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Abstract

INCE many years we are witnessing a progressive scaling of transistor feature size
S in order to increase packing densities and to meet market demands for powerful
small size devices with reduced power dissipation. At the state of art, performance
degradation, integration for present and next generation of devices and increased
variability are among the major challenges to scaling. Degraded performances are
due to a combination of reduced mobility caused mainly by non-uniformity of the
interfaces at atomic scales, parameters variability introduced by the discreteness of
charge and matter, and, a progressively worse electrostatic control of the gate on the
channel as the physical dimension of the devices are scaled down, thus leading to
increased leakage, worst drive-current and timing issues in logic circuits. High leakage
current in deep sub-micron devices is becoming a significant contributor to power
dissipation of CMOS circuits, therefore improving performance while maintaining
leakage control and scaling dimensions is very important, especially for low power
applications.

To improve the drive current and sub-threshold regime, CMOS technology is
actively exploring devices with channel materials alternative to silicon (e.g. I1I1I-V
group semiconductors) and/or alternative device architectures (e.g. FinFET, GAA
MOSFETSs) with induced channel-stress to further improve performances. In this
framework, the modelling of modern devices should be able to take into account
the most relevant technological options to save development, implementation time
and costs. This requires an appropriate description of the most relevant scattering
mechanisms and of the quantum mechanical effects. Due to the lack of dependable,
commercial TCAD models that can predict the performance of the next generation
devices, the aim of this thesis is the development and validation of TCAD tools for
both the purpose of device performance analysis and performance improvement. We
first present a comparative simulation study of Ultra-Thin-Body (UTB) strained
silicon (sSi) and III-V semiconductor based MOSFETSs by using a comprehensive
semiclassical Multisubband Monte Carlo (MSMC) transport model. In particular we
show that, due to the finite screening length in the source-drain regions, IIT-V and Si
nanoscale MOSFETSs with a given gate length (Lg) may have a quite different effective
gate length (Leg), and the difference in Leg provides a useful insight to interpret the
performance comparison of III-V and Si MOSFETs. In the second part we present
a new model for the surface roughness scattering. The model is suitable for bulk, for

ix



0. Abstract

UTB and for Hetero-Structure Quantum Well (HS-QW) MOSFETs. Comparison
with experimental mobility for Si bulk MOSFETSs shows that a good agreement with
measured mobility can be obtained with a r.m.s. value of the Surface Roughness
(SR) spectrum close to several AFM and TEM measurements. Finally, we developed
a deterministic solver for the Boltzmann Transport Equation (BTE) for Gate All
Around (GAA) circular MOSFETSs. In particular, we solve the Schrédinger equation
for arbitrary crystal transport directions within the Effective Mass Approximation
(EMA) including the wave-function penetration into the oxide and the nonparabolicity
of the energy dispersion relation along the quantization plane and transport direction.
Then, the BTE is solved without any a-priori assumption and including the main
scattering mechanisms responsible for performance degradation, with a new model
for the SR scattering.



Chapter 1

Introduction

OR many decades the Complementary-Metal-Oxide-Semiconductor (CMOS) tran-
F sistor has been continually scaled down, which has resulted in high transistors
density per unit of wafer area but also in faster chips that consume less power
per transistor in every generation. This has been made possible by the improved
lithographic capability to print shorter gate lengths and the ability to grow nearly
perfect oxides with ever decreasing thicknesses up to few atomic layers [1].

In past years, scaling has followed three paradigms and the main features are
reported in Tabs and In constant field scaling [2], physical dimensions
and applied voltage are scaled by the same factor while doping concentration is
increased by the same factor, because the target is to maintain a constant electric
field to ensure the electrostatic integrity and reliability of devices. However, this may
jeopardize compatibility with other devices that operate at different voltages and
decrease on-performances due to increased Coulomb scattering. This scenario yields
the largest power-delay product reduction (see Tab, and V scales as the Vpp
but the scaling is limited by the targets on the Iopp prescribed by the roadmap [3].

An alternative approach, which is referred to as constant voltage scaling, consists
in keeping the voltage constant for an easier integration with pre-existing systems,
but the disadvantage is that the electric field increases as the minimum feature length
is reduced. This leads to velocity saturation, mobility degradation, increased leakage
currents and lower breakdown voltages. For these reasons, the typical approach
to scaling feature size for devices has been a middle way between the two scaling
techniques, namely generalized scaling |4] where voltages are scaled less aggressively
than linear dimensions, while still maintaining constant the shape of the electric-field
pattern. Even with the best choice of scaling rules, as gate length becomes the same
order of magnitude as the depletion layer width, several phenomena affect adversely
the performance of MOS devices:

e reduction in threshold voltage of short devices compared to the long channel
ones making Vr dependent on Vpg (Voltage threshold roll-off).

e degradation of gate oxide due to tunneling and hot carriers.

1



1. Introduction

These aforementioned issues are due on the one hand to: Short Channel Effects (SCE),
Drain-Induced Barrier Lowering (DIBL) and Punchthrough, and on the other hand to
Impact Ionization, Tunneling and Channel Hot Electrons effects. In this respect, the
success attained by CMOS technology is also related to the strategies used to continue
along the path of technology improvement. In fact, in the last ten years the gate
length has not scaled proportionately with the device pitch [5-H10] because of other
technology boosters that can provide some relief by also allowing more aggressive
Vpp scaling: new materials for the gate dielectric in replacement of the SiO2, namely
high-~ gate dielectrics, that can keep low the Equivalent Oxide Thickness (EOT),
architectures alternative to the planar bulk MOSFETSs with induced stress, as well
as high-mobility channel materials (i.e. III-V group semiconductors).

As reported in [3], in future devices for logic applications the amount of power
that can be dissipated by a single transistor as well as the total amount per chip
(which increases rapidly due to the aggressive downscaling) are the limiting factors
along the path of miniaturization. Power dissipation is given by the contribution of
the dynamic power Pgyn=a Cload VDD? fswiten (Where a is the fraction of gates actively
switching) and static power (Pgat=IlogVpp). Consequently, the Vpp lowering is the
most effective way for power reduction. After a regular decrease of Vpp from 5V in
the ’80s to 1.2V in the 2002, we have seen a plateau close to 1V till 2010. In recent
years lot of efforts have been put into reducing Vpp, however, when Vpp approaches
about 0.6 V, it poses noise/variability challenges, and moreover, it becomes more
difficult to scale than other parameters mainly because of the fundamental limit of
the sub-threshold slope of 60 mV/decade in MOS devices. This fact, along with the
need for high performance transistors to achieve currents in the order of 1.9 mA /um
at Vpp=0.68 V (for HP MOSFETS for the year 2020 [3]), makes the static power
dissipation particularly difficult to control while at the same time meeting aggressive
targets for performance scaling.

1.1 Overview of MOSFET scaling

1.2 Material and device innovations

1.2.1 Alternative channel materials

Semiconductors alternative to silicon and belonging to the III-V group of the
periodic table are being actively investigated to improve the transistors performances
or keep them constant while decreasing transistors feature size and Vpp because
of their superior injection velocity vin; as shown in Fig In fact, according to
[12, [13] the on-current (Ipx) in the quasi-ballistic transport regime is defined at
Vps=Vas=Vpp and can be expressed as:

1—r
Ion = WCq (VDD — VT)Vinjm (1.1)



1.2. Material and device innovations

Table 1.1: Comparison of the effect of scaling on MOSFET device parameters.
l1<k<aand a>1.

Parameter Expression Constant Constant Generalized
Field Voltage scaling
~ . 1 1 1
Dimensions W,L.t,, = = =
1 1
Voltage Vyq,V; = 1 T
Area A WL é é ﬁ
. . d 2
Doping concentration Ny % a a? &
3 ox 1 1 1
Gate capacitance Cygze ‘;—zWL = = =
Electric Field F 1 Q =
Current Ion é o k%
Current density J Ion/Area o ol 2‘—;
Table 1.2: Power-delay scaling.
Parameter Expression Constant Constant Generalized
Field Voltage scaling
Power P IonVDD % « 5
CgateV. 1 1 k
Gate delay ty4 % = i %
Power delay P - tg4 CgateV%D % é ﬁ

where W is the device width, vi,; the injection velocity defined as the average electron
velocity at the virtual source (VS), r is the back-scattering coefficient and Cg eg
is an effective gate capacitance accounting for quantum mechanical confinements,
finite density-of-states and dead spaces at the oxide-semiconductor interfaces [14].
Cg.eff is given by the series combination of the gate oxide capacitance (Cox) and
the inversion layer capacitance (Cipny), which in turn is given by the series of the
centroid capacitance (Ceentr,i) and a quantum capacitance (Cquant,i) defined in [15].
By assuming a simplified case in which only one subband contributes to the transport
(quantum-limit transport) and a strong degeneracy in Fermi-Dirac statistics, Ciny i8
given by [16]:

2
€/ IMDOS
Ciny ~ — g (1.2)
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Figure 1.1: Experimentally extracted injection velocity viyjin HEMTs measured at
VDD=0.5V and Si MOSFETs at VDD=1.1-1.3 V [11]

where p, is the valley degeneracy and mpog the DOS effective mass. The inversion
capacitance in EqJI.2]is useful to compare the on-current for different semiconductors
at a given bias. In fact, looking at Eqs[T.T and [T.2} the gain given by larger viy; for
IT1-V based semiconductors is mitigated by the counteracting effect of a lower mpogif
compared with silicon, which leads to a smaller inversion capacitance at given supply
voltage with respect to materials with larger masses. We also calculate a first-order
estimate |17] of switching delay of a digital gate as:

Ty = o (1.3)
Ion

where Qg is the switched charge and includes also parasitics (i.e. interconnection
capacitance, fringing capacitance). Eqs and suggest that Ty is roughly
proportional to Vinj_l, regardless of Qg being mostly due to the intrinsic transistor
charge or to the parasitic capacitances. More refined estimates of Ty can be
obtained by replacing the Ioy In Eq with an effective drive current [18, |19],
however, Eq[1.3] is reasonably adequate for the purpose of comparing MOSFETs
with different semiconductor materials.

Since Ty is inversely proportional to viyj, it is substantially degraded when Vpp
is reduced because, for a given technology, it can be demonstrated that vi,; increases
with Vgg [13], because the thermal velocity at the virtual source is enhanced by
Vs through the electron degeneracy and, furthermore, the channel back-scattering
coefficient is reduced increasing Vgg [13].

In this scenario, new channel materials with large carrier mobility and injection
velocity (see Fig[l.1]) are being investigated for n-type MOSFETs [20H26] as shown
in Fig[T.2] to allow for Vpp reduction at approximately constant delay.

4
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Figure 1.2: Number of papers on III-V semiconductor MOSFETSs published on
major journals and conference proceedings (IEEE, IEDM, ESSDERC, VLSI Symp.).

1.2.2 Alternative device architectures

Planar transistors have been the backbone of integrated circuits for several decades
and the constant scaling has reduced the channel length such that SCE have become
very challenging. Hence, through continuous efforts to fabricate devices beyond bulk
MOSFET scaling limits, CMOS technology is rapidly moving from classical planar
single gate devices toward UTB and Double-Gate UTB (DG-UTB) MOSFETsS, and
then to 3D structures such as TriGate, FinFET, and to GAA MOSFETs.

The short channel effects arise from the electrostatic effect of the source and drain
regions on the channel, namely when source/drain competes with gate to control the
channel barrier, so in order to improve the electrostatic integrity (EI) the gate to
channel capacitive coupling must be large compared to the source/drain to channel
coupling [27] 28]. To achieve this objective in a single gate MOS transistor having a
thick channel, it is necessary a high level doping to decrease the depletion depth [27]
and in addition shallow junctions are required in source/drain regions. Conversely,
in UTB SOI and in 3D devices (TriGate, FInFETs, GAA MOSFETS) sub-threshold
parameters are better than in a traditional MOSFETSs (without affecting the doping),
due to the reduced channel thickness in the first case and due to more than one gate
surrounding the channel in the second.

In UTB MOSFETS (also known as a fully depleted SOI) [29, 30] the reduction
of off-current is obtained thanks to the use of a body region which is significantly
thinner than the gate length (about 1/3 to 0.5 of the natural length scale [31},32]) in
order to maintain full substrate depletion under gate control and prevent leakage
paths far from the gate. The potential barrier for any path between the source and
drain is strongly coupled to the gate than to the drain due to a better electrostatic
control, leading to smaller SCE and superior EI 28] compared to the conventional
Bulk MOSFETSs. Furthermore, the undoped UTB is a promising choice since it
can yield higher carrier mobilities due to negligible impurity scattering, offering the
opportunity to eliminate the impact of random dopant fluctuations on the threshold

5



1. Introduction

voltage [33]. A further improvement consists in UTB Double Gate (DG-UTB), that
can be regarded as the natural extension of SOI technology for which the effective
thickness of the body becomes equal to Ty, /2 without any effort on doping. Moreover,
in UTB-DG MOSFETS, back-gate bias option results in better control of V by
exploiting the electrostatic coupling from two gates on either side of the channel.

A further evolution driven by extremely accurate lithography processes consist in
FinFET, TriGate-FET, Omega-FET and GAA MOSFETSs that allow high density
lateral and vertical integration. They overcome the limit of scaling issue of planar
MOSFTESs and inherently have good suppression of SCEs, high transconductance and
quasi ideal sub-threshold slope (SS) [34]. Moreover, they can easily incorporate some of
the technology boosters including alternative channel orientations, strained channels
[35], high-k gate dielectrics and metal gate electrodes, so that, they can provide
significantly higher nMOS and pMOS drive current than the planar counterpart at
the same off-state leakage [36]. Short channel effects can be controlled with much
less stringent oxide thickness requirements than in traditional MOSFETSs due to a
better electrostatic control of the gate. However, the superior electrostatic control
will be offset by parasitics (i.e. gate-to-source/drain capacitance) |37].

FinFET transistor was first demonstrated in 1998 [38] and the conduction takes
place on the vertical side-walls of the fin, thus the effective device width of a narrow
fin is approximately twice the fin height. The thickness requirement is relaxed to
approximately 2/3 to 1 of the natural channel length since each gate controls half of
the body thickness [39]. First III-V based FinFET was demonstrated in 2009 [40] and
in 2014 INTEL Corporation has announced its new 14-nm technology node FinFET
[41] featuring an Lg of 20nm, Wg,= 8nm and Hg,=42nm.

Triple-Gate MOSFETSs [42] and Omega-FinFETs on buried oxide[43] and on bulk
substrate [44] have been proposed as a means to alleviate the stringent thin width
requirements of FinFETSs, enabling more relaxed fin aspect-ratio (Hg,/Wgy,) due
to additional electrostatic control from the top gate. In this respect, in 2012 Intel
has reported [45] on a leading edge 22nm Silicon-on-Chip (SoC) process technology
featuring 3-D Tri-Gate MOSFETS for logic applications.

Finally, Gate All Around MOSFETs, that have been first demonstrated in silicon
[46] and later in ITI-V [47][48], are the most promising architectures for ultimate device
scaling allowing to achieve the best electrostatic control since the gate surrounds the
entire channel.

Finally, Figs[T.3] [1.4] report the most important figures of merit for
logic applications for HP devices reported in experiments published between 2007

and 2015 for planar, FinFET, HEMTs and nanowire transistors. To make this
comparison fair, the displayed data points meet strict criteria: data are extracted at
the relevant drain bias Vpg= 0.5 V for III-V based MOSFETs and Vpg>=0.7 V for
silicon-based MOSFETSs (values are referenced in the figures). For Ion-versus-Lg
results (Fig, only data with Iopp= 100 nA/um have been included since the
target is the analysis of HP devices (Iopp is defined at Vgg= 0 V and the Iopp target
meets the requirements in [3]), whereas Ion has been extracted at Vpg=Vgs=0.5

6
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Figure 1.3: Measured maximum saturation transconductance gmg,; m,x-versus-SS
for ITI-V- and silicon-based transistors and for Vpg=0.5 V unless otherwise stated.
Extracted data fulfil requirements for Iopr =100 nA/um or, if not possible, for
Ion/Iorr> 1-103. Dashed lines: lines of constant Q=gM,¢ max/SS. Lg values are
referenced therein close to the symbols.

V for III-V-based or Vps=Vag>= 0.7 V for silicon-based transistors. For SSgu:
versus L in Fig[L.5] gmg, max versus SSey in Fig[l.3]and DIBL versus Lg in FiglL.§]
we have reported only data with Iopp= 100 nA/um or, in the case of larger Iorp
values, with an Ion/Iorr ratio larger than 1-103 (with Ion defined as the current at
Vps=Vags= 0.5 V for I1I-V-based or > 0.7 V for silicon-based transistors).

Fig shows that the transconductance gmgq¢ mae strongly depends on the device
channel length and, that silicon devices are still superior to III-V based transistors.
This is due to the combination of worse oxides in III-V based devices with respect
to the native SiOg oxide used for Silicon MOSFETSs and in general terms, to a less
mature technology for III-V transistors. However, very good results are obtained
for InAs MOSFETs with 5SS, values approaching 60 mv/dec and large gmsat max
values. Nevertheless, the leading edge INTEL silicon devices for the 22-nm and
14-nm technology node [41, 45| outperform the competitor devices in terms of SS and
9Misat,maz, DUt at a larger operating voltage with respect to III-V MOSFETs. Fig
shows the Ion current for transistors at the operating voltage Vas=Vps=0.5V, unless
otherwise stated, at the same Igpp current. It can be shown that the best results are
obtained for silicon but at a voltage quite above the operating voltage of 0.5V used
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Figure 1.5: Measured SS-versus-Lg at Vpg= 0.5 V unless otherwise stated. Iopp
requirements are the same as reported in Fig
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Figure 1.6: Measured DIBL-versus-Lg at Vps= 0.5 V unless otherwise stated. Iorp
requirements are the same as reported in Fig

for the III-V MOSFETSs reported in the figure. In fact, when the gate voltage of the
silicon based MOSFETsS is decreased to 0.5V (right-triangles), I1I-V MOSFETSs show
performances comparable, or better, to those of silicon.



1. Introduction

1.2.3 Purpose of this work

In the framework of aggressively scaled devices and architectures alternative to
planar devices, the aim of this thesis is manyfold. We start by the metrics that
can provide useful insight when III-V- and silicon- based transistors are compared.
Then we develop a new model for one of the most important scattering mechanism
in ultra-thin channel and nanowire MOSFETSs, that is surface roughness scattering.
Another important part of the work is the development of a comprehensive simulator
for GAA MOSFETsSs that is a valuable alternative to conventional simulators based
on drift-diffusion solutions, MonteCarlo-like solvers [49], or highly computational
burden full-quantum simulators [50-56] including also the main scattering mechanisms
responsible for performance degradation.

The present manuscript is organized as follows. Chaptei2] presents a comparative
simulation study of ultrathin-body InAs, InGaAs and strained Si MOSFETs by
using a comprehensive semiclassical multisubband Monte Carlo (MSMC) transport
model. Our results show that, due to the finite screening length in the source-drain
regions, I1I-V and Si nanoscale MOSFETSs with a given Lg may have a quite different
Leg. The difference in Leg provides a useful insight to interpret the performance
comparison of III-V and Si MOSFETs and we also show that the engineering of
the source-drain regions has a remarkable influence on the overall performance of
nanoscale III-V MOSFETs. In Chapte3] we present a new model for the SR limited
mobility in MOS transistors. The model is suitable for bulk , planar thin body devices
and nanowire MOSFETSs and explicitly takes into account the non linear relation
between the displacement A of the interface position and the SR scattering matrix
elements, which is found to significantly influence the r.m.s value (A;,,5) of the
interface roughness that is necessary to reproduce SR-limited mobility measurements.
In particular, comparison with experimental mobility for bulk Si MOSFETSs shows
that with the new SR scattering model a good agreement with measured mobility
can be obtained with A, 1,5 values of about 0.2 nm, which is in good agreement
with several AFM and TEM measurements. For thin body III-V MOSFETsS, the
proposed model predicts a weaker mobility degradation at small Ty,, compared to
the Tw® behavior observed in Si extremely thin body devices.

Chapteifd] presents a Schrodinger-Poisson solver for circular sections of nanowire
transistors taking into account the non-parabolicity of the electron energy relation
along transport direction and quantization plane and, furthermore, allows one to
simulate different transport directions considering valleys anisotropy. Also the
penetration of the electron wave-function into the gate oxide material is considered.
Finally, Chapter| presents a deterministic solver for the BTE equation in GAA
circular nanowires. All the main scattering mechanisms are included as well as
screening effects for surface roughness and coulomb scattering. The model for the
SR scattering is the extension to circular domains of the new model developed for
planar devices and reported in Chaptex3]
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Chapter 2

Performance Benchmarking and
Effective Channel Length for
Nanoscale Planar Transistors

HANKS to the high electron velocities, III-V semiconductors have the potential
T to meet the challenging ITRS requirements for high performance for sub-22nm
technology nodes and at a supply voltage approaching 0.5V. We present a comparative
simulation study of ultra-thin-body (UTB) InAs, In;_yGayAs and strained Si (sSi)
MOSFETSs, by using a comprehensive semi-classical Multi-Subband Monte Carlo
(MSMC) transport model. Our results reported in [1] show that due to the finite
screening length in the source-drain regions, I1I-V and Si nanoscale MOSFETs with
a given gate length (Lg) may have a quite different effective channel length (Leg).
Moreover, the difference in Leg provides an useful insight to interpret the performance
comparison of III-V and Si MOSFETSs, and, the engineering of the source-drain
regions has a remarkable influence on the overall performance of nanoscale I11-V
MOSFETs.

2.1 Introduction

The competitive edge of III-V compared to Si MOSFETs for low Vpp logic
circuits is being actively investigated [2H6]. The most critical questions concern the
electrostatic integrity (e.g. drain-induced barrier-lowering (DIBL) and sub-threshold
swing (SS)), the dynamic performance (e.g. on-current (Ion) and switching time
(Tsw)) and the energy efficiency (e.g. switching energy (Esw)) of Ing 53Gag.47As, InAs
and Si transistors for a given gate length (Lg).

Because of the huge costs and the technical difficulties related to the fabrication
of III-V and Si transistors with identical geometrical features, physically based
numerical simulations are an appealing means to compare III-V and Si nanoscale
MOSFETsS, and several computational studies have already appeared based on simple
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2. Performance Benchmarking and Effective Channel Length

top-of-the-barrier or semi-analytical models |7, 8], on 3D semi-classical Monte Carlo
19, [10], or on full quantum but mainly ballistic transport models [5} |6].

Recently, encouraging experimental mobility data for n-type InGaAs MOSFETs
have been reported |11-13|, which makes it possible to revisit the assessment of
III-V n-MOSFETSs performance with a transport model comprising the most relevant
scattering mechanisms and calibrated against mobility experiments.

We will investigate the performance of Ing53Gag.47As and InAs compared to Si
and sSi nanoscale MOSFETSs by using a comprehensive semi-classical multi-subband
Monte Carlo simulator with a parallel implementation [14, |15]. Our simulation
approach, is inherently 2D in real space (as well as in k-space) and we simulate
a cutline of the device in the channel length direction. In this sense our analysis
is appropriate for relatively wide devices (wider than about 100nm), and in fact
the current is always quoted per unit device width. The MSMC tool, employs an
effective mass approximation model (EMA) with non parabolic effects both in the
quantization and in the transport directions, includes I, X and A valleys for III-V,
only A valleys for Si, and accounts for acoustic and optical phonons, polar phonons
of the channel material (for III-V), remote phonons originating in high-x oxide stack
[16], alloy scattering [17] (for Ing 53Gag.47As) and surface roughness scattering [18].
For Si and sSi the validation and calibration of our transport model was discussed in
[19], whereas the calibration of the scattering parameters for InAs and Ing 53Gag.47As
is reported in this work by comparing to recent mobility experiments [11}|12].

Since III-V technologies are not at the manufacturing stage, available data on
series resistance are scarce and scattered [6]. A comparison with silicon transistors
accounting for the effects of series resistance is thus problematic and possibly unfair.
Also because of this, the simulations in this work do not consider series resistance,
and thus our results should be regarded as an upper limit for device performance.
Moreover, since this work aims at assessing the performance limits of I1I-V compared
to Si n-MOSFETS, our simulations, similarly to several previous studies [5], 6, |20],
do not account for the effects of interface traps; however we will further discuss this
point at the end of Sec[2.3]

This work presents a systematic study of SS, DIBL, I,,, Tsw and Eg, for n-type
double-gate (DG), ultra-thin body (UTB) MOSFETSs with Lg=14nm and employing
Si, sSi, Ing 53Gag 47As and InAs as channel materials. Different source-drain doping
concentrations (Ngp) and gate alignments to source-drain metallurgical junctions
are also included in the analysis.

2.2 Description of the simulation tool for planar MOS-
FETSs

Our simulations are based on a Multi-subband Monte Carlo (MSMC) approach
[14], that allows to solve with no a priori approximations the Boltzmann transport
equation for the 2D electron gas in both long and nanoscale MOSFETs.
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Figure 2.1: Band structure for Ings3Gag47As (left) and InAs (right) from the
calibrated non-parabolic analytical model (Eq/C.31)), k-p (open circles) [21], EPM
[22] and DFT [23] calculations (dashed lines). ag is the lattice constant. The CB
minima have been taken as the zero for the energy.

2.2.1 Nonparabolic band structure model

The conduction band is described within the effective mass approximation in-
cluding non-parabolic corrections; for Si only the A valleys are considered, whereas
for III-V the I'; X and A valleys are included in the simulations. Given the large
non-parabolicity in the conduction band of InAs and Ing 53Gag 47As close to the I'
minimum (see Fig[2.1)), in each section of the device normal to the transport direction
x, we expressed the energy F(k) versus the wave-vector k= (k,, ky) in the transport
plane as in Eq[C.31] Appendix reports some useful considerations regarding the
non-parabolic model adopted in this work.

For unstrained InAs and Ing 53Gag 47As the I' minimum is approximately isotropic,
hence in Eq we set mg=my=m,, and then calibrated m. and a by comparison
with E(k) of the bulk materials calculated with the 8-band k-p model of [21], with
the k-p parameters from [24]. The calibrated E(k) for InAs and Ing 53Gag 47As are
illustrated in Fig[2.1] showing that the non parabolic model can track very well
the k-p results and also the DFT calculations from [22} 23] up to 0.7eV, which is
sufficient for the purposes of this work. The calibrated effective masses and o values
of the I" valleys, are reported in Tab[2.1] and confirm the strong non-parabolicity.

The effective masses for Si and sSi were extracted by using a 30 bands k-p solver
[27]. In all the simulations the parabolic effective mass Schrédinger-like equation was
solved both in the semiconductor and in the oxide regions, with the appropriate con-
tinuity conditions for the wave-function 1, ,(2) at the semiconductor-oxide interface
[2§]. This clarification is relevant for the formulation of surface roughness scattering,
as further discussed in Sec[2.2.2] Then, non-parabolicity corrections for the subband
minima and the in-plane energy relation are introduced according to Eq[C.31]
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2. Performance Benchmarking and Effective Channel Length

Table 2.1: EFFECTIVE MASSES AND NON-PARABOLICITY COEFFICIENTS « USED IN
THIS WORK FOR INg53GAg47AS, INAS AND SILICON IN THE ELLIPSOID COORDI-
NATE SYSTEM (ECS). EFFECTIVE MASSES AND NON PARABOLICITY COEFFICIENTS
FOR INAS SATELLITE VALLEYS ARE TAKEN FROM [24] AND [25], RESPECTIVELY,
WHEREAS FOR IN( 53GA(.47AS THEY ARE TAKEN FROM [26].

Material Valley eff.mass [mg] o [eV!]
m, my
r 0.026 2.5
InAs X 1.13 0.16 0.9
A 0.64 0.05 0.45
r 0.043 1.5
In0,53Ga0,47As X 2.26 0.25 0.5
A 1.57  0.23 0.5
silicon A 0.92 0.19 0.5

2.2.2 Scattering mechanisms and calibration to experiments

Our simulations account for a comprehensive set of scattering mechanisms, in-
cluding elastic intra-valley and inelastic inter-valley phonons, remote phonons from
the high-x dielectric (with the scattering rate formulation discussed in [2§]), local
polar phonons (for InAs and Ing 53Gag 47As), surface roughness (SR) scattering and
alloy scattering (for Ings3Gaga7As) [17]. The effect of carrier screening for both
alloy and surface roughness scattering was introduced by using a tensorial dielectric
function |17, [18].

Our model does not account for the coupling between the polar phonons in
ITI-V semiconductors and in the high-x dielectric [26], and for the possible coupling
between polar phonons and plasma oscillations in the inversion layer (i.e. the
plasmon to phonon coupling) [16, 26]. However, our results show that, in the 5nm
Ing53Gag.47As film used for the nanoscale MOSFETS, the SR scattering is by far
the dominant scattering mechanism (see Fig[2.2] and the discussion below), so that
further refinements in the modeling of polar and remote polar phonons are expected
to have a minimal impact on the final results.

The modeling of SR scattering in ultra-thin III-V transistors is quite critical
and challenging. In fact the widely used formulation leading to matrix elements
proportional to the wave-function derivative at oxide interfaces has been derived
for a closed boundary quantization model [28-32], while in UTB, high-x III-V
MOSFETSs the wave-function penetration in the dielectrics is significant and affects
the SR scattering rates [33]. In this work, as a semi-empirical approach to account
for the wave-function penetration in the SR scattering rates, we maintained the
matrix element expression proportional to wave-function derivative at the oxide
interfaces, evaluating such expression by using the wave-functions obtained solving
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Figure 2.2: Measured and simulated mobility including the wave-function pene-
tration into the oxide versus sheet carrier density (Ng,). Experiments for bulk-like
Ing 53Gag.a7As MOSFETs are from |11}, [12]. The figure also reports the bulk Si
mobility. MSMC simulations for bulk Ing 53Gag47As MOSFETSs with HfOs dielectric
account for elastic intra-valley phonons, polar and remote polar phonons from the
high-« dielectric, alloy and SR scattering. The figure also shows simulated mobil-
ity for DG-UTB MOSFETSs with T\,=8nm and Ty=5nm, as well as the mobility
obtained for Ty, =5nm by switching off the SR scattering. The SR power spectrum
is exponential with a r.m.s. roughness value A,,,,s=1.3nm and a correlation length
A=1.5nm.

the Schrodinger-like equation in the semiconductor and in the oxide region. Simulated
mobility for Ings3Gags7As as a function of the sheet carrier density is reported
in Fig[2.2] where the parameters for SR scattering have been calibrated against
experimental mobility data for bulk-like Ing53Gag47As MOSFETs [11, |12]. The
choice for the reference experiments is also justified by the attempt carried out in
[11, |12] to avoid the systematic errors in the mobility measurement at high Ng, by
including a correction for the interface traps contribution, produced by the large
interface state density inside the conduction band of Ing 53Gag.47As [13]. As can be
seen the agreement between simulations and experiments for bulk-like Ing 53Gag.47As
MOSFETs is fairly good, and, furthermore, Fig[2.2]also reports the simulated mobility
for DG-UTB Ing 53Gag.47As MOSFETSs. In this latter respect, the mobility for a well
thickness Ty, =5nm is in the range of 1000cm?/Vs, which is fairly consistent with
the best mobility values recently reported in UTB and HS-QW III-V MOSFETSs
[34, [35]. We verified that if, instead, the SR scattering is calculated by using wave-
functions obtained neglecting the penetration in the oxides, and the SR parameters
are calibrated against the same experiments for bulk-like Ing 53Gag 47As transistors
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Figure 2.3: Measured and simulated mobility versus inversion density Nyyy. Experi-
ments for bulk-like Ing 53Gag.47As MOSFETSs [11, [12]. MSMC simulations for bulk
and UTB Ing 53Gag47As MOSFETSs with HfOo dielectric include elastic intra-valley
phonons, polar and remote polar phonons from the high-x dielectric [16} 28], alloy
scattering [17], and SR with the Prange-Nee model [18] (A} 1,5 =0.8nm, A =1.5nm)
without accounting for the wave-function penetration into the oxide in the Schrédinger
equation. Diamonds: experimental mobility for Si bulk MOSFETs.

[11, [12], then the simulated mobility for Ty=5nm drops to about 200cm?/Vs as
shown in Fig[2.3] Such a result is consistent with simulations in [32], but not with
the experiments 34} |35], which underlines the critical role played by SR scattering
in ultra-thin InGaAs devices. This is further confirmed comparing in Fig[2.2] the
mobility for Ty, =5nm calculated with or without including the SR scattering; the
SR is clearly the dominant scattering mechanism in such ultra-thin InGaAs films.

2.3 Benchmarking of Inj ;3Gag47As InAs and Si nanoscale
MOSFETsSs

2.3.1 Device structures and figures of merit

The DG-UTB transistor of this work has a semiconductor thickness Ty,=bnm,
the gate length is Lg=14nm and the gate dielectric is HfO2 (x =22 [28]), with an
equivalent oxide thickness of 0.7nm.

The simulated (001)/[100] III-V devices were assumed to be unstrained, while
the (110)/[110] Si transistors (the crystallographic orientation is representative of
the sidewall interfaces in FinFETs fabricated in (001) wafers and with a Manhattan
layout [36]), were simulated for a relaxed channel material, for a 1GPa and a 2GPa
tensile stress in the [110] source to drain direction. The different stress conditions
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2.3. Benchmarking of Ing53Gag47As InAs and Si nanoscale
MOSFETSs

are representative of different possible scenarios concerning the technological ability
to induce stress in Lg=14nm transistors.

Our simulations include a volume gate electrode with a gate height Tgate=4nm,
which is a relevant point to be mentioned for the capacitive coupling of the gate to
the source/drain regions and also for the effective length defined below in Sec[2.3.2]
Devices with different gate overlap or underlap configurations have been studied.
The source-drain doping profiles have been taken as simply abrupt.

Our performance comparisons target a low supply voltage Vpp=0.5V and the
gate work-function of Si and III-V transistors was adjusted to have the same
Log=100nA /um, corresponding to the ITRS specification for high performance and
I1I-V/Ge high-performance logic circuits. The on-current (I,y) is defined as the Ipg
for Vgs=Vpg=0.5V. We also calculated a first order estimate of Ty, as [37]:

Qon — Qoff _ Ast

IOH IOI]

Tew = (2.1)

where Q,,, and Q. are defined as the charge in the device respectively for Vgs=Vpp,
Vps=0, and for Vgs=0,Vps=Vpp; Q,, and Q.g were determined by integrating
numerically the charge density in the device. More refined estimates of Tg,, can be
obtained by replacing the I, in Eq with an effective drive current 38, 139], however
Eq[2.1]is reasonably adequate for the purpose of comparing MOSFET devices with
different semiconductor materials. A similarly simple metric for the switching energy
Egsw can be expressed as:

Esw = VDD (Qon — Qot) - (2.2)

Fig[2.4] shows the Ipg-Vag characteristics for a sSi, InAs and Ings3Gag.a7As
transistor, with the gate aligned to the source/drain regions (i.e. neither overlap nor
underlap). The corresponding SS and DIBL values are reported in Tab As can
be seen, the I, for the unstrained InAs device is slightly larger than for sSi with
2GPa stress and significantly larger than the 1GPa, or the unstrained, Si devices.
Furthermore, even the electrostatic integrity of the InAs transistor (i.e. SS and
DIBL) is somewhat better (see Tab.

We will return to a more systematic comparison of all figures of merit in Sec[2.3.3]
We here notice, however, that the better SS and DIBL values for InAs MOSFETSs
suggest to analyze in more detail the effective channel length (Leg) of III-V and Si
MOSFETSs having the same Lg, Ty, and T.

It should be noticed that the simulations in this work do not account for band-
to-band tunneling (BTBT), which may set the lower limit for I,g and prevent to
achieve I,g=100 nA/um.

As far as Ing 53Gag.47As UTB devices are concerned, there are several experimental
data [40] and simulation results [5] showing that well-designed, ultra-thin body
transistors or FinFETs can reach I,g values well below 100 nA/um. Such references
also indicate that leakage mechanisms do not significantly distort the Ipg vs. Vas
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Figure 2.4: Simulated drain current (Ipg) versus gate voltage (Vgg) characteristics
for (001)/[100] InAs (open circles), Ing 53Gag.47As (open squares) DG devices. Figure
also reports results for a (110)/[110] 2GPa, 1GPa and relaxed uniaxial tensile strained
Si (closed symbols) DG device. The gate is aligned to the source/drain regions.
Source and drain doping is Ngp= 5 - 10" ¢cm ™3, Lg=14nm and Ty =5nm. SS and
DIBL values are reported in Tab[2.2]
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Figure 2.5: Charge density modulation for a Vgg change from 0V to 0.1V and
Vps=0.5V along the channel for an InAs (solid line) and 2GPa sSi (dashed line)
devices with Ngp= 5 - 10'?. The gate is perfectly aligned with source/drain regions.

characteristic down to Ipg~ 100 nA/um and, in particular, do not degrade the
sub-threshold slope [5] 40]. We believe that this is an evidence that BTBT does not
play a critical role in well designed, high performance Ing 53Gag.47As nMOSFETSs and
demonstrate that I,g=100 nA/um is feasible for Vpp=0.7V or below in UTB devices.
BTBT is admittedly expected to be more critical for InAs devices because of the low
InAs energy band-gap, which however is significantly enlarged by quantization in a
Tyw=>5nm transistor. As a matter of fact, an I,g=100 nA/um has been experimentally
demonstrated for Vpp=0.5V and Ty, =10nm [41], which makes it reasonable to assume
that BTBT may not play a critical role in a Ty =5nm transistor at Vpp=0.5V and
for Ipg larger than 100 nA/um.

2.3.2 Definition of an effective channel length

Among many possible definitions [42, 43|, in this work we defined Leg as the
length of the device region where the gate terminal is able to induce a significant
modulation of the charge density. A quantitative extraction of Leg was obtained
by numerically integrating along the transport direction the variation in the charge
density produced by a prescribed Vgg change. In this respect, Fig[2.5] shows the
cumulative integral of the charge variation for a Vgg change from 0V to 0.1V, that
is the integral from the left border of the simulation domain to a generic x value and
normalized to the integral over the entire domain.

As illustrated in Fig we calculated Leg as the length over which the cumulative
integral of charge density variation goes from 10% to 90%, so that Fig2.5| reveals a
larger Leg for InAs than for sSi transistor. As can be seen, in the InAs MOSFETs
the gate bias can modulate the charge density deeper into the source/drain regions
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2. Performance Benchmarking and Effective Channel Length

compared to the sSi transistor. This is consistent with a longer screening length
in InAs, which in turn is due to an higher dielectric constant, a smaller density of
states and a stronger carrier degeneracy compared to Si [44]. To capture these effects
in a Monte Carlo simulation, it is mandatory to implement the Pauli’s exclusion
principle by rejecting scattering events according to the occupation in the k-plane |14,
45] and by careful injection of particles at the contacts according to a Fermi-Dirac
distribution [46]. Furthermore, the Multi-subband approach provides the correct 2D
density of states typical of thin quantum wells.

As implicit in its definition, the Lqg is Vgg dependent [43]. Since we are mainly
interested to interpret the performance comparison of III-V and Si MOSFETSs in
terms of SS and DIBL, in this work we employed an off-state effective channel length

(Lg}ﬁ)) defined as the one extracted by using a Vgg variation from 0V to 0.1V.
2.3.3 Analysis of the transistor performance

Table 2.2: SUMMARY OF THE PERFORMANCE METRICS FOR SI, INg53GA(47AS AND
INAs IN DG-UTB MOSFETS. THE POWER SUPPLY VOLTAGE IS SET TO 0.5V
AND THE OFF-STATE CURRENT Iopp IS SET TO 0.1 pA/um. SS IS CALCULATED IN
THE RANGE [0.1pA /pum,5uA /pum] AND THE DIBL IS CALCULATED BY VARYING
Vpg BETWEEN 0.05V AND 0.5V AND FOR A VT DEFINED AS THE Vg YIELDING
Ips=1pA/pm. Vx@VS IS THE CARRIER VELOCITY AT THE VIRTUAL SOURCE (VS)
AND Ngy @QVS IS THE SHEET CARRIER DENSITY AT THE VS. THE REMAINING
SYMBOLS ARE DEFINED IN THE TEXT.

