agg}\end {align}


\begin {align}\mathrm {AR}_{\mathcal {P}}= \frac {1}{T\,|\mathcal {P}|} \sum _{p\in \mathcal {P}}\sum _{t=1}^{T} \mathbb {I}\!\left ( d\big (\widehat {\boldsymbol {\Omega }}_p^{(t)},\boldsymbol {\Omega }_p^{(t)}\big ) \le \tau _{\mathrm {AR}} \right ), \label {eq:ar_agg}\end {align}
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source–receiver positions and operate from a single RIR measurement 
[16].

Complementary to explicit RIR analysis, another line of research es-
timates direct and reflected components more directly from microphone 
signals, or from short RIR windows, using array-processing formulations 
tailored to coherent multipath. Maximum-likelihood approaches have 
been shown to be robust to noise when applied to coherent reflections 
measured with SMAs [17]. In a related direction, room-geometry infer-
ence has been pursued by jointly estimating the DOAs of the direct path 
and early reflections using high-resolution broadband beamforming on 
SMAs and combining these cues through geometric constraints [18]. 
More recently, blind early-reflection DOA estimation without the source 
signal or explicit RIR knowledge has been advanced through phase-
aligned correlation methods [19]. In parallel, recent 3-D sound event 
localization and detection studies have shown that combining spatial-
coherence cues with direct-path-dominance features improves the ro-
bustness of distance estimation in real-world reverberant scenes, further 
highlighting the value of separating direct-path and reflected energy for 
spatial inference [20].

Despite these advances, many methods still focus on the direct path 
and only a small number of early reflections. Reliable separation be-
comes increasingly difficult as the number of components grows under 
coherent single-source multipath, limited array aperture, and progres-
sively weaker reflected energy. As a result, scalable formulations that 
support deep multi-peak extraction while remaining computationally 
tractable are still relatively limited.

This paper addresses estimation of the DOAs of the direct path and 
of a relatively large set of dominant propagation components gener-
ated by a single source and observed by an SMA. Although the ex-
tracted components may extend beyond strictly defined early reflec-
tions, they represent the dominant coherent propagation paths within 
the analysis window. The proposed approach operates in the SH do-
main and employs diagonal-unloading (DU) beamforming [21,22]. Rel-
ative to eigenspace-based high-resolution methods, such as multiple sig-
nal classification (MUSIC) [23], and inversion-based formulations re-
lated to minimum variance distortionless response (MVDR) [24], DU 
is computationally attractive because map evaluation requires neither 
explicit eigendecomposition nor matrix inversion. A single broadband 
SH covariance matrix is formed through frequency smoothing with per-
bin trace normalization [25]. Multi-peak extraction then alternates DU 
map evaluation with iterative covariance filtering. At each iteration, 
the dominant steering direction is detected, a two-sided null-steering 
operator suppresses the corresponding component, and the updated co-
variance is trace-normalized before the next iteration. This strategy is 
related in spirit to deflation-based and CLEAN-like approaches for coher-
ent component separation [26]. A similar iterative suppression principle 
has been explored in compact-array DU processing [27]. In the present 
work, this principle is developed within a broadband SH-domain frame-
work for localizing direct sound and dominant reflections with SMAs.

The main contributions are as follows:
• An SH-domain iterative DU framework for sequential localization of 
the direct path and a comparatively large set of dominant component 
DOAs under coherent single-source multipath;

• A broadband formulation based on a single SH covariance matrix 
together with a two-sided null-steering covariance update and per-
iteration trace renormalization for repeated multi-peak extraction;

• A systematic evaluation across SH order, extraction depth, rever-
beration, signal-to-noise ratio (SNR), signal-to-diffuse-noise ratio 
(SDNR), gain mismatch, and measured SMA data, using root-mean-
square error (RMSE) and accuracy rate (AR) to assess performance.
The approach is evaluated through controlled reverberant simula-

tions and measured-data experiments on the public Arni spatial room 
dataset [28], which provides real multichannel room impulse responses 
recorded with a 32-channel SMA in a reverberant room. The experi-
mental study compares the proposed method with SH-DU [25], SH-

MUSIC [23,29], a standard SH-domain steered-response power (SRP) 
implementation [30], and microphone-domain SRP with phase trans-
form (PHAT) [31]. The results show that increasing the SH order im-
proves localization of the direct path and the strongest reflected com-
ponents, whereas later iterations become progressively more difficult 
as weaker and more ambiguous components are extracted. Overall, the 
study highlights the potential of iterative SH-domain DU processing for 
structured localization of dominant acoustic components in reverberant 
rooms.

2.  Signal model

An SMA composed of 𝑄 omnidirectional microphones is considered, 
with sensor positions 𝐫𝑞 = [𝑥𝑞 , 𝑦𝑞 , 𝑧𝑞]⊤ ∈ ℝ3, 𝑞 = 1,… , 𝑄, and array cen-
ter 𝐫𝑐 = [𝑥𝑐 , 𝑦𝑐 , 𝑧𝑐 ]⊤. A single acoustic source is assumed to be active in 
a reverberant enclosure. The sound field is modeled as the direct com-
ponent plus a finite set of dominant reflected components generated by 
the surrounding boundaries. This representation emphasizes the coher-
ent propagation paths that are most relevant to the directional analysis 
performed by the array.

Each propagation path is characterized by a DOA 
𝛀𝑝 = [𝜃𝑝, 𝜗𝑝]⊤, (1)

where 𝜃𝑝 ∈ [0, 2𝜋) denotes azimuth and 𝜗𝑝 ∈ [0, 𝜋] denotes colatitude 
(polar angle).

2.1.  STFT-domain array model

Let (⋅)(𝑘, 𝑓 ) denote the short-time Fourier transform (STFT) coeffi-
cient at time-frame index 𝑘 and frequency-bin index 𝑓 . The center fre-
quency associated with bin 𝑓 is denoted by 𝜈𝑓 . In the adopted formula-
tion, each dominant propagation component is represented at the array 
by an equivalent plane-wave contribution. The array response therefore 
depends only on its direction of arrival. This approximation is used for 
both the direct path and the dominant reflected components considered 
in the analysis. The STFT-domain signal at the 𝑞th microphone is 

𝑥𝑞(𝑘, 𝑓 ) =
𝑃
∑

𝑝=0
𝑎𝑞(𝑓,𝛀𝑝) 𝑠𝑝(𝑘, 𝑓 ) + 𝑣𝑞(𝑘, 𝑓 ), (2)

where 𝑝 = 0 denotes the direct component and 𝑝 ≥ 1 denotes the re-
flected components. The term 𝑠𝑝(𝑘, 𝑓 ) denotes the STFT coefficient asso-
ciated with the 𝑝th component, and 𝑣𝑞(𝑘, 𝑓 ) is an additive residual term 
that collects sensor noise and contributions not explicitly represented by 
the dominant propagation components. The scalar 𝑎𝑞(𝑓,𝛀𝑝) denotes the 
array response of the 𝑞th microphone to a plane wave impinging from 
𝛀𝑝.

