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FINITENESS OF TOPOLOGICAL ENTROPY FOR
LOCALLY COMPACT ABELIAN GROUPS

DIKRAN DIKRANJAN#, ANNA GIORDANO BRUNOP, AND FRANCESCO G. RUSSO#

ABSTRACT. We study the locally compact abelian groups in the class €<, that is, having only continuous endo-
morphisms of finite topological entropy, and in its subclass &g, that is, having all continuous endomorphisms with
vanishing topological entropy. We discuss the reduction of the problem to the case of periodic locally compact abelian
groups, and then to locally compact abelian p-groups.

We show that locally compact abelian p-groups of finite rank belong to €<, and that those of them that belong
to €p are precisely the ones with discrete maximal divisible subgroup. Furthermore, the topological entropy of
endomorphisms of locally compact abelian p-groups of finite rank coincides with the logarithm of their scale.

The backbone of the paper is the Addition Theorem for continuous endomorphisms of locally compact abelian
groups. Various versions of the Addition Theorem are established in the paper and used in the proofs of the main
results, but its validity in the general case remains an open problem.

1. INTRODUCTION

The topological entropy for continuous self-maps of compact spaces was introduced by Adler, Konheim and
McAndrew [I], in analogy with the metric entropy from ergodic theory introduced by Kolmogorov and Sinai (see
[29]). Later, Bowen [5] gave a definition of topological entropy for uniformly continuous self-maps of metric spaces,
which was extended by Hood [2I] to uniformly continuous self-maps of uniform spaces. This notion of topological
entropy coincides with that in [I] in the compact case, when the given compact topological space is endowed with
the unique uniformity compatible with the topology.

Hood’s definition of topological entropy applies to topological groups G, endowed with their left uniformity i,
as continuous endomorphisms ¢ : G — G are uniformly continuous with respect to U. Assume that G is a locally
compact group, denote by C(G) the family of all compact neighborhoods of 1 in G, and let u be a left Haar measure
on G. For U € C(G) and n € Ny, the n-th ¢-cotrajectory of U is

Cpo(d,U)=Uno Y U)N...no " U) € C(G).
The topological entropy of ¢ with respect to U € C(G) is

Huo(6,U) = lim sup 128 UCn (6, T))

n—00 n

and the topological entropy of ¢ is

htop(¢) = sup{Hiop(¢, U) | U € C(G)}-
Following [7, 12], the topological entropy of G is

Eiop(G) = {hiop(¢) | ¢ € End(G)}.

Some of the most relevant problems concerning discrete dynamical systems deal with the values of entropy,
for instance the problem of the existence of topological automorphisms of compact groups with arbitrary small
topological entropy. This problem is certainly the most outstanding and can be written equivalently for continuous
endomorphisms as follows:

(1.1) is inf{E,(G) \ {0} | G compact group} > 07

It is equivalent to the celebrated Lehmer’s problem in number theory (see [26]). In fact,

inf{E;,,(G) \ {0} | G compact group} = inf({hiop(P) | ¢ € Au’c(@”)7 n € N}\ {0})

and, for n € N and ¢ € Aut(Q"), the so-called Yuzvinski’s formula states that hiop(¢) coincides with the Mahler
measure of the characteristic polynomial of ¢ taken with integer coefficients (see [24] B1]). Lehmer’s problem asks
whether or not the infimum of all positive values of the Mahler measure is zero (see [23]).

A positive answer to the question in (1.1)) would imply that the set
Eiop = {Ei0p(G) | G compact group}
2010 Mathematics Subject Classification. 22A05, 37B40, 54C70.
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of all possible values of the topological entropy of continuous endomorphisms of compact groups is countable, while
a negative answer would imply that E,, = Rx>oU{co} (see [B} [7, 28] B1I], see also [9] for the algebraic counterpart).

In the larger class of locally compact groups the counterpart of has an easy answer. In fact, Ep(R) = R>o;
more precisely, every continuous endomorphism of R has finite topological entropy and for every non-negative real
r there exists a topological automorphism of R of topological entropy r (see [5], 29], see also Remark below).
This is why this paper, following the direction of [I2] in the compact case, studies the problem of the finiteness of
the topological entropy for locally compact groups. In order to pursue this scope, we follow [I2] and introduce

€y ={G | Eip(G) ={0}} and €. ={G |00 & Ei,(G)}.
We start recalling the results from [I2] about locally compact abelian groups in €. and in &.

Following [I1] and denoting by P the set of all primes, for p € P we say that an element x of a locally compact
group G is topologically p-torsion if ¥ — 1in G, and let G, = {z € G| z topologically p-torsion} be the topological
p-component of G. We denote by ¢(G) the connected component of G and by B(G) the largest compactly covered
subgroup of G. According to [I8], a locally compact p-group is a locally compact group G such that G = G.

Theorem 1.1 (See [12, Theorems A, B and C and Corollary 2]). Let G be a locally compact abelian group.

(a) If G € €., then dim(G) < oo; this implication can be inverted when G is compact and G/c(G) € €. (in
particular, when G is compact and connected).

(b) If G € &g, then G is totally disconnected; if G is compact and totally disconnected, then G € € if and only if
GeC .

(c) In case G is compact, G € & if and only if G is totally disconnected and G, € &y for every p € P.

Items (a) and (b) of the above theorem suggest to treat the case of totally disconnected locally compact abelian
groups G (it is worth noting that no complete reduction to the totally disconnected case is available — see Ques-
tion a)). We handle the case when G is also compactly covered (i.e., each element of G is contained in some
compact subgroup of G); following the terminology from [18], we call those locally compact groups G periodic.

For periodic locally compact abelian groups we have the following reduction to locally compact abelian p-groups
extending Theorem [L.1f(c).

Theorem 1.2. Let G be a periodic locally compact abelian group. Then:
(a) G € & if and only if G, € & for every p € P;
(b) G € €. if and only if G, € €« for every p € P and G, € &, for almost all p € P.

From now on, with p we always denote a prime number. A locally compact abelian p-group G is a Z,-module,
so we can consider its Zy-rank rkz (G) and its p-rank r,(G) as well. When rkz, (G) and r,(G) are finite, let

rank,(G) = rkz, (G) + 1, (G).

According to [I8, Lemma 3.91], rank,(G) is the smallest n € N such that every topologically finitely generated
subgroup of G is generated by at most n elements. For example the group Q, of p-adic numbers is a torsion-free
periodic locally compact abelian p-group with r,(G) = 0 while rank,(Q,) = rkz,(Q,) = 1.

Motivated by the following remark, we impose the additional restriction to have finite rank, on the locally
compact abelian p-groups. Very roughly speaking, the finiteness of the cardinal invariant rank, will replace (only
to a certain extent — see Remark a)) the finiteness of the dimension in Theorem a) as far as the description
of the locally compact abelian p-groups in €., is concerned.

Remark 1.3. Here we recall some results from [I2], showing that the question of a complete classification of the

compact abelian p-groups G (i.e., abelian pro-p-groups) belonging to &g is far from a satisfactory understanding.

(a) By [12, Theorem E] (its proof makes essential use of [10, Theorem 13]), there exists a family of 2¢ many pairwise
non-isomorphic compact abelian p-groups K of weight ¢ in &, with rank,(K') infinite. Therefore, rank,(G) < oo
is not a necessary condition neither for G € €., nor (even) for G € €.

(b) There exists a class of compact abelian p-groups K with Ey,,(K) = {0, 00} (i.e., for every ¢ € End(K) one has
hiop(¢) € {0,000} and no intermediate values of the topological entropy can be attained). The groups ZE and
HneN+ Z(p™) have this property, and a complete description of this class can be found in [I2] Theorem D].

