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Abstract

Nowadays, high data rate communication demand is growing. Thus, several
communication technologies, both wireless and wireline, have adopted Filter
Bank Modulation (FBM) at the physical layer. In a general FBM scheme,
the high data rate stream is converted into a series of several parallel low
data rate streams. These streams are modulated with a series of carrier sig-
nals. In frequency domain, the available bandwidth is partitioned in disjointed
sub-channels. If the sub-channel number is sufficiently high, the sub-channel
frequency response is quasi-flat and the equalizer can be simplified. Further-
more, FBM schemes have low complexity digital implementation and bit load-
ing could be used to minimize the transmission power.

In this thesis, a FBM transceiver is presented. The idea is to obtain good
sub-channel frequency confinement as it is done by the family of exponen-
tially modulated filter banks that is typically referred to as Filtered Multi-
tone (FMT) modulation. However, differently from conventional FMT, the
linear convolutions are replaced with circular convolutions. Since transmission
occurs in blocks, the scheme is referred to as Cylic Block Filtered Multitone
Modulation (CB-FMT). This thesis focuses on the principles, design, imple-
mentation and performances analysis of CB-FMT. In particular, it is shown
that an efficient realization of both the transmitter and the receiver is pos-
sible in the frequency domain (FD), and it is based on the concatenation of
an inner Discrete Fourier Transform (DFT) and a bank of outer DFTs. Such
an implementation suggests a simple sub-channel FD equalizer. The overall
required implementation complexity is lower than in FMT. Furthermore, the
orthogonal filter bank design is simplified. The sub-channel frequency confine-
ment in CB-FMT yields compact power spectrum and lower peak-to-average
power ratio than in Orthogonal Frequency Division Multiplexing (OFDM).

Then, the orthogonal prototype pulse design problem is considered. The
orthogonality conditions are derived in time domain and frequency domain.
These conditions are translated in matrix form and pulse coefficients are pa-
rameterized with hyper-spherical coordinates, a non-linear combination of tri-
gonometric functions. The mathematical analysis shows that exists an infinite
number of solutions. Next, the orthogonality is discussed in presence of a
transmission medium. In general, the channel could destroy the orthogonality.
Finally, optimal orthogonal pulses are designed to maximize the in-band-to-
out-band energy ratio and the achievable rate in time-variant channel scenario.
These optimal pulses improve the performance of the baseline root-raised-
cosine pulse.

Furthermore, the equalization task is discussed. Equalizers are necessary
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to restore the orthogonality when an equivalent filter is inserted between the
transmitter and the receiver. This filter could represent the transmission
medium, a real interpolation filter or the hardware non-ideality. We discuss
several equalizers, both for time-invariant and time-variant channels. A cyclic
prefix (CP) can be added to the transmitted signal. We show that when the CP
length is greater than the channel impulse response length, perfect reconstruc-
tion (PR) is possible. For time-invariant channels, a simple 1-tap equalizer is
sufficient to restore the orthogonality. We show that in the time-variant sce-
nario, the 1-tap equalizer is not sufficient to restore the orthogonality. Several
equalizers are proposed for the time-variant case.

Finally, performances in real application scenarios are evaluated. We start
from Power Line Communications. For in-home high data rate communica-
tions, broadband PLC (BB-PLC) is used. BB-PLC generally operates in the
band 2-30 MHz. Transmission above 30 MHz is possible, but the electromag-
netic compatibility (EMC) limits are more stringent than the limits in the
band below 30 MHz. In the 2-30 MHz range there are several sub-bands ded-
icated to other communication systems, e.g. to amateur radio. A spectrum
notching mask has to be fulfilled by the power spectral density (PSD) of the
transmitted signal to grant coexistence. For command and control applica-
tions, narrowband PLC (NB-PLC) is used. NB-PLC operates in portions of
the 3-500 kHz spectrum and it has to obey certain spectral masks for EMC and
coexistence issues, similarly to BB-PLC. Although OFDM allows simple spec-
trum management by switching on-off the sub-channels, its poor sub-channel
frequency selectivity translates into a poor spectrum usage. An agile use of
the spectrum and higher spectral efficiency can be obtained with filter bank
modulation. In particular, we investigate the use of CB-FMT modulation and
compare it to pulse-shaped OFDM (PS-OFDM) deployed in the G3-PLC and
IEEE P1901.2 standards for NB-PLC. For BB-PLC, we compare CB-FMT
with the HomePlug standard. The comparison shows that higher spectral ef-
ficiency and improved spectrum management can be achieved with CB-FMT.

For the wireless scenario, the land mobile radio systems are considered. The
transmitted signal propagates through a multipath channel. This propagation
model is caused by several natural and man-made obstacles that introduce re-
flections, diffraction and scattering. Time-invariant and time-variant scenarios
are considered. The FD equalization allows the exploitation of the transmission
medium time and frequency diversity; thus, it potentially yields lower symbol
error rate and higher achievable rate in time-variant frequency-selective fading.

xiv



Chapter 1
Introduction

This thesis deals with FBM. FBM systems, also referred to as multi-carrier
modulation systems, have been successfully applied to a wide variety of dig-
ital communication applications over the past several years. The research of
improved solutions is still large because the demand for broadband telecom-
munication services is growing, both over wireline and wireless channels.

Wide band channels are characterized by frequency selectivity which trans-
lates in time dispersive impulse responses that cause significant inter-symbol
interference (ISI) in digital communication systems. FBM transceivers employ
a transmission technique where a set of narrowband signals (low data rate
sequences) are transmitted simultaneously over a broadband channel [1]. In
particular, each low rate data sequence is transmitted through a sub-channel.
If the sub-channels are sufficiently narrowband, they will experience an over-
all flat frequency response so that the medium frequency selectivity will not
introduce significant ISI. Therefore, the channel equalization task can be sim-
plified. More in general, FBM architectures aim to increase the system spectral
efficiency, to enable the agile use of spectrum and the flexible adaptation of
available resources.

Two baseline FBM solutions are OFDM [2] and FMT [3]. FMT consists
of an exponentially modulated filter bank that privileges the sub-channel fre-
quency confinement rather than the time confinement, as for example OFDM
does. In FMT, with frequency confined pulses, the sub-channels are quasi-
orthogonal to each other which prevents the system to suffer from ICI, while
the ISI introduced by the frequency selective medium, can be mitigated with
sub-channel equalization [3],[4] or with the use of outer OFDM modules, one
per sub-channel, as described in the concatenated OFDM-FMT scheme in [5].

OFDM is the most famous and used FBM scheme. Indeed, this sys-
tem has an efficient implementation that exploits the DFT. Furthermore,
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2 Introduction

a single tap zero forcing equalizer restores the orthogonality for transmis-
sions over time-invariant frequency-selective channel. These two aspects have
contributed to disseminate the OFDM scheme in various application scenar-
ios. OFDM has been adopted in several important telecommunication stan-
dards. For wireless applications, OFDM is adopted for wireless local area
network (WLAN) in IEEE 802.11 standards [6]. For the wireless metropoli-
tan area network (WMAN), OFDM is employed in the WiMAX (IEEE 802.16)
standard [7]. More recently, OFDM has been adopted for high data rate trans-
mission in the fourth generation of mobile telecommunications technology. In
the downlink of the new cellular standard LTE [8], OFDM is employed. Be-
sides, OFDM is used for terrestrial broadcasting of digital audio (DAB) [9]
and video (DVB) [10]. For wired applications, OFDM is adopted in Asym-
metric Digital Subscriber Line (ADSL) to provide internet access [11]; OFDM
is also used in Power Line Communication (PLC) in the HomePlug standard
for broadband communications [12] and in the IEEE P1901 standard [13] for
narrowband communications. OFDM is also used in the ITU.T NB and BB
standards.

The research interest in OFDM and, in general, in FBM is still high because
OFDM has several drawbacks. First, OFDM has poor frequency confinement
characteristics. Thus, high out-of-band interference is present due to the high
spectral sidelobes. To reduce this interference, PS-OFDM was introduced
[14]. Out-of-band radiations are a serious problem in Cognitive Radio and its
reduction is objective of study. Another drawback is the high Peak-to-Average
Power Ratio (PAPR) that grows exponential with the number of sub-channels
[15]. Furthermore, OFDM is sensitive to the time-variant channels, e.g. in the
mobile communications.

For these reasons, several FBM schemes have been proposed in the liter-
ature. In addition to FMT and PS-OFDM, we can cite Windowed OFDM
(WOFDM), discrete wavelet multi-tone modulation (DWMT) [16] and Offset-
QAM [17].

In this thesis, a study on an alternative FBM scheme is presented. This
scheme, known as CB-FMT, follows the idea behind FMT. The sub-channel
filters are designed to have high frequency domain confinement. This allows
to significantly reduce the out-of-sub-channel band energy. Thus, each sub-
channel is independent from the others. Generally, in FMT, the frequency
confinement increases the computational complexity. In CB-FMT the com-
plexity is less than conventional FMT due to an efficient frequency domain
implementation that exploits the Fast Fourier Transform (FFT) algorithm. In
this work, the CB-FMT system is mathematically analyzed. Then, the orthog-
onal pulse prototype design is considered. Next, the equalization problem is
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considered. Finally, the performances are evaluated over wireline (Power Line
Communications) and wireless (mobile communications) channels.

In details, this thesis is organized as follows:

Chapter 2

In this chapter, we introduce the baseline idea behind the Filter Bank Mod-
ulations and the motivations that allow to improve the performances of the
single-carrier systems. A general FBM architecture is reported and mathemat-
ically analyzed. This architecture is valid for both OFDM and FMT systems.
To obtain one or the other system is sufficient to modify the parameters, i.e.
the number of sub-channels, the interpolation factor and the prototype pulse
impulse response. Then, we briefly recall the main concepts of OFDM and
FMT and we report the mathematical representation of the transmitted and
received signals.

Chapter 3

In this chapter, the CB-FMT filter bank modulation transceiver is presented.
The idea is to obtain good sub-channel frequency confinement as it is done by
the family of exponentially modulated filter banks that is typically referred to
as FMT modulation. However, differently from conventional FMT, the linear
convolutions are replaced with circular convolutions. Since transmission occurs
in blocks, the scheme is referred to as Cyclic Block FMT.

This chapter focuses on the principles of CB-FMT, the design and the im-
plementation. In particular it is shown that an efficient realization of both
the transmitter and the receiver is possible in the FD and it is based on the
concatenation of an inner DFT and a bank of outer DFTs. Such an imple-
mentation suggests a simple sub-channel FD equalizer. Then, the differences
between CB-FMT and OFDM and between CB-FMT and FMT are shown to
better understand the difference between these three FBM architectures. Next,
the complexity is analyzed. The overall required implementation complexity
is lower than in FMT.

The orthogonal filter bank design problem is introduced. This important
topic is described in details in Chapter 4. In this chapter, we only show that
the orthogonal filter bank design is simplified.

The PSD and PAPR of the transmitted signal are studied. The sub-channel
frequency confinement in CB-FMT yields compact power spectrum and lower
PAPR than in OFDM.

Several numerical results are provided is this chapter on:
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• in-band-to-out-of-band energy ratio as a function of the system param-
eters, namely the prototype pulse length and sub-channel number;

• complexity comparison as a function of the prototype pulse length for
FMT, CB-FMT and OFDM;

• PAPR comparison between the CB-FMT and the OFDM systems for
different sub-channel numbers.

Chapter 4

In this chapter, we extensively discuss the prototype pulse design. The chapter
is divided into two parts. The first part is essentially theoretical. Ideal condi-
tions are assumed, i.e. the received signal is equal to the transmitted signal,
without distortions. Under this assumption, the PR conditions are derived.
If the PR conditions are satisfied, the information sequences at the receiver
output are identical to the transmitted sequences. Then, the PR conditions
are translated from time domain to frequency domain.

Next, the matched filter condition is added to obtain the orthogonality
conditions. Orthogonal pulses are designed to maximize the signal-to-noise
ratio (SNR) at the receiver output. These conditions are rewritten in a com-
pact matrix form. To satisfy the orthogonality conditions, a non-linear system
must be solved. This system can be partitioned in sub-systems to simplify
the numerical solution. Finally, the prototype pulse is parametrized as a non-
linear combination of trigonometric functions. This parametrization allows to
simplify the numerical design.

In the second part, we consider the orthogonality problem under non-ideal
conditions. An equivalent filter is added between the transmitter and the
receiver. This filter can represent a real interpolation filter or a frequency
selective channel. Orthogonality conditions are also analyzed in this case.

Finally, optimal orthogonal pulses are designed. The optimization is per-
formed under an objective function maximization. Two metric functions are
considered: the in-band-to-out-of-band energy ratio and the achievable rate
over time-variant wireless channels.

As numerical results, in this chapter we design the optimal pulses for the
two metrics for different parameters.

Chapter 5

This chapter is focused on the equalization task in CB-FMT. From the previous
chapter, we demonstrate that, in general, orthogonality is lost when a non-
ideal transmission medium is present between the transmitter and the receiver.
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Orthogonality loss may introduce interference that lowers the performance. To
avoid this, an equalizer is necessary.

First a matrix model of the channel is introduced. This allows to provide
a compact representation of the transmission medium effects. The model is
valid for both time-invariant and time-variant channels and it includes the CP
effect. Then, we translate the model from time domain to frequency domain.
The equalizers are designed in frequency domain under a long CP assumption,
i.e. the cyclic prefix duration is greater than the channel impulse response.

Next, we show that a single-tap equalizer is sufficient to restore the or-
thogonality when the channel is time-invariant. For time-variant channels, we
propose four equalizers: single-tap, band equalizer, block equalizer and opti-
mal equalizer. These equalizers are sorted in terms of complexity. Only the
optimal equalizer can restore the orthogonality in a time-variant scenario. The
others equalizers are sub-optimal but can provide good performance with lower
complexity.

Chapter 6

In this chapter, we perform a performance analysis of the CB-FMT scheme
for two applications scenarios. Power Line Communications and the mobile
wireless communications are considered.

For PLC, we summarize the main aspects. After a historical overview, we
report the channel characteristic for indoor low-voltage, outdoor low-voltage
and medium-voltage channels. Then, we introduce the noise models for the
considered applications scenarios. In contrast to wireless, where the noise is
white, in PLC the background noise is colored and has an exponential PSD
profile. At the lower frequencies the noise is higher. Then, electromagnetic
compatibility aspects are considered. Next, we describe the BB-PLC and the
NB-PLC, and we show some numerical results in terms of achievable rate.

For wireless communication, we provide a historical overview and we report
the relevant channel model for mobile communications. We provide some
numerical results in terms of symbol error rate (SER) and achievable rate
for time-invariant and time-variant channels.

Related Publications

The main results of this thesis have been the subject of the publications listed
below.
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Chapter 2
Filter Bank Modulations

2.1 Introduction

In telecommunications, the term modulation refers to the process that con-
verts the digital information, namely the bits of the information sequence, to
electrical signals suitable to be transmitted on the transmission medium. In
the ISO/OSI model, modulation is placed at the lowest layer, namely in the
physical layer.

Early digital communications exploit single-carrier modulations. The in-
formation bits are gathered in symbols. Each symbol changes the electrical
characteristic of a periodic signal. This signal is known as carrier and, usually,
is a sinusoidal signal. For example, in an amplitude modulation, e.g. ASK, the
symbols change the amplitude of the carrier. In a frequency modulation, e.g.
frequency-shift keying (FSK), the symbols change the frequency of the sinu-
soidal signal. The electrical characteristics - amplitude, frequency and phase -
can jointly change. For example, in quadrature amplitude modulation (QAM)
the symbols change both the amplitude and the phase of the carrier.

Single-carrier modulations are suitable when the transmission medium ex-
hibits flat frequency response, i.e. when the channel introduces a simple at-
tenuation to the signal in the transmission bandwidth. In some scenarios,
e.g. wireless communications and Power Line Communications, the channel
is frequency selective. In time domain, this selectivity is translated into long
channel impulse responses. The time dispersion introduces significant ISI that
requires complex equalization techniques.

To simplify the equalization process, the multi-carrier modulation (MCM)
has been introduced. The baseline idea is quite simple: transmit data by
dividing the stream in a series of parallel streams. Each stream is associated

7



8 Filter Bank Modulations

Figure 2.1: General Filter Bank Modulation scheme.

to a different carrier. This allows to divide the total signal bandwidth into a
series of sub-channels. If the number of sub-channels is sufficiently high, each
sub-channel has a quasi-flat frequency response and the equalizer complexity
could be reduced. This idea was proposed in the mid-1950s by M.L. Doelz
[1, 18]. The MCM is also known as FBM because the transceiver has a filter
bank structure.

Early MCM applications were high-frequency military systems and voice
bandwidth data communications in the Collins Kineplex system [19]. In the
recent years the research on MCM is significantly grown in response to the in-
creasing demand for broadband telecommunication services, both over wireline
and wireless channels.

This Chapter is organized as follows. In Sec. 2.2, the general architecture
of a filter bank transceiver is reported. Starting from the general scheme,
we derive two particular modulation architectures. In Sec. 2.3, the OFDM
is reported. This scheme is characterized by an efficient frequency domain
implementation. In Sec. 2.4, the FMT scheme is reported. This scheme is
characterized by a high frequency confinement of the sub-channels.

2.2 General Filter Bank Architecture

In this Section, we consider the baseline architecture of a FBM transceiver. The
baseband scheme is shown in Fig. 2.1. The high data rate signal, denoted as
a(nT ), is composed of a series of symbols belonging to a certain constellation,
e.g. M-QAM. The signal a(nT ) is, then, serial-to-parallel converted to obtain
K parallel branches. Thus, from the signal a(nT ) a series of K low data
signals are obtained. We denote the n-th symbol of the k-th low rate signal
as a(k)(nNT ). To simplify the notation, the sampling rate, denoted as T , is
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assumed to be unit, i.e. T = 1. Each sub-channel signal is interpolated by
a factor N and, then, filtered with a prototype pulse g(n). The outputs of
these filters represent the baseband sub-channel signals. Now, the available
bandwidth is partitioned in K disjointed sub-channels. Each baseband signal
produced by the filter bank is translated, in frequency domain, into the suitable
sub-channel. This frequency translation is performed by a complex exponential
multiplication. Finally, the signals coming from the K branches are summed
together to yield the transmitted signal x(n). Mathematically, this signal can
be written as

x(n) =

K−1
∑

k=0

∑

ℓ∈Z

a(k)(ℓN)g(n− ℓN)W−nk
K , n ∈ Z, (2.1)

where W−nk
K = ei2πnk/K is the complex exponential function and i is the imag-

inary unit.
The transmitted signal in (2.1) is digital-to-analog converted and sent to

the transmission medium. At the receiver, the signal is first analog-to-digital
converted to obtain

y(n) = x ∗ hch(n) + η(n), n ∈ Z, (2.2)

where ∗, hch(n) and η(n) are the linear convolution operator, the discrete-time
channel impulse response and the discrete-time background noise, respectively.
In general, the channel impulse response can be written as

hch(n) =

P−1
∑

p=0

αp(n)δ(n− p), (2.3)

where αp(n) is the p-th channel coefficient.
The received signal in (2.2) is successively processed with an analysis filter

bank. First, it is multiplied with a parallel bank of complex exponential func-
tions. In this way, each sub-channel signal is translated into the baseband.
Then, each branch is filtered with a prototype pulse h(n). Finally, the filter
outputs are sub-sampled by a factor N to obtain the demodulator output. To
determine the transmitted symbol, a decision element could be applied to each
sub-channel. Mathematically, we have

z(k)(nN) =
∑

m∈Z

y(m)h(nN −m)Wmk
K , n ∈ Z. (2.4)

In equations (2.1) and (2.4), the cascade between the prototype filter and
the complex exponential function (and viceversa at the receiver) can be com-
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bined as

g(k)(n) = g(n)W−kn
K , (2.5)

h(k)(n) = h(n)W kn
K . (2.6)

Equations (2.5) and (2.6) represent the frequency domain translation of the
baseband prototype pulse. Replacing these equations in (2.1) and (2.4) allows
to obtain

z̃(i)(nN) =
∑

m∈Z

y(m)h(i)(nN −m)

=
K−1
∑

k=0

∑

ℓ∈Z

ã(k)(ℓN)
∑

p∈Z

g(k)(p− ℓN)

×
∑

m∈Z

hch(m− p)h(i)(nN −m) +
∑

m∈Z

η(m)h(i)(nN −m), (2.7)

where

z̃(i)(nN) = W nNi
K z(i)(nN), ã(k)(ℓN) = W−ℓNk

K a(k)(ℓN). (2.8)

From (2.7), the received noise for the i-th sub-channel can be written as

η(i)(nN) =
∑

m∈Z

η(m)h(i)(nN −m). (2.9)

Finally, we can define the equivalent filter between the k-th transmitted signal
and the i-th received signal as

g(k,i)eq (nN) = g(k) ∗ hch ∗ h(i)(nN). (2.10)

Replacing (2.10) in (2.7) allows to separate the useful term from the interfer-
ence. In details, we have

z̃(i)(nN) = ã(k)(nN)g(i,i)eq (0) + ISI(i)(nN) + ICI(i)(nN) + η(i)(nN), (2.11)

where

ISI(i)(nN) =
∑

ℓ∈Z
ℓ 6=n

ã(k)(ℓN)g(i,i)eq (nN − ℓN) (2.12)

ICI(i)(nN) =
K−1
∑

k=0
k 6=i

∑

ℓ∈Z

ã(k)(ℓN)g(k,i)eq (nN − ℓN). (2.13)

From (2.11), we can note that the received symbol at time instant nN in the
i-th sub-channel is equal to the transmitted symbol at the time instant nN in
the same sub-channel multiplied by the constant g

(i,i)
eq (0) plus an inter-symbol

interference term ISI(i)(nN) plus an inter-carrier interference term ICI(i)(nN)
plus the background noise filtered with the receiver prototype pulse η(i)(nN).
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2.3 OFDM

OFDM is the most popular FBM scheme. The first OFDM scheme was con-
ceived in 1966 by Robert W. Chang [20]. In his work, Chang proposed the idea
of orthogonal multiplexing with band-limited signals. The efficient OFDM im-
plementation, one of the OFDM strengths, was published in 1971 by Weinstein
and Ebert [21]. OFDM is widely used in several standards, both for wireless
and wired communications.