Define the microphone-signal vector as 

𝐱(𝑘, 𝑓 ) =
[

𝑥1(𝑘, 𝑓 ) ⋯ 𝑥𝑄(𝑘, 𝑓 )
]⊤. (3)

Accordingly, (2) can be written as 

𝐱(𝑘, 𝑓 ) =
𝑃
∑

𝑝=0
𝐚(𝑓,𝛀𝑝) 𝑠𝑝(𝑘, 𝑓 ) + 𝐯(𝑘, 𝑓 ), (4)

where 𝐯(𝑘, 𝑓 ) = [𝑣1(𝑘, 𝑓 ),… , 𝑣𝑄(𝑘, 𝑓 )]⊤ and 
𝐚(𝑓,𝛀𝑝) = [𝑎1(𝑓,𝛀𝑝),… , 𝑎𝑄(𝑓,𝛀𝑝)]⊤ (5)

is the steering vector associated with direction 𝛀𝑝.

2.2.  Spherical harmonic domain representation

To exploit the spatial structure of SMAs, the microphone signals are 
encoded into the SH domain up to order 𝐿 [32]. The number of retained 
SH components is 𝑁SH = (𝐿 + 1)2, and it is assumed that 
(𝐿 + 1)2 ≤ 𝑄, (6)
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so that the corresponding SH coefficients can be estimated from the mi-
crophone signals. In the following, 𝐿 denotes the SH order retained for 
localization, whereas Λ ≥ 𝐿 denotes the truncation order used in the 
transfer model for regularized encoding.

Let 𝐄𝐿,Λ(𝑓 ) ∈ ℂ(𝐿+1)2×𝑄 denote the SH encoding matrix. It returns 
the order-𝐿 coefficients while relying on a transfer model truncated at 
order Λ. The SH-domain signal is defined as 

𝐛(𝑘, 𝑓 ) = 𝐄𝐿,Λ(𝑓 ) 𝐱(𝑘, 𝑓 ). (7)

In practice, 𝐄𝐿,Λ(𝑓 ) is obtained by regularized inversion of the SMA 
transfer matrix. This improves numerical stability and limits noise am-
plification at ill-conditioned frequencies [33].

Let 𝛀𝑞 = [𝜃𝑞 , 𝜗𝑞]⊤ denote the angular position of the 𝑞th microphone 
on a sphere of radius 𝑅. By truncating the SH expansion to order Λ, the 
microphone-domain observations satisfy 

𝐱(𝑘, 𝑓 ) ≈ 𝐇Λ(𝑓 )𝐛Λ(𝑘, 𝑓 ), (8)

where 𝐛Λ(𝑘, 𝑓 ) ∈ ℂ(Λ+1)2  is the vector collecting the spherical-harmonic 
coefficients of the sound field, truncated to order Λ, and 𝐇Λ(𝑓 ) ∈
ℂ𝑄×(Λ+1)2  has entries 
[

𝐇Λ(𝑓 )
]

𝑞,(𝑙,𝑚) = 𝑤𝑙

(2𝜋𝜈𝑓𝑅
𝑐

)

𝑌 𝑚
𝑙
(

𝜃𝑞 , 𝜗𝑞
)

, 0 ≤ 𝑙 ≤ Λ, −𝑙 ≤ 𝑚 ≤ 𝑙, (9)

with 𝑤𝑙(⋅) the modal strength and 𝑌 𝑚
𝑙 (⋅) the spherical harmonic function. 

The order-𝐿 transfer matrix 𝐇𝐿(𝑓 ) ∈ ℂ𝑄×(𝐿+1)2  is obtained by retaining 
from 𝐇Λ(𝑓 ) the columns corresponding to 0 ≤ 𝑙 ≤ 𝐿. Here, 𝑐 denotes the 
speed of sound.

In this implementation, the encoding matrix is computed via a 
Tikhonov-regularized left pseudo-inverse [34], 

𝐄𝐿,Λ(𝑓 ) = 𝐇H
𝐿(𝑓 )

(

𝐇Λ(𝑓 )𝐇H
Λ(𝑓 ) + [𝛽(𝑓 )]2𝐈𝑄

)−1
, (10)

where 𝐈𝑄 is the 𝑄 ×𝑄 identity matrix. The regularization is selected 
adaptively as 

𝛽(𝑓 ) = 𝛽set 𝜎max
(

𝐇Λ(𝑓 )
)

, (11)

with 𝜎max(⋅) the largest singular value and 𝛽set > 0 a dimensionless scal-
ing constant [35]. The factor 𝛽set controls the overall amount of regu-
larization in the SH encoding stage. Through (11), the regularization 
remains frequency-adaptive because it scales with the largest singular 
value of the truncated transfer matrix at each frequency. At the same 
time, 𝛽set acts as a global dimensionless stabilization factor that balances 
inversion accuracy, numerical robustness, and mitigation of noise ampli-
fication at ill-conditioned frequencies. In principle, the truncation order 
may be frequency-dependent. In the present implementation, however, 
a single modeling order Λ is fixed from the highest analyzed frequency, 
namely 

Λ =

⌊

2𝜋𝜈𝑓max
𝑅

𝑐

⌋

, (12)

so that the same regularized encoding structure is used across the ana-
lyzed frequency band.

Under the standard SH-domain plane-wave model, (4) becomes 

𝐛(𝑘, 𝑓 ) =
𝑃
∑

𝑝=0
𝐲(𝛀𝑝) 𝑠𝑝(𝑘, 𝑓 ) + 𝐧(𝑘, 𝑓 ), (13)

where 𝐲(𝛀𝑝) ∈ ℂ(𝐿+1)2  denotes the SH steering vector associated with 
direction 𝛀𝑝, and 𝐧(𝑘, 𝑓 ) denotes the encoded residual term produced 
by the regularized SH encoding of 𝐯(𝑘, 𝑓 ). A key property used in this 
work is that 𝐲(𝛀𝑝) is frequency-independent. This property motivates 
the use of broadband SH-domain spatial statistics without introducing 
frequency-dependent steering vectors.

2.3.  Problem formulation and challenges

The objective is to estimate the DOAs of the direct component and 
of a set of dominant propagation components, 
 = {𝛀0,𝛀1,… ,𝛀𝑃 }. (14)

Reflected components are indexed by their dominance in the observed 
sound field, i.e., by the extraction order of the algorithm, rather than by 
geometric reflection order. This distinction is important in reverberant 
environments, where several reflections may have comparable energy 
and may arrive from closely spaced directions.

