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Most of the results available on the inverse problem of determining loads acting on elastic

beams or plates under transverse vibration refer to single beam or single plate. In this

paper we consider the determination of sources in multi-span systems obtained by con-

necting either two Euler-Bernoulli elastic beams or two rectangular Kirchhoff-Love elastic

plates. The material of the structure is assumed to be homogeneous and isotropic. The

transverse load is of the form g(t)f(x), where g(t) is a known function of time and f(x) is

the unknown term depending on the position variable x. Under slight a priori assumptions,

we prove a uniqueness result for f(x) in terms of observations of the dynamic response

taken at interior points of the structure in an arbitrary small interval of time. A numerical

implementation of the method is included to show the possible application of the results

in the practical identification of the source term.

Keywords: Mechanics of deformable bodies, Euler-Bernoulli equation, Kirchhoff-Love

plate equation, Inverse problems.

1 Introduction

The identification of forcing terms in beams and plates by measurements of the dynamic

response has attracted increasing interest in the inverse problems community in the last

years, both from the theoretical and applied point of view. Applications may concern,

for example, the determination of the spatial support and magnitude of the contact

force produced during impact of objects or the determination of the time-history of wind

pressure on exposed surfaces.

It is not easy to draw a complete bibliographic overview on this topic. Here, we limit

ourselves to mention some of the contributions from which the interested reader can

certainly obtain more information. We recall that the typical mechanical model consid-

ered in the literature is either a single beam element or a single rectangular plate under

infinitesimal transverse vibration. Here we use the word infinitesimal to designate trans-

verse movements that are small enough so that the linear theory of beams and plates

give a good approximation to the behavior of more complex models. The forcing term

is usually taken as g(t)f(x), where g = g(t) is a known function of time and f = f(x)

is the unknown spatial term depending on the position variable x. It should be noted
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that this decomposition in spatial and temporal part of the acting load can be found in

various engineering contexts and in the corresponding code design requirements. Among

other applications, we recall the case of blast loading, in which the actions exerted on

an exposed structure are modeled as the product between an impulsive (e.g., short du-

ration) function on the time variable and an unknown spatial distribution [1]. Similar

load decomposition is also frequently used in ship loading modeling [2]. The material

is assumed to be homogeneous and isotropic, and the dynamic response is determined

within the framework of the Euler-Bernoulli or Kirchhoff-Love theory for slender beams

and thin plates, respectively.

Presentations of the identification problem for single beams, with comprehensive lists

of articles can be found in [3]. For plates, Yamamoto [4] proved that the observation of

the response of a simply supported rectangular plate on a small segment inside the plate

during a sufficient long interval of time is enough to determine uniquely f . Extensions

to similar problems for a beam equation were also provided in [4]. Along this line of

research, it was recently shown in [5] that identification of source terms in plates is also

possible when observing a part of the boundary, even for arbitrary small intervals of

time. Nicaise and Zaïr [6] considered the determination of the spatial term f given by a

linear combination of an unknown finite number of Dirac deltas (e.g., point sources), with

both unknown support and amplitude, in a uniform clamped-clamped beam in bending

vibration. The authors proved that the measurement of the curvature of the transverse

displacement at one end of the beam in an arbitrarily small time of observation determines

uniquely f . Conditional stability and reconstruction schemes were provided in the paper.

An extension of the above results to the unique and conditionally stable determination

of point sources in a clamped rectangular plate from the observation of the Laplacian

of the transverse displacement at a suitable subset of the boundary of the plate, for a

sufficiently large time of observation, was obtained by Zaïr [7]. A vibrating plate with

lower order terms and with more regular spatial forcing term f (e.g., f ∈ H1
0 (Ω), where

Ω is the mid-plane of the plate) was considered by Wang [8]. Assuming that both the

transverse displacement and its Laplacian vanish on the boundary of the plate, the author

found conditions for the unique determination of f from the boundary observation of the

normal derivative of both the transverse displacement and of its Laplacian on a suitable

subset of the boundary of the plate for an arbitrarily small time of observation. An

extension of the results by [8] was provided by Alves et al. [9]. By using the same data as

in [8], Alves et al. established the identifiability for a source term given by
∑N

j=1 gj(t)δξj
,

where gj(t) are suitable (but unknown) functions of time and δξj
are Dirac deltas with

support ξj ∈ Ω, j = 1, ..., N , N unknown. Suitable extensions to measurements taken in

the interior of the plate and conditional stability results were also provided in [9].

All the previous results refer to the inverse problem of identifying a source term in

either a single beam or in a single plate. In the construction of modern mechanical

and civil engineering structures, single beams or rectangular plates are connected to

obtain continuous multi-span beams or multi-span plates placed over intermediate point

(beams) or line (plates) supports. In spite of their importance, to our knowledge, studies

on source identification for this class of structures are rare. It should be also noticed

that the analysis of this inverse problem is not only important per se, but it will provide

a theoretical foundation to other identification methods, such as the Statistical Energy
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Figure 1. Two-span plate simply supported at the boundary and with an interior line
support.

Method, which are used to locate vibration sources in complex structures by the flow

energy balance among their components and by measurements taken on few accessible

sites only. For the sake of completeness, we recall that Nicaise and Zaïr have considered

in [10] the problem of determining point sources in a mechanical system obtained by the

connection of a finite number of taut strings from Neumann boundary observations taken

on a part of the boundary of the system. However, the analysis of string-like structures

involves second order differential operators in the space variable rather then fourth order

as in the case of beams and plates. We are unaware of analogous results on multi-span

beams or plates, and the present research is a contribution to this issue.

In this paper we consider a system composed either by two connected beams or by two

connected rectangular plates. In spite of its simplicity, this multi-span system retains all

the essence of the problem of transmission of information in the form of waves across an

internal - point or line - support for the unique identification of loads from measurements

of the vibratory response. It will be clear from the subsequent analysis how the proofs

can be extended to multi-span beams and plates formed by any finite number of spans.

