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A B S T R A C T

The quality and timbre of disordered voices heavily rely on the vibration properties of the vocal folds.
We discuss the representation of sagittal phase differences in vocal fold oscillations through a numerical
biomechanical model involving lumped elements as well as distributed elements, i.e., delay lines. A dynamic
glottal source model is proposed in which the fold displacement along the vertical and the sagittal dimensions
is modelled using delay lines. In contrast to other models, with which the reproduction of sagittal phase
differences is impossible (e.g., in two-mass models) or not easy to control (e.g., in 3D 16-mass and multi-mass
models in general), the one proposed here provides direct control over the amount of phase delay between
folds’ oscillations at the posterior and anterior part of the glottis, i.e., the sagittal axis, and at the superior and
inferior part of the glottis, i.e., the vertical axis, while keeping the dynamic model simple and computationally
efficient. The model is assessed by addressing the reproduction of oscillatory patterns observed in high-speed
videoendoscopic data, in which sagittal phase differences are observed. Also, timing asymmetry parameters
observed in hemi glottal area waveforms (GAWs) are used for fitting.
1. Introduction

Model-based descriptions of vocal fold vibration are central to
the understanding of the human voice’s function. In particular, voice
quality depends on the properties of vocal fold vibration. An important
property of vocal fold vibration is the spatial difference of the vibra-
tory phases, which commonly occurs in pathological, but also healthy
phonation [1–5]. The potential clinical application of such model-
based descriptions are to find normative and nonnormative ranges of
mechanical vocal fold parameters, which enable distinction of normal
and abnormal voice to support the indication, selection, evaluation as
well as optimization of medical treatment techniques. These treatment
techniques include voice therapy conducted by speech-language pathol-
ogist/logopedists, or phonosurgery, which includes surgery that aims at
improving voice quality.

When observing vocal fold oscillatory patterns, vertical, sagittal,
and lateral phase differences are distinguished. Vertical phase differ-
ences are known to play a pivotal role in the biomechanics of the
self-sustained oscillation of the vocal folds, as they promote the transfer
of energy from the transglottal airflow to the vocal fold kinetics. The
inferior parts of the vocal folds are normally ahead of the superior parts,
which results in convergence of vocal folds during vibratory opening,
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and divergence during closing. Lateral phase differences, i.e., phase dif-
ferences between the left and the right vocal fold, are primarily caused
by differences of mass and tension of the vocal folds, and thus typical
for laryngeal paralyses, as well as for vocal fold lesions. However, a
lack of understanding vocal fold vibration patterns involving sagittal
phase differences is observed. In this work, the pathologies for which
we observe phase differences are functional voice disorders (3 subjects),
Reinke’s edema (2 subjects), bamboo nodes (1 subject), and laryngitis
(1 subject). Data of two healthy subjects involving phase differences
are also included.

Video data acquisition and processing are already recognized as
essential tools for voice quality assessment and medical diagnosis.
Processing strategies that are particularly relevant include videokymog-
raphy, which enables visualization of lateral differences [6], multislice
videokymography, which extends the former to enable visualization of
sagittal differences [7], and phonovibrography, which enables visual-
ization based on graphical segmentation of the glottal gap [8]. Recent
research discussing connections between biomechanical modelling of
the folds and high-speed videoendoscopic or videokymographic tech-
niques can be found in [9–11]. A multi-parameter approach that aims at
indicating zipper-like sagittal phase differences during glottal opening
was proposed recently [12].
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Voice source analysis through numerical models of the vocal folds
oscillatory patterns is nowadays an established research field, and reli-
able glottal models of different accuracy and complexity are available
that mimic the mechanics of the folds [13–17]. An efficient kinematic
model is the phase-delayed overlapping sinusoids (PDOS) model which
enables modelling vertical, but not sagittal phase differences in an
explicit way [18,19]. Also, existing biomechanical models of the folds
based on lumped elements (masses, springs and dampers) either cannot
reproduce sagittal phase differences (as the two-mass model) or do not
enable control of the phase difference in an easy and direct way (as,
for example, in the 3D 16-mass model, in which the phase difference
depends on a number of parameters). Another model enabling sagittal
differences but no direct control thereof uses empirical eigenfunctions,
which relate to modes of vocal fold vibration [20,21]. Conversely, we
propose an approach to fold edge modelling that allows direct control
over the amount of phase delay between oscillations at posterior and
anterior parts of the glottis. Control of lateral phase differences is en-
abled via unbalancing the left and right vocal folds’ natural frequencies.
Thus, our edge displacement model is driven by a low-dimensional
lumped-element scheme, previously introduced in [22] and extended
here to enable sagittal phase differences using delay lines. This allows
to keep the dynamic model simple and computationally efficient. In
summary, the novelty and aim of this work is to extend the previous
model by adding delay lines to enable direct control of sagittal phase
differences, proposing automatic parameter estimation, and testing the
model using 30 snippets of in vivo high-speed videos (HSVs). We
recently presented the principle of our approach and results of 5 of
the 30 snippets [23,24], and provide more thorough explanations and
analyses here.

