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1. Introduction

The study of the fractional powers of differential operators via their relations with
generalized harmonic extensions and corresponding Dirichlet-to-Neumann operators be-
gan more than fifty years ago [14] and became popular thanks to the celebrated work [3]
of Caffarelli and Silvestre, which stimulated a fruitful line of research. The idea of relat-
ing the operators (=AY, s € (0,1), acting on R™ and —div(y!~2*V) acting on R" x R,
has been adapted to cover much more general situations. The first contribution in this
direction is due to Stinga and Torrea [18]; important generalizations were given in [1,9].

The case of higher order powers of (—A)" has been investigated firstly in [6] via
conformal geometry techniques. We also cite [5,8,10,12,17], the more recent papers [4,7]
and references there-in.

Before describing our results, let us notice that any extension w = w(+,y) of a given
u = u(-) can be related with the curve y — w(-,y) taking values in a suitable function
space. In the present paper we use this interpretation to handle any non-integer power
s > 0 of a linear operator £ in quite a general framework.

Let H be a separable real Hilbert space with scalar product (-,-} and norm | - |y -
Let

be a given unbounded, self-adjoint operator. In order to simplify the exposition, we
first assume that £ is positive definite and has discrete spectrum (some generalizations
are given in Section 5). We organize the spectrum of £ in a nondecreasing sequence
of eigenvalues ()\;);>1, counting with their multiplicities, and denote by ¢; € D(L) a
complete orthonormal system of corresponding eigenvectors.

Given s € R, the s-th power of £ in the sense of spectral theory is the operator

o0
LPu = Z)\juj @;j, where u; = (u,¢jh, (1.1)

Jj=1

so that £° is the identity in H. If s > 0, the natural domain of the quadratic form
(oo}
ur (Lou,u)yy = Z)\juf
j=1

is denoted by H%. Clearly H: coincides with the domain of £2; it is a Hilbert space
with scalar product and norm given by

(u, )y = (L3u, L30),  lullpg = [[L3ulp (1.2)

We identify the dual space (H})" with H;* = {L%u | w € H}. } via the identity
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(Lou,v) = (L2u, L2v)y  for any u,v € Hi.

Notice that £° is an isometry H7 — H,® with inverse £7°.

In this paper we relate the operator £° : H} — H° for s > 0 non-integer to certain
linear operator acting on even curves R — {7 (this simplifies the treatment in case of
higher powers s > 1, compare with [7]).

Let b € (—1,1). Denote by L%*(R — ) the Hilbert space of curves U : R — H such
that ||U(y)||? is integrable on R with respect to the measure |y|’dy. Further, LI (R — H)
stands for the subspace of even curves.

For U € LE"(R — H) we consider the (unbounded) operators

DU = —02,U — by '9,U = —|y| %0, (jy|’0,U) , LU =DyU + LU. (1.3)

Denoting by U;(y) = (U;(y), ¢)}u the coordinates of U(y), we have

LU =Y (D + A\)U;) 95,
j=1

and the corresponding quadratic form reads

<LbUUL“—/|y| 18,02 + 123 (U dy—Z/m 10,0, + X |U;[2)dy

J=1_"

In Section 4 we study in detail the natural domain
Hk;b 2;b
reR—=>H)C LR = H), ke N,

of the quadratic form U (]L’gU7 U)r2s. Lemma 4.2 provides explicit expressions for
its Hilbertian scalar product and related norm, which are denoted by (-, ~)H§;z;, Il - ”?Iﬁ“”

respectively, and shows that the Dirac-type trace function do(V) = V(0) is continuous
1406

from HJ (R — H) into "HL z
Our main results involve the linear transform

21900

Plu)(y) = \/7|y| K (VAjlyl) wjp; (1.4)

foru=73;ujp; € Hand y € R, where K is the modified Bessel function of the second
kind (the Macdonald function; compare with [18], where s € (0, 1) is assumed).

Due to the regularity and decaying properties of the Bessel functions, in Lemma A.1
of Appendix A, we prove that for any u € H, Ps[u] is an even curve in H; in addition
Ps[u] € C* (R4 — H%) for every o > 0.
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To state our main result we introduce the floor and ceiling notation: for s > 0 not
integer,

|s] := integer part of s; [s]:=|s] + 1.
Theorem 1.1. Let s > 0 be non-integer. We put
b:=1-2(s—|s]) € (-1,1).
For any u € H7. the following facts hold.
i)

1 !
Pl e = 2l where d, =2r(LEO) LR )

2 (s)

2
s|;b
HE

That is, the transform Ps is an isometry H} — Hgsl;b(]R{ — H) (up to a constant);
1) Ps[u] achieves

i U 1o = 2ds]ul|Zs ; 1.6
UEHE%}[{?RHH) 1O go:e sllull3e (1.6)
U(0)=u
iid) (Polul, Ve = 2ds (L0, V(0)) for any V € HPP (R = H);
w) Pyu] solves the differential equation
LIPu) =0 in Ry (1.7)
and satisfies
lim Psfu)(0) =u in 17,
y—0t
, (1.8)
lim y° 9, (LY P u]) (y) = —do L0 in HZ*.
y—0t

Additional information on the regularity of Ps[u] and on its behavior at {y = 0} is
given in Appendix A, see in particular Theorems A.6 and A.9. Corollary A.2 improves
the convergence in [18, Theorem 1.1], where s € (0, 1) is assumed; in Subsection A.2 we
point out some isometric properties of the operator P, in the spirit of [16].

We can also consider negative, non-integer orders.

Let s > 0. If ( € H® then L7°C € H}, so that for any y € R we can compute

9l—s >

RILTCW) = Fr AT N D KN D) G
j=1

The next result is in fact a corollary of Theorem 1.1.
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Theorem 1.2. Let s > 0, b € (—1,1) be as in Theorem 1.1. For any ¢ € H,* the following
facts hold.

i)
”P*S[C“'Z,Efl”’ = 2d8||CHiZS where P = (P o L7%). (1.9)

That is, the transform P_, is an isometry H,° — HEl;b(]R — H) (up to a constant);
i1) P—s[C] achieves

(U —4d(GUO)) = 24Kl (110
e (I — 4G UO) = 200Gl (10)

iid) (Ps[C),V)ype = 2d (G, V(0)) for any V € HEV'(R = H);

i) P_s[C] solves the differential equation
LIP =0 in R,
and satisfies

lim y° 8, (LEP ) () = —ds ¢ in HS®,

y—0+

lim P_[C](y) = L7%¢ in Hp.
y—0t
The paper is organized as follows. We start by introducing and studying, in Section 2,
some Sobolev-type spaces HE ;b(R) depending on the integer k > 1 and on the parameter
b e (—1,1). In Section 3 we investigate the properties of the functions

21—5

oL (1.11)

¢S(y) :Cs|y|sKs(‘y|)a Cs =

which are involved in the definition of the operator u — P;[u]. The main result here is
Theorem 3.3, which constitutes the basic tool in the proof of Theorem 1.1.

