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A TOPOLOGICAL JOIN CONSTRUCTION AND THE TODA SYSTEM ON
COMPACT SURFACES OF ARBITRARY GENUS

ALEKS JEVNIKAR®) SADOK KALLEL(®, ANDREA MALCHIODI(®)

ABSTRACT. We consider the following Toda system of Liouville equations on a compact surface X:

_ hpe"l hoe"2
{ ~aw =201 (tetay; = 1) - 2 (i, —1)

hoe2 hie'l

fz h1e%1dVy
which arises as a model for non-abelian Chern-Simons vortices. Here hj, ha are smooth positive functions
and p1, p2 two positive parameters.

For the first time the range p1 € (4km,4(k + 1)w), k € N, pa € (4, 8x) is studied with a variational
approach on surfaces with arbitrary genus. We provide a general existence result by means of a new
improved Moser-Trudinger type inequality and introducing a topological join construction in order to
describe the interaction of the two components u; and us.

1. INTRODUCTION

We are interested here in the following Toda system on a compact surface

—Aus = 207 [t 1) — __hpe"2 4
(1) 1 £1 fz} hiev1dV, P2 jE thI/LQd‘/g )
—Auy = 2p; (25 1 hae™l 1),

Tohaemzav, — +) ~ P\ Tohiemnav, —

where A is the Laplace-Beltrami operator, p;, po are two non-negative parameters, hi,ho : X — R are
smooth positive functions and ¥ is a compact orientable surface without boundary with a Riemannian
metric g. For the sake of simplicity, we normalize the total volume of ¥ so that |X| = 1.

The above system has been widely studied in the literature since it is motivated by problems in both
differential geometry and mathematical physics. In geometry it relates to the Frenet frame of holomorphic
curves in CP", see [5, 8, 13]. In mathematical physics, it models non-abelian Chern-Simons theory in the
self-dual case, when a scalar Higgs field is coupled to a gauge potential, see [21, 45, 46, 48].

Equation (1) is variational, and solutions correspond to critical points of the Euler-Lagrange functional
J,: HY(Z) x HY(Z) = R (p = (p1, p2)) given by

2
(2) Jp(ul,’uQ) = / Q(’U,l,UQ)thq +Zpl </ U; dVg — 10g/ hieui dVg> s
) Pl s 2

where Q(u1,us2) is a quadratic form which has the expression
1 2 2
(3) Q(ul,u2) = § (‘VU1| + |V7.L2‘ + Vu1 . VUQ) .

The structure of J, strongly depends on the range of the two parameters pq, p2. An important tool in
treating this kind of functionals is the Moser-Trudinger inequality, see (7). For the Toda system, a similar
sharp inequality was derived in [27]:

(4) 4rm log/ e M qV, + An log/
s s

here w; stands for the average of u; on 3.

¢4~ 4, < / Qluruz) AV, + O, (uy,uz) € H'(S) x HY(S);
>
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By means of the latter inequality we immediately get existence of a critical point provided both p;
and py are less than 4m: indeed for these values one can minimize J, using standards methods of the
calculus of variations. The case of larger p/s is subtler due to the fact that J, is unbounded from below.

Before describing the main difficulties of (1), we consider its scalar counterpart: the Liouville equation

he*
Au=2p ——m— —1
(5) ! p(fzhe“dVg >7

where h is a smooth positive function on ¥ and p a positive real number.

Equation (5) appears in conformal geometry in the problem of prescribing the Gaussian curvature,
whereas in mathematical physics it describes models in abelian Chern-Simons theory. The literature on
(5) is broad with many results regarding existence, blow-up analysis, compactness, etc., see [33, 46].

As many geometric problems, (5) presents blow-up phenomena. It was proved in [7, 29, 30] that for a
sequence of solutions (u, ), that blow-up around a point p, the following quantization property holds:

lim lim hetrdV, = 4.

r—0n—+oo B, (p)
Moreover, the limit function (after rescaling) can be viewed as the logarithm of the conformal factor of
the stereographic projection from S? onto R?, composed with a dilation.

Concerning the Toda system (1), a sequence of solutions can blow-up in three different ways: one
component blows-up and the other stays bounded, one component blows-up faster than the other or both
components diverge at the same rate. In [26] the authors proved that the volume quantizations in these
scenarios are (0,4m) or (4m,0) in the first case, (4w, 87) or (8, 4m) for the second one and (8, 87) for
the last situation. Moreover, each alternative may indeed occur, see [15, 16, 17, 22, 40].

With this at hand, with some further analysis it is possible to obtain a compactness property, see
Theorem 2.1, namely that the set of solutions to (1) is bounded (in any smoothness norm) for (p1, p2)
bounded away from multiples of 47 (see Theorem 2.1). This fact, combined with a monotonicity method
from [43], allows to attack problem (1) via min-max methods.

Let us now discuss the variational strategy for proving existence of solutions and how our result
compares to the existing literature. The goal is to introduce min-max schemes based on the study of the
sub-levels of the Euler-Lagrange functional. Consider the scalar case (5), with Euler-Lagrange energy

1
(6) I,(u) = f/ |V gul® dV, + 2p (/ udVy — log/ he* dVg) .
2 s ) )

By the classical Moser-Trudinger inequality
- 1
(7) 8 log /E =M qy, < 3 /Z |Vul?dV, + Cs 4,

the latter energy is coercive if and only if p < 47. A key result in treating this kind of problems without
coercivity conditions (i.e. when p > 4) is an improved version of (7), usually refereed to as Chen-Li’s
inequality and obtained in [11], [19] (see also [20]); roughly speaking, it states that if the function e* is
spread (in a quantitative sense) among at least (k 4 1) regions of ¥, k € N, then the constant in the
left-hand side of (7) can be taken nearly (k+ 1) times lager. This in turn implies that, for such functions
u, I,(u) is bounded below even when p < 4(k + 1)m. Therefore, if p satisfies the latter inequality and if
I,(u) attains large negative values (i.e. when the lower bounds fail) e* should be concentrated near at
most k points of X, see [19] for a formal proof of this fact.

To describe such low sublevels it is then natural to introduce the family of unit measures ¥, which
are supported in at most k points of 3, known as formal barycenters of 3 of order k:

k k
(8) zkz{zmaxi :Ztizl,tiZO,xieE,Vi:L...,k}.

i=1 i=1
Endowed with the weak topology of distributions ¥; is homeomorphic to ¥, while for £ > 2 X is a
stratified set (union of open manifolds of different dimensions): it is possible to show that the homology
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of X is always non trivial and, using suitable test functions, that it injects into that of sufficiently low
sub-levels of I,,: this gives existence of solutions to (5) via suitable min-max schemes for every p ¢ 4wN.

Returning to the Toda system (1), a first existence result was presented in [35] for p; € (4km,4(k+1)7),
k € N and ps < 47 (see also [26] for the case k = 1). When one of the two parameters is small, the system
(1) resembles the scalar case (5) and one can adapt the above argument to this framework as well. When
both parameters exceed the value 47, the description of the low sublevels becomes more involved due to
the interaction of the two components u; and us.

The first variational approach to understand this interaction was given in [36], where the authors
obtained an existence result for (p1, p2) € (47,87)2. This was done in particular by showing that if both
components of the system concentrate near the same point and with the same rate, then the constants
in the left-hand side of (4) can be nearly doubled.

Later, the case of general parameters (pi1,p2) ¢ A was considered in [3], but only for surfaces of
positive genus. Using improved inequalities a’ la Chen-Li, it is possible to prove that if p; < 4(k + 1)7,
p2 <4+ 1)m, k,1 € N, and if J,(u1,u2) is sufficiently low, then either e*! is close to Ly or e"? is close
to ¥; in the distributional sense. This (non-mutually exclusive) alternative can be expressed in term of
the topological join of ¥j, and X;. Recall that, given two topological spaces A and B, their join A * B is
defined as the family of elements of the form

(9) A*B_{(a,b,s):aEA,bEB,SE[O,l]}
= = ,

where F is an equivalence relation such that

(a1,b,1) © (as,b,1) Vai,as € A,b€ B and (a,b1,0) X (a,b3,0) Va € A,bi,by € B.

This construction allows to map low sublevels of J, into ¥ * ¥;, with the join parameter s expressing
whether distributionally e“! is closer to ¥j or e“2 is closer to Y.

The hypothesis on the genus of ¥ in [3] was used in the following way: on such surfaces one can
construct two disjoint simple non-contractible curves 71,2 such that 3 retracts on each of them through
continuous maps II;, IIs. By means of these retractions, low energy sublevels may be described in terms
of (71)k or (72); only. On the other hand, one can build test functions modelled on (y1)x * (72); for
which each component u; only concentrates near ~;, to somehow minimize the interaction between the
two components u; and ug, due to the fact that 7; and 5 are disjoint.

We prove here the following result, which for the first time applies to surfaces of arbitrary genus when
both parameters p; are supercritical and one of them also arbitrarily large.

Theorem 1.1. Let hy, he be two positive smooth functions and let 3 be any compact surface. Suppose
that p1 € (4km,4(k + 1)7),k € N and py € (47,87). Then problem (1) has a solution.

Remark 1.2. Theorem 1.1 is new when X is a sphere and k > 3. As we already discussed, the case of
surfaces with positive genus was covered in [3]. The case of ¥~ S? and k = 1 was covered in [36], while
for k = 2 it was covered in [31]. In the latter paper the authors indeed computed the Leray-Schauder
degree of the equation for the range of p;’s in Theorem 1.1. It turns out that the degree of (1) is zero for
the sphere when k > 3: since solutions do exist by Theorem 1.1, it means that either they are degenerate,
or that degrees of multiple ones cancel, so a global degree counting does not detect them. A similar
phenomenon occurs for (5) on the sphere, when p > 12w, see [12]. Even for positive genus, we believe
that our approach could be useful in computing the degree of the equation, as it happened in [34] for the
scalar equation (5). More precisely we speculate that the degree should be computable as 1 — x(Y'), where
the set Y is given in (51). This is verified for example in the case of the sphere thanks to Lemma 5.4.
Other results on the degree of the system, but for different ranges of parameters, are available in [37].

As described above, in the situation of Theorem 1.1 it is natural to characterize low sublevels of the
Euler-Lagrange energy J, by means of the topological join Xy % 3, (notice that ¥, ~ X). However,
differently from [3], we crucially take into account the interaction between the two components u; and
uz. As one can see from (3), the quadratic energy @ penalizes situations in which the gradients of the
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two components are aligned, and we would like to make a quantitative description of this effect. Our
proof uses four new main ingredients.

e A refinement of the projection from low-energy sublevels onto the topological join X * X1 from [3],
see Section 3, which uses the scales of concentration of the two components, and which extends some
construction in [36]. Having to deal with arbitrarily high values of p;, differently from [36] we also need to
take into account of the stratified structure of X; and to the closeness in measure sense to its substrata.

e A new, scaling invariant improved Moser-Trudinger inequality for system (1), see Proposition 3.5.
This is inspired from another one in [7] for singular Liouville equations, i.e. of the form (5) but with
Dirac masses on the right-hand side. The link between the two problems arises in the situation when
one of the two components in (1) is much more concentrated than the other: in this case the measure
associated to its exponential function resembles a Dirac delta compared to the other one. The above
improved inequality gives extra constraints to the projection on the topological join, see Proposition 3.7
and Corollary 3.8.

o A new set of test functions showing that the characterisation of low energy levels of J, is sharp, as a
subset Y of ¥ * X1. We need indeed to build test functions modelled on a set which contains > _1 % X1,
and the stratified nature of X _; makes it hard to obtain uniform upper estimates on such functions.

e A new topological argument showing the non-contractibility of the above set Y, which we use then
crucially to develop our min-max scheme. The fact that Y is simply connected and has Euler characteristic
equal to 1 forces us to use rather sophisticated tools from algebraic topology.

We expect that our approach might extend to the case of general physical parameters pi, p2, including
the singular Toda system, in which Dirac masses (corresponding to ramification or vortex points) appear
in the right-hand side of (1), see also [2] for some results with this approach.

The paper is organized as follows. In Section 2 we recall some improved versions of the Moser-Trudinger
inequality, first some which rely on the macroscopic spreading of the components u;,us and then some
refined ones, which are scaling invariant. In Section 3 we derive a new - still scaling invariant - improved
version of the Moser-Trudinger inequality for systems, and we use it to find a characterization of low
energy levels of J, by means of a subset Y of the topological join 3 * 3. In Section 4 we construct then
suitable test functions which show the optimality of the above characterization. In Section 5 we finally
introduce the variational method to prove the existence of solutions.

Notation

The symbol B, (p) stands for the open metric ball of radius r and centre p, while A, (r1,72) is the open
annulus of radii 1, o and centre p. For the complement of a set € in 3 we will write 2°. Given a function
u € LY(¥) and Q C ¥, the average of u on © is denoted by the symbol

1
udV, = — [ udV,,
]{2 719 Jo J

while @ stands for the average of u in X: since we are assuming || = 1, we have

u= / udVy = ][ udVy.
> >

The sublevels of the functional J, will be denoted by
Jy = {(u1,u2) € HY(X) x HY(X) : J,(u1,u2) < a}.

Throughout the paper the letter C will stand for large constants which are allowed to vary among different
formulas or even within the same lines. To stress the dependence of the constants on some parameter,
we add subscripts to C, as Cs, etc. We will write o,(1) to denote quantities that tend to 0 as » — 0 or
r — 4o00; we will similarly use the symbol O, (1) for bounded quantities.
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2. PRELIMINARIES

We begin by stating a compactness property that is needed in order to run the variational methods.
Letting A be the set defined as

(10) A = (47N x R) U (R U 47N) C R?,
by the local blow-up in [26] and some analysis, see [4], one deduces the following result.

Theorem 2.1. ([4], [26]) For (p1, p2) in a fized compact set of R?\ A the family of solutions to (1) is
uniformly bounded in C*P for some 3 > 0.

In the next two subsections we will discuss some improved versions of the Moser-Trudinger inequality
(4) which hold under suitable assumptions on the components of the system. The first type of inequality
relies on the spreading of the (exponentials of the) components over the surface (see [3]). The second
one, from [36], relies instead on comparing the scales of concentration of the two components.

2.1. Macroscopic improved inequalities. Here comes the first kind of improved inequality: basically,
if the mass of both e"* and e"? is spread respectively on at least k + 1 and [ + 1 different sets, then the
logarithms in (4) can be multiplied by k + 1 and [ 4 1 respectively. Notice that this result was given in
[35] in the case I = 0 and in [36] in the case k = | = 1. The proof relies on localizing (4) by using cut-off
functions near the regions of volume concentration. For (7) this was previously shown in [9].

Lemma 2.2. ([3]) Let 0 >0, 0 >0, k,l € N and {Q1;,02}icqo,....k},je{0,....13 C 2 be such that

d(Q1.0,Q00) > 6 Vi, i' €{0,...,k} withi#;
d(§2,5,$2,5:) >0 Vi, i e{0,...,1} withj#j'.
Then, for any & > 0 there exists C = C (¢, 0,0, k,1,%) such that any (u1,uz) € H(X) x HY(X) satisfying
/ e“ldVgZG/edeg Vied{0,...,k};
Ql,i b
/ e“2dV929/eu"‘dVg vjed{o,...,1}
Q2 b
verifies
dr(k+1) log/ e dV, + 4n(l+ 1) log/ e "2 qyv, < (1+ E)/ Q(u1,u2)dVy + C.
) b )

As one can see, larger constants in the left-hand side of (4) can be helpful in obtaining lower bounds on
the functional J, even when the coefficients p1, p2 exceed the threshold value (47,47). A consequence of
this fact is that when the energy J,(u1,us) is large negative, then e**,e"* are forced to concentrate near
certain points in ¥ whose number depends on pi, p2. To make this description rigorous it is convenient
to introduce some further notation.

We denote by M(X) the set of all Radon measures on ¥, and introduce a distance on it by using
duality versus Lipschitz functions, that is, we set:

/Efdul—/xfdw

This is known as the Kantorovich-Rubinstein distance.
In [3], using the improved inequality from Lemma 2.2, the following result was proven.

(11) d(vy, 1) = sup
11 sy <1

; vy,v9 € M(X).

Proposition 2.3. ([3]) Suppose p1 € (dkm,4(k + 1)7) and p2 € (4m,4(1 + 1)7). Then, for any € > 0,
there exists L > 0 such that any (uy,us) € J;L verifies either

et el?
d{ ——— 3, | < d|—— %) <e.
<fz e dvy,’ k) § o <fz evz dV,’ l) ©
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When a measure is d-close to an element in ¥y, see (8), it is then possible to map it continuously to a
nearby element in this set. The next proposition collects some properties of this map, from Proposition 2.2
in [3] and Lemma 2.3 in [20] (together with the proof of Lemma 3.10).

Proposition 2.4. Given l € N, for g; sufficiently small there exists a continuous retraction
Uy {U S M(Z), d(l/, El) < 26[} — .

Here continuity is referred to the distance d. In particular, if v, — v in the sense of measures, with
v €Yy, then ¥y(vy) — v.

Furthermore, the following property holds: given any € > 0 there exists €' < ¢, € depending on | and
e such that if d(v,X;_1) > € then there exist | points x1,...,,x; such that

d(z;,xj) > 2" fori# j; / v>e  foralli=1,...,1L
B /(1‘1)

€

The alternative in Proposition 2.3 can be expressed naturally in terms of the topological join of ¥y * 3,
see also the comments after (9). Indeed, we can define a map from the low sublevels J - L onto this set.

Proposition 2.5. ([3]) Suppose p1 € (4km,4(k + 1)7) and py € (4w, 4(1 + 1)7r). Then for L > 0
sufficiently large there exists a continuous map
U b = xS

PrROOF. The proof is carried out exactly as in Proposition 4.7 of [3]. We repeat here the argument for
the reader’s convenience, as we will need to suitably modify it later on. By Proposition 2.3 we know that

et
feuld‘/’zk) < g€ or
2 g

uz Ul
d (IE:deg, Zl) < ¢ (or both). Using then Proposition 2.4 it follows that either )y, (IE:deg) or

U2
) is well-defined. We let di = d (55~ 5k ), da = d (—52gy-, %1 ), and introduce a

for any € > 0, taking L > 0 sufficiently large, (u1,us) € Jp_L verifies either d (

w(e

"\ e av,
function § = 5(dy, dz) in the following way:

_ d
S(di,do) = f <d1+1d2>,

where f is given by

0 if t €10,1/4],
ft)=1% 2z—3 ifte(1/4,3/4),
1 if t € [3/4,1].