In order to present our main result, in this introduction we will refer to the plate system

formed by two rectangular plates of dimensions a×L and b×L, and constant thickness,

shown in Figure 1. The plates are perfectly connected along the internal line support

γ = {(x, y) ∈ R2| x = a, 0 ≤ y ≤ L}, and the boundary ∂Ω of the whole multi-span

plate Ω = (0, a+b)×(0, L) is simply supported, that is the transversal displacement of the

plate and its Laplacian vanish on ∂Ω. As mentioned at the beginning of this section, the

material is assumed to be homogeneous, linearly elastic and isotropic. The infinitesimal

transverse vibrations under the load g(t)f(x, y), where g ∈ C1([0, T0]) is a given function

of time and f ∈ H−1(Ω \ γ) is a function to be determined, are described within the

Kirchhoff-Love theory of thin plates.

The boundary conditions imposed on ∂Ω prevent to obtain enough information about

the unknown spatial source term f from measurements taken at the boundary. Therefore,

the inverse problem of determining f is formulated in terms of internal observations. Un-
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der the additional assumption g(0) 6= 0, we prove that the knowledge of the time-history

of the transverse displacement of the plate measured in an arbitrarily small neighborhood

of the line {(x0, y), 0 ≤ y ≤ L}, where x0 is any point of the set (0, a) ∪ (a, a+ b), for an

arbitrarily small registration time, is enough for the unique determination of the function

f . We refer to Theorem 2.1 for a precise statement and for the corresponding result for

a multi-span beam system. The method used to prove uniqueness is essentially based on

the series representation of the dynamic response of the structure on its eigenfunction

basis, and on the analysis of the almost periodic distribution that arises from it. This

idea was originally used by Kawano in [11] to prove that the measurement of the dynamic

response of a rectangular plate on a line segment, having arbitrary length and parallel to

one of the sides of the plate, is enough for the unique determination of the spatial load

distribution, provided that the time-interval of observation is long enough.

The paper is organized as follows. The formulation of the inverse problem and the

main uniqueness result (Theorem 2.1) are presented in Section 2. Section 3 is devoted

to the analysis of the dynamic response of the multi-span beam or plate system via

eigenfunction series representation. A proof of Theorem 2.1 is presented in Section 4. A

numerical implementation of the method is shown in Section 5.

2 Main result

The first model that we shall consider is a thin Euler-Bernoulli beam made by homoge-

neous linearly elastic isotropic material. The beam has two spans of length a and b, it is

supported at the ends x = 0, x = a + b and also at the point x = a separating the two

spans. The infinitesimal, undamped, transverse vibrations u = u(x, t) under the external

transverse force g(t)f(x) are governed by the problem



∂4u(x,t)
∂x4 + ∂2u(x,t)

∂t2 = g(t)f(x), (x, t) ∈ (Ω1 ∪ Ω2) × (0, T0),

u(0, t) = ∂2u
∂x2 (0, t) = 0, t ∈ (0, T0),

[[u(a, t)]] = 0, t ∈ (0, T0),

u(a, t) = 0, t ∈ (0, T0),

[[ ∂u
∂x (a, t)]] = 0, t ∈ (0, T0),

[[ ∂2u
∂x2 (a, t)]] = 0, t ∈ (0, T0),

u(a+ b, t) = ∂2u
∂x2 (a+ b, t) = 0, t ∈ (0, T0),

u(x, 0) = ∂u
∂t (x, 0) = 0, x ∈ Ω1 ∪ Ω2,

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

where T0 > 0 is an arbitrary time, Ω1 = (0, a) and Ω2 = (a, a + b) denote the left and

right span, respectively, and [[u(a, t)]] = limx→a+ u(x, t) − limx→a− u(x, t). In the above

equations, for the sake of simplicity, the bending stiffness and the mass per unit length

of the beam are assumed to be unitary. We notice that the jump conditions (2.3)–(2.6)

state that the two ends of the beam x = a− and x = a+ are perfectly connected at x = a,

and the beam is simply supported at x = a. The support at x = a acts on the beam as

a concentrated transverse force V (t)δa, where V (t) is a unknown function and δa is the

Dirac’s delta with support at x = a.
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Under the assumption g ∈ C1([0, T0]) and f ∈ H−1(Ω1 ∪ Ω2), there exists a unique

solution u(x, t) to (2.1)–(2.8) and u ∈ C0([0, T0], H2(Ω1 ∪Ω2)) ∩C1([0, T0], L2(Ω1 ∪Ω2)).

We shall now introduce the motion problem for the two-span continuous thin elastic

plate shown in Figure 1. The plate is formed by two rectangular plates, having mid-

plane Ω1 = (0, a) × (0, L) and Ω2 = (a, a+ b) × (0, L), perfectly connected along the line