The remainder of the article is structured as follows. The
lumped/distributed elements mechanical model is described in Sec-
tion 2. In Section 3, a description of the HSVs used to assess the model
is given, and in Section 4, a set of GAW asymmetry parameters are
defined. In Section 5, the reproduction of oscillatory patterns observed
in the data is performed by manual tuning the model parameters,
and in Section 6 an automatic parameter optimization algorithm is
illustrated and assessed on the data. In Section 7 results are discussed
and conclusions are drawn.

2. Description of the model

The modelled vocal fold vibration is driven by mass–spring systems
with stiffness 𝑘, damping 𝑟 and mass 𝑚. Possible lateral asymmetry is
aken into account by using two different single-mass systems, one for
ach fold. The displacements 𝑥 of the masses from its resting position
re obtained via computing the exerted pressure 𝑃𝑚 and the exerted
orce 𝐹 from the transglottal airflow 𝑈 and the inferior glottal area 𝐴𝑖,
sing Newton’s and Bernoulli’s laws.

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑚𝛼 �̈�𝛼(𝑡) + 𝑟𝛼 �̇�𝛼(𝑡) + 𝑘𝛼𝑥𝛼(𝑡) = 𝐹 𝛼(𝑡)

𝐹 𝛼(𝑡) = 𝑃𝑚(𝑡) ⋅ 𝑆𝛼

𝑃𝑚(𝑡) = 𝑃𝑙 −
1
2𝜌

𝑈2(𝑡)
𝐴2
𝑖 (𝑡)

,

(1)

here 𝑆 = 𝑌 ⋅𝑍 is the equivalent fold surface on which the pressure is
xerted, 𝜌 is the air density, 𝑃𝑙 is the lung pressure, the superscripts 𝛼 ∈
𝑙, 𝑟} are used to indicate the left and the right elements respectively,
nd 𝑌 and 𝑍 are the length and the thickness of the folds respectively.
he force 𝐹 𝑙 is perpendicular to 𝑆𝑙 and oriented to the left, whilst 𝐹 𝑟 is
erpendicular to 𝑆𝑟 and oriented to the right. The control parameters
n (1) are the ones that are independent of 𝑡, except 𝜌, which is a
onstant. In particular, the nine control parameters are two masses 𝑚𝛼 ,
wo dampings 𝑟𝛼 , two stiffnesses 𝑘𝛼 , the vocal fold length 𝑌 , the vocal
old thickness 𝑍, and the lung pressure 𝑃𝑙.

Two additional control parameters are the vertical and sagittal
elays, resulting in a total of 11 control parameters. The vertical
2

a

Fig. 1. Schematic view of the model: the vertical (inferior–superior) and sagittal
(anterior–posterior) phase differences of the fold displacement are modelled using three
propagation lines for each fold.

phase difference of the vibration of the fold edges is essential for the
modelling of self-sustained oscillations. It is represented by a delay line
using a delay parameter 𝜏𝑣𝑒𝑟𝑡 of the displacement of the fold along the
vertical axis. The propagation of the displacement along the sagittal
axis is represented by a distributed element introducing a delay 𝜏𝑠𝑎𝑔
(see Fig. 1).