We recall the following recent characterization of the structure of locally compact abelian p-groups with finite
rank,,.

Theorem 1.4 (See [I8, Theorem 3.97]). A locally compact abelian p-group G has rank,(G) < oo if and only if it
is isomorphic to

(1.2) Lyt x Qp? X Z(p™)"™ x Fy

for some integers nq,ne,ng € N and a finite p-group F, with r,(F,) = ng4 € N. In particular,
rank,(G) = ny + ng + ng + na,

with rkz, (G) = ny + ny and rp(G) = n3 + ny.
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This result provides a nice property of the cardinal invariant rank,, namely its preservation under Pontryagin
duality. Indeed, if G = Zj* x Q2 X Z(p™>)"* X F, then G =2 Zp3 x Qp? x Z(p™)"* x F}y, and so rank, (G) = rank,(G),
while rkz, (@) and rkz, (G), and similarly rp(@) and 7,(G), need not coincide.

It turns out that all locally compact abelian p-groups with finite rank, are in €., and one can characterize
those of them that are actually in &p:

Theorem 1.5. If G is a locally compact abelian p-group with rank,(G) < oo, then G € €. Moreover, G € & if
and only if ng =0 in (1.2)).

The condition ny = 0 in Theorem |1.5{ means that the maximal divisible subgroup d(G) of G has rkz, (d(G)) = 0,
that is, d(G) is discrete.

Theorem has to be compared with its counterpart for compact abelian groups; indeed, we have seen in
Theorem b) that when G is a totally disconnected compact abelian group, G € €., precisely when G € &.
More specifically, if G is a compact abelian p-group with rank,(G) < oo, then G = Z x F;, for some n € N and a
finite p-group F},, by Theorem According to Proposition Zy x F, € &g (this follows also from Theorem [1.5)).

Making use of the “local” Theorem in Theorem we extend the characterization of the classes €., and

&y within a significantly larger class of locally compact abelian groups GG. Note that
@(G) = c(G) + B(G),

which is a fully invariant open subgroup of G (see [I1, Proposition 3.3.6], see also [8 pp. 29-30]).
Theorem 1.6. Let G be a locally compact abelian group with ¢(B(G)) = {0} and rank,(G,) < oo for every p € P.
Then:
(a) G € €coo holds whenever 3 prky, (d(Gy)) < 00;
(b) G € &g holds whenever G is totally disconnected and rkz, (d(Gp)) =0 (i.e., d(Gp) is discrete) for every p € P.
If G = w(G), then also the converse implications hold in (a) and (b).

The scale function s(¢) was introduced by Willis [30] for continuous endomorphisms ¢ of totally disconnected
locally compact groups (see Section. Since by definition the scale is always finite, and since every locally compact
abelian p-group G with rank,(G) < oo isin €. by Theorem it makes sense to verify whether hyop,(¢p) = log s(¢)
or not for every ¢ € End(G). Indeed we prove this equality, as reported below.

Theorem 1.7. Let G be a locally compact abelian p-group with rank,(G) < oo and let ¢ € End(G). Then hiop(¢) =
log s(¢).

The precise connection between the scale and the topological entropy was given in [4, [I6] (see Section . In
particular Theorem was already known for G = Q) and ¢ a topological automorphism.

The proofs of Theorem [I.5 and Theorem [I.6] make substantial use of the so called Addition Theorem that we
discuss in the sequel.

We say that the Addition Theorem holds for a triple G,¢, H of a topological group G, ¢ € End(G) and a
¢-invariant closed normal subgroup H of G, and we briefly say that AT(G, ¢, H) holds, if

(13) htop(d)) = htop(¢ rH) + htop(éG/H)v

where ¢¢ s € End(G/H) is induced by ¢. The relevant formula (1.3)) can be briefly resumed by saying that in the
following commutative diagram

0 H—t—- G —"-G/H——0
¢IHJ qﬂ %l
0 H—t—- G —"-G/H——0

the topological entropy of the middle vertical arrow is the sum of the topological entropies of the remaining two
vertical arrows.

Similarly, we say that AT(G) holds if AT(G, ¢, H) holds for every ¢ € End(G) and for every ¢-invariant closed
normal subgroup H of G.

It is known that AT(G, ¢, H) holds when G is compact (see [2,[31]), and also when G is totally disconnected and
locally compact and ¢ is a topological automorphism of G (see [16]). However the validity of the Addition Theorem
in the general case of locally compact groups and their continuous endomorphisms is not yet established even in the
abelian setting, to the best of our knowledge. (A wrong proof of the Addition Theorem for locally compact abelian
groups appeared in [25] — see [I3] for more details.)

The next theorem provides a formula reducing the computation of the topological entropy for totally disconnected
locally compact abelian groups to the case of locally compact abelian p-groups. It allows for a convenient reduction
of the Addition Theorem for totally disconnected locally compact abelian groups to the case of locally compact
abelian p-groups.
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Theorem 1.8. Let G be a totally disconnected locally compact abelian group. Then, for every ¢ € End(G),
hiop($) = Y huop(d 1c,)-

peP
(a) If AT(G,) holds for every for p € P, then also AT(G) holds.
(b) In case G is periodic, AT(G) holds if and only if AT(G)) holds for every p € P.

Moreover, we prove the following version of the Addition Theorem, leaving open the problem in the general case
of locally compact abelian p-groups of finite rank, (see Question [6.5]).

Theorem 1.9. Forn € N, AT(Qy) holds.

The paper is organized as follows.

In Section [2] we recall some useful results on topological entropy; among them we mention the p-adic counterpart
of the so-called Yuzvinski’s formula (see Theorem , which gives an explicit computation of the values of the
topological entropy of continuous endomorphisms of Q.

In Section [3|we discuss some instances of the Addition Theorem, and in particular we prove Theorems and[1.9]

In Section [l we prove Theorems and We make use of a direct computational rule for the topological
entropy of a continuous endomorphism of a locally compact abelian p-group with finite rank, (see Proposition ,
more precisely, one can reduce this computation to the mere use the p-adic Yuzvinski’s formula.

In Section [§] we recall the definition of the scale and the p-adic Yuzvinski’s formula for the scale; we verify some
basic properties in the abelian setting in order to prove Theorem (again as a consequence of Proposition .

Section [6] contains some final comments and open questions, regarding those locally compact groups that have not
been treated in the main body of the paper. In the first place, some attention is paid to the case of not necessarily
totally disconnected locally compact abelian groups. The remaining part concerns the non-abelian setting, with a
particular emphasis on the Heisenberg group on Z, and Q,.

Notation and terminology. As usual, R denotes the reals and R>g = {r € R | » > 0}, Q the rationals, Z the
integers, N the natural numbers and N the positive integers. We denote by P the set of all primes. For p € P, Z(p)
is the finite cyclic group of order p, Z(p*°) the Priifer group, Z, denotes the ring of p-adic integers, and Q, the field
of p-adic numbers.

For an abelian group G, we denote by ¢(G) the torsion subgroup of G, by D(G) the divisible hull of G, and by
d(Q) the largest divisible subgroup of G.

For p € P and an abelian group G, we use r,(G) to denote the p-rank of G, that is r,(G) = dimg,,z G[p] where
G[p] = {z € G | px = 0}; moreover, for a Zy,-module M we denote by rkyz its Z,-rank.

For a topological group G we denote by End(G) the set of all continuous endomorphisms of G and by Aut(G) the
set of all topological automorphisms of G. For a locally compact abelian group G we denote by G its Pontryagin
dual group.

For undefined symbols and terms, see [11], (18, [19] [20].

Acknowledgements. It is a pleasure to thank the referee for the helpful comments. The first and the second
author thank GNSAGA of Indam, the third author thanks DMIF of Udine (Italy) for Grant No. PRID2017 and
NRF of South Africa for Grant No. 118517.

