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ABSTRACT

In this paper, we characterize, under the assumption that the aggregate demand of the atomless part for the commodity held by

the monopolist is invertible, the monopoly quantity setting solution proposed by Kats (1974a) as the monopolist's most

preferred commodity bundle in the complement of the atomless part's offer curve which is feasible with respect to the aggregate

initial endowments. Then, we show that the monopoly solution in bilateral exchange introduced by Busetto et al. (2023)

coincides with the monopoly quantity setting solution proposed by Kats (1974a). Finally, we reformulate, the Shitovitz paradox,
first exhibited by Busetto et al. (2025), in terms of the Kats monopoly solution. In particular we show that, for any allocation
corresponding to a Kats' monopoly solution, there is an allocation in the core, which is, utility-wise, advantageous for the

monopolist and nonadvantageous for the small traders, and which is not in the feasible complement of the atomless part's offer

curve.
JEL Classification: D42, D51

1 | Introduction

To the best of our knowledge, Vilfredo Pareto was the first
who gave a formalized treatment of the problem of monopoly
for a general pure exchange economy with any finite number
of commodities, in the first volume of his Cours d'économie
politique, published in 1896, pp. 62-71 (henceforth just
Pareto 1896). His monopoly quantity-setting solution rests on
the assumption that the monopolist gets no utility from the
only commodity he is endowed with, and only cares about the
revenue he can obtain by selling it.

Seventy years later, Schydlowsky and Siamwalla (1966) proposed
a formulation of the problem of monopoly without any mention
of the previous work by Pareto (1896). In the context of a pure
exchange economy, they considered a bilateral framework where
one commodity is held by one trader behaving as a monopolist
while the other is held by a “competitors’ community.” In

contrast to Pareto's analysis, the monopolist desires both com-
modities. The authors provided a geometrical representation of
the monopoly solution as the point of tangency between the
monopolist's indifference curve passing through the equilibrium
allocation and the offer curve of the competitors’ community.
They did not mention the geometrical treatment of the monopoly
problem previously given, at a very embryonic stage, by
Edgeworth (1881, p. 114).

A few years later, Kats (1974a), again without mentioning
(Pareto 1896), analyzed a pure exchange economy where one
trader behaves as a monopolist, “calling the game” and max-
imizing his utility, whereas all the other traders in the economy
behave competitively. He claimed that the monopoly quantity-
setting solution must correspond to the monopolist's most
preferred commodity bundle compatible with the aggregate
initial endowments and with the offer curve of the competitive
traders.
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Busetto et al. (2023) provided a theoretical foundation of the
monopoly solution by formalizing an explicit trading process
inspired to that first sketched by Pareto (1896).

In particular, they considered the mixed version of a monopo-
listic two-commodity exchange economy introduced by
Shitovitz (1973) in his Example 1, in which one commodity is
held only by the monopolist, represented as an atom, and the
other is held only by small traders, represented by an atomless
part. Busetto et al. (2023) assumed that the monopolist acts
strategically, making a bid of the commodity he holds in ex-
change for the other commodity, while the atomless part
behaves a la Walras; given the monopolist's bid, prices adjust to
equate it to the aggregate net demand of the atomless part. Each
trader belonging to the atomless part then obtains his Walrasian
demand whereas the monopolist's final holding is determined
as the difference between his endowment and his bid, for the
commodity he holds, and as the value of his bid in terms of
relative prices, for the other commodity. They defined a
monopoly equilibrium as a strategy played by the monopolist,
represented by a positive bid of the commodity he holds, which
guarantees him to obtain, via the trading process described
above, a most preferred final holding among those he can
achieve through his bids.

The theoretical framework proposed by Busetto et al. (2023) to
define and analyze a monopoly equilibrium in bilateral ex-
change can be simplified, under the assumption that the
aggregate demand of the atomless part for the commodity held
by the monopolist is invertible, and compared with the standard
analysis of monopoly in a partial equilibrium context.

In this paper, we characterize, under this assumption, the
monopoly quantity setting solution proposed by Kats (1974a). In
particular, we call Kats maximization problem the mathemati-
cal program whose solution is the monopolist's most preferred
commodity bundle in the complement of the atomless part's
offer curve which is feasible with respect to the aggregate initial
endowments. Then, we prove a proposition establishing that an
allocation is a monopoly allocation if and only if it is a solution
to the Kats maximization problem, thereby providing an explicit
economic theoretical foundation of the monopoly solution
proposed by Kats (1974a).