Inspired by the modelling approach in [15], and coherently with the
previous investigation in [22], we align the source of the displacement
with a given point on the fold surface, and propagate the motion along
the surface like a travelling wave. Let 𝑥𝑖-𝑝 be the posterior displacement
of the fold at the entrance of the glottis (inferior, posterior edge), and
𝑥𝑠-𝑝 the displacement at the exit (superior, posterior edge). A collision
model 𝑓𝑋 distorts the folds displacement and adds the offsets 𝑥𝑙0 =
−𝑥0 and 𝑥𝑟0 = 𝑥0, which correspond to the resting positions.1 The
displacements are computed using the vertical delay parameter 𝜏𝑣𝑒𝑟𝑡 as

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑥𝑖-𝑝,𝛼(𝑡) = 𝑓𝑋 (𝑥𝛼(𝑡), 𝑥0)

=
{

𝑥𝛼(𝑡) + 𝑥0 if 𝑥𝑙(𝑡) − 𝑥0 < 𝑥𝑟(𝑡) + 𝑥0
(𝑥𝑙(𝑡) + 𝑥𝑟(𝑡))∕2 otherwise

𝑥𝑠-𝑝,𝛼(𝑡) = 𝑓𝑋 (𝑥𝛼(𝑡 − 𝜏𝑣𝑒𝑟𝑡), 𝑥0).

(2)

The sagittal phase difference of the displacement is also modelled
ere by using a distributed element. The delay of the displacement can
ither be oriented from the posterior end (P) to the anterior end (A)
long the sagittal axis (to model P→A opening and closing), or from
he anterior to the posterior end (to model A→P opening and closing).
he sagittal delay parameter 𝜏𝑠𝑎𝑔 is set according to the desired sagittal
hase difference. The displacements of the anterior edges 𝑥𝑖-𝑎 and 𝑥𝑠-𝑎

re given by:
{

𝑥𝑖-𝑎,𝛼(𝑡) = 𝑥𝑖-𝑝,𝛼(𝑡 − 𝜏𝛼𝑠𝑎𝑔)
𝑥𝑠-𝑎,𝛼(𝑡) = 𝑥𝑠-𝑝,𝛼(𝑡 − 𝜏𝛼𝑠𝑎𝑔)

(3)

We allow 𝜏𝑣𝑒𝑟𝑡 and 𝜏𝑠𝑎𝑔 to be unequal for the left and the right
ocal fold. As shown in Fig. 2, the most anterior edge of the dis-
ributed element is connected to the anterior commissure (amplitude
, fixed position) via straight lines, whereas the most posterior parts
f the distributed elements move freely. This reflects the anatomy of

1 Displacements are considered negative on the left of the sagittal plane,
nd positive on the right.
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Table 1
The set of parameters used in the simulation of Fig. 2.

Symbol Parameter Value

𝑓 𝑙
0 L-fold natural frequency 210 Hz

𝑓 𝑟
0 R-fold natural frequency 180 Hz

𝜏 𝑙𝑠𝑎𝑔 , 𝜏
𝑟
𝑠𝑎𝑔 Sagittal delay 1.81 ms

𝜏 𝑙𝑣𝑒𝑟𝑡 , 𝜏
𝑟
𝑣𝑒𝑟𝑡 Vertical delay 0.13 ms

𝑥𝑙0 , 𝑥
𝑟
0 Rest positions 2.24 mm

𝑌 Vocal fold length 14 mm
𝑍 Vocal fold thickness 3 mm
𝑆 Vocal fold medial surface 42 mm2

𝜌 Air density 1.15 kg m−3

𝑃𝑙 Lung pressure 1000 N m−2

the vocal folds, which are connected at the anterior commissure, but
disconnected at their posterior ends. Finally, a flow model converts the
glottal area into the transglottal airflow. The length of glottis along
the sagittal axis is sliced into 𝑁𝑌 coronal sections, each one of length
𝑌 = 𝑌 ∕𝑁𝑌 . Due to the occasional hiding of the lower edges underneath
he upper edges, the glottal width 𝑤𝑗 (𝑡) at slice 𝑗 is obtained from the

inferior and superior edges’ minima. The cross-sectional glottal area is
computed as the length 𝛿𝑌 times the glottal width. The GAW denoted
as 𝐴𝑔(𝑡) is computed as the sum of all cross-sectional areas along the
sagittal dimension. The flow is assumed to be proportional to the total
glottal area.