2. SOME BACKGROUND ON TOPOLOGICAL ENTROPY

Some useful facts on the topological entropy for locally compact groups are listed below.

Lemma 2.1 (See [16, Lemma 3.6(1)]). Let G be a locally compact group, ¢ € End(G) and U,V € B(G). IfU <V,
then Hiop(¢, V) < Hiop(¢,U). In particular, if B C C(G) is a local base of G, then hioy(¢) = sup{Hiop(¢,U) | U €
B}.

Corollary 2.2 (See [12]). Let G be a locally compact group and ¢ € End(G). If there exists a local base B C C(G)
of G consisting of ¢-invariant subgroups, then hi,,(¢) = 0. In particular, Z;, € &g for every p € P and n € N.

Item (a) of the next lemma reveals the monotonicity of the topological entropy with respect to taking restrictions
to invariant closed subgroups or quotients with respect to such subgroups. Item (b), which easily follows from (a),
shows that hy, is an invariant for topological dynamical systems (G, ¢), where G is a locally compact group and
¢ € End(G).

For G, H locally compact abelian groups, we say that ¢ € End(G) and ¢ € End(H) are conjugated if there exists
a topological isomorphism « : G — H such that 1 = aga™".

Lemma 2.3 (See [7]). Let G be a locally compact group and ¢ € End(G).
(a) If H a ¢-invariant closed subgroup of G. Then hiop(¢ [1) < hiop(@). If H is also normal, then htop(dgg/H) <

hiop(¢) where ¢y : G/H — G/H is the endomorphism induced by ¢.
(b) If H is a locally compact abelian group, and ¢ € End(H) is conjugated with ¢, then hiop(d) = hiop().
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When G is a totally disconnected locally compact group, the computation of the topological entropy of ¢ &€
End(G) can be simplified. Indeed, for these groups van Dantzig [27] proved that the family

B(G) ={U < G | U compact and open} C C(G)
is a local base of G. As noticed in [7, Proposition 4.5.3], the topological entropy of ¢ can be computed as
loglU : Cy (¢, U
i el (6, V)]

n—00 n

(2.1) hiop(¢) = sup{Hiop(¢,U) | U € B(G)}, where Hiop(6,U)
(here C,(¢,U) € B(G), and so the index [U : C,(¢,U)] is finite since C,(¢,U) is open in the compact subgroup
U); moreover Hy,, (¢, U) € log N, hence

(22) E10p(G) C log N, U {oo)

Remark 2.4. If G is a discrete group, then G € €. In fact, B(G) = {U < G | U finite}, so if ¢ € End(G) and
U € B(G), then [U : Cy(¢,U)] < |U| for every n € Ny. Hence, Hyop(¢, U) = 0 and consequently hyop(¢) = 0.

Theorem below is the p-adic counterpart of the Yuzvinski’s formula from [3I] explicitly computing the
topological entropy of all continuous endomorphisms of Q. The p-adic Yuzvinski’s formula was given in [24] for
topological automorphisms, the general case can be obtained also from its counterpart for the algebraic entropy
proved in [I4] together with the so-called Bridge Theorem from [8] (see also [15]).

If K, is a finite extension of Q,,, we denote by | — |, the unique extension of the p-adic norm | — |, of Q, to K.
In particular, if K, = Q, and 0 # x € Q, is written as x = p‘u, where £ € Z and u € U(Z,) (i.e., |u|, = 1), then
jzlp = (1/p)* =p~".

Theorem 2.5 (See [24]). Let n € Ny and ¢ € End(Q}). Then
hion(@) = 3 log Ail,
|>‘i‘p>1
where {\; | i € {1,...,n}} are the eigenvalues of ¢ in some finite extension K, of Q.

In particular, the above highly non-trivial theorem implies that Q) € €« .

Example 2.6. Let n € N and consider the multiplication by 1/p, that is, ¢ : Q) — Qp, z %x. A straightforward

computation (or an easy application of Theorem [2.5)) gives hiop(¢p) = nlogp > 0. Taking into account the above
observation as well, one has

QZ S QE<<>o \ QEO-

Remark 2.7. An explicit formula, similar to the p-adic Yuzvinski’s formula, for the computation of the topological
entropy of continuous endomorphisms of R™, for n € N, is known from [5]. It implies that, for n € N,

(2.3) R™ € €. \ &.

3. ADDITION THEOREM
3.1. Basic facts. We start recalling the following weak version of the Addition Theorem.

Lemma 3.1 (See [IL[7, 16, 28]). Let G1, G be locally compact groups that are either compact or totally disconnected,
or isomorphic to R™ for somen € N, and ¢1 € End(G1), ¢2 € End(Gs). Consider Gy x Gy with the product topology
and ¢1 X ¢2 € End(G1 X Gg) Then htop(¢1 X (bg) = htop(¢1) + htop(¢2)~

We now introduce other three levels of Addition Theorem.

Definition 3.2. Let G be a topological group.
(a) If H is a fully invariant closed subgroup of G,
AT(G,H)

means that AT (G, ¢, H) holds for every ¢ € End(G).
(b) If ¢ € End(G) and H is a ¢-invariant closed normal subgroup of G,

ATy (G, ¢, H) (respectively, AT°(G, ¢, H))

means that hep(¢) = hiop(¢ ) and htop(qgg/H) = 0 (respectively, hiop(¢) = htop((gg/H) and hyop(é [a) = 0).
(c) If H is a fully invariant closed subgroup of G,

ATy (G, H) (respectively, AT (G, H))
means that ATy(G, ¢, H) (respectively, AT°(G, ¢, H)) holds for every ¢ € End(G).

The following basic case of Addition Theorem was already proved in [I3] Corollary 4.17] in the general case of
all topological groups, here we give a short proof for the case of locally compact groups.
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Lemma 3.3. Let G be a locally compact group, ¢ € End(G) and H a ¢-invariant open normal subgroup of G. Then
ATy(G, ¢, H) holds.

Proof. By the hypotheses C(H) C C(G) and C(H) is a local base of G, 80 hiop(¢) = hiop(¢ [ 1) by Lemma[2.1] Since
G/H is discrete, hiop(pc/m) = 0 by Remark O

Corollary 3.4. Let G be a locally compact group and H a fully invariant open subgroup of G. Then ATy(G, H)
holds.

Next we give a useful application of Lemma [3.3

Corollary 3.5. Let G be a locally compact abelian group and endow D(G) with the unique group topglogy that makes
G an open topological subgroup of D(G). Then every ¢ € End(G) admits a continuous extension ¢ € End(D(G)),
and ATo(D(G), ¢, G) holds.

Proof. The existence of such extension ¢ of ¢ € End(G) to D(G) follows from the fact that D(G) is divisible. The
continuity of ¢ follows from that of ¢ since G is open in D(G). By Lemma ATy(D(G), ¢, G) holds. O

The next result shows that in order to verify AT (G) it suffices to verify AT(N) for a fully invariant open subgroup
of G.

Proposition 3.6. Let G be a locally compact group and N a fully invariant open subgroup of G. If AT(N) holds,
then also AT (G) holds.