Shitovitz (1997) proposed a comparison, in terms of the
monopolist's utility, between the core and the monopoly
solution in mixed exchange economies. Busetto et al. (2025)
provided a version of the Shitovitz argument adapted to the
model of monopoly in bilateral exchange through which they
exhibited a new kind of paradox: for any monopoly allocation
there is an allocation in the core, which is neither a
monopoly allocation nor a Walras allocation, and which is,
utility-wise, advantageous for the monopolist and non-
advantageous for the small traders. In this paper, under the
assumption that the aggregate demand of the atomless part
for the commodity held by the monopolist is invertible, we
reformulate the Shitovitz paradox in terms of the Kats
monopoly solution. In particular we show that, for any allo-
cation corresponding to a solution to the Kats maximization
problem, there is an allocation in the core, which is, utility-
wise, advantageous for the monopolist and nonadvantageous

for the small traders, and which is not in the feasible com-
plement of the atomless part's offer curve.

The paper is organized as follows. In Section 2, we introduce the
mathematical model and we define the notion of a monopoly
equilibrium when the aggregate demand of the atomless part
for the commodity held by the monopolist is invertible. In
Section 3, we provide an economic theoretical foundation of the
monopoly solution proposed by Kats (1974a). In Section 4, we
reformulate the Shitovitz paradox with respect to this solution.
In Section 5, we conclude.

2 | Mathematical Model

We consider a pure exchange economy with large traders,
represented as atoms, and small traders, represented by an
atomless part. The space of traders is denoted by the measure
space (T, 7, u), where T is the set of traders, 7 is the o-algebra
of all u-measurable subsets of T, and u is a real valued, non-
negative, countably additive measure defined on 7. We assume
that (T, 7, u) is finite, that is, u(T) < co. Let T denote the
atomless part of T. We assume that u(Ty) > 0.' Moreover, we
assume that T\Ty = {m}, that is, the measure space (T, 7, 1)
contains only one atom, the “monopolist.” A null set of traders
is a set of measure 0. Null sets of traders are systematically
ignored throughout the paper. Thus, a statement asserted for
“each” trader in a certain set is to be understood to hold for all
such traders except possibly for a null set of traders. A coalition
is a nonnull element of 7. The word “integrable” is to be
understood in the sense of Lebesgue.

In the exchange economy, there are two different commodities.
A commodity bundle is a point in R2. An assignment (of
commodity bundles to traders) is an integrable function x:
T — R2. There is a fixed initial assignment w, satisfying the
following assumption.

Assumption 1. w!(m) > 0,w?(m) =0 and W) =0,
w2(t) > 0, for each t € T

An allocation is an assignment x such that fT x(t) du =
j; w(t) du. The preferences of each trader t € T are described
by a utility function u,: R2 — R, satisfying the following
assumptions.

Assumption 2. u;:R2 - R is continuous, strongly
monotone, and strictly quasi-concave, for eacht € T.

Let B denote the Borel o-algebra of R%. Moreover, let 7Q® B
denote the o-algebra generated by the sets D X F such that
DeT and Fe B.

Assumption 3. u:Tx R2 — R, given by u(t,x) = u,(x),
for each t € T and for each x € Ri, is 7 ® B-measurable.

Assumption 4. There is a coalition T in T, such

that u,(-) is differentiable, additively separable, that is,
1

u; (x) = vi(xt) + v(x2), for each x € R%, and w0 — 4 %, for

d_xl
eachte T.2
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A price vector is a non-null vector p € R2. By Assumption 2, it
is possible to define the Walrasian demand of traders of the
atomless part as the function x, : Ty X RZ, — R2 such that, for
each t€Ty and for each pe RL, xo(t, p) =argmax
{ut(x): x € R2andpx Spw(t)}. The function xo(-,p) is
integrable, for each p € R%,, by Proposition 1 in Busetto
et al. (2023).

We now introduce an abridged version of the model of
monopoly proposed by Busetto et al. (2023) which keeps its
essential features and allows us to define the notion of
monopoly equilibrium.