We finally set

eul _ eUQ
12 v =(1- _— — .
(12) (u1,uz) = (1= 5)ty, <fze"1dvg)+$wl(fze“2dvg>
One has just to observe that when one of the two v’s is not defined, the other necessarily is. Therefore
the map is well-defined by the equivalence relation of the topological join, see (9). ®

2.2. Scaling-invariant improved inequalities. In [36] the authors set up a tool to deal with situations
to which Lemma 2.2 does not apply, for example in cases when both ¢!, e"? are concentrated around
only one point. They provided a definition of the center and the scale of concentration of such functions,
to obtain new improved inequalities in terms of these. We are interested here in measures concentrated
around possibly multiple points. We need therefore a localized version of the argument in [36], which
applies to measures supported in a ball and sufficiently concentrated around its center.

Given xp € ¥ and r > 0 small, consider the set

Ao r = {f S Ll(BT.(xo)) : f>0 a.e. and / fav, = 1},
By(z0)
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endowed with the topology inherited from L(X).
Fix a constant R > 1 and let Ry = 3R. Define o : B,(z¢) X Az, » — (0,+00) such that:

(13) / fav, = [ /v,
Bg(a,f) ()N Br(z0) (Bryo(e.r) (@) N Br(z0)

It is easy to check that o(x, f) is uniquely determined and continuous (both in z € B,.(x) and in f € L1).
Moreover, see (3.2) in [36], o satisfies:

(14) d(z,y) < Romax{o(z, f),o(y, f)} + min{o(z, f),o(y, f)}-
We now define T": B, (zg) X Az, — R as

()= [ 7 av,
By (2, 1) ()N Br(z0)

Lemma 2.6. ([36], with minor adaptations) If T € B, (xq) is such that T(Z, f) = max, g T(y, f),

then o(Z, f) < 30 (z, f) for any other x € B, ().

As a consequence of the previous lemma and of a covering argument, one can obtain the following;:
Lemma 2.7. ([36], with minor adaptations) There exists a fived 7 > 0 such that

max T'(z,f)>7>0 forall f € Ay .
z€B,(z0)

Let us define o : Ay, » — R by
o(f) = 3min{o(x7f) NS Br(xo)},

which is obviously a continuous function.
Given 7 as in Lemma 2.7, consider the set:

(15) () ={z €Bifao) : T, f) >, ola.f) <o)}

If z € B,.(xo) is such that T(z, f) = maXIEmT(x, f), then Lemmas 2.6 and 2.7 imply that

z € S(f). Therefore, S(f) is a non-empty set for any f € Ay, ,. Moreover, recalling (13) and the
notation before it, from (14) we have that:

(16) diam(S(})) < (Ro + ) (f).

We will now restrict ourselves to a class of functions in L*(B,(z¢)) which are almost entirely concentrated
near the center xy. In this case one expects o(f) to be small and points in S(f) to be close to zg: see
Remark 2.8 for precise estimates in this spirit. Given € > 0 small, let us introduce the class of functions

(17) Cer(z0) = {f € Ayyr /B ( )deg >1-— 5}.

Remark 2.8. For this class of functions we claim that T(z, f) < e when d(x,xz¢) > 2¢. In fact, if
o(x, f) < d(x,x0) — € then we are done, since

T(x,f):/ fdvgg/ fdv, <.
B (z)N By (z0) Be(z0)¢N By (z0)

If this is not the case, i.e. o(x, f) > d(z,z0) — €, then using d(z,z¢) > 2¢ we obtain

o(,f)

Roo(z, f) > Ro(d(z,zo) —e) > %d(z,xo)
> d(z,z0) +e.

Similarly as before we get

T(x,f):/ degg/ fdvy <e.
(Bryo(e.r) (@) N Br(zo) Be(w0)°N Br(z0)

Being T universal, € can be taken so small that (T'(x, f) — 7)" = 0 outside Ba.(x0), Vf € Ce r(x0).
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By the Nash embedding theorem, we can assume that ¥ C RY isometrically, N € N. Take an open
tubular neighborhood ¥ € U € RY of ¥, and 6 > 0 small enough so that:

(18) co[B,((Ro+1)0)NX]CcU Veex,

where co denotes the convex hull in RY.
For f € C. (o) we define now

/ (T(z, f) - 7)* (0(f) — o, £))* = dV
n(f) ==
/E (T, ) - 7)* (o(f) — ola. )"V,

which is well-defined, see Remark 2.8. The map 7 yields a sort of center of mass in RY of the measure
induced by f. Observe that the integrands become non-zero only on the set S(f). However, whenever
o(f) <4, (16) and (18) imply that n(f) € U, and so we can define:

BiAf €Auyr: o(f) <6} =%, B(f) = Pon(f),

where P : U — X is the orthogonal projection.
We finally define the map ¢ : Cc-(z9) — X x (0, r), which will be the main tool of this subsection.

(19) O(f) = (B,0).

Roughly, this map expresses the center of mass of f and its scale of concentration around this point.

c RN

)

In [36] it was proved that if both components (u1,uz) of the Toda system concentrate around the same
point in 3, with the same scale of concentration, then the constants in the left-hand side of (4) can be
nearly doubled.

Remark 2.9. The core of the argument of the improved inequality in [36] consists in proving that

eul z/) eu2
fB y et dVy I5, ) €2 AV
implies the existence of o > 0 and of two balls B,(z1), By(22) such that

/ e dV, / e" dVy
IBo(z) (Bro (2i))°NBr(2:)

Z 705
/ e dV, /e"i dvy
s s

for some fixed positive constant ~y. Once this is achieved, the improved inequality is obtained by scaling
arguments and Kelvin inversions (see Section 8 in [36] for full details).

(20) > 70, fO’f'i = 17 2 with d(zla 22) SJ g,

Even when e*!, e"2 are not necessarily concentrated near a single point, the assumptions of the next
proposition still allow to obtain (20), and hence again nearly double constants in the left-hand side

of (4).

Proposition 2.10. ([36], with minor changes) Let € > 0 and &' > 0. Then there exist R = R(€) and ¢
as in definition (19) such that: for any (uy,us) € HY(X) x HY(X) such that there exist x,y € ¥ with

/ e dvy > 6// et dVy, / e'2 dVy, > 5’/ e’ dVy;
B, (z) by B, (y) 3

et et
OEEEE——— Gc,r(x)v ecC »T(y)
JpwedVy ~ Jo.pe=dVe

and

(21) < <
fB y € Vg fBr(y) ev2dVy |
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the following inequality holds:

(22) 87 (log/ e dV, + log/ etz dVg) <1+ é)/ Q(u1,u2)dVy + C,
) ) s
for some C' = C(&,§',%).

Remark 2.11. (i) Condition (21) can be relaxed. In fact, let C1 > 1 and Cy > 0 be two positive constants

and define
o (oo, ¥ (2,)
o | = (P1,01), 0 | = (P2,02).
Jp. 0y €1 Vg I,y €42 Vg

Then, the result still holds true if
1 o
— <= <0, d(B1,B2) < Ca01.

Cl g9
In such case, the constant C' would also depend on Cy and Cs.

(i) In the right-hand side of (22) one can actually integrate Q(u1,us) only in any set compactly containing
B.(z) U B, (y). This can be seen using suitable cut-off functions, see the comments before Lemma 2.2.

We can now improve this result for situations in which the first component of the system is concentrated
around [ points of 3, [ € N. The proof relies on combining the argument for Proposition 2.10 with the
macroscopic improved inequality of Lemma 2.2 (see also Remark 2.11 (ii)).

Proposition 2.12. Let £ > 0, ¢’ > 0 and k € N. Then there exist R = R(€) and ¢ as in definition (19)
such that: for any (u1,uz) € HY(X) x HY(X) with the property that there evist {#i}ticqr,. iy CE,y€X
with

d(xi,z;) > 46 Vi, je{l,...,k} withi# j;

/ et dVy > 5’/ e dVy fori=1,...,k; / e dVy > 5'/ e"2 dVy,
Bsi (xi) by B (y) 2

e el?

—————————€Ces(x;) fori=1,... .k —
fBS,(a:i) enrdv, fBél(y) ez dVy

et e'?
z/J<> :d;() for some l € {1,...,k},
Iy € dVs Iy €2 4V
the following inequality holds:

dr(k+1) log/

)
for some C = C(£,0',1,%).

such that
S Ca,&’(y)

and

e dV, + 87 log/

TV, < (149) [ Qi) vy +C,
2 P

In the next section we will derive a new improved inequality for the Toda system with scaling invariant
features, see Proposition 3.5. The result is inspired by arguments developed in [1] for the singular Liouville
equation where a Dirac delta is involved, see Remark 3.6, and for the first time this type of inequality is
presented for a two-component problem.

3. A REFINED PROJECTION ONTO THE TOPOLOGICAL JOIN

Suppose that p; € (4km,4(k+ 1)) and po € (47, 87). By Proposition 2.5 we have the existence of a map
VU from the low sublevels of J, onto the topological join ¥y, * X1, see (8) and (9). However, we will need
next to take also into account the fine structure of the measures e** and e“2, as described in (19). For
this reason we will modify the map ¥ so that the join parameter s in (9) will depend on the local centres
of mass and the local scales defined in (19) and (23). We will see in the sequel that this will provide extra
information for describing functions in the low sublevels of J,.
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3.1. Construction. We start by defining the local centres of mass and the local scales of functions which
are concentrated around [ well separated points of 3.
Let [ > 2 and consider 0 < ¢ < €1 < 1 as given in Proposition 2.4 and suppose it holds

d (W,El) < 2¢; so that 1; is well-defined. Assume moreover d (W,El 1) > g,_1. By

the second part of Proposition 2.4 there exist ¢]_; < ;_1 and [ points ... ,xl such that

(2]

d(z,2k) >2_, fori#j; / e“ldVg>5;71/e“1dVg foralli=1,...,1L
o (ah) z

We localize then u; around the point ! and define

ul
€ X, («})

flozc (u1) = - .
/ e"t dV,
(«})

Given € > 0, by the second assertion of Proposition 2.4, taking ¢; sufficiently small one gets

2t eyt
fro(ur)dVy > 1 —¢; for d(,El) < 2¢y.
/Bg(xp ol ! Js e dvg

It follows that flgjc(ul) € Casg_l(xé), see (17), and hence the map ¢ in (19) is well-defined on flxolc(ul)
We then set

(23) (Butr21) = o (Fin(un))

In this way, starting from a function with d (Mﬁ, Zl) < 2¢; and such that d (W, i 1) >eq

we obtain, around each point x!, a notion of local center of mass and scale of concentration.
When [ = 1 we have to deal with just one point z1 of ¥. We then apply the map 9 to the function

f o directl
loc Y-

As we discussed above, we would like to map low energy sublevels of .J, into the topological join 3 %X
taking the above scales into account. More precisely, the parameter s in (9) will depend on the local
scale Oyl only of the points nearby the center of mass of e*2 (in case of ambiguity, we will define a sort
of averaged scale).

To proceed rigorously, let 0 < g K g1 K -+ K €1 < 1 be as before. We consider cut-off functions
f,o,pforl=1,...,k —1 such that

[0 > 2, [0 t>2e, B B
(24) f(t)_{ 1 t§5k7 gl(t)_{ 1 t§€l7 l_17ak la
0 t> ‘51&;1’
(25) B(t) =
1ot < =t

We define now a global scale o1(u1) € (0,1] for €“* in three steps. Suppose d (W, 21> < 2¢1, s0

that ¥ (f7.(u2)) = (B:,0) is well-defined.
First of all, we define an averaged scale for e"* by recurrence in the following way. If we have

d (.fz;%d‘/g’ 21) < 2e1, we set Cp(uy) = o,1. Forl € {2,...,k — 1}, we define recursively

o= (o gy 5o (o o (g ))
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Secondly, we interpolate between Cy_1(u1) and the local scale of the closest point to 5, among the S, +’s
(provided they are well-defined), setting

Blur,u2) = b (A8, { ot B d) ) ou+ (1= 0 (4 (82 4Bug - B51) ) ) iia

A(ur,u2) = gr—1 (d <fee“1dV’ Ek1>) Cr—1(u1) + (1 — gk—1 (d (fee“ldV’ Ekl))) B(uy,uz),
> g > 9

where © = x’? was chosen so that it realizes the minimum of d (ﬁz, {ﬁzk, ey By }) notice that since

d(x x¥) > 2}, for j #1, by (25) the point realizing the latter minimum is unique if f # 0.
As a third and final step, to check whether e*! is d-close to ¥, we set

s o) s (1 )

We define next the global scale o2(u2) € (0,1] of 2. We will be interested here in functions concentrated
near just one point of X.. Therefore we just need the single local scale C (u2) = o, if Y(f7 . (u2)) = (82,0,)
is well-defined. Moreover, we have to check the d-closeness of €2 to ¥1. Hence the scale reads

= o) (10 o )

We can now specify the join parameter s in (9). Fix a constant M > 1 and consider the function

0 t<1/M,
t
Fu(t) = T3 i€ (&, M],
1 t>2M.

We then define
(26) s(uy, uz) = F (“l(“1)> .

O'Q(UQ)

We now pass to considering the maps ¥, and v which are needed in the projection onto the join X * 31,
see (12). As mentioned in the introduction of this section, it is convenient to modify these maps in such a
way that they take into account the local centres of mass defined in (19) and (23). More precisely, when
e" is concentrated in k well separated points of ¥, we rather consider the local centres of mass Bzg in
(23) than the supports of the map 1, in Proposition 2.4.

W,Zk) < 2¢y, so that vy is well-defined and suppose d (W’Ek 1) > Ep_1
so that 3, k are defined for i =1,...,k. Let

Suppose d (f =

k
et
Vg (u,Ek) = t;0 i t; € [0, 1], y; € 2.
fze 1dVg ; 10y i

Observe that, by construction and by the second statement in Proposition 2.4, d(8,x,y;) — 0 as g5 — 0.
Hence there exists a geodesic v; joining y; and S x in unit time. We then perform an interpolation in the
following way: '

(27)

S tidy, if d (W’ Zk—1) < €k-1,

~ e k
() = Tttt ) 4 (a B) € v
z g - 9

<k

Zle tl(sﬁrf lf d (W7Zk 1) Z 26]071.
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For a function us with d (L 21) < 21, letting ¥, (L) =4, we let

Jyev2dvy” Jgev2dvy
~ el2
(28) (01 (M> =03,
With these maps and this join parameter we finally define the refined projection U J b L 3%, x2 as
- - el - eu2
(29) bn) = (=% (g )+ (g )

3.2. A new improved Moser-Trudinger inequality. Using the improved geometric inequality in [1]
for the singular Liouville equation we can provide a dilation-invariant improved inequality for system (1).
Before stating the main result we prove some auxiliary lemmas; we first recall our notation on annuli at
the end of the Introduction.

Lemma 3.1. Let v9 > 0,790 > 0,z € ¥ and 1o > r1 > 0 (both small) be such that

/ e dV, / e"? dV,
A (r1,m2) and Sup Bryd(y,») ()

>
/ eu2 dvg yEA,(r1,7m2) / U2 dVg
b} Az (r1,r2)

Then, for any € > 0 there exist C = C(g,70,7%), To = T0(70,70), T1 € [%,%], To € [drq,Cra] and
Uy € HY(X) such that
a) g is constant in By (z) and on 0By, (z);

b) / |va2|2dvgg/ |Vuz|2dVg+5/ |Vug|? dVy;
A, (T1,72) A, (T1,72) )

/ e dv,
7 (v)

Tod(y,z)

(30) <1 — T0-

<1—T0.

c) sup
yEA, (T1,72) / el2 d‘/g
A;(T1,72)

PRrROOF. First of all, we modify us so it becomes constant in By (z) and on 0By, (z). Take e > 0: we
can find C' = C() and properly chosen 71 € [%, ZL], 75 € [4r2, Cra] such that

/ |Vug|? dVy, < 5/ |Vus|? dVy, / |Vug|? dV, < 5/ |Vug|* dV,.
A, (71,271) ) A, (T2/2,72) )

We denote by % (71) and Uy (72) the following averages;

(31) ﬂg(?l) = ][ Ug dVg, ﬂg(?g) = ][ Ug dVg
A (7T1,271) Ay (T2/2,72)
Let now x be a cut-off function, with values in [0, 1], such that
0 in By (2),

x=191 in A.(2r1,72/2),
0 in (Br(2))
and define
x(d(z, z))uz + (1 = x(d(z, 2))uz(r1))  in Bar, (2),
(32) Uz = { ug in A,(2r,72/2),
x(d(z, z))uz + (1 — x(d(z, 2))uz(r2)) in (Bg,/2(2))°
By Poincaré’s inequality the Dirichlet energy of us is bounded by

/ [Viig|? dV, < 6*5/ [Vug|? dV, / Viig|? dV, < 65/ Vg |? dV,
A (71,271) Py A (T2/2,72) =
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where C' is a universal constant. Hence one gets

/ |Viia|? v, g/ |Vug|? dV, +255/ |Vug|? dV,.
A, (T1,72) A, (T1,72) b))

We are left with proving that there exists 7 = 7o (70,70) such that

e dV,

(33) sup Bz a(y,=) (¥)

VEAL(71.72) / ¢ v,
A (71,72)

If this is not the case, there exist (uz,n)n C H'(X) verifying (30), (F1,n)n C [%, 5], (Fon)n C [4r2, Cra),

cut-off functions (Xy ), and (Ug,n), C H'(X) defined in analogous way as @ in (32), such that

<1-T1.

u
elzmn

/ elizm dv,
AL (T1,n,T2,n)

in the sense of measures, for some T € A, (%7 Crg). We distinguish between three situations.

(34)

45%

Case 1. Suppose first that Z € A,(r1,2r2). By the choices of the cut-off functions and (32), as us,
coincides with ug , on A,(r1/2,2ry), it follows that

u w
PLERY elz2.n

/ "> dV, / ez qv,
Az(’l"l,2’l"2) Az(’l"l,Q’l"g)

Case 1.1. Let € A,(r1, 2r5). To get a contradiction to (35), we prove that there exists 7o = 7o(70,70)
such that

(36) sup / e">mdVy < (1 - %0)/ A
Bryd(y,=) (¥)

yEA, (rl,%rz) Az (r1,2r2)

(35) — 3.

Let 7o = 70/2. If Bz qqy,-)(y) € A.(r1(1 — 70),72(1 + 79)) we can use directly the second part of the
assumption (30) on us, to get the bound on the left-hand side of (36) (taking 7, sufficiently small).
Moreover, by the first part of (30) on us , we deduce

/ e dVy > 70/ e dVy > 'yo/ e"?m dVy.
Az(’r‘l,Tz) > Az(’r‘1727‘2)
Given then B, (y) C A,(ra,2r2), since B,.(y)NA,(r1,r2) = 0, by the first inequality in (30) it follows that
(37) / erndV, < (1- *yo)/ e*?n dV, for any B,.(y) C A.(r2,273).
B, (y)

Az (7‘1,27‘2)

Now, if Bz, ay,2)(y) € Az(r2,2r2) we exploit (37) to deduce the bound on the left-hand side of (36) taking
a possibly smaller 7y. This concludes the proof of the claim (36).

