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UNIQUENESS OF BUBBLING SOLUTIONS OF MEAN FIELD EQUATIONS

DANIELE BARTOLUCCI#*, ALEKS JEVNIKAR?, YOUNGAE LEE?, AND WEN YANG®

ABSTRACT. We prove the uniqueness of blow up solutions of the mean field equation as p, — 8mm, m € IN. If u,; and
Uy, are two sequences of bubbling solutions with the same p,, and the same (non degenerate) blow up set, then 1,1 = u,»
for sufficiently large n. The proof of the uniqueness requires a careful use of some sharp estimates for bubbling solutions of
mean field equations [24] and a rather involved analysis of suitably defined Pohozaev-type identities as recently developed
in [51] in the context of the Chern-Simons-Higgs equations. Moreover, motivated by the Onsager statistical description of
two dimensional turbulence, we are bound to obtain a refined version of an estimate about p, — 87rm in case the first order
evaluated in [24] vanishes.

1. INTRODUCTION

Let (M, ds) be a compact Riemann surface with volume |[M| = 1 and p,, > 0be a sequence satisfying lim, 1o 0n =
8mtm for some positive integer m > 1. We denote by du the volume form, by Ay, the Laplace-Beltrami operator on
(M, ds), and consider the following mean field type problem:

tn (x) .
{ AMun—O—pn(% ~1)=0in M,

1.1)
Sy undp =0, u, € C*(M),
N 0.G(xp:
where h(x) = h,(x)e 7 E=1 %Gpi) > g, pj are distinct points, j € N, ki, > 0, h. € C>?(M), and G is the Green
function, which satisfies,

—AuG(x,p) =6y —1in M, and /M G(x,p)du(x) = 0.

The mean field equation (1.1) and the corresponding Dirichlet problem (see (5.1) below) have attracted a lot of
attention in recent years because of their applications to several issues of interest in Mathematics and Physics, such
as Electroweak and Chern-Simons self-dual vortices [57], [59], [64], conformal metrics on surfaces with [62] or without
conical singularities [39], statistical mechanics of two-dimensional turbulence [17] and of self-gravitating systems [63]
and cosmic strings [55], and more recently the theory of hyperelliptic curves [19] and of the Painlevé equations [22].
These was some of the motivations behind the many efforts done to determine existence [2],[4],[10],[11],[12],[13],
[14],[18],[25],[271,[31], [32],[33],[40], [50], [52], [53], [54], multiplicity [13], [29], uniqueness [7],[8],[9], [21], [36], [37],
[38], [44], [48], [49], [58], concentration-compactness and bubbling behavior see [14], [16], [46], [47], and [5], [15], [24],
[26], [30], [41], [60], [65], and the structure of entire solutions [3], [23], [34], [56], [61], of (1.1) and (5.1).

In spite of the many results at hand, and with few exceptions (see [21], [58] and more recently [4], [8]), we still
don’t know much about the qualitative behaviour of the global bifurcation diagram of solutions of (1.1) and (5.1).
What one can infer from the above mentioned results in the sub-critical/critical regime is that solutions of (5.1) are
unique if p, < 871 and are unique whenever they exists if p, = 87, see [58] and [8], [21], [37]. The same question can
be asked about (1.1) whose answer is still not well understood, see [44], [48] and [38]. However, solutions of either
(1.1) or (5.1) are expected to be generically non unique for p,, > 87, see [12], [13], [29].

Our aim here is to contribute in this direction by showing that blow up solutions of (1.1) and (5.1) are unique for n
large enough.

Definition 1.1. Let uy be a sequence of solutions of (1.1). We say that u, blows up at the points q; ¢ {p1,---,pn},

x)etn (¥)

j=1---,m,if, T, hendy 871]51 0g;, weakly in the sense of measure in M.
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Let K(x) be the Gaussian curvature at x € M and R(x, y) denote the regular part (see section 2 below), of the Green
function G(x,y). For q = (41, -+ ,qm) € M X - - - x M, we denote by,

1,---,m
G (x) = 87R(x, q;) + 87 l; G(x,q), (1.2)
]
0(q) = i[AMlogh(qj) +8m — 2K(q;)]h(g;)e% 97, and 1.3)
j=1
b h(x)
fq,i(%) =87 |R(x,q;) — R(q;,q;) + Y (G(x,q1) — G(g;,q1)) +log o =5 (1.4)
17 (%)

We will denote by BY(g) the geodesic ball of radius r centred at g € M, while U (g) will denote the pre image of
the Euclidean ball of radius 7, B,(g) C R?,ina suitably defined isothermal coordinate system (see section 2 below for
further details). If m > 2 we fix a constant ry € (0, 2) and a family of open sets M; satisfying, M; " M; = @ if | # j,
szl M] =M, Uzro (q]) C Mj, j=1,---m. Then, let us define,

D(q) = lim Y h(g;)eS 9/ / @i dy(x) — L), (1.5)
(q) Ho]; (q5) ) p(x) 7
where My = Mifm=1,r; =r 8h(qj)eG7(qj) and,
®;(x,q) = ) 87G(x,q;) — G; (q;) +logh(x) —logh(g)). (1.6)

=1
The quantity D(q) was first introduced in [21, 28]. For (x1, -, x) € M X - - - M, we also define,

m 1,--,m
fn(x1, %2, -+, x 2 log(h(x;)) + 47R(xj, xj)] + 47 ) G(x1, x)), (1.7)
= 7

and let D? f,, be its Hessian tensor field on M. Then we have,

Theorem 1.1. Let uﬁll) and u,(lz) be two sequences of solutions of (1.1), blowing up at the points q; & {p1,--- ,pn}, j =

1,---,m, where q = (g1, -+ ,qm) is a critical point of fu, and det(D? fu(q)) # 0. Assume that pﬁll) =pp = p,(f) and that,
either,

(1) £(q) # 0, or,

(2) £(q) = 0and D(q) # 0.
Then there exists ng > 1 such that uﬁll) = u£,2) foralln > ny.

The proof of Theorem 1.1 is worked out by an adaptation of an argument recently proposed in [51]. In that paper
Lin and Yan prove uniqueness for blow up solutions of the Chern-Simons-Higgs equation. In particular, it is claimed
in [51] that the method adopted there does the job also in the case of the mean field equation (1.1) and in fact our aim
is to prove that claim. However it seems that the adaptation of that argument to our problem is not straightforward.

First of all, the cornerstone of the proof is the description of the blow up behavior of solutions established in [24].
In that case the leading order of the expansion of p, — 87tm as well as of the reminder term of blow up solutions is
proportional to £(q), see section 2 below. By means of these estimates, if /(q) # 0, we can prove that the difference of

1)

the blow up rates (which we denote by )\n’] - /\f]) ) is small for large 1, see Lemma 3.1. This is why the case ¢(q) = 0

is more subtle and this is why we are bound to derive an improved version of the estimate concerning p,, — 87tm.
A full generalization of the estimates in [24] to the case ¢(q) = 0, that is, including the reminder term of blow up
solutions, at least to our knowledge has been derived only in case m = 1 and only for the Dirichlet problem, see [21].

Remark 1.2. Far from being just a mathematical problem, the case £(q) = 0 often arise in the study of geometric and physical
problems, as for example in the Onsager statistical mechanical description of two dimensional turbulence, see [17] and more
recently [4]. Motivated by this problem, in the final part of this paper we will discuss the uniqueness result relative to the
Dirichlet problem (5.1), see Theorem 5.2 below. Indeed, inspired by a recent result [4], we believe that, in the non degenerate
setting of Theorem 5.2 and for large enough n, 1-point blow up solutions could be parametrized by their Dirichlet energy.
In particular, on domains of second kind [17], [21], we believe that this fact would imply the existence of a full interval of



UNIQUENESS FOR BUBBLING SOLUTIONS OF MEAN FIELD EQUATION 3

strict convexity of the entropy, see [4]. We will discuss this problem in a forthcoming paper [6]. However it is crucial to the
understanding of this application to establish uniqueness in case £(q) = 0. A uniqueness result for 1-point blow up solutions of
the Gelfand problem —Av = e’ in (3, v = 0 on 0Q) was obtained in [35] in the simpler case where () is convex and symmetric
with respect to both axis.

Therefore we derive the following improvement of Theorem 1.1 in [24].
Theorem 1.3. Let uy be a sequence of solutions of (1.1) which blows up at the points q; & {p1,--- ,pn}, j=1,---,m 5 >0
be a fixed constant and A, ; = maxgu () (un —log( A£ he””)) forj=1,---,m.

Then, for any n large enough, the following estimate holds,
20(q)e 2(71)eCi (01) 2

W(An,] +10gpnh (q1>€ 1 5 _2>
867)\71,1

+—

12 (q1)ei 0 rom

where o is fixed by the assumption h, € C>7(M).

on —8mm =
(1.8)
(D(q) + O(‘SU)> + O(Aﬁ,le’%ﬂ) +0(e~ 5y,

The proof of Theorem 1.3 relies on a careful improvement of an argument first proposed in [24]. By using Theorem

511]) — )\512) is asymptotically small if /(q) = 0 and D(q) # 0 as well, see Lemma 3.1.

]
(m_ 2
Then, as in [51], we analyze the asymptotic behavior of {, = — """

1.3, we succeed in showing that A

LEmET— Near each blow up point q;, and after
Up " —Un " {1 (M)

a suitable scaling, {,; converges to an entire solution of the linearized problem associated to the Liouville equation:

Av+e¢® =0 inR2 (1.9)
Solutions of (1.9) are completely classified [23] and take the form,
8et
v (z) = vya(z) = log ( ¢ HER, a=(ar,a) € R (1.10)

1+et|z+al2)?’
The freedom in the choice of u and a is due to the well known invariance of equation (1.9) under dilations and
translations. The linearized operator L relative to v is defined by,

Lp:= A+ ~¢ inR? (1.11)

(1+z)

It is well known, see [2, Proposition 1], that the kernel of L has real dimension 3 with eigenfunctions Y, Y3, Y2, where,
_ 1- ‘Z|2 _ av.”/” 21 o 1 avy/u V) N 1 BUWI

Y| = = Y == Y; = = —= .
O(Z) 1+ ‘Z|2 ou (1,a)=(0,0) 1<Z) 1+ |Z|2 4 9a1 1(,a)=(0,0) 2(2) 1+|Z|2 4 day |(ua)=(0,0)

The second crucial point of the proof of Theorem 1.1 is to show that, after scaling and for large 1, , is orthogonal
to Yp, Y7 and Y;. As in [51] this is done by a rather delicate analysis of various suitably defined Pohozaev-type
identities. However, compared with [51], we face a truly new difficulty, since the difference of the blow up rates

(that is qul]) - /\(2)) in our case can be of the same order of ﬁ a situation which cannot occur in the Chern-Simons-

n,j

i
Higgs problem discussed in [51]. In order to overcome this difficulty we have to carry out an higher order expansion

of u,(ql) — u,(12) by using Green’s representation formula. The leading order of that expansion has to be determined
explicitly by using the explicit form of entire solutions of (1.9) (see Lemma 3.4). Besides, the main estimates relies on

a series of subtle cancellations, see Lemma 4.2 and Lemma 4.3.

Remark 1.4. The above argument can be adapted in a non trivial way to address the non degeneracy of the m-point bubbling
solutions of the mean field equation (1.1). We will discuss this topic in another paper [6].

Remark 1.5. We point out that in Theorem 1.1 we consider solutions of (1.1) blowing up at the points q; such that q; ¢
{p1,---,pn}, j=1,---,m, in order to avoid the effect of the vortex points {p1,--- , pn} on the local profile of the bubbling
solution. It would be interesting to carry out a refinement of the above argument suitable for treating the latter case as well and
to address uniqueness of solutions blowing up possibly at the vortex points.

In this respect, let us mention the papers [42, 43, 45] where the case of bubbling solutions for collapsing vortex points is
studied. In particular, in [42] the authors managed to derive the uniqueness of such bubbling solutions by exploiting a similar
argument as in the present paper.
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Remark 1.6. The assumption a; € N is used to guarantee that u € C* (M), which in turn allows a simplified discussion of
the already very technical proof. However, since by assumption q; & {p1,- -+ , pm}, then we may relax that assumption and let
aj € (=1, +o00). Indeed, the sharp local estimates in [24] still hold in this more general setting, just with minor changes relative
to the regularity class of uy. In other words, Theorem 1.1 still holds if we allow «j € (—1,+00),j=1,--- ,m.

This paper is organized as follows. In section 2 we review some known sharp estimates for blow up solutions of
(1.1). In section 3 we analyse the limit behavior of {,, on each region U} (g;) and M \ UL, U (q;)- In section 4 we

prove Theorem 1.1 by the analysis of some suitably derived Pohozaev-type identities. In section 5 we discuss the
uniqueness of solutions of the Dirichlet problem. In section 6 we prove Theorem 1.3.

2. PRELIMINARY

In this section we recall some sharp estimates for blow up solutions of (1.1). Suppose that u, is a sequence of
blow-up solutions of (1.1) which blows up at g;  {p1,--- ,pn},j=1,--- ,m. Let

iy (x) = up(x) —log (/M he””dy) .