The OFDM scheme can be viewed as a particular case of a FBM archi-
tecture described in Sec. 2.2. In OFDM the interpolation factor and the
sub-channels number are equal, i.e. K = N . In this case, the filter bank is
known as critically sampled. The prototype pulses g(n) and h(n) are chosen
as a rectangular window. In details, the pulses are defined as

{

g(n) = rect(n/N)

h(n) = g(−n)
, (2.14)

where the rect function is defined as

rect(n/N) =

{

1 for n ∈ {0, . . . , N − 1}
0 otherwise

. (2.15)

As example, in Fig. 2.2 we show the frequency response of the prototype pulses
for K = 8.

Replacing (2.14) in (2.1) allows to determine the efficient implementation.
The symbols are processed in blocks of K elements. The transmitted signal
related to the ℓ-th block read

xℓ(n) =

K−1
∑

k=0

a(k)(ℓN)W−nk
K , (2.16)

ℓ ∈ Z, n ∈ {0, . . . , N − 1}, .

In (2.16), it is immediate to identify the inverse DFT (IDFT) that can be effi-
ciently implemented exploiting the Fast Fourier Transform (FFT) algorithm.
Under assumption of ideal conditions, i.e. non-dispersive channel, the receiver
is implemented with a DFT. The received symbols of the n-th block reads

z(i)(nN) =

K−1
∑

m=0

yn(m)Wmi
K , (2.17)

ℓ ∈ Z, n ∈ {0, . . . , N − 1}, .
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Figure 2.2: OFDM prototype pulses freq. response magnitude for K = 8.

where yn(m) is the n-th block of the received signal.
OFDM scheme is orthogonal only in ideal conditions. When the channel

is frequency selective, the orthogonality is lost and ISI and inter-carrier in-
terference (ICI) are present. To solve this problem, in 1980 Peled and Ruiz
introduced a cyclic extension for every transmitted block. This idea is com-
monly known as CP [22]. Recalling the prototype pulses from (2.14), the CP
introduction is equivalent to using the prototype pulses that follow:

{

g(n) = rect (n/(N + µ))

h(n) = rect (−(n+ µ)/N)
, (2.18)

where µ is the cyclic prefix length, expressed in number of samples. If the
CP in greater than the channel impulse response length, i.e. µ ≥ P − 1, the
OFDM scheme is orthogonal and there are no ISI and ICI. The efficient OFDM
implementation, including CP, is shown in Fig. 2.3.
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Figure 2.3: OFDM efficient implementation.

2.4 Filtered Multitone Modulation

FMT is another FBM. In FMT, the sub-carriers are uniformly spaced and
the prototype pulses are identical among the sub-channels. FMT was initially
proposed in 2002 for transmission over broadband wireline channels, i.e. for
very-high-bit-rate digital subscriber line (VDSL) [3]. In the next years, FMT
was studied for wireless [4, 5] and Power Line [23, 24] communications.

In contrast to OFDM, where the time domain confinement is preferred,
FMT is characterized by high frequency confinement of the sub-channels.
When the sub-channel frequency confinement is high, the ICI between dif-
ferent sub-channels is lower. In addition, the out-of-band interference is re-
duced. This aspect has an important implication in wireless and PLC. In
fact, the standards could set several parts of the spectrum where the power of
the transmitted signal must be reduced (or totally notched) to generate low
emissions and to allow the coexistence with other systems. If the sub-channels
have high frequency confinement, the number of sub-channels that need to be
notched will be reduced w.r.t. OFDM. This implies that the data rate penalty
is smaller.

A common choice is to use a root raised cosine (RRC) prototype pulse.
Transmitter pulse g(n) and receiver pulse h(n) are matched, i.e. h(n) =
g∗(−n). Thus, both filters are RRC. The frequency response of the RRC



14 Filter Bank Modulations

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Normalized Frequency

P
ul

se
s 

fr
eq

ue
nc

y 
re

sp
on

se

Figure 2.4: FMT prototype pulses frequency response (RRC) for K = 8, N =
10, β = 0.20 and filter length equal to 20N .

pulse is defined as

Ĝ(f) =



















1 |f | ≤ 1−β
2

√

T
2

[

1 + cos
(

π
β

[

|f | − 1−β
2

]

)]

1−β
2

< |f | ≤ 1+β
2

0 otherwise

, f ∈ R, (2.19)

where β ∈ [0, 1] is the roll-off factor. We note that when β = 0, we obtain a
rectangular window in frequency domain. On the other hand, when β = 1, the
frequency response has a sinusoidal shape. As example, in Fig. 2.4, we show
the pulses frequency response for K = 8, N = 10, β = 0.20 and filter length
equal to 20N .

Clearly, to obtain high sub-channel frequency confinement, long prototype
pulses are required. In such a case, the implementation complexity may in-
crease significantly. Therefore, the efficient FMT implementation as well as
the design of good pulses is an important problem [25, 26, 27, 28, 29].



Chapter 3
Cyclic Block FMT

3.1 Introduction

In this chapter, a novel filter bank modulation scheme is described. The am-
bitious goal is to merge the strengths of both OFDM and FMT, described in
Ch. 2. We refer to it as cyclic block filtered multitone modulation (CB-FMT).
Similarly to conventional FMT, CB-FMT aims at generating well frequency
localized sub-channels. However, differently from it, CB-FMT transmits data
symbols in blocks, and the filter bank does not use linear convolutions but
cyclic convolutions. Similarly to OFDM, the block transmission can reduce
latency, but the sub-channel frequency confinement is much higher, more sim-
ilarly to FMT. This translates in higher spectral selectivity, more confined
power spectral density, and lower PAPR than in OFDM given the same tar-
get spectral efficiency. Furthermore, the implementation complexity is lower
than that in FMT with the same number of sub-channels and even with longer
pulses. In fact, an efficient realization can be devised if both the synthesis
and the analysis filter banks in CB-FMT are implemented in the frequency
domain (FD) via a concatenation of an inner (with respect to (w.r.t.) the
channel) DFT and a bank of outer DFTs. Such a FD architecture enables the
use of a FD sub-channel equalizer designed according to the zero forcing (ZF)
or the minimum mean square error (MMSE) criterion [30]. In particular, the
ZF solution will restore perfect orthogonality if a cyclic prefix (similarly to
OFDM) is appended to each block of signal coefficients that are transmitted
over a dispersive (frequency selective) channel. In the presence of channel
time variations (because of mobility), the ICI is small due to the sub-channel
frequency confinement so that the sub-channel equalizer is sufficient to cope
with the ISI experienced by the data symbols transmitted in a block. This

15
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equalization scheme is capable of coherently collecting the sub-channel ener-
gies so that frequency and time diversity, offered by the fading channel, can
be exploited. Consequently, this can provide better performance, i.e., lower
symbol error rate and higher achievable rate, than OFDM.

The CB-FMT idea and principles were originally presented in [31].
Another FBM scheme referred to as Generalized Frequency Division Mul-

tiplexing (GFDM) has been independently presented in [32]. According to
[32], GFDM is a FBM scheme that uses a non-orthogonal design where the
sub-channel spacing is smaller than the sub-channel Nyquist band. It can
be viewed as an FMT scheme operating beyond the critical sample rate. An
extended CP is used to take into account the pulse tails and allow the imple-
mentation of a so-called tail biting convolution. The tail biting convolution
in turn can be implemented with a circular convolution. Since the design is
not orthogonal, ICI is present also in an ideal channel which requires some
form of equalization to mitigate it. This may yield performance that is worse
than OFDM. However, it is shown in [32] that other benefits are offered by
GFDM as spectrum agility and lower PAPR. CB-FMT is a more general archi-
tecture than GFDM that shares the idea of using circular convolutions instead
of linear convolutions. As FMT essentially represents a general exponentially
modulated filter bank with linear convolutions, CB-FMT represents a general
exponentially modulated filter bank with circular convolutions. An orthogonal
CB-FMT system can be designed (as done in this chapter) without requiring
the use of a CP unless more robustness is desirable in time dispersive chan-
nels. Orthogonal CB-FMT can offer lower SER and higher spectral efficiency
compared to OFDM.

This chapter is organized as follows:

• The CB-FMT key elements are described in Section 3.2. These include
the derivation of an efficient frequency domain implementation starting
from the time domain signal representation (Section 3.2.1).

• Relations between CB-FMT and conventional FMT/OFDM are briefly
described in Section 3.2.2 to better understand the differences.

• The complexity analysis is carried out in Section 3.2.3.

• The conditions under which the CB-FMT scheme is orthogonal are stud-
ied in Section 3.3. Herein, a simple orthogonal pulse design is also pro-
posed. The orthogonality problem is extensively considered in Ch. 4.

• The analytic derivation of the CB-FMT PSD and the PAPR are discussed
in Section 3.4.
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Figure 3.1: CB-FMT transceiver scheme.

• Several numerical examples, which include pulse shapes, complexity,
PSD and PAPR are collected in Section 3.5.

3.2 Cyclic block FMT modulation

Cyclic block filtered multitone modulation is a multicarrier modulation scheme.
The principle of CB-FMT is depicted in Figure 3.1. In this scheme, the low

data rate sequences are interpolated by a factor N and, then, filtered with a
prototype pulse that is identical for all sub-channels. Differently from conven-
tional FMT, the convolutions in the filter bank are circular. The filter outputs
are multiplied by a complex exponential to obtain a spectrum translation. Fi-
nally, the K modulated signals are summed together yielding the transmitted
discrete time signal.

The circular convolution involves periodic signals, and it can be efficiently
realized in the frequency domain via the DFT. To use the circular convolu-
tion, a blockwise transmission is needed. Thus, we gather the low data rate
sequences in blocks of L symbols a(k)(ℓN), ℓ ∈ {0, . . . , L − 1}, for each sub-
channel. Then, we consider the prototype pulse g(n) to be a causal finite
impulse response (FIR) filter, with a number of coefficients equal to M = LN .
If the length is lower than M , we can extend the pulse length to M with zero-
padding, without loss of generality. The CB-FMT transmitted signal can be
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written as

x(n) =
K−1
∑

k=0

[

a(k) ⊗ g
]

(n)

=

K−1
∑

k=0

L−1
∑

ℓ=0

a(k)(ℓN)g((n− ℓN)M)W
−nk
K , (3.1)

n ∈ {0, . . . ,M − 1},

where ⊗ denotes the circular convolution operator and g((n)M) denotes the
cyclic (periodic) repetition of the prototype pulse g(n) with a period equal
to M , i.e., g((n)M) = g(mod(n,M)) where mod(·, ·) is the integer modulo
operator.

The signal x(n) is digital-to-analog converted and, then, transmitted over
the transmission medium. At the receiver, after analog-to-digital conversion,
the discrete time received signal, denoted with y(ℓ), is defined as in 2.2. In the
following, we assume the channel response to be ideal. The more general case
will be discussed in Chapter 5.

Similarly to the synthesis stage, we can apply the circular convolution to
the analysis filter bank. The k-th sub-channel output is obtained as follows:

z(k)(nN) =

M−1
∑

ℓ=0

y(ℓ)W ℓk
K h((nN − ℓ)M), (3.2)

k ∈ {0, . . . , K − 1}, n ∈ {0, . . . , L− 1},

where h((n)M) denotes the periodic repetition of the prototype analysis pulse
h(n) with period M .

Each sub-channel conveys a block of L data symbols over a time period
equal to LNT . Therefore, the transmission rate equals R = K/(NT ) sym-
bols/s. More generally, a cyclic prefix can be added (but it is not mandatory)
to the transmitted signal, as explained in Chapter 5. In this case, the rate
equals

R =
KL

(M + µ)T
symbols/s, (3.3)

where µ is the cyclic prefix length in samples.

3.2.1 Frequency domain implementation

One of the goals in CB-FMT is the reduction of the computational complexity
in the filtering operation w.r.t. the conventional FMT scheme. This can be
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achieved by exploiting a frequency domain implementation of the system as
described in the following.

Firstly, we define a constant integer Q subject to

M = LN = KQ. (3.4)

Condition 3.4 imposes that K/N = L/Q. Thus, we can choose L = αK and
Q = αN , where α is an appropriate constant. If α ∈ Z, α > 0, every α value
gives a valid set of parameters.

Then, the M-point DFT of the transmitted signal in (3.1) is computed.
We obtain

X(i) =
M−1
∑

n=0

x(n)W ni
M (3.5)

=

M−1
∑

n=0

K−1
∑

k=0

L−1
∑

ℓ=0

a(k)(ℓN)g((n− ℓN)M) W
−kn
K W ni

M ,

i ∈ {0, . . . ,M − 1}.

Under the assumption M = KQ, we can write

X(i) =
K−1
∑

k=0

L−1
∑

ℓ=0

a(k)(ℓN)
M−1
∑

n=0

g((n− ℓN)M)W
(i−kQ)n
M . (3.6)

We now multiply and divide (3.6) by W
(i−kQ)ℓN
M to obtain

X(i) =
K−1
∑

k=0

L−1
∑

ℓ=0

a(k)(ℓN)
M−1
∑

n=0

g((n− ℓN)M) W
(i−kQ)(n−ℓN)
M W

(i−kQ)ℓN
M

=

K−1
∑

k=0

L−1
∑

ℓ=0

a(k)(ℓN)G(i− kQ)W
(i−kQ)ℓN
M , (3.7)

where in (3.7) we denoted by G(i) the M-point DFT of the pulse g(n).
Since M = LN , it should be noted that the summation with index ℓ in

(3.7) is the L-point DFT of the data block a(k)(Nn) cyclically shifted by kQ,
i.e.,

A(k)(i− kQ) =
L−1
∑

ℓ=0

a(k)(ℓN)W
(i−kQ)ℓ
L . (3.8)
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Figure 3.2: General frequency domain implementation of the CB-FMT
transceiver.

Finally, substituting (3.8) in (3.7), we obtain

X(i) =

K−1
∑

k=0

A(k)(i− kQ)G(i− kQ), i ∈ {0, . . . ,M − 1}. (3.9)

This suggests an implementation of the CB-FMT synthesis filter bank as shown
in Figure 3.2. For each sub-channel block of data, we apply an L-point DFT
(referred to as outer DFT). We extend cyclically the block of coefficients at
the output of the outer DFT from L points to M points. Then, each sub-
channel block of M coefficients is weighted with the M coefficients G(i) of
the prototype pulse DFT. Next, each sub-channel block is cyclically shifted by
a factor −kQ, where k is the sub-channel index. Finally, the shifted blocks
are summed together, and an M-point IDFT (referred to as inner IDFT) is
applied to obtain the signal to be transmitted.

If we assume the M-point DFT of the prototype pulse to be confined in Q
points, i.e., G(i) 6= 0 for i ∈ {0, . . . , Q−1} and G(i) = 0 for i ∈ {Q, . . . ,M−1},
we can simplify (3.9) into

X(i) = A(k)(i− kQ)G(i− kQ), (3.10)

i ∈ {kQ, . . . , (k + 1)Q− 1}, k ∈ {0, . . . , K − 1}.

This suggests an efficient implementation of the CB-FMT synthesis filter bank
as shown in Figure 3.3. For each sub-channel block of data, we apply an L-point
DFT (referred to as outer DFT). We extend cyclically the block of coefficients
at the output of the outer DFT from L points to Q points. Then, each sub-
channel block of Q coefficients is weighted with the Q non-zero coefficients G(i)
of the prototype pulse DFT. Finally, we apply an M-point IDFT (referred to
as inner IDFT) to obtain the signal to be transmitted.
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Figure 3.3: Efficient frequency domain implementation of the CB-FMT
transceiver. This implementation is valid when the M-point DFT of the pro-
totype pulse has only Q non-zero coefficients.

The analysis filter bank can also be implemented in the frequency domain.
We start from (3.2) and we substitute the signal y(ℓ) with the IDFT of its
frequency response as follows:

z(k)(nN) =

M−1
∑

ℓ=0

M−1
∑

i=0

Y (i)W−ℓi
M W ℓk

K h((nN − ℓ)M), (3.11)

k ∈ {0, . . . , K − 1},
n ∈ {0, . . . , L− 1}.

Assuming M = KQ, we can write

z(k)(nN) =
M−1
∑

i=0

Y (i)
M−1
∑

ℓ=0

h((nN − ℓ)M)W
−(i−kQ)ℓ
M . (3.12)

Now, we multiply and divide (3.12) by W
−(i−kQ)nN
M to obtain

z(k)(nN) =

M−1
∑

i=0

Y (i)

M−1
∑

ℓ=0

h((nN − ℓ)M) W
−(i−kQ)(ℓ−nN)
M W

−(i−kQ)nN
M , (3.13)

where in (3.13) we can recognize the shifted version of the M-point DFT of
h(ℓ) defined as

H(i− kQ) =
M−1
∑

ℓ=0

h((nN − ℓ)M)W
−(i−kQ)(ℓ−nN)
M , (3.14)

i ∈ {0, . . . ,M − 1},
k ∈ {0, . . . , K − 1},
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where the second equality holds since the signals are periodic of M . Con-
sidering that M = LN , we have that W

−(i−kQ)nN
M = W

−(i−kQ)n
L , and we can

write

z(k)(nN) =

M−1
∑

i=0

Y (i)H(i− kQ)W
−(i−kQ)n
L

=
M−1
∑

i=0

Y (i+ kQ)H(i)W−in
L , (3.15)

i ∈ {0, . . . ,M − 1},
k ∈ {0, . . . , K − 1}.

The index i can be decomposed into two indexes p and q as i = p + Lq,
with p ∈ {0, . . . , L− 1} and q ∈ {0, . . . , N − 1}, to obtain

z(k)(nN) =
L−1
∑

p=0

N−1
∑

q=0

Y (p+ qL+ kQ) H(p+ qL)W−pn
L . (3.16)

In (3.16), we can recognize the L-point IDFT of the signal Z(k)(p) that is
given by

Z(k)(p) =

N−1
∑

q=0

Y (p+ qL+ kQ)H(p+ qL), (3.17)

p ∈ {0, . . . , L− 1},
k ∈ {0, . . . , K − 1}.

This is the periodic repetition with period L of the signal Y (i)H(i − kQ).
Therefore, the receiver can be summarized as follows (Figure 3.2): Firstly,
the received signal y(n) is processed with an M-point DFT. Then, the output
coefficients are weighted with the prototype pulse M-point DFT coefficients
H(i). Next, a periodic repetition with period L is performed for each sub-
channel block of coefficients to obtain (3.17), where Y (p) is the M-point DFT
of the received signal.

Finally, to obtain the k-th sub-channel output, an L-point IDFT is applied
to (3.17), i.e.,

z(k)(nN) =

L−1
∑

p=0

Z(k)(p)W−pn
L , (3.18)

n ∈ {0, . . . , L− 1}, k ∈ {0, . . . , K − 1}.
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Assuming that the analysis pulse has only Q non-zero coefficients, i.e.,
H(i) = 0 for i ∈ {Q, . . . ,M−1}, as when the pulse is matched to the synthesis
pulse and equal to G∗(i), the pulse weighting and the periodic repetition take
place on each sub-channel as graphically depicted in Figure 3.3. In particular,
assuming Q > L, (3.17) corresponds to adding at the beginning of the block
of coefficients Y (i+ kQ)H(i), i ∈ {0, . . . , Q− 1} the last Q− L coefficients of
the same block.