γ = {(x, y)| x = a, 0 ≤ y ≤ b}. Let us assume that the material is homogeneous, linearly

elastic and isotropic, and that the whole plate is simply supported at the boundary and

along the line γ. Let us denote Ω = Ω1 ∪ Ω2 = {(x, y)| 0 ≤ x ≤ a+b, 0 ≤ y ≤ L}. Working

in the framework of infinitesimal deformations and under the kinematical assumptions of

the Kirchhoff-Love theory, the dynamic equilibrium problem under the transverse force

g(t)f(x, y) is described by the following boundary value problem



∆∆w(x, y, t) + ∂2w(x,y,t)
∂t2 = g(t)f(x, y), (x, y, t) ∈ (Ω1 ∪ Ω2) × (0, T0),

w = ∂2w
∂ν2 = 0, on ∂Ω, t ∈ (0, T0),

[[w(a, y, t)]] = 0, 0 ≤ y ≤ L, t ∈ (0, T0),

w(a, y, t) = 0, 0 ≤ y ≤ L, t ∈ (0, T0),

[[ ∂w
∂x (a, y, t)]] = 0, 0 ≤ y ≤ L, t ∈ (0, T0),

[[ ∂2w
∂x2 (a, y, t)]] = 0, 0 ≤ y ≤ L, t ∈ (0, T0),

w(x, y, 0) = ∂w
∂t (x, y, 0) = 0, x ∈ Ω1 ∪ Ω2,

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

where w = w(x, y, t) is the transverse displacement of the point (x, y) belonging to the

mid-plane of the plate at time t, ν is the unit external normal to Ω and T0 > 0 is

an arbitrary time. In the above equations, ∆ is the Laplacian operator with respect

to the spatial variables x, y and for every y ∈ [0, L] we have defined [[w(a, y, t)]] =

limx→a+,x∈Ω2
w(x, y, t) − limx→a−,x∈Ω1

w(x, y, t). Moreover, to simplify the notation, we

have considered unitary bending stiffness and surface mass density. We recall that the

jump conditions (2.11)–(2.13) follow by the continuity of w and its first x-partial deriva-

tive on the internal support γ, whereas (2.14) expressed the continuity of the bending

moment Mxx = −
(

∂2w
∂x2 + σ ∂2w

∂y2

)
at γ, where σ is the Poisson’s coefficient of the ma-

terial. It should be noticed that, analogously to the beam system, the internal support

acts on the plate as a concentrated transverse force W (y, t)δa along the segment γ, where

W (y, t) is a unknown function.

Concerning the direct problem (2.9)–(2.15), if g ∈ C1([0, T0]) and f ∈ H−1(Ω\γ), then

there exists a unique solutionw andw ∈ C0([0, T0], H2(Ω1∪Ω2))∩C1([0, T0], L2(Ω1∪Ω2)),

see also Lemma 2.

Our main result on the determination of sources from measurements of the dynamic

response of two-span beams and plates is the following uniqueness theorem.

Theorem 2.1 Under the above assumptions, let g ∈ C1([0, T0]), with g(0) 6= 0, be a

given function of time for T0 > 0. Then we have:

(I) (Two-span beam system) The function f ∈ H−1(Ω1 ∪ Ω2) in equation (2.1) can be

uniquely determined by the data

Γ = {〈u , ϕ〉| ϕ ∈ C∞
c ((0, T ) × Ω0)}, (2.16)



6 A. Kawano and A. Morassi

where Ω0 is a neighborhood of any point x0 ∈ (0, a)∪(a, a+b), with Ω0 ⊂ (0, a)∪(a, a+b).

(II) (Two-span plate system) The function f ∈ H−1(Ω1 ∪ Ω2) in equation (2.9) can be

uniquely determined by the data (2.16), where u is replaced by w and Ω0 is a neighborhood

of any line {(x0, y)| 0 ≤ y ≤ L}, with x0 ∈ (0, a) ∪ (a, a+ b).

In both cases (I) and (II) the time length T , 0 < T < T0, is arbitrary small.

It should be noted that Theorem 2.1 guarantees the uniqueness of the spatial force

term, provided that the dynamic response of the system is taken on a set in space-time

domain, which is arbitrarily small not only in time but also in space, and specifically on

an arbitrarily small spatial interval for multi-span beams and an arbitrarily thin spatial

strip for multi-span plates.

3 Dynamic response of the whole structure

The proof of Theorem 2.1 is based on the series representation of the solution to the

problems (2.3)–(2.6) and (2.11)–(2.13) in terms of the normal modes (eigenfunctions) of

the system. Therefore, the present section is devoted to the analysis of the free vibration

problem for the two-span beam and plate system.

3.1 Eigenvalue problem

The infinitesimal, undamped, free bending vibration, of radian frequency
√
λ and ampli-

tude S = S(x), of the two-span beam is governed by the eigenvalue problem



S′′′′(x) = λS(x), x ∈ Ω1 ∪ Ω2,

S(0) = S′′(0) = 0,

[[S(a)]] = 0,

S(a) = 0,

[[S′(a)]] = 0,

[[S′′(a)]] = 0,

S(a+ b) = S′′(a+ b) = 0,

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

where S′ denotes the first derivative of S with respect to x. The analogous eigenvalue

problem for the two-span plate (2.9)–(2.15) consists in finding the eigenpairs {λ, S =

S(x, y)} of 



∆∆S(x, y) = λS(x, y), (x, y) ∈ (Ω1 ∪ Ω2),

S = ∂2S
∂ν2 = 0, on ∂Ω,

[[S(a, y)]] = 0, 0 ≤ y ≤ L,

S(a, y) = 0, 0 ≤ y ≤ L,

[[ ∂S
∂x (a, y)]] = 0, 0 ≤ y ≤ L,

[[ ∂2S
∂x2 (a, y)]] = 0, 0 ≤ y ≤ L,

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

where S = S(x, y) is the amplitude of the transverse vibration of the point (x, y) of the

plate.
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Let us consider the space H2(Ω1∪Ω2) equipped with theH2-norm, that is, 〈· , ·〉H2(Ω1∪Ω2) =

〈· , ·〉H2(Ω1) + 〈· , ·〉H2(Ω2), where, to simplify the notation, in the sequel it is understood

that Ω1 = (0, a), Ω2 = (a, a+ b) and Ω1 = (0, a) × (0, L), Ω2 = (a, a+ b) × (0, L) for the

beam and the plate system, respectively. Moreover, the two-dimensional spatial differen-

tial operators ∇ =
(

∂
∂x ,

∂
∂y

)
, ∆ = ∇ · ∇ used for the plate system simply reduces to d

dx

and d2

dx2 for the beam problem.