Then it is easy to see that,
Aty + pn(h(x)e™ ) —1) =0 in M, and 2.1)

/ hendy = 1. 2.2)
M
We denote by,

Ay, = maxii,, and
M

Apj = max iy, = ﬁn(xn,]-) forj=1,---,m, where é > 0is a fixed constant.
By (‘7]’)

Next, let us introduce some notations for local computations. We introduce a local isothermal coordinate system
x = Tj(x) € R?, such that q; = Tj(4;), xnj = Tj(xy,j) and ds? = 2% |dx|? with ¢j(x,,;) = 0and Vg;(x, ;) = 0. It
will be also useful to denote by UM(x() = Tj_1 (Br(x9)), the pre-image of B, (x,), where xo = Tj(xo) and B,(xy) C R?
denotes the Euclidean ball of radius r centred at x, € IR?. Therefore, when evaluated in uy! (x,,,j), in local coordinates
(2.1) takes the form,

Afly, —l—pne2"’f(5)(h(g)eﬁ”(5) —1)=01in x € B(;(gn,j),
2
where A = Y % denotes the standard Laplacian in R2.
i=1""i
For later use we recall that 7y > 0 is defined as right after (1.4) to guarantee that,

Remark 2.1. To simplify the exposition we will use the expressions 1, h, R, G, K, ... to denote those function in both global and
local coordinates. It will be clear time to time which one of the functions involved is being used.

Remark 2.2. We will often need to take back local estimates into globally defined quantities. Therefore we fix an atlas whose
local maps are denoted by {T,}, and whenever for some k > 1 we have § = g(xy,--- ,x) with x; = T, (x;), i =1,--- ,k,
then we will denote by T, 1 (g(xy, -+, x¢)) = §(Tay (x1), -+, Ta, (xk)).

It is well known that the conformal factor ¢, is a solution of,
—A@q ="K, x € Bs(xp). (2.4)
The regular part of the Green function R(x,y) is defined in a local isothermal coordinate system x = T,(x) as

follows. For y = T,(y) fixed, we can choose the conformal factor 29:(%) 50 that ¢, (y) = 0. Then R(x,y) is defined to
be the unique solution of

, 1
AR(xy) =, x € By(xg), R(xy) = Glyy) + 5 -log(lx — yl), x € 3Bs(xp), (2.5)
and therefore it is not difficult to check that it also satisfies,

1
R(x,y) = 5-loglx —y[+ G(x y)-
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Next, let us define,

e
Hostx) = g (1+ Mfz%’ x — Kn,]',*|2)2, £ 2
where the point x,, ; . is chosen to satisfy,
VUy,j(x,,;) = V(logh(x,,;))-
Then, it is not difficult to check that,
%) = X | = O(e™i). 2.7)
Let us also define,
Mn,j(x) = tn(x) — Uy j(x) — (GF (x) — Gj (x,,7)), x € Bs(x,,)- (2.8)

It has been proved in [24, Theorem 1.4] that, for x € By (gn,j), it holds,

(x) = ———[Alogh(x,, ;) + 8mm — 2K(x,, :)]e i [log(R, i|x — x,, :| +2)]?
7711,]( ) Pnh(ln,j) [Alog h( n,]) ( n,j & j n,j 2.9)
+O(l0g(Rujlx — x,j| +2)e ) + O(A, e 1) = O(A2 e~ i),
An,v
where Ry = % It has also been proved in [24, Corollary 2.4] that one can find constants ¢ > 0 and cs > 0
such that,
An—Aujl <cfor j=1,---,m,  |iy(x)+Ay| <c5 for x € M\U;"ZlBj}A(qj). (2.10)
Moreover, see [24, section 3], we have,
* . * /\71,
eAn,jhz(xn,j)eGj (xnj) _ Ml (x,1)eC (1) (1 4+ O(e™ 5 ), (2.11)

and in particular, see [24, Theorem 1.4], the following estimate holds,

hix, ;
Mjj —|—/ iiydp + 2log <pn(n])> + Gf“(xn,]-)
M 8 !

’ (2.12)
_ 2 Ay A
— —W(AM logh(xn’]') + 87‘[111 - ZK(xn,j)))\n,je Z + O(/\n/]e /]).

Let us also recall, see [24, Lemma 5.4], that,
Vullogh(x) + G (x)] = O(Anje i), (2.13)

x:xn,j
where V, is a suitable gradient vector field on M, which, together with the assumption det(D?f,,(q)) # 0, shows
that,

|, — g].| = O(Ay e i) (2.14)

Remark 2.3. We remark that, since in any local isothermal coordinate system it holds Ay = e 29 A, then, in view of (2.14)
and ¢j(x, ;) = 0,Ve;(x, ;) = 0, we find that,

;)

Aulogh(x,,)= 295 Alog h(x, ;)= e 2" Alogh(q,) + O(A e i) = Aylogh(q.) + O(A, je ).

=/ =/
This fact will be often used in the many estimates involved.

The local masses corresponding to the blow up of 7, at g;, 1 < j < m, are defined as follows,

Pni=Pp / he™du, (2.15)
Y Jupy)
and we will use the following estimate proved in [24, section 3],
16 A .
P, — 87 = 7N{A log h(x,,,;) + pn — 2K(x,,;) }An je Anj 4 O(e= i), (2.16)

p”h(ln,j)
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In particular, see [24, Theorem 1.1], we have:
_ Ay A
pn — 87tm = Z W (x, ) [Alog h(x,, ;) + 87tm — 2K (x,, ;)| Ay je i 4 O(e i)

= 2 M i[AlO h(x ) +87Tm—2K(x )]h(x ')er(ln,j) _|_O(e*/\n,l) (2 17)
m hZ(x )gGi‘ (in,l) — & =] =n,] =n,] .
An,l j=1

2 A 13_/\n,1

_ e *)\n,l
R )eC G (W) H O

The asymptotic behavior of i, on M\ Um 1U3"(q;), is well described in terms of the auxiliary function,

w0 (x) = () = Y Gl 00,) = [ ihacl (2.18)

which satisfies, see [24, Lemma 5.3],

>

_nj
wy =o(e” 2" ) on CY(M\ UL, U} (g)))- (2.19)
3. UNIQUENESS OF THE BLOW UP SOLUTIONS WITH MASS CONCENTRATION
To prove Theorem 1.1 we argue by contradiction and assume that (1.1) has two different solutions uﬁll) and uflz),
with p,(}) =pn = p1§12), which blow up atg;, j =1,--- ,m. We will use x(; A,(f), A() (l) R( g Ur(l]) x,(;; o wff), pf;; to
denote Xnjs An, )\n,]’, iy, Rn,]-, Un,]-, Xp,j ks Wny Pp,j, QS defined in section 2, correspondmg to u£1 ), i = 1,2, respectively.

Our first result is an estimate about \/\,(11]-) - Ar(zzj)| and || ﬁ,(ql) - ﬁ,(f) [ 2o (M)

1

Lemma 3.1. (i) |/\](11]) - /\;(12])| =0 (le_l )\(1’ )for alll <j<m.

(ii) there exists a constant ¢ > 1 such that:

2 oA 2
AL = AZ o AN e ) <l - 2P s < A A%+ O AL e ).

n,
=1 i=1

=

Proof. (i) In view of (2.8) and (2.9), we see that, for x € B(g(q ), it holds,

i (@) - 1P (1) = U (@) - U2 () + 67 (7)) - 67 ) + 0 (1) — 1) )

n,j ] A=y nJ
1 ) . (1 N0 (3.1)
=u) () —ul) () + G (x) - G (x}) +o<;m,&l}>2e ).
1=
By the definition of Ur(ll;, we find,
(1+Pn (7”]) /\n]|x (2) 2)
U () = U2 (1) = 2log———F et A 62
n ,,, /\ 1
(1 2|y — £ 2)
while, by (2.7) and (2.14), we also have,
20,0
|£;(1%j) — §512])| = O(Z1 /\}(1’,}6 An,j), and |§,(11])* 711] N Z /\ ) forany 1 <j<m. 3.3)
i=
At this point we conclude the proof of Lemma 3.1 by considering two distinct cases:
Case 1. /(q) # 0: From (2.17) we have,
(1)~ A2,
2 AV e M NG 2 n1 2)
(@) +O(e ) = %“—zaq) +0(e™m), (3.4)
hz(xﬁz,%)ecl (x1) h2(x 1(11)) (7))
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that is, dividing by =

which in turn implies that,

AL )&2)1)\8;1 1o21 021 35

n,1 n, n,
Yy Ay 1 _,@
Since, for some 6 € (0,1), we have log o= M(l)"’] : Z]Am = (An’]- — A7), then (3.5) implies that
n,] n +( ) n,j

2
1 2 1
At = A3 =0 (Z = ) : (3.6)
1

As a consequence, by using also (2.11), we conclude that

2
A —AZ =0 (Z 11. ) forall 1<j<m, (3.7)

i=1 /\n,)1

whenever /(q) # 0, as claimed.
Case 2. /(q) = 0 and D(q) # 0: In view of (1.8), we have,

@)

)
8(67/\71,1 _ 67/\;1,1) 2 l) 2 7§/\ i) 2 7(1+£)/\(i>
D 0(8%))=0 A 2%n1 O 21, (3.8)
h2(q1)eSi ) rm ( (q) +O( )) (i;( n1)e )+ (;:1‘,(6 )

and then the same argument used in Case 1 above shows that if /(q) = 0 and D(q) # 0, then (3.7) holds as well.
(ii) Next, in view of (3.3) and (3.7), we see that,

) )
h(gg]?)e/\n,j x — &,(12])* 2 - h(x(l?)e% - x(l.)’ 2

1,]

AW 1 2 2
=o<ew>{<|x A e =2 ) =22 P -l POAY = A () - ;}m},

which, together with (3.2), (3.3), allows us to conclude that,
2 .
1) 2 1 2 ) i
||U( ;(1,]‘)HL°°(B‘5(@/,)) =0(1) (M;&,g - /\51,“ + ZAS}e 2 ) : (3.9)
From (3.1), (3.3), and (3.9), we finally obtain that,

i)
1) — a7 |1 (5,0 ) = O(1) (|Af}{ A%+ Z/\ ﬂ) forall 1<j<m. (3.10)
) ,
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1) _ -2

Next we estimate i, * — i, in M\ UL, Uj'(q;)- By the Green’s representation formula, we see that, for x €

M\ UL, Uj'(g;), it holds,

(1)
i () = () = [ (@ —a)du = pu [ Gy x|

m ~ -
=Y, /uw ), (G(y ) - Gt x))(y) (e ) — ™ W)dp(y)
=174 Y

3 i7 ~
+ ZG(ij),x)/M . Prh(y) (™ W) — o)) du(y)
j=1 U% (xn/j)
~(1) _(2)
n G(y,x)h i (y) _ ity () d
L /I\/I\U]r"lu%/f(xafj)) (v, )h(y)(e e )dyu(y)

In view of (2.15) and (2.10), we find that, for x € M \ U}”Zl ui'(q;),

. . - - - p Z®
i) = (o) = [ @) —aP)du=p ) [ (G0 = G0 Y — e O)du(y)

1
= uy (=

m 2

2@
+Y G (o) — i) +O(Y e ).
j=1 i=1

We also have, from (2.16), (3.3), and (3.7),

16 )

pn i ”/‘
" pah(,))
16 2@ 20,0 2,0
7-22) {Alogh(g,(fj)) +Pn — 2K(££12,]?)}/\;(5j)3 A + O(Ze /\n,]) _ O(Ze /\n/]).
Pnh(ln,j ) i =

3 (1) al) _ a? 2 a0
=00 1 [ (G02) = GO D) (e =™ yuty) +0(1 e )
"l i=1
2 |y—££11])|e)\’g’)’ 2. 0 2 Y
: ) . PR dy+0(y e ") =0(} e )
j=1 g i i=1 (1 +e n,/|y_l ‘2)2 i=1 =

1,],%
Therefore, we see from (2.12), (3.3), and (3.6) that,
2 . (i)
~(1 ~(2 1 2 A
/M(ui(q - u1(1 ))dl/‘ = _(A;(Lj) B /\1(1,]?) +0 (Z )\S}e nJ) ’

which, together with (3.13), shows that,

2 /\ni).
i) (x) — 1P (x) = () A2 +0 (2 ) :

forx € M\ U]m:1 Uj'(q;)- Clearly (3.15) and (3.10) prove (ii), and so the proof of Lemma 3.1 is completed.

Let us define,

gn(x): , X €M,

) (x) — a1 (x)
~(

Nl — a5 | ey

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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" ah(x iy i@y
(1) = ~(1)P~((2)) <en<>_en<)),xem, and (3.16)
iy’ — ity ||L°°(M)
(1) _(2)
elin (x) — eln (x) ﬁ(]) _ _
ea(x) = = — = o™ (1+0(|al) — a2 || o (m)), x € M.

Clearly g, satisfies,
Amln + i (x) = Auln + pnh(x)cn(x)ln(x) =0, x € M. (3.17)

Finally, let us define CAn to be the local coordinate expression of {, for x € B; (1511])) and,

O Q)
Tnj(z) = T (e_ ]z+x}(11’]?) , |zl <de 2 for 1 <j<m.

