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Abstract

The paper deals with the existence of positive periodic solutions to a system
of degenerate parabolic equations with delayed nonlocal terms and Dirichlet
boundary conditions. Taking in each equation a meaningful function as a control
parameter, we show that for a suitable choice of a class of such controls we
have, for each of them, a time-periodic response of the system under different
assumptions on the kernels of the nonlocal terms. Finally, we consider the
problem of the minimization of a cost functional on the set of pairs: control-
periodic response. The considered system may be regarded as a possible model
for the coexistence problem of two biological populations, which dislike crowding
and live in a common territory, under different kind of intra- and inter-specific
interferences.

Key words: Degenerate parabolic equations, nonlocal delayed terms, periodic
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1. Introduction

We consider the following system of degenerate parabolic equations with
delayed nonlocal terms on Qr = Q2x (0,7 with periodic and Dirichlet boundary
conditions:

— — Au™m= (a(x,t) —fQK1(§,t)u2(§,t — Tl)d§+fQK2(£,t)v2(£,t — Tg)dﬁ) u,
T8 A= (b(x, ) + [ K (€, (€, — 73)dE — [ Ka(&, )02 (&, t — m4)dE) v,
u(-,t)aq = v(-,t)|sq =0, for t e [0,T],

u(-,0) = u(-,T) and v(-,0) = v(-,T),

(1)
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and we look for continuous weak solutions. Here 7; € (0,+00), m > 1, s™ =
|s|™~1s, 2 is a bounded domain of R™ with smooth boundary 99, and K;, a,b €
L (Qr) are extended to 2 x R by T-periodicity.

Degenerate parabolic equations like those in system (1) model nonlinear dif-
fusive phenomena and have been the subject of extensive study (see the recent
monographs [8], [21] and their bibliography). In particular, system (1) is a
possible model for the evolution of two biological species living in a common
territory 2 where u(x,t) and v(x,t) are the respective densities of population
at time ¢ located at x € Q, while a(x,t) and b(z,t) are the growth rates at
x and time ¢ of the two populations in absence of any intra- and inter- inter-
ferences. In this framework the nonlinear terms Au™ and Av™, m > 1, are
proposed for instance in [10], [11], [18] and [20] instead of Au and Av in order
to represent the tendency of the populations to avoid crowding. The nonlocal
terms [, K; (€, t)u?(§,t —7;)d€ and [, K;(&,t)v? (€, T —7;)d evaluate a weighted
fraction of individuals that actually interact at time ¢ > 0. The choice of consid-
ering u?,v? in the nonlocal terms is mainly motivated by our approach that, as
in [13], requires a priori estimates in L?-norm for the solution of the regularized
problem obtained from (1) by adding —eAwu, € > 0, to the left hand sides of the
two differential equations. The functions K;, K4 are supposed to be nonnega-
tive and, roughly speaking, they measure the competition for food among each
specie. On the other hand K5, K3 model the influence of a population on the
other one. Observe that the system is cooperative if K5, K3 are non-negative
and it is competitive if they are non-positive. We also consider cases where
K5, K3 change sign in Q7. The delayed densities u, v at time ¢ — 7;, that appear
in the nonlocal terms, take into account the time needed to an individual to
become adult and, thus, to interact and compete. Therefore, the term on the
right hand side of each equation in (1) denotes the actual increasing rate of the
population at (z,t) € Qr. We remark that we have u(-,s) = u(-,s + T) and
v(,8) =v(,s+T) for s € (—7,0), whenever 7 > 0, since we are looking for
T-periodic solutions u,v to (1).

The interest in studying the existence of positive periodic solutions for reac-
tion diffusion equations that model biological and physical phenomena, relies in
the consideration that the periodic behavior of certain biological and physical
non-negative quantities is the most natural and desirable one, see e.g. [1], [2],
(3], [4], [12], [13], [14], [17], [18] and [23]. For this reason we look at the functions
a,b as control parameters, i.e. we assume that the intrinsic growth rates a,b
can be modified by means of an external action at a certain time ¢ > 0 and at a
certain location = € €). In this paper, under different assumption on the kernels
K; of the nonlocal terms, we are interested in determining a class of essentially
bounded functions a, b in order to have for each pair of them a T-periodic con-
tinuous weak solution (u,v) to (1) with u, v non-negative and non-trivial in Q.
Moreover, we aim at minimizing a given cost functional associated to (1) on
the set (u, v, a,b). In this framework the controls represent the intrinsic growth
rates of the two populations.

A similar optimization problem has been considered in [2] for a single reac-



tion diffusion equation of the form:

0

5 = du= f(e,t, 0w, u,a)u, (2)
where ®(u) is a coercive and positive nonlocal term, i.e. ®(u) > Cllu(t)||z1(q),
and a = a(x,t) belongs to a suitable set U C L*°(Qr) of controls, f satisfies
the following growth and positivity conditions:

(Hy): for any given a € U there exists M € L>(Qr) such that
fa,t,rs,a(e,t)) < M(z,t) —nr
for some positive constant 7 if r, s are nonnegative;

(Hg): for any given a € U we have

1 T
T / f(x,t,@(u),u(m,t),a(m,t))dt >py for aa.xz e
0

if 0 <ue C*Qr) and ||u||w is sufficiently small. Here p1 denotes the
least eigenvalue of —A in Q with Dirichlet boundary conditions.

The authors of [2] pointed out that monotonicity methods fail here due to the
presence of the nonlocal term and thus cannot be employed to prove the exis-
tence of periodic solutions of (2) (see [2, Theorem 0]). In fact they adopted a
topological approach based on a priori bounds and the continuation property of
Leray-Schauder topological degree.

Recently these results and the relative techniques have been extended in [14]
to the following degenerate equation:

0

a—? — Au™ = (a(z,t) — ®(u))u, in Qp for m > 1,

with T-periodic and Dirichlet boundary conditions. Here ® : L?(Q)T — Rt is
a bounded, continuous and coercive functional, i.e.:

Cillw]2iq) < P(w) < Collw|F2(q),

where w(+) = u(+,t), C1,Cy are positive constants, and L?(Q)" := {w € L*(Q) :
w >0, a.e. in Q}. On the other hand a(z,t) satisfies

1 (T
inf — t)dt
essin T/o a(z, t)dt > pq,

in agreement with assumption (Hs) of [2].

The literature about systems of degenerate parabolic equations is scarce and,
to our knowledge, there are no papers dealing with the periodic problem (for
systems of nondegenerate parabolic equations see, for example, [9]). In this
paper we consider the problem of the existence of a continuous T-periodic weak



solution (u, v) of problem (1) with non-trivial u,v > 0 in Qr, where the growth
rates a, b and the functions K; are chosen in the class L>°(Qr) and must satisfy
conditions involving .

More precisely, a first existence result, Theorem 3.1, is obtained by assuming
the coercivity in L?(Q) of the nonlocal terms corresponding to K; and K4 and
using suitable bounds on K> and K3. As already noticed, for a single equation
a coercivity assumption was considered in both [2] and [14]. In particular,
competitive systems (those with Ky < 0 and K35 < 0 a.e. in Q7) and cooperative
systems (those with Ky > 0 and K3 > 0 a.e. in Q) fall into this existence result.

Furthermore, two existence results are proved in Theorem 3.2 and Theo-
rem 3.3 for competitive systems without assuming the coercivity in L?(Q) of
the nonlocal terms corresponding to K7 and K.

An existence result is finally obtained in Theorem 3.4 without that coercivity
and any sign condition on K, K3 by adding the technical assumption m > 3 in
the degenerate terms Au" and Av™.

