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We consider the inverse problem of determining
the Winkler subgrade reaction coefficient of a slab
foundation modelled as a thin elastic plate clamped
at the boundary. The plate is loaded by a concentrated
force and its transversal deflection is measured at the
interior points. We prove a global Holder stability
estimate under (mild) regularity assumptions on the
unknown coefficient.

1. Introduction

The soil-structure interaction is an important issue in
structural building design. The determination of the
contact actions exchanged between foundation and soil
is commonly approached by using simplified models
of interaction. Among these, the model introduced
by Winkler [1] in the second half of the nineteenth
century is one of the most popular in engineering and
geotechnical applications [2]. In Winkler’s model, the
foundation rests on a bed of linearly elastic springs
of stiffness k, k>0, acting along the vertical direction
only. The springs are independent of each other, that is,
the deflection of every spring is not influenced by the
other adjacent springs. The accuracy of this model of
interaction depends strongly on the values assigned to
the subgrade reaction coefficient k. Ranges of average
values of k are available in the literature from extensive
series of in situ experiments performed on various soil
types [3], but these values are quite scattered and, in
addition, they may vary significantly from point to
point in the case of large foundations. Estimation of the
coefficient k becomes even more difficult for existing
buildings, as the soil on which the foundation is resting
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is not directly accessible for experiments. For the reasons stated above, the development of a
method for the determination of k is an inverse problem of current interest in practice.

In this paper, we consider the stability issue in determining the Winkler subgrade coefficient
of a slab foundation from the measurement of the deflection induced at interior points by a given
load condition. The mechanical model is as follows. The slab foundation is described as a thin
elastic plate with uniform thickness / and middle surface coinciding with a bounded Lipschitz
domain £ c R?. The plate is assumed to be clamped at the boundary 92, a condition that occurs
when the slab foundation is anchored to sufficiently rigid vertical walls. A concentrated force of
intensity f is supposed to act at an internal point Py € £2. This load condition has the merit of
being easy to implement in practice. According to the Winkler model of soil and working in the
framework of the Kirchhoff-Love theory of plates, the transversal displacement w of the plate
satisfies the fourth-order Dirichlet boundary value problem

3
mvew<ﬁc#ﬁ>+m:ﬁw® in 2, (1.1)
w=0, ondf2 (1.2)
ad
and v _ 0, onas2, (1.3)
on

where C is the elasticity tensor of the material and # is the unit outer normal to 352. Given the
concentrated force f§(Pp) and the coefficient k, k € L>(£2), for a strongly convex tensor C € L*>(£2),
problems (1.1)—(1.3) admit a unique solution w H(z)(Q).

Here we are mainly interested in studying the stability of the unknown subgrade coefficient k
in (1.1)—(1.3) from a single measurement of w inside £2. It should be noted that the measurement
of the transversal deflection at interior points of the plate can be easily carried out by means of
no-contact techniques based on radar methodology [4].

Our main result states that, for C € W2°(£2) N H25(£2), forsome 0 <s < 1, satisfying a suitable
structural condition (see (3.3)), if w; € H%(.Q) is the solution to (1.1)—(1.3) for the Winkler coefficient
k=k;i e L*(£2) N H*(2),i=1,2, and if, for a given € > 0,

lwr —wallp2 o) < ¢€f, (1.4)
then, for every o > 0, we have

k1 — ka2, ) < CeP, (1.5)

where 2, = {x € £2 | dist(x, 3§2) > o} and the constants C > 0, 8 € (0, 1) only depend on the a priori
data and on o.

It should be noted that one difficulty of the problem comes from the fact that the displacement
w may change sign and vanish somewhere inside §2. See, for instance, the examples in Garabedian
[5], Kozlov et al. [6] and Shapiro & Tegmark [7]. Therefore, it is necessary to keep under control the
possible vanishing rate of w. Thus, the key ingredients of the proof are quantitative versions of the
unique continuation principle for the solutions to the equation div (div ((H3/12)CV2w)) + kw =0,
precisely an estimate of continuation from an open subset to all of the domain (proposition 3.4)
and the A, property (proposition 3.5). Another useful tool is a pointwise lower bound in a
neighbourhood of the point P(, where the force is acting for solutions to (1.1) (lemma 3.3).