Channel Stress Gate Nsp SS DIBL | Ion Vx@VS Ngh@VS Tsw | Esw | AQgq,
‘ material relaxed | alignment | [1019 cm ™3] [g‘—x] [mTV] [%] (107 cm/s | [10*2 cm™2] | [fs] [;—gﬂ] ‘ [:g}]
9 GPa aligned 10 83 126 0.98 0.96 6.47 417 | 0.205 | 0.409

5 80 101 1.07 1.03 6.54 362 [ 0.195 | 0.389

si aligned 10 82 128 0.87 0.81 6.74 473 [ 0.207 | 0.413

1 GPa 5 77 102 0.87 0.80 6.82 445 [ 0.195 | 0.389

underlap 5 74 76 0.89 0.71 7.91 404 [ 0.185 | 0.361

relaxed aligned 5 78 98 0.69 0.54 8.14 564 [ 0.197 | 0.393

underlap 5 76 76 0.71 0.56 7.94 519 [ 0.184 | 0.368

10 80 120 0.98 2.97 2.03 369 | 0.180 | 0.360

Ing . 53Gag.47As | relaxed aligned 5 d 93 0.98 2.69 2.28 327 [ 0.160 | 0.320
2 70 68 0.94 1.92 3.05 306 | 0.144 | 0.288

10 85 152 0.98 3.65 1.67 400 | 0.194 | 0.388

overlap 5 76 113 1.03 3.66 1.91 320 [ 0.165 | 0.331

2 70 77 1.10 2.77 2.49 264 [ 0.146 | 0.292

10 80 125 1.08 3.71 1.88 327 [ 0.177 | 0.353

InAs relaxed aligned 5 73 90 1.11 3.53 1.98 282 [ 0.1568 | 0.316
2 67 66 1.09 2.65 2.57 255 [ 0.139 | 0.278

10 76 93 1.16 3.71 1.96 278 [ 0.162 | 0.323

underlap 5 71 75 1.17 3.30 2.21 255 [ 0.149 | 0.297

2 66 59 1.10 2.57 2.67 244 [ 0.134 | 0.269

Many different Si and III-V UTB-DG transistors were included in our performance
benchmarking by varying both the source-drain doping (Ngp) and the gate alignment.
More precisely, we simulated devices with a perfect gate alignment as well as with a
2nm underlap or overlap and, furthermore, we considered Ngp=2-10'", 5.10'” and
102%cm 3. For Si devices the lowest Ngp value was not considered because we verified
that this leads to significant resistive voltage drops in source/drain regions (not
shown), which are instead practically negligible in all the other cases.
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Figure 2.6: Off-state effective channel length (Lg)fﬁ)) versus source and drain doping
concentration (Ngp) for III-V and Si MOSFETs.

Fig reports the Lé?fﬁ) for different Ngp considering a gate aligned configuration.
As can be seen III-V transistors have L.g values systematically larger than sSi
MOSFETs.
(off)

Figs and E report respectively SS and DIBL versus L g~ for III-V and sSi
MOSFETS; the Lg is 14nm for all the devices and Lg&ﬁ) changes because of different

Ngsp and gate alignments. Fig[2.7 shows that the SS is similar for III-V and Si devices
at a given Lg;fﬁ), so that at fixed Lg III-V transistors tend to have a somewhat
better SS compared to Si MOSFETSs mainly because they feature a larger L‘(;&H) (see
Fig. As for DIBL, Fig suggests that Si has a slight advantage compared to
Ing 53Gag 47As and InAs at a given Lé(f)fff), because of the larger dielectric constant

of Ing 53Gag 47As and InAs [47]. However Si MOSFETS tend to lose their potential
advantage at a given Lg because their Lé?fﬂ) is smaller.

The results in Figs[2.7 and suggest that the comparison of electrostatic
integrity (i.e. SS and DIBL) between III-V and sSi MOSFETSs at a given Lg, which
is understandably a crucial comparison, is a delicate exercise because, for a given
Lg, the Leg can be quite different.

Table summarizes the figures of merit for many different design options with
Si, sSi, Ing 53Gag47As and InAs. As can be seen the III-V transistors have an Iy,
essentially comparable to the sSi MOSFETs with the 2GPa stress, thus they have a
clear I, advantage over 1GPa sSi or relaxed Si.

At this regard Fig compares the sheet carrier density (Ng,) and the carrier
velocity (Vy) profiles along the channel for InAs and 2GPa sSi devices. The virtual
source (VS) is identified as the position of maximum in the profile of the lowest
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Figure 2.7: SS versus L g for Si and III-V MOSFETs with different gate alignments
and source/drain doping. SS is calculated in the range [0.1pA/pum,5uA /pm]. Dashed
lines are guides for the eyes.
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Figure 2.9: Charge density modulation ANg,=AQ,,, /¢ = (Qon — Qof)/€ obtained
by switching between the off-state (i.e. Vgs=0 V,Vps=Vpp) and the on-state (i.e.
Vas=Vpp, Vps=0 V) for 2-GPa uniaxial sSi (dashed line) and InAs (solid line).
Vps = 0.5 V with Ngp= 5-10'°. The gate is perfectly aligned with source/drain
regions.
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subband and is located deeper into the channel for InAs than for Si due to a longer
screening length [44]. Fig confirms, consistently with [44], that the reduced Ngj
at the VS in InAs transistors is due, to a large extent, to the fact that the VS is
located well inside the channel region (actually close to the center of the channel),
while for Si it is located close to the source junction. Consequently the smaller Ng,
does not correspond to a similarly lower sheet density integrated throughout the
channel.

As a result the ITI-V has only a modest advantage compared to Si in terms
of switched charge AQ,,= (Q,n — Qo) (obtained by switching between the off-
state (i.e. Vgs=0,Vps=Vpp) and the on-state (i.e. Vgs=Vpp, Vps=0)), even
because the modulation of the charge in the source-drain regions accounts for an
important contribution to the overall AQ,,, as shown in Fig[2.9 where the ANy,
term is given by ANg,=AQ,,/e. Since the difference in AQ,,, is not large between
Ing 53Gag.47As, InAs and Si transistors (see Tab that shows the integral of AQ,,
along the transport direction), the Ing53Gag47As and InAs devices have a sizably
better switching time Tgy, only if they can significantly improve I, hence only when
compared to relaxed Si or 1GPa sSi MOSFETSs. Furthermore, modest differences in
AQ,, also imply modest differences in the switching energies Egy for a fixed Vpp
(see Tab[2.2).

We recall that, as already mentioned in Sec[2.1] our analysis does not account for
interface traps. This simulation analysis aims at assessing the performance limits of
Ing 53Gag47As compared to all Si CMOS transistors in the perspective that largest
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material and technological challenges for III-V based transistors can be overcome. In
this spirit our analysis assumes that the density of interface defects in Ing 53Gag 47As
devices can be reduced to such an extent that they do not significantly affect the
device performance at least for the low Vpp and high I,g values targeted by this
work. Incidentally, this is also the assumption made in most of the papers comparing
performance of all Si and III-V CMOS devices on the basis of numerical simulations
[, (6} [20% 44].

As for the possible impact of interface states, we first recall that for a fully
depleted UTB and in the presence of interface traps the sub-threshold slope can be
written as: [48]

S5 ~ 2.3KpT [1+ Cit]

; S (2.3)

Cy
where Cj is the gate oxide capacitance and it is assumed that in the sub-threshold
region the depletion and inversion capacitances are negligible compared to the
capacitance Cj; due to interface states. By recalling that our devices are double-gate
transistors we can estimate Cy~2 (€5;02/EOT), where EOT=0.7nm is the effective
oxide thickness, which leads to Cy ~ 9.87 - 107% F/em?. As for Cj; we can simply
take Cy ~ eDj;, with e being the elementary charge and D;; the trap density. By
using reasonable Dj; values in the energy gap of about Dy = 6102 eV~!em =2 [13]
49|, we obtain Cj/C, ~ 0.097. This analysis suggests that MOS transistors with an
aggressive gate oxide scaling are relatively robust against sub-threshold degradation
due to interface defects. This has been recently pointed out even for nanowire InAs
MOSFETSs [50], and it is an encouraging observation for III-V based MOSFETs.

As for the on-state of the transistors, TabJ2.2] shows that at Vpp=0.5V the
maximum Ng, at the virtual source in the channel for III-V UTB transistors does
not exceeds 3-10'2 cm™2. This sheet density is quite below the best values of
N, >~ 6-10'2 cm ™2 determined via Hall measurements even in In;_GayxAs transistors
with significant Fermi level pinning [13].

These considerations suggest that the operation of the UTB devices of this
work may be quite robust against interface defects, at least for the low Vpp value
considered in our study.

2.4 Conclusions

This work presented an investigation of the performance limits of III-V and sSi
UTB-DG MOSFETSs comparing several figures of merit for digital circuit operation
in striving to understand if III-V MOSFETSs are a cost-effective device solution to
continue MOSFETSs scaling beyond the 22-nm technology node. Our results obtained
for intrinsic devices show that, III-V MOSFETSs have a clear performance advantage
compared to relaxed and 1GPa strained silicon devices, while Si MOSFETs with
a 2GPa remain competitive with I1I-V MOSFETs. Quite interestingly, our main
conclusions are qualitatively consistent with the results of previous studies based on
the NEGF simulation approach [5, |6].
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Figure 2.10: Sheet carrier density (Ng,) and velocity (V) profiles for InAs and
2GPa-sSi at Vas=Vps=0.5V. Source/drain (S/D) doping is 5-10'Y and the gate is
perfectly aligned with S/D regions. The arrows indicate the position of the virtual
source (VS). Despite InAs and 2GPa sSi have similar drive currents (see Tab[2.2),
Ngn at the VS is significantly lower for InAs than for sSi whereas Vy at the VS is
higher for InAs due to a lower transport effective mass (Tab.
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These results, which are qualitatively consistent to those reported for different
device architectures like FInFETs [6], suggest that the competitive edge of I1I-V
MOSFETsSs depends quite critically on the one hand on the technological capabilities
to induce a large stress magnitude in sub-22nm silicon transistors, and, on the
other hand, on the further improvements in III-V MOSFETSs possibly induced by an
appropriate strain engineering.

In this latter respect, even if interesting and promising contributions have been
recently reported [51, |52], experimental data are still quite sparse and not fully
consistent. As a result, even the physical interpretation of the strain induced
mobility variations in III-V MOSFETS is still debated [51} 52|, so that the predictive
capabilities of transport models to make performance projections about strained
ITI-V MOSFETSs are still limited, which is also the reason why we refrained from
including strained III-V MOSFETSs in our analysis.

We conclude by reiterating that the Iy, and dynamic performance reported in this
work are best case estimates obtained by neglecting the effect of series resistances.
Since series resistances will certainly degrade the performance for both III-V and
Si devices, the potential advantages of III-V transistors critically depend on the
technological capabilities to realize for III-V materials series resistances complying
with ITRS projections and in any case comparable to those of all silicon CMOS
technologies.
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Chapter 3

Improved modelling for Surface
Roughness

N this chapter of the thesis we present a new model for the surface roughness
I (SR) scattering in planar and circular gate-all-around (GAA) MOS transistors.
The new model is first derived for planar transistor and validated against mobility
data and published in [1], and then, it is extended to circular GAA MOSFETs. The
model is suitable for bulk and thin body devices and explicitly takes into account
the non linear relation between the displacement A of the interface position and the
SR scattering matrix elements, which is found to significantly influence the r.m.s
value (A;ms.) of the interface roughness that is necessary to reproduce SR-limited
mobility measurements. In particular, comparison with experimental mobility for
bulk Si MOSFETSs shows that with the new SR scattering model a good agreement
with measured mobility can be obtained with A, ;s values of about 0.2 nm, which is
in good agreement with several AFM and TEM measurements. For thin body III-V
MOSFETsS, the proposed model predicts a weaker mobility degradation at small well
thicknesses (T ), compared to the T behavior observed in Si extremely thin body
devices.

3.1 Introduction

The development of sub 14 nm CMOS technologies will make use of extremely
thin body (ETB) planar MOSFETSs, FinFETs with very narrow fins or nanowire
devices with only a few nanometer diameter |2, because an aggressive scaling of
the device cross section is necessary to assure a good electrostatic integrity at such
gate lengths. Furthermore, in the quest for high performance at low supply voltage,
ITI-V semiconductors (e.g. Inj yGayAs) are being actively investigated as channel
materials alternative to strained silicon [3-6], because the large carrier velocities in
III-V semiconductors may offer on-current advantages for a supply voltage around
0.6V or below [7] 8].

In ETB or narrow fin transistor structures the surface roughness (SR) is a
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planar and GAA MOSFETSs

dominant scattering mechanism, which typically limits the overall mobility especially
at large inversion densities [9-12]. For an electron inversion layer in an ETB planar
device the formulation of the SR scattering matrix element is also closely related
to the quantization model employed for the calculation of the subband minima and
envelope wave-functions. In this latter respect, it is interesting to notice that high-x
dielectrics (e.g. HfOy and hafnium based oxides) form a relatively small energy barrier
(®p) with Si and III-V materials compared to the ®3=3.1eV of the Si-SiO2 system.
The effective barrier height is further reduced by the strong subband quantization in
the inversion layer resulting from the small effective mass of III-V materials, so that
in ITI-V MOSFETs with high-x dielectrics a significant penetration of the electron
wave-function into the oxide region is expected to occur. This is well illustrated by
numerical calculations in Fig[3.1] for a HfOs—InAs—HfO92 quantum well, where it is
observed a much larger wave-function penetration than in a HfOy—Si—HfO, well
with the same 5 nm thickness.
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Figure 3.1: Lowest subband wave-function {y(z) in a 5 nm square well for either finite
energy barrier ® g or infinite ® 5 and corresponding to: (a) a HfO2-InAs-HfO, system
(Pp=2.4eV); (b) a HfO2-Si-HfO4 system (®p=1.55eV). Results obtained with an
effective mass approximation model (see Sec and considering for silicon both
the light quantization mass (mg=0.19 mg, dotted-line) and the heavy quantization
mass (Mmset=0.92 my, dashed-line). The oxide mass in the energy gap is my,=0.11

Even if the penetration into the oxide region has a remarkable impact on the
shape of the wave-function close to the semiconductor-oxide interface (see Fig,
SR scattering matrix elements are still often formulated according to the so-called
Prange-Nee (PN) model [9,|14-{17], which corresponds to a closed boundary conditions
treatment of the quantization problem, that is to an infinite ®p resulting in no wave-
function penetration into the oxide. When calibrated against mobility experiments in
bulk-like III-V MOSFETs, SR mobility calculations based on the PN model predict
an electron mobility around 250 cm?/Vs for Ing53Gag 47As FETs with Ty,~5 nm
[16], whereas recent experiments reported a mobility exceeding 1000 cm?/Vs in such
a Ty range [6l 12, [18].

40



3.2. Modeling of surface roughness scattering: planar MOSFETs

The generalized Prange-Nee (GPN) model provides a formulation of the SR
scattering matrix elements accounting for the wave-function penetration into the
oxide and it has been developed for ETB planar devices [19} 20], and also for nanowire
transistors |21].

We start by revisiting the GPN model and discussing some critical points in its
derivation. Then, we extend the preliminary results for planar devices reported in [22]
and present a new model for SR scattering that accounts for wave-function penetration
into the oxide and, furthermore, takes into account the non linear dependence of the
scattering matrix element on the amplitude A of the fluctuations of the interface
position. The new model is first employed for the interpretation of well established,
experimental mobility curves in Si-SiO2 bulk MOSFETSs and then for the analysis of
SR-limited mobility (psr) in silicon and III-V ETB transistors. Our results show
that the new SR scattering model can reproduce the experimental pggr in Si-SiOg
bulk MOSFETSs with r.m.s. values A, ¢ of the SR spectrum in close agreement
with AFM and TEM measurements, and substantially smaller than the A, s values
reported in several previous studies employing the PN or the GPN modeling approach
[9, 114417, 19-21, 23-29]. As for the pgr dependence on Ty, predicted by the new
SR scattering model, it is found that while in the Si-SiO9 system the ugr degrades
as TS at small well thicknesses (as predicted also by the GPN model and observed
in experiments [11]), in III-V materials the ugpr exhibits a weaker reduction with
decreasing Ty. Then, the new model for SR is extended to circular GAA MOSFETs
for the cases with either isotropic or anisotropic quantization masses.

The work is organized as follows. In Sec[3.2] we first revisit the GPN model and
then we present a new formulation of SR scattering matrix elements and discuss in
detail the non linear dependence of the scattering matrix elements on the amplitude
A of the interface roughness. In Sec[3.3] we describe the mobility calculation. In
Sec[3.4) we finally show the numerical results for usp calculations in silicon and IT1I-V
MOSFETs. Some concluding remarks are finally reported in Sec[3.5 In Sec[3.6] we
extend the new SR model to circular GAA MOSFETs.

3.2 Modeling of surface roughness scattering: planar
MOSFETSs

Let us assume that in the absence of surface roughness the envelope wave-function
can be written in the form

1
ﬁfn

where A is the normalization area in the (z,y) transport plane, z is the quantization
direction, k= (kz, ky) the in-plane electron wave-vector and n the subband index
(the valley index has been dropped to simplify the notation). The &,(2) is determined
by the eigenvalue problem

Uk (2, 1) = (z)eik'r (3.1)

I{IOfn(z) =¢&n gn(z) (3'2)
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where ¢, is the subband minimum and, for a thin body MOS system, the unperturbed
effective mass Hamiltonian reads

Hy=-—"———— — ed(z) + PpO(—2) + PO (z — Ty) (3.3)

with ¢(z) being the electrostatic potential, ®p the semiconductor-oxide energy
barrier, ©(x) the unit step function and Ty, the semiconductor well thickness. The
quantization mass m, changes with the material and can be written as

My = Moy [O(—2) + O(z — Ty)] + Mset [O(2) — O(2 — Ty)] (3.4)

with mge and m,, being the semiconductor and oxide mass, respectively.

It is worth recalling that, as demonstrated in Appendix[B.1] if the direction z is not
aligned with any axis of the energy ellipsoid, then the ansatz for ¥,k (z,r) in Eq is
not valid because the wave-function &, (z) becomes k dependent [30], even though the
dependence is through a mere phase factor that is expected to have a limited impact
on scattering rates and it is typically neglected in transport studies. Moreover, even
for spherical bands, if mgs.+ and m,, are different the k dependent kinetic energy is not
a simple additive term to the subband minima e, obtained from Eqs[3.2] More
precisely, it can be easily shown that, for mge # Moz, Eqs should be rewritten
by adding in the oxide region a term [A2k?/2(1/Mmoz—1/mse)] Which adds to the
energy barrier ® 5. Strictly speaking, the presence of such a k dependent term makes
Eq invalid because ,(z) becomes k dependent. For the oxide-semiconductor
systems considered in this work, however, [h2k?/2(1/moz—1/mse)] is much smaller
than ®p for the k values of practical interest, which makes Eq[3.1] a reasonable
assumption. Finally, for interfaces where the semiconductor and oxide conduction
band minima occur at different points in the Brillouin zone, Eql3.3] does not account
for the conservation of the total crystal momentum, which is a simplifying assumption
employed, for example, in all papers dealing with transport at the Si-SiO9 interface
that we are aware of.

We now move to the system in the presence of surface roughness, and assume
that the SR at the two interfaces of an ETB MOSFET is uncorrelated and denote
by A(r) the roughness at the front interface, nominally located at z=0, as a function
of the position r in the transport plane. The perturbed Hamiltonian reads

Hyr:=——7——7—€ep(2) + PpO(—2+ A(r)) + ®pO(z — T,). (3.5)
where my, ;. is
Mprz = Moz [O(—2 + A(r)) + O(z — Ty)] + mset [O(2 — A(r)) — O(2 — Ty)] . (3.6)
The unscreened SR scattering matrix element can thus be written as

M) = [ Mo lA@) e 0"ar (3.7
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3.2. Modeling of surface roughness scattering: planar MOSFETs

where q=(k’—k) and M,,,/[A(r)] is written as

/ € (2) (e — Fo) €n(2)) d2. (3.8)

As can be seen, the definition of the SR scattering matrix element in Eq[3.8 accounts
only for the contribution to the scattering matrix element due to the roughness
induced changes of the energy barrier (®p) and effective mass, whereas it does not
include the terms due to the perturbations of the electrostatic potential produced by
the fluctuations of electron and polarization charges [19,31]. We will further discuss
these additional terms in Sec[3.4l

It should be also noticed that the equations discussed so far refer to thin body
SOI MOS transistors, however all the derivations and discussions developed in this
work apply also to a bulk MOSFET. In particular, the equations describing the bulk
transistors can be readily obtained by taking the limit Ty,— oo in the equations
written for thin body MOSFETSs, and a few equations for bulk transistors will be
explicitly discussed below.

3.2.1 The generalized Prange-Nee model (GPN)

In this section we briefly review the derivation of the PN model and of the GPN
model, that have been widely used in the literature [9, 14417, 19-21} 23-29], where
the M,,/[A(r)] defined in Eq[3.8|is simplified to be a linear function of A(r). We
will see that a few assumptions in the derivation deserve a reconsideration, and in
fact stimulated us to propose the new model presented in the next section.

The determination of M,,,[A(r)] according to Eql3.8 essentially requires to
calculate the matrix element for ﬁp,rz, in fact the matrix element for Hy is simply
given by €,,0,, 7, where €, is the subband minimum defined in Eq@ This is typically
tackled by introducing the auxiliary abscissa 2’ defined as [19, 20]

Z/

= z=24 [1 - Tw] A(r) (3.9)

, Tulz—AW)
Tw — A(r)

such that the interfaces in the presence of roughness are located at z’=0 and 2'=T\,.
Consequently the perturbed Hamiltonian can be written in terms of 2’ as

—epu () + PpO(—2') + PpO(z' — Tyy)

(3.10)
where the m,, ., dependence on 2’ is the same as the m, dependence on z given by
Eq As can be seen, prﬁrZ/ can be expressed in terms of 2’ in a form which is very
similar to the form of Hy in terms of z, except for the electrostatic potential (2,
which is a notation better explained a few lines below.

The derivation of the GPN continues by calculating the matrix elements of ﬁpyrzf
using the auxiliary abscissa z’. In order to do that, however, we need to identify the

H, ., =——
p,rz
’ w — A(r

A a TM” 5

02" My ro 97
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form of the unperturbed wave-functions, &, ./(2’), and of the electrostatic potential,
¢.(2"), when they are expressed as a function of 2. We first consider the wave-
function and notice that, since the &,(z) is a known function of the abscissa z, then
Eq readily allows us to write &, ./(2') as

€nr(2) = &n(2' + (1 = 2//Tw)A(r)) (3.11)

and a similar expression holds for ¢,/(2’). The notation &,(z' + (1 — 2’/Ty)A(r)) in
Eq[3.11] denotes the wave-function &, evaluated in z = 2/ + (1 — 2’/ Ty )A(r).

If one wished to calculate the matrix elements for ]flpmz/ by using &, ./(7') from
Eq (and the corresponding expression for ¢,/(z)), one would face two difficulties.
The first is that in Eq the energy barrier and the discontinuity of m,, »./ are located
in 2'=0 (for the front interface), whereas &, ./(2') in Eq[3.11] has the discontinuity of
(0&n,» /07) at the point 2'= (—A(r)Ty)/(Tw—A(r)) (ie. 2/~ —A(r) for A(r)<Ty),
which is in fact the 2’ corresponding to z =0. The second critical point is that the
corresponding matrix element My, [A(r)] would be a non linear function of A(r):
in fact, besides the pre-factor of Hp rz D Eq 0, the &, ./(2") dependence on A(r)
implied by Eq[3.11]is also non linear.

At this stage some approximations are typically introduced and, in particular,
the &, . (2') expression in Eq[3.11]is simplified as [20, 21} 27, [29]

bnw(2) =& () + (%gifl) (1 —2'/Ty)A(r) (3.12)

obtained by using a first order expansion of &, around the point 2’ where &, /(')
is to be evaluated. A similarly approximated expression is introduced also for the
electrostatic potential ¢,/(2"). The matrix elements for I-AIPJZ/ are then calculated
by using such simplified expressions for &, ./(z') and ¢,/(2’) and, by keeping only
the first order terms in A(r), the following expression for the SR scattering matrix
element can be derived [19, 20]

M [Ar)] = r[ / Ene fn/dz—ir .y / &

[/z£n<h28azn1286z_ Y+ o) [ 60352 ]

(3.13)

3£n ]

It is also worth noting that in the limit of an infinitely large barrier ®p, we obtain
the well known Prange-Nee expression |19} 20]

R% 0&,(0) 0€,(0)
2m, Oz 0z

My [A(r)] = [ ] A(r) (3.14)

so that Eq is regarded as a generalized Prange-Nee model taking into account
the wave-function penetration into the oxide region.
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3.2. Modeling of surface roughness scattering: planar MOSFETs

The GPN model summarized by Eq[3.13| has removed the non linear dependence
of the matrix element on A(r) which is implicit to Eq[3.8] This has been accomplished
by introducing 2’ (such that flpmz/ has the front interface in z’=0), then by using
the approximated expression of &, /(') in Eq (and a similar expression for the
potential), and finally by keeping only the first order terms in A(r). The use of
Eq[3.12is a key step in the derivations and deserves further discussion because it is
quite delicate when the oxide and semiconductor masses are different, as it is the
case in most material systems used for MOS transistors. In fact for m,, # mge the
function &, ./(z’) in the exact form given by Eq is a continuous function of 2’
whose first derivative is discontinuous in z'= (—=ATy,)/(Tw — A) (i.e. 2~ —A for
A <Ty,), while the approximated form of &, ./(z’) in Eq is discontinuous in
2'=0, because the derivative of the unperturbed wave-function &,(z’) is discontinuous
in 2/=0.

Fig compares the &, ,/(z') expressions in Eqs and Eq in a HfO,-Si-
HfO5 quantum well with Ty,=>5 nm for either m;,=0.92 mg or Mms=0.19 mg. As
can be seen Eq is very different compared to the &, ./(2") of Eq for 2/ from
approximately —A to 0 (corresponding to z from 0 to A), where leads to
the expected discontinuity at z’=0. In fact, the main issue with Eq is that it is
based on a first order expansion of &, around the point 2/, which for me, # mge is
very inaccurate when 2" and [2/+(1-2’/Ty,)A] have a different sign (i.e. for 2’ from
approximately —A to 0 in Fig, because the &, derivative is discontinuous at z’'=0.
The same problem holds for the approximated expression of the electrostatic potential
¢ (Z") which is used to reach the GPN model formulation in Eq because the
derivative of ¢ is also discontinuous at z’=0 for most semiconductor-oxide interfaces
due to the different dielectric constant for z < 0 and z > 0.

It is now important to notice that the main remarks discussed for the derivation of
Eq[3.13] apply also to a bulk MOSFET. For a bulk MOSFET, in fact, the derivations
follow the same path by first defining the abscissa 2’ = z—A(r)(as obtained from
Eq for Ty,— 00), then by expanding &, /(') as

0&n(2")
0z

bnw(2) =& () + A(r) (3.15)
and with a similar expression for the electrostatic potential. Finally the matrix
element can be derived by keeping only the first order terms in A(r), and we obtain
[19, |20]

M [A(r)] = Alr) {— / gnegﬁgn, dz + (en — &) / g, Jn dz] . (3.16)
» z . 0z
The main issue with Eq3.15]is the same as with Eq[3.12} since for my,; # mge the
derivative of &, is discontinuous at 2’=0, then Eq can be very inaccurate for 2’
close to zero.
In consideration of the above discussion and of the &, ./(2") plots in Fig we
believe that the use of Eqs[3.12] is somewhat unjustified for my, # mse, but
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Figure 3.2: Unperturbed wave-function &y in a 5 nm HfO»-Si-HfOy quantum well for
(a) the lowest unprimed subband (m4=0.92 mg) and (b) the lowest primed subband
(mset=0.19 my) versus the auxiliary abscissa 2z’ defined in Eq (bottom horizontal
axis) or versus z (top horizontal axis). &y is calculated either with the exact form in
EqB.11] or according to the approximation in Eq[3.12] and for a positive A =0.5 nm.
The oxide mass is M, =0.11 mq [13].
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3.2. Modeling of surface roughness scattering: planar MOSFETs

it is nevertheless a necessary step if the final goal is to obtain a linear model for
SR scattering, that is a model where the matrix elements M,/ [A(r)] are simply
proportional to A(r). In fact Eqs)3.13] [3.14] and [3.16| can all be cast in the form

M, [A(r)] = MY A(r), which is also an implicit definition of MT(L?B, Such a linear

nn’
dependence on A(r) is, in turn, the crucial result to obtain an ensemble averaged

squared matrix element <]/\/l,m/ (q)|2> that is simply proportional to the power

spectrum of the surface roughness. In fact, by assuming M,,,/[A(r)] = MS;), A(r),
the (| M, (q)|?) is readily obtained using the Wiener—Khinchin theorem as [19, [20]
(that states that the power spectrum of a stationary random process is given by the

Fourier transform of the autocorrelation function of the process):

(IM(@)P) = (M pE2D (317)
where the roughness power spectrum Sa(q) is given by
Sa(q) = /AC'A(r) e T gr, (3.18)
which is the Fourier transform of the auto-correlation function [32]
Ca(r) = /11/AA(r’)A(r’ +r)dr. (3.19)

An exponential or a Gaussian form for the auto-correlation function has frequently
been used to describe surface roughness limited mobility in MOS transistors [16, 17,
19, 20, |23-27].

3.2.2 New formulation for the SR scattering matrix elements

The discussion carried out in the previous section raised some doubts, at least
for m,, #mg., about the derivations leading from the definition of the SR scattering
matrix element M,,/[A(r)] in Eq[3.8]to the linear formulation in Eqs[3.13]or As
can be seen, in fact, the M, [A(r)] defined in Eq[3.§8|is a non linear function of A(r),
which defines the narrow region around the interface at z=0 where the integrand
function is not zero. Furthermore for m,, #mg, the wave-function derivative is
discontinuous at z=0 with quite different values of the ¢, /dz at z=0~ and z=07, so
that the M, [A(r)] defined in Eq[3.§]is not expected to be symmetric for positive
and negative A(r), not even for arbitrarily small A(r) values.

In virtue of the above discussion, in this section we propose a fully numerical
calculation of M,y [A(r)] based directly on Eq[3.8f We thus proceed by directly
inserting in Eq the unperturbed Hy and perturbed Hamiltonian PAIpvrz given
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respectively by Eq[3.3] and and obtain

My [A] = /A "¢t () [( LA )825”(2) —@Bfn(z)] d: A <0 (3.200)

2Mor  2Miset 072

A K2 B2 o2 "
M [8] = /0 ‘SL(Z) [(_2mogc * 2msct> (gng) + 25 én(Z)] e A=20
(3.20b)

Figl3.3| reports the M, [A] versus A calculated with Eq for a 5 nm thick
HfO,-Si-HfO2 quantum well and compares it with the linear formulations given by
the GPN model in Egs and the PN model in The difference between the
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Figure 3.3: SR scattering matrix elements versus A for a 5 nm HfO»-Si-HfOy square
quantum well calculated according to the PN model of Eq (dashed line), the
GPN model of Eq[3.13| (dot-dashed line) and the new model of Eq[3.20] (solid line).
(a),(b),(c): unprimed subbands having ms.=0.92 my; (d),(e),(f): primed subbands
having ms;=0.19 my. Results are for different subband transitions (e.g. (a) and
(d) are for the lowest subband, i.e. n=n’ =0). The matrix elements calculated with
Eq[3.20] exhibit a quite strong non linear behavior. Open squares and open circles
are calculated either including or neglecting the kinetic term discussed in Sec

calculations with (open square) or without (open circles) the kinetic term will be
discussed in Sec We first notice that, for a given A magnitude, M, /[A] is
much larger for a positive than it is for a negative A. This is consistent with the
wave-function behavior close to the interface (see Fig[3.1(b)): in fact the exponential
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Ar.m.s. and A from AFM or TEM measurements for the Si-SiO- interface

Ar.m.s.[nm] A[nm] Spectrum
S.M.Goodnick et al. [23] 0.14-0.20 0.6-2.5 Gaussian
0.14-0.20 0.7 - 3.7 Exponential
T.Yamanaka et al. [33] 0.21 — —
A.Pirovano et al. |34] 0.18 1.8 Gaussian
O.Bonno et al. 35] 0.18 ~4.1 Exponential
Ar.m.s. and A extracted from mobility calculations
Ar.m.s.[nm] Anm] Spectrum
M.V.Fischetti et al. |25 0.48 1.3 Exponential
C.Jungemann et al. |24 0.44 2.5 Gaussian
T.Ishihara et al. |27] 0.55 1.3 Gaussian
D.Esseni et al.|20] 0.62 1.0 Gaussian
This Work 0.21 1.4 Exponential

Table 3.1: SR scattering spectrum parameters for (100) silicon MOSFETs measured
by AFM and TEM techniques (top part of the table) or inferred from a comparison
between simulated and experimental mobility values (bottom part of the table).

decay in the oxide region and the super-linear increase in the semiconductor region
result in a stronger interaction with the scattering Hamiltonian when A is positive.
Then we also see that such a strong asymmetry of M,,/[A] for either negative or
positive A makes it inherently difficult to find a fairly good approximation with
a linear model, as attempted by Eqs[3.13] or In this latter respect, in fact,
it is useful to recall that the r.m.s. roughness value, A, 5., typically reported to
reproduce experimental mobility in silicon MOSFETs by using the GPN or PN
model is in the range of 0.4—0.6 nm (see also Tab, so that the linearity assumed
by Eqs[3.13] or should hold at least up to 1—1.5 nm in order for the modeling
assumption to be consistent with the extracted A, s value.

The numerical determination of M,,/[A(r)] shown in Fig[3.3 can be used as a
basis for a new SR scattering model, however the problem is to calculate (| M, (q)|*)
when M,,,[A(r)] is not simply proportional to A(r), so that (|M,,(q)|*) is not
proportional to the power spectrum S(q) of the roughness. In fact, since A(r) is a
stochastic process (whose auto-correlation function and spectrum can be assumed to
be known), then M, [A(r)] must be treated as a non linear transformation of the
stochastic process A(r). This is a known and studied problem in signal theory and
it can be shown that the auto-correlation function Cpy(r) of M, [A], can be written
as [36]

1 —+o00 “+00
Cu(r) = / My [Ar] My [Ag] %
27TCA(0)1/1_02’N(I') —00 J—c0
A% + A% —2Cha N(I‘)AlAQ
X exp | — ’ dA1dAs (3.21)
2CA(0)(1 = CF y(r))
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where Ca (r) is the SR auto-correlation function defined in Eq and Ca n(r)=Ca(r)/Ca(0)
ul

Once Cyy(r) is known, the corresponding power spectrum Sjs(q) is readily given
by the Fourier transform of C;(r). In all the calculations of this work we will assume
an exponential form for the roughness auto-correlation function

Ca(r) = A2, e TV2/A (3.22)

r.m.s.

where A is the correlation length of interface fluctuations. Eql3.22] shows that for an
exponential spectrum Ca(r) depends only on 7 = |r|, so that also the correlation
function Cps(r) of My, [A(r)] depends only on 7, which simplifies the calculation of
the two dimensional Fourier transform as shown in AppendixF] In this case, in fact,
according to EqJF.5| we finally obtain:

o [T

<|Mnn’(q)‘2> A 0

Cu(r) Jo(gr) rdr (3.23)

where Jy(x) is the zero order Bessel function. In all the results obtained with the
model developed in this section, the integrals in Eqs[3.21] and were obtained by
direct numerical calculation. In scattering rate calculations the normalization area A
in the (| M, (q)|?) expression always cancels out when summing over final k states
120].

After the determination of the ensemble averaged matrix elements (|M,(q)|*)
(and the inclusion of screening described Sec, in our work we calculate SR
scattering rate and momentum relaxation time by using the first Born approximation.
The use of the first Born approximation for SR scattering has been recently revisited
in [37], where it is shown that, in analogy to Coulomb scattering, the validity of
the approximation requires that the amplitude of the scattered wave-function be
small (compared to the incident wave-function), and that the scattering potentials
be separated by an average distance larger than the carriers mean-free-path. For SR
scattering these requirements are ultimately related to the magnitude of the matrix
elements and to the correlation length of the A(r) process. We will see in Sec that
our SR model leads to matrix elements similar to the conventional linear formulations
when the models are calibrated against the same experimental data; the roughness
correlation length used in our calculations is also consistent with previous studies.
Consequently, we think that the validity of the first Born approximation does not
change substantially in the surface roughness formulation of this work compared to
conventional linear models.

' Eq holds for a Gaussian joint probability distribution for A(x) and A(r + x) 32, [36]. The
Gaussian joint probability should not be confused with the Gaussian auto-correlation function and
power spectrum.
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3.2.3 Kinetic and potential energy contribution to the matrix ele-
ments

In order to gain some insight concerning the relative importance of the kinetic
and potential energy contributions to the matrix elements M, [A(r)], we rewrite
the unperturbed Hamiltonian of Eq[3.3 as

O — a4 B =g+ By —ap— T g (3o
kin ¢z 0z 2Mog 072 .
A R R 8 hQ 82
Friset) — friset) _ po(sety _; 9y 0 9 0<2<T, (3.24b
kin cz ( Zaz) 2msct 82’2 SZ2= ( )

where a square quantum well with electrostatic potential ¢(z)=0 has been assumed
and the Hamiltonian in the back oxide (i.e. for z>Ty,) is not indicated. Eq recalls

that the kinetic energy operators H ISZ) and H ,Sff) are obtained with the canonical
substitution k,—(—i0/0z) respectively in the oxide EEZI)(kz) and semiconductor

Eéid)(kz) conduction band energy relation, where FE.. is the k, related energy
component which is separable from the k;, k, components in a parabolic effective
mass model.

It is now interesting to notice that, by recalling Eq (valid in all spatial
domains), one can readily write the eigenvalues of the kinetic energy operators

H¢,(2) = —(®p — en) €n(2) 2<0 (3.25a)
HEDe, (2) = 0 6n(2) 0<2<Ty (3.25b)

where we always assume &, <®p.

Eq shows that the eigenvalue of H ,Sff) inside the quantum well is €, hence
it is a positive value corresponding to a sinusoidal form of the wave-function for
0<z<Ty. In the oxide region, instead, H ,ifz) has a negative eigenvalue corresponding
to the exponential decay of the wave-function. More precisely, the negative eigenvalue
of H ,g?i):]_f?égx)(—i@/ 0z) is due to the imaginary wave-vector k, of an electron in the
oxide having an energy ¢,, that is an energy [®p—e,] below the oxide conduction
band edge and thus belonging to oxide energy gap.

This analysis is supported by the simple example of the wave-function &y(z) for
the lowest subband in a square quantum well, that can be expressed analytically as
38]

Cp cos(0.5koTy) €707 z
fo(z) = Co cos [ko(z — 0.5Ty,)] 0<z<Ty (3.26)
Cp cos(0.5k0Ty) e~ 0(z=Tw) z>Ty

where Cy is a normalization constant, kg and g are

2mset€o - \/2mox((I>B - 50)
Yo=\ 5%

ko = 12

(3.27)
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and gq is finally given by the lowest solution of the transcendent equation

tan ko Ty _ Mset0
2 momko ’

(3.28)

As can be seen, 7 is the magnitude of the imaginary k, in the oxide corresponding
to an exponentially decaying wave-function and resulting in the negative eigenvalue
of H°)=FL) (—10/0z) in Eq

kin

By recalling Eq[3.20, we see that the calculation of the SR Scattering matrix

element M, (A) requires: for a negative A the evaluation of H kszt &n(2) in the

oxide region (i.e. for z < 0); for a positive A the evaluation of H §n( ) in the

semiconductor region (i.e. for 0<z<Ty). For a square quantum Well we can use
Eqgs and obtain

(sct _ Mox OI) — Moz drp— 2
Hy, En(2) = et Hyin Enl(2) = msct( B —€n)&n(2) z<0 (3.29a)
H¢,(2) = ”ﬂfjd HED e (2) = 2ot e g, (2) 0<2<Ty (3.20b)

By substituting Eq[3.29] in Eq[3:20] we have

i . .
M8 = [0 = (22 1) @n o] [0 a<o
) (3.30a)
i s A
M [A(r)] = |Pp + <mii - 1> sn] ; 5;2,(7:) &n(2)dz A>0
) (3.30b)

which is a form of the matrix element that, for a square quantum well with ¢(z) =0,
is equivalent to Eq[3.20]

In Eq[3.30] the contribution to M,,[A(r)] produced by the kinetic energy op-
erators is easily identified in the term that vanishes for m,=mgs.. Furthermore,
because of the exponential decay of the wave-functions in the oxide, the integral of
the wave-functions in Eq for negative A is much smaller, for a given |A[, than
the corresponding integral in Eq[3.30D] for positive A. This observation essentially
reiterates our argument about the strong non linear dependence of M, [A(r)] on A
also illustrated by Fig[3.3]

Eqs[3:29 and [3:30] deserve a few more specific comments that we discuss separately
for either a semiconductor-oxide system or a hetero-structure between two different
semiconductors.