We follow a standard technique to deal with the degeneracy of the equations

(see for instance [4], [14], [17]) by perturbing the degenerate part of the equations
Au™ and Av™ by € Au and € Av respectively, with € > 0 small enough. We thus
obtain a family of regularized non-degenerate problems and we solve them by
means of the topological degree theory. We finally get a solution of (1) passing
to the limit as € — 0. This procedure is carried out once for all in Section 2 and,
in particular, in Theorem 2.1 where we show that the explicit knowledge of a
priori bounds for the L?-norms of the solutions of the regularized problems and
the positivity of a certain value 7, that depends on the bounds, are sufficient to
prove the existence of a non-negative solution (u,v) of (1) with non-trivial u,v
(i.e. periodic coexistence). We devote Section 3 to finding the required a priori
bounds and to state the definitive existence results and their corollaries in some
significative situations. Finally, in Section 4, we introduce a cost functional
J(u,v,a,b) to be minimized on the set of all the quadruple (u,v,a,b), where
u, v is the T-periodic solution to (1) corresponding to a,b. The considered cost
functional is suitable to evaluate the difference between the cost of controlling
the growth rate to the values a(x,t),b(z,t) and the benefits due to the presence
of the two populations of density u(z,t) and v(x,t) respectively.
Notation. Throughout the paper Q@ C R™ is an open and bounded set with
smooth boundary 92 and Qr = Q x [0,T], for T > 0; ||u||, denotes the usual
norm in LP(Qr) for 1 < p < oo; uy denotes the first eigenvalue of —A on 2 with
homogeneous Dirichlet boundary condition and ¢; is the corresponding positive
eigenfunction with [|¢1]|z2(q) = 1. We always adopt the notation s™ = |s|™ s
for any m > 1 and s € R.

2. Preliminary results and a general coexistence theorem

Throughout the paper we will assume that a,b, K; € L>®(Qr) in (1). We
now recall the definition of a weak solution to (1).



Definition 2.1. A pair of functions (u,v) is said to be a weak solution of (1)
if u,v € C(Qp), u™,v™ € L*((0,T); H3 () and (u,v) satisfies

//QT( +V“mW_“W+“<P/[Kl(é,t)uQ(é‘,t—n)_
— Ko (&, )% (&, t — 72)]dE) dwdt = 0

and

I (-5 4 veno g+ vp [ [-Kale .0 - )
T Q
+ K4 (& )03 (&, t — 14)]dE) dadt = 0,

for any ¢ € CHQr),o(z,T) = @(x,0) for any x € Q and p(x,t) = 0 for any
(z,t) € 09 x [0,T].

Here and in the following we assume that the functions t — wu(-,¢) and t — v(-,t)
are extended from [0,T] to R by T-periodicity so that (u,v) is a solution for all
t.

Due to the degeneracy of the equation we consider, as in [17] and [14], the
following regularized (non-degenerate) problem:

%—A(u + eu) ( (z,t) /Klft Et—mT)dé+
+ [ Kaletntet - mie)
Q
0
87175) — A(W™ + ev) <b(m,t) + /Q K3(&,t)u(&,t — 73)dé— (3)

—/ Ky(&, )02t —74)d§) v
Q

=v(,t)|po =0, fora.a.te (0,7),

( ,T) and v(-,0) = v(-, T),

where (z,t) € Qr and € € (0,1/2). A solution (u,v) of (1) will be then obtained
as the limit, for ¢ — 0, of the solutions (u.,ve) of (3), which will be functions
in L2((0,T); H3(Q)) N C(Qr) satisfying (3) in the usual weak sense.

To deal with the existence of T-periodic solutions (u.,v.) of system (3),
with ue,ve > 0 in Qr, we introduce, for any e € (0,1/2), the map G, : [0,1] x
L>(Qr) x L™®(Qr) — L>®(Q1) x L=(Qr) as follows:

(Uv f»g) = (uevvé) = Ge(aa fag)



if and only if (uc, ve) solves the following uncoupled problem

% — Alou™ + eu) = f, for a.a. (z,t) € Qr,

% — A(ov™ + ev) = g, for a.a. (z,t) € Qr, (4)
u(-,t)]aa = v(-, t)]aq = 0, for a.a. t € (0,7),

u(-,0) = u(-,T) and v(-,0) = v(-, T).

This map G, is well defined since [17, Theorem 2] grants existence and unique-
ness for (4). Consider now

fp,q) = (a—/QKl(fw)pQ(a-—ﬁ)d€+/QK2(§,-)q2(£,-—Tz)df)p

Q) = (b+ | Kl e~ mae - [ Kae) e —m)df) g

where p and ¢ belong to L>°(Qr). Clearly, if the nonnegative functions u., v, €
L>(Qr) are such that (uc,v.) = Ge(l, fue,ve), g(te, UE)), then (u,v.) is also a
solution of (3) (with u. and v, > 0) in Q. Hence, the existence of a nonnegative
solution of (3) is equivalent to the existence of a fixed point (p, q) of the map

(p,q) — Ge(1, f(p,q), 9(p,q)) with p and ¢ > 0.
As a matter of notation, throughout the paper we denote

Br = {(p,a) € L=(Qr) x L=(Qr) : max{[pllc; llallc} < R}, ~ R>0.

and

Let T.(o,p,q) := G, (0, f(p,q),g9(p, q)), we have the following result.

Lemma 2.1. Let (p,q) € L>®(Qr) x L>®(Qr) and let ¢ € (0,1/2). Then
(e, ve) = Te(o,p,q) is a compact continuous map from [0,1] x L*®(Qr) X

L>(Qr) — L>=(Qr) x L>=(Q).

PROOF. Let (p,q) € B, where B is a bounded set of L>®(Qr) x L*(Qr), then
{f(p,q) : (p,q) € B} is a bounded set in L>°(Qr). The T-periodicity condition
gives

e (0, ) z2(0) < cll flloos

for some positive constant c. Since the initial data u.(0, -) is bounded in L*(Q),
it results

[uellz < el flloo-
T ST])

We may apply classical local estimates (see [15]) to bound u. in L> (Q x [£, 2

and thus, by T-periodicity, for all ¢ in terms of ||f|w. Classical results in the
above reference (Theorem 1.1 p. 419) also show that u. € C**/2(Qr) for some
a > 0. Moreover, due to its uniform continuity in Qr, u. can be uniquely
extended by continuity to Q,. The same arguments apply to v, thus the pair



(ue,v.) satisfies (4) and uc, v, € C(Qr). Finally, by the Ascoli-Arzela Theorem,
the compactness and continuity of T, follow from the bound in the L*°—norm
of uc and v, and the fact that they are equi-Holder continuous in Q1 ([15,
Theorem 1.1]).

Our aim is to prove the existence of T-periodic solutions u.,v. € C(Qr),
Uey, Ve > 0 in Qr, of the regularized problem (3) for all € > 0 small enough as
positive fixed points of the map (p,q) — Te(1,p,q). As a first step we prove the
following result.

Proposition 2.1. Assume that a,b, K; € L*(Qr) fori=1,2,3,4. If the non-
trivial pair (ue,ve) solves
(,0) = Ge(o, pf (", v7) + (1 = 0), pg(u™,v") + (1 - 0)), (5)
for some o € [0,1] and p € [0,1], then
ue(x,t) > 0 and ve(x,t) >0  for any (z,t) € Qr.
Moreover, if ue # 0 or ve # 0 then ue > 0 or ve > 0 in Qr, respectively.

PROOF. Assume that (ue,ve) solves (5) with u. # 0 for some o € [0,1] and
p € [0,1]. We first prove that u. > 0. Multiplying the first equation of (4), where
f(p,q) is replaced by pf(ul,vt)+ (1 —0), by u_ := min{0, u.}, integrating on
Qr and passing to the limit in the Steklov averages (uc)n, € H'(Qr_5), §,h > 0,
in the standard way [15, p. 85], we obtain

—/ Aloul™ + eue)u. dedt = // (1 —o0)u_ dadt
Qr Qr

by the T-periodicity of u. and taking into account that ul uZ = 0. Hence we
obtain

— // Aloul + eue)u, dedt = // V(ou* + eue)Vu_ dedt <0,

// Um\u;|m71\Vu;|2dxdt+e// |Vu_ |*dzdt <0,
T T

which implies that u- = 0 by Poincaré’s inequality and, thus, u. = u} > 0 in
Q.