Section 4 contains the description of the Hilbert space HEZ(R — H) of even curves
in H mentioned above, and the proofs of Theorems 1.1 and 1.2.

Generalizations and examples are given in Section 5.

As already mentioned, the Appendix contains several results about the operator P;.
Notation. Let X be a Hilbert space with scalar product (-,-)x and norm || -||x. For any
b e (—1,1) and any open interval I C R, the space

L¥(I — X) := L*(I — X; |y|°dy)

is endowed with the Hilbertian scalar product
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+oo
V)= [ WU V@)xdy UV € LI - X)
— 00

and corresponding norm || - || 2. (notice that we avoid the longer notation ||- || 2:(7 x))-
Let k > 0 be an integer. We denote by C*¥(I — X) the space of curves I — X which
are continuously differentiable up to the order k. If U € C*(I — X), then 8§U is the

derivative of order £ =0, ...,k (however, we will often write 8§y instead of 85 ). Further,
C¥(I - X)= ) CHI — X).
k>0

Accordingly with a commonly used notation, curves in C*°(I — X) C C*(I — X)
have Holder continuous derivatives of order k. For our purposes, it is convenient to put

~ {CL“J’O‘LO‘J (I - X) if a>0isnot an integer (1.12)

C(I - X) =
clel=1L1 = X) if « > 1 is an integer.
Also, for U € C*(I — X)) we put

105 U (1) — 05 U (12) | x

sup — if ¢ N,
y1,y2€R ly1 — yo|o— Lol
[[U]]ﬁ _ Y17Y2 . .
@ o — o —
10y~ U (y1) — 0y~ U (y2) || x facN.
y1,92€R ‘yl - y2|
Y17Y2

Notice that C*(I — X) C Cl*)(I — X)) if and only if o is not an integer.

Let k € NU{oo}. The spaces of even curves in L%*(R — X),C*(R — X) are denoted
by LZ°(R — X), C¥(R — X), respectively, and Ck (R — X) is the space of compactly
supported functions in C¥(R — X).

We write Lo’ (R), CE(R), C%(R) instead of L%*(R — R),CF(R — R),CZ% (R — R).

2. Spaces of real valued functions

In this section, for any parameter b € (—1,1) and any integer £ > 0 we introduce
the Sobolev-type space HE’(R), which is related to the differential operators (D + \)F,
A > 0.

The choice of working with even functions has been inspired by [7]. This strategy is
needed in case b # 0 to overcome some technical difficulties produced by the singularity
of the operator Dy, in (1.3) at y = 0.

In fact, as noticed in [7], if ¢ € CZ(R), then y~'9,1(y) = 9;,4(0) + o(1) as y — 0,
which implies Dyt € C2(R). More generally,

(Dy + N\)™1p € CE2™(R)  for any integer m < k/2 and any 1 € C¥(R). (2.1)
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Our definition of HE ;b(]R) is based on induction procedure, starting from the lower order
cases k=1,2.

First order. For A > 0, we endow the weighted Hilbert space
HY(R) := H'(R; |y|’dy) = {v € L**(R) | 9, € L**(R)}

with the scalar product

+oo
(W, ) a1 = / ly[*(8yw0yn + Am) dy

and the corresponding norm |[¢||\ gie. If A = 1 we drop it and simply write (¢, 1) g1

and [|9[| 1. Clearly, the norms || - ||\ g1+ are equivalent for all A > 0 and moreover
1
VR o = N5 0O 00 (2.2)

Lemma 2.1.

i) CZ(R) is dense in HY(R);
i) H¥(R) C HL (R) if b € (—1,0] and HY*(R) C WP (R) for arbitrary p € [1, 125)
ifbe (0,1);
0 1-by
iiiy HY(R) c €. % (R);
iv) There exists my, > 0 such that ||[¢]|%.,, = my|1(0)[* for any ¥ € HY*(R).

Proof. For i) see [13]. The first part of i) is trivial; to prove the second one use Holder’s
inequality.

If b < 0 then 4¢) implies i4¢) immediately. Assume b € (0,1) and take ¢ € C°(R).
Since

B(y2) — Pyr) = / 17 (1t £ (1))

for any y1,y2 € R, then Holder’s inequality and the density result in ) imply that

1 - ~
[W(y2) — ()P < —= 10,0113 20 [2lyal ™" — yalya| ™|
1-b

217b ) .
= m”@wﬂllm |y2 — 1

(2.3)

for any ¢ € HY(R), y1,y2 € R. Since C°(R) is dense in H'*(R) and since 1 was
arbitrarily chosen in H%(R), the inclusion in iii) easily follows.
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Lastly, given ¢ € HY*(R) we use (2.3) to get the existence of a constant ¢ > 0
depending only on b such that

eyl O)* < [yllloyw 1720 + lyl* [ ()

for any y € R. Then 4i%) follows via integration over (0,1). O

Remark 2.2. It follows from Theorem 3.3 in Section 3 that the best constant in iv) is

m=rer (Y

1-b

and it is achieved by the function v, see (1.11), for s = ~52.

We will be mainly concerned with H"(R), the subspace of even functions in H?(R).
For future convenience, we notice that the proof of Lemma 2.1 gives

1
[¥(y2) — ()| < I—_bHayMIQLw 17 e 7 (2.4)

for any 1 € Ho"*(R), 1,72 € R.
Second order. If ¢y € HEY(R) then ly|® 0, € L%~°(R) C L (R). We put

loc

HZ'(R) = {¢ € HJ*(R) | y[*d,0 € H"(R)}.

Let ¢ € C2o(R). Then 8y (|y|°d,) = —|y|" Dy, which implies ¢ € HZ"(R) by (2.1). We
extend the pointwise defined operator Dy, to HeQ;b(R) by putting

Dyp = —[y| =0, (|yl*0y0)  for & € HZ'(R),
so that Dy : Hggb(R) — Lg;b(R)
Lemma 2.3. Let ) € HZ*(R). Then

(Dt ) g2 = (D1, Oyn) o for any n € HEP(R); (2.5)
Dy, )20 = (¥, Den)pae  for any n € HZ*(R). (2.6)

Proof. Let n € C2%(R). We can use integration by parts to compute

+oo +oo +oo
/\ylb(wa)ndy=—/ay(lylbayw)ndy= / ly|* Oyt Oyn dy.