The existence of a solution S ∈ H2(Ω1∪Ω2)\{0} of the eigenproblems (3.1)–(3.7), (3.8)–

(3.13) is proved once we prove the existence of an operator T : H2(Ω1∪Ω2) → H2(Ω1∪Ω2)

such that ∆2Tψ = ψ, respectively, when ψ solves the above eigenproblem. It is not

difficult to prove that T : H2(Ω1 ∪ Ω2) → H2(Ω1 ∪ Ω2) in fact exists, and it is self-

adjoint and compact. Therefore, from the Spectral Theorem, it follows that there exists

an orthonormal Hilbert basis for the space H2(Ω1 ∪ Ω2) formed by the eigenfunctions

{Sn}n≥1 of the problems (3.1)–(3.7), (3.8)–(3.13), with positive eigenvalues {λn}n≥1,

limn→∞ λn = ∞. The same set is also an orthogonal set in L2(Ω1 ∪ Ω2), and we can

normalize the eigenfunctions so that

‖Sn ‖2
L2(Ω1∪Ω2) =

1

λn
for every n ∈ N. (3.14)

Therefore, any element in L2(Ω1 ∪ Ω2) can be represented by
∑+∞

n=1 cn

√
λnSn, for some

{cn}n≥1 ⊂ ℓ2.

The following estimates are valid for the eigenfunctions of both the problems (3.1)–

(3.7), (3.8)–(3.13).

Proposition 1 Let (λn, Sn), n ≥ 1, be an eigenpair either of the problem (3.1)–(3.7) or

of the problem (3.8)–(3.13). We have

‖ △Sn ‖2
L2(Ω1∪Ω2) = λn ‖Sn ‖2

L2(Ω1∪Ω2) , (3.15)

‖ ∇Sn ‖2
L2(Ω1∪Ω2) ≤ λ1/2

n ‖Sn ‖2
L2(Ω1∪Ω2) . (3.16)

Proof The identity (3.15) follows easily by multiplying the differential equation of the

corresponding eigenvalue problem by Sn, integrating by parts and using the boundary

conditions and the jump conditions on the internal support. The estimate (3.16) can

be obtained by integration by parts, and by applying Cauchy-Schwarz inequality and

identity (3.15).

Finally, consider the set X ⊂ H2(Ω1 ∪ Ω2) generated by sums of the form

X =

{
N∑

n=1

αnSn : {αn}n∈N ∈ ℓ2, N ∈ N

}
. (3.17)

The space X is a Hilbert space with the norm

〈· , ·〉X = 〈· , ·〉H2(Ω1) + 〈· , ·〉H2(Ω2),

where 〈· , ·〉H2(Ωj), j = 1, 2, is the norm in the usual Sobolev space H2(Ωj).

In the next two sections we shall deal separately the beam and plate cases.
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3.2 Beam eigensolutions

To find a solution of the eigenvalue problem (3.1)–(3.7), we write separately in Ω1 and

Ω2 the general solution of (3.1) in the form

S(x) = A sin(αx) +B cos(αx) + C sinh(αx) +D cosh(αx),

where α = 4
√
λ ∈ R+. By imposing the prescribed boundary conditions (3.2) at x = 0

and the jump conditions (3.3)–(3.4) at x = 0, the expression of the eigenfunction in Ω1

is

Sa,α(x) = Aa

(
sin(αx) − sin(αa)

sinh(αa)
sinh(αx)

)
, (3.18)

where Aa, Aa 6= 0, is a constant. The corresponding expression for Sb,α in Ω2 can be

obtained from (3.18) by making the change of variables ξ = a + b − x, so that ξ = 0

corresponds to x = a+ b, and the interface between the two beams is located at ξ = b, or

x = a. Finally, to get a non null solution S of (3.1)–(3.6), we impose the remaining two

jump conditions (3.5)–(3.6) in the two unknowns Aa and Ab, Ab 6= 0, and the eigenvalues

λn = α4
n are the roots of the frequency equation

sin(α(a+ b))

cos(α(a− b)) − cos(α(a + b))
=

1

2

(
cosh(αa)

sinh(αa)
+

cosh(αb)

sinh(αb)

)
. (3.19)

Let us notice that the right hand side converges to 1 as α → ∞ and, therefore, αn =
π
2

1+2n
a+b + r(n), with limn→∞ r(n) = 0. It follows that λn = O(n4) as n → ∞. As an

example, Figure 2 shows the behavior of the left and right hand side of equation (3.19)

for a = 1 and b = 2. The eigenfunctions of (3.1)–(3.7) are given by

α

Left rand side

Right rand side

Figure 2. Illustration of the left and right hand side of (3.19)

Sn(x) =

{
Sa, 4

√
λn(x), x ∈ [0, a],

Sb, 4
√

λn(a+ b− x), x ∈ [a, a+ b].

Observation 1 The eigenfunctions of the problem (3.1)–(3.7) belong to C2([0, a + b]),

but they not necessarily belong to C3([0, a+ b]), which is physically consistent, due to the

presence of the internal support at x = a.
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The following proposition contains an estimate of the third derivative of the eigenfunc-

tions in each component Ωj , j = 1, 2.

Proposition 2 For every given number M , M > 1, there exists a number NM ∈ N, NM

only depending on M , such that

‖S′′′
n ‖2

L2(Ωj) ≤ λ3/2M ‖Sn ‖2
L2(Ωj) , j = 1, 2, for every n ≥ NM .

