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Abstract

In recent work Woodin has defined new axioms stronger than 10
(the existence of an elementary embedding j from L(V)41) to itself),
that involve elementary embeddings between slightly larger models.
There is a natural correspondence between 10 and Determinacy, but
to extend this correspondence in the new framework we must insist
that these elementary embeddings are proper. Previous results vali-
dated the definition, showing that there exist elementary embeddings
that are not proper, but it was still open whether properness was de-
termined by the structure of the underlaying model or not. This paper
proves that this is not the case, defining a model that generates both
proper and non-proper elementary embeddings, and compare this new
model to the older ones.
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1 Introduction

Looking at any chart of large cardinal hypothesis, the dark space at the top
of the hierarchy inevitably draws the reader’s attention. In 1971, Kunen [4]
proved a large cardinal hypothesis (the existence of an elementary embedding
from V to itself) to be inconsistent with ZFC, casting a shadow of doubt
on the whole structure. After that, much work has been done on refining
and weakening already established large cardinals, in what was considered
a “safe” setting. However, many other people bravely tried to analyze the
virgin territory at the edge of inconsistency. This lead to the definition of the



rank-into-rank axioms, usually indicated by I3, 12, I1 and I0. These axioms
had a brief period of fame when they were used for proving consistency results
of Determinacy axioms, but after some year the same results were obtained
with much weaker hypotheses, so their usefulness for this purposes faded.
Still, even if nowadays, as with many other very large cardinals, there are
no known results of equiconsistency, there is an intrinsic interest in pursuing
their investigation.

With time the focus shifted on the strongest of the rank-into-rank axioms,
i.e., 10, that is the existence of an elementary embedding j : L(V\41) <
L(Vy41) with critical point less than A. Woodin, in fact, proved in [10] that
L(Vy41) under 10 satisfies properties that are strikingly similar to the ones in
L(R) under AD, like the Coding Lemma, or the fact that A* is measurable.
This interesting outcome prompted an investigation on indirect connections
with AD instead of direct connections. More on this can be found in [2] and
[11].

In [II] Woodin pushes the research in still another direction, by con-
sidering axioms that are stronger than 10, with a double goal: to map the
obscure ground between 10 and inconsistency, and to find an axiom that is
similar to ADg in the same way 10 was similar to ADY® . These new axioms
are of the form “There exists an elementary embedding j : L(N) < L(N),
with Vyp1 € N C Vyge and crt(j) < A’: generally the larger the set N,
the stronger the axiom. He introduces a nicely absolute increasing sequence
of such sets, in this paper called E°-sequence, that in a certain sense can
be considered canonical in the analysis of hypotheses stronger than 10, and
that culminates in the ADg-like axiom, called “EY exists”. In [1I] one can
find a captivating discussion on the similarities of £, with ADg and on its
credibility.

The main problem with these new axioms is in maintaining the tie with
Determinacy. Since this tie was the driving force behind the exploration
of 10, it is very desirable to have similar results: Woodin proved that this
is true (for specific N’s) if the elementary embedding considered is proper.
Properness is a particular instance of the Axiom of Replacement that in-
volves the elementary embedding and subsets of Vy,1, and not only gives
Determinacy-like results, but also iterability. Properness appears quite often
among elementary embeddings, but in [I] there is an example of an N, part of
the E%sequence, such that every elementary embedding j : L(N) < L(N) is
not proper. This raises a doubt: is the properness of the elementary embed-
dings always depending on the structure of the model? Is it always possible
to see one model like L(N) and say with certainty whether its elementary
embeddings will be proper or not?

The answer is negative. Theorem [3.13] gives an example of an « that is
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partially non-proper, i.e., such that there exist elementary embeddings from
L(E?) to itself that are proper and that are not proper. It is also possible
to localize it in a short initial segment of the E°-sequence. The proof of
this theorem takes almost the whole paper: Section 2 is dedicated to basic
notations, definitions and the presentation (without proofs) of already known
facts that are useful, while Theorem and its proof will completely use
up Section 3. Section 4 is a comparison of the results in [I] with the results
in this paper, and it ends with a list of open problems.

2 Preliminaries

To avoid confusion or misunderstandings, all notations and standard basic
results are collected here.

The double arrow (e.g. f :a — b) denotes a surjection.

If M and N are sets or classes, j : M < N denotes that j is an elementary
embedding from M to N, that is an injective function whose range is an
elementary submodel of N. The case in which j is the identity, i.e., if M is
an elementary submodel of N, is simply written as M < N.

If MEACor NC M and 5 : M < N is not the identity, then it moves
at least one ordinal. The critical point, crt(j), is the least ordinal moved by
j.

Let j be an elementary embedding and x = crt(j). Define kg = x and
Fnt1 = j(Kn). Then (k, : n € w) is the critical sequence of j.

Kunen [4] proved that if M = N =V, for some ordinal 7, and X is the
supremum of the critical sequence, then 7 cannot be bigger than A 4+ 1 (and
of course cannot be smaller than A).

If X is a set, then L(X) denotes the smallest inner model that contains
X; it is defined like L but starting with the transitive closure of {X} as
Lo(X).

If X is a set, then ODyx denotes the class of the sets that are ordinal-
definable over X, i.e., the sets that are definable using ordinals, X and ele-
ments of X as parameters. HOD x denotes the class of the sets that are heredi-
tarily ordinal-definable over X, i.e., the sets in ODx such that all the elements
of their transitive closure are in ODy. For example, L(X) F V = HODy.
One advantage in considering models of HODx is the possibility of defining
partial Skolem functions. Let ¢(vg,vq,...,v,) be a formula with n + 1 free



variables and let ¢ € X. Then:

Y where y is the least in ODy,y such that
Sp(ya L1y >$n)
hopolTy, ... x,) = )
pal1 ) 1) if Ve—o(x, 21, ..., x,)

not defined otherwise

are partial Skolem functions. For every set or class y, H L(X)(y) denotes the
closure of i under partial Skolem functions for L(X), and H*¥)(y) < L(X).

