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Periodic Solutions to Nonlinear Equations
with Oblique Boundary Conditions

Walter Allegretto & Duccio Papini

September 7, 2011

Abstract

We study the existence of positive periodic solutions to nonlinear elliptic and parabolic equations with
oblique and dynamical boundary conditions and non-local terms. The results are obtained through fixed
point theory, topological degree methods and properties of related linear elliptic problems with natural
boundary conditions and possibly non-symmetric principal part. As immediate consequences, we also
obtain estimates on the principal eigenvalue for non-symmetric elliptic eigenvalue problems.

1 Introduction

In this paper we consider the existence of positive periodic solutions to nonlinear elliptic/parabolic equations
subject to oblique natural boundary conditions. We first consider an elliptic problem in Section 2 and then
apply these results to parabolic problems that, in particular, involve situations with dynamic boundary
conditions. For the sake of simplicity we assume that the right hand side is described by a standard logistic
formula to which we have added a nonlocal term. This has been previously done for various biological
problems ([2],[6],[7],[27]). It invalidates the use of order methods. For a reference to these we direct the
reader to [24],][29]. We thus proceed with topological methods (for a detailed reference see the book [3]).

We observe that the oblique boundary conditions problems we consider would arise in situations where
the motion due to diffusion induced an effect in a different direction, for example in the situation of charged
bacteria [23] moving in a magnetic field. On the other hand, the dynamic boundary condition could be
used to model situations where the biological species was stored and released depending on conditions at the
boundary. To give the flavor of our results we state as an example the following:

Lemma 1.1. Let M ,h,e > 0 (possibly e = 0) and P > 0. Assume that there exists a periodic function

c(t) > 0 such that
NS W
— > —.
o Ja ¢ o Joa €

e(z)c(t)uy — Au = [M(x,t) — P(x,t)uu  in Q x (0,T)

Then the problem

% + c(t)ur + h(z,t)u =0 on 002 x (0,T)
e(z)u(z,0) = e(x)u(z,T) for x € Q
c(0)u(z,0) = e(T)u(z,T) for x € 00

has a positive generalized solution. Here we assume all problem data reqular.
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The proof of Lemma 1.1 is given in Theorem 3.4 below. We remark that the existence results of Sections 3
and 4 are obtained via fixed point theorems and topological degree arguments. In this respect the use
of estimates in Holder spaces C*®/2 will ensure the compactness of the maps that are involved in the
arguments. Furthermore, solution bounds in these spaces depend only on coefficients estimates, not on the
specific coefficients themselves.

The history of problems with oblique boundary conditions is vast, but we were unable to find our results
in previous work. Problems with dynamic boundary conditions have somewhat fewer results. However we
were only able to find [1] that deals with the periodic case. There the model is a degenerate parabolic
equation and the existence and asymptotic stability of periodic solutions are proved. We note that in [1] the
existence of a positive solution in cases where there is also the identically zero solution was not considered,
nor were the effects on the solution existence of changing c.

Other references deal with the initial value problem and other questions. For example, in [22] dynami-
cal boundary conditions are considered for the Laplace and heat equations with semi-linear forcing terms.
Existence and uniqueness of initial value problems are obtained via semigroup theory. See also [13], [14],
[15], [21], [31] for analogous results. [38] studies a non-symmetric elliptic equation with respect to global
existence for initial value problems. In [35] and [36] the problems of global existence and blow-up in finite
time are tackled for elliptic or parabolic equations with a nonlinear dynamical boundary condition. The
blow-up phenomenon is considered also in [8] for the Laplace equation and conditions for the continuability
after the blow-up are given. Well- or ill-posedness of the initial value problem for linear heat and Laplace
equations with dynamical and reactive boundary conditions are studied in [33], [34]. The paper [16] deals
with reaction-diffusion equation from the point of view of global existence for initial value problems and
global attractor. [30] considers an analogous problem but it is mainly concerned with quenching solutions,
that is: bounded solutions with a bounded maximal time-interval of existence. In [18] a distributed model
for the ecology of mangroves featuring dynamic boundary conditions is considered; existence and unique-
ness of solutions of initial value problems and convergence to steady state are proved. [4] proves existence
and uniqueness of initial value problems for degenerate elliptic-parabolic equation with nonlinear diffusion
and nonlinear dynamical boundary condition. [17] also deals with a degenerate parabolic equation with
p-Laplacean and nonlinear dynamic boundary conditions and shows the existence of a global attractor. In
[12] a Hamilton-Jacobi equation with dynamic boundary condition is studied: in order to prove existence of a
viscosity solution of the initial value problem, an approximating parabolic problem with dynamic boundary
conditions is solved. The papers [37] and [11] deal with global existence and convergence to steady states
for Cahn-Hilliard and Caginalp equations with dynamic boundary conditions and regular potentials. On the
other hand, [19], [28], [9], [10], [20] considers different assumptions on the potentials for Cahn-Hilliard and
Caginalp phase-field systems.