Thus %) follows, thanks to the density result in Lemma 2.1. Clearly 4i) is an immediate
consequence of i). O
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It remains to introduce a Hilbertian structure on Hg;b(R). Given A > 0, we put

(sm)y gz = (Do + M), (D + A)n)pze 5 |9l gze = (D + A2

If A =1 we drop it and simply write (¢,7) 2+ and ||| 2. Notice that

(D + A)p(- VA) = A[(Dy + 1)9] (- VA) (2.7)
which implies

e (VI3

1+b

oz = AT T W02 for any v € HI(R). (2:8)

Lemma 2.4. Let A > 0, 1 € HZ"(R). Then
12 iz > A2 g
Therefore, H2*(R) is a Hilbert space, and is continuously embedded in Ha(R).

Proof. Thanks to (2.8) we can assume that A = 1. By Lemma 2.3 with 1 = ¢) we have
(Do), ¥) 20 = [0y ||3 2, - Thus

+oo +oo +oo +oo
[ 1stie+ vuray= [ ltowiay+2 [ @y + [ 1Py

+o0 +o00
>0 / \y|b|ay¢|2dy+/ yl?1l? dy

which implies ||@Z)HH2 » > [[¥]|%1,s- The conclusion of the proof is standard. O

Higher order. If £ > 2 and A > 0 we use induction to define

HEMR) = {w € HE W (R) | Dy € HY(R)
(7/}, TI)AVHg;b = ((Db + )‘) (Db + /\)TI)A,HS’Q” ’
[l s = 1D+ A9l g2

As usual, if A = 1 we drop it and simply write (w7n)H§;b and ||77/1||H§;b.

Notice that CF(R) C HEP(R) by (2.1). In the next lemma we collect the main
properties of the spaces HE®(R) for k > 1. In particular it implies that || - [ 5, gi0 for
different \’s, define the same Hilbertian structure on Ha(R). We omit its easy proof,
which is based on previous results and induction.
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Lemma 2.5. Let k > 1, be (—1,1), ¢ € H(’f;b(]R) and X\ > 0. The following facts hold.

) I e = {|a (Db+A) )220 + Dy + N) T )220 if ks odd,
° [(Dy +A)2 ¢||L2b if k is even ;
i) VNI o = X3 [0 ()00 5
i) (Dy + A\)™p € HE2™ b( ) for any positive integer m < k/2;
i) I3 e = A°7 J||¢HA pio 2 N QT for any j =1, k;
v) ||¢H>\ - mp A |1/)( )2, where my is the constant in Lemma 2.1.

We now establish some integration by parts formulae. It suffices to take A = 1.
Lemma 2.6. Let k > 2, ¢ € H2F"V¥R), € HE(R). Then
(¥, 1) e = (D + 1) 4, (D + 1)) 200

Proof. Notice that H2* V*(R) c HF'(R).

If kK = 2, the equality in the lemma holds by definition.

If k = 2m > 4 is even, we use (2.6) with (D, 4+ 1)y € g b(R) instead of ¢ and
Dy + 1) ne HE b(]R) instead of 7 to get

(%) g2me = ((Dp + 1)™, (D + 1)) 20 = (D + 1) e, (D + 1)™ ) 2.

If m = 2 we are done. Otherwise, repeat the same procedure m — 1 times to get

(1) gzme = (D + 1)*™ 14, Dy + 1)) 2o (2.9)

which concludes the proof in the even case.
If k=2m+1>3is odd we apply (2.5) with (D, + 1)™) € H2™(R) instead of ¥
and (Dy 4+ 1)™n € HEP(R) instead of 7 to get

(0y((Dy + 1)), 0y (Dp + 1)"1)) 200 = (Dp(Dy + 1) 4, (Dp + 1)™1) p2:6.
It follows that

() o = (Oy((Dy + 1)), 9y ((Dy + 1)™n)) 2w + ((Dp + 1)™ ¢, (Dy + 1)™n) 200
= ((Dy + 1)m+1¢7 Dy + 1)Mn) 26 = (Dp + 1)1, T])Hgm;b.

To conclude the proof, use (2.9) with ¢ replaced by (Dy + 1)v. O

Remark 2.7. It is well known that smooth, compactly supported functions are dense in
H¥(R) for any k > 0. Recall that C2°(R) is dense in H*(R) for any b € (—1,1) by [13].
It would be of interest to prove the density of C2%(R) in HEP(R) in case b # 0, k > 1.
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3. Bessel functions and related issues

The basic properties of the Bessel function K, can be found for instance [11, Sections
8.4, 8.5]. For any o € R the standard modified Bessel function of the second kind
K, = K_, solves

92 Ka(y) +y'0yKa(y) — (14 ’y?)Ka(y) =0 on Ry

yy o
and decays exponentially as y — +o00. If a # 0 then
Kaly) =27 (ja)y™*l +o(y™1*) asy — 0%
Bessel functions of different orders are related by the formulae
0y(y Ka(y)) = —y"Ka-1(y) ,  Kaly) = Ka2(y) = 2(a = 1)y~ Ka-1(y).
Next, for s > 0 and A > 0 we put
Ysa(y) = b (VAY) = e (VA K (VAlY]) (3.1)

see (1.11). Notice that

ws,/\ € Cg(R) ) %,A(O) =1, ws)\ € COO(RJr)u

and v, decays exponentially at infinity together with its derivatives of any order.
Further, (2.7) readily implies

(Dy +2)" P a(y) = A" [(Dy +1)" 9] (VA) (3:2)
for any y # 0 and any integer m > 1.

Lemma 3.1. Let s > 0 be non-integer and put b = 1 — 2(s — |s|). Then 15 solves the
following differential equations on R, :

—ds y28711/1175(y) Zf 0<s<1,
—an Ys—1(y) i s> L
do(2s — D)y?e Ve (y) if 0<s <1,

i) —02,0s(y) + ¥s(y) =
i) ¥ () + v¥s(y) {22(‘;_})1%—1 if s>1;

i) Oyts(y) = {

iii) (Dp + 1)1y = 0;
w) If s > 1 then for anym=1,...,|s]

ds [s]!  I'(s—m)

(]D)b + 1)m'(/)s = de %—m = LS — mJ' F(S)

N (3.3)
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Proof. Let s € (0,1). By the properties of the Bessel functions we get

ayws(y) = —Csyszs(y) = _Csy25_1(yl_sK175(y)) = _dsy%_l'(plfs(y)'

This gives the first equality in ¢). Now we notice that we can compute d,11_s via the
first equality in ¢), where s is replaced by 1 — s. The proofs of ii), iii) readily follow.
This completes the proof in this case.

Now let s > 1. We compute

Oyts(y) = 0y (y° Ks(y)) = —csy(y® K (y) = -
which gives the second equality in 7). Also, we get
02,05 (y) = =50y (Y Ks_1(y)) = —csy (= Ko—a(y) + ¥ " Ks—1(y))
= ey (1= 28)y ™ Koa(y) + Ks(y))
by the recurrence formula for K. Hence

02,1 (y) = —— (1 — 28)tbs_1 +s(y),

Cs—1

which gives ii) for s > 1. To prove iv) we notice that this last equality implies

(Do + 1), = 02,5 — (1~ 25 + 20s])ytbe + s = s,y =

ds
d871 'l/)s—l .
Thus (3.3) holds for m = 1. To conclude the proof of iv) repeat the same argument a
finite number of times.