Our next result is about the limit of {,, ;.
Lemma 3.2. There exists constants bjp, bj 1, and b; such that,
8nj(2) = bioPj0(2) +bjapja(2) + bioia(z)  in CR(R?),

where
1 — rrmh( j)|z|2 nmh(gj)zl nmh(g],)zz

q
Viol®) = Tt )z ) T T e YR T T g T

Proof. By Lemma 3.1 and (2.8), we have, for x € B; (E,gl]? ),

() 2 1 (1) (1) * () —GF (D) 2 1
Cn(l) — ¢ln (x) 1_;’_0(27') _eun]( )+77n]( )+G} (x)-G ( ) 1+O(2 ) . (3.18)
~ 4 (i) ~ )
i=1 }’l,j i=1 T’l,j
Then, in view of (2.9) and (2.7), we see that (3.18) implies that,
A
1) Gi(e™ Z] z+x! )) G! (x(l)) 2
2@ My (1) e Fnj )T 1 1 0 5
n;j 2 1) = 1 O —_— C R7).
¢ Menlem et ) o) ) O | 7 A DlEC foc(R°)
(1+ 255+ O+ )2 &
(3.19)
Since |, ;| < 1, and in view of (3.17) and (3.19), we also find, {,;(z) — {;(z) in C{)OC( 2), where,
87Tmh(q]) ,
A in R | < 1.
g (1+7Tmh( )‘Z|2 zg]( ) 0 n 4 |€]| —
By [2, Proposition 1], {; = bjoj o0 + bj1¢;1 + bj2¢;2 which proves Lemma 3.2. O
Next, let us set,
hi(x) = h(x), x € By(x).
For any subset A C M, we denote by,
1 if xe A,
1A(">_{ 0 ifxgA,
while, for any » > 0, we also denote by,
A = e_Afl%/?/z,
nir 1 (3.20)
A+ A2
i = 1€

Next we prove an estimate which will be needed in section 4.
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Lemma 3.3.

m 1, 2 h4\[
/CdV—ZA Gl )+ Yoo T (Za Glyx ) ’ /
! " = = ‘, 51 )\ Jouh(a;) /% 1+|Z (3.21)

1)

+o(e™ HAnt) in CH(M\ U2, U (x ),

where 6 > 0 is a suitable small constant, ath(y, x) = aj: Y= (yl,zz), and,

Moreover, there is a constant C > 0, which do not depend by R > 0, which satisfies,

i f’f) 1u20(x(1))(x)
0 +1 L, () | (3.22)
= (T(x) =Tl Mol

/ Cndp — Z AnjG(x,

forx € M\ U]m:1 UA__R (x(l.)), where rq is fixed as in (2.3).
nj,

mj
Proof. By the Green representation formula we find that,
= [ Gdn= [ Glufimdn)

m

= 3 An Gl )+ L  (600%) = GUL 0 ().

(3.23)

Forx € M\ ULy uy' (x,glj) ), let x = T(x) denote any suitable local isothermal coordinate system. Then we see from
(2.9), (2.10), and (3.3) that,

1) * _ (1) * 2¢;
J,,(6.20) = 6 )i apty) = [, ) <G ]y_xf:}, y—x) > fi(y)Pidy

j

_ (1) 2 )t,(f,»)
ly—x,, j[7e™ Y0
+0(1) / Z dy | +0(e ™) (3.24)
(! ) (1+e ,1] y - 7(11])*|2)2
, 1) —AW
- /Br(qul]-)) = ayG(y'x)’y_X,(f,) *”J /> fay)e 2"’!dz+0()\f1,].)e ")

for a suitable # > 0. Next, by Lemma 3.1 we find that,
1

o) _ gy (1) 1
=", 140 — . (3.25)
~(1) _ ~(2) 1)
i — iy ||L°°(M) /\n,j
NO)

At this point, setting 6, = e’%, and using (2.9), (3.3), then after scaling we see that, for x € M\ UiL LUt (x ( ])) it
holds,

(1) % (1) 29
/Br<x$}> <ACW )| _ oy > iy

(1) (1) * (1) (D)
=0 [ o <G| oz > pay(nz et GO, 04 04 )de
AT 77*",1
nj,r
<G| 07> puh(,))00,(2)
:5n/ — 7("] dz + 0(6n).
B, (0) puh(x())

wir (14 =—5"=|z + O(0)[*)?
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In view of Lemma 3.2, we see that, for x € M\ U L Uy (x (1)) x = T(x), it holds,

(1) * 20;
/;y(x 1)) < aZG(zfl)‘ 715'%;/%_&”,]‘ >fn(£)e q)]dz

i
w2 212 i (326
—e 2 9, Gy, x / dz+oe_ 7).
TF L)y ”W o (T Py )
From (3.23)-(3.26), we see that the estimate (3.21) holds in CO(M \ U, U}'(x, e ))) The proof of the fact that (3.21)

holds in C'(M \ U iy Ug (xl(1 ]))) is similar and we skip it here to aV01d repetltlons.
From (3.25), (2.10), (2.9), and a suitable scaling, we see that there exist C > 0, independent of R > 0, such that, for

x € By (x,)) \ By (x,]), x = T, (x), it holds,

. m
f o= E i)

<|¥ L, (60 = G 0) £ )d(y) +o(e ™)

"o x—xl)) vy — x(l)lew )
<Y —/ log ——— fx(y)e*?idy| 4+ O / dy) +0(e ")
= &) —y I\ Yy ) y

= ‘2” Barg (x,,,) [x—yl ’ ( Baron) (1 4 ¢ b ly— (1]) 2)2 )

‘ 1) ) 1) ’
1 M 1 1

m log|x —x, ;| —log|x —e” 2 z—x, /] A
<y o / d T ldz) + 0%

Lom(f, T+ PR Jroe )

n,/,SrO
A A
<o()( [logfe ™ [x — 2, + logle ¥ (Kﬂfﬁf))*z”d )
>~ V4
o 0 (1+ [z
|x ln,]'z\f <|z|<2|x— x |e 2
/\(1? .
n, )
L e |z Mg
ryom(/ - 2 —dz) +0(e ¥
=1 Bt 1= x, 7 [(1+12])?
e_é M 8_@
_ _
< 0(1)(——4;-) +0(1)(loglz|IzI ) +ol )< c(S—5). (3.27)
|X—X<) nj |x_x()|
= = \z\:B\gfg(l)\e 2 =

n,j
By (3.23), (3.25), (2.9), and (2.10), we also see that, for x € M\ U llzro( e )) it holds,

A0
‘e n,j

X (
o[£ [y 2] st

70 ,,,] 1—.—3”]‘]/ (1) |2)

71]*

Tn(x) — /gndﬂ ZAan

By (3.27) and (3.28) we obtain (3.22), which concludes the proof of Lemma 3.3. O

From now on, to simplify the notations, we will set
A0 RO
f(z) = f(e” =z —i—gn] ), lz| < JeT/ for any function f : Bs(x, . )) — R.
Our next aim is to obtain a detailed description of the asymptotic behavior of {, on U5{(g;) and on M \ U}":lllé“ (q;)

for a suitable small ¢ > 0. This task has been already worked out in [51] for the Chern-Simons-Higgs equation and we
will follow that approach here. However, as mentioned in the introduction, our case is in some respect more involved,
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since if |A7(11]) - /\512].)| is not asymptotically small enough, then the argument in [51] does not work. To overcome this
difficulty, we have to use the Green representation formula and carry out a rather delicate set of estimates.

Lemma 3.4. There is a constant by, such that b;o = bo for j =1, - - ,m. Moreover, for any ¢ > 0 small enough, we have,
Cn(x) = =bo+o(1) forany x € M\ UL U (q).
Proof. Let us recall that,

Amln + Pnhcngn = ApmCn + ) Pnh(x) (eﬁnl)(x) — eﬁ'(72)(x)> =0 in M.
0" — || oo ()

By (2.10) and Lemma 3.1, we have ¢, — 0in Cjoc (M \ {q1 - - Gm })-

Since ||Cnlro(a) < 1, we see that  — {o in Cioc(M \ {q1,- - - ,qm}), where,

AmGo=0 in M\{q1- qm}- (3.29)

Moreover, since ||Gx|r=(p) < 1, then we have |[Gol|zo(p) < 1. Therefore o is smooth near g;,i = 1,--- ,m, and we
can extend (3.29) to M. Then (g = —bg in M, where bo is a constant and in particular we find,

Cn — —bp in CIOC(M\ {‘71 e Qm}) (3.30)

At this point, we consider the following two cases separately:

1 2
Case 1. |/\;(1,j) — /\Elj)l <o (A(ll)>
nj

In this situation, we can follow the argument adopted in [51]. We sketch the proof here for readers convenience.
A0
1= (el [x—all) 26" o .
z - and let us fix d € (0,4). Then, in view of (2.7), we find,

1 ) ) 26

ICn ‘/’n,J A7 4
/BB ( <¢n’] av —Gn ) 7= /]3:71(75531‘)) (lpn']Agn @nAv,bn,]) ax
AL

al 1+Pn(())| )|2 ni o
— _ A OIS, nj L jx
—Ad<x;%;>{ Pl (a,al>_u,g>) e 7) }dx

y M)
1+ () — x (0 e’
)
nj

Let x = Tj(x) € Bs(x,,7), ¥n,j(x) =

(
“n
Ny

2

<1>)pngn¢n,j{ et (1ol — a2 1)) + h(xe (1 -+ Ofe” >>}dx
J

(1)
) * ) uV) M,
e pngnwn/{ e 10 TG e 1 ol — ) + a1+ O ) }dx'
Therefore, by a sultable scaling and by using (2.9), we see that,

O 1

AP oM (e | — a?) e
/ (an] ag Cn 71]> o= / PnCn(Z) 4’71,]‘(2) ( )( | | ‘ 1(11) n ‘ )ClZ.
BBd( v B,+ (0) Pnh(,n M (1)
nis (1+ —d |Z+€ 2 (771,]' n]*>|2)
In view of Lemma 3.1(ii) and since we are concerned with the case |)t,(11]) | <o <A< ) then we obtain,
nj
agn alpn,]' o 1
/azs( <¢”Ja ~ G ) de =0 @ . (3.31)

Let CZ](T) = 02” Cn(r,0)d0, where r = |x — x,(f/j) |. Then (3.31) yields,

(3)
/\n,j _
() ()i (r) = G5 i (M) (r) = ——==, ¥r € (A, /).
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For any R > 0 large enough and for any r € (A . ,,6), we also obtain that,

n,j,R’
40 4
e n,j e n,j
l)’Ji’l,]'(r) =-1+0 ( 1’2 ) ’ lp;,](r) =0 (7,3) .
and so we conclude that,
) (e
(é-;kl,])/(r) = rn/] + O T3 fOl' all r e (A;] R’ 5) (332)
Integrating (3.32), we obtain,
* * 1 —
0o i) = T30 ) +0(1) —0—0()\(1) JR+O(R™?) forall 7€ (A g,0). (3.33)

nj
By using Lemma 3.2, we find,
5y ) = —2tbig + 0r(1) + 0 (1),
where limg_ ., o 0g(1) = 0 and limy,_ 4 0, (1) = 0 and then (3.33) shows that,
Cnj(r) = —27mbjo + 0r(1) +04(1)(1 + O(R)), forall re (AR 0)s (3.34)
where limy,_, 4« 05, (1) = 0. In view of (3.30), we see that,

g:,j = _27-[170 + On(l) in Cloc(M\ {‘71 v 'Qm})/

which implies that b]-,O =bgforj=1,---,m, whenever |/\;(11]) — /\1(12].)| =0 (/\(11)> , as claimed.

nj

Ailz]) | < % for some constant C > 1: In this case, the argument in [51] as outlined above does
n;

not yleld the desired result. Indeed since |A }(12]) | is “not small enough”, then {7 ;(r) — ;. (A, i r) is not as small

as we would need, see (3.33). So we adopt a dlfferent approach based on the Green representation formula.

