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LOCAL UNIQUENESS OF m-BUBBLING SEQUENCES FOR THE
GEL'FAND EQUATION.

DANIELE BARTOLUCCI("), ALEKS JEVNIKAR, YOUNGAE LEE®}), AND WEN YANG()

ABSTRACT. We consider the Gel’fand problem,

Awg + e2hee =0 in Q,

we =0 on 90,

where } is a nonnegative function in Q C R?. Under suitable assumptions on h
and ), we prove the local uniqueness of m—bubbling solutions for any ¢ > 0
small enough.

Keywords: Gel’fand equation, local uniqueness, blow up solutions.

1. Introduction

We are concerned with the Gel’fand problem,

—Aw, = s%lhew" in O,
(1.1)
w, =0 on 90,
where Q) C R? is a smooth and bounded domain, 1_1>r4rr1 e, — 0,and
n o
~ g A A —
h(x) = h(x)exp(—47 ) _ a;G(x,p;)) >0, h >0, h € C*(QQ). (1.2)

i=1
Here p;’s are distinct points in Q, a; > —1foranyi =1,---,¢ and G(x, p) is the
Green function satisfying,

—AG(x,p)=6, in Q, G(x,p)=0 on Q.

The equation in and its mean field type analogue below, have a long his-
tory in pure and applied mathematics, ranging from conformal geometry, thermal
ignition models, kinetic and mean field models in statistical mechanics, chemio-
taxis dynamics and gauge field theories, see for example [8) 10} [19, 130} 31} 132} [33]]
and references therein. Therefore a huge work has been done to understand these
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equations. The literature is so large that it is impossible to provide a complete list
and we just refer to [3, 14, 5 9, 12} [13} 14, [15} [16, 20}, 21} 22] 24} 25| 27, 29] and the
references quoted therein. Among many other things, an interesting property of
these problems is the lack of compactness [9] which in turn causes non unique-
ness of solutions for ¢ > 0. As a consequence the global bifurcation diagram is
in general very rich and complicated [14], [25] and solutions may be degenerate.
Here we say that a solution of is degenerate if the corresponding linearized
problem (see below) admits a non trivial solution. This is why it is impor-
tant to understand where we can recover uniqueness and non degeneracy in the
bifurcation diagram.

In this paper, we consider a sequence of bubbling solutions wj, of with
n — oo,

Definition 1.1. A sequence of solutions wy, of (1.1), is said to be an m—bubbling (or blow
up) sequence if

m
e2he®r — 871 ) bg; as n— +oo,
j=1

weakly in the sense of measures in Q), where {q1,--- ,qm} C Q are m distinct points
satisfying {q1,- -+ ,qm} N {p1, -+, pe} = ©. The points q; are said to be the blow up
points and {q1,- - - ,qm} the blow up set.

Remark 1.1. It is well known [21],22}25], that if wy, of (1.1) is an m—bubbling sequence,
then €2 [ he™n — 8m7 asn — +oo.

By letting A, := €2 [, he”r, we see that takes the form of the well known
mean field equation [10],

heun

_Aun = AnW ln Q,
(1.3)
u, =0 on oQ.
Let us shortly discuss some results about (1.3). Let
1
R(x,y) = G(x,y) + 5 log|x —yl,
be the regular part of the Green function G(x,y). For fixed
q:(ql,...,qm) EQX”’XQ,
we set,
G (x) = 87R(x,q;) +87m ) G(x,q1), (1.4)
7]
3 G (9
lq) = ) (Alogh(q;)) h(gj)e™ ™™, (1.5)
j=1
and

Fai(¥) = 87 |R(5,0) = R(qp ) + E(Gan) = Glajoa) | +og ). (16
I i
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We will denote by B,(g) the ball of radius r centred at g4 € Q). For the case m > 2
we fix a Constant ro€(0,1)anda famlly of open sets (); satisfying (0 N Q; = @ if
1#7], Q Q, By (qj) € Qj, j=1,---,m. Then, let us define,

—1lim ) h(q / P gy — L) (1.7)
=0 f Z ( Qj\Br; (4;) 7]2
where 0 = Qifm=1,r; = r\/8h(qj)eG7(qj) and
®i(x,q) =871 ) G(x,q:) — Gj (q;) + logh(x) — logh(q)). (1.8)
I=1

The above quantities /(q) and D(q) defined in and (1.7), respectively, play
a crucial role in the analysis of m-bubbling sequences for the mean field equation
as A, — 8mrr. In particular, they are deeply related to the quantity A, — 8mm
as it turns out that A, — 8mr is proportional to I(q) as far as I(q) # 0, and is
proportional to D(q) in the case I(q) = 0, see for example Theorem 5.1 in [6].
For what concerns the role played by /(q) and D(q) in the local uniqueness and
non-degeneracy of bubbling sequences for we refer to Theorem [TA]below.