Several factors make this problem challenging. Direct sound and re-
flections are coherent because they originate from the same emitted sig-
nal, which limits the effectiveness of methods based on source decor-
relation. The angular resolution of an SMA is governed by the retained 
SH order 𝐿, and therefore by the number of microphones and the ef-
fective aperture. Low-order processing yields broad spatial responses 
that merge nearby components and can propagate errors to later ex-
tractions. As extraction depth increases, progressively weaker compo-
nents are sought after repeated suppression steps, making covariance 
scaling and numerical conditioning increasingly important. In addition, 
high-resolution localization typically requires dense angular scans and, 
in narrowband implementations, repeated evaluations across frequency 
bins. These considerations motivate a localization strategy that com-
bines broadband SH-domain processing, adequate angular resolution, 
and iterative multi-peak extraction with controlled computational com-
plexity.

3.  Direct sound and dominant reflection localization

The proposed localization procedure operates in the SH domain and 
estimates the DOAs of the direct sound and multiple dominant reflected 
components through an iterative DU peak-extraction scheme. It exploits 
the frequency-independent nature of SH steering vectors, which enables 
coherent broadband processing within the adopted dominant-path for-
mulation for single-source reverberant environments.

3.1.  SH-domain covariance estimation and frequency smoothing

Assuming quasi-stationarity over 𝐵 snapshots, the SH-domain co-
variance matrix is estimated for each frequency bin 𝑓 as 

𝐑̂SH(𝑓 ) =
1
𝐵

𝐵
∑

𝑘=1
𝐛(𝑘, 𝑓 )𝐛H(𝑘, 𝑓 ), (15)

where 𝐛(𝑘, 𝑓 ) ∈ ℂ(𝐿+1)2  denotes the SH-domain observation at time 
frame 𝑘 and frequency bin 𝑓 .

Exploiting the frequency-independent SH steering vectors, a sin-
gle broadband covariance matrix is obtained via frequency smoothing 
with per-bin trace normalization (frequency smoothing power trans-
form, FSPT) [25]: 

𝐑̂FSPT =
𝑓max
∑

𝑓=𝑓min

𝐑̂SH(𝑓 )

tr
{

𝐑̂SH(𝑓 )
} . (16)

This broadband fusion equalizes the contribution of individual fre-
quency bins by normalizing each narrowband covariance to unit trace. 
Any additional global scaling, such as an explicit 1∕𝐹  factor with 𝐹 =
𝑓max − 𝑓min + 1, does not affect peak locations and is therefore omitted. 
Relative to an unnormalized sum, trace normalization reduces the influ-
ence of atypically strong bins and yields a better balanced broadband 
covariance representation.

3.2.  Diagonal-unloading pseudo-spectrum

Let 𝐑̂(𝑖) denote the covariance matrix used at iteration 𝑖, initialized 
as 
𝐑̂(0) = 𝐑̂FSPT. (17)

Signal Processing 249 (2026) 110774 

3 



D. Salvati

At iteration 𝑖, diagonal unloading is performed as 

𝐑(𝑖)
DU = 𝜆(𝑖)max 𝐈 − 𝐑̂(𝑖), (18)

where 𝜆(𝑖)max is the largest eigenvalue of 𝐑̂(𝑖), estimated via the power 
method [35]. The resulting matrix defines a high-resolution DU pseudo-
spectrum [22]. The DU pseudo-spectrum is evaluated on a discrete grid 
of candidate directions 𝛀 = [𝜃, 𝜗]⊤ as 

 (𝑖)
DU(𝛀) = 1

𝐲H(𝛀)𝐑(𝑖)
DU 𝐲(𝛀)

, (19)

where 𝐲(𝛀) ∈ ℂ(𝐿+1)2  is the SH steering vector. The direction associated 
with the dominant component at iteration 𝑖 is obtained by grid search, 

𝛀̂𝑖 = argmax
𝛀

 (𝑖)
DU(𝛀). (20)

3.3.  Iterative null-steering covariance update for coherent component 
extraction

To extract multiple coherent components, i.e., the direct sound and 
dominant reflections, the contribution associated with each previously 
estimated direction is suppressed through an iterative null-steering co-
variance update. The update relies on left–right covariance filtering 
rather than classical rank-one deflation based on estimated source pow-
ers or eigenvectors. Unlike rank-one subtraction, which depends directly 
on the accuracy of the component model, the proposed update sup-
presses the extracted direction through covariance-domain null steering 
and is therefore more stable under coherent multipath and successive 
extraction.

Let 

𝐝𝑖 = 𝐲(𝛀̂𝑖), 𝛼𝑖 = 𝐝H𝑖 𝐝𝑖. (21)

The null-steering (suppression) matrix is defined as 

𝐅𝑖 = 𝛼𝑖 𝐈 − 𝐝𝑖𝐝H𝑖 . (22)

By construction, 𝐅𝑖𝐝𝑖 = 𝟎, so a spatial null is imposed along the extracted 
steering direction. This suppression step is related to null-steering beam-
forming and CLEAN-like iterative suppression strategies [26,27], but 
here it is applied directly to the broadband SH-domain covariance ma-
trix.

The covariance matrix is first updated as 

𝐑̃(𝑖+1) = 𝐅𝑖 𝐑̂(𝑖) 𝐅H
𝑖 , (23)

and subsequently normalized to unit trace, 

𝐑̂(𝑖+1) = 𝐑̃(𝑖+1)

tr
{

𝐑̃(𝑖+1)
} . (24)

This per-iteration renormalization differs from the per-bin trace normal-
ization used in (16). Its purpose is to keep the updated covariance on a 
comparable scale across iterations as progressively stronger components 
are suppressed.

The steps in (18)–(24) are repeated for a prescribed number of com-
ponents. The extracted components are indexed according to the itera-
tion order, with 𝑖 = 0 denoting the first extracted dominant direction and 
the following iterations providing 𝑃  additional dominant components. 
The resulting set of estimates is 

̂ = {𝛀̂0, 𝛀̂1,… , 𝛀̂𝑃 }, (25)

where ̂𝛀0 denotes the first extracted dominant direction, while ̂𝛀𝑝, 𝑝 > 0, 
denote the subsequently extracted dominant components ordered by the 
iterative extraction sequence. In the simulated and measured conditions 
considered in this study, the first extracted dominant direction is ex-
pected to correspond to the direct path.

Algorithm 1 summarizes the complete procedure.

