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Abstract

In this work we study the turbulence modulation in a viscosity-stratified

two-phase flow using Direct Numerical Simulation (DNS) of turbulence

and the Phase Field Method (PFM) to simulate the interfacial phenom-

ena. Specifically we consider the case of two immiscible fluid layers driven

in a closed rectangular channel by an imposed mean pressure gradient. The

present problem, which may mimic the behaviour of an oil (fluid 2) flowing

under a thin layer of different oil (fluid 1), thickness ratio h2/h1 = 9, is

described by three main flow parameters: the shear Reynolds number Reτ
(which quantifies the importance of inertia compared to viscous effects),

the Weber number We (which quantifies surface tension effects) and the

viscosity ratio λ = ν1/ν2 between the two fluids. For this first study, the

density ratio of the two fluid layers is the same (ρ2 = ρ1), we keep Reτ and

We constant, but we consider three different values of the viscosity ratio:

λ = 1, λ = 0.875 and λ = 0.75. Compared to a single phase flow at the same

shear Reynolds number (Reτ = 100), in the two phase flow case we observe

a decrease of the wall-shear stress associated with a substantial increase of

the volume-flowrate and a strong turbulence modulation in particular in the

proximity of the interface. Interestingly, we observe that the modulation of

turbulence by the liquid-liquid interface extends up to the top wall (i.e. the

closest to the interface) and produces local shear stress inversions and flow

recirculation regions. The observed results depend primarily on the inter-

face deformability and on the viscosity ratio between the two fluids (λ).

The investigations in this thesis are also for the the case of capillary wave

turbulence to describe Weak Turbulence Theory (WTT) from both theo-

retical and computational considerations.
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1
Introduction

1.1 Motivation

Fluid transportation inside pipelines and channels requires the application

of an external pumping power to win the friction losses at the walls. When

the adopted fluid is oil, the resulting pumping power is extremely large

due to the large oil viscosity. This has direct implications on the energy

consumption which scales roughly with the third power of the of the trans-

ported flowrate. One possible strategy to limit this cost is represented by

the injection of a low-viscosity fluid, which in most cases is water [44]. The

effectiveness of this technique is due to the natural tendency of water to

migrate towards the wall (high-shear region) so to lubricate the flow [38].

Since the pumping energy is spent to counterbalance the work done by the

wall shear stress, viscous oil can be transported at the largely reduced cost

of pumping water.

Due to its importance in the petroleum industry and in the process and

chemical engineering, the present flow configuration has been extensively

studied and analyzed in the past [21, 7, 21, 45, 58]. Literature in this field

is vaste and old, dating back to the seminal industrial patents of [39] and

[68]. An exhaustive literature review on the various aspects of the problem,

together with an in-depth analysis of patents and solutions already exist-

ing is given by [78, 44]. It is important to note that most of the works

in this field are based on experiments, and focus mainly on the quantifi-

cation of global flow properties (flowrate and pressure drops) and on the

qualitative characterization of the liquid-liquid interface structure. Obtain-

ing a detailed time and space description of the entire flow field and of the

liquid-liquid interface deformation is still an open issue for current experi-

mental techniques. In this context, Direct Numerical Simulation (DNS) can

be considered a useful tool to obtain the detailed evolution of the interface

deformation together with an accurate description of the flow field in both
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phases. Recently, DNS has proven accurate to analyze the complex time

dependent three-dimensional dynamics of coupled gas-liquid turbulent flow

[54, 67, 122], in particular to examine the physics of wave generation and

the corresponding transfer rates of mass, momentum and energy across the

interface. Compared to the case of gas-liquid flows, in which the number of

DNS is constantly increasing, the case of liquid-liquid flows has attracted

relatively less attention [65, 111].

Motivated by this lack of detailed investigations on the problem; we

started a systematic investigation with the object of examining the role of

the interface in this process.

In this thesis, we have run a series of DNS using a Phase Field Method to

characterize the viscosity-stratified liquid-liquid flow inside a turbulent flat

channel, and we also want to deepen the interaction between the deformable

liquid-liquid interface and the wall turbulence. Our simulations are run

starting from a fully-developed velocity field of a single-phase turbulent

channel flow. The liquid-liquid interface is defined so to obtain the desired

configuration consisting of a thin less viscous layer flowing on top of a thicker

and more viscous layer. After the effect of the liquid-liquid interface on the

global properties of the flow (mean velocity, volume flowrate), we focus more

closely on the interaction between the interface dynamics and the near wall

turbulence. In particular, we find that the modulation of turbulence induced

by the liquid-liquid interface is so important that wall shear stress inversions

and local recirculation regions can be observed. These findings have been

properly quantified and have been linked to the topology of the flow and of

the deformed interface.

1.1.1 Viscosity stratification and drag reduction

As discussed before, confined flows of cocurrent immiscible fluids are of-

ten observed in the process and petroleum industry. Important examples

include oil-water separators and hydrocarbon transportation pipelines. In

these situations, two-immiscible phases (typically oil and water) are driven

inside pipelines/channels and interact modifying the overall mass, momen-

tum and heat transfer properties of the system. To optimize the design of

these systems it is crucial to determine whether the two phases remain sep-

arate (due to density and viscosity stratification) or form emulsions (which

are difficult to process/separate). From a practical standpoint, the strati-

fied condition (or even the core annular flow condition) is preferred for two

main reasons: the required power to transfer the oil/water flow is lower (due

to the lower viscosity of water wetting a wall compared to that of the oil)

and oil can be easily separated from water (whereas more complex oil/water
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separators must be designed when water is dispersed within the oil phase).

When a base state with separate phases (stratified flow) can be defined,

a rigorous linear stability analysis of the governing equations [112, 101]

can be done to determine if the base state is stable. Note that this linear

analysis can only predict whether small disturbances will grow and their

nature. Nonlinear theories are instead needed to determine if wave sat-

uration of small-waveslope waves occurs [10, 90]. However, waves usually

become large and form subharmonics that can interact so to produce triadic

resonance. In all these cases, no theoretical prediction can be made, and

experiments or accurate numerical simulations are required to capture the

complex dynamics of liquid-liquid flows.

Technical challenges to obtain detailed information on the velocity/stress

field in experiments of immiscible and stratified liquid-liquid flows have

hindered the identification of the dominant mechanisms controlling the flow

dynamics and have made difficult the development of robust physics-based

wave generation models. Direct Numerical Simulation (DNS) is a useful

tool for examining the detailed flow physics in such instances, in particular

in the proximity of the deformed interface. For this reason, it can be used

to provide important insights into the characterization of the interfacial

dynamics.

In literature, there exists a number of studies focusing on the dynamics

of interfacial waves in air-water two phase flows [67, 122]. However, much

less is known about the dynamics of liquid-liquid interfaces [46, 45, 38, 21, 7].

1.2 Object of the thesis

In this thesis, we use Direct Numerical Simulations (DNS) to analyze the

dynamics of a turbulent viscosity-stratified liquid-liquid flow moving inside a

flat channel. A Phase Field approach (Cahn-Hilliard equation) is employed

here to describe the liquid-liquid interaction in such configuration. The gov-

erning balance equations are solved through a pseudo-spectral method for

a given value of the reference shear Reynolds number (Reτ = 100) and for

three different values of the viscosity ratio λ between the two liquid-layers

(λ = 1, λ = 0.875 and λ = 0.75).

Compared with the case of a single phase flow driven by the same pres-

sure gradient, the viscosity stratified liquid-liquid flow is characterized by a

larger volume flowrate, as a direct consequence of the conversion of mean

kinetic energy into work to deform the liquid-liquid interface. These ef-

fects become stronger with increasing the viscosity difference between the
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two liquid layers. Obtaining accurate estimates for the relative importance

of the different terms of the Navier-Stokes equations is very important to

understand the dynamics of turbulent transport in a liquid-liquid channel

flow.

Note that one of the main objective of this thesis is to evaluate the influence

of the liquid-liquid interface (characterized by a given surface tension) and

of the viscosity ratio on the average properties of the flow (chiefly the mass

flowrate and the skin friction). To achieve this goal, we have also shown the

influence of the interface surface tension σ on the average strain, vorticity

and velocity fluctuations. We also focus more closely on the interaction

between the interface dynamics and the near wall turbulence. In particular,

we find that the modulation of turbulence induced by the liquid-liquid inter-

face is so important that wall shear stress inversions and local recirculation

regions can be observed. These findings have been properly quantified and

have been linked to the topology of the flow and of the deformed interface.

Finally, we study capillary wave turbulence of the liquid-liquid interface

from both theoretical and computational considerations.

1.2.1 Thesis layout

This thesis is organized as follows:

• Chap. 2 : The available theories developed to model the presence of

a liquid-liquid interface will be discussed. Yet, the theoretical back-

ground behind the Phase Field Method (PFM) will be discussed and

the final governing equations of the multiphase flow system (i.e Cahn-

Hilliard and Navier-Stokes, CH-NS) will be derived. The dimension-

less counter part of the governing balance equations will be then pre-

sented.

• Chap. 3 : The numerical technique employed in this study, based on a

Pseudo-spectral method to perform a DNS of the CH-NS equations in

a closed channel, will be presented.

• Chap. 4 : The numerical method discussed above is first benchmarked

against literature data (Sect. 4.2).

In Sect. 4.2 and Sect. 4.3, the results obtained from the direct nu-

merical simulation of viscosity stratified turbulent channel flow are

presented and discussed.
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In Sect. 4.4, we compute and discuss the behaviour of the interfa-

cial liquid-liquid waves in the framework of Weak Turbulence Theory

(WTT).
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2
Methodology

This chapter is relevant to the fundamentals of Phase Field Method (PFM)

is used in our DNS in order to simulate liquid-liquid flow. The available

theories developed to model the presence of a liquid-liquid interface will be

discussed. Yet, the theoretical background behind the Phase Filed Method

(PFM) will be discussed and the final governing equations of the multiphase

flow system (i.e Cahn-Hilliard and Navier-Stokes, CH-NS) will be derived.

The dimensionless counter part of the governing balance equations will be

then presented.

2.1 Interface Representation

Numerical methods used for the simulation of multiphase flows, can be clas-

sified based on the type of flow modelling (Eulerian, Lagrangian, Mixed),

the type of interface modelling (Capturing or Tracking), and the type of

spatial discretization (finite difference, finite volume, finite element and

others). The most common approach to compute multiphase flows is to

capture/track the interface directly on a regular, stationary grid (Eulerian

Method). The three methods share common modified Navier–Stokes equa-

tions. In moving boundary problems one typically distinguishes between

two approaches: interface tracking and interface capturing.

• Interface tracking : In interface tracking method, interface is explicitly

described by the computational mesh. As consequence, the movement

of the interface has to be accounted by adjusting the position of the

nodes on the interface. While the movement of the interface nodes is

prescribed, e.g. by an underlying velocity field, the adjustment of the

inner mesh nodes is arbitrary, while Interface tracking approaches are
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known to provide great accuracy, yet their applicability is limited in

the case of severe interface motion.

• Interface capturing methods : An artificial scalar field is using for

an implicit description of the interface capturing methods. The most

common representatives of this class of approaches are the level set

and the volume of fluid method. These approaches are inherently

able to consider problems, where the interface is subjected to topo-

logical changes can be considered. Nonetheless, this flexible interface

description provides challenges regarding mass conservation and the

treatment of discontinuities across the interface.

It is important to choose an accurate method for interface movement nu-

merically, in the following, we briefly describe the Level Set Method (LSM),

Immersed Boundary Method (IBM) and Phase-Field Method (PFM) for

representing the interface of two immiscible fluids and briefly discusses the

advantages and disadvantages of each method.

• LSM : It was devised by [81] and it will be used as a simple and versatile

method for computing the motion of an interface, which is captured as

the zero-level set of a smooth scalar function [82, 84, 102]. At each time

step, a reinitialization step is needed to recover to the signed distance

function without changing its zero level set. In this method, jump in

phase properties across the interface may lead to numerical difficulties.

One of the main drawbacks of (LSM) is its lack of mass conservation.

This leads to non physical motions of the interface, which severely

deteriorate the accuracy and stability of the simulation results [102].

• IBM : It is important to stress that the IBM has been introduced far

before the (LSM) has been known. Both are completely independent

concepts, but they can be combined, this method uses the indica-

tor function, that is nonzero near the interface and zero in the other

domain, a methodology for dealing with a body, which does not neces-

sarily have to fit conform a Cartesian grid, but conservation properties

of numerical schemes are not trivial. Alignment between grid lines and

body surface in boundary- conforming grids allows for better control

of the grid resolution in the vicinity of the body and this has implica-

tions for the increase of grid size with higher Reynolds numbers.

• PFM : Phase-Field Method is an alternative option to capture the evo-

lution of a fluid/fluid interface, which belongs to the class of Eulerian

methods, in this method, for numerical accuracy interface thickness

must be at least a few grid lengths in size, this method has rapidly
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gained popularity over the last two decades in various fields. In the

following we will explain this model in detail:

2.2 Diffuse and sharp-interface methods

Two main theories exist as far as the nature of the interface of two separated

fluid are:

1. Sharp-Interface Model

2. Diffuse-Interface Model

1) It is known that: in sharp interface model fluid equations are posed on

each side of the interface and jump conditions are prescribed across the

interface. This model, however fails when the fluids interface undergoes

singular topological transitions such as pinch off or reconnection, most of

researchers have found sharp interface methods have some limitation in

simulation of between immiscible fluids, the evolution of sharp interface can

be taken by two common methods: front tracking or front capturing. In

front tacking it is possible to trace interface position. In front capturing

method scalar field will be added and the transition between two fluid can

be marked.

Sharp interface models break down whenever the interface thickness is

comparable to the length scale and the surface tension is typically assumed

to be constant along the surface [61].

2) Diffuse-interface methods considers the interface between the two flu-

ids to have a non-zero thickness endowed with physical properties such as

surface tension. In this method interface can be modeled as a three dimen-

sional region and properties of the material vary continuously from their

value in one bulk phase to their value in the other bulk phase [61]. In

diffuse-interface methods interface between the two fluids to has a non-zero

thickness dedicated with physical properties such as surface tension. For

a review of the development of diffuse-interface models, it applied to dif-

ferent interfacial phenomena [4]. Phase-field models are particular type of

diffuse-interface models that are based on fluid free energy, an idea that can

be traced to [106]. More reviews of phase-field models and simulations for

microstructure evolution, can be find in [22, 11, 61]. The main drawback of

phase-field models is the thickness of the interface. Although in reality there

is an existing region, where a property of one fluid changes to the other,

the current capability of computers only allows us to have a thickness way

much more than the thickness of this region.
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Figure 2.1 – Concentration profile across the diffused interface region with the thick-
ness ξ, (interface located between: −0.9 < φ

φ+
< 0.9).

2.2.1 Phase Field Method

A phase-field model is well suited for studies of morphological evolutions

that are described by nonlinear partial differential equations. In the phase-

field model, sharp fluid interfaces are replaced by thin but nonzero thickness

transition regions, where the interfacial forces are smoothly distributed. The

basic idea is to introduce a conserved order parameter (e.g., mass concen-

tration) that varies continuously over thin interfacial layers and is mostly

uniform in the bulk phases (see Fig. 2.1).

The fundamental idea of this method is to use an order parameter φ

, which determines the phases in a multiphase system. This parameter is

constant in each bulk phase, e.g. φ = +1 in one phase and φ = −1 in

the other phase. The interface between phases is represented by a smooth

transition region.

In this computation we have two Newtonian fluids in contact with each

other. We assume that the binary solution is incompressible, immiscible

and isotropic at constant temperature (isothermal) and of constant volume.

The interface that separates the two fluid liquids, is supposed not to be a

geometric surface but a thin layer that has properties differing from those

of the bulk material on either side of the interface. Van der Waals [106]

developed in detail the diffuse interface theory and, in particular, and used
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his equation of state to predict the interface thickness of a mixture, showing

that it tends to infinite when the mixture approaches critical conditions.

2.2.2 Gizburg-Landau free energy functional

The Gizburg-Landau free energy functional F is assumed to be a function

of φ and its gradient ∇φ. The phase field function φ(x, y, z, t) is constant in

the bulk of two phases and a smooth transient occurs through the interface.

The free energy functional F can be expressed as follows:

F(φ,∇φ) =

∫

Ω

f0 +
ε

2
| ∇φ |2 dΩ. (2.1)

The free energy F(φ,∇φ) is conservative, thermodynamically consistent.