Proof The proof is by direct computation. Let us consider j = 1, the analysis for j = 2

being analogous. From (3.18) and the normalization condition (3.14), for x ∈ Ω1 we have

Sn(x) =
1

Anλn
(sin(αnx) −Kαn,a sinh(αnx)),

S′
n(x) =

αn

Anλn
(cos(αnx) −Kαn,a cosh(αnx)),

S′′′
n (x) = − α3

n

Anλn
(cos(αnx) +Kαn,a cosh(αnx)),

where we have denoted Kαn,a = sin(αna)
sinh(αna) and

A2
n =

∫

Ω1

(sin(αnx) −Kαn,a sinh(αnx)))2 dx .

Then (
S′′′

n (x)

α3
n

)2

−
(
S′

n(x)

αn

)2

=
2Kαn,a cos(αnx) cosh(αnx)

A2
nλ

2
n

and

‖S′′′
n ‖2

L2(Ω1) = α2
n ‖S′

n ‖2
L2(Ω1) +

2α6
nKαn,a

A2
nλ

2
n

∫

Ω1

cos(αnx) cosh(αnx) dx.

A simple calculation shows that the sequence

(Kαn,a

∫

Ω1

cos(αnx) cosh(αnx) dx)n∈N

is uniformly bounded. Since αn = λ
1/4
n , the last term in the right hand side of the above

equation converges to zero as n → +∞ and, therefore, using also (3.16), for each M > 1

there exists NM ∈ N such that the desired estimated holds.

3.3 Plate eigensolutions

To solve (3.8)–(3.13) we use the Levy’s method [12], assuming

S(x, y) =
∑

p∈N

hp(x) sin
(pπy
L

)
. (3.20)

The above expansion is justified by the fact that the family {sin
(

pπy
L

)
}p∈N is an Hilbert

basis of L2(0, L), with functions which satisfy the boundary conditions (3.9) at both the

sides y = 0 and y = L. Substituting (3.20) in (3.8) and using the orthogonality of the

functions {sin
(

pπy
L

)
}p∈N ⊂ L2(0, L), we arrive at

h′′′′
p − 2βph

′′
p + (β2

p − λ)hp = 0, x ∈ (0, a) ∪ (a, a+ b), (3.21)
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where βp = p2π2

L2 .

To solve (3.21), we first consider the case β2
p 6= λ. We denote by ha

p and hb
p the solution

of (3.21) in the intervals (0, a) and (a, a + b), respectively. The family of solutions of

(3.21) defined in (0, a) that satisfies the boundary conditions (3.9) on x = 0 and the

geometric condition (3.11) at x = a is given by

ha,
√

λ
p (x) = Aa


−

sinh

(√
βp −

√
λa

)

sinh

(√
βp +

√
λa

) sinh

(√
βp +

√
λ x

)
+ (3.22)

+ sinh

(√
βp −

√
λx

))
,

where Aa is a non vanishing constant. Similarly, the solutions hb,
√

λ
p (x) of (3.21), defined

in (a, a+ b) and satisfying the boundary conditions (3.9) on x = a+ b and the geometric

condition (3.11) at x = a, can be simply deduced by the expression (3.22) by making the

change of variables ξ = a+b−x, so that ξ = 0 corresponds to x = a+b, and the interface

between the two plates is located at ξ = b, or x = a. After imposing the jump conditions

(3.12)–(3.13), we obtain, for each fixed p ∈ N, the set of eigenvalues λp,q, q ∈ N, as roots

(different from β2
p) of the resulting frequency equation

√
βp −

√
λp,q sinh

(
a

√
βp −

√
λp,q

)
cosh

(
b

√
βp −

√
λp,q

)

+ sinh

(
b

√
βp −

√
λp,q

) [√
βp −

√
λp,q cosh

(
a

√
βp −

√
λp,q

)

−
√√

λp,q + βp sinh

(
a

√
βp −

√
λp,q

)

(
coth

(
a

√√
λp,q + βp

)
+ coth

(
b

√√
λp,q + βp

))]
= 0.

For each p, there exists a sequence {λp,q}q∈N which gives a subset of the set of eigen-

values of problem (3.8)–(3.13), with limq→∞ λp,q = ∞. Since we are only interested

in the asymptotic behavior of {λp,q}q∈N for each p fixed, dividing the above equation

by
√
βp −

√
λp,q and taking the limit q → +∞ (that is λp,q → +∞), we obtain the

asymptotic frequency equation

sin

(
a

√√
λp,q − βp) cos(b

√√
λp,q − βp

)
+ (3.23)

+ sin

(
b

√√
λp,q − βp

)

(
cos(a

√√
λp,q − βp) − 2 sin(a

√√
λp,q − βp)

)
= 0.

From (3.23), it is possible to conclude that, for each fixed p ∈ N, the eigenvalues are such

that λp,q = O(q4) and, more importantly, the sequence {
√
λp,q}q∈N is uniformly discrete.
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Finally, the eigenfunctions are given by

Sp,q(x, y) =




h

a,
√

λp,q

p (x) sin
(

pπy
L

)
, (x, y) ∈ [0, a] × [0, L],

h
b,

√
λp,q

p (a+ b− x) sin
(

pπy
L

)
, (x, y) ∈ [a, a+ b] × [0, L].

When λ = β2
p, the solutions of (3.21) in the interval (0, a) are

ha,
√

λ
p (x) =

A
(
a sinh

(√
2βpx

)
− x sinh

(√
2βpa

))

aβp
.

By proceeding in the same way as we did above, it is easy to show that there is only

one β2(= λ) that corresponds to a not trivial solution of the two-span plate. We include

this single value of λ in the set {λp,q}p,q∈N already obtained for the case β2 6= λ, and for

the sake of simplicity we continue to denote by {λp,q}p,q∈N the set of eigenvalues of the

problem. In particular, without loss of generality, the sequence of eigenvalues {λp,q}p,q∈N

is putted in increasingly order and, after the rearrangement, the sequence is denoted as

{λn}n∈N, with λn = O(n4) as n → ∞.