It remains to prove 4ii) in this case. We use iv) with m = |s| and then i) with s
replaced by s — [s] € (0,1) to get

ds
(Dp + 1)*1ep, = g (Dp + 1)tps_15) = 0.
1—|s]

The lemma is completely proved. [

Remark 3.2. Since K; > 0 on Ry, from ¢) in Lemma 3.1 it readily follows that the
positive function 1, achieves its maximum at the origin.

The next theorem contains our main result on the functions s (recall our non-
standard definition of Holder spaces in (1.12)).
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Theorem 3.3. Let s > 0 be non-integer, put b =1 —2(s — |s]) and let A\ > 0. Then

ber € HFFP(R) NC*(R) ; (3.4)
lim 49, ((Dy 4+ A1, 0) = — dA° (3.5)
y—0t

where ds is the constant in (1.5). Moreover s  satisfies

(1#37,\,77)/\’}[9[51;5 = 2ds A’ n(0) forany mne€ His'\w(R). (3.6)

Finally, 15 x admits the following variational characterization,

||1/Js,>\

. 2 o s
neHﬁg&(@ Il e = 2dsA° (3.7)
n(0)=1

‘2 —
)\vHe(s'\;h -

Proof. Thanks to (3.2), we assume that A = 1. We divide the proof in two steps.
Step 1. Let [s] = 0. Then b =1 — 25 and

Oyhs(y) = —dsy " P1_s(y) = —dsy " +o(y~") asy— 0T, (3.8)

which proves (3.5). Since in addition ¢ decays exponentially at infinity, from (3.8) we
first infer that ¢, € Ha''"**(R).

To prove that ¥, € 525(R) we fix two points y;1,y2 € R. By the symmetry of ¢, we
can assume that yi,y2 > 0.

Let 0 < 2s < 1. For y > 0 we have |0,¥s(y)| = dsy** '¢1_5(y) < dsy**~'. Thus
¥, € C*(R) follows from

Y2
s— ds s s dS s
s (y1) — s(y2)| < ds /zf 1dy’ = 23 — 3% < Sy — el
2s 2s
Y1

If 1 < 25 < 2 we use i¢) in Lemma 3.1 to estimate
102, ()] = [¥s(y) — ds(25 — 1)y Dapy_(y)] < 14 ey
for y > 0. Using integration as before, we plainly get
10y 05 (y1) — Byhs (y2)| < lyr — yal + clyr — w2~

Since 9y, decays exponentially at infinity, we infer that there exists a constant ¢ > 0
depending only on s, such that

0y ¥s (1) — Oybs(y2)| < clyr — yo >
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which, in turns concludes the proof of (3.4).
Next, by i) in Lemma 3.1 we have that

By (y°0y1s) = y°hs on Ry, (3.9)

We test (3.9) with an arbitrary n € C2%(R). Taking (3.8) into account we obtain

/y Yo dy = /ay y° 0y vs)ndy = dyn(0) — /ybaywsayndy
0 0

By the evenness of ¢ and 7, this implies that (1s,7) g1 = 2ds1(0). Thus (3.6) holds in
case |s] = 0, thanks to the density result in Lemma 2.1.

From (3.6) it follows that (15,1 —s) e = 0 for any n € HYP(R) such that 7(0) = 1.
Thus, 15 is the minimal distance projection of 0 on the hyperplane {n(0) =1} C HX® (R),
that is, ¥ is the unique solution to the minimization problem in (3.7). This completes
the proof in the case s € (0,1).

Step 2: Let |s| > 1. Thanks to ¢) in Lemma 3.1 we see that

Oys(y) = — Y Ys1(y) = — y+oly) asy— 0%,

1
2(s—1)

hence ¥, € C%(R). Next, as in case 2s € (1,2) we use 4i) in Lemma 3.1 to infer that
agyws has the same regularity as 1s_1. If s € (1,2) we obtain 1, € C>*(R) by Step 1; if
5 > 2 one can use a bootstrap argument to prove that s € 525(R). By the decaying of

2(s—1)

s at infinity we also infer that
s € H3WP(R) € HETP(R),

which concludes the proof of (3.4).
To prove (3.5) it suffices to notice that (3.3) and Step 1 give

lim y°o ((Db + I)LSJwS) = lim y 3y¢5 ls] = —ds.

y—0t+ s—|s] ¥ —0t

We now prove (3.6). Take any n € Hem;b(R). We apply Lemma 2.6 with k = [s] and
1 = 1, to obtain

(st»n)HgS]“‘ = ((Dp + 1)LSJ Vsy (Do + 1)1) L2ve.
Therefore, (3.3), (2.5) and Step 1 with s replaced by s — |s] € (0,1) give

ds ds

(1/)3 ls]» (Db +1) )LZ;E‘ =

(1/)5;77) [ — -
e ds—|s) ds—|s)

(1/{9— ls]» U)H;;b = 2ds77(0)7
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and (3.6) follows. For (3.7) argue as in Step 1. O

Remark 3.4. The recurrence formulae (3.3) plainly imply the identities

ds
(Dp + 1)) (0) = p) , m=1,...,|s]
lim y~ 0, ((Dp + 1)"1hs) = — ds ! m=0,...,|s] -1
y—0+ Y * de_m 2(s —m—1)" T

We conclude this section with a corollary of Theorem 3.3, which might be of indepen-
dent interest.

Corollary 3.5. Let |s| be even. Then the following virial-type formulae hold:

S

fa] 20

+o0

Lsl
[ o 1me+ 15 =
—o0

+oo
[ i@ = B0,

Proof. We use (3.7) with s replaced by s+ 1 and then (3.3) to get

“+oo
Lsl
o1 = [Vt e = [ 106+ 1400 dy

— 00

3 N b Ll 12
= d2 |y| |(Db+1) 2 "/}s| dy,

and the first equality follows. For the second one, recall that 2d, = Hw&”iﬂsw" O
4. Spaces of curves in H; proof of the main results
We start this section by studying the (unbounded) operators LU = (D, + £)*U on

LZ°(R — H), for any b € (—1,1) and any integer k > 0.
Any function U € L*°(R — H) can be decomposed as follows,

Uy) = Ui(»)e;,

j=1

where U; = (U, pj )y € Lg;b(]R) for any j > 1, and
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U120 = / PO dy = 3 U
J=1_" Jj=1
Recall that
LbU == (]D)b + E)U == —agyU — by‘lf’)yU + LU , ﬁ(pj = )\j(pj

and that we are assuming A; > Ay > 0. Thus, at least formally we have

LEU =) 1Dy + X)*U;] @5
=1

We define
HELR » H) = {U € LR = H) | Uj = (U, g € HEY(R) and U] s < o0

where
”U”Hkb :*Z HU ||)\ 5

(we recall that || - ||, g#+ are equivalent norms in the space HEP(R), see Section 2).
jrlle

Thanks to Lemma 2.5, it is easily checked that HZZ (R — H) is a Hilbert space with
scalar product

oo
(U5 Vi) G HE®
Jj=1

For future convenience we provide another definition of H% Le (R — H). Consider the
standard weighted Sobolev space

H'%(R = H) := HY(R — H;|y|’dy) = {U € L**(R — H) | 9,U € L**(R — H)},
and denote by Ha®(R — H) the space of even curves in H'*(R — ). Then we let
HXR - H) ={U € H*R - H) | |y[’0,U € HYP(R — H)}
so that
DU = —|y| %8, (|y|*0,U) € LZ*(R — H) for any U € HZ*(R — H).