Fixd € (0,4), and let Ayir < |21 —ggj)\ <x, —51(11]” < d, then,

ot (v) _ o (v)
Gn(x1) = Cn(x2) = pn /M(G(xlfy) G2 )W) | —a & du(y)

iy — ity

Il 2o (a1 6.35)
1 i/ |2 =yl oult (1) i) 1 _eag,zLﬁﬁl) - )
=5 log ——— yer = 0 Y+ O(]x1 — x3|)-
2 Sty = it = a2 e o
A
By the usual scaling, y= onz + x( ), where 6, = e~ 7 , we see that,
|72 - }/| +(1) 1 — eln ) nl)
/ . E *|pnh](y)e”" ) e dy
Bu(a) 1759 = 2@ o
1) __ NG
Xy — X : — 0nz — . @ — pln " —Un
_ log anhj(z)e“51”(z)e A (1) ¢ 3 dz (3.36)
BZA:,]‘/d(O) X1 —x,, ) — Onz| [ty — iy HL°° (M)
61 (xy — &' )) -zl _ . (1) _ P —al)
- lo | 1(2 ?]> |pnh]( Yo (2) g~ & 5 dz
BZArT,j,d(O) |5_ (&1 _xn]) _Z| ||u~1’l _ﬁn ||L°° )
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Fix a € (0,1). We will use the following inequality (see [20, Theorem 4.1]): let ¢ : R?> — R satisfies | g%(1+

R2
|z|)2T*dz < +oo. Then there exists a constant ¢ > 0, independent of x € R? \ B(0) and g, such that,
’/}Rz (log|x — 2| — log |x[)g(z)dz| < c|x| % (log|x| + 1)[|8(2) (1 + |21)" " || 2 (e)- (3.37)
In view of (3.36) and (3.37), we find that,
22—yl "0 1 et -
o198 T =y P | e | ay
Bt |1 ]/’ " =t pomy )
Silm -l 2 M- -2 e e
= log 71 ?1]) + ) (—1)'log = n'](l) pnhj(z)e" (2) g~ Ani O dz
By O PAEPOTRE= 6 (x; — 50| 150 = a2 o
(1) @ 0
E _X : — ~ _ (1) _ pln —Upn
=1lo © 7(11])|/ Pnh](Z)e”"l)(Z)e Muj 1 ¢ dz
|y — Xy j | BZA;M,(O) || - ”n ||L°°(M)
2 A 1)
n, 1
+O(L I — x| logle ™ (x; — xi)))
(3.38)
From (2.7)-(2.9), we also see that,
I Y 1 _ -V
/ pnhj(z)e" (2)e™nj : 5 dz
Byn+. (0) ”ﬁn ) - ﬁ1(1 )||L°°(M)
n,j,d
ONwer (ORI .
/ ouhj(6nz + x( )) My, +Gf (nztx, 1) —=Gi (x,, ;) 1 AP .
N 9 (1) =(2)
Bony @ pah(xl) * Tl (1 ity — 1 || L= (m
mid (14 2|z 4 e H (x 1(1/],)_71(1]*”2) n 7 (M)
ouh(\ )1+ 0(6n) +0(Gulzl)) [ 1 etk -al) (3:39)
- / p 0 _ ;@ dz
ZAI]d 1+ Pn (85'1/]' |Z|2)2 (22 ||L°°(M)
- D@0
~'(11)_~512)_<“n —ily ") (1 (2
(u Ha;)-af)\u:(m o~ )|2°°(M>)>
—/ 1) - dz + O(6y).
2A+ p"h(£;1,j) 2\2
”J" (1+ —5"z]?)
On the other side, from (2.8) and (2.9), we find that,
(1 (2 1 2 w2 1 2
) () — a7 (v) = U\ (x) U (@) + G (x2) = G () + ) () = i ()
pah(xZ) 2@ NG
1+ =5 |x —x, %) AW
= /\,(11]) — Al )+210g " (8 W O ((AS}))% A >,
(1+7“] n]|x n]*|2)
which in turn implies that
pul(x1)) @) (1) _ ()
14+ —5 ™ |6z +x, ) —x,71 |2 NG
i (2) - a7 (2) = AL =A%)+ 210g ( h(g o )y o((Ag)e ). (3.40)
14 2o e ¢ |01 z—i—x( ) glej)*\z
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By (2.7) and (3.3), we also see that,

ah(x?) 2@ Wy @0
1 + b (8n]) " |§ Z+X( ) —n]*|2 1+ pnh(SL])e)L"'ji/\”rj |Z|2 (1) 5!])
21og ( = 2log ( ) o)
h( W) A () puh(xl))) ni
1+ PrA\=n,j ) n]|5 z+x n]*|2 1+%|Z\2
Lh(z’” 2 @ ) 1) 1,0 NG ), u
2 1 3 -
- #)O‘m‘ =)+ <<1> Ay = A )"+ OUA,; = A 1P) + 0, jem 20,
1+ —5"=|zf? (1+ 5 )22
which, together with (3.40), allows us to conclude that,
iy (2) - 1 (2)
- o) o 1,0 pulen) )5 1,0 (1) ), i
_ - 8 1 (2 1 (2)\2 1) 2)13 1) _ni
~( — YA =A%) Ay~ AT O] = AP) + 0y e ),
14+ an,J |Z‘2 (1+ gn,j |Z‘2)2
and thus
~(1) _ ~(2)\2
i) i (z) - )
Pnh(lil/'))
_ <1 g1z (AD) _ 1)
(x) mp 3.41
1 I (SX,,])| |2 ( )
pnh@f,l})' 2 a pnhu;l]?)' 2y2 ()
SR S (1) (2)y2 (1) (2)3 (1)~
T - 0 (M) = A2 H0(AY = A2P) + O e 2.
(1+ 25 2P 201+ By
From (3.39)-(3.41), we deduce that,
— ~(1) _/\1 1 eﬁ_ﬁg’ll)
[ mi@ed o (e g,
Bars 0 12D — 22 o
1 h(xY) 1 2
B pul(x1) { - ) e () )
B 1) () _(1 _(2
BZA:;/.,d(O) (1+p”h(§nrf)|z|2)2 1_|_ (x"J ‘ |2 H Sz)*”Sz)”L“(M)
(3.42)
Pnh(&illj))| |2 (1 Pn (75,1]) | ‘ ) ()\ 1) _A(Z))Z
+ n,j n,j dZ
pul(xV) puli(xl) 1 — a?)|
1+ 252y 21+ Py 18 = e
1) _ @ )
|)\1‘—A2|3+/\1 Il Anu
(— ) +0(e ) + ol = 17 [3a )
kz .
At this point we note that, for any fixed ¢ > 0, it holds,
8 1—|z|? 87rt?
dz = ———, d 3.43
ho TR () = e G4
? (1—]z[*)? At (# — 1) 344
)&=~ G40

fo s e (-
o) (L 22 (T + =P~ 21+ 222
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AW
n,j

2, then (3.42)-(3.44) imply that,

. +
Since An,j,d =de

~(2) _ (1)
. E) ) 1 — eltn —Un
. n ( ) An,‘
/B ) Pnh] (z)etn e Tmi ( _(1) -2 )dZ
ZAI].’d [ — i ||L°°(M)
1 2)y A 1 2 P
)\1(/1 ) _ A(,))€7 n,j ‘A;,J) _ )\51,]) ‘3 + An,j)e_T, )\,(1)

e ) +0( ) +Oo(la” — a7 B )

Iy — iy || Lo () — 2 | )

At this point, from Lemma 3.1 and our assumption c L <|A1(11]-) APy < % we can find a constant ¢y > 1 such

that, AT AP
(1) (2)
o < S =i < o) A< 5 o
By (3.45), we obtain,
[ el 1y 646
Byt (0) 12 — @2 [ o () A

n,j,d

As a consequence, for A,/ iR < |x — 1&1]) | < |xp — 11(11])| < d, and by using (3.35)-(3.38) and (3.46), we find that,

xp — x M _ O _ -l
Tn(x1) = Cn(x,) = log 272‘1])%/ pnhj(z)e”gl)(z)e A ~(1) e~(2) dz
1 — 2, 7| 7 B O 0" — 1 || oo ()
2 A ) A ) (3.47)
+0(l2; — 1)) + O(Y e (x; — 2)) "3 log e (x; — x{))])

AW
Finally, by fixing a small constant r € (0,d), and putting |x; — ;7(11])| — Re~ 7 and |xy — gfll])| = r, then Lemma 3.2
and (3.30) imply that,
Gn(x1) = =bjo +0r(1) +0u(1), Cu(xz) = —bo +0u(1), (3.48)

where limg_, o 0g(1) = 0 and lim,,_, y 0,(1) = 0. As a consequence, since R > 0 and r > 0 are arbitrary, we see
that (3.47)-(3.48) imply bj,O =byforj=1,---,m,in Case 2 as well. This fact concludes the proof of Lemma 3.4. [J

4. ESTIMATES VIA POHOZAEV TYPE IDENTITIES

From now on, for a given function f(y, x), we shall use 0 and D to denote the partial derivatives with respect to
y and x respectively. With a small abuse of notation, for a function f(x) we will use both V and D to denote its

gradient.
Forj=1,---,m,let
Pnjy) = %(R(y’ X))~ R, x D) + % ;«3(% 1) =Gl +)), (4.1)
I#]
Uii,}(y) =0y (y) = gnjly), i=12. 4.2)

Recall the definition of {, given before (3.16). Our aim is to show that all b;; = 0, see Lemma 3.2. We will start by
showing that b; o = 0. This is done by exploiting the following Pohozaev identity to derive a subtle estimate for {;.
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Lemma 4.1 ([51]). For any fixed r € (0,6), it holds,

1

1’<DU(>—|—DU D§n>da—/ r<v,D(()+v())><v,DCn>dU

2 Jom, ) 2B, (x\}))
_ LTI RN R
= (2

5, 0] — 02 Loy N

(1) @)
i (x) (¥n T Py T ni

_/ N Pn ](7)(1) 3 )(2+ < D(loghj +¢n,]')/ 1(1]) >)dx.

(=) 10,7 = 030 |2 0

Proof. The identity (4.3) has been first obtained in [51]. We prove it for reader’s convenience. First of all, we observe
that in local coordinates it holds,

(@ — oD@ 402 - = D} + ] + o)) o) - - 2
= div { V() — o)) +02) - (x - 2]} +div (T + o VE!) —o) - @ -2} @

n,j n,j n,j n,j /] n, n 1n,]
. ) _ @ 1) |, !
—div {[v(vij? — v}(w.)) . V(Uguj) + vi’]?)](x - z,(w?)} .
By the definition of v( i) , we also see that, for x € By (x, o )

@
A(US} - UEZ])) + pnhj(x)(e"" —e" ) =0, and A(vs +

COR )
o) + pult () (™ + ) = 0.

.

and then we find that,
(A — P hHV L) o) - = 2D+ {ae)] + oV o) - -2
_ _pn(ev;{]?wnﬁloghj JOn o logh; NV (0! )+U( )) (x— 20}

= eI O 7 01— o) (x — 2(1))
(4.5)
— 20, P8 M) (x — 211} 4 2, e FnIOBN 702 (x — 2(1)))

= —div (an (e n,j +¢n,j+10g hj B e’l)n,]- -‘rgbn,]'-‘rlog h]) (& . X;(i]) )>

1) ) . () ) ) (1) ) ) @ . .
+ 4y (7m0 TP TI0BNG _ O OniIOBRYy o (g% T HIOBN] _ g0u T Ou 08N (7 (60 4 Tog hy) - (x — x()1.
Y P i &1 n,
NOG)

Clearly, since ¢, = (1’”7 then (4.4), (4.5) yield (4.3), as claimed. O

H n,j VI] HL (M)
Next we estimate both sides of (4.3). Recall the definition of A, ; given in Lemma 3.3.

Lemma 4.2.
A
H] m

-2 Gi (4))
256bge Mnih(g;)e"r i A
e ha;) 5 ) +ofe™),

on(h(q))2eCim) /Mj\uw
for fixed r € (0,rg) with ry as defined in (2.3).

LHS of (4.3) = — 44, j— e dy(x) 40

Proof. Next, let us denote by,
- m
Clx) =22y G(x,x)), (4.6)

so that, for x € By, (gﬁllj)) \ {1511]) }, we have,

A7)
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In view of (2.19), (2.16), and (2.17), we conclude that,

A
nJ

i il i EPIONE i
2)—VWW‘VMGﬁ+¢m—§%gcwéﬁ>+ouﬁe“UIHM\WQMWnb

o(e

where § < 7. Therefore we find that,

A0
Vo) = V(G —guy) +ole™ 2 ) in ULy Ba 2\ Bya(xl)). “8)

As a consequence, letting v be the exterior unit normal, then (4.8) together with (4.7) and (2.17), imply that,

LHS of (4.3) = /aB( < D(G = ¢n;), Din > dU—Z/ o 7 <,D(G ~ ¢y)) ><v,Diy > do

1(1]) aBr(&n,j)
()
+o ( _7||D€WHL00 aB( ))))
o 0 4.9)
~ Jog, 1) 27tm >dotoe® 1%l e o ’)>)

A<1>

By (4.9) and Lemma 3.3, we also see that,
A My M
LHS of (4.3) — /a L, <0 DG > doole ) dole E Y [4)) (4.10)
B(x, :
n,]

To estimate the right hand side of (4.10), we need a refined estimate about {,, on BBr(

tation formula with x € dUM(x 7(11])), we find that (see (3.23)),
o) = [ Cudie = / Gy, x)fs (1) dn(y)
1y 2 _
— ZAan )+ Z Z I (a Gly,x )] (11)> +5 Y N Gyt (aihsz(y,X)‘ “?)