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝑥𝑖,𝛼𝑗 (𝑡) = 𝑥𝑖-𝑝(𝑡 −
𝑗⋅𝜏𝛼𝑠𝑎𝑔
𝑁𝑌

), 𝑗 = 1…𝑁𝑌

𝑥𝑠,𝛼𝑗 (𝑡) = 𝑥𝑠-𝑝(𝑡 −
𝑗⋅𝜏𝛼𝑠𝑎𝑔
𝑁𝑌

), 𝑗 = 1…𝑁𝑌

𝑤𝑗 (𝑡) = min{𝑥𝑖,𝑟𝑗 (𝑡), 𝑥𝑠,𝑟𝑗 (𝑡)} − min{𝑥𝑖,𝑙𝑗 (𝑡), 𝑥𝑠,𝑙𝑗 (𝑡)}

𝑎𝑗 (𝑡) = 𝛿𝑌 ⋅𝑤𝑗 (𝑡)

𝐴𝑔(𝑡) =
∑𝑁𝑌

𝑗=1 𝑎𝑗 (𝑡)

𝑈𝑔(𝑡) =
√

2𝑃𝑙
𝜌 ⋅ 𝐴𝑔(𝑡)

(4)

During collision, the cross-sectional areas 𝑎𝑗 (𝑡) = 0.
The Eqs. (1)–(4) are solved numerically after time-discretization

to obtain an estimate of the glottal flow 𝑈𝑔(𝑛𝑇 ), and of the folds’
displacements 𝑥𝑖,𝛼𝑗 (𝑛𝑇 ) and 𝑥𝑠,𝛼𝑗 (𝑛𝑇 ), where 𝑛 is the discrete time and
the sampling interval 𝑇 = 1∕22050 Hz.

By comparing the last equation in (1) and the last equation in (4),
it can be noticed that the inferior glottal area is

𝐴2
𝑔𝑖(𝑡) =

𝑃𝑙
𝑃𝑙 − 𝑃𝑚(𝑡)

⋅ 𝐴2
𝑔(𝑡). (5)

From that it follows that 𝑃𝑚(𝑡) = 0 if the glottis is divergent in the
𝑍 direction, whereas 𝑃𝑚(𝑡) > 0 if it is convergent, given that 𝑃𝑚(𝑡) < 𝑃𝑙
and 𝑃𝑙 > 0. This means that the vocal folds are pushed laterally during
convergence only, and that only expiratory phonation is considered.

The oscillatory patterns are visualized as if the folds were observed
from above, so that they can be visually compared to HSV data. Fig. 2
illustrates the simulation from an example setup in which the natural
frequencies of the left and right fold are different, i.e., 𝑓 𝑙

0 = 210 Hz, and
𝑓 𝑟
0 = 180 Hz. The two sagittal phase delays are 𝜏𝑙𝑠𝑎𝑔 = 𝜏𝑟𝑠𝑎𝑔 = 1.8 ms (the
hole set of parameters of this configuration is reported in Table 1).
iven that the resulting glottal cycle length is approximately 5 ms,

he maximal sagittal phase difference is 0.36 cycles, or approximately
30 degrees. The resulting oscillation is characterized by paramedian
ollision caused by lateral phases differences. Note that the natural
requency of a mass–spring system is 𝑓0 =

√

𝑘∕𝑚∕2𝜋, but the result-
ing observed vibration frequency may happen to be different, due to
coupling of the two vocal folds via the airstream. The direct control of
delays, masses, and spring constants enables convenient simulation of
3

various asymmetric vibratory patterns. p
Fig. 2. Example of oscillatory pattern obtained by lateral mass unbalancing and
laterally symmetric sagittal phase differences (blue stroke represent the superior edge of
the folds, red stroke the inferior edge). Left panel: the vocal folds’ contours as seen from
above; Right panel: displacements of the vocal folds’ contour points at four equidistant
locations along the sagittal axis.

