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Topological entropy in totally disconnected locally compact groups

Anna Giordano Bruno * Simone Virili T+

Abstract

Let G be a topological group, let ¢ be a continuous endomorphism of G and let H be a closed
¢-invariant subgroup of G. We study whether the topological entropy is an additive invariant, that
is,

htop(¢) = htOp(¢ rH) + htop(¢) y

where ¢ : G/H — G/H is the map induced by ¢. We concentrate on the case when G is locally
compact totally disconnected and H is either compact or normal. Under these hypotheses, we show
that the above additivity property holds true whenever ¢ H = H and ker(¢) < H. As an application
we give a dynamical interpretation of the scale s(¢), by showing that log s(¢) is the topological
entropy of a suitable map induced by ¢. Finally, we give necessary and sufficient conditions for the
equality log s(¢) = hsop(¢) to hold.

Key words: 37B40, 22D05, 22D40, 54H11, 54H20, 54C70.
2010 AMS Subject Classification: Topological entropy, totally disconnected locally compact group, scale, con-
tinuous endomorphism, Addition Theorem.

1 Introduction

Topological entropy for continuous self-maps of compact spaces was introduced in [I] by Adler, Kon-
heim and McAndrew, in analogy with the measure entropy studied in ergodic theory by Kolmogorov
and Sinai. In his celebrated paper [3], Bowen gave a definition of entropy for uniformly continuous
self-maps of metric spaces. Later on, Hood in [10] extended Bowen’s entropy to uniformly continuous
self-maps of uniform spaces. This notion of entropy is sometimes called uniform entropy, and it coin-
cides with the topological entropy in the compact case (when the given compact topological space is
endowed with the unique uniformity compatible with the topology). For this reason we call topological
entropy also Hood’s extension and we denote it by htp (see for a definition).

Let G be a topological group and let ¢ : G — G be a continuous endomorphism. When endowed
with its left uniformity U, then (G,U) is a uniform space, and ¢ is uniformly continuous with respect
to U. Hence, Hood’s definition of the topological entropy h,, applies to any given continuous endo-
morphism ¢ : G — G. Similarly, if H is a closed subgroup of G, the set G/H of the left cosets of H in
G inherits from G a natural uniform structure U (see , that we call left uniformity of G/H and
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that generates the quotient topology of G/H. If H is ¢-invariant, the map ¢:G/H — G/H induced
by ¢ is uniformly continuous with respect to U, 5o hiop(¢) is defined.

In this paper we study the following general question (see [7, Question 4.3] in the locally compact
Abelian case) when G is a totally disconnected locally compact (briefly, t.d.l.c.) group.

Question 1.1. Let G be a topological group, ¢ : G — G a continuous endomorphism and H a closed
p-invariant subgroup of G. Is it true that

htop((b) - htop((z5 rH) + htop((zs) 5 (1'1)
where ¢ : G/H — G /H is the map induced by ¢?

We say that the Addition Theorem holds if the formula is verified. Some instances of the
Addition Theorem are already known. Indeed, as a consequence of [7, Corollary 4.7], the Addition
Theorem holds when H is a normal and open subgroup of the locally compact group G; in fact, one
can directly check that, under these strong assumptions,

hiop(#) =0 and  hiop() = hiop(¢ 1) -

Moreover, it is known from [5, Theorem 4.5.8] that, if G; and G are t.d.l.c. groups and ¢; : G; — G;
is a continuous endomorphism for i = 1,2, then hop(d1 X ¢2) = heop(d1) + hiop(P2).

An important known case of the Addition Theorem is the compact one: when G is a compact group

and H is a closed ¢-invariant normal subgroup of G then holds true. Yuzvinski proved this in
[23] for separable compact groups (a generalization for the measure entropy was given by Thomas in
[17]). Later on, Bowen proved in [3, Theorem 19] a version of the Addition Theorem for compact
metric spaces. The general statement, when G is compact but not necessarily metrizable, is deduced
from the metrizable case in [6, Theorem 8.3].
Let us also remark that, after the introduction of entropy for actions of amenable groups in [I5], there
has been considerable effort to generalize Yuzvinski’s Addition Theorem to this context. Some of the
main steps in this development have been done, chronologically, in [I2] (for actions of Z%), [I3] (for
actions of a general countable torsion-free Abelian group, so in particular Z(N), and [IT] (where Li
proved a very general Addition Theorem for actions of a countable amenable group).

As mentioned above, in this paper we consider Question for t.d.l.c. groups. For these groups
van Dantzig proved in [18] that the family

B(G) :={U < G : U compact and open}

is a base for the neighborhoods of 1 in G. As noticed in [7] (see and Proposition [3.4), the
topological entropy of a continuous endomorphism ¢ : G — G of a t.d.l.c. group G can be computed

as
htop(¢) = Sup{Htop(¢a K) K € B(G)}a Where Htop(d)a K) = lim Ma

n—o0 n
here, K_, = KN¢ 'KN...N¢"K € B(G), and the index [K : K_,] is finite since K_,, is open in
the compact subgroup K.
If H is a closed ¢-invariant subgroup of G, and H is compact but not necessarily normal, we see
in how Hood’s definition of topological entropy applies to the map ¢ : G/H — G/H, obtaining
the following formula (see Proposition :

hiop($) = sup{Hiopl, K) : H < K € B(G)}.

The main result of this paper is the following instance of the Addition Theorem:



Theorem 1.2. Let G be a t.d.l.c. group, ¢ : G — G a continuous endomorphism and H a closed
@-stable subgroup of G containing ker(¢). If H is either normal or compact, then

htop(¢) = htop(qS [H) + htop(¢) ; (*)
where ¢ : G/H — G/H is the map induced by ¢.
In particular, the Addition Theorem holds for topological automorphisms of t.d.l.c. groups:

Corollary 1.3. Let G be a t.d.l.c. group, ¢ : G — G a topological automorphism and H a closed
¢-stable normal subgroup of G. Then

htop(¢) = htop(qS [H) + htop(¢) 5

where ¢ : G/H — G/H is the topological automorphism induced by ¢.

The proof of Theorem is given in where we treat separately the cases when the subgroup
H is normal or compact. In fact, the proofs of these two cases, even with their technical differences,
use similar ideas and follow a similar pattern, that is, we prove separately the two inequalities giving
the equality in (x). While the proof of the lower bound uses relatively standard arguments, the proof
of the upper bound is based on a Limit Free Formula for the computation of the topological entropy
(see Proposition. Indeed, following [22], for every U € B(G) we can construct a compact subgroup
U, of G contained in U (see Definition , such that Uy < ¢U, and

Hiop(¢,U) = log[pUy : U4].

The counterpart of this formula for topological automorphisms was proved in [8] and for compact
groups in [4].

In Section 4] we show a precise relation between the topological entropy and the scale, generalizing
a result from [2]. Indeed, in the recent paper [22], extending the same notion from [20], Willis defined
the scale of a continuous endomorphism ¢ of a t.d.l.c. group G as the positive integer

s(¢) == min{[pU : UN U] : U € B(G)}.

Moreover, a subgroup U € B(G) is said to be minimizing if the value s(¢) is attained at U, that is,
s(¢) = [¢U : U N @U], and nub(¢) := ({U € B(G) : U is minimizing} is a compact ¢-stable subgroup
of G. We see in Proposition [4.8] that

log s(¢) = hiop(¢) (1.2)

where ¢ : G/nub(¢) — G/nub(¢) is the map induced by ¢. Moreover, we describe nub(¢) in dynamical
terms that depend only on G and ¢, and not on the scale. A consequence of Theorem and of (1.2)
is that lOgS((ﬁ) = htop(¢) if and only if htop(¢ rnub(qb)) =0, if and only if HUb(¢) = {1}

Conventions and notation

All topological groups in this paper are Hausdorff.