With the orthogonal design that we describe in Section 3.3, i.e., when
H(i) = G∗(i) and assuming that orthogonality conditions are satisfied, we
obtain

z(k)(nN) =

Q−1
∑

q=0

|G(q)|2a(k)(nN) +N (k)(nN), (3.19)

which shows that the output sample is equal to the n-th data symbol of the k-
th sub-channel weighted by the pulse energy, plus a noise contribution. More
generally, when the transmission medium is not ideal, equalization can be
performed (see Chapter 5) so that in (3.19) the coefficient that weights the
data symbol is given by the sub-channel energy.

Also the FMT system can be implemented in the frequency domain. How-
ever, the presence of linear convolutions renders it more complex since an
overlap-and-add operation has to be carried out as shown in [33].

As a final remark, the use of inner and outer DFTs appeared also in the
concatenated OFDM-FMT architecture presented in [5].

3.2.2 Relation with FMT and OFDM

In the following, we briefly highlight the main differences between CB-FMT
and FMT and OFDM:

Relation with FMT. Similarly to conventional FMT, CB-FMT targets the
use of frequency confined sub-channels. However, while the filter banks in FMT
deploy linear convolutions, in CB-FMT, the filter banks use cyclic convolutions.
Therefore, the FMT transmitted signal does not read as in (3.1) but as follows:

x(n) =

K−1
∑

k=0

∑

ℓ∈Z

a(k)(ℓN)g(n− ℓN)W−nk
K , n ∈ Z, (3.20)

where g(n) is the prototype pulse. Furthermore, while in FMT the trans-
mission is typically continuous, in CB-FMT, data signals are transmitted in
blocks, each of the K sub-channels transmits a block of L data symbols.
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In FMT, the rate equals

R =
K

NT
symbols/s. (3.21)

The efficient implementation of FMT can exploit a polyphase DFT filter
bank architecture [29]. Nevertheless, the FMT complexity is higher than the
CB-FMT complexity, as shown in Section 3.2.3 assuming the same number of
sub-channels and the same prototype pulse length.

In CB-FMT, very simple frequency domain design can be followed to obtain
an orthogonal solution as shown in Section 3.3. In FMT, the orthogonal design
is more complicated [28, 29]. Thus, non-orthogonal solutions are often adopted
in FMT as for instance the use of a truncated root-raised-cosine prototype pulse
[3] or ad hoc frequency localized pulses [26, 27].

When transmission is in time/frequency-selective fading channels, the good
sub-channel frequency confinement in FMT provides robustness to ICI, while
the residual ISI can be mitigated with sub-channel linear equalization [3] or
maximum a posteriori sequence estimation [4, 34]. In CB-FMT, instead, sim-
ple frequency domain equalization can be adopted as described in Chapter 5.

Relation with OFDM. In OFDM, the filter bank privileges the sub-channel
time domain localization, rather than the frequency domain localization. Fur-
thermore, OFDM can be seen as a particular case of both FMT and CB-FMT.
In fact it corresponds to an FMT system with N = K and the prototype pulse
being a rectangular window, i.e., g(n) is equal to 1 for n ∈ {0, . . . , N − 1} and
0 otherwise. It follows that the transmitted signal can be expressed as

x(n) =

K−1
∑

k=0

a(k)(ℓN)W−nk
K , n ∈ {ℓN, . . . , (ℓ+ 1)N − 1} . (3.22)

Starting from CB-FMT, we obtain OFDM by setting N = K, L = Q = 1, and
G(0) = 1, so that we also have K = M .

In OFDM, the rate equals

R =
K

(K + µ)T
symbols/s, (3.23)

where µ is the cyclic prefix length in samples. It should be noted that cyclic
prefix is not necessarily of equal length in CB-FMT and in OFDM. The same
applies to the number of data sub-channels that can be different in the two
systems.
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Latency

In future communication systems, the latency requirement is of primal impor-
tance. CB-FMT and OFDM adopt a blockwise transmission. Thus, a latency
is introduced. In OFDM, the latency is related to the sub-channels number
and it reads

τlatency, OFDM = (K + µ)T seconds. (3.24)

In CB-FMT, latency is related to the prototype pulse length and it reads

τlatency, CB-FMT = (M + µ)T seconds. (3.25)

In OFDM, low-latency can be obtained with a low number of sub-channels.
In CB-FMT, there are two different possibility to decrease the latency. Both
modes decrease the filter length M .

• Similarly to OFDM, low-latency can be obtained with a low number
of sub-channels. Sure enough, from (3.4), M = KQ. The number of
frequency bins for each sub-channel remains constant.

• Another possibility to have low-latency is to decrease the value of L. Sure
enough, in CB-FMT, the sub-channel symbols are gathered in blocks of
L elements. Decreasing the block size decreases the latency too. In this
case, K and N remain constant.

3.2.3 Computational complexity

In this section, we evaluate the computational complexity of CB-FMT in terms
of the number of complex operations [cop] (additions and multiplications) per
sample.

Let us assume that an M-point DFT (or IDFT) block has complexity equal
to αM log2(M) [cop] where, for instance, α = 1.2.

At the transmitter, K outer DFTs of L-points are used, together with one
M-point inner IDFT. Furthermore, the inner IDFT input signals are weighted
by the DFT components of the prototype pulse. Similarly, this applies at the
receiver. The operations performed by the cyclic extension are negligible. Let
us assume the number of non-zero DFT coeffients of the prototype pulse to be
equal to Q2 = QC, C ∈ {1, . . . , K}. Since the transmitted block comprises
LN coefficients, the number of complex operations per sample is equal to

CCB-FMT =
KαL log2(L) + αM log2(M) + S

LN

[

cop

sample

]

, (3.26)
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where S = (2C − 1)M for the transmitter. At the receiver, the periodic
repetition increases the complexity by S = 2MC −KL for (Q−L)C < L and
by S = (M+KL)C otherwise. When the prototype pulse has only Q non-zero
coefficients, i.e., C = 1, S = M for the transmitter and S = 2M −KL for the
receiver.

As a comparison, we consider the complexity of FMT efficiently imple-
mented with a polyphase DFT filter bank as described in [29]. This is equal
to

CFMT =
Kα log2(K) + 2Lg

N

[

cop

sample

]

, (3.27)

assuming K sub-channels, an interpolation factor N , and a prototype pulse
with length Lg coefficients. This complexity does not take into account the
operations required by the equalization stage.

If, for example, we assume K = 64 and N = 80 for both systems and
furthermore FMT with a pulse length equal to 20N while CB-FMT with L =
K, Q = N resulting in a longer filter length equal to M = 64N coefficients, the
receiver complexity will be equal to {45.8, 21.7} [cop] respectively for FMT and
CB-FMT. This shows the gain in complexity of CB-FMT yet having a longer
pulse. More results about the complexity are reported in Section 3.5.2.

3.3 Orthogonality conditions

The frequency domain implementation of CB-FMT allows us to deduce the
system orthogonality conditions. A filter bank system is orthogonal when it
has the perfect reconstruction property and the transmit-receive filters are
matched, i.e., g(n) = h∗(−n) and H(i) = G∗(i), so that the system exhibits
neither ISI nor ICI [35].

When the prototype pulse satisfies the following two conditions, the CB-
FMT system will be orthogonal:

1. The M-point DFT of the prototype pulse has only Q non-zero coeffi-
cients, i.e., G(i) = 0 for i ∈ {Q, . . . ,M − 1} (sufficient condition).

2. The correlation between g(n) and g∗(−n), computed with the circular
convolution and sampled by a factor N , is the Kronecker delta, i.e.,

[

g ⊗ g∗−
]

(nN) =
M−1
∑

ℓ=0

g((ℓ)M)g∗((nN + ℓ)M) = δ(n), (3.28)

where δ(n) is the Kronecker delta function, i.e., δ(n) is equal to 1 for n = 0
and 0 otherwise. The proof of these conditions is provided in Chapter 4.
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3.3.1 Orthogonal prototype pulse design

The frequency domain implementation and the orthogonality conditions sug-
gest to synthesize the pulse in the frequency domain with a finite number of
frequency components.

In this chapter, the root-raised-cosine pulse is considered. We start by
choosing a pulse that belongs to the Nyquist class with roll-off β, Nyquist
frequency 1/(2NT ), total bandwidth 1/(KT ), and frequency response Ĝ(f),
defined in 2.19. Then, we set M . The coefficients in the frequency domain of

the CB-FMT prototype pulse are obtained by sampling the response

√

Ĝ(f),

i.e., G(i) =
√

Ĝ(i/(MT )) with i ∈ {0, . . . ,M−1}. To satisfy the orthogonality
conditions, only Q out of M coefficients are non-zero, while L < Q coefficients
fall in the band 1/(NT ). It should also be noted that there is a limiting
condition on the choice of the roll-off β. In fact, the maximum roll-off to
prevent the pulse tails from exceeding the bandwidth 1/(KT ) of Q-points is
βmax = (Q− L)/Q. Therefore, we must choose β ≤ βmax.

We recall that the parameters of CB-FMT are related to each other through
the relation M = LN = KQ, which can be rearranged as

N

K
=

Q

L
=

p

q
, (3.29)

where p and q are relative prime integers. Therefore, once we have chosen M ,
the number of sub-channels K, and the ratio N/K, we obtain the rest of the
parameters N , Q, L.

Some examples of pulse responses are reported in Section 3.5.1. In partic-
ular, complex asymmetric pulses are also considered. It is also interesting to
note that a trivial orthogonal solution is obtained by using a rectangular FD
window of Q non-zero coefficients. In time domain, the FD rectangular pulse
is given by

g(n) = eiπn(Q−1)/M sin (πnQ/M)

sin (πn/M)
. (3.30)

In such a case, the CB-FMT scheme becomes the dual of the OFDM system
that uses, instead, a rectangular window in the time domain.

3.4 PSD- and PAPR-related aspects

3.4.1 PSD-related aspects

In this section, we study the power spectral density (PSD) of the transmitted
CB-FMT signal. The PSD is an important aspect to evaluate the confine-
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ment of the transmitted spectrum. The objective is to limit the out-of-band
emissions. More generally, the PSD must comply to regulatory aspects that
typically set an upper limit, also known as spectrum mask, e.g., as in the IEEE
802.11 WLAN standard [36] or in the HomePlug PLC system.

To derive an analytic expression for the PSD of CB-FMT, we can start by
expressing the (continuous) transmission of samples x(n) as follows:

x(n) =
∑

m∈Z

M−1
∑

k=0

X(k)(mM1)gP (n−mM1)W
nk
M , n ∈ Z, (3.31)

where the sub-channel symbol period M1 = M + µ takes into account the fact
that a CP of length µ samples can be used for the equalization, as it will be
explained in Chapter 5. The CP is appended to the block of coefficients at
the inner IDFT output. Furthermore, X(k)(mM1) are the coefficients at the
input of the inner IDFT in the transmitter at time instant mM1, and gP (n)
is the rectangular window that is equal to 1 for n ∈ {0, . . . ,M1 − 1} and zero
otherwise. Essentially, X(k)(mM1) represents the block of coefficients defined
in (3.10) that is transmitted in the m-th CB-FMT block. The data symbols
a(k)(ℓN) are assumed to be independent, identically distributed with zero mean
and power equal to Ma = E[|a(k)(ℓN)|2].

To convert the signal in (3.31) from discrete time to continuous time, an
interpolation filter with response gI(t) is needed. The interpolated signal can
be expressed as

x(t) =
∑

n∈Z

x(n)gI(t− nT ), t ∈ R. (3.32)

To obtain the signal PSD, the correlation of x(t), defined as

rx(t, τ) = E [x∗(t+ τ)x(t)] , (3.33)

needs to be computed. In (3.33), E[·] denotes the expectation operator. Since
the interpolated signal is cyclo-stationary, the correlation is periodic [37], i.e.,
rx(t + T, τ) = rx(t, τ). To remove the dependency on the variable t, the

mean correlation rx(τ) =
1
T

∫ T

0
rx(t, τ)dt has to be computed, from which the

mean PSD is obtained via a Fourier transform. The mathematical expressions
involved in the PSD computation are convoluted. In the following, we report
the main steps to obtain the PSD. The final result is given in (3.45) to (3.47).

The correlation can be written as

rx(t, τ) =
∑

n,m∈Z

E [x∗(n)x(m)] g∗I (t+ τ − nT )gI(t−mT ), (3.34)
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where E [x∗(n)x(m)] represents the correlation of the discrete time transmitted
signal before the analog interpolation filter. To compute (3.34), we rewrite
(3.31) as

x(n) =
M−1
∑

k=0

∑

p∈Z

X(k)(pM1)g
(k)
P (n− pM1), (3.35)

where g
(k)
P (n) = gP (n)e

j2πnk/M . The correlation of (3.35) is given by

r(n,m) = E[x∗(n+m)x(n)]

=
M−1
∑

k1=0
k2=0

∑

p1,p2∈Z

E
[

(

X(k1)(p1M1)
)∗

X(k2)(p2M1)
]

×
(

g
(k1)
P (n+m− p1M1)

)∗

g
(k2)
P (n− p2M1), (3.36)

where the term rX(k1, p1, k2, p2) = E
[(

X(k1)(p1M1)
)∗

X(k2)(p2M1)
]

represents
the correlation between the signal coefficients at the input of the inner IDFT
of the transmitter. We obtain

rX(k1, p1, k2, p2) =

{

MaL
∑K−1

s=0 G(k1 − sQ)G∗(k2 − sQ), if
p1=p2

k1−k2∈{0,±L,...}

0, otherwise
.

(3.37)
The correlation in (3.36) is periodic, i.e., r(n,m) = r(n + M1, m). Thus, we
compute the mean correlation as

r(m) =
1

M1

M1−1
∑

n=0

r(n,m)

=
1

M1

M−1
∑

k1=0
k2=0

E
[

(

X(k1)(p1M1)
)∗

X(k2)(p2M1)
]

×
∑

p∈Z

(

g
(k1)
P (m+ p)

)∗

g
(k2)
P (p). (3.38)

Consequently, the mean PSD is

Px(f) =
1

T
R(f)|GI(f)|2, (3.39)

where R(f) is the discrete Fourier transform of (3.38).
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Assuming that the prototype pulse DFT has only Q non-zero coefficients,
(3.37) can be rewritten as

E
[

(

X(a1+b1Q)(ℓ1M1)
)∗

X(a2+b2Q)(ℓ2M1)
]

=
{

MaLG(a1)G
∗(a2), if ℓ1=ℓ2,b1=b2,

a1−a2∈{−L,0,L}

0, otherwise
. (3.40)

Then, the PSD can be written as

Px(f) = |GI(f)|2
L

M1T

K−1
∑

k=0

∑

(q1,q2)∈S

G(q1)G
∗(q2)G

∗
P (f − fk,q1)GP (f − fk,q2),

(3.41)
where

fk,q = (q + kQ)/(MT ), (3.42)

S = {(x, y)|x, y ∈ {0, . . . , Q− 1} , x− y ∈ {−L, 0, L}} , (3.43)

and GP (f) is the periodic sinc function, defined as

sincM1(f) = ejπf(M1−1) sin(πM1f)

sin(πf)
, f ∈ R. (3.44)

In (3.41), we can split the summation with indexes (q1, q2) in the two sums
and thus in two resulting terms:

Px(f) = P1(f) + P2(f). (3.45)

For q1 = q2, we obtain the term

P1(f) = GI(f)
MaL

M1T

K−1
∑

k=0

Q−1
∑

q=0

|G(q)|2 |GP (f − fk,q)|2 , (3.46)

while for q1 6= q2, we obtain the term

P2(f) = GI(f)
2LMa

M1T

K−1
∑

k=0

Q−L−1
∑

q=0

Re {G(q)G∗(q + L)GP (f − fk,q)

× G∗
P (f − fk,q+L)} , (3.47)

where GI(f) is the Fourier transform of the analog interpolation filter. The
first term, P1(f), is a sum of sinc functions, each centered in fk,q and weighted



3.4 PSD- and PAPR-related aspects 31

by the prototype pulse DFT coefficients. The main lobe of the sinc function
has a bandwidth equal to 1/ ((M + µ)T ). The second term, P2(f), is related
to the correlation between the signal coefficients X(i) at the input of the inner
IDFT, defined in (3.10). In detail, we may reconsider (3.10). In fact, such
coefficients can be written as

X(i) = A(k)(i− kQ)G(i− kQ), (3.48)

X(i+ L) = A(k)(i+ L− kQ)G(i+ L− kQ) = A(k)(i− kQ)G(i+ L− kQ),
(3.49)

i ∈ {kQ, . . . , (k + 1)Q− 1}.

The correlation between (3.48) and (3.49) will not be null if Q > L. This is
due to the fact that the block of coefficients A(k)(i), at the output of the outer
DFT, is cyclically extended. Equation 3.47 takes this correlation into account.

3.4.2 PAPR-related aspects

The peak-to-average power ratio (PAPR) is a measure of the transmitted signal
x(t), defined as

PAPR =
maxt∈R {|x(t)|2}

E [|x(t)|2] . (3.50)

The PAPR indicates how much the signal peak power is higher than the mean
power value. A signal with high PAPR exhibits high dynamic range. Conse-
quently, this poses a challenge to the analog components of the front end which
may introduce distortions. For example, if the signal exceeds the power am-
plifier dynamic range, the output signal will be clipped to the supply voltage
level. In turn, unintentional out-band interference due to spurious emissions
is generated as well as the signal distortion may cause a performance loss in
the receiver stage. In OFDM, the high PAPR is a known drawback. It grows
with the sub-channels number [15]. Generally, the PAPR cannot be expressed
in closed-form.

In OFDM, |x(t)| can be approximately modeled as a Rayleigh process as
shown in [38] so that pseudo-closed expressions for the distribution of the
PAPR can be derived. In CB-FMT, the problem is more complex, so that
we have to resort to a numerical approach to evaluate the PAPR as it will be
discussed in Section 3.5.3.

In the literature, several PAPR reduction techniques have been proposed
for the OFDM system. These techniques are partitioned in two groups: the
signal scrambling techniques and the signal distortion techniques [39]. In signal
scrambling techniques, a coding is applied to the sub-carrier signals to reduce
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Figure 3.4: Prototype pulse examples for M = 320 and M = 640 with T = 1.

the PAPR. In this case, there is a loss of data rate due to the redundancy
introduced by the code. In signal distortion techniques, the shape of the
OFDM signal is distorted, i.e., the signal is clipped if it exceeds a threshold.
In this case, in-band distortion and out-of-band radiations are introduced. In
this work, the PAPR is shown without any reduction techniques to show the
worst case. These techniques could be reasonably applied to CB-FMT too.

3.5 Numerical results

3.5.1 Pulse design examples

In Figure 3.4, we report two examples of pulses obtained with the method
described in Section 3.3.1. Several combinations of parameters are considered.
The pulses have been obtained starting from a root-raised-cosine spectrum
with roll-off equal to 0.2. The pulses are designed for M = 320 and M = 640.
Furthermore, K = 8 and N = 10 or K = 16 and N = 20 are considered,
respectively.
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Table 3.1: In-band/out-of-band power ratio for CB-FMT prototype pulse

M

160 320 640 1,280
K = 4, N = 5 50.10 61.42 69.20 70.91
K = 8, N = 10 33.44 50.16 61.56 69.86
K = 16, N = 20 27.40 33.46 50.15 61.23
K = 32, N = 40 23.90 27.41 33.47 50.14

In Table 3.1, we report the ratio between the in-band and the out-of-band
energy of the interpolated prototype pulse for several choices of the param-
eters. Despite the simple design method, the pulses exhibit good frequency
confinement which increases for larger values of M .

In all numerical results that will follow, a common configuration is related
to the case M = 320 and K ∈ {8, 16, 32, 64}.

3.5.2 Complexity comparisons

In Figure 3.5, we show the complexity of OFDM, FMT, and CB-FMT as a
function of the prototype pulse length (in samples) and assuming it has Q non-
zero DFT coefficients. In all FMT, OFDM, and CB-FMT, the pulse length Lg

is set equal to M . It should be noted that OFDM uses a rectangular window
of length M equal to the number of sub-channels. The complexity is presented
in terms of cop/sample for different combinations of N,K. In CB-FMT, we
show the complexity at the receiver side when a 1-tap equalizer is used.