There are many definitions of the sharp operators: in this article, X*
is considered a complete theory in the language £, that is the expansion
of the language {€} obtained by adding a unary predicate X and constant
symbols = and %n, for all x € X and n € w. The constants zn are used for the
indiscernibles and the interpretations of X and # are, respectively, X and
x, similarly to the original definition by Solovay [§]. Informally, X* exists
iff there is a class I of indiscernibles in (L(X), €, X, (z : x € X)) such that
every cardinal bigger than |X| is in [ and H*)(I, X) = L(X). Then X*
is the set of formulas in £} satisfied by finite sequences of indiscernibles.
With the usual methods, X* can be coded as a subset of V, x X using Godel
numbers.

The starting point for the sequence of new large cardinal hypotheses that
will be considered in this paper is 10:

I0 For some A there exists a j : L(Vy;1) < L(Viy1), with crt(y) < A

The elementary embeddings are considered with critical point less than A
to follow the thread of rank-into-rank axioms: in this case, in fact, 10 implies
I1, the existence of an elementary embedding from V) to itself. By Kunen’s
Theorem A must be the supremum of the critical sequence of j. This means
that A is limit of inaccessible cardinals, so |V)| = A and V), is closed by finite
sequences. Therefore every A-sequence of elements of V) ; can be codified in
Vi1, and this fact will be used throughout the paper without notice.

Unfortunately there are few published results on 10. Most of the results
are in [I0] and [II], but it is possible to find something also in [2] and [5].

Lemma 2.1 ([10]). Let j : L(Vay1) < L(Vay1) be such that crt(j) < A. Then
there exists an L(Vyy1)-ultrafilter U C L(Vyy1)NVage such that Ult(L(Vyyq), U)
is well-founded. By condensation the collapse of Ult(L(Vyi1), U) is L(Vy41),
and ju : L(Vay1) < L(Vig1), the inverse of the collapse, is an elementary em-
bedding. Moreover, there is an elementary embedding ky : L(Vyi1) < L(Vai1)
with crt(ky) > OX+1) such that j = ky o ju.
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An elementary embedding j is weakly proper if j = jy. In this case, the
behaviour of j depends only on a really small set.

Lemma 2.2 ([10]). Let j,k : L(Viy1) < L(Vay1) be weakly proper. If j |
Vi=Fk [V, then j = k.

(®) . These sim-

10 rose to prominence because of its similarities with AD”
ilarities will be described now in a more general setting.

All the stronger large cardinal hypotheses will follow a common blueprint:
“There exists an elementary embedding j : L(N) < L(N) with crt(j) < A
where Vy,1 C N C V,,»”. For clarity, it will always be assumed N = L(N)N
V2. For example, 10 follows this blueprint, and also any j : L(X, Vy;1) <
L(X, Vyy1) with X C V.

Like in L(R), it is possible to define a cardinal in L(N) that “measures”
the largeness of Vy;1:

Definition 2.3. Let M be a set or a class such that Vyyy C M. Then ©M
is the supremum of the ordinals o such that there exists m : Vyy1 — «a with
{(a,b) € Vg1 x Vayq = w(a) < w(b)} € M. If M is a class, then this is
equivalent to the more classical definition:

oM =sup{a:3r: Vay1 » o, T € M},

Note that ©F) is a cardinal in L(N), and AT < ©F™) < (2*)*. More-
over, if L(N) N Vy,o = N then /™) = @V,
There is also a higher equivalent of DC:

Definition 2.4.
DCy: VX VF: X =PX)\03Ig: A= XVy<Ag(y)€F(g7).

In certain situations L(/N) has properties akin to L(R):

Lemma 2.5 ([1I]). Let Viy1 € N C Viyo be such that L(N) E V =
HOD¢x)uv,,, for some X C Vyi1. Then

o O s reqular;
e L(N)EDC,.

Like already hinted, the introduction of an elementary embedding will
produce characteristics similar to AD¥®;

Lemma 2.6 ([11]). Let Vi1 C N C Vi, be such that there exists X C Vi
L(N) FV = HODxyuv,,,. Let j: L(N) < L(N) be such that crt(j) < A.
Then



o \" is measurable;
e a generalization of the Coding Lemma holds.

For a description of the Coding Lemma see [6], and for a detailed enun-
ciation of the generalization and the proof of the second part see [2]. One
Corollary of the Coding Lemma will be most useful:

Corollary 2.7 ([I1]). Let Vap 1 C N C Viio be such that there ezists X C
Vagr L(N) E V. = HODyxyuv,,,, and there exists j : L(N) < L(N) with
crt(5) < A. Then for every v < OFW) there exists a surjection m : Viyy —»
PEHI ().

This means that if v it’s “small”, then there are “few” subsets of v in
L(N), and it implies that ©X™) is a weakly inaccessible cardinal in L(N).

To complete the Theorem a generalization of the definition of weakly
proper is needed:

Theorem 2.8 ([I1]). Let Vyy1 C N C Viia be such that L(N) N Vye = N
and let j : L(N) < L(N). Then there exists an ultrafilter U C N such that
Ult(L(N), U) is well-founded. By condensation the collapse of Ult(L(N), U)
is L(N) and jy : L(N) < L(N), the inverse of the collapse, is an elementary
embedding with crt(j) < M. Moreover, there is an elementary embedding
ky : L(N) < L(N) that is the identity on N and such that j = jy o ky.

Definition 2.9. Let Vi3 C N C Vyig be such that L(N) N Vi = N and
let j : L(N) < L(N). For every a € L(N), we will indicate with {ag,ay,...)
the iteration of a under the action of j, i.e., ag = a and a;1 = j(a;) for all
1 €w. Then

e j is weakly proper if j = jy;

e j is proper if it is weakly proper and if for every X € N, (X; :i <
w) € L(N) .

By Theorem any elementary embedding j : L(N) < L(N) can be
factored into two elementary embeddings, j = jy o k. The first embedding,
Jju, is obtained from an ultrafilter, and it is completely determined by its
behaviour on N; the second one, k, is the identity on N and moves only
larger cardinals, and hence can be generated by a shift of indiscernibles. In
other words: every j : L(N) < L(N) has a more important part, the weakly
proper embedding ji that controls the behaviour of 7, and a less important
part k that comes from a shift of indiscernibles.