The first term on the right-hand side of Eq. (2.1) is the ideal part of free

energy and accounts for the tendency of the system to separate into pure

fluids clusters. For two immiscible fluids, the phobic behaviour is described

by a double-well formulation which shows two minima correspending to the

two satble fluid phases:

f0 =
α

4
(φ−

√

β

α
)2(φ+

√

β

α
)2 (2.2)

where α and β are two positive constants defining the properties of the

interface.Since the two fluids are allowed to mix into the interfacial layer,

they store a mixing energy which is kept in account by the non-local term
ε
2 | ∇φ |2 of Eq. (2.1). The mixing energy stored into the interfacial layer

is controlled by the positive parameter ε.

Due to choosing type of dissipation the dynamic of φ, can be given by Allen-

Cahn or Chan-Hilliard types of gradient flow.

Cahn-Allen equations describe the evolution of a non-conserved quantity

and commonly used in solidification and nucleation problems. The Cahn-

Hilliard theory, on the other hand, describe the evolution of a conserved

order parameter and is used in spinodal decomposition problems. In what

follows is a derivation of the Cahn-Hilliard equation based on the works of

[17, 106, 40].

Keeping in mind that it is possible for phases to differ in other physi-

cal quantities such as viscosity or density, if we consider a regular solution

model for free energy, as shown in Fig. 2.2, that is in homogeneous situ-

ation in region of its phase diagram (P, T, φ), in such a system can lower

its free energy by separating into two phases with an interface. For any
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composition inside the miscibility gap (between φ = −1 and φ = 1), a

phase separated system is favourable energetically. By going outside the

miscibility gap, the system remains homogeneous at equilibrium no matter

what the composition. Gibbs distinguished between two types of classic

treatment transformations in: those that are small in degree and large in

extent: spinodal decomposition and those that are large in degree and small

in extent like as nucleation, which explained in following :

• Spinodal decomposition : is a mechanism by which a solution of two

or more components can separate into distinct phases with distinctly

different chemical compositions and physical properties. Composi-

tions between a region of linear instability where f ′′
0 (φ) < 0 and small

fluctuations will grow spontaneously through a process called spinodal

decomposition, where the phase separation due is much more defined,

and occurs uniformly throughout the material, about this problem,

Cahn & Hillard added the forth order of gradient including K to the

free energy.

• Classical nucleation : is a nonlinear instability situation, for surface

area of a sphere drop a nucleus larger than the critical radius will grow

and requires the formation of a large enough nucleus of the nucleating

phase, one of disadvantage of the classical nucleation model is they are

not in agreement with experiment because of dealing with interface as

a sharp discontinuity. Here, treating interfacial energy as a constant

and modelling the interface as a sharp discontinuity are too simplistic.

The classical expression for the specific Helmholtz free energy can changed

from Eq. (2.1) used in diffuse interface modelling, which was first introduced

by [16] to model the evolution of a conserved concentration field during the

spontaneous phase separation of a binary fluid.

F(φ,∇φ) =

∫

Ω

(−1

2
αφ2 +−1

4
βφ4) +

1

2
ε | ∇φ |2 dΩ (2.3)

where α and β are two positive constants that define the interface properties

and ε is the gradient -energy parameter.

The Cahn-Hilliard equation is a non-linear, stiff, fourth order (in terms

of φ) equation that satisfies an energy law is :

Dφ

Dt
= −∇ · J (2.4)
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Figure 2.2 – Regular solution model for free energy

Here, J = −M∇µ is a phase field flux (i.e. a generalized mass flux) responsi-

ble to run the system toward its equilibrium conditions following a chemical

potential µ. If we substitute the phase flux into Eq. (2.4) and expand it to

the total derivative, the convective Cahn-Hilliard equation arrives:

∂φ

∂t
= −u · ∇φ+∇(M∇µ), (2.5)

where u is the velocity field, M = M(φ) is the mobility or Onsager co-

efficient that controls the interface relaxation time, it changes appropriately

as the interface thickness keeps on reducing, regarding to maintain the ef-

fective interface force consistent with the required surface tension [71] and µ

parameter is: chemical potential(for instance some researches [16, 14, 113],

also known as partial molar free energy, that controls the interfacial layer

behaviour, in purpose of simplicity, the proportionality factor between cur-

rent and chemical potential gradient, the mobility M, should be constant.

Eq. (2.5) models the evolution in time of a diffuse interface specially it

can represent the advection of the scalar field, where the interface does not

degrade by numerical diffusion [40], [19]. Those phenomena are driven by

the minimization of the chemical potential µ that defined as the variational

derivative of the free energy functional f [φ] in following:

µ =
δF [φ(z),∇φ]

δφ
(2.6)
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f0 =
α

4
(φ−

√

β

α
)2(φ+

√

β

α
)2 (2.7)

The two fluids are allowed to mix into the interfacial layer, and they

store a mixing energy that is kept in account by the non-local term ε∇φ2,

the positive parameter k and it is the origin of the surface tension in to the

PFM. Introducing the double-well potential Eq. (2.7) into Eq. (2.1), the

dimensionless chemical potential difference µ(φ) = µ1−µ2 for an immiscible

binary mixture is obtained:

µ(φ) = αφ3 − βφ− ε∇2φ (2.8)

The final state is obtained by minimizing the free-energy functional with

respect to variations of the function Eq. (2.1) with respect to the varia-

tions of the order parameter, namely setting the chemical potential to zero:

The integration of above equation for a mono-dimensional planar interface,

where φ(z < ±∞) = φ±, yields two stable solutions φ± = ±
√

β
α and 2φ± is

the miscibility gap as mentioned in Fig. 2.2 and allows for the description of

the interface between the two fluids by a continuously varying concentration

profile, in a planar interface, with defining z being the direction normal to

the interface, one easily finds the solution Eq. (2.8) as:

φ(z) = φ+tanh(
z√
2ξ

) (2.9)

The capillary width ξ =
√

ε
β is a measure of the thickness of diffuse interface,

in particular 90% of variation in φ corresponds to a thickness of 4.164ξ (as

shown in Fig. 2.1), contains 98.5% of interface tension [6, 113]. Eq.( 2.9)

gives the minimum value for free energy, which has also local minimum

regarding to periodic profiles [72]. Regarding to Eq. (2.9), which is valid and

stable in all dimensions although the decay rate of perturbations depends

on the dimensionality [56], one easily finds that the sharp-interface will be

obtained when tanh z√
2
→ sign(z).

Surface tension σ can be obtained by integral of the free-energy density

along the interface:

σ =

√
8

3

ε
1
2 β

3
2

α
(2.10)
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2.2.3 Mass conservation

With proper boundary conditions (v · n |∂Ω= 0, n · ∇µ |∂Ω= 0 ), where ∂Ω

is the boundary of domain and n is the normal to ∂Ω by taking integration

of Eq. (2.5) over Ω:
d

dt

∫

Ω

φdΩ = 0 (2.11)

If we multiply Eq. ( 2.5) with µ and integrate it whole domain Ω, we obtain:

dF
dt

= −M
∫

Ω

(∇µ)2dΩ ≤ 0, (2.12)

Which confirms Cahn-Hilliard system always tends to minimize F . The

implications of Cahn-Hilliard diffusion on mass conservation using a phase-

field model for simulating two-phase flows in above has been discussed by

[114] and they found even though the phase-field variable φ is conserved

globally drop shrinks spontaneously while φ shifts from its expected val-

ues in the bulk phases proportional to the interfacial thickness, and they

suggested guidelines for minimizing the loss of mass. With a properly cho-

sen mobility parameter, however this process will be much slower than the

physics of interest and thus has little ill effect on the simulation.

2.3 The incompressible Navier-Stokes equa-

tions

In the PFM, the velocity field evolution for a multiphase system is given by

a single set of continuity and momentum equations written for the whole

system, in which the thermophysical properties are dependent on the order

parameter φ. Here, Navier-Stokes equations are isothermal and viscous.

The system consists of partial differential equations expressing conservation

of momentum and mass, respectively, and reads:

ρ(
∂u

∂t
+ u · ∇u) = ρ∇ · (ν(φ))(∇u+∇uT )−∇p+∇ · τc (2.13)

Here, u is the velocity vector, p the pressure term, ρ is the fluid density

and ν is the fluid kinematic viscosity, τc is stress tensor that is associated

with surface tension and is:

τc = (| ∇φ |2 I−∇φ⊗∇φ) (2.14)



16 2. Methodology

Such a stress tensor, called capillary tensor, was defined by Korteweg [55],

where uniform distribution of φ can induce stresses and convection in fluid

[57] and this stress tensor has been added to Navier-Stokes equations. In two

immiscible fluids it acts as an effective interfacial tension that relaxes in time

by effect of mass diffusion. We assume coupled Cahn-Hilliard-Navier-Stokes

system to be isothermic and thermal effects are not included in the solution,

which in reality this assumption needs very careful condition. Compared

with the Navier–Stokes equations, in Eq. (2.13) only one extra capillary

term appears reflecting the interfacial tension. This modification accounts

for hydrodynamic interactions, that is, the influence of the φ, or the mor-

phology on the velocity field and, hence, describes the spatial variations of

the velocity field because of diffused interfaces.

The dimensional form of the continuity equation will be:

∇ · u = 0 (2.15)

Thanks to the conservative nature of the PFM, which avoids interface to

diffuse; as a result ∇φ keeps the property of a signed distance and the

momentum transfer to the flow field is resolved with high accuracy. The

surface tension is defined as the specific energy stored into the interfacial

layer; applying the definition to Eq. (2.8), as we also mentioned in Eq.

(2.10), since φ isn’t homogeneous in interface region the surface tension is

the excess free energy [20] and it will be:

σ = ε

∫ +∞

−∞
(∇φ · n)2dn =

√
8

3

ε
1
2 β

3
2

α
(2.16)

Once the interface thickness ξ and the equilibrium solutions φ± are fixed,

Eq. (2.16) will allow to determine the free energy parameters α, β and

proper ε to reach the desired surface tension value. Although the fictitious

enlargement of the interface is necessary related to numerical resolution (at

least three mesh points will be considered for interface [95]), we should care

about if the diffuse interface is relaxed but not at a equilibrium, interfa-

cial tension would not be constant [113]. The related method for PFM

mentioned above has been devised and used by several authors [62, 4].

2.4 Geometry

In the most general case, the governing equations of the different con-

stituents have to be coupled together,by using momentum balance equations

(Navier-Stokes equations)the physical model equations can be extremely
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rewritten in a non dimensional form by using the following non dimensional

variables (denoted by apex “-”):

x− =
x

h
u− =

u

Uτ
t− =

tUτ

h
φ− =

φ

φ+
p− =

p

ρU2
τ

(2.17)

∇ · u− = 0 (2.18)

∂u−

∂t−
+u−·∇u− = −∇p−+

1

Reτ
∇2u−+∇·[k(φ, λ)(∇u−+∇u−T)]+

3√
8

Ch

We
∇·τ−c

(2.19)

∂φ−

∂t−
= −u− · ∇φ− +

1

Peτ
∇2µ− (2.20)

F(φ−,∇φ−) = f(φ−)+
1

2
Ch2|∇φ−|2 =

1

4
(φ−−1)2(φ−+1)2+

1

2
Ch2|∇φ−|2

(2.21)

µ− =
δF
δφ− = φ−3 − φ− − Ch2∇2φ− (2.22)

Eqs. (2.18-2.19) describe the conservation of mass (continuity) and mo-

mentum, with an extra reactive stress(Navier-Stokes) of the system, with

u = (ux, uy, uz) being the velocity field and p̃ the corrected pressure field

[93]. Eq. (2.20) is the Cahn-Hilliard equation that describes the transport

of the order parameter φ used to model the binary mixture: φ is constant

in the bulk fluid regions (where φ = ±1) and changes smoothly across the

fluid-fluid interface. The free energy functional F(φ,∇φ) of the system

Eq. (2.21), is the sum of two different contribution: a double-well potential

f0(φ) that accounts for the phobic behavior of the phases and a non-local

term that accounts for the effect of surface tension (∝ |∇φ|2). The varia-

tion of the free energy functional is called chemical potential µ and controls

the behavior of the interfacial layer Eq. (2.22). Note that Eqs. (2.19 -

2.20) are coupled through the capillary term 3√
8

Ch
We∇· τc that describes the

momentum exchange between the two phases across the interface.

The term k(φ, λ) in Eq. (2.19) is introduced to account for the non-

uniform viscosity of the system. Viscosity can be written as a linear function

of the order parameter φ [49, 118]

ν(φ) = ν1
1 + φ

2
+ ν2

1− φ

2
. (2.23)
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The material properties of the two media vary following the same continuous

and rapid variation of φ across the thin interfacial region. The density

and viscosity in the phase-field are linear functions [48, 6]. As a result,

using linear interpolation, the viscosity of the two liquids are distributed

in the interfacial layer as Introducing the viscosity ratio λ, the viscosity

field can be written as the sum of a uniform and a non-uniform part and

automatically changes across the interface with a profile similar to the tanh

function [119, 120]:

ν(φ, λ) = ν2 + ν2(λ− 1)
(φ+ 1)

2
. (2.24)

In dimensionless units, the non uniform part of the viscosity field becomes:

k(φ, λ) =
1

Reτ
(λ− 1)

(φ+ 1)

2
. (2.25)

The following dimensionless groups appear in Eqs. (2.18)-(2.22):

Reτ =
uτh

ν2
Peτ =

uτh

Mβ
We =

ρu2
τh

σ
Ch =

ξ

h
λ =

ν1
ν2

, (2.26)

Where σ is the surface tension of the liquid-liquid interface, M is the mo-

bility, and ξ the thickness of the liquid-liquid interface within the PFM

method. The reference length of the problem is the half channel height h,

whereas the reference velocity is the shear velocity uτ =
√

τw/ρ, with τw
the shear stress at the wall defined in terms of the viscosity of the thicker

liquid layer ν2. The physical meaning of the dimensionless groups is the

following. The Reynolds number (Reτ ) is the ratio between the inertial and

the viscous forces (defined based on the viscosity ν1). The Weber number

(We) is the ratio between the inertial and the surface tension forces. Small

values of We represent a rigid interface, whereas large values of We repre-

sent an highly deformable interface. The Peclet number (Peτ ) is the ratio

between the convective and the diffusive time-scale, and it quantifies the

relaxation time of the interface. The larger is Peτ , the larger is the time

required by the interface to adapt to the external forcing. Finally, the Cahn

number (Ch) is the dimensionless thickness of the interface.

2.4.2 Wall units

All of are reported results will be presented in “wall-units” (Variables with a

+ superscript are expressed), that are defined by using the friction velocity

uτ and the kinematic viscosity ν of the fluid. The dimensionless variables
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are the following:

x+ =
xUτ

ν
u+ =

u

Uτ
t+ =

tU2
τ

ν
(2.27)

Because phase-field do not depend on the fluid scaling variables, it doesn’t

change when described in wall-units: φ+ = φ−



3
Numerical method

Coupling NS equation with CH has been successfully applied for the sim-

ulations of two-phase flow in various researches with several challenges in

solving these equations numerically. With considering thickness for inter-

face which cause huge amount of stiffness into the system, which only un-

conditionally stable numerical scheme can handle it. In this Chapter, the

numerical technique employed in this study, based on a Pseudo-spectral

method to perform a DNS of the CH-NS equations in a closed channel, will

be presented.

3.1 Introduction to pseudo spectral method

Numerical flow field simulations based on spectral methods for the solu-

tion of the Navier–Stokes (NS) equations has been used in last decades.

All related numerical solution procedures are using finite difference or finite

element techniques, when spectral methods are employed for Direct nu-

merical Simulation (DNS), they have properties of exponential convergence

behaviour and reducing dispersion which are suited for turbulent flow. They

have proven to be useful for hydrodynamical problems on periodic domains.

Their main advantages are efficiency and accuracy of implementation.

In spectral methods, spatial derivatives are evaluated with the aid of

Fourier series or one of their generalizations. What we know about spectral

method is:

• The method is easily generalized to higher derivatives

• The error in the computed derivative decreases exponentially with N ,

when the number of grid points N is large if f(x) is periodic in x, for
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larger N leads to much more accurate than finite difference methods.