Table 2
Overview of the subjects, their pathologies, and the used HSV snippets.

Subjects Pathologies Snippets

1 Functional voice disorder S1
2 Oedema S2
3 Healthy S3
4 Healthy S4
5 Oedema S5
6 Bamboo nodes S5–S12
7 Laryngitis S3–S16
8 Functional voice disorder S17–S18
9 Functional voice disorder S19–S30

3. Corpus description

A total of 30 video snippets are selected from the Laryngeal High-
Speed Video Database of Pathological and Non-Pathological Voices
[25]. The videos were recorded with a Richard Wolf Endocam 5562,
and audio signals were recorded simultaneously. Video snippets are se-
lected which (i) are auditory rough, i.e., R of GRBAS >= 1 [26,27], and
(ii) have time-invariant sagittal phase differences. R is defined as the
’audible impression of irregular glottic pulses’ [27]. The video snippets
are between 11 and 40 ms long, corresponding to 45 and 160 samples
at the frame rate of 4 kHz. For five video snippets, model parameters
are adjusted manually and qualitative comparisons are made, including
visual comparisons of vocal fold displacements. For the remaining 25
video snippets, automatic parameter optimization is carried out via
comparing the observed and modelled vibration frequencies and time
delays. The first five snippets S1–S5 are from five individual subjects,
and the remaining snippets S6–S30 are from four additional subjects.
Table 2 gives an overview of the subjects, pathologies, and snippets.

4. Timing asymmetry parameters

To quantitatively assess the model’s capability of fitting sagittally
asymmetric vibration, a set of measures related to the GAW are com-
puted.2 To this aim, we refer to the left and the right hemi-GAWs as
𝐴𝐿
𝑔 (𝑡) and 𝐴𝑅

𝑔 (𝑡), which are defined as the time-varying areas of the left
and the right half of the glottis respectively, and satisfy 𝐴𝑅

𝑔 (𝑡) −𝐴𝐿
𝑔 (𝑡) =

𝑔(𝑡). Similarly, we refer to the anterior and the posterior hemi-GAWs
s 𝐴𝐴

𝑔 (𝑡) and 𝐴𝑃
𝑔 (𝑡), which are defined as the time-varying areas of the

nterior and the posterior half of the glottis respectively, and satisfy
𝐴
𝑔 (𝑡) + 𝐴𝑃

𝑔 (𝑡) = 𝐴𝑔(𝑡). A schematic illustration of the hemi-GAWs is
hown in Fig. 3. In each cycle, the time instants corresponding to
aximum areas, i.e., 𝑇𝑅

𝑐 , 𝑇 𝐿
𝑐 , 𝑇𝐴

𝑐 , 𝑇 𝑃
𝑐 with cycle index 𝑐, are obtained

y picking peaks as illustrated in Fig. 4. Finally, lateral and sagittal
iming differences are obtained as 𝛥𝑇 𝐿𝑅

𝑐 = 𝑇𝑅
𝑐 −𝑇 𝐿

𝑐 and 𝛥𝑇𝐴𝑃
𝑐 = 𝑇𝐴

𝑐 −𝑇 𝑃
𝑐

2 Videos are graphically segmented to obtain the spatio-temporal vibration
atterns, i.e., phonovibrograms, as described in [28].
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Fig. 3. Schematic representation of sagittal hemi-GAWs (left), and lateral hemi-GAWs
(right).

Fig. 4. Result of peak picking procedure on GAW (top), lateral hemi-GAWs (centre),
and sagittal hemi-GAWs (bottom).

respectively. In a nutshell, the introduced parameters provide means of
comparing times of maxima of hemi-GAWs, which reflect lateral and
sagittal phase differences.