Algorithm 1 SH-domain broadband iterative DU beamforming (direct 
path + dominant components).
1: STFT: compute 𝐱(𝑘, 𝑓 ) = [𝑥1(𝑘, 𝑓 ),… , 𝑥𝑄(𝑘, 𝑓 )]⊤ for all 𝑘 and 

𝑓
2: SH encoding: for each (𝑘, 𝑓 ), compute 𝐛(𝑘, 𝑓 ) =

𝐄𝐿,Λ(𝑓 )𝐱(𝑘, 𝑓 )
3: Covariance matrices: for each 𝑓 , compute 𝐑̂SH(𝑓 ) =

1
𝐵

∑𝐵
𝑘=1 𝐛(𝑘, 𝑓 )𝐛

H(𝑘, 𝑓 )
4: 𝐑̂FSPT ←

∑𝑓max
𝑓=𝑓min

𝐑̂SH(𝑓 )
/

tr{𝐑̂SH(𝑓 )}
5: 𝐑̂(0) ← 𝐑̂FSPT
6: for 𝑖 = 0 to 𝑃  do
7:  𝜆(𝑖)max ← PowerMethod

(

𝐑̂(𝑖)
)

8:  𝐑(𝑖)
DU ← 𝜆(𝑖)max𝐈 − 𝐑̂(𝑖)

9:   (𝑖)
DU(𝛀) ←

(

𝐲H(𝛀)𝐑(𝑖)
DU𝐲(𝛀)

)−1

10:  𝛀̂𝑖 ← argmax𝛀  (𝑖)
DU(𝛀)

11:  if 𝑖 < 𝑃  then
12:  𝐝𝑖 ← 𝐲(𝛀̂𝑖)
13:  𝛼𝑖 ← 𝐝H

𝑖 𝐝𝑖
14:  𝐅𝑖 ← 𝛼𝑖𝐈 − 𝐝𝑖𝐝H

𝑖

15:  𝐑̃(𝑖+1) ← 𝐅𝑖 𝐑̂(𝑖) 𝐅H
𝑖

16:  𝐑̂(𝑖+1) ← 𝐑̃(𝑖+1)
/

tr{𝐑̃(𝑖+1)}
17:  end if
18: end for
19: Output: ̂ = {𝛀̂0, 𝛀̂1,… , 𝛀̂𝑃 }

3.4.  Computational complexity and comparison with baselines

To compare computational cost with that of the baselines, let 𝐾 =
𝑃 + 1 denote the number of extracted components, i.e., the direct path 
plus 𝑃  dominant reflected components. Let 𝐺 = 𝑁azim𝑁col denote the 
number of candidate directions in the angular search grid.

The following expressions capture the dominant asymptotic scaling 
of the adopted implementations. They retain the leading-order cost of 
the main localization stages and omit lower-order constants, memory-
access effects, and the STFT front end common to all methods.

For the proposed SH-domain iterative DU method, the main stages 
are SH encoding of all time–frequency observations, narrowband SH co-
variance accumulation, broadband covariance fusion via FSPT, iterative 
DU map formation and grid search over a single broadband covariance 
matrix, and per-iteration covariance update with trace renormalization. 
These stages scale as (𝐵𝐹𝑄𝑁SH), (𝐵𝐹𝑁2

SH), (𝐹𝑁2
SH), (𝐾𝐺𝑁2

SH), 
and (𝐾𝑁3

SH), respectively. The cubic term arises from the two-sided 
covariance update 𝐅𝑖𝐑̂(𝑖)𝐅H

𝑖  when evaluated as a dense matrix–matrix 
product, whereas the subsequent trace renormalization alone is only 
quadratic in 𝑁SH. The cost of estimating the dominant eigenvalue in
(18) by a fixed-number power iteration is of lower order and is there-
fore absorbed into the dominant scaling.

Accordingly, the overall cost of the proposed method can be summa-
rized as 
Proposed = 

(

𝐵𝐹𝑄𝑁SH + 𝐵𝐹𝑁2
SH + 𝐹𝑁2

SH +𝐾𝐺𝑁2
SH +𝐾𝑁3

SH
)

. (26)

For the non-iterative SH-DU baseline, the same SH-domain prepro-
cessing and broadband covariance construction are required, but only 
one DU map is evaluated. Its dominant cost is therefore 
SH-DU = 

(

𝐵𝐹𝑄𝑁SH + 𝐵𝐹𝑁2
SH + 𝐹𝑁2

SH + 𝐺𝑁2
SH

)

. (27)

For the SH-MUSIC baseline, a standard frequency-by-frequency im-
plementation is considered. After SH encoding and narrowband covari-
ance estimation, MUSIC requires an eigendecomposition at each ana-
lyzed bin and pseudo-spectrum evaluation over the angular grid at each 
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Table 1 
Dominant computational complexity of the proposed method 
and the considered baselines.
 Method  Dominant complexity
 Proposed 

(

𝐵𝐹𝑄𝑁SH + 𝐵𝐹𝑁2
SH + 𝐹𝑁2

SH +𝐾𝐺𝑁2
SH +𝐾𝑁3

SH

)

 SH-DU 
(

𝐵𝐹𝑄𝑁SH + 𝐵𝐹𝑁2
SH + 𝐹𝑁2

SH + 𝐺𝑁2
SH

)

 SH-MUSIC 
(

𝐵𝐹𝑄𝑁SH + 𝐵𝐹𝑁2
SH + 𝐹𝑁3

SH + 𝐹𝐺𝑁2
SH

)

 SH-SRP 
(

𝐵𝐹𝑄𝑁SH + 𝐵𝐹𝑁2
SH + 𝐹𝐺𝑁2

SH

)

 SRP-PHAT 
(

𝐵𝐹𝑄2 + 𝐹𝑄2 + 𝐹𝐺𝑄2)

frequency. Its dominant cost can therefore be expressed as 
SH-MUSIC = 

(

𝐵𝐹𝑄𝑁SH + 𝐵𝐹𝑁2
SH + 𝐹𝑁3

SH + 𝐹𝐺𝑁2
SH

)

. (28)

The cubic dependence on 𝑁SH arises from the per-frequency eigende-
composition, whereas the grid-search stage remains quadratic in 𝑁SH
for each evaluated direction.

For the SH-SRP baseline, again using a standard frequency-by-
frequency implementation, the dominant cost is the SH-domain grid 
evaluation at each analyzed frequency bin, yielding 
SH-SRP = 

(

𝐵𝐹𝑄𝑁SH + 𝐵𝐹𝑁2
SH + 𝐹𝐺𝑁2

SH
)

. (29)

For the microphone-domain SRP-PHAT baseline, a covariance-
matrix implementation is considered. In particular, the method is im-
plemented through PHAT-normalized microphone-domain covariance 
matrices. Its dominant operations are therefore microphone-domain co-
variance estimation, PHAT normalization, and grid evaluation at each 
analyzed frequency bin. The corresponding dominant cost can be sum-
marized as 
SRP-PHAT = 

(

𝐵𝐹𝑄2 + 𝐹𝑄2 + 𝐹𝐺𝑄2). (30)

These expressions clarify the main differences among the considered 
methods. Relative to SH-DU, the proposed method adds iterative co-
variance updates and repeated broadband map evaluations, with cost 
roughly proportional to the number of extracted components 𝐾. By 
contrast, SH-MUSIC, SH-SRP, and the considered microphone-domain 
SRP-PHAT implementation use frequency-by-frequency processing and 
therefore retain an explicit dependence on 𝐹  in the grid-search stage. 
Among the SH-domain baselines, SH-DU is the most favorable in com-
plexity because it shares the same broadband covariance construction 
as the proposed method while avoiding both iterative suppression and 
per-frequency eigendecomposition, whereas SH-MUSIC is the most de-
manding because of its per-frequency cubic eigendecomposition cost. 
The proposed method therefore occupies an intermediate position: it 
is lighter than frequency-by-frequency MUSIC but more expensive than 
SH-DU because of the iterative covariance-update stage.