Let E={e € R, : e <w!'(m)} denote the strategy set of atom
m. We denote by e € E a strategy of atom m, where e represents
the amount of commodity 1 that atom m offers in exchange for
commodity 2.

We then provide the following definition.

Definition 1. Given a strategy e € E, a price vector p is said
to be market clearing if p € R3, and

[ xbce.p) due = eum)
To

pl (1)
[ %y + e = [ wo du
T p T

Market clearing price vectors can be normalized by Proposition
2 in Busetto et al. (2023). Henceforth, we say that a price vector
p is normalized if p € A where A = {p € R>: Zizzlp" =1}
Moreover, we denote by A the boundary of the unit simplex A.

Busetto et al. (2023), in their Proposition 5, proved that, under
Assumptions 1, 2, 3, and 4, given a strategy e € E, there exists a
market clearing price p € A\JA if and only ife > 0. We denote
by 7 () a correspondence which associates, with each strategy
e € E, the set of prices p satisfying (1), if e > 0, and is equal to
{0}, otherwise. A price selection p(-) is a function which as-
sociates, with each strategy selection e € E, a price vec-
tor p € 7 (e).

As pointed out in Busetto et al. (2023), the analysis of the
monopoly problem in bilateral exchange can be simplified by
introducing the assumption that the aggregate demand of the
atomless part for commodity 1 is invertible.

The following proposition states that the aggregate demand of
the atomless part for commodity 1 is strictly positive for each
strictly positive price vector.

Proposition 1. Under Assumptions 1, 2, 3, and 4,
fT x4(t, p) du > 0 for each p € A\dA.
0

Proof. Suppose that fTOX})(t,p) du = 0, for some p € A\OA.
Then, we have that fo})(t,p) du = 0 as u(T) > 0. However, it
must be that foé(t, p) du > 0, by the lemma in Busetto et al.
(2025), a contradiction. a

In their Proposition 7, Busetto et al. (2023) proved that the
function fT x5(t,-) du is invertible if and only if, for each
0

X€R,,, there is a wunique pe€ A\GA such that
X = fT xp(t, p) du. In their Proposition 8, Busetto et al. (2023)
0

also proved that, when the aggregate demand of the atomless
part for commodity 1 is invertible, there exists a unique price
selection p (-). By analogy with partial equilibrium analysis, p (-)
can be interpreted as the inverse demand function of the
monopolist.

Henceforth, we assume that the aggregate demand of the
atomless part for commodity 1 is invertible.

Assumption 5. The function fT x3(t, -) du is invertible.
0

Given a strategy e € E and a price vector p, consider the
assignment determined as follows:

1
x(m, e, p) = [wl(m) —e, ep—z], if p e A\0A,
p

x(m, e, p) = w(m), otherwise,

and

x(t,p) = xo(t, p), if p € A\0A,
x(t, p) = w(t), otherwise,

for each t € Ty.

Given a strategy e € E and the price selection p(-), traders' final
holdings are determined according to the above assignment as
follows

x(m) = x(m, e, p(e)),

x(t) = x(t, p(e)),

for each t € Tj. Traders' final holdings constitute an allocation,
by Proposition 6 in Busetto et al. (2023). Moreover, it is
straightforward to verify that p(e)x(m, e, p(e)) = p(e)w(m).

When the aggregate demand of the atomless part for com-
modity 1 is invertible, the general definition of a monopoly
equilibrium provided by Busetto et al. (2023) in their Definition
4 can be reformulated with respect to the monopolist's inverse
demand function p(-).

Definition 2. A strategy ¢ € E such that é>0 is a
monopoly equilibrium if

U (X(m, &, p(&)) 2 um(x(m, e, p(e)),

for each e € E.

A monopoly allocation is an allocation X such that
x(m) = x(m, &, p(€)) and X(t) = x¢(t, p(€)), for each t € T,
where € is a monopoly equilibrium.
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3 | Kats' Monopoly Solution

When the aggregate demand of the atomless part for commodity 1

is invertible, the monopoly equilibrium can be characterized by

means of the notion of offer curve of the atomless part, defined as

the set{x € R2: x = fT Xo(t, p) dufor somep € A\JA}, and of
0

the notion of feasible complement of the offer curve
of the atomless part, defined as the set {xe& Ri:

xu(m) + anxo(t,p) du = fTw(t) dufor somep € A\JA}.