Let us mention that this method, essentially based on quantitative estimates of unique
continuation, has some similarities, although with a different underlying equation and with a
different kind of data, to the one used by Alessandrini [8] for another inverse problem with
interior measurements arising in hybrid imaging.

The paper is organized as follows. Section 2 contains the notation, the formulation of the direct
problem and a regularity result in fractional Sobolev spaces (proposition 2.3). Section 3 is devoted
to the formulation and analysis of the inverse problem.
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2. The direct problem

(a) Notation

We shall denote by B,(P) the open disc in R? of radius r and centre P.
For any U C R? and for any > 0, we denote

U, = {x e U |dist(x, aU) > r}. (2.1)

Definition 2.1 (C*® regularity). Let 2 be a bounded domain in R2. Given k,«, with k=
0,1,2,..., 0 <a <1, we say that a portion S of 32 is of class Ck* with constants 00, Mo >0, if,
for any P € S, there exists a rigid transformation of coordinates under which we have P = O and

22N By, (0) = f{x = (x1,x2) € By (O) | x2 > ¥r(x1)},
where v is a C*¢ function defined in I 00 = (—p0, po) satisfying
¥(0)=0,
¥/ (0)=0, whenk>1,
¥ llckeq,, ) < Moro-
When k=0, « =1, we also say that S is of Lipschitz class with constants py, Mo.

We use the convention to normalize all norms in such a way that their terms are dimensionally
homogeneous with the argument of the norm and coincide with the standard definition when the
dimensional parameter equals one. For instance, the norm appearing above is meant as follows:

k
W lcta,) =D po1Y i,y + o519 P e,
i=0

where

® () — 3 ®
WOy, = sup [ (x1) = ¥ 1)l

x1, Y1€ly, lx1 —y1l*
X171

and ¥ denotes the i-order derivative of .
Similarly, given a function u: £2 — R, where 952 satisfies definition 2.1, and denoting by V'u
the vector whose components are the derivatives of order i of the function u, the norm above is

denoted as
. s 1/2
lullr22) = py (J u)
L2(2) 0 o

i 1/2
lull () = 05" Zp&iLW"mz , k=012,....
i=0

and

Moreover, fork=0,1,2,...,and s € (0, 1), we denote

lellgrss gy = Ntll gy + o Tuds,

where the semi-norm [ - |5 is given by

1/2
_ u(x) — u(y)?
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For every 2 x 2 matrix A, B and every L € L(M? x M?), we use the following notation:

(LA)ij = LijiAx, (2.3)
A-B=A;B; (2.4)
and JA] = (A - A2, (2.5)

Finally, we denote by AT the transpose of the matrix A.

(b) Formulation of the direct problem

Let £2 c R? be a bounded domain whose boundary is of Lipschitz class with constants pp, My and
assume that

2] < M 02. (2.6)
We consider a thin plate £2 x [-h/2,h/2] with middle surface represented by §2 and whose
thickness /1 is much smaller than the characteristic dimension of £2, that is, 1 < pg. The plate is
made by linearly elastic material with elasticity tensor C(-) € L°(£2, £L(M?,M?)) with Cartesian
components Cygy s satisfying the symmetry conditions

CA=(CA)T (2.7)
and

CA-B=A-CB, (2.8)

for every 2 x 2 matrix A, B, and the strong convexity condition

£lA> <CA-A<glAP% (2.9)

for every 2 x 2 symmetric matrix A, where &, &1 are positive constants.
The plate is resting on a Winkler soil with subgrade reaction coefficient

kelL>®(2), k>0 ae.in 2. (2.10)

The boundary 9£2 is clamped and we assume that a concentrated force is acting at a point Py € £2
along a direction orthogonal to the middle surface §2. According to the Kirchhoff-Love theory of
thin plates subject to infinitesimal deformation, the statical equilibrium of the plate is described
by the following Dirichlet boundary value problem:

3(P,
div (div (PV?w)) 4 kw = fo), in 2, (2.11)
Py
w=0, ondf2 (2.12)
d
and U _0, onae, 2.13)
on
where the plate tensor P is given by
h3
P=_—_C; 2.14
B (214)
the subgrade reaction coefficient k satisfies
k .
0 <k(x) < —, aeing, (2.15)
Po

for some positive constant k; the concentrated force is positive, i.e.
feR, f>0 (2.16)

w =w(x) is the transversal displacement at the point x € £2 and 7 is the unit outer normal to 9£2.
We note that the presence in (2.11) and (2.15) of the parameter pp (which has the dimension of
a length) allows for a scaling-invariant formulation of the plate equation.
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Proposition 2.2. Under the above assumptions, there exists a unique weak solution w e H(Z)(Q) to
(2.11)—~(2.13), which satisfies

lwl o) < Cf, (2.17)
where the constant C > 0 only depends on h, Mo, M1 and &.