Finally, for k£ > 3 we use induction to define
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HE'(R = H) ={U € Hi7W"(R = H) | DU € HE*(R — H)}.
The proof of the next lemma is simple but boring, and we omit it.
Lemma 4.1. Let k > 1 be an integer, b € (—1,1). Then
HEY (R — H) = HEP (R — H) N L¥ (R — HE).
The next lemma will be useful for the proof of our main results.
Lemma 4.2.

i) IfU € HZZ(R — H) then the following facts hold,

1
U2 10y ( U) 300 + L3 (Ly ™ )3 if b s odd,
e ||]Lb2 U||L2;,, if k is even;
1015 > AT JHUIIHJ o 2 MU[Z20  foranyj=1,....k; (4.1)
1) the Dirac delta-type function
ghb 40
do LG(R —H) —>’H£ , 5o (V) =V(0)

1s well defined and continuous.

Proof. To prove i) use Lemma 2.5. Next, let U = Z Ujp; be any curve in Hﬁ e(R = L).
J_
Thanks to v) in Lemma 2.5 we can estimate

oo o0
fo— 10
101 = 22 WU, g =m0 3 A7 WU O = m U2 , s
j= j=1 <

which concludes the proof. [

—by

Remark 4.3. It turns out that HL "R = H) C C’IOC 2 (R — H). For the proof, let

U=3 Ujpj € HiW(R — H) and y1, 92 € R. We use (2.4) with ¢ = U; € HE'(R) to
j=1

estimate

oo
1 _ _
1U(2) — U B = 3 1Us(02) = Us)l> < = 10120 (19212 = .
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Since Hﬁ "(R — H) is continuously embedded in Hz:e(R — H) by (4.1), the claim
follows.

Proof of Theorem 1.1 Recall that b =1—2(s — [s]) € (-1,1). For u =}, ujp; € H,
we use the notation introduced in (3.1) to rewrite (1.4) as

o0

Pslul(y) = Z¢S,Aj (y) ujp; - (4.2)

j=1

Take u € Hi. We have ¢, 5, € HETP(R) and [, 5, |12
rem 3.3. Thus

Ny, HLTP 2d5)\§ by Theo-

(oo}
[[Ps[u HM o ZUQH s », ||)\ e = 2d Z)\;Uf = 2ds||E§UII3¢ = st”U”g{; )
Jj=

and (1.5) is proved.
Next, take any V € H;] b(R — H) and put V;(y) = (V(y), ¢;)n. We have

oo

(Psul, HF} b = Zuj Ps. AJ, >\ e = = 2d, Z)\SUJ (0) = 2ds(Lu, V(0))

Jj=1

by (3.6), which proves #ii).

Evidently 4i7) implies that P;s[u] is a weak solution to (1.7). Since P;[u] is smooth on
R, by Lemma A.1, we see that in fact Ps[u] solves (1.7) pointwise. The first equality in
(1.8) is satisfied by ¢7) in Lemma A.1.

To conclude the proof of (1.8), we first compute

LR fu ZALSJ Do + 1)) (VAy) ujp;

Now we use two items in Lemma 3.1, namely, iv) (with m = |s|) and then 4) (with
s — | s] instead of s). This gives

ds

Y (0, L Polu]) (y) =

ZALSJ b( I \/>y ) ujp;

s—|s] j=1
= —d, Ew[s]—s(\/)‘_jy) )‘;‘Uj@j = _dsPs—sz [‘Csu] (y)
=1

The second limit in (1.8) follows from 4i¢) in Lemma A.1, and iv) is proved.
It remains to prove ii). Let V € HEl;h(]R — H) be such that V(0) = u. Then
V;(0) = u; for any j > 1. Thus (3.7) gives
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U?Ws,/\ H,\ HIe S <|V; H,\ g

for any j > 1. Thus

o0
1P [w Hr Sl = ZquUJs/\ HA gl S Zl ”VjHij,HE“’ ||V||Hr JE
]:

and i) follows. The theorem is completely proved. O

Proof of Theorem 1.2 Recall that Ps[u] : Hi — HM ®(R — H) is, up to the constant
2d, an isometry by item ¢) in Theorem 1.1; in addltlon, L7 :H;® — H7 is an isometry.
Thus for any ( € H,* we have that

1Pl

Hﬁl;h = st”ﬁ_sCHHz = 2d5||CHHZS7

and (1.9) is proved. The conclusions in i), iv) are immediate consequences of Theo-
rem 1.1 (with u:= £L75().

Finally, notice that the strictly convex minimization problem in (1.10) has a unique
solution U € H El‘b(]R — H), and that U satisfies

i = 2d5(C, V(0)) = 2d(L5u, V(0)) for any V€ HEU(R — H).
Thus U = P[u] = P_,[¢] by iii) in Theorem 1.1. O
5. Generalizations and examples

First we notice that the case of a complex Hilbert space H can be managed as well,
with minor modifications in notation. Below we provide some more significant general-
izations of our main result. They are based on Theorem 3.3.

5.1. Nonnegative operators

Assume that L is self-adjoint, with a discrete spectrum, nonnegative and with a non-
trivial kernel. Trivially, for any s > 0 we have ker £* = ker £, hence

L3u = L%(u — Tu),

where II : H — kerL is the orthogonal projection on ker £. The domain of the quadratic
form w +— (L%u, u)y is

Hp=ker L& Hp , L1 :=Lkers)r * (ker £)*+ — (ker £)*
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Notice that £ is self-adjoint, with a discrete spectrum and positive. Thus Theorem 1.1
provides a full characterization of £ and of the corresponding quadratic form on H7 .
This gives, in turn, corresponding results for £° and for its quadratic form on H7.

In particular, the operator u — Ps[u] in (1.4) is the identity on ker £ and

Pulul(y) = Hlu] + P [u — Tu](y), (5.1)

where Pt is the isometry given by Theorem 1.1 for the operator £ . Since Ps[u] differs
from P1[u — Iu] by a constant curve, then Pi[u], P [u] enjoy the same regularity
properties in the Appendix.