We now show that, when the aggregate demand of the
atomless part for commodity 1 is invertible, our model can
provide an economic theoretical foundation of the solution
proposed by Kats (1974a). The following proposition shows
that, when the aggregate demand of the atomless part for
commodity 1 is invertible, the feasible complement of the
atomless part's offer curve is a subset of the set of the
monopolist's final holdings.

Proposition 2. Under Assumptions 1, 2, 3, 4, and 5, the
set  {x€R:: xu(m)+ j; Xo(t, p) du = fTW([) du for some

pEA\GA}, is a subsét of the set {x€R::x=
x(m, e, p(e))for somee € E}.
Proof. Consider a commodity bundle x € {x € R%:

xu(m) + fToxo(t,p) du = fTw(t) dufor somep € A\JA}.
Then, there is unique a price vector p € A\JA such that

Ty (m) + fT x3(t, p) du = fT wi(t) dy

as the function L xp(t,) du is invertible. It must be that
0
0 <x' <wl(m) as fT x5(t, p) du > 0. Let € € E be such that
0

¢ = w!'(m) — x!. Then, we have that

Ty (m) + fT x3(t, (@) du

= (w'(m) — &u(m) + f xo(t, p(@)) du = w'(m)u(m),

To

as fT x)(t, p(&)) du = éu(m). But then, it must be that
0
p = p(é). Moreover, it must be that

=2 2 = —_ 2
Pu(m) + fT x3(t, p) du = fT w21 du,

as X € {x € R2: xu(m) + fTOXO(t,p) du = fTw(t) du
for somep € A\JA}. But then, we have that

Al
e=el,
p

as p is market clearing, by Proposition 3 in Busetto et al. (2023).
Therefore, we conclude that

x =x(m, &, p) = x(m, &, p(&)).

Hence, the set {x € R2: xu(m) + fTOXO(t,p) du =

fTw(t) duforsomep € A\JdA}, is a subset of the set
{x € R%: x =x(m, e, p(e))for somee € E}. o

Kats (1974a) considered both the cases of a quantity setting and a
price setting monopoly in a pure exchange economy where one
trader behaves as a monopolist, “calling the game” and max-
imizing his utility, whereas all the other traders in the economy
behave competitively. He claimed that the monopoly quantity
setting solution must correspond to the monopolist's most pre-
ferred commodity bundle compatible with both the aggregate
initial endowments and the offer curve of the competitive traders.
We can restate the Kats maximization problem as follows

max u,, (x(m))

subject to

Um (X(m)) > upy (w(m)),
x(t) = Xo(t, p), for some p € A\JA,

x(m) € {x € R%: xu(m) + f Xo(t,p) du =
T
fw(t) du for some p € A\&A}
T

However, he did not propose any explicit trading process which
could lead to the monopoly solution. The following proposition
establishes that an allocation is a monopoly allocation if and
only if it is a solution to the Kats maximization problem.
Thereby, it provides an explicit economic theoretical foundation
of the monopoly solution proposed by Kats (1974a).

Proposition 3. Under Assumptions 1, 2, 3, 4, and 5, an
allocation X is a monopoly allocation if and only if it is a solution
to the Kats maximization problem.

Proof. Let X be a monopoly allocation. Then, there exists a
strategy ¢ € E which is a monopoly equilibrium. Let p = p(é).
Then, we have that %(t) = x¢(t, p), for each t € Ty. Moreover,
We have that

x\(m, &, ) (m) + f xb(t, B) du

To

= (W'(m) — O)u(m) + f x3(t, p) du = w'(m)(m),

To

and

X*(m, &, p)u(m) + f x2(t, B) du
To

=1
=D+ [ xepdi= [ wods
p T T

as p is market clearing. Then, we have shown that
%(m) € {x € R : xu(m) + fToxo(t,p) du = fTW(l’) du
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forsome p € A\OA}. But then, we have that u,(&(m))

>u,(wim)) and u,&X@m)) is maximal in the set
2. —

fx € Ry : xu(m) + fToxo(t,p) du = fTw(t) du for some

D € A\dA} as u,(x(m, &, p(é)) >up(x(m,e, p(e)), for each

e€E, and {xe€R2: xu(m)+ fTOXO(t,p) du = fTW(t) du

for somep € A\OA} C {x € R%: x =x(m, e, p(e)) for some

e € E}, by Proposition 2. Hence, X is a solution to the Kats
maximization problem.