Case 1.2. Suppose Z € A,(3r9,2r5). Using again (37) we obtain a contradiction to (35).
Case 2. Consider now T € A, (r1/2,72): reasoning exactly as in Case 1 we get a contradiction.

Case 3. We are left with the case 7 € (A, (r1/2,2r2))": notice that differently from the previous two
cases, the cut-off functions y,, might not be identically equal to 1 near Zy. For this choice of Z and by

(34) one gets
/ e"2n dv,
Az (r1,72)

(38) —
/ " dVy
A (T1,n,T2,n)

— 0.
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Using the definition of @s ,, in A,(72,,/2,72,,) given by (32) and applying Young’s inequality with 1/p =
Xn and 1/¢ =1 — x;,, we have

(39) 662,71, — eXnUZ,ne(l_Xn)ﬂ2(:’T2,n) S Xneu2,n + (1 _ Xn)eﬂz’,n(??,n) ln AZ (772’“/2’/’)\"12”)

Recall the notation in (31): by Jensen’s inequality it follows that

eﬂ2,n(7’:2,n) < ][ eu2.n d‘/g
AL (T2n/2,T2.n)

Therefore, integrating (39) one can show that

/ em2n dv, < 2 / "2 dV.
A (T2,n/2,T2,n) AL (T2,n/2,T2,n)

/ em2n dv, < 2 / "> dV.
Az(’Tvl,n)2F1.n) AZ(F1,7L72;1,’IL)

/ "2 dVy, < 2 / 2 dv,.
Az (T1,n,T2,n) by

This, together with (38), implies that

/ "> dV, / el2n dv,
Az (r1,7m2) <9 Az (r1,m2)

/ euzn dVg / eﬂz,n dVg
= AL (T1,n,T2,n)

which is in contradiction with (30). Therefore we are done. B

Similarly we get

In conclusion we have

— 0,

Lemma 3.2. Under the same assumptions of Lemma 3.1, let iy € HY(X) be the function given there.
Then, property c) can be extended to the following one: there exists To > 0 such that

e dV,
(40) sup Brod.n ) <1—-7.
YEBr, (2),y#2 / el dv,
Bz, (2)

PROOF. By property c¢) of Lemma 3.1 we just have to show (40) for y € By, (z). Observe that, by
(y) € By, (%), which implies d(y, z) < 77,

definition, uy is constant in By, (z). Therefore, for any Bz 4(y.-)
we have
. 72d 2 . » . B .
/ e v, = 00w 2)° / e dV, < 72 / e dV, < 72 / e dv,
Bz d(y,=) (¥) 51 By, (2) Bz, (2) Br, (2)

and we conclude that (40) holds true for 7y small enough. For the same choice of 7y we are left with
the case B := Bz q(y,»)(y) N (Br,(2))¢ # 0. The integral over B will be bounded by the integral over a
larger ball with center shifted onto 0By, (z). Using normal coordinates at z consider the shift of center
Y Flﬁ. Then we have, using the property c);

/ €™ v, < / e dV, < (1 - %0)/ "2 dv,.
B Bz, (771 ﬁ) B, (2)

Therefore, we get

/ " dVy <75 /
B

e dv, +/ €2 dV, < Fg/ e dV, + (1 — %0)/ "2 4V,
Br, (2) B By, (2)
Taking 7y possibly smaller we obtain the conclusion. B

Fod(y.2) () By (2)

We recall here the improved geometric inequality stated in Proposition 4.1 of [1], with k =1 and a = 1.
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Proposition 3.3. ([1]) Let p € ¥ and let r > 0, 79 > 0. Then, for any € > 0 there exists C = C(e,r)

such that
1+¢

log / d(z,p)?e? dV, <
B,-(p)

for every function v € H}(B,(p)) such that

/ d(, p)2e? dV,
Sup BTOd(y,p) (y)

yEB:(p); y#p / d(x,p)?e®” dV,
By (p)

/ \Vv|2 dVvy + C,
B;-(p)

<1-—79.

We state now the new improved Moser-Trudinger inequality.
Remark 3.4. In what follows, the number r is supposed to be small but not tending to zero, while o

could be arbitrarily small.

Proposition 3.5. Let r > 0,79 > 0 and 790 > 0. For any € > 0 there exists C = C(g,r,70,70) such that,
if for some o € (O, &) and z € ¥ it holds

/ e dV, / e"? dV,
(41) Lol 5, 2o 5) > 0
/e“l vy, /6“2 v,

b b

and
e dVj,
(42) sup Brodtv.» W) <1-—mp,
y€A.(Co, &) euz dvg
AZ(CG‘,%)

then

4 log/ e dV, + 87 log/ e" "2 gy, < Q(ur,u2)dVy + 5/ Q(uq,uz)dVy + C.
2 2 5

By(z)
ProoOF. Taking r sufficiently small we may suppose that we have the Euclidean flat metric in the ball
Ber(2). Suppose for simplicity that i3 = e = 0 and that z = 0. Observe that we can write

log/ e"?dVy, = log/ |x|262(u7271°g‘3”|) avy.
Br(0) B, (0)

We wish to apply Proposition 3.3 to % —log|z|, so we need to modify this function in such a way that it
becomes constant outside a given ball. Moreover, it will be useful to also replace it with a constant inside
a smaller ball. In this process we should not lose the volume-spreading property (42). By Lemma 3.1
this can be done and we let C = C(g,79,70), ™1 € [0, %], Ty € [%,r] and 1z € H'(Z) be as in the
statement of the lemma. By property a) in Lemma 3.1 and by Lemma 3.2 we are in position to apply
Proposition 3.3 to (ua — u2(72)) € H} (B, (0)) and get

log/ e"2dV, < log/ e?dVy,+C = log/ |x|262(u72_1°g|w‘)dVg+C
z Ao(Co, %) Ao(Co, %)

< log/ 262 4V, + C = log/ 262172 gy 4 G, (7) + C
B, (0) B, (0)
1 - JUR
< +€/ |VUQ|2 dV;]"FUQ(?“Q)—‘rC
8m Ao(T1,72)
1 2 .
< +€/ V(%—logm)‘ dVg—i—E/ |Vug|? dV, + Uz (72) + C
8T J Ay (F1,72) 2 s
1 2 .
(43) < v (% - log|x|)’ dv, +s/EQ(u1,u2)dvg + @) + C,

g Ao (o,r)
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where in the first row we exploited (41), while in the last one we used the definition of 71,72. Observe
that by the definition (32) of Uy we have

~ g~ (15}
uy(72) = ][ — —loglz|) dVj.
AL (72)2.72) ( 2 ) .

Applying Holder’s and Poincaré’s inequalities one gets

u N _
][ (%2 ~ogaf) av, < ][ s AV, + Gy < Cllusllz2(sy + O

AL(72/27) N 2 A (F2/2,72)
4y 1/2 C,.C
<C, (/ |Vu2|2dVg) +C, < a/ |Vug|? dV, + ——.
) 2

3

Inserting the latter estimate into (43) we deduce
1 2
(45) log/ e"2dV, < —/ v (% —log |x|)’ avy + E/ Q(u1,u2)dVy + C.
> 87 J Ag(0,r) 2 >

Using the integration by parts we get

2 1
/ V(%—logm)‘ dVy = 1/ |VuQ\2dVg—27rloga+27r][ Usg ng—Qﬂ'][ U dSy.
Ao(o,r) Ao (o,r) 0B, (0) 9B,-(0)

Observe now that by the L' embedding of H' and the trace inequalities, there exists C' > 0 such that

1/2
][ u9 qu — U dSq S C / |VU2 |2 qu 5
B, (0) 8B, (0) B, (0)

where C' is independent of o since the latter inequality is dilation invariant. Therefore, reasoning as in
(44) we obtain

2 1
/ v(@—logm)’ dvggf/
Ag(o,r) 2 4 Ao(o,r)
where Uz (o) = fBU(O) ug dVy. Finally, by the fact that

|Vus|? dV, — 2rlog o + 2na (o) + 5/ |Vus|? dV, + C,
2

1 1
Z|VU2|2 = Q(u1,uz) — EW(W + 2uy)[?,

we get

o [
Ag(o,r)

2 1
V(% tolel) @y < [ Qa5 [ VG 2w v+
2 Ao(o,r) 12 Jao(o,m)

— 2nlogo + 2nus(o) + 5/2 |Vuz|? dV, + C.
We claim now that for any € > 0 one has
(47) /A - IV (uz + 2uq)[*dV, > 27 (?(ug(o) + 2uy (o)) + élzloga> - €/ZQ(u1,uQ) dvy, — C.
olo,r
Letting v(x) = ua(x) + 2u1 () we have to prove

2 1
/ |Vo|?dV, > 27 (N’U(O'> + = loga> ,
Ao(o,r) € €

where T(0) = Uz(0) + 2u1 (o). Choose k € N such that

/ |Vo|2dV, < g/ |Vo|? dVy,
Ap(2kc,2kt10) =

w(x) =7(o) if x € Bary(0),
=0 ifx € Ap(2%0, 28 10),
fL(LE) = ’U(LE) if x ¢ B2k+10(0).

and define
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Then there exists a universal constant Cy such that

/ |Val|? dV, / |Vo|? dV, + C’Oe/ |Vo|? dV,
Ao(2k0,r) Ao (o,r) b))

IN

IN

/ |V1}|2 dVg+CQE/ Q(ul,UQ)d‘/g.
Ao(d,'r’) >

Solving the Dirichlet problem in Ag(2¥0,7) with constant data (o) on dBax,(0) one gets

w(z) = Alogo if || > 2%0,
w(2k0) = Alog(2¥0) =v(0) if |z| = 2¥0,

for some constant A. We have that

1

1 = 2
/ Vw|? dV, = 27 A%log —— — C = 27 ") ¢
Ao(2Fo,r) 2%o log 575

Moreover

/ Vw|? dV, g/ V|2 dV,.
Ao (2%0,r) Ao (2%0,r)

Finally, using Young’s inequality

we end up with

Therefore we conclude

2_ 1
27 (év(a) + = log a> -C

— N2
2%1}(0)1 -C = / |Vw|* dV,
log = Ao(2%a,r)

/ \Val?dv, < / |Vv|2dVg+Cos/Q(u1,u2)dVg,
Ap(2k0,r) Ao (o,r) =

IN

IN

which proves the claim (47).

Inserting (47) into (46) we have

/Ao(a,r)

IN

v (% “log |z|) ’2 dv,

/AO((M) Q(u1,ug) dVy — %Q’N <§(U2(0) +2u; (o)) + ;logg) +

27rloga+27rﬂ2(a)+5/ Qu1,u2)dVy + C.
)

Choosing € = 1/6 we obtain

@)
Ap(o,r)

We use then (48) in (45) to get

2
V<%—10g|x|)‘ av, < / Q(u1, ug) dV, — 47, (o) — 8w log o +
2 Ap(o,r)

+ 5/ Q(ul,u2)dvg—|—0.
b

(49) 8« log/ e dVy < / Q(u1,u2)dVy — 4n; (o) — 8wlogo + 5/ Qu1,u2)dVy+ C.
> Ag(o,r) )
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For the first component we consider the scalar local Moser-Trudinger inequality, see for example Propo-
sition 2.3 of [36], namely

1
log / e"t dV,
B,./2(0)

]67 BT (O)

1
< 7/ Q(ul,u2)d1/g+a1(r)+e/Q(ul,ug)dvg+0.
am B,.(0) b

IN

(Vi |? dV, + a1 (r) + g/ |Vuy|?dV, + C
b

Performing a dilation to B,(0) one gets
A7 log/ e dV, < / Q(u1,uz) dVy + 4y (o) + 8w logo + E/ Q(u1,u)dVy + C.
B, /2(0) B, (0) »
We then use the assumption (41) and we obtain
(50) 4 1og/ et dV, < / Q(u1,u2) dVy + 4n, (o) + 8wlogo + E/ Q(u1,u2)dVy + C.
b B, (0) b
Summing equations (49) and (50) we deduce
4m log/ et dV, + 8w log/ e*2dv, < / Q(u1,uz)dVy + e/ Q(u1,uz)dVy + C,
by ’ by | B, (2) ’ by ’
which concludes the proof. B

Remark 3.6. The above result is inspired by the work [1] (see in particular Proposition 4.1 there) where
the singular Liouville equation is considered. The authors derive a geometric inequality by means of
the angular distribution of the conformal volume near the singularities. Somehow the singular equation
can be seen as the limit case of the reqular one. Roughly speaking, when one component is much more
concentrated with respect to the other one, its effect resembles that of a Dirac delta.

3.3. Lower bounds on the functional J,. We are going to exploit the improved inequality stated in
Proposition 3.5 to derive new lower bounds of the energy functional J, defined in (2), see Proposition 3.7.
This will give us some extra constraints for the map from the low sublevels of J, onto the topological
join X x Xy, see (9).

Given a small 0 > 0, our aim is to describe the low sublevels of the functional J, by means of the set

(51) Y = (Ek*El)\Sng*El,
where
(52)
1 k
S = {(1/,62,2> EEk*lel/:Ztiémi p d(xg,x) >0Vi#j, 60 <t; <1—06Vi; zEsupp(z/)}.
i=1

We will show that there is a lower bound for J, whenever U, which is defined in (29), has image inside
S, see Proposition 3.7.

Consider Ce (o) as given in (17), f € Ce »(z0) and ¢ defined in (19). Before stating the next main result
we recall some properties of the map v, see Proposition 3.1 in [36] (with minor adaptations).

Fact. Let ¢(f) = (8,0). Then, given R > 1 there exists p € ¥ with the following properties:
d(p,B) < C'c for some C’' = C'(R);

fdVy >, fdVyg >,
Bo (P)NBr(x0) (Bro (P))°NBr(zo)

where 7 depends only on R and .

(53)

Recall also the distance d between measures in (11), the numbers ¢; > 0 in Proposition 2.4, the projections
Y, 1 in (27), (28) and the definition of the parameter s in the topological join given by (26).
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Proposition 3.7. Suppose that p1 € (4dkm,4(k + 1)), p2 € (47, 87) and that d(
d (m, El) <é€q. Let

~ ~ etz
(e (f e“ldV> Zt5x,, U1 (fzedeg):éﬁz'

There exist § > 0 and L > 0 such that, if the followmg properties hold true:
1) d(zi,z;) >dVi#jandt, € [0,1 -6 Vi=1,... k;
2) s(u1,ue) =1/2;
3) B, =y for somel e {l,... k};

then

W’ Ek) < 2€k,

Jp(ul, ’U,g) Z —L.

PROOF. Suppose w.l.o.g. that @3 =y = 0. We first observe that exploiting the assumption s(uy,ug) =

1/2 we deduce o1(u1) = oa(uz). Secondly, it is not difficult to show that from property 1) it follows

d (refilldv, Ek_1> > 2e_1. Therefore, by the definition of {/zvk we deduce that ©; = S« fori=1,...,k,
Je g i

where the 8, are the local centres of mass given by (23). Hence we get

Ul k
~ e
fze 1dV, ; ok

Recalling that we have set (see Subsection 3.1)

= o ) (o)

using the fact that d (W’ El) < &1, by the definition of g1 in (24), o2(uz) reduces to o,. We recall
=

now also the definition of o (u1), namely

o =o(a{ ) o ()

where A(ui,uq) is defined in Subsection 3.1. The assumption d (W’Ek) < 2¢p implies that
f(d (W’Ek)) > 0. As before, using property 1) we obtain from d (W,Ek 1) > 2ep_1

W,Ek 1)) =0 and hence A(u,uz) = B(uy,uz) (see the notation before (26)).
Moreover, the condition 3) implies that b(d(8., {Bars - ,Bgcz;})) = 1. Therefore B(u1,uz) = o,. Hence

one finds
et et
up — d DY xk 1 - d p :
=i (fgedeg ) (11 (fgedeg )

We distinguish between two cases.

that Ok—1 (

Case 1. Suppose first that | (d (feuilldvv b )) = 1. In this case we obtain 0,1 = 01(u1) = 02(uz) = 0.

By this fact and by property 3) we get (53, k0 k) = (B.,0,). Let r = 6/4: from (53) and the definition
of B, B, there exists 7y > 0 such that

(54) / e dvy, > %/ e dv, for i=1,....k / e dv, > %/ e“? dV,.
Br (ﬁx;v) ‘ T l B(8:) ' ) '

Therefore, we are in position to apply Proposition 2.12 and get
4(k + l)ﬂlog/ e dV, + 8w log/ e dVy, < (1+4¢) / Q(u1,uz)dVy + C,.
bX b b

The conclusion then follows from the expression of J, and from the upper bounds on p1, pa.
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u

Case 2. Suppose now that f (d <fee“+d‘/’ Ek)> < 1: we deduce immediately that d (f:t‘%lld\/’ Ek> €
i g i g
(Ek, 251@)-

Given € > 0, let R = R(e) be such that Proposition 2.10 holds true. Let C’ = C/(R) and 7 = 7(R)
be as in (53). Take 79 = 7/100,v9 = o7, where 7 is given as in (54), and let C' = C(e,r,70,70) be
the constant obtained in Proposition 3.5. We then define C = max{C’, C}. Moreover, observe that by
construction Our <01 (u1) = oa(ug) = o..

If Ok <o, < 5803:;@ we still can apply Proposition 2.12 as before, see Remark 2.11. Consider now

the case C 801;6 < 0,. We distinguish between two situations.

Case 2.1. If r is as in Case 1, suppose that

(55) / e"2dVy > 7'0/ e"2dV, <> %7’0/ e dVy : see (54)) .
Beag (B=) B, (82) =
“l

By the fact that C~'4UI;c < 0y, from (53) we also get

e"2dVy > 7'0/
Br(B2)

(56) ez dvy, > %Tg/ e"? dv,.