Properness has important consequences that strengthen its role:
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Lemma 2.10 ([I1]). Let Vapy C€ N C Viio be such that L(N) N Vyo = N
and let j : L(N) < L(N) be proper. Then j is finitely iterable, i.e., it is
possible to define j(7) = j* and j° is an elementary embedding from L(N) to
itself.

Theorem 2.11 ([11). Let X C V1. Suppose that there exists j : L(X, Vyi1)
L(X,Vyy1) proper with crt(j) < X. Then ©MXYa+1) s the supremum of or-
dinals v such that:

o v is weakly inaccessible in L(X,Vyi1);
o v=04ENn) and j(y) =
b fOT' all 5 <7, P(ﬂ) N L(X7 V)\+1) € L’Y(Xa V)\Jrl);

o for cofinally k < v, Kk is a measurable cardinal in L(X,Vy,.1) and this
is witnessed by the club filter on a stationary set;

o L (X, Vis1) < Lo(X, Vi),

For the equivalent of the theorem in ADY® see [7]. Other consequences
are less structural, but nonetheless very useful:

Lemma 2.12 ([II]). Let Viy1 € N C Vo be such that L(N) E V =
HODyv,,,. If j : L(N) < L(N) is proper, then the fived points of j are cofinal
in QLN

It is immediate to see why: if 5 < ©X(Y) then there exists a prewellorder
Y that codes it, but then (S, f1,...) is coded by (Yy,Yi,...) (defined as in
Definition [2.9), that is in L(N). So (8o, B1,...) € L(N) and since W) is
regular in L(N), then sup;., 8; < ©*™) and is a fixed point.

The next step consists in defining a “standard” sequence of such N’s,
that is called E°-sequence. The purpose behind its definition is the attempt
to define a new axiom that corresponds to ADg just like 10 corresponded to
AD"®) " The construction of the E-sequence, in fact, mimics the construc-
tion of the minimum model of ADg (that can be found in [9]), building a
sequence of E°(Vy,) sets such that Vi3 C E9(Viy1) C Vago.

Definition 2.13 ([11]). Suppose Viy1 C N C Vy,o.
o E(N) denotes the set of all the elementary embeddings k: N < N.

e Suppose that X C Vyyy. Then N < X if there exists a surjection
7 : Vagr = N such that m € L(X, Vyyq).



The definition of the E9-sequence is by induction with four steps: 0, limit,
successor of a limit and successor of a successor.

Definition 2.14. Let X\ be a limit ordinal with cofinality w. The sequence
(Eo(Vag1) < Tyy,,)
s the mazimum sequence such that the following hold:
1. E§(Vag1) = L(Vag1) N Vaga;
2. for a < Yy, limit, Eg(Vay1) = L(Ugeq E5(Vag1)) N Vage;
3. for a < Ty, limit,
o if L(E2(Vij1)) E cof (@Fa(ai)) < X then
Eopi(Vaga) = LIEL(Vay)) N Vi
o if L(E%(Viy)) F cof (@FaVat)) > X then
Eg+1(v>\+1) = L(g(Eg(VAH))) N Visa;

4. fora=p+2<Ty,,,, there exists X C Vyy1 such that E2+1(V/\+1) =
L(X, V/\-i-l) N V,\+2 and Eg(v,\_H) < X, and

Ej, = L((X, Vas1)!) N Vago

5. Va < Ty,,, 3X C Viuy such that ES (Vi) C L(X, Viga), 31 L(X, Vag1) —
L(Xa V/\-i-l) proper;

6. Vo limit, o+ 1 < Ty, iff

if L(E°(Vas1)) E cof (©Fa(Vaen)y > )
then 3Z € EX(Vag1) L(EL(Vag1)) EV = HODy, ,,u(z3 -

The previous definition consists of two parts: the first four points give the
real definition of the sequence, describing exactly what E2 (V). is, the last
two points are conditions that guarantee a smooth application of the induc-
tion. For example, point 5 implies that indeed the sharp appearing in point
4 exists, and point 5 and 6 combined prove that E2_,(Vy41) in point 3 can
be seen as L(X, Vy;1) for some X C V)41, justifing the inductive hypothesis
for point 4. For more details about the balance of this construction, see [L1].
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For the rest of this article Vy,; will be omitted, and E° and T will be
written instead of EJ(Vit1) and Yy,,,. This is a slight abuse of notation,
but since the A is considered fixed, it will not create problems.

The complex nature of this definition is partly due to the necessity of
keeping the E°-sequence nicely absolute, and also having some condensation
property. The following lemma, whose proof is implicit in [I1], is a summary
of both results:

Lemma 2.15. Let 5 < Y, let M be a model of ZF such that Eg C M and let
M be M s transitive collapse. If M is an elementary substructure of L(Eg)
for some n <Y, then there exists <~ <n such that either M = L(Eg) or
else M = LC(Eg) for some (. Moreover, if j : M < L(Eg) is the inverse of
the Mostowski collapse, then j(v) =n.

The E°-sequence has also the desired property of implying many elemen-
tary embeddings:

Lemma 2.16 ([I1]). Let « < Y. Then there exists an elementary embedding
J: L(E%) < L(E?) with crt(j) < A.

It is clear from the definition that if v < [ then ES C Eg, and one

can prove that 05 < 0. Both sequences, however, are not necessarily

0
continuous. It can be that U7<B Eg # EB and sup, g4 0% < 0% but in
particular conditions:

Lemma 2.17 ([I1]). Let o < Y and suppose that OFa > SUPgq ©F5. Then
there exists X C Vg1 such that L(E?) = L(X, Vyi1).

Obviously the continuity in a limit point of the E%sequence implies the
continuity of the ©’s sequence there.

Moreover, the ©’s sequence is important as a skeleton that construct (at
least partially) the E%-sequence:

Lemma 2.18 ([I1]). Suppose o < Y is a limit ordinal and (cof (©Fa))L(Fa) >
A. Then there exists Z € E° such that for each Y € E°, Y is ¥ -definable
in L(E®) with parameters from {Z} U {Viz1} U Vigr U ©OFa. Moreover, if
L(E%) E V = HODy, ,, then Z = 0.