£ [ 5,08 1)dnty), where

(1 1 1
—n1<2<%a%>\ W)y - x> 1, uMW)- @11)
- 1 n,
At this point, let us fix 0 < 0 < % By using Lemma 3.1 and Lemma 3.4, we find that,

@) = puhe™ (u(y) + OV = 2P |1 (a))) = pahe™ ) (—by +0(1)), (4.12)
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forany y € M; \U (x, (1 )) and, in view of (2.18) and (2.19),

)

() SCOPTRNGY () Sl v (1)
iy (y)—l:le 1Gy,x,;)— /Mun dp=o(e”2") for y € Mj\Uy'(x, ).
By (4.12)-(4.13), (2.12), and (2.16), we conclude that,
i (y) = puheDi b S L a0 gy (1))
o ’“x(l')) Wy oW ey D)
_ Pnhe 2108( )*Gj (xn,].)Jer:l p”f’G(y'x”")(—bo + O(l))
64c ]
e M 1
= @) (_py +0(1)) for y € Mj\ugﬁ(qu,]?),
pnh(x, )
Where Xp = (xi’l,ll x}’l,Z/ e /xn,m) and/ q)](y/ xl’l) = Zlmzl 87TG(]/’ xiﬁl)) - G_;k (x;g%])> + logh(y) - logh(x;(;]))
On the other hand, by (2.9), we have, for y € Ugd(xr(ij)),
0 Mo A
* i ~(1 _(2 e e M
f1) = puhe™ (Zn(y) + 07 = w7 1)) = O O ((l) 4) -
(1 + e i |y — l’(@j)|2)2 |]/ zn,j ‘
Next, by (4.11), we have for y € UM( (1 )) and x € dUM(x (1])),
v -2,/ P ly—xi)P
Yy, x) =0 (n] , and (V)Y j(y,x) =0 *7}8])4 .
Iz—,n,jl x—x,, |
Let us define,
. . m (1) m 2 1
Gn(x) = / Qndy + Z An,lG(xn,l /x) + Z Z Bn,l,th_ ath(yrl)‘ e
M =1 1=1h=1 y=x,;
1 m 2 1 5
+5 CopnikT; | 9y 4 Gy, x ,
oLl CACTE Y
so that, by (4.14)-(4.16), we conclude that, for x € oUY (xfllj) ), it holds,
. m
-G = / ; )d +/ : *(y)d
gn(x) n(x) [:Z; ( MI\LIM( ) (]/ )fn( V xl nl y )fn(y> ;"[(.1/))
1) A0
m 4o Ml g x° eMul o29) _A®
_ OZ/ N 64e 1(111)(]/ ) (I)I(yX”)d]/l( +0 Z/ nl‘ [4 ]dy —I—O(e An,j)
i=1 /MU (x,, ) pnh(x,[) By(x,)) \x |3 ly — |4 -
" 6de 0l ¥, (1, %) B 1)
e n, x n _
=) [ X dp(y) + 0 | ——— | ole ) in CTOUY(xL)),
Sl pn(x) x—x{P
At this point, let us set,
,A(ll)
(Y, x) @
= —bo / 7 P du(y),
2 I\UM x1 On ( (1))
and then substitute (4.18) into (4.10), to obtain,
Am) A
— . fe i AW
LHS of (4.3) = /E)B (x(1)>4 <v,D(Gn + ;) (x) > do(x) +o(e Z |Au]) +0O ( 3 ) +o(e i),
h "\=n,j 1=1

19

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)



20 DANIELE BARTOLUCCI#*, ALEKS JEVNIKAR", YOUNGAE LEE?, AND WEN YANG®

for any 6 € (0, %). To estimate the right hand side of (4.20), we note that for any pair of (smooth enough) functions u

and v, it holds,

Au{Vv- (x—x )}+AU{VM (x*x(l]?)}

= div (Vu(Vv (x — x( ))) +Vo(Vu-(x— x( ))) Vu-Vo(x — x(lj))>
In view of (4.17) and (2.2), we also see that, for any fixed 6 € (0, 1),
NS eﬁz))

(
AGn ZAnl */ fn pn ( ~(2)

M H — Up

dp =0 for x UM () \ up (),
Il 2o ()
and, moreover, by using (4.6) and (4.1), we have,

A(G = gu)(x) =0 for x €B,(x))\ By(x!!)).
By using (4.21)-(4.23) and (4.7), we conclude that,

— /ér(xilj?)\BH(xilj?> Aén{v(é — Cpn,]) (x — x )} + A(G 4)n]){VG (X _ x’(;]))}‘| d&
oGy G 1)
= G—nj) (x—x,;
/[ (1)\3(,1])] aV( ( Pn,j) - ( 7))
(G — ¢n)) = .
+ S P(YG, - (x—al)) = VG V(G — ) < x— v > |do

Ie
27tm Jo[B, (x{))\By(x}))] OV

and thus,

' 3G, B oG,
/BBr(x,Sf}) aﬁ(&)da(&) = /E)Be(x,%)) 5 (x)do(x).

At this point, let us denote by 0,4(1) any quantity which converges to 0 as § — 07, and then observe that,

m
4/ ), <V Y AuDiG(x, x) > do(x)
9By (2, =1

— 44, <1, DyG(x\}),x) > do(x) +0(1) = —4A,; +0s(1).

oBy(x!))

By setting z = x — x( ) and since, D; iDy(log |z|) = % then we find that,

zi (Omlz]? — 2zz),
< v,Dyoy (logly —x ‘ ) >do(x / ’(’ do(z) = 0.
./5939(ng/?) x9y, (log |y = z1) y=x_)) 3By (0) /= || |z|* ()
2,
We observe that, if i = k then, D;(log |z|) = Z"'z, D;D2, (log|z|) = ‘22% — % + S‘Zz’iz’, and thus,

: 92 1 2 472
<V,Dy=—5log —— >d / Zhldg =0.
Ly <P o8 gy > 0= o (- ) 9

If It # k, then, D;D? (log |z|) = —22dutzdu) lekjngh, which implies that,

|z[*

82 1 4Zth 8Zth
<v,D 1 > do(x) = / ( - > do(z) = 0.
/asg(xg;) gy, BTy a ‘y_x,g{; o(x) 9B0) \ 12 2P 7(z)

From (4.24)-(4.28), we conclude that,

4/9&( ) <V D3Gulx) > do@) = —4Ay, +0u(1).

711]

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)
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Next we estimate the other term in (4.20), that is 4 |

2B, () < Vo Dy (x) > do(x), where (;, is defined in (4.19).
Xy, i

Clearly we have,

1 1
DyY¥,;(y,x) = Dx{G(y,x) — G(z,(ql]-),l)— < 9yG(y, x) PO l;(w‘) > 1Br0(x(1>)(y)
L =n,j
1

2
g <ot sl >, 0]

Ify € M;\ Uz (x (1)) y = Ta(y) and x € 9By (x 7(1 )) with 6 < 52, then we find that,

C
|DxG(y,x)| < —= for some constant C >0, (4.30)

Ve

which implies f < v,DyG(y,x) > dx = 05(1). Thus (4.26), (4.27), and (4.28), (4.30) imply that,

&)

n,j

4/ <, Dx‘Pnj(y,g) >dx=—4 <, DXG(g(l.),g) > dx
aput)) Y Jonut :

J - (4.31)
2/339(;(1?) <v,Dy < azG(y,x)’ ) Y —x,;)y—%,; > 1Bro(Xil,,?)(z> > dx +0p(1)

At this point, let us observe that —A,Y,, ; (y, x) = (5z for x € Br( ) \ By(x, )) and let us choose u(x) = ¥,,;(y, x)
and v(x) = G(x ) Pn,j(x ) in (4.21). Then we consider the followmg three cases:
() Ify € Br(x\})) \ Bs(x\)), then, from (4.31) and (4.21), we obtain that,

4 <V, Dl‘I’n,j(y,g) >dx=4

aBr(x,(f») <v,Dy¥yj(y,x) > dx —4 =0p(1). (4.32)

3By (x\)))

(i) Iy € M;\ UM (x\), y = Tu(y), then we see from (4.31) and (4.21) that,

4-/63,(3(“)) <v Dl‘iln,j(z/&) >dx =4 <v, DK\P,W‘(K,X) >dx =4+ 04(1). (4.33)

. 339@(1))

(iii) If y € M; and x € 9By(x,, 2 ) I # j, then we have |DX‘I’,1 1(y,x)| < C for some constant C > 0. So we conclude

4 / @, <V, Dx¥pi(y,x) > dx =4 <V, Dy¥y,(y,x) > dx = 0s(1), (4.34)
aBr(gn,j) - = - =

9By (15,1,/') )

and so, by (4.19) and (4.32)-(4.34), we finally conclude that,

m 56bge il
4 <v,D * >dx = — 07/ T;l / <v,Dy¥,; >d d)l(y,xn)d
I T ¥ Ry R

aBr(ln]) =1 pnh(x 7;1]
—a) )
= —256})076(1)/]/ _ eq)f(y"‘”)d‘u(y) + 0([)\”’] ).
pnh(xn’].) MAUM (x,, 7)

Finally, By (2.11) and (2.14), we see that,

A (515 @)
4 / <v,Dy} >dx = _ 256boe 'lh(qf)f L / eIV du(y) + O(E—Ail,j)), (4.35)
3By (x| - pn(h(q1))2eC1)  JmpuM )

Obviously (4.20), (4.29), and (4.35) conclude the proof of Lemma 4.2. (|
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To estimate the right hand side of (4.3) of Lemma 4.1, we note that,

" @ ) 2@z
h X eUn,]- +(P)l,j o Evn’j +(Pn,]' h e nj 1 — e n] —u n,j ~(l>
puh(x)( ) _ puht(x)e™ ( ) — puh(x)e™ (4 0(1)),

falx) = . :
o) = o2 oqany 1) = 2%l

where we used (3.16) and (4.2). Then we will need the following estimate:

Lemma 4.3.

“(q,)

: ) 128e™ nlboh(q )e -
(i) / rfre“?idec = — =
aB,(x)) " pn(h(gl))zec 1a) 12
—A(ll) G (q) 1)
32me” “nibgh (q])e i (Alogh(q )+ 8mm — 2K(q ) N0 o(e_)‘nrl)
+O(re 1) + 2

ou(h(q,))%e" T
64bge

mo o Nt m
.. q _
(11) ]; /UN(X;(11))fn ]/l(x) pn(h(ql))zecf(‘h) Z/M\Uy(q])

(ii) /B f* i < D(logh + ¢y,),x — 2} > dx

=~ —
=

h(q]-)er*(qf)eq’f(x'q)dy(x) +o(e M

“( fyy Euclp)? ) (8 logh(q,) + 87um — 2K(g.)

|f3 (f gnd‘u_””n ”n HL

= Pn(h(ﬂl))zecl(zl)
* ) n h ZEG](ﬂl)
i(q)e% et (1Y) 1105 ( (‘71)>G_() ) ~2+0(R2)
8h(gj)e i
,/\(1? 72)\(],)
logrle “mi AW A e
+O(1)(|(g»|1>>z>+0<re )+ o(e 1) 1og R| +0(1) ( 7 )
n,j
m Aff].) _Ar;])
+O(l)<2(|Anl| +e 2 )( R +e ()L( ) + |logr|))>foranyR >1,
=1

where O(1) here is used to denote any quantity uniformly bounded with respect to r, R and n.

Proof. (i) We first observe that (1.4) and (4.14) imply that,

64e "ni (—bgy + 0(1))efai T29i q

rfre 24’/da—/ .
/aBA ) 4 (5. puh(x T?)IX—ES}P

Since fq,i(9.) =0 Vf‘lff(ﬂj) =0, q)j(g}(:j)) =0, Vg, (gil])) = 0, and in view of (2.14), we find that,

1
fai(%) +2¢j(x) = 5 < D3 (fqj +29j) ) (1—1,(11,})15—153 > +0(1) +O(|x — x,, ;

Xy

.

(1)|3)’

(4.36)

(4.37)
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By (4.36) and (4.37), we obtain,

* 24’/ = . -
/aB o )T’fn do = aBy(lﬁl,/)) pnh(;ff})lx - Killj) K

1
< {bo(1+ 5 < D2(fo;+20)| _ o x—xi)x—x{) >)+0(x—x)1%) +0(1) }do

A(fq,ﬁzqoj)(szf) -

m by (1 + - )
:/ )y~ ! 0 — 20 Mmdo + O(re )+ =
9B (x,,7) pnh(x ])I il !
)

A 20) ) gg)

AW
1287te "mibo(1 +
N 1
pah(x})))r?
128e*Af«1fbon 32me ”fbo(Alogh( ;) +8mm —2K(g))
1y 12
Pnh(,fl])) r pnh(,,%))

where, in the last identity, we used (2.4), (2.5) and (2.14). By using (2.11) and (2.14), we find that,

L
1286_)‘5114') bor 327e bo(A logh(gj) + 8mtm — 2K(g],))

- pnh(g(l?) 2 pnh(&fﬁ})
32me” “boh(q )% (Alogh(g) + 8mm — 2K(q)) 128¢” Mol boh(g >ef”f)n+ L
= - — — +ole "),
pu(h(q,))2e%1 @) pu(h(g,))2e 8 7

which proves (i).
(ii) We note that [,, fydpu = 0, and thus,

m

*d —
;Z%/uwx%f”x Z;/M\uw Frdie)

j )

By (4.14), (2.11), (2.16) and (2.7), we see that

a Z/M \uM

—Z/

AL

64boe M o (1 0
9= 2 Sy et et 4ol

64byeni h(x et 1)) .

rl/

)

MAMEL)  p ((x{1))26% Cnd)
64bge M1 i /

on(h(q1))2eC1 M) = IMp\uM(a))

Clearly (4.38) and (4.39) prove (ii).
(iii) Let us recall the definition of ¢,, ; and G}‘ from (4.1) and (1.2).

w0 (
n(g7)e” eIV dp(x) + o(e M.

(@
By (2.13) and (2.17), we find that D(log h; + ¢,, ;) (5511])) = O(/\(l?e A ), which readily implies that,

n,j

D(log h; + i) (x) = Dllogh; + ) (x1) + < D2(loghy + 9, ) (), x — 2] > +0((x ~ 3 P)

=< Dz(loghj +4>n/]')(1,(11)) x — x( ) > —l—O()\( )e™ "J) +0O(]x — (1)|2).