Let X be a solution to the Kats maximization problem. Then, we
have that X(m) € {x € R2 : xu(m) + fT xo(t, p) du = fT w(t)
0

du for somep € A\JA}. But then, there is a unique price vector
p € A\OA such that

~ 1 ~ _
K (m)u(m) + f xi(6P) de = f wi(t) dy

as the function fT xi(t,+) du is invertible. It must be that
0
0 <%'(m) < wi(m) as fT xp(t, p) du > 0. Let & € E be such
0

that € = w!(m) — %'(m). Then, we have that

& (m)u(m) + f x(t, (@) du

Ty
= (wim) = yutm) + [ (e, @) de = W (mpam),
as fo%)(t,ﬁ(é)) du = éu(m). But then, it must be that

p = p(&). Moreover, it must be that

22(m)u(m) + f

To

x3(t, ) du = fT w2(t) dy,
0

as  K(m)efxeRL: xu(m)+ [ Xo(t,p)du= [ w(t)du
T T
for somep € A\JA}. But then, we have that

as p is market clearing, by Proposition 3 in Busetto et al. (2023).
Therefore, we conclude that

x(m) = x(m, &,p) = x(m, &, p(&))

and
%(t) = xo(t, p) = xo(t, (&),

for each t € Ty. Suppose that there is a strategy e’ € E such that
un(x(m, €, p(8)) < u,(x(m, e, p(e’)). Suppose that e =0.
Then, it must be that u,, (X(m)) < u,,(w(m)), a contradiction.
Suppose that e’ > 0. Let p’ = p(e’), x'(m) = x(m, €', p(e’)), and
x'(t) = x(t,p’), for each te€ T,. Then, we have that
x'(m) € {x € R? : xu(m) + Loxo(t,p) du = fTW(t) du

for somep € A\JA}, as x'(m) + fTOXO(t,p ) du = fTW(t) du,
and u,,(X(m)) < u,(x'(m), a contradiction. Hence, X is a
monopoly allocation. O

4 | Shitovitz' Paradox Revisited

Shitovitz (1997) proposed a comparison, in terms of the
monopolist's utility, between the core and the monopoly solu-
tion in mixed exchange economies.

Busetto et al. (2025) provided a version of the Shitovitz argu-
ment adapted to the model of monopoly in bilateral exchange
through which they exhibited a new kind of paradox: for any
monopoly allocation there is an allocation in the core, which is
neither a monopoly allocation nor a Walras allocation, and
which is, utility-wise, advantageous for the monopolist and
nonadvantageous for the small traders.

We shall now reformulate the Shitovitz paradox in terms of
the Kats monopoly solution. In particular we shall show
that, for any allocation corresponding to a solution to the
Kats maximization problem, there is an allocation in the
core, which is, utility-wise, advantageous for the monopolist
and nonadvantageous for the small traders, and which is not
in the feasible complement of the atomless part's offer
curve.

We say that an assignment y dominates an allocation X via
a coalition S if wu,(y(t))>u,(x(t)), for each te€ S, u
(y(®)) > u,(x(t)) for a non-null subset of traders ¢ in S, and
fs y() du = fs w(t) du. The core is the set of all allocations

which are not dominated via any coalition.

Busetto et al. (2025) restated a maximization problem intro-
duced by Shitovitz (1997), henceforth referred to as the
Shitovitz maximization problem, as follows

max up, (x(m))

subject to
u, (x(£)) > u,(w(r)), foreach t € T,

j;x(t) du sj;w(t) du.

The following proposition shows that the constraints of the Kats
maximization problem are more restrictive than those of the
Shitovitz maximization problem.

Proposition 4. If the assignment X satisfies the constraints of
the Kats maximization problem, then it satisfies those of the
Shitovitz maximization problem.