Now we prove that u. > 0 in Qp. Since u. is non-trivial, there exists
(zo,to) € @ x (0,T] such that ue(zo,to) > 0. Let ¢ € C§°(£2) be a nonnegative
function such that 0 < ¥(zg) < uc(zo,to) and, for M > 0, let z be a solution of

that is

%—A(sz—i—ez)—i—Mz:Q (z,t) € Q X (to,to +T7,

ot
Z(~,t)|ag =0, fort € [to,t0+T],
(5 t0) = ¥()-



Since a — [, K1 (&, )u2 (&, - —m1)dé+ [, K2(&, )02 (€, - —72)dé € L®(Qr), we can
choose M large enough so that, by the comparison theorem,

ue(xz,t) > z(x,t) for any (x,t) € Q X [tg, tg + T.

By the maximum principle, z(z,t) > 0 for any (z,t) € Qx[to, to+7T]. Therefore,
by T-periodicity, u.(z,t) > 0 for all (x,t) € Q. In the same way, one can prove
that v. # 0 implies v.(z,t) > 0 for all (z,t) € Qr.

Remark 2.1. Observe that if p = 0, by using the arguments of the proof of
Proposition 2.1 to show that u_ = 0, it can be shown that (u,v) = G¢(1,0,0) if
and only if (u,v) = (0,0).

The following result guarantees that the solutions (ue, ve) of (3) we are going to
find are not bifurcating from the trivial solution (0, 0) as e ranges in (0,1/2).

Proposition 2.2. Assume that

1 1
T / o, o3 (x)a(x, t)dzdt > and T / o, &3 (x)b(x, t)dxdt > py (6)

and let

1/2

)

. ( 1 >m11 [, 41 (@)a(e,t)dzdt — T
ro = min — R
0 2 1511 + [ K2

1/2

[, ¢1(@)b(a, t)dadt — T
(15311 + ([ Kalla

If the non-trivial pair (ue, ve) solves (u,v) = Ge(o, f(u™,vH)+(1-0), g(u™,vh)+
(1—0)), for some o € [0,1], then

max{|[te|[oo; [[velloo } = 70
Moreover deg ( (u,v) — Te(l,u+,v+),BT,0) =0 for all v € (0,79).

PROOF. By contradiction, assume that for some o € [0,1] and r € (0,7)
there exists a pair (uc,ve) # (0,0) such that (uc,ve) = Ge(o, f(uf,vF) + (1 -

€ 7€

o), g(uf, v}) + (1 = 0)) with [[ucfloo <7 and ||[ve]oo < 7. Assume that ue # 0

and take ¢ € C5°(f2). Since by Proposition 2.1 we have u, > 0 in Qr, we can
multiply the equation

O,
ot

— A(ou* + eue) = (a(x,t) - /QK1(€,t)uf(f,t — m1)dé+

; / K€, R (€.t~ r2>d§) uet (1-0)



2
by ¢—, integrate over Q7 and pass to the limit in the Steklov averages in order
u

€
to obtain

_/QT jjz A(ou!" + euc)dzdt = //T(¢2 z)a(z,t) + (1—o)i>dxdt—
- [ ([ 56 0t 1~ o) s
" / QfQ(x) (/Q Ko (&, )02 (6, — Tz)df) dxdt

(7)

by the T-periodicity of u.. Moreover, a straightforward computation shows that

//QTiA(au + euc)dxdt //T < 6) (oul™ + eu,)dxdt
// Tmaum ) <|V¢5|2 ( > 2) dxdt.

, then mou™ ! +e<mu™ ' +e<1/2+e<1and

Since r < ( )1/(m 1

—// (b—A(Uu + eue)dxdt < // (mou™ ! 4 €)|Vé|>dadt
Qr Ue T

< // |V |2dadt.

Hence, combining (7) and (8), we obtain

(8)

/ ¢2<x>< (2, 1) / K€, 02(6,t — m)de + Kz(s,wvf(&,tn)d&)dwdt
Qr

< // |Vo|>dzdt.

Taking ¢(x) = ¢1(x) one has

0 < //T {le 2 - ¢l )( (z,t) — / (& tu f(f,t—ﬁ)dgﬂdxdt—
//T [d)l /K2 &1l (€, t—Tz)df] dxdt

= mT - / qﬁl a(x, t)dzdt +

+/ (K1 (& )ud (€t — 1) — Ka(&, )02 (€, t — 72)]dédt 9)
and, by Holder’s inequality:

/ &3 (x)a(z, t)dadt — T < ||Ki[[1r? + || Kz 172
Qr



Thus
2 < [, 61 (@)a(z, t)dedt — i T .
B K]+ ([ 52l

that is a contradiction. The same argument applies if v. # 0.

Let us now fix any r € (0,79). We just proved that
(U,U) 7é Ge(Uaf(u+7’U+) + (1 - U)ag(u+7v+) =+ (1 - O')),

vV (u,v) € 0B, and V o € [0,1]. Hence the topological degree of (u,v) —
Ge(o, flut,vh) + (1 = 0),g(ut,vt) + (1 = 0)) is well defined in B, for all
o € [0,1]. From the homotopy invariance of the Leray-Schauder degree, we
have

deg( (u,v) — Te(1,ut,v"), B,, O)
= deg ((u,v) = Ge(0, f(u,vF) +1,9(ut,v") + 1), B,,0)

and the last degree is zero since the equation
(u,0) = Ge(0, f(u™,0F) +1,9(u™,07) +1)
admits neither trivial nor non-trivial solutions in B,..

The next result is our main tool to obtain coexistence results for (1). Roughly
speaking, it says that the existence of non-negative non-trivial solutions u,v of
(1) follows as soon as we can check the positivity of a value n(C1, Cs), where
C1,Cy are uniform a priori bounds on the L2-norm of any solution pair (u., v.)
of the regularized problem (3) for any € > 0 small enough. The next section
will be devoted to the search of such explicit bounds when something more is
known on the structure of the equations.

Theorem 2.1. Assume that Kq(x,t), K4(z,t) > 0 for a.a. (x,t) € Qr and
that there are Cy,Co > 0 such that

[uell3 < C1 and [lo|l3 < Cq (10)
for all solution pairs (uc,v.) of
(u,0) = Ge(L, pf(u™,v7), pg(u™,v™)) (11)
and all e € (0,1/2) and p € (0,1]. Then there is a constant R > 0 such that
[telloos lvelloo < R

for all solution pairs (uc,ve) of (11) and all € € (0,1/2) and p € (0,1]. In
particular, one has that

deg ((u,v) = Te(1,u*,v"), Bg,0) = 1.

10



Moreover, if

1
77(01, 02) := min {T / ¢%(x)a(x, t)d$dt — - EQT‘C’Q ,
Qr

(12)

1 k.C
o/ [ i@t et~ S0 } >0,

where ky, kq are such that —k, < Ks(z,t) and —kq < K3(z,t) for a.a. (x,t) €
Qr, then problem (1) has a T-periodic non-negative solution (u,v) with non-
trivial u,v.

PrOOF. Assume u, # 0, thus u, > 0 and v, > 0 in Qp by Proposition 2.1.
Multiplying by u. the first equation of (3), where f(u,v) is replaced by pf(u,v),
integrating over 2 and using the Steklov averages (u.), € HY (Qr—_s), 6,h > 0,
(see [15, p.85]), we obtain

Ld [ g Jom@r ™ + OV () d
2dt1 g/Q( )ndz + fQ(uE>%dx

< (mnw el [ @€t - Tz)df) .