The last result on the E°-sequence that will be useful is on the reflection
of the sharps. For every a < T, by definition (E?)? is a set of formulas in
the language

L5 ={e}U{citaem U{di}icn U{C},



where in L(E?) every c, is interpreted as a, every d; is interpreted as an
indiscernible and C' is interpreted as E9. The language

Ly, =1} U{cataery U{d, ..., d,} U{C}

is the restriction of £} to a language that uses at most n constants for
indiscernibles.

Definition 2.19 ([1]). For v,a < T define the (y,n)-fragment of (E2)* as
(E9*N LY, and denote it as (E9)! .

v, n
Define the y-fragment of (EQ)* as (EQ)* N LY, and denote it as (EY)?,.

v’

Naturally (E§)* can be coded as a subset of Viyy in L(ED), ie., as an
element of E°. This means that for every 8 < a < T and every n € w,
(E9)* € EY,, and (EQ),, € EY. Then if k : ES < EY it is possible to apply
k to the sharp fragments.

Definition 2.20 ([1]). A X;-elementary embedding k: E° <; EY is f-friendly
if for every v < «
F(EQ).) = (EQ);

alk(y),n’

More generally, given f < a <Y, a ¥q-elementary embedding k : Eg <1
E, is called g-friendly if for everyn € w and v <

k‘z((Eg)Fy,n) = (Eg)’;('y),n

Theorem 2.21 ([I]). Let § < a <Y be limit ordinals, and let k : Ef < EY.
Then k is 8-friendly iff it is extendible to k - L(Eg) < L(Ey) such that k C k.

3 The Game

Theorems [2.10] and witness the importance of properness, but not every
elementary embedding is proper. There are two possible cases:

Definition 3.1. Let o < Y. Then

e « is totally non-proper if every weakly proper elementary embedding
j: L(EY) < L(E?) is not proper;

e « is partially non-proper if there exist a weakly proper elementary em-

bedding j : L(ES) < L(E°) that is not proper and a weakly proper
elementary embedding k : L(E®) < L(EY) that is proper.
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In [I] the existence of a totally non-proper ordinal is established under
strong enough conditions:

Theorem 3.2 ([1]). If there exists a & < T such that L(EQ) ¥ V = HODy,
then there exists a totally non-proper ordinal.

Under the same conditions, a partially non-proper ordinal exists:

Theorem 3.3. If there ewists a & < Y such that L(E]) ¥ V = HODy,,,
then there exists a partially non-proper ordinal.

Between all the ordinals less than T, there is one that has particular
properties, that is the smallest ordinal « such that its sharp does not add
new subsets of V) q:

Definition 3.4. Let o be the minimum ordinal such that
I at+w<Ty,,;
2. L((EY)") (Vs = ED.

In fact the first requirement is slightly stronger than necessary, it is suf-
ficient that the E°-sequence is long enough to contain a and a finite number
of its sharps (that depends on the proof).

In [1I] the following Theorem was proved:

Theorem 3.5. Let & < Y be such that L(EY) £V # HODy,,,, and letn < §
be the mazimum ordinal such that E) C (HODVHI)L(EQ). Then L((E9)*) N
V/\+2 - ES-

This validates the definition of a: if there exists a & such that L(Eg)
is not a model for HODy,,, (in informal words, if the E%sequence is “long
enough”), then such an « exists.

The game G, is defined as such:

Definition 3.6. Let a < Y. The game G, is defined as follows:

I (ko, Bo) (K1, Br) (K2, Ba)

11 Tlo m
with the following rules:
L kO = (D;

o kiv1: By < Ej s af-friendly elementary embedding;
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o for every y < Bi, kia(E)2,) = (B yns

° Si,mi <a

® [it1>ni

o ki C kiy1 and kia(Bi) = Bi1;

o [[ wins if and only if I at a certain point cannot play anymore.

Note that because of the third rule this game cannot be defined in L(E?),
it must be defined in a model that contains (E°)*. The arguments that follow
take place in L((E%)*) or in V.

If I wins G, it is possible to glue together all the k; to form an elementary
embedding k = J,, ki- If B = sup;c, B and 1 = sup,e, n;, then n < f <
and k : Ej < Ej is an elementary embedding that preserves the sharp-
fragments of E°. Moreover, if v > [y, then there must exist ¢ such that
Bi < < Biy1, and therefore v < 541 = k(8;) < k() is not a fixed point for
k.

The strategy is to use Lemma [2.12] i.e., to construct an elementary em-
bedding j : L(E?) < L(E?) such that the fixed points of j are not cofinal
in ©F. If I wins with b = @Eg, and for this to happen a must be neces-
sarily equal to ©F, then the corresponding elementary embedding cannot
be proper. To have such a g, II must push it up until a = OFa, playing a
cofinal sequence.

The first step is to prove that @ = ©F«, and with it many other properties
of a.

Lemma 3.7. 1. Thereis no X C Vi, such that E° = L(X, Vy41)NViyo.
2. « is a limit ordinal;
3. OFa = SUPgq oFs ;
4. for every B < « L(Eg) FV =HODy,,,;
5. a=0P% and o is reqular in L(E°);
6. E° = Us<a Eg.
Proof. 1. Suppose that there exists X C V), such that
E° = L(X,Va11) N Vago.
Then
L((EQ)F) N Vaga = L((X, Vap1)F) N Vags
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and this, by definition, is equal to E® = L(X, Vy11) N Viya. So
L((X, Va1)") N Vasa = L(X, Vay) N Vaso.

But (X, Vy;1)* is by definition in V)9, so (X, Vi;1)* € L(X, Vyi1), and
this is a contradiction.

2. If « is a successor, then there exists X C Vy,; such that E? =
L(X,Vyy1) N Vyie. But this is a contradiction by the previous point.

3. Otherwise by Lemma/|2.17|it would exist a X such that E® = L(X, Vy,1)N
V12, and this would be again a contradiction.

4. Suppose [ < « and consider Theorem with & = 8. If L(Eg) F
V' # HODy, ,, then by the theorem there exists v < 3 such that
EY = L((E2)*) N Vige. But this is a contradiction, because o was the
least one. So L(Ej}) F V = HODy,,,.

5. Since L(EY) F V = HODy,,,, by Lemma 2.5/ ©7% is regular in L(EY).
This implies by part 3 that o = O and « is regular in L(E?).