• Since cost of computing scales as N2 the method uses the existence of

a fast method of computing Fourier transform (FFT ), which the cost

is proportional to N logN , where N is the data size.

3.1.1 Chebyshev pseudospectral Method

Navier-Stokes equations in the velocity-vorticity (u,ω) has been used in

many literatures. For instance [31] was the first researcher, who used nu-

merical simulations of the unsteady Navier–Stokes equations with the ve-

locity–vorticity method and finite difference by using Fourier Chebyshev.

Chebyshev pseudo-spectral method accounts on high accuracy for fluid dy-

namics, which keeps the convergence of infinite order. Time-splitting pseu-

dospectral technique developed by [59] to solve the Navier-Stokes equations

with a new Chebyshev pseudospectral technique for two-dimensional incom-

pressible flow is extended to three dimensions, the most different between

spectral and pseudospectral methods is aliasing errors, but it will not be

problematic regarding to damping effects which limits aliasing [33], which

with filtering techniques these errors can be eliminated [92]. Since using

spectral method had some difficulty about time advancing for viscous flows,

pseudo spectral method has been suggested by [73] where, in this method

flow variables are expanded into Fourier series in the homogeneous direc-

tions and Chebyshev polynomials in the wall normal direction with no-slip

condition. What is interesting about Chebyshev polynomial approxima-

tion is that errors decreases when it combines with Fast Fourier Transform

(FFT) [80].

3.2 Numerical Procedure

In this algorithm which is based on [51] the governing Eqs. (2.20) and

(2.19) for an incompressible flow can be written in the form of “normal-

velocity normal-vorticity”; the Cahn-Hilliard equation is rewritten adopting

a particular “operator-splitting” technique.

3.2.1 Velocity-vorticity formula

The dimensionless momentum Eq. (2.19) is rewritten as follows (the super-

scripts have been removed for sake of brevity):

∂u

∂t
= −S+

1

Reτ
∇2u−∇p′ (3.1)
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Where the pressure term p has two parts including fluctuating and mean

components, p = p′ + Π. The mean pressure gradient ,the non-linear con-

vective terms and the source terms all have been collected in to the S term:

S = −u · ∇u−∇Π+
3√
8

Ch

We
∇ · τc. (3.2)

the fluctuating pressure term ∇p′ is eliminated by taking the curl of Eq.

(3.1), as result the transport equation for the vorticity ω arrives:

∂ω

∂t
= ∇× S+

1

Reτ
∇2

ω (3.3)

Where the identity ∇ × ∇p′ = 0 has been substituted. Taking twice the

curl of Eq. (3.1), substituting the continuity Eq. (2.18) and employing to:

∆ × ∇ × C = ∇(∇ · C) − ∇2C the following 4th-order equation for the

velocity u is obtained:

∂∇2u

∂t
= ∇2S−∇(∇ · S) + 1

Reτ
∇4u (3.4)

Eqs. (3.3-3.4) are solved for the wall-normal components of the vorticity

ωz and velocity w; coming back to Eqs. (3.3-3.4) for ωz and w, respectively,

we have:

∂ωz

∂t
=

∂Sy

∂x
− ∂Sx

∂y
+

1

Reτ
∇2ωz (3.5)

∂(∇2w)

∂t
= ∇2Sz −

∂

∂z
(
Sx

∂x
+

Sy

∂y
+

Sz

∂z
) +

1

Reτ
∇4w (3.6)

With choosing right set of boundary conditions, ωz and w will be ob-

tained and then the stream-wise velocity component u and the span-wise

velocity component v will compute from the continuity equation and em-

ploying vorticity:
∂ω

∂z
= −∂u

∂x
− ∂v

∂y
, (3.7)

ωz =
∂v

∂x
− ∂u

∂y
. (3.8)

Once the normal velocity and vorticity are computed, the streamwise

velocity u, and the spanwise velocity v, are then obtained, the fluctuating

pressure p′ can be obtained by solving a poisson-type equation where is

derived from the momentum equation, because it is derived by taking the
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divergence of the momentum equation.

∇2p′ = ∇ · S. (3.9)

3.3 Cahn-Hilliard equation discretization

Cahn-Hilliard (CH) equations are slightly more complicated, due to the

high order operators that accounts in numerical simulation, by expanding

Eq. (2.20) we will see 4th order operator:

∂φ

∂t
= −u · ∇φ+

1

Pe
(∇2φ3 −∇2φ− Ch2∇4φ) (3.10)

Regarding to stability of CH Eq. (3.10) can be rewritten in the following way

as the same pseudo-spectral solution involved for the momentum equations

:
∂φ

∂t
= Sφ +

s

Pe
∇2φ− Ch2

Pe
∇4φ, (3.11)

The operator splitting ∇2φ = s∇2φ−(s−1)∇2φ is similar to that discussed

by [113], hence s is a positive coefficients, which has been explained in Sect.

3.3.1. The convective and the non-linear terms and the terms rising from

the operator splitting will be collected in the Sφ term:

Sφ = −u · ∇φ+
1

Pe
∇2φ3 − s+ 1

Pe
(∇2φ). (3.12)

3.3.1 Stability of Cahn Hilliard equation

Regarding to widely used of CH equation in interface, it is essential to use

a accurate numerical schemes when they should satisfy energy laws:

F(φn+1) ≤ F(φn) (3.13)

Stability and error for a numerical schemes of CH equations has done for

instance in [97], while he also has proved spectral methods are suitable for

interface problems, which modified potential function and non-linear part

can be handled easily, and without stabilized scheme CH equation are stable

in special condition, while with stabilized technique this equation is stable

and follows energy law, coupling fluid flow with CH equation with consid-

ering viscosity effect has done by [69].

Numerical issue in CH equation were reported in many literatures and has

been showed only a small case of solvers of fully implicit methods are gradi-
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ent stable and energy decreases with time, we can find some researcher [50],

who have proposed a conservative, second-order accurate fully implicit dis-

cretization of the scheme is strongly non linear and couple where non-linear

stabilization term is adding to NS equation to solve based on approximate

projection method, they have mentioned that it is not always uncondition-

ally stable and requires restricted time-step size. As [28] mentioned with

variables of density and viscosity that are dependent to phase field func-

tion coupling of NS and CH equations are challenging, they used a scheme,

which is for phase-field simulations of two-phase incompressible flows with

large density ratios based on an approximate projection method and veloc-

ity correction can be employed also for large viscosity ratio, but there isn’t

any theoretical proof of discrete energy law.

A semi-implicit time-discrete scheme proposed by many researcher to

stabilize Cahn-Hilliard Equations, which called convex-splitting, where act-

ing like the convex part of the free energy functional implicitly and concave

part explicitly. In a recent article [24] an algorithm to implement the sec-

ond order convex splitting scheme for the CH equation based on Fourier

pseudo-spectral spatial, which treats the nonlinear term explicitly has been

reported, and makes the computational effort more difficult.

Except of unconditionally stable first order temporal discretization schemes

[29, 34] have been suggested for the CH equation, by using the special kind

of splitting. These schemes are only first order accurate, later on [110] intro-

duced a method to extend higher order accurate for discretization. In [97]

has been indicated that first-order semi-implicit scheme are energy stable

under reasonable conditions but by adding a stabilizing term s this con-

dition can be removed, where s is a stabilizing parameter that should be

defined specifically.

Since both Ginzburg-Landau and Cahn Hilliard equations are non-linear

and only there is numerical simulation to solve them, Chen et al. [23] em-

ployed semi-implicit Fourier spectral method to solve phase field equations,

but they only implicit schemes applied for elliptic operator to stability condi-

tions and non-linear terms treated explicitly one of advantages of the Higher

order semi-implicit allow us to use larger time step, while we have higher ac-

curacy, they compared error in calculating the order parameter equilibrium

profile of an interface and the spatial grid size in the finite different scheme

has to be considered four times smaller in spatial method also for time step

size, in their results higher order semi-implicit schemes are less stable, one

of the limitation of this method was problem with sharp interface because
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of using a uniform grid in spatial. Regarding to [63], chemical potential de-

pends on type of numerical algorithm, they have applied periodic boundary

condition with using pseudo-spectral method in space, and by considering

numerical stability in their result, while chemical potential is sensitive to

time step.

3.4 Spectral discretization

pseudo-spectral spatial discretization will be applied for solving Eqs. (3.5,

3.6, 3.12) : Fourier transforms will be employed along the two periodic direc-

tions of the channel geometry x and y, Chebyshev polynomials are adopted

to approximate the solu- tion along the wall-normal direction.

In order to avoid convolutions in the Fourier-Chebyshev space, the multi-

plication of spectral variables (i.e. convective terms) is calculated by trans-

forming back the variables to the physical space, taking the multiplications

and the re-transforming to the Fourier- Chebyshev space. This algorithm

also called “pseudo-spectral algorithm”. A detail of these methods is given

by [18] and [32]. Fourier Transform along periodic directions x and y for a

signal g will reads:

g(x, y, z) =

Nx
2

∑

nx=
−Nx

2
+1

Ny

2
∑

ny=
−Ny

2
+1

ĝ(kx, ky, z)e
j(kxx+kyy), (3.14)

where j =
√
−1 is the imaginary unit of the complex representation, ĝ

is the Fourier coefficient of the signal in the modal coordinates (kx, ky); at

this point dependence on the physical coordinate of z is still available. The

two periodic directions are treated with a Fast Fourier Transform (FFT)

algorithm imposing periodicity lengths of Lx and Ly and projecting the

velocity vector on to Nx and Ny the Fourier transform, the variables are

mapped an a uniform grid in the physical space and the nodes spacing is:

∆x =
Lx

Nx − 1
∆y =

Ly

Ny − 1
(3.15)

The signal is decomposed in a sum of periodical functions characterized by

wavenumber and amplitude; the former represents the frequency of the cor-

responding harmonic, whereas the latter is the magnitude of the harmonic.

Each mode has the wave number along x and y by:

kx =
2πnx

Lx
ky =

2πny

Ly
(3.16)
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With the knowledge that the Fourier basis is orthogonal, the Fourier

transform ĝ yields:

ĝ(x, y, z) =
1

NxNy

Nx
2

∑

nx=
−Nx

2
+1

Ny

2
∑

ny=
−Ny

2
+1

g(x, y, z)e−j(kxx+kyy). (3.17)

Along the wall normal direction z, the transformed signal ĝ(x, y, z) is ap-

proximated through the sum of Chebyshev polynoms Tn(z):

ĝ(x, y, z) =

N ′

z
∑

nz=0

h(kx, ky, nz)Tn(z), (3.18)

where the prime presents the first term halving. The Chebyshev polynomial

of order nz in z direction obtained in following:

Tn(z) = cos[nzarccos(z)], (3.19)

where nz is one of the Nz Chebyshev modes and −1 ≤ z ≤ 1. The orthog-

onality property keeps also for the Chebyshev polynomials and the inverse

transform will be:

ĥ(kx, ky, nz) =
2

Nz

N ′

z
∑

nz=0

ĝ′(kx, ky, z)Tn(z). (3.20)

The variables described in the Chebyshev space are mapped in the phys-

ical space, related mapping is:

z = cos(
nzπ

Nz
) (3.21)

With adoption of Chebyshev polynomials for the approximated solution

along the wall-normal direction, the spatial discretization will be determined

by a large resolution near the wall region: (z = ±1), where large velocity

gradients need to be resolved, all detail of solution can be find in [13].

Finally, adopting the transformations of Eq. (3.14) and Eq. (3.18), the
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transformed of a three-dimensional signal reads:

g(x, y, z, t) =

Nx
2

∑

nx=
−Nx

2
+1

Ny

2
∑

ny=
−Ny

2
+1

N ′

z
∑

nz=0

ĥ(kx, ky, nz, t)Tn,ze
−j(kxx+kyy).

(3.22)

The nonlinear terms in Eq. (3.22) are computed in the rotational form

[74] to preserve the conservation property of mass, energy and circulation

numerically. In addition, the number of collocation points is expanded by

a factor of before transforming into the physical space to avoid the aliasing

errors involved in computing the nonlinear terms pseudo-spectrally. The

related computation also used for Chebyshev transform [13], which has been

explained in App. A.

3.5 Discretization and solution of the equa-

tions

3.5.1 Velocity equation

Using the spectral, which presented in Sect. 3.4, Eq. (3.6) arrives:

∂

∂t
(
∂2

∂z2
− k2xy)ŵ = (

∂2

∂z2
− k2xy)Ŝz

− ∂

∂z
(ikxŜx + ikyŜy +

∂

∂z
Ŝz)

+
1

Reτ
(
∂2

∂z2
− k2xy)(

∂2

∂z2
− k2xy)ŵ

(3.23)

where k2xy = k2x+k2y. The equation above emphasis that the z derivatives are

taken in a different way, due to the adoption of Chebyshev polynomials. Eq.

(3.23) is discretized in time adopting an hybrid IMplicit EXplicit (IMEX)

scheme: Time will be advanced by using Adams-Bashforth scheme for the

non-linear convective terms and implicit Crank-Nicholson scheme for the
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linear viscous terms. The time-discretized form of Eq. (3.23) will be:

ŵn+1 − ŵn

∆t
=

3

2
(
∂2

∂z2
− k2xy)Ŝz

n

−1

2
(
∂2

∂z2
− k2xy)Ŝz

n−1

−3

2

∂

∂z
(ikxŜx

n
+ ikyŜy

n
+

∂

∂z
Ŝz

n
)

+
1

2

∂

∂z
(ikxŜx

n−1
+ ikyŜy

n−1
+

∂

∂z
Ŝz

n−1
)

+
1

Reτ
(
∂2

∂z2
− k2xy)(

∂2

∂z2
− k2xy)

ŵn+1 − ŵn

2

(3.24)

Where superscripts n − 1, n, n + 1 indicate the three consecutive time

levels t − ∆t, t + ∆t, respectively and ∆t, is the time-step. Eq. (3.24) is

rearranged and, introducing the coefficient γ = ∆t
2Reτ

, arrives:

(
∂2

∂z2
− k2xy)ŵ

n+1 =
3∆t

2
(
∂2

∂z2
− k2xy)Ŝz

n

−∆t

2
(
∂2

∂z2
− k2xy)Ŝz

n−1

−3∆t

2

∂

∂z
(ikxŜx

n
+ ikyŜy

n
+

∂

∂z
Ŝz

n
)

+
∆t

2

∂

∂z
(ikxŜx

n−1
+ ikyŜy

n−1
+

∂

∂z
Ŝz

n−1
)

+[γ
∂2

∂z2
+ (1− k2xy)](

∂2

∂z2
− k2xy)ŵ

n.

(3.25)

The discretized continuity Eq. (3.7) is:

ikxû+ iky v̂ +
∂w

∂z
= 0, (3.26)

substituting Eq. (3.26) into Eq. (3.27) and introducing the coefficient

λ2 =
(1+γkk2

xy)

γ the following is obtained:

−γ(
∂2

∂z2
− λ2)](

∂2

∂z2
− k2xy)ŵ

n+1 =

−k2xy(
3

2
Ŝz

n − 1

2
Ŝz

n−1
)∆t− k2xy[γ

∂2

∂z2
+ (1− γk2xy)]ŵ

n

− ∂

∂z
ikx(

3

2
Ŝx

n − 1

2
Ŝx

n−1
)∆t− ∂

∂z
ikx

(

γ
∂2

∂z2
+ (1− γk2xy)

)

ûn

∂

∂z
iky(

3

2
Ŝy

n − 1

2
Ŝy

n−1
)∆t− ∂

∂z
iky

(

γ
∂2

∂z2
+ (1− γk2xy)

)

v̂n.