(13)

Since t — |lu(t)|[z2(q) is continuous in [0, 77, there exist ¢; and t in [0,7] such
that

/uf(x,tl)dx: min /uf(x,t)dm
Q Q

te[0,T)

and

/uf(m,tg)dx: max /uf(m,t)da:.
Q Q

te[0,7)
Integrating (13) between ¢; and to and passing to the limit as h — 0 we obtain

1 .
3 [logtrg%&);]/ﬂuf(x,t)da: 1ogtér[101!1}]/Quf(x,t)do:} < Tllalloo + | K2]|coCa,

or, equivalently,

max /uf(m,t)deC’ min /uf(m,t)dm, (14)
Q Q

te[0,T te[0,T]

where C'is independent of € and p. Hence, there is a constant v > 0, independent
of € and p, such that

2
max ul(x,t)dr < .
e [ w3 t)ds <o

Otherwise, inequality (14) would imply that the solutions u. are unbounded in
L?(Q7) as € ranges in (0,1/2) and p in (0, 1], against our assumption (10). Of
course, an analogous inequality holds for v..

11



Now, we have

Ou,
ot

- a4 e < (ol + 1ol s | o2 )de)

< (llalloo + K2 looy)te-

(15)

By [22, Lemma 2] we conclude that ||uc||c < Ry for some Ry > 0 independent
of p and e. Analogously, ||ve|lcoc < Ro for some constant Ry > 0. Therefore it is
enough to choose R > max{R;, R2}.

The homotopy invariance property of the Leray-Schauder degree implies that

deg((u,v) - Te(l,u+,v+),BR,O)
= deg ((U,’U) - Ge(la pf(qua ’l}+),pg(u+,’0+)),BR,O),

for any p € [0,1]. If we take p = 0, using the fact that G, at p = 0 is the zero
map, it results

deg ((u,v) - Te(lau+7v+)7BR70) = deg ((u,v), Bg, 0) =1L

Now, let us assume that 7(C1,C2) > 0 and observe that this ensures that (6)
holds and that there are R > r > 0, independent of €, such that

deg ((u,v) - Gé(lv f(u*,v*),g(u*,v*)), Br \ FT; 0) =1,

for any € € (0,1/2), by Proposition 2.2 and the excision property of the topo-
logical degree.
Let us fix any € € (0,1/2). There is 09 = ogg(€) € (0,1) such that still

deg ((U,U) - Ge(a,f(u+,v+) +1- a,g(u+,v+) +1- O')aBR \EMO) =1

for all o € [og, 1], by the continuity of Leray-Schauder degree. This implies that
the set of solution triples (o, u,v) € [0,1] x (Bg \ B;) such that

(u,0) = Ge(o, fuF,v") + 1 -0, g(u’,v") +1-0) (16)
contains a continuum S, with the property that
SN [{o} x (BR\ B;)] #0 for all o € |00, 1].

Now, all the pairs (u,v) such that (1,u,v) € S. are T-periodic solutions of (3)
with (u,v) # (0,0) and, hence, satisfy (10). Since the L?-norm is continuous
with respect to the L*°-norm and S, is a continuum, for every v > 0 there is
oy, € [00,1) such that

lull3 <Cr+v  and ol <Ca+v
for all (u,v) with (o, u,v) € Sc and o € [0,,1]. Observe that, if (o, u,v) € S, for

o < 1, then u and v are positive solutions of (16). Moreover, if v is sufficiently
small, then we still have n(Cy + v,Cy +v) > 0.

12



Now we can prove that, if v is sufficiently small, then

1 ]m {Tn(C’l—l-u,Cg—i—u)r

U V|loo = Ay := min
[ulloss 0l = A {[ [

2m

(17)

1

[Tn(Cl +v,0y + y)] 2
K4l

for all u, v such that (o,u,v) € Sc and o € [0,,1). Indeed, let (u, v) be a solution

of (16). Arguing by contradiction, assume that ||uljc < A, and proceeding as

in the proof of Proposition 2.2 (see (9) and recall that u > 0 since (u, v) solves

(16) with o < 1) we obtain the inequality

/ 3(x)a(x, t)dzdt — T < || Ky |1 A2 + ky(Co + 1)
Qr
Thus, the definition of 7 implies that

Tn(Cy +v,Co + 1) < / 62(@)a(z, )dzdt — jnT — ky(Co + ) < | K1 [1A2,
Qr

which is a contradiction with the definition of A\,. The same argument shows
that ||v]lec > Au.

Now, if we let ¢ — 1 and v — 0, then we obtain that (3) has at least
a solution (u.,ve) such that ||ucl/co, [|[Velloc = Ao, since S¢ is a continuum and
A, — Ap as v — 0.

Finally, we show that a solution (u,v) of (1) with non-trivial u,v > 0 is
obtained as a limit of (u.,v.) as € — 0 since Ao is independent of e¢. Indeed,
from (15) we have

Oue
ot

where C' is a positive constant independent of e. Multiplying (18) by u*, in-
tegrating over @ and passing to the limit in the Steklov averages (u)p, one
has

// |Vu™|?dxdt < // V(u™ + eu ) Vuldrdt < C// u™ T dadt < M,
T T Qr

(19)
by the T-periodicity of u. and its boundedness in L>(Q), where M is positive
and independent of . An analogous estimate holds for v..

Since u., v, are Holder continuous in Q;, bounded in C(Q) uniformly in
€ > 0 and the structure conditions of [19] are satisfied for the equations of
system (1), whenever € € (0,1/2), Theorem 1.2 of [19] applies to conclude that
the following inequality

— A(u + eu,) < Cue, (18)

B
lue(w1,t1) — ue(wa, t2))] < D(|lzy — 2|7 + [ty — t2])

13



holds for any (z1,t1), (z2,t2) € Qp, where the constants I', 3 € (0,1) are in-
dependent of ||uc|loo- The same inequality holds for v.. Therefore, by the
Ascoli-Arzela Theorem, a subsequence of (u.,v.) converges uniformly in Q to
a pair (u,v) satisfying

Ao < lulloo, V]l < R.

Moreover, by (19), u™,v™ are uniformly bounded in L2((0,T); H§(£2)). Thus,
some subsequences of Vu and Vv weakly converge in L?(Q7). Hence u™,v™ €
Lz((O,T); H&(Q)), and by the convergence of u. and v, to u and v we obtain

that (u,v) is a weak solution of (1).

Remark 2.2. Proposition 2.2, with assumption (6), does not guarantee that
both components of a non-trivial solution (ue,v.) of the regularized problem (3)
are positive and, in fact, the proof of such a positivity is one of the main issues we
had to handle in the proof of the preceding theorem with the help of the stronger
assumption 1n(C1,C2) > 0. However, if the cooperative case Ka(x,t), K3(z,t) >
0, i.e., ky = k3 =0, is considered, then we have that

1

n(Cy, Ca)=min {} / [ Giwate et~ 7 / [ it o - Ml}: o

and the condition nyg > 0 is equivalent to (6). In particular, coezxistence in the
cooperative case follows from ng > 0 and a priori bounds on (uc,v.), even if the
constants C1,Cy are not explicitly known.

Remark 2.3. The assumption n(Cy,C2) > 0 is used to show (17) and, there-
fore, grants the non-triviality of both the components of the non-negative T'-
periodic solution (u,v) that is given by Theorem 2.1. From a biological point of
view, this hypothesis requires that the growth rates a,b of the species are suffi-
ciently large with respect to the terms that model the competition between them.
In other words, it reasonably states that the competitive interaction between the
two species should not prevail the growth capacity of the species if extinction has
to be avoided.

However, when we proved the lower bounds (17), we used the estimate (9)
for the first equation of the system in order to show that |ul|s was not smaller
than A\, and, implicitly, we used for ||v|oo the analogous estimate that holds for
the second equation. On the other hand, if we use the second equation for ||u|so
(and the first equation for ||v||s) we obtain a different choice for A, and, in
particular, for n. In fact, we can prove a version of Theorem 2.1 with

k1Ch
T )

.1 2 o
¢(C1,C5) := min {T / o o1 (x)a(z, t)dedt — 0

1 5 k4Cs
T / o o7 (x)b(x, t)dxdt — pq — T } >0

in place of n(Cy,Cy) > 0, where 0 < K;(x,t) < k; a.e. in Qp fori = 1,4.