Proof. The weak formulation of problems (2.11)-(2.13) consists in finding w € H(2)(Q) such that
J PV2w - V2y + J kwv = %U(Po), for every v € H%(SZ). (2.18)
Q 2 £

Let us note that
H(z)(.Q) c CO*(2), for every o <1 (2.19)

and, therefore, the linear functional

F:H}(2)—R
Py = L u(py)
Py

is bounded and the symmetric bilinear form B(u,v) = [, PV2w - V2y + [ o kwv is bounded and
coercive on H(Z)(.Q) X H(Z)(.Q). By Riesz representation theorem, a solution to (2.18) exists and is
unique. By choosing v =w in (2.18), by (2.9) and using Poincaré inequality, we have

fw(Po)
2

C
> [ P oz ot (220)
) 2 )

where the constant C > 0 only depends on i, My, M and &j. By (2.20) and the embedding (2.19),

the thesis follows. [ |

In the analysis of the inverse problem, we shall need the following regularity result when the
coefficients of the plate operator belong to a fractional Sobolev space.

Proposition 2.3 (H’-regularity). Let $2 be a bounded domain in R* with boundary of Lipschitz class
with constants py, My, satisfying (2.6). Given g € H*(£2), let w € H?(82) be a solution to

div (div (PVZw)) =g, in £2, (2.21)

where P is given by (2.14), with C satisfying (2.7)—~(2.9) and, for some s € (0, 1),

IClIwzeo(2) < Ma (2.22)
and
ICllg2+5(2) = M3. (2.23)
Then, for every o > 0, we have
0l pgs55(52,,) < CUWN (4 ) F 26 181 H(2)), (2.24)

where the constant C > 0 only depends on h, My, My, My, M3, &, s and o.

Proof. When C eC*(s2), the estimate (2.24) is a form of the well-known classical Garding’s
inequality. Under the less-restrictive conditions (2.22) and (2.23), the proof of (2.24) can be carried
out following the same path traced in the classical case [9,10] taking care to control the lower-order
terms by means of M and M3. We omit the details. |

3. The inverse problem

In order to derive our stability result for the inverse problem, we need further a priori information.
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Concerning the point Py of the plate in which the concentrated force is acting, we assume that
dist(Py, 082) > dpo, 3.1

for some positive constant d. On the elasticity tensor C = {Cqyp, s}, we further assume the stronger
regularity (2.22), (2.23) and, moreover, we introduce a structural condition. Precisely, denoting
by ag = C1111, 11 =4C1112, a2 = 2C1122 + 4C1212, a3 = 4C2012, a4 = Cop22 and by S(x) the matrix is as
follows:

ap a an as as 0

0 ap @ ap as a4

0 0 a a1 a a3 a4

Sx)=|4ay 3a1 22, a3 0 0 O0}; 3.2)
4a9 3aq7 2ap a3

0 0 4ag 3a1 2ap a3

0 0 0 4ap 3a; 2ap a3

we assume that
D(x)=0, foreveryxe§2, (3.3)
where 1
D(x) = . |det S(x)|- (3.4)
0

Let us recall that condition (3.3) includes the class of orthotropic materials and, in particular, the
isotropic Lamé case [11]. Concerning the subgrade reaction coefficient k, we require the additional
regularity

Py K@) < (3.5)

ob»s‘ a1

Remark 3.1. Let us emphasize that the assumption k € H*(£2) is not merely a mathematical
technicality, but it can be grounded on realistic mechanical considerations. If, for instance, k is
piecewise constant and is represented as

J
k(x) = Z kixe,(x), forevery x e R?, (3.6)
j=1

where kj eRand Eq, ..., Ejis a partition of £ into disjoint subsets of finite perimeter (in the sense
of Caccioppoli, i.e. x; € BV(R?) for every j), then k belongs to H*(R?) for every s, 0 <s < % In fact,

one has
1-2s 2s
[K1? < CslIklIZ (J |k|2> (J |Dk|) ,
R2 R2

for every k € L2(R%) N L>°(R%) N BV(R?). Here, Cs only depends on s € (0, %) and .[RZ |Dk| denotes
the total variation of k. For a proof, see [12, formula (2.15)] and also [13] for the convergence
properties of the mollifications of BV functions.