We denote by N and Ny respectively the set of natural numbers and the set of positive integers.
Analogously, R and R~ stand respectively for the real numbers and the positive real numbers.

For a group G and an endomorphism ¢ : G — G, we say that a subgroup H of G is ¢-stable if pH = H
and ¢-invariant if pH < H.

For a group G and a subgroup H of G, we denote by G/H = {xH : © € G} the set of all left cosets
of H in G, and by [G : H] the index of H in G, that is the size of G/H. If K is another subgroup
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of G, then KH/H is the family of all left cosets of H in G with representing elements in K, that is
KH/H = {kH : k € K}, and we denote by [KH : H]| the size of this family, generalizing the usual
notion of index.

Moreover, Ng(H) = {x € G : ¥ 'Hz = H} is the normalizer of H in G. We say that a subgroup L
of G normalizes H precisely when L < Ng(H); equivalently, z—'Hz C H for every z € L.

For a topological group G, we denote by End(G) the semigroup of all the continuous endomorphisms
of G.

2 Background and preliminary results

2.1 Locally compact groups and their quotients

A topological group G can be always endowed with a natural uniform structure U, called the left
uniformity of G (for every g € G the multiplication x — gz is uniformly continuous with respect to
U), which generates the given topology of G. If B is a base for the neighborhoods of 1 in G, the family

V:={Uk : K € B}, where Uy := {(x,y):y_1$€K}7

is a fundamental system of entourages of U.
Similarly, if H is a closed subgroup of G, then G/H inherits from G a natural uniform structure
U, for which a fundamental system of entourages is given by the family

V={Uk: K € B}, where Uy := {(zH,yH) :y 'z € K}.

The topology generated by ¢/ on G/H coincides with the quotient topology of G/H. Furthermore,
G acts on G/H on the left, in the sense that, to each element g € G, we can associate the following
uniform automorphism of G/H:

Ag:G/H — G/H such that zH — gzH .

In fact, AgAp = Agp, for all g, h € G and the inverse of Aj is A;—1. For this reason we call U the left
uniformity of G/H.

A topological group G is locally compact precisely when the family
C(G) :={K : K compact neighborhood of 1 in G}

is a base for the neighborhoods of 1 in G. In this case, one can take B = C(G) in the definition of
the fundamental systems of entourages for the uniformities 2/ and U above. Moreover, if G is locally
compact and H is a closed subgroup of G, then G/H is a locally compact Hausdorff topological space
(see, for example, the discussion in [16, Section 3.1] or [9, Theorems 5.21, 5.22]). If in addition G is
totally disconnected, the quotient G/H is O-dimensional (see [9, Theorem 7.11]).

Given a locally compact group G, it is known that there exists a left Haar measure p on G. For
a compact subgroup C of G' and a relatively open subgroup K of C, we can write C' = |J, g / xcK.
By the compactness of C', and since each cK is open in C, the index [C : K] is finite; so, since p is
left invariant,

p(C) = [C: KJp(K). (2.1)

Choose now a closed subgroup H of G. In analogy to the left invariance of u, a measure i on G/H
is said to be left invariant if, for any measurable subset C' of G/H,

A(AC) = a(C) forall g € G.
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We would like to find a left invariant measure i on G/H, which is finite on the compact subsets of
G/H and such that there exists a compact subset Ky of G/H with i(Ky) > 0. Unfortunately, such
a measure does not always exist. In fact, a necessary and sufficient condition for its existence is that
the restriction to H of the modular function Ag of G coincides with the modular function Ay of H
(see [14, Corollary 3 on p.140] or [16, Section 8.1]). On the other hand, if H is compact, then both
Ap(H) and Ag(H) are compact (multiplicative) subgroups of R, hence, Ay (H) = Ag(H) = {1}.
We obtain the following

Lemma 2.1. Let G be a locally compact group and H a compact subgroup of G. Then there exists a
left invariant measure i on G/H, which is finite on the compact subsets of G/H and such that there
exists a compact subset Ko of G/H with ji(Kp) > 0.

In the hypotheses of the above lemma, let 7 : G — G/H be the canonical projection. Analogously
to the discussion that leads to , if C'is a compact subgroup of G and K is a relatively open
subgroup of C' containing H, then 7C' = U, gec/km(#K) = U, gec/kAz(TK) in G/H. Thus, we still
have the formula

a(nC) = [C: Klu(rK). (2.2)

2.2 T.d.l.c. groups
If G is a t.d.l.c. group, then, as observed in the Introduction, the subfamily

B(G) ={U < G : U compact and open}

of C(G) is a base for the neighborhoods of 1 in G.
For C a closed subgroup of G, let

B(G,C):={U e B(G): C <U}.
The following results will be useful many times in what follows.

Lemma 2.2. Let G be a t.d.l.c. group, C a compact subgroup of G and K € B(G). Then there ezists
L € B(G) such that L < K and C < Ng(L). In particular, CL € B(QG).

Proof. Let L = (\{z™'Kz : x € C}. Tt is clear that L < K and that L (being defined as an
intersection of closed subgroups) is a closed subgroup of K, so it is compact. Let us show that C
normalizes L, that is, y 'Ly < L for all y € C. Let y € C and n € L. For z € C, we have
vy tnyz! = (yr~1)"In(yz~!) € K. Therefore, y 'ny € z 'Kz for every x € C, and hence
y~lny € L.

It remains to show that L is open. Indeed, given z € C, choose U € B(G) such that U < K and
v~ WUr < K. Let W, = Uz and V,, = U. Thus, W, 'V,W, = 27 'UUUz = 27 'Ux < K. The family
{W, : x € C} is an open cover C, which is compact, so there is a finite subset F' of C' such that
CCU{W,:2z€F} Set V={V,:2€F}. Then 27 'Vz < K for each element x € C; in fact,
given x € C, there exists f € F such that x € Wy, so that 2 Wa C Wf_IVfo C K. Thus, V <L,
showing that L is open. O

Corollary 2.3. Let G be a t.d.l.c. group and C' a compact subgroup of G. Then:
(1) B={U € B(G) : C < Ng(U)} is a base for the neighborhoods of 1 in G.

(2) B ={CU :U € B(G), C < Ng(U)} (and so also B(G,C)) is a base for the neighborhoods of C
in G.



Proof. (1) follows directly from Lemma

(2) Let A be an open subset of G containing C. In particular, A is an open neighborhood of every
element of C', and so for every c € C, there exists V. € B(G) such that ¢V, C A. Since C C (J ¢ cVe,
by the compactness of C there exists a finite subset F' of C' such that C' C Uscp fVy. Let K =
Nrer Vs € B(G); we claim that CK C A. Indeed, for all ¢ € C there exists f € F such that
c € fVy, hence cK C fV;K = fV; C A. By Lemmathere exists L € B(G) such that L < K and
CL € B(G). Clearly, CL C A and CL € B' C B(G,C). O

The next lemma generalizes part (2) of Corollary

Lemma 2.4. Let G be a t.d.l.c. group and C a compact subgroup of G. If B C B(G,C) is a downward
directed family with respect to inclusion such that (\B = C, then B is a base for the neighborhoods of
CinG.

Proof. We should verify that, given a neighborhood N of C in G, there is W € B such that W < N.
Since B(G,C) is a base for the neighborhoods of C' in G by Corollary [2.3(2), we can suppose that
N € B(G,C). Let U € B, let By = {W € B: W < U}, and consider the open cover N C | J, .y 2U.
Since N is compact, there is a finite subset 1 € F C N such that N C (J,cp2U =V, where V is
compact. Then, V' '\ N is compact and

VANCV\C=V\ (] W= [J v\W).
WeBy WeBy

By compactness of V' '\ N, there exist Wi,...,W,, € By such that V\ N C [J;",(V \ W;). Since
B is downward directed, let W be any element of B which is contained in ()}, W; and notice that
W C N. O

The next corollary describes B(H) for any closed subgroup H of a t.d.l.c. group G, and it gives
suitable subbases of B(G/H) respectively when H is normal and when H is compact.