To describe the location of the blow up points, we introduce the following func-
tion. For (x1,- -+, xp) € Q x -+ x Q) we define,

‘MS

[1og(h( %;)) + 47R(x;, xj)} +47Y G(x,x),  (19)
1 =

fm(x1, 20, -+, xm) =

]

and let D f,, be its Hessian matrix on Q. The function f,, is also known in lit-
erature as the m—vortex Hamiltonian [26]. It is also well known [13] 25] that the
blow up points vector q = (41, - ,4m) is a critical point of f,,. In this paper, we
deal with critical points of the function f,, whose Hessian matrix D2 f,, is non-
degenerate.

In view of Remark 1.1, we see that, if u, is an m-bubbling sequence of (1.3), then
An — 8mrt. We say that local uniqueness of m-bubbling sequences of holds if
the following is true:

for a fixed critical point q = (g1, - -, gm) of fi, if there exists two m-bubbling se-

quences ugzl), u,(f) of with the same A, and whose blow up setis {q1, - ,qm},

then, if A, is close enough to 87tm, it holds uEI ) = u,(f).

Actually, Lin and Yan in [23] have initiated the study of the local uniqueness of
m-bubbling sequences for the Chern-Simons-Higgs equation. Inspired by that
approach, in [6] [7] the authors of this work proved local uniqueness and non-
degeneracy of m-bubbling sequences of (1.3). More precisely, we have the follow-

ing:
Theorem 1A ([6) 7]). Let q = (q1,- -+ ,qm) be a critical point of fi, such that q; €
O\A{p1,--,pe}, j=1,-- ,mand det(D} fu(q)) # 0. Assume that either £(q) # 0

or D(q) # 0. Then the following facts hold true:
(1) (2)

( z) Local uniqueness with respect to A,,: Let uy,* and u,,’ be two sequence of solutions of
3) with fixed Ay. If Ay is sufficiently close to 8mrt, then ulV = u®.
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(i) Non-degeneracy with respect to A,: If Ay, is sufficiently close to 8mrt, then the lin-
earized problem for ({L.3),

in hen ¢, d .
i (0 ) <0

Jofettds (1.10)
¢n =0 on 9Q),
admits only the trivial solution ¢, = 0.
We note that for a fixed constant A,, in Theorem 1A, the corresponding
(e))? = A a)
Jo et
might be different for i = 1, 2. Interestingly enough, it turns out that if & = fg);'nf””

is regarded as the main fixed parameter instead of A,, then the quantities D(q)
and [(q) are no longer important as they happen to be if A, is held fixed. This
difference is caused by the difference in the linearized operators. Indeed, for a
fixed A, the corresponding linearized problem is (1.10), but for a fixed &,, we
have the following linearized problem:

Apy + he“np, =0  in Q,
(1.11)
¢n=0 on JQ.

The non-degeneracy of the latter problem with respect to &, > 0 is already well
known [17, 18] 27]:

Theorem 1B ([17, 18] 27]). Let wy be an m—bubbling sequence of whose blow up
setis {q1, -, qm} C Q\{p1, -+, pe}, whereq = (g1, -+ ,qm) is a critical point of fy,
such that det(D2 f(q)) # 0. If e, > 0 is sufficiently small, then the linearized problem
admits only the trivial solution ¢, = 0.

On the other hand, the local uniqueness of m-bubbling sequences for has
remained a long standing open problem. Indeed, compared to the non-degeneracy
argument, one has to face a truly new difficulty when comparing different bub-
bling sequences for (1.T), see the discussion later on. The aim of the present paper
is to overcome this difficulty and solve the local uniqueness problem. More pre-
cisely, motivated by Theorem 1B and [23} 6], it is natural to ask whether or not the
local uniqueness of m-bubbling sequences for with respect to &, > 0 holds
as well even if we do not assume that either £(q) # 0 or D(q) # 0. Indeed, it

turns out that, whenever there exist two solutions wg) and wg) of (L.1) sharing the
same value of ¢, > 0, and the same blow up set {q1,- -+ ,qm} C Q\{p1,- -, pe},

then we only need the non-degenerate assumption of the Hessian matrix D f,, at
{41, -+ ,qm} to prove that wg) = wgf) for any ¢, small enough.