/(BR5‘40 k(Bz))cmBr(ﬂz) )
T

By Ok) = z/;(flii(ul)), yield by (53) the existence of

Y x

The conditions on the local scale of u;, given by (8
p € ¥ such that

x

/ et dvy > 7'/ et dvy > %7’/ et dVy,
B B, (ﬁwﬁ,) )

o k(P)
ak

/ . et dVy > 7'/ et dVy > %7’/ et dvj,.
(Bro @) 0B (51) B, (8,1 2

The latter formulas, together with (55) and (56) imply an improved Moser-Trudinger inequality, see
Remarks 2.9 and 2.11:

(57) 8T <log/ e" dVy + log/ o2 dVg> <(1+ 6)/ Q(u1,u2) dVy + Cole, r, 7,70)-
) by B, (82)

Case 2.2. Suppose now that the second situation occurs, namely

(58) / e dv, < 7'0/ e dVy.
Bea,  (2) B,(8-)

oy

The goal is to apply the improved inequality stated in Proposition 3.5. Take ¢ = (C' )20$§c and
Ap_ (Co, &) as the annulus on which we will test the conditions (41) and (42). We start by consid-

ering (41). Observe that
/ et dVy > v / et dV
B /2(2) x

follows from (53) and (54) by the choice of o and 9. Similarly, using the volume concentration of us in
(Bre, (p))¢ N Br(8,) in (53) and (recalling the definition of C') Co < Ro, we get

/ e"2dVy > v / e"? dV,
Ap,(Co &) by

by taking e, sufficiently small in Proposition 3.7. We are left by proving condition (42), i.e.

/ €2 dVj,
sup Bryd(y,=) (¥)

y€Ap, (Co, &) / el d‘/g
Ap. (Co, &)

<1—T0.
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If this is not the case, then there exists y € Ag_(Co, &) such that

/ e“2dVy > (1— 7'0)/ e*? dVy.
BTDd(y,z)(y) A/‘J‘Z (CUL)

C

Using the assumption (58) and o < 5’4015 we get

/ edV, > (1- Tg)/ edvy, > (1- 7'0)/ e"? dV,
Bryd(y,=) (¥) Ap.(Co,5) Ap. (Co, )

= (1- To)/ e*2dVy, — (1 — To)/ ewdvy, > (1— 27'0)/ e*? dVy.
Br(ﬁZ) BCo(Bz) Br(ﬁz)

Moreover, by the property of the local scale of us given by (8;,0,) = ¥(f7.(uz2)), see (53), we have

/ ez dvy > T/ "2 dVy.
B ) Br(82)

Notice that by the choice of 7y the three properties above cannot hold simultaneously. Hence, we have a
contradiction. Finally, we are in position to apply Proposition 3.5 and deduce that

47rlog/ e dVg+87rlog/ e"? dV, §/ Q(u1,u2)dVg+€/ Q(u1,u2)dVy + C.
2 > B, (B:) s

e"2dVy > 7'/ e dVy; /
BT(ﬁz) (BRHZ (p))cmBr(ﬁz

az(p)

Observe that by the latter formula and by (57), in both Case 2.1 and Case 2.2 we can assert that

(59) 47 log/Ze“1 avy +8n log/ze“2 av, S/

Q(uy,uz) dVy + 8/ Q(uy,uz)dVy, + C.
B, (8:) by

Recall that under Case 2 we have d (ﬁ%dv, Ek) > ¢. By the second part of Proposition 2.4 (applied
o g
with [ = k + 1) there exist & > 0, depending only on e, and k + 1 points Z1,. .., Txr1 such that

d(z;,z;) > 28, fori# j; / et dVg>§k/e“1 avy, foralli=1,...,k+1.
Be (Z4) =

Without loss of generality we can assume § < /8. By this the choice of § there exist k points 71, ... gk
such that

d(g;,y;) > &, for i # j; d(Gi, Bpr) >0 foralli=1,... k;

/ e“lqu>§k/e“1qu foralli=1,... k.
Be,, (9:) =

We perform then a local Moser-Trudinger inequality for u; in each region, see (50), and summing up we
have (recall that r = 6/4)

(60) Ak log/ et dV, < Q(uy,ug)dVy + E/ Q(u1,ug)dVy + Cr,
bl b

Jo (5.6))’

where the average was estimated using Holder’s and Poincaré’s inequalities as in (44). By summing
equations (59) and (60) we deduce

4(k + 1)7r10g/ e dVy + 8w log/ e"?dVy < (1+ E)/ Qu1,u2)dVy + C,
b b >
so we conclude as in Case 1. B

By Proposition 3.7 we obtain the following corollary.

Corollary 3.8. Let S be as in (52) and let Y = (X xX1)\ S. Then, for L >0 large U (defined in (29))
maps the low sublevels J;L into the set Y.
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4. TEST FUNCTIONS

We show that the lower bound in Proposition 3.7 is optimal, see also Corollary 3.8. In fact, we will
construct suitable test functions modelled on Y on which J, attains arbitrarily negative values.

To describe our construction, let us recall the test functions employed for the scalar case (5). When
p > 4w, as mentioned in the Introduction, the energy I, in (6) is unbounded below. One can see that
using test functions of the type

2
(61) oxz(z) = log (M;\(:CZ)Q> )

for a given point z € ¥ and for A > 0, as A — +0o these satisfy the properties
(62) evr: =4, and I(ox,z) = —00 (p > 4m),

holding uniformly in z € ¥. More in general, if p € (4km,4(k 4+ 1)7), a natural family of test functions
can be modelled on Xy, see [19, 20]. In fact, setting

2 k
63 o) =1 ti | ———— ] = t;0,,,
© L 31 (et ety RES 28

similarly to (62), for A — 400 one has uniformly in v € 3,
d(e?,v) =0 and I(ory) = —0 (p € (4dkm,4(k + 1)m)).

When dealing with the energy functional J, in (2) one can expect to interpolate between the ¢y, for the
component u; and the ¢, , for uy when p; € (4km, 4(k + 1)7), p2 € (4m,87). Therefore, the topological
join Xj x ¥; represents a natural object to parametrize globally this family, with the join parameter s
playing the role of interpolation parameter. However, as mentioned in the Introduction, the cross term in
the quadratic energy penalizes gradients pointing in the same direction. By this reason, not all elements
in g x X; will give rise to test functions with low energy. It will turn out that the subset Y of ¥ % Xy,
see (51), will be the right one to look at.

4.1. A convenient deformation of Y N {s = %} We construct here a continuous deformation of
Yn {s = %}, which is relatively open in the join ¥ * 31, onto some closed subset: see Corollary 4.6.
This will allow us to build test functions depending on a compact space of parameters, which is easier.
Before doing this, we recall some facts from Section 3 of [34].

There exists a deformation retract Hy(t,-) of a neighborhood (with respect to the metric induced by
din (11)) of ¥_; in Xk onto X_1. To see this, one can take a positive §; small enough and consider a
non-increasing continuous function Fy : (0,400) — (0, +00) such that

1
(64) Fo(t) = n for ¢t € (0, d1]; Fy(t) = for t > 24;.

1
26,
We then define F': ¥ \ Zx—1 — R as

k
(65) F(Ztl(swl> :ZFO( .’17“.’17] +Z lft
=1 i#]
Fi((wi)q) Fa((ti)i)

Notice that F'is well defined on ¥;\¥j_1, as it is invariant under permutation of the couples (¢;, z;)i=1,... k-
Observe also that it tends to +o0o as its argument approaches ¥ _1. Moreover, the gradient of F' with
respect to the metric of ©* x T, (where Ty is the simplex containing the k-tuple T" := (t;);) tends to +oo
in norm as Zle t;6,, tends to Xg_1. It follows that, sending L to 400, we get a deformation retract of
Fr:={F > L}UX;_q onto X;_; for L sufficiently large. We then obtain H, by a reparametrization of
the (positive) gradient flow of F.
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‘We introduce now the set }N/% cYn {s = %} C X * X1 defined as

}7% = {(1452,;) :I/EEkl}U{(mézé) (v € X\ X1, zgésupp(u)}.

The next result holds true.
Lemma 4.1. There exists a continuous deformation I;T(t, -) of the set Y N {s = %} onto }7%.

PROOF. Let § > 0 be as in (52). Consider 0 < 6 < & and let f : (0, +00) — (0, +00) be a non-increasing
continuous function given by
f(t):{ L int<o,

0 int>20.
Moreover, recall the deformation retract Hy(t,-) of a neighborhood of ¥;_; in X) onto Yx_; constructed

above. To define H we distinguish among four situations, fixing b< 0 (in particular we take § so small
that Hy is well-defined on 3d-neighbourhood of ¥j_; in the metric d).

(i) d(v, Sx_1) < 6. Recall that elements in Y N {s =1} are triples of the form (v,6.,1) with v € .
In this first case we project v onto ¥;_1, while J, remains fixed. If Hy is the retraction described above,

~ 1 1
H (t7V762a2) = (Ho(t7y)56252> .

we simply define H to be

(i) d(v, x_1) € [6,26]. Let

k
vi(t) = Ho(t,v) = > ti(H)04,(0)-
i=1
If fis as before, we introduce the following flow acting on the support of §,:
k
d
(66) pridO D (O F (d(z(0), 2:(8) Vad(2(4), 2:(1)).
i=1

To define H in this case we interpolate from a constant motion in z and (66) depending on d(v,Xj_1):

~ 1 1
H (t,V7 6z72> = (Ul(t>7éz(t d(l/,Ekgl)—(§>72> .

d(v,Sp_1)—6
L

support of v (t), unless v1(t) € X_1. Therefore, as for case (i), H (1, v,0,, %) € }7%.

Notice that when d(v,$p_1) = 20 we get z ( ) = z(t) and this point never intersects the

(iii) d(v, Sx_1) € [20,30]. In this case the evolution of v interpolates between the projection onto $j_1

and staying fixed, i.e. we set
36 —d(v, Xy
vo(t) = Hy (t(gkl)w>

and let z(t) evolve according to (66) with ¢;(t), z;(t) given by me ti ()05, (1) = v2(t), so we define H as

~ 1 1
H <t7ya62a2> = (VQ(t)aéz(t)a2> .

(iv) d(v,Sk_1) > 34. The deformation H leaves now v fixed, while we let z(t) evolve by (66) with
t =

(t) =t; and z;(t) = x;.
~ 1 1
H<tal/a52a2> = <1/752(t)72> .

Observe that in this case, by the definition of j? and by the choice of (5~, the latter flow of z does not
intersect the support of v and d(z,2(1)) =0(5). m



24 ALEKS JEVNIKAR(, SADOK KALLEL(?, ANDREA MALCHIODI®)

We next slice the set }7% in the second entry §,: for p € ¥ we introduce }7( 1) C ¥ given by
25

(67) }7( ») = {u €Yy (y, Sp, ;) € }75},

so that
~ ~ 1
Y% = U (Y(é)p)76p7 2) .

pEX

Nl=

In Proposition 4.4 we will further deform 57( 1) to some compact subset of X (depending on p).
2

Let d2 > 0 be a small number, p € ¥ and x;, a cut-off function such that

_J 0 inBs(p),
(68) Xoy = { 1 in (526?(p))c

We start by proving the following lemmas (we are extending the notation in (8) to any subset of X).

Lemma 4.2. Let p € ¥ and let §3 > 0 be as before. There exists d3 > 0 sufficiently small such that the
above defined map Hy(t,-) is a deformation retract of{z/ € }7(; p) fz X5, dv > d2,d (M Zk,2> € (0, 53)}0
5

lIxs, VIl

{d(v,2-1) < 83} onto (X \ {p})k—1 with the property that Vt € [0, 1] we have p ¢ supp Hy(t,v).

PROOF. Let §; be as in (64). We can assume that §; < d2/16. We first prove that Hy(t,-) has the
property that as the d-distance of v from Xj_; tends to zero then the support of the measure Hy(t,v)
is contained in a shrinking neighborhood of the support of v (uniformly in v). We will then show that
Hj restricted to the particular set considered in the statement gives the desired deformation retract.

To prove the first assertion we endow X*, which the k-tuple X := (z;); belongs to, with the product
metric, and the simplex Ty, containing the k-tuple T := (t;);, with its standard metric induced from R*.
Then one can notice that, as the singularities of F; and F5 behave like the inverse of the distance from
the boundaries of their domains, there exists a constant C' such that

1 1

(69) 5F1(X)2 —~C < |VxFi(X)| < CF(X)? +C; 6FQ(T)2 —C < |VrEy(T)| < CF(T)* + C.
We now consider the evolution s — ((v,s) with initial datum v in a small neighborhood of 3j_1, where,
we recall, F attains large values and its gradient does not vanish. If we evolve by the gradient of F' then
X evolves by the gradient of F} and T by the gradient of F5. By the last formula we then have

dX

‘ds‘ = |VxF|<CFR(X)?+C.
On the other hand, still by (69), we have that

dF 1

P [VxFL(X)]? + [V B(T)] > @Fl(X)4
Notice that this quantity is strictly positive if F' is large enough, see (65), which allows to invert the
function s — F(((v,s)). Therefore, if s, is the maximal time of existence for ((v,s) we can write that

1

+ g ba(T)! -2,

| dX = 14X | 1
[ o= [ 2] L ar
o |ds Fy | ds | G

By the above two inequalities we deduce that
/5” dx d /°° CFh(X)>+C

o |ds ~ Jrw) g F(X)+ R (T)—2C
By elementary inequalities, recalling that F' = F;(X) + F»(T') we also find
/5" ax dsgé/oo L_ar

o |ds Fu) F2-C

Therefore, as v approaches Y;_1, namely for F(v) large, we find that the displacement of X becomes
smaller and smaller. This gives us the claim stated at the beginning of the proof.

dF.
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Next, we observe that by being v € }Nf(l ») and d (%,Ek,g) > 0 by assumption, it follows the
27 2

existence of at most one point of the support of v in the ball B 35, (p) which does not coincide with p.
Moreover, by the above claim we have that the points outside Bs,(p) following the flow induced by F'
move by a distance of order os,(1), since d(v,Xj_1) < d3. Therefore, choosing d3 sufficiently small we

get the existence of at most one point in the ball B 35, (p), different from p, even while the flow is acting.
By the choice of Fy, see (64), (65), and by the choice d; < ‘1%, we deduce that the point inside B%52 (p)
it is not affected by the flow and in particular it does not collapse onto p: the proof is complete. B

Lemma 4.3. There exists a deformation retract H(t,-) of {I/ € }7( ) Js x5, dv > 52} to the set:

B :=(2\ Bs,(p)),, U { card((supp (v)) \ Bs,(p)) <k —2}.

PROOF. Let us first consider a deformation retract which pushes points in ¥\ {p} away from p. Define
Hy(t,), t€[0,1] as follows: if v = Zle t;0z,, T; # p, then (using normal coordinates around p)

Zi (1 —t)|z;| +t6 fd(p, ;) < ds.
Hi(t,v) = § :ti(gm L where i = A (( )| + 2) 1 (p, x;) 2
i=1 1 L if d(p, x;) > da.

We next introduce two cut-off functions X‘lss, X§3 as in Figure 1 (ng corresponds to the dashed graph).

! 03 3
soX2 X1

N4

03
FIGURE 1

For {d(v,Xk_1) < 3} we define the deformation retract Hy(t,-) as an interpolation between the ho-
motopies Hy and Hy, precisely

1% 1%
Hy(t,v) = H (“‘33 <d <§§2u||’2k‘2>> Ho (*"‘53 <d <|§<?u|’2’€‘2>> >) '
2 2

The introduction of the cut-off functions makes the deformation retract continuous with respect to the
topology induced by the d-distance.

For d(v, ¥_1) arbitrary we instead define H as

H(t,v) = H, (txgs (d(v, Sk1)), Ha (32 (d(, zk_l)),y)) .

Again, notice that the cut-off functions in the first argument of H; give continuity in v. B

The main result of this subsection is the following proposition: we retract 17( 1) to a set of measures
3

Zkp7 (see (70)) for which either the support is bounded away from p, or for which there are at most
k — 2 points not closest to p. As we will see, these conditions will be helpful to find suitable test functions
with low Euler-Lagrange energy, see the next subsections.
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Proposition 4.4. There exist T > 1 and a retraction R, of }N/(l ») to the following set:
3

\ﬁ} g

k
U {1/ = Ztiém € Xy : card{x; : d(z;,p) > mind(x;,p)} <k — 2}.

i=1

N

k
(70) Ykpr = {V = thﬂxi € Xy s d(wi,p) >
i=1

PROOF. Recall first the definition (68) of xs,. We then extend the result in Lemma 4.3 to arbitrary
values of ma(v) = fz X5, dv, namely also for my < J2, finding a retraction onto 5. Consider normal

coordinates around p. Define m(v) :HV<X52 (ma(¥)) + (1 — x5, (|2])) (1 — x5, (mg(v)))) H and let

v (s (ma(v)) + (1 = X3, (J2) (1 = x5z (m2(v))) )
Tw) = m(v)
14 lf mg(lj) Z 252

if mg(ll) < 2(52,

We then define the retraction as -

R(v) = T(H(xs,(m2(v)),v)).
Let vy = H (xs,(m2(v)),v). To have R well-defined we need to ensure that whenever T is acting, namely
for mo(vy) < 202, we have m(vy) > 0. Clearly, it is enough to show that

(71) /(1 s, dvi > 0.
b
We point out that
mo(vy) + / (1—xs,)dvyg = 1.
by

Therefore, by my < 2d5 we obtain
/(1 — X&z)dVH > 1— 20s.
b))

Finally, we construct a retraction of B onto Xy, . For v € B with ||(1— xs,)v|| > 0 we define a parameter
T =7(v) € (0,400] in the following way:

1 1-—
(72) - —d ((W/,5p> .

T 11 = X&)l
Consider normal coordinates around p. Let 7 > 1 be such that 2 < d; < 1 and let f: B x X — Rt and
g :RT — R* be two smooth functions such that

0 if 7= 400, ) 1

e 1 1 tift < <,

fvx)={ 7 7 <+ooand lz] < =, g(t) = L s 7
1 =.

1 if 7 < 400 and |z] > 2, -7

For v = Zle $i0y, € B with ||(1 — xs,)v|| > 0 we consider (1 — xs,)v = Zle ti05, and then define

k
~ ZZ‘:1 tig(lxiwamf(l’sii) ]

73 U=
(7 SF L tig(|a)

Observe that for d(x;,p) < = Vi, (73) reads as

i tilaild e 1
S tilil

while for d(z;,p) > 2 Vi, we obtain U = Zle iz, .
For a general v € B the retraction is given by

(74) Rp(v) = (1 —ma)V + xs,V-

S

V=
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Observe that when ||(1 — xs,)v|| = 0, 7 is not defined. However, the map R,(v) is well-defined since in
this case we have my = 1. Notice furthermore that R,(v) € Zj since ||R,(v)| = 1 and since we do not
increase the number of points in the support of v, due to the fact that the map v — v does not affect
the points x; with d(x;,p) > %, which was chosen such that 2 < 6o. W

Remark 4.5. (i) With the above definitions, letting 02 tend to zero, one shows that the map R, is
homotopic to the identity on its domain.

(ii) The parameter 02 is chosen so that dy < 4.

Combining Lemma 4.1 and Proposition 4.4 (applying its proof uniformly in p € ) we obtain the following

result; notice that by construction, the retraction R, from Proposition 4.4 depends continuously on p.