5. Manual parameter adjustment: Case studies

In this section, the model is assessed qualitatively by empirically
tuning its parameters to replicate some special oscillatory patterns ob-
served in high-speed videoendoscopic data, in which phase differences
and paramedian collisions due to the mass or stiffness/tension unbal-
ancing are observed. First, we aim at reproducing observed oscillatory
patterns of the folds observed in the HSV qualitatively, hence we do
not aim to achieve copy-synthesis yet. An estimate of the period is
obtained from the video data by first obtaining the GAW signals from
HSVs and then performing an automatic search for the GAW peaks.
The parameters of the mass–spring system are then tuned to match the
estimated GAW period and the resulting oscillation period of the model.
Where not specified differently, we use 𝑌 = 14 mm and 𝑍 = 3 mm
in the simulations. The parameter tuning strategy consists essentially
in a set of simple rules: for symmetric patterns, 1. increase(decrease)
the fold natural frequencies 𝑓 𝑙

0 = 𝑓 𝑟
0 to increase(decrease) the resulting

pitch, 2. increase(decrease) the sagittal delay parameter 𝜏𝑙𝑠𝑎𝑔 = 𝜏𝑟𝑠𝑎𝑔 to
increase(decrease) the sagittal phase delay, 3. use negative or positive
𝜏𝑠𝑎𝑔 values to get a P→A or A→P phase delay, respectively; for asym-
metric patterns, 1. decrease 𝑓 𝑙

0 with respect to 𝑓 𝑟
0 to obtain a positive

𝛥𝑇 𝐿𝑅 (or increase it for a negative 𝛥𝑇 𝐿𝑅), 2. increase(decrease) 𝜏𝑙𝑠𝑎𝑔
with respect to 𝜏𝑟𝑠𝑎𝑔 if a visual pattern is observed in the HSV, with
faster(slower) propagation on the left fold than on the right fold, 3.
use same criterion as above to set the sign of the 𝜏𝑠𝑎𝑔 parameters.

In Fig. 5, P→A sagittal opening is simulated by using laterally
symmetric sagittal phase differences. The left and right folds’ oscillating
4

Fig. 5. Selections of frames within the opening phase from (a) a high-speed video
(snippet: 𝑆1), and (b) the model simulation. A posterior to anterior opening pattern is
observed due to a laterally symmetric sagittal phase difference.

Fig. 6. (a) A selection of frames within one cycle from an high-speed video (sub-
ject: 𝑆2), and (b) a selection from the model simulation. The vibration pattern is
characterized by both lateral asymmetry, as well as sagittal phase delay.

frequencies are 𝑓 𝑙
0 = 𝑓 𝑟

0 = 210 Hz, and the two sagittal phase delays are
𝜏𝑙𝑠𝑎𝑔 = 𝜏𝑟𝑠𝑎𝑔 = 1.5 ms, resulting in a sagittal phase delay of 0.315 cycles,
or approximately 113.4 degrees.

Fig. 6 shows a complicated vibration pattern affected by lateral
asymmetry, as well as sagittal phase delay (upper panel), and its
imitation provided by the model (lower panel). The left and right
natural frequencies are 𝑓 𝑙

0 = 125.0 Hz and 𝑓 𝑟
0 = 115.0 Hz respectively,

and the two sagittal phase delays 𝜏𝑙𝑠𝑎𝑔 = 𝜏𝑟𝑠𝑎𝑔 = 1.36 ms. The observed
frequency resulted in 114.5 Hz.

A selection of five recordings (S1–S5) from the Laryngeal High-
Speed Video Database of Pathological and Non-Pathological Voices
described in [25] is used. The HSVs contain sagittal and lateral phase
differences. The peak picking based hemi-GAW analysis is applied to
both the natural video data, and the model simulations thereof. Results
are reported in Table 3 (average over 10 periods).

Snippet 𝑆1 is characterized by a small lateral asymmetry and a small
sagittal phase difference (double pulsing is also observable as a small
secondary peak in the sagittal hemi-GAWs, however we disregard this
component in the present investigation). In the model, the left and right
folds’ natural frequencies are slightly unbalanced and the two sagittal
phase delays are 𝜏𝑙𝑠𝑎𝑔 = 𝜏𝑟𝑠𝑎𝑔 = 0.32 ms.