2 Oblique elliptic Problems

We consider in this section the elliptic problem:

0 ou " ou
(2.1) —Mzzjl Er (au(x)a%> + ;ﬂ](nj)afx] +l(x)u = f(x)
for z € Q C R™ with n > 3 and 2 a smooth bounded domain, subject to the natural boundary condition:
(22) 3 (o) 2 i) + ha)u = gla)
. i,j=1 K axj l ! 7
where h > 0 and 7 = (v1,...,v,) is the outward normal to 9. We assume all data is regular and set

—

A = (ai5), 8 = (B1,-..,0n). We also assume that (2.1)-(2.2) is elliptic, i.e. (AE, €) > 8|€]2 for some & > 0,
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but do not require that A be symmetric. Consequently, condition (2.2) becomes:
(2.3) ((As + Aa)Vu, V) + hu =g

where Ag = (A+ AT)/2, A, = (A — AT)/2. Since (A,7,7) = 0, we recover in this way oblique derivative
problems. We remark that if an oblique condition is given a priori, then the form associated with (2.1) can
be modified so that the given condition becomes “natural”. We will do this later explicitly for a special case,
and the general process may be found in detail in the book by Troianiello [32]. We also note that it will be

convenient for us to consider a related T-periodic elliptic problem in Q7 £ ) x (0,7): now (2.2) is to apply
only to 992 x (0,T"), and we add periodic conditions on the problem data and w:

(2.4) u(z,0) = u(z,T) for x € Q.

We observe that if u solves either (2.1)-(2.2) or the periodic problem, then u is a classical solution (see, e.g.
[32]. For the periodic problem extend u to Q x (=T, 2T) by periodicity).

Lemma 2.1. Let u > 0, nontrivial, solve (2.1)-(2.2) then

2
0< AA-TAT 14T 3 g AT 2} / hu
_/Q{< JTATVG, Vo) + (Vo + ATTA, Vo, B)d + (A B,B>4 +lu+n¢ + muMé
¢* @?
Qu+n a aszU‘H?g

25 -

for allp € HY(2) and n > 0. If, moreover, f,g are nonnegative and R(¢) < 0 for some nontrivial ¢ € H*(£2),
where
2
(26)  R(¢)= / {<AA;1ATV¢, Vo) +(Vo+ ATTAIVG, B)o + <A;16,6>% + z¢2} + | he?,
Q o0

then either p{z € Qu(z) = 0} + p'{z € 0Qu(x) = 0} > 0 (where px and 1’ denote the measures in R™ and
in 0 respectively), or R(¢) =0, ¢*f = ¢*g =0 and

\Y% (¢> = (A"t (AaVu — ﬁ) ¢ wherever u > 0.

u u 2] u

Proof. Assume first that ¢(z) > 0,u(z) > 0. We observe by direct calculation:

<ASV (i) Av <i)>u2 = (AVo, V) +2(A] Vo, vm% — <ATV (‘f) 7Vu> .

Put b = 2(A] V¢)/¢, whence

2(A) Vo, Vu)

SRS

u

= (b, vmdf = <5,v (i)>u¢ + (b, V).