Semiconductor-oxide interface with large energy barrier

For the semiconductor-oxide interfaces typically employed in the transistors of
mainstream CMOS technologies (e.g. Si-SiOg, Si-HfOg, Si-Aly03, InGaAs-HfOso,
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3.2. Modeling of surface roughness scattering: planar MOSFETs

InGaAs-Aly03), the barrier height ® 5 ranges from about 2eV to more than 3eV and
it is thus much larger than e, for all the well thicknesses of practical interest.

In this case, for A>0 the kinetic energy contribution to M, [A(r)] is typically
smaller than the energy barrier contribution, that is the second term in the square
bracket of Eq[3.30D)] is small compared to ®p. This is confirmed by the numerical
calculations in Fig[3.3] where the matrix element obtained by neglecting the kinetic
term is also shown.

The situation is instead more complicated for A<0 and we believe that, depending
on ®p and My /Mmse, the final result may not be physically meaningful. The problem

can be identified in Eq where H ,Sff) is applied to the exponentially decaying
wave-function in the oxide leading to the negative eigenvalue [—(moz/Mset)(Pp—en)]-
Such an eigenvalue corresponds to an electron in the semiconductor having an
imaginary k. value and an energy [(mogz/msct)(Pp—en)] below the conduction band.
This result is for sure not physically meaningful if [(moz/msct)(Pp—en)] is larger
than the energy gap Fg of the semiconductor. More realistically, since the parabolic
effective mass kinetic energy operator H ,gjff) = Eéid)(—ia/az) can be considered
a fairly accurate model for energies in the gap down to, at best, roughly half the
energy gap [39], then [(moy/msct)(Pp—ey)] should be limited more prudentially to
values smaller than about 0.5F¢.

In silicon MOSFETSs with a (100) interface the quantization mass is 0.92my
for the unprimed subbands, hence [my,/mse] is smaller than 1.0; in fact we have
[Meog /Msct]20.54 for an SiOg gate oxide (1M, =0.5mg) and [my/Mmset]~0.12 for an
HfO9 oxide (m;=0.11my). In these systems the limitations in the use of H ,S;t) in
the oxide region are not so critical in practical calculations, even because the overall
matrix element is largely dominated by the M, /[A(r)] for positive A values, as

illustrated in Fig[3.3]

In ITI-V semiconductors with a very small mgq; at the T' point, instead, [moy/msct]
can be significantly larger than 1: for example [my,/mset] ~4.2 for the InAs-HfO,

system. In such systems Eq affirms that the application of H ,Szt) to the wave-
function in the oxide results in negative eigenvalues whose magnitude is as large as
10eV or more; of course such energy values cannot be considered physically meaningful.
We believe that this is a fundamental limitation related to the use of the parabolic
effective mass Hamiltonian for the kinetic operator, which precludes a physically
meaningful calculation of the kinetic energy contribution to the SR scattering matrix
element when the effective mass in the semiconductor is smaller than in the oxide and
®p is a few eV. This underlines also the interest for surface roughness models based
on a Hamiltonian going beyond the effective mass approximation, such as the recently
proposed approach based on pseudo-potentials calculations [37]. In the present work,
we decided to neglect the kinetic term in the calculations for high-x/III-V systems.
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Hetero-structures between small gap semiconductors

In the hetero-structures between different semiconductors that are routinely
employed in the fabrication of I1I-V based CMOS transistors and HEMTs, the energy
barrier ®p given by the conduction band discontinuity is in the range of a few
hundreds meV: for example 0.12eV for InP-Ing 53Gag.47As; 0.3eV for Ing s50Alg 45As-
Ing 53Gag.47As; 0.5eV for InAs-InP; 0.4eV for Ing 53Gag 47As-InAs. This implies that
for a given A, 5. the energy barrier contribution to the SR scattering matrix element
is much smaller than in the oxide-semiconductor system of an MOS transistor, hence
the kinetic contribution may have a larger relative importance.

The reduction of ®p also implies that, depending on the ratio between the
effective masses in the active and barrier semiconductor, the application of H ,Efff) to
the wave-function in the barrier region results in contributions to the SR scattering
matrix element that retain full physical meaningfulness.

3.2.4 Surface roughness at front and back interface

Since in our model the SR matrix element is a non linear transformation of the
SR process, one may legitimately wonder if in an ETB transistor the effects of the
roughness Ap(r) at the front and the roughness Ap(r) at back interface are simply
additive. At this regard, let us denote with Mp(r) = M,,v[Ar(r)] the matrix element
produced by Ap(r) alone (i.e. with Ag(r) =0), and with Mp(r) = M,,/[Ap(r)] the
matrix element produced by Ag(r) alone; Mp(r) and Mp(r) can be calculated by
using Eq[3.20] and, furthermore, we assume that Ap(r) and Ag(r) are uncorrelated.
Mp(r) and Mp(r) are non linear transformations of Ap(r) and Apg(r) and have
non zero mean, that we denote respectively by Mpg and Mpg. Moreover Mp(r)
and Mp(r) are uncorrelated because they are space invariant transformations of
uncorrelated processes. The auto-correlation function needed for scattering rate
calculations via Eq[3.23]is given by

1

C(r) = A/ [MF(r’) + MB(r’)] [MF(r’ +r1)+ Mg + r)] dr’ (3.31)

2
= Cr(r) +Cp(r) + 5 / (M () Mp( + )] dr’
A
where C/p(r) is the autocorrelation function of the process Mp/p(r). We now write

Mp(r) = Mpo + Mp,.(r) Mp(r) = Mpo+ Mp .(r)

where Mp ,(r), Mp .(r) have by definition zero mean, and readily obtain
2
v / [Mpo + Mp.(x")] [Mpo + Mp,.(r' + )] dr' = 2MpoMpo (3.32)
A

where we have used the fact that the mutual correlation function of M . (r), Mp ,(r)
is zero because they are uncorrelated and have zero mean. It should be noticed

54



3.3. Mobility calculations: planar MOSFETSs

that 2MpoMpg is just an r independent term, so that Eqs[3.31] and show
that, in virtue of the Wiener—Khintchine theorem, the power spectrum density of
[Mp(r)+Mp(r)] is given by the sum the Mg and Mp spectra, up to an irrelevant
term related to the mean of Mp(r) and Mp(r), that of course gives no contribution
to momentum relaxation via scattering.

For ETB devices the assumption of uncorrelated front and back interface roughness
may be questionable, however the analysis of a possible correlation between Ap(r)
and Ap(r) is beyond the scope of the present work.

3.2.5 Carrier screening

EqsB3.17 and express the unscreened squared matrix elements respectively
for the PN or GPN models and the new model proposed in this work. The screening
effect produced by the electron in the inversion layer was introduced by using the
static, scalar dielectric function ep(q). This approach is fairly standard and widely
discussed in the literature |24, |40], so that here we only summarize the basic equations.
The dielectric function ep(q) can be calculated as |20, 24, 40]

2

6D(Cl> =1- Z mFMn,n(Q) Hu,n,n(Q) (333)

v,n
where the sum is over subbands n and valleys v (for inversion layers having more
valleys), and the form factor F, , ,(¢) and polarization factor II, ,, ,(q) are defined
in |20, 40]. Consistently with a scalar dielectric function approach, the inter-subband
transitions were left unscreened while the screened matrix element for intra-subband
transitions is simply given by ./\/l,(f:%r) (@)=Mpn(a)/ep(q).

3.3 Mobility calculations: planar MOSFETSs

In mobility calculations only the A valleys are considered for silicon and only the
I’ valley for ITI-V semiconductors. In fact the simulations for III-V semiconductors
are focused on InAs in a (100) inversion layer, where the contribution to transport of
satellite valleys is essentially negligible down to very small well thicknesses |16} 41].

3.3.1 Non-parabolicity corrections for mobility calculations

As explained in Sec[3.2] the SR scattering matrix element of Eq[3.20] has been
derived within the parabolic effective mass approximation (EMA) Hamiltonian. While
the development of a complete SR scattering model based on a Hamiltonian beyond
the EMA approach goes beyond the scope of the present work [37], we introduced non
parabolic corrections in the calculation of the subband minima and in plane energy
relation, which in turn affect the calculation of mobility, as discussed in Sec[3.3.2} The
non parabolicity factor a in the conduction band of silicon is about 0.5¢V ™!, but it
becomes substantially larger at the I' conduction band of Ing 53Gag 47As (a=1.4eV 1)
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and InAs (a=2.5¢V 1) [42-44]. The non parabolicity effects are included in our
model by writing the energy E(k) versus the wave-vector k=(k; k,) as in Eq
As can be seen, EqJC.31] provides nonparabolicity corrections for both the subband
minima (obtained by setting £, and &, to 0 into Eq and the in-plane kinetic
energy F(k). In particular, the transport mass becomes dependent on size and bias
induced quantization and, consequently, dependent on the well thickness and different
in each subband [44].

3.3.2 Relaxation time and mobility calculation

A rigorous calculation of the k dependent momentum relaxation time 7, (k) for
an anisotropic scattering mechanism, such as surface roughness, and for anisotropic
bands is a quite complicated problem, and it is equivalent to solving the linearized
Boltzmann transport equation for a small, uniform electric field. Even if a general
solution to the problem can be obtained for anisotropic scattering mechanisms
and anisotropic bands [45], a simplification is introduced in this work by assuming
isotropic bands, in which case the relaxation time 7,(E) depends only on the energy
E and not on the direction of k[45].

In a silicon (100) inversion layer and within the parabolic effective mass ap-
proximation, the isotropic dispersion is essentially correct for unprimed subbands
(having quantization mass ms;=0.916 my and in-plane masses m,=m,=0.19 my),
while it is an approximation for primed subbands (having ms;=0.19 mg and dif-
ferent in-plane masses 0.19 my and 0.916mg). Moreover, isotropic bands are a
very good approximation for the I' point conduction band minimum of most IT1I-V
semiconductors.

Since the inter-subband transitions couple the calculation of the momentum
relaxation time 7,,(E) in the different subbands (within a given valley), we determined
Tn(E) by solving the corresponding set of algebraic equations as described in [40].
We thus write the wave-vector k,, = (ky,,3y,) in polar coordinates in the subband n
and for an energy E, where k, is obtained from Eq[C.31] as [21]

b (E) = %\/2md(E —en FalE —(U)) (3.34)

with mg = ,/m, m, being the density of state effective mass. Then the magnitude ¢
of q= (k,, — k;7) can be written as

4(0.E) = \/K2(E) + k2, (E) — 2k () (E) cos 6 (3.35)

hence it depends on E and on the angle 6=(f3,,—05,) between k,, and k, . Since
surface roughness is an elastic scattering mechanism, the relaxation time 7, (E),
calculated by using the first Born approximation [46], is implicitly defined by the
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equation |20, [40]

m 2
> OB ) /O [1+20a(E — (U] (IM57 (a(0, B))I?) x

1+ 2a(E — (Uy))
1+ 2a(E — (Uy))

X |:Tn(E) kn(E) — 7o (B)kp (E) oS 9] d0 = k,(E) (3.36)
Where €7 is the nonparabolic eigenvalue of the n/-th subband obtained from Eq
by setting k; and k, to 0, and /\/lffg ) (q(0, E)) is the screened matrix element.
Since the 7,(F) does not depend on the integration angle 6 for isotropic bands,
then for any energy E the set of 7,(E) can be obtained from Eq by solving the

algebraic linear system [40]
Ta(E) > Apnr (E) =Y Buw (E) 7(E) = kn(E) (3.37)

where the coefficients A, and B,,, are given by

mq

Ann’ (E) = @(E — EZ?) ol

2w
1+ 20(8 = W)} (B) [ (M0 a0, E)F) at
(3.38)

m 2m
Buw (E) = O(E = £18) s 14 2(E = (Un))] ki (E) /0 (IME(a(0, B)) ) cos 0 do.
(3.39)

Once the 7,,(F) have been determined, the electron mobility evaluated without
accounting for the valley multiplicity is finally obtained as [20), 40]

eng  (ma [®(E—ep+alE—(Up)?) dfo(E)
Fn =N, 27 2 <m> /gzp 1+ 20(E — (Uy)) oF

Tn(E) ‘ ‘ dE  (3.40)

where ng, = 2 is the spin degeneracy, m. = 2(m;! + m, =1 is the conduction

mass, fo(F) is the equilibrium Fermi occupation function, and N, is the electron
inversion density in the n-th subband by setting the valley multiplicity to 1. Finally
the effective mobility in the inversion layer is obtained as the average of the subband
mobilities weighted by the corresponding electron densities.

3.4 Simulation results: planar MOSFET's

In this section we present the results for SR-limited mobility in silicon and InAs
inversion layers obtained using the new model of this work as well as the GPN and the
PN models. In the calculations, beside the terms described in Sec[3.2.2] we included
also the contributions to the SR scattering matrix element due to the perturbations
of the electrostatic potential produced by the fluctuations of electron and polarization
charges 19| 31]. For these terms we employed the formulation reported in [19].
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3.4.1 Silicon MOSFETSs

Fig[3.4 compares simulation results and experimental data for the mobility versus
the effective field, E.f, in bulk silicon MOSFETs at T=77K. The low temperature
allows us to investigate an experimental condition where the dominant scattering
mechanism at large E.rs is surface roughness. As already said in Sec in
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Figure 3.4: SR-limited mobility obtained with the matrix elements given by the
model of this work (i.e. Eq[3.20), by the GPN model (i.e. Eq[3.13), or by the PN
model (i.e Eq[3.14). All simulations are performed using a SR correlation length
A =1.4 nm. The corresponding A, s values are reported in the legend. Symbols
are experimental data from [47].

all calculations we assume the exponential form for the roughness auto-correlation
function given by Eq[3.22][23], and the correlation length A is set to 1.4nm. As can be
seen the SR scattering model of this work can reproduce the experimental data with a
Arms. of 0.21 nm. It is worth noting that such a A, ., 5. value is very close to the r.m.s.
interface roughness values reported by several AFM and TEM measurements and
summarized in Tab3.1] Furthermore, A, s =0.21 nm corresponds to approximately
one mono-layer of interface width. Fig[3.4] also shows that with the GPN and the
PN models, instead, we must use A; 5. =0.65 nm and A; 1, 5. =0.60 nm, respectively,
to reproduce the same experimental mobility data. Tab shows that the A, s
for the GPN and the PN model extracted in Fig[3.4] are consistent with the values
inferred in several previous simulation studies based on the GPN or PN model, but
systematically larger than those reported by AFM and TEM measurements.

To gain a further insight about the behavior of the models, Fig[3.5] compares the
lowest subband matrix element versus A and the ensemble averaged, squared matrix
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element versus ¢ for the GPN model and the model of this work for the cases with
Eefr ~0.9 MV/cm in Fig As can be seen, despite the different matrix element
versus A in Figl3.5(a), the (|Mo(g)[*) entering directly the mobility calculation
and reported in Fig(b) is very similar for the two models, which is consistent
with the fact that the A, ., s has been calibrated in each model to reproduce the
same experimental mobility data, as illustrated in Fig[3.4]

Fig[3.6] reports the simulated SR mobility versus Ty, at room temperature for
Si-Si02 SOI single gate (SG) MOSFETSs obtained with the GPN, the PN and the
SR scattering model of this work. When the A, ,, s values calibrated in Fig[3.4] are
used, the three models provide consistent trends of pgg versus Ty. Moreover, Fig[3.0]
shows that for T\, lower than approximately 4 nm and at small inversion densities all
models approach the well known TS mobility dependence [10, [19]. The TS behavior
can be easily derived and justified analytically for the PN model relying on an infinite
barrier ® 5 quantization model [20]. The fact that the GPN model and the model of
this work, both of which account for a finite ®p, result in essentially the same ng
trend confirms that in the Si-SiOs system the wave-function penetration into the
oxide plays a modest role.

3.4.2 1III-V based MOSFETSs

In Fig3.7] we present the calculated SR-limited mobility for InAs SOI SG MOS-
FETs versus Ty, at room temperature, obtained with the same parameters of the SR
spectrum used for silicon in Fig[3.6]|

Simulation results from the new model and the GPN model accounting for wave-
function penetration into the oxide show similar mobility results but for different
values of A; .. In particular, the new model and the GPN model show a much
weaker mobility degradation at small Ty, than the PN model, which, as expected,
predicts the TS trend.

The discrepancy between SR-limited mobility predicted by the PN compared to
either the GPN or the model of this work stems from the importance of wave-function
penetration into the oxide in this InAs-HfO, structure (see Figl3.1]a), which is a
clear difference compared to the Si-SiOg transistor analyzed in Fig[3.6]

3.5 Conclusions

We have revisited the formulation of surface roughness scattering for an effective
mass approximation Hamiltonian and in the framework of the significant wave-
function penetration into the oxide region occurring particularly in high-x, III-V
based MOS transistors.

Besides reconsidering the derivation of the well-known GPN model when the
semiconductor and oxide masses are different, we have proposed a new SR scattering
model that accounts for the markedly non linear relation between the displacement
A of the interface position and the SR scattering matrix elements. To our best
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knowledge, this is the first attempt to account for such a non linear relation in semi-
classical SR scattering modeling, and we show that, since the deviations from a linear
model are in fact large, then the proper inclusion of the non linearity remarkably
influences the r.m.s value A, of the interface roughness that is necessary to
reproduce SR-limited mobility measurements.

In this respect, comparison with experimental mobility for bulk Si MOSFETSs at
low temperature shows that with the new SR scattering model a good agreement
with measured mobility can be obtained with A, 5. values of about 0.2 nm. This is
a very plausible A, 1,5 value because it is in good agreement with several AFM and
TEM measurements and, furthermore, it is close to one mono-layer of interface width,
as already noticed in [23]. The A, 5. value extracted by using the GPN model and
the PN model to reproduce the same set of experimental data is about 0.60-0.65
nm, which is consistent with previous studies based on the PN formulation, but
significantly larger than the A, s obtained from AFM and TEM measurements.

The results of the new model, the PN and of the GPN model are also compared
for SR-limited mobility in silicon and InAs thin-body transistors. For the Si-SiO2
system all models provide very similar mobility dependence on Ty, if we use, for each
model, the A, 5. value calibrated by comparing to experimental mobility in bulk
silicon MOSFETSs. This reflects the weak wave-function penetration into the Si-SiO»
system.

For the InAs-HfO9 system, instead, the PN model predicts a much stronger
mobility degradation at small T, than observed with either the GPN or the model
of this work. In particular the PN model predicts a Tfu mobility behavior also
in the InAs-HfO5 system, that is not observed in the simulations obtained with
the GPN or the model of this work. This significant discrepancy, that implies
quite different projections for the SR-limited mobility in ultra-thin, ITI-V based
transistors obtained with the different models, stems from the substantially larger
wave-function penetration into the oxide region observed in the InAs-HfOo compared
to the conventional Si-SiOs system. This new SR model has been implemented in a
comprehensive semi-classical multi-subband Monte Carlo simulator with a parallel
implementation [28| 48], that accounts for all the main scattering mechanisms and
has confirmed the results here obtained for the SR limited mobility [49].
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Figure 3.5: Unscreened matrix element of the lowest subband for the GPN and the
model of this work for the bulk MOSFET analyzed in Fig at Ecrr ~=0.9 MV /cm.
(a): intrasubband matrix element versus A for the lowest subband. (b): Ensemble
averaged, squared intrasubband matrix element for the lowest subband versus q= |q].
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Figure 3.7: Simulated SR-limited mo-
bility at room temperature in InAs-
HfO5 SOI SG MOSFETSs versus Ty,
for three inversion densities. Electron
mobility is calculated using the GPN
model, the PN model and the new
model of this work. Doping concen-
tration is 10cm 3.
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3.6. Modeling of surface roughness scattering: GAA MOSFETSs

3.6 Modeling of surface roughness scattering: GAA MOS-
FETs

The aim of this section is to extend to circular GAA nanowire MOSFETSs the
non-linear model for SR scattering developed for planar transistors in [1]. Let us
assume that, as shown in Appendix [B.2] the envelope wave-function can be written

in the form:

ei kyx

vV LNw

that corresponds to Eq neglecting the term e* ¥+ (@¥+52) a5 discussed in Sec
The unscreened SR matrix element for a 1D gas is written according to the definition
used in Eqgs

(I)n,kz (T’, 0, :L’) = gn (T7 9) (3.41)

K o0

M:’(qz):L;W / / / P& (r.0) [ (oo — Ho) €0(r,0)] dr | e %

Lyw L 0
(3 42)
where ¢, = (k., — k), Ho is the unperturbed effective mass Hamiltonian and Hp rox
is the Hamiltonian perturbed by the presence of surface roughness.
For the general case of anisotropic bands, the expression for the unperturbed
Hamiltonian is (see Eq[4.1)):
~ h 0? 0? 0? 0? 0?

Hy=—-3 Wrrg g t Wran + W5 o g + W og + Woo 57

50 —ep(r,0) + PpO(r — ryw)

(3.43)

with ¢(r, 0) being the electrostatic potential, ®p is the semiconductor-oxide energy
barrier, ©(e) is the unit step function, and ryw is the semiconductor nanowire
radius. Since the w;; terms of Eq are different in the semiconductor and oxide
materials, we write that:

Wij = ’wmsct@ [TNW — 7“] + wijm@ [7“ — TNW] . (3.44)

where the w;; terms are defined in Eq Similarly, ﬁpyrgx is defined as:

~ _h 82 0? 02 02 0?
Hy o, = wrra 5 T 87 + wrem + er% + w%@ —ep(r)+
+ PO (r— (ryw — A (0,2))) (3.45)

and
Wij = wijﬁct@ [(T’NW — A (9, .%')) — T’} + wij,OIG [7“ — (TNW - A ((9, x))] . (3.46)

In this thesis we consider that the oxide has isotropic energy bands, hence, Eqs[3.43]
and when written for the oxide domain have w,g o, = wg,o, = 0. The difference
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between the perturbed (Eq and unperturbed (Eq Hamiltonians leads to
a quite complicated operator not reported here explicitly. However it can be easily
seen that the perturbation consists of two terms: one contribution is proportional to
the potential energy barrier ® 5 and the second term is given by the kinetic parts of
the Hamiltonian that we here denote with the symbol VH kin, and consists of the
radial, angular and mixed derivatives. In order to proceed further and discuss on
these two terms, we analyze below the case for isotropic quantization masses.

In this case, according to Appendix @, w;; = 0 with ¢ # 7, hence, the unperturbed
Hamiltonian according to Eq/4.1] and Eq[4.2] reads:

2 2 2
Hw:—;géQ;—mzwgfmmm+@ﬁ@—mw) (3.47)

where m, is the quantization mass defined as:

Mg = Mset© (rNw — 1) + Moz ® (r — ryw) - (3.48)

~

Similarly, H,, ,9, is defined as:

nwor +ep(r) + ®pO (r — (rnw — A (6, 2)))

5 _[ woro B &
prox 2r Ormg Or  2r?mg 062
(3.49)

and

mg = Mset© [(rnvw — A (0,2)) — 1] + MmO [ — (ryw — A (0, 2))] . (3.50)

The term (fi\[pmgm — fI()) &n(r,0) in Eqi3.42]is non-null only in the radial domain

between [ryw — A(0, )] and ryw. The solution of the Schrodinger equation with
the unperturbed Hamiltonian in Eq[3.47] is given by the envelope wave-function

reported in Eq3.540 Hence, Eq[3.42] can be written as
(ﬁp,rem - ﬁ()) fn(r, 9) = iq)Bpn,l(r)eiw"’_

h? h? 02 10 12 »
+ (- Ly LR o Y
< 2Meog + 2m50t) [(%.QP i(r) + F o’ a(r) P ir)|e

(3.51)

Eq[3.51] is valid only between [ryw — A(f,z)] and ryw and it is zero otherwise.
In Eq[3.51] the + term is positive for positive A(6,z) (i.e. when the barrier ®p
penetrates into the semiconductor) and negative for negative A(f, z) (i.e. when the
barrier ®p penetrates the oxide).

Since A(#,x) can be regarded as a stochastic process that occurs along the
NW surface, we now define a new coordinate s = (z,x) as the coordinate along
the NW surface with z = ryw6 as shown in Figf3.8] Hence the roughness at the
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)

Figure 3.8: Sketch of a circular NW.

semiconductor interface can be treated as a stochastic process A(s) dependent on the
coordinate s. The matrix element of Eq[3.42] can be finally written showing explicitly
the contribution due to the potential barrier ® 5 and the kinetic term V Hp;,:

TNW

M (q,) = / /dﬁ / [CDB —I-VHkm} En(r,0) dr | e 9%y,
LNW
Lyw |[—7 rNw —A(s
(3.52)
where, in the case of isotropic quantization masses, the expression for &, (r, 6) is given
in Eqn, and where the term A(s) can be either positive or negative.

It has been thoroughly discussed in [1] and in Sec[3.2.3] that, depending on m,,
and mge, the VHkm term in Eq can lead to non-physical results. Moreover,
in general, the kinetic term depends on (r,#) and cannot be separated in r— and
6—dependent functions, hence, the integral over r in Eq[3.52] becomes a non-linear
and space-variant transformation of A(s) leading to an intractable problem. Based
upon these considerations, V Hy;, will be neglected in the following calculations.

By neglecting VH, kin the unscreened SR matrix element for a 1D gas given by
Eq3.52] can be written as:

TTNW d TNW
z
M" ) = / / / rel <7°
(¢z) = LNW pa— &)
NW

—TTNW T‘waA(S)

(3.53)
Before proceeding with the derivation of the explicit expressions for the matrix
element used for scattering rate calculations, we want to noticed that the equation
for the SR matrix element reported in Eq[3.53] applies to both isotropic or anisotropic
quantization masses. Throughout this work the &, (7, z/ryw) functions have been
calculated by using the unperturbed Hamiltonians that accounts for the crystal
orientation given by Eq[4.1]
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3.6.1 Isotropic quantization masses
In the assumption of isotropic quantization masses, the term &, (r,0) in Eq)3.41]

is written exploiting the separability of the radial and angular components:

fnl(rv 9) = \/%pnl(r)eiw (354)

where n and [ indexes in Eq[3.54] are the radial and angular quantum numbers with
n=12,...and [ = 0,%1,42,.... By substituting EqJ3.54] into Eq}3.53| we obtain:

TTrNW

1374 1 dz . I z
n'l _ il l)r
it (4e) = Lnw / / 2rraw .
Lyw Lb7mrw
TNW
X / rpL/l/(r)CI)B pri(r) dr | e = d. (3.55)
TNw—A(S)

M IA(s)]

where M7," [A(s)] is a space-invariant non-linear transformation of A(s) and it is
similar to the transformation described by Eq{3.20| neglecting the kinetic terms.
Hence, the expression of the matrix element becomes:

TTrNW
177 1 . 11 R
W) =g [ [ dee e g A | s (350)
Lyw bmrnw
where ¢ = (I’ —1)/ryw. The ensemble averaged squared matrix element for

scattering rate calculations is given by:

2 1
> = 5 // dx dz’ x
2mryw Lyw)
Lyw

(v

TTNW
1 ! ay 171 T . ,
X // dZdZ/G_qu,l(z_Z)<Mgll [A(S)] <M77llll [A(S,)]) >€—zq¢c(z—a:)
—TTTrNW ~

(3.57)

where 7=s —8' = (z — 2/, 2 — 2) and C™" (1) is the autocorrelation function of
Mﬁl/l/ [A(s)]. By exploiting the Wiener-Kinchin theorem we write the autocorrelation
function as the inverse Fourier transform of the power spectrum Sgl/l/(q):

n'l’ 1 n'l’ iqy(z—2' iqr(x—x'
nll (T) = W/dqz/d%:’snll (QZ)qx’)6+ 0z )€+ 9a1( ) (358)

qz qz!
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and, by substituting Eq into the ensemble averaged squared matrix element in
Eq.57 we obtain:

2 1
>: 5 /dqz/dq;,x
(271' TNWLNW) (27‘(’)2 ;

z qy!

(M e

TTNW
// d d‘r/ei(qm’*qz)(xfz/) // dz leei (QZ*ql/l)(Zfz/)S'Zl’l/(qzjqwl)‘

LNW —TTNW

(3.59)
According to Eq[E.T| we can rewrite the integrals over z and 2’ as:
/ dz dz' ¢9e —32)(@—2") _
+Lnw /2 +Lnw /2

— (41 =4z) Jp e~ (4 =) g0t —

—Lyw/2 —Lyw/2

. Lnw . Lyw
— L?\/W [sznc <2 (qu — qx)) sinc (2 (G — qz) =

L L
= 2rLnw [ ;VWW sinc? (1;W (g — qx)>} . (3.60)

where sinc(z) = sin(z)/z as in Appendix [El In the limit for Lyw — oo, Eq[3.60)
can be rewritten by using Eq[E.4] as:

// da da' 92 =92) @) — 2 [ v 6(g — qur) (3.61)
Lyw
Similar calculations can be done for the integral over dz and d, of Eq

TTNW
// dz d2' e (@== ) =2 = (27)% [rvwsine® (mrvw (qn — g2))] (3.62)

—TTrNW

Hence, the ensemble squared matrix element in Eq can be rewritten by using
Egs and in a compact form as:

117 2 1 117
<‘M2ll (9x) > = S L /dqul (@, a:) Spi* (a2, ¢ (3.63)
qz

where the form factor Fj (qyy,q.) is given by:
Fy (qu1, q=) = rvwsine® (mryw (qn — q2)) (3.64)
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and it is a normalized function, in the sense that:

/ Fi (qu, ¢2) dgs = 1. (3.65)

qz

Eq[3.63| shows a quite compact formulation where the only approximation to move
from Eq3.59] to Eq[3.63 has been to consider the limit for Ly — oo, which is a
reasonable assumption adopted in this work. Moreover, the formulation in Eq[3.63]for
SR matrix elements is consistent with the non linear transformation of the stochastic
process A(s) as in [1].

It can be noticed that an approximation can be obtained by noticing that the
integral over ¢, in Eq3.63] may be reduced for large ryy values according to EqJE4]
and leading to Fi (qy1,q92) = d(qr; — q-). The simplified version in this case reads:

(o

The power spectrum S;‘l/ Y(q) is calculated as in Sec as the Fourier transform
of the autocorrelation function of M™" (i.e. C™" (7)) defined in Eq Given the
exponential form for the autocorrelation function Ca(7) of the stochastic A—process
as in Eq. S’” ) can be calculated as shown in Appendix |F|leading to:

2 1 n
> 2 N [N <q117Qx ) ( )

[e.o]

”/l/ / T)TJo(qT)dT (3.67)
0

and ¢ = \/¢2 + ¢2.

3.6.2 Anisotropic quantization masses

In the case of anisotropic quantization masses, we can exploit the fact that for a
given radius r, &,(r, 0) is periodic with period 27 and thus write it in form of Fourier
series expansion as:

&n(r,0) erm r)e® 1=0,+1,+2,. (3.68)

where n is the subband index and [ are the angular modes for a given wave-function
associated to the n—th eigenvalue. The p,;(r) are complex-valued functions defined
as:

pulr) = = / éu(r, 0)c do. (3.69)

Eq implies that, since &,(r,0) is real-valued, then we have:
pr-i(r) = pl, (r): (3.70)
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We now proceed as in Sec and neglect the contribution of the kinetic term to
the matrix element and, by substituting Eq into Eq we write:

TTNW

dz  —i(-1)=
st [ ] oo
Qx LNW%; 27T7“NW
—TTTrNW
rNW
X / rpL,l,(r)QB pr(r)dr e " =dy,  (3.71)
rNw —A(s)

MY [AGs)]

where the summation is performed over the modes of the wave-function for subbands
n and n/. The ensemble averaged of the squared matrix element is thus given by:

<‘Mﬁ(qm) 2> _ (QWrN;LNW)Q ZL// dz da’ x

NW
9.9
TTrNW
< [ ddsreieering <Mﬂ "ae) (M [A<s'>J)T> ¢itae=)
—TTNW -~
ol (r)

(3.72)

where | and g are expansion modes of the n—th subband and I’ and ¢’ are expan-
sion modes of the n’—th subband. ¢y = (I' = 1)/ryw, g4 = (¢’ — g)/rnw and

CZIZ’;IQ (7) is the cross-correlation function between the matrix elements M7," [A(s)]

and Mﬁgg [A(s)]. The cross-correlation function is written by using the Wiener-
Kinchin theorem as:

n/ ’l/ l

n.lg dg. dqfoMg (g, g )t =7 gl (=2 (3.73)

and by substituting Eq[3.73] into the ensemble squared matrix element given by
Eq.72] we obtain:

/ 2 1
MZ T = /d z/d ! X
<‘ () > %: (27 rvw Lvw)? (2m)* . e

’ q./
9.9
TTNW
dz dae "% ety 0% dzdz'S™"9 7( )t 4=(272) i azr (@ =2')
n,lg qz,qx .
LNW —TTrNW

(3.74)
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By following the same passages as in the case of isotropic quantization masses in
Sec exploiting Eq and the properties shown in Appendix [E] we obtain:

(M

? 1 g
> 27TTNWLNW; / 4=2 llngg,qz) nlg (Qzan) ( )

9.9

qz

where the form factor F5 (ql/l, dg'g qz) is given by:

Fy (QZ% dq'g> QZ) = TrNwsinc (TWNW (QI’l - QZ)) sinc (WTNW (QQ’g - q,z)) . (3'76)

The form factor F5 (ql/l, dg'gs qz) is not a normalized function for ¢;; # q44. Moreover,
it can be seen that F» (g1, qr1,q-) = Fi (qr1,g2) and, in this case, it is a normalized
function (see EqJ3.65)). The cross-correlation power spectrum Ssjl’gg/(qz, qz) is calcu-
lated by replacing the autocorrelation function in Eq[3.67] with the cross-correlation
function. Moreover, for the calculation of Eq[3.73] Eq[3:21] must be extended to the
cross-correlation case as:

'l 1 oo +o0 17/ ! T
it () = / n A1) [a [a2]) <
21 Ca(0),/1 — C% y(x) /=00 /-

_ A% + A% - QCAJV(I')AlAQ

ST TR0 0)(1 - €2y (1)

dAy dAy (3.77)

3.6.3 A few remarks about matrix elements and form factors
By assuming that &,(r,0) in Eq is normalized as:

o0 m

/d&/drr 6 (r O = 1 (3.78)

0 -

then Eq implies:

/de/drr & (r, 0)] /dﬁ/drz 7 put ()l (r)e =00

Ll
— Z/drr lpm (7)) = 1. (3.79)
L0

Even though &, (r, 0) is real-valued, p,;(r) can be complex and one important property
is :

Pn,—1(1) = pfl,l(r) (3.80)
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which stems directly from the p,;(r) definition in Eq3.691 The matrix element
M"Y [A(s)] of Eql3.55is thus in general complex-valued however it inherits the
properties of p,;(r) which imply:

TNW
B = [ el )0 ()

T‘Nw—A(S)
TNW

= / r pIL’l(r)CI)B pr (1) dr

rNw —A(s)

= [ a1 (3.81)

We finally noticed that, since sinc(z) is an even function of z, then we have:

By (q-v—1,9-g,—g, =) = Fo (@1, 99g, 42) (3.82)

where we used gy = (I'=1)/rnw and gy = (¢ —g)/rNw where [, g are the modes of
the subband n and I, ¢’ the modes of the subband n’ (see Eql3.68)) As a consequence:

> ez Ml [A(s)] (3.83)
Ly

is real-valued, which is consistent with the fact that &,(r, @) functions are real-valued.

The cross-correlation function C’:,l’gg/ (1) defined in Eqi3.72| can take complex
values and the same holds for its Fourier transform (i.e. the power spectrum

S::l’ggl(q)), however, due to the property of the matrix element in Eql3.81 we have:
T
CMH’,—Z/,—Q’ (7‘) = |:0Mn/l’l/’gl (T):| (3843)
n! —l,—g n,t,g
1.
SM:;’_;’ll_’;g/ (’7‘) = |:SM::[’ZQI'9/ (T):| . (384b)

By using Eq[3:84b] and Eq one can readily verify that the double sum over all
the couples of modes (I,1") and (g, ¢’) assures that the ensemble averaged squared

, 2
matrix element ‘MQ (gz) in Eql3.75|is real-valued, as it is in fact supposed to

be.

In the general case, with anisotropic quantization masses, the form factor for the
ensemble averaged squared matrix element is given by Eq[3.76] and the number of
Form Factors is given by the possible combinations of couples of modes ((1,1'), (g, 4"))-
Some considerations arise from the fact that the above form factor is given by the
product of two sinc functions peaked respectively in (gy; —q¢.) and in (g4 —q-), hence,
it is expected that the magnitude of those form factors for which (I' —1) # (¢ — g) is
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small compared to the ones given by the couples of couples where (I' — 1) = (¢’ — g).
Fig[3.9 shows two examples of form factor calculated for the system Si-SiOs. The
form factor with (I’ — 1) = (¢’ — g) is the dominant one and, as expected, for larger
rNw, Fo (ql/l, dg' g5 qz) with (I'—=1) = (¢’ — g) approaches a Dirac function in agreement
with EqJE.4l We have performed the calculation of the SR matrix elements using

= 20— —T T 1 E 30— T T T T T 71T
c B I=0; g"-g=6 ] S r 1=0: gg=6 ]
= .r -1=0; gg=4 —~,25F 0 39 ]
N 1.5 =0 g’-g=2 N r 19-g=4
g L ayeel . L of “1-0,gg=2 ]
» [ -1=0; g"-g=0 ] »32-0:‘ “1=0;g-g=0
< Tor ] < 15F ]
g t 1 g F ]
S 0.5F . 5 1.0¢ ]
o - - -— - -
8 o 0_ i ‘8 0.5 7
1< . e == B 7>
S L i g 0.0 ST
L i R T AN TN TR NN T TN N N M (o) E 1 | | T
-2 -1 0 ; 1 2 L -2 -1 1 2
q, [nm ]
(a) Simulation results obtained for (b) Simulation results obtained for
ryw=1.5nm, t,;=0.6 nm of Si=02, and ryw=2.5nm, t,;=0.6 nm of Si=02, and
for the lowest subband n=n’=0. for the lowest subband n=n’=0.

Figure 3.9: Form factors obtained by using Eq for the Si-SiOy system.

three different methods:

1. with no approximations for the form factor calculation, that is by using Eqs[3.75]
and as they read.

2. neglecting in the double sum of Eq the terms having (g # q44). Hence
the form factor F (g, qui, q.) becomes equal to Fy (qp, q,) and the ensemble
averaged squared matrix element reads:

2 1 "1
> — Y /dqu1 (a1, 42) Sy, 1,7 (425 4)

- 2mr L
NWENW 1 _1)=(g—g) 4

(M
(3.85)

3. neglecting in the double sum of Eq3.75| the terms having (¢, # qg4) and
approximating the form factor with a Dirac function in the limit of large rnyw,

that is:

By (@, qris =) = Fi(quis g2) = 0 (qn — q2) - (3.86)
In this case the integral over ¢, in Eq[3.75]is reduced and we are left with a
sampling of the power spectrum SZ:l’gg/ (q) where ¢ = /(g7 + ¢2):

(M

? 1 '

- 0@ Sn7 g , L), 387

> 27TTNWLNW Z n,lg (CIll,q ) ( )
(=hH=(g'-9)
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This simplification in Eq[3.87 may be critical for very small 7y because the
formulation with Dirac function for the form factor is valid only for large ryw
values.

In the following examples we will show the impact of the different formulations
on the ensemble averaged squared matrix element that enter the scattering rate

matrix elements for

, 2
calculation. Fig/3.10| shows some examples of <‘Mﬁ (¢z)

ryw = 1.5 nm. As can be seen, even for very small ryy7, the approximation of the
form factor obtained using the Dirac function in Eq[3.86] seems to work fairly well. In
addition, the computational time of the ensemble averaged squared matrix element
normalized to the case of Eq[3.87 is approximately a hundred by using Eq[3.75 and
ten by using Eq[3.85 These remarkable differences in terms of computation time are
due to the fact that, for anisotropic quantization masses (that is the case reported
in Fig, there are several expansion terms and the number of couples of modes
(I' = 1) = (¢’ — g) increases a lot with the number of modes [ and I'. Fig[3.11] shows

MG (¢)
Since the quantization mass is isotropic, for the lowest subband there is only one
mode that corresponds to [ = 0. In this case the summation in Eq reduces to
the single term corresponding [ =1’ = g = ¢’ = 0. Fig shows that, as expected,

by reducing ryw the SR matrix element is increased and by increasing ryw the
differences between solid- and dotted-line decrease.