Proof. Let ¢ € End(G) and let H be a ¢-invariant closed normal subgroup of G. Since N is fully invariant,
¥ = ¢ In€ End(N) is well defined. As AT(N, v, H N N) holds by hypothesis, we have that

(3.1) Piop () = hiop(¥ THAN) + htop(YN/HAN)-

By Lemma [3:3]

(3.2) htop(¢) = ht0p(¢) and htOp(T/) HAN) = htop(‘b [m)-
It remains to prove that

(33) htop(’(Z}N/HﬂN) = htop(ng/H)'

Indeed, (3.1), (3.2) and (3.3)) give that AT(G, ¢, H) holds.
The open subgroup N + H/H of G/H is ¢¢/p-invariant, so Lemma gives that, letting £ be the restriction of

Q_SG/H to N+H/H,
htop(g) = htop((bG/H)'
The quotient map ¢ : G — G/N is open, so is its restriction ¢ [y: N — ¢(N) = N + H/H onto the open subgroup

N + H/H of G/H. Hence, the canonical continuous isomorphism ¢ : N/H NN — N + H/H is a topological
isomorphism, and § is conjugated to ¥ n/gnn via t. Therefore,

htop(/(/;N/HﬁN) = htﬂp(é-)‘
This equality, along with the previous one, yields (3.3). O

3.2. Totally disconnected locally compact groups. The following proposition plays a prominent role in the
proof of our main results.

Proposition 3.7. Let G be a totally disconnected locally compact abelian group, Go a discrete abelian group, and
let G = Gy x Gy equipped with the product topology. If ¢ € End(G) and Gy is ¢-invariant, then AT°(G, ¢, Gz)
holds.

Proof. There exist ¢1 € End(G1), ¢2 € End(G2) and a continuous homomorphism ¢35 : G; — Ga, such that for
every (z,y) € G

o(z,y) = (¢1(2), 2(y) + d3(x)).
Let K € B(G1). Since Gs is discrete, the compact subgroup ¢3(K) of G must be finite. Therefore, V' = ker ¢3 N K
has finite index in K, so V € B(G1), that is, V' x {0} € B(G).
For every U € B(G) contained in V, and for every n € N,

Con(p,U x {0}) = (U x {0} N " (U x{0})N...n¢ " (U x {0})
={(z,0) €U x {0} | ¢¥(x) €U VE € {0,...,n —1}}
={(2,0) €U x {0} |z € ¢ "(U) VEk € {0,...,n — 1}}
= Cn(¢1,U) x {0}

This yields Hyop(¢, U x {0}) = Hyop(é1,U). Since B={U x {0} |U € B(G1), U CV} C B(G) is a local base of G,
by Lemma we conclude that hiop(@) = hiop(@1).
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Let o : G/G2 — G4, (z,y) + G2 — z, be the canonical isomorphism. Then 6 : G/Gy — G/G4 is conjugated
to ¢1 by «, and so we can conclude that hip(¢) = hiop(¢@) by Lemma ). On the other hand, hiop(¢ [q,) =
hiop(d2) = 0, as Gy is discrete. Therefore, AT°(G, ¢, Go) holds true. a

The following is a direct consequence of Proposition when Gs is fully invariant whenever identified with the
subgroup {0} x G5 of G.

Corollary 3.8. Let G be a totally disconnected locally compact abelian group, Go a discrete abelian group, and let
G = G1 x Gy equipped with the product topology. If Go is fully invariant, then AT°(G,G5) holds.

The above corollary applies directly in the following one.

Corollary 3.9. Let G be a totally disconnected locally compact abelian group and let Gy be a discrete abelian
group. Suppose that one of the following conditions is fulfilled:

(a) Gy is torsion-free and Gy is torsion;

(b) Gy is reduced and Gy is divisible.

Then, for G = G1 x Gy equipped with the product topology, AT°(G,Gs) holds.

We see now that under some suitable conditions the validity of AT(G) implies the validity of AT(G;) for a
topological direct summand G; of G.

Proposition 3.10. Let G = G1 x Gy be a locally compact abelian group, where G1 and Go are either compact, or
totally disconnected, or isomorphic to R™ for some n € N. If AT(G) holds then both AT(G1) and AT (G2) holds.

Proof. Obviously, it is enough to check AT(G1). To this end fix ¢; € End(G1) and a ¢;-invariant closed subgroup
H of Gl-

Consider ¢ = ¢1 x 0 € End(G), so that ¢ [¢,= ¢1 and ¢ [g,= 0. This yields hiop(¢ [@,) = 0. Therefore,
Lemma [3.] gives

(34) htop((b) = htop(¢ FG'1> = htop(¢l>‘

Note that H is also a ¢-invariant closed subgroup of G. Since AT(G, ¢, H) holds in view of our hypothesis AT(G),
we have that

(35) htop(¢) = htop(¢ [H) + htop(q_SG/H) = htop(¢1 rH) + htop(a)G/H)-
Since G/H = G1/H x G5 and d_)G/H is conjugated to ¢ = (¢1)G1/H X ¢ gy, by Lemma and Lemma ),

htop(ggG/H) = htop(w) = htop(@Gl/H)'

Along with (3.4) and (3.5)), this implies hiop(P1) = htop(d1la) + htop((¢1)G1/H), ie., AT (G4, ¢1, Hy) holds. O
Next we prove a natural instance of the Addition Theorem with respect to the kernel of the endomorphism.

Theorem 3.11. Let G be a totally disconnected locally compact group and ¢ € End(G). If there exists a local base
B C B(G) of G such that, for every U € B, ¢~"(U) is normal in G for every n € N, then AT°(G, ¢,ker ¢) holds.

Proof. Clearly, hop(¢ [kery) = 0, since @ [ier ¢= 0.

It remains to verify that hiop(d) = hiop(4), where we denote ¢ = g{)g/ kerp- Since Piop(9) < hiop(0) by
Lemma a), we are left with the converse inequality.

Denote by 7 : G — G/ ker ¢ the canonical projection. Moreover, recall that 7(B(G)) = {#n(U) | U € B(G)} C
B(G/ ker ¢) is a local base of G/ker¢ (see [16, Corollary 2.5]). Let U € B and n € N;. It follows from our
hypothesis that N = ¢=1(U)N...N¢~"T1(U) is a normal subgroup of G, so w(NN) is a normal subgroup of G/ ker ¢.

Therefore,
u _UN _«(UN) _ =(U)r(N)

_UN _ _ L) wU)
Cn(o,U) N w(N) w(N) mU)N7(N) Cu(o,w(U))’

hence, B
[U: Cn(9,U)] = [7(U) : Cn(, w(U))]-
Therefore, Hyop (¢, U) = Hyop(¢, m(U)) and finally hyop(¢) = hiop(¢) by Lemma 2.1} and ([2.1). O

3.3. Reduction to locally compact abelian p-groups. Following [II], for a topological abelian group G we
denote by B(G) the set of all compact elements of G, that are the elements of G contained in a compact subgroup
of G. Hence (by definition), B(G) is the largest compactly covered subgroup of G, therefore it is fully invariant G.
Also the subgroup

w(G) = B(G) + ¢(GQ)
is fully invariant, and, if G is locally compact, @(G) is also open in G (see [I1], Proposition 3.3.6]). This means that
B(G) itself is open in G if and only if G contains no copies of R, i.e., ¢(G) is compact.

Proposition 3.12. Let G be a locally compact abelian group. Then ATy(G,w(G)) holds.
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Proof. As mentioned above, the subgroup @w(G) is open and fully invariant. Therefore, Corollary applies. O

If G is a locally compact abelian group, for every p € P, the subgroup G, is compactly covered. Since the closure
G, contains ¢(B(G)) = ¢(G)NB(G), and since ¢(B(G)), # {0} whenever ¢(B(G)) # {0}, G, is closed (equivalently,
locally compact) if and only if ¢(B(G)) = {0} (i.e., G contains no non-trivial compact connected subgroups). In
particular, G,, is closed precisely when G is totally disconnected.

loc

Every periodic locally compact abelian group G (i.e., G = B(G) and ¢(G) = {0}) is alocal product [ cp(Gp, Kp),
where K € B(G) (see [6]). Let us recall that this is the subgroup

(xp)p € H G, | zp € K, for all but finitely many p € P
p€eP

of [[,cp Gp endowed with the topology with respect to which [],cp K} is open.