Proof. Suppose that the assignment X satisfies the
constraints of the Kats maximization problem. Then, we
have that u, (X(m)) >u,(w(m)) and there is a p € A\JA
such that xu(m) + fToﬁo(t,p) du = fTW(t) du. Then, it must

be that X(t) = X,(¢, p) and u, (X(¢)) > u,(w(t)), for each t € Tp.
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Hence, we have that X satisfies the constraints of the
Shitovitz maximization problem. |

It is immediate to verify that the converse of Proposition 4 does
not hold as the initial assignment w satisfies the constraints of
the Shitovitz maximization problem but not those of the Kats
maximization problem.

The following proposition restates the Shitovitz paradox exhibited
by Busetto et al. (2025) in terms of the Kats monopoly solution and
the feasible complement of the atomless part's offer curve.

Proposition 5. Under Assumptions 1, 2, 3, 4, and 5, if X is
a solution to the Kats maximization problem, then there
is a solution to the Shitovitz maximization problem X which
is in the core and is such that u,&(m)) > u,x(m))
and u,(X(t)) <u;(X()), for each t€ Ty, and X & {x € R%:

xu(m) + fT Xo(t, p) du = fTw(t) dufor some p € A\OA}L

Proof. Let % be a solution to the Kats maximization
problem. Then, X is a monopoly allocation by Proposition 3.
There exists a solution X to the Shitovitz maximization
problem by Proposition 2.1 in Shitovitz (1997), which is in
the core, by Proposition 4 in Busetto et al. (2025), and is such
that u,, X(m)) > u,(X(m)) and u,(X(t)) <u,X(t)), for each
t €Ty, by Theorem 2 in Busetto et al. (2025). Suppose

that x € {x € R2 : xu(m) + foo(t,p) du = fTw(t) du
0

for somep € A\JA}. Then, X satisfies the constraints of the
Kats maximization problem as u,, (X(m)) > u,(w(m)). But
then, X is a solution to the Kats maximization problem, by
Proposition 4. Therefore, we have that X is a monopoly allocation,
by Proposition 3. But it cannot be a monopoly allocation, by
Proposition 3 in Busetto et al. (2025), a contradiction. O

Proposition 5 shows that the assumption requiring that aggre-
gate demand of the atomless part for commodity 1 is invertible
allows to refine the Shitovitz paradox. Indeed, the monopolist,
to achieve an allocation in the core at which he is better off,
while utility exploiting the small traders, with respect to the
monopoly solution, has to get out of the feasible complement of
the atomless part's offer curve.

The following example reproduces Example 2 in Busetto et al.
(2025) in order illustrate this new facet of the Shitovitz paradox.

Example Consider the following specification of an
exchange economy satisfying Assumptions 1, 2, 3, 4, and 5.
Ty = [0,1], T\Ty = {m},u(m) = 1,w(m) = (1, 0), u;n(x) =

%xl + 22, Tp is taken with Lebesgue measure, w(t) =
0, 1), u;(x) = Jx' + x2, for each te Tp. Then, there is a
unique solution to the Kats maximization problem X and a
unique solution to the Shitovitz maximization problem X which
is in the core and is such that u,&(m)) > u, (xX(m))
and u,(X(t)) < u,(X(t)), for each t€ T, and X & {x € R:

xu(m) + fToxo(t,p) du = fTw(t) dufor somep € A\JA}.

Proof. The allocation % such that f((m):(%,%) and
&(t):(i,%), for each te€ Ty, is the unique monopoly

solution. Then, X is the unique solution to the Kats
maximization problem, by Proposition 3. The allocation X
such that X(m) = (1 — ()}, (5))) and %(6) = ()3, 1 = ()9,
for each t€ Ty, is the unique solution to the Shitovitz
maximization problem. The core consists of all the allocations
1 2 — (%l 1
x of the form x!'(m),x%(m)) = x'(m), 4(1—x1(m>)) and
1 2 — (1 — <! _ 1
&), x3(t)) = 1 — x(m), 1 4(1_}{1(m))), for each te T,
where 1 — (%)% <x'(m) <1 - (%)%. Then, the allocation X is

in the core. Moreover, we have that

t () = um[l - (5] G]] =2+ g(i)é
31

> - um(z, Z) = U (&(m)),

and

e (%(1)) = ”[G) 1- (3]) =1<2=u(l2)

u (X(1)),

for each te€ T,. Finally, we have that X ¢ {x € R%:
xu(m) + f xo(t, p) du = fw(t) dufor somep € A\dA}  as
T T

there is no p € A\GA such that X(t) =xc(t,p), for
eacht € Ty. m]