2
for the system InAs-HfOs.

the intrasubband squared matrix element
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Figure 3.10: Intrasubband <‘M2 (qx)
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(c) Simulation results obtained for [111] transport direction.

matrix element for the Si-SiOs system for

the lowest subband n=n’=0. rx=1.5 nm, t,,=0.6 nm, the rms roughness amplitude
is Ayms = 0.2 nm and the correlation length is A = 1.4 nm. Simulations performed
by considering the modes [,1’ = 0, £1, £2, +3, +4, £5.



3.6. Modeling of surface roughness scattering: GAA MOSFETSs

5.00x10° R—— T T T
= L — EQ.3.87 -
c -3 -+ Eq.3.75
~  4.00x10 - raw=1.5nm
5. ]
i 300+ 0°F T
— D raw=2.5 nm
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Figure 3.11: Intrasubband < M7 (qz)| ) matrix element for the InAs-HfOy system

for the lowest subband n=n’=0. ryw=1.5, 2.5 and 5 nm, ¢,,=1.5 nm, the rms
roughness amplitude is A, = 0.2 nm and the correlation length is A = 1.4nm.
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Chapter 4

Nanowire MOSFET's

4.1 Introduction

4.1.1 State of art: manufacturing techniques

D MOSFETSs have been proposed to overcome the issues arising from aggressive
3 scaling of planar devices (see Chapter[l)). Multiple-gate MOSFETS are promising
devices for future CMOS scaling due to an increased electrostatic gate-to-channel
control given by the increased number of gates compared to standard planar devices.
The most promising device architecture for ultimate scaling is the GAA MOSFET
with a gate contact all-around the semiconductor channel. Moreover, semiconductor
materials alternative to silicon providing larger injection velocities (see Sec,
heterostructures and strain are being investigated as technological means to further
improve device performances.

Fabrication of NWs follows two different paradigms: top-down [1-15] and bottom-
up [16-29]. In the bottom-up method nano-particles are used as seeds to define
nucleation and feed the growth of NWs. The most common approach is the chemical-
vapor-deposition (CVD) with the vapor-liquid-solid (VLS) mechanisms [23]. In the
VLS method the semiconductor material in vapor phase is provided by means of
CVD, chemical beam epitaxy (CBE), or thermal evaporation reactors. The NW
growth starts on top of a semiconductor substrate where a catalytic liquid metal
seed can rapidly adsorb the semiconductor vapor to supersaturation levels from
which crystal growth can subsequently occur [16, [18] (see Figlt.1). Au has been
widely used as catalyst for growing silicon NWs using VLS method allowing for
NWs with diameters down to 3 nm [17], posing however, contamination issues for
CMOS processing due to high Au diffusivity in silicon and to the fact that silicon
also acts as an acceptor doping [28]. Moreover, Au tends to create traps in the
bandgap acting as recombination centers degrading the device performance. Thus,
to circumvent this issue, other metal catalysts such as Al or Pt for silicon nanowire
synthesis are actively investigated to make the VLS process CMOS-compatible [24].
VLS is the most common technique but other fabrication processes include metal
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Figure 4.1: Bottom-up grown nanowire from a metal catalyst nanoparticle on a
substrate for: a)axial and b) radial hetero-structure. The axial hetero-structure
can be produced by modulating the composition and/or doping precursor during
the elongation process. The radial core/shell hetero-structure can be formed by
the conformal deposition of a radial shell after the elongation of the core structure.
Figure from [30]

organic vapor phase epitaxy (MOVPE) (that allows to grow NWs even in presence
of large lattice mismatch with the substrate material [27]), molecular beam epitaxy
(MBE) [31], and oriented attachment [32], with all of them offering the ability to
fine tune the diameter, the morphology and the semiconductor properties. Unlike
standard CMOS fabrication processes where dopants are added to the semiconductor
via ion implantation leading to dangled bonds and requiring subsequent thermal
annealing to restore the crystal ordering, in bottom-up approaches the doping of
the semiconductor is obtained thanks to the in-situ doping by dopant incorporation
during the growth procedure. Often, bottom-up methods lead to entangled meshes
of NWs [33], not suitable for large-scale device integration, thus, alignment of NWs
is necessary for VLSI production. Typically, the alignment is obtained by means
of different techniques such as dielectrophoresis [34-36], microfluidic alignment [37]
and strong electric fields [38]. Nevertheless, even with these alignment methods, the
resulting density and areal coverage of NWs cannot compete with those obtained
with top-down approaches. However, bottom-up method can be comparable in terms
of NW density with the top-down approach if the growth of vertically aligned silicon
NWs as reported in several papers 23|, 39, 40] is considered.

As opposed to the bottom-up approach, the top-down method (see Fig, can
be regarded as a natural extension of standard CMOS process to produce NWs,
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where, thanks to the progress in lithography and etching processes in conjunction
with photoresist technology, it is possible to etch a larger piece of semiconductor in
order to create NWs that are aligned parallel to the substrate. Top-down methods

Figure 4.2: Top-down fabrication schematic diagram for a silicon nanowire MOSFET
on bulk substrate .

include spacer lithography method , replacement Fin process , recessed
hard mask, trenching methods [7], and confined lateral selective epitaxial growth .
These methods enable excellent NW placement in the wafer and large throughput
thanks to the well established CMOS-processes as well as a fine tuning in three
dimensions of composition, shape, crystallinity, and size of the NWs. Top-down
approach can also be used to create very-high density, vertically stacked silicon
nanowire arrays , .

Bottom-up NWs suffer from worst contact resistance at source and drain interfaces
and from non uniform dopant distributions. Moreover, complex integration with
CMOS and lack of ability to position many SiINW in a well defined pattern is still a
challenge for this method for VLSI device fabrication. On the other hand, this method
provides reduced dangling bonds density compared whit the top-down , because
of better surface control during the NW growth, and enables the fabrication of device
structures, such as novel core-shell heterostructures, that can reduce scattering and
result in higher carrier mobility , which are much harder to be obtained with
the top-down approach .

As a final remark, we argue that, it is not unrealistic that device fabrication will
incorporate the top-down and bottom-up approaches. One example is the case of
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directed self-assembly (DSA) lithographic process for NW arrays fabrication, where
bottom-up self assembly process and traditional top-down lithography are used [46].

4.1.2 State of art: simulation techniques

The constant progress in NW fabrication techniques makes simulation tools capa-
ble to include quantum effects and also the main scattering mechanisms responsible
for performance degradation of increasing importance. Such simulation tools can
help decide the best semiconductor materials as well as transport orientations that
maximize performances. Simulation of NW devices passes necessarily through a
dependable description of the energy dispersion relation in the nanostructured crystal
followed by the simulation of electronic transport.

Bands structure calculation

Calculation of the subband structure can be performed with many different
methods. Among the most refined methods available that account for the atomic
structure of the semiconductor there are tight-binding [47-54] , first-principle [55, |56],
DFT, pseudo-potential, and other atomistic methods [57]. Moreover, the atomistic
description of the device allows to treat rigorously scattering mechanisms such as:
surface roughness, impurity scattering and alloy disorders. Conversely, the most
popular method to calculate subband energies and dispersion relations is the solution
of the Schrédinger equation within the effective mass approximation (EMA) [5861].
However, it has been reported in many papers in the literature [47, |48] the failure of
the purely parabolic EMA in the presence of strong confinement, since a parabolic
model does not capture the nonparabolicity effects that make the effective mass
dependent on the well thickness as discussed in Appendix and tend to reduce
the energy of the quantized subbands as shown in [5§].

In fact, simulations performed using simple parabolic models tend to overestimate
the transistor threshold voltage V1 when the diameter of silicon nanowires becomes
lower than approximately 3 nm, whereas deviations in the Ioy start for thicknesses
lower that 5 nm (for SINWs) [48]. One effective solution to overcome this issue is
to use a parabolic EMA model where the effective masses are tuned, for example,
against TB calculation leading to good results over wide ranges of NW diameters
[48. |52]. However this adaptive model requires a continue tuning of the masses
against more sophisticated and computationally demanding solvers making this
route not much promising. Moreover, nonparabolicity effects are expected to be
more relevant in III-V semiconductors [62, 63]. To overcome the limitations related
to the parabolic EMA, there have been proposed different methods to include
nonparabolicity effects. The simplest one makes use of the subband energy levels
obtained within the parabolic EMA and takes into account the band nonparabolicity
only in the transport directions [64], which, however, leads to appreciable error caused
by having neglected nonparabolicity in the confinement direction, or confinement
plane for 1D systems [58, 65]. On the other hand, a different correction method
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using the additional information given by the wave-function allows a quite accurate
correction to both the dispersion relation in the transport direction and the ground
energy of quantized states [66]. More sophisticated approaches have been implemented
by direct modifications of the parabolic Hamiltonian [58, 69].

Another aspect that cannot be captured by the EMA model is the valley degen-
eracy splitting that occurs for extremely thin SINWs with dimensions lower than
2 nm?, as reported by atomistic calculations [48) 52, [70]. In this case, the strong
confinement breaks the valley degeneracy and can lead to a worst agreement in
terms of drain-to-source currents if compared with atomistic band structure methods
especially at low Vpg values [52]. In addition, for pMOS NW devices or for transistors
that demand an appropriate description of the valence band, the EMA model is
even less appropriate, because the heavy and light holes in valence band are strongly
coupled and cannot be described by single band effective-mass Hamiltonian [71].

Another useful and highly efficient approach for band structure calculations is the
k-p method [71H74], which realizes a very interesting compromize between physical
accuracy and computational complexity.

Transport simulation

Transport in semiconductors has been described for many years using macroscopic
transport models such as the drift-diffusion (DD) model and other models based
on the momenta of the Boltzmann Transport Equation (BTE)(i.e Hydrodynamic
models (HD)) that assume diffusive transport regime where the average carrier
velocity is strongly influenced by scattering. However, modern MOSFETs with
channel length below 100 nm are pushing the classical DD or HD models to their
limits because transport is not dominated by scattering but is instead close to the
balistic limit. Beside this, it has been demonstrated that the DD model is very
problematic for nanoscaled MOSFETSs, even if it appears to be more accurate than
expected because the overestimation of the conductivity in the linear regime can
partly compensate the underestimation of the current at high bias |75]. In addition,
in the case of moment-bases models that go beyond the DD model (e.g. HD model),
there are further issues related to the additional approximations used in order to
close the hierarchy of momentum equations 75| [76|. Hence, transport in nanoscale
MOSFETS is in general tackled by means of semi-analytical methods (also called
compact models or semi-numerical models) |48} |52} 60, 77], or fully numerical methods
[47), 149551, 53l 154, 59, 61, |68, [7T1H73], [79-84]. The former are in general derived by
means of approximated relations for the potential and charge distributions that in
general are solved self-consistently by using numerical approaches and help to give a
conceptual view of the device behaviour. They are computationally very efficient and
are used to rapidly analyze the performance of MOSFETs. These models require
the knowledge of the energy relation (E(k)), that can be obtained by numerical TB,
DFT, pseudo-potential calculations or given by analytical expressions (i.e. parabolic
effective mass approximation). They assume that positive going states are injected
into the channel from the source at thermal equilibrium (i.e. states filled according
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to the source Fermi level), whereas for negative going states they are filled according
to the drain Fermi level. The ballistic Ipg is calculated by subtracting the drain-
to-source transmitted current from the source-to-drain transmitted current where
the transmission coefficient can be one or zero depending on whether the electron
energy is above or below the source-to-channel barrier (i.e. the top of barrier, ToB).
Even if these methods are computationally very efficient, they can capture only the
thermionic component of the current in the ballistic limit. Hence, scattering and
source-to-drain tunneling are disregarded. In this regard, attempts have been made
to include source-to-drain tunneling within the ToB method using approximated
expressions for the potential along transport direction, and validation against 3D
full-band atomistic quantum transport simulations shows good agreement [60].

Among the most used fully numerical methods for transport simulations in scaled
MOSFETSs we have the semi-classical Boltzmann transport equation (BTE) and the
non-equilibrium Green’s function (NEGF) methods. With the semi-classical BTE
approach, electrons are treated as classical particles whose kinetic energy is given
either by the effective mass or by the full energy band calculations and assumes that
collisions of carriers are instantaneous. The BTE has been typically solved by means
of stochastic methods such as Monte Carlo solvers for 3D [85-92], 2D [79, 93, [94]
and 1D [82] carrier gas. Also the direct solution of the BTE is can be attractive and
it has been successfully pursued for 3D [95, [96], 2D [96(-98] electron and hole gas,
and, due to the low dimensionality, expecially for 1D gas in thin NW MOSFETs [82].
To further ease the numerical solution, the BTE for a 1D gas has been solved also by
using the momentum-relaxation-time approximation (MRT) [74] 99].

Another approach for transport consists in the quantum-mechanical non-equilibrium
Green’s function (NEGF) formalism, which takes into account the wave-nature of
electrons described according to a TB [47, 49, 50, 53, 54, [81} 83|, EMA [61} 68, [80],
or a k-p Hamiltonian 7173, 84} [100|. Fully-3D NEGF represents one of the most
advanced transport methods, but, from practical point of view, the high accuracy
comes to the cost of a large computational burden.

Finally, it must be recalled that complete simulations need to account for external
biases (Vgs and Vpg) and this requires necessarily the coupling of the quantum-
mechanical or semi-classical problem with 3D Poisson’s equation.

In this framework, in this thesis we also investigate the transport in NW tran-
sistors with a channel length in the decananometer domain, and it is based on the
deterministic solution of the BTE. The simulator includes size and bias induced
quantization allowing the wave-function to penetrate into the oxide surrounding
the NW and takes into account non parabolicity correction to the eigenvalues and
to the dispersion relation E(k) obtained within the EMA. The electrostatics and
the transport of the device can be solved for arbitrary transport directions and
moreover it allows to include multiple valleys in the electronic transport as well
as scattering due to phonons, Coulomb scattering, and surface roughness with an
innovative approach. In fact, although phonon scattering is found to be an important
scattering mechanisms in NW MOSFETS, surface roughness scattering cannot be
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ignored because of the strong quantum confinement that occurs particularly when
the diameters decreases downto few nm pushing the wave-function towards the
semiconductor-oxide interface. SR scattering has effects both on the Ipn current and
effective mobility [54]. Experimental data show that Ion increases with decreasing
NW diameter until 3 nm [101], and this behavior has been attributed to the phonon
and SR scattering |54} [101].
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4.2 Schrodinger equation in polar coordinates
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Figure 4.3: Nanowire section

For circular NWs it is convenient to move from Cartesian to polar coordinates by
setting z = rsin(f) and y = rcos(6) where r denotes the position along the radial
direction. Thus, the Schrédinger equation of Eq[B.29 for electrons belonging to a
given valley is rewritten as:

h? 0? 0 02 0 0?
[ |:wrr8 2 +w7“8 +wr68 60 080+w99892:| +U(T7 0) gn(ra 9) -
= en&n(r,0) (4.1)

where the energy of the eigenvalue ¢, is referred to the energy of the bottom of the
considered valley, and where the coefficients w; ; are given by:

Wy =wyyc08°(0) + 2wy, sin(0)cos(0) + w,.sin?(0),

wy - [wyysin®(0) — 2w,.sin(0)cos(0) + w..cos* ()] ,
T

Wyg :% [25in(0)cos(0) (w.. — wyy) + 2wy (cos*(0) — sin®(0))] , (4.2)
Wro
wy = — )
r
Wy
U)gg =
T

A practical example for w; ; coefficients of Eq in the case of x = [100] transport
direction is reported explicitly in Fig[f.4l Eq[4.1]shows that Schrodinger equation
cannot be always expressed in terms of the Laplacian of &, (r,0):

10 0?2 1 92

S C 2D e 6). 4.
r6r+8r2+r2692 &n(r,0) (4.3)
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Figure 4.4: SiNW with [100] transport direction and corresponding w; ; coefficients.

According to the definition of the coefficients w; ; in Eq@, in fact, the Schrodinger
equation has radial symmetry only in the case of w, is null and wy, and w,, are
equal, in which case the differential operator in Eq[4.1] simplifies to the one reported
in Eq4.3] leading to the radial symmetry of the Schrodinger equation for which the
solution can be written as

Ena(r,0) = e (4.4)

1
mpn,z(r)e
where the radial and angular parts have been separated and n is the radial quantum
number and [ is the angular quantum number. Eq[4.1] goes beyond the isotropic
effective mass approximation adopted in many papers in the literature |67} 82|, that
preserves the cylindrical symmetry of the problem reducing the complexity of the
equation. However, this treatment (isotropic EMA) is rigorous only for the isotropic
valley I" of the conduction band, while it becomes more problematic for the valleys
with ellipsoidal constant energy surface such as A and A valleys for silicon and
germanium [67] 82].

4.2.1 Continuity conditions in polar coordinates

In the case of herojunctions in the direction normal to the semiconductor-oxide
interface, at the interface between different materials must hold Eq[B.35 We recall
that, in the case of homogeneous material in the nanowire circular section, Eq[B.29|
allows to separate the energy of the quantized states from the kinetic energy in the
transport direction as reported in Eq[B.32] The treatment is much more complicated
in the case of wave-function penetration in the oxide, in fact, the continuity of the
component normal to the semiconductor-oxide interface of WpcsV®, »,(R) is in
general problematic, because, for arbitrary crystal orientations, the 3 x 3 Wpog
tensor has off-diagonal terms and coefficients o and § of Eq[B.28| are not null. This
makes the wave-vector k, in the transport direction enter the continuity equations
thus leading to a k; dependent eigenvalue problem. In fact, the term WpcgVe, ,(R)

leads to the vector:

0P 0P o
Wrz g, + Wy 5, + Wzzg,

0P o) 0P
wyw% + wyygg + UJyz& (45)

0P 0P
Weg g, T Wy gy + Wy,
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where the first row of Eq refers to the component along é;, the second along é,
and the third along é, and where é; is a versor aligned along direction i € {z,y, z}.
Recalling that unit vectors are related by the coordinate transformation:

éy =cos(0)é, — sin(6)ég
é, =sin(0)é, + cos(0)éy (4.6)

and since the objective is to calculate the component normal to the semiconductor-
oxide interface of WpcgV®, ,(R) that for a circular domain corresponds to the
radial direction €, belonging to the quantization plane, we obtain that the following
conditions at the interface between different materials must be fulfilled:

O (ryw,0) constant (4.7a)
A(@)g + B(H)2 + C’(9)2 ol ) constant (4.7b)
Oz or ag] W netan '

where A(6),B(6), and C(r,0) coefficients are given by:

A(0) = wyycos(0) + w.psin(0)
B(6) = wyycos*(0) + 2w, sin(0)cos(0) + w,,sin’(0)
sin(0)cos(6) cos®(0) — sin*(9) cos(0)sin(6)

c9) = —Wyy 77’]\[1/{/ + Wy, - + W, P— : (48)

Recalling the expression for the envelope wave-function, Eq can be substituted
into the continuity condition of Eq[4.7] obtaining the new boundary conditions as a
function of £(r, #) that must be fulfilled at the interface between two materials:

(fn (T’NWa 0)6”% (arnw cos(0)+Brnw sin(0)) (49&)

{A(G)ikx + B(6) [[“)ar + ik (acos(0) + 53271(0))} +

(4.9b)

00

+C(0) |:6 + ik, (BTNWcOS(G) — OéTNwsin(G)):l }eikm(a ryw cos(0)+Bryw sin(0))

where o and 8 depend on the material and explicit expression are given in Eq[B.2§|
Eq[4.9 shows that, in the general case, the k, vector enters the continuity equation.
As shown in Sec[4.4.1] the dependence of the eigenvalues on the k, vector through
the continuity conditions of Eq[4.9]is almost negligible, hence, continuity conditions
are implemented by setting k, to zero:

fn(TNW; 9) (4.10&)

{B(H)aar + 0(9)869} En(rvw, 0) (4.10b)
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4.2. Schrodinger equation in polar coordinates

As an example, we here report the case of a Si nanowire with [100] transport
direction as shown in the left part of Figlf.4l The W pcg tensor is diagonal since all
the ellipsoids for the three different group of valleys are aligned with the DCS and
the explicit expression for the inverse mass tensor become:

m* 0 0 m;* 0 0
WA[IOO] = 0 mt_l 0 7WA[010] = 0 7nl_1 0 J
0 0 myt 0 0 my?
m;t 0 0
Wagey =1 0 m' 0 (4.11)
0o 0 m!

By substituting the W pog matrices into Eq[4.9]and assuming an isotropic dispersion
relation for the oxide, we obtain for the valleys having the longitudinal axis aligned
with the transport direction (i.e. Ajjgg—valleys) the following continuity condition
on the first derivatives: 1 8¢(r.0 | 9¢(r 8

T g(r? ) — E(r7 ) (412)

my  Or Moy  OT

that is an expected result since Ajgg—valleys effective masses are isotropic along
the quantization plane thus leading to the same condition as reported in [102, [103].
Whereas, for the other two valleys, also an angular derivative enters the continuity
condition:

<10052(9) + 1sin2(9))

¢ (r, 0) +( 11 ><sm(9)cos(9)> ¢ (r, 0)

my ¢ My dr mey My r 00
1 9(r,0)
My OF

(4.13)
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4.3 The Pseudo Spectral method

Eigenvalue-differential problems as the one reported in EqM.I] are typically
discretized with finite-difference (FD) or finite-element (FE) methods. These methods
are particularly flexible and powerful general-purpose numerical solution methods
but they feature a fixed and low order accuracy. The pseudospectral (PS) method,
instead, is an alternative numeric method that allows one to obtain an higher order
accuracy with respect to FE and FD methods and a remarkable reduction in the
CPU time due to the reduced number of discretization points. This last feature is
particularly useful since the goal is to solve the Schrodinger equation in the whole
2D circular domain to account for the anisotropicity of the conduction band valleys.
For analytic functions, the PS method allows for errors to decay (as the number
of discretization points N increase) typically at exponential rates rather than at
much slower polynomial rates. Moreover, the approach is surprisingly powerful for
many cases in which both solutions and variable coefficients are non-smooth or even
discontinuous and, the relatively coarse grids in PS methods results in time- and
memory reduction [104} 105].

4.3.1 PS method for bounded nonperiodic domains

FD methods approximate derivatives of a function by local arguments as in the
case of the standard first-order finite difference where, by expanding the function up
to the first term of the Taylor series, we obtain :

du(z;)  u(x; +h) — u(x;)

= 4.14
dx h ( )

where h is the grid spacing. By using the matrix formalism and writing u(z;) as
a column vector, the FD method with first-order accuracy leads to a bi-diagonal
differentiation matrix. Higher order approximations for the first derivative can be
obtained by using more terms in the Taylor series, and appropriately weighting the
various expansions in a sum. This is the idea behind PS method, that takes this
process to the limit, at least in principle, and works with a differentiation formula of
infinite order and leading to a dense differentiation matrix. In this sense, PS methods
can be regarded as global since, as an example, in the case of the derivative of a
function, the derivative calculated in z; depends on all the other points of the domain.
From here on in the derivation of the PS method we will consider a one-dimensional
case within the domain [a, b] for the sake of simplicity.

With the PS method, the function u(z) € C for a given set of distinct points z;
(1=0,...,N) is approximated as the sum of smooth basis functions using N-degree
interpolating algebraic or trigonometric polynomials p(x). Hence, in the PS method
there are two fundamental steps that are the choice of a proper interpolation function
for global calculations of spacial derivatives, and the knowledge of the discrete points
(collocation points) where the calculation is computed. The approximated function
p(z) is written using the interpolating polynomial of the least degree (i.e. of degree
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4.3. The Pseudo Spectral method

TN

Xo b+a XN
2

Figure 4.5: Chebyshev discretization points.
N) that is a unique interpolation polynomial and takes the form:

N
u(z) = p(x) =Y Li(x)u(r;), =€ a,b] (4.15)
=0

where /; are the N 41 Lagrange basis polynomials and x; are the N + 1 nodes where
the u(z) function is sampled. The explicit formulation for ¢;(z) is given by:

T — T .
Ej(x):ij_xi, j=0,1,...,N. (4.16)
2

where it can be easily noticed that:

1, i=j
Zj(%:): {O i

According to Eqgs it is clear that the polynomial approximation for u(z) is
exact for x = x; being:
p(x;) = u(z;), i=0,...,N. (4.17)

As reported in many papers in the literature [104,|105], the z; grid points are assumed
to be Chebyshev points over the [a, b] domain given by the following equation:
_bta b-a i

cos(ﬁ), 1=0,1,...,N. (4.18)

2 2

T

and represent the projection onto the z-axis of the equispaced points on the circle
with radius (b—a)/2 as reported in Fig[4.5] The choice for Chebyshev points removes
the problem associated with the inability to approximate a smooth function at the
boundaries of the domain when a uniform-grid is used. This is the so-called Runge
phenomenon that makes the solution found onto a uniform spaced domain oscillate
[104]. Incidentally, the case for smooth function at the boundaries of the domain is
the case for wave-functions close to the outer boundary when the penetration of the
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4. Nanowire MOSFETSs

wave-function into the oxide is allowed, hence, the choice for Chebyshev collocation
points is appropriate. The idea behind the solution of a differential equation within
the PS method is to approximate the derivative of the unknown u(x;) using the
derivatives of p(x;) as follow:

du(x) |
dz %~

Zz/ (zi)u z € [a,b] (4.19)

ar (33

where £/ (z;) = |z, with 4,5 =0,...,N. Eqi4.19| can be rewritten by using the
matrix formalism to write the column Vector of the derivatives:

u' (o) bo(zo) (o)  Ly(z0) -+ Ly(x0) | [ul0)
U’(fl) N %(:1‘1) 5'1(:901) 5’2(:361) : %V(;%) U(iffl) (4.20)
u'(zN) b(zn) (xn) L(an) - Cy(an)] [uw(@n)
T N1 D?vr.u UN+1

where Dy is an (IV + 1)x(V + 1) matrix and denotes the first order differentiation
matrix. Explicit calculations for Dy are reported in [104]. Higher orders of
derivation can be obtained recursively, in fact:

d*u(x; d a VX
dJEQ)_(m( dr > ZE Ti)u ZZ£ Yu(zy,) =

7=0 m=0

= DN+1UN+1a (4.21)

which costs O(N + 1) floating point operations, or it can be calculated by explicit
formulas [104].
More generally, the k-order derivative can be computed as follows:

why =Dy i, k<N (4.22)

4.3.2 Boundary conditions

PDEs that describe physical mechanisms, are completely defined only by adding
appropriate boundary conditions. We will see that with the PS method the inclusion
of boundary and continuity conditions is quite straightforward.

Let us write a second-order differential equation over the domain x = [a, b]:

d*u(x)
dz?
where the Ey 1 matrix is calculated according to Eq[4.22]setting k& = 2 and boundary

conditions are written as a combination of the values of the function and the values
of its derivative at the boundaries of the domain (Robin’s boundary conditions):

agu(a) + B (a) =, forz=a
apu(b) + Byu'(b) =y for z =1b (4.24)

= —p(r) — ENj1UN+1 = PN (4.23)
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4.3. The Pseudo Spectral method

where «, # and v are generic constants. By substituting Eq setting k = 1 into
Eql4.24] we obtain a set of equations that depend only on the vector of the unknonwns
and not on the first derivatives:

Ozau(a) + ﬁaDN+1 (0, 2)EN+1 = Ya
Oébu(b) + 6bDN+1(N, Z)ﬂN+1 =M% (425)

where Dy 1(7,:) denotes the [1x(/N + 1)] row vector obtained by taking the i—th
row of the matrix Dy and all the elements along the columns. Eq[4.25is rewritten
in a more compact form:

PaﬂNJrl = Ya

Pyunt1i =% (4.26)
where
P — Qg + /BaDN—i-l(O; 0) 5aDN+1<07 1: N — 1) 6&DN+1(07 N)
“ pli P12 P13
BeDn11(N,0) ByDyy1(N,1: N —1) ap+ ZDyy1(N, N)
P, = 5 y (427
Pyl P32 P33

Therefore, the final set of equations for the numeric solution of Eq is obtained
by substituting the first and last rows of Eq4.23] with the corresponding equations
in Eq[4:26] and the final system to be solved becomes:

P, P PJ iy 41(0) Ya
Enii(1:N—-1,5)| [unt1(1: N =1)| = |pyi1(1: N —=1) (4.28)
Pgl Pg’z Pg’g ﬂN—&—l(N) Vb

4.3.3 Heterostructures

The solution of the Schrodinger equation taking into account the wave-function
penetration into the oxide or the solution of the Poisson’s equation in the oxide
and semiconductor domains need to be addressed properly in order to preserve
the accuracy of the PS methods that can be compromised by the presence of
discontinuities in the material properties.

Xq,0 XaNa Xpo Xg.Np
: b : C
domain a domain f3

Figure 4.6: Sketch of an heterogeneous domain with Chebyshev discretization points.

In the presence of two different materials, in a one-dimensional case as reported in
Fig[4.6) must be defined two separate domains and differentiation matrices, and then
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4. Nanowire MOSFETSs

the two problems must be coupled by means of appropriate continuity conditions.
Let us suppose to solve a differential problem with second-order derivative on the
domain defined in Fig/4.6}

(@) g5 ) u) = ot (4:29)

with Robin’s boundary conditions at = a and = = ¢ expressed as in Eq[.24] where
e(x) =4 for a <z < band e(x) =g for b <z < ¢ and Eq[4.29 can be regarded as
the Poisson’s equation for the potential u(x). Eq can be rewritten discretizing the
2 domain into Chebyshev collocation points by defining two differentiation matrices,
one for each sub-domain:

€aEq,No+1Ua = —p, for domain a

egEpg Ny+1up = —pg for domain 5. (4.30)

where %y, is the discretized version of the potential u(x) over the Chebyshev domain
ZTm,i where m denotes the domain index and ¢ = 0,1,..., Ny, and where E,, n,,+1
is the second derivative discretization matrix of dimensions [(N,, + 1)x(N,, + 1)]
obtained by squaring the differentiation matrix for the first derivative according to
Eq[d.22] Eq[4.30|can be rewritten by dividing the Ey, n,, 11 matrices into blocks thus
obtaining;:

_Eé} E(1¥2 Eés_ [ Ua,a 1 I —Pa,a ]

€a Eg} Eg? Eff’ Ua,inn | = | —Pa,inn (4.31)
E} EX EP| | uap | | —pas
B B2 EP] [ ugy —PBb

es |EZ B EZ| |Uginn| = | —Pginn | - (4.32)
_E%l E%Q E33_ | ug.e | Bre

where uq q = uq(z = a) and where %y, jn, denotes the column vector of terms wuy, ;
with ¢ =1,..., Ny, — 1 (i.e. in the inner part of the m—th domain). Hence, the total
system to be solved is given by:

B B By [Uaa | [ ~Paa ]

Ea ggl Egg gg:} 0 ﬂa,inn _ﬁa,inn
e’ « « Uey,b —Payb
E261 E% Eg?, hp e

0 €p EB E/g Eﬂ UB inn _pﬁ,inn

i E?él E%2 E%S ] L Ug,c | L —PBc

In Eq we must enforce the continuity conditions at the interface between the
domains and the boundary conditions. If EqM4.29 is considered as the Poisson’s
equation for the potential u(x), continuity conditions are given by the two sets of
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4.3. The Pseudo Spectral method

equations that guarantee the continuity of the potential and the conservation of the
electrical displacement at the heterostructure interface:

Uab = UBYD

du(x) du(x)

Ea e ’x:lr:&g I ‘x:m. (4.34)

Boundary and continuity conditions can be imposed in two different ways using the
explicit or implicit formalism.

Explicit formalism for boundary conditions

Within the explicit formalisms the rows of Eq[4.33] corresponding to continuity
and boundary collocation points are simply substituted with the corresponding
continuity and boundary equations. For the former ones, the third and fourth rows
of Eq[4.33] are replaced by the two continuity conditions of Eq/4.34] whereas for
the boundary conditions, which are assumed to be Robin’s conditions (see Eq
we substitute the first and last row of EqJ4.33] with the corresponding boundary
equations written in a compact form as reported in Eq4.20] leading to a new system
of equations:

[ P}ll P(llz P(113 0 i [ uOé,a i [ ’Y[l i
eo [E2' E2 E 0 T Boinn
0 0 1 100 0 Uy b 0
’ = 4.35
caDa(N,?) —e5D4(0, ) g 0 (4.35)
21 22 2 _ _
0 g [Eﬂ Eﬁ E,33] UB,inn Ioﬁ,inn
L 0 P2 p P33 || Uge | L Ve |
LNa+Ng+2

where D,,,(n,:) denotes the n—th row of the differentiation matrix D,, for the first
derivative for the domain m having dimensions [(Ny, + 1)x(Ny, +1)], Ln, 4 ng42 €
RWVat+1)+(Ng+1)x(Na+1)+(Ng+1) a1 where

[aq + B0 Da,n+1(0,0) BaDant1(0,1: N —1) By.Dgn1(0,N)
P, = D11 D12 D13
I PL 3% P13
[B:Dpn+1(N,0) BeDgni1(N,1:N—1) ac+ B:Dgns1(N,N)
P.= D3! D32 T
P! P2 Py

(4.36)

Finally, the solution of the discretized version of Eq over the two Chebyshev
domains is obtained by solving the system of equations in Eq We recall that
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4. Nanowire MOSFETSs

according to the explicit method, the vector of solutions contains two degenerate
values for the point x = b.

It is interesting to see that in the case of Dirichlet’s boundary conditions of the
type ua,q = ug. = 0 the first and last columns of the matrix Ly, +n,+2 have no
effect (since multiplied by zero) and the same holds for the first and last rows of
the matrix in Eq (since ignored). In other words, to solve the one-dimensional
problem in Eq[4.29| by using Chebyshev PS method with ua,q = ug . = 0 boundary
conditions one can use the Ly, n, matrix of dimensions [(Na + Ng)x(Na + Np)]
obtained by stripping the matrix Ly, n,42 of Eq@ of its first and last rows and
columns obtaining:

ﬂa,inn pa,inn
~ Ua b 0
' = 4.
[L N+ s 0 (4.37)
E,B,inn ﬁ,@,inn

Implicit formalism for boundary conditions

The second way to impose continuity and boundary conditions consists in removing
from the final system of equations the corresponding continuity and boundary
collocation points. Let us focus on the system of equations in Eq[4.33] Recalling
the continuity condition on the function u(z) at the interface x = b given by the
first equation in Eq[4:34] the system of equations can be rewritten removing the row
associated with wuqp or with ugy (third or fourth row of the system of equations in

Eq/4.33)) leading to:

E;, Eg E; Uaa Paa

€a Egzl Egg Eg?’ 0 ﬂa,inn ﬁa,inn
Eil EgQ Egcjl - ) Uab | = | Pasa (4.38)

0 e {E% E§2 E,gg] Ug,inn Pginn

E,B Eﬁ Eﬁ Up,c Ps.c

LNa+N5+1

where we have chosen to remove from Eq[4.33] the equation for the unknown ug .
According to the differentiation matrices defined in Eq[4.22] the first derivative of the
function u(x) defined over the Chebyshev collocation points can be written using the
matrix formalisms and by dividing the differentiation matrices into blocks we obtain:

D D2 DB [ tag ] " du dils
Ea Dal DaQ Da3 ﬂa,inn = dua/d$|1nn
D3 D2 D3| | uap || dua/dz)y |
D5 Di* D5 Mgy | [ dug/daly |
ep |D3 DEF DZF| |Uginn | = |dug/delinn | - (4.39)
_D%l D%Q D%?’_ | uge | | dug/dx|. |
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4.3. The Pseudo Spectral method

The continuity condition on the derivatives of Eq can be rewritten exploiting
Eq[4.39) as:

ea(D3 taq + DY Ta,inn + D uap) = es(Dp ugp + D5 Ug inn + Dituge)  (4.40)

and recalling that u,j = ugy = up, the above condition can be written as:

Ua,a
ﬂa,inn
D¥ DZ (D¥-¢DY) —¢DE —¢D¥|| w | =0 (4.41)
ﬂﬁ,inn
Up,c

where { = €3/e,. The same can be done for the Robin’s boundary conditions of
Eq[.24] which leads to the set of equations:

Ua,a

Ptlzl PC1L2 P(113 0 0 Ua,z'nn ~ [a

0 0 P PR opB||_ " |7y (442)
UB,inn
U/B’c

where the PY elements are defined in Eq By combining Eq and Eq to
write explicitely the dependence of the unknown function u(x,, ;) at the collocations

points x = a, b, c we obtain:

11 13 B
Pa Pa 0 uaﬂ _Pé?uoz,inn + ’}/a
D} (Df’ _ gDél) —DB| | uwp | = | ~DPajn + EDZugin | (4.43)
0 P%l Pg?’ Up,e 7sza,3,inn + Ve
L3xs

where L3ys is a 3x3 matrix. By defining £3X3 the inverse of Lgys matrix and inverting
the problem in Eq/4.43| to find explicit expressions for w4, up, and ug . we obtain:

Uoa _£11P(112 _ ilzDiz I~112§D}32 _ I~113P§2 - L1 s
uy | = —f;QlP}f _ iQZDgQ I~122§Dé2 _ t23P§2 [Zamn} + |L2t .23 |:’Ya:|
U, —I:?’IP}IQ _ f;32Di2 £32§D[132 _ I:33P§’2 Binn I3t e8| Le
(4.44)
that written in a more compact form, becomes:
Yo wil wi2] L1 L3
w | = |W2 W2 [“‘”””] + L2 L 7“} . (4.45)
ug e w3l waz| LUBinn [31 33| Loe
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From the system of equations in Eq it can be seen that:

— 21 22— 23
Payinn = 5aEa Ua,q T+ gaEa Uq,inn + EaEa Up

PBinn = EgE%lub + EgE%fﬂg’mn + €5E%3U57C (4.46)
and by substituting into Eq[4.46] the expressions for uq q, up, and ug . given by Eq[4.45]
we obtain a set of equations which depend only on the inner points of the domains

(i.e. do not appear the unknown functions evaluated at the boundary and interface
collocation points):

coEXW 4 ¢, E22 4+ o EBW2L B W 4 e EPW? Uoinn|
spBF W2+ SgEFWS ey BRW o+ gBR 4 B W (w5 |
_ |:pa7inn:| €O‘Eg‘1 illlﬁya " ]:1376 N gaEg? ]?-‘21%1 " f‘23/yc (4 47)
Ba.inm gﬁE%l L2y, + L2, + 5BE%3 L3y, + L33, )

where the right-hand side of Eq[4.47] represents the known terms. Solution of Eq[4.47]
returns the value of the unknown at all points except at the boundary and interface
collocation points, for which Eq[.45] must be used. Explicit and implicit methods
lead to the same results, however, due to the simplicity of implementation, the
former is to be preferred when solving differential equations (i.e. Poisson’s Equation)
whereas the implicit method can be exploited in the case of eigenvalue problems
since it does not introduce spurious eigenvalues which must be accounted for in the
case of explicit method as shown below.

4.3.4 Eigenvalue problems

As an example, let us consider and eigenvalue problem of the type:
H (u(z)) = \u(z) (4.48)

over a single domain, where u(z) is the unknown continuous and differentiable
function over the x domain [a,b], A is a scalar value unknown of the problem and H
is a linear operator (e.g. differential operator). Boundary conditions are supposed to
be of the Dirichlet type and in particular:

u(z) =0 for x = a,b. (4.49)
The discretized version of Eq is written as
Su = \u (4.50)

where S can be regarded as a Chebyshev differentiation matrix. By writing the
unknown u as a vector of three components, the above eigenvalue problem becomes:

Sll Sl2 Sl3 Ug Ug
S2 822 82| | Uinn | = A |Tinn | - (4.51)
S31 S32 S33 up up

Boundary conditions can be imposed using either the implicit or explicit method,
even though the former can be more convenient.
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4.3. The Pseudo Spectral method

Implicit method

Based upon the steps in Sec for the implicit method to impose boundary
and continuity conditions, it is very simple to derive the eigenvalue problem to solve

that becomes:

Eigenvalues and eigenfunctions solutions of the problem in Eq/4.50] are obtained by
solving Eq A post processing of the results for the eigenfunctions is required to
obtain the value of the eigenfunction at the boundaries, that in this case are simply
ZETO.