We note that <5, V¢)p = 0, whence

o (2)i (25 (€)rom wa o () s oo

— - = -

We add the term ((As) ™1 (b+ 3),b+ B)$?/4 to both sides, thus completing the square on the left hand side
and obtaining
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We expand the last term on the right hand side and obtain:

N ¢2

2
(AT G+ 55+ AT = (4,471 ATV6,V6) + (AT ATV, Ao+ (AT B.HS

We thus obtain for = such that ¢(z) > 0
o< e ()55 as () 3003)

= (AA;T ATV, Vo) + (Vo + AT ATV, Bo + (A5, 3%

(o () o s

where we used the identity As + A, AJ7TA] = (As + A)ATY(As — A,) = AAJTAT. Since on the set
{z : ¢(x) = 0} we have V¢ = 0 a.e., the above inequality holds for almost all z € . Integrating, we obtain:

0 g/ﬂ <A;1 [uASV (i) + §(5+ 5)} 7 [uASV (f) - %(lﬁr E)D
:/Q {(AA;lATV¢7V¢>+ (B.Ve)g + (AT ANV, Bd + (A5 B) —

Wy SR Y

If w > 0, we repeat the argument, replacing u by u + 7, for n > 0, in the inequality. We obtain the same
estimate with

2 2 2 2
/ l¢>2—|—/ he? — ¢—f— ¢—g replaced by ZL¢2+/ hu ¢*— ¢ f- ¢ g
Q a9 Qu a0 U Q u+n oo U+ QUu+n oo U+

il —H(b]

That is exactly (2.5).
If moreover R(¢) < 0, f,g are non-negative and u{z € Qu(z) = 0} + p/{z € 9Qu(xz) = 0} = 0, then
from (2.5), as n — 0, we have that R(¢) = 0, ¢*>f = ¢?>g = 0 and at any z with u(z) > 0:

0—Av<¢> + 264 H):ASV<¢)—AaV<¢u>1+¢B:ATv<¢)_< aV“_f’>¢
2u Uu u U u?2 U u 2 u
and the result follows. O

As immediate applications of Lemma 2.1 we obtain estimates of the principal eigenvalue of non-symmetric
elliptic operators, by letting n — 0.

Corollary 2.2. Let A denote the principal eigenvalue for (2.1)-(2.2), where f £ X\ and g = 0, with
etgenvector u > 0. Then:

The choice ¢ = 1 gives:
Corollary 2.3.
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The following result is an application of Lemma 2.6 to the principal Steklov eigenvalue. We refer to [5]
for recent results on Steklov eigenvalues in the symmetric case.

Corollary 2.4. Let A denote the principal eigenvalue for the following Steklov eigenvalue problem:

V- [AVu]+ - Vu+lu=0 inQ
(AVu,7) + hu = du on 9N

Then
|- R©)

B fasz ¢2

We comment on the analogous situation for the periodic-elliptic problem in Qp £Qx (0, 7). Observe
that in this case similar results hold if all data is periodic and now

¢ € HP"(Qr) = {¢: ¢ € H(Qr), ¢ is periodic in 241},

once we observe that a solution w must also have du/0x,41 periodic, while on 9Q x (0,T") the outward
normal 77 = (#7,0) T must be perpendicular to the x,,4;-axis. In particular it is also convenient to observe
for the periodic-elliptic problem we consider next, that in the preceding argument the variables can be
treated differently in the case of a cylindrical domain as follows: set z,,1 = t, Vu = (2% Ou )T

8711, “ 9 By
du = (V"u,u;)". Consider the problem:

Vo € H'(Q).

)

. o -

(2.7 Lu2 -V [AVu+ buy] — a[—lf Vu+eu]+2-Vu+eu +ru=f inQr
with smooth periodic data, and

(2.8) (AVu+bu)-7+hu = 0 ondQx[0,7T],

(2.9) w(z,0) = wu(z,T) forxzeQ,

where 77 is the outward normal to 9. Assume further that A = (a,;) is a symmetric positive definite n x n
matrix, € > 0. We then have:

Corollary 2.5. Let k > 1, u > 0, and set

as (=)

b7

-

b

e

with s = (A+AT)/2, A, = (A —AT)/2. Let ¢ be smooth, periodic in t. Then:

o< [ <;‘v¢,v¢>+/ Evoor [ farane s [ (auaTs.0)

T d)Q
2 2, Ay
+/T7"<b —l—/o aQ(bh QTU(f euy).