6. The proof of this is in [I] with more details, as part of the proof of
Theorem Let Y € EY. Since L(E?) = L(U, comt EY), by definition
and by part 5, the collapse of the closure X of {Y'} UV, has the form
Ly(U,<e Ey). By part 4 L(EY) is a model for HODy, ,, therefore it
has “few” partial Skolem function, and there exists a surjection from

Vas1 to X. But then 7,0 < OF = qa, so
L( | E) < LE).
77<@E8‘ B<a

As Y is not collapsed, Y € s, L(E}), and the Lemma is proved.
[l

As useful as these properties are, they do not use the full potential of the
definition of a. Since adding (E?2)* does not add new subsets of Vy 1, « has

some particular properties also in L((E2)#), and this implies something of
the structure of L((E?)?) itself.

Lemma 3.8. o o= OE .
o cvery element of E° is definable in L((E°)*) with parameters from

OF UViy1;
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e L((EY)) FV =HODy,.

Proof. e By definition g < OFa iff 4 is the order type of a prewellordering
of Vay1 in L(E?). But L((E°)*) has the same prewellorders in Vy,; of
L(E?), so this happens iff 3 is the order type of a prewellordering of
Vier in L((EQ)Y), ie. § < OF) . So ©Fa = @F)" and by Lemma
B1(5) o — O

e By Lemma every element of EY is definable in L(E?) with param-
eters from ©%» U Vy,,. But in L((E%)?), L(E°) is a definable class,
because L(E?) = (L(Vii2))“(E2)) 5o every element of E° can be de-
fined in L((E°)?) with parameters from ©%& U V.

e Since a+2 < T, (E9)* exists, so every element of L((E°)#) is definable
in L((E°)*) with parameters from the indiscernibles (of L((E£°)#)) and
(E2)*. The elements of (E°)* are formulas in Egg, so they are definable

in L((E%)*) with parameters from the indiscernibles (of L(E?)) and E?.

By part 2, every element of E? is definable in L((E?)*) with parameters

from ©F« and Vi1, so L((E)*) EV = HODy, ,,.

[l

Recalling Lemma [2.5] and Lemma the previous Lemma has the fol-
lowing Corollary:

Corollary 3.9. e « is reqular in L((E°)*);
o L((E%)¥) E DCy,
o L((E%)¥) satisfies the Coding Lemma.

Proof. For the proof of part 3, consider the elementary embedding j : L(E?,,)
L(ES.,). As (E%) € L(EY,,) and it’s therein definable, j | L((E9)*) :
L((E%)*) < L((E%)#) is an elementary embedding. Then it suffices to apply
Lemma O

So, «a is not only “big” in L(E?), but also in L((E?)*), and is not only
regular in L(E?), but also in L((E2)?). This is important because the game
G, is in L((E°)?), and the proof that I has a winning strategy relies heavily
on these characteristics.

Another key point is the fact that in G, I has a limited amount of possible
moves:

14



Lemma 3.10. For every 3,7 < « define
EXEY E)) = {k: By < E k is §-friendly}.
Then in L((E2)*) there exists a surjection m : Vyyy — EY(E}, EY).

Proof. The proof takes place in L((E?)).

If there exist X,Y C Viyy such that L(EJ) = L(Y,Vyy1) and L(E}) =
L(X,Vy41) the lemma is trivial, so by Lemma we can assume that
B = 0% and v = 6%, Since by Lemma (4) both L(Ej) and L(EY)
are models of HODy, , , by Lemma every element in Eg is defined in
L(Ej) with parameters from e U Vg1, and the same goes for EY. Let
k: Ej < EJ be a f-friendly elementary embedding. Since it can be extended

to some k : L(Eg) < L(EY), its behaviour must be defined by & | 0% UViy.
But k& | Vyy1 is defined by a member of V), (namely &k | V) by Lemma ,
and k | O3 can be codified as a subset of ©75. Since OFF < @(Eg)ﬁ, the
Coding Lemma proves the thesis. O]

Theorem 3.11. In L((E°)*) II cannot have a winning strategy for the game
Go.

Proof. Recall that the game G, is
I <k0760> <k17ﬁl> <k27ﬁ2>

I To m

with ko = 0, ki1t Ef, < Ej, | f-friendly elementary embeddings that pre-
serve the fragments of (E2)*, B;,m; < a, Bix1 > i, ki C kg1, knyo(Bn) = Busa
and II wins if and only if I at a certain point can’t play anymore.

Suppose that IT has a winning strategy 7 € L((E2)*) and, since the game
is open for II, with the usual analysis of open games we can suppose that
7 is definable. By Lemma there exists an elementary embedding from
L(EY.,) to itself. Since (E2)* € L(E?,,) and is definable, the restriction of
the elementary embedding to L((E°)*) is an elementary embedding; call it
j. Define ko = crt(j), and k;1 1 = j(K;).

The rest of the proof is in L((E92)*).

Let T, be the tree of all the partial plays. Note that if p, is a partial
play of length 2n, the sequence of the moves of I is definable from (k,, 3., Bo)-
Moreover, we can suppose that II always plays within its strategy, so p, can
be written as (k,, Bn, fo)-

15



An ordinal n < « is closed under 7 when for every (k,, 8., 5o) € Tg,,, if
Bn < n then 7({ky,, 5,, Bo)) < n. Let C be the set of the ordinals that are
closed under 7.

Clearly C'is closed. Let vy < o and define

M= Sup{T(U{;m Bn; ﬂO)) : <kn7 6mﬁ0> € TG(Nﬁn < ’YO}-

Since {ky, : (kn, Bn, Bo) € T, Bn < Y0} is a subset of Uﬁn—175n<’}’0 8+(E2n71,Eﬂ
v < OF)* = . The definition continues by induction

Tm+1 = Sup{7(<kmﬁnaﬁ0>) : <kn7ﬁm ﬁ0> € TGM 6n < 'Ym}

As by Corollary 3.9(1) « is regular, sup;_,v; < a, and sup,_,, 7 € C. Thus
C' is not empty, and is unlimited in . Therefore it has cardinality o.