Explicit method

By imposing explicitly the boundary conditions we obtain:

1 0 0 Ug, 0
S21 822 82| Ui | = A |Tinn | - (4.53)
0o 0 1 uy, 0

Let us suppose to calculate the eigenvalues and eigenfunctions of the matrix in
Eq[.53] In this case we obtain:

1 0 0 \I/a \IICL
s 82 82| 1T, | =& [T . (4.54)
0 0 1 Uy, Uy,

Eigenvalues ¢ and eigenfunctions ¥ satisfy:

1) U, =¢VY,
2) S?MW, + ST, + SBUy, = £y,

3) \Ifb = E\I/b
(4.55)

Conditions 1) and 3) are satisfied if:
e=1or VY=V, =0 (4.56)

In the case of € = 1, condition 2) of Eq becomes:

Uinn = — (82 —1) 7' (S2', + SPW,) (4.57)

where I denotes the identity matrix of dimension equal to the number of elements of

U;nn and € = 1 is the spurious eigenvalue (in this case its multiplicity is two).
In the case of ¥, = ¥}, = 0, condition 2) of Eq becomes:

S22, = eWinn. (4.58)
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where it can be seen that Eq[4.58 is equal to Eq[4.52] obtained with the implicit
method.

Eigenfunctions obtained with the explicit method by solving Eq[4.54] does not
need a post-processing to add the values of the eigenfunction at the boundaries
(and at the interface points in the case of heterostructures), however, this method
requires a careful evaluation of the results to remove spurious eigenvalues and the
corresponding eigenfunctions. Conversely, implicit method is, in general, of more
difficult implementation and requires post processing to add eigenfunction values at
the boundaries (and interface points in the case heterostructures), but it does not
require to remove any spurious eigenvalue (and corresponding eigenfunction).

4.3.5 Pseudospectral Integral Calculation

According to |[104], PS method allows to calculate integrals by employing the
differentiation matrices used for the derivatives calculations. In fact, let the function
f(z) be continuous and differentiable over the domain x € [a, b]. The integral:

b
- / F)da (4.59)

can be regarded as a particular case of differential equation of the type: v = f(z,u)
where f is independent of w, thus the integral of f(x) without loss of generality can
be written as:

du(x)
dx

Eq4.60| states that the integral in Eq4.59|is equal to I = w(b). It follows that,
according to the Chebyshev discretization matrices:

= f(z) with u(a) =0 and = > a. (4.60)

Dni1Un+1 = fyq1 (4.61)

and by expanding into blocks the differentiation matrix we obtain:

D1 pl2 m fa
[Dm D22:| [Uz:n] = [f } (4.62)
where u, = u(z = a) = w(0) and wip, = u(x;) with ¢ = 1,..., N. Boundary

conditions on u(x) reported in Eq can be imposed as explained in Sec by
removing the first column and row of the differentiation matrix Dy obtaining:

D**Tinn = finn- (4.63)

Since the relation I = u(b) gives the value of the integral in Eq it is necessary
to invert the problem in Eq to write explicitly the dependence of Win, on f;,,,:

Uipn = D227 (464)

nn
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4.3. The Pseudo Spectral method

where D?? is the inverse of D?2. Recalling that u(b) equals to the last element of the
vector U;,n, the calculation of the integral I requires only the last row of the matrix
D22

where Wl € R™N is the row vector given by the last row of the matrix D?2.

The integral of the function f(x) in Eq can also be calculated using and
alternative and better approach as reported in [104]. Recalling that within the PS
method, a function is approximated by using a polynomial interpolation function
(see Eq, the integral of the function f(x) can be written as:

/ab f(x)dr ~ /abp(:v)d:n - ji::o </ab gj(x)d:c> u(z;), x € [a,b] (4.66)
h;

where the terms h; represent the weights of the Clenshaw-Curtis quadrature formula.
It can be demonstrated that Eq gives marginally more accurate results than

Eq[£67) [104).

4.3.6 PS method for bounded periodic domains

The PS method can be used even in the presence of bounded, periodic grids. As
for the case of non-periodic domains in Sec[4.3.1] the method starts by writing the
periodic function u(#) € C by using a polynomial expansion, and using a trigonometric
interpolating polynomial instead of a Lagrange polynomial (see Sec.

The domain 6 is [0, 2] and the number of grid points N on the periodic grid is
supposed to be even, hence, 6; = 27i/N where i = 1,..., N. The function u(6) can
thus be written similarly to EqM.15}

N
u(0) = p(0) = S(0 - 0;)u(b;) . (4.67)
j=1
where S(6 — 6;) is a unique trigonometric periodic function in L? of degree N/2 (i.e
given by a linear combination of e “N/2)0 ¢ +iN/2)0) that interpolates u(f) in
the the discrete points 6; on the equispaced domain, and it is given by a periodic
sinc function:

sin (%)

S0) = ———=~.
©) Ntan (g)
As for the Lagrange interpolant function of Sec[4.3.1]for nonperiodic domains, Eq
is such that u(6;) = p(6;) since:

1, 0, =0,
SE=0)=10, 0,20,
y Ug R

(4.68)
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The first derivative of u(f) calculated in the collocation points u(6;) is given by:

N
u'(60:;) ~ p'(0:) = D S'(0; — 0;)u(b;) — Ty ~ Dy Ty (4.69)
ij=1
where, according to [104], Dg v € RV is a a skew—symmetric (AT = —A) Toeplitz

matrix where the last column of Dy x is given by:
0, i=0(modN)

%(—1)icot <Z£> , 1 # 0(modN)

Dy n(i,N) =

Second derivative of u(6) is calculated by using the second order differentiation
matrix:
—//

un = Dj Ny (4.70)

where Dg n can be calculated as the squared value of Dy y according to Eq
requiring O(N?3) floating point operations, or it can be calculated directly according
to [104] obtaining a Toeplitz matrix where the last column of D3 ,; is given by:

M1

12 6’
(-1)"

_ Y 2 0(modM

2sin? (%) i 7 0(mod M)

i = 0(modM)
Dg,M (Z7 M) =

The operations required for the calculation of the derivative in Eq4.70[4.71] over
M points are O(M?). Moreover, since a periodic grid in the real space 6 is much
like an infinite grid with the semi-discrete Fourier transform, the derivatives can be
calculated by means of the DFT requiring only (NlogN) operations |104].

4.3.7 Integrals over periodic domains

Let us suppose to calculate the integral of a function periodic f(#) over the
domain 6 € [0, 27] continuous and differentiable:

= [ £(6)do. (4.71)
0

By writing the function f(€) by means of the trigonometric interpolant of Eq

we obtain:
N

2T
I=>" ( i S0 — ej)cm) £(65) (4.72)

J=1
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leading to the final expression for the integral:

2T N
I== ]Zlfwj), (4.73)

which corresponds to the trapezoidal rule for a periodic domain and it is the exact
integral of the interpolant function p(#) through the given data values f(6;). Moreover,
it can be demonstrated that for smooth integrands the periodic trapezoid rule
converges extraordinarily fast [104].

4.3.8 Two dimensional domains: rectangle

The PS method can be extended quite easily to a 2D domain. This is the
case for a rectangular domain defined over x = [a,b] and y = [¢,d]. The z and y
domains are set up on independent Chebyshev collocation points in each direction
zi, 1€[0,1,...,Ny]and y;, 7 € [0,1,..., N,]. We also suppose that the sorting of the
vector of the functions u(z,y) is Uzy = [u0,0,- -, U0,N,, U105 - UL N, - - ,uN%Nm]T
with Ty, € CH(NeTDNy+1) hence, the points over the # — y plane are sorted as in
Figll.7 for N, = 6 and N, = 5. The approximated function over the 2D Chebyshev

X
o[ |1 |2 3 4 96
7118 |9

41

Figure 4.7: Chebyshev grid for a 2D domain with points sorting. N, = 6 and
N, = 5, total number of Chebyshev points is (N, + 1)(NV, + 1).

domains is written as in Eq resorting to the Lagrange basis polynomials:

Nz Ny
u(z,y) ~ pl,y) =Y L) Le(y)ulas, k). (4.74)
=0 k=0
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By exploiting the matrix formalism, Eq can be rewritten by using the Kronecker
product ® between two matrices defined as:

al bl a2 b2

1 2 a b cl di c2 d2
[3 4}@’[(: d]_ a3 b3 | ad bl (4.75)
3 d3 | c4 d4

Hence, according to the sorting of the unknowns and by defining D, y,+1 and
Dy n,+1 the differentiation matrices calculated according to Eq for the x and y
domains respectively, the 2D mixed derivative 9%/(0x0y) can be written by using
the differentiation matrix Diy as:

02 _
8T8y = (Dy,Ny—‘rl &® DI,NZ-H) U(N,+1)(Ny+1)- (476)

2
Dz,

Following the same approach that makes use of the Kronecker product, for the
k-derivative along = or y coordinates, holds:

D}, =In,+1 @ Di y, 1
D;, =D} v 11 ®In, 11 (4.77)

where Iy, 41 denotes the identity matrix of dimensions N, + 1.

4.3.9 PS method over a circular domain

For circular regions it is convenient to write a generic differential or eigenvalue
equation by changing the coordinate system from Cartesian to polar. Moving to the
discretized domain, this means that, according to Sec[£:3.1] and Sec[4.3.6] the domain
can be discretized by using non periodic Chebyshev grid r; with i € [0,1,..., N,]
along radial direction and a uniform periodic Fourier grid 6 with k € [1,..., Ng]
along 6

r€[0,a], 6€]0,2n]. (4.78)

A generic function u(r, ) can be approximated by the following equation:

Ny Ny
u(r,0) = p(r,0) => £;(r) Y S0 — O)u(ry, ). (4.79)
j=0 k=1

It must be noticed that the discretization of the circular domain in Figl4.§ can be
problematic for differential of eigenvalue problems due to the degenerate point at
r = 0. To overcome this issue, among different possibilities the discretization of the
domain is done in a different way considering r; with ¢ = 0,1,..., N, with N, odd
number and 6 with k = 1,..., Ny with Ny even number as reported in Sec[4.3.6|
and:
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4.3. The Pseudo Spectral method

Figure 4.8: Discretization of a circular domain according to Eq with N, =6
and Ny = 8.

r € [—a,a], 6€]l0,2n] (4.80)

The sketch of the polar domain according to Eq[4.80] is shown in Fig[4.9) and the
corresponding differentiation matrices for the first derivatives over the one-dimensional
r and 6 domain are:

D, n, 1 € ROFIXNAD -y, e ROVox(No), (4.81)

Let us suppose that the radial Chebyshev points are sorted as in Fig and that

Figure 4.9: Discretization of a circular domain according to Eq with N, =9
and Ng =38

the vector @, g € ROV TDNe g sorted as:

Up,§ = Urg,015 - -+ 5 Urg,On, o Wr1,000 + > Ur vy 110N, UTNT+1+1791’ cos Uy, 0N, (4.82)
2 2
Vv Ve
u7‘>079 u7‘<0,9
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N2[+ 144 N2[+ 1
N, \ ¥ 0

Figure 4.10: Sorting of the radial points.

leading to the numbering of the points on the circular domain reported in Fig[4.11]
After defining the differentiation matrices for the r» and § domains, one would be

4

Figure 4.11: 7 — 0 domain with sorting of discretization points.

tempted to calculate the the r, 8 derivatives or mixed derivatives as reported in

Secl4.3.8] as:

ou(r,0) _ (2D) 7
o~ D1 @ Ing ) T = Dyy )y, Uro
ou(r,0) - (2D) 0
20~ (Inw41 ®@ Do,ny) Uro = Dy 1y, U6
0u(r,0) - (2D),2 [
o0~ Drne+1 @ Do) Ure =Dy (11 v, Uro (4.83)

where the (2D) apex denotes that the corresponding matrix must be applied to
the function defined over the 2D polar domain. However, the discretization of the
circular domain (see Eq leads to redundant informations in the mapping of a
generic u(r, 0) point, because:

u(r,0) = u(—r,0 + ). (4.84)

Fig[d.12| reports the r — 6 space divided into four regions and it follows that regions
III — IV are clearly redundant with respect to regions I — I, or the vice-versa.
Hence it will be used a simplification in the final differentiation matrices in order to
remove any redundancy. To do so, let us suppose that the index ¢ for radial points
isi1€0,1,2,3 and for 6 points is £k = 1,2,3,4 and we want to compute the first
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+a
| I
ro
m v >
B ™ o1

0

Figure 4.12: r — 6 domain representation. Regions II1] — IV are redundant with
respect to regions I — I, or the viceversa, and can be removed.

derivative along radial direction. The differentiation matrix for the 1D radial domain
is written into blocks:

0,
5 Iy I3 I rs Mo
0, 0,
03
Figure 4.13: Disk discretization with r; with ¢ € 0,1,2,3,4,5 and 6 with k =
1,2,3,4.
[ D! D2 DB D DY D% 7T wu(r) ] [du(r)/dr|o
D2l D22 D D* D?» D2 u(ry) pr>0 du(r)/dr|y
D3 D32 D¥ D3 D% D3 u(ry) | du(r)/dr|s
D% D DB D D% DB u(rs) | du(r)/dr|s
D5 D52 D53 D D5 D56 u(ry) pr<Y du(r)/dr|s
| D¢ D2 D3 D% DS DO | u(rs) ] | du(r)/dr]s]
(4.85)
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that written in a more compact form becomes:

f)}\/llr ]:N)}\/QIT Up>0| dﬂ/dr|r>o (486)
]3?\/1& ]N)%V% Up<0 o dﬂ/dT’T«) )

where f)%lr € RMxMr and M, = (N, +1)/2 with N, odd number. The first derivative
along 7 in the 1D 7 space is given by:

DM u(rg) + D2u(ry) + DBu(ry) + DMu(rs) + DYBu(ry) + DOu(rs). (4.87)

If we now move to the 2D domain where the sorting of the points in polar coordinates
is the one reported in Eq the first derivative along r for a fixed 6 value (i.e.
01) at the point (rg, ;) can be written by taking the product of the first row of the

matrix Dfﬂ?@% )N, defined in Eq}4.83| by the column vector %, g:

Dnu(ro, 1) +D12u(r1, 01) +D13U(T2, 01) —|—D14u(7“3, 1) +D15u(7‘4, 01) +D16u(7"5, 01)

(4.88)
Redudancy in Eq can be removed thanks to Eq in fact:
u(rs, 61) = u(ra, 03)
u(ry, 01) = u(r1, 03)
u(r5, 91) = u(T'(), 03) (4.89)

By substituting Eq into Eq the first derivative along 7 at the point (g, 0;)

is given by:

DHU(T‘(), 1) —I—D12u(r1, 01) +D13u(7“2, 1) +D14u(r2, 03) +D15u(7"1, 03) —l—DlGu(To, 03)

(4.90)
and it can be seen that Eq[4.90] depends only on positive r values, that is, the
redundancy in Eq has been removed (as shown in Fig. By extending the
same procedure for all other points of the (r,6) domain, the first derivative along r
direction and by defining M, = (N, + 1)/2, can be written as:

D D16 D 12 D15 D13 D 14 Urg,01
D1 D16 D 12 D15 D13 D14 Urq,09
D16 D11 D15 D12 D14 D13 Urg,03
16 1 15 12 14 13 Upg.0
D21D D26D D22D D25D D23D D24D ur(l)ﬂ;l
D(QD) - _ D21 D26 D22 D25 D23 D24 Up, Gy
7, M Ng>0,0 = | ‘26 D21 D25 D 22 D 24 D23 Upy 05
D26 D21 D25 D22 D24 D23 Up, 0,
D31 D36 D32 D3 D33 D34 w ’0
D31 D36 D32 D3 D33 D34 u”’ !
D36 D31 D35 D 32 D34 D33 72,02
D36 p3 D3 D32 D3  p33 | |Yr2ts
L _ur2,04_
(4.91)
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2D),k _ o
where D£ M)}V € RMrNoxMrNo and r>0,0 € RMrNo with Ur>0,0 = Urg,0y5 -« - > Urg Oy, s Uri B - - -
Eq[4.97] can be rewritten for a k order derivative along r direction in a more compact
form by resorting to the matrix partitioning of Eq[4.86}

5 U’I‘MT,GNQ .

I 0 ~ 0 I
DEDE _ Rl o [ Ny /2 } L2 [ Ng/z} 199
r,M,.Ng — M, 0 IN9/2 M, IN9/2 0 ( )

where Ejl\/ik denotes the D}\/erk € RMxMr ghtained by partitioning the matrix for
the k derivative along radial direction (f)f N,+1 is obtained as reported in Eq
according to Eq where the columns of ﬁﬁrk have been left-to-right flipped:
E 7" (., 0)=Dy7"(;, M, — 1 — i) with i € 0,1,...,M, —1. The first term of the
summation in Eq[4.92]is given by the matrix coefficients circled with solid line in

Eq[.91] whereas the second term by the dashed-line circled elements in Eq[4.91]

It is interesting to note that the initial matrix for the first derivative along r
(2D)
T‘,(NT+1)N9’

results due to the non-unique mapping of the generic point (r,6) in the circular
domain given by the choice of radial discretization points reported in Eq (that
has been introduced to avoid the degenerate discretization point at r = 0), whereas,

according to the considerations sketched in Figlf.12] and after some manipulations of

reported in Eq4.83 has dimensions (N, + 1) Ny and returns redundant

the D o N) )N matrix, it is obtained the new matrix for the first derivative along

r Dg]\?[) N, reported in Eql4.92 (first derivative is obtained by setting k = 1) with
reduced dimensions and without redundancy. Based upon same considerations for
the 6 and mixed derivatives, and by defining M, = (N, + 1)/2 the new differential

operators on the circular domain become:

(W ~ (Djl\}k ® Ige I(:,g + Bt Iig I?]) Upp = ng\j?[ZJl\CfGUrH
2 >
W ~ (Ta1, @ Do,n,) Tro = Diyy1) N, T
W ~ (DH " @ Dyly, + By @ FY N9> Urp = D%%f]veﬂr,e (4.93)
where

Ezl\i;k( i) =Dy (M, —1-1i), i€0,1,...,M, 1
Fh oy, = [Dha, (5 Ng— 1) Dy, (,0: 52 — 1) (4.94)
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4.4 Numerical solution of the Schrodinger equation

Z
A

g
~ |

ox d Y > T

(a) Nanowire section. (b) Flat potential profile with potential bar-
rier ®g.

T

Figure 4.14: Sketch of the simulated nanowire.

4.4.1 Simulation results: ideal circular quantum well without wave-
function penetration into the oxide

Isotropic quantization masses

For ideal quantum wells with a flat potential profile U(r,0) = 0eV, without
wave-function penetration into the oxide, for isotropic quantization masses, and
without taking into account non parabolicity corrections, the eigenvalues of Eq4.1]
can be analytically calculated:

K2 2lm.n 2

where d is the nanowire diameter, ji,, , is the n—th zero of the Bessel function of
the first kind and order m, with m = 0,£1, 42, +3,.... The exact solutions of the
problem have been used as the reference to evaluate the accuracy of the proposed PS
numerical method. Since m in Eq[4.95] can be either positive or negative, there are
couples of degenerate eigenvalues as shown in Tab[4.1] Figld.15| shows the square
modulus of the calculated eigenfunctions with the PS method and Fig[4.16] shows
the comparison between analytical eigenvalues obtained with Eq[4.95] and numerical
eigenvalues obtained with the PS method described in Sec/4:3] Simulation results
are for silicon with [100] transport direction and for Aqjgo) valleys, namely, those

114



4.4. Numerical solution of the Schrodinger equation

n. eigenvalue energy [eV]

1 0.1855
0.4711
0.4711
0.8462
0.8462
0.9776

DU WN

Table 4.1: Eigenvalues obtained with Eq for silicon with [100] transport direction
and for the valleys with isotropic quantization masses (i.e. those with the main
ellipsoid axes aligned with transport direction with m;=0.92 mg and mgyqnt=0.19
mg). d is 5 nm and results are obtained without wave-function penetration into the
oxide.

with the main axes aligned along transport direction. In Fig[4.16p it can be noticed
that the PS method used in this thesis allows an exponential decrease of the error
with the number of discretization points. Fig[4.17 shows the comparison between
numerical and analytical eigenvalues for different nanowire diameters.

4.4.2 Simulation results: Ideal circular quantum well with wave-
function penetration into the oxide

In this section we show simulation results obtained under different approximations
for the oxide that can be found in the literature and without including non-parabolicity
corrections. We solve the Schrodinger equation in two cases: assuming an infinite
potential barrier ® 5 between semiconductor and oxide, that is, neglecting the wave-
function penetration into the oxide, or allowing the wave-function to penetrate the
oxide. In the latter case, we still have two options: a) approximate the oxide using the
same semiconductor effective masses but using the electron affinity of the considered
oxide (this allows to impose only the continuity of the envelope wave-function and of
its derivative at the semiconductor-oxide interface); b) simulate the oxide using the
proper effective mass and electron affinity which requires more complicated continuity
conditions.

Fig[.18) shows that, expecially for the InAs case, either the assumption of
infinite potential barrier ® 5 between oxide and semiconductor (i.e. no wave-function
penetration into the oxide), or, the approximation for the oxide material using
the semiconductor effective mass but with the electron affinity of the oxide, lead
to significant differences compared to the complete treatments (triangles). The
discrepancy between triangles and circles or squares in Fig[4.18]is stronger for InAs
with respect to silicon and this is expected due to the low effective mass of the InAs.
Therefore, it seems very important to properly account for the oxide material by using
the correct value of the effective mass, hence, by imposing the continuity conditions
of Eq We here notice that, for both silicon with [100] transport direction and
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0
z [nm]

(a) n=1

0 0
z [nm] z [nm]

0
z [nm]

(d) n=4

0 0
z [nm] z [nm]

(e) n=5 (f) n=6

Figure 4.15: Square modulus of the wave-function for different eigenvalues n, for
silicon nanowire with [100] transport direction and diameter d of 5 nm and Tox=2

nim.

for the fundamental isotropic valley for InAs, the tensor of the effective masses is

isotropic (see FigfA.4), therefore, the continuity condition in Eq that in principle
leads to a dependence of the eigenvalues on k., reduces to the much more simple
Eq that does not involve k.
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T T T T T
O—On=1 A—An=4 T
1.20 GOn-2 he5 n o—on=1 |
n=3 n=6 o—n=2
1,00 o e ] 2
9, I R S W S —") S A—An=4
(U 3 n=5
> - n=6
S 0.60- - 5 . : .
5 0,40 BB O8O —8-——a) W 1540 RN _
0.20F®o0-0-0—6—0—0—0—06—=a1 \ﬂﬁ;{r
0.00 I I I I I AT, 1 T
0% 50 700 150 200 250 300 0 50 100 150 200 250 300
Discretization points Discretization points
(a) Eigenvalues versus discretization (b) Absolute error between numerical and
points. Dashed-lines are the analytical analytical results.

eigenvalues of TabJ4.]

Figure 4.16: Results obtained for silicon with [100] transport direction and for
the valleys with isotropic quantization masses (i.e. those with the main ellipsoid
axes aligned with transport direction). d is set to 5 nm, the semiconductor-oxide
barrier height is assumed to be infinite and we used a parabolic dispersion relation.
Numerical results are obtained for different number of discretization points.

no
o

| ! | !
— analytical eigenvalues
e—eonumerical eigenvalues |

Energy [eV]
5

o
(4

0.0

Figure 4.17: Comparison between numerical and analytical eigenvalues for different
NW diameters d. Analytical eigenvalues are obtained with Eq[4.95] whereas numerical
eigenvalues with the PS method and with 50 discretization points. Results obtained
for silicon with [100] transport direction and for the valleys with isotropic quantization
masses (i.e. those with the main ellipsoid axes aligned with transport direction).
We assume the semiconductor-oxide barrier height to be infinite and a parabolic
dispersion relation. n denotes the eigenvalue index.
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o—o Infinite o,
00 Mg, =My
A—AMe, =M,

empty symbols : A, valleys _
filled symbols: A, valleys

T 1 1 =i
4 6 8 10 12 14 16 18 20
d [nm]
(a) Silicon—SiO2 with 100 transport direction. For the two
cases of wave-function penetration (squares and triangles)
®p=3.15 eV. The oxide mass is mg;02=0.5 mo.

2.5 | L DL L DL L L L
d o—o Infinite o
2.0 m_=m -
—_— O oy InAs
= A—AM,=Myyo,
—1.5 —
>
D
o 1.0] -
c
L

|

o
(4}

0.0 L1 1 1

4 6 8 10 12 14 16 18 20
d [nm]

(b) InAs-Hf02 with only I" valleys. For the two cases of wave-

function penetration (squares and triangles) ® p=2.4eV. The

oxide mass is mpf02=0.11 mg [106]

Figure 4.18: Comparison between parabolic eigenvalues for different nanowire
diameters obtained for silicon and InAs. Circles: results obtained by assuming an
infinite potential barrier ®p between oxide and semiconductor. Squares: results
obtained by approximating the oxide by using the semiconductor effective mass but
with the correct electron affinity for the oxide. Triangles: results obtained including
the effective mass of the oxide. Results obtained for a flat potential, with Tox=2nm.
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Silicon [111]

So far we have considered two cases (silicon with [100] transport direction and
InAs with the fundamental T" valley) where the continuity conditions do not involve
k.. We here consider the case of Silicon with [111] transport direction and wave-
function penetration into the SiO2 oxide. The continuity conditions between the
semiconductor and the oxide for the solution of the Schrédinger equation are given
in Eq[4.9 and, it follows that, given the tensor of the effective masses in DCS for the
three ellipsoidal A—valleys reported in Fig[A.4] k, enters the continuity conditions
through the coefficients A(6), B(d) and C(0) in Eq[4.9] The lowest eigenvalue for
the three ellipsoid as a function of k, is shown in Fig/f.19] and, as expected, it is
threefold degenerate for k, = 0. Due to the crystal orientation specified in Fig/4.19]

01065771 T T T T 71
L G—OA[mO] R
— A
S 0.1062 E—H1%010] D
90,
50.1060
o
c
:::::::--: ————————— S

0.1055 T [N TR NN S N SO A T

k [nm]

Figure 4.19: Parabolic eigenvalues versus k, for the three A valleys with transport
direction z=[111]; the quantization plane coordinates are y=[110] and z=[112] where
the miller indexes are given in CCS. d=5 nm and the oxide is SiOy with Tox= 2 nm.

only Ao and Apgyq) valleys depend on the k; vector. Moreover, subband minima
are weakly affected by the k, even at large k, values, hence we decided to neglect the
k. dependence on the boundary conditions using, for all simulations in this thesis,
Eq[4.10] instead of Eq[4.9} It must be noticed that Eq[4.10]is exact when the entries
Wgy and wy, of the tensor of the inverse effective masses are zero (see Eq, that
is for isotropic valleys in the quantization plane or, for example, for silicon with [100]
transport direction.

To further investigate our choice to neglect the k; dependence for subband minima
due to the continuity conditions, we show the energy dispersion relation E(k,) for
two cases (with the energy referred to the valley energy minimum). In the fist the
total energy dispersion relation for a carrier inside a silicon A—valley with [111]
transport direction without non parabolic correction is written as:

h2k2
2my

E(ky) = eynlks) + (4.96)
where the k, dependence of ¢,,, derives from the continuity conditions of Eq
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whereas, in the second, we neglect the dependence of the eigenvalues from k, using
the continuity conditions of Eq/4.10}

B(ky) = cyp + 2 (4.97)

According to Eq[B-33] and to the coefficient of the tensor of the inverse mass in DCS
of Fig[A4] m, equals to 0.4320 my for all the A—valleys. Fig[4.20| shows that the
deviation between results obtained by using Eq[4.96| and Eq[.97] is almost negligible,
hence confirming our defendable choice to use a simplified version of Eq[4.9] for the
continuity conditions given by Eq[4.10} Therefore, in the presence of wave-function
penetration into the oxide, even in the general case, k, does not enter the continuity
equation, hence, eigenvalues and &,(r, 6) (see Eq do not depend on k, leading
more manageable equations for scattering rates.
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Figure 4.20: Energy dispersion relation for silicon with [111] transport direction, for
the Apjgg) valley and for the lowest three eigenvalues. Transport direction z is [111],
and the quantization plane coordinates are y=[110] and z=[112]. d=5 nm and the

oxide is SiO92 with Tox= 2 nm. Results obtained using Eq (squares) and Eq
(circles).

Fig shows the first nine eigenvalues obtained for silicon with [111] transport
direction and, as expected, are three-fold dengerate

4.4.3 Simulation results: nonparabolicity correction

Simulation results in this section are obtained for the system Si-SiO2 and InAs-
HfO4 by using the continuity conditions in Eq Fig shows that the impact
of nonparabolicity corrections is stronger for InAs and it is due to a combination of

lower effective mass with respect to silicon and a larger non parabolic coefficient «
as shown in Tab[2.1l
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4.4. Numerical solution of the Schrodinger equation
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Figure 4.21: Eigenvalues for the three A valleys with transport direction x=[111],
y=[110] and z=[112] where the miller indexes are given in CCS. d=5nm and the
oxide is SiOg with Tox= 2 nm. Results obtained by using continuity conditions of

EqfiT0
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(a) Silicon—SiO2 with 100 transport direction. ®p is 3.15
eV and the oxide mass is mg;02=0.5 mg.
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(b) InAs-Hf0, with only I valleys. ®p is 2.4eV and the oxide
mass is mg r02=0.11 mg [106]

Figure 4.22: Parabolic (circles) and nonparabolic (squares) eigenvalues obtained with
Eq[C3§ for different nanowire diameters for silicon and InAs. Bulk semiconductor
parameters are given in Tab Results obtained for a flat potential, with Tox=2nm.
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4.5. Self consistent Schrodinger - Poisson equation in a circular
domain

4.5 Self consistent Schrodinger - Poisson equation in a
circular domain

The electrostatic behavior of the device in Figld.3| is simulated solving the
Schrodinger equation Eq4.1]self-consistently with the Poisson equation in the circular
slice obtained by writing the laplacian of Poisson equation in polar coordinates as in

Eq[4.3] obtaining:

% 19 107
(st Tt g ) 900) = —p(r.0)

=e(—n(r,0) +p(r,0) + Np(r) + Na(r)) (4.98)

where ¢(r,0) is the potential, p(r, 6) is the charge density, n is the electron density,
p is the hole density (that in this thesis is neglected since the aim is to investigate
the properties of nMOS devices that are fully depleted), Np is the density of donor
dopants and N4 the density of acceptor dopants. For the boundary conditions of
the Poisson equation, we impose Dirichlet boundary conditions at the boundaries of
the nanowire, and, at the discontinuity between oxide and semiconductor, we simply
use Gauss law.

The coupled solution of the Schrodinger and Poisson equation requires an iterative
loop. At the iteration k, we solve the Schrodinger equation in a circular slice using
Eq for the potential ¢(*) (at the first iteration we use a first guess for the potential),
then, with the obtained wave-functions and eigenvalues we calculate the charge by
using Eq[C.42] that includes nonparabolicity corrections. Now, in order to obtain
an efficient convergence of the Schrodinger-Poisson loop, instead of using the linear
formulation of the Poisson equation given in Eq[4.98] we employed a non-linear
formulation of the Poisson equation [107], where we assume that the electron charge
n for a given point in the (r,#) space, exponentially depends on the potential:

e(¢—0())
n(¢) =nexp 8T (4.99)

where ¢(®) is the potential used as an input for the Schrédinger equation, that is the
potential produced by the Poisson solver at the previous iteration. With the new
potential ¢tV obtained by solving Eq by substituting the electron charge n
with Eq[4.99] we solve the Schrédinger equation till convergence is reached.

Fig[4:23|shows the electron density per unit volume at the equilibrium in a circular
section of a silicon nanowire with a diameter d of 10 nm and 5 nm, [100] transport
direction and with wave-function penetration into a 2 nm thick SiOs obtained with
a self-consistent Schrodinger-Poisson solution in a circular slice. It can be seen that
the electron density is appreciably anisotropic for large Vg biases and d = 10 nm
(Fig), because the squared magnitude of the wave-function associated with the
lowest eigenvalues with transport mass m;=0.19 my and anisotropic quantization
masses featuring m,=0.92 my and m,=0.19my (or m,=0.19 my and m,=0.92 my) is
strongly anisotropic.
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Figure 4.23: Volumetric charge density in units of [em™3] for Silicon—SiOs with
[100] transport direction for different Vgg and nanowire diameters d and with the

same gate oxide capacitance Cpp = 27, /In][(ryw + Tox)/raw]. ®p is 3.15 eV and
the oxide mass is mg;02=0.5 myg.
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4.6. Scattering Mechanisms

4.6 Scattering Mechanisms

In this section we give the explicit equations for the matrix elements for acoustic
and optical phonon scattering and Coulomb scattering whereas the derivation of the
matrix element for surface roughness has been already discussed in Sec[3.6] Then,
scattering rates are calculated by means of Eql5.24]

4.6.1 Matrix element for acoustic and optical phonon scattering

By embracing the elastic and isotropic approximation, the squared matrix element
for the intra-valley acoustic phonon is given by [107]:

D2 kpT

2
pLNWUsound

2
(M| = Fp (4.100)
where D, is an effective deformation potential for acoustic phonons, p is the density
of the semiconductor material, vspyng is the longitudinal sound velocity in the
semiconductor material and F;, , is a form factor defined as:

+m 0

Fa = [ @0 [[dr 160 0) g (00 (4.101)

—T 0

where &, (r, 6) is the solution of the eigenvalue problem of Eq
For intra-valley optical phonon scattering, the squared matrix element for the
transition from state k; to & is given by [107]:

D2 hE,
2 op 't n,n Nop(hwph)
| Mo (ke Ky)|” = 2L (Nop(pmp:in) (4.102)

where D,,, is the optical phonon deformation potential, wyy, is the phonon angular
frequency and Nop,(hwpy) is the phonon number given by the Bose-Einstein statistics:

1

ﬁwph
ekBT — 1

N,

op(Awpn) = (4.103)

The upper and lower choices in EqJ4.102] correspond to absorption and emission
phonon processes, respectively. Optical phonon scattering can also assist transitions
between subbands belonging to different valleys (inter-valley scattering) where the
allowed final valleys depend on the selection rules which are thoroughly discussed
in [107]. In this case, the squared matrix element can be demonstrated to be the
same as in Eq [107], but in the scattering rate calculations it must be properly
accounted for the multiplicity of the final valleys for a given phonon type that can
couple electrons belonging to different valleys [107]. The values for the D,. and D,
for silicon have been taken from [107].
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4. Nanowire MOSFETSs

4.6.2 Coulomb scattering

In this section we discuss calculations for the Coulomb scattering matrix element,
and as a first step we derive the expression for the potential in a cylindric nanowire
produced by a point charge.

Perturbation potential produced by a point charge

In many papers the perturbation potential ®, produced by a point charge has been
calculated assuming an homogeneous dielectric constant for oxide and semiconductor
(0w = €sct)- For a nanowire with few nanometer radius, however, image charge effects
produced by difference in €,, and 4.+ can be important. Hence, in the following we
will assume different dielectric constants for oxide and semiconductor.

Let us write the Poisson’s equation for the potential G(R,Ryg) produced by a
point charge located in Ry:

V2G(R,Ry) = 70(R — Ry) (4.104)
where:
Esct
ro = TNW
"}/ = EO.’E
1 ro <rnw

The G(R,Ry) denotes the adimensional Green’s function of the point charge and
the electric potential produced by a charge distribution p(Ryg) is then given by:

(R) = ¢ / G(R, RO)”(:‘O)dRO. (4.105)
Ro

It should be noted that in Eql4.105| the dielectric constant at the denominator e is
independent of Ry because of the definition of v in Eq[4.105] We can rewrite the
equation for the Green’s function in cylindrical coordinates (R = (r, 6, z)) obtaining:

V2G(R,Ro) = V*G(,/ 5 )

70,00,%0

1
= ;5(7“ —19)d(0 — 0p)d(z — x0) (4.106)
where the Laplacian of the Green’s function is given by:

10 0? 1 02 0?

;E + w + 1”72@ + @ (7“01:’990,,9‘0750)' (4.107)
We now recall that, in the modeling of the nanowire we have assumed that all the quan-
tities are periodic along the transport direction z in the interval [—Lxyw /2, Lyw /2]
(as explained in Appendix @ and , hence =,y € [—Lyw/2, Lnw /2]. Moreover, 6
in Eq[4.106) is an angle, so that we have periodicity also with respect to 6 and, in
particular, 6, 6y can be taken as belonging to the [—m, 7] interval.
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4.6. Scattering Mechanisms

Hence, in Eq{4.106|it is implicitly assumed that the Dirac functions 6(6 — 6p) and
0(x — xp) are periodic. We can thus exploit the Fourier series and write that:

30— 00) =) _ el (4.108)
l
where [ = 0,£1,+2,... and:
L / 5(0 — 0p)e™M0=00) g — L (4.109)
T 2 '
We thus obtain: )
il(6—00)
30— 00) = o Zl:e o (4.110)
Similar considerations apply to d(x — zg) in Eqi4.106| In fact:
d(z — x0) Z Cq eld(@==0) (4.111)

where ¢ = n27/Lyw with n = 0,+1,+2,... and:

+Lnw /2
1 —ig(z—wo) 1
=7 — 0(x —xp)e dzx = - (4.112)
NW NW
—Lnw/2
which lead to:
5z — eil(z=wo) 4.113
o) = S (4.113)
By assuming that G(R, Ry) is periodic over 9 = [—m, 47| and along the transport
direction over x = [—Lyw /2, +Lyw /2], we can make the ansatz:
0, 1(6—0
G(,las,) = mZG,q r, 1) €il0—00) giaa—z0) (4.114)

zq

where Giq(r,70) is the reduced Green’s function. By inserting Eq{4.114{into Eq{4.106
we obtain the equation for the reduced Green’s function:

2 19 4, 7
<8T2 + - i B ) Giq(r,m0) = 7(5(7' —7r0) (4.115)
Before solving Eq it is necessary to impose boundary and continuity conditions:
Gig(rnw + toz,70) =0 metallic gate is assumed
0G 1, (TN OG, (T,
65075M = soxM continuity of the displacement vector
or or
+
0G
/lq(rro)d S Gauss law
or 70
o

(4.116)
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Analytical expression for the reduced Green’s function Giq(r,79) can be worked out
as |67] leading to:

rg < 'NW

arli(qgr) 0<r <
Giq(r,ro) = § bili(gr) + a1 Ki(qr) ro < v < Tse
dlll(qr) + flKl(qr) Tset < T < Tset + tox

(4.117)
rg > INW

aoli(qr) 0 <71 <rse
qu(T‘, 7’0) = bQIl(qT’) + CQK[((]T) Tset < T < T0
ngl(qr) + ngl(QT’) ro <7 < Tset + tox

where I; and K are the modified Bessel functions of the first and second kind,
respectively, and coefficients a,b,c,d, f1,2 can be found in [67].