”J

23

(4.38)

(4.39)
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Ko
By using (2.8), (2.9) and the scaling x = e~ 2 z4 x( ), recalling the notation of f introduced before Lemma 3.4, we
find that,

/ (a! fn < D(logh; + ¢nj), x—x( ) > 2idy
4 1
A ) +Gr (1) -G (a])) +Hog Iy (x)—log hy (x

- pulti(x )i i 5 o = 0@y

2 1) ()12
= Jnat) o Cn— 200 22+ 01 = o2 R )
(1+ 25— |x —x() 2P

x < D(loghj + ¢y j),x — x(l? > dx

&) A()-Hy( +G; (x) -G ({1 +log iy (x) —log (x!!)) (1 _ ;@)
pnhj(x,, ;e g Ao ||ty oo (m -
= B (x(l)) ] A (gn_ 2 ( )C% +O(||u7(1 ) - u” ||2 )))
(X, ; pnhj(xff,;)e " (1 12y2
I+ =l —x,;.%)

=N, ]*

X < < D*( (loghj + ¢ j) (x 7(1)) (x — ( )) > +0(A, (1) )+O(|x—x£3]-)|2),£—£§3j)>dx

B pulj(x,))
N / pulti(xY) /\511]? ) .
i (g ) () — ), P2
||ﬁn —ﬁ;g ||L°°(M) =2 o) 5lJ) _(1) )2
I . @)? + 0 1) +0te™ 2 |z]) + ol — 1P e )]
(1) i (1) Al -l o
X < < Dz(loghj +¢n,j)(1n’j),e_Tz > —I—O(An/].e n) 4+ 0(e " |z|?),e” 2 z>dz =: Ky jr- (4.40)

By using (4.40) together with (2.9), (2.7), and Lemma 3.1, we conclude that,

A0)
puly (x2) (a1 o, 2 4 o i)+ 0l [a))
Jp— ]
Knjir = /B o (=)
(14 2ol |2>
A N A
< < D*(loghj + ¢ j)(x 51)) e z> +O()L( Je~ )+O( i |z[2), e z>dz
I’l x 1) ? H”n *un HL” é- )
/ Pnhj n])( (1) (@) < D*(loghj + ¢ ;) (x (1))2 z>e Midz
1 Pl (X)) oy
A (1+—51z[*)
| 1ogr|e‘A53 0 a0
+O(1)(T) +O(re "mi)+o(e "),
(An,]')

Since [ (1+r2 dr=1 ((131 2’)2 log(1+r )) + C, then, for any fixed and large R > 0, by Lemma 3.2 and Lemma
3.4, we see that

2 N A
< D*(loghj+ ¢nj)(x,;)z,z > € i dz

a8~ oy 5~
| ol (x))) (Ta— T (7)2)
Bgr(0)

pnh'(zr(il,'))
(1 ]8 - |z[2)2
1

(1)
/ ol (a,)) (ko biste + 0(1)) < D(1ogly +9n,)(x))z 2 > e
= Z
Br(0)

puly (2!
MTM|Z|2)2

(1+
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1)
Pnh]‘(l 2
1 1—- —A
puli (b0 ((”') Aogh;+ o) (1) 226
1+L/l ]37}” ‘|2
Bg(0)

U

- dz +o(e " )|logR|
Pnhj(lg, ))

2(1 + —5-z|?)?

(1) Pnhj(lilj))
647tboA(log hj + ¢ j) (x,, 1) _Am/ —5 R (1 -42)s3
= e n,

A
j ~————ds+o(e "")|logR|
1 23
Pnhj(l,(w')) 0 (14 s2)

)
B 321tbyA(log h]' + (Pnf]‘)(&i(ij)) 7/\511; pnhj (—n/ ) Rz(l Pnh]iln,]) )

ouhj(xl))

—log(1+ i
(1+ Wm)z

_Am
+o(e " )|logR|.

Next, let us observe that,

r 1/ 1 )
/7(1 _Hz)zdr = 5(71 I +log(1+7 )) +C. (4.41)

In view of (3.22), we also see that if |z| > R, then it holds,

ORSY

m /\n,] e 2
/ Cndp+0(1 (Z |An,l|+e_T)(W+1)), and thus
I=1

(4.42)

i _uj o e7?
@) = ([ tudn) +0M) (L (Al +e#)( - +1).
In view of (4.42), we also find that,
+(2)
(1) n —in oo (m) 2
oy (NG Gy 0 o
/ - < D*(loghj + ¢nj)(x, )2,z > e " dz
BArJ:r,j,,(O)\BR(O) pnhj( a "l

<1 + ) 7 2y

(1)_~(2)
Pnh (fM éndﬂf [z unz Il (M) (fM Cnd‘u)Z)

(1)

< D?*(lo hj + ¢n (1)zz>e/\"fdz
/L%A:jr(o)\BR(o) (log hj + ¢n,j)(x,, ;)

Iz
dz =: (I) + (II).
0
An,j,r(o)\BR(O) (1 + p”h](sfn,]) |Z|2)2

My 2 A
+ O (T3 (| An] + =5 ) (£ 4 1))e ) |22
B,+

It is easy to see that,

(1) = 0@ (Y (Aul +eF) (S +¢ 7 A 4| logr) ).

-
Il
—_
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) — | oo

Since 3, := f MG ndyffm ( f M @ndy)Z is constant, we also conclude from (4.41) that,
i)
6473nA(loghj + ¢ ) (1) o YA @
)= @ ¢ / ) Ao ®
p”hj(ln,j) \/pnhjézn’j)R
327t3,A(log hi + (Pn,j)(ﬁ,(;]‘)) M
= — n,j
1
Pnh](glej))
hi(xV) hi(x) & -2
X [—(1) +log(1+ MRZ) —log(1+ o ](7n’])rze)tnff )} —i—O(e 5 : ) (4.43)
1 + Pnhj(sln,j)Rz r
327t3,A(log hi+ ¢n,j)(&£:]-)) Q)
= — e n,j
1
Pnh](l,g,]))
h'(g(l.)) I (1(1-)) oAl
o [ +log(1+ P Ry oM 2] 4 o(e
pul()) 1 8
1+ —5"R
By Lemma 3.4, it is easy to check that,
/M Cudpt = —bo + o(1). (4.44)
From (4.40)-(4.43) and (4.44), we obtain
' * (1) 20;
./Br(xftl]>) fﬂ < D(log h] * 4)”']')’& N Xn'j > (P]dg
32713, (log It + ¢y ) (2 h(x Y
B nt3nA(loghj + ‘Pn,])(ln,j On ](ln,j)

)
)e_/\"/f ()‘;(41;) + log( ) -2+ O(R_z))

1

puh(x(})) 8
2@

|logr|e A

(A(l))2

n,j

n,j

i) A 6_2/\(1)
+0O(1)( )+ O(re "mi)4o(e " )|logR|+O(1) 2

1)
AL

(1) nj
m A ——

+o<1><2<|An,l| +e 1) (6

=1
Finally, since (2.4),(2.5), (2.14) and (2.17) imply that,

_(m
+e M (A 4 logr|)>).

1

)
A(log hi + an,j)(&;(;j)) = Alogh(ﬂ].) + 8mm — 2K(gj) + O()»S%e_)‘nrl ),
then (2.11) and (2.14), show that,
* 1 .
nj

3273, (Alogh(q,) + 87m — 2K(q.))h(g.)e W P on((g.))2e51)
pn(h(q,))?e h ' 8h(g;)e i

M M ) (4.45)
e i

r2> 2+ O(R*Z))

|10gr|ef)\”ff
(/\(1) )2

n,j

+O(1)(

m i e 2 AW
+o<1><2<|An/z|+e ) (S +e n,/@,g};mogm)),
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The estimate (4.45) readily yields (iii), as claimed. This fact concludes the proof of Lemma 4.3. O
We can now show that bj,o =0forallj=1,---,m.

Lemma 4.4.
A0)

Anj = g Fi0)Au(y) = o(e™ %),

(i) by = O and in particular bjy = 0,j=1,--- ,m.

Proof. (i) By (4.3), Lemmas 4.2-4.3 and (2.10), we see that,

Ny
n/

2
e “nj 7)\“-)
)+o(e "™ logR),

_ 1) A
— 4A,,;+0(A e Aoy Z|Anl\ t+o(e ") = =24, +O0(A e Y1) + 0

which proves (7).
(ii) For any r > 0, let

rj =ry/8h(q;)Gj(q;) for j=1,--- ,m. (4.46)

By (4.3), Lemmas 4.2-4.3 and (i), we have forany r € (0,1) and R > 1,

n,j—

(@) G*(a:
{74 256bge )‘"rlh(qj)e J(q]) /
= T pulh(gn) P Smuia) ©

s

;o O
eI dy(y) E:IAnﬂ +o(e™n)]

J

_ i [_1286 nlboh(q )e j(‘h) T 327’(67/\7,11’}0;1([] ) Gf(qj)(AM logh(q]) + 87tm —ZK(q]))
S pulhq)2eSitn 2 on(h(q1))2eCi (@)

(1)
1281708_/\",1 Gt () o
- * h-e]]e]x/CI)dx
pn(h(q1))2eS10) Jmp\uMq)) (9;) p(x)

Hun —Uy ”L°°
32”(fMCndV—— [3g Cndp) ) B \
- i - . 3 C7 )) g Ay,
pn(h(q1))2eC1 () (Aulogh(q;) +8rm —2K(q;))h(qj)e™ ™

) pn(h(q1))%eCr @) 5\ A 1 A
X<)‘n,1 +log( 8h(4))e @) 7j> 2) +O(e”"m1)(r+R") 4 o(e 1)(logr+logR)}

)
1

where we used O(1) to denote any quantity uniformly bounded with respect to r, R and n. Then, in view of (i),
;”:1 Ay,,j = 0 and by the definition of £(q) we see that,

A
256bpe 11 m " o)
_ q e J j / el dy(y)
PRI ICIE DA P
128e*)\f11,1b0 " (g)eG ) 70 32 Mibot(q)  128he M & o »
_ ] ¥ - * h e 1 / e i(y.q d
a0 " e g et ") MU () H()
7~ o qan 2 O
32 fMénd - 2 (fMCndy) g(q)e nl . *
| n (1(g1) 20T ) (A1) + 1og (pa (g PeCi)12) —2)
1
o 9 0
+O0(e” ") (r+R7) +o(e”"n1)(logr + log R).

(4.47)
At this point we consider two cases:

Case 1. /(q) # 0.

By (4.44), (4.47) and in view of Lemma 3.1 we see that, £(q)(by + 0(1)) = 0(1). Therefore, since ¢(q) # 0, then by = 0.
Case 2. /(q) = 0and D(q) # 0.

Since ¢(q) = 0, then, by using the definition of D(q) and (4.47), we conclude that,

) ) )
(D(q) + 0r(1))bge "nd = O(e 1) (r + R™) + o(e™*n1) (log r +log R).
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Since r > 0 and R > 0 are arbitrary, then D(q) # 0 implies by = 0.
At this point, by by = 0, Lemma 3.4 shows that b]-,o =byp=0,j=1,---,m. This fact concludes the proof of (ii). [

Next we prove that b;1 = b;» = 0 by exploiting the following Pohozaev identity.

Lemma 4.5 ([51]). We have for i = 1,2 and fixed small r > 0,

)
— x . l
Lo <1/D§n>Dv()+<vDv(2)>D§nda—f/ O 4 0®), Dgy > = ’E'lf)) do
9B (x,) x|
7(1) 7(2) ( 7(2)
el e”" (g — ln] el el
__ / ouhj(x) ot / pn (x D; (¢, + logh;)dx.
Jon oy P ) ey T T =P

Proof. The identity (4.48) has been obtained in [51]. We prove it here for reader’s convenience. We first observe that,
j 7! : 1
AUS} + pt’lhjeun =0 in Br (&7(1/]) ), and

div (VénDlva + Vol DiGn = Viu vaj}el) = ALuDyvly s + AoIDig,

~(1) 72 7(D 7@
) eln’ _ ol elin’ — ol
P no — iy || L)

L (M)

where ¢; = ‘%, [ = 1,2. Therefore we find that,

e El ) e 1(1 ) 617511> _ eﬂfzz)
le(_ZPth(l) 1) -2 l) + zpnh](l) (1) _(2) Dl(()bn,j + log h])
H ||L°° M) ||un —Up ||L°°(M)
— div {ZV@DZU U zv% Dl — Vn- V(o)) + vff]?)e,},
which proves Lemma 4.5. O

Next, we shall estimate the left and right hand side of the identity (4.48).

2
whereB =4 / 2| 25
onh; Rr2 (1+|z|?)

Lemma 4.6.

AW A
n,j n

2
(RHS) of (4:48) = B;( Y D, (¢ +loghy) (x,))e™ 2 by ) +o(e™ ")
h=1

.=

Proof. First of all, in view of (2.10), we find that,

/ (x) pis) _ ol (1—;7(11])) e . (z—l,(f,?)i ( _Ml))
pnhi(x do = pn " (fy+o —2 _do=0(e "M).
T e el B 2]
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while by (2.8), we also see that,
_(2)

pnhj(x) (e —etn) e
/Br(x“}) |Ta(1) B ~(2) Di(‘Pn,j + loghj)di = /B & Pnhj(ﬁ)e " (Cn+ 0(1))Di(¢n,j + loghj)dﬁ
x, "

HLoo V(Ln,j )

Pnh (x)e "/ "J j\Fnj
= 1
Jool oD iy o)
7 (4 2 x — x,) [2)?
% [Di(gn+loghy) (] +2D (9, +1og hy) (x{})) (x = x1.) )+ O(|x — x{})2) | dx
A — Affj)
puhj(e™ F 2+ x()eni FO T DG )
:/B + (0) 7 (xV) o (G +0(1))
M o () — 2 ey

A o)
7 + O(ef/\”'f |z|2)}dz.