Since 7 is definable, C' is definable, so j(C') = C. Now it is possible to
show that I can play certain moves that counter the strategy 7. Let [, be
the r,-th element of C for every n € w. I plays ((), 5y) on his first turn, and
(71 Egnil,ﬁﬁ on his n-th turn. This moves follow the rules because:

e by Theorem M gl Egnil is a g-friendly elementary embedding;

o (E%)* is definable in L((E°)*), so clearly j preserves its fragments;

o knio(Bn) = j(Bn) = Bus1 by the definability of C, and since 3,41 € C,
T(<kna Bna 60)) < 6n+1-

If T follows this strategy, then I wins. This is a contradiction, because 7
was a winning strategy. O

Unfortunately this does not suffice to prove that there exists an elemen-
tary embedding from L(E?) to itself that is not proper: even if I wins, « is
regular in L((E?2)*), so it is not clear whether II can play a sequence cofinal
in .. To prove Theorem [3.13]it is necessary to take a step back and consider
V. In V in fact, a has cofinality w.

Lemma 3.12. cof(a) = w

Proof. Let X be the set of the elements in L((E°)*) that are definable in
L((E®)*) using only elements of Vi, and indiscernibles of L((E2)) as pa-
rameters.

Then X < L((E2)*). Therefore by Lemma [2.15]its collapse is L((E2)*) for
some @ < . But since L((E%)*) E Vi, o = EY, because of the isomorphism
L(EY) E Viso = E°, ic.

L(((E3)") N Vasz = E,
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and so @ = « and the collapsing map is the identity.

Then every element of Eg is definable with parameters from V),; and from
the indiscernibles of L((E°)*). Let ii,...,i, be the first n indiscernibles of
L((E?)%), and let

o, = sup{7y € Ord : 7 is definable with parameters from Vy;1U{iy,...,i,}}.
In L((E%)*) there is a surjection from Vi, to a,, and as

OLIE)) = gLE) = @Fs = q,

it follows that a,, < a. But every ordinal f < « is definable using some
m-uple of indiscernibles and elements of V), as parameters, since Eg € E°,
therefore (o, : n € w) is cofinal in «, and cof(a) = w. O

Theorem 3.13. There exists an elementary embedding k: L(EY) < L(E?)
that s not proper.

Proof. Let (n; : i € w) be a cofinal sequence of a. Consider the game G,:
the game is closed, so is quasidetermined. Suppose that II has a winning
quasistrategy: since II plays only ordinals, the quasistrategy can be thinned
out to a definable winning strategy for IT in L((E°)#). But this is impossible
for Lemma [3.11], so I has a winning quasistrategy; call it o. Suppose that II
plays, against o, the sequence (n; : i € w). Since ¢ is winning, player I can
play according to it at every round. Consider (k; : i € w) the sequence of his
moves. As k; C ki1, define k = J,, k. Then £ is a g-friendly elementary
embedding, and, by Lemma|2.21} it is extendible to an elementary embedding
k: L(EY) < L(E°).

Let v be an ordinal greater than 8y = (). Since for all i € w, §; > n;, it
follows that the (; are cofinal in «, so there exists ¢ such that 8; < v < B;41.
Then l%(’y) > l%(ﬁz) = Biy1, but v < B;11, therefore v cannot be a fixed point
of k. So, by Lemma k is not proper. n

The objective, however, was to prove that o was partially non-proper,
so it is necessary to prove that there exists an elementary embedding from
L(E?) to itself that is proper. But this is quite easy:

Lemma 3.14. There exists an elementary embedding j : L(E?) < L(E?)
that is proper.

Proof. Let j : L(EY,,) < L(E2,,). Then the restriction of j on L(ED) is
an elementary embedding, and we can assume that j is weakly proper, so
is defined from an ultrafilter and the indiscernibles are fixed points for j.

17



Let X € E°, we have to prove that (X; : i € w) € L(E?), with X;,; =
J(X;). One of the points of the proof of Lemma is that X is definable
in L((E°)*) with parameters from indiscernibles and Vy,;. Let a € Vi
be the parameter that defines X. Therefore (X; : i € w) is definable in
L((E2)* from (a; : i € w), with a;4; = j(a;), and indiscernibles for L((E2)*).
But then (X; : i € w) € L((E)®), and since it can be codified in V) o,
(X;:i€ew)e L(EY). O

4 Comparisons

The existence of a partially proper ordinal complements the results in [1J.
Here is a brief recollection:

Definition 4.1 ([I]). Let 8 < T be such that L(EY) £ V = HODy,,, for
every v < 3. Then

Iy = {y < B: (Ep); = (EJ)}.
Lemma 4.2 ([1]). If 8 <Y and Iz # 0, then there are no X C Viyy such
that LéoEg) = L(X,Viy1). In particular if ©7% is reqular in L(EY), then
b =0"%.

Lemma 4.3 ([1]). Let a < YT be a limit ordinal and v < «. The following
are equivalent:

o yE

o there exists an elementary embedding j : L(ES) < L(E°) such that
j I EY is the identity.

Lemma 4.4 ([1]). Let 8 < T be a limit ordinal such that ©F¢ is reqular in
L(Ej) and ot(Ig) = A. Then (3 is totally non-proper., i.e., every elementary
embedding j : L(E}) < L(E}) is not proper.

Lemma 4.5 ([I]). Let v < Y be such that L(EJ) £ V = HODy,_, and
L((E9)") N Vage = EY. Then ot(L,) = ~. In particular ot(I,) = a and the
A-th element of 1, is totally non-proper.

Theorem proved for the first time the existence of non-proper ele-
mentary embeddings, but it raised a doubt. One could ask if being proper
or non-proper depended directly on the structure of the underlaying model,
since all the previous examples were of models where the elementary em-
bedding were always proper or always non-proper. The appearance of a
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partially proper ordinal dismisses this doubt, proving that the situation is
not black/white and that proper and non-proper elementary embeddings can
cohexists.

Lemma[4.5] ties together the two kind of non-proper ordinals, stating that
the existence of a totally non-proper ordinal is implied by the existence of the
partially non-proper ordinal just discovered. It is interesting to investigate
the differences between these two ordinals, for example in terms of numerosity
of elementary embeddings.

Lemmal2.2)shows how every elementary embedding j : L(Vii1) < L(Vys1)
is generated by 7 [ Vi,1. This last set is akin to a “seed” that generates the
elementary embedding. One can ask: how many elementary embeddings can
sprout from a seed?