Theorem 1.1. Let wﬁf}, i = 1,2 be two m—bubbling sequences of (1.1), with the same
en > 0and the same blow up set {q1,- -+ ,qm} N {p1,--- , pe} = O, where q is a critical

point of fu, and assume that D2 f,, is non-degenerate. If ¢, > 0 is sufficiently small, then
(1) (2)

We,” = We,"-
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Compared to Theorem [LIA] we note that in Theorem [} for ¢, > 0 fixed, then

the corresponding values of )\,(f) = | Q hew*(j) dx may be different fori =1, 2.
To prove Theorem [1.1| we will analyse the asymptotic behavior of the normal-
ized difference,

(1) (2)

We, — We,

Cn

T eV _ @ '
Han wsn ||L°°(Q)
By using the refined estimates in [13], we will see that near each blow up point g;,

and after a suitable scaling, then ¢, converges to an entire solution of the linearized
problem associated to the Liouville equation:

Av+e® =0 inRZ /2 & < +oo. (1.12)
R
The solutions of (1.12) are classified and take the following form, see [12],

8et
U(Z) = 'UH,,;(Z) = IOg m,

The linearized operator L relative to vy g is determined by,

HER, a=(aja)cRE  (1.13)

Ly := Ap + s¢ in R (1.14)

(1+1zP?)
It is well known that the kernel of L has real dimension 3 with eigenfunctions
YQ, er Yz, where,

1—|z> 9.

Y = = 4
o) = T2 = B |-y

Z1 100y,

Y = - = —— ,
1(2) 1+ ‘Z|2 4 9day |(ua)=(00)
Z 190y,

Yo(z) = —2 = = .
2<Z) 1+ ‘Z|2 4 dap (n,a)=(0,0)

After a suitable scaling, we shall see that the projections of ¢, on Yy, Y7, Y, com-
pletely describe the behavior of ¢, near the blow up point. In addition we can
show that the projections of ¢, on Y associated to each blow up point coincides
and that ¢, will converge to the corresponding (uniquely defined) Fourier coeffi-
cient far away from blow up points.

By using a suitably defined Pohozaev identity and in view of the non-degeneracy
of D2 f,u, we will show that the projections on the translation kernels (Y1, Y») as-
sociate to each blow up point is zero. On the other side, for the projection on Yj,
we notice that after normalization and away from the blow up points, the limit
of the function ¢, tends to some harmonic function in () with Dirichlet boundary
condition. As a consequence, we will see that ¢,; converges to 0 outside the blow
up area, which proves that the projection on Y is 0. Therefore all those projections
vanish which yield the desired result. We point out that this is different from the
previous works [23] and [6, [7], where one is bound to use the assumptions about
I(q) and D(q) to show that the projection along Yj vanishes.

This paper is organized as follows. In section 2, we review some known sharp
estimates for blow up solutions of (1.3). In section 3 we prove Theorem and
leave some technical results in the Appendix.
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2. PRELIMINARIES

In this section we shall list some of the results which will be used below. By
setting,

Ay =€ / her @.1)
o)
we see that u,,:= wj, is an m—bubbling sequence of

Aty + Ay fhi‘;n =0 in O
(2.2)
1, =0 on dQ),
which blows up at g; € {p1,---,p¢}, j = 1,--+,m and in particular A, — 87tm,
see Remark 1.1. Next let us state various well known and sharp estimates for these
blow up solutions of (2.2). Let

iy = uy —log </Qhe””> ,

then it is easy to see that,

Aty + Agh(x)e™®) =0 in Q, and / he™ = 1. (2.3)
Q
We denote by,
_ i _ — i, (x,) forj=1,---,m. 24
Un mgx Un,  Pnj = grr[;?;]() iy un(xn,]) or j m (2.4)

To give a good description of the bubbling solution around a blow up point, we

define,
eyn,j 2
U, j(x) = log 5, X ERS, (2.5)

(1 + (Xn]) e?‘n,j |x _ xn,j,* 2)
where the point x,, j . is chosen to satisfy,

Vun,j(xn,]-) =V log h(xn,]-),
and it is not difficult to check that

|%0,j = X j| = O(e Fmi). (2.6)

In By, (x,,;), we use the following term 7, ; to capture the difference between the
genuine solution 7, and the approximate bubble U, ;:

Wn,j(x) =1y — un,j(x) - (G]* (x) - G;k(xn,j)) , X€ Bro (xn,j)‘ 2.7)

Far away from the blow up points, i.e., x € Q\ U7Z1 Bry(q5), iIn is well approxi-
mated by a sum of Green’s function,

¢n(x) an] X, Xp,j) — iy, (2.8)

where here and in the rest of this artlcle, we set

0 = tln|aqr (2.9)
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and the local mass associated to each blow up point g;, 1 < j < m is defined by
P = A / he™ dy. (2.10)
BV(] (11/)

The following refined estimates derived by Chen and Lin [13] concerning 77,, ;, 1 <
j < nand ¢y, play a crucial role in our argument.

Theorem 2A ([13])). Let uy be an m-bubbling sequence of which blows up at the
points q; & {p1,--,pe}, j =1, ,m. Then we have:

(a) Mn,j = O(,u;% —Vn/) on Bfo (xnj)/
(b) ¢n = o(e™ 2 ) in CH@A\ U, Br(q))).