Table 1 summarizes the dominant asymptotic complexity of the pro-
posed method and the considered baselines.

4.  Simulations

The simulation study has three parts. First, the proposed method is 
evaluated under a fixed physical array configuration to isolate the effect 
of the retained SH order. Second, it is evaluated under order-dependent 
configurations, in which both the number of microphones and the array 
radius vary with SH order under a minimum-spacing constraint. Third, 
it is compared with four baseline methods under a common high-order 
reverberant condition.

All simulations are conducted in a rectangular reverberant room us-
ing the image-source method (ISM) [36]. A single active acoustic source 
is assumed, and the simulated sound field at the array consists of the 
direct path and multiple specular reflections generated by the room 
boundaries.

4.1.  Room geometry, source positions, and image-source references

The simulated room dimensions are 𝐃room = [7, 9, 4] m, and the ar-
ray center is fixed at 𝐫𝑐 = [2.2, 4.7, 1.5] m. For the proposed-method 

Fig. 1. Simulated room configuration showing the array and source positions.

analyses, two reverberation conditions are considered, namely T60 =
0.75 s and T60 = 1.5 s. In addition, the baseline comparison is carried 
out at T60 = 1.0 s using the highest SH order considered in the simula-
tions, namely 𝐿 = 15, together with the corresponding largest physical 
array configuration.

The source position is varied across 𝑇 = 10 trials, as shown in Fig. 1. 
For each source position, room impulse responses are generated with the 
ISM. Ground-truth candidate directions for the reflected components are 
obtained from an image-source construction. The candidate pool used 
for greedy matching is built by generating all image sources up to third 
order, that is, all integer triplets (𝑛𝑥, 𝑛𝑦, 𝑛𝑧) such that |𝑛𝑥| + |𝑛𝑦| + |𝑛𝑧| ≤
3, excluding the direct source and the six axis-aligned third-order terms 
(±3, 0, 0), (0,±3, 0), and (0, 0,±3). This yields 𝑁img = 56 candidate image 
sources for reflection matching in the error computation.

4.2.  Array configurations

The array consists of 𝑄 omnidirectional microphones approximately 
uniformly distributed on a sphere according to a Fibonacci lattice [37]. 
The spherical coordinates of the 𝑞th microphone on the unit sphere are

𝜗𝑞 = arccos
(

1 −
2(𝑞 − 0.5)

𝑄

)

, (31)

𝜃𝑞 = mod
(

𝜋(1 +
√

5)(𝑞 − 0.5), 2𝜋
)

, (32)

where 𝜃𝑞 ∈ [0, 2𝜋) denotes the azimuth and 𝜗𝑞 ∈ [0, 𝜋] denotes the colat-
itude. The associated Cartesian coordinates are 

𝐫(unit)𝑞 =
⎡

⎢

⎢

⎣

sin 𝜗𝑞 cos 𝜃𝑞
sin 𝜗𝑞 sin 𝜃𝑞

cos 𝜗𝑞

⎤

⎥

⎥

⎦

. (33)

Four SH orders are considered, namely 𝐿 ∈ {1, 5, 10, 15}. The corre-
sponding theoretical minimum microphone counts satisfying (𝐿 + 1)2 ≤
𝑄 are 
𝑄min ∈ {4, 36, 121, 256}. (34)

Two array-configuration studies are considered. In the first, referred 
to as the fixed physical configuration, the same maximum physical array 
is used for all SH orders. Specifically, the array always employs 𝑄 =
256 microphones, and the radius is kept equal to that of the highest-
order configuration. The retained SH analysis order is then varied as 𝐿 ∈
{1, 5, 10, 15}, while the physical aperture and the number of microphones 
remain unchanged. This setting isolates the effect of the retained SH 
order from changes in the physical array.
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Fig. 2. The order-dependent physical SMA configurations used in the simula-
tions for the different microphone counts 𝑄.

In the second, referred to as the order-dependent physical config-
uration, each SH order 𝐿 is associated with its minimum microphone 
count, namely 𝑄min = (𝐿 + 1)2. For each such configuration, the array 
radius is selected by imposing a minimum inter-microphone spacing 
𝑑min = 0.035 m, namely 

𝑅 =
𝑑min

min
𝑞≠𝑞′

‖

‖

‖

𝐫(unit)𝑞 − 𝐫(unit)𝑞′
‖

‖

‖

, (35)

where the minimum is computed over the unit-sphere microphone
layout corresponding to the selected value of 𝑄. In this case, both the 
number of microphones and the physical aperture increase with 𝐿. This 
setting therefore captures the joint effect of increasing SH order and 
physically scaling the array under a realistic spacing constraint. The ar-
ray geometries corresponding to the considered SH orders are illustrated 
in Fig. 2.

4.3.  Signal generation and perturbation model

The source signal is a speech recording sampled to 𝑓𝑠 = 24 kHz
and processed in the STFT domain using a Hann window of length 
𝑁𝑤 = 1024 samples and a hop size of 𝑁𝑤∕4 (75% overlap). The ana-
lyzed frequency band is [80, 8000] Hz. SH encoding follows (10)–(11), 
with adaptive regularization scaling 𝛽set = 5 × 10−3. The choice of 𝛽set
remains an implementation parameter of the regularized SH encoding 
stage. In this study, it is selected to provide stable broadband process-
ing for the considered arrays and frequency range, but it is not claimed 
to be universally optimal across all array configurations and acoustic 
conditions.

Additive spatially white sensor noise is introduced according to a 
target SNR. In addition, an isotropic diffuse-noise field is added and is 
controlled through the SDNR [38]. Finally, microphone gain mismatch 
can be introduced by applying independent random gains to the chan-
nels, parametrized by the standard deviation of the gain perturbation in 
dB.

For the two proposed-method studies, namely the fixed physical con-
figuration and the order-dependent physical configuration, the reference 
acoustic condition is SNR = 30 dB, SDNR = 30 dB, and 𝜎gain = 0 dB.