Proof. Choose k > 1 and set

Liu=-V" [QVU] + 7z - Vu,

1 -
Lou=—V"- [(1)AVu+but} ~

A [5 Vu+ eut] + ru.
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We then observe that £(u) = f implies £1(u) + Lo(u) = f — eu,. We basically repeat the calculation of
Lemma 2.1 for this case and obtain for any ¢ € (0,T):

(2.10) og/ﬂ<‘2v¢,v¢>+/ﬁ<av¢>¢+/ﬂZ(A15,z>¢2/BQ<A > /7[;1

Next observe that once again repeating the calculations of Lemma 2.1 yields, with 2l replacing A and E =0
n (2.5), and recalling §¢ = (Vo, ¢¢)

#* ¢?
I (Adu, ) — o ?Eg(u).

(2.11) og/ <mm;1mT5¢,5¢>+/ r¢® —
Qr Qr

Integrating (2.10) with respect to ¢ and adding to (2.11) yield, noting that on 92 x (0,7 the normal 7 is
perpendicular to the t-axis,

0 </T <‘2v¢ v¢> /Q (Z, v¢>¢>+/QTZ<A—1z,z> ¢>2+/QT (AA1AT 59, 59)
+/QT7~¢2 / /8 AVu+but, > . %25@).

We observe that the last two terms of (2.12) are:

(2.12)

T ¢2
/ »*h — —(f — euy).
0 [519) Qr U

3 The Periodic Parabolic Problem

We now consider, as an application of the results in Section 2, the following periodic parabolic problem:

d(x,t)uy — Au = (M(m,t) — P(x,t)u — / S(§,t)ud§) u in Qr = Qx(0,T)cC R
Q

(3.1) % + c(z, t)% + h(z,)hu=0 on 90 x (0,T)
d(z,0)u(z,0) = d(z, T)u(z,T) z €0
c(z,0)u(z,0) = c(z, T)u(x, T) x € 00

with d, M, S,h > 0, P,c > 0 and all periodic. Specifically, we perturb the problem to an elliptic equation as
follows: for 0 < € < 1 and a suitable smooth function a(x,t) > ag > 0

R A 3 B n €
(3.2) g+ (. — Au (M(x,t) Plz, t)u /Q S(g,t)udg> )
subject to the (dynamic) boundary conditions:

ou ou
(3.3) W + ¢(z, )E + h(z,t)u =0 (z,t) € 092 x (0,T),

(3.4) u(z,0) = u(z,T) x €.
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We can incorporate (3.3) as a natural condition in (3.2) by dividing (3.3) by ¢ and rewriting (3.2) in the
form:
b

L1(u) £ =V - (aVu + buy) — %(—I; Vu + eur) + Va - Vu+ adug + (V- b)uy — 5 Vu

:a(M—Pu—/Su)zﬁ—I—e
Q

with the following choices: a(z,t) = 1/c(x,t) and b: € — R" such that b- 7 = 1 on 99, where ¢ is extended
to a positive smooth function on @ and 7 denotes the outward normal to 9Q). We recall that we are
interested in the solution of (3.3)-(3.5) in the limit as ¢ — 0, and that all data is assumed smooth, periodic.

(3.5)

Theorem 3.1. Problem (3.3)—(3.5) has a positive classical solution ue for any € > 0. This u. also solves
(3.2)-(3.4).

Proof. First of all add a linear term aRu to both sides of (3.5) so that the left hand side is coercive, and
such that any regular solution of (3.3)—(3.5) is positive in  x (0,7") by the maximum principle.