Proof of Theorem [I.8l First we prove that, for the totally disconnected locally compact abelian group G,
(3.6) hiop(®) = Y hiop(@ I6,)-
peP
Since ¢(G) = {0}, ATo(G, B(G)) holds, according to Proposition Therefore, hiop(d) = hiop(¢ [B(c)). Since
G, = B(G),, for every p € P, we may assume without loss of generality that G is periodic, i.e., G = B(G). Hence,

loc
we can write G as G =[] p(Gp, K;p), where K, € B(G,,) for every p € P and K =[] _p K,. For every p € P, G,

peP peP
is fully invariant in G, so it makes sense to consider ¢ [g,.
For each n € N, let P, be the set of the first n primes and consider the splitting
loc
G =Gy X Hy, where G, = H G, and H, = H (Gp, Kp).

pEP\Py,
pEP,

Since both G,y and H,, are fully invariant in G, by Lemma [3.1] we have that
htop((vb rB(G)) = htop(¢ {G(")) + htop(¢ an) = Z htop(¢ er) + htop(¢ rHW)

p€EP,
Since hiop(¢ [g,) > 0 for every p € P, this equality gives us (3.6) in both cases, when the series ZPGP hiop(9 lc,)
converges and when it diverges.

We prove now the second part of the theorem.

(a) If AT(G)) holds for every for p € P, then also AT(G) holds.
(b) In case G is periodic, AT(G) holds if and only if AT(G,) holds for every p € P.

loc

First we assume that G = B(G) is periodic and write G = [] cp(Gp, K;), where K, € B(Gp) for every p € P’ and
K= HpeIP’ K,.

loc
Assume that AT(G) holds, fix ¢ € P and consider the group G* = Hpe]p\{q}(Gp,Kp). Hence, G = G* x G,.
Therefore, AT(G),) follows from Proposition This concludes the proof of the additional implication in item

(b).
Now assume that AT(G,) holds for every p € P. Let ¢ € End(G) and let H be a ¢-invariant closed subgroup of
G. Then

loc
H= HpeP(Hp, Hy, N Kp),
where H, = H N G,. Indeed, H is a periodic locally compact abelian group and for every p € P the subgroup
H,NK,=H,NK € B(H,). Moreover,
loc
G/H= Hpep(Gp/Hw (Kp + Hp)/H,p),
where (K, + H,)/H, = H,/(H, m:Kp)‘
By (3.6)) applied to G, ¢, G/H,¢ and H, ¢ g, we get
htop(¢) = thop(¢ [Gp)a htop(¢G/H) = thop(¢ FG,,/H,,) and htop(¢ rH) = thop(¢ er)-
peP peP p€EP

Since AT(G,) holds for every p € P, we have
hiop(® 1G,) = htop(9 T1,) + hiop(® 1,/ m,)

and we are done.
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We end with the general case of the proof of (a), for a totally disconnected group G, supposing that AT (G,) holds
for every p € P. Since ¢(G) = {0}, B(G) is a fully invariant open subgroup of G. Moreover, since B(G) is periodic
and B(G), = G), for every p € P, we deduce from the above argument that AT(B(G)) holds. By Proposition
we conclude that AT(G) holds as well. O

Note that in the above proof the subgroups G/, x HPGP\H% K, form an increasing chain of open subgroups of
G = U,.eny G(n), but these subgroups need not be invariant.

3.4. The Addition Theorem for Q. An important instance of Addition Theorem is given by the following
example, where we have a locally compact abelian p-group which is not compact. A more general result will be
given in Proposition [4.8] nevertheless we anticipate this particular case which can be checked directly, without any
recourse to the highly non-trivial Theorem

Example 3.13. Let G = Z, x Q,, for a prime p, and ¢ € End(G). Since Q, = d(G), it is fully invariant, so in
particular it is ¢-invariant. We prove that
(3.7) ATy(Z, x Qp,Q,) holds.
Since d(G) = {0} x Q, is a fully invariant subgroup of G, there exist ¢1 € End(Z,), ¢2 = ¢ [g,€ End(Q,), and
a continuous endomorphism ¢3 : Z, — Q, such that for every (z,y) € G,
o(z,y) = ($1(2), P2(y) + ¢3(2)).
Therefore, there exist £, € Z, and &,&3 € Q, such that ¢;(z) = &z for i € {1,2,3}. Let p* = |&|, with the
convention that ¢; = —oo in case & = 0 since |0, = 0.
Let us see that
0 if 45 <0,
(3~8) ht0p(¢2) = . 2=
lylogp if 45 > 0.

In fact, consider the local base B = {p*Z, | k € N} C B(Q,). Then, for every k,n € N,

7, if £5 <0,

Cry1(92,0"Zp) =
+1(p2,0"Zyp) {pk+néazp if £5 > 0,

and so
0 if £5 <0,

Hiop(po, pFZ,) =
top (027" Zy) {églogp if £y > 0.

By Lemma we obtain (3.8).
Next we verify that
0 if 03 <0

3.9 hio =
(39) top(¢) {52 logp if {5 > 0.

Consider the local base B = {p*Z, x p*Z,, | k € N, k > £y} C B(G). For U = p*Z,, x p*Z,, € B and for every n € N,
one has

U if 45 <0,
Crur(6,U) = >
n+1(¢ ) {pkzp % pk“""Z?Zp if {5 >0,
and so
1 if 65 <0
U : C aU = ~ 0
[ n—‘,—l(d) )] {p’H,éQ if 62 > 0.
Hence,

0 if 0, <0,

Hyop(6,U) =
top(¢: U) {emgp if 05 > 0.

By Lemma we conclude that (3.9) holds.
Now (3.8)) and (3.9)) give (3.7).
Consider ¢ € End(G/Q,). Since G/Q, = Z,, by Corollary we conclude hyop,(¢) = 0. Hence, ATy(G, ¢, Q,)
holds, as announced above.

Proof of Theorem [I.9l Let G = Qp and ¢ € End(Q}), and let H be a ¢-invariant closed subgroup of G. Being
a closed subgroup of G,

H=17"xQp withl=m+k <n.
Since G is divisible, we may assume without loss of generality that D(H) C G. Moreover, D(H) is a ¢-invariant
closed subgroup of G. Indeed, being a closed subgroup, H is a Z,-submodule of Qy, so its divisible hull D(H) is
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a Qp-submodule of G; the isomorphism D(H) = le implies that D(H) is locally compact, hence complete, and
therefore D(H) is a closed subgroup of G.
Since H is open in D(H), by Corollary |3.5| we have that

(310) htop(?ZS rH) = hz&op(qS {D(H))'

Since D(H)/H is a discrete ¢ /g-invariant subgroup of G//H, and since the endomorphism induced by bc /H on
(G/H)/(D(H)/H) is conjugated to ¢/ p(rr), by Lemma b9 and by Proposition we have that

(3.11) hiop(Pc 1) = htop(Dc/p(m))-
Therefore, it remains to show that AT(G, ¢, D(H)) holds, that is,

htop(¢) = htop(¢ rD(H)) + htop(a)G’/D(H))'

Since D(H) 2 QL is divisible, then G = D(H) x L, where L < Q) and L = Qg’l. Being G a Q,-vector space, ¢ is
a Qp-linear transformation, and since D(H) and L are Q,-linear subspaces of Q) with D(H) ¢-invariant, we have
that ¢ is induced by a matrix A € M,,(Q,) of the form

(A O
=5 4)
where A; € M;(Q,) induces ¢ [pgy and Ay € M,,_(Q,) induces ¢o : L — L, where ¢, is conjugated to ég/D(H).
Since A has the same eigenvalues of
A 0
0 Ay)’

which is the matrix of ¢ [p(g) X¢2, by Theorem and Lemma (b), we conclude that
Piop(9) = hiop(® D)) + Prop(d2) = hiop(® 1 peery) + Peop(dcypia))-
This concludes the proof in view of (3.10) and (3.11)). O

We are not aware whether AT(G) holds for every locally compact abelian p-group G with rank,(G) < oo (see

Question .