Corollary 2.5. Let G be a t.d.l.c. group and H a closed subgroup of G. Then:
(1) B(H)={UNH :U € B(G)};

(2) if H is normal and 7w : G — G/H 1is the canonical projection, then n1B(G) ={nU : U € B(G)} C
B(G/H) is a base for the neighborhoods of H in G/H;

(3) H is compact if and only if B(G, H) is a base for the neighborhoods of H in G.

Proof. (1) The inclusion {UNH : U € B(G)} C B(H) is clear. On the other hand, given V' € B(H),
there exists an open subset U’ C G such that U'N H = V. Now, V is a compact subgroup of G so, by
Corollary [2.3)(2), there exists U € B(G) such that V C U C U'. Clearly, UNH = V.

(2) Let V € B(G/H). Then 71V is an open subgroup of G, thus there is U € B(G) such that
U < 7 V. Tt is now clear that, 7U < V and 7U € B(G/H).

(3) If H is compact, then B(G, H) is a base for the neighborhoods of H in G by Corollary [2.3)(2).
Conversely, if B(G, H) is a base for the neighborhoods of H in G, in particular it is not empty, and
we can take some U € B(G, H); then H is closed in the compact U and so H is compact. ]



2.3 Indices of subgroups

As underlined in the previous subsection, the study of Haar measure of subgroups reduces to some
extent to the study of indices of subgroups. In this subsection we collect some facts about indices of
subgroups of an abstract group.

Lemma 2.6. Let G be a group and H, K, L subgroups of G with H < K. Then:

(1) [G: H] =[G : K][K : H];

(2) [LH :H]=[L:HNL];

(3) [K:H]|>[KNL:HNL|;

(4) [K: H| > [KL: HL], provided HL = LH;

Let G be a group, H', K' subgroups of G' with H' < K', and consider a homomorphism ¢ : G' — G.
Then:

(5) [¢p71K : ¢~ H] = [K NIm(¢) : H NIm(¢)], in particular [~ K : ¢~ H] < [K : H];
(6) [K'ker(¢) : H' ker(¢)] = [¢K' : 9H'], in particular [K' : H'] > [¢K' : ¢H'].
As a consequence of the above lemma we obtain:

Corollary 2.7. Let G be a group, ¢ € End(G) and H < K subgroups of G such that H < ¢H and
K < ¢K. If [pK : pH| < 00, then [¢pH : H| > [¢K : K].

Proof. By Lemma B§(16), [¢K : H] = [6K : K] - [K : H] > [¢K : K][¢K : ¢H]. Similarly,
(0K : H) = [¢K : ¢H|[¢pH : H|. Thus, [¢K : ¢H][¢H : H|] > [¢K : K|[¢K : ¢H], and hence
[6H : H] > [6K : K]. O

Consider now a group B, and let B’ < B and A < B; we obtain the following diagram:

1 1 1

1— = ANB B’ B'AJA——>1

1 A B B/A 1
AJANB B/B' B/B'A

If the groups involved in the above diagram are Abelian, then an easy application of the Snake Lemma
gives that |B/B'| = |[AJAN B'|-|B/B’A|, as these groups fit into a suitable (short) exact sequence.
In the following lemma we generalize this fact to the non-Abelian situation. In fact, we need to work
in a slightly more general setting than that in the above picture, that is, we want to just assume that
B'A is a subgroup of B (i.e., B'A = AB’), but allowing A not to be normal in B.

Lemma 2.8. Let B be a group and A, B’ subgroups of B with A" = B'N A. If BPA = AB’, then

[B:B'|=[A:Al-[B:B'A].



Proof. 1t is not hard to check that the following map is well-defined and surjective:
n:B/B"— B/B'A such that bB' + bB'A.

Hence, we should just verify that |7~!(bB’A)| = |A/A’| for all b € B. This follows from the next two
claims describing the fibers of 7:

(Claim.1) for by, by € B, (b1 B') = w(beB’) if and only if there exists a € A such that by B' = byaB’;
(Claim.2) for b € B and aj,ay € A, bay1 B’ = bag B’ if and only if a1 A’ = axA’.

To verify (Claim.1), proceed as follows: m(byB’) = m(baB’) if and only if by 'b; € B’A = AB', if and
only if there exist b € B’ and a € A such that b2_1b1 = ab, so that by B’ = byabB’ = byaB’, as desired.
To verify (Claim.2), just notice that bay B’ = basB’ is equivalent to say that ag_lal = a;lb_lbal =
(baz)~Y(bay) € B, that is, a;lal € ANB = A, so that a1 A’ = as A’. O

2.4 Cotrajectories

Let X be a topological space and ¢ : X — X a continuous self-map. Given n € N and U C X, let
U,=Un¢ 'Un...n¢p "U;

the ¢-cotrajectory of U is
A o P T
n=0 n=0

If U is open (respectively, compact), then so is U_,, for all n € N. Similarly, if U is compact, then so
is U_.

Remark 2.9. In the context of topological entropy (for example, see [5]) the notations Cp(¢p,U) and
C(o,U) are commonly used in place of U_,, and U_, that are commonly used for the study of the
scale (see [20), [22]). We adopt the shorter version, even if, in some cases, this may be slightly more
ambiguous.

In view of the above remark, we clarify now some notations. Let G be a t.d.l.c. group and let
¢ € End(G). Given n € N and U € B(G), the index [U : U_,] is finite (as U is compact and
U_, is open), for all n € N. Furthermore, given a ¢-invariant closed subgroup H of GG, denoting by
¢:G/H — G/H the map induced by ¢, and letting 7 : G — G/H be the canonical projection, then
for all U € B(G)

(UNH)_,=UNH)N(¢g)  (UNH)N...0 (¢ [g) ™ (UNH)

and
(7U)_p =aUNG HxU)N...N ¢ " (xU).

Lemma 2.10. Let G be a t.d.l.c. group, ¢ € End(G) and U € B(G). For any n € N, let
cn=[U:U_,] and oan=[U_y:U_p1].

The following statements hold true:

(1) ¢, divides cpy1 for alln € N, and oy = cpi1/cn;

(2) ant+1 < ag, for alln € N;



(3) the sequence (an)nen Stabilizes.

Proof. (1) Since U > U_,, > U_,_1, it follows from Lemma 1) that
U :U_p1] =[U:U_p][U_p : U_p,_1].

Thus, c¢py1/cn = [U—p, : U_p—1] = ay, is a positive integer.
(2) For any given n € N,

ko

(%) ()
an=[U_p: U] 207U :¢7 U] > [67'UnNU: 67U 1 NU] = anya,

where (%) and () use Lemma [2.6(5) and (3), respectively.
(3) follows by (2). O

In the following definition we recall some useful subgroups, namely U, and U, (for n € N), of a
given U € B(G), as introduced in [22]. The subgroups of the form U, will be crucial for the Limit
Free Formula given in Proposition (in this respect, see also Remark and for the connection
between topological entropy and scale given in Section [4] as we briefly discussed in the Introduction.

Definition 2.11. [22] Let G be a t.d.l.c. group, ¢ € End(G) and U € B(G). Define U, inductively as
follows:

- Uy =U,;
— Up+1 =UN@U,, for all n € N.
Let also Uy = (e Un-
Notice that U, > U,+1 > U4 and U, is compact for all n € N; similarly, Uy is compact.