In particular, if k is of the form (3.6) and we assume

P(E)) = J}Rz IDxE;| <Pro, foreveryj=1,...,],
for a given P > 0, then we obtain
[KE < CR* My (PY py 2.
Hereinafter, we shall refer to 1, d, My, M1, M, M3, &, kand s as the a priori data.

Theorem 3.2. Let 2 be a bounded domain in R? with boundary of Lipschitz class with constants py,
My, satisfying (2.6). Let P be given by (2.14), with C € W>*°(2) N H>+5($2) satisfying (2.7)~(2.9), (2.22),
(2.23) for some s € (0, 1), and (3.3). Let Py € $2 satisfying (3.1).
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Given f > 0, let w; € H(Z)(.Q), i=1,2, be the solution to

S(P
div (div (PV2w;)) + kjw; = (720) in 2, (3.7)
Po
w; =0, onas2 (3.8)
8 .
and SWi_0, onag, (3.9)
on
for kj € L>(§2) N H*(82) satisfying (2.15) and (3.5).
If, for some € > 0,
lwr — wallpze) < €f, (3.10)
then, for every o > 0, we have
C
k1 = k2llr2e,,) < ?eﬂ’ (3.11)
0

where the constants C > 0 and B € (0,1) only depend on the a priori data and on o.

As is obvious, the above stability result also implies uniqueness. Indeed, by the following
arguments, it is easily seen that, under the above-stated structural conditions on C (3.2)—(3.4),
uniqueness continues to hold by merely assuming k € L> and C € W>.

Let us premise to the proof of theorem 3.2 some auxiliary propositions concerning quantitative
versions of the unique continuation principle (lemma 3.3 and propositions 3.4 and 3.5).

Lemma 3.3. Let 2 be a bounded domain with boundary 852 of Lipschitz class with constants py, My,
satisfying (2.6). Let Pq € §2 satisfying (3.1). Let P be given by (2.14), with C satisfying (2.7)—(2.9), and
let k and f satisfy (2.15), (2.16), respectively. Let w € H%(.Q) be the solution to (2.11)—(2.13). There exists
o > 0, only depending on h, d, My, My, & and &1, such that

w(x) > Cd*f, V¥ x € Bag ) (Po), (3.12)
where C > 0 only depends on h, My, My, & and &,

w? > Cazdngllwllf{z(m, foreveryo, 0 <o <o, (3.13)

JBanO (Po)\Boy, (Po)
where C > 0 only depends on h, Mo, M1, &, &1 and k.
Proof. By (2.9) and (2.18), we have that for every v € H%(.Q)

flo(Po)l = Clivliz@y lwlimze), (3.14)
so that c
18(PO)I-22) = sup  [v(Po)l = Z w2y, (3.15)
veH3(2) f
10l 20y =1

where C > 0 only depends on #, £ and k. As By, (Po) C £2 by (3.1), we have
18(P)l-2(2) = 18(Po) -2, (Po)) = Cels (3.16)
where C > 0 is an absolute constant. From (3.15) and (3.16), it follows that
lwller(e) = Cdf, (3.17)

where C > 0 only depends on 1, &, k. By (2.9), (2.18) and Poincaré inequality, we have
C
w(Po) = + [wllFp g, (3.18)

where C > 0 only depends on /1, My, M and &. By (3.17), (3.18) and by the embedding inequality
(2.19), we have

w(Po) = Cdlwllp2(e2) (3.19)
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and

w(Po) = cod|wll cou(g), (3.20)

where C > 0 and ¢y > 0 only depend on h, My, My, &y, & and k. Let

1/
& =min (j, % (ng> ) . (3.21)