(3.27)
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Ĥn
x , Ĥ

n
y and Ĥn

z are as follows:

Ĥn
x = (

3

2
Ŝx

n − 1

2
Ŝx

n−1
)∆t+ [γ

∂2

∂z2
+ (1− γk2xy)]û

n

Ĥn
y = (

3

2
Ŝy

n − 1

2
Ŝy

n−1
)∆t+ [γ

∂2

∂z2
+ (1− γk2xy)]v̂

n

Ĥn
z = (

3

2
Ŝz

n − 1

2
Ŝz

n−1
)∆t+ [γ

∂2

∂z2
+ (1− γk2xy)]ŵ

n

(3.28)

introducing Eqs. (3.28,3.27) reads:

(
∂2

∂z2
− λ2)(

∂2

∂z2
− k2xy)ŵ

n+1 =
1

γ
[k2xyĤ

n
z +

∂

∂z
(ikxĤ

n
x + ikyĤ

n
y )] (3.29)

With Ĥn
z = k2xyĤ

n
z +

∂
∂z (ikxĤ

n
x+ikyĤ

n
y ), the final form of the discretized

Eq. (3.8)reaches to:

(
∂2

∂z2
− λ2)(

∂2

∂z2
− k2xy)ŵ

n+1 =
Ĥn

γ
. (3.30)

By defining the auxiliary variable θ̂ = ( ∂2

∂z2 −k2xy) the 4
th-order equation

can be split in two 2th order equations:

(
∂2

∂z2
− λ2)θ̂ =

Ĥn

γ
. (3.31)

(
∂2

∂z2
− k2xy)ŵ

n+1 = θ̂. (3.32)

By imposing the following boundary conditions Eq. (3.32) arrives:

ŵn+1(±1) = 0,
∂wn+1

∂z
(±1) = 0, (3.33)

Where they come from non-slip condition at the wall and from the continuity

equation, which has been coupled with the non-slip condition at the wall.

The solution of Eq. (3.32) needs a set of boundary conditions on θ̂ that lack

in the physical model definition. To find a way around this problem, θ̂ will

be as follows:

θ̂ = θ̂1 + Âθ2 + B̂θ3, (3.34)

Hence, Â and B̂ are complex constants needs to be determined in computa-

tion. The three components, θ̂1, θ̂2 and θ̂3 are the special solution and two

homogeneous solution of Eq. (3.31), respectively. Their solution is obtained
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as follows:

(
∂2

∂z2
− λ2)θ̂1 =

Ĥn

γ
θ̂1(1) = 0, θ̂1(−1) = 0, (3.35)

(
∂2

∂z2
− λ2)θ2 = 0 θ2(1) = 0, θ2(−1) = 1, (3.36)

(
∂2

∂z2
− λ2)θ3 = 0 θ3(1) = 1, θ3(−1) = 0, (3.37)

With similar procedure, also ŵ can be rewritten as a sum of a special

solution ŵ1 and two homogeneous solutions ŵ2, ŵ3:

ŵn+1 = ŵ1 + Âw2 + B̂w3. (3.38)

Similar to the solution of θ̂ the solution for ŵ1, w2 and w3 can be ob-

tained with imposing the no-slip BC:

(
∂2

∂z2
− λ2)ŵ1 = θ̂, ŵ1(1) = 0, ŵ1(−1) = 0, (3.39)

(
∂2

∂z2
− λ2)w2 = 0, w2(1) = 0, w2(−1) = 0, (3.40)

(
∂2

∂z2
− λ2)w3 = 0, w3(1) = 0, w3(−1) = 0, (3.41)

The unknown constants Â and B̂ are determined applying the ∂ŵ
∂z = 0 and

determined boundary conditions:

∂ŵ1

∂z
(1) + Â

∂w2

∂z
(1) + B̂

∂w3

∂z
(1) = 0,

∂ŵ1

∂z
(−1) + Â

∂w2

∂z
(−1) + B̂

∂w3

∂z
(−1) = 0.

(3.42)

ŵn+1 will be obtained from Eq. (3.38). The solutions of Eqs. (3.35-

3.37) and Eqs. (3.39-3.41) are obtained adopting the Chebysev-Tau method,

which after transforming to Fourier series in the homogeneous directions. It

will be reduced to a tridiagonal system with one full row after decoupling

the even and odd modes of the Chebychev coefficients. which has been

proposed by [51] and the resulting tridiagonal equations, system is solved

adopting the Gauss elimination procedure.
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3.5.2 Vorticity equation

The wall-normal vorticity component ω̂z is obtained solving Eq. (3.37); fol-

lowing the discretization described in Sect. 3.5.1, Eq. (3.37) arrives:

(
∂2

∂z2
− λ2)ω̂n+1

z =
1

γ
[ikxĤ

n
y − ikyĤ

n
x ], (3.43)

The solution of Eq. (3.43) is obtained adopting the Chebyshev-Tau algo-

rithm, which the boundary conditions are satisfied as:

ω̂n+1
z (±1) = ikxv̂

n+1 − ikyû
n+1 = 0. (3.44)

The resulting tridiagonal equations system is then solved adopting a Gauss

elimination technique. Once the wall-normal vorticity component ω̂z is com-

puted, the other two velocity components ûn+1 and v̂n+1 can be obtained

from the spectral form of the vorticity definition and the spectral form of

the continuity equation:

ikxv̂
n+1 − ikyû

n+1 = ω̂n+1
z , (3.45)

−ikxû
n+1 + iky v̂

n+1 =
∂ω̂n+1

z

∂z
, (3.46)

3.6 Cahn-Hilliard equation

Spectral methods are used to discretize Eq. (3.11), which shown in Sect.

?? and applied in Sect. 3.5.1 and Sect. 3.5.2:

∂φ̂

∂t
= Ŝφ +

s

Peτ
(
∂2

∂z2
− k2xy)φ̂

−Ch2

Peτ
(
∂2

∂z2
− k2xy)(

∂2

∂z2
− k2xy)φ̂,

(3.47)

There are many challenges for solving numerically the Cahn–Hilliard

equation because of containing a fourth order derivative term and trying to

circumvent the problem of the non-linearity coming from the double- well

function f0 and keeping bounded solution.

In the case of periodic boundary conditions in one direction but aperiodic

boundary conditions in the other, a Fourier spectral method along the for-

mer coordinate and a Chebyshev-Galerkin will be used along the latter, with

a first-order Adams–Bashforth (BDF ) for the time derivatives,here we fol-

low the presented method by [113], which the fourth-order Cahn–Hilliard
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equation has been decomposed into two Helmholtz equations [96], the al-

gorithm is based on what has been explained in the work of [28] and the

non-linear convective Sφ term is discretized by adopting a 2th order Adams-

Bashfort. The time-discretized form of Eq. (3.47) will be:

φ̂n+1 − φ̂n

∆t
=

3

2
Ŝn
φ − 1

2
Ŝn−1
φ +

s

Peτ
(
∂2

∂z2
− k2xy)φ̂

n+1

−Ch2

Peτ
(
∂2

∂z2
− k2xy)(

∂2

∂z2
− k2xy)φ̂

n+1,

(3.48)

where s will be considered as a positive number and enhances stabil-

ity,introducing the coefficient γφ = ∆tCh2

Peτ
, Eq. (3.48) will be:

[
1

γφ
− s

Ch2
(
∂2

∂z2
− k2xy) + (

∂2

∂z2
− k2xy)

2]φ̂n+1 =
Ĥφ

γφ
(3.49)

where the historical term Ĥφ has been introduced :

Ĥφ

γφ
=

1

γφ
(φ̂n +

3∆t

2
Ŝn
φ − ∆t

2
Ŝn−1
φ ) (3.50)

Therefore by defining the auxiliary variable θφ = λφφ + 52φ the 4th

order Eq. (3.49) can be split in two 2th order equations:

(
∂2

∂z2
− k2xy − λφ − s)θ̂φ =

Ĥφ

γφ
, (3.51)

(
∂2

∂z2
− k2xy − λφ)φ̂

n+1 = θ̂φ, (3.52)

Such that ˆφn+1 will be cancelled from Eg. (3.49) and θ̂φ will be computed

explicitly from φ̂n and Eqs. (3.51, 3.52) will be solved through a Chebyshev-

Tau algorithm.

In order to recovery Eq. (3.47), the two values of λφ yields by solving

the equation:

γφλ
2
φ − sγφλφ + 1 = 0 (3.53)

λφ1,2
= −s

2
±

√

s2γ2
φ − 4γφ

2γφ
, (3.54)
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To have real solution of Eq. (3.53), it will be required to:

s ≥
√

4Peτ
∆tCh2

=

√

4

γφ
(3.55)

Therefore, λφ1
= λφ2

= −s/2 =
√

Peτ
∆tCh2 . Eq. (3.52) will be solved by

imposing the following boundary conditions that appears in using no-flux

condition for φ and µ:

∂φ̂n+1

∂z
(±1) = 0,

∂3φ̂n+1

∂z3
(±1) = 0 (3.56)

Again, here is necessary to set a BC that lack in physical model defini-

tion, which the procedure is same as Eq. (3.31). Chebyshev-Tau algorithm

will be employed to solve Eq. (3.51) and Eq. (3.52).

3.6.1 Simulation parameters and accurancy

The Reynolds number can be set considering the flow field and the geom-

etry; once the friction Reynolds number is fixed, the surface tension σ can

be imposed through the Weber number. The interface thickness depends,

in general, on the problem under analysis and it may assume values ranging

several orders of magnitude; this work focuses on the study of immisci-

ble binary mixtures, where the physical interface has a real thickness of

O(Ch−9). This interface thickness would require numerical resolutions be-

yond the current computational limits. As a result a fictitious enlargement

of the interface is required and the the Cahn number should be set to the

minimum value allowed by the numerical scheme adopted, that in general

is at least of three mesh points.

In this analyses, Re, We, Ch and Peτ are macroscopic input parame-

ters defined considering the physical fluid properties, the flow regime, the

simulated surface tension and the diffuse interface modelling. Once fixed

the shear Reynolds number, the value of the surface tension will be chosen

by the Weber number. When considering immiscible fluids, the interface

thickness depends on the numerical algorithm only, thus the Cahn number

can be fixed to the smallest possible value. To overcome this lack of physical

meaning and keep the results independent from the interface thickness, a

proper scaling between Ch and Peτ should be adopted. Effective Peclete

(Peτ ) number of system is Ch
M . In model of [69], which the sharp inter-

face is replaced by a narrow transition layer across and the fluids may mix

this ratio should be extremely small. Later on [40] showed while mobility

affects the thickness and perturbation magnitude of the chemical potential
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boundary layers to optimise that interface thickness reduces at a slower rate

than the mesh size, so as to obtain a more and more accurate estimation

of the interfacial M applied in his solution with decreasing a power of the

interface thickness. Three scaling compared by [47]: Peτ ∝ Ch, Peτ ∝ Ch2

and Peτ ∝ Ch−1 and he mentioned further investigations are required to

develop a scaling and can capture topological transitions.

Finding a consistent and practically useful theory of how these objectives

can be achieved by suitable, intrinsically related choices of the parameters

Ch and M has been introduced by [71], which explains in following: Select-

ing large value of M turns to excessive numerical dissipation while selecting

small M and Ch, but finite, the inner layer dynamics is kept alive in the

complete diffuse-interface model, which leads to allow topological changes of

the interface while retaining the correct interfacial dynamics away from such

singular events, finally he showed choosing proper Peτ like as Peτ ∝ Ch−1

results to the formal identification of the distinguished limit and correct

surface tension will be provided for the solution.
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4
Results and Discussion

In this work we use Direct Numerical Simulation (DNS) to study the tur-

bulent Poiseuille flow of two immiscible liquid layers inside a rectangular

channel. A thin liquid layer (fluid 1) flows on top of a thick liquid layer

(fluid 2), such that their thickness ratio is h2/h1 = 9. The two liquid layers

have the same density but different viscosities (viscosity-stratified fluids). In

particular, we consider three different values of the viscosity ratio λ = ν1/ν2:

λ = 1, λ = 0.875 and λ = 0.75. Numerical Simulations are based on a Phase

Field method to describe the interaction between the two liquid layers. In

the following chapter, we first present a test case to validate the proposed

numerical method, in Sect. 4.2 results of the interaction between the two

liquid layers and turbulence modulation inside the channel has been dis-

cussed, where producing recirculation and inversion of the wall shear stress

at top wall by the wall-interface interaction has shown in Sect. 4.3. Fi-

nally in Sect. 4.4 numerical Simulations of weak wave turbulence has been

compared to theoretical results.

4.1 Benchmark

As a fundamental for applications to a series of numerical experiments in

two phase flow simulation, the accuracy and the validity of the numerical

methods considering the conservation laws of mass and energy in the com-

puting domain has to be evaluated. In the following, the accuracy of the

simulation is checked with comparing the evolution of the interface of cap-

illary wave with theoretical values [87].
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4.1.1 Analytical solution for capillary wave

Capillary waves are similar to gravity waves but, smaller scales in length

and time has been involved for them, also computing of capillary waves

is more difficult, because surface tension forces are based on the interface

curvature, which needs more accuracy.

Two phase flow system is considered in analytical solution, if we consider

a standing small-amplitude wave with surface displacement, elevation η is

the distance between the water surface and the mean water depth H which

is the height between the trough and the crest of the standing wave in the

water depth d and L is the horizontal distance between two successive wave

crests. if we consider a standing small-amplitude wave, with water surface

elevation η:

η(x, t) =
H

2
cos(ky)cos(ωt) (4.1)

With ω = 2π
T is angular frequency and k is wave number at t = 0 as shown

in Fig. 4.1. also if we make attention to The limitation to small-amplitude

requires that the ratio of the maximum elevation to the wavelength con-

dition( H
λ << 1) and with assumption of the linear wave theory, fluid is

supposed to be homogeneous and incompressible.

Z

Y

μ ,ρ

μ1,ρ1

a0=H/2

d

L

Figure 4.1 – Initial conditions for the liquid-liquid interface η(x, 0).

For finite depth small capillary wave was predicted by [60] with a gen-
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eralized analytical value of the frequency is defined by:

ω2
th =

σk3

ρ1 + ρ2
tanh(kd) (4.2)

with σ is surface tension, ρ2 and ρ2 are densities of two phases and k is

wave number. Later on the effects of the viscosity on the evolution of the

amplitude of a capillary wave calculated by [87] for two phase flow with

equal kinematic viscosities ν = ν2 = ν1 , with introducing frequency of

wave ω2
th = σk3

ρ1+ρ2
, while he considered a dimensionless viscosity, which is

defined by ε:

ε =
νk2

ωth
(4.3)

in his calculation amplitude of the considered capillary wave a(t) is:

a(t) =
η(x, t)

η(x, 0)
(4.4)

with considering τ = ωth, this amplitude is given by:

a(τ)

a0
=

4(1− 4β)ε2

8(1− 4β)ε2 + 1
erfc(

√
ετ)+

4
∑

i=4

zi
Zi

ωth

z2i − εωth
exp((z2i − εωth)

ε

ωth
)erf(zi

√

τ

ωth
),

(4.5)

erfc is complementary error function. zi are the four roots of the algebraic

following equation:

z4−4β(k2ν)
1
2 z3+2(1−6β)k2νz2+4(1−3β)(k2ν)

3
2 z+(1−4β)ν2k4+ω2 = 0

(4.6)

The coefficient Z1 is given by Z1 = (z2 − z1)(z3 − z1)(z4 − z1), and the

other coefficients Z2 , Z3 and Z4 are obtained by circular permutation of

the indices. The dimensionless parameter β is:

β =
ρ1ρ2

(ρ1 + ρ2)2
(4.7)

4.1.2 Non-viscous and viscous fluids

With considering two fluids which viscosities values are negligible ν = ν1 =

ν2 = 0 capillary waves will not be damped and will oscillate with a constant

frequency as followed in Eq. (4.2).

But, when the viscosities of two phases considered by ν1, ν2 the evolution
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of the interface at a fixed position should be compared with the viscous effect

when a decay rate γ is expected [60].

γ = 2ν1k
2 (4.8)

4.1.3 Test case

Simulations are run at a reference Reynolds number Reτ = 100 (defined

based on the physical properties of fluid 1), and at Weber number We = 0.1

The value of the viscosity ratio are selected: λ = 1, while we consider a

matched density for two fluids, ρ2

ρ1
= 1

We set Ch = 0.036, which guarantees that the interface between the

two fluids is described using a minimum of 3 points in each direction,and

Pe = 83.33, which minimizes the mass leakage (always below 2%).

2D computational domain as square box used in our simulations has

dimensions 2h× 2h along the spanwise (x), and wall-normal (z) directions,

and is discretized using 256×257 grid nodes. Periodic boundary conditions

are used in the spanwise direction. In the wall normal direction (z), no slip

conditions are imposed for upper and lower boundaries, whereas a normal

contact angle (and a zero-flux of the chemical potential) is used for φ , with

a time step dt = 1× 10−4.