Theorem 4.6. Let 3 < T be such that ot(Ig) = X. Let j, k : L(E}) < L(Ep)
weakly proper. If 7 [ Vay1 =k | Vg1 then j = k.

Theorem 4.7. Let j : L(E%) < L(E°) be such that crt(j) < . Then
there are 2* non proper elementary embeddings k : L(E°) < L(ES) with
kTVaigr =71 Vi

For the first theorem a technical lemma is needed:

Lemma 4.8. Let 3 < T be a limit ordinal such that L(Eg) =V = HODy,

Ej = U, s EY and let (e : & <) be the enumeration of Ig. Then

H" P (Ind, Vi, | 1) = L(EY),
¢<§

where Ind is the class of the indiscernibles in L(Eg). In particular
L(ES) = H"F9)(Ind, Vyy1, I).

Proof. Let X = HL #)(Ind, VAH,U<<§ L) Then X < L(E}).

Let n € OME) N x. Since n < M%) there exists a surjection m : Vi —
1, and since L(ER) 'V = HODy, . Define

y if there exists y such that o(y,z,y1,...,Yn, b1, -, Om)
T({x, Y1, Yn)) = and is unique;

) otherwise.

Then 7 € (HOD) , and minimizing the ordinal that defines it we can
suppose it definable. Therefore m € X, so every p < nisin X. This means
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that X N OF5) is an initial segment of the ordinals that contains every ~,
with ¢ < €.

There are two cases: OFF3) ¢ X or ¥ NOMED = 4. By Corollaroy in
L(E}) every element of Ej is definable with parameters from 0L E) U vy,
and in the first case Eg C X, but then X = L(Eg).

Suppose then that the second case holds. Let M be the collapse of X and
j: M < L(E}) the corresponding elementary embedding. Then the critical

point of j is v and j(v) = 0% = B by Lemma therefore by Lemmam
M = L(EP/). Since j | V41 is the identity, for every X € ES,

X={zxeVyi:j) ej(X)}={rxeViy:xej(X)}=jX),
so J | Eg is the identity. Therefore there exists an elementary embedding

j: L(EY) < L(E}) with critical point v such that j(EY) = Ej, i.e., v € I,
by Lemma |4.3]

So v <. But
IndU Vi Ul J 1, € L(EY,),
(<g
then X C L(EY) and L(E)) C L(Egg), therefore v < 7¢, ie., v = 7. O

Proof of Theorem[].4. Every element of L(Eg) is definable from indiscernibles
and elements of Eg. By Lemma every element of Eg is definable from ele-
ments of Vi1, and Ig. But ot(Ig) = A and for every v € I3, j(I,) = L) and
k(I,) = Ix(y). So the behaviour of j, k on I3 depends only on their behaviour
on A, but that is the same, therefore j = k. O

Theorem [4.7] will be the result of two Lemmas:

Lemma 4.9. Let j : L(E°) < L(E°) be such that crt(j) < . Then there
are at least 2 non proper elementary embeddings k : L(ES) < L(E°) with
kT Vi =71 Vi

Proof. Consider G.., the variation of the game G, with the rule “kg = j |
Viy1” instead of kg = (). If IT had a winning strategy, then there would exist
a club of the ordinals closed under such strategy, and playing j on the x,-th
element of that club (where k, is the n-th element of the critical sequence
of j) I could win. So I has a winning quasistrategy, that is exactly the tree
of the winning (or not-losing) positions for I. Call this W P. For notational
clarity, fix the first move of I as (ko, 5y), where (3, is the minimum such that
(ko, Bo) € WP.
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As in the proof of Lemma [3.11] if p, is a partial play it is sufficient to
consider (ky,, B, Bo) instead of all of it, and since f3y is fixed, the notation is
shortened to (k,, 3,). Since W P is a winning quasistrategy, if (k,, 8,) € WP
then for every n < « there exists (k,i1, Bnr1) € WP that extends (k,, 8,)
and such that g,,; > n. This means that the set

{Bn—i-l : <kn+lvﬁn+1> € WP, <kn+lvﬁn+1> extends <kn7 671)}

is cofinal in . But this set is also definable in L((E2)*), and since « is
regular then the cardinality of this set in L((E°)#) is a.

Therefore in V' for every (k,, 8,) € W P the set of its immediate successors
in WP has cardinality at least |«|. Before describing the last step of the
proof, W P must be trimmed a bit, leaving only branches that will generate
elementary embeddings from E? to itself. So fix a sequence (1, : n € w)
cofinal in o and define

WP* = {{(kn,Bn) =pn € WP :Vn € w Ih(p,) =n — By > 1}

where 1h(p,,) = n indicates that p, is a partial play at the n-th turn. Again,
every element of W P* has |a| successors and WP* has |af = A\ = 22
branches.

It remains to prove that each branch of W P* defines a different elemen-
tary embedding. Let k,l : E2 < E° defined from two different branches of
W P* and let (k,,,) and (l,,7,) be the first nodes that are not equal re-
spectively in the two branches. Then either k, # [,, and therefore k # [, or
Bn # Yn- Since fy is fixed, n > 1, and therefore &, 1(Yn-1) = knt1(Bn_1) =
B 7£ Tn = ln+1(7n—1)7 so k 7£ . L

Lemma 4.10. There are less than (2*)* $-friendly elementary embeddings
j: E° < E°.

Proof. Let j : E° < E° be #-friendly. Then it is defined by its behaviour on
Vis1 U OF:. By Lemma j I Vi1 is defined from j [ V), that is a subset
of Vj, so there are no more than 2* possibilities. By the Coding Lemma (for
L(EY.,)) there exists a surjection 7 : Vi1 — P(OF2), so there are no more
than 2* possibilities also for ©Fa. O

The proof of Lemma gives the suggestion that it is possible to find
new results on elementary embeddings in L(E?) with appropriate changes in
the game GG,. This is true, and the following Theorem is a first example:

Theorem 4.11. Let j : L(EY) < L(E?) be such that crt(j) < X\. Then there
are 2 proper elementary embeddings k : L(EY) < L(E°) with k | Vay1 = J |
V-
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In order to prove Theorem |4.11] we need some sort of converse to Theorem

2. 12

Lemma 4.12. Let 3 < T be such that L(E}) F'V = HODy,,, or 8 = K

and Ef = U3 E). Then for every j : L(ER) < L(E), j is proper iff the

set of fixed points of j is cofinal in Q5.