4. LOCALLY COMPACT ABELIAN GROUPS IN €_.,, AND &

4.1. General facts on €_, and &;. The classes &, and €, are obviously stable under taking direct summands.
Moreover, they are also stable under taking extensions with respect to fully invariant closed subgroups satisfying
the Addition Theorem in the sense of Definition b):

Lemma 4.1. Let G be a locally compact abelian group with a fully invariant closed subgroup H such that AT(G, H)
holds.

(a) If HE E.op and G/H € €, then G € €.
(b) If H € €& and G/H € &, then G € €.
Assume that ATy(G, H) holds.

(G//) ]fH € €<OO; then G € €<(X>'
(b/) [fH € &, then G € &.

Note that for G € &, the conjunction of H € &, and G/H € & for a fully invariant closed subgroup H obviously
implies that AT(G, H) holds.

Remark 4.2. One may ask whether the implications in Lemma can be inverted. To show that the answer is
negative, at least in the cases (a) and (b), we make use of the examples of compact abelian p-groups G € &g of
weight ¢ from Remark Let us see that G has a fully invariant closed subgroup H with G/H ¢ €.,. Since
|G| = w(G) = ¢, one has rp(é) = |G| = ¢, and consequently G[p] = . Z(p). Therefore, G/pG = Z(p)* & €. (see
Example .

The following is a direct application of Lemma [3.5]

Lemma 4.3. Let G be a locally compact abelian group and endow D(G) with the unique group topology that makes
G an open topological subgroup of D(G).

((],) IfD(G) € €<(X>; then G € €<00'

(b) [fD(G) € &, then G € &.

We are not aware if the implication in the conclusion of the Lemma [£:3] can be inverted, see Question [6.1
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4.2. Reduction to locally compact abelian p-groups. Since we want to determine when a locally compact
abelian group G is in €., the following lemma gives a sufficient condition in terms of the open fully invariant
subgroup w(G) of G.

Lemma 4.4. Let G be a locally compact abelian group. If w(G) € €., then G € E. .
Proof. Follows from Lemma as ATy(G,w(G)) holds by Proposition O

A locally compact abelian group G can be identified with R™ x G with the product topology, for some n € N
and with B(Gp) # 0. Since R" contains no non-trivial subgroups, B(G) C Gy. On the other hand, ¢(G) = R" x K,
where K is compact and connected, so w(G) = B(G) + R™.

While B(G) is fully invariant in G, R™ is fully invariant in G if and only if B(G) is totally disconnected, that is,
¢(B(G)) = ¢(G) N B(G) = {0}. Under this assumption, ¢(G) = R™ and w(G) = B(G) x R™ topologically, and we
see that w(G) € €., when B(G) € €.

Lemma 4.5. Let G be a locally compact abelian group such that ¢(B(G)) = {0}. Then

(4.1) hiop(P) = hiop(@ [e(a)) + Ptop(@ [B()) for every ¢ € End(G).
Consequently, if B(G) € €. then G € €.

Proof. First we note that ATo(G, w(G)) holds by Proposition m hence hyop(¢) = hiop(¢ [w(a)). Moreover, the
open subgroup G; = w(G) of G satisfies B(G1) = B(G) and ¢(G1) = ¢(G), so we may assume without loss of
generality that G = w(G).

As ¢(G) =R"™ x ¢(B(G)) for some n € N, our hypothesis implies that ¢(G) = R™ and ¢(G) N B(G) = ¢(B(G)) =
{0}. This gives the isomorphism G = B(G) x ¢(G). Since both ¢(G) and B(G) are fully invariant in G, holds,
by Lemma [3:1}

The last assertion follows from and . g

The following result covers Theorem It permits the crucial reduction to the case of locally compact abelian
p-groups.
Proposition 4.6. Let G be a locally compact abelian group such that ¢(B(G)) = {0}. Then:
(a) G € €. whenever G, € €., for every p € P and G, € &y for almost all p € P;
(b) G € & whenever G is totally disconnected and G, € &y for every p € P.
If G = w(G), then also the converse implications hold. In particular, G € €., if and only if B(G) € €.

Proof. If ¢ € End(G), by Theorem and Lemma we have hiop(d) = hiop(@ [e(a)) + ZpEP hiop(¢ lc,). The
conclusion follows since hyop(¢ I, ) € log Ny U {oo} for every p € P by (2.2).

Assuming G = w(G), we have a direct product G = ¢(G) x B(G), where ¢(G) = R™ for some n € N. Since
for every p € P the fully invariant closed subgroup G, = B(G), is a direct summand of B(G), we have that G,
is a direct summand of G. Therefore, G € €, implies that ¢(G) = 0 in view of (2.3), and that each G, € &, by
Lemma 3.1} Similarly, G € €., implies G}, € €., for every p € P.

The last assertion follows from the fact that under the assumption G = w(G) the subgroup B(G) is a direct
summands of G, so Lemma [£.5] applies. O

4.3. Locally compact abelian p-groups in €., and in &;. In the following example we see that €., contains
locally compact abelian p-groups G with rank,(G) infinite, and that the same abelian group G may be endowed
with two different locally compact topologies 71,75 with (G, 1) € € and (G, 72) € €.

Example 4.7. Any torsion abelian p-group of infinite rank (e.g., the group Z(p)") equipped with the discrete
topology belongs to €y C €., by Remark 2.4] and it has finite p-rank.
On the other hand, Z(p)Y endowed with the compact product topology does not belong to ... In fact,
Z(p)N = (Z(p)M)N and, letting K = Z(p)", the one-sided left Bernoulli shift
o: KN = KN (20,21, 20,...) — (21,29, 23,...),
has infinite topological entropy [7, [12]. A similar argument shows that the compact group Z(p)* belongs to €.,
for no infinite cardinal x (just note that Z(p)~ = (Z(p)*)N).

In the following proposition we see how one can compute the topological entropy of a continuous endomorphism
of a locally compact abelian p-group G with rank,(G) < cc.
Note that for G = Zp* x Qp2 x Z(p>)"* x F}, with n1,n,n3 € N and F}, a finite p-group, the subgroup

d(G) = Q> x Z(p>)"
is fully invariant in G, hence the subgroup ¢(d(G))) = Z(p>°)™ is fully invariant in G. Moreover,
d(G)/1(d(G)) = d(G/HG)) = Qp?
and for elements of End(Q}?) the topological entropy can be explicitly computed by applying Theorem [2.5
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Proposition 4.8. Let G be a locally compact abelian p-group with rank,(G) < oo and ¢ € End(G). Then

Piop(®) = hiop (PG /t(c) Tacyua))) -

Proof. By Theorem we can assume that G = Zp* x Qp? x Z(p™)"* x F,, for some ny,ng,n3 € N and a finite
p-group Fj,.
Since t(G) = Z(p™)"s x F,, Corollary [3.9] entails

(4-2) htop(¢) = htop(Q_SG/t(G)),
where ¢ ¢(c) € End(G/t(G)) is induced by ¢ and G/t(G) = Z7* x Qi2. For
H =GJHG) = 7 x Q2
note that
D(H) = QI x Q.