We used perturbed interface of with a sinusoidal wave, with zero initial

velocity. The initial amplitude of the perturbed interface is H0 = .05 and

capillary wave length will be equal to dimension of spanwise direction λy ,

giving ωth = 12.441 , the initial condition is shown in Fig. 4.2 a), with an

position of interface:

z = −100 +H0cos(ky), k =
2π

λy
= π (4.9)

Fig. 4.2b) shows time histories of capillary waves with comparison be-

tween simulation results an the exact analytic solution, which numerical

results agree with exact solution and confirms numerical method is clearly

capable of accuracy simulation in the oscillatory behaviour.

Fig. 4.2b) shows time histories of capillary waves with comparison be-

tween simulation results an the exact analytic solution, which numerical

results agree with exact solution and confirms numerical method is clearly

capable of accuracy simulation in the oscillatory behaviour, we should men-

tion that the difference between numerical simulation and analytical is result

of considering viscosity ratio in our test case.
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4.2 Turbulent drag reduction

Direct Numerical Simulation (DNS) of turbulent flows has become an essen-

tial tool for the field of turbulence research and allow engineers to consider

complex situations, which theoretical ideas about confined flows of cocurrent

immiscible fluids are often observed in the process and petroleum industry.

Important examples include oil-water separators and hydrocarbon trans-

portation pipelines. In these situations, two-immiscible phases (typically

oil and water) are driven inside pipelines/channels and interact modifying

the overall mass, momentum and heat transfer properties of the system. To

optimize the design of these systems it is crucial to determine whether the

two phases remain separate (due to density and viscosity stratification) or

form emulsions (which are difficult to process/separate). From a practical

standpoint, the stratified condition (or even the core annular flow condi-

tion) is preferred for two main reasons: the required power to transfer the

oil/water flow is lower (due to the lower viscosity of water wetting a wall

compared to that of the oil) and oil can be easily separated from water

(whereas more complex oil/water separators must be designed when water

is dispersed within the oil phase).

In the present study, we want to use Direct Numerical Simulations (DNS)

to analyze the dynamics of a turbulent viscosity-stratified liquid-liquid flow

moving inside a flat channel. For the first time, a Phase Field approach

(Cahn-Hilliard equation) is employed here to describe the liquid-liquid in-

teraction in such configuration. The governing balance equations are solved

through a pseudo-spectral method for a given value of the reference shear

Reynolds number (Reτ = 100) and for three different values of the viscosity

ratio λ between the two liquid-layers (λ = 1, λ = 0.875 and λ = 0.75).

Compared with the case of a single phase flow driven by the same pres-

sure gradient, the viscosity stratified liquid-liquid flow is characterized by a

larger volume flowrate, as a direct consequence of the conversion of mean

kinetic energy into work to deform the liquid-liquid interface. These effects

become stronger with increasing the viscosity difference between the two

liquid layers.

We consider the case of two immiscible fluid layers flowing inside a rect-

angular channel, with the upper part of the channel occupied by fluid 1

and the lower part of the channel occupied by fluid 2 (as sketched in fig.

4.3). The interface between the two fluid is located in the upper part of

the channel, and the film thickness ratio is h2/h1 = 9. The two fluids

have the same density (ρ1 = ρ2 = ρ, i.e gravity is negligible), but different
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influence computational grid.First,mesh size should consider small enough

to resolve the important scales of motion in the flow.Second,it should be

large enough that artificialities caused by boundary conditions don’t im-

pact on the statistics of the solution. Third, depends on the availability of

computer resource [74]. Periodicity is applied along x and y for both u and

φ . In the wall normal direction (z), no slip conditions are enforced for u,

whereas a normal contact angle (and a zero-flux of the chemical potential)

is used for φ.

Simulations are run at a reference Reynolds number Reτ = 100 (defined

based on the physical properties of fluid 2, i.e. the thicker fluid layer), and

at Weber number We = 0.1. This value of We has been selected to be

representative of an oil-water interface [93].

Three different values of the viscosity ratio are selected: λ = 1, λ = 0.875

and λ = 0.75. This means that the viscosity of the thin fluid layer (fluid 1)

is lower than the reference viscosity of the thick fluid layer (fluid 2). The

value of Ch and Pe numbers comes from a combined physical-numerical

consideration. For immiscible fluids, the interface thickness is of the order

of molecular length scales, hence Ch → 0. This would require a numerical

resolution that is far beyond current computational possibilities. For this

reason, we set Ch = 0.02, which guarantees that the interface between the

two fluids is described using a minimum of 3 points in each direction.

Then we assumed Pe ∝ Ch−1 to obtain a correct evaluation of the

interface dynamics [93]. In the present case, we chose Pe = 150, which

minimizes the mass leakage (always below 2%).

The procedure we followed to run our numerical simulations of a viscosity-

stratified channel is the following:

• we run a preliminary simulation of a single phase turbulent channel

flow at a given shear Reynolds number (Reτ = 100);

• we start the simulation of the two phase system (distribution of φ) ini-

tializing the order parameter such that the interface is initially located

close to the upper boundary (h2/h1 = 9);

• turbulence adapts itself to the new physical configuration (transient

behaviour) and finally reaches a new statistically steady state condi-

tion;

• after the statistically steady state condition is reached, results are col-

lected for a long enough time window to ensure statistical convergence.

From the procedure outlined above, it is apparent that we do not need

to generate turbulence or to impose a specific velocity profile in the two
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liquid layers.

4.2.2 Turbulence statistics

All presented results in Sect. 4.2 in this thesis are in statistical situation,

which are useful to better understand some of the statistical, the following

visualizations are the result of direct numerical simulations of fully devel-

oped turbulence. Calculation are based on collocation points by spectral

interpolation until flow reaches a statistically steady state, which can be

identified by a linear profile of total shear stress, u′
x,rmsu

′
z,rms +

1
Re

∂ū
∂z [51].

Once the velocity field reaches the statistically steady state, the equations

will be integrated further in time to achieve a running time average of the

various statistical correlations. The statistical sample mostly has been ob-

tained by averaging over streamwise and spanwise directions.

Simulations are run starting from a single phase turbulent flow at Reτ =

100. The order parameter φ is initialized such that the interface is initially

flat and locate at h2/h1 = 9 (close to the upper boundary). The develop-

ment of the two-phase flow at three different values of the viscosity ratio

λ = 1, λ = 0.875 and λ = 0.75 is studied. Turbulence adjusts to the new

physical configuration( transient behaviour) and finally reaches a new sta-

tistically steady state condition,after which results are collected for along

enough time window to ensure statistical configuration of the results.

4.2.3 Flow rate

We start our analysis by looking at the time evolution of the mean volume

flowrate Q of the thicker fluid layer (fluid 2) across the channel section.

Results, which are shown in Fig. 4.4, are normalized by the reference vol-

ume flowrate for the single phase case (QSP ) at the same reference Reτ
(Reτ = 100). Here time is in wall units, t+ = t∗u2

τ/ν2 (with t∗ the physical

time expressed in seconds). We clearly observe that, even for λ = 1, the

presence of a deformable interface (characterized by a specific surface ten-

sion) separating the two fluid layers induces an overall increase of the volume

flowrate (up to ' 4%). This indicates that the wall normal transport of mo-

mentum is reduced, with a significant proportion of the mean flow energy

being lost into interface deformation. For reducing λ, the volume flowrate

further increases (up to ' 10% for λ = 0.75). This is a direct consequence

of the presence of a thin liquid layer with lower viscosity that reduces the

mean shear stress at the upper wall. Since our simulations are run with an

imposed pressure gradient, reducing the wall stress produces an increase of

the mean volume flowrate. The explicit computation of the wall shear stress
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Figure 4.4 – Time evolution of the volume flowrate Q, normalized by the reference
volume flowrate for the single phase flow QSP , for the viscosity stratified liquid-liquid
flow at Reτ = 100 and different viscosity ratios λ: λ = 1, λ = 0.875 and λ = 0.75. The
arrow points in the direction of decreasing λ (i.e. increasing of the viscosity difference
between the two fluid layers).

for the different simulations (at both the bottom and the top wall), as well

as the corresponding value of the mean volume flowrate Q/QSP , is summa-

rized in Tab. 4.1. Specifically, even for λ = 1, we observed an increase of

the shear stress at the bottom wall [3], and a corresponding decrease of the

shear stress at the top wall, such that the resulting friction is reduced. This

observation supports the idea that the turbulent drag reduction is not only

due to the reduced viscosity, but it is indeed due to the interaction between

the interface (with a surface tension) with the near wall activity.

Simulations τw,2 τw,1 Q/QSP

SP (Single Phase) 1 1 1
λ = 1 1.267 0.736 1.035
λ = 0.875 1.281 0.722 1.062
λ = 0.75 1.314 0.683 1.093

Table 4.1 – Measurements of the shear stress at the bottom wall τw,2 and the top
wall τw,1 for the different flow configurations (λ = 1, λ = 0.875 and λ = 0.75). Results
from the single phase simulation (SP) are also shown. The value of the dimensionless
volume flowrate Q/QSP corresponding to each specific simulation is also shown.

4.2.4 Mean streamwise velocity profile

Linked to the observed changes of the volume flowrate, we expect large

modification of the mean streamwise velocity. In Fig. 4.5 we explicitly show
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the wall-normal behavior of the mean streamwise velocity 〈ux〉 for the three
different values of λ considered in this study (λ = 1, λ = 0.875, λ = 0.75).

The wall-normal coordinate is expressed in wall units, z+ = z∗uτ/ν2 (with

z∗ the physical position expressed in meters). In the following, the super-

script + will be dropped for ease of notation. Angular brackets 〈·〉 denote

averaging in time and over the homogeneous directions. Note that the ref-

erence position of the interface is explicitly shown by the thick vertical line.

Statistics in this figure, as well as in the following figures, are averaged over

a time window of ∆t+ = 2000, after a steady state condition is reached (as

visible in Fig. 4.4 for t+ > 3000). Where explicitly shown, arrows inside

figures point in the direction of decreasing λ (i.e. increasing the viscosity

difference between the two fluid layers). Compared to the reference case of

a single phase flow (−), the presence of two different fluid layers separated

by a deformable interface alters the symmetry of the profile: larger values of

the velocity characterize the thick fluid layer (0 < z < 180), whereas smaller

values of the velocity characterize the thin fluid layer (180 < z < 200). The

lower is the viscosity of the thin layer in contact with the upper wall (i.e. the

lower is λ), the larger are the values of the mean streamwise velocity. This

is consistent with the observed behavior of Q/QSP (Fig. 4.4) and indicates

that the presence of two different fluid layers separated by a deformable

interface suppresses the wall-normal transport of momentum compared to

the case of a single phase flow at the same Reτ .

The suppression of wall-normal momentum transport is the consequence

of the conversion of kinetic energy into work to deform the liquid-liquid

interface (potential energy). Although all the simulations are run with the

same driving pressure gradient (i.e.with the same reference shear Reynolds

number Reτ ), the presence of a deformable interface separating the two

liquid layers alters the slope of the mean velocity at the wall (i.e. alters the

viscous wall stress). The presence of a viscosity difference between the two

layers (λ 6= 1) alters further the symmetry of the profile. The lower is λ,

(i.e. the lower the viscosity of the thin layer), the larger is the mean velocity,

since the rate of change of 〈ux〉 with z is directly linked to the local value

of the viscosity. It is interesting to note that the mean streamwise velocity

〈ux〉 presents an inflection point at the location of the interface. This is

explicitly demonstrated in Fig. 4.6 by looking at the curvature of the mean

streamwise velocity profile, ∂2〈ux〉/∂z2. Differently from the case of a single

phase flow where the curvature is always negative, for the liquid-liquid flow

the curvature of the profile is always negative but in a thin region close to

the fluid-fluid interface (170 < z < 180), where it becomes positive (i.e.
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Figure 4.5 – Mean fluid streamwise velocity 〈ux〉 for the viscosity stratified liquid-
liquid flow at Reτ = 100. Comparison between simulations at different viscosity ratios
λ: λ = 1 (−O−), λ = 0.875 (−�−) and λ = 0.75 (− ◦ −) Results from simulation
of single phase flow at the same reference shear Reynolds number (SP, −) are also
included for comparison.

change of curvature). This behavior is primarily due to the shear exerted

by the layers at the interface and will be further analyzed below within the

discussion of turbulence fluctuations.
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Figure 4.6 – Curvature of the mean fluid streamwise velocity, ∂2〈ux〉/∂z2 for the
viscosity stratified liquid-liquid flow at Reτ = 100. Lines as in Fig. 4.5.
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4.2.5 Rms statistics

To analyze the effect of the viscosity stratification on the behavior of tur-

bulence. The rms of the i component velocities velocity is defined as:

rms(ui) =
1

uτ

√

(ui − ūi)2 (4.10)

we compute the root mean square (rms) of the streamwise, spanwise and

wall-normal fluid velocity fluctuations as a function of the wall normal co-

ordinate z. Results are shown in fig. 4.7. We will consider first the behavior

of 〈u′
x,rms〉, panel a) in Fig. 4.7. Regardless of the value of λ, we clearly

see that velocity fluctuations are only slightly modified (increased) near the

lower wall (0 < z+ < 100), where typical near wall-turbulence is maintained.

The situation remarkably changes near the top wall (100 < z+ < 200).

A first comparison is made between results from the single phase flow

(solid line, −) and results from the two-phase flow at λ = 1 (symbols,

triangledown). Turbulence is substantially suppressed compared to the case

of a single phase flow, since in that region of the channel the deformable

interface converts the kinetic energy of the mean flow into potential en-

ergy (interface deformation with considering Korteweg force ). Note that

a local minimum of 〈u′
x,rms〉 is observed when approaching the location of

the interface (z+ ' 180). The effect of decreasing λ is particularly pro-

nounced in the proximity of the interface (140 < z+ < 190) and is twofold:

it decreases turbulence fluctuations in the thin layer with lower viscosity

(180 < z+ < 190) while decreasing it in the thick layer with larger viscosity.

For completeness, we also compute the behaviour of spanwise (〈u′
y,rms〉,

Fig. 4.7b) and wall normal velocity fluctuations (〈u′
z,rms〉, Fig. 4.7c). A

decrease of turbulence intensities is observed for both 〈u′
y,rms〉 and 〈u′

z,rms〉
in the liquid-liquid interface region (near the upper wall, for z > 120). This

finding agrees with the observation that the presence of the interface reduces

the transport of momentum (in particular in the wall-normal direction) by

converting the kinetic energy of the flow into potential energy (interface

deformation). In the meantime, turbulence intensities are increased near

the bottom wall, as a consequence of the increased shear rate therein ( Fig.

4.8). Note that the shape of the 〈u′
y,rms〉 and 〈u′

z,rms〉 profiles for different λ
is qualitatively similar, although a clear increase of turbulence fluctuations

is observed near the lower wall for decreasing λ (as explicitly shown in Fig.

4.7). With similar arguments, we can also explain the behavior of 〈u′
x,rms〉

for different λ.
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Figure 4.7 – Root mean square of fluid velocity fluctuations, 〈u′
i,rms〉, for the viscosity

stratified liquid-liquid flow at Reτ = 100: a) streamwise component, 〈u′
x,rms〉; b)

spanwise component, 〈u′
y,rms〉, a) wall-normal component, 〈u′

z,rms〉. Lines as in Fig.
4.5.
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Figure 4.8 – Wall-normal behavior of the mean strain rate, γxz = ∂〈ux〉/∂z for the
viscosity stratified liquid-liquid flow at Reτ = 100. Lines as in Fig. 4.5.

4.2.6 Strain rate

With computing our simulation to examine stress profile, we found a link

can be drawn between the behavior of the turbulent fluctuations in the

streamwise direction and the behavior of the mean flow strain rate γxz =

∂〈ux〉/∂z, which is shown in Fig. 4.8. As far as the mean strain rate γxz
is concerned, the behavior in the single phase flow (− in Fig. 4.8) is well

known: |γxz| decreases sharply in the near wall regions while attaining an

almost constant value |γxz| ' 0 in the core of the channel. Compared to

the single phase flow, for the case of the viscosity stratified liquid-liquid

layer |γxz| is increased near the bottom wall (z+ = 0) and decreased near

the top wall (z+ = 200). From a vis-a-vis analysis of 〈u′
x,rms〉 and γxz

we can infer the following: larger strain rates enhance the production of

turbulent kinetic energy through the increase of the production term in the

corresponding balance equation, whereas smaller strain rates reduce it.