The figure shows that in CB-FMT the complexity grows when the sub-
channel number K decreases. This behavior is not intuitive and it requires an
explanation. We start from (3.26) for a given M and K/N values. It is easy
to show that the complexity is proportional to (K/N) log2 L. When K grows,
N grows too to have constant K/N ratio. To keep M = LN constant, L
decreases and, subsequently, the complexity. The figure shows that CB-FMT
has significant lower complexity than conventional FMT. Clearly, OFDM is
the simplest solution. However, CB-FMT and OFDM have a more comparable
complexity, i.e., CB-FMT is more complex than OFDM by a factor of about
1.5. As it will be shown in the next sections, this extra complexity pays back
since CB-FMT can offer better PSD confinement, lower PAPR, and better
performance in fading channels.
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Figure 3.5: Complexity of CB-FMT, FMT, and OFDM in terms of cop/sample
as a function of the parameters.

3.5.3 Power spectral density and PAPR

In this section, we consider the PSD and the PAPR of CB-FMT. For the
OFDM system, the PSD derivation is reported in [40]. In Figure 3.6, we
report an example of PSD of CB-FMT assuming the parameters equal to
K = 8, N = 10, Q = 40, L = 32 (therefore M = 320), β = 0.2 and the
cyclic prefix equal to µ = 8 samples. The interpolation filter is a RRC pulse
with roll-off equal to 0.1. If the interpolation pulse were ideal, i.e., the filter
was a perfect low-pass filter, the out-band emissions would be null. However,
a real interpolation filter introduces out-band emissions. For the parameters
specified, the ratio between the useful signal power and out-band emissions
power is equal to 25.48 dB. In OFDM, assuming the number of sub-channels
equal to K = 320, this ratio is equal to 22.80 dB. CB-FMT has slightly better
in-band/out-band power ratio due to a higher sub-channel frequency selectivity
w.r.t OFDM, under comparable complexity assumption. If we set the number
of sub-channels in OFDM equal to K = 8, then its in-band/out-of-band power
ratio will decrease even further to 20.1 dB.
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Figure 3.6: Mean power spectral density example of CB-FMT with an ideal
and a real interpolation filter. The interpolator filter is a a 20th order root
raised-cosine pulse.

We now consider the PAPR. The complementary cumulative distribution
function (CCDF) of the PAPR for CB-FMT and OFDM is shown in Figure 3.7.
The PAPR is influenced by the inner IDFT block size. In Figure 3.7a, we
perform a comparison under similar complexities, i.e., the number of sub-
channels in OFDM is set equal to K = 320, and in CB-FMT, we set M = 320
and K ∈ {4, 8, 16, 32}. In CB-FMT, the PAPR is significantly lower than in
OFDM for low values of K,N . In Figure 3.7b, we perform a comparison under
an equal number of sub-channels. In CB-FMT, we keep the IDFT block size
equal to M = 320. In this case, OFDM outperforms CB-FMT due to the
smaller inner IDFT size. In the simulations, a 4-PSK constellation is used for
both systems. As it is shown in the next section, CB-FMT can offer higher
spectral efficiency than OFDM with a smaller number of sub-channels. In
turn, this allows to obtain a lower PAPR.

In Table 3.2, the mean PAPR for CB-FMT is shown when M = 320 and
for several combinations of parameters. In OFDM, the mean PAPR is equal to
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Figure 3.7: The PAPR complementary cumulative distribution function
(CCDF) for CB-FMT and OFDM. The CB-FMT and OFDM transmitted
signals are interpolated with a 20th order root raised-cosine filter.

11.28 dB, i.e., higher than in CB-FMT for all parameter combinations herein
considered.

Table 3.2: Mean PAPR in CB-FMT for different values of K and N

K N Mean PAPR [dB]
4 5 10.03
8 10 10.76
16 20 11.06
32 40 11.19



Chapter 4
Orthogonal Design

4.1 Introduction

In this chapter, the orthogonal prototype pulse design problem is analyzed. In
CB-FMT, the cyclic convolution allows to simplify the design process w.r.t.
conventional FMT. Sure enough, cyclic convolution allows to translate the
orthogonality problem in matrix form. A mathematical analysis is performed
to determine the orthogonality criterion in time domain and in frequency do-
main. Starting from the frequency domain, the matrix model is built and
the matrix structure is analyzed to have orthogonal pulses. In the first part
of this work, the design is performed under ideal conditions, i.e. when the
transmitted signal is equal to the received signal. Then, we consider the or-
thogonality problem when the transmitted signal is filtered with an equivalent
filter. Next, we design two types of prototype pulses that maximize two cost
functions. First, we design a pulse that maximize the in-band-to-out-band en-
ergy ratio. The goal is to obtain high confinement pulses. Second, we design a
pulse that maximizes the achievable rate in time-varying scenarios. The goal
is to obtain a pulse that improves the robustness to the time-variant channels,
e.g. in the high mobility wireless applications. The optimal designed pulses
are compared with baseline solutions, i.e. the root-raised-cosine pulse.

This chapter is organized as follows. In Section 4.2, we derive the condi-
tions to have perfect reconstruction in time domain and frequency domain.
Then, the orthogonality conditions in frequency domain are derived exploiting
the matrix representation. In Section 4.3, we introduce a parametrization of
the matrix elements in terms of non-linear combination of trigonometric func-
tions. In Section 4.4, we build and study the non-linear system that solves the
orthogonality problem. In Section 4.5, we consider the orthogonality problem

37
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when an equivalent filter is present between the transmitter and the receiver.
In Section 4.6, we introduce the two metrics to design the optimal orthogo-
nal pulses under real conditions. In Section 4.7, some design examples are
provided and the improvement w.r.t. the baseline solutions is shown.

4.2 Orthogonality Conditions

In CB-FMT, the prototype pulse is designed to have orthogonality between
different sub-channels and between different symbols contained in the same
sub-channel blocks. To have absence of ICI and ISI, the PR criterion must
be found. First, the relation between the output and the input is deduced
under ideal transmission medium and perfect synchronization assumptions, i.e.
y(n) = x(n). We replace (3.1) in (3.2). After some algebraic manipulation, we
obtain

z̃(h)(mN) =

K−1
∑

k=0

L−1
∑

ℓ=0

ã(k)(ℓN)g(k) ⊗ h(h)(mN − ℓN), (4.1)

where

ã(k)(ℓN) =a(k)(ℓN)W−ℓNk
K , (4.2)

z̃(h)(mN) =z(h)(mN)WmNh
K , (4.3)

g(k)(n) =g ((n)M)W
−nk
K , (4.4)

h(h)(n) =h ((n)M)W
−nh
K . (4.5)

Equations (4.2)–(4.3) represent a rotation in the symbol constellation, equa-
tions (4.4)–(4.5) represents a translation of the prototype pulse in frequency
domain. In (4.1), the cyclic convolution between g(k)(n) and h(h)(n) represents
the cyclic cross-correlation between g(k)(n) and

(

h(h)(n)
)∗
, sampled by a factor

N . Relation (4.1) can be rewritten as

z̃(h)(mN) =
K−1
∑

k=0

L−1
∑

ℓ=0

ã(k)(ℓN)r(k,h)(mN − ℓN), (4.6)

r(k,h)(mN) =g(k) ⊗ h(h)(mN). (4.7)

Theorem 1 (Time domain PR conditions). CB-FMT has PR if and only if
the following two conditions are satisfied:

1. for k = h, the auto-correlation function must be a Kronecker delta, i.e.
r(h,h)(mN) = δm. Thus, for each sub-channel there is no interference
between different symbols in the same block (no ISI condition);
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2. for k 6= h, the cross-correlation must be always null. Thus, there is no
interference between different sub-channels (no ICI condition).

Proof. Equation (4.6) can be rearranged as

z̃(h)(mN) =ã(k)(0)r(h,h)(0)

+

L−1
∑

ℓ=0
ℓ 6=m

ã(k)(ℓN)r(h,h)(mN − ℓN)

+

K−1
∑

k=0
k 6=h

L−1
∑

ℓ=0

ã(k)(ℓN)r(k,h)(mN − ℓN). (4.8)

From (4.8), it is immediate to see that r(k,h)(m) = δmδkh is a valid solution.
This proves the sufficiency. To prove the necessity, we start again from

(4.6). We isolate two symbols from the summation, the useful symbol a(h)(mN)
and a generic symbol a(k1)(ℓ1N) for k1 6= h ∧ ℓ1 6= m. Then, (4.6) can be
rewritten as

z̃(h)(mN) = a(h)(mN)r(h,h)(0)

+ a(k1)(ℓ1N)A1 +B1, (4.9)

where A1 = r(k1,h)(mN − ℓ1N) and B1 is the (4.6) summation without the
k = h ∧ ℓ = m and k = k1 ∧ ℓ = ℓ1 terms.

Now, we consider two symbols sequences, a
(k)
1 (ℓN) and a

(k)
2 (ℓN), that differ

only in one symbol. We have

a
(k)
1 (ℓN)− a

(k)
2 (ℓN) =

{

C1 for k = k1 ∧ ℓ = ℓ1

0 otherwise
. (4.10)

We consider (4.9). To have PR, we need to satisfy these two equations:

{

a
(k1)
1 (ℓ1N)A1 +B1 = 0

a
(k1)
2 (ℓ1N)A1 +B1 = 0

. (4.11)

Combining these two equations, we obtain
(

a
(k1)
1 − a

(k1)
2

)

A1 = 0 (4.12)

In (4.12), C1 =
(

a
(k1)
1 − a

(k1)
2

)

6= 0. Thus, the equation is satisfied only for

A1 = 0. The only possible solution is the Kronecker delta function.
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The above two conditions concern the prototype pulse impulse response. In
the following, the prototype pulse is designed in the frequency domain. This
allows to simplify the design procedure, as shown in the next sections. To
obtain the PR conditions in the frequency domain, we compute the DFT of
the cross-correlation. After some algebraic manipulation, we obtain

R(k,h)(p) =
1

N

N−1
∑

s=0

G(p+ sL+ kQ)H(p+ sL+ hQ), (4.13)

where G(p) and H(p) are the M-point DFT of the transmitter and receiver
prototype pulses and Q = M/K is a positive integer number, respectively.

Theorem 2 (Frequency domain PR conditions). PR conditions, in the fre-
quency domain, can be written as

1. for k = h, the product between the prototypes pulse DFT must be a
constant. Analytically, we have

1

N

N−1
∑

s=0

G(p+ sL+ kQ)H(p+ sL+ kQ) = 1, (4.14)

∀p ∈ {0, . . . , L− 1}, ∀k ∈ {0, . . . , K − 1}.

2. For k 6= h, the cross-correlation must be always null. Analytically, we
have

1

N

N−1
∑

s=0

G(p+ sL+ kQ)H(p+ sL+ hQ) = 0, (4.15)

∀p ∈ {0, . . . , L− 1}, ∀k ∈ {0, . . . , K − 1}.

Proof. The proof is immediate: the frequency domain PR conditions are ob-
tained simply with a translation from the time domain to the frequency do-
main.

In the presence of background noise, the SNR is maximized when trans-
mitter and receiver filters are matched [37], i.e. h(n) = g∗−(n) = g∗(−n). The
matched filter condition joined with the PR conditions in Thm. 1 and 2 give
the orthogonality conditions.

Corollary 2.1 (Frequency domain orthogonal conditions). In the frequency
domain, the orthogonality conditions are given by:
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1. for k = h, the auto-correlation of the prototype pulse g(n) has flat DFT
spectrum. Analytically, we have

1

N

N−1
∑

s=0

|G(p+ sL+ kQ)|2 = 1, (4.16)

∀p ∈ {0, . . . , L− 1}, ∀k ∈ {0, . . . , K − 1}.

2. For k 6= h, the auto-correlation must be always null. Analytically, we
have

1

N

N−1
∑

s=0

G(p+ sL+ kQ)G∗(p+ sL+ hQ) = 0, (4.17)

∀p ∈ {0, . . . , L− 1}, ∀k, h ∈ {0, . . . , K − 1}.

Corollary 2.2. The condition (4.17) has the following property

R(k,h)(p) = R(0,h−k)(p), (4.18)

due to the periodic property of the DFT. Thus, equation (4.17) can be rewritten
as

1

N

N−1
∑

s=0

G(p+ sL)G∗(p+ sL+ kQ) = 0, (4.19)

∀p ∈ {0, . . . , L− 1}, ∀k ∈ {0, . . . , K − 1}.

4.2.1 Matrix Representation

The orthogonality conditions in (4.16) and (4.19) can be rewritten in matrix
form.

In what follows, we denote the i-th element of a vector v as {v}i. Fur-
thermore, given a matrix A, we denote the element at the i-th row and j-th
column as {A}i,j. Finally, to denote the j-th column vector of a matrix A, we
use the notation {A}∗,j .

The M-points DFT coefficients of the prototype pulse can be partitioned
in L vectors of size N × 1. Each vector is defined as

{vp}i = G(p+ iL), (4.20)

p ∈ {0, . . . , L− 1} i ∈ {0, . . . , N − 1}.
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We define the vector operator τa {vp} that performs a cyclic shift on the
elements. Analytically, the operator can be written as

{τa {vp}}i = G(p+ (i+ a)NL), (4.21)

a ∈ {0, . . . , N − 1},

where the (·)X operator denotes the modulo operations, i.e. (c+dX)X = (c)X .
The orthogonality condition in (4.19) can be viewed as an inner product

between two vectors a and b
a · b = 0, (4.22)

where the two vectors are defined as

a = [G(p), G(p+ L), . . . ]T , (4.23)

b = [G(p+ kQ), G(p+ L+ kQ), . . . ]T . (4.24)

Equation (4.22) imposes that the two vectors must be orthogonal. Vectors
(4.23) and (4.24) can be rewritten with the notation in (4.20). For the vector
in (4.23), it is immediate to see that a = vp. For the vector (4.24), we need to
find c(p,k) and d(p,k) s.t. c(p,k)+ d(p,k)L = p+ kQ. The solution is easily written
as

c(p,k) = (p+ kQ)L, (4.25)

d(p,k) =
p+ kQ− c(p,k)

L
=

p+ kQ− (p+ kQ)L
L

. (4.26)

Thus, the vector (4.24) is rewritten as b = τd(p,k)
{

vc(p,k)

}

.

Finally, for a given p value, equation (4.19) involves K vectors:

vp, τ
d(p,1)

{

vc(p,1)

}

, . . . , τd(p,K−1)

{

vc(p,K−1)

}

. (4.27)

These vectors are gathered in a matrix defined as

Hort,p =
1√
N
Ĥp, (4.28)

{

Ĥp

}

∗,j
, = τd(p,j)

{

vc(p,j)

}

, (4.29)

p ∈ {0, . . . , L− 1}, j ∈ {0, . . . , K − 1}.
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4.2.2 Matrix Conditions

Theorem 3. The orthogonality in (4.16) and (4.17) is satisfied if and only if
the matrices in (4.28) have orthogonal columns and with unit norm. If these
conditions are satisfied for p ∈ {0, . . . , (Q)L−1}, the condition is automatically
satisfied for other matrices with p ∈ {(Q)L, . . . , L− 1}.

Proof. Given a generic (4.29) matrix for a given p value, if all the columns are
orthonormal, the inner product (4.22) is zero for every k values. Thus, (4.17)
is satisfied.

We focus on (4.16). This equation can be seen as the Euclidean norm

square of the vector τd(p,k)
{

vc(p,k)

}

. If all the columns are orthonormal, the

norms are equal to unity. Thus, the columns norm of the matrix (4.28) is equal
to N , witch satisfies (4.16) condition.

Now, first, we observe that:

c(p+(k2Q)L,k) = (p+ (k2)L(Q)L + (k)L(Q)L)L

= (p+ (k + k2)L(Q)L)L

= c(p,k+k2), (4.30)

d(p+(k2Q)L,k) =
p+ kQ+ (k2Q)L − (p+ (k + k2)Q)L

L

= d(p,k+k2) +
(k2Q)L

L
. (4.31)

Next, we focus on the matrices Hort,p and Hort,p+(k2Q)L. Applying (4.30)
and (4.31), we can deduce:

• the two matrices are composed of the same column vectors. The k-
th column vector in Hort,p is translated in the k2-th column in matrix
Hort,p+(k2Q)L (deduced from (4.30));

• all the column vectors of matrix Hort,p are cyclically shifted by a factor
(k2Q)L in matrix Hort,p+(k2Q)L (deduced from (4.31)).

Thus, the matrices Hort,p+(k2Q)L , k2 6= 0 are redundant because they are ob-
tained by a swap on rows and columns of matrix Hort,p. The orthogonality
conditions are set only for p ∈ {0, . . . , (Q)L − 1}.

Corollary 3.1 (Critically sampled case). When the system is critically sam-
pled, i.e. K = N and Q = L, the matrices Hort,p are circulant matrices. In
this case, the matrices are orthogonal if the vectors (4.20) have unit modulus
N-points DFT, i.e.

∣

∣{FNvp}i
∣

∣ = 1, where FN is the N ×N DFT matrix.
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Proof. When the system is critically sampled, Q = L. In this case, (4.25) and
(4.26) can be rewritten as

c(p,k) = (p+ kL)L = p, (4.32)

d(p,k) =
p+ kL− (p+ kL)L

L
= k. (4.33)

Equation (4.32) shows that all the columns of Hort,p are composed of the vp

vector. Equation (4.33) shows that the k-th column is cyclically shifted by a
factor k. Thus, the matrix is circulant.

A property of an orthogonal matrix is that all its eigenvalues, denoted as
λn, are equal, in modulus, to 1 [41]. Furthermore, the n-th eigenvalue of a
circulant matrix is obtained as [42]

λn =

N−1
∑

k=0

{vp}k e−i2πnk/N . (4.34)

Equation (4.34) can be identified asN -points DFT. Thus, the eigenvalue vector
Λ = [λ0, . . . , λN−1] is given by

Λ = FNvp. (4.35)

4.3 Parametrization with Angles

To design the prototype pulse, the column vectors of Ĥp must have unit Eu-
clidean norm, i.e. ||vp|| = 1. In other words, the sum of squares of the vector
components must be constant and equal to one. This consideration suggests
to express the vector components in terms of non-linear combination of trigo-
nometric functions.

First, we focus on real valued solutions, i.e. vp ∈ RN . For N = 2, the norm
square is simply given by x2 + y2 = 1. A solution is given by x = cosα, y =
sinα. This representation exploits the polar coordinates with unit radius. For
N = 3, the square norm x2 + y2 + z2 = 1 represents a sphere in R3 with
unit radius. Exploiting the spherical coordinates allows to write the solution
as x = cosα, y = sinα cos β, z = sinα cos β. In general, for RN , N > 3, the
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hyper-spherical coordinates [43] can be used. The vector vp can be written as

{vp}0 = cos
(

{θp}0
)

, (4.36)

{vp}1 = sin
(

{θp}0
)

cos
(

{θp}1
)

, (4.37)

... =
...

{vp}i
i∈{2,...,N−2}

=

[

i−1
∏

s=0

sin
(

{θp}s
)

]

cos
(

{θp}i
)

, (4.38)

... =
...

{vp}N−1 =

[

N−2
∏

s=0

sin
(

{θp}s
)

]

, (4.39)

where θp is the angles vector that represent the vector vp. It should be noted
that the N × 1 vector vp is obtained from a set of N − 1 angles. Thus, the
unknowns number going from LN to L(N − 1).

In general, the vectors vp should be complex. Thus, the angles represen-
tation in equations (4.36) to (4.39) can be easily generalized to the complex
space. In detail, a phase factor is included for every vector components. The
complex angles representation is given by

{vp}0 = cos
(

{θp}0
)

ei{Φp}0 , (4.40)

{vp}1 = sin
(

{θp}0
)

cos
(

{θp}1
)

ei{Φp}1 , (4.41)

... =
...

{vp}i
i∈{2,...,N−2}

=

[

i−1
∏

s=0

sin
(

{θp}s
)

]

cos
(

{θp}i
)

ei{Φp}i, (4.42)

... =
...

{vp}N−1 =

[

N−2
∏

s=0

sin
(

{θp}s
)

]

ei{Φp}N−1 , (4.43)

where Φp represents the phases vector. Thus, given vp ∈ CN , the vector com-
ponents can be represented with two sets of angles. The first set, θp, represents
the component modulus; the second set, Φp, represents the component phase.
The total unknowns number is equal to L(2N − 1).