For the baseline comparison at T60 = 1.0 s, four acoustic conditions 
are considered:
C1 ∶ SNR = 30 dB, SDNR = 30 dB, 𝜎gain = 0 dB, (36)

C2 ∶ SNR = 10 dB, SDNR = 30 dB, 𝜎gain = 0 dB, (37)

C3 ∶ SNR = 30 dB, SDNR = 10 dB, 𝜎gain = 0 dB, (38)

C4 ∶ SNR = 10 dB, SDNR = 10 dB, 𝜎gain = 1 dB. (39)

4.4.  Angular grid, extracted components, and evaluation metrics

Directional searches are performed on a uniform angular grid with 
1◦ resolution in azimuth and colatitude. In the simulations, the direct 
path plus 15 additional dominant components are evaluated, for a total 
of 𝐾 = 16 extracted directions.

Given a direction 𝛀 = [𝜃, 𝜗]⊤, the associated unit vector is 

𝐮(𝜃, 𝜗) =
⎡

⎢

⎢

⎣

sin 𝜗 cos 𝜃
sin 𝜗 sin 𝜃
cos 𝜗

⎤

⎥

⎥

⎦

. (40)

For each trial, the estimated directions are matched to the ISM candi-
date pool using greedy nearest-neighbor association in angular distance. 
After each match, the selected candidate is removed from the available 
set. This protocol is used for all methods considered.

Given an estimate ̂𝛀 = [𝜃, 𝜗]⊤ and a reference 𝛀 = [𝜃, 𝜗]⊤, the angular 
error is computed as 

𝑑(𝛀̂,𝛀) = 180
𝜋

arccos
(

clip
(

𝐮⊤(𝜃, 𝜗)𝐮(𝜃, 𝜗),−1, 1
)

)

, (41)

where clip(𝑥, 𝑎, 𝑏) = min(max(𝑥, 𝑎), 𝑏) limits its argument to the interval 
[𝑎, 𝑏] for numerical stability.

Two aggregate metrics are reported for each experiment: one com-
puted over the direct path and the first six extracted dominant com-
ponents (D+R1–R6), and one computed over all extracted components 
(D+R1–R15). Let 6 = {0, 1,… , 6} and 15 = {0, 1,… , 15} denote the 
corresponding index sets. The aggregate RMSE over a generic subset 
is defined as 

RMSE =

√

√

√

√

√

1
𝑇 ||

∑

𝑝∈

𝑇
∑

𝑡=1

(

𝑑
(

𝛀̂
(𝑡)
𝑝 ,𝛀(𝑡)

𝑝
)

)2
, (42)

and the corresponding aggregate AR is defined as 

AR = 1
𝑇 ||

∑

𝑝∈

𝑇
∑

𝑡=1
𝕀
(

𝑑
(

𝛀̂
(𝑡)
𝑝 ,𝛀(𝑡)

𝑝
)

≤ 𝜏AR
)

, (43)

where 𝕀(⋅) is the indicator function. Throughout this study, the thresh-
old is set to 𝜏AR = 5◦. Accordingly, the table entries denoted as RMSE 
(D+R1–R6) and AR (D+R1–R6) correspond to (42) and (43) evaluated 
over 6, whereas RMSE (All) and AR (All) correspond to the same quan-
tities evaluated over 15.

4.5.  Proposed method with fixed physical configuration

Table 2 reports the aggregate metrics for the fixed-configuration 
study. Because the physical array is unchanged across all cases, the 
results isolate the effect of the retained SH analysis order on multi-
component localization.

Performance improves markedly as the retained SH order increases. 
For both reverberation times, very low order is insufficient for reli-
able multi-component localization, whereas intermediate order already 
yields a substantial improvement. High-order processing achieves near-
perfect AR for the direct path and the first six dominant reflected compo-
nents, together with much lower RMSE when all extracted components 
are included. These results indicate that, under fixed aperture and mi-
crophone count, the retained SH order is the main factor enabling accu-
rate localization of the direct path and the strongest dominant reflected 
components.
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Table 2 
Proposed method for the fixed physical configuration study: the same maximum 
array configuration is used for all SH orders, namely 𝑄 = 256 microphones and 
the corresponding fixed radius. The acoustic condition is SNR = 30 dB, SDNR =
30 dB, and 𝜎gain = 0 dB.
T60 [s] 𝐿  RMSE (D+R1–R6)  RMSE (All)  AR (D+R1–R6)  AR (All)

0.75

 1  19.125  20.188  0.16  0.12
 5  3.833  6.770  0.80  0.56
 10  1.500  2.252  1.00  0.99
 15  0.843  1.829  1.00  0.95

1.5

 1  18.267  20.085  0.09  0.09
 5  4.167  7.341  0.74  0.50
 10  1.956  2.692  1.00  0.98
 15  1.075  2.171  1.00  0.94

Table 3 
Proposed method for the order-dependent physical configuration study: for each 
SH order 𝐿, the minimum microphone count 𝑄 = (𝐿 + 1)2 is used, and the cor-
responding radius is selected according to the minimum-spacing constraint. The 
acoustic condition is SNR = 30 dB, SDNR = 30 dB, and 𝜎gain = 0 dB.
T60 [s] 𝐿  RMSE (D+R1–R6)  RMSE (All)  AR (D+R1–R6)  AR (All)

0.75

 1  18.322  18.779  0.09  0.08
 5  5.816  9.908  0.71  0.46
 10  1.671  2.637  1.00  0.97
 15  0.843  1.829  1.00  0.95

1.5

 1  19.250  19.373  0.10  0.09
 5  5.181  9.562  0.64  0.41
 10  2.227  3.057  1.00  0.95
 15  1.075  2.171  1.00  0.94

4.6.  Proposed method with order-dependent physical configuration

Table 3 reports the aggregate metrics for the order-dependent config-
uration study. In this case, the results reflect the joint effect of increasing 
SH order, microphone count, and physical aperture under the adopted 
minimum-spacing constraint.

The same overall trend remains: performance improves substantially 
as the SH order increases, and the most reliable localization is obtained 
at high order. Here, however, the gain cannot be attributed to the re-
tained SH order alone, because the number of microphones and the array 
aperture also increase with 𝐿. The results therefore confirm the benefit 
of the proposed method under a more realistic scaling scenario, in which 
higher-order processing is accompanied by denser spatial sampling and 
larger physical aperture.

4.7.  Comparison with baseline methods

The baseline comparison is conducted under a common high-order 
reverberant configuration. The compared methods are the proposed it-
erative SH-DU approach, SH-DU, SH-MUSIC, SH-SRP, and microphone-
domain SRP-PHAT. To enable a controlled multi-peak comparison with 
the proposed iterative extraction, 𝐾 = 16 directions were selected from 
the broadband map using spherical non-maximum suppression with an 
exclusion radius Δ = 8◦. Specifically, peaks were extracted sequentially 
by repeatedly selecting the current global maximum and suppressing 
all grid points within an angular distance Δ from the selected peak. 
Azimuth wrap-around was applied in the suppression step, i.e., neigh-
borhoods crossing 0◦∕360◦ were handled circularly in azimuth.