In the thin liquid layer, for decreasing λ we observe an increase of

|∂〈ux〉/∂z|, which is in turn associated to an increase of turbulence fluctua-

tions. By contrast, when crossing the interface into liquid layer 2, |∂〈ux〉/∂z|
decreases for decreasing λ, which corresponds to a decrease of turbulent fluc-

tuations.
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Figure 4.9 – Wall-normal behavior of the Reynolds stress, 〈u′
x〉〈u

′
z〉 for the viscosity

stratified liquid-liquid flow at Reτ = 100. Lines as in Fig. 4.5.

4.2.7 Reynolds stress

It has been assumed by [37] that Reynolds stress is a diffusive phenomena

which is concerning to generalize of molecular transport models. The main

target of Reynolds stress analysis in turbulent flow is to explain transport

mechanism of fluid motion which linked to vortical structures in the wall and

during these transport new generation of vortices maintains the Reynolds

stress [9].

In the wall-normal direction, the Reynolds shear stress producing alter-

native events near the wall,which their intensity can be quantified using the

non-dimensional Reynolds stress 〈u′
xu

′
z〉 will be computed in x − z plane.

All the profiles indicate that average Reynolds stress profile reached to equi-

librium shape which balances the mean pressure gradient, which has shown

in Fig. 4.9.

4.2.8 Total shear stress without capillary tensor

In our simulation, we have computed 〈u′
xu

′
z〉+ λ∂〈ux〉

∂z . While λ parameter

will be applied to thin layer, where viscosity ratio changes across interface,

and called viscous shear stress, ∂〈ux〉
∂z is the mean strain rate γxz . As already

shown in Fig. 4.10a), the shape of total shear stress is not what is similar for

single phase simulation at Reτ = 100 and it comes from the capillary tensor
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Figure 4.10 – a) Wall-normal behaviour of the shear stress (without Korteweg stress)

, 〈u′
xu

′
z〉 + λ

∂〈ux〉
∂z

for the viscosity stratified liquid-liquid flow, lines as in Fig. 4.5;

b) Wall-normal behaviour of the viscous shear stress (yellow-dashed line), λ
∂〈ux〉
∂z

,

and the mean strain rate (Solid line),
∂〈ux〉
∂z

, λ = .875 ; c) Wall-normal behaviour of

the viscous shear stress (yellow-dashed line), λ
∂〈ux〉
∂z

, and the mean strain rate (Solid

line),
∂〈ux〉
∂z

, λ = 0.75: at Reτ = 100.
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∂ux/∂z, whose behavior is intimately linked to that of γxz just described.

Instantaneous maps of ωy for the different cases considered in this work

are shown in Fig. 4.11. For the single phase flow (panel a), the vorticity

distribution is almost symmetric and is characterized by long streaky struc-

tures emitted from both the bottom and top walls and reaching the core

of the channel. In the case of viscosity stratified liquid-liquid layers with

equal (λ = 1, Fig. 4.11b) or different viscosity (λ 6= 1, Fig. 4.11c-d), the

flow symmetry is lost. In particular, turbulence is promoted far from the

interface (near the bottom wall in Fig. 4.11), while it is reduced close to

the interface (near the top wall in Fig. 4.11). Interestingly, we note the

production of counterotating rolls induced by the shear at the liquid-liquid

interface (black patches attached at the liquid-liquid interface). Their size

and strength depends primarily on the surface tension at the interface and

on the value of λ, with the intensity of the rolls decreasing with decreasing

λ due to the reduced interfacial friction.

4.3 Turbulence Near-wall region

Since, in current simulation we have considered two walls and we are in

turbulent regime, we should know about transfer mechanism and structures

near wall, actually there have been numerous researches [52, 42, 99, 51, 83,

35, 107, 108] to explain coherent streaky structures of the near-wall. In wall

bounded turbulence there is a mechanism which the streaky structures goes

toward wall direction and they also lifted from wall, which called sweep and

ejection and leads to new streamwise vortices that generate new streaky

motions this is “bursting“ process, which introduced in [91]. The process

called self-sustaining cycle [35] explains turbulence structures of temporally

quasi-cyclic process of regeneration. In each cycle streamwise vortices is

reinforced into streaks through ejection, then these streaks goes down in

the consequence of instability, and again nonlinear interaction of unstable

waves generate the streamwise vortices, the cycle has been shown in Fig.

4.12, and main concept is nonlinear solutions of the Navier-Stokes equation

which numerically are in agreement with the [43], where turbulent structure

near wall amplified even in the quenched situation of outer motions.

Near wall region is filled by smoke areas and border of them has been

determined with penetration of non-turbulent fluid, which influenced the

outer region, these δ scale structures has been called “large-scale motions“

(LSM) or turbulent bulges. It has been confirmed that ejection and sweep

events have been separated by shear layer [77, 2], ejection will be deter-

mined with low movement and negative streamwise fluctuating velocity and
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Figure 4.12 – Schematic diagram of the self-sustaining cycle [35]

positive vertical fluctuating velocity: u′w′ < 0 (second quadrant) , but vice

versa Sweep events have higher movement and positive streamwise fluctu-

ating velocity and negative vertical fluctuating velocity: u′w′ < 0 (fourth

quadrant). Pattern of coherent structure in wall turbulence in a fully devel-

oped channel flow exactly distinguish boundaries between clear areas and

filled smoky areas before and after bursting as shown in work of [1] with

analysing events in quadrant method and finding events in second quadrant,

they are starting to generate immediately and their duration is longer than

forth quadrant while also moving in group, which are in agreement with

that burst are result of stronger group ejections rather than solitary ones

[12, 103].

4.3.1 Boundary layer separation

About describing the line of separation we know that the actual position

of this line of the surface of body will be determined by the properties of

the boundary layer, from mathematical point of view we can show the line

of separation is a line which points are singular points of the solution of

motion equation in boundary layer. With knowledge of the properties of

the separation line, there will be a surface which extends into the fluid and

marks off the region of turbulent flow. Flow is rotational throughout the

turbulent region, but in absence of the separation it would be rotational

only in the boundary layer, where the viscosity has important role; the curl

of velocity will be zero in main stream and we can say the separation cause
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this quantity to to penetrate from the boundary layer into the fluid. By

considering the conservation of the circulation this kind of penetration can

only occur near the surface (in the boundary layer), which called separation

of boundary layer and is shown in Fig. 4.13.

Regarding to designing many aerodynamic devices, investigation of sep-

aration and reattachment of turbulent flows is important. In spite of the

many experimental studies on separated flows, only a limited number of nu-

merical works on separated flows over a flat plate are available, and still the

structure of the separated region needs to be understood. An experimen-

tal and theoretical study about separating and reattaching two-dimensional

turbulent boundary layer on a flat surface has done by [85] and presents

interaction between the vortical region and the irrotational free stream out-

side the separation bubble the interaction between the boundary-layer leads

to separation process.

A separated turbulent boundary layer over a flat plate performed a di-

rect numerical simulation confirms that, Reynolds shear stresses and their

gradients are large away from the wall and thus the largest pressure fluctu-

ations occur in the middle of the shear layer, while flow de attached from

wall [75]. Subject to a strong adverse pressure gradient, another direct nu-

merical simulation has been presented by [98] over the separation bubble

concluded that the turbulent kinetic energy increases as the Reynolds shear

stress, which this mechanism is coming from a lift-up of turbulent fluid from

the wall region that weakens the blocking effect of the wall, which helps to

understanding of many of the complex interactions with essential role in

any turbulent separated flow.

4.3.2 Flow near line of separation

If we consider equation of motion in the boundary layer, the streamline

velocity component (ux) is larger compared to normal velocity (uz), by

this assumption; uz � ux it leads to fluid moves along the surface, and

from the wall moves slightly and no septation can occurs. Actually this

line of separation As usual, x is the coordinate along the surface in the

stream direction, ad z is the distance from the surface. If we have a line

of separation in x − z plane, we will consider a point of in this plane with

x ≡ x0, z = 0.

According to separation we have:

uz(x0, z) = ∞ (4.11)
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surface x=x0

Figure 4.13 – Velocity profile in the boundary layer over a covered surface, last profile
represents reverse flow which is related to separated flow.

It is obvious from Eq. (4.11) that the derivative ∂uz/∂z goes to infinity

at x = x0, from continuity we have:

∂ux

∂x
+

∂uz

∂z
= 0, (4.12)

Which means that (∂ux/∂x)x=x0
is infinite, or

∂x/∂ux = 0 (4.13)

Since, near separation point difference between ux−u0 and x−x0 are small,

from Eq. (4.13), we can expand as x0 − x = f(z)(ux − u0)
2, or:

ux = u0 + α(z)
√

(x0 − x) (4.14)

From Eq. (4.12) we have:

∂uz

∂z
= −∂ux

∂x
=

α(z)

2
√

(x0 − x)
(4.15)

Hence, vz will be:

vz =
β(z)

√

(x0 − x)
(4.16)
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With referring to Navier-Stokes Equation:

vx
∂ux

∂x
+ vz

∂ux

∂z
= ν

∂2ux

∂z2
− 1

ρ

dp

dx
. (4.17)

By looking at Eq. (4.12), the derivative ∂2vx

∂z2 doesn’t go to infinite in

separation point, which same is for dp/dx, it follows to the both terms in

left-hand site of Eq. (4.17) becomes infinite, so we can rewrite:

ux
∂ux

∂x
+ uz

∂ux

∂z
= 0 (4.18)

With the aid of Eq. (4.12):

ux
∂uz

∂z
− uz

∂ux

∂z
= u2

x

∂

∂z
(
uz

ux
) = 0. (4.19)

From Eq. 4.15 and Eq. (4.16) we can define:

uz

ux
=

β(z)

u0(z)
√

(x0 − x)
(4.20)

If we want that Eq. (4.20) will a function of x it should be β(z) = 1
2Au0(z),

where A is constant value. Finally, we can obtain ux and uz as a function

of x near separation point:

uz =
Au0(z)

2
√

(x0 − x)
(4.21)

And,

ux = u0(z) +A(du0/dz)
√

(x0 − x). (4.22)

From Eq. (4.21) we will find while x → x0 and uz becomes infinite. With

considering boundary condition at the wall surface we must have ux = uz =

0 at z = 0. By referring to Eq. (4.21) and Eq. (4.23) it reaches to:

u0(0) = 0, (du0/dz)z=0 = 0. (4.23)

Here we should mention at the point of separation not only ux = 0 the

derivation ∂ux/∂z = 0, by looking at Eq. (4.21) if A becomes zero then

uz(x0, z) 6= ∞ and there fore we don’t have any separation point and for

x > x0 we have (∂ux/∂z)z=0 < 0. When fluid moves away from the wall ux

becomes negative, while the absolute magnitude is increasing. Boundary

layer thickness is really thin and fluid beyond the x = x0 moves in the
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opposite direction of the main stream, which called “back-flow“. We should

mention it is not necessary condition for separation that ∂ux/∂z = 0 which

is happening in back-flow.

To see properties of pressure in separation point from Eq. (4.17) we found

left-hand side is zero.

ν(
∂2ux

∂z2
)z=0 =

1

ρ

dp

dx
(4.24)

It confirms the sign of dp
dx is same as (∂

2ux

∂z2 )z=0. We know that ux is increas-

ing from the wall and in front of separation. At separation point where
∂ux

∂z = 0 we have (∂
2ux

∂z2 )z=0 > 0, thus we can conclude:

(
1

ρ

dp

dx
)x=x0

> 0, (4.25)

Which means near the separation point fluid moves from lower pressure to

the higher pressure and since gradient pressure is related to main stream

velocity Ux therefore:

(
dU

dx
)x=x0

< 0, (4.26)

i.e Velocity of U decreases in the direction of the flow near the separation

point.

4.3.3 Waves and shear stress at walls

Waves and streaks observed in our numerical simulations. Fig. 4.14a-c)

shows contour distributions of the interface elevation η+(x, y, t) and the

shear stress ∂ux

∂z at top wall and bottom wall, the representative time in-

stances is t+ = 1825. The results show that the streaks are observed for

interface elevation are similar to what we see for shear stress at top wall,

but for bottom wall the shear stress contour distribution is totally different,

which means since interface has been located close to top wall the influence

of them on shear stress is more highlighted at top wall.

4.3.4 Near wall Mechanism

As we discussed in Sect. 4.2.3, for all considered λ, we find a slight increase

of the shear stress at the bottom wall, counterbalanced by a corresponding

decrease of the shear stress at the top wall [3], such that the overall friction

is reduced. This observation supports the idea that the turbulent drag

reduction observed here is not only due to the reduced viscosity, but it

is indeed due to the presence of a liquid-liquid interface that converts the
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Figure 4.14 – Snapshots of the instantaneous liquid-liquid interface for elevation and
shear stress at top and bottom wall: a) interface elevation; b) shear stress at top wall;
c) shear stress at bottom wall at a given time instant (t+ = 1825), (black line are
related to negative and red line are for positive value, respectively.



62 4. Results and Discussion

Turbulent Kinetic Energy (TKE) produced close to the wall into potential

energy of interface deformation.

To characterize better the influence of the liquid-liquid interface on the near

wall activity, we compute the Probability Density Function (PDF) of the

wall shear stress at the top and bottom wall for the different cases. In

particular, we consider the normalized deviation of the wall shear stress

with respect to the mean value at the corresponding wall, i.e. τ ′w = (τw −
〈τw〉)/〈τw〉. Results, which are plot in semi-logarithmic scale, are shown in

Fig. 4.15. Symbols refer to the two-phase flow simulations at different λ,

whereas the solid line indicates the single phase case.
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Figure 4.15 – Probability Density Function (PDF) of the normalised wall shear stress
fluctuation τ ′w = (τw − 〈τw〉)/〈τw〉 for all the simulated cases. Panel a) refers at the
bottom wall (z+ = 0) while the panel b) refers at the top wall (z+ = 200). The profile
for the two phase cases (resp. single phase case) are shown with symbols (resp. solid
line).
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At the top wall, the situation changes remarkably. As expected, only

for the single-phase case is the PDF(τ ′w) identical to that observed at the

bottom wall (there is no statistical difference between the two walls for the

single phase case). For all the other cases, the PDF shape is completely

different. In particular, we notice that for decreasing λ (symbols) PDF (τ ′w)

become taller and narrows around the most probable value τ ′w = 0. This

indicates that the wall shear stress fluctuations are largely reduced by the

presence of the liquid-liquid interface, which indeed weakens the turbulent

generation cycle and reduces the wall shear stress fluctuations. We interest-

ingly notice that, while for the single phase case the PDF(τ ′w) is positively

skewed, for the multiphase cases it is negatively skewed. Yet, we observe

the existence of an explosive separation among the PDF profiles of the mul-

tiphase cases (symbols) for τ ′w ≤ −0.3. In particular, the probability of

observing large negative values of τ ′w (τ ′w < −1) increases for increasing λ.

This is extremely important, because the appearance of τ ′w < −1 events

indicates the presence of regions characterized by a local value of the shear

stress τw that changes sign compared to the mean value measured at that

wall. Such shear inversions are a clear footprint of local flow recirculation

patterns. Note that the onset and persistency of recirculation patterns is

specifically linked to the presence of a liquid-liquid interface (characterized

by a finite value of the surface tension) that interacts with the near wall tur-

bulence modifying its dynamics. By contrast, these recirculation patterns

depend only slightly on the value of the liquid viscosity, with a larger effect

observed for λ = 1 (i.e. recirculation patterns have a reduced strength when

the viscosity of the thin layer is reduced, i.e. when λ < 1). This observation

is consistent with the possibility of turbulence reactivation mechanisms due

to the reduced viscosity of the thin liquid layer (layer 1).

To understand the reason why we observe such a peculiar structure of

the wall shear stress at the top wall, we now focus on the behavior of the

interface dynamics. Our intuition is that the deformation of the liquid-

liquid interface can induce a large turbulence modulation characterized also

by the appearance of regions of local flow recirculation. To this aim, we

calculate the PDF of the liquid-liquid interface elevation η+, expressed in

wall units and computed as the difference between the actual position of the

deformed interface and the initial position. Results are shown in Fig.4.16.

Positive values of η+ indicate an interface crest, whereas negative values

of η+ indicate an interface throat. We observe that the PDF(η+) has a

characteristic shape, regardless of the value of λ. The most probable values

of the interface elevation range between −5 < η+ < 5, with maximum at
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Figure 4.16 – Probability Density Function (PDF) of the interface elevation η+ for
all the simulated cases (different values of λ).