Lemma 2.12. [22] Proposition 1, Lemma 2| Let G be a t.d.l.c. group, ¢ € End(G) and U € B(G).
The following properties hold:

(1) Up={ueU:3vwelU withpveU forj€{0,1,...,n} and u = ¢"v} = ¢"U_,, for alln € N;
(2) Uy = {u €U : I(up)nen € UY such that ¢(uni1) = un, for n >0, and ug = u};

(3) U =UnNeU; < oUy;

(4) PFU_p, = Up N Uy, for all k < n in N (in particular, ¢"U_, = U, ).

Since U, is compact, so is ¢U,. Furthermore, since U is open, Uy = U N ¢Uy is open in ¢pU,.
This shows that the index [¢Uy : U4] is finite.

Lemma 2.13. Let G be a t.d.l.c. group, ¢ € End(G) and U € B(G). Then:
(1) U_pya N "Up =U_p;
(2) [¢Up : Upg1] = [U—p, : U_p—1].

Proof. (1) It is clear that U_,, < U_,41, while U_,, < ¢~ "U,, by Lemma [2.12(4). On the other hand,
U, < ¢"U, 50 that U_psq N Uy < Uoniy N0 = U_,,.
(2) Consider the map

®:U_,JU 1 — ¢Up/Upny1 such that ®(zU_,_1) = ¢" ol .

Then ® is well-defined and surjective by Lemma (4) Let us prove that it is injective. Indeed,
choose z,y € U_, such that ¢""'aU, 1 = ¢""lyU,,1. This means that ¢"T'(y~'z) € U,y1, so
ylr e U ,N¢ " U,11. Bypart (1), U, N " U,11 = U__1, so that 2U_,, 1 = yU_,_1,
concluding the proof. O



We conclude the section with two basic lemmas that will be useful in the next section.
Lemma 2.14. Let G be a t.d.l.c. group, ¢ € End(G), U € B(G) and H a subgroup of G with H < U.
(1) If pH < H, then H < U_,, for every n € N; in particular, H < U_.
(2) If H < ¢H, then H < U, for every n € N; in particular, H < Uyj.

Proof. (1) Since ¢H < H, it follows that H < ¢~'H and by induction one can verify that H < ¢ "H
for every n € N. We proceed by induction to prove that H < U_,, for every n € N. The case n =0 is
the assumption. Assume that H < U_,, for some n € N. Then H < U_, N¢ " 1(U) = U_,,_1. This
concludes the proof.

(2) We proceed by induction. For n = 0 we find the hypothesis. If H < U,, for some n € N, then
H < ¢H < ¢pUy, so H <U N @U,, = Upy1. O

Lemma 2.15. Let G be a t.d.l.c. group and ¢ € End(G). Assume that H is a subgroup of G that
normalizes a given U € B(G).

(1) If H is ¢-invariant, then H normalizes U_,, for all n € N. Consequently, H normalizes U_.
(2) If H is ¢-stable, then H normalizes U, for all n € N. Consequently, H normalizes U,..

Proof. If {L;};cs is a family of subgroups of G such that H normalizes L; for all i € I, then H
normalizes ();c; L;. Thus, it is enough to prove the first half of statements (1) and (2), as the second
part follows by this observation.

(1) We proceed by induction on n € N. For n = 0 there is nothing to prove. Given n € N such that H
normalizes U_,,, let us show that H normalizes ¢~ 'U_,,. Indeed, given x € H, since H is ¢-invariant,
d(x o U _p2) C ¢(2)'U_no(z) =U_p, and so 27 1o 'U_,2 C ¢~ 'U_,,. Thus, H normalizes both
¢~ 'U_, and U, so H normalizes U_,_1 = U N ¢ U_,.

(2) We proceed by induction on n € N. For n = 0 there is nothing to prove. Let n € N and assume
that H normalizes U,. We verify that H normalizes ¢U,,. Indeed, given x € H there exists z € H
such that z = ¢(z), since H is ¢-stable. Thus, 2 1¢U,x = ¢(27'U,2) = ¢U,. Thus, H normalizes
both ¢U,, and U, so H normalizes U, +1 = U N ¢U,. O]

3 Topological entropy in t.d.l.c. groups

3.1 Entropy in uniform spaces

We first recall the version of Hood’s definition of topological entropy that fits well for locally compact
uniform spaces and then specialize it to the context of t.d.l.c. groups.

Let (X,U) be a locally compact uniform space and let ¢ : X — X be a uniformly continuous
self-map. For V e U, x € X and n € Ny, let

n—1
Dn(¢,V,z) := [ ¢ F(V(¢"x)).
k=0

Let B a fundamental system of entourages of U/, and recall that a Borel measure m on X is ¢-
homogeneous if it satisfies the following conditions:

(Ho.1) m(K) < oo for any compact subset K C X;

(Ho.2) m(Ky) > 0 for some compact subset Ky C X;
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(Ho.3) for all U € B there exist V € B and ¢ € R5 such that, for all n € N5g and all z,y € X,

Suppose that there is a ¢-homogeneous measure m on X. For all U € U and x € X, define

k(¢,U, z) := lim sup _logm(Dn11(¢, U, 7)) . (3.1)

n—00 n

The topological entropy of ¢ can be defined by the following formula: for a given z € X,
htop(¢) = Sup{k(¢7 U, $) U € 8}7 (32)
It follows from (Ho.3) that the value h,(¢) does not depend on the choice of € X.

Remark 3.1. (1) The definition of topological entropy given by Hood in [10], following closely the
ideas of Bowen in [3], applies to any uniformly continuous self-map ¢ : X — X of a uniform
space (X,U). For the general definition one needs to introduce the concepts of separated and
spanning subsets; for this formalism we refer to [10, Section 2] or, in the metric case, to [5,
Section 1]. Notice also that the definition of ¢-homogeneous measure given by Hood slightly differs
from ours, but they are easily seen to be equivalent. Following the proof of [3, Proposition 7] with
the obvious changes, one can show that the definition in , when applicable, gives the same
notion of entropy as the one defined by means of separated or spanning subsets.

(2) The definition of topological entropy given in applies to the case when X is locally compact
and there exists a ¢-homogeneous measure on X. The local compactness plays a very important
role, in fact, we want hyop to take values in R>qU {+oo}. On the other hand, if m(Dy41(¢,U,x))
is infinite for all m € N, then k(¢,U, ) is —oo. The hypothesis that X is locally compact ensures
that there exists U € U such that U(z) is contained in a compact, so that m(Dy(¢,U,x)) is finite
for all n € N, showing that k(¢, U, x) is not —oo and belongs to Rx.

Lemma 3.2. In the above notation, the following properties hold true:
(1) k(p, Uz, x) < k(p,Uy,x), for allx € X, and Uy C Uy in B;

(2) hiop(¢) = sup{k(¢,U,x) : U € B'}, whenever B C B is a smaller fundamental system of entourages
of U.

Let us now return to our setting, that is, let G be a t.d.l.c. group and ¢ € End(G). Recall from
that V = {Uk : K € B(G)}, where Ux = {(z,y) : y "'z € K}, is a fundamental system of entourages
for the left uniformity & on G. Furthermore, for all K € B(G) and = € G, it is straightforward to
prove that, for every K € B(G), every € G and n € N,

Dpi1(6, Uk, z) = K_, . (3.3)

The left Haar measure p on G is ¢-homogeneous. Indeed, it clearly satisfies (Ho.1) and (Ho.2).
Moreover, u satisfies (Ho.3) with B = V), since, by the left invariance of u and by (3.3), for every
K € B(G), every x € G and n € N,

#(Dny1(9, Ure, ) = (K ) ;

hence, in (Ho.3) for U € V it suffices to take V = U and ¢ = 1.
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Now, for K € B(G), by (3.3) with = 1, we have

Hiop(6,K) = k{0, Urc, 1) = limsup — 22 A0E=n). (3.4

n—o0

and so, as it was noticed in [7],

hiop(6) = sup{ Hip(6, K) : K € B(G)}.