3.4 Series representation of the solution of the forced problem

In this section we shall consider the forced vibration problems (2.1)–(2.8) and (2.9)–(2.15)

for the two-span beam and plate, respectively. For the sake of simplicity, the case of the

plate is analyzed in detail in the sequel. However, the analysis can be easily rephrased to

deal with the beam problem.

We start with a representation result.

Lemma 1 Any element in H−1(Ω1 ∪ Ω2) can be represented by
∑+∞

n=1 cnλnSn for some

{cn}n∈N ⊂ ℓ2.

Proof We first note that X ⊂ H1
0(Ω1 ∪ Ω2). Then H−1(Ω1 ∪ Ω2) ⊂ X ′.

The set {Sn} ⊂ X can be used to express any element in H−1(Ω1 ∪ Ω2) ⊂ X ′. In fact,

let F ∈ X ′. By the Riesz Representation Theorem, there is an element
∑+∞

n=1 cnSn ∈ X ,

with {cn}n∈N ⊂ ℓ2 such that

F (φ) = 〈φ ,
+∞∑

n=1

cnSn〉X , ∀φ ∈ X.

Integrating by parts and taking into account the boundary and jump conditions satisfied

by the eigenfunctions {Sn}, we have

〈φ ,
+∞∑

n=1

cnSn〉X = 〈φ ,
+∞∑

n=1

cnSn〉H2(Ω1) + 〈φ ,
+∞∑

n=1

cnSn〉H2(Ω2)

= 〈△φ , △
+∞∑

n=1

cnSn〉L2(Ω1) + 〈△φ , △
+∞∑

n=1

cnSn〉L2(Ω2)

= 〈φ ,
+∞∑

n=1

λncnSn〉L2(Ω1∪Ω2),
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and the thesis follows.

The regularity of the solution to the forced vibration problem is considered in the next

lemma.

Lemma 2 Let w be the solution to (2.9)–(2.15) with f ∈ H−1(Ω1 ∪ Ω2). Then w ∈
C([0, T0], X) ∩ C1([0, T0],L2(Ω1 ∪ Ω2)).

Proof To solve the nonhomogeneous problem we use the method of separation of time

and spatial variables expanding the solution w in eigenfunctions, namely

w(x, y, t) =
∞∑

m=1

ηm(t)Sm(x, y).

Following a standard procedure, we obtain a sequence of uncoupled linear second order

differential equations on the unknowns {ηm(t)} describing the forced motion of harmonic

oscillators with natural frequency
√
λm. By Lemma 1 we have f =

∑+∞
n=1 cnλnSn, with

{cn}n∈N ⊂ ℓ2, and then we obtain the following Duhamel representation formula

w(x, y, t) =
+∞∑

m=1

cm

√
λm

∫ t

0

g(τ) sin(
√
λm(t− τ)) dτ Sm(x, y). (3.24)

Recalling that g ∈ C1([0, T0]), by an integration by parts we see that there exists a

constant CT0
> 0 independent of λm such that

∫ t

0

g(t− τ) sin(τ
√
λm) dτ ≤ CT0√

λm

‖ g ‖C1[0,T0] , (3.25)

∂

∂t

∫ t

0

g(t− τ) sin(τ
√
λm) dτ ≤ CT0

‖ g ‖C1[0,T0] . (3.26)

From (3.24) and (3.25), we obtain that u ∈ C([0, T0], X), where the set X has been

defined in (3.17). Note that the traces of w at the boundary are well defined. Finally,

using (3.26), we can state that w ∈ C1([0, T0],L2(Ω1 ∪Ω2)), which means that the setting

of the initial conditions makes sense.

4 Proof of the uniqueness result

We proceed to the proof of Theorem 2.1, dividing it in two parts to deal separately with

beams and plates.

It is convenient to premise some definitions.

Definition 4.1 A sequence {µn}n∈N ⊂ C is uniformly discrete if there exists δ > 0 such

that |µn − µm| ≥ δ for every m,n ∈ N with m 6= n.

Definition 4.2 Given a bounded set U ⊂ Rd, d ∈ N, with positive measure, the Paley-

Wiener space PWS is defined as

PWU =
{
F̂ | F ∈ L2, supp(F ) ⊂ U

}
,
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where F̂ is the Fourier transform of the function F .

In this paper we shall be interested only in the case when d = 1.

Definition 4.3 The upper uniform density of a uniformly discrete set Λ is defined by

D(Λ) = lim
c→+∞

max
a∈R

#(Λ ∩ (a, a+ c))

c
.

Definition 4.4 An indexed set Λ = {µn}n∈N ⊂ R is an interpolation set for PWS ,

S ⊂ R bounded with positive measure, if for every sequence {dn}n∈N ⊂ ℓ2 there exists

φ ∈ PWS such that φ(µn) = dn for every µn ∈ Λ.

Finally, we recall that in the case of an interval (a1, a2) ⊂ R, Kahane [13] (see also

[14]) proved that

if D(Λ) <
1

2π
(a2 − a1), then Λ is an interpolating set of PW(a1,a2). (4.1)

Proof of Theorem 2.1 We interpret (3.24) as a distribution, and we make a change in

the order of summation and integration, to obtain

w(x, y, t) =

∫ t

0

g(t− τ)

[
+∞∑

m=1

cm

√
λm sin(

√
λm(τ))Sm(x, y)

]

︸ ︷︷ ︸
.
=F (τ,x,y)

dτ.

Using data (2.16) and Lemma 2, we can assert that for all (t, x, y) ∈ [0, T ] × Ω0,

0 =
∂w

∂t
(x, y, t) = g(0)F (t, x, y) +

∫ t

0

g′(t− τ)F (τ, x, y) dτ.