Secondly, any solution of (3.3)—(3.5) is bounded above uniformly with respect to € € (0,1). Indeed, since
u > 0, we have

1 M 2 1
T _IMARE s,

(M+R—Pu—/5u>u+€<(M+R—Pu)u+ < :
Q a ap 4min P ap
Now let z = z(x) > 0 be the solution of

—Az+Rz=K inQ

% =0 on 052
and observe that £;(z — u) + aR(z — u) > 0, therefore u(z,t) < z(z) again by the maximum principle. In
particular, the regularity estimates in [25] show that any solution of (3.2)—(3.4) is bounded in C*(Q) with
a and the bound depending only on €. For the reader’s convenience, we recall that, if 92 is smooth and
0<a<1, C*(Qr) is the Banach space of continuous functions u : Q@ — R such that

(@) & Ju(x,t) —u(@' )]
(3.6) <U>QT = sup o= )

< 400

where the supremum is taken over all (z,t), (2/,t') € Qp such that |z — 2’| + [t — t/| < po for some fixed
po > 0. Therefore we can consider the compact operator T : C*/2(Q) — C*/?(Q;) such that T (£) is the
solution of £1(v)+aRv = a(M+R—P{— [, S6)&T +€ with (3.3),(3.4). The existence of a solution u, follows
by the Schauder Fixed Point Theorem. Regularity is also immediate from local elliptic estimates (see [25])
after we extend u to t € [—T,2T)] by periodicity. Finally the equivalence of (3.3)-(3.5) to (3.2)-(3.4) is by
direct calculation, since we observe that (3.3) can be recovered as the natural boundary condition associated
with (3.5). O

We remark that during the preceding proof we obtained also:
Lemma 3.2. The solutions u. of (3.2)—(3.4) are bounded above uniformly with respect to € € [0, 1].
We employ the results of Section 2 to obtain conditions to ensure that u. /4 0. Specifically:
Lemma 3.3. If one of the following three conditions is satisfied:

(a) d=d(z) and M 20, c = c(z) and [, M > fOTf()Q h;
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(b) d=d(x) and M > 0 and the Dirichlet problem:

—Aw — M(x)w = \w in
w=0 on 0N

has least eigenvalue Ay < 0 with eigenvector ¢1, where M (z) = 7 fo (z,t)dt and ||¢[| 12y = 1;
(c) The quotient d/c is a function of x (we allow d =0) and

2 T
(3.7) / Mo v(1> +/ / h
TC QT4 C 0 a0 €

then {u.} are bounded away from zero.

Proof. We first deal with cases (a) and (b). Since ¢ = ¢(x) and a(x) = 1/¢(x) in (3.2), we observe that wu.
satisfies:

“Au— _ _ +4 €, fUn -
8Au (M(z,t) P(z,t)u /QSU) ut + @) + (@) d(z)u; in Q,t e (0,T)
8—1: + h(z, t)u = —c(x)uy on 0Q,t € (0,T)

thus we can apply (2.5) in Lemma 2.1 with the choices A = diag(1,...,1), F=0,1=0, g= —c(q:)a;; and

€ e 0%u. Ou,

flz,t) = <M(x,t) — P(x,t)ue — /Q Sue) uf + (@) + o) o d(x) 5

and, after integrating on (0,7"), we obtain by T-periodicity:

hu<;§2 u ¢2 5%
0< v“‘// £ / Q(M—Pe—/56> 5—/7 C+1),
/QT| i 8Q Ue T 1) T¢ " Q " Ue + 1) ‘ r a(uc+n) \ 0t? -

where the last integral can be dropped since:

[ L e ¢2<6m>2>0
or a(uc+n) 02 Jo aluc+n)?2\ 0t ) ~ 7

In case (a) we choose ¢ =1 and let n — 0 to obtain

o< [ fyo- [, (o [ )

and we observe that |u||z1 cannot tend to zero.
In case (b) we choose ¢ = ¢1 and note that the Dirichlet condition eliminates the boundary integrals.
Hence we obtain, as n — 0,

og/QTv(m?/QT (Mpue/ﬂsue)qﬁ—/T(MAl)ﬁ/T(Mpue/gsue>¢§

and ||uellz1 # 0 since A; < 0.
Finally, to deal with case (¢) we choose a(z,t) = 1/c(z,t) in (3.5) or, equivalently, in (3.2) and we apply
Corollary 2.5 with