The interaction between bubbles relative to different blow up points, the differ-
ence between each local mass and 87 and the difference between the parameter
Ay and 87rm play an essential role in the understanding of the blow up behavior.
We present these estimates as follows:

Theorem 2B. Suppose that the assumptions in Theorem hold, then for any j =
1,---,mwe have,

(i) etrih?(x, )gG; (xnj) _ = efn1 2 (x,1)eCi ) (1 +o( B 7)),
. Aah(x,, . o
(”) Hn,j +1n0 +210g ( éx ])) + Gj (x”/j) A h( (A logh(xn]))(yn,j>ze Hnj
+O(.un,]e Hn])
)V (10gh(x) + G}‘(xn,j)) vy, = Opnge 1), 13 = qjl = Opun e 1),
(i0) [pn = pnjl S cforj=1,--,m, |itn(x) + pn| < cr for x € QA\UL Bry (4)),
U) pn] —8m = O(Vn ]eiy”j)
(vi) for a fixed small constant r > 0,
Hna «
% (Pln,l + log(Auh?(g1)eC11)72) — 2)
mh2(gy )e 7 (91)

—Hna
nmhffql)(;*(‘h) (D(q) +0O(r)) @1D)

+ O(y e~ 2k, 1) 4+ O(e~H D),

where o > 0 is a positive number such that i € C>7(Q)).

(i

An — 8mmm =

Remark 2.1. The conclusions (i)-(v) and the estimate up to the order e Fn on A, —
8mtm have been found in [13]. More recently [6] the authors of this paper derived the
higher order estimate in (vi). We remark that, although we will use (vi), we will not make
use of the fact that either 1(q) # 0 or D(q) # 0, see below.

3. PROOF OF THEOREM [L.1]

To prove Theorem we argue by contradiction and assume that (1.1) has
two different solutions wg) and w,(qz) with the same ¢,, which blows up at g; ¢

{p1,---,pe}, j=1,---,m. Weset
i (i)
A — 2 / heo | i=1,2, @3.1)
(@)
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@ ._ ()

then u,,’ := w,’, i = 1,2 are the m—bubbling sequence of
0
Aul) 4 A0 ke S —0 in 0,
heln
Jahe (3.2)
u,(qi) = on 0dQ),

respectively, which blow up at q; & {p1,---,p¢}, j=1,---,m. By Remark 1.1,

() — 87tm. We shall use x%,y,&),yg ﬁ,(q), 23,777(1; n]*,% ,pn) to de-

note Xy j, Un, Pn,jr Un, Un,js Mn,jr Xn,j«r P, Pnj, as defined in section 2, correspondmg
(i) (1) (2)

we have A,

tou,’, i = 1,2 respectively. In order to show that u;,, ’ = u;; ", it is enough to show
that,
1) +1og A = 1 1 10g 22 (3.3)
Indeed, it is not difficult to see from (3.I) that,
ﬁg) + log A,(P = u,(f) +2loge, i=1,2. (34)
Therefore, whenever we prove , then ug,l) = u,(z2) immediately follows from
(B-4). 1t is useful to set,
a)) =ay +10g A, pl) =pl)+10gAY, =1, m, (3.5)
so that in particular we find,
0 = ul) 4 2loge, i=1,2. (3.6)
Next, let us study the term ﬁ,(11> — ﬁ,(qz). First of all we obtain an estimate about
~(1) _ 4(2)
[d " — 1y HL°°(Q)
Lemma 3.1 (i)|A( A(2|— o(x? 1o V”J)foralll< <m.
b nun] nun] i=1 ﬂn ]

i)
.. A A A1 7";1,1
(i) a5 — P || o) = O(22, ple5Y).

Proof. (i) In view of Theorem 2B} (ii) we have,
A(i)h Xp i
) 0y + 210 20 L e,

i (37)
; (i) (i) :
(Alogh(x{)) (i )2e "+ O(ule 1), i=1,2,

ARG

which implies that,

(@) hix,
;4,(3 +log )\7@ +2log (x"’])
h

3 + G]*(xn,]-)
2 ; ; (i) O 68
— e (Alog h(x))) ()2 M + O je 1), i=1,2,
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where we used ﬂ}% = —log [, he”(”i), i = 1,2. By (2.6) and Theorem (iii), we
have

i_ 1
| Zy e "J and \xi(”)* — n]* Zy( ) o™ V”J (3.9)
A
By (3.8)-(3-9), and the fact that ¢2 = Pk i=1,2, we get
JQ
20 _ 20 _ oy 0l
Hoj = Hnj = o), Hyj€ ni), (3.10)
i=1
which implies the first claim. We remark that the assumptions about /(q) and
(@)
D(q) are not needed here since ¢2 = —2z =12
Jo hetn

(ii) Let us fix a small constant ry > 0. In view of and Theorem2A}(a), we
see that for x € By,(g;), it holds,