Since g(0) 6= 0 by hypothesis, we have necessarily that F (t, x, y) = 0 for every (t, x, y) ∈
[0, T ] × Ω0. It follows that

F (t, x, y) =

+∞∑

m=1

cm

√
λm sin(

√
λm t)Sm(x, y) = 0, ∀(t, x, y) ∈ [0, T ] × Ω0.

We can extend trivially F to [−T, T ] × Ω0, because t 7→ sin t is an odd function.

Now we split the proof in two parts to deal separately first with beams and, next, with

plates.

For every x ∈ Ω0 and for every φ̂ ∈ C∞
c ((−T, T )) we have

〈F (·, x) , φ̂〉 = 〈F̂ (·, x) , φ〉

=

+∞∑

m=1

cm

√
λm Sm(x)(φ(

√
λm) − φ(−

√
λm)) = 0.

Without loss of generality we can consider only odd functions φ in PW(−T,T ) such that
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φ̂ ∈ C∞
c ((−T0, T0)), to conclude that for any x ∈ Ω0 we have

+∞∑

m=1

cm

√
λm Sm(x)φ(

√
λm) = 0. (4.2)

The sequence (
√
λn)n∈N in the beam case is uniformly discrete, with

√
λn = O(n2).

Then, recalling that C∞
c ((−T, T )) is dense in L2(−T, T ), the result (4.1) can be applied

with D({
√
λn}n∈N) = 0. It follows that cmSm(x) = 0 for every m ∈ N. Since {Sm}m∈N

forms a complete Hilbert base, we conclude that cm = 0 for every m ∈ N.

In the case of plates, we test the analogous expression of (4.2) also with respect to

space variables to obtain

+∞∑

p=1

+∞∑

q=1

cp,q

√
λp,q〈Sp,q , ϕ〉φ(

√
λp,q) = 0, ∀φ ∈ PW(−T,T ) and ∀ ∈ C∞

c (Ω0).

Now, recalling the explicit form of the eigenfunctions Sp,q obtained in Section 3.3 and

since Ω0 contains the line {(x0, y) : y ∈ [0, L]}, we see that given p = p0 ∈ N it is

always possible to choose ϕ ∈ C∞
c (Ω0) so that 〈Sp,q , ϕ〉 = 0 if p 6= p0 and 〈Sp,q , ϕ〉 6= 0

otherwise. Therefore, for every p0 ∈ N we get

+∞∑

q=1

cp0,q

√
λp0,q〈Sp0,q , ϕ〉φ(

√
λp0,q) = 0, ∀φ ∈ PW(−T,T ) and ∀ϕ ∈ C∞

c (Ω0).

Now we recall that the sequence {
√
λp0,q}q∈N is uniformly discrete, with

√
λp0,q = O(q2).

It follows that, exactly as in the beam case, cp0,q = 0 for every p0, q ∈ N.

In conclusion, for both beam and plate multi-span systems, the loading f ∈ H−1(Ω1 ∪
Ω2) is null, and therefore the spatial component of the forcing source in (2.1)–(2.8) and

(2.9)–(2.15) can be uniquely identified by the data specified in the set Γ.

5 Numerical experiment

In this section we provide a numerical experiment to illustrate the practical possibility

of identifying sources in multi-span systems. The numerical experiment is focussed on

the two-span beam described in (2.1)–(2.8) and, adopting the same notation used above,

the length parameters are a = 1 and b = 2.5. In this case, the first ten eigenvalues are

{λn}10
n=1 = {4.33, 4.7 × 101, 1.43 × 102, 2.68 × 102, 7.19 × 102, 1.56 × 103, 1.14 × 104, 1.73 ×

104, 2.49 × 104, 7.62 × 104}. The eigenfunctions associated to the first six eigenvalues are

shown in Figure 3.

The time-dependent function g = g(t) is chosen as g(t) = cos(t), whereas the function

f = f(x) that describes the spatial distribution of the loading is taken coincident with

the characteristic function of the interval [a+ b/3, a+ 2b/3].

It should be noticed that in all the calculations performed to obtain the solution

of the direct problem, the function f = f(x) is represented by the truncated series

expansion f̃(x) =
∑100

n=1 cnλnSn(x). Figure 4 compares the target function f(x) with the

approximation f̃(x) really used to perform the calculations of this section.

The solution of the direct problem is given by (3.24). For this concrete example, we

show in Figure 5(a) the displacement at time t = 2 of the whole continuous beam
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Figure 3. First six (normalized) eigenfunctions of the problem (2.1)–(2.8) with a = 1 and
b = 2.5.
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1.0

Function f

Approximation of f

Figure 4. Function f = f(x) (black line) and its approximation f̃(x) (gray line) used in the
computations.

(that is, x 7→ u(x, 2)). For the solution of the inverse problem, the measurement of the

displacement is taken at x0 = 0.77. In Figure 5(b) we show the displacement at point of

measurement x0 = 0.77 in the time interval t ∈ [0, 50].

0.5 1.0 1.5 2.0 2.5 3.0 3.5

- 0.005

0.005

0.010

0.015

0.020

(a) Displacement u = u(x, t) over the
whole structure for t = 2.

10 20 30 40 50

- 0.03

- 0.02

- 0.01

0.01

0.02

0.03

(b) Displacement u(x0, t) at point x0 = 0.77
in the time interval t ∈ [0, 50].

Figure 5. Solution u(x, t) of the direct problem obtained by (3.24) using the approximation

f̃(x) instead of the function f = f(x).

Since it is not our main objective to discuss a numerical procedure to recover the
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spatial loading f described by the coefficients {cn}n∈N, we just present succinctly the

procedure that is described in detail in [15].

Following [15], we use the family of test functions

φm,τ (ξ) =

(
sin((ξ − λm)τ)

(ξ − λm)τ

)2

, ∀m ∈ N and ∀τ > 0.