We consider now the topological entropy of ¢ : G/H — G/H, where H is a compact ¢-invariant
subgroup of G. Let 7 : G — G/H be the canonical projection. Recall from §2.1| that V = {Uy :
K € B(G)}, where Ugx = {(zH,yH) : y~'z € K}, is a fundamental system of entourages of the
left uniformity & of G/H. In fact, a consequence Lemma 3) is that the smaller set {Uy : K €
B(G, H)} C V is a fundamental system of entourages. By Lemma there is a left invariant measure
fon G/H which satisfies (Ho.1) and (Ho.2). Proceeding as in the case of ;4 and G, and noticing that
for every K € B(G,H), every z € G and n € N,

Dpi1(¢, U, oH) = M\p(7K) (3.5)
the left invariance of fi easily gives (Ho.3); thus, i is ¢-homogenous.

Now, for K € B(G, H), by (3.5) with x = 1, we have

Hiop(d, mK) := k(¢, Uk, H) = limsup—w ‘

n—o00 n

Thus, the topological entropy of ¢ is

Piop(p) = sup{Hyop(d, 7K) : K € B(G, H)} .

In Proposition |3.4| we are going to restate the formulas (3.4)) and (3.6) without making recourse to
the measure. We need first the following lemma:

Lemma 3.3. Let G be a t.d.l.c. group, ¢ € End(G), H a closed ¢-invariant subgroup of G and
7 : G — G/H the canonical projection. If K is a subgroup of G containing H and n € N, then
m(K_p) = (7 K)_p.

Proof. Let *H € G/H. Then, zH € (1K), = 7K N o~ (rK)N...N ¢ "(rK) if and only if
¢'(x)H = ¢'(xH) € 7K = K/H for all i = 0,...,n. This means that ¢'(z) € K for all i = 0,...,n,
that is, z € K_,; equivalently, since H < K, 7x = xH € n(K_,). O

The next proposition shows in particular that the superior limits in (3.4]) and (3.6)) are limits; item
(1) was already proved in [5, Proposition 4.5.3]. Let log N~y = {logn : n € Ny }.

Proposition 3.4. Let G be a t.d.l.c. group, ¢ € End(G) and H a compact ¢p-invariant subgroup of G.
Then:

(1) Hiop(o, K) = limy, 500 % log[K : K_,] € logN~y, for all K € B(G);
(2) Hiop(¢, mK) = Hyop(¢, K) = limy, o L log[K : K_,] € logNsg, for all K € B(G, H).
Proof. (1) Let K € B(G). By (2.1), u(K) = [K : K_,|u(K_,) for every n € N, and hence by (3.4)

log 1(K) —loglK : K_ loolK : K
Htop(d’vK):limsup—og“() og| n _ i sup 128 Kon]

n—00 n n—00 n
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For all n € N, let ¢, = [K : K_,] and o, = [K_,, : K_,_1]. By Lemma [2.10)3), the sequence
() nen stabilizes, that is, there exists n € N such that a,, = a,,, =: « for all n > m. Therefore, for
every n > m, by Lemma (1) we have that o = ¢p41/c¢p, hence ¢, = @™ " ¢,,. So, the sequence
(log ¢, /n)n converges to log «, and by the first part of the proof we conclude that

log|K : K_,,
Higp (6, 1) = lim 28 Fon)

n—oo n

=loga. (3.7)

(2) Let K € B(G,H). By Lemma [2.14(1), H < K_,, for every n € N. Using (2.2) and Lemma we
obtain that
(rK) = K+ K Ji(7K) )

for every n € N, so by (3.6))

Hiop(¢, mK) = lim sup _log (mK) — log[ K : K—n] = limsup log[K : K_n] :
n—00 n n—00 n
in particular, Htop(qg,ﬂ'K) = Hiop(b, K). -

As a consequence, we obtain the monotonicity of the topological entropy under taking quotients
over compact ¢-invariant subgroups:

hiop(@) = sup{H;op(¢, K) : K € B(G)} > sup{H;op(¢, K) : K € B(G, H)} = hiop(9) .

Similarly, the topological entropy is monotone under taking closed (not necessarily compact) ¢-
invariant subgroups:

Lemma 3.5. Let G be a t.d.l.c. group, ¢ € End(G) and G’ a closed ¢-invariant subgroup of G. Then:
(1) forU e B(G) andneN, U_, NG =UNG)_p;

(2) htop((ﬁ) > htop(¢ rG')'

Proof. (1) Clearly, (UNG")_, < U_, NG’'. On the other hand, let x € U_,, N G’, that is, ¢'(z) € U
foralli=0,...,n and x € G'. Since G’ is ¢-invariant, ¢'(z) € G’ for all i € N, so that ¢'(z) € UNG’
for all i = 0,...,n. Hence, z € (UNG’)_y,.

(2) By Corollary 2.5(1), B(G') = {UNG' : U € B(G)}. By item (1), Lemma [2.6{2) and Proposition
51(2),

Hy(6 16 U NG = tim UG WNG) ]y VNG UANG]
op ’ — —

n—o00 n n—00 n
.U U-y]
< Jim S = Hyg(0,0),

for all U € B(G). Hence,

hiop(¢) = sup{Hiop(¢,U) : U € B(G)} = sup{Hiop(¢ [, U) : U € B(G')} = huop(é [r) . O

Let us state the following useful properties of the topological entropy in the case of groups. Notice
that these are direct consequences of the more general Lemma [3.2

Lemma 3.6. Let G be a t.d.l.c. group, ¢ € End(G), H a compact ¢-invariant subgroup of G and
¢:G/H — G/H the map induced by ¢.

(1) If U,V € B(G) and U <V, then Hyop(¢, V') < Hiop(¢,U).
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(2) If BC B(G) is a base for the neighborhoods of 1 in G, then hiop(¢) = sup{Hiop(¢,U) : U € B}.
(3) If BC B(G, H) is a base for the neighborhoods of H in G, then hiop(¢) = sup{Hop(6,U) : U € B}.
The following corollary follows from Lemma [3.6/2,3) and Corollary [2.3(1,2).

Corollary 3.7. Let G be a t.d.l.c. group, ¢ € End(G), H a compact ¢-invariant subgroup of G and
¢ : G/H — G/H the map induced by ¢. Then hiop(¢) = sup{Hiop(¢,U) : U € B(G), H < Ng(U)}
and hiop(¢) = sup{Hiop(¢,U) : U € B(G, H), H < Ng(U)}.

3.2 The Limit Free Formula

The aim of this subsection is to prove in Proposition[3.9]a formula for the computation of the topological
entropy avoiding the limit in the definition (hence, the name Limit Free Formula).

Remark 3.8. When ¢ : G — G is a topological automorphism of a t.d.l.c. group G, one of the
main ingredients used in [§] was the full cotrajectory C(¢p~1,U) = (2L, ¢"U of the inverse ¢~ of ¢.
When ¢ is a continuous endomorphism we need to substitute C(¢~1,U) and Cy,(¢~1,U) by the smaller
subgroups U, and U, (see Definition .

Proposition 3.9. Let G be a t.d.l.c. group, ¢ € End(G) and U € B(G). Then
Hiop(,U) = log|gpUy : Uy ].

Proof. By Lemma there exist ng € N and o > 0 such that a,, = « for any positive integer n > ng,
and Hyop (¢, U) = loga by (3.7). Hence, it suffices to prove that

log[pUy : Uy] =loga. (3.8)
Since Uy = U N ¢U4 by Lemma (3), and using Lemma 2),
(U4 : Uy] = [pUs : UN@UL| = [pU4 - U : UJ.