(1)
12

1’1
(1)
Vl

-

ay) — o =ul) —ul) + G () - 61 (x))) +log An

2
Z 12 714,”

i=1

. iy
=ul) —ul? +6r(x3) - G () + log

‘ (3.11)
By the definition of U)gl}, we find that,
o) 52 @)
)\(1) (1+ —gLeni|x —x77 |?)
US].) (2) +log @ = 2log h(jl)) N i —i—ﬁ,(;j) - ﬁff]) (3.12)
n (1+ yn]|x n]*‘Z)

In view of (3.9) and (i) above, we also see that,

. (2)
2 : 1
nx e x - 62 2~ n(xefnd x - 1) 2
~(1)
:O(e”n,])(|x ol (), =2+ - W\) (3.13)

. 2
£ 0 (x50 2O — g2+ 1K) - x2)),
which together with (3.10)-(3.12), implies that,

2 X f‘n,
8D = 52 | (5, 0 = OCY g™ 2 ). (3.14)

Next, we estimate 2 — 27 in Q \UjL Bry(q;)- By and Theorem (a),
we have,

m
—a?) = Y (G0 x)) = pZ G 2D + o) — o = o(L e )
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for x € Q\ UL, B (g;). Clearly (8.14) and (3.15) prove (ii), and so the proof of
Lemma 3.1]is completed. O

Let us define,

Cn(x) - R 1) _ ,\(2) x € Q/ (316)
[ Un ||L°°(Q)
nlx) = 0 h(é)) (eﬁﬂl)(’() - eﬁ(“Z)(")> xeQ, (3.17)
”ﬁn — iy ||L°°(Q)
and
o) _ ot () 1) A2
Cn(-x) = m = ¢ln (1 —|—O(Hun — Uy ”Loo(Q))) , XE Q. (318)

It is not difficult to see that
ACn+ g5 = A +heyn =0 in O,

én=20 on JQ.

(i) .
Once more, it is worth to point out that ¢,, = 0 on dQ) since s% = o i= 1,2.
Jo et

To study the behavior of ¢, in B(s(x(l.)), we set

n,j

y(l)—logs ﬁ(l}—logB

Cn,j(z) = Cnle” " z—l—xﬁij)), |z| < de T for j=1,---,m.  (3.20)

Our first estimate is about the limit of &;, ;.

Lemma 3.2. There exists bjo, b1 and bj 5 such that

3
Enj(z) = Yobjipio(z) in C(R?), (3.21)
i=0
where
_ 1-hlg)l? _ yMa)=n gz
Yiolz) = T+ h(g)zP’ pia(z) = T+ h(g) Pja(z) = T+ i P
(3.22)

Proof. From Lemma [2.6) and (a) in Theorem 2A] we have,

(1)

fi, i —In8
A1) (= (1)
Ay +8h(xfﬁ})e O z+Xn,j)€'n,].(1+0(1)) —0,
and
(1) ﬁ(l) ﬁ(l)(e_}li/];hgz+x(l)) Sh(q]') 0 2
S8h(x /)e "mie™ nj —_— i G (R%). 3.23
(x, 1 )e A+hg)P2 ™ loc(R%). (3.23)
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Therefore, since [{, | < 1 and because of the equation (3.19), then we conclude
that ¢, ; — ¢;in C" (R?), where gj satisfies,

loc
(%) . 2
By [1} Proposition 1], there are constants b;; such that
&j = bjopjo+bj1j1 + bjapja,
which proves the lemma. O

A§j+

As discussed in the introduction, we shall see in the next lemma that all the
Fourier coefficients b; take the same value and that ¢, (x) will converge to such
constant (denoted by bp) far away from the blow up points. Furthermore we will
prove that by = bj; = bjp =0forj=1,--- ,m.

For any r > 0, we denote by

(i) —log8)/2 4 A+ _ (k) -logs)/2

=re n,jr 4

A;;,j,r
Lemma 3.3. Let {;, be defined in (3.16), then we have,
(i) bjo=by=0forj=1,--- ,mand

&n(x) = 0r(1) +0,(1) in ClocQ\UBA* x%))asn—>+oo

n,j,R
where og(1) — 0as R — +coand n — 0as n — +oo.
(11) bj,l = b]"z = OfOT’j =1,---,m
Taking Lemma 3.3|for granted, then we can conclude the proof of Theorem|[T.1}

Proof of Theorem Let x;; be a maximum point of §,, then we have
[Gn(xn)| = 1. (3.25)
. . . . .
In view of Lemma we find that nng xy, = ¢; for some j and

ﬁ(l,)—lnS
n;j

. oy _ _ (1)
ngr—{looe T sy = 400, wheres, =[x — Xy | (3.26)

On the other hand, let
En(x) = Enlswx +x1).