The unknowns number should be reduced if a band limited constraint is
set, i.e. G(i) = 0 for Q2 < i ≤ M . In this case, some components of the
vectors vp is known and equal to zero. The angles representation is used only
for the non-zeros components. To show that, we consider vp with only N2 < N
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non-zero components. First, we swap the components s.t. the zeros are located
at the end of the vector. To set only the last component equal to zero, it is
necessary to set {θp}N−1 = 0. Thus, the (N − 2) component can be rewritten
as

{vp}N−2 =

[

N−3
∏

s=0

sin
(

{θp}s
)

]

ei{Φp}N−2 . (4.44)

We should note that (4.44) is similar to (4.43): the N − 1 coefficients can be
represented with 2N − 3 angles, N − 2 for the modulus and N − 1 for the
phases. This procedure is repeated recursively for each null coefficient. As it
finally results, we obtain a set of 2N2 − 1 angles, N2 − 1 for the moduli and
N2 for the phases.

4.4 Pulse Design

Exploiting the angles representation described in Sec. 4.3, the condition (4.16)
is automatically satisfied. To complete the orthogonal pulse design, we need to
set the orthogonality for the matrices Hort,p, p ∈ {0, . . . , (Q)L − 1}, as shown
in Thm. 3. To do that, we need to solve the non-linear system































{Hort,p}H∗,0 · {Hort,p}∗,i = 0 i ∈ {1, . . . , K − 1}
{Hort,p}H∗,1 · {Hort,p}∗,i = 0 i ∈ {2, . . . , K − 1}

...
...

{Hort,p}H∗,K−3 · {Hort,p}∗,i = 0 i ∈ {K − 2, K − 1}
{Hort,p}H∗,K−2 · {Hort,p}∗,K−1 = 0

. (4.45)

From (4.45), we should note that the system is composed of
∑K−1

k=0 k = K(K−
1)/2 equations of (2N − 1)/(Q)L unknown angles for complex solutions and
(N−1)/(Q)L for real solutions. The problem is composed of (Q)L independent
systems, thus the total number of equations is equal to (Q)LK(K−1)/2, split
in (Q)L sub-systems.

Theorem 4. Given a system with parameters K,N,M , there exists an infinite
number of prototype pulses that satisfy the Thm. 3 orthogonality conditions.

Proof. First, we consider the critically sampled case K = N . Corollary 3.1
shows that every vector vp s.t.

∣

∣{FNvp}i
∣

∣ = 1 (4.46)
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is a valid solution. Equation (4.46) could be rewritten as

{FNvp}i = ejφi. (4.47)

Thus, every set {φ0, . . . , φN−1} gives a valid solution and, finally, the number
of solutions is infinite.

Now, we focus on the general case K < N . The matrix columns of Hort,p

are composed of the L/(QL) vectors and theirs cyclically shifted version of a
factor Q/(Q)L. Indeed, from (4.25) and (4.26), we can see

c(p,k+L/(Q)L) = (p+ kQ + LQ/(Q)L)L
= (p+ kQ + (L)L(Q)L/(Q)L)L
= c(p,k), (4.48)

d(p,k+L/(Q)L) =
p+ kQ + LQ/(Q)L − c(p,k)

L

= d(p,k) +
Q

(Q)L
. (4.49)

Given a N × N circulant orthogonal matrix, obtained from (4.47), we can
obtain a valid Hort,p matrix simply by dropping N −K columns. Given that
there are infinite circulant orthogonal matrices, there are infinite solutions in
the case K < N too.

Corollary 4.1 (Band limited pulses). If the prototype pulse is band limited,
i.e. it has only Q non-zero coefficients (G(i) = 0 for i ∈ {Q, . . . ,M − 1}),
the non-linear system (4.45) is automatically satisfied. Thus, there are an
infinite set of angles that satisfy the (4.40)–(4.43) equations. Two cases can
be distinguished:

1. Over-sampled case (K < N). In this case, the vp vector has at most
⌈Q/L⌉ non-zero components. Thus, the angles sets θp and Φp have at
most 2⌈Q/L⌉ − 1 angles.

2. Critically-sampled case (K = N). In this particular case Q = L
and the vp vectors has only one non-zero coefficient. Thus, the only
valid solutions is written as

{

G(p) = ei{Φp}0 for p ∈ {0, . . . , L− 1}
0 otherwise

. (4.50)

Condition (4.50) shows that the only possible solution has a rectangular
modulus.
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4.5 Practical Aspects and Orthogonality

The orthogonality analysis performed up to now is valid under ideal conditions,
i.e. the equivalent filter between the transmitter and the receiver is a Kronecker
delta. More generally, the transmitted signal is filtered with an equivalent filter
as

y(n) = x ∗ geq(n), (4.51)

where ∗ is the linear convolution operator. The equivalent filter geq(n) takes
into account some practical aspects, e.g. real interpolation filter or frequency
selective channel. In general, the equivalent filter causes an orthogonality loss.

Theorem 5 (Orthogonality with equiv. filter). In the presence of an equiva-
lent filter between the transmitter and the receiver, orthogonality holds if and
only if the filter geq(n) meets the conditions of Thm. 1 and the receiver pulse

in (4.5) is equal to h(h)(n) =
(

geq,- ∗ g(h)− (n)
)∗

.

Proof. Exploiting equation (4.4) allows to rewrite the transmitted signal in
(3.1) as

x(n) =
K−1
∑

k=0

L−1
∑

ℓ=0

a(k)(ℓN)g(k)(n− ℓN). (4.52)

The signal at the receiver input in (4.51) is given by

y(n) =
P−1
∑

s=0

geq(s)x(n− s)

=

P−1
∑

s=0

geq(s)

K−1
∑

k=0

L−1
∑

ℓ=0

a(k)(ℓN)g(k)(n− s− ℓN)

=
K−1
∑

k=0

L−1
∑

ℓ=0

a(k)(ℓN)g
(k)
1 (n− ℓN), (4.53)

where g
(k)
1 (n) = g(k) ∗ geq(n). Thus, the matched receiver filter for the h-th

sub-channel is given by h(h)(n) =
(

geq,- ∗ g(h)− (n)
)∗

.

Condition (4.7) becomes

r(k,h)eq (mN) = r(k,h) ∗ geq ∗ g∗eq,-(mN). (4.54)

The prototype pulse g(n) is designed to be orthogonal and r(k,h)(nN) is equal
to the Kronecker delta. Thus, condition (4.54) simply becomes

r(k,h)eq (mN) = geq ∗ g∗eq,-(mN). (4.55)
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Finally, from (4.55), if the equivalent pulse satisfies Thm. 1, then orthogonality
is not lost.

Generally, the equivalent filter does not satisfy the Nyquist conditions. In
this case, an equalizer is required to restore the orthogonality. Two cases can
be distinguished, as a function of the equivalent filter type:

1. Linear Time Invariant filter. When the equivalent filter is linear time
invariant (LTI), a CP allows to simplify the equalizer. In particular, if
the CP length, in samples, is greater than or equal to the equivalent
filter length (in samples) minus one, the PR is possible with a simple
equalizer.

2. Linear Time Variant filter. When the equivalent filer in linear time
variant (LTV), i.e. for a wireless channel, the equalization process is
more complicated, as shown in Chapter 5. Simple solutions have been
analyzed in Section 5.5.1. These sub-optimal equalizers do not restore
the orthogonality and some interference may be present.

4.6 Practical Pulse Design

As shown in Thm. 4, there are an infinite number of solutions to the orthogonal
pulse design problem. To complete the design procedure, we consider the pulse
design under an objective function maximization. Two metric functions have
been identified:

1. the in-band-to-out-of-band pulse energy;

2. the maximum achievable rate over time-variant wireless channels.

4.6.1 In-band-to-out-of-band metric

To compute the in-band-to-out-of-band ratio, we consider the frequency re-
sponse of the prototype pulse. The objective function is defined as

f1(θ,Φ) =

∫ B

0
|S(f, θ,Φ)|2 df

∫ +∞

−∞
|S(f, θ,Φ)|2 df −

∫ B

0
|S(f, θ,Φ)|2 df

, (4.56)

θ = [θ0, . . . , θL−1] ,

Φ = [Φ0, . . . ,ΦL−1] ,

where S(f, θ,Φ) is the frequency response of the prototype pulse, B = 1/KT
is the sub-channel bandwidth and θ, Φ are two (2N − 1) × L matrices that
contain all the angle parameters of equations (4.40) to (4.43).
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4.6.2 Maximum achievable rate metric

To optimize the mean achievable rate, we follow this procedure:

1. we build a series of Nch channel realizations;

2. for each channel realization, we search the prototype pulse that maxi-
mizes the metric

f2(θ,Φ) =

=
1

(M + µ)T

K−1
∑

k=0

L−1
∑

ℓ=0

log2

(

(1 + SINR(k)(ℓ, θ,Φ)
)

, (4.57)

where SINR(k)(ℓ, θ,Φ) is the signal-to-noise-plus-interference computed
for the ℓ-th element of the block transmitted in the k-th channels. The
matrices θ and Φ are defined as in equation (4.56). Equation (4.57) is
the maximum achievable rate computed exploiting the Shannon capacity.

In this step, we obtain a set of Nch prototype pulses;

3. for each prototype pulse designed in previous step, we compute (4.57) for
every Nch channel realizations. In this way, we build a Nch×Nch matrix:
each n-th column is the vector of the Nch achievable rate computed with
the n-th prototype pulse;

4. we computed the mean achievable rate for every column and we select
the prototype pulse that maximizes the mean achievable rate.

4.7 Numerical Results

To search the optimal pulses that maximize the objective functions (4.56) and
(4.57), a numerical approach has been adopted. The optimization problem is
a function maximization problem under non-linear constraints. In this case,
the constraints are given by the orthogonality conditions (4.16) and (4.17).
The design is performed in the frequency domain. The angles representation,
described in Sec. 4.3, is adopted. The optimization process is performed
exploiting the interior point method [44, 45, 46]. In general, in optimization
algorithms, the starting point influences the solution: different starting points
could give different solutions due to the local maximum problem. To avoid this,
we repeat the optimization several times for randomly and different starting
points. Finally, we select the pulse that maximizes the metric.
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Figure 4.1: Frequency response of the prototype pulse for the critically sam-
pled case (K = 10, N = 10). Plot in left shows the frequency response of
baseline. Plot in the middle shows the in-band/out-band optimal pulses. Fi-
nally, plot right shows the maximum achievable optimal pulses. In these plots,
the frequency is normalized to the sub-channel spacing, i.e. 1/KT = 1.

The design is performed for a given filter length, set to M = 240, and
different K, N values. In details, we choose K ∈ {8, 10, 12} and appropriate
N values s.t. K/N ∈ [0.5, 1]. When K = N , the system is critically sampled
and exhibits the maximum rate equal to M/(M + µ)T symbols/s.

For the in-band-to-out-of-band metric, we design two prototype pulses: the
symmetric and the asymmetric pulses. The first pulse has Hermitian symmet-
ric DFT coefficients - and, consequentially, real impulse response - and it is
obtained with the angles representation in (4.40)-(4.43). The second pulse has
no symmetry in frequency domain and impulse response could be complex.

For the achievable rate metric, we design the following two prototype pulses:
the real and complex symmetric pulses. The first pulse has real DFT coeffi-
cients - and, consequently, Hermitian symmetric impulse response - and it is
obtained with the angles representation in (4.36)-(4.39). The second pulse has
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Figure 4.2: Frequency response of the prototype pulse for the critically sam-
pled case (K = 10, N = 10). Plot in left shows the frequency response of
baseline. Plot in the middle shows the in-band/out-band optimal pulses. Fi-
nally, plot right shows the maximum achievable optimal pulses. In these plots,
the frequency is normalized to the sub-channel spacing, i.e. 1/KT = 1.

complex DFT coefficients - and, in general, has no symmetry in time domain
- and exploits the angles representation in (4.40)-(4.43). In this metric, we do
not distinguish between symmetric and asymmetric pulses because the algo-
rithm converges always to a symmetric solution. Thus, we distinguish between
real and complex pulses.

We compare the optimal pulse performance with the RRC baseline pulse.
The DFT coefficients are obtained sampling the frequency response in (2.19):
G(i) = Ĝ(i/MT ). The roll-off is chosen s.t. there is not interference between
adjacent sub-channels. In details, we have βmax = (Q − L)/L [47]. In the
critically sampled case, βmax = 0. Thus, the RRC pulse coincides with the
rectangular window in frequency domain.
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Table 4.1: In-band to out-band ratios for baseline and optimal pulses.

System Params.
Metric value (dB)

RRC
In-band/Out-band Achievable rate

K N Rate Symm. Asym. Real. Complex

8

8 1.00 19.71 19.71 23.02 – 19.69
10 0.80 44.72 146.38 119.61 31.65 30.72
12 0.67 49.04 154.60 132.79 33.43 31.28
16 0.50 51.63 148.56 123.80 33.61 34.08

10

10 1.00 17.42 19.36 19.57 – 17.39
12 0.83 39.64 122.33 89.20 28.72 28.60
16 0.63 46.90 151.51 123.29 29.60 27.92
20 0.50 48.72 150.03 125.68 32.74 32.32

12

12 1.00 16.64 18.51 18.71 – 16.59
16 0.75 40.93 123.51 98.88 26.85 24.83
20 0.60 44.93 161.58 119.55 30.06 28.34
24 0.50 46.33 144.96 130.01 31.00 30.20

4.7.1 In-band to out-band ratio

In Fig. 4.1, the critically sampled case (K = N) is analyzed. The plot in
the middle shows the prototype pulse frequency response when the objective
function is the in-band to out-band ratio. The optimal pulse has complex and
symmetric DFT coefficients. The plot on the right shows the prototype pulse
frequency response when the objective function is achievable rate in wireless
time-variant channels, designed as explained in Sec. 4.7.2. In this case, the
frequency response exhibits very similar spectrum for both pulses.

In Fig. 4.2, the over-sampled case (K < N) is analyzed. The plot in
the middle shows the prototype pulse frequency response when the objective
function is the in-band to out-band ratio. The interference in the adjacent
sub-channel is less than RRC pulse. The plot on the right shows the optimal
pulse for achievable rate metric. In this case, the optimal pulses have worst
frequency confinement w.r.t. RRC pulse.

In CB-FMT, each sub-channel maps L symbols in Q frequency bins. In
over-sampled case (K < N), Q > L, i.e., a redundancy is introduced. This
allows to add some degrees of freedom in the prototype pulse design. Thus,
the metric can significantly improved.

Tab. 4.1 shows the in-band to out-band ratio for all the simulated param-
eters.
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Figure 4.3: Maximum achievable rate as a function of cyclic prefix length
prototype pulses. On the left, the critically sampled case in reported for K =
10, N = 10. On the right, the over-sampled case is reported for K = 10, N =
16.

4.7.2 Maximum achievable rate

To design the prototype pulse that maximizes the achievable rate, we follow
the steps reported in Sec. 4.6.2. The wireless channel is modeled with the
Clarke’s isotropic scattering [48]. The channel is assumed frequency selective
with normalized delay spread equal to γ = 2. To design the prototype pulse,
the normalized doppler frequency is set to 5×10−5. To perform a performance
analysis, we have studied both the static and time-variant scenarios. In all
cases, the SNR is set equal to 30 dB.

For static channels case, we have computed the achievable rate as a func-
tion of the CP, as shown in Fig. 4.3. When the CP length is greater than
the channel duration, all the considered pulses have the same performance.
Achievable rate decreases when the CP length grows due to overhead increase.
When the CP is shorter than the channel duration, the inter-block interference
(IBI) may be present. In this numerical analysis a single-tap equalizer is used,
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Figure 4.4: Maximum achievable rate as a function of the normalized doppler
frequency for different prototype pulses. On the left, the critically sampled
case in reported for K = 10, N = 10. On the right, the over-sampled case is
reported for K = 10, N = 16.

as described in Section 5.5.1. The equalizer takes into account the power of the
interference signal. Thus, IBI introduces a performance degradation. For the
critically sampled case, RRC and optimal achievable rate pulses exhibit equal
performance. For over-sampled case, the optimal achievable rate pulse has the
better performance w.r.t. the RRC pulse. In both cases, the in-band/out-band
optimal pulse introduces an achievable rate drop.

For time-variant channels, the achievable rate is computed as a function
of the Doppler frequency, as shown in Fig. 4.4. For the critically sampled
case, the achievable rate optimal pulse offers the same performance as the
rectangular pulse. For the over-sampled case, the achievable rate complex
symmetric optimal pulse has better performance. The real symmetric optimal
pulse has similar performance to RRC for low Doppler; for high Doppler the
performances are better than RRC. In both cases, critically sampled and over-
sampled, the in-band/out-band optimal pulse introduces an important drop of
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achievable rate.
In both cases (static with short CP and time-variant), there is an orthogo-

nality loss. The optimization of the maximum achievable rate metric increases
the robustness to interference when the orthogonality is lost. Thus, the perfor-
mances are improved in the static case too. The optimization of the in-band
to out-band ratio metric is performed at the transmitter and it does not take
into the account the transmission medium. This has two consequences. On
the one hand, the in-band to out-band ratio is improved w.r.t. the simple RRC
pulse. On the other hand, the pulse robustness to interference is less than the
RRC pulse.



Chapter 5
Equalization

5.1 Introduction

In the previous chapters, the CB-FMT system is considered on ideal condition,
i.e. when the transmission medium is ideal (or flat frequency response) and
there is no noise. Under these assumptions, the system is orthogonal if the
orthogonality conditions, described in Ch. 4, are satisfied.

In a real application scenario, the channel frequency response could be fre-
quency selective and/or time variant. Generally, in this case, the orthogonality
is lost and some interference could be present. We distinguish three types of
interference. The ISI is generated from the other symbols belonging to the
sub-channel block: as shown, in CB-FMT each sub-channel processes L sym-
bols at the same time. At the receiver, the n-th symbol in the block is given
by the n-th transmitted signal plus a combination of the other L− 1 symbols
(ISI).

ICI is generated from the other sub-channels: at the received symbol is
added a combination of the (K − 1)L symbols transmitted in the other sub-
channels.

Finally, inter-block interference (IBI) is generated only when the channel
impulse response has more than one coefficient (time dispersive). As shown,
CB-FMT translates KL symbols in a signal of M coefficients that can be
viewed as a block. When the transmission is continuous, these M coefficients
blocks are adjacent. If the channel is time-dispersive, the blocks interfere with
each other.

If the channel is time-invariant and frequency selective, orthogonality be-
tween different sub-channels is kept. For every sub-channel, interference be-
tween the symbols is introduced. This interference can be split into two com-

57
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ponents: ISI (for symbols belonging to the useful sub-channel block) and IBI
(for symbols belonging to the adjacent sub-channel blocks). If the channel is
flat and time-variant, orthogonality is lost and ISI and ICI are introduced.
Finally, if the channel is time-variant and frequency selective, ISI, ICI and IBI
are introduced.

To avoid performance drops due to the interference, the orthogonality
should be restored with an equalizer. Exploiting the frequency domain im-
plementation, we design the equalizer in the frequency domain. This allows
to simplify the design process w.r.t. the time domain. We propose several
equalizers for time-invariant and time-variant channels and we analyze the IBI
problem.

This chapter is organized as follows:

• In Sec. 5.2, a matrix channel model is introduced. This model describes
the convolution between the transmitted signal and the channel impulse
response in matrix form. The transmitted signal is modeled as a vector
of M elements. The model takes into account the cyclic prefix and shows
the analytic expression of the interference when the CP is shorter than
the channel memory.

• In Sec. 5.3, the matrix model is translated in frequency domain to pro-
duce a relation between the M-points DFT of the transmitted and re-
ceived signals. Thus, the MMSE frequency domain equalizer is intro-
duced.

• In Sec. 5.4, we design the equalizer for time-invariant channels. In this
case, the channel impulse response is time dispersive and constant. In
this case, a 1-tap equalizer is sufficient to restore the orthogonality.

• In Sec. 5.5, we design the equalizer for time-variant channels. In this
case, a 1-tap equalizer can not restore the orthogonality and more in-
volved techniques are required. We introduce several equalizers with
growing complexity.

5.2 Channel Matrix Model

From the frequency domain implementation of CB-FMT (Figure 3.3), we note
that the chain comprising the M-point inner IDFT at the transmitter, the
transmission medium, and the M-point inner DFT at the receiver is similar
to the OFDM system. This suggests to append a CP of µ samples to the
transmitted block of samples, as shown in Figure 5.1.
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To proceed, we recall the time-variant channel impulse response, defined
in (2.3)

hch(n) =
P−1
∑

s=0

αs(n)δ(n− s), (5.1)

where P is the channel impulse response length in samples, and αs(n) is the
s-th channel tap at time instant n. Then, the received signal can be written
as

y(n) =
P−1
∑

s=0

αs(n)x(n− s). (5.2)

We distinguish between two cases as a function of the CP length. When
µ ≥ P − 1, there is no IBI and the channel matrix assumes a circulant form,
as shown in the next Sec. 5.2.1. When µ < P −1 there is interference between
the current and the previous transmitted blocks. This case is studied in Sec.
5.2.2.