Now, both U and ¢U are compact, so ¢U - U is compact as well. Thus, [¢U - U : U] is finite, U being
open. Consequently, the sequence {[¢U, - U : U] : n € N} is a non-increasing sequence of positive
integers bounded above by [¢Uy - U : U] = [¢U - U : U]. Therefore, this sequence stabilizes, so there
exists n1 € N such that

oU, - U = ¢U,, - U for all n > ny. (3.9)

Thus, for all m > nq,

Uy, - U = ﬂ¢U U) <ﬂ¢U>-U=¢<ﬁOUn>-U:¢U+-U

where the above equalities follow respectively by (3.9), [8, Lemma 2.3], and [22, Lemma 1]. Choose
now a positive integer n > max{ng, n1}, then by Lemma [2.6]2),

UL : Uy] = [¢Us - UNGUL] = [pU, - U : U] = [¢U - U : U] =
= [oUpn : UN U] = [oUp : Upy1] = [U_ : U_pn1] =

where the penultimate equality comes from Lemma [2.13(2). This concludes the proof of ({3.8]). O

The following corollary is an immediate consequence of the above proposition:
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Corollary 3.10. Let G be a t.d.l.c. group, ¢ € End(G) and let H be a compact ¢-invariant subgroup
of G. Then

htop(¢) = sup{log[¢Uy : Uy] : U € B(G, H)},
where ¢ : G/H — G/H is the map induced by ¢.
If H is ¢-stable, the above formula can be improved as follows:

Proposition 3.11. Let G be a t.d.l.c. group, ¢ € End(G) and H a compact ¢-stable subgroup of G.
Then

hiop(¢) = sup{log[oM : M| : H < M < G, M compact, M < oM, [¢pM : M| < oo} =:s,
where ¢ : G/H — G/H is the map induced by ¢.

Proof. By Corollary htop(¢) = sup{log[¢Us : Uy : U € B(G,H)}. Since H is ¢-stable, U
contains H for every U € B(G) by Lemma [2.14]2); moreover, U; < ¢U,; by Lemma [2.12(3) and
[oU : U] is finite. Thus, hip(¢) < s.

To prove the converse inequality, let M be a compact subgroup of G such that H < M < ¢ M and
[¢M : M] is finite. Since M is closed in ¢M and [¢pM : M] is finite, M is open in ¢ M. Consequently,
there exists an open subset U of G such that oM NU = M. By Corollary (2), there exists
K € B(G) such that M < Ng(K) (so MK € B(G,M)) and M < MK C U. By Lemma [2.2] there
exists N € B(G) such that N < K and such that M normalizes K. Since also M normalizes N, we
have that MN € B(G). Moreover, M = ¢M NU 2 ¢M N MN > M, hence M = ¢M N MN. By

Lemma [2.14(2), M < (MN), and so
[B(MN) : (MN)4] = [p(MN); : MN O 6(MN)4] > [6M : MN 1 6M] = [pM : M],

where the first equality holds since (M N); = MNN$(MN )4 by Lemma|2.12(3), while the inequality
uses part (3) of Lemma as follows:

[G(MN)y : MN N G(MN) 4] = [(MN); 0 oM : MN 0 ¢(MN); 0 ¢M) = [6M : MN 0 6M].

By the arbitrariness of M we conclude that s < hygp(¢). O

By Corollary and Proposition and since H < Ng(U) implies H < Ng(U;) by Lemma
2), we have hyop(¢) = sup{log[pUy : Uy] : U € B(G), H < Ng(Us)}. So, Proposition with
H = {1} gives

hiop(¢) = sup{log[oM : M| : M < ¢M < G, M compact, [¢M : M] < co, H < Ng(M)}. (3.10)

3.3 Proof of the Addition Theorem

This section is devoted to the proof of Theorem that we divide into four lemmas. In Lemmas|3.12
and we handle the case where H is a compact (not necessarily normal) subgroup of the t.d.l.c.
group G. Let us remark that the proof of Lemma establishing the inequality > in () (see the
statement of Theorem , is almost self-contained. On the other hand, Lemma proving the
converse inequality, relies on Proposition which itself relies on the Limit Free Formula and so,
indirectly, on most of the theory developed in Section [2| and the first part of Section Analogous
observations can be done for Lemmas [3.14] and respectively, in which we handle the case when H
is a normal subgroup.

Let us now assume that H is a compact subgroup of G, let ¢ € End(G), and let H be ¢-invariant.
Then by Lemma [2.5(1) and Lemma [3.6/2,3),

hiop(@ Ta) = sup{Hiop(¢p,UNH) : U € B(G)} and hiop(¢) = sup{Hiop(0,U) : U € B(G,H)} .
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Lemma 3.12. Let G be a t.d.l.c. group, ¢ € End(G) and H a compact ¢-invariant subgroup of G.
Then

htop(¢) > htop((zS rH) + htop((ZS) )
where ¢ : G/H — G/H denotes the endomorphism induced by ¢.
Proof. Choose arbitrarily Uy € B(G) and Uy € B(G, H). By Corollary 2.3|(1) there exists U € B(G)

such that U < U; NUz and H < Ng(U) (in particular, UH € B(G, H)). Now, given n € N, since H
normalizes U_,, by Lemma [2.15(1), (U N H)U_,, is a subgroup of G, and Lemma [2.6{1) yields

U:U_)=U:(UNH)U_,]- [(UNH)U_, : U_p].
By Lemma[3.5(1), U_, " H = (U N H)_, and so, using Lemma [2.6(2) for the first equality,
(UNH)_n: U] =[UNH:U_yNH] =[UNH: (UNH)_,].
Let 7 : G — G/H be the canonical projection. By Lemma [2.6{4),
[U:(UNH)U_,]>[UH: HUNH)U_p] = [UH : U_,H] > [UH : (UH)_,.

Hence, [U : U_,] > [UNH : (UNH)_,]-[UH : (UH)_,]. Taking logarithms, dividing by n and passing
to the limit for n — oo, by Proposition (1,2) and applying Lemma [3.6(1) for the first inequality,
since m(UH) = nU, we obtain

HtOp(¢ [H7 Ul) + HtOp(qgu 7TU2) < -Fltop((yzS rH; U) + Htop(qga WU) < Htop((ybv U) < htop(¢) .
By the arbitrariness of U; and U, we can conclude. ]

Lemma 3.13. Let G be a t.d.l.c. group, ¢ € End(G) and H a compact ¢-stable subgroup of G such
that ker(¢) < H. Then

htop(¢) < htop(¢ rH) + htop(¢) )
where ¢ : G/H — G/H is the map induced by ¢.

Proof. Let m : G — G/H be the canonical projection and choose a compact subgroup M of G such
that M < ¢M, [¢M : M] < oo, and such that H normalizes M. Applying Lemma with B = ¢M,
B'"= M and A= ¢M N H, we obtain

[6M : M] = [¢pM N H : M N H]-[¢M : (oM 1 H)M]. (3.11)

By modularity, since M < ¢ M, we get (¢pM N H)M = ¢M N HM; moreover, (M H) = (pM)H =
(¢M)HM, so by Lemma [2.6{(2)

(M : (6M N H)M] = [pM : M N HM] = [(pM)HM : HM] = [$(HM) : HM].