From Theorem 2A|and equation (3.19), we can see that ¢, satisfies,

- - - 1+4+0(1)+ O(sylx
e et aE s ((3)(f (1) + Ofelxl))
(1+ —gL2elni |s, x—i—x() n]*|2)
By using we find that,
Enl(x =2\ /s0)| = len ()| = 1. (3.27)




12 DANIELE BARTOLUCCI"), ALEKS JEVNIKAR, YOUNGAE LEE®), AND WEN YANG )

Next, in view of (3.26) and the fact that |§~n\ < 1, we see that &, — & on any
compact subset of R? \ {0}, where ¢, satisfies

A&, =0 in R2\{0}. (3.28)

Since || < 1, then x = 0 is a removable singularity. As a consequence, ¢ is a

bounded harmonic function in IR? and then from (3.27) we conclude that either
(1)
Vn

& =1lor& = —1. By using e~ P« s, and li_r)n s, = 0, we also find that,
n (o)

for s, <|x-— x,gl].)| < 2s,, (3.29)

N —

1Cn (%) =

which is the desired contradiction to Lemma This fact concludes the proof of
Theorem[1.1] O

Next we prove Lemma 3.3|and divide the discussion into two parts:

(1) We first prove that b;o = by = 0 forj = 1,---,m by Green’s identity and
O.D.E. type arguments.

(2) Then we use a suitably defined Pohozaev identity to show thatb;; = b, =
Oforj=1,---,m.

Proof of Lemma3.3}(i). We recall that &, satisfies,
AGn+ 1™ En(14+0(1) =0 in Q. (3.30)

It is easy to see that e’ 5 0in Q) (Q\{g1,--- .qm}) by and Theorem 2B-
(ii). Since |[Gnl[r=() < 1, we see that {y — o in ) (Q\{q1,- - ,qm}), where
the points {q1, - - - , gm } are removable singular points of {y and

Aip=0 in Q. (3.31)
Therefore, in view of the Dirichlet boundary conditions, we find,
Go=0 in Q, (3.32)
which implies that,

gn — bO =0 in C?oc(ﬁ\ {511/' o r‘im})- (333)
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1) (1)
h(x, +) )
B

. Ford €
0 1

Let us fix a small constant 6 > 0 and set, ¢, ;(x) =
L (1 2

(0,6) and in view of 2.6), we find that,

I a¢n] ' B }
./E)Bd(x (4}”] ov ~bn ) 7= -/Bd(xgj)) (¥n,jACn — EnDy ;) dx

1) (1)
et _ eﬁ(2> ) 1+ —g ( L) 1~ |x — x,(}])*|2e”mj 2
:/ 1 = Gnpnjh +§”1/J"J (%, )e M ( 1 n ) dx
By(x!) al — ol h(x( ) 1) o o
R NN

i i
<1>)pn¢n¢n,f{ e (14 01 — 4P ))) + h(x)eln) (14 0@ F >>}d"
n,j

(1) (1) )~ wr (1)
/ Pnén%]{ — et i GG D (1 o(|afd — a)))

n/

0 oy
+h(x(1]))e i (1+0(e 2 ))}dx

1)
. Ho i
Let f(z) = f (e‘T]z + xiglj) ). By a suitable scaling and by using Theorem 2A, we

see that,
dCy al/)n])
~/E)Bd(xn] (4)71] 81/ é(n
ihy o _om,
O)(e~ 2 |z|+ |0 iy | +e 2
_/ i T 2 m|| LR Y s S8
nh Fa,
(14 220 |2 1 () D) )y
In view of Lemma 3.1} (ii), we obtain
Aagn a%,j - 1
/aB(n] (ll’”'fau_‘:" ') o= | 7 |- (334)
nJ
Let ¢ (r) = §n(r 6)d6, where r = |x — x \ Then (3.34) yields,

(s)
()= —"12, vr e (A

(&) () (r) = & ()W (7

For any R > 0 large enough and for any 7 € (A, iR

7;7“],) 7;7“],)
e 'n e 'n
anJ(r)__lJrO( 2 ) l/’fa,j(r)_o( r3 ) |

n]R’é]

), we also obtain that,
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and so we conclude that,

o 0 ) Y
* \/ n,j —
(€n) (r) = . +0 3 forall re (An,le,(S). (3.35)
Integrating (3.35), we obtain,

1

& (1) :éfl,j(A;,]-,R)+0(1)+0(A(1))R+O(R_2) forall € (A, x0). (336

n,j

=

By using Lemma we find,
Cnj(AyjR) = —27tbjo + 0r(1) + 0 (1),
where lim og(1) = 0and 1_1)1_{1 0, (1) = 0 and then (3.36) shows that,
n [e°]

R—+o0
&yi(r) = —27mbjo +0r(1) +04(1)(14+ O(R)), forall re (A, g,
In view of (3.33), we see that,
C”T':‘rj = o”(l> in CIOC(M\ {ql t qm})/

which implies that bj,o = 0forj =1,---,m. This fact, together with (3.33)), com-
pletes the proof of Lemma[3.3}(i). O

5. (337

Forj=1,---,m,let

(1)
A
Pui(y) = 2 | (R(yxl) = RG, x0D) + (G x) — Gl x|
" 1%
‘ ‘ (3.38)
ol (y) =0 (y) = ¢nj(y), i=12, (3.39)

Recall the definition of ¢, given before (3.17). Our aim is to show that all b;; = 0,
see Lemma This is done by exploiting the following Pohozaev identity to
derive a subtle estimate for ¢,.