Corollary 4.6. There exist T > 1 and a continuous deformation R of Y N {s = %} onto the set

1
U {(1/,5,,, 2) v E Ek,pﬁ} ,
pEX

In the next two subsections we perform the construction of test functions using the above deformations.

where Xy, , 7 is as in (70).

4.2. Test functions modelled on )N’( 1p)* dp . In this subsection we introduce a class of test functions
20

parametrized on 17(1 p) ¥ dp C Y, see (67) and (51). The latter subset of Y is where the interaction
3

between the two components of (1) is stronger, and hence where more refined energy estimates will be
needed. The remainder of Y will be taken care of in the next subsection.
The retraction R, defined in Proposition 4.4 will play a crucial role in the construction of the test

functions. Indeed, starting from a measure in Y( 1

p) We will consider, through the map R, a configuration
ol

belonging to ¥, 7, see (70). When considering }N/’(l p) * dp and the corresponding join parameter s,
3

our goal is to pass continuously from vector-valued functions (¢1,2) with ¥ ~ o € Xy, 7 (in the
distributional sense) to functions (p1,2) with e®? ~ ¢§,. This needs to be done so that the energy
Jo(p1, p2) stays arbitrarily low.

As the formulas are rather involved, we first discuss the general ideas beyond them. Our construction
relies on superpositions of regular bubbles and singular bubbles. Regular bubbles are functions as in
(61) which (roughly) optimize inequality (7) in the scalar case. Singular bubbles instead are profiles of
solutions to (5) when a Dirac mass is present in the right-hand side: this singular version of (5) shadows
system (1) when one component has a higher concentration than the other.

From the computational point of view, regular (respectively singular) bubbles behave like logarithmic
functions of the distance from a point truncated at a proper scale, with coeflicient —4 (respectively —6).
By this reason we sometimes substitute an expression as in (61) (or in the subsequent formula) with
truncated logarithms.

Another aspect of the construction is the following: at a scale where the function ¢; dominates, the
gradient of the other component ¢; of (1) will behave like f%Vgoi: the reason of this relies in the fact
that this choice minimizes Q(p1, ¢2), see (3), for ¢, fixed.

We introduce now the test functions (¢1, ¢2) as in Figure 2, starting by motivating the definitions of
the parameters involved. Consider p € 3 and v € Y(l p)’ recalling Proposition 4.4 and defining
3

k
(75) Di=Rp(v) =Y tils, € Skpr,

let 7 be as given in (72). Consider parameters 7 > p > A > 1 and let s > 1 be a scaling parameter
which will be used to deform one component into the other one: this will be chosen to depend on the
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—4logd(z, T;)

—6logd(z,p)

¥2

FIGURE 2

join parameter s. Roughly speaking, ¢; is made by a singular bubble at scale 5;, where § is given by
(78) (but one can think § = s for the moment) and

(76) Ty := min{r, A},

on top of which we add regular bubbles at scales ﬁ centred at points z; with d(z;,p) > 5% for all 4.
The parameters s;, A; are defined by (81) and (80) in order to get comparable integrals of e®* near all
points Z;; we will discuss later why we take sometimes § # s. The centres Z; of the regular bubbles are
defined as follows: letting 6 small but fixed, we set in normal coordinates at p:

_ 1 _ § if d(zy,p) <6,
(77) Ti = = T4, Si = . (@i,p) < =
S 1 if d(x,p) > 26.
We point out that for d(x;, p) < § we get 7; = %xi, which gives continuity when x; approaches the plateau
{d(-,p) < %} For d(z;,p) > 0 instead the position of the points does not depend on s.
The effect of the increasing parameter s depends on the starting configuration v € 17( 1) in case we
25

have points z; on the plateau of the singular bubble, i.e. d(z;,p) < % for some i, the support of the
singular and regular bubbles of ¢; shrinks; moreover, the points z; approach p. On the other hand, ¢4
is (qualitatively) dilated by a factor % so that e®2 loses concentration at the expense of e¥1.

In case we do not have points on the plateau, namely when d(Z;,p) > % for all 4, it is not convenient
anymore to develop a singular bubble with center p as s increases. To prevent this situation we give

an upper bound on § depending on 7. For 7, > 1 large but fixed we let P : (0,+00) — (0,+00) be a
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non-decreasing continuous function defined by

Pit)=1 for t <,
P(t) = +o0o0 for t — 27.

If 7 is as in (72), we then define 5§ = (s, 7) as

i {min{s,ﬁ(ﬂ} if 7 < 27,

(78) .
5 if 7> 27,

Notice that by construction of the retraction R, see Proposition 4.4, when there are no points on the
plateau {d(-,p) < %} it follows that 7 < C and therefore, taking 2r; > C, we get § < P(C) < +o0.

In this situation, namely for § bounded from above, the second component ¢o remains fixed when we
start to concentrate the first component ¢;. To do this we develop more and more concentrated bubbles
around the points Z;; we introduce a parameter A = A(7) so that A — 400 even for 7 < 27, when s
increases. Let P : (0,400) — (0,400) be a non-increasing continuous functions such that
{ P(t) — +oo for t — 27y,

Pt)=1 for t > 47.

We then let
. if 7 <2
(79) A=8\,  s=et L TECT
min{s, P(7)} if 7> 2m.

To have comparable integral of e¥! at each peak around z; for i = 1,..., k, we impose the conditions
(80) log \; — logd(xz;,p) = log 7y + log A if d(z;,p) > '

A=A if d(x;,p) < %
and
(81) log s; +logs; = 2logs,

which determine A; and s;.

Recall the definitions of ¥ in (75): motivated by the above discussion, we define the functions (1, ¢2)
as follows (see Figure 2). The positive peaks of 7 are given by

—4 —4
Lk max {1, min { (701(5?%4)) d(zx, xl)) , (d(’;ﬁé ) ‘;71)\1) }}

vi(2) = via(z) +v12(2) = lo ‘
(#) = n1(e) + vnae) =Tog 3¢ (Gra)—2 + d(,p)?)°

v11(z) = log iti max {1, min { (d(;’md(% 50) B ; ((ﬂ;p);\) _4}} :

1
((67)~2 + d(,p)2)"

where

v1,2(2) = log

The positive peak of ys is instead defined by

va(z) = log (max {1, min {(gu d(z,p)) ", @)4}}) .
We finally set

(2) o= (2260 ) = (L8 )

The main result of this subsection is the following proposition.
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Proposition 4.7. Suppose that py € (4km,4(k + 1)7), ps € (47,87), let U be defined in (29), and let
a7, be defined in (82), withp € ¥ and v € Y(% p)- Then, for suitable values of T > u > A > 1 and

fors =1, \i'(go)\’;’l) is valued into the second component of the join Xy x X1. Moreover there is a value
Spv > 1 of 5, which depends continuously on p,v such that ¥(px 7, ) is valued into the first component
of the join, and such that

Jo(przs) = —00  as A — 400 uniformly ins € [1,s,,] and in p,v.

PROOF. As some of the estimates are rather technical, most of the proof is postponed to the Appendix.
Concerning the first statement, when s = 1, by construction (see in particular Lemma 6.2) one can see
that most of the integral of e¢¥2 is concentrated in a ball centred at p with radius of order %, while that
of e#1 near at most k balls of larger scale. From the definitions of scales o1 (uy), 02(usz) in Subsection 3.1
it follows that for s = 1 the quantity s(y1,¢2) defined in (26) is equal to 1, provided we choose the
parameters 7 > 1 > A > 1 properly. By the way W is defined, this implies our first statement.

As s increases, see again Lemma 6.2, the scale o1(p;) (as defined in Subsection 3.1) decreases while,
depending on 7, the scale of g2(ps) reaches some positive value bounded away from zero. In particular
for 7 > 27 (recall (78)), by the estimates in Lemma 6.2, for s ~ log7T — 2log i the scale o2(p2) becomes
of order 1. In any case, for s sufficiently large s(1,p2) = 0, so ¥ maps the test function into the first
component of the joint. As the scales 01(¢1), 02(p2) vary continuously in ¢1 and @9, s, can be chosen
to depend continuously in p and v.

Regarding the energy estimates, the most delicate situation is when 7 is large, i.e. when § = s, see
(78). In this case s,, >~ logT — 2log 1+ and the computations are worked-out in the Appendix. When 7
instead is smaller than the fixed number 27 (see again (78)) the singular part of the first component of
the test function (with slope —6logd(-,p)) has negligible contribution and the support of the measure
in (75) is bounded away from p by a fixed positive amount. In this case the interaction between the two
components is negligible, and similar estimates as those in Proposition 3.3 of [3] can be applied. B

We proceed now with parameterizing the above functions via the number s in the topological join. Ideally,
one would like to have s varying from 1 to s, , as s decreases from 1 to 0. However, for this map to be
well defined on the topological join, we will need to eliminate the dependence of the test function on the
first (resp. second) component of the join when s =1 (resp. s = 0). For this reason, we will need some
extra deformations depending on s. The construction goes as follows, depending on three ranges of the
join parameter s.

4.2.1. The case s € [%, %} Let @y 7,5 be defined in (82), with p € ¥ and v € ?(%,p). We set

(83) @A(V,p, 5) = 90)\,?,2(1—51,,,,)5-&-%5,,,,,—%7

so that @x(v,p, 3) = ¥r7s,, and PA(v,p,2) = @y 71

4.2.2. The case s € [O, ﬂ . Starting from test functions of the form ¢, 75, , the goal will be to eliminate
the dependence on the second component of the join, namely on the measure ¢,. To this end, we divide
the interval [O, i] in several subintervals in which we perform different operations on the test functions.
Moreover, we want .J, to attend arbitrarily low values while doing these procedures. Notice that in what
follows, this range of the join parameter s will correspond to s = s, ,, which is given in Proposition 4.7.
Step 1. Let s € [%, i] We flatten here the function vy in the second component of (82) by considering
the following deformation:

Fote) = (A0 )= (0 Ee ). reb

—%vl,l(x) + twug(x)
We will then take

(84) Dy (v,p, s) = Gh #(2), t=16 (s - 136> .
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It is easy to see that J, attends arbitrarily low values on this deformation by minor modifications in the
proof of Proposition 4.7.

Step 2. Let s € [%, 13—6] Starting from s = 13—6 we deform the test functions introduced in (82) to the
standard test functions of the form given as in (63). Roughly speaking, the idea is to modify the profile
of the first component ¢; (see Figure 2) by performing the following two continuous deformations: we
first flatten the singular bubble vy 2, see above (82). On the other hand we eliminate the dependence of
the point p in the regular bubbles v; ;. Therefore, we set

vi(2) = v14(2) + ] 5 (),

i 4\ - 4N 1)
v;l(x):log;timax 1, min <<d(’fp)) d@@)) ((M) m) :

and v 5(z) =t 2(z). Finally, recalling that we have flattened v, in Step 1, we consider

(85) doo = (A0) = (L10,).  tep

F5(x)

where

3V11
‘We will then take

(36) Br(vps) = Fhalz),  t=16 (s - ;) .

Concerning @Y, its peaks around Z; for i = 1,...,k, are truncated at scale ﬁ7 with s; given by (81)

and \; to be chosen in the following way in order to have comparable volume at any z;:

(87) {log Ai:’_ log s; — tlog d(Z;,p) = (t + 1) logs + log X + tlog 7 %f d(z;,p) > %,
A=A if d(zi,p) < 7.

Observe that for t = 0 we get again (80). The following result holds true.

Proposition 4.8. Suppose that p1 € (4dkm,4(k+1)7), p2 € (47, 87). Let gbﬁ\’; be defined as in (85), with

pEX andv € Y(%’p). Then, one has

Jo(@57) = —00 as A — +oo  uniformly in t € [0,1] and in p,v.

The most delicate case is when the set of the points on the plateau is not empty, i.e. for I; # (), see (120).
We give the proof of the latter result just in this situation, skipping the case I = () where the singular
bubble of the first component of the test function (with slope —6logd(-,p)) has negligible contribution
and the estimates are rather easy. As observed in Case 1 of the proof of Proposition 4.7, see below (133),
for I # 0 we deduce § = s and A < C\. Moreover, for this range of the join parameter s, we have
5 =5, , > 1. The proof will follow from the estimates below, which are obtained exactly as Lemmas 6.1,
6.2, 6.3 by using (81) and (87).

Lemma 4.9. Fort € [0,1] we have that
fota,=ow. £ gav,=on)
b b
Lemma 4.10. Recalling the notation in (113), for ¢t € [0,1] it holds that
/ e AV o~ 8222, / e?s dVy ~c 1.
by )
Lemma 4.11. Let I, I C I be as in (120). Then, for t € [0,1] we have

/ Q(@h, @h) av, < 8|Il|7r(log;\ —tlogmy + (1 —1t) logﬁ) + Z 87T(logsi +log A\; — tlogd(%i,p)) +
b

i€ly

+ 16tn Z log d(Z;, p) + 24t°w (log 7x + log §) + C,

i€ly
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for some C' = C(¥).
PROOF OF PROPOSITION 4.8.  Using Lemmas 4.9, 4.10 and 4.11, the energy estimate we obtain is
T (B4, 35) < 8\[1|7r(10g5\ —tlogx + (1 —t)logs) + Z 87 (log s; + log A; — tlog d(Z;,p)) +
i€ly
+ 16tm > logd(F:,p) + 24t° (log 7 + log §) — p1 ((2+ 2t)logé + 2tlog 7 + 2log A) + C,
i€ly
for some constant C' > 0. Inserting the condition (87) we obtain
Jo(@L,35) < 8|Ii|m(log A —tlog Ty + (1 —t)logs) + Z 87((t+1)logs +log A + tlog7y) +
i€ly
+ 16tm Y logd(F;,p) + 24t°m (log 7x + logs) — p1 (2 + 2t)log s + 2tlog 7 + 2log A) + C.
i€ly
Notice that for ¢ = 1 we get exactly the estimate in (133) (recall that we have flattened vy). The latter
estimate can be rewritten as

To(@,@h) < logs(8(1 = t)|Tifm +8(t +1)|a|m +24t%% — (2+ 20)p1 ) +1og A(S(IL| + |o)7 — 201) +

+ log 7y (8t|Ia|m — 8t|Ty|m + 24t — 2tpy) + 16tw Y _ logd(Ts, p) + C.
i€ls
As observed in Case 1 of the proof of Proposition 4.7, by construction of Xy, 7, see (70), it holds
|I3] < k—2 whenever |I| # (). Therefore, we conclude that the latter estimate is uniformly large negative
in ¢t € [0,1] since p; > 4kw and by the fact that § =5, ,, > A > 7). Observe that for t = 0 we get

Jo(34,@4) <log&(8(|11] + |L2|)m — 2p1) + log A(8(| 11| + | I2|)7 — 2p1) + C,

which is the estimate one expects by considering standard bubbles as in (63), see for example part (i) of
Proposition 4.2 in [35]. ®

Recall now the definition of & given in (75): © = R,(v) = Z'I::z t;0z;, € Bk p 7. Notice that in the
construction of the test functions (82), the points z; are dilated according to (77), so deformed to the
points Z;. Observe that for ¢ = 0 we obtain in (85) standard test functions as in (63). Roughly speaking,
the first component resembles the form of ¢, z, see (63), where U = me ti0z, .

In what follows we will skip the energy estimates since they are quite standard for test functions as in
(63), see for example part (i) of Proposition 4.2 in [35].

Step 3. Consider s € [%,é

by construction, see (77), we have d(z;,7;) < 26 for all i. Hence there exists a geodesic 7; joining Z; and
; in unit time and we set f = ¥;(t) with ¢ € [0, 1]. Denoting by ¢} = = (], #5) the corresponding test
functions, we will then take

(5%) BAps) = o) t=16(5s).

Once we have deformed the points Z; to the original one x;, i.e. for t = 1, we get test functions for which
the first component has the form of ¢y = ()

]. We will deform here the points Z; to the original points x;. Observe that

Step 4. Consider s € [O, %6] . In this step we eliminate the dependence on the map R,. Observe that R,
is homotopic to the identity map, see Remark 4.5, and let Hg , : Y(l p) X [0,1] — Y(l p) be a continuous
2 3
map such that Hg, (-,0) =R, and Hg,(-,1) = Idg =~ . We consider then the deformation v, = Hr, (v, 1)
(5’17)

and letting @} ~ = (41, p5) be the corresponding test functions, we set

(39) OArps) = Fhol@), =16 (116 - s) .

Such a deformation will bring us to test functions which resemble the form of ¢, ,.
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4.2.3. The case s € [%, 1] . The goal here will be to continuously deform the initial test functions in (82),
with s = 1, to a configuration which does not depend on the measure v, see (75). Furthermore, we want
in this procedure J, to attend arbitrarily low values. For this purpose we flatten vy, see (82), by using
the following deformation:

(90) oo = (0 )= (L Da ) e

7% tvl,l(x) + UQ(I‘)
We will then take

(91) Dy\(v,p,s) = <p§\7;(x), t=4(1-s).
The next result holds true.
Proposition 4.12. Suppose that py € (4km,4(k +1)7), p2 € (47,87) and let S = be defined as in (90),
with p € ¥ and v € 17(; p)" Then, one has
PRI

Jo(ph7) = =00 as A — +oo  uniformly in t € [0,1] and in p,v.
The latter result follows from the next estimates which are obtained similarly as in Lemmas 6.1, 6.2, 6.3,
using the fact that s = 1.
Lemma 4.13. Fort € [0,1] we have that

fz v, = 0(1), f v, = 0(1).

Lemma 4.14. Recalling the notation in (113), there exists a constant C1(Tx, A) such that for t € [0,1]
~2

/ el dv, zc/ e dVy = Ci(m, A), / g2 dvy 20/ €2 dVy ~¢ T—4.
by by by by H
Lemma 4.15. Fort € [0, 1] we have that
[ @t et av; < sr(10gF ~log) + Ca(m, )
b
for some constant Ca(Ta, A).
PRrROOF OF PROPOSITION 4.12.  Exploiting Lemmas 4.13, 4.14 and 4.15 we deduce

Tyl 0h) < 8m(logT —logp) — pa(2log7 — 4log p) + Ci (7, A) + Ca(7x, A)
log 7(87 — 2p2) + log p(4ps — 87) + C1(7a, A) + Ca(7a, A),

A

for some constant C~'1(7'>\, A). The latter upper bound is large negative since ps > 47 and by the choice of
the parameters 7>> u > A > 7,. &

4.3. The global construction. In this subsection we will perform a global construction of a family of
test functions modelled on Y, relying on the estimates of the previous subsection. More precisely, as Y
is not compact, we will consider a compact retraction of it.