Fig[4.24] shows some examples of reduced Green’s functions. Moreover, as can
be seen also from Figi.24] G, is symmetric (i.e. Gig(r,70)=Gq(r,70)) and this is
expected because §(r — rg) = d(ro — r). The potential produced by the point charge
(Dp(ro?:go’fvo) is real-valued because (Gl,q)Jr = (G_4) and (leq)T = (G},—q)- Finally,
the electrostatic potential in (r,6,z) produced by a point charge in (rg, 0o, zp) is
given by:

o ( r,0,x ) €
p

70,00,%0

= G (1, 7o) 0—00) gia(@=z0) 4.118
Tz 22 Clrro) (4118)
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Figure 4.24: Reduced Green’s function obtained obtained for the Si-SiOy system
with ryw = 3nm, t,: = 3nm.
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4.6.3 Matrix Element for Coulomb Scattering

The unscreened matrix element for Coulomb scattering is given by:
Mn,n' (ROa qw) = /\I/n,kz (R) scatt(R RO) k., (R) dR (4119)

where ¢, = (k!, — k;) and where we drop the valley notation since Coulomb scattering
is an intra-valley process. ¥, . (R) = VU, 1. (r, 6, x) and is given by:

ei kyx

vV LNw

D01t (R, Ryp) is the potential produced by a point charge defined in Eq{4.118
By substituting the scattering potential of Eq[4.118into the unscreened matrix
element of Eq we obtain:

\Iln,k:c (Ta 0, .T) = n (T; 0) (4.120)

2 —+m +LNW/2
€ ks
Mn,n’(ro,zg,zo) = m /d@/ rdr / dx él’(rv g)fn(r,e)el(kz kz) %
—Lnw/2
X Y Glog(rmo)elte0 ) htele0), (4.121)

lch

If we write &,(r,0) as in Eq and notice that, according to Appendix

+Lnw/2
/ iha=katae)® gp — 5, (4.122)

LNW ’

—Lyw/2

—+m

1 ,
— [ I g9 = 5, 4.123
. / e [ ( )

—T

where d, denotes the Kronecker symbol, the unscreened matrix element of Eql4.121
reads:

Qe T 2 e

0

Mo (o 8 20) = e e =1e rdr (r)Gi—p,4, (7, 70)

n,n 7"0,90,1‘0 27TLNW 5gct pnl /l/ -1 »70)-
0

(4.124)

To simplify the notation we introduce the symbol:

62 72 ’ 7
Mgm, (Toq,meo) = (=) / Td?“pnl ’l’( )Gl—l’,qx (?”, 7'0) (4.125)
0
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4.6. Scattering Mechanisms

The unscreened matrix element of Eql4.124] considers only one point charge
located in (rg, 6o, zo), hence the total unscreened matrix element must be calculated
summing over all (rg, 6y, zo) points:

e~ 1=%0
Mo (@e) = > oM (). (4.126)
70,00,20 2m Lvw
The squared unscreened matrix element can be expressed as:

—iqy (0 —x Y ¢ T
Z Z qz 0—%p MO (7,-8{90) ('M’IO’L,TL/ (T(ézve(/)))

70,00,%0 74,00,

2 p—
|Mn,n’ (Qz)’ - 27‘1’ LNW

(4.127)
By neglecting the terms due to Coulomb centers in different locations, consistently
with a sort of random phase approximation [107], we finally write, the total squared
unscreened matrix element as:

M (@) = ——— 3 MO G (4.128)

(27 LNW i

Moving from the summation over (rg,fy) to the corresponding integrals and intro-
ducing the symbols N;; to denote a volumetric charge (e.g. due to doping impurities)
and N;; to denote a sheet charge (e.g. due to interface states) we write the total
unscreened matrix element due to Coulomb centers as:

‘Munsc )‘2 27(LNW /dTo/TONII 7"0790 ‘Mnn 7“0790 ‘

dbo

+/27“NWNzt (00) | M3 (. 90)}2 (4.129)

—T
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4.7 Screening

Before starting with the mathematical treatment of the screening, we describe
the conceptual steps that will be pursued. The unscreened matrix element M""5(q,,)
(e.g. due to SR, Coulomb, alloy scattering) leads to an induced charge density
pina (calculated by using perturbation theory within the so called random-phase
approximation (RPA)). ping produces in turn a matrix element M"?(q,), via an
induced scattering potential V,,, that adds to the unscreened matrix element. The
aim is to obtain a system of linear equations linking the screened to the unscreened
matrix elements via a matrix/tensor called dielectric function.

According to [107], the induced charge density produced by the matrix element
M5 (q,) where the valley index has been dropped and n,n’ denote the transition
between subband n and 7/, is given by:

pina(r,0,3) = e > &h(r,0)& (r, 0)I p (ge) M2 () €97 + (c.c.) (4.130)
and II,, ./ (gz) is the so called polarization factor defined as:

Jr (ke + @z) — fn(ka)

T, 0 (qe) = 4.131
q LNWZETn k; +qu) ET,n(kx) ( )

where f, is the occupation function of subband n and E7,(k;) is the total energy
given the value k, for the subband n. By following the procedure as in [107], but
using the expressions for the point charge for a circular nanowire reported in Eq[.118]
we give the expression for the potential induced by the point charge:

Voo (r,0) = € > Ty (42) M3y (4)

n,n’
00

[ oo [[rmdrogl (. 060 000 (8 (2132)
s 0

After some calculations, the induced matrix element is thus written according to
[107]:

e2

N My (a2) EL () M5 (0) (4.133)

w,m,m’ v,n,n'

Mgl(fn m/ (qgc) =

Esct ,
v,n,n

where w and v are valley indexes and where we have introduced the form factor
F7™" | defined as:

“+m “+o00
F e = [ a0 [ rdrel 00060 (n0)x
—T 0
+ —+00
X / d90 / T0 dT‘Q gl,n/ (7‘0, (90)5,,7”(7‘0, Qg)q)pN’qz (nggo) (4.134)
- 0

132



4.7. Screening

and where @,y 4, (Toz ) is the normalized, adimensional potential given by:

pile(0—60)
Oy g (h,) ZGlc,q (r.r0)—5— (4.135)

where the expression for the reduced Green’s function Gy, 4(r,70) is given in EqJ4.117]
Eq[4.133] shows that the induced matrix element is given by a linear combination
of unscreened matrix elements. As mentioned at the beginning of this section, the
induced potential V,, induces the matrix element M™4(g.) which in turn changes the
scattering potential and thus the matrix element. In order to account for this effect
self-consistently, we need to calculate the M4 (q,) produced by the overall screened
perturbation potential. This can be accomplished by using Eq[4.133] where in the
r.h.s. M""¥(q,) is substituted by M*“"(g,). Since our aim is to link the screened to
the unscreened matrix element, we can eliminate in the Lh.s. M4(q,) by recalling
that, by definition:

Mind(qx) _ MSCT(QJ;) _MunS(qw)' (4136)

By inserting Eql4.136|in Eq}4.133| with the prescription that M""¥(q,) is substituted
by M5 (q,), we obtain the linear system linking the unscreend to the screened
matrix elements:

e2

MSC’I’ ( ) MUTZS (qx) —

wmm wmm

D Mo () Fo s () M (g2)- - (4137)
e v,n,n’

Finally, Eq[4.137] can be cast in a more compact form and reads:

M (gz) = > et (qe) M (qe) (4.138)

w,m,m’ v,n,n’
v,n,n’

where the dielectric matrix is defined as:

e2

/
v,n,n
611)771’)7’1,m’(q50) = 5w,V5n,m5n’,m’ -

Hu,n,n’ (C_Ix)Fg:;;n;n/ (qx) (4139)
Esct B
Eq[4.138| can be solved numerically to calculate the screened matrix element starting
from the unscreened ones. It is worth recalling that a given screened matrix element
for the transition between subband n and n’ belonging to the valley v is linked with
the unscreened matrix elements of all other scattering via the dielectric function

defined in Eq[4.139

4.7.1 Form factor calculation

In the form factor given by Eq[4.134] we can substitute the expression for the
&n(r, 0) obtained for the case of anisotropic quantization masses and given by Eq
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and thus obtain:

+m
, | gilg—g'+) oo
Fiiee) = 97 3 [0 [ bl 0%
9,9 le Zn

47,
gt (= 1+ =lc)bo o0
X %,:/%de(]/ov o drOpV,n,l(To)pj,’n/l/(’f'o)Glc’qz(7"’740)

s

(4.140)

where g and ¢’ are the expansion modes of the eigenvalues m and m’, respectively
(the same holds for [ and I’ that are the expansion modes of the eigenvalues n and
n’, respectively). By noting that (see Appendix [E| for more details):

+7Tei(g_gl+lc)0

/ Td@ — 5g—g’,lc (4141)
—T
T (=110
/ ——g——dbo =iy, (4.142)

—T

Eq[4.740] can be written in a more compact form as:

, 1 >
Fot i (de) = o0 Z/o rdr pwam:g(’”)pjv,m’,g’ (r)x
9,9

oo
< S 6y / o dr0 Pyt (ro)p) oy (10) G g, (ry0) | (4.143)
Ll 0

4.7.2 Polarization factor calculation

In general terms, calculation of the polarization factor given by Eq[4.131] requires
the knowledge of the occupation function in the different subbands. At the equilibrium
(i.e. Vpg=0), the occupation function f, (k,) reduces to the Fermi Dirac occupation
function fy(k,) given by Eq In the non-equilibrium condition, we followed the
approach most often employed in the literature to calculate the polarization factor
by using the equilibrium Fermi Dirac function fo(E7,,(k;)) with a local quasi-Fermi
level Er. The local quasi-Fermi level for a given section s is calculated as the Fermi
level energy Er, that would give the charge at section s according to the band
structure and the density of states at section s if the system were in equilibrium.
The quasi-Fermi level can be obtained by using the expression for the charge given
by EqJC.42] as an equation to be solved for Ep.

To calculate numerically the polarization factor it is convenient to convert the
summation over k, into an integral using the prescriptions in Appendix [D| Hence
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Eql4.131] becomes:
_ M fO ETVn k +QI))_fO(ETVTL(k$))
Iy nn (gz) = - dky, 4.144
q / ETVn k + qgv) ET,V,n(kx) ( )

where 1, is the valley multiplicity factor and we have set ns, = 2 in Eq[D.§

Analytical expression for the polarization factor at T=0 K: guidelines for
numerical calculations

It may be instructive to analyze an analytical expression for the polarization
factor of Eq[.144] for a 1D electron gas. We thus assume a parabolic energy
dispersion relation E(k;), zero temperature T=0K (i.e. the Fermi function is a
unit step between [k, p, ky r] (where k; p is the Fermi k, vector) and we consider
intrasubband polarization n = n/'.

After some mathematical manipulations Eq[4.144] can be rewritten as:

1 + ka,F/Qx
1-— 2kx,F/Qa: '

20,m
Hy,n,n(Qm) = — ’L;; hl;x ln‘
z

(4.145)

By looking at Eq[4.145] we noticed that it is an even function with respect to g,
and, moreover, that II, , ,(g;) has a singularity in |g,| = 2k, r. In addition, for very
small g, values I1,,,,(0) tends to —24,m,, ./(h*7k, ) and finally, for very large
|qe| values II,,,, , (£00) has a dependence of the type 1/¢,. Figli.25|shows the good
matching between analytic and numeric calculations at 0°K obtained setting kr to
0.826 nm . Instead, Fig[4.26] shows three polarization factors calculated for an TnAs
NW at 300°K. It can be seen that as expected, the singularity is smeared out at a
finite temperature, but a peaked maximum can be observed even at q, ~ 2kp .
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Figure 4.25: Polarization factor calculation using the analytical equation
(EqJ4.145|) (solid-line) and solving numerically Eq4.145| (circles) at 0°K.

135



4. Nanowire MOSFETSs

00 o L ) B
TEE L T
_= 2.00F A T
3 1.50F . .
o 1.00E7T .
= o500 Sitiiel

TN S [T T [T T [T T [N T T A I
00— 2 3 4 5 6
q, [nm ]

o
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4.7. Screening

4.7.3 Application of screening to CS matrix element

The unscreened matrix element for the scattering potential produced by a point
charge located at (rg, 6o, zo) is given by Eqi4.125, For any ¢, value the corresponding
screened matrix element is obtained as following:

e~ 14z To 0 . )
5T Mo i) = D ot (0D M o i) (4.146)
Nw v,n,n’
where €."" ! (qx) is the dielectric function given by Eq}4.139 Since g, is a constant

parameter that couples the matrix elements corresponding to a given ¢, and a given
position (rg, 8, zp) of the point charge, the screened matrix element for any ¢, value
can be expressed as:

—iqz To
M,S/C;; n' (7’0,90,:v0) = mMV’;C’Z/ (7,0790) (4.147)
where ./\/lg ‘:LC; (r3,) can be obtained by solving the linear problem:
- 0,
Mw ;m,m/ (rg,@o) = ”Z}Zmnm’ (q:n)MV flc:l/ (TO,HO) (4148)
v,n,n’

Finally, the squared matrix element is obtained by replacing the unscreened matrix
elements M2 " (rgfgo) in Eq4.129| with the screened matrix element in Eq}4.148
obtaining:

+

oo s

M5 @) = g 8 [ o [ G0N (o, 00) | MO 8
0
™

do SENE
+ / 2w Ni(0o) ‘M?J,m,m/(rl\lgvﬁo)

4.14
5 (4.149)

—T

Fig[4:27 shows the effect of screening for intrasubband transitions in silicon with
[100] transport direction for the lowest subbands of the corresponding valleys. As
expected, screening is more effective for the intrasubband transition for the valleys
with anisotropic quantization masses (circles) since the lowest subband for these
valleys is the most populated by electrons and the polarization factor that enters the
dielectric function in Eq4.14§ depends on the occupation function.
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Figure 4.27: Plot of the screened and unscreened matrix element for silicon with
[100] transport direction and for intrasubband transitions for the lowest eigenvalues
of each valley. Squares: matrix elements for the valleys with isotropic quantization
masses with the main ellipsoidal axes aligned with the transport direction (transport
mass equal to 0.92 mg). Circles matrix elements for the valleys with anisotropic
quantization masses with transport mass equal to 0.19 my. Results obtained with a
density of interface states N;; = 5 x 10" cm™2 and for an inversion density of 3 x 10°
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4.7. Screening

4.7.4 Application of screening to SR matrix element

The screening for a linear formulation of the surface roughness scattering can
be included similarly to the case of Coulomb scattering and it has been discussed
in several previous contributions |107| To this purpose we recall that, by definition

itself of the dielectric matrix €.’ rﬁ o /(qz), a linear relation exists between a screened
matrix element M7 (gs) and the unscreened matrix element according to Eqm

If we denote by Zﬁn"m, (g:) the inverse of the dielectric function £(g,) defined in

Eq[.139] then the screened matrix element can be written as a linear combination
of the unscreened matrix elements:

s (@) = > L () MU (40)- (4.150)

wmm

On the basis of Eq}4.150} the ensemble averaged screened matrix element is given by
definition as:

(M @)y = 2 |Lut(a)

w,m,m’

YL ) B ()t (M (ar) (M (a0) ')

(w,m,m")#(u,p,p’)

M ) )+

(4.151)
where </\/lzngl (@ ),/\/lupp (Qx)> is the Fourier transform of the cross-correlation
function between the matrix elements My"% -/ (¢2) and My"" (¢z).

Fig[4.28 shows the effect of the screening on the SR intrasubband matrix element
at large inversion density for silicon with [100] transport direction.
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Chapter 5

Simulator for cilindrical
nanowires based on a

deterministic solution of the
BTE

5.1 Introduction

HE aim of this chapter is to describe a solver for cylindrical gate-all-around

nanowire transistors based on the deterministic solution of the Boltzmann

transport equation (BTE) and by including the main scattering mechanisms affecting
transport in the transistor.

5.2 BTE theory

The study of the transport in far-from-equilibrium conditions requires the knowl-
edge of the occupation function f(R,K,t) which describes the probability that an
electron finds at point R and K of the real- and phase-space respectively, at the time
t. The occupation function gives a full description of the carrier state and it is used to
extract macroscopic parameters such as carrier charge, velocity, current and mobility.
The occupation function depends on the real-space position R, phase-space position
K and on time t. However, in NWs transport occurs only along one dimension,
hence f(R,K,t) becomes a 3-dimensional function f(z, ks, t) (if we consider more
than one valley and one subband, the dimension of the problem increases from 3
to 5) and hereon all derivations will be performed under this hypothesis (i.e. of a
1D electron gas). In the BTE physical framework electrons are considered as point
charges located at the position (z,k,) in the phase space given by the centroid of
the wave-packet in real and wave-vector space. Moreover, position z and momentum
Py = hk, are assumed to be known at the same time ¢, thus violating the Heisenberg
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5. Simulator for cilindrical nanowires based on the BTE

uncertainty principle, and, scattering is assumed to occur over an infinitesimal time
such to be considered instantaneous, so that the position in the real space is supposed
to be the same after the scattering event. It is also assumed that carriers move in
the real space according to their electron velocity and can change their momentum
due to an electric field. These variations along the real- and phase-space define
trajectories for carriers as depicted in Fig[5.1] If we suppose that carriers move along
a fixed trajectory, the number of carriers at a given time tg in the neighborhood of A
located in the real- and phase-space (zo, kz ), is equal to the number of carriers in
the neighborhood of B at the time ¢y + dt and position (x¢ + dx, ky 0 + dk;), and it
can be written that:

Ky
Bg 1+t
Keotdky | ¢ b
dt 7
A ”/
kx,O T /’tO
- | > X
Xo  Xptdx

Figure 5.1: Ballistic carriers trajectories in the real- and phase-space.

df (z, kg, t)

f(xo, kLo, to) = f(:E() + dz, kx,() + dk,, to + dt) — 7

=0. (5.1)
In other words the occupation function f(z, k,,t) associated with carriers belonging

to a fixed trajectory does not change. By using the chain rule for the total derivative
over the time, Eq[5.1] can be rewritten as:

df (x(t) ks (t),t) _ Of  Ofdx  Of dko
dt SOt Oxdt  Oky dt

(5.2)

According to the semi-classical approach to describe the motion of carriers, the term
dx/dt is the group velocity vg,.n(k;) of a wave-packet (representing the carrier)
inside a crystal, where v is the valley and n is the subband index of the carrier,
whereas the term dk,/dt is equal to the force F, ,(z) = —eEp, () acting on a
particle subjected to an electric field EF, , (we here neglect the contribution due to
magnetic fields). These two equations representing the motion of the wave-packet
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5.2. BTE theory

centroid in real and phase- space can be written in the general case as:

dx(t 10E7 0 (x, ky
fz(t ! = Vgun(ka) = hT’a’k(x)
dky(t) _ 10E7r,a(z, k)
dt Fun(z) = “h ox (5:3)

where E1,, ,(z, k) is the total energy of a carrier with wave-vector k, and belonging
to subband n, and valley v. By substituting EqJ5.3|into EqJ5.2| and dropping the
valley and subband indexes to simplify the notation, we obtain the BTE equation:

df (z,ke,t)  Of  Of (10E7(ks, ) of 1 0Er(ky, x)
fegun 2 (100e0) o (00

dt Ot +6:p

h Oky

(5.4)

Same result as in EqJ5.4] can be obtained by using another approach that exploits
the continuity condition for carriers inside a control region in the real- and phase-
space |1, 2]. So far scattering has not been mentioned in the derivation of Eq
We now assume that scattering mechanisms are local and instantaneous processes
and change only the state of an electron in the k,—space. Every scattering into
k. increases the occupancy f(z, ks;,t) and every scattering out of k, decreases the
occupancy, hence the net change of occupancy due to scattering is given by the
difference between the in- and out-scattering. For each state k, one can add the
contributions associated to all possible in-scattering events (from k!, states) and the
contributions associated to out-scattering events (to k, states) as shown in Fig
and written in Eq[5.5

Ky
k,' - °
S(ky kF(r ky.t) Sk ke M(rky' 1)
kx N o
i > X
X

Figure 5.2: Sketch of scattering in the k-space.

W =3 [SO ko) f (. Ky 1) = Sk, ) f (2, e, 1)] (5.5)

k./

x
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5. Simulator for cilindrical nanowires based on the BTE

where the term S(kL, kz)f(z, k., t) denotes the transition rate from states k. to

state k, times the occupancy f(x,k.,t) of the initial state k. According to Pauli’s
exclusion principle, only one electron can fill a state at a given time (regardless of
spin), hence an electron from state k,, can scatter into state k, only if the arrival
state is empty. In other words, to account for exclusion principle (or for degenerate
statistics) the transition rate for in-scattering is multiplied by the probability that
the arrival state f(x, ks, t) is empty, whereas the transition rate for out-scattering is
multiplied by the probability that the arrival state f(z, k., t) is empty. This results

in the Boltzmann transport equation:

W@ kel) _ 1 fa, ket SECASHITR
_ f(x,km,t)z (1= f(x, K, 1)) S(ky K,)] = 7 — $°u. (5.6)

ks

The presence of the terms (1 — f(x, k;,t)) and (1 — f(x, k), t)) makes the BTE a
non-linear equation. Since k, is almost continuous the summations in EqJ5.6] can be

converted into integrals according to:

spls
Z _ DepNW [ (5.7)
A 2 ks

where ng, is the spin degeneracy (see Appendix @ for more details) and Lyw a
normalization length. The normalization length cancels out when summing over the
final states as, for example, in Eq5.6] Hence the scattering integral in Eq[5.6] can be
written as:

S — 59 — (1 — f(x, kg, t)) L;VW [S(KL, k) f (2, KL, £)dL] —
T k!,

~ a5 [ (1= fa k) Sk KA. (59

Under the assumption that particles are conserved (generation/recombination mecha-
nisms are not taken into account) the total derivative over time in the left-hand side
of Eq5.4]is equal to the scattering term of Eq[5.6] Hence, the final equation for the

BTE is consistent with the fact that electrons can scatter in from other trajectories
or out to other trajectories as shown in Figl5.3] and reads:

Ofk, | Ofka 1dEp(ks,x)\  Ofk, (1dEr(ks, )
ot or \h dky ok, \h dx

) =S5 —gut. (5.9)

where fir = f(xz, ki, t).
Similarly, the BTE formulation for a 3D domain is given by:

0 1 1 j
% + 5 VkEr(K,R) - Vrfi - ; VREr(K,R) - Vi fic = §™ = §™*  (5.10)
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Ky
Bgt+dt
Ky o*dk, |- ot
dt
N
kx0 T /.tO
- | > X
Xo  Xp+dx

Figure 5.3: Real- and phase-space with carriers trajectories and scattering.

or equivalently by:

aaff +V,(K) - Vrfk — F(R) - Vg fg = " — 5. (5.11)

As can be seen, for a 3D or for a 2D gas the BTE equation is a very complicated
equation to solve numerically. The typical approach is either to employ Monte-Carlo
techniques [3-14] or to introduce simplifications for the scattering term based, for
example, on the so called momentum relaxation time approximation (MRT or RTA)
[15, |16].

5.3 BTE discretization for a 1D electron gas

For a 1D gas carriers are free to move only along one direction, that is both
real space and k— space are 1D. In this case the complexity of the BTE reduces
considerably with respect to the cases of 3D or 2D electron gas. Moreover, we assume
steady-state conditions, which means that the occupation function depends only on
k. and x coordinates, so that the BTE in Eq[5.9| for each subband reads:

Vgn(x, ky)

Oful@; ke) _ Oful: k) <18ET’") =5 gt (5.12)
ox Ok, h Oz

where f, is the occupation function and it is function of (z,k;). Er,, is the total
electron energy for a given subband n (and valley, not reported explicitly in Eq
and vy, is the group velocity for a given electron located in the real- and phase-
space in (z, k;). To reduce the complexity of Eq it is convenient to rewrite the
occupation function f,, as a function of the position along transport direction z and
the total energy (instead of the wave-vector k) [17].
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5.3.1 Reformulation of the BTE for 1D GAS

It can be easily noticed (see the example in Fig that the relation between
k, and the total energy E7,, is not one-to-one (neither for a 1D gas nor for 2D or
3D gas), therefore the k, domain can be splitted into two parts such that E7,,(k;)
becomes an injective function of k.. This is obtained by dividing the k, values into
positive and negative values.

K(Ern) K(Ern) K

Figure 5.4: Dispersion relation for a 1D electron gas. €, corresponds to the lowest
total energy for subband n and equals to the n-th eigenvalue.

The space- and energy-dependent occupation function f,(x, Er,,) can thus be
written as:

fr—:_(x’ET,n) = fn(ﬂj,kx), for ky >0

e o) = {fm,ET,n) = falz, kz), for ky <O

where n is the subband index (for simplicity the valley index has been dropped) and
Eryn, = Epy,(z,ky) is the total energy. Let us focus on the f;f(z, Er,,) occupation
function and calculate the total derivative over x:

At (0, Bra) _ Ofulaskd) | Ofula, k) di

dz Ox ok dx (5.13)
where k" : k; > 0, and recalling that:
n
it follows that:
dkt OEr, (0Er,\"'  O0Er, 1
i~ o < ok > =T T0c hogn(Ern) (5.15)

156



5.3. BTE discretization

Eq is written by using Eq as:

dfy (v, Erp) _ Ofal@,ky)  Ofa(z, k) [OETJL 1
dx oz Ok 0 hvgn(Ern)

(5.16)

and by multiplying both sides of Eq by the group velocity v, (k) (it is the
positive carrier velocity, i.e. the one corresponding to k; values) we obtain exactly
the [.h.s. of the BTE equation for a 1D GAS:

df,f (z, ) — (k+)8fn($aki) _ Ldfu(z, k7)) OB,
dx gt Ox h dkt oxr

0 n(Er) (5.17)

So far no assumption about the expression for the total energy has been made. We
recall that the derivation that leads to Eql5.17]is valid except when 8(;3,;2’” # 0, that is
when the total energy is larger than the subband energy ¢,, (see Fig. By following
the same steps that lead to Eql[5.17 also for the occupation function corresponding

to negative k, values, the original BTE can be split in two equations:

df(z, E .
BTE* . o o (@ Frn) _ Syt — St for ky > 0

an dx
df, (z, BT, in.— _
BTE : vgnf"(a:l’T’) = S — o= for k, < 0. (5.18)
’ x

Before moving forward to the analysis of the scattering integral of the BTE, it is
useful to recall that, for a given x, the integral for positive k, values of a generic
g(k;) function, can be transformed into an energy integral for the function g% (Er,,)
(where the + apex denotes that the function ¢ is evaluated for positive ky(Er,)
values) as:

+0o0 +
9" (Er,
_ / 9 Ern) (5.19)
En
the same can be done for the integrals over negative k, values:

0 En —(E n
/ g(kx)dka/ MdET;n

—00 400 h Ug;n<ET,n)

En —(E
+oo B UgJL(ETﬂ"b)

+o0 —(E
= / I T +( Tin) dE7 (5.20)
en h vgﬂl(ET,n)

where e, is the eigenvalue for the n—th subband, v, ,,(Er») is the group velocity for
a given total energy Er, for negative k;, values, namely, it is always smaller than
zero and v, (Er,) = —vy ,(ET,) -
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5. Simulator for cilindrical nanowires based on the BTE

The right-hand side of EqJ5.18] represents the scattering integral for occupation
functions defined over a positive or negative k; domain. In order to be more explicit,
we consider the term S™ 7 in Eq (same steps can be used for §7/0ut:=/+)  gin+
is the in-scattering integral for final states belonging to f;:

Sint = (1— fu(k LNW Z/ S (KL kD) frr (kg )dE.,

= (1 kb)) By [/ Sk k) fr (k) + /wsnfn Ko k)
0
(5.21)

where S/, (K}, k) is the transition rate from the state k!, to ks (as mentioned
before, for simplicity of notation, the section index x and 7valley index v have been
dropped). It can be noticed that even though the in-scattering integral of Eq
is written for the f,(k]) occupation function (for states with positive k), the
summations over the initial states k/, are performed for both positive and negative
k! values. In this sense the right-hand side of the BTE (scattering integrals) couples
the f,(k}) and f,,(k, ) occupation functions, or, by writing the occupation functions
as a function of the energy, couples the f,7 (Er,) and f,, (Er,,) occupation functions.
By using Eqs integrals over k/, are transformed into integrals over the total
energy Er,/, and the in- and out-scattering integrals for the f,(k;) occupation
function become:

Smﬁw—(l—jﬁ(Enw)LNW7§:[/l . (kgﬂkj)ﬂxﬁbquEhw

2 h v /(ET,n’)

N / Sl ) £ Er )
el h Ug,n,(ETm/)

n/

dB7 (5.22)

where k:;,Jr(_) = k;;Jr(_)(ET,n/) is the positive (negative) k, vector of the electron
belonging to subband n’ before scattering to the state k, ™ = kw‘*'(ETm), and

Lo 5= [ Sl K0 FotEre)
Sout7+ _ n 5 y) Lw T T n 2 dE n/
(fn ( T, )) o7 Z [ e h U;n/(ET,n’> "

n/

[ S B
6/

dE7
h U;r,n, (ET,n/> "

(5.23)

where k:;+(_) = k;H_)(ET,n/) is the positive (negative) k; vector of the electron
belonging to subband n’ after scattering from the state k,* = k$+(ET7n). Transition
rate Sy, (KL, ki) can be written by means of the Fermi-Golden’s Rule introducing
the matrix element M, (k,, k},) for the transition between the state k!, to ky:

Sk k) = 20 [ MKy k)| 6 (Bro () — Brn(ke) & hoy) . (5.24)
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where fwg, with ¢, = k; — kl, is a term indicating the energy exchanged with
the scattered electron and for acoustic phonons hwg, =0 whereas for optical phonons
Twq, # 0, and, é(e) is a Dirac delta. By substituting Eq into Eq for the
in-scattering collision integral for f,I, we obtain:

in Lyw 2m -
S ’+:(]-_f7—l_(ET,n)) o Z h2v + (ET ‘Mnn x ak;_) f/(ET,n/)+
o PNNT
+—‘M & kD] £ (B
72 (ETn nin ) fn( )
(5.25)

The Dirac function in Eq[5.24] reduces the integral in Eq[5.22) to an evaluation of the
occupation functions at discrete energy values Er,/ = E7,(k) £ Iuwg, leading to a
considerable reduction of complexity of the BTE.

5.3.2 Evaluation of macroscopic quantities

The solution of the coupled BTE and Poisson’s equations with appropriate
boundary conditions provides a self-consistent occupation function f,(x, k). Once
fn(x, k) is known, all the internal quantities of interest in the device can be derived.

Inversion electron density

Given the coordinate system in Fig[B.2] the total inversion electron density is
calculated by definition as :

Ninw (1,6, 2) Z,uyltﬁyn (r,0, )| Zfl’” (x, k) (5.26)

where p1,, is the valley multiplicity, ®,,,, »(r,6) is the wave-function for a given valley
v, subband n and position x along transport direction and it is the solution of the
Schrodinger equation in the circular slices of the NW. By splitting the calculation
for positive and negative k, values we write:

nznv(rex 72/‘1/‘(1)1/77,:07'0 Zfl/nxk +qun35k

kz<0 k>0
(5.27)
By exploiting EqJ5.7] to convert the summation over k, into an integral by setting
the spin coefficient ng, = 2 we obtain:

+oo
Nin (7, 60, ) Zuy@ym r,0)| </ fon(@, ky)dk, +/ fu,n(x,kz)dkx>.
(5.28)
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Integrals over k, are converted into total energy integrals by means of Eqs 5.19

h ’U;:V,TL (x7 ETJL)

+/+Oo vn(®, Br:n) dETn). (5.29)

vin h 1)97,”1((6 ETn)

oo f_ (‘T7 -E1T7 )
Nino (. 6, 2) Zuy D, .07, 0)]? </ vin Y dBr .+
Eu,n

Eq[5.29) is valid for both parabolic and non-parabolic total energy description since
non-parabolicity effects in Eql5.29 enter in the group velocity terms only.

Hence, the charge per unit of length can be obtained by integrating Eq/5.29] over
r and 6 leading to:

1 0 fon(®, Brpn) o fin (@, Ern)
nzm)(x) = ﬂ Z,uu (/ +—dETn / +—dETn .
v,n Evn Evn

Vg, Vn(fE ETn) Vg, I/n(fE ETn)
(5.30)

Electron current

The calculation of electron current follows the same steps as in the calculation of
the inversion electron density. The starting point is to resort to the equation for the

ZMVZUW’” z, kg) fun(z, kg). (5.31)

current:

LNW

By converting the summation over k, into an integral (see Eq.m setting the spin
coefficient ng, = 2) and then by splitting the k, domain into positive and negative

k. and moving from integrals over K /= to energy integrals we obtain:

e +o0 +oo B
= Z Ly ( (@, Erg)dEr, — / fom(z, ETm)dET,n) . (5.32)
v,n Eun Eun

Hence, current calculation reduces to an integral over the occupation functions and
it is valid for both parabolic and non-parabolic descriptions of the total energy
dispersion relation.

5.3.3 Domain discretization

As seen in Secl5.2] the unknowns of the BTE are the occupation functions
fn(z, Ery). In other words, the domain of the BTE for a 1D electron gas consists
of the space coordinate x that denotes the transport direction, the total energy
Er,, of electrons but also the valley v, the subband n and the sign (+) of the
occupation function corresponding to positive of negative k;(E7,) values. Before
solving numerically the BTE in Eq[5.18] a discretized domain must be defined.
Fig shows a subband energy profile in the  — Er,, space with a uniform grid for
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5.3. BTE discretization

energy and x. The unknown occupation functions for a given subband correspond
to energies larger than the subband profile and are identified by the solid circles
in Figl5.5 From the implementation point of view, a given unknown of the BTE

problem is identified as fiy’n’ ; Where these indexes denote the section s, the valley

v, the subband n, the energy j, and the type ¢ € [+, —], which is the sign of the
associated k, vector. Hence the total number of unknowns is:

Nuynk =2+ Zzznsec(jv v, n) (5'33)
7 v on

where ngec(j, v, n) is the number of discretization points along x direction for a given
(j,v,n) and the 2 derives from the fact that for a given set of indexes (s,v,n,j) can
be defined two unknowns corresponding to positive or negative k, values.

=0

Y

s=0

Figure 5.5: Subband profile with discretization of the real and energy space for
the solution of the BTE. Solid circles represent two generic discretized occupation
functions (for positive and negative k, values).

5.3.4 Discretization of the left hand side of the BTE

The left-hand side of the BTE reported in Eq5.18|is discretized by means of
finite-difference method. Hence, the derivative term in the [.h.s. of the two BTEs
written at section s is given by:

+ +

df+ J— sznmj — fS*l,n,j

dx '** Tg — Tg_1

df~ Fsring = Fsni

|y, = ——, (5.34)
dzx Tgyl — Ts
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5. Simulator for cilindrical nanowires based on the BTE

where the valley index v has been dropped, which leads to:

+ et
+ . + $,1,J s=1n,j __ in,+  gout,+
BTES .+ Vgsmi— Ay = = (Ss,n,j Ssnj )
l.h.s.s r.h.s.s
_ . _ f;+1,n,j o f;mj o in,— out,—
BTE ;¢ VYgstini™  Ag = \Ostimg ~ Ssting (5.35)
l.h.s.g T‘.h.S.erl

We will see in Sec[5.3.7) that this discretization technique allows for the current to be
conserved in the different sections along transport directions.

The BTE can be equivalently written evaluating the scattering integrals at the
same section s as:

+ +

+ . + sm,j  Js—1ng in+  qout,+
BTES7n7j : Ug787n7j Ax - (Ss7n7j Ss7n7j )
l.h.s.s r.h.S.s

_ . _ fs,n,j - fsfl,n,j . in,— out,—
BTE, 1pnj¢ Ygsni™  Ag = (5 ) )

S7n7j S7n7j

(5.36)

l.h.s.s—1 r.h.ss

where in the term 7.h.s; we have included all the occupation functions that are linked
by scattering mechanisms with f: nj for the BTE+ and f j for the BTE—. We will
see that this numerical method to discretize the spatial derivatives of the BTE allows
to account for boundary conditions at the left side and right side of the domain
(source and drain contacts) in a very natural way.

5.3.5 Boundary Conditions

Source and drain regions are assumed to behave as perfect reservoirs of carriers
at thermal equilibrium, and the boundary conditions of the BTE are given by the
occupation function of electrons injected with positive group velocity (i.e. carriers
moving from source to drain) from the source contact, and by electrons injected
from the drain contact with negative group velocity. For such electrons the occupa-
tion function is simply determined by their total energy through the Fermi-Dirac
occupation function and the Fermi level at the contacts:

1

BT B source/drain |
1+€£L‘p( n Ié.;:;%rce/ razn)

Jo(BErn) =

(5.37)

If we set the Fermi energy at the source contact to 0 eV, the drain Fermi energy will
be given by —eVpg, thus occupation functions at source contact for carriers with k-
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5.3. BTE discretization

( f;f source) and at drain contact for carriers with & ( f; drain) aT€ given by:
fo,source(ETn) = ;E
1+ exp( K:;%)
Jo.drain(Ern) = ;T,n Vo (5.38)

where K g is the Boltzmann constant and 7' the temperature.

ET,n
A

I———— W N N W .

EF,Source

(] 3 EF ,Drain

—

>
>

S Sny X

Figure 5.6: Subband profile with discretization of the real and energy space for
the solution of the BTE. Solid circles represent two generic discretized occupation
functions (for k" and k).

It must be noticed that there are no boundary conditions for f;, ;¢ and f;r drain

because the corresponding source and drain regions must be long enough to let

Jrnsource and f;r, drain T€lax to their quasi-equilibrium regions via scattering inside the

source and drain extensions. According to the above considerations, the BTE:n j of

Eq is written only for the section indexes s = 1,..., N, whereas for the BTE_

8,7
only for s =0,..., N, — 1. It follows that boundary conditions enter in the [.h.s. of

the BTET . for section s = 1 (see Fig D as reported in the explicit expression for

S’n’]
the BTE:nj taken from Eq
+ o .
'U;_lnjﬂ‘zl _ 'U+1 'f17n7j fO,Source(na]) (539)
Ty 9. dm g’ 7n7j Am
and for section s = N, — 1 for the BTES_nj :
df— fO,d ] T'L,j - f_ — i
'Ug_]v njL’IN = U_N ' mm( ) Ng—1,n,5 (5‘40)
IEAF ZLES) dm x 9,Nz,1,] Ax

5.3.6 Discretization of the right hand side of the BTE

As shown in Sec[5.3.1] scattering integrals can be written for a generic scattering
mechanism by evaluating the occupation functions at discrete energy values as
shown in EqJ5.25| for the in-scattering integral for a generic f;7 unknown of the
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5. Simulator for cilindrical nanowires based on the BTE

BTE. Hence, we can define the in-scattering matrix R™#scattss for the ig.qy—th
scattering mechanisms at section s as the matrix of dimensions [N ,xN? .| where
N .. represents the number of unknowns for a given section s, that links the generic
unknown fﬁ,n,j with all others occupation functions f;:n’, J belonging to the same
section s because the scattering events are instantaneous in time, hence, leaving
unchanged the position x of the scattered electron. By means of this matrix, the

in-scattering integral for all the unknowns belonging to a given section s is given by:

element index _,::] 1 1T

(n,jt)

giny iscattfs == 1—£ . Rznz 'I:scattfs fS

JL J] (5.41)

where fs = 71;7”7]- represents the vector of unknowns for a given section s. Hence the
in- and out- scattering integrals of Eqs/5.22] and after replacing transition rates
with Eq for a generic unknown identified by the set of indexes (n,j,t) and for a
given section s, can be written as:

— . e
syt = (1= 1] (Rl T)
Sfli.?i,tiscattys — f;,n,j (Rz’lﬁgcams . [T — E) . (5.42)

It is interesting to note that in the case of multiple scattering mechanisms the matrices
R/oub:s that account for all the scattering mechanisms can be simply added:

RIS — E RMiscatt,s
iscatt

ROw:s — Z Rout,iscatt,s. (543)

iscatt

Finally, the discretized BTE written by evaluating the r.h.s. for both BTE+4 and
BTE— at the same section becomes:

+ _ er
+ Isng  Js=lng
Vg.sm.j Ar =
- rn ] (R 7 = g (R [T- 7). fors= 1o,
o dsng T eing
g5 Az =
1= o] (R T = o (Repiees [T=F]) L fors =1 N,

(5.44)
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5.3. BTE discretization

5.3.7 Current conservation

We now demonstrate that the BTE discretization method of Eql5.35] used in this
work is such that the writing of the BT E~ and BT E™ for all indexes n, j,t with the
r.h.s. evaluated in section s as reported in Eq (or more explicitly in Eq
leads to the current conservation between section s and section s — 1. Equivalently,
the current is conserved between section s — 1 and section s when are written the
BTE_, ,; for section s — 1 and the BTE;m j for section s given in Eq for all
indexes n, j.

Let us first suppose the case of elastic scattering where only acoustic phonons
are considered with only one subband. Under this condition each energy bin leads
to a separate BTE problem since there are no scattering mechanisms that connect
electrons belonging to different energy bins and for this reason in the following
calculations n and j indexes will be dropped. Moreover, in this case scattering can
only change the sign of the k, associated to the scattering electron (i.e. the final state
for the unknown identified by indexes (s,n, j,t) must be (s,n,j, —t)) as shown in
Fig[5.7] Under the hypothesis of single subband and elastic scattering, the scattering
rate S(k;, k; ) equals to S(k; , k}), being the transition rate according to the Fermi’s

x "V x 'y

Golden rule given by:

_ 2w
Snn(kx 7]{:;) = % ’M|2 5(ET,717 ET,n)

2 KgTD?
_ T (B o an> §(Etm, Er.0) (5.45)
h pLNstound

A
\ e n
\ . /
\ /
\ /
R
N\ /
N— 1/
\\//
>k

x k"

Figure 5.7: Schematic representation of elastic in- and out-scattering referred to the
electron identified by indexed s, n, j, + in the case of single subband. The scattering
can only change the sign of the k, vector.