5.2. Non-discrete spectrum

Let £ be a nonnegative, self-adjoint operator in the Hilbert space H. Then there
exists a unique projector-valued spectral measure EF on R supported on the spectrum
o(L) C [0,00), such that

where A > 0 is the bottom of o(L) (see e.g., [2, Ch. 6]).
For s > 0, the s-power of £ is formally defined via

Lo = / AT dE(N).
[A7o0)

We denote by H7 the domain of the corresponding quadratic form, which is a Hilbert
space with norm | - |2, = 25 - |2 + | - .

Let us first assume that £ be positive definite, i.e. A > 0. Then [|£3 -||3 is an equivalent
norm in Hz.

For s > 0 non-integer and u € ‘H we consider the curve

Puful(y) = / ba(Vow) BV, (5.2)

[A;00)

where 15 is the function in (1.11). As in the discrete case, we have that P; maps any
u € H into an even curve in H; in addition Py[u] € C*° (R — HZ) for every u € H,o > 0.

Further, for b € (—1,1) we introduce the following (unbounded) operators acting on
even curves U € LE(R — H),

LU - / Dy + NAENU,  DyU = —02,U — by~'0,U,

[A,00)
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compare with (1.3).
For any integer k > 1 we introduce the space

HEO(R — H) = {U € LEY(R — H) | U] a0 < 00 }

Here || - || yxw is defined similarly as we did in the discrete case. More precisely, if k is
even then

U120 = / WP [ BN . V)] d
[Ao0)

&
2

where V(y,\) = (Dp + A)2U(y). If k is odd then

U120 = / ol” / OV N0,V (1 M)+ [ A(ENY (0. V(. 3)]

[A,00) [A,00)

where V(y,A) = (D, + A) = U(y).

With the above definitions, Theorem 1.1 holds true, and its proof can be carried out
with no essential modifications.

If A =0 is an eigenvalue of £ one can use a decomposition similar to (5.1) and the
above remarks in the present subsection for the restriction of £ to ker £.

A more complicated case is when 0 € o(L£) is not an eigenvalue but a point of contin-
uous spectrum. Clearly | L3 -||3 cannot bound || - ||3; and therefore it is only a seminorm
in H?%. Denote by Hs % the completion of H% with respect to [|£2 - ||%.

To avoid additional difficulties, we assume that ||£2 - ||3; is a norm in 7-72 In this case
one can define a suitable space of curves, and prove a result similar to Theorem 1.1.

5.83. Examples

The approach proposed in the present paper can be used, for instance, to recover
non-integer powers of a large class of differential operators.

The case of the Dirichlet Laplacian in a bounded, smooth domain 2 C R" is included
in Theorem 1.1. Any curve y — U(y) € L*(2) = H is identified with the function
(z,y) = U(y)(x), @ x R — R, so that L (R — L*(Q)) = L*(Q x R; |y|’dxdy), and

o7 / 11U ()12 ) dyy = / U (2, )2 dady.
OxR

Further, LZ°(R — L2()) is identified with the space of functions in L2( x
R; |y|*dzdy) which are even in the y-variable, that is denoted by L2(Q2 x R; |y|*dzdy).
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We choose £ = —Ap, the Laplace operator with domain H}(Q) N H?(Q). Its eigen-
values A; and corresponding eigenfunctions ¢; solve the Dirichlet problem

{A% =Ajpj inQ

Pjpndr = djp.
p; =0 on 0f2, Q/ ! ’

The natural domain H? , () of the quadratic form u +— ((—=Ap)“u,u)r2 can be de-
scribed by the results in [19, Section 1], see also [15, Lemma 3]:

1
HIAL(Q) = {UGHS(Q) ‘ (—A)mu|8Q =0 if m € N, 2m<5§}

(recall that functions in H*(Q2) have a trace on 9 if and only if s > 1).
We see that

LoU = —AU — by '9,U = —|y|~°div(|y|°VU), (5.3)

where —A is the Dirichlet Laplacian in Q x R.

For s non-integer, Theorem 1.1 relates the nonlocal operator (—Ap)®, with the local
operator ]L[Es] acting on Hﬂi;Db,e(R — L2(Q)) = Hﬂi;s’e(ﬁ x R). For instance, with
obvious notation, we have

HER (@ xR) = {U € Hy (2 x R; |y|°dady) | U(-,y) € Hy(Q) fory #0 },

7AD,e
U = // IV U2 dady ;
7AD.e
QxR
HE?ZM(Q xR)={U ¢ HEZM(Q xR) | [y|°VU € HY(Q x R; |y|""dzdy) },

[0y =[] LU dody = [ 11~ *laiv(u]*T0) dady.

,e

QxR QxR

The Neumann Laplacian in € fits in the situation described in Subsection 5.1. Now
we choose £ = —Ay. It is an unbounded operator on L%((2) with eigenvalues \; > 0
and eigenfunctions ¢; solving

{—A%‘ =Ajpj inQ

©jpndr = djp.
Ovp; =0 on 0f), Q/ ! !

The natural domain H?® 5 _(2) of the quadratic form u — ((—An)%u,u)rz2 is

e, (Q) = {u e H*(Q) ] B,(—A)u,, =0 if meNo, 2m < s — g}
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see [19, Section 1].
In this case, the operator Ly is pointwise defined as in (5.3). For s ¢ N, the nonlocal
operator (—Ay)*® is related to L Lﬂ, acting on a different domain

HEPY (R — L2(Q) = HL® (@ xR).

—An,e —An,e

The approach described in Subsection 5.1 covers this example, as A} = 0.

Lastly, if n > 2s then the fractional Laplacian (—A)* on R™ fits into the general
approach in Subsection 5.2. In this case, thanks to Hardy inequality the space 7-Ali A Can
be identified with the standard homogeneous Sobolev space D*(R™) < L?(R"; |z|~?*dz).
The resulting space of curves can be identified with the space D1 (R"+1) in [7].
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Appendix A. On the transforms P;

Here we assume that s > 0 is non-integer and study the transform P[], see (4.2). We
start by noticing that formulae (1.1) and (1.2) hold and that H7 is the domain of the
quadratic form of L, for negative orders s as well.