η+ ' 10 and minimum at η+ ' −15. This means that the interface deforms

but it does not reach the wall (for which it should be η+ ' 20) and it does

not break. We interestingly note that decreasing λ increases the probability

of having −5 < η+ < +5 while reducing the probability of having large

positive (η+ > 5) and negative (η+ < −5) events. This reflects the obser-

vation that for λ = 1 the interface is smoother, yet characterized by higher

crests and deeper throats. For this reason, and without loss of generality,

in the following we will focus on the case λ = 1, because the modulation of

wall turbulence (induced by the liquid-liquid interface dynamics) we wish

to discuss is emphasized at this value of λ.

4.3.5 Instantaneous profiles and distributions

In Fig. 4.17 we focus on the instantaneous distribution of the shear stress

at the top wall (z+ = 200).

We remark that the mean shear is negative at this wall, i.e. 〈τw〉 < 0.

Yellow regions indicate regions of negative τw (i.e. aligned with the mean

shear) whereas red regions indicate regions of positive τw (i.e. at odds with

the mean shear). The presence of regions in which τw changes sign com-

pared to its mean value indicates the presence of a separation point in the

boundary layer and a corresponding flow recirculation region. One of such

recirculation regions is shown more closely in Fig. 4.17b) and corresponds

to the square highlighted in Fig. 4.17a) and labelled A-A. As mentioned
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Figure 4.17 – Panel a): Instantaneous wall shear stress distribution τw at the top
wall (z+ = 200) computed at t+ = 3650 for the simulation with λ = 1. Red regions
identify positive areas of shear stress, i.e. opposite to the direction of the mean stress
at that wall (〈τw〉 < 0). Panel b): detailed inspection of the shear stress distribution
in the square region A-A identified in panel a). Panels c-d): Streamwise distribution
of the shear stress (panel c) and of the interface elevation (panel d) computed at
y+ = 175.

above, recirculation regions associated to the boundary layer separation are

intimately linked to the dynamics of the underlying liquid-liquid interface.

To draw this link, in Fig. 4.17c-d) we present a vis-a-vis comparison be-

tween τw and η+ measured along the dashed line shown in Fig. 4.17a) (and

located at y+ = 175). Fig. 4.17c) refers to the behavior of τw, whereas

Fig. 4.17d) refers to the behavior of η+. In Fig. 4.17c) the threshold τw = 0

is explicitly shown using a red dashed line. The correlation between τw and

η+ is apparent. When η+ develops a peak, the corresponding value of τw
trespasses the threshold line τw = 0 and favors the appearance of a recir-

culation region. This happens twice at the selected time and y+ position,

namely at x+ ' 50 and x+ ' 420. A further extreme event for η+ occurs at

x+ ' 1000, but in this case the interface elevation is not sufficiently large

to induce the boundary layer separation.

To understand more closely the reason why the boundary layer separates

when the liquid-liquid interface develops a peak, we consider more closely

the dynamics inside the region labelled A-A in Fig. 4.17a). Results, which

are shown in Fig. 4.19 refer to a x+− z+ plane taken at a spanwise location

y+ = 175 and ranging between 400 < x+ < 450 and 170 < z+ < 200. In

this picture, the recirculation region is explicitly visualized through the use
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Figure 4.18 – Instantaneous flow streamlines corresponding to the region labelled
A-A in Fig. 4.17a). The x+-y+ plane is located close to the top wall, at z+ = 199.5.
Contour maps of the streamwise velocity are also shown: red regions correspond to
regions of negative streamwise velocity (flow recirculation) whereas yellow regions
correspond to regions of positive streamwise velocity.

of instantaneous flow streamlines.

To understand more closely the reason why the boundary layer separates

when the liquid-liquid interface develops a peak, we consider more closely

the dynamics inside the region labelled A-A in Fig. 4.17a). Results, which

are shown in Fig. 4.19 refer to a x+− z+ plane taken at a spanwise location

y+ = 175 and ranging between 400 < x+ < 450 and 170 < z+ < 200.

In this picture, the recirculation region is explicitly visualized through the

use of instantaneous flow streamlines. Points A and B correspond to those

highlighted in Fig. 4.17c). Together with the flow streamlines, we also plot

the value of the streamwise velocity (background color map) and of the

interface elevation (solid thick black line). By looking at this picture we

notice that the maximum interface elevation occurs at x+ ' 425, whereas

the recirculation region ranges between 420 < x+ < 445 and has a thickness

of roughly 5 wall units in the wall-normal direction. To further investigate

on the structure of the recirculation region, we propose a top view of the

flow streamlines on the square region labelled A-A in Fig. 4.17a). The new

visualization, proposed in Fig. 4.18, shows the instantaneous flow streamline

on a x − y plane between 300 < x+ < 550 and 50 < y+ < 300 and taken

at z+ = 199.5 (i.e. very close to the top wall). Together with the flow



4.3. Turbulence Near-wall region 67

streamlines, we also plot a counter map of the streamline velocity (red

regions indicates recirculation). We observe that the recirculation region

has a crescent-shaped structure delimited by two curved stagnation lines

(which include points A and B when y+ = 175, which have explained the

mechanism in Sect. 4.3.1).
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Figure 4.19 – Instantaneous flow streamlines corresponding to the region labelled
B-B in Fig. 4.17. The x+-z+ plane is located at y+ = 175. Contour maps of the
streamwise velocity are also shown: red regions correspond to regions of negative
streamwise velocity (flow recirculation) whereas yellow regions correspond to regions
of positive streamwise velocity. Note that the position of the interface is explicitly
indicated by the solid black line.

To explain such a peculiar structure, we computed the contour map of

the two dimensional divergence

∇2D =
∂u+

x

∂x+
+

∂u+
y

∂y+
= −∂u+

z

∂z+
. (4.27)

close to the top wall, at z+ = 199.5. Results are shown in Fig. 4.20. Up-

wards motions of fluids impinging on the wall (i.e. velocity sources usu-

ally called upwellings) are characterized by positive values of ∇2D, whereas

downwards motions of fluid leaving the wall (i.e. velocity sinks usually called

downwellings) are characterized by negative values of ∇2D. Results clearly

indicate that there is a strong upwelling region (420 < x+ < 440) that

slightly precedes a strong downwelling region (440 < x+ < 460). Based on

our results, we envision the following mechanism. When the interface devel-
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ops a peak, (for instance at x+ = 425, see Fig. 4.20) a lump of fluid in the

thin liquid layer is pushed towards the top wall. Since it has a small (but not

negligible) streamwise velocity, it impact the wall producing a stagnation

point at x+ ' 445. Upon impaction with the top wall, the lump of fluid is

split into two branches: one branch moves downstream (towards larger x+)

while one branch moves upstream (towards smaller x+) and produces a re-

circulation region. However, due to the small inertia of this second branch,

the recirculation region extends up to x+ = 420 and cannot move further

upstream. When the incoming stream reaches the recirculation region, it is

forced to move sideways (blockage effect of the recirculation region) gener-

ating the peculiar crescent shape.

We look at two instantaneous profiles of the streamwise velocity. In
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Figure 4.20 – Contour plot of the two dimensional flow divergence, ∇2D = −
∂u+

z

∂z+

for the square area labelled A-A indicated in Fig. 4.17. The horizontal slice is located
at z+ = 199.5. Red regions identify upwellings while yellow regions identify down-
wellings. Contour lines (solid black lines) of the interface elevation η+ are also shown
for comparison.

Fig. 4.21 two velocity profiles extracted at t+ = 3650 are shown. The red

profile refers to the position x+ = 630, y+ = 175, in this position η+ ' 0

(Fig. 4.17 and τw and 〈τw〉 at the top wall (z+ = 200) have the same sign.

By opposite the black line identify the velocity profile along the dashed line

of Fig. 4.19, the line start from the point X of the same figure and which is

located at x+ = 430 w.u. and y+ = 175 w.u., between the two stagnation

points. Comparing the two profile we can observe that for the red profile
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Figure 4.21 – Instantaneous profiles of the streamwise velocity along the z+ direction.
The red line show an instantaneous streamwise velocity profile at x+ = 630 and y+ =
175 along the z+ direction, wall shear stress at the top wall (z+ = 200) are negative
and ux > 0 across all the channel. By opposite black line show the instantaneous
velocity profile at x+ = 430 and y+ = 175, wall shear stress at the top wall are
positive, a recirculation phenomena is present and in a small portion of the z+ axis
ux < 0.

the wall shear stress at z+ = 200 are positive whereas for the profile which

pass through the recirculation zone the wall shear stress at the top wall are

positive. Furthermore we can observe that the recirculation involve only a

small portion of the z+ axis, approximately ' 2− 3 w.u..

4.3.6 Correlation between the interface deformation and

the shear stress

To quantify more closely the correlation between the interface deforma-

tion and the shear stress inversions at the wall (recirculation), we finally

present a joint probability density function between the normalized inter-

face deformation η+/η+max and the corresponding shear stress deviation

τ ′w = (τw − 〈τw〉)/〈τw〉. Results, which are shown in Fig. 4.22, refers to

the top wall (panel a) and to the bottom wall (panel b). The most interest-

ing situation is observed at the top wall (Fig. 4.22a). For negative values

of η+/η+max (i.e. for interface throats), the interface deformation and the

wall shear stress are essentially uncorrelated. The effect of the interface is

in this case limited to an effective shear stress modulation that narrows the
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distribution shear stress distribution around τ ′w = 0. The situation changes

remarkably when we consider positive values of η+/η+max (i.e. for inter-

face crests). In this case, we observe a strong correlation between η+/η+max

and τ ′w. In particular, when η+/η+max increases , then τ ′w becomes progres-

sively larger in magnitude (but with negative sign). In particular, when

η+/η+max → 1, τ ′w < −1. These events represent exactly the generation

of shear stress inversions with the appearance of flow recirculation regions.

This plot undoubtedly demonstrate the strong correlation between the pres-

ence of wave crests and the flow recirculation close to the wall. By contrast,

at the bottom wall (far from the interface, Fig. 4.22b) the correlation be-

tween η+/η+max and τ ′w is completely different. Specifically, we observe that

the joint PDF has in this case a broader area, typical of uncorrelated vari-

ables (τ ′w changes almost independently of η+/η+max). Yet, no shear stress

inversions (i.e. no τ ′w < −1) are observed.
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Figure 4.22 – Joint Probability Density Function (PDF) between the normalized
interface deformation η+/η+max and the corresponding shear stress deviation τ ′w =
(τw−〈τw〉)/〈τw〉. Panel a) refers to the top wall (z+ = 200, i.e. close to the interface).
Panel b) refers to the bottom wall (z+ = 0, i.e. far from the interface).
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4.4 Wave turbulence

The object of this section is to show the wavenumber spectra and discuss

their features in the context of Weak Turbulence Theory (WTT), a statis-

tical theory describing weakly interacting random waves.

Focusing on the specific case of capillary waves, WTT is based on the in-

viscid and irrotational equations of motion (Laplace equation with suitable

boundary conditions on the free surface), which, under the hypothesis of

homogeneity and weak nonlinearity, leads to an evolution equation for the

wave spectrum. This equation is known as the kinetic equation. In the pres-

ence of forcing and dissipation, the kinetic equation has isotropic solutions,

known as Kolmogorov–Zakharov solutions [117], due to the similarity with

Kolmogorov solution in fluid turbulence.

Although WTT is developed under a number of restrictions (weak non-

linearity, homogeneity, isotropy and separation of scales between forcing

and dissipation), it has already been observed in [8] that some theoretical

predictions can hold even if such hypotheses are not fully met. Further con-

firmations of WTT have also been obtained in a number of experimental

works [109, 53, 30, 36, 27, 70].

In a recent Numerical studay [122], it has been also shown that WTT can

be recovered even if waves are forced by turbulence over a broad range of

length scales, hence preventing from a clear definition of a scale separation

between forcing and dissipative scales. These results can be important in

possibly clarifying the issue related to the role of viscous dissipation in the

capillary wave range.

In the capillary regime, the theory predicts a direct cascade of energy

E(k) ∼ k−15/4, with k =
√

k2x + k2y. In the following, we will try to compare

the theoretical predictions given by WTT with the results of our simulations

in the statistically stationary regime.

4.4.1 Dimensional derivation of capillary wave

Capillary waves has been the subject of many investigations, for better

understand of these mechanism in following: we will show relation between

frequency and wave number with a prototype of [76].

First of all we find the physical dimension of the energy spectrum for general

d-dimensional wave systems. Let us suppose that that the d-dimensional

energy density, E, is finite in physical space. Here is a short cut way of

finding the energy spectrum dimension. For an incompressible fluid, simply
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we can use ρ = 1, which means that we have chosen the system of units

where m and V have the same physical dimension and the dimension of

mass can be l3, if we deal in isotropic system related spectral energy density:

Ek = ωkηk only depends on the wave number (k), for physical dimension of

the energy in such system we can write:

[E] = [
1

2
mv2] =

[l]5

[t]2
(4.28)

For energy density (energy per unit volume or area or length) it will be:

[E]

[ld]
= [

∫

E
(1D)
k dk] = E

(1D)
k [l−1] (4.29)

By substituting in Eq. (4.28) we reach to:

[E
(1D)
k ] =

[l]6−d

t2
(4.30)

If we want to know about energy flux dimension, by considering energy

balance equation it will be:

Ė1D + ∂kε = 0 (4.31)

Where ε is energy dissipation rate and its dimension is:

[ε] =
[l]5−d

t3
(4.32)

In the case of considering a physical wave system characterized by a single

dimensional parameter, which is valid for all related systems, we can define

λk from dispersion relation, where its dimension depends on α:

[ωk] = λα
k (4.33)

Dimension of λk arrives to:

[λk] = [ω][k]−α = [t]−1[l]α (4.34)

From above relation, the original physical constant like: surface tension will

then be uniquely determined in terms of k. In a system by N wave processes

from Eq. (4.31) we have:

ε ∼ Ė ∼ EN−1 (4.35)
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Relation of Eq. (4.35) and expressions Eq. (3.6) and Eq. (4.34) make the

scaling for the energy spectrum as:

Ek ∼ λx
kε

1
N−1 ky (4.36)

Keeping in mind that dimension of ε goes to: [ε] = [u
2

t ] =
l2

t3 and By Eq.

(4.28) and Eq. (4.34) we will obtain:

x =
2N − 5

N − 1
y = (d− 6 + 2α) +

5− d− 3α

N − 1
(4.37)

For capillary wave, wave system is dealing with N = 3, d = 2 and

ω = σ
1
2 k

3
2 , σ is surface tension and thus α = 3

2 , which is in agreement

with what we have mentioned in Sect. 4.1.1, Eq. (4.36) and leads to find

the Zakharov-Filonenko spectrum [116].

4.5 Wave growth

The dynamics of the deformable interface is coming from the interaction

between external forcing (pressure/velocity fluctuations and large-scale co-

herent structures) and restoring forces (surface tension). For more discus-

sion about wave growth in our numerical method, we have calculated root-

mean-square (r.m.s.) of the interface amplitude in time, ηrms = 〈η(t)〉1/2 ,

by selecting one case study: λ = 1.0, with reference to Fig. 4.23, the inter-

face dynamics is changing by time and wave growth has a linear expression

in the principal stage of development and this result confirms growth rate

of ηrms(t) is independent of the physical parameters in the simulations and

capillary effects are always dominate, which has been discussed by [122], as

we see in Fig. 4.23 after passing transient ηrms reaches to an asymptotic

value, indicating a saturation for the growth of the interface amplitude.

4.5.1 WTT of capillary waves

With consideringWTT, infinite domain and dissipation at only high wavenum-

bers for capillary waves underlying [89, 100] shows the isotropic spectrum

of surface elevation reaches to a closed-form stationary solution and energy

supply at larger scales will be balanced by energy dissipation at smaller

scales:

If we consider isotropic solutions for capillary regime like as [117], direct

cascade of energy should follow:

Ek ∼ k
−15

4 (4.38)



4.5. Wave growth 75

0.001

0.1 1 10

∝ t

〈η
2
〉1

/
2

t(s)

Figure 4.23 – Time evolution of the ηrms = 〈η(t)〉1/2 for the simulation λ = 1.0
(black line), initial stage wave growth as a linear function of t (dashed line).