X

where F), ;s is the form factor defined in Eq Kp is the Boltzmann constant,
T is the temperature, D, is the acoustic deformation potential, p is the density
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5. Simulator for cilindrical nanowires based on the BTE

of the semiconductor and vsy,ng is the sound velocity inside the semiconductor.
According to Eq the in-scattering integral for a given section s is given by:

KBTDachi n) f
s

2
h pvsoundvg n

Rs

St =1 f) ( (5.46)

where the normalization length Lyw in Eql5.45] canceled out by converting the
summation over states k!, to integrals in the calculation of the in-scattering integral.
Hence the r.h.s. of BT E+ evaluated at section s can be written in a compact form
as:
BTES: S =St = (- fH) RS - fTR(1-f7)
= 1R - RS
—_——
r.h.s.?
BTE, ,: S — 8%~ = (1—f7)RfF — fo R (1 - f)
=-R°f; +R°f (5.47)

r.h.s.5

where it can be noticed that the BTE reduces to a linear problem. It can be
demonstrated

the nonlinear terms in the 7.h.s. cancel out leading to a linear BTE. The BTE+ in
Eq[5.36) with the r.h.s. evaluated in section s can be written as:

+
vg f Af —7‘.h.s.;r
8 T
P (5.48)
RN Sy NP
Y9, Az

By noting that i 1n Eqn 5.48 we have 7.h.s.T = —r.h.s.; = r.h.s.s (see Eq and
recalling that v the BTES in Eq- ﬁnally become:

gsnj g,s,n,j7
; fi - A S L rh.s.g
pa ”} . (5.49)
.|_ Js  Js—1 __
Vg s Ar =r.h.s.g
which leads to:
fE=rr =1 - r (5.50)

According to Eql5.32] Eq[5.50] gives the conservation between section s and s—1 of the
current density at the fixed energy value used to write Eqs[5.45] to Since we are
dealing with elastic scattering, current conservation is guarantee energy per energy,
but in general, current conservation is obtained after summing over all subbands,
and energy bins.
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5.3. BTE discretization

Current conservation can be algebraically demonstrated also in the case of elastic
scattering and multiple subbands, energy per energy but after summing over the
subbands n. Moreover, also in the more complicated case of inelastic scattering,
current conservation (after summing over all the subbands and energy bins) can be
numerically demonstrated. So far we have assumed that the BTE can be written
at any point of the discretized x — E7,, space of Fig but this is not the case at
the classical turning points. In fact, the BTE [.h.s. discretization method proposed
in Eqlb.36| becomes critical when we write the BTEs at the square points shown in
Fighese points are such that, taken a generic unknown f:cn > there exist no
unknowns at section s + 1 or s — 1 for the same n, j indexes. We will refer to these

points as classical-turning-point (CTPs) for the unknown f:cn e When solving the

ET,n
A

 OLE +

-
>

* X

Figure 5.8: Subband profile with discretization of the real and energy space for the
solution of the BTE. Solid circles represent a generic discretized unknown of the BTE
and square symbols the unknowns at the so-called classical turning points (CTPs).

transport in the entire spatial domain, for each point belonging to nse.(j,n) (where
Nsec(j,n) is the number of discretization points along z direction for a given (j,n))
we write the BTE as in Eq[5.44} For the point s% shown in Figl5.8] the I.h.s of the
BT E+ becomes:

et
fs’_j_,n,j f(sj_—l),n,j

+ Lt
BTEsf'_,n,j : UQ,S*_;_:”J Ax (5 51)
fs_* +1,,n,5 fisr j ‘
_ R +TLng (5+)’n7]
BTE 1j % Vgt 41, Ar
The unknown f(‘g 1) for the BTESE nyj 0 EqJ5.51| does not exist because it would
+ k) 2 ’ b

be located under the subband profile, and thus in a forbidden region. For the [.h.s
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5. Simulator for cilindrical nanowires based on the BTE

for the BT E+ evaluated in s* , we write:

+ +
f(s*_),n,j o f(S*_fl)vnvj

BTEYL vl
s ot A (5.52)
f(;*+1)n'_f_* ]
— — — b 7.7 S—7n’]
BTEg 11 Vg (s +1)mij A

which requires the knowledge of the unknown f(;* 1) for the BTE_. ; that also

does not exist because it would be located under the subband proﬁle To overcome
the issue given by the fact that the BTE cannot be written for the f . occupation

S,n,J
functions at the CTP+ and for the f_, j occupation functions at the CTP—, we will
show how to introduce alternative equations that ensure the continuity of the current
along the transport direction.

To summarize, the discretization of the BTE used in this work is such that if
the l.h.s. of the BTE__ n,; and the Lh.s. of the BTE+ can be written for all n, j
values, i.e. if the corresponding unknowns in EqJ5.35 ex1st then current conservation
is guaranteed between the section s and section s — 1 . In other words, if both the
r.h.s. for BT E+ evaluated at section s can be written and at the section s — 1 there
are no CTP—, then current conservation is guaranteed between the section s and
section s — 1. This rule can be rewritten in a more compact form saying that current

conservation between section s and section s — 1 is guaranteed if:
e there are no CTP— in section s — 1
e there are no CTP+ in section s.

In fact, as shown in Fig[5.9h, if we consider the two sections inside the dashed line,
both the [.h.s. for the BTES Lnj and the [.h.s. for the BTEJr ; given in Eq
can be legitimately written thus leadlng to the conservation of the current between
section s and s — 1. The same does not hold for Fig[5.9b because there is a CTP+
is section s — 1 and energy bin j, and consequently we cannot write the [.h.s. for
BTE

s—1,n,5°

5.3.8 Classical Turning Points

As we have seen in Sec 5 the BTE cannot be written for the 8 "nj i the point
(s,7) of the z — Er,, domain for the subband n is a CTP+ and for the fg, . if the
point (s, j) of the  — Er, domain for the subband n is a CTP—. Of course the

number of equations and unknowns must match, so that we must have:

Nunk — Nvoundary = NBTE + NoTPE (5.53)

where N,,; are the number of unknowns given by Eq NprEg is the number of
BTEs written according to Eq Npoundary is the number of boundary unknowns
(see Secp.3.5) and Nerpr = Nerp/2 are the number of equations written at the
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ET,n ET,n
AL n Ll AL LAt L
B BN T BENEENSEEENS
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ol c1p o|c1P
s-1s X s-1s X

(a) (b)

Figure 5.9: Subband profile with unknowns. a) The BTE discretization technique
guarantees the continuity of the current between section s and s — 1 because in
section s there are no CTP+ and there are no CPT— in section s — 1. b) Since
in section s — 1 there is a CTP—, the BTE_ jn Cannot be written leading to an
under-determined system of equations for the solution of transport.

CTPs where Norp is the number of CTPs; the 2 factor is because for each CTP
only one equation (for f* or for f~) cannot be written as shown in Secm

A reasonable choice for the Norpr equations is to write them in order to ensure
the drain-to-source current (Ips) to be solenoidal.

BTE in the presence of CTP—

Er

-
‘

-
>

s-3s-2s-1s X

Figure 5.10: Template case study with CTP—.

We now focus of the CTP— as shown in Fig As mentioned in Sec[5.3.7]
current continuity between sections s — 1 and s — 2 is guarantee because the corre-
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5. Simulator for cilindrical nanowires based on the BTE

sponding BTE__, i and BTE;|r 1n,; CaN be written, and the same holds for sections
s —2 and s — 3. Instead, we are not able to write the [.h.s. of the BT E_

the presence of a CTP—, hence, the corresponding BTE_

o1 due to

1, Can be replaced by:

Fetng = I (5.54)

The condition in Eq[5.54] implies that current contribution in section s — 1 and for the
energy index j is null (see Eq@ By replacing the missing BT'E__, , j €quation
with Eq[5.54] and according to Sec[5.3.7 current is conserved between section s and
section s — 1. In fact, looking at Fig[5.10] for the unknowns inside the dotted region,
both BTE__ | .y and BTEjn, ; can be written and, since the current contribution

given by the unknowns at the CTP— at position (s — 1, j,n) is null, it follows that
current is conserved between section s and s — 1.

BTE in the presence of CTP+

ET,n
A

A | dummy pojint

>
>

s-1s X
Figure 5.11: Template case study with CTP—+.

As reported in Sec{5 3.7 we cannot write the BTE:n ¥ because there is a CTP+
at section s for the unknown belonging to the energy bin j and subband n. Hence
one could be temped to write a similar expression as in Eq- for the BTET

s,n,j
the CTP+ of Figl5.11}

fini = Fonj (5.55)

However, it can be demonstrated that for a general case of multiple subbands with
elastic or inelastic scattering, EqJ5.55] brings to a non conservation of the current
between section s and s — 1 in FigJ5.11] This is because, by substituting the BTES ny

with Eq. all the informations regarding the in- and out-scattering for fs "
contained in the r.h.s. of the BTEY . will be lost. Hence, the balance of charge

s,1,J

fluxes at section s due to scattering for all the unknowns linked with s " will be

modified in disagreement with the BTE (see Sec. Our goal here is to find a

170



5.3. BTE discretization

relation between fJr . in the CTP+ and the other unknowns in section s. We thus
introduce a dummy pomt ( triangle symbol in Flg in the forbidden region for
subband n for which we write:

+

s—1ng = fso1m0 (5.56)

By doing so, for the unknowns located in (s, n, j) we can write the following equations:

AT
+ 87”7] S— 7n7j - +
Ug,s,n,jT = T’.h.S.S
N N R [ U (5.57)
9,5, Az MbSes
f -1 n).] fs__lznﬂ
Eq can be rewritten as:
_ Ax
ang = Fong 7 (Phs{ +rhs). (5.58)
g7s7n7]

Hence, Eq 8 is the new equation to be written in place of the BTES nj at the
CTP+.

In the ballistic case or in the elastic case with only one subband, the equations
for the CTPs according to Eqs[5.54] and [5.58] become:

- _ rt
fSCTP— n,g — Jserp—,n,jg
+ _ _
scTp+:nJ ~ JScTP+,MJ (559)

that correspond to reflecting boundary conditions at the corresponding turning points
as shown in Figl5.12]

Moreover, in the ballistic limit occupation functions are given by the propagation
of boundary conditions through the device. Hence, according to Eqs[5.32] and [5.59] the
contribution to the total current is given by the carriers sitting above the top of the
subband proﬁle n, because below the top for each section s the current contribution
is null being S g = fsnj

There is also an alternative way to impose current continuity between section s
and s — 1 without resorting to Eqs5.54] and and consist in writing explicitly
the continuity equation for current. Let us consider a generic case with inelastic
scattering and multiple subbands as shown in Fig[5.13] In this case, we can replace
the BTE__, | ; (that cannot be written in the CTP-) with the continuity condition
for the current between section s — 1 and s that reads:

ZZ(san foing) = ZZ(W Fins) (5.60)

where the summation over the energy bins does not need to include all energies
but can be limited to the unknowns in section s — 1 and s connected by scattering
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ET,n
A

|
| =

>
Sctp-  ScTp+ X

Figure 5.12: Schematic diagram showing the perfect reflection of the carriers at the
CTPs in the case ballistic transport.

with the occupation function f__ 11,5 at the CTP—. In this case, only the unknowns
connected by arrows shown in Fig/5.13] enter EqJ5.60] This method can be used
either for the BTE_, , for which the point (s, j) for subband n is a CTP— or for
the BTE:’n’ ; for which the point (s, j) for subband n is a CTP+. However, it must
be noticed that for each section s and group of unknowns linked by scattering, the
continuity equation of EqJ5.60] can be written only once. In fact, in the case of
multiple CTP per section connected by scattering, it will result in the imposition
of multiple identical equations leading the system to be solved for the transport
underdetermined. Hence, from the practical point of view, the direct imposition of
the continuity condition on the current as in Eq[5.60]it is not a viable solution.

5.3.9 Critical Regions

During the convergence loop between the Schrodinger equation and the Poisson
equation, or due to resistive voltage drops in the source or drain regions, the trajectory
of electrons for a given energy bin can exhibit two CTPs as shown in Fig[5.14] In the
case of elastic scattering (and assuming a single subband as in Fig, or, assuming
multiple subbands where electrons inside the critical region are not connected by
elastic scattering with carriers of other subbands as in Fig), in principle it is
not possible to solve the BTE inside that region because the connection with the
boundaries is lost. However, if carriers inside a critical region are connected with
the boundaries of the transport problem (i.e. source and drain contacts) through
scattering, either inelastic or elastic as in Fig[5.16] the BTE can be solved for all the
unknowns ff, .

In this work, if carriers inside a critical region are not connected with boundaries
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5 for n=0 \

or =1
=0

o [] e

X

Figure 5.13: Two subband profiles and corresponding unknonws. The CTP— for
subband n=1 represented by a filled square symbol is connected with other unknowns
by arrows at a distance hw,, = 2AFE.

through scattering, the BTE is solved only outside critical region, and, for charge and
current calculations it is assumed that the occupation functions inside the critical
region are equal, section by section, to the occupation of the states at the energy bin
j + 1 where j is the largest energy bin of the carriers inside the critical region.
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X
Figure 5.14: Subband profile with different trajectories that exhibits a critical region
with two CTPs for the trajectory at energy bin j.
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mknowpns for n=0 ¢ lunknowns for n=
0O [CTP- for n+=0 =0 0O [CTP- for ni=0 =0
| | W CTP+ [for h= a [CTP- for =1
-~ B CTP+ [forin= -
X X
(a) Subband profile with a critical region at (b) Subband profiles with a critical region
energy bin j. for carriers belonging to subband n = 0 not

connected with carriers belonging to subband
n = 1 in the case of elastic scattering only.

Figure 5.15
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(a) Subband profiles with a critical region for
the subband n = 1 circled with solid line

ET,n
AL LT
I
7 {\ 7]
RN
L[] .,
I \
mkpowpns fpr n=0
| O CTP- for n=0 =0
B CTP+ [for h=
X
(b) Subband profile with a critical region for
carriers belonging to subband n = 0 con-

nected by inelastic scattering (arrows) with
carrier at larger energies.

Figure 5.16: Two cases of elastic and inelastic scattering where the presence of
critical regions do not jeopardize the solution of the BTE because scattering connect
carriers inside critical regions with the source and drain boundaries through the

scattering with other carriers.
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5.3.10 Singularity of the BTE r.h.s. for Eg;,.;c approaching 0 eV

According to the expression for the scattering integral given in Eqs5.22|[5.23]
the term 1 /v;n(ET,n) diverges for total energy E7, approaching the bottom of
the n—th subband (i.e. E7, — ¢5), or, equivalently, when the kinetic energy of a
carrier approaches to zero. This is a peculiarity of 1D gas, and can lead to numerical
problems with occupation functions out of boundaries [0, 1] when solving the BTE
equation because the scattering rates in the r.h.s. of the BTE for energies approaching
the bottom of the subband can be very large. The way around to singularity of
scattering rates adopted in this work is to solve only for the unknowns having a
kinetic energy larger than a minimum value Ej, ;-

As stated above, in a 1D electron gas the DoS (or equivalently the group velocity)
tends to diverge when approaching the bottom of the subband, hence, the calculation
of the current and charge must be performed carefully. Fig[5.17] shows a subband

ET,n
A

oO—0O0—0—0—

S >X

Figure 5.17: Subband profile with energy and space discretization.

profile with the discretization of the transport direction and total energy. If we
focus on section s, the contribution to the current or charge given by the occupation
function between the energy j* and the first energy bin j cannot be neglected due
to the divergence of the DoS approaching the subband profile. To account for this
contribution in the charge but also in the current calculations, we assume that

fj* = ij which of course is an approximation given by the fact that the BTE is
not solved for the energy Er ,(j*) since it does not correspond an energy bin. Hence,
according to Eq[5.30] the contribution to the charge density per unit length calculated

at section s, for a given subband n and for f= . is given by:

s7n7j
| )
.t (Bra)dEr
en M0Gsn(Bry) ™™ " "
s ErnGio)=en Mg sn(Brn) " JEr,G) Mg sn(Bry) " "

(5.61)
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The integral in the first term of the summation in the right-hand side of Eql5.61}
can be rewritten using the expression for the group velocity reported in the first
equation in Eq[5.3| and can be easily demonstrated to be equal to k, (Epn(j)).
Hence, the charge at section s without accounting for the valley multiplicity and by
considering the case of single valley, reads as:

1 t . . o ; n(ET n)
n’inv,s = — fs n ET,TL g% k:c ET,n i —|—/ %dET,n

i Zn:; ~Brnli) ke (Bral) Brn() Vd.sn(ET,n)

(5.62)
Similar calculations can be done for the current leading to:
e . . .
L= > >t [(Fa(Br() - (Br() — Er(j*) +
n t=+
| falErG)des (5.63)
Er(7)
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5. Simulator for cilindrical nanowires based on the BTE

5.3.11 BTE results with template subband profile

In this section we will show some results obtained with the template subband
profile shown in Fig/5.18| including different scattering mechanisms maintaining the
same subband profile. Vpg is set to 0.5 V for all the simulations. The source Fermi
level Ersource at © = 0 nm is set to 0 eV whereas the drain Fermi level at x=65 nm

is —eVpg = —0.5 eV. Simulations are performed including two subbands.
1 T 1T 1T T 1T 17 T 717
0 Er courca=02V Vpg=0.5V 1
>’
2.-0.2 —
>
E _04 EF,drainzoeV—
e W e
W 0.6 —
-0.81 -
T I T [N TR SN TN N T 1
0 10 20 30 40 50 60 70
X [nm]

Figure 5.18: Template subbands profile. Vpg is set to 0.5 V and the source and
drain Fermi levels are referenced therein.

Ballistic Results

Figl[5.19] shows the occupation function for electrons with both positive and
negative group velocity for the two subbands. As shown in Fig since the
top-of-the-barrier (ToB) for the first subband is about 100 meV lower than the source
Fermi level (EF source), Which is set to 0 eV, there is a non negligible flux of electrons
injected from the source contact with positive k, (i.e. positive group velocity) above
the ToB that reach the drain contact preserving their crystal momentum (A k)
because of the absence of scattering. Instead, being the ToB for the second subband
about 100 meV higher than EF source, as can be seen in Fig electrons injected
from the source contact are mainly reflected at the CTPs leading to electrons with
negative velocity below the ToB in the source region (see Fig. The same
holds for electrons with positive group velocity at the right of the ToB in Figs
and that correspond to electrons injected from the drain contact. The ToB
for both subbands is well above the drain Fermi level Ef grqin, hence the number of
injected electrons from the drain contact that reach the source contact is very low.

Moreover, due to the absence of scattering, there is no exchange of electrons
belonging to different subbands. The current spectrum is defined as:

Fong, = fons, (5.64)
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5.3. BTE discretization

hence the current according to EqJ5.63]is given by the integral over the energy of the
current spectrum for a given subband (and valley) times the factor e/(7h) and then
summed over all the subbands (and valleys). Fig shows the current spectrum
for the two subbands and the current contribution is given only by electrons above
the ToB due to the presence of CTP and absence of scattering which leads, for
energy below the ToB, to a flux of carriers with positive velocity that equals that
with negative velocity and thus to a null contribution to the current. Moreover,
due to the position of the ToB for the second subband, only carriers in the lowest
subband contribute to the total current as shown in Fig/5.21] Figl5.22] shows the
back-scattering coefficient for each section calculated as:

I;7)17 (5.65)

where I can be calculated by using the expression in Eq and summing over the
states t = +, whereas I, corresponds to the terms ¢t = —. As can be seen in Fig
close to the ToB the backscattering becomes order of magnitudes lower than the
value at the source or drain (which is close to 0.87), because of the combination of
the applied Vpg and position of the ToB which lead to a negligible flux of carriers
with negative group velocity above the ToB.
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Figure 5.19: Occupation functions of ballistic simulation including two subbands.
Vps is 0.5V, Ersource = 0 €V and Ef grqim = —0.5 eV
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Figure 5.20: Current spectrum for ballistic simulation with two subbands.
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Figure 5.21: Current versus transport di- Figure 5.22:
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Ballistic simulation results.
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Elastic Scattering
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Figure 5.23: Occupation functions of a simulation including elastic scattering with
two subbands. Vpg is 0.5V, EFr source = 0 €V and Ergrqin = —0.5 eV

Fig[5.23] shows the occupation functions for two subbands with elastic scattering.
The occupation function for electrons belonging to the first subband and with positive
group velocity is shown in Fig[5.23(a)l As opposed to Figl5.19 it can be seen that
electrons above the ToB of the first subband due to the elastic scattering undergo two
different effects. The first is that they are backscattered to the source still remaining
in the first subband: in fact Fig[5.23(b)| shows that the occupation function for
electrons belonging to the first subband with negative group velocity is not zero
above the ToB of the first subband. Hence, there is a lowering of the net flux of
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5.3. BTE discretization

electrons from source to drain (i.e. the electron current). The second effect is that
elastic scattering can also move electrons from one subband to another: in fact
Figsf5.23(c)| and [5.23(d)| show that on the right of the ToB and for energies larger
than approximately —100 meV there is a non negligible flux of electrons either with

positive or negative group velocity due to the scattered electrons belonging to the
first subband.

Finally, Fig shows the current spectrum calculated as in Eql5.641 Figl5.24(a)|
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Figure 5.24: Current spectrum for simulation with elastic scattering and with two
subbands.

shows that the current contribution is non-null only above the ToB for the first
subband. This is because, as in the case of ballistic simulation, carriers below the ToB
that are injected from the source are reflected at the corresponding CTPs and the
contribution to the total current cannot but be zero. In Fig it can be shown
that, due to the intersubband scattering, there is a non negligible contribution to the
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total current from carriers belonging to the second subband below the corresponding
ToB, differently from Fig where electrons are mainly confined in the source
and drain regions and their contribution to the current is close to zero. The current
spectrum summed over the two subbands is shown in Fig and the integral
over the energy gives the current shown in Fig/5.25] As expected, the total current
is constant along the transport direction whereas the contribution of each subband
changes along x. Figl5.20] shows the back-scattering coefficient calculated as in

I_I | T | T | T | T | T | Ij
le0BE™ """ - 5 - .
< 1e-07F E - i
o 3 3 C ]
0 C ] - -
1e-08k —— Total IDS = 1 _‘
g —— lpgsubb.1 3 | .
- IDSsubb.Z ] | —
N T [N T N N A N T A T B T
1e-09=90"20 30 40 50 60 70 o NS
x [nm] 0 10 20 30 40 50 60 70

X [nm]
Figure 5.25: Current versus transport di-

rection with contrinution of each subband. ~ Figure 5.26:  Back-scattering coefficient
Simulation with elastic scattering. for a simulation with elastic scattering.

Eq Differently from the back-scattering for the ballistic case in Fig since

scattering can change the sign of group velocity at any energy electrons with negative
group velocity are observed even for energies well above the drain Fermi level.
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Inelastic Scattering
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Figure 5.27: Occupation functions of a simulation with inelastic scattering with
optical phonons with fiw,, = 50meV and two subbands. Vpg is 0.5V, EFrsource = 0
eV and Ef grqim = —0.5 eV

Figl5.27shows that inelastic scattering for both subbands fills states with electrons
with positive and negative velocities for the energy window below the corresponding
ToBs and few tens of meV above Fr 44y and at the right of the ToBs, that is,
an energy in a region that is forbidden in the case of ballistic or elastic scattering
simulations. Current spectrum is shown in Figl5.2§ where it can be seen that there
is a non-negligible contribution to the total current given by electrons that lose their
kinetic energy via optical phonons emissions while moving from the ToB to the drain
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Figure 5.28: Current spectrum for simulation with inelastic scattering and with two
subbands.

region. Even though the current spectrum in Fig changes section by section,
its integral over the energies and summed over the subbands gives a current which is
constant throughout the device sections as shown in Fig[5.29

Figl5.30] shows the back-scattering coefficient.
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5.4 Solver for transport calculations
5.4.1 Device discretization

metal gate length

- >

Metal Gate

M@ points

Metal Gate

< ><—> ; ; ;
N oxide N semic source length channel length drain length

Figure 5.31: left: slice along the quantization plane of the circular nanowire with
discretization points. right: slice along the transport direction.

The device circular sections are discretized as explained in Sec[4.3.9] using a non
periodic Chebyshev grid along radial direction and a uniform periodic Fourier grid
along angular direction in order to employ the PS method that allows for an high
accuracy (i.e. the so-called spectral accuracy) and a fast numerical solution of the
Schrodinger equation due to the reduced number of points with respect to traditional
FD of FE methods. A Chebyshev grid is used also along transport direction in order
to obtain spectral accuracy for the solution of the Poisson equation. A sketch of the
device discretization is shown in Fig[5.31]

We solve the Schrodinger equation Eq[4.] along circular slices to obtain the
subband profile and the wave-function. We impose homogeneous Dirichlet boundary
conditions at the boundaries of the circular slices and the continuity conditions of
Eq[£.10] at the discontinuity surface between oxide and semiconductor.

The Poisson equation is solved in the 3D cylindrical domain by using the same
methodology explained in Sec[4.5| but extending Eq/4.98|to a 3D domain. We now
focus on the boundary conditions for the Poisson equation which have been already
discussed for the metal gate contact region in Sec[4.5] and we extend it to the 3D
nanowire. In order to maintain an average space-charge neutrality in the source-
drain regions close to the source and drain contacts, we use homogeneous Neumann
conditions at the idealized source and drain contacts along transport direction:

0¢(r,0, )

5 =0. (5.66)

Same Neumann conditions are also imposed along radial direction in the nanowire
external surface that is not surrounded by the metal gate (see Fig ; at the oxide
to gate electrode interface, Dirichlet conditions are used to set the potential.

188



5.4. Solver for transport calculations

5.4.2 Iterative solution for transport calculation

The overall flowchart for the solver is shown in Fig

3D Poisson

(classical carrier density)

Initial guess for the potential

| — 2D Schrodinger eq.

Subband energy
Wavefunctions

Longitudinal BTE

l Occupation functions

Wavefunctions

Charge calculation

¢ Electron charge density

TTOTN 3D Poisson
Chec (quantum carrier density)

Figure 5.32: Flowchart of the solution scheme.

At the first iteration the solver needs an initial condition to start. This is provided
by the potential at the equilibrium (Vpg = 0V) calculated by solving the 3D Poisson
equation for a 3D gas using the Fermi-Dirac statistics (quantization is not taken into
account in this preliminary step), and accounting for non-parabolicity corrections
that have a vast effect on the resulting degeneracy of the electron gas; the expression
for the charge is given in Eq[C.26]

To work out an initial guess for the potential in out-of-equilibrium conditions
(i.e. Vpg # 0), the first guess for the potential obtained for Vpg = 0 V is linearly
shifted starting from the source-channel interface to the channel-drain interface (see
Fig. Then, the Schrodinger equation is solved in each circular section of the
device in order to obtain the subband profile of the entire device.

The BTE equation is solved for out-of-equilibrium conditions according to Sec/5.3]
with:

e boundary conditions for fT at source according to Fermi-Dirac occupation
with Fr s=0;
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Figure 5.33: Plot of the potential at the center of the Nanowire. squares: potential
used as an initial guess to introduce non equilibrium conditions being Vpg =0.5
V. It is initial guess for Schrodinger and BTE solvers. circles : potential profile at
equilibrium (i.e. Vpg = 0V).

e boundary conditions for f~ at drain according to Fermi-Dirac occupation with
Ers = —eVps

Then, the Poisson equation reported in Eq but extended for a 3D domain
introducing the derivative along the transport direction, is solved to find a new guess
for the electrostatics potential and the loop in Fig is repeated until convergence
is reached.

5.5 BTE Simulation results

The device has a silicon channel with diameter d = 5 nm, the gate length is Lg=
15 nm, and the gate dielectric is HfOy (k = 22 |2]), with a thickness of 4 nm, gate
workfunction is 4.6 eV, source and drain regions with Lgp = 20 nm, and donor
doping of 1 x 10%° cm™3. The transport direction is [100]. Coulomb scattering is
activated only in the channel region and not in source and drain regions, this is also
because, for very large doping concentrations (or scattering rates), the scattering
model should take into account the correlation between Coulomb centers (see also
Sec, that is not considered in the present model and in most of the papers in
the literature, as well as for corrections beyond first-order Born approximation [18].

Fig shows the results obtained for different scattering conditions: a) without
scattering; b) including acoustic and optical phonon scattering according to Sec
with deformation potentials from [2]; ¢) with the inclusion of Coulomb scattering
accounting for interface states with Nyp = 1 x 10'2 em~2 according to Sec d)
including surface roughness with the new model described in Sec[3.6] and using root
mean squared roughness amplitude A, = 0.21 nm and correlation length A = 1.3
nm.

Results show the strong reduction of the current in the presence of phonons, and
also surface roughness implemented with the new model of Chapter [3| In particular,
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Figure 5.34: Drain current versus gate voltage characteristics for silicon with [100]
transport direction, for Vpg= 0.5 V and with the inclusion of different scattering

mechanisms. The density of interface states for the coulomb scattering is Nyp =
1 x10'2 cm—2.

the SR scattering is responsible for a strong performance degradation as already
pointed out for planar devices in [19].
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5.6 Conclusions

The development of a comprehensive simulator based on the deterministic solution
of the BTE for circular nanowires has required lot of time, therefore, we are still
validating this new tool against available experimental data. We believe that the
inclusion of the surface roughness scattering with the new non linear formulation
already validated against available experimental results for planar devices is one
of the highlights of this work. In fact it has been already demonstrated that for
aggressively scaled nanowire, SR is one of the most important scattering mechanisms
[20, 21]. Moreover, the deterministic solution of the BTE allows for the study of the
sub-threshold regime without being affected by the statistical noise that is present
in MonteCarlo solvers. This, in principle, allows for the simulation of low field
mobility by simply applying a very low longitudinal field along transport direction
still maintaining the precision of the solution.
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Appendix A

Tensor of the inverse effective
masses for different orientations

HE knowledge of the band structure provides information that goes beyond the
T energy values of the valley minima and the energy gap. Indeed, the energy
band curvature in K space, can provide the effective mass of the carriers. Effective
mass can be intuitively interpreted as the mass of a carrier within a crystal and it
governs the response of the carrier to an external force. For transport applications
the effective masses are particularly important because they affect the velocity of
carriers along the transport, the quantization of energy levels and the density of
states. An electric field or a magnetic field affect the state of a carrier as if it was a
free particle, but having a different mass with respect to the mass in vacuum, which
is the effective mass. The electron is described by a wave-packet which has group
velocity in three-dimensions given by:

1
Vg = ﬁVKE (K) (A1)
where Vi is the gradient as a function of the wave-vector K. Denoting a the
acceleration due to an applied force F we can write:

_ v, dVkE(K) _ Vi (dK
a=-—_" = . = o VkEXK) |. (A.2)

Recalling that the rate of change of the crystal momentum P of a particle is
proportional to the force F acting on it:

dP  dK
- e (A.3)

F=— —
dt dt’

we can rewrite the Newton’s second law for a classical particle under the influence of

a force as: v
a= rT;( (FVKE(K)). (A.4)
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A. Tensor of the inverse effective masses

By using matrix formalism the column vector a is linked to the force column vector
F through

a=WF (A.5)
where W is the [3x3] tensor of the inverse of the effective masses and the (i, )
component is given by

1 0?E(K)

ﬁm ) ET,Y,Z (A.6)

Wi =

It follows that the tensor of the effective mass is the inverse of the W tensor

We now consider the dispersion relation for electrons derived under the parabolic

K,

(a) Aligned Ellipsoid (b) Non Aligned Ellipsoid
Figure A.1: Ellipsoid Coordinate System.

band approximation, that is expanding the energy dependence in Taylor series
of second order in K around the band minimum. If we suppose that ellipsoidal
equi-energy surfaces are aligned with the coordinate axis as in Fig[A.Th we write

Rk Rk, h%k,*
+ +

F(K)=F
(K) v0 2my 2my, 2m,

(A.8)

where E), g is the energy of the bottom of the conduction band, and k., ky, k. are the
deviations with respect to the energy at the bottom of the valley (k; are measured
from the value of the wave-vector where the band has its relative minimum). Even
more generally, if the ellipsoids are not aligned with the k;, k,, k.-coordinate axis as
shown in Fig[Adp the dispersion relation for a 3D gas reads:

h? .
B (K) = EV70 + ? sz,jkzk] 1,J € kg, ky, k. (Ag)
2y}
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where W is the tensor of the inverse effective masses defined in Eq[A.6) with respect
to the k., ky, k.-coordinate system. It is now convenient to start introducing three
different systems of coordinates as depicted in Fig[A.2} Device Coordinate System
(DCS), Crystal Coordinate System (CCS) and Ellipsoid Coordinate System (ECS).
The DCS is independent of the crystallographic orientation of the semiconductors
atoms, but it depends exclusively on the transport and quantization directions. The
second, CCS, allows to specify directions in relation to crystallographic axes and the
last, the ECS, is a coordinate system oriented with the ellipsoidal equienergy surfaces.
It is useful to distinguish between DCS, CCS and ECS because the orientation of
the device can be decoupled from that of the crystal or that of the single valley to
make it easy and intuitive the study of devices with different crystal orientations as
depicted in Fig[A.2]In the general case Eq[A.9]is written using matrix formalism as:

k DCS
Z A k CCS
Z

k 1ECS
t ECS
K,

//V kyDCS

Figure A.2: Sketch of the Brillouin zone with ellipsoidal equienergy surfaces belonging
to L-valleys and the corresponding coordinate-system.

h2
E(K) = Eyo + 7 (ke, by, k) Wpes (ke by, k)T (A.10)
where (kg, ky, kz)T indicates a column vector. The knowledge of the matrix W pog:

Wy Wy Wgy
Wpes = |Wye Wyy Wy (A.11)
Wzy Wzy Wyz

is thus of extremely importance to determine the energy dispersion relation along the
transport and quantization directions. It is now useful to recall that in the ECS the
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A. Tensor of the inverse effective masses

W tensor is always diagonal and, in particular, takes the form reported in Fig[A.3
and the diagonal coeflicients are given by the inverse element-wise of the masses

1/mt1 0 0 kl
WECS = 0 1/mt2 0
0 0 1/my
Ke
K,

Figure A.3: Tensor of the inverse effective mass for the ECS and ellipsoid orientation.

along the two transverse ellipsoidal directions and along longitudinal axial direction.
Effective masses in literature for the different semiconductor valleys are always given
in the ECS-coordinate system, thus, it is convenient to relate the Wpog to the
Wgces. The link between the DCS- and the ECS-coordinate system is given by the
rotation matrix by the following equation:

(ke ki2, k)T = Rpos—pos (ke ky, k)T (A.12)

where Rpcs_s pos denotes the orthogonal rotation matrices that map a point defined
in the kz, ky, k. system into the k1, k2, k; system. In such a way, it is straightforward
demonstrate that:

Wpes = Rpes—ecs Wees Roos—ecs (A.13)

and it can be demonstrated that Wpcsg is always a symmetric matrix, and expressions
for rotation matrices Rpcs—,gcs can be found in [1].

According to the definition of W peg in Eq[AT3] the effective mass corresponding
to the coordinate (i,j) € (x,y,z) of the DCS, can be calculated from the tensor
W pes as follows:

Cof((Wpcs)i)
det (Wpcs)

where Cof((Mpcs)i ;) represents the cofactor (7,7) and the determinant can be
easily calculated recalling that W geog is the diagonalization of the W pcg tensor.
Hence the determinant of W pog equals to the determinant of Wgcg being the
determinant of the rotation matrices equal to 1. It follows that det(W gcg) is given
by the product of the diagonal elements of W gcg:

(Mpcs)ij =

(A.14)

1
det (Wpes) =det(Wges) = ——— (A.15)

me1Mme2my
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Fig shows an example of W pc g tensors for silicon A-valleys labelled as A;0,A 1]
and Aggy) according to the sketch reported in Fig@ for different DCS orientations

referred to the ECS.

x y z valley Wpes
[1/m, 0 0 ]
A[IOO] 0 1/my 0
L O 0 1/my |
[1/m¢ 0 0
[100] [010] [001] | Alo10) 0 1/my 0
L O 0 l/mt_
1/m¢ 0 0
Ajgo1) 0 1/my 0
0 0 1/my |
myt+my myp—me 0
2myme 2mymy
mp—myg my+my
A[IOO] 2mymye 2mymy 0
0 0 -
my
72"l+mt ey 0
— mym mym
[110]  [T10]  [001] my Ly my e
Afoto 0
[010] Zmymy Tmymy
0 0 1
my
1/my 0 0
Afoo1] 0 1/my 0
0 0 1/my
r me+2mg my—m¢ myp—m¢
3m¢myg Vemimg 3v2mymg
A my—my mytmy my—m
[100] ormemy Tmem; 2By
my—my my—my my+5my
_Sﬁrntnll 2\/§7ntml 6mimy |
[ m¢+2mg my—my mp—myg ]
[111] [110] [112] 3mimg Vemym; 3vV2mymg
A my—m my+m my—my
[010] Vémim, 2mymy 2v3mimy
myp—m¢ myp—me m¢+5my
L3v2mymy 2vBmym 6mym; |
mg+2mg 0 V2(mi—my)
3m¢emg 3mimy
1
AN 0 mg 0
V2(mg—my) 0 2my+my
3mymy Smym;

Figure A.4: Expressions for the W?[’)%S tensor for different DCS transport directions
{z,y, z}. DCS directions are expressed as a function of the CCS. A; ; ;,—valleys in
the right table are oriented according to the sketch of the Brillouin zone reported on

the left
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Appendix B

Effective mass Schrodinger
equation for a 2D and 1D
electron gas for arbitrary crystal
orientations and for
heterostructures

Because of confinement, the quantized nature of the electron gas must be taken
into account. Below we follow the approach in [1]: for a more complete derivation
the reader may want to refer to [1]. The single electron, time-dependent Schrédinger
equation can be written as:

2
ihg\I/(R, t) = —h—v%{ +Uc(R)+UR)| (R, 1) (B.1)
ot 2m0

where Uc(R) represents the stationary periodic potential of the crystal atoms,
U(R) = —e¢(R) is a generic potential energy that can be due to an applied external
bias, and ¥(R,t) is the wave-function of the quantum system. For a uniform and
homogeneous crystal domain with U(R) = 0 the solution of Eq is given by Bloch
waves in the form:

AEme(K) t)

T, kK (R, 1) = Uy i (R)eTER) L (B.2)

where m is the index of the eigenstates, u,, k (R) represents the rapid oscillations on
the scale of the crystal lattice and E,,(K) are the eigenvalues solutions of Eq[B.1]
once the space and time dependent problems are decoupled in virtue of the stationary
potential Ug(R).

More generally, in the presence of a potential U (R) with slow space variations with
respect to the crystal potential Uo(R), Eq can be expanded in eigenfunctions of
the unperturbed Hamiltonian and after some non-trivial steps it can be demonstrated
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B. Effective mass Schrodinger equation for a 2D and 1D electron
gas

that, close to a given minima identified by the index m and for minima sufficiently
distant from each other, the Laplacian operator written with the rest electron mass
summed with the crystal potential in Eq[B.1] can be replaced by the operator
E,,(—iVR) obtained by replacing K with —iVR in the expression for E,,(K). Hence,
Eq can be rewritten within the so-called effective mass approximation (EMA) by
introducing an equivalent Hamiltonian operator (Heq):

(R 1) = (B (V) + UR)] W (R, ). (B.3)

Heq

In Eq[B.3| all the rapid potential variations of the crystal are accounted in the
E,(—iVR) term. The most common way to write the E,,(—iVR) operator for
electrons with K values in the proximity of a valley minimum inside the Brillouin
zone for the lowest eigenstate (i.e. by setting the m index equal), is to use the
parabolic effective mass approximation, for which the energy dispersion relation F(k)
of the Bloch electrons can be written as:

B2 (ky — kao)? N B2 (ky — kyo)? N h2 (k. — k.0)?

E,=F,
ot 2my 2m, 2m,

(B.4)

where v is the valley index and E,¢ represents the energy of the bottom of the
conduction band for the valley v. Eq[B-4]is valid for valleys aligned with the x,y, z-
coordinate system and more details are given in Section[A] Under the hypothesis of
K values close to subband minima, the wave-function can be written as:

.eV’nt)

Uy k(R 1) = tn i, (R) Dy i (R)eE el (B.5)
where the function ®,, k(R) is a slowly varying envelope wave-function reflecting
the variations of the potential U(R). By substituting Eq into Eq we finally
obtain the eigenvalue problem written for the envelope wave-function:

[E,(—iVR)+UR)] Py n(R) =, P, n(R) (B.6)

where ¢, ,, is the eigenvalue, and U(R) is the confinement energy.