Lemma A.1. Let s > 0, 0 € R.

i) For any u € H, we have Py[u] € C*(Ry — HF), and |0FPu[u](y)|ne decays expo-
nentially as y — oo, for any order k > 0;
it) The linear operator u — Ps[u|(y) is nonexpansive in HZ, that is,

[Plul@)llng <llullug  for anyy € R; (A.1)

iii) If u € HY then Ps[u] € CO(R — HZ) and Ps[u](0) = u;
iv) The operator u — Ps[u](y) commutes with the fractional powers of L, that is,

PulL7u)(y) = L7 (Pu[ul(y))- (A-2)
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Proof. By the properties of the Bessel functions, for any integer £ > 0 and any § > 0 we
have |(8’;1/)5)(y)| < ¢(d)e” Y for y > /A1, where the constant ¢(d) depends on ¢, s and k
but not on y. Thus, for y > § we have

/\f+0|(65¢s)(\/)‘7jy)|2 < 0(5)2A§+”e’2\/>\7y < C(g)efx/ﬂy

because A; > A1 > 0, where the new constant C(J) depends only on 6,s,0 and k. It
readily follows that

10y Puul () 31 = ZA“” H @O0 ) (VAP < C@)Jullf e

for any u € H, provided that y > ¢, and ) is proved.
Now we take u € H%. By Remark 3.2, we have 0 < 1, x, (y) < ¥s,(0) = 1. Thus

oo

IRl () 1Feg = D ATus (s n, Z = lull3e .

j=1
which proves 7). Further, we have

oo

lu = Palu) ()13 = D ATu2 (e, (0) = thar, @))2 < > ATui2. (A.3)

j=1 j=1

The first series in (A.3) is dominated by a convergent number series and converges to
zero termwise as y — 0. We infer that |lu — R[u](y)”%i — 0 as y — 0, which implies
Pylu] € CO(R — H%), and iii) is proved.

Since the equality in iv) is trivial, the proof is complete. O

Thanks to Lemma A.1 and (4.3), we can improve the convergences in (1.8) as follows.

Corollary A.2. Let s > 0 be non-integer, b = 1 — 2(s — |s]). Assume that u € HE for
some o € R. Then Ps[u] solves the differential equation (1.7) and satisfies the boundary
conditions

lim Ps[u](0) =u in HE

y—0t

Jim o0, (LRI 0) = —du Louin HE.

Remark A.3. For any integer k > 0 we have

1

(k+1)! e P lul(y) = 1

Uity (y) = 1)

ly* P L2 (y) -
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A.1. Derivatives

The regularity of the curve Psfu] given in Lemma A.l improves as s increases. We
start by proving a technical result which involves the Beta function

L()I(7)

1
B(r,t) = /xT*I(l —z)tde = Titn)
0

The coefficients in the next lemma are computed by taking inspiration from [7, Section 4].

Lemma A4. Let o € R, u € HE, y > 0.

Z) IfS S (07 1) then 6yP9[U](y) = _dsy28717)1—8[£5u}(y);
it) If s > 1 then for any m = 1,...,|s| it holds that

0" Pl (y) = ﬁ 2 (”Z) (“)Bls —£:3) PactlC™lly)  (A4)

£=0

o8 Puful(y) = S (720 )C0Be- 8 Podemi). (45)

l
2 =1
Proof. If s € (0,1) then 9,15 1(y) = —dsy** "' A*¢1_51(y) by Lemma 3.1. Thus

Oy Pu[ul(y) = —dsy® " Y T 1o, (4) Ajusp,

and the identity in ) follows.

B(s—6,1) T(s+3) T(s—20
To handle th >1 t Vo0 = 25 = 2 . Using ii
o handle the case s we put s ¢ B(s, 1) M) T(s+1-0) sing 1)
in Lemma 3.1 and induction one gets
o) =3 (™) (-1 A6
y Vs(y) = Z ) (=1) "5, ¥s—e(y), (A.6)
(=0
for any integer m = 1,...,|s]|. Since 82mws Ay) = (82"%) (v/\y), we infer that

£=0

which proves (A.4).
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Arguing as for i) we obtain

0, Pu[u)(y) = —ﬁﬂfl[ﬁul(y),

i.e. (A.5) holds if m = 1. If m > 1 we use (A.6) for m — 1 and then ¢) in Lemma 3.1 to
compute

m—1
3y () = 0y 5" Db = 3 <m ] 1) (D e Qo)

£=0 ¢

m—1
m—1 Vsl
=y T S LA
o3 (") gty e
< m E% 4
=q- T )
03 (7)) it #eeet)
Then (A.5) follows by arguing as in the “even” case. [
Theorem A.5. Let 25 > 1, 0 € R and let k be an integer, with 1 < k < |2s].
i) Let uw € H%. Then

10y Palu) ()l 30— < cxllullang  for any y >0, (A7)

where the constant ¢y, depends only on s and k. Thus, for any y > 0 the linear
operator u — N Pu[u](y) is continuous Hg — HIF;

i1) If in addition® k < 2s then 8’;775 [u] € CO(R — HE ") for any u € HE.

Proof. It is convenient to define
M, g = max yQﬁz/)a(y)2 , a,B>0.
y=>0
If % < s <1, then i) in Lemma A.4 gives

10y P ) s+ = 2% Pu s [£20) (1) [

The conclusion in 7) follows, because

2 This is a restriction only if s is a half integer.
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2 P Ll ) 3 = DN P IN w2 (VAg)?

j=1
= > Au (VAP * Vi (VA)? < Mics e lull o
j=1

(A.8)
If 2s > 1, then the series in (A.8) are dominated by a convergent number series and
converge to zero termwise as y — 0. We infer that 0, P [u](y) — 0 in HZ ' as y — 0,
which proves i7) in this case.
Next, let s > 1. We first face the case when k < 2|s| is even. Take integers £, m with
0 <?¢<m<|[s]. By Lemma A.l we have

1Ps—e[ L7 u)(9)ll3gg-2m < L™ ullgyg-2m = l|ullug . Ps—e[L™u] € CO(R — HZ2™).

Taking also (A.4) into account, we see that the conclusions hold in this case.
Let now k < 2|s| — 1 be odd. For 1 < ¢ < m we estimate

lyPa—el L™ Ul W) g -2m 1 = [YL™ (Paelul @) -2m 1 = lyPs—elul@)I[3,+:

=Y N (VAW s e(VAY) < MygallullFg -
j=1

In view of (A.5), we see that (A.7) holds also in this case. By repeating the argument
we used for % < s < 1 one plainly conclude the proof also in this case.

It remains to discuss the case [s| + 3 < s < [s] and k = 2|s] +1 = [2s]. Wi
differentiate formula (A.4) for m = |s]. To compute 9, Ps_o[L*u](y), we use (A.5) for
¢=1,...,]s] — 1 and 7) in Lemma A .4 for the last ¢. It gives

Ls)
DL, [y Zase (yPs—e[LTu](y) — as - (27D Py [Loul(y)),

(A.10)
where the coefficients a,¢,a; € R depend only on s and . One can easily adapt the
arguments we used for (A.9), (A.8). In this way one proves i) if [s| + 3 < s < [s], and
i) if [s]+4<s<[s]. O

Theorem A.6. Let s > 1, 0 € R, u € HE. Then, for any k=1,...,|s] we have

k
I'(s
Pslu Z —m) M- y?™ 4 o(y?F) asy —0 (A.11)
=1

2mm|

with convergence in H7~ 2k
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Proof. Take an integer k = 1,...,|s|. By #) in Theorem A.5 we have that Ps[u] €
C*(R — ’HZ_%). Further, for any m = 1,..., k, Lemma A.4 gives

m

azm%[u](o) = fé) ; (?) (_1)4B(s — ¢, %) LMy

and 97 'P[u](0) = 0. Then (A.11) follows via Taylor expansion formula, thanks to
Lemma A.7 below. [

Lemma A.7. Let m < |s] be a positive integer. Then

. 1 " /m 1 ml(s—m) 1
Fom = WZ (5)(_1)%(5—&5) =(-1) T (2m)! .