Since HM is a compact subgroup of G containing H such that HM < ¢(HM), and [¢p(HM) : HM] <
oo by and by hypothesis, it follows that log[¢(M H) : M H] < hyop(¢) by Proposition

On the other hand, since ker(¢) < H and H = ¢H, (M N H) = ¢M N ¢pH = ¢M N H. Thus,
[(pMNH : MNH] = [p(MNH) : MNH] is finite by and by hypothesis, where MNH is a compact
subgroup of H such that M NH < ¢(MNH). By Proposition 3.1} log[¢ M NH : MNH] < hop(¢ 1)
Thus, we have proved that

log[pM : M| < hiop(¢ [ 1) + Piop()

for any compact subgroup M of G such that M < ¢M, [¢M : M| < oo, and such that H normalizes
M. So we can conclude by (3.10)). O
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In Lemmas and we handle the case when H is a closed normal subgroup of the t.d.l.c.
group G. Recall that in this setting, if ¢ € End(G) and H is ¢-invariant, then by Lemma [3.6{2) and

Lemma [2.5(1,2),
hiop(¢ TH) = sup{Hiop(¢, U N H) : U € B(G)} and htop(gzg) = sup{Htop(é,wU) :U e B(G)}.

Lemma 3.14. Let G be a t.d.l.c. group, ¢ € End(G) and H a closed ¢-invariant normal subgroup of
G. Then

htop(d)) > htop(d) rH) + htop(d)) )
where ¢ : G/H — G/H denotes the endomorphism induced by ¢.

Proof. Let m : G — G/H be the canonical projection, let Uy, Uz € B(G) and U = Uy N Uy. We claim
that

Htop(¢a U) Z Htop(¢ fH7 Uun H) + Htop((lga WU) Z Htop(¢ fH7 Ul N H) + Htop(qgv 7TU2) . (312)

By the arbitrariness of U; and Uz, this implies that hiop(d) > hiop(¢ [1) + hiop(¢). Thus, we have
just to check . In fact, the second inequality is clear by Lemma (1), while for the first one, we
proceed as follows. Since H < G, also U N H < U, so that (U N H)U_,, is a subgroup of U containing
U_,, for all n € N. Thus, Lemma (1) yields

[U:U_p]=[U:(UNHU_p]-[(UNH)U_p:U_y].

Proceeding as in the second part of the proof of Lemma applying Lemma [2.6/6) and Lemma
we get

[U:U_,|>[UNH:(UNH)_,]-[UH:(UH)_,)|=[UNH:(UNH)_,]-[7U : (7U)_,].

Taking logarithms, dividing by n and passing to the limit for n — oo, by Proposition (1) we obtain
B12). 0

Lemma 3.15. Let G be a t.d.l.c. group, ¢ € End(G) and H a closed ¢-stable normal subgroup of G
such that ker(¢) < H. Then

htop(qs) < htop(¢ [H) + htop(¢) ;
where ¢ : G/H — G/H denotes the continuous endomorphism induced by .

Proof. The proof is analogous to the proof of Lemma with the further simplification that there
is no need to choose an M which is normalized by H since, being H normal, HM is a subgroup of
G. O

4 Topological entropy vs scale

4.1 Reminders on scale

We recall that for a continuous endomorphism ¢ : G — G of a t.d.l.c. group G, the scale of ¢ is defined
in [22] by
s(¢) == min{[pU : pU NU| : U € B(G)}.

Moreover, U € B(G) is said to be minimizing if s(¢) = [¢U : U N ¢U]. The following lemma is a
consequence of some results proved in [22]:
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Lemma 4.1. Let G be a t.d.l.c. group and let ¢ € End(G). Let also
M(G, ¢) :={U € B(Q) : U minimizing} and nub(¢) := ﬂM(G, b).

Then, nub(¢) is a compact ¢-stable subgroup of G, and M(G, ) is a base for the neighborhoods of
nub(¢) in G.

Proof. The fact that nub(¢) is compact and ¢-stable is proved in [22], Section 9]. Furthermore, by
[22, Proposition 12], M(G, ¢) is closed under finite intersections, in particular it is downward directed
with respect to inclusion, and so the conclusion follows by Lemma [2.4 ]

One of the main results of [22], extending its counterpart for topological automorphisms from [21],
is the following characterization of minimizing subgroups (see (4.1]) below).

Definition 4.2. Let G be a t.d.l.c. group and ¢ € End(G). A U € B(G) is said to be:
— tidy above if U = U, U_;
— tidy below if Uy 4 :=J,,en " Us is closed and the sequence {[¢" U, : ¢"U,]}nen is constant;
— tidy if U is both tidy above and tidy below.
Theorem 7.7 in [22] states that
U € B(G) is minimizing if and only if U is tidy. (4.1)
We will use the following properties of tidy subgroups, note that (2) follows from (1) and .
Lemma 4.3. [22] Let G be a t.d.l.c. group, ¢ € End(G) and U € B(G).
(1) If U is tidy above, then [¢Us : Uy] = [¢U : U N @U].
(2) If U is tidy, then s(¢) = [¢pUy : Uy].

4.2 Reduction to surjective endomorphisms and automorphisms

In this subsection we recall the definition of the following two subgroups from [22], and how they can
be used to reduce the computation of the scale and the topological entropy respectively to topological
automorphisms and to surjective continuous endomorphisms.

Definition 4.4. Let G be a t.d.l.c. group and ¢ € End(G). Define:
— par(¢) = {x € G : there exists (zn)nen C G bounded, 2o = z and ¢(2p41) = n, for all n € Nog}:
~ bik(6) = Ketoo(9) N par(@), where kera(6) = U2, ker(6").
It is shown in [22], Section 9] that bik(¢) < nub(¢) < pgr(gb), and in particular,
ker(¢) N par(¢) < nub(g). (4.2)
Moreover, er(@ is a closed ¢-stable subgroup of G such that
U, < par(¢) for all U € B(G). (4.3)

Similarly to nub(¢), also bik(¢) is a compact ¢-stable subgroup of G, but bik(¢) is normal in pgr(gb).
For all this section, for G a t.d.l.c. group and ¢ € End(G), let

V=0 I g Par(9) — par(9) and ¢ : par(e)/bik(9) — par(e)/bik(s),

where ¢ is the map induced by 1. Let also 7 : pgr(qﬁ) — pgr(qﬁ) /bik(¢) be the canonical projection.
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Lemma 4.5. Let G be a t.d.l.c. group and ¢ € End(G). Then:

(1) v is a surjective continuous endomorphism and 1; s a topological automorphism;

(2) ifU € B(G) and V = Unpar(¢) € B(par(¢)), then Vi = Uy and V_ = U_Npar(¢). In particular,
if U is tidy above for ¢, then V is tidy above for v;

(3) s(v) = s(¢), and {U Npar(¢) : U € M(G,$)} C M(par(¢), ) is cofinal with respect to D (i.e.,
for every V€ M(par(¢), ) there exists U € M(G, ¢) such that U N par(¢) < V);

(4) s(¥) = s(v), and M(par(¢)/bik(¢), P) = {7U : U € M(par(¢), ¥)};

(5) nub(¢) = nub(v)) and 7(nub(y))) = nub(v)).

Proof. (1) is proved in [22] Section 9].

(2) Clearly, Vi < Uy. Since Uy < p%r(qb) by ([4.3), it follows that U, < U N pzr(@ = V. Since Uy <
¢Uy by Lemma [2.12)(3), then Lemma [2.14|(2) yields that U; < V,, and so Uy = Vy. Furthermore,

U- A par(¢) = Mpew ¢ "U Npar(@) = Ny "V = Vo
For the last part of the statement, assume that U = U,U_, then by modularity

V = U npar(¢) = (UyU-) Npar(¢) = U (U- Npar(e)) = V, V-,

showing that V is tidy above for .
(3) Let U € M(G,¢) and let V =U ﬁpgr(¢). By part (2), V is tidy above for ¢) and V; = Uy, so by
Lemma [4.3{(1,2),

s(¢) = [pUy - Uy] = [Vy - Vi] 2 s(¢), (4.4)
showing that s(¢) > s(v).
Let now V € M(par(¢), ) and in view of Corollary (1) choose U’ € B(G) such that V = U'Npar().
By [22] Proposition 3.9], there exists n € N such that U := (U’)_,, is tidy above for ¢. Since par(¢)

is ¢-stable, we have that U N pzr(qﬁ) = V_,, where V_,, is tidy for ¢ by [22] Proposition 7.10]. Since
(V_p)+ = U by item (2), and applying Lemma (1,2), it follows that

s() = [W(Von)y : (Von)4] = [0U : Uy] = [9U : U N QU] = 5(¢) = s(¢)) .