14



Specifically, it turns out that

A~ min {1}’” [TC(01+V,CQ+V)}é {TC(Cl—i-u,Cg—&—y)r
" 2m] 172 ’ B

in (17). We observe that also the assumption ((C1,C2) > 0 has a biological
meaning: it requires that the the competition inside each species does not prevail
on the growth rate of the species itself.

The feasibility of the two conditions (12) and (20) depends on the constants
C1,Cs. As we will see in Section 3 there are cases, namely Theorems 3.1
and 3.3, in which one of them is never satisfied (see the next Remark 3.1).

3. A priori bounds in L?(Qr7)

We apply Theorem 2.1 by looking for explicit a priori bounds in L?(Q7)
for the solutions of the approximating problems (3) in different situations. We
consider two main different cases. In the first one, which we call the “coercive
case”, we assume that K;(z,t) > k; > 0 a.e. in Qr for i = 1,4. In the second
one, the “non-coercive case”, we allow the non-negative functions Ki, K4 to
vanish on sets with positive measure. We distinguish also between cooperative
and competitive situations by imposing sign conditions on K5, K3 and having
in mind the biological interpretation of model (1).

3.1. The coercive case
Theorem 3.1. Assume m > 1 and that

L. there are constants k; > 0, i = 1,4, and ki ki >0, i =23, such that
E1E4 > kgkg and

Ki(z,t) >k, fori=1,4 and —k;, < Ki(z,t) < ky fori=2,3,

for a.a. (x,t) € Qr;
2. condition (12) of Theorem 2.1, that is n(C1,Cs) > 0, is satisfied with

Tk k
0= e (Ml + 2100
R~y — R2R3 4

and

Tk,
9 = —

T
e blloc + — oo | -
mg—mm(” hwn)

Then problem (1) has a non-negative T-periodic solution (u,v) with non-trivial
U, V.

PROOF. We just need to show that |lu.||3 < Cy and ||v[|3 < Cy for any solution
(te,ve) of (11). Then, assume u. # 0, thus v > 0 and v, > 0 in Qr by

15



Proposition 2.1. Integrating the equation (13) over [0,7], and passing to the
limit as h — 0, by the T-periodicity of u., we have that

/ efQ |Vu|? dx / Jo(mul"™t + € |Vu5\2dzdt
0 fQ u2dx Jo utdzx
< Tllalloc — kylluell3 + kallvel3

and, by Poincaré’s inequality:
e T < Tlallos = ky[lucll3 + kalve]l3- (21)
The same procedure, when it is applied to the second equation of (3), leads to
T < Tblloc — kalloe |3 + Fallucll3 (22)
Hence from (21) and (22) we have

THa'Hoo +E2HU6||% B 6/1,1T
el < | ,
1

N
AN

||U ”2 < THb”OO +E3”u€”% - 6/"L1T
ello > .

k,

These two inequalities imply that

Tos\ ., T T
1— il -2
(1= 282 bl < - (Ml + 2100
T
k

kgk‘g kS
(1 - > lvell < (||b||oo IGIIOO)
ng 71

for any € € (0,1/2) and the desired bounds follow since koks < k k.

As immediate consequences of the previous result we obtain the following corol-
laries for the cooperative and the competitive cases.

Corollary 3.1. Assume m > 1 and that K;(z,t) > k; > 0 for a.a. (z,t) € Qr
and i = 1,4. If the system is cooperative, i.e. ky, ks =0, and (6) holds, then
problem (1) has a non-negative T-periodic solution (u,v) with non-trivial u,v.

Corollary 3.2. Assume m > 1 and that K;(x,t) > k; > 0 for a.a. (v,t) € Qr
and i = 1,4. If the system is competitive, i.e. ko, ks =0, then problem (1) has
a non-negative T-periodic solution (u,v), with non-trivial u,v, provided that

wmin {1 [ @ate. i - 2
T Qr E4

1 k
7 [] e ode - - ,jnanoo} >0,
Qr =1
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We observe that the condition koks < kqk, of Theorem 3.1 is crucial to
establish the a priori L?-bounds on the solution pairs (ue,v.) of (3). Roughly
speaking this condition guarantees that the terms in the equations that con-
tribute to the growth of the respective species do not prevail on the whole on
those limiting the growth.

On the other hand, when the strict positivity of the functions K7 and K} is
relaxed, obtaining the needed a priori bounds becomes more difficult (at least
with our approach). In fact, we are able to obtain simple a priori bounds in the
non-coercive case when some sign condition is imposed on the functions Ko and
K3 (weak and strong competition, see Subsections 3.2 and 3.3), but we have to
impose the technical restriction m > 3 to obtain a result like Theorem 3.1 with
no sign condition on the functions K and K3 (and with rather complicated
constants C1, Co, see Subsection 3.4).

3.2. The non-coercive case: weak competition and m > 1
Theorem 3.2. Assume m > 1 and that

1. Ki(z,t) >0,i=1,4 and —k; < K;(z,t) <0, i =2,3 for a.a. (x,t) € Qr
and for some non-negative constants k;, © = 2,3;
2. condition (12) of Theorem 2.1, that is n(C1, C2) > 0, is satisfied with

2
(m+1) T
e =rio) (UL ..

and

m_|_12 %
¢ =iol (Y Sl )
mp

Then problem (1) has a T-periodic non-negative solution (u,v) with non-trivial
u,v.

PrOOF. We begin by finding the bound for the solutions u, of the first equation
of (11). Since, by Holder’s inequality,

2

m—1 m+1
/ufd:ﬁ < |QmF </ u?“dw) )
Q Q

and, by Poincaré’s inequality,
1 2
dx - M/ UV [P da
Q

7n+1
/ M<—/Wu
Q 4y

1)
S L/(muznfl +€)\Vu5|2dz,
dmps Jo

m+1
Ue *

we obtain

_t 2\ T T
/ uldr < |Q|mT1 ((m—!—l)) (/ (mu™ "t + e)|Vu62dx> . (23)
Q dmypu Q
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Integrating over [0,T7] it results

2 2
m—1 1)2\ m+1 T M1
uelly < m ((er ) > / (/ (muT1+e)|Vue|2dx) dt
dmyiy o \Jo

2 2
m—1 1 2N s T
Q| (m+ 1) TmF1 // (mu™t + €)|Vu|*drdt
4m1“'1 T

by Holder’s inequality with p = mT“ Multiplying the first equation of (11) by

U, integrating in Qr and passing to the limit in the Steklov averages (uc)p, we
obtain

A
2

IN

/ / (™ + &)V Pzt < ||al]oc|uc]l2

by the T-periodicity of u. and the non-positivity of the function Ks, and, there-
fore,

2
(m+1)? =1
g < 7100 (U ) =
In an analogous way we obtain that ||v.||3 < Cy, if v, is a solution of the second
equation of (11).

The arguments of the proof of Theorem 3.2 can be easily adapted to show
the following result for the case of a single equation with a non-coercive local
term.

Corollary 3.3. Assume m > 1 and that the function K is non-negative. If
1
[ #@aded—m >0,
Qr

then the problem

A = (alet) — fy K(E 26t~ 7))
u(-,t)oa =0, fora.a. t€(0,T),

u('v 0) = u('a T)7
has a non-trivial T -periodic solution u > 0.