'3) 1=

Proof. We compute
i (7;) (—1)'B(s — £,4) = 0/1:;:5(1 _ a:)S*m*(zmj (’Z) (—1)4(1 — x)m*f)dx

=0
= (—l)m/lxm_
0

Recalling the Legendre duplication formula, we infer that

(S

(1—2)* ™ 'z = (=1)"B(s — m,m + 3).

B(s —m,m+ 1)

B(s, 3) I'(s) Ve
ml(s—m 21=2m(2m ml(s—m 1

which completes the proof. [
Corollary A.8. Let s > 1, u € H}.. Then for any integer m =1,...,|s| we have that

LI Py () = df%mn_mwmum/) . yeR.

T O = iy Rl = £

where Kg m 15 the constant in Lemma A.7. The limits are taken in the Hz_zm topology.
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Proof. The first equality follows from formulae (3.2) and (3.3):

L Pslu Zu] Dy 4+ Xj) ™ b x, () ujp; = Z)\m Dy + 1)) (VNY) uj0;

)\ Ujp;.

To conclude the proof, use i) in Lemma A.4 and then 4i7) in Lemma A.1. [
Our last result in this section involves the Hélder-type spaces C* in (1.12).
Theorem A.9. Let s > 0 non-integer, 0 € R, u € HZ, o € (0,2s]. Then
Plu] € C*R = HZ ™), [Polullen < cllullug. (A.12)

Proof. Thanks to ii) in Theorem A.5, we only have to investigate the Holderianity of
%QJ’PS [u] if @ > |, and the Lipschitz properties of 95~ 'Pu[u] if « is integer.

Theorem 3.3 already gives ¥, € 525(R). Since 14 decays exponentially at infinity
together with its derivatives of any order, we infer that ¢, € C*(R) for any o € (0, 2s].
Since trivially 851#57)\@) = A§(8’;¢S)(\/Xy) for any integer k and any A > 0, then

[Vsalea = A2 [¥s]ga for any o € (0,2s].
Take arbitrary points y;,y2 € R. Without loss of generality, we can assume that
y1,y2 > 0. If o is not an integer, then

105V Puful (y1) — O™ Pulua)(y2) 13- ZA” w30k s x, (y1) — s n, (12) 2

j=1

< TT2 ST Uy — o PO = [y 2, g o — P19,
j=1

If « is integer, with a similar computation we get

o)
105~ Pl (1) = 95 Pl (w2) 170 < €Y ATudlyn — yol® = cllullfiz v — vl
j=1

In both cases, this concludes the proof. [
A.2. Isometric properties

From Theorem 1.1 we already know that the linear transform u — Psfu] is, up to a
constant, an isometry H7 — Hﬁl;b(R — H) for b:=1—2(s — |s]). In this section we
point out more isometric properties of P;. We stress the fact that s > 0 might be an
integer number.
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Theorem A.10. Let s > 0, b € (—1,1) and 0 € R. Up to a constant (not depending on

o), the operator P is an isometry HF — L% b(R — ’HJ+ 2 ) More precisely,
PO ety = Wollon il oranpuedz. (A1)

Proof. For u € H} we compute
+o0 oo oo
a+1—+b
J PR, ogedy = AT / (VR dy
—0o0 j=1 _

o JrOO
/ P do) S50 = [ 1) ) el
Jj=1 s

and the Lemma is proved. [J

Let o > 0. We recall the definition of the Sobolev—Slobodetskii spaces and corre-
sponding seminorms

HYR) = {¢ € L*(R) | [¢]3~ < o0}

+oo +oo
Wl = [ 18 0Py = [ IePaPde,
where 1Z stands for the unitary Fourier transform of 1 € L?(R), namely,

We first compute the Fourier transform of the function 1 in (1.11).

Proposition A.11. Let s > 0 (possibly integer). Then

&:(f) - \/51;(%8;‘5) ( 2),1+225.

In particular, s, € H*(R) if and only if o < 25 + L 5, and in this case

[T = 71“5 jﬁ()) Dla+ D)I(2s—a+ 1). (A.14)
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Proof. It is well known, see for instance [7, Lemma 4.2] for a simple proof, that

_ I(s)
(y) = A(s+1) Vs (y)-

_1f2s
2

X+1-1%
To conclude, use the symmetry of s and make direct computations. [

For @ > 0 we introduce a Sobolev-type space of curves R — H and corresponding
seminorm as follows:

o0 -‘rOO
HYR = H) ={UeL*R—=H) | [U]}. =) / 1€12%|U; () [Pde < o0}
j=1

It is evident that H*(R — H) is a Hilbert space with norm

oo

+oo
U7 = T + U2 = /(Iflz‘”‘ + 1)|T;(6)* de.

J=1_7

Theorem A.12. Lets > 0,0 € R and let o € (—%, 2s). Then Ps is a continuous transform
HE — HoF2 (R — HE™). Moreover,

I(s+ 1) I'(a+1)I(2s —a)
2 _ 2 2
[[Ps[u] H“Jr%(R%Hz_“) - F(S)2 SF(QS) HUH’HZ . (A15)

Proof. Thanks to (A.13) we already know that

a1
1Pl g gy < 5]l T2y ||UH;C,7 3 SAT sl ey NlullFg
L
for any u € H%, which gives the continuity of P, : % — L*(R — HZ ), as Ay > 0.
Next, take u = > ;ujp; € Hz. By the rescaling properties of the Fourier transform

we have

— 1

s (A ) ujipj.

N[

@(5) ujp; =N

This readily gives

HOF 3 (RoHo—

o0 t+oo
Rl =St [P bl de
=1 S

+o0 .
— ( / €1 [Ga(6) 2 de) S A7,

Jj=1
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which proves (A.15). This ends the proof by Proposition A.11 and Lemma A.1. O

We conclude by stating the next immediate consequence of Theorems A.10 and A.12,
which is related to some results in [16].

Corollary A.13. Let s > 0. For any u € H} it holds that

VAT (25 + 1T (s + 1)

2 _ 2
||Ps[u]||L2(R—>H2+%) - sT'(2s)[(s)? ”UH’HZ
I(s+ 1)?

2 _ 2 2
(L, o gy = — g Dl
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