Letting (@, %) - (Zk X 1, %) be the domain of the map R in Corollary 4.6, we extend it to {(9D, s) :
s € (0,1)} fixing the second component and considering the same action of R on the first one.

Secondly, we retract the set Y to a subset where the (extended) map R is well-defined or where
s € {0,1}. In order to do this, for v = Zle 105, € X we let

D(U) = izlfﬁilcr,li;éj{d(xi’xj% ti, 1-— ti}.

Moreover, recall the choices of d,d given in (52) and (68) respectively. Observe that for D(v) < § we
are in the domain of R. Moreover, for D(v) > ¢ and d(p, supp (v)) > 2 the map R is still well-defined.
The idea is then to retract the set Y to a subset where one of the above alternatives holds true or where
s € {0,1}. We define now the retraction of Y in three steps.
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Step 1. Let D(v) > 26. In this situation we can deform a configuration (v,d,,s) to a configuration
(v,65,5) € Y (recall (51)) where either d(p, supp (v)) > d2 or 5 € {0,1}. Let

0 = (01,0,) : [0,4+00) x [0,1] \ {(0, ;)} — [0, +00) x [0,1]\((0,82) x (0,1))

be the radial projection as in Figure 3.

Observe now that by the fact that dy < 0 (recall Remark 4.5), for D(v) > 2§ we get the existence of
a unique point x;, € {x1,..., 2%} such that d(p,z;,) < d2. To get then the above-described deformation
we define, in normal coordinates around z;,, the following map:

(Vv 6}778) = (Vv 5@1 (d(p,supp(y),s))L’62(d(p’ supp (V)),S)) € T(—),

[Pl

where
(92) To = {Wdps): D) 22, dlp,supp (v)) = &2 } U

U {(V, dp,8) : D(v) > 24, d(p, supp (v)) < 02, s € {0, 1}}

Step 2. Let D(v) € [6,25]. In this range we interpolate between the deformation © and the identity

map. Consider the radial projection ©f = (0%, ©%) given as in Figure 4, with ¢t = W:

0! = (01,0%) : 0, +00) x [0, 1] \ { <0, ;) } ST,
e T, = [0,4+00) x [0,1] \ ((o,wz) y (;a _ ), %(1 —|—t)>> .

Observe that for D(v) = 26 one gets O = O = O, while for D(v) = § one deduces O = O = Id. We
then set

(v,0p,8) — <V, 595 (dposup ().9) 2 ©% (d(p, supp (v)), s)) .

[Pl

Step 3. Let us now introduce the set we obtain after the deformation performed in Step 2:
Y5 ={(v,8,,5) : D(v) =t € [6,24], (p,s) € T, },
which we will deform using the radial projection é5 : 'Y'g — Ts given as in Figure 5, where Ts is defined

by (see Figure 6, where 0T is represented):

93) Ts = {(6,,5) s D(v) € [5,20], dlp, supp (v)) < G2, 5 € {0,1}} U { (11.8,5) : D(v) = 6 U

U {(V, dp,s) : D(v) € [9,20], d(p, supp (v)) > 52}.
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Construction of the test functions. Observing that for D(v) < § we are already in the domain of R
and recalling the sets (92), (93), we have found a retraction F : Y — Yz, where

(94) Yr = {(1/, 5,,5) : D(v) < 5} UTsUTe
= {(V, dp,s) : D(v) < 6} U {(1/, 0p,s) : D(v) > 6, d(p, supp (v)) > 52} U
u {(u, 8p,8) : D(v) > 6, d(p, supp (v)) < b2, s € {0, 1}},

on which the map R is well-defined or where s € {0, 1}.

Remark 4.16. By the way the retraction F is constructed, it is clear that we have indeed a deformation
retract of the set Y onto Yr, i.e. there exists a continuous map Fy : Y x [0,1] = Y such that Fo = Idy,

Fi=F:Y 5 Yr and F1(§) =& for all§ € Yr.

We finally call &5 = ®,(v,p, s) the test functions in the Subsections 4.2.1, 4.2.2 and 4.2.3 (see (83), (84),
(86), (88), (89) and (91)) using as parameters (v, p,s) € Yr (where we use the identification p ~ ¢,). By
the estimates obtained in Subsection 4.2 the next result holds true.

Proposition 4.17. Suppose that p1 € (dkm,4(k + 1)), pe € (47, 87). Then, we have

Jo(®r(v,p,s)) = —00 as A — 400 uniformly in (v,p,s) € Yg.

The definition of @, reflects naturally the join element (v, p, s) in the sense that, once composed with the
map V¥ in (29) we obtain a map homotopic to the identity on Y%, see the next section.

5. PROOF OF THEOREM 1.1

In this section we introduce the variational scheme that we will use to prove Theorem 1.1. As we already
observed, the case of surfaces with positive genus was obtained in [3]. Therefore, for now on we will
consider the case when ¥ is homeomorphic to S?. We will first analyze the topological structure of the
set Y in (51) and then introduce a suitable min-max scheme.

5.1. On the topology of Y when ¥ is a sphere. In this subsection we will use the notation ~ for
a homotopy equivalence and 22 for an isomorphism. Consider the topological join X = S,% % 5% (observe
that S7 is homeomorphic to S?) and recall the definition of its subset S given in (52), that is

S = {(% dy, ;) €S?x8% veSH\(S7 ), ye supp(l/)} ,
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where we have set

k
(52 )0 = {1/ €St :v= Ztiéﬂci ; d(xg,z5) < 0 for some i # j} U

i=1

k k
U{Z/GS]% : V:Ztizsxi;ti<5forsomei}u{1/€5,§ : V:Ztidxi;ti>1—6forsomei}.
i=1 i=1

Notice that .S is a smooth manifold of dimension 3k — 1, with boundary of dimension 3k — 2.

The key point of this subsection is to prove that the complementary subspace Y = (57 x §%)\ S is
not contractible, see Proposition 5.6. Before we do so, we establish some properties of Y and S. Below,
Us will represent an open neighborhood of S not meeting (S2_,)° * S? with the property that Us is a
manifold with boundary Uz, where both Us and Us deformation retract onto S and such that Us \ S
deformation retracts onto OUs (see Figure 7).

~ - B \\’// \\

X = S]z * S? N W// U2

N st alatalalalalalalalal el alss
A A A A A A A A A A A A A A AV A

2 5 2
(Sf_1)° S
J////////////////////x -
< L L L L L L L L L L Ll

FIGURE 7. Here X = S,% % S? is the ambient, (S,%_l)‘S %52 is a neighborhood of S,%_l x 52
in X, S misses this neighborhood and Us is a neighborhood of S in that complement.

For a metric space X', throughout this subsection we use the notation for the k-tuples in X
F(X, k) = {(21,...,2x) € X¥ | 2, # 2,0 # 5}

and B(X,n) to denote its quotient by the permutation action of the symmetric group. These are respec-
tively the ordered and unordered k-th configuration spaces of X.

Lemma 5.1. S is up to homotopy equivalence a degree-k covering of B(S?, k). Its homological dimension
is at most k and its mod-2 homology is completely described by

H.(S) =~ H.(S*) ® H,(BR? k —1)).
PrROOF. The barycentric set S,% is a suitable quotient of
Apo1 xe, (52,

with &, acting diagonally by permutations and Ag_1 = {(to,...,tx) t; € [0,1],> t; = 1}. The iden-
tification occurs when x; = x; for some ¢ # j or when ¢; = 0 for some 7. When this happens we are
identifying points in S7_,. This means that if A,_; is the open simplex, then

(95) S2\ 82 | = Au_1 xe, F(52k),

where F(S2, k) is the configuration space of k distinct points on S?. The action of & on F(S?, k) is free,
so we have a bundle

Ap_1 xe, F(S? k) — B(S? k),
where B(S% k) := F(S2,k)/G; is the configuration of k-unordered points on S2. The preimages, being
copies of the simplex, are contractible so that necessarily

SZ\ S? | ~ B(5%k).
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In fact {7} maps to Aj_; with image (£.---, 1) and the induced map
1 .
B(S%k) = {k} xe, F(S%,k) = Ap_1 xs, F(S? k)

is an equivalence. To summarize, S can be deformed onto the subspace
Wi = {([x1,...,zx],2) € B(S*, k) x S? | x = x; for some 7}.

By projecting W}, onto B(S?, k) we get a covering. This implies that the homological dimension hd of
W}, is that of B(S?, k), which is also the homological dimension of its covering space F'(S2, k). We claim
that this dimension is at most k. The projection onto the first coordinate F(S? k) — S? is a bundle
map with fiber F(R2 k — 1), so hd(F(S?%,k)) < 2 + hd(F(R?,k — 1)). Since we also have a fibration
F(R?,k — 1) — F(R2 k — 2) given by projecting onto the first (k — 2)-entries, with fiber a copy of
R2\ {x1,...,2x_2} which is a bouquet of circles, the claim follows immediately by induction, knowing
that F(R?,2) ~ S*.

Note that we can identify W with the quotient F(S? k)/&;_1 where the symmetric group acts on
the first (k — 1)-coordinates. In particular in the case k = 2, S ~ Wy = F(5%,2) ~ §2.

By projecting Wy, onto S? via the last coordinate, we get a bundle with fiber B(R2, k£ —1). Let us look
at the inclusion of the fiber over {co} € S = R? U {oo} in this bundle

BR? k—1) = W), = F(S%,k)/G)_1,

[%1, ..., 2k—1] — ([x1,...,2k—1],00).
Let S° be the direct union of the S™’s under inclusion: this is a contractible space. Now S? embeds in
S5°° and we have a map of quotients

F(S%k)/Gr_1 — F(S®,k)/G_1.
The space on the right-hand side projects onto S*° with fiber B(R*,k — 1). Since the base space is

contractible, there is a homotopy equivalence F(S* k)/Sj_1 ~ B(R*>,k — 1). Let us consider the
composition

(96) BR?* k—1) 5 Wy = F(S%,k)/Gr_1 — BR™,k —1).

This composition is homotopic to the map induced on configuration spaces from the inclusion R? ¢ R*.
It is a known useful fact that each embedding B(R" k) — B(R"*! k) induces a monomorphism in
mod-2 homology!. In the case k = 2 for example, this is B(R",2) ~ RP"~! — B(R"*! 2) ~ RP". This
then implies that B(R?,k — 1) < B(R*,k — 1) induces in homology mod-2 a monomorphism as well,
which then means that the first portion of the composition in (96), which is inclusion of the fiber, injects

in homology. Consider the Wang long exact sequence in homology associated to the bundle W;, — S?
(Theorem 2.5 in [39]):

Hyr(Wi) = Hyia (BR, b — 1)) — Hy(BR, k — 1)) =5 H,(Wi)  Hy_ (B2, k — 1))

with n = 2 in our case. Since ¢, is a monomorphism, the long exact sequence splits into short exact
sequences and because we are working over a field, H,(Wj) = H,(B(R?,k — 1)) ® H,—2(B(R?, k — 1)).
Since H,(W}) = H,(S), the proof is complete. m

Remark 5.2. The top mod-2 homology group Hy(S) is trivial if £ — 1 is not a binary power and is a
copy of Zz if k — 1 is a binary power. By Lemma 5.1, this is because Hy_o(B(R?,k — 1)) satisfies the
same condition ([23], p. 146).

Lemma 5.3. Suppose k > 3. The manifold S defined in (52) is non-orientable.

PrROOF. We first observe that the manifold S,% \ 5,371 is not orientable for any k£ > 2. From the proof
of Lemma 5.1

S]% \ S]%_l = Ak—l XS F(Sz,k)
is a bundle over B(S?, k) with fiber the open simplex. Since B(S?, k) is orientable (because unordered
configuration spaces of smooth manifolds are orientable if and only if the dimension of the manifold

IThis follows from the work of F. Cohen [14] who first calculated Hy(B(R™, k);F) for all n, k, and for F = Z2, Z,;, p odd.
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is even), the orientability of the total space is the same as the orientability of the bundle. But the
braids generators of the fundamental group of B(S? k) act (after restriction to the open simplex) by
transpositions on the vertices of A;_; and this is orientation reversing, so the bundle is not orientable.

Now let Vi be the subset of S7\ S7_, of all sums Y #;6,, with z; = {oco} for some i. Again {oo}
stands for the north pole of S? = R? U {cc}. Here Vj, ~ B(R? k —1). Note that m;(B(R? k — 1)) embeds
in 71 (B(5%k)) with similar braid generators. For the exact same reason as for S7 \ S7_,, Vj is not
orientable.

Consider finally the manifold

1
S = {(y,éy,2> €S2xS* : veSE\Si |, yesupp(y)}.

Then S is a codimension 0 submanifold of S (with boundary) which is also a deformation retract. Both
S and S have the same orientation. But there is a bundle map S — S? with fiber Vj. It is easy to see
now that the orientation of S is that of V. Indeed the bundle over the open upper hemisphere D of S?
is trivial homeomorphic to V}, x D. This is an open subset of S which is non-orientable, thus S must be
non-orientable. W

Lemma 5.4. Let k > 3. Then Y has the Euler characteristic of a contractible space, i.e. x(Y) = 1.

PROOF. By the previous lemma, S is up to homotopy a degree-k covering of B(S?, k). This gives that

1 1

rX (k — 1)

Here what vanishes is x(F(R2, k — 1)) = 0 since, letting C* = C \ {0}, there are homeomorphisms
F(R* k—1)=R*x F(R*\ {(0,0)},k — 2) =R* x C* x F(C*\ {1},k — 3)

and x(C*) = x(S') = 0.

On the other hand, S is a smooth (3k — 1)-dimensional manifold with boundary. A neighborhood of
S in S7 % S? is a (3k + 2)-dimensional open manifold Us. This neighborhood is the union of two open
subspaces A and B, where A is a fiberwise cone over the interior of S and B is a bundle over 95 with
fiber the cone over a hemisphere. The complement Us \ S is the union of two subspaces A and B, where
A retracts onto an S2-bundle over the interior of S, while B is up to homotopy 9S. Clearly AN B retracts
onto an S2-bundle over 9S. We can then write

X(Us\S) = x(AUB) = x(A) +x(B) = x(AN B) = 2x(S) + x(8S) — 2x(d5)
2x(S) — x(95).
We know that for a manifold S of dimension m with boundary it holds

x(95) = x(5) = (=1)"x(5)-

If m = 3k — 1 is odd, then x(9S5) = 2x(5) and so x(Us \ S) = 0. If m is even, 05 is odd dimensional
closed and its Euler characteristic is null. But x(S) = 0 and here again x(Us \ S) = 0.

Now cover X = S? x S? by means of Us ~ S and Y = X \ S. The universal property of the Euler
characteristic gives that

X(X) = x(Us) +x(Y) = x(Us \ §) = x(S) + x(Y) = x(Y),
1

so that x(Y) = x(X) = 1 as claimed. The second equality follows from the fact that x(X) = x(S7*S5?) =
X(S2) 4 x(5?) — x(52)x(S5?) and that

X(S) = kx(B(S*k)) = k5 x(F(S% k) = X(S*)x(F(R? k1)) = 0.

X(Ze) =1 = (=)@ —x) (k=)

for any surface Z, see [34], and more generally for any simplicial complex Z, see [28], with x = x(Z). =

Lemma 5.5. The set'Y is simply connected.
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PRrOOF. Using the same notation as in the proof of the previous lemma, we have the push-out
AN

B

Recall that A is up to homotopy an S2-bundle over S, B ~ 95 and that AN B is an S2-bundle over 5.

This means that m (AN B) = 71(89) and 71 (A) = 7,(S). We therefore have the following push-out in
the category of groups (by the Van-Kampen theorem):

m1(08) ——— m1(S)

L]

Wl(aS) *>71’1(U5\S)

B

<~

Us\ S

which shows that 1 (Us\S) 2 m1(S). On the other hand we can use the same open covering of X = S7%5?
by Us and Y = X \ S. Since X is a join of connected spaces, it is 1-connected. The push-out of groups

1 (Us\ §) —> m (X \ 5)

-

7T1(U5) O

implies that because the left-hand vertical map is an isomorphism, then so is the right-hand vertical map
and T (X \S)=m(({¥)=0. 1

Despite the fact that Y is simply connected and has unit Euler characteristic, it is non contractible.
Proposition 5.6. Suppose k > 2, k # 4. Then the set

Y = (52%5%)\ S
is not contractible.

PrROOF. We assume that Y is contractible and derive a contradiction. The main step is to prove that
under this condition with mod-2 coefficients we must have

(97) H.(S) = Hsp—1-4(S3), 0<x<k

This will then be shown to be impossible.
The closed subset S has a neighborhood Us which is (3k + 2)-dimensional with (3% + 1)-dimensional
boundary OU;s. Using Poincaré’s duality with mod-2 coefficients for the closed manifold U5 gives us

H*(aﬁg) = H3k+1,*(8ﬁg).

Since Us \ S retracts onto dUs, and homology is dual to cohomology for finite type spaces and field
coefficients, we can conclude that

(98) H,(Us\ S) = Hypy1-+(Us \ S), * > 0.

Next we turn to the open covering of X = S7 xS by Us and Y = X \ S. Using that Y NUs; = Us \ S
and Uy ~ S, the Mayer-Vietoris sequence for this union takes the form

H,(Us\S) > H(S) @ H.(Y) > Hi(X) > Hi 1 (Us \S) > Hi 1 (S)® He 1 (Y) > Hie 1 (X) — -+
Since Y has trivial reduced homology by assumption, the sequence becomes
(99) H,.(Us\S)— H.(S) > H (X) = Hi1(Us \ S) = He—1(S) > He1(X) — -+

But S has homological dimension k (see Lemma 5.1), so for *+ > k 4+ 1 we have the isomorphism
H._1(Us\ S) 2 H.(X). Since X is the third suspension of S, H.(X) = H,._3(S?) and thus

(100) H.(Us\ S) = H, 5(S?), *>k.
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It is known generally (see [28]) that the barycentric set Zj is (2k + r — 2)-connected whenever Z is
r-connected, r > 1. If Z = S? which is 1-connected, S is (2k — 1)-connected and so X is (2k + 2)-
connected. In the range * < 2k + 2, H,(X) = 0. The Mayer-Vietoris sequence (99) leads in this case
to

H.(Us\ S) 2 H.(S), *<2k+2.
Since S has no homology beyond degree k, we can focus on the range below so that
(101) H,(Us\S)= H.(S), 0<x<k.
We can now combine all previous isomorphisms into one for 0 < x < k

H* = H* = H —%k = H —l=x i .
(9) m) (Us\ S) W skt1—+(Us \ S) m sk—1-(5)

This is the claim in (97). Note that S is (3k —1)-dimensional as a CW-complex and is (2k —1)-connected,
so its homology is non-zero only in the range 2k < x < 3k — 1.