5.2.1 Long Cyclic Prefix

After CP removal, under the assumption that the channel memory (in sam-
ples) is shorter than the CP, (5.2) becomes a circular convolution between the
transmitted signal and the channel impulse response. In matrix form, we can
write

y = HCHx (5.3)

where y = [y(µ) y(µ+ 1) . . . y(M + µ− 1)]T , x = [x(0) x(1) . . . x(M − 1)]T

and HCH is the circulant channel matrix of size M ×M . The i-th element of
the j-th channel matrix column is defined as

{HCH}ij =
{

αm(i), for m = mod(i− j,M) ∈ {0, . . . , P − 1},
0, otherwise.

(5.4)

5.2.2 Short Cyclic Prefix

If the channel memory (in samples) is greater than the CP, or the CP is not
present, (5.2) remains a linear convolution between the transmitted signal and
the channel impulse response. Thus, there is IBI. In matrix form, we can write

y = HCHx +HIxI, (5.5)
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Figure 5.1: Cyclic prefix and frequency domain equalization in CB-FMT.

where xI = [xI(0) xI(1) . . . xI(M − 1)]T is the previous transmitted block.
The i-th element of the j-th channel matrix column is defined as

{HCH}ij =











αm(i), for m = mod(i− j,M) ∈ {0, . . . , P − 1},
i+ µ−m ≥ 0,

0, otherwise.

(5.6)

The interference matrix HI is defined as

{HI}ij =
{

αm(i), for m = µ+mod(i− j,M) ∈ {µ+ 1, . . . , P − 1},
0, otherwise.

(5.7)

From (5.5), we note that the interference can be seen as an additive noise.
Thus, if the previous block is unknown, the interference introduced by the
short CP could be minimized with a MMSE equalizer.

5.3 Frequency Domain Equalization

When the CP is long, the elements of the matrix HCH can be easily written in
closed form. We work in frequency domain. If we apply an M-point DFT to
(5.3), which is what the receiver does through the inner DFT, we will obtain

Y = FMHCHx = FMHCHF
H
MX = ĤCHX, (5.8)
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where FM is the M-point DFT matrix, defined as {FM}ij = W ij
M/

√
M, i, j ∈

{0, . . . ,M − 1}, and X is the vector of coefficients at the input of the inner
IDFT at the transmitter side. Essentially, (5.8) describes the relation that
exists between the coefficients at the input of the inner IDFT at the transmitter
side and the coefficients at the output of the inner DFT at the receiver side.
Such a relation suggests the use of a frequency domain equalizer applied at
the output of the receiver inner DFT as shown in Figure 5.1. To proceed, we
need to derive an expression for the elements of the matrix ĤCH.

We start from (5.2). Without loss of generality, we can extend the sum
from P to M by zero-padding the channel impulse response. The block of
received samples can be written as

y(n) = x ∗ hch

=
M−1
∑

s=0

αs(n)x(n− s)

=

M−1
∑

s=0

αs(n)

M−1
∑

p=0

X(p)W
−p(n−s)
M

=
M−1
∑

p=0

X(p)H1(p, n)W
−pn
M , (5.9)

n ∈ {µ, . . . ,M + µ− 1} ,
where H1(p, n) is the M-point DFT of the channel impulse response at time
instant n, i.e., computed along the ℓ variable. By computing theM-point DFT
of (5.9), we obtain the elements of the vector (5.8):

Y (q) =
M−1
∑

n=0

M−1
∑

p=0

X(p)H1(p, n)W
−pn
M W qn

M

=

M−1
∑

p=0

X(p)H2(p, q − p), (5.10)

q ∈ {0, . . . ,M − 1} ,
where H2(p, q) is the two-dimensional M-point DFT of hCH(ℓ, n), defined as

H2(p, q) =
M−1
∑

s=0

M−1
∑

n=0

αs(n)W
sp+nq
M . (5.11)

Finally, it follows that the elements of ĤCH are defined as
{

ĤCH

}

ij
= H2 (j,mod(i− j,M)) . (5.12)
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In frequency domain, the equalizer is represented as a matrix HEQ. The
equalized received signal is defined as

YEQ = HEQY, (5.13)

Y = ĤCHX+N, (5.14)

where N is the M-points DFT of the background noise at the receiver input.
The equalizer is designed to minimize the mean square error (MSE) between
the transmitted signal and the equalized signal. This equalizer is known as
MMSE equalizer [49] and is expressed as

HEQ = RYY

−1RYX, (5.15)

RYY = E
[

YYH
]

, (5.16)

RYX = E
[

YXH
]

, (5.17)

where (·)H and E[·] are the Hermitian operator and the expectation operator,
respectively. RYY and RYX are the autocorrelation matrices of the received
signal and the cross-correlation between transmitted and received signal, re-
spectively.

To derive the FD equalizer, we distinguish between the case of having a
time-invariant channel and the case of having a time-variant channel.

5.4 Time-invariant channel

When the channel is time-invariant, hCH(ℓ, n) does not depend on the time
instant n. Thus, H2(p, q) is non-zero only for q = 0. Consequently, the channel
matrix ĤCH is a diagonal matrix. The M-point DFT output, at the receiver
stage, can be simply written as follows:

Y (p+ kQ) = X(p+ kQ)H2(p+ kQ, 0) +N(p + kQ), (5.18)

p ∈ {0, . . . , Q− 1}, k ∈ {0, . . . , K − 1},

where N(i), i ∈ {0, . . . ,M − 1}, are the M-point DFT coefficients of the
background noise samples. This shows that there is absence of ICI, i.e., inter-
ference among the sub-channels. Therefore, the application of a simple 1-tap
frequency domain equalizer is enabled [30]. In particular, with zero forcing,
the equalizer output is given by

YEQ(p+ kQ) = Y (p+ kQ)HEQ,ZF(p+ kQ), (5.19)

HEQ,ZF(p+ kQ) =
1

H2(p+ kQ, 0)
,
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where HEQ,ZF(i) is the i-th coefficient of the FD zero forcing equalizer. In
Figure 5.1, the matrix HEQ,k, associated to the k-th sub-channel equalizer, is
diagonal. Its p-th main diagonal element is equal to HEQ,ZF(p+ kQ). In such
a case, perfect orthogonality is achieved in the system. That is, after zero
forcing equalization, the sub-channel signal is multiplied with the conjugate
of the pulse frequency response G∗(p), and it is finally processed by the other
stages depicted in Figure 3.3. Then, the output reads as in (3.19).

Alternatively, the equalizer coefficients can be designed according to the
MMSE principle and they read

HEQ,MMSE(p+ kQ) =
H∗

2 (p+ kQ)

|H2(p+ kQ, 0)|2 + σ2/|G(p)|2 , (5.20)

where σ2 is the noise variance. This solution provides better performance at
low signal-to-noise ratios than the zero forcing solution.

Finally, the equalization matrix in (5.13) is a diagonal matrix. The elements
are defined as

{HEQ}ii =
H∗

2 (i)

|H2(i, 0)|2 + σ2/|G (mod (i, Q)) |2 . (5.21)

The 1-tap equalizer is generally used in OFDM for time-invariant channels
[50].

5.5 Time-variant channel

When the channel is time variant, the channel matrix ĤCH has non-zero el-
ements outside the main diagonal. The number of non-zero elements off the
diagonal grows with the channel Doppler spread [51]. The q-th inner DFT
output coefficient at the receiver can be written as

Y (q) = X(q)H2(q, 0) +

M−1
∑

p=0
p 6=q

X(p)H2(p, q − p) +N(q). (5.22)

Relation (5.22) shows that a simple 1-tap equalizer cannot fully remove the
interference introduced by the time-variant channel and represented by the sec-
ond additive term in (5.22). Thus, we propose several equalizers with growing
complexity.
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5.5.1 1-tap Equalizer

The 1-tap equalizer applies the MMSE criterion independently for each DFT
coefficient of the received signal. The MMSE criterion is applied between Y (q)
and X(q), i.e., the q-th diagonal element of the HEQ matrix is equal to

{HEQ}ii =
RXY (i)

RY Y (i)
, (5.23)

where RXY (q) and RY Y (q) are the scalar version of eq. (5.16) and (5.17),
respectively. After some algebraic manipulations, we obtain

RY Y (q) = R
(1)
Y Y (q) +R

(2)
Y Y (q), (5.24)

R
(1)
Y Y (q) = L

M−1
∑

p=0

|G1(p)|2|H2(p, q − p)|2 + σ2, (5.25)

R
(2)
Y Y (q) = 2LRe

{

K−1
∑

s=0

Q−L−1
∑

u=0

G(u)G∗(u+ L)×

×H
(s)
2 (u, q − u)

(

H
(s)
2 (u+ L, q − u− L)

)∗
}

, (5.26)

RY X(q) = R
(1)
Y X(q) +R

(2)
Y X(q), (5.27)

R
(1)
Y X(q) = L|G1(q)|2H2(q, 0), (5.28)

R
(2)
Y X(q) =



















LG(q1 + L)G∗(q1)H2(q, L) 0 ≤ q1 < Q− L

LG(q1 − L)G∗(q1)H2(q,−L) L ≤ q1 < Q− 1

0 otherwise

(q1 = q mod Q)

, (5.29)

where G1(q) = G (mod(q, Q)) and H
(s)
2 (u, q − u) = H2(u+ sQ, q − u− sQ).

When the channel is time-invariant, the terms (5.26) and (5.29) are always
null. Thus, the equalizer simply becomes

{HEQ}ii =
|G1(i)|2H∗

2 (i)

|G1(i)|2|H2(i, 0)|2 + σ2
. (5.30)

It is immediate to see that equation (5.30) is equal to (5.21).

5.5.2 Band Equalizer

The simple 1-tap equalizer, described in Sec. 5.5.1, consists in a diagonal HEQ

matrix. An idea to improve the performance is to increase the number of non-
zero diagonals in the equalization matrix. In other words, the matrix has the



5.5 Time-variant channel 65

main diagonal and ND upper (and lower) diagonals different from zeros. All
the other diagonals are null. In matrix theory, this sparse matrix is known as
banded matrix. The band equalizer is not a new idea and it is already used in
OFDM [52].

To deduce the band equalizer, we assume channel matrix ĤCH has only
non-zero elements in ND diagonals on either side. If the channel matrix is not

banded, we force to zero the elements outside the band, i.e.,
{

ĤCH,band

}

ij
=

{

ĤCH

}

ij
for i ∈ {0, . . . ,M − 1}, j ∈ {i−ND, . . . , i+ND} and zero otherwise.

The equalizer is given by

HEQ,band = RXYR
−1
Y Y , (5.31)

RXY = RXXĤ
H
CH,band, (5.32)

RY Y = ĤCH,bandRXXĤ
H
CH,band + σ2I, (5.33)

where RXX = E[XXH ], I and σ2 is the transmitted signal autocorrelation, the
identity matrix and the background noise statistical power, respectively. The
matrix equalizer computation in (5.31) involves a M × M matrix inversion.
Under band assumption, if ND ≪ M the inversion complexity is in the order
of O(M) [41]. Thus, this approximation reduces the computational complexity
w.r.t. a full matrix inversion, where the complexity is in the order of O(M3).

5.5.3 Block Equalizer

Another approach consists to equalize each sub-channel independently from
the others. This sub-channel equalizer is represented in Fig. 5.1. In this
case, the equalization matrix HEQ has a block structure. In details, the k-th
block, defined as HEQ,k (Q×Q matrix), is located in HEQ matrix at the rows
(columns) indices i, j ∈ {kQ, . . . , (k + 1)Q − 1}. The elements outside the
blocks are null.

The proposed block equalizer mitigates the interference between the L sym-
bols transmitted in each of the K sub-channels considering the fact that the
ICI between distinct sub-channels is small due to their good frequency response
confinement.

The block equalizer always removes the ISI term. In the band equalizer,
ISI is removed only if ND is greater than the number of non-zero diagonals in
the channel matrix.

We start by splitting the matrix ĤCH in blocks of Q×Q elements, so that
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(5.8) can be written as











Y0

Y1
...

YK−1











=











B0,0 B0,1 · · · B0,K−1

B1,0 B1,1 · · · B1,K−1
...

...
. . .

...
BK−1,0 BK−1,1 · · · BK−1,K−1





















X0

X1
...

XK−1











+N, (5.34)

where Xk and Yk are Q × 1 vectors whose elements are the Q coefficients
associated to the k-th sub-channel and N is the background noise vector. Bi,j

is a Q×Q matrix defined as

{Bi,j}r,c =
{

ĤCH

}

r+iQ,c+jQ
, r, c ∈ {0, . . . , Q− 1} . (5.35)

The k-th sub-vector in (5.34) can be written in order to separate the term of
interest from the interference as follows

Yk = Bk,kXk +

K−1
∑

i=0
i 6=k

Bk,iXi +Nk. (5.36)

Now, the k-th sub-channel block equalizer output vector is given by

YEQ,k = HEQ,kYk, (5.37)

where the sub-channel equalizer matrix is computed according to the MMSE
criterion. Such a matrix is obtained as

HEQ,k = RXkYk
R−1

YkYk
, (5.38)

RXkYk
= RXkXk

BH
k,k, (5.39)

RYkYk
= Bk,kRXkXk

BH
k,k +

K−1
∑

i=0
i 6=k

Bk,iRXiXi
BH

k,i + σ2IQ, (5.40)

where IQ is the Q × Q identity matrix, RXkYk
= E

[

XkY
H
k

]

is the Q × Q
correlation matrix between the vector Xk and the vector Yk, and RYkYk

=
E
[

YkY
H
k

]

is the Q×Q auto-correlation matrix of the vector Yk. It should be
noted that the signals Xi, i 6= k, are treated as noise by the k-th sub-channel
block equalizer since the interference that they generate is small due to the
sub-channel spectral confinement.

After the sub-channel equalization, the output coefficients are weighted
with the prototype pulse FD coefficients G∗(i) and, finally, processed by the
others stages, as shown in Figures 3.3 and 5.1.
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The computation of the k-th sub-channel equalizer in (5.38) involves aQ×Q
matrix inversion. Each inversion has a complexity in the order of O(Q3). The
equalizer performs K matrix inversions, one for every sub-channel. Thus, the
total complexity is in the order of O(KQ3).

5.5.4 Optimal Equalizer

All the previous equalizers are sub-optimal because they introduce an approx-
imation that simplifies the channel matrix ĤCH to reduce the computation
complexity involved in the matrix inversion operation.

To obtain the optimal equalizer, we apply the MMSE criterion to the full
matrix ĤCH . The equalizer matrix is given by

HEQ,opt = RXYRYY

−1, (5.41)

RXY = RXXĤ
H
CH, (5.42)

RYY = ĤCHRXXĤ
H
CH + σ2I, (5.43)

If no noise is present, the optimal equalizer simply becomes HEQ,opt = Ĥ−1
CH

(zero forcing equalizer). Thus, the system is fully orthogonal. The main
disadvantage is the computation complexity. Indeed, the computing involves
an inversion of a M ×M matrix. The complexity is in the order of O(M3).

In Tab. 5.1 we summarize the complexity of the proposed equalizers.

Table 5.1: Complexity of the proposed equalizers.

Equalizer Complexity

Baseline O(M)
Band O(M)
Block O(KQ3)

Optimal O(M3)

5.5.5 Equalizers comparison

In Fig. 5.2, a comparison between 1-tap, band and block equalizers is per-
formed. Results show the SER in wireless time-variant scenario as a function
of Doppler frequency. For CB-FMT, a frequency domain rectangular pulse is
chosen, with K = 8, N = 8, M = 240. In OFDM, the number of sub-channel
is set equal to K = 240. Thus, CB-FMT and OFDM have equal transmis-
sion rate. The constellation used is 4-PSK and SNR is set to 40 dB. For low
Doppler frequencies, CB-FMT outperforms OFDM: CB-FMT exploits the fre-
quency diversity introduced by the channel. For high Doppler frequencies, the
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Figure 5.2: Equalizers comparison in time-variant wireless scenario.

1-tap equalizer offers equal performance for CB-FMT and OFDM. This simple
equalizer has better performances for low Doppler. Band and block equalizers
improve the performance of the 1-tap equalizer. For high Doppler, CB-FMT
outperforms OFDM.



Chapter 6
Applications and Results

6.1 Introduction

In this chapter, we analyze the performance of the CB-FMT scheme applied
to two different applications scenarios. First, we focus on PLC. The desire to
deliver new communication services without requiring significant investments
in the expansion of the telecommunication infrastructure has pushed the devel-
opment of no-new-wire technologies. Besides wireless and twisted pair copper
systems, power line communication enables the delivery of a broad range of
services by the exploitation of power delivery grids. Since power lines are per-
vasively deployed, the use of PLC is potentially ubiquitous. In this scenario,
both single-carrier and multi-carrier modulations are used. We propose the
use of CB-FMT for high-data rate and low-data rate communications and we
perform a comparison with the existent multi-carrier solutions, generally based
on OFDM.

Another considered application scenario is the wireless. In details, we con-
sider a transmission over frequency selective time-variant fading channels. The
aim is to provide higher spectral efficiency and robustness than OFDM, espe-
cially in channels with high frequency selectivity, high time selectivity (due to
mobility, Doppler effects, carrier frequency offsets and phase noise) and with
asynchronous multiple users [53].

This chapter is organized as follows. In Sec. 6.2 we briefly introduce the
PLC: some historical notes are provided in Sec. 6.2.1. The physical layer
is described in the following three sections: channel characterization in Sec.
6.2.2, background noise in Sec. 6.2.3 and EMC aspects in Sec. 6.2.4. In Sec.
6.2.5 we disclose the results for high-data rate communications, namely the
BB-PLC. This type of communications is suitable for home networking and
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multimedia applications. Then, in 6.2.5, we discuss the results for low data
rate communications, namely the NB-PLC. This type of communications is
suitable for command and control applications or in Smart Grids.

In Sec. 6.3.3, the wireless channel is considered. In Sec. 6.3.1, we provide a
summarized historical overview of the wireless communications. Then, in Sec.
6.3.2, the mobile communications scenario is introduced and the time-variant
model is reported. Finally, in Sec. 6.3.3 several numerical results are provided.

6.2 Power Line Communication

6.2.1 History, Applications and Standards

PLC is not a recent idea: it was used by power utilities since about 1920,
initially for communications over high voltage lines between remote stations.
Since then, the application areas have significantly expanded [54]. Broad band
internet access offered by PLC, over the distribution network that feeds houses
and buildings, was considered of great interest especially in the first decade
of the new millennium. Advanced technology was deployed and it proved to
be a technically valuable solution. However, the market was already highly
penetrated by DSL technology which relegated PLC in few areas, although
still some hope exists about its wide use in countries under development.

In parallel, it was recognized that high speed data coming from last mile
communication systems, e.g., DSL and optical fiber, might have found a bot-
tleneck at the house door. Therefore, high speed in-home connectivity was
also desirable allowing the home gateway to provide uninterrupted flow of het-
erogeneous traffic between the outdoor and the indoor network, the service
provider and the end user. WiFi has fostered such a paradigm and it has been
largely researched, developed and marketed (see the evolution of the IEEE
802.11 standard). However, wireless technology may also experience complica-
tions mostly due to unfavorable propagation conditions and limited radiated
power for safety reasons that do not allow to grant full coverage at the promised
speeds, e.g., in multiple floor dwellings with the presence of reinforced concrete
floors. Consequently, complementary technologies were also researched, and
PLC found a fertile market where to prove its own validity. Initially, a number
of proprietary solutions were developed, but the key for wide deployment was
standardization.

A first relevant industry standard was promoted by the HomePlug (HP)
Alliance that developed a broadband solution operating in the 2-28 MHz band
based on orthogonal frequency division multiplexing (OFDM). The first version
HP 1.0 was capable to deliver up to 14 Mbps, the second version HPAV reached
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a peak rate of 200 Mbps, and the latest version HPAV2 [55], completed in 2012,
promises 2 Gbps of peak rate thanks to the extended bandwidth up to 86 MHz,
multiple wire transmission (MIMO), precoding and adaptation together with
a number of advanced techniques at the MAC layer. However, the first world
wide broad band standard was IEEE P1901 which was ratified in 2010 [56],
followed by ITU G.9960 (known as G.hn) [57].