Since the subgroup d(H) = Qp? is fully invariant in H, CBG/t(G) is conjugated to a 1 € End(Z;* x Q}?) such that,
for every (z,y) € Zy* x Qp?,

P, y) = (Yr(2), P2(y) + ¥s()),

where ¢ € End(Z;'), 12 € End(Q}?) and ¢35 : Zp* — Qp? is a continuous homomorphism. Note that 1y is
conjugated to ¢ la(zry- By Lemma [2.3(b),

(43) htop(w) == htop(q;H) and htop(wQ) == htop((Z_SH rd(H))

Since the subgroup Z;* is open in Qp*, Lemma gives that 1, extends to 1;1 € End(Q;}l), 1 extends to
¥ € End(Q x Qr2),

(4.4) Piop (1) = Ttop(1)  and  Taop(¥) = htop().

Since Q2 is z/:—invariant, @Z [gr2= 12 and the endomorphism induced by 7]1 on Qp* x Q2 /ng is conjugated to 1[)1,
by Theorem and Lemma b), we deduce that

htOP('Jj) = htop(’(/}Q) + htop('l/;l)~
Since hyop(1) = 0 by Corollary from , and we have that
htop(¢) = htop(w) = htop('l/;) - htop(z/}Z) = htop(d_)H rd(H))a

as required. O
We are ready to prove Theorem |1.5)

Proof of Theorem [1.5l By Theoremwe can assume that G = Zp' x Q2 XZ(p>)"s x F,, for some ny,ng,ng € N
and a finite p-group F,.

By Proposition for ¢ € End(G), we obtain hiop(¢) = hiop (ggg/t(g) [d(G/t(G))). This value is finite since
d(G/t(G)) = Qp? and Q2 € €. by Theorem Hence, G € €.

We verify now that G' € &g precisely when ny = 0. If ny # 0, then G ¢ €, because Q> ¢ €, by Example or
by Theorem Assume that ny =0, so

G =Z,* x L(p™)"* x .

By Remark [2.4| we have that ¢(G) = Z(p™)"* x I}, € &, while Z* € & by Corollary Since AT(G,t(G)) holds
in this case by Corollary [3.9] we conclude that G € €, by Lemma [£.1] O

Combining Proposition [.6] with Theorem [1.5] we obtain the proof of Theorem

Proof of Theorem [I.6l Let G be a locally compact abelian with ¢(B(G)) = {0} and rank,(G,) < oo for every
peDP.

(a) If >° eprke, (d(Gp)) < oo, then rkg, (d(Gp)) < oo for every p € P and rkg, (d(Gp,)) = 0 for almost all p € P.
By Theorem @, this means that G, € €. for every p € P and G, € &g for almost all p € P, and so G € €. by
Proposition [1.6]

(b) If ¢(G) = {0} and rkg, (d(Gp)) = 0 for every p € P, then G, € & for every p € P by Theorem and so
G € &y by Proposition

Analogously one can prove the converse implications under the assumption G = w(G). ([
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5. THE SCALE
If G is a totally disconnected locally compact group and ¢ € End(G), the scale of ¢ was defined in [30] as
s(6) = min{[6(U) : U N 6(U)] | U € BG)}.
By [16], Proposition 4.8], we have that always

(5.1) log s(¢) < htop()-

A subgroup U € B(G) is minimizing for s(¢) if the minimum in the definition is attained at U, that is, s(¢) =
[p(U) : UnN ¢(U)]. Obviously, every ¢-invariant subgroup U € B(G) is minimizing and witnesses the equality
s(¢) = 1; in particular, s(¢) = 1 for every ¢ € End(G), if G is either compact or discrete.

The nub nub(¢) of ¢ is the intersection of all minimizing subgroups of s(¢); by [16, Corollary 4.6 and Corollary
4.11] nub(¢) is a compact subgroup of G such that ¢(nub(¢)) = nub(¢) and

hiop(¢) = log s(¢) if and only if nub(¢) = {1}.
In [3l Theorem 3.32] several conditions equivalent to nub(¢) = {1} are given in case ¢ is a topological automorphism.
The scale can be computed also by using the following useful formula, called Moller’s formula.

Fact 5.1 (See [30, Proposition 18]). Let G be a totally disconnected locally compact group and ¢ € End(G). If
U € B(G), then
s(¢) = lim [¢"(U) : U N ¢" (V)]

n—oo

In the abelian case ¢™(U)/(U N¢™(U)) = (U + ¢"(U))/U, hence Moller’s formula can be written as

n

(5.2) s() = lim | 229"(0)

n—00 U

The counterpart of the Addition Theorem, namely s(¢) = s(¢ [H)s(&g/H), does not hold for the scale (see [4]
Remark 4.6]). Nevertheless, by applying the formula in ([5.2) we can easily extend the following monotonicity needed
below to all continuous endomorphisms.

Lemma 5.2. Let G be a totally disconnected locally compact abelian group, ¢ € End(G) and H a ¢-invariant closed
subgroup of G. Then s(¢) > max{s(¢ [u),s(¢c/m)}-

Proof. By [16, Corollary 2.5], B(H) ={UNH |U € B(G)} and n(B(G)) = {=n(U) | U € B(G)} C B(G/H) is a local
base of G/H.
Let U N H € B(H). Then, for every n € N,

U+¢™(U) S U+¢"(UNH) _ U+(UNnH)+¢"(UNH)

U - U U
~ WUnH)+¢"UNnH)  (UnH)+¢"(UNH)
T UN((UNH)+¢"(UNH)) UNH

To conclude that s(¢ [g) < s(¢), apply (5.2).
Let now 7(U) € n(B(G)). Then U 4 ¢™(U)/U has as a quotient

U+¢"(U) LU+¢"U)+H [ aU+¢"(U)+H) #w(U+¢"U) 7U)+ (da/u)"(x(U))
(U+H)N(U +¢m(U)) U+ H o (U + H) N w(U) n m(U)
To conclude that s((ﬁg/H) < s(¢), apply . ]

The p-adic Yuzvinski’s formula for the scale was given for topological automorphisms of Qp in [4, Theorem 5.2]
(see also [I7] for more general results) and can be generalized to continuous endomorphisms applying the same
argument.

Theorem 5.3. Let n € N and ¢ € End(Qy). Then s(¢) = HIMP>1 [Ailp, where {\; | i € {1,...,n}} are the
eigenvalues of ¢ in some finite extension K, of Q,.

From Theorem [2.5] and Theorem [5.3] we get immediately the following equality.
Corollary 5.4. Let n € N and ¢ € End(Qp). Then hiop(¢) = log s(6).

We extend Corollary @ to all locally compact abelian p-groups of finite rank, in the next result which covers
Theorem

Theorem 5.5. Let G be a locally compact abelian p-group with rank,(G) < oo and let ¢ € End(G). Then hiop(¢) =
log s(¢) and nub(¢) = {0}.
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Proof. By Theorem we can assume that G = Zp' x Qp? x Z(p™>)"* x [}, for some ny,ng,n3 € N and a finite

p-group Fj,. By Proposition hiop(®) = htop(q_ﬁg/t(c) la(a/e(ay)), where d(G/t(G)) = Qp2. By Lemma and
Corollary B B

log 5(¢) > log s(da e laa/ta))) = Mop(Payea) laayea)))-
Since log s(¢) < hyop(¢p) by (5.1), we obtain the thesis. O

6. FINAL COMMENTS AND OPEN QUESTIONS

6.1. The abelian case. We start with a question related to Lemma |4.3]
Question 6.1. Let G be a locally compact abelian group and endow D(G) with the unique group topology that makes
G an open topological subgroup of D(G).
(a) Does G € €., imply D(G) € € ?
(b) Does G € & imply D(G) € €,?