Proof. Suppose that the set of fixed points of j is cofinal in %,
In the first case, let I', be the set of the elements in Eg that are definable
with parameters from V) 1 U{V),1} and ordinals less than n. By Lemmam

Ey=U oeg [y But in L(E}) for every n < ©FF there exists a surjection
n<

from V11 to Ty, so I';) can be seen as a subset of Vi1, and (I'))* C L(Ep).
Let X € Eg. Then there exists n such that X € I'), and we can suppose
j(n) =n. But then (X,j(X),j(j(X)),...) € (I')* so it is in L(E}).

In the second case, let X &€ Eg. Thus there exists an n < ©% such that
j(m) = nand X € E). But there exists a surjection from Vi1 to EJ, so
(Eg)“ C L(Eg), and then, as above, j is proper. H

Proof of Theorem[[. 11 Fixaj: L(EY) < L(E?), with (k; : i € w) its critical
sequence. The variant of the game G, is defined as follows:

I <k07ﬁ0> <k1751> <k2762762> <k37ﬁ37>

II Mo Uit 2
with the following rules:
o ko =7 [ Vais

® kaip1: EY, < Ej, | is a §-friendly elementary embedding;

kot B < Ej is a f-friendly elementary embedding;

for every v < i, kipa ((EQ)E,) = (BO):

vn o/ kipr(y),m

Ld Blaﬁunz < ;)
® Bit1 > 1, B > Bm‘ > 12i;
o k; C ki+17 k2i+2(52¢) = ﬁ2i+1 and k2i+1<62i) = 5_2z7

e II wins if and only if I at a certain point cannot play anymore.
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The proof that Il cannot have a winning strategy is almost the same as
Lemma suppose that II has a winning strategy o, then we can suppose
that it is definable; call C' the set of the ordinals closed under o: since by
Lemma [ has “few” possible moves, C' is a definable club and it has
cardinality o in L((E°)®); let B, be the (n - A + kg)-th element of C, B, i1
the (n - A+ k1)-th element of C' and [y, the (n - A)-th element of C; B4
is bigger than 7; = o(k,, 3,) because f;;; € C, and the same works for j3;,
so with kg, = 7 | Eg% and kopiq1 = J | Ean I wins, and II cannot have a
winning strategy.

When II plays a sequence cofinal in «, the elementary embedding & :
L(E®) < L(E?) that results from glueing a successful play for I and extending
it via Theorem has the set of fixed points cofinal in ©Fa (because it
contains J3; for every i € w), so by Lemma is proper. Like in the proof
of Lemma [£.9] it is possible to prove that every winning position for I has «
winning positions as successors, so there are 2* possible plays where II plays
a sequence cofinal in o and I wins. Unlikely Lemma [4.9] however, different
plays can produce the same elementary embedding. The reason is that if
two branches diverge at an odd step, they can generate the same elementary
embedding. But if the branches are different at an even step, then they really
generate a different elementary embedding, so limiting the quasistrategy for
I with making him play just the smallest possible (a; and [34;, every play
of I generates a different proper elementary embedding and there are 2* of
them. O

The last variation of the game G, will deal with the set of fixed points of
j under ©F% when j is proper. Let D;={y<a:j(v) =} Theorem
shows that there are many proper elementary embeddings. How much the
D;’s are different? Do all the elementary embeddings share the same D, or
they vary? Since D; is an w-club, the intersection between two different D;
and Dy must be an w-club, so D;A D), cannot be too much large. But it is
possible to make it cofinal:

Theorem 4.13. There exist k,1 : L(E°) < L(E?) such that Di,/AD; is cofinal
in ©Fa.

Proof. Consider the variation of the game GG, defined as follows:

1 <k07l0760750> <k1)l17/61> <k2al27/8_2)/82>

I Tlo T

with the following rules:
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[ k2i+1: EQ =< EO kgii Eg =< Egm_, lz E% < Eg are jj—friendly

B2it1 62'7.'-&-1 ? 24
elementary embeddings;

o for every v < B, ki((EQ),) = (B}, and LB ) = (B )0

o Bi,ﬁi,ni <
® Biy1 > Bi-i—l > 15

o ki C kiva, li C liyy, koira(Bair) = Bairr, kai(B2i) = Boi and i1 (Bi) =
Bi;

e [I wins if and only if I at a certain point cannot play anymore.

As usual, if IT has a winning strategy o then it is definable and C, the set
of the ordinals closed under o, is definable, cofinal in o and has cardinality a.
Fix a j : L(E?) < L(E?) proper, let kg be its critical point and k1 = j(kq).
By Theorem J is finitely iterable, so j(j) : L(E2) < L(EY) exists, and

its critical point is k1. Then make I play:
® [ = (2n - A + Kg)-th element of C;
® [oni1 = (2n - \);-th element of C;
o (3, = (n- A+ ky)-th element of C;
o kn=jlEj;
o L= () [ EY .

With these moves I wins, so II cannot have a winning strategy.
The two elementary embeddings resulting from a succesful play of I (where
IT has played a cofinal sequence) are proper, because the sets of their fixed
points (that contains all B;,,) is cofinal in O, But k(Ba;) # [P, while
I(Ba;) = PBa; for every i € w, s0 {Ba; 1 i € w} C DLADy, and it is cofinal.
m

Theorems [3.2] and [3.13] can be just the first steps of a larger analysis
of the E%-sequence. They answer to basic questions, but they also open
new problems: are there totally or partially non-proper ordinals smaller that
the ones already discovered? Does the existence of a partially non-proper
ordinal imply the existence of a totally non-proper ordinal? Is it always the
case that totally non-proper ordinals generate few elementary embeddings,
while partially non-proper ordinals generate many?
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Another fundamental problem is still open: all the examples of non-proper
elementary embeddings discovered are in models that are not possible to
describe as L(X, Vyy1) with X C V. In fact, this property is the key for
both theorems. Must an elementary embedding j : L(X, Vii1) < L(Vii1)
with crt(j) < A be proper?
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