More recently, the high momentum gained by the Smart Grid concept has
reinvigorated research in PLC and in particular of so called NB-PLC tech-
nology operating in the CENELEC bands (3–148.5 kHz), in the ARIB bands
(10–450 kHz) and in the FCC bands (9–490 kHz). Although the first solutions
used to deploy single carrier modulation, e.g., frequency shift keying (FSK) in
the IEC 61334 [58] standard, OFDM was chosen to provide higher speeds up to
about 1 Mbps in the PRIME and G3 specifications [59], [60]. PRIME and G3
were the basis for the definition of the ITU G.9902 (known as G.hnem) [61])
and the IEEE P1901.2 [13] standards for the use of frequency bands below 500
kHz (ratified at the end of 2012 and 2013, respectively).

PLC can be applied to provide two-way communication in all three smart
grid domains, namely transmission, distribution and user domains, exploiting
high voltage (HV), medium voltage (MV) and low voltage (LV) lines [62]. It
can be used to deliver several applications, for instance, remote fault detection,
remote station surveillance, or state estimation. It can provide communica-
tion capabilities between sensors located in substations so that status can be
monitored, and faults detected and isolated. PLC can also be exploited for
the detection of islanding events. The main application in the LV part of the
network is automatic/smart metering. For this application, PLC has already
enjoyed a great deployment success, with about 90 million meters installed in
Europe, and many more installed worldwide. Sensing, command, and control
applications are also of great interest for applications inside a home or building.
The in-home PLC network can be exploited for energy management purposes,
together with a wide set of home automation applications for increasing se-
curity, comfort and quality of life. Two further PLC application areas lie in
the management and control of micro grids, for example local generation grids
using renewable energy sources such as solar cells and wind turbines, and in
the connection between electrical vehicles and the grid, which can offer a wide
set of applications.

There are a number of other applications of PLC among which a promis-
ing, but not yet significantly exploited, is in-vehicle (car, ship, plane, train)
communications.
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6.2.2 Channel Characterization

The characterization of the PLC channel is very important since it allows
the development of models and the design of appropriate physical layer trans-
mission technology. The specific characteristics depend on the application
scenario and on the used transmission bandwidth. In general, the channel ex-
hibits multipath propagation due to line discontinuities and unmatched loads
which translates in severe frequency selectivity. Differently from wireless, there
is no mobility so that the channel is mostly static. However, changes in the
wiring topology and the connected loads induce a change in the channel re-
sponse. Furthermore, cyclic time variations with periodicity equal or double
the mains frequency can be present [63]. This is due to the periodic change
of the loads impedance with the mains frequency, in particular of those that
have rectifying units and AC/DC converters that exhibit a bi-static impedance
behavior. Such cyclic time variations are mostly visible at frequencies below
2 MHz. This is because most of active loads deploy EMI filters that at high
frequencies provide a (low) and stable value of impedance [64].

We distinguish three different PLC application scenarios: Indoor, outdoor
low voltage (O-LV) and outdoor medium voltage (O-MV). The channels used
in numerical results are described in the following.

Indoor

In-home LV grids are characterized by a layered tree structure with wires that
depart from the main panel, reach derivation boxes and then the final outlets
[65]. The presence of many branches gives rise to severe frequency selective
fading. The results are computed exploiting a set of channel responses acquired
in Italian home networks.

Outdoor LV and MV Channels

Differently from the indoor scenario, a less comprehensive analysis of the out-
door PLC channel is available in the literature for what concerns both the LV
and MV part of the distribution grid. A measurement campaign of the LV
outdoor channel was performed by the open PLC European research alliance
(OPERA) project [66]. From the measurements, a deterministic model was
proposed so that 8 reference channel responses have been tabulated.

Fig. 6.1a shows the frequency response of three different OPERA reference
channels, corresponding to high (350 m), medium (250 m) and low (150 m)
attenuation and decreasing path length. The average path loss profile PL =
10 log10E[|H|2], where the average is along the measures, obtained from the
full set of 8 responses is also reported. For comparison a typical in-home
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Figure 6.1: Path loss along frequencies for the outdoor (OPERA) and the
indoor low voltage (a), and medium voltage (b) channels. The average path
loss for each scenario is also shown.

channel response is also shown. It can be noted as the in-home channel exhibits
high frequency selectivity but lower attenuation, due to a very high number
of branches, discontinuities and unmatched loads, as well as the deployment
of short cables. On the contrary, the outdoor LV channels introduce high
attenuation but negligible fading effects which shows that what dominates is
the cable attenuation rather than multipath fading.

We now consider the MV channel analyzing data obtained in a measure-
ment campaign performed in northern Italy in 2013 and consisting of 122
responses. In Fig. 6.1b, the path loss for a good, a medium and a bad outdoor
MV channel realization (ranked according to the capacity they offer), as well
as the average path loss, are depicted. It should be noted that such channels
are less attenuated than the LV outdoor channels. Furthermore, the average
path loss profile is only slightly worse than the indoor LV case. Some further
analysis of the outdoor MV channel in a grid feeding an industrial scenario, is
presented in [67].
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6.2.3 PLC Noise

The noise in PLC is a combination of several contributions: the background
stationary noise, the impulsive noise with both periodic and aperiodic compo-
nents which is introduced by noisy loads, switching devices and plug-in/plug-
out procedures [54]. Often, the overall noise contribution is estimated by
measuring the power spectral density (PSD) of the noise averaged over a long
period of time. Typical noise PSD profiles are reported in Fig. 6.2 for the
indoor and outdoor scenarios. The figure shows an exponentially decreasing
profile which can be modeled for the in-home scenario as [68]

PSDIH
W (f) = a + b|f |c [dBm/Hz], (6.1)

while for the outdoor LV and MV scenarios as [69]

PSDLV,MV
W (f) = a+ befc [dBm/Hz]. (6.2)

Interestingly, even the best indoor case (lowest noise possible) [68] exhibits a
noisier environment compared to the outdoor LV case. The average SNR at
the receiver, taking into account the effect of the channel can be computed
according to the equation

SNR = E

[
∫ F2

F1
PS(f)|H(f)|2df
∫ F2

F1
PW (f)df

]

[dB]. (6.3)

where E[·] denoted the expectation, while PS(f) and PW (f) denote the trans-
mitted signal and the noise PSD, respectively. For instance, in the MV sce-
nario, assuming a transmission at a constant PSD level of −50 dBm/Hz the
average SNR for the CENELEC 3–148.5 kHz band, the FCC 9–490 kHz (FCC)
and the 1.8–30 MHz broad band , is equal to 34.86 dB, 37.34 dB, and 39.65,
respectively. This shows that potentially higher SNRs are experienced with
the use of BB-PLC than with NB-PLC in the smart grid context. In turn,
BB PLC has the potential to offer higher noise margins and not only higher
achievable rates. This has also been shown with a comparison between the
use of NB OFDM and impulsive ultra wide band (UWB) modulation in [70].
However, BB-PLC may undergo more severe limitations to grant EMC and
coexistence capabilities according to current norms.

6.2.4 Electromagnetic Compatibility Aspects

The transmitted PLC signal propagates according to two different modes,
namely, the differential (symmetric) and the common (asymmetric) mode.
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Figure 6.2: Power spectral density for indoor (worst and best case) and outdoor
(low voltage and medium voltage) background noise. The noise model is also
shown.

Symmetric currents flow with the same intensity, but with opposite direction,
through the power line wires, namely, the phase and the neutral. Indeed, the
asymmetric currents flow with the same intensity and direction on both the
phase and the neutral. For the common mode (CM) currents, the conductors
can be conceived as being a single wire, and the electrical circuit to be closed
through a different path, e.g., the physical earth. When the propagation mode
is differential, the radiated field intensity is negligible because the currents flow
in opposite directions. On the contrary, weak CM currents turn into strong ra-
diated fields. In this respect, emission limits were defined by regulation bodies.
The International Electrotechnical Commission (IEC) defines different limits
for the frequency ranges up to, and above 30 MHz. In the lower frequency
range, the focus is on conducted emissions, and the regulations constrain the
maximum amplitude of the asymmetric signal that can be injected into the
power delivery network. Above 30 MHz, the limits concern the radiated emis-
sions. The conducted and radiated emission limits are described in the CISPR
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Figure 6.3: Measurement results on the transmitted PSD level. The transmit-
ted PSD of a HomePlug compliant device. The Homeplug notching mask is
also shown.

22 [71] norm. The measurement procedures are defined in the norm CISPR 16
[72].

BB-PLC

Current BB-PLC standards fulfill limitations on conducted emissions because
they operate in the 2-30 MHz frequency range. CISPR 22 defines two classes
of appliances, namely, class A and B, according to the application scenario.
In-home appliances belong to class B. Furthermore, CISPR 22 distinguishes
between the mains port and the telecommunication port. In PLC, the mains
and telecommunication ports coincide. Currently, Limitations on the mains
port, which coincides with the telecommunication port, define the PLC trans-
mission levels [54]. According to CISPR 22, the average value of the CM
component amplitude must be lower than Vlim = 46 dBµV and Vlim = 50
dBµV in the 0.5-5 MHz and the 5-30 MHz frequency range, respectively.

PLC employs differential mode signals. However, the asymmetries of the
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PLC network lead to the partial conversion of the differential mode currents
into CM components. The relation between the amplitude of the symmetric
signal transmitted from a port of the PLC network and the amplitude of the
asymmetric component received at any other port of the network is referred
to as transverse conversion transfer loss (TCTL) [54]. The TCTL is expressed
in dB and it is a positive quantity. Experimental measurement campaigns in
the indoor scenario have shown that in 80% of the cases the amplitude of the
common mode signal that is measured at any port of the network is at least 45
dB lower than the amplitude of the differential mode signal injected into the
network, i.e., TCTL ≥ 45 dB. In [54], the maximum PSD of the PLC signal,
that can be injected for transmission, is computed as follows

Plim = Vlim + TCTL − 10 log10 (Bif)− ν

[

dBm

Hz

]

, (6.4)

where TCTL = 45 dB, Bif is the intermediate frequency bandwidth of the
spectrum analyzer that is used to carry out the EMC measurements, and
ν is the coefficient that allows for the conversion from dBµV to dBm, i.e.,
ν = 110 dBm/µV. CISPR 16-1 [73] sets Bif = 9 kHz. Now, if we assume a
100 Ω reference resistance, i.e., a typical value for the power line characteristic
impedance, and we let Vlim = 50 dBµV, we obtain Plim = −54.5 dBm/Hz. The
approximated value −50 dBm/Hz is often used by broadband PLC modems.

Furthermore, the HomePlug consortium introduced the notching mask con-
cept [74]. In Fig. 6.3, we show the HomePlug notching mask. Basically, the
notching mask reduces the transmitted PSD below −80 dBm/Hz at the fre-
quencies where radio services are supposed to transmit. Multi-carrier modu-
lation schemes, as OFDM, satisfy the notching mask by switching off certain
sub-channels. In Fig. 6.3, we also show the measured PSD of commercial
modems during typical operating conditions. For a HomePlug-compliant de-
vice (BB-OFDM, Fig. 6.3) the measured PSD satisfies the notching mask, and
it is below −80 dBm/Hz in correspondence of the notched bands.

NB-PLC

The frequency bands used by NB-PLC are not universal but vary as a function
of the continent. In this section, we focus on Europe and North America.

In EU, the European Committee for Electrotechnical Standardization (CE-
NELEC) has regulated NB-PLC in the frequency range 3-148.5 kHz in the
standard EN 50065 [75]. This band has been partitioned in four sub-bands.
CENELEC A (3-95 kHz) is reserved for electric distribution companies. Band
B (95-125 kHz) can be used without restriction for any application. Band
C (125-140 kHz) is used for home automation systems and the devices must
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Figure 6.4: Band plan for NB-PLC in EU (CENELEC bands) and US (FCC
band). Frequencies are expressed in kHz.

use a CSMA/CA protocol. Band D (140-148.5 kHz) is reserved to alarm and
security systems. Concerning the transmission level, devices must fulfill the
EMC regulation defined in EN 50065. The EMC measurements are performed
according the CISPR 16-1 norm (quasi-peak detector with 200 Hz of resolution
bandwidth). The limits are expressed in dBµV. For CENELEC A, the limit
decreases with the logarithm of the frequency, from 134 dBµV at 3 kHz to 120
dBµV at 95 kHz. For B, C and D bands the limit is set to 116 dBµV.

Table 6.1: Conducted Emissions limits for NB-PLC.

Band [kHz]
dBm/Hz limit from (6.5)

Quasi-Peak Average

3− 951 1.0/− 13.0
95− 148.51 −17.0
150− 5001,2 −83.5/− 93.5 −93.5/− 103.5
1 Valid only in EU and defined in EN 50065.

2 Valid in both EU and US and defined in CISPR 22.

In the US, the Federal Communications Commission (FCC) has regulated
NB-PLC in the frequency range 9-490 kHz in [76]. The norms set both radiated
and conducted limits. The radiated limit is set to 2400µV/m at f = 1 kHz
and decreases with the inverse of the frequency, i.e. Elim = 2400/f , where f
in the frequency expressed in kHz. The measurement is performed at a 300 m
distance. Concerning conducted emissions, the limits are set for the frequencies
above 150 kHz. In the 150-500 kHz frequency range, the limit decreases with
the logarithm of the frequency, from 66 dBµV at 150 kHz to 56 dBµV at 500
kHz for the quasi-peak measure, and from 56 dBµV at 150 kHz to 46 dBµV at
500 kHz for the average measure. Measurement follows the CISPR 16-1 norm.

Fig. 6.4 summarizes the band plan in EU and the US.
To derive the limits in dBm/Hz, a conservative approach is followed. A

common mode transmission is assumed. Consequently, the PSD limit can be
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derived as follows

Plim = Vlim − 10 log10(Bif )− ν

[

dBm

Hz

]

, (6.5)

where Vlim is the limit expressed in dBµV, Bif is the intermediate frequency
bandwidth of the spectrum analyzer that is used in EMC measurements and
ν = 110 is a coefficient for the conversion from dBµV to dBm. Bif is equal to
200 Hz for frequency below 150 kHz and is equal to 9 kHz for frequencies above
150 kHz. In Tab. 6.1, the EMC limits are reported expressed in dBm/Hz.

6.2.5 Numerical Results

BB-PLC

We evaluate the performance of the proposed CB-FMT scheme in terms of
maximum achievable rate and we perform a comparison with the standard
OFDM system. To provide a comparison, we evaluate the achievable rate
with the Shannon capacity formula. This represent the upper bound on the
rate at which information can be reliably transmitted over a communications
noisy channel. The formula is known as the Shannon-Hartley theorem. Given
an informative Gaussian signal with average power Ps, transmitted over a
communication channel subject to additive white Gaussian noise of power Pn,
the capacity, denoted as maximum achievable rate, is given by

C = B log2

(

1 +
Ps

Pn

)

, (6.6)

where B is signal bandwidth. For a multi-carrier, the capacity is given by the
sum of the capacities of the sub-channels.

For OFDM modulation, assuming a CP longer than the channel duration,
the achievable rate is given by

COFDM =
1

(N + µ)T

N−1
∑

k=0

log2

(

1 +
Pa(k)

Pη(k)

)

, (6.7)

where Pa(k) and Pη(k) are the output signal power of the k-th sub-channel
and the output power of noise, respectively. Pa(k) takes into account both the
channel attenuation and the signal transmitted power that allows us to fulfill
the notching mask. For the CB-FMT system, we can view it as LK equivalent
parallel signal transmissions. The achievable rate is therefore given by

CCBFMT =
1

(M2 + µ)T

KL−1
∑

k=0

log2

(

1 +
Pa(k)

Pη(k) + PI(k)

)

, (6.8)
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Figure 6.5: Achievable rate complementary CDF (C-CDF) for the indoor sce-
nario in the 1.8–30 and 1.8–100 MHz frequency band (on left), and for the
outdoor LV and MV scenarios in the 1.8–30 MHz (on right). The C-CDF for
the CB-FMT and the OFDM schemes in the 1.8–30 MHz frequency band for
the in-home (on left) and outdoor LV and MV are also depicted.

where Pa(k), Pn(k) and PI(k) are the output signal power of the k-th sub-
channel, the output power of the noise and the output power of the interference
that may be present, respectively. Interference can in fact be present among
the L data symbols transmitted in one of the K sub-channels unless Zero-
Forcing equalization is implemented.

We consider the indoor case and we infer the improvement provided by the
frequency band extension from 1.8–30 to 1.8–100 MHz. Fig. 6.5 depicts the
achievable rate CCDF for the channels described in Section 6.2.2, assuming
−50 dBm/Hz PSD constraint in the 1.8–30 MHz and a flat −80 dBm/Hz PSD
in the 30–100 MHz. Notching is typically required in BB-PLC to allow coexis-
tence with radio amateur and broadcast signals. Therefore, the PSD notching
mask depicted in Fig. 6.6 is herein used to derive results. The colored back-
ground noise models named in-home (best), O-LV and O-MV in Section 6.2.3
are herein adopted for each different environment, respectively.
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Figure 6.6: Analytic CB-FMT PSD for K = 1024. In dotted line, the Home-
plug notching mask.

In Fig. 6.7 we report the achievable rate in Mbps as a function of number of
sub-channels K used for OFDM for a specific channel realization (correspond-
ing to the median channel ranked in terms of capacity selected from the data
base of measured channels). The CP length is chosen so that the highest rate
is offered under the further constraint of fulfilling the notching mask in Fig.
6.6. The noise PSD is the best according to the model in Fig. 6.2. The figure
shows that the offered rate increases with the number of sub-channels since
the overhead introduced by the CP is reduced and better notching capability
is obtained. However, the performance gap from the channel capacity is high.
Such a gap can be reduced by deploying FMT since it has the potential to
offer superior performance. In this example, FMT uses long root-raised-cosine
pulses with roll-off set to 0.2 and one-tap sub-channel fractionally spaced equal-
ization. The interpolation factor is equal to N = 4/3K and the filter length is
equal to 20N . Therefore, significantly better notching capability is achieved.

In Fig. 6.7 the achievable rate for CB-FMT is also shown. For CB-FMT, a
rectangular frequency domain pulse is used to obtain a maximum rate trans-
mission Giuseppe Lambrughi. The interpolation factor is equal to N = K and
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Figure 6.7: Comparison between FMT, CB-FMT and OFDM as a function of
the sub-channel number K in terms of maximum achievable rate.

the filter length is equal to 4K. For both CB-FMT and OFDM a cyclic prefix
is added to the transmitted signal to reduce the interference between different
blocks. The cyclic prefix duration is optimized to maximize the achievable rate.
The figure shows, that CB-FMT provides better performance than OFDM. For
K = 1024, CB-FMT is not far away from FMT but it has significant less com-
plexity, i.e. CB-FMT complexity is about 36% of the FMT complexity. The
ability of providing good notching selectivity is shown in Fig. 6.6 where the
PSD of the transmitted CB-FMT signal is compared to the target notching
mask. Finally, in Fig. 6.5 we compare the CCDF of the achievable rate ob-
tained with OFDM and with CB-FMT assuming transmission in the 1.8–30
MHz band. The figure shows that CB-FMT outperforms OFDM offering about
52% and 20% of the theoretical channel capacity, respectively.

NB-PLC

We perform a performance comparison when CB-FMT is deployed in the G3-
PLC and P1901.2 standards instead of PS-OFDM in terms of maximum achiev-
able rate. The PL channel and the noise are modeled as described in Sections
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6.2.2 and 6.2.3, respectively. For PS-OFDM, we adopted the parameters de-
scribed in the G3-PLC and IEEE P1901.2 standards and reported in the fol-
lowing paragraph.

G3-PLC and IEEE P1901.2 parameters In this paragraph we provide
an overview on the G3-PLC and IEEE P1901.2 parameters.

G3-PLC G3-PLC was initially released for operating in the CENELEC
A band. Later, Maxim - member of the G3 Alliance - has proposed to extend
G3-PLC to the other CENELEC bands [77] and to the FCC band [78]. In base
band, the sampling frequency is set to 1/T = 200 kHz for CENELEC bands
and to 1/T = 600 kHz for the FCC band. The sub-carrier number is set to
M = 128 and the cyclic prefix length is set to 30 samples. In Table 6.2(a), we
report the active sub-carries for each band. G3-PLC can operate in multiple
CENELEC bands to increase the rate. In detail, it can operate in these bands:
A, B, C, D, BC, BCD and BD.

To fulfill the EMC regulation, a PSD mask is specified. The transmitted
signal spectrum must not exceed the limit of 120 dBµV. To ensure the coexis-
tence with the single-carrier solution IEC 61334, a notch has been introduced
between 63.3 kHz and 73.8 kHz. In the spectral notch, the limit is set to 70
dBµV. Finally, the PSD dynamic range in the notch and outside the notch has
to be larger than 25 dB.