Thus, s(¢) = s(¢) and U is tidy for ¢ (note that U N pzr(@ < V). The inclusion ./\/l(pgr(@,w) )

{U N par(¢) : U € M(G, ¢)} follows now from ([@.4).

(4) Let U € M(par(¢),v). Then bik(g) = bik(s) < nub(y)) < U, so 7U € B(par(¢)/bik()) and, by
).

Lemma (6), s(¥) = U : UNyU] = [7pU : 7(UNyYU)] = [¢7U : U N 12)7'(‘U] > s(1p). To prove
the converse inequality, let W € ./\/l(pzr(¢ bik(¢), 1[1) Since bik(¢) < p%r(gb) and bik(¢) is compact,

W e B(pgr(qb)). Moreover, by Lemma (5) and since bik(¢) is ¢-stable,
s() =W WNgW] = [r @W) : = (W N gW)] = [p(x = W) - 7 W Qg (n = W)] > s(9).

It is now clear from the above proof that M (par(¢)/bik(¢), ) = {xU : U € M(par(¢),v)}.
(5) follows from parts (3) and (4) using that nub(¢) is contained in pgr(qb). O

As a consequence of the above lemma, we can define nub(¢) without using the scale or minimizing
subgroups. In fact, when ¢ is a topological automorphism, Willis in [19] characterized nub(¢) as
the largest compact ¢-stable subgroup on which ¢ acts ergodically; equivalently, it is the largest
compact ¢-stable subgroup with no proper relatively open ¢-stable subgroups. Using this, we obtain
the following
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Corollary 4.6. Let G be a t.d.l.c. group and ¢ € End(¢). Then nub(¢) is the largest compact ¢-stable
subgroup of G which contains bik(¢) and such that, if A < nub(¢) is a relatively open ¢-stable subgroup
containing bik(¢), then A = nub(¢).

Proof. We have already noticed that nub(¢) is a compact ¢-stable subgroup of G which contains
bik(¢). Furthermore, given a relatively open ¢-stable subgroup bik(¢) < A < nub(¢), then 7A is
a relatively open 1)-stable subgroup of m(nub(¢)) = 7(nub(¢)) = nub(¢)) (see Lemma , where
T pzr(gb) — pgr(gb)/bik(gb) is the natural projection. By [19, Corollary 4.7], A = nub(¢)), so that
A = nub(¢) as desired.

It remains to show that nub(¢) is the largest subgroup with these properties. Indeed, given
any compact ¢-stable subgroup K of G, then K < pgr(@. In fact, for every x € K there exists
(n)nen € K, such that 9 = x and ¢(xp4+1) = x, for all n € N (use that ¢K = K); moreover, the
closure of (z,,)nen is compact, being K compact. Suppose also that bik(¢) < K and that, given a
relatively open ¢-stable subgroup bik(¢) < A < K, then A = K. This means that 7K is a compact
-stable subgroup of pgr(gb) /bik(¢) with no proper relatively open t-stable subgroups. As nub())
is the largest subgroup of par(¢)/bik(¢) with this property, 7K < nub(¢)) = m(nub(¢)), and so
K < nub(¢). O

We conclude this subsection by giving a counterpart of Lemma for the topological entropy:
Lemma 4.7. Let G be a t.d.l.c. group and ¢ € End(G). Then:

(1) htop(¢) = htop(w);
(2) hiop(®) = hiop(V), where ¢ and b are the maps induced by ¢ and v respectively on G /nub(¢) and
par(¢)/nub(@).

Proof. We verify just (2), as the proof of (1) follows the same arguments. Let us start noticing that,
by Proposition (3.11

hiop(1) = sup{log[¢pM : M] : nub(¢) < M < par(¢), M compact, M < ¢M, [p(M) : M] < oo}

< sup{log[¢M : M] :nub(¢) < M < G, M compact, M < ¢M, [¢M : M] < 0o} = hiop(@) .

On the other hand, by Corollary and Proposition |3.11

hiop(®) = {loglél, < U] : mub() < U € B(G))
< sup{log[¢pM : M] : nub(¢) < M < p%r(@, M compact, M < ¢M, [¢M : M| < oo}

- htop(w) . O

4.3 The topological entropy knows all the values of the scale

We give first the precise relation, stated in the Introduction in (1.2)), between the topological entropy
and the scale:

Proposition 4.8. Let G be a t.d.l.c. group and ¢ € End(G). Then

log s(¢) = huop(9) ,
where ¢ : G /nub(¢) — G /nub(¢) is the map induced by ¢.

Proof. Since M(G, ¢) is a base for the neighborhoods of nub(¢) in G by Lemma in view of
Lemma (3) we have hiop(¢) = sup{Hiop(¢,U) : U € M(G,$)}. Furthermore, given U € M(G, ¢),

Proposition and Lemma (2) give Hyop(¢,U) = log[oUy : Uyl = logs(¢). Thus, hip(¢) =
Hiop(¢p,U) = log s(¢), for any U € M(G, ¢). O
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As a consequence of Lemma [4.5], Proposition [4.8 and Lemma we obtain

log s(1) = log s(¢)) = log 5(¢) = hiop(9) = heop(V)) -

Another consequence of Proposition [4.8] and Proposition is the following formula for the
computation of the scale.

Corollary 4.9. Let G be a t.d.l.c. group and ¢ € End(G). Then
log s(¢) = sup{log[pM : M] : nub(¢) < M < G, M compact, M < ¢M,[¢pM : M] < oo}

Since nub(¢) is a compact -stable subgroup of pgr(qb) which contains ker(y)) by (4.2)), Theorem
applies to ¥ and nub(¢), so we have the following

Corollary 4.10. Let G be a t.d.l.c. group and ¢ € End(G). Then

htop(¢) = htop(¢ rnub(qﬁ)) + htop(¢)'

Proof. By Lemma (1) and Theorem Piop(#) = hiop() = hiop( Tnub(e)) + hiop(1). Since

® Tnub(6)= ¥ [nub(e)> and since hiop() = hiop(¢) by Lemma (2), we get the thesis. O
As a consequence of Corollary and Proposition [£.8] we obtain the following formula:
htop(d)) = IOg 5(¢) + htop(‘l5 rnub(¢)) . (4'5)

Applying this formula, we obtain a characterization of when hy,(¢) = log s(¢):
Corollary 4.11. Let G be a t.d.l.c. group and ¢ € End(G). The following are equivalent:
(1) hiop() = log s(¢);

(2) nub(¢) = {1};

(3) htop(¢ Tnub(g)) = 0.

Proof. 1t is clear that (2) implies (3), while (3) implies (1) by (4.F). It remains to verify that (1) implies
(2). Indeed, if nub(¢) # {1}, there exists U € B(G) not containing nub(¢). By [22, Proposition 3],
there exists n € N such that V := U_,, is tidy above but, since V' does not contain nub(¢), it is not
tidy below, that is, it is not minimizing by . Thus,

log s(¢) < log[pV : VN V] =logloVy : Vi] = Higp(é, V) < hyop(@) - O

Since s(¢) € N, we obtain that h,(¢) is finite whenever nub(¢) = {1}. More generally, applying
Theorem we get

htop(¢) =00 — htop(d) rnub(q&)) = 00.
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