Let us note that, by this choice of &, dist(Pg, 3§2) > 46 pp, and recalling (3.20), we have
w(Po)
2 7
for every x € By, (Po). (3.22)

w(x) = w(Py) — [w(x) — w(Po)| = W(Po) — (26)* Wl cou(y =

Choosing o = %, (3.12) follows from (3.17), (3.18) and (3.22), whereas (3.13) follows, restricting
to the annulus By, (Po) \ Bop,(Po), which is contained in By, (Pp) for o <&, from (3.19) and
(3.22). ]

Proposition 3.4 (Lipschitz propagation of smallness). Let U be a bounded Lipschitz domain of R?
with constants pg, Mo and satisfying |U| < M pg. Let w € H2(U) be a solution to

div (div (PV?w)) + kw =0, in U, (3.23)
where P, defined in (2.14), satisfies (2.7)—(2.9) and (2.22) in U, and k satisfies (2.15) in U. Assume

w
lwll e -
w2y

There exists a constant ¢1 > 1, only depending on h, My, & and k, such that, for every © > 0 and for every
x € Ug,zp,, we have

J w? > cp J w?, (3.24)
Bryy (%) u

where ¢z > 0 only depends on h, My, M1, Ma, &, k, T and on N.

The proof of the above proposition is based on the three spheres inequality obtained by Lin
et al. [14].

Proposition 3.5 (A, property). In the same hypotheses of proposition 3.4, there exists a constant
c2 > 1, only depending on h, Mo, M1, Mo, &y, k, such that, for every t >0 and for every x € Uc,rp,,
we have

1 1 r
— [w|? J w|~2/®P=1) <B, 3.25
<|Btp0(x)| JB,,,D(x) ) (|pr0(x)| Bepy (%) ( )

where B > 0 and p > 1 only depend on h, My, M1, Mo, &, IE, T and on N.

The proof of the above proposition follows from the doubling inequality obtained by Di Cristo
et al. [15] by applying the arguments in Garofalo & Lin [16].

Proof of theorem 3.2. If € > 1, then the proof of (3.11) is trivial in view of (2.15). Therefore, we
restrict the analysis to the case 0 <€ < 1.
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The difference
wW=w| — Wy (3.26)
of the solutions to (3.7)-(3.9) for i = 1, 2 satisfies the boundary-value problem
div (div (PV*0)) + khw = (kp — k1)w1, in £2, (3.27)
w=0, ondsf2 (3.28)
d
and % =0, onadsf. (3.29)
Obviously, it is not restrictive to assume that ¢ < &, where & has been defined in (3.21) with o = %
We have
| G—kiut <20+ 1) (330)
60
where
I = J KRw? (3.31)
fo X
and
I = J (div (div (PV2w)))>. (3.32)
o
By (2.15) and (3.10), we have
]_(2
I < —€ (3.33)
Po
By (2.22), we have
: M
2=C 258 10l ) (3.34)

with C > 0 an absolute constant. Let ¢ = (ko — k1)w1 — kpw. Note that, by (2.15), (2.17), (2.19) and
(3.5),

k
Igllks(2) < Cl, (3.35)
Py

where C > 0 only depends on &, My, M1 and &. By applying proposition 2.3, we have
0l 555,y < CFK, (3.36)

with C > 0 only depending on h, My, M1, Mo, M3, &, s and o. From the well-known interpolation
inequality,

4/(4 4
0l ) < Clwliia Iwlig? (3.37)
and recalling (3.36) and (3.10), we obtain
lwlggs(a,,) < Cfe/ 4+, (3.38)

where C > 0 only depends on i, My, M1, Ma, M3, &, k, s and o. From (3.30), (3.33), (3.34) and
(3.38), it follows that

j (ky — ky)*w? < %fzeZS/ @), (3.39)
op0 Po
where C > 0 only depends on h, My, M1, M, M3, &, k,sando.