Here, we use k to represent vector wavenumber, where k = k2x + k2y. The

validity of Eq. 4.38 have investigated numerically in consistent with the

theoretical value [88, 89, 30, 26], but in some experiments deviations are

reported such as [109, 15].

Kinetic equation (KE) is a way to check weak-turbulence theory [88],

which can be determined by direct numerical solution of the nonlinear equa-

tion and wave interaction, which later confirmed by experiments [104], while

some results only related to isotropic [115] and some other are presenting for

anisotropic [104]. Still, there is long way to better understand of the prob-

lem regarding the discrete capillary wave turbulence in the framework of the

KE, and is not directly applicable. In following, we are going to examine

our direct numerical simulation for checking weak turbulence theory.

4.5.2 Spatial spectrum

The first application of the numerical simulation is to investigate isotropic

turbulence of capillary waves, and evaluate the validity of WTT. We an-

alyzed the turbulent regime by using Fourier analysis, for capillary waves

the wavelength is very short and surface tension acts on the surface bound-

ary condition, we compute the two dimensional Fourier transform in a time

of η(kx, ky) to obtain the E(kx, ky, t) =
∫

η(kx, ky, t)e
−i2π(kx+ky)dkxdky for
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three simulations: λ = 1.0, λ = 0.875 and λ = 0.75 at one time snap-

shot t+ = 1850, where is in fully developed turbulent zone, selected results

in Fig. 4.24 exhibits wave energy is distributed at certain selected wave

components, which confirms angular properties of spectrum is relevant to

strong anisotropy [121, 66]. The spread of the energy around the dissipa-

tion is much wider means stronger nonlinearities [5] and this nonlinearity is

due to larger amplitude. Wider spread of energy shown in Fig. 4.24b) and

Fig. 4.24c) compare to Fig.4.24a), as expected a high energy wave is char-

acterized by a high amplitude; a low energy wave is characterized by a low

amplitude, which smaller amplitude of waves can be observed in λ = 0.75.

We are looking for consistency with theoretical predictions in weak

turbulence theory, so by computing time-averaged wavenumber spectrum

E(kx) =
1
∆t

∫

t
η(kx, ky, t)

∫

ky
dkydt of interface structure over a period ∆t =

15(s), coming spectrum results as a function of the wavenumber in the

streamwise direction kx in Fig. 4.25 shows: the range scale is in following

of k
−19

4
x , which is in the good agreement between DNS and wave turbulence

theory [88], these spectra are in range scale as k
−19

4
x instead of k

−15

4
x due

to averaging over y direction [121], we clearly observe results are almost

similar in three cases of simulations, which is related to small difference in

viscous ratio, and also it is clear that energy is transferred from large scale

(injection) to small scale (viscous dissipation), if we look at Fig. 4.25a-c) our

results are similar to what expected from [25], where for small viscosity (i.e.,

low dissipation) power-law exponent will be what was expected from theory.

In this Section, by presented results from direct numerical simulations

of capillary wave turbulence. Under the WTT assumptions, the unsteady

solution of the KE leads to a time-varying spectral amplitude proportional

to time and we were able to confirm the WTT with k−19/4 scaling. These

results also confirms, even waves are in anisotropy situation, it does not

play a significant role in the estimation of the spatial spectrum exponent

[36], which is in contrary with [86]. We also should consider damping as-

sumption regarding considering viscosity in three cases of simulations, but

in our numerical simulation viscosity is small and viscous stress has a small

influence on damping [60, 64, 41].
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Figure 4.24 – Two dimensional wavenumber spectrum E(kx, ky , t) for one time snap-
shot: at time t+ = 1850 for three simulations, a) λ = 0.75 ; b) λ = 0.875 ; c) λ = 1.0,
which illustrates the anisotropy in the (kx, ky) space.
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Figure 4.25 – Time-averaged wavenumber spectrum E(kx) =
1

∆t

∫
t η(kx, ky , t)

∫
ky

dkydt of interface structure over a period ∆t = 15(s) for

three simulations: a) λ = 0.75 ; b) λ = 0.875 ; c) λ = 1.0, in steady state situation.
Dashed lines have slopes −19/4.
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4.6 Conclusions

In this chapter Direct Numerical Simulation (DNS) has been used to study

the turbulent Poiseuille flow. A thin low viscosity layer flows on the top of

a thick fluid layer. The two liquids are separated by a deformable interface

and flow in a rectangular channel. The layers have matched density, ρ1 = ρ2,

but different viscosity ν1 6= ν2. Three different values of the viscosity ratio

has been considered: λ = ν1/ν2: λ = 1, λ = 0.875 and λ = 0.75. Compared

to the single phase flow, the presence of a liquid-liquid interface altered sig-

nificantly the overall fluid dynamics of the system. Regardless of the value

of λ, the volume flowrate across the channel section increased, indicating a

significant turbulence reduction due to the conversion of the mean kinetic

energy into potential energy at the deformed liquid-liquid interface (work is

spent to deform the interface, where Korteweg force effects). These effects

increased for decreasing λ.

Compared to a single phase flow at the same shear Reynolds number

(Reτ = 100), in the two phase flow case we observed a decrease of the

wall-shear stress and a strong turbulence modulation in particular in the

proximity of the interface.

We focused more closely on the interaction between the interface dynamics

and the near wall turbulence, in particular, we find that the modulation

of turbulence induced by the liquid-liquid interface is so important that

wall shear stress inversions and local recirculation regions can be observed.

These findings have been properly quantified and have been linked to the

topology of the flow and of the deformed interface. The liquid-liquid in-

terface interact with the near-wall turbulence structures modifying them.

These modifications can be quantified considering the Probability Density

Function (PDF) of the wall shear stress at the top wall, large positive fluctu-

ations are inhibited whereas large negative fluctuations are promoted. The

increased probability of negative fluctuations determine the presence of re-

circulations, regions characterized by a local value of the wall shear stress

τw that changes sign compared to the mean value measured at that wall.

These events are strongly correlated with the interface elevation as shown

by the joint probability density function of wall shear stress and interface

elevation. The observed results depend primarily on the interface deforma-

bility and on the viscosity ratio between the two fluids (λ).



80 4. Results and Discussion

Furthermore direct numerical simulation applied to analyze the weak

turbulence theory in capillary wave turbulence, after flow reaches to steady

sate computed wave spectrum was in agreement with the predicted wave

turbulence, these numerical results confirms two dimensional wavenumber

spectrum interface is deforming in anisotropic turbulence.



5
Conclusions and future work

The major topic of this thesis is study of Direct Numerical Simulation (DNS)

for turbulent Poiseuille flow. A thin low viscosity layer flows on the top of

a thick fluid layer. The two liquids are separated by a deformable inter-

face and flow in a rectangular channel. The layers have matched density,

ρ1 = ρ2, but different viscosity ν1 6= ν2. We consider three different values

of the viscosity ratio λ = ν1/ν2: λ = 1, λ = 0.875 and λ = 0.75. Simu-

lations are run at a reference Reynolds number Reτ = 100 (defined based

on the physical properties of fluid 2, i.e. the thicker fluid layer), leading to

a fully developed turbulent flow; namely the bulk Reynolds number based

on the mean flow velocity ub is Reb = 2ubh/ν = 2500; and for the the two

phase system (distribution of φ) initializing the order parameter such that

the interface is initially located close to the upper boundary (h2/h1 = 9);

turbulence adjusts to the new physical configuration (transient behaviour)

and finally reaches a new statistically steady state condition; after a sta-

tistically steady state condition is reached, results are collected for a long

enough time window to ensure statistical convergence of the results. Nu-

merical Simulations are based on a Phase Field Method (PFM) approach to

track the interface position and describe the spatial and temporal evolution

of it.

Compared to the single phase flow, the presence of a liquid-liquid inter-

face altered significantly the overall fluid dynamics of the system. Regardless

of the value of λ, the volume flowrate across the channel section increased,

indicating a significant turbulence reduction due to the conversion of the

mean kinetic energy into potential energy at the deformed liquid-liquid in-

terface (work is spent to deform the interface). These effects increased for

decreasing λ.

The presence of a liquid-liquid interface altered significantly the overall fluid

dynamics of the system. For all the values of λ tested, an increase of the

flow rate of the thicker layer is observed. The liquid-liquid interface in-
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teract with the near-wall turbulence structures modifying them . These

modifications can be quantified considering the Probability Density Func-

tion (PDF) of the wall shear stress at the top wall, large positive fluctua-

tions are inhibited whereas large negative fluctuations are promoted. The

increased probability of negative fluctuations determine the presence of re-

circulations, regions characterized by a local value of the wall shear stress

τw that changes sign compared to the mean value measured at that wall.

These events are strongly correlated with the interface elevation as shown

by the joint probability density function of wall shear stress and interface

elevation.

Presented results is also important to understand nonlinear wave dynamics

within a two-layer fluid with the study of Weak Turbulence Theory (WTT)

of capillary waves. The main objective of this investigation was to obtain a

clear development of the power-law spectrum, while a direct comparison is

consistent with the theoretical value. It also opens new challenge in order

to better understand wave turbulence and the influence of the oil and water

flow.

The stronger effect on the flow field in the liquid-liquid flow is due to

the present of the interface. However, changing the viscosity ratio (even

only slightly) has definitely a non-negligible effect. Note that simulating

smaller value of λ (λ ∝ 10−1 ÷ 10−3) would require large computational

resources (the local Reynolds number increases for decreasing λ) that at

present cannot be afforded. We believe that this is the first 3D Direct

Numerical Simulation on the present issue, and serves as a proof of concept.

In the future we plan to extend the present study to larger values of λ to

investigate more accurately the role played by viscosity in the dynamics of a

liquid-liquid confined flow. Note that one of the main objective of this thesis

was to evaluate the influence of the liquid-liquid interface (characterized by

a given surface tension) and of the viscosity ratio on the average properties

of the flow (chiefly the mass flowrate and the skin friction). To achieve this

goal, we have also shown the influence of the interface surface tension σ on

the average strain, vorticity and velocity fluctuations and the interaction

between the interface dynamics and the near wall turbulence. (in Chap. 4).

Obtaining accurate estimates for the relative importance of the different

terms of the Navier-Stokes equations is very important to understand the

dynamics of turbulent transport in a liquid-liquid channel flow. This will

be the subject of a future work, in which Turbulent Kinetic Energy (TKE)

budgets will be computed and discussed to evaluate the contribution of the

different terms of Navier-Stokes into the overall energy balance.
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A.1 Aliasing errors

Such errors has bee discussed first time by [79] which called 2
3 in numerical

turbulence studies. For partial differential equations, for non-linear terms

high frequency will be created and for NS equations this these terms called

convective are of quadratic order, we follow the methods explained by [105]

if we consider a product between two functions u and v. By transforming

to Chebyshev space N th order will be:

Uj =

N
∑

m=0

ûmTm(xj)

≤ j ≤ N

Vj =

N
∑

n=0

v̂nTn(xj

(A.1)

By following Gauss-Lobatto grid rules:

xj = cos(πjN), Tm(xj) = cos(mπj/N) (A.2)

Then for product term Zj = Uj∆Vj Chebyshev expansion will be:

ẑk =
1

γk

N
∑

j=0

ZjTk(xj)wj , (A.3)
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Where Eq. (A.3) is a convolution sum, If we normalized factors after weight-

ing it gives:

wj =

{

π/2N j = 0, N

π/N 1 ≤ j ≤ N − 1
γk =

{

π k = 0, N

π/2 1 ≤ k ≤ N − 1
(A.4)

By substituting Eq. (A.1) into Eq. (A.3) it reads:

ẑk =
1

γk

N
∑

j=0

N
∑

m=0

N
∑

n=0

ûmTm(xj)v̂nTn(xj)Tk(xj)wj

=
1

4γk

N
∑

j=0

wj

N
∑

m=0

N
∑

n=0

ûmv̂ncos(aj(m− n+ k)) + cos(aj(m− n− k))

+cos(aj(m− n+ k)) + cos(aj(m+ n+ k)) + cos(aj(m+ n− k)),

(A.5)

Where aj = πj/N , orthogonality properties of Chebyshev Polynomials

gives:

1

N + 1

N
∑

J=0

Tp(xj) =
1

N + 1

N
∑

J=0

cos(π/N) =

{

1 if p = 2Nm m = 0,±1

0 else

(A.6)

Then Eq. (A.5) leads to:

ẑk =
π

4γk
[

∑

m−n+k=0

ûmv̂n +
∑

m−n−k=0

ûmv̂n +
∑

m−n−k=0

ûmv̂n+

∑

m+n−k=0

ûmv̂n] + [
∑

m−n+k=2NP

ûmv̂n +
∑

m−n−k=2NP

ûmv̂n+

∑

m−n−k=2NP

ûmv̂n +
∑

m+n+k=2NP

ûmv̂n]

(A.7)

Here, p = 0,±1, ... if you look at Eq. (A.7) the second pair inside bracket

are aliasing errors, we are looking for minimum M to choose high frequency

number to zero, for instance ifm+n+k = 2M , regarding to whenm = n = k

will be worse case, the best value for k is locating outside the useful range,

so k = N + 1.

In conclusion, a convenient value of M for eliminating alias term in

pseudospectral method is:

M ≥ 3(N + 1)

2
− 1 (A.8)
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which in this kind of transformation from physical space only M = 3(N +

1)/2 − 1 points are chosen but only N chebyshev modes are keeping in

spectral space, and the rest will be padded with zero, which called de-

aliasing technique and is sometimes referred to as the 2/3-rule. By comput-

ing derivative of coefficients of product in Chebysheve Space:

Z ′(xj) =

N
∑

m

ẑm
(1)Tm(xj)

Actually, derivative in Chebyshev mode will follows [18], if you look at last

formula above we have:

ẑm
(1) =

2

cm

∑

p=m+1
p+m odd

pẑp, cm =

{

2 if m = 0

1 else
(A.9)

When we take derivative orders will decreased in a recurrence relation,

which means chebyshev truncation and interpolation do not commute with

differentiation [18], so after applying 3/2 rule when data passed to spectral

space truncation should be used, which preventing coefficients that cause

aliasing in the range of N + 1 ≤ k ≤ M from useful range: 0 ≤ k ≤ N .
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C3 Ahmadi, S., Roccon, A., Zonta, F. and Soldati A.†, (2016) Viscosity

stratified fluids in turbulent channel flow. APS-DFD Annual Meeting,

Portland (OR, USA), November 20-22, 2016.

C2 Ahmadi, S.,† Roccon, A., Zonta, F. and Soldati A., (2016) Effects

of viscosity stratified fluids on turbulent channel flow. ERCOFTAC

ADA Pilot Centre Meeting, Linz (Austria), November 11, 2016.

C1 Ahmadi, S.,† Roccon, A., Zonta, F. and Soldati A., (2016) Turbulent

modulation in double layer multiphase flow. International Conference

on Multiphase Flow, Florence (Italy), May 22-27, 2016.



88 B. Publications, courses and projects

B.3 Advanced Courses

A5 Wall-Bounded Turbulence, International Centre for Mechanical

Sciences (CISM), Udine (Italy), July, 2016. Coordinated by: Prof. S.

Pirozzoli (Sapienza University of Rome, Roma, Italy).

A4 Small Scale Modeling and Simulation of Turbulent Multi-

phase Flows, International Centre for Mechanical Sciences (CISM),

Udine (Italy), May, 2016. Coordinated by: Prof. S. Vincent (Paris-

Est Marne-La-Vallée University, Marne-La-Vallée, France) and Prof.

J. L. Estivalezes (ONERA, Toulouse, France).

A3 Mixing and Dispersion in Flows Dominated by Rotation and

Buoyancy, International Centre for Mechanical Sciences (CISM),

Udine (Italy), July, 2015. Coordinated by: Prof. G. J. van Heijst

(Eindhoven University of Technology, The Netherlands) and Prof. H.

Clercx (Eindhoven University of Technology, The Netherlands).

A2 Dynamic of Bubbly flows, International Centre for Mechanical

Sciences (CISM), Udine (Italy), June, 2015. Coordinated by: Prof.

F. Risso (CNRS and Université de Toulouse, France) and Prof. C.

Sun (University of Twente, The Netherlands).

A1 Simulation of dispersed flows at the particle level, University

of Udine, Udine (Italy), December, 2015. Coordinated by: Prof. J.

Derksen (University of Aberdeen, United Kingdom).
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