1 1 —M + Pu. + [, Su, d -
A = diag(a,...,a), a=-—, ZV(), r= “ fQ u’ e=—+V:b f=¢ k>1
¢ c
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and ¢ =1 to obtain

k N> /T oh 1 d -\ (ue
OS/ CV() +// f—/ (M—Pue—/5u6>+/ (—i—V-b)(u)t
. 4 c o Joa € € Q Qr \C Ue
Once again, since d/c+ V - b are functions purely of z, integration with respect to ¢ shows that the last term
vanishes by periodicity. We thus conclude that |ju||p: # 0 if (3.7) holds and the result follows. O

We note that since u. are bounded above in L*, then there is a subsequence that converges strongly
in L2(Qr) [26], while (3.2)-(3.4) indicate that {u.} are also bounded in V,"" (see [26]) by integration. We

recall that V21’O(QT) can be obtained by completing the Sobolev space W212’1(QT) with respect to the norm

esssup,eqo ) lu(s DllLz) + [IVullz(@r). It follows that without loss of generality we may assume the

existence of a nontrivial u > 0 such that u. — u strongly in L?(Qr) and weakly in V;’O.
Let ¢ : Qr — R be a smooth function such that ¢(z,0) = ¢(x,T), ¢i(x,0) = ¢(x,T). We recall that
b-v =1 and integrate (3.2)—(3.4) to obtain:

0 > 0
_/QTuea?f(d¢)+ Or Vuev¢+/QTuev{b |:h¢_ 8t(0¢)]}

0% (¢ - 9 _ ¢
~c [, vea (2) + [, Ve 8o gen)| = [, [ (a1 puc— f[su) e ]

If one of the conditions of Lemma 3.3 holds, we pass to the limit as ¢ — 0 and find the existence of a weak
V5 solution to (3.1) after noting that functions that are periodic as well as their derivatives are dense in the
space of periodic functions.

We have thus obtained:

Theorem 3.4. If one of the conditions of Lemma 3.8 holds, then there exists a positive weak solution of
problem (3.1).

We note some of the consequences of condition (¢) of Lemma 3.3, and in particular that if ¢ = ¢(¢), then

(3.7) reduces to
1 1
/ (/de)dt>/ (/ hd:r)dt.
o ¢ \Ja 0o ¢ \Joa

Whence we have
Corollary 3.5. If

/ M (z,to)dx > h(z,to)
Q a0

for some tg € (0,T) and recalling that the coefficients are smooth, then there exists a positive function ¢ = c(t)
such that problem (3.1) has a positive solution with d(z,t) = c(t)p(x) and any non-negative function p.

Observe that the condition on d/c will always hold if d = 0.

4 Solution of the Nonlinear Periodic Parabolic Problem
We now counsider the existence of a solution of the nonlinear version of problem (3.1) given by

d(z, )y — V- [Alz, £, 1) V] = (M ~Pu- /Q su> w i Qr

(A(z, t,u)Vu, 7) + c(z, t)us + h(z,t)u =0 on 90 x (0,T)
u(z,0) = u(z,T) z €N

(4.1)
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We recall that all data is smooth, ¢,d, P > 0, M, S, h > 0 and that A is uniformly elliptic and bounded:
aol€? < (A(z, t,u)E, &) < Aolé]? for all suitable x, ¢, u, £

for some positive constants ag, Ag. We do not require A to be symmetric, although we believe the results to
be new even in this case. We explicitly observe that henceforth we assume d > 0.