{ (‘Pn]—i-logh) —I—ZD (Pn]—l—logh)(())zhe

Next, since q is a critical point of fm, then by using (2.17), (2.16), and (2.14), we find that,

Dj(¢nj +loghy) (x}))) = Di(G; +1loghy)(xi)) + O(A e A = 0NN,

By using (4.50), (4.51), and (2.9), we have,
@)

/ Pnhj(l)( eln —eln)
By(x

||”n _”n HL°° (M)

D;(¢n,j +logh;)dx

( X ))5 2 1 ASJ.) B Aﬁllj)
— / 0 ( Z Dii@’n,j —}—loghj)(gilj))e 2 zh>dz +o(e”2),
A+ (0 Pn (7n/)| 2)2 =1
and then, in view of Lemma 3.2 and Lemma 4.4, we conclude that,
~(2)

~(1)
/ pnhj(x) (e — e )
o

W _ -0 Di(‘PnJ +logh;)dx
||ﬁ7’l - ﬁn || oo
(1) Pn ](771] 2 M a
pnhj(x, )\ —5 2| 2 Lo g
~ . (0 - 1) dz (ED%I‘(%J"'IOgh]’)(li,})E 2 b]-,h) +o(e”2)
A 2(1+ P”JT*"J|Z|2)3 h=1
(1) 1)
8 |2? 2 (1), i Ay
puhi(x! ! )) R2 (1+ |z]2)3 <I§1 i (¢nj + log ])(ln,])e ],h) +o(e )
2 (j) /\(1],>
»; 1 __n n,
- Bf( Y Dii(¢n, +10gyh]~)(x,(1’].)) 2" b ) +o(e™2)
h=1
Clearly (4.49) and (4.52) conclude the proof of Lemma 4.6.
Lemma 4.7.
)‘(11) A(l) 5 /\<1.)
(LHS) of (4.48) = —8m| ) e” 1 D; Gy i(x, e )) e 7 D; Y o, R(]/,K)‘ o biBi [+ole i )
I#] =1 T lx=y=x

where G}, |(x) = Y 9y, G(y, g)’ biuBr-
¥

29

(4.50)

(4.51)

(4.52)
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Proof. By the definition of G ;, we have for any 6 € (0,7), AG,; =0 in B, (1}(11])) \ By (1511]))

Then for x € B, (57(11])) \ By (1511].)), and setting ¢; = 7%, i = 1,2, we have,

- \XI’
* 1 *
0=AG lD logi(l) + Alog (1) DiGn,l
x—x,, ] x—x,
1
= div (VG;;,IDZ- log — + Vlog @ D;G,, — VG, - Vlog D el-)
|1_£n,]| ‘x ln,j| ‘x_xn,j|
which readily implies that,
Vz’G;l VZ'G*I
———do = / —_do. 4.53
./E)Br (L(il,}) |x — 51(1%]) 339(51(11,}) |x — 57(1%]) (4.53)
In view of Lemma 3.3 and Lemma 4.4, we also have
A 11) A
n,j X
/éndu— Lo H G+l ) in CHUM () \ U (). (454)

_ (@)
By using (2.16)-(2.17), we find 2 = p,,; + O(A,)e™"11) = 87+ O(A{})e™ "), which, together with (2.18), (2.19),
and (3.3), implies that,

=n,j nj
I#]
(1 N
y Pn 1 o (x—x,;) g
= D(unl) ) (z2)) 5 log |x x! )I) = Dwj) —d——go ol ) (4.55)
I=1 |£ - En,j |
1) (1)
(x—x) Auj
= +o(e 2 ) In r
4 o ") in C'(B B
|£ xn i |2
/]
Next, since D;Dj,(log|z|) = MZ';%, we see that,
VG
i _
——*—do =2nD; a R , ) bi,Bi +09(1),
sty = Lour],, ot
which, together with (4.54), (4.55), and (4.53), implies that, for any 6 € (0,7),
(LHS) of (4.48)
m Anl) V.G* Anl.)
= —4/ Y Y e ol ’Ell) do+o(e” s )
aBr(n )1:1 |1—xn]-|
/\5,12 O )‘nl,j) 2 _ ASJ) /\5’1])
=—8m| ) e 2 DG, (x,:)+e T D; ) 9y R(y,x)|  binBj| +ole” 2 ) +op(l)e 2,
I#] h=1 I=Y=%,;
which proves Lemma 4.7. U

Finally, we have the following,

Lemmads. bj; =bj,=0,j=1,---,m
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Proof. Obviously Lemma 4.5, Lemma 4.6, and Lemma 4.7 together imply, fori = 1,2,

) @
M
B Z(th(¢n]+logh)( ())b]h) 2
]
A A0 2 4@
. 1 Tng . ]
=—8m|) e 2 DZG:l(gig/]))+e 2°D; ) 9y R(y,x)|  4)bjuBj| +ole2)
1#] h=1 IV,
A]l) 2 A A0
=-8n1Y e 2 Dy.0y G ,g‘ by, B, — 8me™ 7 Dy 9y R ,1‘ b;,Bi+o0 e ).
2o L e oo ) L Dsdu R obisBi+ o)
(4.56)
A(l) \11)
Setb = (by1B1,b12B1, - , b1 B, by 2Bi) , where by, = limy,—, 100(e— 2 by). Then, by using (2.14) and passing

to the limit as n — +oc0, we conclude from (4.56) that, D f,, (gl,gz, e ,gm) b = 0, where fm(xq1, -+, x,,) is a suitably
defined local expression of fy,(x1,- - -, xmm). By using the fact that the rank of isothermal maps is always maximum,
together with the non degeneracy assumption det(D? f,(q)) # 0, we conclude that bj1="bj2=0,j=1,---,m [O

Proof of Theorem 1.1. Let x;, be a maximum point of {;;, then we have,

|Cn ()| = 1. (4.57)
Therefore, in view of Lemma 3.4 and Lemma 4.4, we find that, lim,, 4 X}, = qj, for some j. Moreover, by Lemma
4.4 and Lemma 4.8, it holds
A
lim e ;j Sy = 400, where s, = |x;, — x | (4.58)
n—-+oo

Setting (y (x) = {n(snx + x( )) then (3.17) and (2.9) imply that {,, satisfies,

1) -
puh (x{!))526™7 (14 O(sulx]) + 0(1))Z

(1) 1
pnh(x,, ) )\< ) (1)
8n/ n,j |S”1+£n,j 711]*'2)

0=AZ, +pnszh(snx + x( ))cn(snx + x )gn =N, +

(1+

On the other side, by (4.57), we also have,

o 0
L(~ )| =l =1 (459)

In view of (4.58) and |{,| < 1 we see that {, — {y on any compact subset of R? \ {0}, where {j satisfies A{y = 0 in
O]
R?\ {0}. Since |p| < 1, we have Ay = 0 in IR?, whence { is a constant. At this point, since 5 f"’ I = 1and in view
of (4.59), we find that, { = 1or(p = —1. As a consequence we conclude that, |{, (x)] > 1 5 if sy < |x— ;1(11]?| < 2s,,
A
which contradicts (3.34), (3.47), and (3.48) since 7 < Sn, limy— 4008y = 0, and by = bj o = 0. This fact concludes
the proof of Theorem 1.1. O

5. THE DIRICHLET PROBLEM

Let () be an open and bounded two dimensional domain, () C R2. As in [21], we say that Q) is regular if its

boundary 9Q) is of class C? but for a finite number of points {Qj, ..., Qn,} C 9Q such that the following conditions
holds at each Q);.

(i) The inner angle 6; of Q) at Q; satisfies 0 < 0; # 71 < 27;

(i) At each Q; there is an univalent conformal map from B;(Q;) N Q) to the complex plane C such that 90} N Bs(Q))
is mapped to a C2 curve.

Obviously any non degenerate polygon is regular according to this definition.
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In this section we are concerned with the uniqueness result for the mean field equation with Dirichlet boundary
conditions on regular domains,

h(x)etn ()

A —~ 7/
un +,0nf he”"dx

=0in O, u, =0 on 0Q), (5.1)

where h(x) = hy(x)e 4L 4iGalup) > 0, pj are distinct points in Q, a; > —1, hy > 0, hy € C*>7(Q2), and Gy, is the
Green function uniquely defined as follows, —AGQ(x p) =0pin Q, GQ(x p) = 0 on oQ).

Definition 5.1. Let u, be a sequence of solutions of (5.1). We say that u, blows up at the points q; ¢ {p1,---,pn},

. Yettn ()
j=1---,m,if m — 87 Z 0q;, weakly in the sense of measure in (.

Let Ro(x,y) = 2 log|x — y| + Ga(x,y), be the regular part of G (x, y) Forq= (q1,"- ,qm) € QA x - - xQ, we
denote by, G* o(x) = 87Rq(x, q;) +87r21;£/ M Ga(x,q;), and lo(q) = Y7 [Alogh(qj)]h(qj)ecf*/ﬂ(qf)

Ifm > 2, let us fix a constant rg € (0, 1), and a family of open sets Q; satlsfymg, O NQ; =0ifl #j, UL, 0; =0,
By, (q]) CQj,j=1,---m. Then let us define,

D . Gia* (@) / EfL; 87Ga(xa1)—Gia" (a))+logh(x)—logh(a) g — T | ‘
l; )e <0j\Br (q,-)e ] : rJZ) 62

where r; = r 8h(q]-)eG/f0*(qf) and O = Qifm=1.For (xq,--- ,xm) € Q x ---Q, we also define,

m 1,--,m
fma(x1,x2,- -+, xm) = Y, [log(h(x))) +4mRa(xj, xj)] + 47 Y Galx,xj). (5.3)
= 7]

Of course, even in this situation we first need to derive the following improvement of Theorem 6.2 in [24].

Theorem 5.1. Let uy, be a sequence of solutions of (5.1) which blows up at the points q; ¢{p,---,pnHj=1---,mé>0
be a fixed constant and A, ;j = maxg, (q.) (un — log ( fhe”">> forj=1,---,m
Q

Then, for any n large enough, the following estimate holds,

o — 871 = m (Ana +10g puh®(g1)e%i0 @62 - 2) + h2(ql§5€G;:’(lql)m (Pa(@) +0(67) 0
+ O(Ai,le*%’\”/l) +O(e~ 21y where ¢ > 0 is defined by hy € C27(M).
Then we have,
Theorem 5.2. Let u,(1 ) and u,(z ) be two sequence of solutions of (5.1), with p( ) = On = p,(f) and blowing up at the points

q; € {p1,---,pn}, j=1,--- ,m, where q = (q1, - ,qm) is a critical point of fu,q and det(D?fa(q)) # 0. Assume that,
either,

(1) 4a(q) #0, or,

(2) ¢a(q) =0and Da(q) # 0.
Then there exists ny > 1 such that ufll) = uﬁlz) forall n > ny.
Proof of Theorems 5.1 and 5.2. The proof of Theorems 5.1 and 5.2 can be worked out by a step by step adaptation of
the one of Theorems 1.3 and 1.1 with minor changes. Actually the arguments are somehow easier in this case, since
we don’t need to pass to local isothermal coordinates around each blow up point. In particular it is readily seen that
the subtle part of the estimates obtained in section 3 and 4 relies on the local estimates for blow up solutions of (1.1)
listed in section 2. The corresponding estimates for the Dirichlet problem was already obtained in [24] and have the
same form just with minor changes, as for example concerning the fact that here we have ¢; = 0 and K = 0. Actually
the estimates about the Dirichlet problem in [24] are worked out with aj = 0,j=1,---,Nbutsince {q1, - ,qm} N
{p1,---,pn} = O, then it is straightforward to check that they still hold as they stand possibly with few changes
about the regularity of solutions, see also Remark 1.6. We refer the reader to [24] for more details concerning this
point. Actually, by our regularity assumption about d(), it can be shown by a moving plane argument (see [21]) that
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solutions of (5.1) are uniformly bounded in a fixed neighborhood of 9Q). Therefore, since also {q1,--- ,qm} are far
from 0Q) by assumption, then it is straightforward to check that all the additional terms coming from the boundary

do not affect the estimates needed to conclude the proof. We skip the details to avoid repetitions.

6. A REFINED ESTIMATE OF p, — 87tm IN CASE /(q) = 0.

Proof of Theorem 1.3. In this section we prove Theorem 1.3, that is (1.8). In view of (2.2), we see that,

m .
- he dy = / + / hendy — Ly / her dy.
Pn = Pn /M H Pn( U}”:1U§A(qj) M\u;"_lugA(qj)> H ]; Pn,j M\U}"zluéw(ﬂlj) M

. . aﬂ
Step 1. In step 1 we provide and estimate about |’ M\ UM () he*rdp.
In view of (2.12), (2.18) and (2.19), we see that,

hetlnd / hew,,+2;":1 01 G(xx0 1)+ [ indp g
Pn o uy " TP Z MAUM (g)) :
m A
_ Zm: Pan(x,xnl)+f ﬁndy _nl
—0 ) | heTi Pri Gl Tudi (1 1 o (=4 ))dp
”;1 MUY )
m pnh(xy ;) A
_ 2?1:1Pn,lG(xrxn,I)*)\n/]’*Zlog(T,]) G (xn]) 1
—p / he (1+o(e % ))dp.
”]; MUY (g))

Therefore, by using (2.14), (2.16) and (6.2), we conclude that,

A

64" YU 870G (x,9)— G (4;)Hlog h(x) —log h(q;) ua
helndy — / i 01)—G (q;)+log gh(a)) 1 V) dy,
P edp = Zh( ) (1+o(e™27))dp

M\U UM (g)) qj)Pn
and then, in view of the definition of <I>j(x, q) (see (1.6)) and (2.11), we find that,

A1

| he™dy = ! / e®¥) (1 4 0(e™727))d
o /M\Ujr‘n_lutjsw(qj) "= Z h q )pn Mj\UsM(ﬂj) ( ( )) a

Step 2. In this step we provide an estimate about p,, ; (see (2.15)).
First of all let us set,

hi(x) = h(x)e* ).