3.3. The non-coercive case: strong competition and m > 1
Theorem 3.3. Assume m > 1 and that
1. Ki(z,t) >0, i = 1,4 and —k; < K;(x,t) < —k; < 0, i = 2,3 for a.a.
(z,t) € Qr and for some positive constants k;, ki, i = 2,3;
2. condition (20), i.e. ((C1,C2) >0, is satisfied with

2
1 2 m—1
Cy = Tmax{ || ((m”|a||oo) 1Pl
4mypn ks

2
(m+ 1)? )™ dale
Cy = T'max{ |Q b  Aleo
: x{ (Ul -
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Then problem (1) has a non-negative T-periodic solution (u,v) with non-trivial
u, .

PRrROOF. If (uc,ve) is a solution of (11) with u. = 0, or respectively v = 0, one
can argue as in the proof of Theorem 3.2 to obtain that

2
bl :

12 <TI0
lvel3 <TI0l (-

or respectively,

2
(m_|_ 1)2 m—1
ot < 100 (5D gl )™
H1

If Ue # 0, then u, > 0 and v, > 0 in Q7 by Proposition 2.1. Moreover u, €
C(Qp) and, hence, there exists ¢1 € [0, 7] such that

/uf(m,tl)dw: min /uf(:v,t)dm.
Q Q

t€[0,T

Multiplying the first equation of (11) by wu., integrating over Q and using the
Steklov averages (ue)p we obtain

1d B
9 dt Q(Ue)}%dﬁf < (laHoo — ko /Q(’Uf)}%(gyt_Tg)df) /ﬂ(ug);%dx

Hence, we have

[ 2 / (%o [ wtes = maae — b ) as | [ woiennyas] <o,

for ¢ > t1, which implies that

o {2 (k [ € = s~ o) s} [ o0t [ (w0 (o)

for t > t1, and, passing to the limit as h — 0 and taking t =t + T,

t1+4+T
exp{Zk‘g/ /vf(ﬁ,t—rg)dfdt—QTa||oo}/u§(x,t1 + T)dx
t1 Q Q

§/uz(x,t1)dx§/u?(x,t1 + T)dx.
Q Q

Therefore we have that

t1+4+T T -
// vf(m)dardt:/ /vf(g,t—rg)dgdtg HLLH
T tl Q kz

by the T-periodicity of ve.

If v, # 0, then we can prove that |uc||3 < T|b]lo/k3 in a similar way.
Finally, Remark 2.3 allows to apply Theorem 2.1 with (12) replaced by (20).

Observe that the conditions ko > 0 and k5 > 0 are essential to establish the a
priori bounds of the last theorem.
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8.4. The non-coercive case: m > 3

If m > 3, we are able to find explicit bounds (although complicated) without
any assumption on the sign of the functions Ko, K3, as shown in the next result.

Theorem 3.4. Assume m > 3 and that

L. Ki(x,t) >0, i=1,4 and K;(z,t) < ki, i =2,3 for a.a. (x,t) € Qr and
for some positive constants k;, 1 = 2,3;
2. condition (12) of Theorem 2.1, that is n(C1,Cs) > 0, is satisfied with

2
m—1)2 2 e
cr=1{ D o) 4 (R mET) |+
(m—=3)(m+1)
2m—2 4 mi—\} 1/2
+ (R ) }
(m —1)? R B
2= — oo mToRg o0
Co=T § ey | Q) ™+ (M o) +
omez s N\ w2s) 2
14Qm71
y e
8m=puy
(24)

Then problem (1) has a non-negative T-periodic solution (u,v) with non-trivial
u,v.

PROOF. Let (ue,v.) be a solution of (11). We have

m,;l M 1/2
(/ ufdx) < <> / (mul" " +€) |Vue*dz (25)
Q 2 0

by inequality (23). Multiplying the first equation of (11) by wu., integrating in
Q7 and passing to the limit in the Steklov averages (u.)n, we obtain by the
T-periodicity of u.

//Q(Tmug“ﬂ)wuﬁdx < /OT <||a||oo +k2/ﬂv€2(£,t—72)d§) (/Q ufdx> dt.

(26)

It follows that

/OT (/Quf)m;ldtg [Z‘j/j (a||oo+k2/ﬂv€2(§,t—72)d§>2dt]é.
l/OT </Qu§dx)2dtr
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by (25), (26) and Holder’s inequality. On the other hand,

T 2 s T m;rl 'm.il
/ (/ ufdx) dt < T'm+1 / </ ufdx) dt]
0 Q 0 Q

m“. Therefore, these last two inequalities

by Holder’s inequality with p =
imply

T 2 m—3 M % T - 2
/ (/ ufdw) dt < Tm=1 () [/ (|a||oo+k2/ vfdx) dt]
0o \Ja 2 0 Q
M 2z T 2 T
< T () 2T||a||§o+2E§/ (/ vfdx> dt
2 0 Q

o N2 omes /o oNweT | [T . \? w1
T (Mllal|3) ™" + T (Mk2) /O (/Qvedx) i@t

thanks to the fact that m > 3. In an analogous way we can show that

/OT (/glvfda:)thgT(Mw”go)nf_lJr
o (Mk?’) 2 VOT (/Qufdx)th]m

2
m—1

2
-1

and, hence,

2

U<T(Mal2)™ " +

2

+ TR (MEy) ™ = (mE) "
2,

e o ) n

e aplz) = 28

)
V)
3
|
-
I
3
|
-

T (o) ™+ 7 (M5

2

(m=3)(m+1) = m41-2— m-l 4
+ <T 2(m—1) N[ m-1 1k km 1) U (m-1)2

with U = fo (Jq uZdx)?dt. The last inequality has the form:
U<a+pUeo?,

with «, 8 > 0. Since m > 3 the function f(U) := a+ U = is concave, and
then
FU) < f(Uo) + £ (Uo)(U = V),
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mo1? o
where Uy := 0n=3+1) . This implies

(m—1)2 (m—1)?

U< o+ [T

“(m=3)(m+1)
A final application of Holder’s inequality shows that |uc|3 < TV/2U'? = (.
The argument for v, proceeds in a similar way.

In the cooperative case we can ignore the explicit value of the constants in
(24) and obtain the following cleaner looking corollary thanks to Remark 2.2.

Corollary 3.4. Assume m > 3 and that Ky(xz,t), K4(z,t) > 0 for a.a. (x,t) €
Qr. If the system is cooperative, i.e. ko ks = 0, and (6) holds, then problem
(1) has a non-negative T-periodic solution (u,v) with non-trivial u,v.

Remark 3.1. Observe that the a priori bounds C1,Co in Theorem 3.1 do not
allow to replace the condition (12) with (20), since

min{ klkf —, Elk‘i = } > 1,
kiky — koks kiky — kaoks

which implies that ((C1,Ca) < —puy. Analogously, in Theorem 3.3 the condition
(20) cannot be replaced by (12) since in this case we have that

min{kQ,k‘g} >1,
ko' k3

which implies that n(C1,Cy) < —p1. Finally, in the other cases, namely Theo-
rems 3.2 and 3.4, the constants C1,Cy allow to employ indifferently any of the
two conditions.