Let us first estimate |k — kq| in a disc centred at Py. Note that, by the choice of &, £25,, D
Bas p, (Po), for every o < 6. By applying (3.12) for w = wy, and by (3.39) with 0 =&, we obtain

[ ks, (3.40)
B2y (Po) pod

where C > 0 only depends on h, My, M1, My, M3, &, k,sand d.
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Now, let us control |k, — k1| in

S6py = Lapy \ B2z py- (3.41)

This estimate is more involved and requires arguments of unique continuation, precisely the A,-
property and the Lipschitz propagation of smallness.
By applying the Holder inequality and (3.39), we can write, for every p > 1,

J_ (kz—kl)ZZJ, w1 [*/P (kg — ky)?|wr|~2/P
o)

oy Lopy
1/p (p-1)/p
< (J (k2 — kl)zw%) (J (k2 — k1)2|ZU1|2/(”1))
200, Lopg
c (p-D/p
< szmezs/@ms» (J (ky — k1)2|w1|—2/<P—1>) , (3.42)
0 700

where C > 0 only depends on h, My, M1, My, M3, &, k sand o.

Let us cover £2,,, with internally non-overlapping closed squares Q (xj) with centre x; and side
I=(v/2/@2max{2,c1, co))opo, j=1,...,], where ¢; and cp have been introduced in proposition 3.4
and in proposition 3.5, respectively. By the choice of /, denoting r = (V2/2)1,

J J
Qop €| JQu(x) €| Br(x)) € 22, \ B3 (P0), (343)
j=1 j=1
so that
o AR o AR i
J~ (ka — k1) oy |2/ 1)5—8J~ Jwy |7 ”s—SZJ Jwy |72/, (3.44)
Lopy Py 8260 Py j=1 By (x))

By applying the Aj-property (3.25) and the Lipschitz propagation of smallness property (3.24)
to w=wy in U= 482\ Bs,,(Po), with t =7/pg=0/(2max{2,c1,c2}), and noticing that, for every
ii=1...], dist(x]-, ol)>c;r,i=1,2, we have
1/(p=1) . 1/(p=1) ,
J |w1|_2/(p_1) < B [B(x))] < B [Br(x))| —
B (x) (/1Br)) S,y lrYE=D ™ ((ee/IBH)) [ g, ) 101D

(3.45)

where B> 0, p> 1 and c; > 0 only depend on /1, My, M1, My, &, k, o and on the frequency ratio
F = |lwp ||H1/z(9\35p0(p0))/||w1 ||Lz(Q\B6pO (Po))- Such a bound can be achieved as follows. Note that, as
2\ B 5,(Po) D Bag 5, (Po) \ Bs p,(Po), by applying (3.13), we have
F< _E, (3.46)
od
where C > 0 only depends on i, My, My, &, & and k. By applying (3.13) and (3.17) to estimate
from below the denominator in the right-hand side of (3.45), by (2.6) and (3.44), we obtain

Yy C|$2| C
(e — k)2 |7H 0D < < , (3.47)
J LBosy PS(dAF2)VP=D) = po(daf2)1/ (1)
where C > 0 only depends on h, My, M1, My, &, k,dand o. By (3.42) and (3.47), we have
J (ky — k1)* < 6C 2/(pl+s)), (3.48)
Qrfﬂo p0d4/p

where C > 0 only depends on h, My, M1, M, M3, &, ks, dand o. Finally, by (3.40) and (3.48), and
recalling that p > 1 and € < 1, estimate (3.11) follows with g =s/(p(4 + s)). |
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4. Conclusion

In this paper, we have shown, by means of a rigorous mathematical analysis, that the nonlinear
inverse problem of determining the Winkler coefficient k from the measurement of the transversal
displacement w induced by a load concentrated at one point is only mildly ill-posed.

As is well known [17,18], the Holder stability estimates we achieved imply convergence of
regularized inversion procedures. It can also be noted that, for this specific problem, although it
is nonlinear, the inversion can be performed by a cascade of linear inversion procedures. Namely,

(i) from w obtain kw; and
(ii) from kw obtain k.

This approach shall be the object of a subsequent study. We emphasize that, from such regularized
inversion procedures, it will be possible to test the efficiency of our proposed method with the aid
of indoor and field experiments already available in the civil engineering literature.

On the other hand, we are aware that also multiple concentrated loads and distributed loads
are of great relevance in civil engineering, and also that different models of foundations, other
than the Kirchhoff-Love one, are of interest. However, it is reasonable to expect that, under such
different modelling assumptions, a different mathematical analysis shall be needed.
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