The isomorphism H,(S) & Hsj,—1-.(S7) cannot hold. First let us check the case k = 2. In that case
we pointed out in the proof of Lemma 5.1 that S ~ F(S2,2) ~ S2. Since S2 ~ Y3RP? (the 3-fold
suspension of RP?: see [28], Corollary 1.6), the isomorphism obviously cannot hold: in fact H;(S?) =0
but Hy(X2*RP?) = H,(RP?) = Zj.

Suppose that & > 3. According to Theorem 1.3 in [28], S,z has the same homology as (one de-
suspension) of the symmetric smash product STk(S3) = (83" /By; ie. H.(S?) = H*+1(87Pk(S3)).
Combining this with (97) we get

(102) H.(S) = Hyy_ (SP"(S%), 0<*<k
We will show that this is impossible. To that end we need describe the groups on both sides of (102).
We work again mod-2. From Lemma 5.1 we have that

H.(S)~ H.(BR* k- 1)) ® H, _o(B(R* k—1)), *>0.

(when *—2 < 0 the corresponding group is zero). The mod-2 homology of B(R?, k—1) has been computed
by D.B. Fuks in [23] and it is best described as a subspace of the polynomial algebra (viewed as an infinite
vector space generated by powers of the indicated generators)

(103) Zolaer,2y, a3y, > Q2i—1,27), """ |,

where the notation a; ; refers to a generator having homological degree i and a certain filtration degree
j, both degrees being additive under multiplication of generators. Now the condition for an element
agilil’%) e a?zririuir)‘ € H.(B(R?,k — 1)) is that its filtration degree is less or equal than k — 1; that
is if and only if > 7, k; 2% <k —1.

For example H, (B(R?,2)) = Zo{a(i,2)} (one copy of Zy generated by a(; 2) having homological degree

one and filtration degree two). Similarly H.(B(R?,4)) = Zo{aq 2y, a%m), a(s,4)}, so that
Hi(B(R?,4)) = Zofan,2)}, Ha2(B(R?,4)) = Zo{a, o)}, H3(B(R?,4)) = Zofags.g}-

Now H,(B(R?5)) = H.(B(R?,4)) and this turns out to be a general fact that is explained in Lemma 5.9
in more geometric terms.

On the other hand, the reduced groups H, (STk(S 3)) form a subvector space of the polynomial algebra
(104> ZQ[Z’(B,l)a f(5,2)’ f(9,4)7 RN f(2i+1+1,2i)7 s a]
consisting of those elements of second filtration degree precisely k (see the Appendix in [28] and references
therein). Here again f(oi+141,2¢) denotes an element of homological degree 27+1 1 1 and filtration degree
2'. For example (here ¢ = 1(3 1)

S —
H.(SP S8%) = Zz{b4w2f(5,2)7f(25,2)»f(9,4)}7

which is better listed as follows:

H12(8T4S3) = Zo{1*}, H11(ST453) =Zo{ P f5.2)}
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-4 ——4
H1o(SP S%) = Zo{fE 2}, Ho(SP S°) = Za{f(o.4)}-

This space ST4(S3) is 8-connected, and more generally SiPk(S3) is 2k-connected, see [28].

Let us now compare the groups in (102). When * = 0, Hy(S) = Zy but so is Hgk(STk(S3)) generated
by the class L’(“&l). Also when * = 1, k > 3, H{(S) = Hi(B(R?k — 1)) = Z3 but so is Hgk,l(SiPk(S?’))
generated by {Lk_2f5’2}. There is no contradiction yet. When x = 2, we get the generator a%m) €
Hy(B(R? k — 1)) = Z5 as soon as k > 5 (af, , is in filtration 4). This gives that H(S) = Z & Zo.

We claim however that Hgk,g(SiPk(S?’)) = Zs2, which will give a contradiction in that case. Indeed a
generator in filtration degree k in (104) is written as a finite product

LkofgilQ e fgii+1+172i) e Z k2t = k.
i>0
The homological degree of this class is Y, ki(2"F! +1) = 237,5 o k2" + 3,5 ki To obtain the rank of
Hsj_o we need to find all the possible sequences of integers (ko, k1, k2, .. .) such that Zi>0 k;2" = k and
23 is0 k2" + X 50 ki = 3k — 2. We have to solve for

k2 =k=2+) k.

i>0 >0

This immediately gives that k; = 0,7 > 2. There is one and only one solution: ky = k — 4 and k; = 2;
and the group H3k72(sipk(53)) & 7, is generated by (F74 2.

The isomorphism (102) cannot hold for k > 5. We are left to consider the cases k = 3: here H5(S) = Zs
but Hg (Sin(SS)) = 0 giving a contradiction.

In conclusion since the isomorphism (102) (equivalently (97)) cannot hold, Y must have non trivial
mod-2 homology and thus cannot be contractible as we had asserted. m

The next proposition treats the case kK = 4: in preparation we need the following lemma. Recall that S
is a manifold with boundary embedded in Us C Si %82, We can write Uy as the union of two sets A and
B, where A is a three-dimensional-disk-bundle over S and AN B its restriction over 8S. We refer to this
bundle as the normal disk bundle and its boundary as the sphere normal bundle. Note that in the proof
of Lemma 5.4, we have used A=A\ S and B= B\ S.

Lemma 5.7. The sphere normal bundle over 05 is orientable.

PROOF. We will view this bundle as an extension of a normal sphere bundle over the interior S:=int(.5)
which is orientable (in so doing we give more details on the construction of A and AN B).

We recall that the join is given by the equivalence relation X *Y = X x Y x I/ , where ~ are
identifications at the endpoints of I = [0, 1], see (9). The join contains the open dense subset X xY x (0, 1)
(let us call it the big cell). This subset is a manifold of dimension n + m + 1 if X, Y are manifolds of
dimensions n and m, respectively. In our case S is a subset of the big cell

(SE\ (SE-1)°) x 8% % (0,1) € (SF\ (S7_1)°) * 5

and int(S) is regularly embedded as a differentiable submanifold. It has therefore a unit normal disk
bundle (of dimension 3) in there. This is homeomorphic to a tubular neighborhood V¢ of int(S). Let
us use the same name for the neighborhood and the normal bundle. The normal bundle of S in (SZ\
(S2_1)%) x 8% x (0,1) is the normal bundle of S in (S7\ (S7_,)%) x 52 x {3} to which we add a trivial
line bundle. We can then consider directly S as a subset of (S7 \ (S7_,)%) x §? and show that it has an
orientable rank 2 normal bundle there. Write Dy, := S2 \ (S7_;)° and

k
S = {(Zti‘szml) € Dy, x S%,x = x; for some z} .
i=1
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Define V¢ the neighborhood of S in Dy x S? as follows:

k
)
Vo = { <Z ti0s; s a:) € Dy x 8% |z — x| < 3 for some and hence unique a:l} )
i=1

The choice of z; is unique as @ cannot be strictly within §/2 from two distinct z;, x; since d(z;,x;) > 6
according to the definition of S. The neighborhood retracts back to S via the map

k k
(Z tiég;,i,x) — (Z tiéziyxi> )
=1 =1

where d(z,z;) < §/2. Consider the projection map 7 : S — S? sending (Zle tiéxi,;v) — x. We claim

that the normal bundle of S in Dy, x S? is isomorphic to the pullback via 7 of the tangent bundle T°S2
over S2. We assume 6§ to be less than the injectivity radius of S2. Define a homeomorphism between
the tubular neighborhood V? of S and a normal disk bundle of the pullback of T'S? over S by sending

(Zle ti5x,i,x> with |2 — 2;| < 0 for some ¢ to the element in the pullback

where v; = e:vp;_l(:c) and exp,, is the exponential map at z; € S?. This map is a homeomorphism onto
its image and the normal bundle to S in Dy x S? is isomorphic to T'S2. Since T'S? is orientable (although
non trivial), the normal bundle over S is orientable. This bundle can be extended to S by taking the
closure of V? in Dy x 52 := (8% \ (S7_;)%) x S? x {3}. This extension is orientable over all of S since
it is orientable over the interior. By adding a line bundle we get the disk bundle over S in the big cell
(which we have labeled A). This bundle is orientable over all of S and in particular over dS. This is our
claim. ®

Proposition 5.8. The set Y = (S% % S2)\ S is not contractible.

PROOF. As before we assume Y is contractible and derive a contradiction. We first show that for any
field coefficients F and * > k

(105) H,..5Us\ S) = H,(9S).

Write as before Us \ S as the union AU B, with A n B retracting onto the S2-bundle over 95 discussed
earlier. The Mayer-Vietoris sequence for the union A U B is given by

Hup1(ANB) = Hyy1(A) & Hyi1(B) = Hyg (Us \ S) = Hy (AN B) — H,(A) & Hy(B) — H,(Us \ S).
As S has homological dimension at most k and A is an S2-bundle over it, H,,(A) vanishes for n > k + 2.

On the other hand, the S2-bundle over dS is orientable (Lemma 5.7) and has a global section given by
the variation in the s-parameter (defining the join). By the Gysin sequence ([24],8§4.D) one has a splitting

H,(ANB) ~ H,(dS) ® H,_5(d89).
Replacing in the Mayer-Vietoris sequence gives for n > k + 2

Ho1(9S) H,(08)
C— ® Y H,yy1(0S) — Hy 1 (Us \ S) — P — 5 H,(0S) — -+~
H,_1(dS) H,_5(dS)

Now, in every inclusion of AN B into B, the fibers (i.e. S2) contract to a point. Therefore ¢, is trivial
on the bottom group, while restricted to the top group it is a bijection. This map is an epimorphism and
the long exact sequence for n > k + 2 splits into short exact sequences

0—= Hpt1(Us \ S) = Hp(0S) ® Hy—2(0S) — H,(0S) — 0.
As vector spaces we get Hy,11(Us \ S) = H,,_2(95) which is our claim. Combined with (100) this yields
(106) H.(0S) = H, 1(S?), *>k.
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Next we look at the Mayer-Vietoris sequence for the union S7 = (S2\ S?_,) U (S?_,)°. It is shown in
[34] that (S2_,)°\ S2_, retracts onto d(S?_,)° so that the long exact sequence becomes

s = Hyy1(0(S7-1)°) = Hug1 (Si_1) @ Huar (S \ Si_y) = Har1(S) = Ha(9(S7_1)°) — -+

Since the inclusion of S7_, in S7 is contractible, and since 57\ S7_, ~ B(S?, k) has homological dimension
k (see Lemma 5.1), for n > k the following short sequence is exact

0= Hos1(S2) = Ha(0(S7_1)%) = Ha(S7_,) = 0
and we have the splitting
(107) H.((S7_1)°) = Hu(SE_y) © Hea(S), * > k.

Both isomorphisms (106) and (107) cannot hold simultaneously as we now explain.

A key point is to observe that 05 is a degree-k regular covering of 8(5,%_1)‘5. A property of a covering
7 : X — Y is the existence of a transfer morphism tr : H,(Y) — H.(X) so that 7, o ¢r is multiplication
in H,(Y) by the degree of the covering i.e. by k, see [24], Section 3.G. If the characteristic of the field of
coefficients is prime to k, then this composite is non trivial and H,(Y") injects into H,(X).

When k = 4, we have a degree-4 covering 95 — 9(S%)° so that with F = Fz-coefficients (the finite
field with 3 elements) we must have a monomorphism H,(9(S2)%;F3) < H,(3S;F3). When * > 4, upon
combining (106) and (107) we get a monomorphism

H.(S3;F3) © Hai1 (S1;F3) = Hay(ST;F3).

This leads immediately to a contradiction if H,(S3;F3) # 0 in that range of dimensions.

We know that H.,(S3) = H*+1(ST3(S3)). We therefore wish to show that H*((SiPS(S:g);IFg) # 0 for
some x > 6. It turns out that old calculations of Nakaoka give us precisely the answer [41]. Nakaoka’s
Theorem 15.5 states that

H™ (SP*(S™); Fy) = Fy
forr =0,n,n+4k with 1 <k < [n/2] and k # [n/4], r =n+4k+1 with 1 < k < [(2n — 1)/4] and
k#[(n—1)/4], and r = 2n with n = —2 or 1 (mod 4). In our case n = 3, so H"(SP3(S%);F3) = F3 for
r = 0,3,7,8. Dually we obtain the same groups for H,.(SP?(5%);F3) (since working over a field). But
H,(SP3(53);F3) = HT(ST3(53);F3) for r > 3 for the following three reasons:
e By construction H,(SP°(5%);Fs) = H, (SP*(53),SP(S3); F3), r > 1.
e There is a splitting due originally to Steenrod (any coefficients, see [28]):

H,(SP?(S%)) = H, (SP*(S®),SP?(S%)) @ H,(SP*(S%)).

e H,.(SP?(S%);F3) = 0 if 7 > 3. In fact, from the covering (S%)? — SP?(S?), by a consequence of
the transfer construction, H, (SP?(S®);F3) is the subvector space of invariant cohomology classes
in H,(S% x S§3) under the induced permutation action interchanging the two spheres. Since S3
is an odd sphere, the involution acts via 7.([9%] @ [S3]) = —[S?] ® [$?] and the class [S?] @ [S?]
is not invariant so maps to zero in H,(SP?(S%);F3).

As a consequence H, (SiPs(Sf‘); F3) = F3 for r = 7,8 which gives a contradiction as we had asserted. The
proof is complete. ®

Using the above transfer property but with Fs coefficients, one can find an alternative proof of Proposition
5.6 for k odd. To conclude this topological discussion, it is worthwhile noting that Lemma 5.1 can be
used to give a novel proof of the following result on the mod-2 homology of unordered configurations of
points in R™.

Proposition 5.9. For k odd and n > 2 one has
H.(B(R", k); Z3) = H.(B(R" k — 1); Zs).
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ProOOF. All homology is with mod-2 coefficients. A starting point is the homology splitting
(108) Hy(B(S™, k) = H,(B(R",k)) & Hyn(B(R", k — 1)),

One reference to this result is Theorem 18 (1) of [42]. It is also a special case of a similar result of
the second author where one can replace the sphere by any closed manifold M and R™ by M \ {p} its
punctured version. Let W, := F(S™, k)/Gy_1 where &;_; acts by permutations on the first (k — 1)-
coordinates. By projecting onto the last coordinate we obtain a bundle over S™ with fiber B(R™, k — 1).
Precisely as in the proof of Lemma 5.1, we see that

(109) H,(Wy 1) 2 H,(BR" k — 1)) ® H,_,(BR" k — 1)).

Consider next the degree-k regular covering 7 : W,, , — B(S™, k) := F(S",k)/Sy. There is a transfer
morphism tr : H.(B(S™, k)) — H.(W, 1) so that the composite 7, o tr is multiplication by k. Since k is
odd and thus prime to the characteristic of the field Zs, multiplication by & is injective and necessarily
H,(B(S™ k)) embeds in H,(W,); that is (108) embeds into (109). But H,(B(R", k — 1)) always
embeds into H.(B(R",k)) (in fact for any coefficients as it is relatively easy to see). This means that
H.(B(R",k);Zy) = H.(B(R", k — 1);Z2) if k is odd as claimed. It also means that H,(B(S™,k)) =
H*(ka). |

5.2. Min-max scheme. To prove Theorem 1.1 we will run a min-max scheme based on (a retraction
of) the set Y in (51). More precisely, we will consider the set Yz introduced in (94) on which the test
functions ®, are modelled. Some parts are quite standard and follow the ideas of [18] (see [34] for a
Morse theoretical point of view): for the specific problem (1) the crucial step is Proposition 5.10, giving
information on the topology of the low sublevels of J,: see also the comments after the proof.

Given any L > 0, Proposition 4.17 guarantees us the existence of A > 1 sufficiently large such that
Jo(®r(v,p,s)) < —L for any (v,p,s) € Yr. Recalling U in (29), we take L so large that Corollary 3.8

applies, i.e. such that \I/(JP*L) C Y. The crucial step in describing the topology of the low sublevels of
J, is the following result.

Proposition 5.10. Let L, A be as above and let F be the retraction given before (94). Then the compo-
sition
v oyt Iy
is homotopically equivalent to the identity map on Yg.
PrROOF. We divide the proof in three cases, depending on the values of the join parameter s.

Case 1. Let s € [2,1]. In this case the test functions we are considering have the form (pf, }), t = t(s),
as defined in Subsection 4.2.3. Notice that, as discussed at the beginning of the proof of Proposition 4.7,
most of the integral of e#2 is localized near p and o, (ph) < o1(ph) for these values of s, which again
implies s(p!, @h) =1, see (26). It turns out that, by the construction in Subsection 3.1, one has

U(Qa(v,p,s)) = W(ph,0h) = (.5, 1),

where * is an irrelevant element of ¥, (recall that they are all identified when the join parameter equals
1, see (9)) and where p € ¥ is a point close to p. If p(t) : [0,1] — X is a geodesic joining p to p, one can
realize the desired homotopy as
((vp,s)it) = (vp(H), (1= Hs+t),  te[0,1].

Case 2. Let s € [i ﬂ The test functions we are considering here are given in Subsection 4.2.1. For this
range of s the exponential of the first component ¢ (see (82)) is well concentrated around the points Z;,
see (77). The exponential of the second component ¢y, depending on the value of s, will be instead either
concentrated near p or will be spread over ¥ in the sense that o2(p2) might not be small. Recall the
maps ¥ given in Proposition 2.4 and the definition of © involved in the construction of the test functions
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given in (75): ¥ =R,(v) = Zf:l t;05,. We then have
(Jk(%% 1 (p2), 81, 802)) if o2(p2) small,

(sz (1), *, 0) otherwise,

U(Pr(v,p,5)) = U(p1,p2) =

with 91 (p2) close to p (whenever defined, i.e. for o(¢s) small) and (1) close to Zle t;0z, in the
distributional sense. Furthermore, writing ¢1 = 1, to emphasize the dependence on A, it turns out that

k
Yr(p10) = thﬁzi as A\ — +00,

i=1

which gives us the following homotopy:

(v t) = Py (wly%), te[0,1].

Reasoning as in Step 3 of Subsection 4.2.2 we get a homotopy which deforms the points Z; to the original
one z;. Letting 4; be the geodesic joining #; and x; in unit time we consider

k
(Vi) = Y tids,a—y), te[0,1].
=1

Notice that for t = 0 we get in the above homotopy (v;0) = R,(v). Observe now that R, is homotopic
to the identity map, see Remark 4.5, and let Hy, be the map introduced in Step 4 of Subsection 4.2.2
which realizes this homotopy. We then consider

(Vi) = Hg, (1,1 1), te [0,1].