Eq[B.6] can be used to derive the properties of a quantized gas from the slowly
varying wave envelope wave-function @, ,(R) rather than from the much more com-
plicated wave-function defined in Eq[B.I} The envelope wave-function approximation
relies on the fact that for large semiconductor domains the number of atoms is such
that their potential can be represented by a global average potential. Based upon
previous steps, the time-independent Schrodinger equation derived within EMA

(Eq is recast in a more explicit form in Eq

> W o +U,R)| B0(R) =€, 8,0(R) (B.7)

h?
“2 2 Vg

2

l?]
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B.1. 2D electron gas

where 5:/,n is the eigenvalue referred to the energy of the v—th valley minimum (i.e.
Evn = E;,’n + E,p) and x; is a generic coordinate in the device coordinate system
(DCS) {z,y,2z} .-W is the tensor of the inverse of the effective mass tensor M in the
DCS for which holds the relation (M;; = (W);Jl) M takes a particularly simple
form when the inverse mass tensor is diagonal:

1/my 0O 0
w=| 0 1/m, 0 (B.8)
0 0 1/m,
that leads to a diagonal matrix
my O 0
M=|0 m 0]. (B.9)
0 0 m,

More generally, for arbitrary orientations and by exploiting the matrix formalism, the
Schrodinger equation written in the device-coordinate-system (DCS) (see Section[A]
for more details) reads:

—sz . (WDCS V) + UZ,(R) q)l,’n (R) = 6/ CI)Z,,n (R) (B.l())

v,n

where V- denotes the divergence and V&, , (R) the gradient of the envelope wave-
function and where the effective-mass tensor may no longer be diagonal for an
arbitrary crystallographic orientations.

B.1 2D electron gas

Let us assume the case of a 2D quantized electron gas where quantization direction
and transport plane are shown in Fig[B.I] The Schrodinger equation in a 3D domain

Figure B.1: Sketch of a MOS transistor with DCS.
given in Eq under the hypothesis that the potential energy is a function of the
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B. Effective mass Schrodinger equation for a 2D and 1D electron
gas

z coordinate only (U(R) = U(z)), can be solved using the ansatz for the envelope
wave-function ®,, i (z,r) given by:

z) . .
P, 1 (2,1) = g”;‘/‘%)e“fzw“’w (B.11)
where A is a normalization area. By substituting Eq[B.11]into Eq[B.10| we obtain:

2 z nk(z ,
Lo 2 <d’5$;()> 12 (wasky + wyoky) (d’fk()> = [U(2) + 4] énic()

2 dz
(B.12)
where the w;; terms with (4, j) € {x,y, 2} are the elements of the tensor of the inverse
effective masses describing the kinetic energy operator reported in Eq[A.6] and the
total energy E,, (k) with ke {k;, k,} is given by:

;o1
E.(k) = Fy+e, + §h2 (waaks + 2Waykaky + wyykY) . (B.13)

where Ej represents the energy of the bottom of the considered valley. To eliminate
the first derivative with respect to the z coordinate in Eq[B.12] it is convenient to
make a second ansatz for the unknown &, x(2) [2]:

Enre(2) = u(2)el (mehotunehy) o (B.14)
where (,(z) must satisfy:

n?  d?
[_ o2m, dz?

+ U(z)} Cu(2) = en¢n(2) (B.15)

where m, = w_,! and the total energy is given by:

2 w2
(w:m: - Zzz) ki +2 (wxy - wﬂ?zwyz> kxky + (wyy o wyz) k;

2z Wez 2z
(B.16)

The definition of &, k(z) in Eq shows that, if the entries w,, and wy, are not
null, that is for semiconductors having ellipsoidal conduction band minima (e.g.,
silicon and germanium), and with z not aligned with any axis of the energy ellipsoid,
then &, x(z) depends on the in-plane wave-vector k through a phase factor.

Hence, in the case of equi-energy ellipsoids aligned with the quantization direction
z (i.e. Wpcg is diagonal), the &, x(z) term in the envelope wave-function of Eq
is given by the solution of:

2

h
En(k) = Eo+€g+§

h? d?
_2mz TZQ + U(Z) fn(z) = 5In€n(z) (B'17)

and the total energy reads:

2

Ea(k) = Bo+ ey + o [(wee) K2 4 (1) K] (B.18)

It is now interesting to analyze the implications of the formulation for the envelope
wave-function given in this appendix for the cases of single and multiple domains.
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B.1. 2D electron gas

Single domain

Let us suppose the case of simple Dirichlet boundary conditions:
(I)(Zo) =0 (B.19)

where zp denotes the boundary coordinate z. Since &, k(z9) = 0 implies ¢, k(20) = 0
according to Eq e/ and (,(z) are independent of the in-plane k—vector even if
Wy, and w,,; are not zero. Instead, in the case of Dirichlet boundary conditions of
the type:

‘I)(Zo) 75 0 (B.QO)

or in the case of Neumann boundary conditions, according to Eqs|B.11| and |B.14]
both €]/ and (,(z) depend on k, unless we have w,, = wy, = 0.

Multiple domains

If we consider the penetration of the wave-function into the oxide (or into another
semiconductor with a different effective mass tensor), even for spherical bands (i.e.
Wy (2) = wyz(2) = 0), if the semiconductor mass (msx) and the oxide mass (M)
are different, the z dependent mass m, makes the kinetic energy related to the in
plane wave-vector k not a simple additive term and brings about a k dependence of
the term &, k(2) (it is not necessary to introduce the ansatz in Eq being in this
simple case of spherical bands the tensor of the effective masses diagonal). In fact,
let us consider isotropic bands, in this case &,x(z) in Eq must satisfy

h2 62 h2k2 ‘
{_moxaz? —ed(z) +Pp+ Qmox] Enke = En e (owide) (B.21a)
h? 02 R2)2 '
[_%822 —ed(z) + QTHSCJ §nk = En & (semiconductor) (B.21b)

where k= |k|, ¢(z) is the electrostatic potential and ® g is the barrier height. Eq
can be cast in the equivalent form:

W9 W2E2 (1 1 ‘
[_2771090322 —ep(z) +@p + 5 (mox - msct>] énk = en &k (omide) (B.22a)
02
[_282 - eqb(z)] Enk = enénk  (semiconductor) (B.22b)
Mgt OZ

where g, is related to the eigenvalue E, of Eq by E,=cn,+h?k?/(2mse). For
Mg 7# Mset the transverse wave-vector k does not simply provide an additive term to
the subband minima &, given by Eq[B.22] but instead enters Eq[B.22| as a parameter
and makes both &,x(z) and &, dependent on k.

In this thesis we essentially solved Eq by neglecting the term A2k2/2(1/mge —
1/mset) compared to the barrier energy ® 5. To make a quantitative assessment about
the importance of the h2k?/2(1/moy — 1/mset) term, we considered the HfOo-InAs
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B. Effective mass Schrodinger equation for a 2D and 1D electron
gas

system (mp70,=0.11 mg and mr,4,=0.026 mp) with an electron density n=2 - 1012
cm~2. The corresponding magnitude of the Fermi wave-vector is kp = /27 - n ~ 0.35
nm~1, leading to A?k%/2(1/Mmoz — 1/Mmet) ~177 meV, which is very small compared
to ®p = 2.9¢V. This analysis suggests that the £ dependent term provides only a
minor correction to the solution of EqB.22]

B.1.1 Conservation of the transverse momentum

Let us analyze the case of the Si-SiO2 system including wave-function penetration.
In the solution for the Schrodinger equation we use an effective mass approximation
and notice that Si and SiOy conduction band minima have different positions in the
3D Brillouin zone: A—valleys of silicon are located at (0.8527/ap) (where ag is the
lattice constant), whereas for the oxide the minimum is at the I" point. Hence, while
the wave-function used in our calculations is only the envelope wave-function, one
may argue that, when the wave-function penetration in the oxide is considered, one
should impose the continuity of the complete wave-function (i.e. accounting also for
the different Bloch functions in the two materials) and that, furthermore, parallel
momentum should be conserved.

The parallel momentum conservation is of course very important, for example,
for the calculation of tunneling currents and it has been debated in several previous
publications [3]. If parallel momentum conservation is used in tunneling calculations,
for example, it is known that much larger barriers and correspondingly smaller
tunneling currents are obtained for (110) and (111) silicon interfaces compared to
the (100) interface; however this has not been observed in experiments.

The lack of a clear experimental evidence for parallel momentum conservation
in the Si—SiO4 system has been tentatively ascribed to the amorphous nature of
thermally grown SiOs films, or to the fact that some scattering mechanisms (e.g.
phonons, disorder induced scattering or surface roughness itself) may assist tunneling
and provide the missing momentum. At this regard, it is finally worth recalling that
the so called unprimed subbands in (100) silicon inversion layers stem from the two
out of plane A minima (with quantization mass m, ~0.92my), which are projected at
the I' point in the 2D Brillouin zone of the quasi-2D electron gas. This implies that,
in terms of 2D wave-vectors in the the 2D Brillouin zone, the dominant subbands in
the silicon inversion layer are actually located at the I' point.

While the above discussion is certainly not conclusive, the point we tried to make
is that several physical explanations have been proposed in the literature to justify
quantization models for inversion layers at a Si—SiOs interface that do not account
for the parallel momentum conservation.
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B.2. 1D electron gas

Figure B.2: Sketch of a circular NW.

B.2 1D electron gas

Under the hypothesis that the confinement energy U, (R) can be written as the
sum of two terms
UR) =U(z) +Uu(y,2), (B.23)

the envelope wave-function can be written as the product of two components
P(R) = @(2)P(y, 2). (B.24)

Assuming that the confinement potential varies only in the quantization plane y, z
by setting U(x) = 0, and substituting Eqs[B.24]B.23| into EqB.10]it can be easily
demonstrated that a plane wave satisfies the equation for ®(x) giving the dispersion
relation E,(k,) = (h?k2)/(2m,). According to this ansatz on the longitudinal poten-
tial U(x), the envelope wave-function can be written as the separated contributions
of a transverse and longitudinal component:

Sn kx (y,2) ikax
Q. 1, (R) L. e (B.25)
where for the sake of simplicity the notation for the valley v has been dropped from
the envelope wave-function and where L, is a normalization length that always
disappears in the final results (i.e. for matrix elements, scattering rates). The k;
value in Eq[B.25] are set by the boundary conditions and according to Appendix
are given by the discrete k; values:

= N—. B.2
k n— (B.26)



B. Effective mass Schrodinger equation for a 2D and 1D electron
gas

Following the approach in [4], it can be shown that it is convenient to introduce a
second ansatz and write Sy, iz (y, 2) as:

Ska (4> 2) = &n (y, 2) € B H07) (B.27)

in order to obtain an eigenvalue equation where appears only the second derivative
operator and where coefficients « and § are given by:

o — —WgyWzz + Wy Wy = —WyyWyy + Wy Wey
= , = .

— 2 2
WyyWzz — Wy, WyyWzz — Wy,

(B.28)

According to the EMA and based upon the approximate expression for the band
structure close to the band minima of Eq[A.T0] the stationary envelope wave-function
&n(y, z) and the quantized energy levels in the cross-section are the solutions of the
eigenvalue problem:
h? 2D
—?V- (WDCSV) +U(r, 6’)] &n(y,2) = enén(y, 2) (B.29)

where W%%S is defined as:

Wik = <U’yy “’yz) . (B.30)

Wey Wzz

The resulting envelope wave-function where the quantum confinement is decoupled
from the transport direction is given by:

(I)n,kx (R) _ gn(% Z) 6ikm(ay+ﬁz+:p) (B31)

and the total energy of a particle for the valley v is written as:
2 k,g

2

Eny(ke) = en + My (B.32)

where mg,; is the effective mass along transport direction:

Wi We2W)

Mgy = [WDC'S](_SD = (B33)

—_ a2
WyyWzz — Wy,

and where wy,w2, and w; are the inverse of the effective masses in the ECS (see
Appendix [A] for more details).

B.3 On the continuity conditions of the Schrodinger
equation

The remarkable advantage of the Schrédinger equation written within the EMA
is that all the informations of the microscopic structure of the semiconductor are
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B.3. On the continuity conditions

accounted in the effective mass and band edge energy F,o. This model can be
used even in the presence of heterostructures as in the case of semiconductor-oxide
domains. One could be tempted to write the Eq[B.10]in a more general form:

—h;v -(Wpes(R)V) + UR)| @, (R) = €, P00 (R) (B.34)

where the effective masses are R dependent. Typically, the interfaces between oxide
and semiconductor, or between different semiconductors, take place over a few lattice
layers, so that potential variation which is typically on the range of few tens of
meV up to 1-2 eV cannot be considered smooth with respect to the atoms potential
as discussed in Sec[B] for the derivation of Eq[B.I0] To circumvent this issue, the
Schrodinger equation can be solved in the different domains resorting to Eq[B.10] and
then by using appropriate continuity conditions at the semiconductor-oxide interface.
In order for the eigenvalue problem to be well posed we need two conditions at the
semiconductor-oxide interface:

D, (R) and (WposV®,. (R))T  continuous. (B.35)

where ()1 denotes the quantity (e) normal to the semiconductor-oxide interface (e.g.
for a planar device with a 2D electron gas corresponds to the direction normal to
the semiconductor-oxide interface, whereas, for a circular GAA device, to the radial
direction). The first equation follows directly from the fact that the probability
distribution function must be single-valued everywhere in space, the second is a
generalization for a 3D domain of the Ben Daniel-Duke condition [5]. In fact, if
we consider for simplicity a 2D electron gas (the gas can freely move on the z,y
plane), under the assumption of continuous envelope wave-function and integrating
the Schrédinger equation over an infinitesimal range across the boundary [—e/2, /2]
between the two materials (assuming the interface located at z=0) we write:

/6/2 [ n? o + U(z)] D, (2)dz = e, /6/2 D, (2)dz

C2m* 0z

—¢/2 —€/2
(B.36)
R[10 +e/2 U+(0) — U (0)]
5 )] = [ O e

Obviously the g, term exits the integral being a non-local term since it is an eigen-
energy solution of the Schrédinger equation in the whole domain. Evaluating the
limit for € — 0 we obtain the second boundary condition of Eq[B.35|for a 1D case:

where I and I denotes the two media. The above equation is the one obtained in
[6] from k-p analysis and is the same as in [5] by considering steady state electron
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B. Effective mass Schrodinger equation for a 2D and 1D electron
gas

transport across a heterojunction. Moreover, it can be demonstrated that Eq[B.37]
satisfies the condition for the probability current density (Jo) to be solenoidal along
the direction normal to the semiconductor-oxide interface. The starting point is to
resort to the charge continuity equation expressed in the local form as:

9p

V.J=-—
ot

(B.38)
where the current density J and the charge p must be regarded as probability
current density (Jo) and probability density (Pgp), respectively. The derivative of
the probability density over the time is defined as:

0Py o0P* 0P

— =9 o —. B.39

a o U h (B-39)

By multiplying the Lh.s of the time-dependent Schrodinger equation of Eq[BJ]
(by replacing the wave-function with the envelope wave-function) by ®* and the
corresponding Schrodinger equation for ®* by ® and taking the difference of the two
equations we obtain:

oPsy  O* __9d  h
o _ g 2% _
a1 o % ot 2im

— [*V*® — oV?D*]. (B.40)
Using the Green’s identity fVZ2g — gV2f =V - (fVg — gVf) to rewrite the r.h.s of
Eq[B.40] we finally obtain the generalization for 3D dimensions case of the continuity

condition of Eq[B.38

88]2‘1’ =-V. zg (Wpes (VO — dVE*)] (B.41)

Js

where the term J¢ denotes the probability current density. The existence of stationary
states along the direction normal to the semiconductor-oxide interface, implies the
component parallel to this direction of Jg to be constant. Therefore the continuity
of Jg implies:

WéCS% {¢'17*V(I)I} ‘interface - [I)ICS% {(I)IL*V(I)II} ‘interface (B42)

where (o) denotes the imaginary part of (e). In virtue of Eq it is now apparent
that boundary conditions in Eq[B.35 implies that the probability current is constant
along the direction normal to the semiconductor-oxide interface.
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Appendix C

Non-parabolicity corrections

As mentioned in Appendix [B| throughout this work, the Schrédinger equation
is solved within the EMA with a parabolic effective mass approximation for the
energy relation F(K) close to a valley minima, with an overall energy dispersion
that is given by Eq[B.4] for a 3D electron gas, by Eq[B.16] for a 2D electron gas and
by EqlB.32] for a 1D electron gas. However, expecially for III-V semiconductors
nonparabolicity cannot be neglected as shown in Fig/C.I] In this work we account
for these effects by applying proper corrections to the DOS (for 3D electron gas),
and to the eigenvalues for 2D and 1D quantized electron gas.

C.1 3D electron gas

C.1.1 Density of states

Carriers in a semiconductor without band quantization, occupy essentially con-
tinuum energy states either in the conduction or in the valence band. The number of
allowed states per unit of energy and volume in R-space is described by the density
of states (DoS) here denoted by g(E). By definition, the density of states can be
evaluated by counting all the states available at a given energy E and then dividing
by the normalization volume (or area for a 2D gas or length for a 1D gas).

The mathematical definition of DoS is thus:

9(E) = &3 6(E - B(K)) (C.1)
K

where ) is the volume in the real space R and §(e) is the Dirac delta distribution.
In order to ensure that EqJC.I]is more mathematically manageable, it is better
converting the summation over K into an integral by using the prescriptions given

by Eq[D-8

_ Nsplly _
 (B) = 25 [t -5, ) ax (C2)
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C. Non-parabolicity corrections
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Figure C.1: Comparison between the energy band structure obtained for bulk
InAs using an 8 bands k-p solver |7] (dashed-line), and the energy profile obtained
by fitting the dashed-line with a parabolic equation (triangles) and with the non

parabolic equation of Eq (circles).

where v is the valley index, p, is the valley multiplicity factor and ng), is the spin
factor that is set to 2 according to Appendix [D]

The energy regions around the minima of the conduction band for a given valley
v, can be approximated by a quadratic function of K:

K> hK? h’K.?
+ +

* * *
2mk 2my 2mi

E, (K) - EI/,O = (Cg)
where F, o is the energy of the bottom of the conduction band, and K, K, K are the
deviations with respect to the K-point at the bottom of the considered valley. When
considering the ellipsoidal energy dispersion relation, in order to simplify analytical
calculations for the DoS, it is useful to introduce a scale-transformation applied to
an ellipsoid to turn it into a sphere. This is the Herring-Vogt transformation.

Herring-Vogt transformation

For the ellipsoidal equi-energy surfaces the transformation to turn an ellipsoid
into a sphere is defined as:

Kf =) T;K; (C.4)
j
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C.1. 3D electron gas

where K is the transformed wave-vector, K is the wave-vector belonging to the
ellipsoidal dispersion relation and 7;; the linear transformation matrix with 4, j €
(x,y, z). For the energy relation in Eq the T matrix is defined as:

o\ 1/2
@ 0
Ti=| o () 0 (C.5)
1/2
0 0 @0)

where my is the free electron mass. It should be noticed that, since the T matrix
is diagonal, the inverse transformation is again diagonal with the inverse matrix

element. We have:
* /o
Kx = ZleKj = Kl“ m;

K= ZTQJK K,

K= ZT?UK K. \/7 (C.6)

By substituting Eq[C.6] into Eqm7 we obtain the desired spherical relation:

h2 (K*)Q
E,(K)—E,g= —*—. .
(K*)~ Bo = " )
Looking at EqJC.2) the volume element dK is modified into dK*
JK* = dK* K dK
= TydK; Y TydK; Y TydK;
J J J
— dKQC@de@dKZ@
My my my
3
_ Ky |0 (C.8)
MMy M

Density of states: parabolic case

If we step back to the DoS for one of the simplest band structure, that is the case
of parabolic dispersion relation, the energy simply depends on the square of the K
vector through Eq[C.3] To perform the DoS calculation, we apply the Herring-Vogt
transformation by replacing Eqs[C.3| with Eq[C.7] therefore, Eq[C.2] becomes:

2#1/ My My My y " *
g, (E) = ey [ 5(p g, (K dK. (C9)
(27)° (mg) K*
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C. Non-parabolicity corrections

Since the energy relation E, (K*) is isotropic, Eqm (C.9| can be rewritten as:

g (E Ta, ”my;m” §(E— E, (K*))4r (K*)2dK*  (C.10)

where K* = |[K*| and 47 (K*)? is the surface of a sphere of radius K*. By writing:

_ (EI/ (K*) - EI/,O) 2myp

(K*)? = = (C.11)
and differentiating K*, we obtain:
dK o 2m0 1 (C.12)

dE,  2h E, (K*) — E,o

To perform the DoS calculation, we must then substitute Eqs]C.11] and [C.12] into
Eq[C.10] obtaining:

2/111/ (E —F 0 2m0
gz/ = / 5 E - E |: Y h; ) X

K V2m Pev e qB, | (C.13)

2h \ /E —E, (m3)

The Dirac delta in EqJC.13| reduces the integral and we obtain:
,u‘l/\/§ 3 me,mevaZ,V
9 (E) = 373 mi/Ey — Eyg W
2 3

== W (md71,> 2 El/ - EIJ,O' (014)

where mg, = (mx7,,my7,,mz,,,)1/ 3 is the so called density of state effective mass, which
is equal to the geometric mean of the three masses for the valley v. It can be
demonstrated that Eq@ corresponds to the DoS obtained for an isotropic case
but with mg = m3 where m is the isotropic effective mass. It should be noticed
that, to obtain the total DoS, g, (F) must be summed over all the valleys. If the
main axes of constant-energy ellipsoids are aligned with the K, K, K, axis of the
crystal coordinate system (CCS) (see Appendix |A| for more details), then we can
write mg = (mlmtmt)l/ 3 where my; are the longitudinal and transverse mass of the
ellipsoids equienergy surfaces.

Density of states: nonparabolic case

At energies not too close to the band minimum, the conduction band deviates from
a parabola as illustrated in Fig[C.1] The non-parabolicity effect is included within
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C.1. 3D electron gas

the dispersion relation by the non-parabolicity factor o which has the dimensions of
an inverse energy, and is implicitly defined by:

K2 KK, hK.,?
E,(K)—E,)1 J(E, (K) = E, o) = i Y z 1
(By () = Euo) [+ e (B (K) = Buo)] = S + o+ 5o (C15)

with the prescription that K,, K,, K, are the deviations with respect to the wave-
vector at the bottom of the valley. To simplify the DoS calculations, we define a new
variable named v (E):

(Bv (K) = Eyo) [1+ aw (B (K) — Evo)l =7 (E). (C.16)

According to Herring-Vogt transformations (see Section |C.1.1)), we rewrite Eq
as if it was isotropic with an effective mass equal to mg ,:

h?K?
(B, (K)—Eyo)[1+a, (B, (K)— E,)] = 5 (C.17)

mquy

From the above equation, K and its derivative dK can be computed:
2m*\/v, (E
- vmhv() (C.18)
dK * 1 dv, (E

o w (E) (C.19)

dE ~ V212 /5, (BE) dE

By replacing Eqs[C.19 and into EqJC-2|with the energy relation given by Eq[C.17]
we obtain the DoS for the valley v for non-parabolic conduction energy bands:

2
X

9v (E) =

s 5<E—El, (K))M‘WW

3
47T Eu,O

md7y 1 d/%/ (E)dE/

20 [y, (E) dE

%md,yz /EV’O 5 (E _E (K)) Jw (E’)CmclgE)dE’

X

_mV2 3 dyy (E)
= S Mawg Vo (B)=gp=dE
Ay (2ma,)?

V(B = Euo) (1+ (B, — Eyg)) [1+ 20, (B, — Ey)]
(C.20)

h3

w|—

where m* = (mgmym;)3.
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C. Non-parabolicity corrections

C.1.2 Charge density
By definition the charge density is given by:

n=>y_ / 9, (E)f(E)dE (C.21)
v E,o

where g, (E) is the density of states for the valley v given by EqJC.20, E, ¢ is the
conduction band energy minima for valley v and fy(E) is the Fermi-Dirac distribution

function given by:
1
fo(E) = —%= (C.22)

14 e *B7T
where F is the total energy, Er is the Fermi level energy, kp is the Boltzmann

constant and T is the temperature. By substituting Eqs[C.20] and into Eq[C.2]]
we obtain:

Lma)3? T JE=Eyo) A +a, (E—E,)[l+2a, (E—E,
o S Bt B o = Eopl 4200 2= P
2n2h3 E-fp
v E,o 1+ e BT
(C.23)
By introducing the variables:
E— EVO
P Ak 24
6= (€20
Ep—Ey,p
, = oF — v C.25
) T (C.25)
Eq[C:23] becomes:
L (2may KT [ /G L+ awCy k5T [1 + 200G, kBT
n:ZM(md, BT) /\/C[JFOéC B]E'FQCB]dCV' (C.26)
2m2h3 1+ eSv—mw
v 0
In the case of parabolic dispersion relation (i.e. & =0), Eq simplifies to:
L2ma, K5TY? [ VG
nzz#(md, BT) / \/?_ dc,
2m2h3 14 eSv—mw
0
_ i (2mg,, KpT)3/? 1
=> s FimI(1+3) (C.27)
where F 1 (n) is the Fermi integral of order 1/2 defined as:
Fin) = —— 7 S (C.28)
=P +5) ) T+en '
0
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C.2. 2D electron gas

and I'(1 4 §) = /7/2 is the Gamma function of 3/2. Finally, for a 3D electron gas
under the approximation of parabolic bands, the charge density reads:

2mg K T)3/2 /&
HZZMV( v KpT)"" /7

y 2m2p3 2 ]:% (1)
NC,V
= Now Fi(n). (C.29)

where N is the so-called effective density of states for the conduction band. Moreover,
if we assume a Maxwell-Boltzmann distribution function instead of the Fermi Dirac,

we obtain:
Ep—Eyo0

n= ZNCW e KT | (C.30)

C.2 2D electron gas

Non-parabolic corrections have been implemented following [8]. In each section
of the device normal to the transport direction z, we expressed the energy E, (k)
versus the wave-vector k= (kz, k,) for a given valley in the transport plane as [8]:

\/1 +4aZ [:T + jjT] e — (U] -1

(C.31)

where (Up)=[ |£5.2(2)|?U (2, 2)dz is the expectation value in section z of the total
potential energy (U(x,z)) for subband n, z is the quantization direction, y is the
direction normal to the transport, while 5£Lp ) and &n(2) are the subband minimum
referred to the energy of the conduction band minima of the considered valley and
envelope wave-function for the parabolic effective mass Hamiltonian in EqBI7} « is
finally the non-parabolicity factor [8]. The non-parabolic subband minimum (E%np ))
is obtained by setting k= 0 into Eq[C.31]

The expressions for the electron velocity and density of states stemming from
Eq/C.31] are reported in [8].

In Eq[C.31] the non-parabolicity affects both the subband minima and the energy
versus k relation in the transport plane. This is a distinctive feature of the model
in [8], which makes the transport mass (as well as other band-structure figures)
dependent on size and bias induced quantization and, consequently, dependent on the
well thickness and different in each subband. To be more specific, the transport mass
my at the subband minimum can be calculated from the E(k) in Eq[C.31] and, for
an isotropic material and an ideal square quantum well corresponding to (U, ) = 0,
one readily obtains:

My = Mgy\/ 1+ 4&8%17) (C.32)
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C. Non-parabolicity corrections

where « is the non-parabolicity coefficient, 5,(1p ) are the subband minima for the n—th

eigenvalue of the parabolic Schrodinger equation and mg,=m,=m,, is the transport
mass for the bulk material.

Eq clearly shows that my, changes with the subband, differs from m,, and
depends on the well thickness. This can be also observed in FiglC.2] reporting the
energy relation E(k) from EqJC.31]for the lowest subband of a quantum well with
different well thickness Ty,. The curvature of the E(k) at the subband minimum is
clearly affected by Ty.

0.8 T

|
In0.5368‘0.47AS

k vector [nm'1]

Figure C.2: Energy versus wave-vector magnitude k obtained with Eq.1 of the
manuscript, for an ideal quantum well and different well thickness Ty, including
wave-function penetration in the HfO2 oxide. The potential energy in the quantum
well is taken as the zero.

Since in our model the transport mass is not simply mg, and changes with Ty,
we believe that it is not advisable to employ a T\, dependent mg,, as it has been
often done in strictly parabolic models, with an m,, extracted from, for example,
tight-binding simulations as in [9]. It should be also considered that in In; xGayxAs
semiconductor materials the E(k) is strongly non parabolic (see Fig and Fig,
and so the band curvature at the very bottom of the subband is by no means the
only relevant figure.

In order to address pragmatically the validity of our non parabolic energy model
for different T, we decided to analyze first the subband minima versus Ty and then
the E(k) in a 5 nm thick quantum well comparing the results of our model with
those retrieved in the literature and obtained with tight-biding calculations.

In this respect, Fig[C.3| compares the lowest subbands obtained with the model
of this work and the sp3d®s* tight-binding method. As can be seen the non parabolic
model can track very well the tight-binding results, reinforcing our confidence in the
dependability of the model proposed in [§].
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C.2. 2D electron gas

As a final verification, Fig compares the E(k) in a 5nm quantum well obtained
with our model and from the tight-binding calculations reported in |10]. As can be
seen, the effective mass non parabolic model of Eq[C.31] can reproduce very well the
tight-binding results, and for the well thickness which is used for most the device
simulations reported in this work.

=025 T—T——T T T T T

> 35 &
H s0°’s* [Pal, IEDM2008]

(0]
—0.20f OO sp°c®s* Majumdar, TNANO2010] —|

-8 ——  non parabolic EM (this work)

80.15
S

» 0.10F
3

£ 0.05r
(@]
—10.00

| | | | | | 1 |
3 4 5 6 7 8 9 10
Ty [nm]

Figure C.3: Lowest subbands versus well thickness Ty,. Subband minima for [11]
and [12] were calculated as h?/2m,(m/Ty)?, from the values of the Ty, dependent
quantization mass m, reported in the papers.

0.5 T T T
— non parabolic EMA (this work)

;0.4 0—osp’d’s* [Luisier, EDL2011]
q-) - -
go.s— '”0.53G30.47AS .
= | ]
0.2 .
()
2 L ]
W o1+ .

07 c 1

k vector [nm'1]

Figure C.4: Conduction band structure of an Ing53Gag47As UTBs with Ty =5nm
for an ideal quantum well. Comparison between open circles [10] obtained using the
sp3d®s* tight-binding method and this work (solid line) including the wave-function
penetration in the HfO9 oxide. Due to the absence of a reference for the energies,
the CB minima of the two E(k) curves have been arbitrarily set to zero.
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C. Non-parabolicity corrections

C.2.1 Charge density at equilibrium

In the case of a 2D electron gas described according to the EMA approximation
discussed in Appendix and assuming that &, (z) does not depend on the k—vector
in the transport plane, the equilibrium electron density per unit volume can be

expressed as:
+o0o

n@)Z}ZKWAdFl/sMAEU;AEME (C.33)

£(np)

v,n

where el(,?f) is the nonparabolic subband minimum obtained by setting £ = 0 in

Eq)C.31}, v is the valley index, n is the subband index, g, ,(F) is the nonparabolic
density of states from [8], and f, ,(E) is the Fermi Dirac distribution function defined
in Eq[C:22] By introducing the new variables:

E (np)

—Eumn
vn — ’ .34
(np)
EF —E&un
o = —F Euin C.35
i = TR T (C.35)

E(C.33| can be rewritten as:

70 [1 + 20 (KBTCu,n + sl(f% —

b))
1+ oCom—Tom KBT dCV,n

2 Nsply
nw—gmmﬂ%ﬁm%
(C.36)
where mg, = /My, My, is the DoS effective mass, 1, is the valley multiplicity, and
nsp is the spin factor is set to 2 according to Appendix E After some calculations,
Eq[C:36] can be finally written as:

n(z) = Z \{,,771(2)]2 %;;KBT { [1 + 2« <5,}f,)1 — Ul,>] In(1+e™m)+ 204KBT.7-"1(171,’”)}

(C.37)
where Fi(ny,,) is the Fermi integral of order 1 of 7, , defined in Eq

C.3 1D electron gas

Non-parabolic corrections have been implemented following [8]. Along the trans-
port direction x, we expressed the energy F, (k) for the subband n belonging to a
given valley as [§]:

\/1 +da [ [E] +0 - ()] -1

200

(C.38)
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C.3. 1D electron gas

where (Uy,)=[|&,(y, 2)|2U (y, z)dydz is the expectation value in section z of the total

potential energy (U(y, z)) for subband n, (y, z) is the quantization plane, while e®

and &, (v, z) are the subband minimum referred to the energy of the conduction band
minima of the considered valley and wave-function for the parabolic effective mass
Hamiltonian in Eq « is finally the non-parabolicity factor [§]. The non-parabolic

subband minimum (a&”p )) is obtained by setting k, = 0 in Eq

C.3.1 Charge density at equilibrium

In the case of a 1D electron gas described according to the EMA approximation
discussed in Appendix and assuming that &,(y, z) does not depend on the k,
the electron density per unit volume at a given section along transport direction is
given by:

+oo

1(29) = 3 oA [ 0 (E) o (E) dE (C.39)

£ (np)

v,n

where v is the valley index, n is the subband index, ¢, ,(E) is the nonparabolic
density of states from [8], and f, ,(E) is the Fermi Dirac distribution function defined
in Eq[C:22]

The equation for the DoS in a 1D electron gas can be calculated following the
procedure used for the 3D gas in Appendix but using the one dimensional
energy relation of EqJC.38 obtaining:

2 1

v.n E - N N
gun(B) =5 Vg (E)

(C.40)

where 1, is the valley multiplicity factor, vg,,(F) is the group velocity for the
subband n belonging to the valley v and where we have accounted for the spin
degeneracy factor (that has been set to 2). Eq shows that the DoS has a
singularity for the total energy E approaching the subband minima, because the
velocity of carriers tends to zero. The expression for vy, ,(E) is:

hk,
Mgy [1+ 20, (B —Upy)]

Vgun(E) = (C.41)

By substituting EqJC.40] into Eq[C.39 and introducing the new variables given by
Eq[C.35] we obtain:

+00 (np) _
- 9 MV\/m 1+ 2« (KBTCI/,n +evn Uy)
n(y7 Z) - Z ’fu,n(yv Z)’ 7Th
v,n 0

() _(0) (np) ?
KBTCV,TL + EVJILJ - 8VI,)’VZ +« (KBTCV,n + Eu,éj - Uy)

KpT dgy,n} (C.42)

X —
1 + egu,nfnu,n
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C. Non-parabolicity corrections

In the parabolic case (o = 0), it can be quite easily demonstrated that the DoS is

given by:
\/2m 1
Gun(B) = BNV (C.43)
'/Th p)
E— Eun

therefore, Eq[C.42] reduces to:

1
2 ,u/ll\/2m.ZKBT Cun
Z ’51/71 Y,z dgu,n

1 + eCu n—MNv,n

2 Huv2m:cKBT
= Z € (Y, 2)] h ]:_%

My 2m KT

(nu,n)r_f

[N
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Appendix D

Summations and integrals in
k-space

In the presence of a chain of N atoms, the boundary conditions for the wave-
function are set accordingly to the so called Born von Karman conditions imposed on
the wave-function Wy, ;. (x) (we here consider the case of a one-dimensional domain),
which are given by the equation:

U,k (x+ Na) =V, 1, () (D.1)

where W, . (x) is the Bloch function solution of the time-independent Schrédinger
equation for a one-dimensional domain and for the unperturbed Hamiltonian (see
Eq[B.1] with U(z)=0), n is the index of the eigenvalue of the Schrodinger equation,
and a is the lattice constant. Being the Bloch function such that:

Uk, (7) = e, ()€’ 5" (D.2)

where uy, 1, () is a rapid oscillating function on the scale of the crystal lattice with
the periodicity of the Bravaix lattice, Eq[D.]] can be written as:

U, 1, (4 Nag) = €' kI(HN‘IO)un,kz (z + Nag) = ¢’ kr(NaO)\I/n,kz (x) (D.3)
where ag is the lattice constant. Hence, boundary conditions of Eq[D.I] require that:
kxNag =2mn, n=0,4+1,+2,... (D.4)

so only discrete k, values are allowed:

_ 2mn

ko=
T Naov

n=0,+1,+2, ... (D.5)

Since Nag = L is the domain length (L is a normalization length) the density of k,
states defined as the number of k, states per unit length in the k—space as depicted

by Fig[D.1]is given by:
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D. Summations and integrals in k-space

2n/L

Figure D.1: State dimension in k-space

L
ky) = — D.
glke) = o (D.6)
that, for the case of a d—dimensional space becomes:
Ld
k)= . D.
909 = o (0.7

Similarly to the Born von Karman boundary conditions imposed on the wave-function
U, 1, (x), being the length L of the domain enough long and since we are not interested
to have very accurate solutions of the Schrédinger equation within the EMA close
to the boundaries of the x—domain, in this work we assume periodic boundary
conditions in the transport direction for the envelope wave-function of Eq[B.25
leading to discrete k, values as in Eq[D.5] As the normalization length L increases,
the density of k, states increases as well: if L is long enough the k—space can be
regarded as a continuum space. Hence, a generic sum over K for a d—dimensional
case can be replaced by an integral over K according to:

T d
(2Ld) ST S(K) = ngp / S(K)dK (D.8)
K K

where ng, is the spin degeneracy factor. For each k,, two degenerate states with op-
posite spin exist and, furthermore, we wish to include both of them in the summation.
To clarify the value of the ng), factor, let us consider a few examples. In the case spin
does not enter the Hamiltonian, all eigenstates are simply two times degenerate and
the two states are occupied by electrons according to the Pauli’s exclusion principle.
Consequently, in all calculations that require a summation over all the k, states (i.e.
calculation of the electronic charge, or current ), when the summation over k, is
converted into an integral, n,, must be set to 2. For more complex Hamiltonian
formulations (e.g. k-p or tight-binding Hamiltonian), the ng, should be taken as 1 or
2 in the charge and current calculations when the spin-orbit interaction is or is not
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included in the Hamiltonian, respectively. Finally, if the summation over k—states
is used for scattering rate calculations, ns, must be set to 1 because the scattering
mechanisms considered in this work do not change the spin.
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D. Summations and integrals in k-space
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Appendix E

Properties and definitions of
Dirac function

The definition of the sinc function can be linked to the following integral:

1oL in(0.5 L k

L) 1 05Lk

where we have used the definition of the non-normalized sinc function sinc(x) =
sin(x)/z , in the sense that its integral equals to 7 and not to 1. The sinc function

can be used as a nascent delta function, in the sense that the following weak limit
holds:

limL%oo%sinc(Oﬁ Lk)=46(k) (E.2)

Hence, according to Eqs[E.I] and

L/2
limL_mo/ ek dy = 2mi (k). (E.3)
~L/2

Several equivalent definitions of the Dirac function are:
1 L/2 )

limL_,oo/ Ry
21 )12

5(k) = S limp s (ﬁ) sinc (L k) (E.4)

L
limr o0 <> sinc® (L k)
T
So far k has been considered a real number, but due to the Born von Karman
conditions applied to the wave-function in Eq k assumes discrete values k = 27/L
with n = 0,+1,£2,... as demonstrated in EqID.5| As can be seen the discrete k
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E. Properties and definitions of Dirac function

values correspond to all the zeros of the sinc(0.5 L k) function, except for £ = 0. In
other words we have:

+L/2
/ e*®dy = sinc(0.5 L k)

~L/2
1 if k=0
= 0p0 = (E.5)

1
L

0 otherwise
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Appendix F

From autocorrelation function
to power spectrum

Let us write the Fourier transform of a two-dimensional function as:
o0
Flaay) = [[ fape v invdoy (F.1)
o

By changing the coordinate system from Cartesian to polar (x = r cos, y = r sinf),

we have:
2w 00

F (g qy) = / / Fr, §)e—i0eT cos0=iayTsind 1. gy g (F.2)
0 0

We can also write ¢, and ¢, using polar coordinates (¢, = gcos¢ and g, = gsing)
and rewrite EqJF.2] as:

21 oo

F(q,¢) = / / f(r,0)e 127 c0s0=9) v qr qg. (F.3)
0 0

In the special case when the function f(r,8) depends only on the r—coordinate, we
can set &« = 0 — ¢ and obtain:

2m—¢ oo

F(q,9) = / /f(r)e_iqrcosardrda
Z6 0
0o 2
= /rf(r)dr/eim"sada. (F.4)
0 0
27 Jo (qr)
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F. From autocorrelation function to power spectrum

where Jy(gr) is the Bessel function of zero order and first kind. As can be seen, the
Fourier transform of a function f(r) that depends only on the radial abscissa r can
be written as:

F(q) = 27T/f(r)rJ0(q7')dr (F.5)
0
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