P1901.2 The new IEEE P1901.2 standard joins the previous NB-PLC
standards to obtain a universal communication specification. At the physical
layer, PS-OFDM is used. In CENELEC bands, IEEE P1901.2 can operate
only in bands A and B. The full FCC band is partitioned in two parts, below
150 kHz (FCC-low band) and above 150 kHz (FCC-above-CENELEC band).
The band above 150 kHz has be partitioned in 2 or 4 sub-bands. In this work,
we consider the FCC-above-CENELEC partition reported in Tab. 6.2(b). In
the following, we denote the FCC-low band as LOW.

The PSD mask specifies a limit of 120 dBµV. If a notch is present, the
limit is set to 100 dBµV. The minimum PSD dynamic range in the notch and
outside the notch has to be larger than 20 dB.

Performance Comparison For CB-FMT, we set the same sampling fre-
quency and maximum sub-channel number as for PS-OFDM. The CB-FMT
prototype pulse length is equal to M = KQ = LN , where Q is an integer num-
ber. In the following results, we set K = N and Q = L = 8. The CB-FMT
prototype pulse has a rectangular shape in frequency domain, i.e. G(i) = 1
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Table 6.2: Active Carriers for G3-PLC and IEEE P1901.2 standards.

(a) Active carriers in CENELEC and FCC bands.

Band Start freq. Stop freq. Cardinality

CENELEC A1,2 35.9 90.6 36
CENELEC B1,2 98.4 121.8 16
CENELEC C1 128.1 137.5 7
CENELEC D1 142.1 146.8 4

G3-FCC1 145.3 478.1 72
FCC-above-CENELEC2 154.6 487.5 72

FCC-low (LOW)2 37.5 117.2 18

1 Used in the G3-PLC standard
2 Used in the IEEE P1901.2 standard

(b) Partition of the FCC-above-CENELEC band.

Start freq. Stop freq. Cardinality

HIGH0 154.7 487.5 72
HIGH1 154.7 318.8 36
HIGH2 323.4 487.5 36

for i ∈ {0, . . . , Q− 1} and 0 otherwise; G(i) denotes the M-point DFT of the
prototype pulse.

With such a choice, it should be noted that CB-FMT becomes the dual
of OFDM where the rectangular pulse shape is chosen in the time-domain.
Concerning the transmission power, we set the PSD of the transmitted signals
so that we fulfill the EMC regulations and the PSD mask as shown in Fig. 6.9.
In detail, we set a PSD limit to −45 dBm/Hz for frequencies below 150 kHz
and −105 dBm/Hz for frequencies above 150 kHz. The limits are set equal for
both systems. We have computed the achievable rate for all the eight OPERA
channels for different CENELEC and FCC bands. The achievable rate is com-
puted according to the Shannon capacity formula. In detail, for each band, we
have computed the CCDF. Two CCDF examples are shown in Fig. 6.8. Then,
we compute the mean achievable rate among the eight OPERA channels. The
achievable rate is evaluated for two different CB-FMT configurations. Firstly,
we set the CB-FMT active sub-channels to be equal to those used in OFDM.
We denote this configuration as CB-FMT reduced. Then, we increase the num-
ber of active sub-channels so that the available bandwidth is better occupied.
We denote this configuration as CB-FMT full. This is made possible because
CB-FMT has a significant lower out-of-band PSD which allows to better fulfill
the norms and to increase the possible number of active sub-channels. An
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Figure 6.8: CCDF of the achievable rate for the OPERA channels.

example of these two configurations is reported in Fig. 6.9. In the previous
figure, CB-FMT and OFDM have equal PSD peak. In Fig. 6.10, we increase
the PSD peak of CB-FMT s.t. the two systems have equal PSD limit in the
notches. Fig. 6.11 shows the achievable rate with the increased PSD limit.

The achievable rate values are reported in Tab. 6.3. CB-FMT outperforms
OFDM because it is capable of exploiting the sub-channel energy with matched
filtering in the frequency domain. For the FCC band, we note that when the
transmission involves only the high part of the band (above 150 kHz), the
achievable rate is significantly low. This is due to the low PSD level (−105
dBm/Hz) that has to be used to satisfy the EMC regulation.

To evaluate the spectrum confinement properties of PS-OFDM and CB-
FMT, we compute the power ratio between the useful signal in a sub-band
and the interference generated by the signals in the adjacent sub-bands. In
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PSD peak.

detail, we focus on the CENELEC band. We compute such ratio as

Rab =
Pa

Pb

, (6.9)

a ∈ {A,B,C,D}, b ∈ {Z − a},
Z = {A,B,C,D,FSKnotch},

where Pa is the power of the transmitted signal in the CENELEC a band
and Pb is the interference power generated by the signal transmitted in the b
band. FSKnotch denotes the range of frequencies that need to be notched to
have coexistence with single-carrier S-FSK. In Tab. 6.4, we report these power
ratios. It can be observed that CB-FMT generates less interference in adjacent
bands than PS-OFDM. For CB-FMT, the power ratios are about 9 dB higher
than the OFDM ratios showing again that we can have better coexistence with
systems operating in distinct bands.
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6.3 Wireless Communication

6.3.1 Historical notes

Wireless communications are a very large topic. Similarly to PLC, they are
not a recent idea. Early electrical communications were wired and they started
with the electrical telegraph, in the first half of XIX century. In the second half
of the XIX century, in 1867, Maxwell predicts the existence of electromagnetic
waves [79]. This discovery was the origin of the wireless. In 1897, Marconi sent
the first ever intercontinental wireless communication over open sea, opening
the doors to the long distance wireless communications.

The first cellular systems were introduced in the early 1980s [48]. The
first generation (1G) cellulars were based on analog FM modulation. They
were unencrypted and easy to tap via a radio scanner and susceptible to the
cloning problem. The second generation (2G) was introduced in early 1990s
[48] and exploits the digital modulations. Commercially, 2G cellular system
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Figure 6.11: CCDF of the achievable rate with different PSD limit.

was launched in Europe with the GSM standard. In contrast to the 1G, the
2G cellular communications are encrypted. Furthermore, the spectral charac-
teristic is improved and data services for mobile was introduced.

The capillary diffusion of the cellular has grown the demand for data from
the mobile phone, i.e. internet access. Thus, the third generation (3G) of
cellular system was introduced in early 2000s [80]. The data rate was pushed
up from few hundred of kbps to a decade of Mbps. This high data rate extends
the application scenarios from simple telephony to mobile internet access, video
calls and mobile TV.

The demand of high data rate mobile communications is still growing.
The fourth generation (4G) of mobile telecommunications have been recently
released with the LTE standard [8]. The application scenario includes broad-
band internet access, IP telephony, HD mobile TV.

Simultaneously to cellular systems birth, the WLAN has been introduced.
WLAN was initially introduced as an alternative to cabled LAN for communi-
cations in places where the wiring was not possible. First WLAN devices were
expensive and the technology did not penetrate the market. In late 1990s,



6.3 Wireless Communication 89

Table 6.3: Mean achievable rate for several bands in EU and US.

Mean achievable rate [kbps]
Band PS-OFDM CB-FMT reduced CB-FMT full

C
E
N
E
L
E
C

A 44.38 55.45 80.88
B 53.96 67.52 76.48
C 25.48 31.77 42.39
D 13.81 17.20 22.83
BC 95.57 119.45 128.95
BCD 122.80 153.35 157.34
BD 67.77 79.03 99.30

F
C
C

G3-FCC 2.28 3.25 3.63
HIGH0 2.53 3.63 3.63
HIGH1 0.23 0.31 0.31
HIGH2 2.28 3.22 3.25

LOW+HIGH0 88.37 101.27 140.34
LOW+HIGH1 86.07 97.96 137.02
LOW+HIGH2 88.12 100.87 139.97

Table 6.4: Power ratios between useful signal and interference in CENELEC
bands for PS-OFDM and CB-FMT.

Power Ratio (PS-OFDM/CB-FMT reduced) [dB]
Band A B C D FSK notch

A - 25.5/34.2 35.0/42.8 38.3/46.1 24.0/31.7
B 21.7/30.5 - 23.1/32.1 31.8/40.4 33.1/41.3
C 27.2/35.5 19.2/28.8 - 20.6/29.4 36.3/44.5
D 28.6/36.1 26.3/34.8 18.0/26.6 - 37.8/45.4

low-cost chipsets give the opportunity for WLAN to emerge [81]. The first
large scale scenario was the home internet access sharing. Introduction of the
standard IEEE 802.11, namely commercial as Wi-Fi, has capillary diffuse the
WLAN. The Wi-Fi market has grown to become the second largest wireless
communications market, behind the cellular telephony [81].

6.3.2 Channel Characterization

Wireless channel characteristics depends on the application scenario. Four
scenarios could be distinguished:

1. Mobile satellite. This system provides global coverage.

2. Land mobile radio systems These systems use the cellular network.
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The coverage is not global and depend on the cells network extension.

3. Wireless metropolitan area networks. These systems provide radio
connectivity over a small area. The covering is limited to few city blocks
or several blocks of building, e.g. in a campus.

4. Wireless local area networks. These systems provide radio connec-
tivity for stationary in-building users.

In this work, the land mobile radio systems are considered. In this scenario,
two components can be mentioned. First, the fixed base stations (BSs) define
the cells and the coverage extension. In a macrocellular scenario, communi-
cations between different BSs are a line-of-sight radio propagation. Indeed,
the antennas are elevated w.r.t. the terrain and the local scatters have a
low impact. The second system component is the mobile station (MS). Typi-
cally, there are several natural and man-made object between BS and MS. The
propagation is non-line-of-sight and the radio waves propagate via reflections,
diffraction and scattering. The propagation follow different paths between BS
and MS. Each path introduce an attenuation and a delay, different path by
path. This propagation is known as multipath propagation. This propaga-
tion can introduce constructive and destructive addition and the behavioral is
strongly linked to MS location. If the MS is not fixed but it is moving, the
scattering environment changes, introducing a phenomenon known as envelope
fading.

The channel coefficients αℓ(n) in channel impulse response in (2.3) are
considered modeled according to the Clarke’s isotropic scattering model [48].
Therefore, they are assumed to be independent stationary zero-mean complex
Gaussian processes with correlation defined as

E [α∗
ℓ(m)αℓ′(m+ n)] = ΩℓJ0(2πfDn)δ(ℓ− ℓ′), (6.10)

where fD and J0(·) are the maximum Doppler frequency and the zero-order
Bessel function of the first kind, respectively. We assume an exponential power
decay profile, i.e., Ωℓ = Ω0 e−ℓ/γ , where Ω0 is a normalization constant to
obtain unit average power, and γ is the normalized, w.r.t. the sampling period,
delay spread. The Doppler frequency is a parameters function of the velocity
v and the incidence angle between the EM wave and the MS antenna. In this
work, the maximum Doppler frequency in considered, defined as

fD =
v

λc
, (6.11)

where v is the MS velocity and λc is the wavelength of the electromagnetic
signal, typically the carrier frequency.
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Figure 6.12: In (a), SER vs. SNR varying the normalized delay spread γ
for CB-FMT and OFDM. In (b), SER vs. SNR for various combinations of
CB-FMT parameters when γ = 2. The systems have identical transmission
bandwidth and data rate. The 1-tap equalizer for time-invariant channels is
used (Sec. 5.4).

6.3.3 Numerical Results

In order to evaluate the performance of CB-FMT, we consider the transmission
over a wireless fading channel. The channel impulse response is modeled as in
(6.10) and it is truncated at −10 dB.

First, we show the performance in terms of average SER versus SNR varying
the delay spread γ, considering CB-FMT and OFDM both using a CP and a
one tap MMSE equalizer at the receiver. 4-PSK modulation is assumed. Then,
we show the maximum achievable data rate as a function of Doppler spread
for different SNR values.

In Fig. 6.12.a, the CB-FMT system has parameters K = 8, N = 10,
M = 320, and CP with length 8 samples. For the OFDM system, we consider
the number of sub-channels equal to K = 64, as in the IEEE 802.11 WLAN
standard. In OFDM the CP length is set equal to 18 samples so that the two
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systems have identical transmission rate assuming an identical transmission
bandwidth. We consider channels with normalized delay spread equal to γ =
{1, 2, 3} and no Doppler spread (static channels). The results reveal that CB-
FMT can significantly lower the SER, especially for high values of delay spread
γ. A 10 dB SNR gain is found at SER = 10−4. This is due to the fact that
CB-FMT in conjunction with the MMSE equalizer can exploit the frequency
diversity introduced by the channel, and thus, the more dispersive the channel,
the higher the gain is for CB-FMT. In OFDM the performance is identical for
all values of γ considered, since the sub-channels see flat Rayleigh fading [34].

In Fig. 6.12.b, we show the SER for several combinations of parameters
in CB-FMT. In all cases, CB-FMT has M = 320, K ∈ {8, 16, 32, 64}, N ∈
{10, 20, 40, 80} and a CP equal to 8 samples so that it has the same data rate
of OFDM. The normalized delay spread is set to γ = 2. The SER grows
with the number of sub-channels K and it approaches that of OFDM, i.e.,
the performance of 4-PSK in flat Rayleigh fading. This is because when K
increases, Q = M/K decreases and, consequential, the ability of coherently
capturing the sub-channel energy (thus exploiting diversity) with the MMSE
equalizer is reduced.

In Fig. 6.13, we show the average maximum achievable rate (Shannon
capacity [37]) assuming time-variant frequency selective fading and additive
white Gaussian noise. The system parameters for OFDM and CB-FMT are
equal to those assumed for the SER analysis in Fig. 6.12.a. Furthermore, we
assume the transmission bandwidth W = 1/T = 20 MHz and the normalized
delay spread γ = 2. For the OFDM system, we use a 1-tap MMSE sub-channel
equalizer. For CB-FMT, we apply two different equalizers. Firstly, we use a
1-tap MMSE equalizer, similar to the OFDM equalizer. Then, we use the
sub-channel block equalizer described in Section 5.5. For low SNRs (equal to
15 dB in the considered case), the 1 tap equalizer in CB-FMT is sufficient and
provides good performance which is better than that offered by OFDM also in
the presence of high Doppler spreads. For high SNRs (25 dB in the considered
case), CB-FMT with single tap equalization provides higher achievable rate
than OFDM for a Doppler below 400 Hz. For higher Doppler the performance
is dominated by the interference. Therefore, the MMSE sub-channel block
equalizer provides significantly higher performance than the single tap equal-
izer. In particular, at the maximum Doppler considered that is equal to 4 kHz,
the gain in achievable rate of CB-FMT over OFDM is 6%, 20% for an SNR
equal to 15 dB and 25 dB, respectively. This shows that CB-FMT has the po-
tential of improving the performance of OFDM also in the presence of channel
time variations introduced by mobility of the nodes. The gains in Fig. 6.13 are
due to the fact that CB-FMT is more robust to the channel time variations due
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Figure 6.13: Maximum achievable rate for OFDM and CB-FMT in frequency
selective time-variant fading with normalized delay spread γ = 2. Transmission
bandwidth 20 MHz. The 1-tap equalizer for time-variant channels is used (Sec.
5.5.1)

to the use of frequency confined pulses that allow to lower the ICI compared
to OFDM. Furthermore, as shown also in the BER curves, CB-FMT with the
FD equalizer can exploit the sub-channel frequency diversity.
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Chapter 7
Conclusions

In this thesis, a FBM referred to as Cyclic Block Filtered Multitone (CB-
FMT) modulation has been presented. This scheme can be derived from the
FMT architecture philosophy. However, linear convolutions are substituted
with circular convolutions and data are processed in blocks, which justifies the
acronym CB-FMT. The efficient implementation of CB-FMT in the frequency
domain has been discussed and the performance analysis has been carried out.

In Chapter 2, a general FBM architecture has been introduced. This gen-
eral scheme is valid for both OFDM and FMT. A mathematical model of
the general scheme is also provided. Then, the main concepts of OFDM and
FMT have been briefly recalled to simplify the understanding of the CB-FMT
scheme.

In Chapter 3, the CB-FMT scheme has been described in detail. This
scheme can be derived from the FMT architecture philosophy. However, linear
convolutions are substituted with circular convolutions and data are processed
in blocks, which justifies the acronym CB-FMT. The efficient implementation
of CB-FMT in the frequency domain has been discussed and the performance
analysis has been carried out. The computational complexity analysis has
shown that CB-FMT can significantly lower the complexity compared to con-
ventional FMT with even longer pulses. Then, the orthogonal CB-FMT design
can be done in the frequency domain and a simple pulse design procedure can
be followed by sampling in the FD a band limited Nyquist pulse. Finally, the
orthogonal CB-FMT transmitted signal shows high frequency compactness and
potentially lower PAPR than OFDM if a lower number of data sub-channels
is used (still offering the same or higher spectral efficiency).

In Chapter 4 the orthogonality problem, introduced in the previous chapter,
has been extensively analyzed. A mathematical analysis has been performed to
determine the orthogonality criterion in time domain and in frequency domain.
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Then, the conditions to have orthogonal pulses have been derived with a non-
linear trigonometric function combination. The analysis has shown that there
exists an infinite set of orthogonal solutions. From this set, two optimal pulses
have been identified. These pulses maximize two cost functions, i.e. the in-
band-to-out-band energy ratio and the maximum achievable rate in a time-
variant scenario. Numerical results have shown that the optimal pulses can
improve the performance w.r.t. the simple root-raised-cosine pulse.

In Chapter 5, the equalization problem has been analyzed. Equalizers
are necessary to restore the orthogonality when the transmission medium is
frequency selective and/or time-variant. A matrix channel model has been
introduced. This model has shown that PR is possible when the cyclic prefix
is greater than the channel impulse response length and there is no noise.
When the CP is short w.r.t. the channel impulse response length, an additive
interference term is present. We have shown that in time-invariant scenario a
single 1-tap equalizer is sufficient to restore the orthogonality. In a time-variant
scenario, more complicated equalizers are proposed. We have proposed four
equalizers with growing complexity.

Finally, in Chapter 6, numerical results have been provided. The CB-FMT
scheme has been applied to Power Line Communication andWireless scenarios.
For BB-PLC, numerical results have shown that CB-FMT can provide higher
achievable rate than OFDM in typical PLC channels fulfilling severe power
spectrum mask constraints. For NB-PLC, we have briefly described the band
plan and EMC norms for NB-PLC in EU and US. Then, we have focused
on two NB-PLC standards, namely G3-PLC and the recent IEEE P1901.2
standard. A numerical analysis has been performed in the O-LV scenario.
Numerical results have shown that CB-FMT has higher achievable rate w.r.t.
OFDM which is due to the ability of better exploiting the channel energy
and providing better spectrum confinement which allows to fulfill the PSD
norms with a higher number of active sub-channels than PS-OFDM. The
better spectrum notching capability allows also to generate lower interference
to adjacent bands, e.g., CENELEC bands, which in turn allows to have better
coexistence between PLC systems operating in different bands.

For the wireless scenario, sub-channel FD MMSE equalization provides
good performance in doubly-selective fading channels. In particular, lower
symbol error rate and higher spectral efficiency than OFDM in multipath time-
variant fading channels has been found depending on the choice of parameters.

In conclusion, this thesis has shown that CB-FMT is a new filter bank mod-
ulation scheme with great potential and practical relevance in both wireless
and PLC applications.
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7.1 Future perspectives

• Coding. Performances have been evaluated in terms of achievable rate
(Shannon capacity). This is the theoretical upper limit to the trans-
mission rate. In practical, the rate is much lower than the theoretical
limit in an uncoded transmission. Future work can cover a performances
analysis in terms of symbol error rate with coding techniques.

• PAPR. CB-FMT can reduce the PAPR w.r.t. OFDM. The main reason
is related to the reduction in the number of sub-carriers. In CB-FMT,
prototype pulse design adds several degrees of freedom. Future work can
cover a PAPR analysis as a function of the prototype pulse. Furthermore,
the PAPR reduction techniques developed in OFDM can be applied to
CB-FMT too.

• Channel estimation. In this thesis, the channel impulse is assumed
to be known. In practical, the transmission medium is unknown and it
requires to be estimated. In the literature, several estimation algorithms
have been proposed. Future work can cover the channel estimation prob-
lem in CB-FMT with a performances analysis.

• Comparison with others scheme. Recently, in the literature, some
FBM schemes that involve cyclic convolution have been proposed. Fu-
ture work can cover a comparison between CB-FMT and these schemes
to highlight the main differences in the architecture and in the perfor-
mances.
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