Finally, letting H be the concatenation of the above homotopies (rescaling the respective domains of
definition) and letting p(t) : [0,1] — X be again a geodesic joining p to ¢ (¢2) (whenever defined) we get
the desired homotopy:

(110) ((I/ P S)t) — {(H(V,t),p(f),(l 71‘)54’{5(@17@2))’ te [Oa 1] if 0—2(902) SmalL

(H(v;t),p, (1 —1)s), te [0,1] otherwise.

Case 3. Let s € [0, ;|. In this case the test functions we are considering are as in Subsection 4.2.2. Notice
that for this range of s we always get o2(p5) < 01(4!), see the beginning of the proof of Proposition 4.7,
and therefore s(4%, $%) = 0. We have further to subdivide this case depending on the values of s due to
the construction of the test functions in the Steps 1-4 of Subsection 4.2.2.

Emphasizing in the test functions the dependence on A and recalling that ¢ = t(s), for s € [%, i
the following property: {/}vk (gbfi’/\) Ao, Zle t;0z, (see Step 1). When s € [%, 13—6] one has by construction
that Jk(gf)ﬁ’/\) Azoo, SF | t:0z, (see Step 2). For s € (%, 2] we get instead zﬁk(ﬁ’)\) Ao, Kt

1 3 A—00

(see Step 3). Finally, when s € [£, 2] we obtain @k(aﬁtl,/\) —— Hr,(v,t) (see Step 4).
In any case we then proceed analogously as in Step 2 and the desired homotopy is given as in the
second part of (110). m

| we get

In this situation one says that the set J,* dominates Y (see [24], page 528). Recall now that Y is not
contractible, see Proposition 5.6; being Y a deformation retract of Y, see Remark 4.16, we get that Yr
is not contractible too. Therefore, by the latter result we deduce that

@, (YR) is not contractible in J;L.

Moreover, one can take \ large enough so that ¢ (Yz) C J b 2L 'We next define the topological cone over
Yr by the equivalence relation

CZYR X [O,l]/YR X {O},
where Y x {0} is identified to a single point and consider the min-max value:

m= inf max Jp(h(§)),
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where
(111) T :{h L C = HY(D) x HY() : h(v,p,s) = ®r(v,p,s) Y(v,p,s) € IC ~ YR}.

First, we observe that the map from C to H}(X) x HY(X) defined by (-,t) — t ®,(-) belongs to I', hence
this is a non-empty set. Moreover, by the choice of ®, we have
sup Jp(h(l/,p,s)) = sup Jp(cb,\(z/,p, s)) < —-2L.
(v,p,s)€OC (v,p,8)EYR

The crucial point is to show that m > —L. Indeed, OC is contractible in C, and hence in h(C) for any
h € T'. On the other hand by the fact that Yz is not contractible and by Proposition 5.10 dC is not
contractible in J; %, so we deduce that h(C) is not contained in .J; . Being this valid for any h € I, we
conclude that necessarily m > —L.

It follows from standard variational arguments (see [44]) that the functional J, admits a Palais-Smale
sequence at level m. However, this does not guarantee the existence of a critical point, since it is not
known whether the Palais-Smale condition holds or not. To bypass this problem one needs a different
argument, usually named as monotonicity trick. This technique was first introduced by Struwe in [43]
(see also [18, 25, 32]) and has been used intensively, so we will be sketchy.

Let us take n > 0 such that [p; — 21, p1 + 2n] X [p2 — 2, p2 + 2n] C R?\A, where A is the set defined
n (10). Consider then a parameter v € [—n,n]. It is easy to see that the above min-max geometry holds
uniformly for any p, = (p1 + 7, p2 +7). In particular, for any L > 0, there exists A large enough so that

(112) sup  J, (h(v,p,s)) < —2L; m~ = inf supJ, (h(§)) > —L.
(v,p,s)€DC hel' ¢ec

In this setting, the following result is well-known.

Lemma 5.11. The functional Jpq possesses a bounded Palais-Smale sequence (U1 ,n,U2.5)n at level m5
for almost every ¥ € T = [—n,n).

Standard arguments show that a bounded Palais-Smale sequence yields the existence of a critical point,
see e.g. Proposition 5.4 in [33]. Consider now 7, € T such that 3, — 0, and let (ujn,us2,)n denote
the corresponding solutions. To conclude, it is then sufficient to apply the compactness result given in
Theorem 2.1, which implies convergence of (u1 ., U2 ,) to a solution of (1).

6. APPENDIX: PROOF OF PROPOSITION 4.7
The energy estimates of Proposition 4.7 will follow from the next three Lemmas.

Lemma 6.1. If 1, o are defined as in (82), we have that
][ p1dVy = O(1), ][ p2dVy = O(1).
b b

PROOF. From elementary inequalities (see also Figure 2) it is easy to show that there exists a constant
C so that

1 1
[p1] + [2| < C | 141og + — |-
d(ap) zl: d(axl)
As the logarithm of the distance from a fixed point is integrable, the conclusion easily follows. B
In the following, for positive numbers a,b we will use the notation
b
(113) a~cb <« 3C >1such that ° <a < Cb.

Lemma 6.2. Under the above assumptions one has

~2
/ e dVy ~¢ §4T/\2/\2, / €¥* dVy ~ max {;4, 1} .
) by 5p
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PROOF. Let 7 € (0,40] be fixed and let € Xy ,, 7 be as in (75). For simplicity we may assume that
there is only one point in the support of 7, i.e. 7 = d,,. The case of a general © is then treated in
analogous way. It is not difficult to show that the terms 7%’[}2, 7111171 do not affect the integrals of e#*

2
and e¥2, respectively, and that

/e“’1 avj :C/evl avy, /64’2 dv, :C/e”2 avy.
b b o b

Therefore, it is enough to prove the following:
~2
(114) / e’ dVy ~¢ s1r2N2, / e dVy ~¢ max{gw 1} .
) b 5

We start by observing that, by definition, for d(z;,p) < )\% one has
1

vi(x) =1 .
) = e v )

By an elementary change of variables we find

1
(115) /e“l dv, :/ dV, ~¢ &7y,
s s ((ﬁT,\)_2+d(a?,P)2)3 e

By the definition of 7 and & € £y, 7 (see in particular (72) and (73)), recalling that d(x;,p) < /\% and
that A\; > X by construction, we get

> Q

(116) %

<d(zj,p) £ +— <

4
Aj
By taking \ sufficiently large we deduce 7 > 1. It follows that § = 1 and A = )\, see (79). Moreover, by

(116) we have
C

XST)\S)\'

Therefore, we can rewrite (115) as

1 .
e dV, = / dV, ~c §*72 N2
/2 s (G2 +d(x,p)?)’ o

and the proof of the first part of (114) is concluded. Suppose now d(z;,p) > )\ij and divide ¥ into three

subsets:
1 d(z;
A—A;.( : ("”J’p)>, B=B_. (i), C=x\(AUB).
J Sj/\j 4 Ry
We start by estimating
AT p)d
/e”ldVg:/ i N
B B_1_(3;) ((57'A)_2 +d(a:7p)2)

83N

Observe that if in the latter formula we substitute d(z, p) with d(z;, p) we get negligible errors which will
be omitted. Therefore, we can rewrite it as

/ et dV,
B

4
s; )\? 1
d(z 2 //a ~ 3 dVQ
B_1_ (%)) (T5,p) ((sTAd(mj,p))*2 + 1)
3%
SN ¢ _ e N ¢
d(Z,p)* ((372d(F;,p)) "2 +1)° T d(xg,p)? ((57ad(F,p) 2 +1)°
where in the last equality we have used (77). Exploiting now the conditions (80) and (81), the assumption
d(zj,p) > /\% and recalling that d(z;,p) > T by definition (73), we conclude that
C 4 ox
S o S22
((5mad(Tj,p)) 72 + 1)

/ e dVy = §4T§)\2
B
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It is then not difficult to show that
/ et dV, < 54r3N20, / et dV, < 5*73\2C,
A c

for some C' > 0. This concludes the proof of the first part of (114).

For the second part of (114), similarly as before, we divide ¥ into

~ 1 1 ~ ~ -~
= A Ty A B B - Bi B C = E U B .
A=, (505) ) \(AUB)
For x € B we have vy(x) = log (%)_4, hence
4 ~2
(117) /evz dv, = (&) av, = gC
B Byi(p T 57
Moreover, working in normal coordinates around p one gets
v F2
(118) Ae 2 dVg S WC’,
for some C > 0. On the other hand, we have
(119) /Ne”2 dVy ~¢ 1.
c

From (117), (118) and (119) it follows that

72
/e”dVQ ~a max{A2 4,1},
b 2

which concludes the proof of the second part of (114). m

w

Recalling the definition of o € ¥, 7 in (75) we introduce now the following sets of indices: let I C
{1,...,k} be given by

2

4
I = i d i ~ (-
{z (xs,p) > /\}
We then subdivide I into two subsets I, Is C I:
1 1
(120) Ilz{i:d(xi7p)<}, Igz{i:d(xi,p)>}.
A A
Lemma 6.3. Under the above assumptions one has
/ Q(p1,92)dV, < 87(log7 —log ) + 8|I1|m(log A — log7y) + Z 87 (log s; + log A; — log d(Z;,p)) +
b i€ls
+ 167 Z log d(%;,p)+ (24w log 7 + 247 log§) + C,

i€ly

for some C' = C(X).

PrOOF. We start by observing that, by definition, Vu;; = 0 in ¥\ U,c; 4z, (51)\ , @), while

Vv =0in X\ 4, ( L1 ) We next prove the following estimates on the gradients of vy 1,v1,2 and vs:

5T 5u
121 Vua(z)| < in Az, , ,
121 Vo< o U (G307
4 1 1
122 < in A, =, —
( ) |VU2(.Z‘)| = d(:c,p) m Ap (ﬁ;, §M> )
(123) |V 2(x)] < 6 for every z € X,

S

(z,p)
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where dypn(2) = mi? d(x,Z;) and
ic
(124) [V o(x)] < Csry for every x € X,
where C' is a constant independent of 7, and 5.

Concerning (121) and (122) we show the inequalities just for vq,1, as for ve the proof is similar. We
have that

=\ =5 - L\ —4 ~
k [ d(x,Z4) d(x,Z;) k | d(z,Z4) V.d(z,z;)
_ >z ti (d(iim)) Ve (d(fz‘,p)) _ 2z b (d(ii’p)) d(2,3:)
VULl(.’E) = —4 . d(e7) 4 =—4 . (e 7
T,%; T,%
2=l (d@-é)) 2=t (d@);))
4 ~
k o d(=z,T5) Vad(z,Z;)
_42:’:1 ti (d(%i ,p)) dmin(x)
U :
k d(z,T;)
21ty (d(%j,p))
Exploiting the fact that |V,d(z,Z;)] < 1 we obtain (121). Moreover, by direct computations one gets
(122). We consider now

81XV (d*(2,p))
1+ 8278d?(z,p)
Using the estimate |V, (d?(z,p))| < 2d(z, p) the properties (123) and (124) easily follow by the inequalities

Vo a(x) =

éQT/%dQ(xvp) §T)\d(.’b,p)

—r <1 for every z € ¥
1+8273d?(x,p) — ' very ’

1+ 8273d?(x,p) —
respectively. Recalling the definitions of ¢1, 2 in (82) and that v1 = v1,1 + v1,2, we obtain

1
(12) [ Qenemavy = 5 [(Feil + Vsl + Vior - T av
b)) z

1 1 1 1
= 7/ |V1}1|2+*‘V’02|2—v1}1 - Vg dVg-l-*/ |V’U2|2+7|V1}1’1|2 — Vg 'VUl,l dVg+
3 /s i 3 /s 1

1 1 1

-+ g/z (Vvl - 2V"U2> . (V’UQ — 2v7)171> dVg
1 9 1 2 1 9 1 7

= - ‘V’Ul 1| d‘/Q—ﬁ—* |Vv2| dVg—F* |Vv1 2‘ dVg-l- —Vuvi1-Vuiga— —=Vui - Voy dVg
4 /s ’ 4 /s 3 /s ’ =\ 6 ’ ’ 12 ’

We start by observing that the integral of the mixed terms is uniformly bounded. Indeed, we claim that

(126) V'Ul,l . VUQ =0.

By the remark before (121), (126) will follow by proving that Az, ( L M) NA4, (i L ) = () for all

PYPVR 4 57 5p
i € I. Recall the constant & in (77). Clearly, when all the points of the support of o are bounded away
from p, i.e. d(z;,p) > 6 for all i, we get the conclusion. Consider now the case d(z;,p) < ¢ for some i and
observe that in this case 3; = §, see (77). Moreover, by taking § sufficiently small, one has also § < C by
the definition (79) (see also (116) and the motivation above it). To prove that the above two subsets are
disjoint, one has just to ensure that d(z;,p) > 5% We distinguish between two cases. Suppose first that

d(z;,p) > % By the assumptions we have made and by (80), one gets

d(7:,p) 1 d ) ld( ) > 1 1 S 1 1 S 1 S 1
Zi,p) = —d(z;,p) = zd(z,p) > —— = - > = > —
nb s Pr=gaemp sAi  Sd(xi,p)TaA  CsmA Csmd\ — Csm\ " 5

by the choice of the parameters p and A. The case d(z;,p) < % is treated in the same way with minor
modifications. This conclude the proof of (126).
We claim now that

(127) / V’Ul,1 . VULQ dVg S C.
b))
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We introduce the sets

(128) A; = {x e¥ d(z, ;) = mi}l d(x,a:j)} .
Jje

By (121) and (124) we get

C C
Vi -V odV, < /—dV < /~—dV
s vuadvy < [ G 2 ), awwyaen
< E —~C avy, < C,

ieI Aii(s;)\lJM) d(x,.rl) d(]}z,p)

which proves the claim (127).
Using the estimate (121) one has

1
/|V011| dVyg < 4/d2_ 342/ Bz 7)

i€l
1
(129) < ZST( log s + log A + logd(z;,p)) + C.
iel

Recalling the definition of I7, I C I given in (120) we observe the following: for i € I; we get \; = A and
s; = 8§, see (80) and (77), respectively. Moreover, taking into account (81) we deduce

1 N .
Z/ [Voii?dV, < 8|L|m(logA —logTy) + Z 8 (log s; + log \; +logd(Z;,p)) + C
s

icls
(130) = 8|Il|7r(log5\ —logTy) + Z 8 (log s; + log A; — log d(Z;,p)) +
icls
+ 167 Z log d(Z;,p) + C.
i€ly
Similarly as for (129), by (122) we get
1 , 1 _
Z = < - .
(131) 4/E|VU2\ dv, 4/ s Erp) dVy < 8m(log7 —log ) + C

)
To estimate the term |V 2|> we consider ¥ = B_1_

57')\

(p)U(X\ B__(p)). From (123) we deduce that
57')\
/ ‘V’Ul,2|2 d‘/g S C.
B 1 (p)

Using then (123) one finds

1 1
(132) 7/ |V11172|2dV < 12/ ———dV, <247 (logTy + log$§) + C.
3IS\B_1 (p) ! \B , () @,p) 7’ ( )

EESN

Finally, by (126), (127) and inserting (130), (131) and (132) into (125) we get the conclusion. m

PrROOF OF PROPOSITION 4.7.  Using Lemmas 6.1, 6.2 and 6.3, the energy estimate we get is

Jo(p1,p2) < 8m(log T—log p)+8|I1 | (log A—log 73) +Z 87 (log s;+log A\;—log d(;,p))+16m Z log d(z;, p)+

i€l i€ls
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~2
+ (247r10g7>\ + 247r10g§) —p1 (4log§ + 2log 7\ + 2log 5\) — po log max {?,;—4, 1} +C
0]
< 8m(log7 —logp) + 8|11|7T(log5\ —logT) + Z 87 (log s; + log 5; + log A; — log d(z;,p)) +
i€ly
+ 16w Z log d(fi7p)—|—(247r log 7y + 24w logﬁ) -1 (4 log s 4+ 2log 7y + 2log 5\) +
i€ly
7’:2
— pglogmaX{W,I}JrC,

for some constant C' > 0. Exploiting the conditions (80) and (81) we obtain
(133)  Jy(p1,02) < 8m(log7 —logp) + 8|I1\7T(10g5\ —logT) + Z 8m(2logs + log A + log ™) +
i€lsy
+ 16w Z log d(fi,p)+(247r log 7\ + 24w logg) —p1 (4 log § + 2log 7y + 2log 5\) +
=T
=2
—  p2log max {W, 1} +C.

Recalling the definition of Iy, I in (120), we distinguish between two cases.

Case 1. Suppose first that I; # (). By construction it follows that 7 > 1, see (72) and (73). Therefore,
by (78) we get § = 5. On the other hand, using (79) and the definition of A under it, we deduce A < C\.
For § <« 7z we get in (133) the following:

=2 =2
(134) max{;l,l} -
52y 52y

In this case (133) can be rewritten as
Jp(gpl, (pg) < 10g7~' (87‘(‘ — 2p2) + log)\ (8(|Il‘ + |12|)7T — 2p1) + logé (247T + 16|IQ‘7T —4p1 + 2p2) +
(135) +  log 7 (8|Lz|m — 8|11 |m + 247 — 2p1) + log p(4p2 — 87) + C.

Recalling that § < u%’ the latter estimate is negative by the choice of the parameters 7 > > A and
pa > Am.

When instead § = #i; + O(1) we have

(136) max{ ?2 1} =1.

§2M4’

Considering now (133) and observing that logs = log7 — 2log u + C, we end up with
Jo(p1,02) < log7 (32w + 16|Iz|m — 4p1) + log A (B(| 11| + |L2|)m — 2p1)
+  log 7a(8|L2|m — 8|I1|m + 247 — 2py) + log pu(8py — 56 — 32|Iz|m) + C.

The crucial fact is that by construction of ¥y, ;, 7, see (70), it holds |I>| < k —2 whenever |I1| # (). Hence,
we conclude that

Jo(p1,02) < log7 (16km — 4p1) + log A (8(|I1] + |L2])m — 2p1) + log 7a (8| L2|m — 8|I1|m + 247 — 2py) +
+ logpu(8p1 — 56 — 32| L) + C.

which is large negative since p; > 4k and by the choice of the parameters.

Case 2. Suppose now I; = (). By construction we deduce that 7 < C, see (72) and (73). Therefore,
using (78) we obtain 5 < C. In this case the equality in (134) always holds true. Moreover, by (79) we
have A = s\. Hence, (133) can be rewritten as

Jo(p1,902) < logs (8|IQ|7T - 2p1) +log T (871' — 2,02) + log A (8|IQ|7T — 2p1) +

+  log 7 (8|L2|m + 247 — 2p1) + log p(4pe — 87) + C.
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Observing that |I2] < k we conclude that the latter estimate is large negative since p1 > 4km, pa > 4w
and by the choice of the parameters. B
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