It is important to notice that their Fourier transform have compact supports, namely

φ̂m,τ (t) = (Hτ ∗Hτ )(t)e−itλm , Hτ (t) =
1

2τ
χ(−τ,τ)(t), (5.1)

and this means that the measurements are performed in finite intervals of time.

With the particular time function g chosen in this numerical simulation, the displace-

ment function at point x0, u(t, x0), given in (3.24) (with w replaced by u) can be rewritten

as

u(t, x0) =

+∞∑

m=0

Bm(ei
√

λmt + e−i
√

λmt), (5.2)

where {λn}n∈N is given by the procedure described in Section 3.2 and λ0 = 1, e.g., λ0

accounts for the function g(t) = cos(t). For m ≥ 1, Bm is defined by

Bm =
cmλm

λm − 1
Sm(x0), (5.3)

whereas B0
.
=

∑+∞
m=1 Bm.

In order to apply the procedure described in [15], we must reorder the sequence

{λm}m∈N ∪{−λm}m∈N so that λ0 is the first term, −λ0 the second one, λ1 the third one,

−λ1 the forth one, and so on. The ordered set of λs becomes then

{λ0,−λ0, λ1,−λ1, λ2,−λ2, λ3,−λ3, . . .}.

Realizing that the same Bm corresponds to both λm and −λm in (5.2), the ordered set

of Bs, counting repetitions, becomes

{B0, B0, B1, B1, B2, B2, B3, B3, . . .}.

We perform this rearrangement of terms, but we keep the same index m. We define

Pτ (m,n) = φm,τ (λn) and

V (m) = 〈u(·, x0), φ̂m,τ 〉.

Consider the operator T : ℓ2 → s′, given (Bm)n∈Z+
→ (V (m))m∈Z+

. Formally, the

application of the operator T can be interpreted as performing a product with a matrix

of infinite order, that is



V (0)

V (1)
...


 =



Pτ (0, 0) Pτ (0, 1) Pτ (0, 2) . . .

Pτ (1, 0) Pτ (1, 1) Pτ (1, 2) . . .
...

...
... . . .






B0

B1

...


 . (5.4)
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We perform now a truncation of the system in (5.4) to obtain




V (0)

V (1)
...

V (N)


 =




Pτ (0, 0) Pτ (0, 1) . . . Pτ (0, N)

Pτ (1, 0) Pτ (1, 1) . . . Pτ (1, N)
...

...
...

...

Pτ (N, 0) Pτ (N, 1) . . . Pτ (N,N)




︸ ︷︷ ︸
TN




B0

B1

...

BN


 . (5.5)

By solving the linear system (5.5), with symmetric N × N matrix TN , we obtain the

first elements of the desired sequence {Bm}n∈Z+
, and using (5.3), we recover the first

elements of the sequence {cm}m∈N that defines the function f . In fact, performing the

calculations assuming x0 = 0.77, length of registration time T = 5, and evaluating the

solution of the direct problem by (3.24) with the approximation f̃(x) of the actual force

f(x), we recovered the first N = 14 terms of the sequence {cm}m∈N. With these recovered

terms, the reconstructed function is shown in Figure 6. Note the good match between

the recovered function and the function used in the calculations of the direct problem

(see also Figure 4).

Since it was not our objective in this article to analyze the effects of measurement

errors, but to show a proof of the uniqueness Theorem 2.1, we did not introduced mea-

surement errors in the simulation.

However, for the sake of completeness in our discussion, we observe that when the

measurements contain errors, then instead of V (m), we have at our disposal Ṽ (m) =

〈ũ(t, x0), φ̂1,m,τ 〉, where the difference between ũ(t, x0) and u(t, x0) is the error e(t)
.
=

ũ(t, x0) − u(t, x0).

In this case, the solution of the linear system (5.5) gives

(B̃n)N
n=1 = TN

−1((V (m))N
m=1) + TN

−1((Ve(m))N
m=1),

where

Ve(m) = 〈e, φ̂1,m,τ 〉.

In [15] it is proved that TN
−1((V (m))N

m=1)
N→+∞−→ ((αn)n∈N) and that when the error

e(t) = ũ(t, x0) − u(t, x0) is bounded in L2(0, T0) by ‖ e ‖L2(0,τ) ≤ ǫ, then there exists

C > 0 such that ||TN
−1(Ve(m)))N

m=1|| is given by

||TN
−1(Ve(m)))N

m=1‖|ℓ2 ≤ Cǫ

√
N + 1

2τ
.

In our actual calculations, the match between the recovered function and the approx-

imation of f , which was used in all calculations of the direct problem (obtained by a

truncation of the series development
∑+∞

n=1 cnλnSn with 100 terms) is not exact because

in the recovery process we used only 14 terms. In fact, when the number of terms used in

both direct and inverse problems is equal, then the match is perfect, but then an inverse

crime is perpetrated.

The whole formal numerical analysis performed above, including convergence and sta-

bility considerations, can be rigorously discussed by adapting the arguments shown in

[15].
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Figure 6. An example of reconstruction of the unknown function f for the two-span beam
system (2.1)–(2.8).

6 Conclusion

Despite their practical importance, inverse problems involving multi-span structures are

not discussed in the literature, to our knowledge. As a contribution to the field of inverse

problems related to structural engineering, in this article we have proved a Theorem

(Theorem 2.1) that essentially states that the spatial distribution of loads of of the form

g(t)f(x), with g ∈ C1 known, can be uniquely identified given the information about

the displacement of a neighborhood of a) a point in the interior of the structure in the

case of beams, or b) the displacement of a line in the case of plates. In both cases the

observation interval of time can be arbitrarily small. It is important to note that even if

the spatial support of the load is on a span and the measurement is at another span of

the structure, the identification is still possible. This result enables a rigorous discussion

about the identifiability of vibration sources in complex structures.
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