4. An optimization problem

In this section we associate to (1) a cost function J defined by
J(u,v,a,b) := // F(a:,t,u(x,t),v(x,t),a(z,t),b(x,t))dxdt
T

to be minimized on all the pairs (u, v, a, b) which satisfy (1) with u, v non-trivial,
non-negative in Qr and a, b fulfilling either condition (12) of Theorem 2.1 or
condition (20) of Remark 2.3. Moreover, we assume that F' : Qr x R* — R
is a Carathéodory function which is measurable in (z,t) for any (u,v,a,b) and
continuous with respect to (u,v,a,b) for a.a. (x,t) € Qr. As a possible choice
of F we can consider F(z,t,u,v,a,b) := C(x,t,a,b) — G(z,t,u,v,a,b), where
C represents the cost of controlling the natural growth rates to the values a
and b, and G represents the benefit due to the presence of the populations of
densities u, v and growth rates a,b. We consider the above stated optimization
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problem both in the coercive and noncoercive case for cooperative and compet-
itive systems, which are, in our opinion, the most relevant cases. To this aim
we introduce the following set of admissible controls

U= {(a7b) € LOO(QT) X LOO(QT) CH + 0 < a(a:,t),b(x,t) <c a.e. in QT}

for some fixed §,c¢ > 0. In the coercive case, Corollary 3.1 guarantees that if
the system is cooperative then, for any (a,b) € U with any positive constants
d,c such that § + p1 < ¢, (1) has non-negative solution (u,v) with non-trivial
u,v. Furthermore, Corollary 3.2 ensures that the same holds if the system is
competitive for §, ¢ > 0 such that d + p1 < c and

In the non-coercive case for cooperative systems, Corollary 3.4 allows the same
conclusion of the coercive, cooperative case. While, if the system is weak com-
petitive for d, ¢ > 0 such that

mo1 m-1 . 1)
>max{k22 7E32 }‘Q|Tlm
dmpun

m—1

) =2

Cc

Theorem 3.2 applies for any (a,b) € U. Finally, if the system is strongly com-
petitive then Theorem 3.3 applies for any (a,b) € U, where 6, c > 0 satisfy the
conditions

m—1

67 _m—1 __ m-—1 m—1 1 2
- >max{k12 ky? }|Q2 M
c dmpn

and

To the control set U we associate the solution set
S = {(u,v,a,b) : (u,v) € C(Qr) x C(Qr) is a weak solution of (1)
corresponding to (a,b) € U such that u,v > 0 in Qr,
u,v#0and Ao < |ullcg, ) IVlc@,) < R}
where the constants Ag and R are given by Theorem 2.1.

In order to deal with the minimization of the cost functional J on S we
give some preliminary definitions. Fixed (a,b) € U, consider the function ¢ :
Qr x RS — R? given by

wa,b(xv ta a, ﬁy g, 517 g, ﬂQ) = {(Cl(.f, t) —ap + ﬂl)a7 (b(a:? t) + g — ﬂQ)ﬁ7
F(:L', t,a, B, a(;z:, t)a b(fE, t)) } )

and the multivalued map ¥ : Q7 x R® — R3 defined as follows:

qj((E,t,O{,ﬂ,O{],ﬁl,O{g,ﬁg) = {(’Yl — 1 +ﬁl)a7 (72 + Qg — /62)53
F(xﬂtvavﬂv’yla’VZ) 71,72 € [/1’1 +5,C]}
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In what follows, abusing notations, we denote X x X x X --- x X by means of
(X)™, where X is a normed vector space.
Consider the multivalued Nemytskii operator generated by ¥, that is the oper-

ator Ny : (LG(QT))2 —o (LZ(QT))3 given by

Na(p.q)(w,t) ={(£.9.h) € (L2(Qr))" : (f(x,1), g(w,t), h(x,1))
€ U (x,t,p(x,1),q(@, 1), ¢1(p)(t), $2() (1), d3(p) (), Pa(q) (1))

for a.e. (z,t) € Qr},
where ¢;(w)(t) = [, K; 1) w?(z,t)dr, i = 1,2,3,4, and t € [0,T].
For the multivalued Nemytskii operator Ny we have the following result.

Lemma 4.1 (see [16], Theorem 5.1). The multivalued map Ny has bounded
closed convex values and maps bounded sets into bounded sets. Moreover,

U \Ila.,b(pv Q) (27)

(a,b)eU

for any (p,q) € (L6(QT))2, where

Wab(p, q)(2,t) = Yap(z,t,p(x, 1), q(2,1), o1(p) (1), d2(q) (), D3 (p) (L), Pa(q)(t)).

In order to solve the optimization problem first of all we prove a relevant
property concerning the solution map G of the following Cauchy problems with
Dirichlet boundary conditions.

% aum= 1,
l — Av™ = 9,
0
u(t~,t) o0 =v(-,t)]oq =0, fora.a. te (0,7), (28)
u(-,0) = u’(),
v(-,0) =v°(),
and
w(t) = [, h(z,t)dz, a.e. in [0,T7,
{w(O) = ()g.2 (29)

The assumptions on the data f, g, h, u°, v° will be precised later, for the moment
we assume only their integrability to permit the formulation of the following
definition of weak solution.

Definition 4.1. (/21], Definition 5.4, p.87). By a solution (u,v) of (28) we
mean locally integrable functions u,v defined in Q1 such that

1. u,v € LY(Q7) and u™,v™ € L*((0,T), Wh1(Q)),
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2. u and v satisfy the identities

//T —U—- +VumV<,0 = /Quo(;zj)ga(x,())dz + / o fedzdt  (30)

//QT —v— + Vo™V = /QUO(x)@(x,o)dx + //QT gedxdt (31)

for any ¢ € CY(Qp), such that o(z,t) = 0 for all (z,t) € 9Q x [0,T] and
p(z, T) =0 for any x € Q.

For our purposes we consider f, g,h € L?(Qr) and u°,v° € L>(Q). Under these
conditions by means of ([21], Theorem 5.7, p.97, and Theorem 6.2, p.128) there
exists a unique weak solution (u,v) of (28), which is also a limit solution of
classical solutions, with the properties: u,v € L™ ((O, T), L? (Q)) and u™, 0™ €

LQ((O,T),H&(Q)). Therefore, the solution map G : (LQ(QT))3 X (L‘X’(Q))2 —
(Lz(QT))2 x L?(0,T) given by

g(f?.g’ h, uoﬂvo) = (u’v7w)
if and only if (u,v) is the unique weak solution of (28) and w is the solution of
(29), is well defined.
Let N : (LG(QT))2 X (L"O(Q))2 —o (LQ(QT))3 X (L°°(Q))2 be the operator

defined by
NE(p, q,u®,0°) = (Na(p, q),u’,0°)
We have the following result.

Proposition 4.1. The operator GoN : (LG(QT))2>< (LOO(Q))2 —o (LQ(QT))QX
L?(0,T) has closed graph.

PRrROOF. Consider arbitrary sequences (py, ¢n) € (LG(QT)) (v9,29) ( (Q )2

and (Yn, 2n, W) € (LQ(QT))iLQ(Oa T') so that (Y, 2n, wn) GgW\IJ (Prs @ns U9, n))
with (pn, gn), (42, 29) and (yn, 2n, Wy, ) converging respectively to (po, o), (y°, 2°)
and (yo, 20, wp) as n — 4o00. Since (Yn, 2n, W) € Q(N\g(pn,qn,yg,zg)), there
exists a sequence (fTH In; hn) with (fna In; hn7 y?N 22) € N\g (pn7 dn, ygv Z”Ol) such
that (yn, 2n, wn) = G(fny Gns bn, ¥0, 20), namely (yy, 2n, wy,) is the unique weak
solution of the problem

f’I’L7
a. 7AZ = On,
y(~,t>|ag = (',t)‘ag =0, fora.a.te (O,T),
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W(t) = [ hn(x,t)dz, a.e. in [0, 7T,
w(0) =0,

where hy,(z,t) € F(z,t,yn(x,t), 20(x,t)) = {F(z,t,yn(z,1), 20 (2, 1), 71,72) :
Y1,72 € [p1 + 0, ]}, for a.a. (z,t) € Qr.

Since Ny sends bounded sets into bounded sets, by passing to a subsequence
if necessary, we have that (f,, gn,hn) weakly converges to some (fo, go, ho) €

(L? (QT))3. We want to show that
(ﬁUO» 20, ’LUQ) = lim g(fna 9n, h’rh y97,7 22) - g(f07 Jo, h0> y07 ZO)'
n—-+400
To this end, let wy € L%(0,T) be the solution of

{u’;(t) = [, ho(z,t)dz,  ae. in [0,T),
w(0) = 0.