Table 4 reports aggregate localization results under the four acoustic 
conditions. For the proposed method, SH-DU, SH-MUSIC, and SH-SRP, 
the analyzed frequency range is 80–8000 Hz, consistent with the main 
simulation setup. For SRP-PHAT, the range is restricted to 200–4000 Hz 
to keep the microphone-domain implementation computationally feasi-
ble for the adopted array size and angular resolution. This restriction is 
due to implementation constraints: in the microphone domain, steering 
vectors are frequency-dependent, and storing them over the full ana-

Table 4 
Comparison with baseline methods at T60 = 1.0 s, 𝐿 = 15, and the maximum 
array configuration. Condition C1: (30, 30, 0) dB; condition C2: (10, 30, 0) dB; 
condition C3: (30, 10, 0) dB; condition C4: (10, 10, 1) dB, where the triplets de-
note (SNR,SDNR, 𝜎gain).
 Cond.  Method  RMSE (D+R1–R6)  RMSE (All)  AR (D+R1–R6)  AR (All)

C1

 Proposed  0.898  2.011  1.00  0.93
 SH-DU  9.492  14.489  0.51  0.43
 SH-MUSIC  9.991  15.312  0.51  0.41
 SH-SRP  10.145  16.837  0.43  0.29
 SRP-PHAT  12.643  22.189  0.24  0.11

C2

 Proposed  3.291  8.384  0.94  0.71
 SH-DU  9.092  11.904  0.47  0.47
 SH-MUSIC  9.519  14.336  0.50  0.43
 SH-SRP  9.967  15.624  0.44  0.33
 SRP-PHAT  13.335  22.856  0.23  0.10

C3

 Proposed  0.963  3.976  1.00  0.88
 SH-DU  9.413  14.177  0.50  0.44
 SH-MUSIC  9.920  15.160  0.50  0.41
 SH-SRP  10.145  16.898  0.43  0.28
 SRP-PHAT  13.464  23.235  0.24  0.11

C4

 Proposed  4.841  8.709  0.87  0.71
 SH-DU  9.466  11.528  0.47  0.49
 SH-MUSIC  8.695  13.520  0.51  0.42
 SH-SRP  10.104  13.895  0.39  0.28
 SRP-PHAT  13.350  23.209  0.24  0.11

Table 5 
Runtime comparison at 𝐿 = 15, 𝑄 = 256, maximum ar-
ray radius, and angular grid identical to that used in 
Table 4. The reported times are averaged over condi-
tions C1–C4. Runtime is reported relative to the pro-
posed method.

 Method  Average time [s]  Runtime ratio
 Proposed  172.81  1.00×
 SH-DU  171.01  0.99×
 SH-MUSIC  270.67  1.57×
 SH-SRP  268.77  1.56×
 SRP-PHAT  281.07  1.63×

lyzed band with the adopted high-order array and dense angular grid 
would require excessive memory.

The proposed method yields the best localization performance in all 
four acoustic conditions and for both aggregate metrics. The advantage 
is apparent for the direct path and strongest dominant reflected com-
ponents and becomes even clearer when all extracted components are 
included. Among the baselines, SH-DU is generally the strongest overall 
competitor, especially over the full extraction set, whereas SH-MUSIC 
remains broadly competitive on the D+R1–R6 subset. By contrast, SH-
SRP performs consistently worse than SH-DU and SH-MUSIC, and SRP-
PHAT shows the weakest overall localization performance, particularly 
when evaluation is extended to all extracted components. Overall, the 
results indicate that iterative covariance suppression improves not only 
the first extraction steps but also performance at greater extraction 
depth under adverse acoustic conditions.

The runtime comparison is reported separately in Table 5. The re-
ported times are obtained on the same 2.675 s speech signal and in-
clude the full processing chain, from windowing and STFT analysis to 
SH-domain encoding, covariance estimation, acoustic-map evaluation, 
and the corresponding extraction stages. The proposed method has a 
runtime very close to that of SH-DU, indicating that the additional iter-
ative covariance-update stage introduces only limited overhead in the 
present implementation. SH-MUSIC, SH-SRP, and SRP-PHAT are all sub-
stantially slower. Overall, the results support the computational attrac-
tiveness of the proposed broadband iterative SH-domain formulation 
relative to the considered alternatives.
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Fig. 3. Illustrative iterative DU acoustic maps obtained with the proposed method in a controlled simulated high-order configuration (𝐿 = 15) with T60 = 1.5 s, 
SNR = 30 dB, SDNR = 30 dB, and 𝜎gain = 0 dB. The displayed maps qualitatively illustrate the successive extraction mechanism under favorable resolution conditions, 
while the quantitative performance under both reference and more challenging acoustic conditions is reported in the simulation tables. Green marker: ground-truth 
DOA (matched ISM candidate). Red marker: estimated DOA.

4.8.  Discussion of simulation results

Taken together, the simulation results show that higher-order SH 
processing is the main enabler of accurate multi-component localization. 
Under the fixed physical configuration, where aperture and microphone 
count are constant, the improvement with increasing 𝐿 can be attributed 
primarily to the higher angular resolution provided by higher-order SH 
analysis. The order-dependent configuration confirms the same trend in 
a more realistic setting, where the gains reflect the combined effect of 
higher SH order, denser spatial sampling, and larger aperture.

The baseline comparison further shows that iterative covariance 
suppression is the main factor behind the robustness of the proposed 
method. Relative to the non-iterative baselines, the proposed approach 
consistently yields lower RMSE and higher AR, with the clearest advan-
tage appearing when evaluation is extended to the full extraction set. 
The comparison with SH-DU is particularly informative because SH-DU 
uses the same SH-domain broadband covariance construction but does 
not include iterative suppression. The clear performance gap between 
the two methods, together with their very similar runtime in the present 
implementation, suggests that the covariance-update stage offers a 
favorable tradeoff between extraction capability and computational
cost.

The simulations also confirm that deep extraction remains intrinsi-
cally more difficult than localization of the direct path and the strongest 
dominant reflected components. Even for the proposed method, per-
formance degrades when evaluation is extended from D+R1–R6 to 
the full extraction set, especially under more adverse acoustic condi-
tions. The iterative formulation should therefore be viewed not as elim-
inating the difficulty of coherent multipath extraction, but as improv-
ing its stability and practical effectiveness relative to the considered
baselines.