By using (2.8) and setting 7, ; = ¢"2" and

G;F(l)_cf(ﬁn,j)+loghj( x)— logh( 71])""7771]( x) 1)

dx,

o[ P
Bs(q,)

n,;j h
= (1_|_Pn (slnj) n]|x_xn]*| )

O

(6.1)

(6.2)

6.3)

(6.4)

(6.5)
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we find that,
hie it (1) =G5 (x4,) +17n,j (x)

Pt dx

Bs(q )(1+M mi|x — 2)2

Onj /uy (g Pl
r]/

A,
Pn ]’(ln,j)e " *
= dx+ 1,
7”1]!

B&(ﬂj) (1 + %(3/\"”& q + q 2)2
8

= dz + I;‘/j

P, O (4 (g, x50 P

8
R2\B h(xy, ’
Ve O (U 24y B (g, — 222

]
On the other side, by (2.7) and (2.14), we see that,

8
/]Rz\B 0 i) dz
o)y (1+]z+ . T,;(q] Xy i) [?)?

(6.6)

pnh(x, ;)
8n] -]

i 5] : s e
R2\B pnh(xy ;) () (1 + |Z|2)2 R*\B Pnh(in,j)(s © (1 + |Z + O()\n] _)\T] |2) (1 * |Z|2)2 (67)
8 — 38 W g

0T,

nj
_ A
—/oo 1677 dr / O(An,]-e . )dz— 6dme v +0(A -672/\"1)
nh(x 4 . _9\0 - , )y
s PR Jeee e @ (DS pah(z,)at
‘87,] b"rn’]-

where we used the identity, fR fﬁfzr) dr = REL = % +O(R™#) forR > 1.

Therefore (6.7) and (2.11), (2.14), show that,

/ 8 d 647th(q; )e 711 g=Ana
R2\B

z= + Oy je i),
I, 2 (g2 nj 6.8)
publin) T()(1+|Z+ ﬂf](q—xm)l% pult? (1)1 (M)

The estimate of the term I j is more delicate. Toward this goal we have to work out a refined version of an

argument first introduced in [24].
First of all, let us recall that (see (2.8)),

(%) = (%) = Up,j(x) = (G} (x) = G (x05)), x € Bs(q))-

Then, in view of (2.5), for x € Bg(q ) we have,

A
- et
Afyj = —pne®?i (he™ — 1) + (p ! )( ) — 87rme*?i
(1+ n]‘xfxn]*|)
s 6.9)
Pnh'(x ‘)E/\”’j (ecj (1) G‘ (ln,])+logh (7) logh (1»1,/)4'77»1,] (E) _ 1)
= e h(x n — (87tm — py)e*i,
(1 + Pnt(Xn,i) n,j|& _ Xn,j,* |2)2
which immediately implies that,
* M, 2¢;
I = —/ do — / (8tm — pyy)e“?idx. 6.10
M Jasyg) v Ba() o (610

. . oMy i
Next we obtain an estimate about faBé( 7)) gv’/
1

do. Let us define,

onhi(x j)eAm-(eG}‘(z)—G}‘(ln,j)+logh,(;)—logh,-(zn,j)wn,j(z) ~1)

A, i(x) = 2 ,
(%) (14_% n]|x_x] 2)2
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Pnh ( )e)\nj (EG] ( ) G*(xn])""logh ( ) loghj(in,j)""nn,j(&) _ 1 _ 7771,](&))
, and

( ) 0
E}’l,] 7x X

h(x, )
g

Puj(x) = ) (6.11)
14+ Pnh(SEn/]) /\n]|x o xn] *|
: . pali(x,,)e i
which satisfies Ay, j + — 55—~ P, = 0.
(1 2™ x5, . )2
In view of (6.9) and integrating by parts, we find that,
87711] ‘Pn]
/E)B(g( (lpn] v n,j EY do = /Ba(q].) wn,jAﬂn,j - Un,jAan,j dx
, (6.12)
Wy ionh(x, ) et
N A R P, 11 L T P
Bs(a)) (1+ == e ilx — xy, . ]%)?
In the same time, for x € dB; (gj), we have,
i(x) =-1 2 = —14+0(e i), Vi, ; = O(e i
Pnj(x) = =1+ T = —1+0(e""™), Vipy;j = O(e™ ™). (6.13)
1+ 2ol ety — x5 [
In view of (2.9) and [24, Lemma 4.1], we also have for x € dB; (ﬂj)’
1 jl + Vi, = O(AZ je= ). (6.14)
At this point, by using (6.12)-(6.14) and (2.17), we see that,
M j / 2 29: o2t
- do 1-— 8rtm — -y, B dx+0O &
9By (g) OV i) 1 2D Ay P2 V= pn)e =By () + O, !
=/ Vl] *
= (Snm—pn)eZ(Pfdg—/ i Bn,j(x)dx + O(|87tm — pn| Ay je~ "1) +O(/\ _ZA"J)
B;(9;) Bs(q;)
~ Jny( )(Snm — pn)e*Pidx — / ‘PnJ By, j(x)dx +O(A] e~ 2'n).
35 q.
1
(6.15)
Next, let us observe that, since 1 € C>7 (M) and in view of (2.7), (2.9) and (2.13), for x € Bg(q ) we have,
e (x) =G (x,)+Hlog 1y (x) —log 1 (xy,;) 411, (x) _ 1= 17 (x)
* 1
= V(G (x) +loghj(x))|  -(x—xu;0)+5 Y, Vi (G (x) +loghi(x))|  (x—x,;0k(x = x,.)1
X=Xy j 2 1 i< T
+O(1x = 21,777 + O(A7 je™247) + O(A] jeMrilx — x, . ]).
(6.16)
Clearly (2.7) and (2.14) imply that,
1B5(9,) \ Bs(xpj,) | + B (21,1,) \ Bs(9,)] = Ol — ;1) = O(Ay e ") (6.17)
At this point we use (6.15), (6.16), and (6.17), to conclude that,
iByj(x)dx
prhj(x (x, ')eAil’j «
= P (V6] (@) +loghy(x))| - (x—x,)
B (Li,j/*) (1 4 — Pn n] |x X, o | ) X=Xp,j

t3 ¥ V(G () +logly(x))

1<k,1<2 X=Xy j

(x - xn]*) (x Xn,j,*)l
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+ O(|£ - ln,j,*lerg) + O(Azrlz,jeiz/\n'j) + O(/\ A ‘x - xn] *| }dx + O( /\M)
8(1— |z*) ; 8 M
= 7VG-x+loh-x cz(y | ———e 2
-, 0 AT RPR (TG @) +loaht)] = [oeme™®)
£n’j)éeT]
8 i —(+ 240 3A
—i—f \ +loh 21 zj(——— e~ ")+ Ofe Az —i—O)\eZ”Jz
3, L Vil 8i(2)],_, @ (Gre ™) + O 227 + O )] dz
+O(A‘}Z,je’ Anj)
_ 16(aloghs,)~2Klsn) e 0 201 619
puh(xy,) B A 0 (14 1z[2)3 '
pnh(&”’i)5e¥
8
+0(e™Mi67) + O(A2 e~ M) + Oe~ (1)), (6.19)

where in the last equality we used (1.2), (2.4), (2.5) and qoj(gn/j) = 0. Therefore, by using (6.10), (6.15) and (6.18), we
conclude that,

. )‘n,'
] 327t (Alogh(x,,;) — 2K (x,, ;) + 8rem)e i /"5 se 3 131 _ 2y
In i = : - / 1 o3 dr
! pnh(x,7) 0 (1+72)

3

+ O(e—/\ﬂ,j(gtf) + O(/\%,je—f)xn,j) + O(e_(l"'%)/\"rl)

(6.20)
167t(Alogh(x, ;) — 2K (x,, ;) + 87m)e *ni h(x, i
_ ( g (771,]) (771,]) ) ()\n 4 IOg Pn (771,]) 52 _ 2)
P'flh(gn,j) g 8
+0(e™Mi67) + O(A2 e~ M) 4 Oe~ 1+ D),
where we used the identity for large R > 1,
Rp3(1—12) 2R*+R? 1 ) L
/0 G527 = agr 3 08K +1) = ~logR+14 O(R ).
By using (2.11) and (2.14) we can write this estimate in the following form,
> {167rh(q i)e J(q])(Alogh(q]) 2K(gj) + 87tm)e~An1 ()t ) pnh?(gy)eC1(1) 52 2)}
,‘ - * i Og -
" pnh?(q7)eC (@) ! 81(q;)e" ) 6.21)
+0(eMi8%) + O(AZ e~ 2Mi) + O(e 1+ 8)nn),
and eventually use it with (6.6) and (6.8) to obtain that,
647th(a: G/'*(‘U) —Aua
puj =8 — I E T e is?) - O(A2 e i) 4 O(e 145 )
pnh2(g1)eSi (1) 62 622)
N 167rh(qj)ecf(qf)(Alogh(q]-) — 2K(gj) + 8mrm)en (A ) 0uh2(gq)eC1() 52 2) '
* ) * - .
pnh?(q1)eC1 (M) TR 8h(q;)e%
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Step 3. In view of (6.1), (6.4) and (6.22), we find that,

m
= ; he'd
Pn ]; Pnj /M\U;n iy e
n. [ 167h(q;)e G f)(A log h(q;) — 2K(q;) + 8mm)e~ "1
= 87tm + Z { PEYPRW (/\n,l +log
=i puh?(q1)e™1
= “h(q) %) n 647th(g;)e” e~

2 / e j(x/q) ﬂ
= Gl(‘h)pn MA\UM(q)) = pnhz(ql)ecl(’h)(ﬂ

pult® (q1)eC1 V8> 2) }
8h(g;)e" W) (6.23)

n,1

+0(e” ,1,1517) + O()\fl’le_%/\n,l) + O(e_(1+%)/\n,l),

where we used (2.10).
By using (6.23), (2.17) and the definition of ¢(q), we see that,

— ZE()—nl (/\n,l + logpnhz(ql)ecf(ql)éz _ 2)

2h(q-)eG;(qf) (Alogh(q;) — 2K(g;) + 87tm)e *n1 *(a:
: ! : (1088h(g))e ) (6.24)

m
~H mh? (q1)eCi @)

" nlh( ie G; (aj) o .
xq)d **4’050 +O)\ e —3An1 +Of(e —(1+%)An )

For small 7 > 0, let r; = r4/ 8h(qj)ecf(qf) and observe that,

(a0 ( | ¥ (xa) g
]; (‘7])6 ( Mj\uéw(qj)e y)
G} (x)=G; (g;)+logh(x)~log h(q,)+2¢;(x) (6.25)
dg).

— ¥ (a5 @) / ®j(xa)g —/ ‘
2 haj)e ( M]-\uff(qj)e : Balq,)\Br;(0) x—q,[*

=1
Since Vfu(q) = 0and ¢;(x, ;) = Vg;(x,,;) = 0, for x € Bs(q ) \ By, (g ) we see from (2.14) that,

Gj (x) = Gj(q,) +logh(x) —logh(q) + 2¢;(x)

1
=2¢j(q) + (Vi fm() + V20;(q))) - (x = q,) + 5 lg%gz(vi, 0 (@) + V3205(0.) (x5, — 4, ) (x;, — 4, (626)
Olx—q°) = % Y (V3 fn(@) + Vi20:(9)) (3 — 4, ) (xj, = 4,) + Ol — 4,1*) + O(Anae 1),

1<jk<2
which implies that,
G} (x)=G}(q;)+logh(x)~logh(q,)+2¢;(x)
I e
Bs(q,)\Br;(q,) |x—q,]
(Bx; fm(q )+A24’
1+ L= Ix —4 ?+0(lx — 9; *) + O(Ap,1e™Hn1)
= 1 dx
Ix —
(6.27)

(Alog(q;)+8mm—2K(q.)) )
1+ 1 L |x — ],\ X
= ——dx + O(8) + O(Ay e n1)
Bs(4;)\Br; (9 x—q* !
1 g 7(Alog(q)) +8mwm — ZK(QJ,)) s
- gt 5 (log ~logr;) + O(8) + O(A,1e~1),

where we used (2.4), (2.5).
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In view of (6.24), (6.25), (6.27), we obtain
pn — 87Tm

Zf e_/\n,l .
) mhz(((;))e‘;i‘(‘h) (Ana +1ogpul(q1)eSi )62 —2)
1

o, 8o~ () )

)

iz h )eCi ) m /Mj\url;/l(%)

0 Ddy — Z 4 0(67) | + 0(A2 e 2Mu1) + O(e (91 for Wr > 0,
e ’

]

(6.28)

where we used the explicit form of r; to cancel out the second line of (6.28). Therefore, we conclude that

ZE(q)e_/\"rl 2 G* 86_)\;1,1
—8mm=—""———(A 1 h 152 o — (D O(s”
pn om th(ql)eGT(‘h) ( nl + ngn (ql)e ) + hZ(ql)er(QI)n—m ( (q) + ( )) (629)
+0(A? e_%)‘"rl) +0(e” 12,

which is just the estimate (1.8). a
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