Then 1y = wp. In fact, using the fact that h,, weakly converges to hq in L?(Qr),
we have

2
— 0, asn— 4oo,

— ho(x,7))dzdr

for a.e. t € (0,T). Moreover, since h, is bounded in L>*(Qr) we have that
0 < pn(t) < C, for ae. t € [0,T]. Thus we can apply Lebesgue’s Theorem and

we can conclude that
T
dt :/ fin (t)dt — 0,
0

/ i (£) 0 () Pt =
0
(32)

asn — +00. On the other hand, by assumption, limy, . ; o ||wn—wo||£2(0,7) = 0,
hence wy = wyg.

Furthermore, by ([5, Theorem 6.4, p. 89]), if (go, 29) is a weak solution of the
problem

2
— ho(z, 7))dzdr

ar Aym = f07
o — A2™ = go,
y(,)]oq = 2(-,t)|oq = 0, for a.a.t € (0,T),
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then, for ¢t € [0, T], we have that

yn (5 8) = o5 D)llL2@) = l[Yyn(,0) = o(-s O)llz2(0) + 12 (- t) = 20(, )| L2(@)—
- ”Zn(vo) - 20('70)”L2(Q)

< /O/Q(yn(x,r) —Go(z, 7)) (fu(z,7) = folw,7))dwdr+

+/OK2 (Zn(llf,T) - 20(1:77—)) (gn($,7) - go(IIT,T))dLZZdT.

(33)
Since y,, converges to 3 in L?(Qr) and f, weakly converges to fo in L?(Qr),
as n — +o00o, we have that

/0 /Q (yn(z,7) = Go (2, 7)) (fulz,7) = fo(z,7))dzdT

< /0 /Q (Yn(@,7) — yo(z, 7) + yo(z,7) — o (@, 7)) (fulz,7) — folz,T))dxdr
= [ [ o) =0 7) () = fola ) ddr+

+/0 /Q (yo(l‘,T) o :&0(1‘,7‘)) (fn(mvT) - f0($77'))dl‘d7' — O’

as n — +00. Analogously,

lim /0 /Q (zn(x,T) - éo(x,T)) (gn(as,T) — go(x, T))dxdr =0.

n—-+4oo

Moreover, ||y, (-,0) = Jo(-,0)z2(q) and |[|z,(-,0) — Zo(+,0)[z2(q) tend to O as
n — oo, hence, for ¢t € [0,T], we have that

Jm lyn (5 8) = GoC )2y = lim lza(t) = 200 E)llz2() = 0.
Thus, (%o, 20, Wo) = (Yo, 20, wo) and we can conclude that

lim g(fmgmhmygvzg) = g(f07907h07y0720)-
n—-+oo

Finally, since (pn, g,) converges to (po,qo) in (L%(Q7))? and (y9,2%) converges
to (y°,2°) in (L*(2))°, we have, by [16, Theorem 5.1 - (ii)], that

d(Lr"(QT))B}><(L°°(Q))2 ((fna 9n;s hna y»?w 22)7N\% (pO, q0, yoa ZO)) - 07

as n — +o00, where dx(a, A) denotes the distance in X of a € X from the set
AC X. On the other hand, from (32) and (33) we obtain that G : (L2(Qr))” x
(L"O(Q))2 — (L2(QT))2 x L%(0,T) is continuous, thus

d(L2(QT))2><LQ(O,T)><(L°°(Q))2 (g(fna 9n; hn, ygv 22)7 g(N\?/(pOa q0, yoa ZO))) — 0.
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Therefore

(L*(Qr))*xL*(0,T)
(y0720aw0) = g(f07907h07y0720) € g(N\(Iz(pOaQO7yO7ZO))\ ’ .

The same arguments of the first part of the proof show that

(L*(Qr))*x L*(0,T)

g(N\%(meOa y07 ’ZO)>k

= g(N\IOJ(pCH QO,y0>ZO))-

In fact, if one considers a sequence (Yn,2n,wn) € G(N(po,qo,y°, 2%)) with
(Yn, 2n, Wn) — (Yo, 20, wo) in (LQ(QT))2 x L2(0,T), as n — +o00, then there ex-

ists a sequence (f,, gn, hn) €ENw (po, qo) so that (Y, 2, Wn)=G(fn, Gn, hn, y°, 2°).
On the other hand, passing to a subsequence if necessary, we have that (f,,,gn,hn)

weakly converges in (L? (QT))3 to some (fo, g0, ho) ENw(po, qo), since Ny (po, qo)
is a closed, convex set of (L? (QT))3. This concludes the proof.

Now, we are in the position to prove the following result.
Theorem 4.1. The cost functional J attains its minimum in S.

PROOF. Let (un, vn,an,by) € S be a minimizing sequence for the cost functional
J; hence, by the existence results of the previous section, (un,vn) € C(Qr) X
C(Qr); tn,vn 2 0 in Qr and ||lunllog, ) lInlleg,) > Ao, is a solution of
(1) corresponding to (an,bn) € U. Now, set uf(-) := un(-,0) = un(-,T) and
v2(+) = v,(-,0) = v,(-,T), hence u?wvg are Holder continuous in Q by the

regularity results of [19], and consider the solution w,, € L?(0,T) of the problem

{Iwuggzzﬁg hn(z,t)dz, a.e. in [0, 77, (34)

where hy, (z,t) := F(z,t,un (2, t), vn(2,1), an(z,t), by (2, 1)).
Then (wy, Un, wn) € G(N (tn, vy, ud,v2)), namely w, is defined by (34) and
(tun,vy,) is a weak solution of the problem.

% — Au™ (an (z,t) /K1 u? (€t — 1)dé+

+/§2K2(£,t)v2(£,t - Tg)d§> u

% — Av™ <bn(ma t) + /Q K3(§7 t)u2(€7t - T3)d§7

/QK4(§,t)v2(§,t7—4)d§> v

u(-, t)|oq = v(-,t)]ogq =0, for a.a.t € (0,T),
u(-,0) = up (),
v(0) = v ().
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By the uniform boundedness of the functions uy,v,,a, and b, in L>®(Qr)
it is easy to see that all the assumptions of [19, Theorem 1.2] are satisfied.
Therefore as in the proof of Theorem 2.1, by passing to a subsequence, if nec-
essary, (un,v,) converges uniformly in Q to a pair (ug,vo) € C(Q7) x C(Qr),
Ao < |luolleg, ), llvollogg,) < R- Furthermore, repeating the arguments of the

proof of Proposition 4.1, one has that w,, converges to wg in L%(0,T), where wq
solves

w(t) = [ ho(x,t)dz, a.e. in [0, 7T,
w(0) =0,

being hy the weakly limit of h, in L?*(Qr). Furthermore, since G o N9 :
(LG(QT))2 X (L°° (Q))2 —o (L2 (QT))2 x L?(0,T) has closed graph, we have that
(up, vo, wo) € g(./\/,?,(uo,vo,uo,vo)). Thus, by (27), there exists (ag,by) € U
such that

(10, v0, wo) = G (Wag,b, (10, v0, u’, 7)),

i.e. (up,vg) is a weak solution of the problem

% — Au™ = <a0((E, t) - /Q Ky (57 t)u2(§7t - Tl)d§+

+/ KQ(fvt)v2(§vt - TQ)df> u
Q
% - a0 = (it + [ Kalent(en - myde-

- [ mis.oviet - T4)d£> v,

u(-,t)|oq = v(-, t)]oq =0, fora.a. te (0,T),
U(,O) = uO(. )
v(:,0) = 2°(),

and wy is such that

{w(t) = fQ F(z,t,uo(x,t),vo(z,t),ag(x,t),bo(x,t))dx, a.e. in Qr,

Here u° and v° are the uniform limits of u! and 00 in Q, respectively, thus
they belong to C(Q). Moreover, repeating the arguments of the proof of The-
orem 2.1 with e = 0, one can show that «;' and v;' are uniformly bounded
in L?((0,T); H3(2)) and thus u*,vj* € L*((0,T); H3 () and (uo,vo) satisfies
(30)-(31).
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