To complement the aggregate RMSE and AR results, Fig. 3 provides 
a qualitative illustration of the successive extraction process in a con-
trolled high-order simulated configuration. The corresponding quanti-
tative trends are reported in Tables 2–5.

4.9.  Summary of simulation findings and limitations

Overall, the simulations show that higher SH order is critical for ac-
curate multi-component localization and that the proposed iterative SH-
domain DU method consistently outperforms the considered baselines, 
especially at greater extraction depth.

At the same time, the simulation framework should be interpreted 
as a controlled basis for algorithmic comparison. It does not explicitly 
model effects such as non-specular scattering, frequency-dependent wall 
absorption, or full calibration errors beyond the gain-mismatch pertur-
bation considered here. This limitation motivates the measured-data ex-
periments in the next section, which are used to verify whether the main 
simulation trends remain visible under real-room conditions.

5.  Measured-data experiments

To complement the controlled simulation study, additional exper-
iments are conducted on measured room-acoustic data from the pub-
lic Arni spatial room dataset [28]. The analysis uses real multichan-
nel room impulse responses recorded with a 32-channel mh Acoustics 
Eigenmike EM32 SMA. The experiments reported here use the SOFA 
file corresponding to source position S1 in the reverberant condition. 
The measured responses are provided at 48 kHz together with metadata 
describing the source and array poses. Because the dataset documen-
tation does not report a reference T60 value for the measured room, 
the reverberation time is estimated directly from the measured room 
impulse responses in octave bands according to ISO 3382 using a noise-
compensated decay analysis [39]. The estimates are highly consistent 
across the analyzed responses, with an average T60 of approximately 
0.81 s.

To keep the evaluation compact while retaining representative vari-
ability, the real-data analysis uses 10 measured receiver positions se-
lected from arni_em32_reverberant_S1.sofa. The same general pro-
cessing chain used in simulation is retained, including STFT anal-
ysis, SH-domain encoding, broadband covariance construction, and

Signal Processing 249 (2026) 110774 

8 



D. Salvati

Table 6 
Measured-data comparison on 10 selected positions from
arni_em32_reverberant_S1.sofa using the 32-channel Eigenmike 
recordings. The analysis is carried out at the maximum supported SH order 
𝐿 = 4.

 Method  RMSE (D+R1–R6)  RMSE (All)  AR (D+R1–R6)  AR (All)
 Proposed  6.757  12.667  0.61  0.36
 SH-DU  9.119  20.127  0.49  0.21
 SH-MUSIC  8.685  19.496  0.47  0.21
 SH-SRP  9.005  20.469  0.51  0.23
 SRP-PHAT  9.234  19.446  0.51  0.23

comparison with the same baselines. The measured impulse responses 
are first resampled from 48 kHz to the processing rate of 24 kHz, 
and the source signal is then convolved with the resampled multichan-
nel responses. Because the EM32 array has 𝑄 = 32 microphones, the 
measured-data analysis is limited to a maximum SH order of 𝐿 = 4, 
which is therefore adopted throughout this section. Accordingly, the 
processing frequency range is restricted to 200–4000 Hz, as the lower SH 
order yields a less accurate spatial representation at higher frequencies, 
where truncation effects become more pronounced. The regularization 
parameter in the SH encoding stage is set to 𝛽set = 5 × 10−2. The larger 
value, relative to that used in the simulations, compensates for the lower 
spatial oversampling of the EM32 at reduced SH order.

For the measured-data evaluation, the reference directions are con-
structed analogously to the simulation protocol using the known room 
dimensions together with the source and receiver positions provided by 
the dataset metadata. For each selected receiver position, the direct-
path DOA is obtained from the source-to-array-center vector, and the 
reflected-path candidate pool is obtained from an image-source con-
struction in the same room geometry. As in the simulation study, all 
image sources up to third order are generated, the direct source and 
the six axis-aligned third-order terms are excluded, and greedy nearest-
neighbor angular matching is used to associate the extracted directions 
with the reference candidate set. These geometry-based image-source 
directions should be interpreted as reference proxies for dominant early 
propagation components rather than exact ground truth for all extracted 
reflections in the real room.

Table 6 shows that the proposed method provides the best overall 
performance on the measured Eigenmike data. It achieves both the low-
est RMSE and the highest AR at 5◦ for the D+R1–R6 aggregate and for 
the full extraction set. These results suggest that iterative covariance 
suppression improves the stability of multi-component extraction under 
real-room conditions as well. All baseline methods degrade markedly 
when evaluation is extended to the full set of extracted components, 
indicating that deeper extraction remains substantially more challeng-
ing without iterative suppression. Overall, the measured-data results are 
consistent with the main trend observed in simulation, namely that it-
erative SH-domain DU processing improves localization of the direct 
path and dominant reflected components relative to the considered non-
iterative SH-domain and microphone-domain baselines. At the same 
time, absolute performance remains below that observed in the most fa-
vorable simulated conditions, as expected given the greater complexity 
of the measured sound field and the lower maximum SH order supported 
by the EM32 array.

6.  Conclusions

This paper addressed localization of the direct path together with a 
relatively large set of dominant reflected components in coherent single-
source reverberant environments using SMAs. To this end, a broadband 
iterative DU framework was developed in the SH domain. The frame-
work combines frequency-smoothed covariance fusion, high-resolution 
DU map evaluation, and iterative null-steering covariance filtering. By 
operating on a single broadband SH covariance matrix, the proposed ap-

proach avoids narrowband per-frequency spatial searches during multi-
peak extraction and retains a computational structure that remains at-
tractive for high-order SH processing.

The method was evaluated through controlled simulations across SH 
orders, array configurations, and adverse acoustic conditions, and was 
further validated on measured multichannel room impulse responses. 
The results indicate that the proposed framework provides an effec-
tive and scalable strategy for structured localization of direct sound 
and dominant reflected components in reverberant rooms. In particu-
lar, increasing the SH order improves localization of the direct path and 
strongest dominant reflected components, whereas deeper extraction 
stages remain more challenging as weaker and more ambiguous com-
ponents are targeted. The measured-data experiments further confirm 
the advantage of the iterative SH-domain DU strategy over the consid-
ered SH-domain and microphone-domain baselines.

From a methodological standpoint, the main strength of the proposed 
approach lies in its broadband SH-domain iterative formulation, which 
supports coherent multipath analysis without requiring computation-
ally heavier frequency-by-frequency high-resolution pipelines. It there-
fore offers a favorable compromise among angular resolution, extraction 
capability, and computational cost, making the framework particularly 
relevant for high-order spherical-array processing, where narrowband 
subspace-based strategies can become increasingly expensive.

Overall, the proposed iterative SH-domain DU formulation provides 
an effective basis for multi-component DOA analysis in reverberant envi-
ronments and for further developments in reflection-aware spatial audio 
and room-acoustics inference.
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