We proceed by observing the following regularity results which will be useful in the next section. Specif-
ically consider the linear parabolic problem:

(4.2) {E(w) 2 d(z, tyw, — V - [B(z,t)Vw] + N(z,)w = f(z,t) in Qr

(BVw, V) + c(x,t)ws + h(z,t)w =0 on 02 x (0,T)

with B,d, N,c, h smooth, d,c > 0, h > 0, f € L* and (B(ac,t)g,f_} > a0|§_]2 for all suitable z,t,& and a
positive constant ag. B is not necessarily symmetric. Existence, uniqueness and suitable regularity of the
solution of (4.2) follow from [31] and its references and can also be obtained by adaptations of the techniques
described in the book [26]. However, for the reader’s convenience we list here the properties that we need.
For 0 < a < 1, let C*/2(Q;) denote the Holder space of continuous functions u : Q7 — R such that
[eY a/2
sup (u( 1) + supu(e, )& < +oo
t€[0,T] z€Q

(see (3.6) and [26]). In the sequel « will denote a generic positive constant that may change from proof to
proof or even within the same proof. Let N > 0 be sufficiently large.

Lemma 4.1. If the initial data wo is smooth, the Initial Value Problem associated with (4.2) has a weak
solution w € C**/2(Qr) NVy"%(Qr). If the initial data satisfies wo > 0 and f >0, then w > 0.

We then note that w is defined in Qp for any T > 0 and furthermore:

Lemma 4.2. Let w be the solution of Lemma 4.1. Then

(4.3) [wll Lo @xr/2,37/2)) < K [[[wllz2@x(zya7r/a) + 1 fll (@] -

Lemma 4.3. There exist constants Ky > 0, o > 0 such that
(4.4) lwllcaare@xizzsrsay < Ko [lwllce@xa/arr/a + 1=

with Ko independent of the coefficient N of (4.2). If w > 0 and f < 0 then the dependence on || f|L(or)
may be dropped.

Consider now the periodic problem associated with (4.2). For any wg € C*(Q) (o small) we put 7 to be
the Poincaré map: T (wo) = w(-,T), where w is the (generalized) solution in C**/2(Q,) NV, "°(Qr) of the
initial value problem. We then have:

Theorem 4.4. Let N be large enough. Then the Poincaré map has a fized point, i.e. problem (4.2) has a
unique solution in C**/>(Qr). The coefficient o only depends on the estimates for B(z,t), not on B itself.

Without loss of generality, suppose N > 0 and let wg € C®(2). We recall that the coefficient Ko in (4.4)
is independent of N. Assume ||wg|lce < Co||f||L= for some Cy to be chosen below. The energy inequality

yields
B(1+ Cp)
lwll L2 @x(T/a,77/4) < W\Ifllmo

for some constant B independent of w, f. Choosing N shows that 7 maps a ball in C*(Q2) to itself. It is
easy to see that 7 is continuous and completely continuous. The fixed point of 7 yields the desired solution,
whose uniqueness follows in the usual way by taking differences of two possible solutions.
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Theorem 4.5. If one of the following three conditions is satisfied:
(a) d=d(z) and M 20, c = c(x) and [, M > fOT Joa P
(b) d=d(x) and M > 0 and the Dirichlet problem:

A3 — .
—a—Aw—M(x)wz)\lw in Q
0

w=20 on 0f)

has least eigenvalue Ay < 0 with eigenfunction ¢y, where M(z) = = fo (z,t)dt and ||p1]|12(0) = 1;
(c) The quotient d/c is a function of x and

M Ag/" c (1)2 Tron
Mo [ clg(t +//f.
Qr € ag -4 c 0o Joaa €

Then there exists a non-negative solution to problem (4.1).
Proof. We add the linear term +Nwu to both sides of the equation of (4.1), with N > 0 to be chosen later
sufficiently large depending only on data, and for v € C**/2(Q;) put u = Z(v) iff

duy —V - [A(z, t, Jy(v))Vu] + Nu = <M+N— Py —/ Sv) vt
Q

subject to the same boundary conditions of (4.1). Here J, denotes a map: C*2(Qr) — C>®(Qp) such
that J,(v) — v in Co‘f/Q(QT) as 7 — 0. Using the previous regularity results, we view Z as a map
Co/2(Qr) — C**/%(Qy), for some small positive o, whose fixed points are the nonnegative solutions of
(4.1).