According to Theorem a), a locally compact abelian group G € €., is finite-dimensional. This motivates
us to focus on finite-dimensional locally compact abelian groups in the sequel.

Theorem leaves open the following questions. A positive answer to both items would completely reduce the

problem of understanding the structure of the locally compact abelian groups in €., to the totally disconnected
case.

Question 6.2. Suppose that G is a finite-dimensional locally compact abelian group.
(a) Does G/c(Q) € € imply G € Ecp?
(b) Does G € €., imply G/c(G) € €., ?
According to Theorem au)7 the answer to item (a) is affirmative for compact abelian groups. On the other
hand, the answer to item (b) is not known even for compact abelian groups (see [12, Question 7.3]).
We do not know whether the implication in Lemma can be inverted:
Question 6.3. Does G € €., imply w(G) € €. for a locally compact abelian group G ¢

A positive answer to this question would allow us to work in the case when G = w(G). Assuming also that
¢(B(G)) = {0} (i.e., B(G) is periodic), in Proposition [4.6) we saw that G € €., if and only if B(G) € €.. So
the study of the locally compact abelian groups in €., would be reduced to the case of periodic locally compact
abelian groups, for which Theorem gives a further reduction to locally compact abelian p-groups.

Question remains open even in the totally disconnected case, when w(G) = B(G):

Question 6.4. Suppose that G is a totally disconnected locally compact abelian group. Does G € €, imply
B(G) € €. ?

The answer is positive whenever G is divisible, since in this case every continuous endomorphism of B(G) extends
to an endomorphism of G, as G is divisible and B(G) is an open subgroup of G.

Theorem stating that the Addition Theorem holds for Qy, leaves open the following general question.

Question 6.5. Does AT(G) hold for every locally compact abelian p-group G ¢ What about locally compact abelian
p-groups with rank,(G) < co?

According to Theorem an affirmative answer to the first part of the above question would imply that AT(G)
holds for every totally disconnected locally compact abelian group. We conjecture that the answer is affirmative at
least in the second more restrictive version.

6.2. The non-abelian case. Finally, we report a few comments regarding the non-abelian case.
Following [22], for a compact p-group G and n € N, consider the subgroup

(@) ={g g7 =1}),
which is obviously fully invariant in G.
Lemma 6.6. If G is a compact p-group such that B = {Q"(G) | n € N} C B(G) is a local base of G, then G € &.
Proof. Tt suffices to apply Corollary O

An instance of the above lemma, are the groups Z; x I}, where n € N and [}, is a finite p-group.

In order to provide another example we need to recall first a family of non-abelian locally compact nilpotent
groups of nilpotency class 2 with significant applications in theoretical physics and Lie theory. The Heisenberg group
on a commutative unitary ring R is the group of all (3 x 3)-matrices

1
H(R) = {M(a,b;2) | a,b,z € R}, where M(a,b;z)= {0
0

O = Q
—_ oW
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The group H(R) is nilpotent of class 2, since
Z(H(R)) = H(R)" = {M(0,0;2) | z € R} = (R,+) and H(R)/Z(H(R)) = (R, +) x (R, +).
When R is a topological commutative unitary ring, H(R) is equipped with the product topology induced by R?.

One can see that H(Z,) is a compact p-group, while H(Q,) is a locally compact p-group; for both these groups
rank, equals 2. Here, following [18], we take as a definition of rank,(G) of a locally compact group G, the equivalent
condition mentioned in the introduction, that is, rank, (G) is finite if there exists n € N such that every topologically
finitely generated subgroup of G is generated by at most n elements, and rank,(G) is the smallest n € N with such

property.
Example 6.7. The group H(Z,) satisfies the hypothesis of Lemma hence H(Z,) € &,.

While H(Z,) € €, comes as an application of Lemma for H(Q,) we prove the following result using several
versions of the Addition Theorem and specific algebraic properties of the Heisenberg groups.

Theorem 6.8. The group G = H(Q,) satisfies G € €. \ &.
Proof. To check that G & &, let
¢:G— G, M(a,b;z) — M(a/p,b;z/p).

Then ¢ € Aut(G), so by the Addition Theorem for topological automorphisms of totally disconnected locally
compact groups in [16],

(6.1) Piop(®) = hiop(® [2(6)) + hiop(Dcy2(6))-
Since
(6.2) 2(G)=Q, and G/Z(G)=QZ

and ¢ [z(g) is conjugated to the multiplication by 1/p of Q,, by Lemma b) and Example we conclude that
htop((b) > htop(¢ rZ(G)) =logp > 0.

It remains to verify that G € €.. To this end, fix ¢ € End(G) and let N = ker ¢; we have to prove that
htop(¢) < 0.

Assume that N = {1}. We show that ¢ € Aut(G). Indeed, since Z(G) is fully invariant, ¢ [7(g) is an injective
endomorphism of Z(G) = Q,, hence ¢ |z(g) is an automorphism of Z(G). In particular, ¢~*(Z(G)) = Z(G), so
the induced endomorphism ggg/z(g) :G/Z(G) — G/Z(G) is injective as well. As G/Z(G) = Q, x Qy, ég/z(g) is an
automorphism of G/Z(G). This proves that ¢ is a bijective continuous endomorphism of G. Since H(Q,) is locally
compact and o-compact, ¢ is a topological automorphism by the Open Mapping Theorem (see [19, Theorem 5.29]).
In view of y Lemma b) and by Theorem hiop(¢ 12(c)) < oo and htop(gzg/z(g)) < 00, SO we can
conclude with (6.1)) that hop(¢) < oco.

Now suppose that N # {1}. First we show that H = NN Z(G) # {1} and then the inclusion Z(G) C N.
Indeed, if H = N C Z(G), there is nothing to prove, as N # {1}. If there exists a non-central element y € N,
then there exists © € G such that the commutator [z,y] # 1. This implies H = NN G # {1}, as [z,y] € N.
Then H is a non-trivial closed subgroup of Z(G), hence Z(G)/H is torsion in view of (6.2). On the other hand,
Z(G)/H = ¢(Z(Q)) is (isomorphic to) a subgroup of G, hence torsion-free as G itself. Consequently Z(G)/H is
trivial, that is H = Z(G) C N.

Since N contains Z(G) = G’, Theorem is applicable and gives hyop(¢) = hiop(dg/n). Since G/N is
isomorphic to a quotient of G/Z(G), we get G/N € €. by (6.2) and in view of Theorem [1.5] Therefore,
htop(¢) = htop(d)G/N) < 00. O

This theorem motivates the following:
Conjecture 6.9. Every nilpotent locally compact p-group G with rank,(G) < 0o is in €.

Due to the Addition Theorem for topological automorphisms of totally disconnected locally compact groups
from [16], it is not hard to deduce from Theorem an affirmative answer of the above conjecture for topological
automorphisms.

Since totally disconnected locally compact groups are precisely the zero-dimensional ones, now we impose again
finiteness of the dimension, instead of finiteness of the rank. We conjecture that the following question has a positive
answer in the abelian case. This is inspired by the implication in the first part of Theorem a).

Question 6.10. If G is a finite-dimensional connected locally compact group, can we assert that G € €, ?

According to [5, Corollary 16], the answer is affirmative for Lie groups. On the other hand, it is affirmative also
for compact groups. Indeed, the second part of Theorem [I.1j(a) (this is [I2, Theorem A]) works also for classes of
compact-like groups other than locally compact (e.g., w-bounded, or simply pseudocompact, etc.). In particular,
G € €., if G is a finite-dimensional connected pseudocompact group by [12, Proposition 4.4]. So, one can try to
further push the study of the class €., in the framework that simultaneously generalizes both locally compact and
pseudocompact groups, namely, that of locally pseudocompact groups.
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