Lemma 3.4 ([23]16]). We have for i = 1,2 and fixed small r € (0,6), it holds,
1 2
/83,(x<1> (v, D§n>DiU,(1/]-) + (v, vaq/]?migndg

n,j

(x — XSJ-))i
(1)|

(1) ); (3.40)

1 1L, .2
2 /BBr(xfi)) (D@ + 00, DEn) =~

(1) (2) (

_—/ h(x) .
) | = 12 ey Jx— )

2D @)

et — efhn
—i—/ h(x) D;(¢y i +logh)dx.
A R PYOIPTCT

We will need an estimate about both sides of (3.40). This is the outcome of rather
delicate computations whose proof is given in the appendix.
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Lemma 3.5. Forj=1,---,m, we define
2 3 2
:gath(y,X)ly:xS]; binBi, Gri(x) =Y 0y,G(y,%)| _ beB,

where

- 2 |z|?

B —8 / dz.
T n®) Jre T+ 128

7,

Then

(1 ﬁsll

R.H.S of (340) = B ( = ZDhl ¢ j +logh) (x <1>)bj,h) Yole 7)), (342)

~.=

and
il i) i)
L.H.S of 340) = —87 [e= 2 DiR;, i( +Ze DGl y(x (>) +o(e %),
k#j
(3.43)

In view of these estimates we are now able to prove Lemma (ii).

Proof of Lemma 3.3} (ii). From Lemma we have fori =1,2

£

7 (@ j +logh)(x, 0 ))bj,h)

@

l

-
a-v

= —87) e 7 Y Dydy,Glyx) 1) ), bin B (3.44)
kZ#] h;l ¥t Yn (y,x):(xn,j 'xn,k)
S”) 2 ;”1511;
—87T€ Dx,ath(y/ )|( ,X)*( n’ n]) ]hB +0( 2 )
Set
b = (b1,1B1,b12B1,- -+, by B, b2 Bu),
where
A0

by = lim (e )b

kh nsteo kh
Then by Theorem 2B} (iii) and sending 7 to +o00, we obtain that

Dme(er“‘IQm)'b:O/ (345)

where f,, is defined in ([.9). By the non-degeneracy assumption det(D2 f(q)) #
0, then we can immediately conclude that b =0, i.e.,

bj,l = bjrz = 0, V] = 1,~~~ ,m
This fact concludes the proof of Lemma O



16 DANIELE BARTOLUCCI"), ALEKS JEVNIKAR, YOUNGAE LEE®), AND WEN YANG )

4. APPENDIX

This section is devoted to the proof of Lemma First of all, we prove an
estimate which will be used later on.

Lemma 4.1.

m 1) m 2 ;,5111)
= ZAn,jG )+ Z byj,n0y, G (y, x )| _ o tole ) (4.1)
=1 ”//

j=1 j=1h

holds in C*(Q)\ Uity Bg(xr(:j))) with suitable small constant 6, where 9y, G(y,x) =

0
2y = (y1,2),

8f 212
A = [ iy, and by = e /
nj ngn(y) Yy, an 1,jh =e Rr2 (1+]z[2)3
ﬂ(l>
Remark 4.1. In fact, we can show that AS].) =o(e” 7 ),j =1,---,mby the same

argument in [6, Lemma 4.4], [7, Lemma 5.4], [18, (4.5)]. As a consequence, (4.1) can
be written as follows:

(1

m 2 oy
=L L buip@n G, _n +ole™ ) in CY( @\ Um). 42
j=1h=1 nj j=1
Proof. By the Green representation formula,
&) = [ Gly0)gs )y
4.3)
_ZA 'G(x, ] x) + 2/ G(x,.),%))g (y)dy.