5 | Conclusion

In the bilateral monopolistic framework of Shitovitz'
Example 1 (1973, pp. 486-487), Aumann (1973) provided
three examples, which show that monopoly may be, accord-
ing to his terminology, “disadvantageous.” In fact, let us
provisionally subscribe, for discussion's sake, to Shitovitz'
assumption that in a “monopolistic market” a core allocation
can suitably represent the market outcome, as regards the
monopolist, too. Under such assumption, Aumann's ex-
amples are able to refute the following “conjecture,” implicit
in Shitovitz' reasoning, which embodies the idea that a
monopolist can always gain a definite advantage over com-
petitive traders: “Conjecture. In a monopolistic market, for
each core allocation X there is a competitive allocation y
whose utility to the monopolist is < that of X” (see p. 1).

Kats (1974b) quoted the following passage from Aumann (1973)
in which this author explained what is wrong in the preceding
“conjecture” in spite of its intuitive appeal: “One feels on an
intuitive, common sense level that the monopolist has a distinct
advantage; but economic theory, rather than explaining this
phenomenon, simply states it in a specific form. For an
explanation, one looks to game theory; but evidently, the game-
theoretic notion of core is not the proper vehicle for such an
explanation” (see p. 10).

Kats (1974b) explicitly addressed the problem raised by
Aumann (1973), proposing a variant of the model of strategic
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exchange introduced by Debreu (1952) in which only the
monopolist is allowed to manipulate the strategy sets of other
traders. Nevertheless, we can apply to this model the same
criticism raised by Shapley and Shubik (1977) at the model
proposed by Debreu (1952): “[...] as a descriptive model his game
shares the defect of the Walrasian model of being ill defined, or
unrealistically defined, away from equilibrium” (see p. 939, fn.
1). For this reason, we have focused here on the monopoly
solution proposed by Kats (1974a), which perfectly fits in the
model of monopoly proposed by Busetto et al. (2023), since this
model has a game-theoretical foundation.

In this paper, our focus is on the equivalence of the set of the
monopoly allocations and the set of the allocations which are
solutions to the Kats maximization problem and the invert-
ibility of the aggregate demand of the atomless part for the
commodity held by the monopolist is simply assumed. For
the implications on the preferences condition, we refer the
reader to Theorem 1 in Cheng (1985), where a set of suffi-
cient conditions under which a system of demand functions
satisfying gross substitutability can be inverted is proposed,
while the main theorem in Fisher (1972) provides a set of
necessary and sufficient conditions on preferences which
generates a system of demand functions satisfying gross
substitutability. Recent work by Diasakos and Gerasimou
(2022) provides a different set of necessary and sufficient
conditions on individual preferences compatible with
invertible demand. We propose to develop in a future paper
an analysis of the relationships between the studies on
invertible demand functions mentioned above and our
model of monopoly to obtain a specification of the prefer-
ence conditions which guarantee invertibility in our context.
This further analysis could also deal with the very issue of
invertibility as a necessary condition for our equivalence
result.

In a seminal paper, Gabszewicz and Grazzini (1999) investi-
gated the effectiveness of tax and transfer policies in correcting
market distortions in the framework of the bilateral oligopoly
model introduced by Gabszewicz and Michel (1997). A similar
analysis for our model of monopoly in bilateral exchange seems
to us a worthy next step in our research agenda.

Here, we have considered a quantity-setting monopolist. We
leave for future research addressing the problem of a price-
setting monopolist, in the same bilateral framework as that
used in this paper, drawing inspiration from another pio-
neering work by Vilfredo Pareto (see Pareto 1909, pp. 210-211,
594-605).
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Endnotes

'The symbol 0 denotes the origin of R2 as well as the real number
zero: no confusion will result.

*Differentiability is to be understood as continuous differentiability
and includes the case of infinite partial derivatives along the
boundary of the consumption set (for a discussion of this case, see, for
instance, Kreps 2012, p. 58). For instance, the utility function

u(x) = Vx! + vx? satisfies the conditions imposed by Assumption 4.
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