Under the assumptions of the theorem, no solution u of

(4.5) dus — V - [A(z, t, Jy(u))Vu] = (M — Pu— /Q Su) U+ €,

subject to the boundary conditions of (4.1) can have a small C*/2norm for a fixed € > 0. In particular we
show that the norm of the solutions u to (4.5) are bounded from below independently of € small. Indeed, in

case (a) we apply Lemma 2.1 with the choices ¢ =1, EE 0,1=0, g=—cu; and

f= (M—Pu/Su)u—i—e—dut,

we integrate (2.5) on (0,7, use T-periodicity, let n — 0 and obtain

L SNRE [ (Pt [ 5u) < 0P + 2SIl

In case (b) we make the same choices as in case (a) except for ¢ = ¢1 and we get

H¢Niﬂﬁmm4lﬂmshm)UJL12/g (Pue+z;5w>¢?

>_ / (AATTATVG, Vo) + | Mé?
T Qr

> / O\qu e [ e
T Qr
— T\
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In case (c¢) we write (4.5) in the following way:

(4.6) V. [fw] + [ATV (i)] V= (M — Pu —/qu> -t gut

and the boundary condition on 02 x (0,7') as
A h
<Vu,ﬁ> + —u=—uy,
c c

therefore we can apply Lemma 2.1 with the choices ¢ = 1, A/c in place of A, 8= ATV(1/c), 1 =0, h/cin
place of h, g = —u; and f equal to the right hand side of (4.6). Recalling that now d/c does not depend on
t, the usual computations with (2.5) lead to

Plloo + QS]] 0o Pu. + [ Su.

min c c

Qr
T
L) f L
s C QT4 c c o Joa €
2 2 T
LSO L L
Qr € ag o4 c o Joa €

In all three cases the norm ||u.|/z: is bounded away from zero uniformly with respect to € (and 7),
therefore, the same holds for the stronger norm |[ue||a.q/2 @,)- By the continuity of the Leray-Schauder
degree, we conclude that deg(u — Z(u), B,,0) = 0 where B, is the ball of radius r in C**/2(Q;) for some

small » > 0 independent of 7.
In the same way, if

(@.7) dus —V - [A(w,t, Ty () V] + Nu = A KM 4N - Pu- /qu) u'ﬂ

for some A, 0 < A < 1, then we show that ||u| z2 is bounded uniformly with respect to A (and n). Indeed, we
multiply both sides of equation (4.7) by u and integrate over Qr using the boundary conditions and obtain

T dt T CtUQ
/ (M+N—Pu—/5u>u22ao/ \Vu|2—|—/ hu2—|—/ (N—)uQ—/ / —_—
T Q T o Joa r 2 o Joa 2

Now, let the function ¢ be extended to a smooth T-periodic function on Q; and let b: Q) — R™ be a smooth
vector field such that b-7 = 1 on 2. We can estimate the last integral in the preceding inequality as follows:

/ cu? / cqu?-
= b-vU
o0 2 o0 2
Z/UZV' (ﬁg) —|—/ctul;-Vu
Q 2 Q
o 2152
S/uQV- (ﬁb>—|—7]/ |Vu|2+/ Muz
Q 2 Q o 41

for any n > 0. Therefore, if we choose 1 < ag and

dt Ct C?|5‘2
2 v (2 )+ an |’

N > sup
Qr
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we have that

in P
o< [ (man-pus [ su)a < (M Nl - Sl
T Q IQT|

by Holder’s inequality and, hence, ||u||z2 is bounded uniformly with respect to A € [0, 1].
We conclude from (4.4) by periodicity that ||u] ca.a/2g, ) is bounded uniformly with respect to A € [0,1].

It follows that deg(u — Z(u), B \ By,0) = 1 and the existence of a nontrivial nonnegative solution to (4.1)
is immediate by the properties of the Leray-Schauder degree and a limit argument as 7 — 0 (we recall that
the obtained bounds on u are uniform with respect to 7). O

Remark 4.1. If A(x,t,u) is symmetric then the constant A2/ag in conditions (b) and (c) can be replaced by
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