Forx € O\ U}”:l Bg(x,(:j) ), we see from Theorem (a) and Theorem(iv) that,

| (€.x) - Gl x)gi(v)dy

j

= | @G| 0y —x.))8iv)dy
n,j

Br(xn,j)
~(1)
ly— xS} |Zeﬂn,j i (4.4)
o | [ O T | o)
T (1_"8””'] |y n]*|2)

)
:/ (x 1>)<ayG(y’x)|y:x<l?’y ,(1])>gn(y)dy+0(e Fuiy
r n,j
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for suitable r > 0. In addition, we have
1 *
/ iy QGO0 x)gn(v)dy
T n,j Yl,j
a0 {9y Gy, 2], _ 0 : (4.5)
- dz+o(e” 2 )
B+

- (0) Ay j
P (1 r(d) 2+ 0 ) )

=16V2¢~

By Lemma 3.1, we have for any x € Q \ Uit Bg(xilrj)) we get

()

1
M,

2
[ RO xSRIy = ) b9y, Gy,3)| o Fole” 7).
r H,] h=1 n,j
! ®6)
From (£3) and (4.6), we conclude that @) holds in C°(Q\ U} Bs(x, . ))) The

proof of the fact that (1) holds in C'(Q \ Uiy Bo(x,, xll ))) is similar and we omit
the proof. O

Now we will provide the proof of Lemma We divide it into two parts.

Proof of Lemma[3.5-(8:42). By Theorem 2B} (iv), we have

. X (x — xfj?)i _@
/ he® (1 + o(1)——22do = O(e ). 4.7)
aB(n]) |x_x7(1])|

For the second term on the right hand side of (3.40), it is not difficult to see that,

2

1 1
Di(¢nj +10g1) = Di(g+1ogh)(x)) + Y D3, (¢ +logh) () (x — x\))y
h=1
1
+0(Jx — xi/ ).
(4.8)
Since q is a critical point of f,,, by (2.6) and Theorem B} (iii) , we find that,

_ 4 _ A
Di<¢n,j+logh><x£%]?>=Di<c;+logh>< Dy +o(le i) = ow“ Fur).

(4.9)
From and we have,

/ o, B G (14 0(U)Di(g + log )
"\ nj

( -)—log 8)

16V2n(x\ DEn(xll) +e 2 2) [ 2 a0
- At tr? 3 Dfy(¢n, +logh) (3, ))e” 2 | dz
Byt (0) (14 h(x )|z|2) =
)
+ole ),

(4.10)
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and then combined with Lemma 3.1} we conclude that
/ o 1 81+ 0(1)Di(gy + og )
L (x

sﬁh(xg]?),/h(xigl/]?)mzdz ( 2 o, ;S})

Y bjnDii (¢, +logh)(x,, e

Bar, @ (14 n(xi))[z[2)3 =1
il
+o(e”?)

411)
Clearly (3.42) follows from (.7) and (.11). O
Proof of Lemma 1; By the definition of G, ; (x), we have
» . 1 1
AG(x) =0 in Br(x;,]?) \ Bg(x,g,j)), Vo € (0,7).
Then for any x € B,(xﬁij)) \ Bg(xsj)), we have
, 1 1 .
0= AGn’le’ log 7(1) + A log 7(1)DiGn,k
|x—xn,j| \x—xn,j|
. . 1 1 .
=div VGn,kDi log o, + Vlog ) DiGy (4.12)
|x—xn,].| |x—xn,j
. 1
- VGi’l,k N V log 7(1)61' ’
|x — Xy, |
where ¢; = %, i = 1,2. It implies that
VG V:G*
Lo —ede= [ o (4.13)
o6 1= x0) T Joml) = <)
In view of (£.2), we have
w0 A0
i _ Pk % __n . 1 (1) (1)
Tn(x) =) e 2 ar(x)+o(e”2) in C (B,(xn’].) \ Be(xn,]- ). (4.14)
k=1

By using Theorem 2B} we find that,

(1)
Ay . ) . )
= p,(qu) + O(;igj)e Fuiy = 87I+O(yfql])e Hujy,

7,
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which together with Theorem (b), implies that fori = 1,2,

1 1
Vo) (x) = V(@ — ¢,j) =V 2 - MR(x Uy — A Y G(x, 2\
n,j n ] n m ey m P 70,
(1) m (1)
_u (a0 _ M 1)y _ A )
=V |, WI;G(x,xn,k) Y- log |x xn,j|
) mx)) )
— Vo' —4 a S +ole )
|x X,
(x — xfll.)) B ﬁff,?
— ol ©) in CU(Br(xl))\ Bo(x)))
\x—xn,j|
(4.15)
Sinlz2—2z,z)

By using D; Dy (log |z|) = , we see that,

|zI*

VG: 2
/] S5
—*_do =2nD; 0 R( ,x)| (])b',hB'—f—Og(l). (416)
Bty a0 =200 2Rl liaty

From (4.13)-(4.16), we get for any 6 € (0,r),

L.H.S. of (3.40)
21 () 21
Hn j I, M j 4.17
= —87m e*T]DiR;;J(xS])) +Y e 2 DiG;,k(ij)) +o0g(1)e” i (4.17)
k#j
where 0g(1) — 0 as 8 — 0. This fact concludes the proof of Lemma ]
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