In snippet 𝑆2, shown in Fig. 6, a complicated vibration pattern due
to lateral mass differences and sagittal phase differences is observed.
The left and right folds’ natural frequencies are 𝑓 𝑙

0 = 125 Hz and
𝑓 𝑟
0 = 115 Hz respectively to obtain a negative 𝛥𝑇 𝐿𝑅 value, and the two

sagittal phase delays 𝜏𝑙𝑠𝑎𝑔 = 𝜏𝑟𝑠𝑎𝑔 = 1.36 ms.
Snippet 𝑆3 is characterized by a moderate 𝑃 → 𝐴 sagittal delay,

resulting in a negative 𝛥𝑇𝐴𝑃 , and a moderate lateral asymmetry. The
natural frequencies are 𝑓 𝑙 = 294 Hz and 𝑓 𝑟 = 346 Hz to obtain a
0 0
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Table 3
Hemi-GAW-based asymmetry analysis. The parameters of the model were tuned manually. The vibration frequency of the model is reported as 𝐹0, the natural frequencies are
reported as 𝑓 𝑙

0 , and 𝑓 𝑟
0 , and the sagittal delay parameters are reported as 𝜏 𝑙𝑠𝑎𝑔 and 𝜏𝑟𝑠𝑎𝑔 . The delays between the left and right vocal folds, as well as between their anterior and

posterior ends are reported as 𝛥𝑇 𝐿𝑅 and 𝛥𝑇 𝐴𝑃 respectively.
Snippet HSV data GAW analysis Model output GAW analysis Model parameters

𝐹0 (Hz) 𝛥𝑇 𝐿𝑅 (ms) 𝛥𝑇 𝐴𝑃 (ms) 𝐹0 (Hz) 𝛥𝑇 𝐿𝑅 (ms) 𝛥𝑇 𝐴𝑃 (ms) 𝑓 𝑙
0 (Hz) 𝑓 𝑟

0 (Hz) 𝜏 𝑙𝑠𝑎𝑔 = 𝜏𝑟𝑠𝑎𝑔 (ms)a

S1 181.0 0.20 0.15 185.4 0.30 0.16 195.0 205.0 0.32
S2 117.0 −0.98 0.64 114.5 −0.78 0.70 125.0 115.0 1.36
S3 285.0 0.65 −0.26 284.3 0.43 −0.25 294.0 346.0 −0.49
S4 222.0 0.01 −0.40 232.9 0.00 −0.45 240.0 240.0 −0.91
S5 222.0 −0.60 −0.35 218.2 −0.42 −0.32 230.0 230.0 −0.05(L),−0.95(R)

aNote: a minus sign in this column means P→A sagittal propagation.
𝜏

Fig. 7. Scheme of the automatic parameter estimation.

positive 𝛥𝑇 𝐿𝑅 value, and the two sagittal phase delays are 𝜏𝑙𝑠𝑎𝑔 = 𝜏𝑟𝑠𝑎𝑔 =
0.45 ms. A negative value of 𝛥𝑇𝐴𝑃 is obtained by propagating the fold
displacement from posterior to anterior.

Snippet 𝑆4 is characterized by a 𝑃 → 𝐴 sagittal delay and lateral
symmetry. The left and right folds’ oscillating frequencies are 𝑓 𝑙

0 = 𝑓 𝑟
0 =

240 Hz, and the two sagittal phase delays are 𝜏𝑙𝑠𝑎𝑔 = 𝜏𝑟𝑠𝑎𝑔 = −0.9 ms.
Finally, snippet 𝑆5 has a laterally asymmetric negative sagittal

phase delay, reproduced by setting 𝜏𝑙𝑠𝑎𝑔 = −0.05 ms, and 𝜏𝑟𝑠𝑎𝑔 = −0.95 ms.

6. Automatic parameter optimization

The results obtained by empirical tuning of the model suggest that
estimates of the vocal folds’ natural frequencies 𝑓 𝑙

0 and 𝑓 𝑟
0 , as well

as of the sagittal phase delay parameters 𝜏𝑙𝑠𝑎𝑔 and 𝜏𝑟𝑠𝑎𝑔 , might be ob-
tained by minimizing a suitable error criterion based on the difference
of hemi-GAW parameters 𝛥𝑇 𝐿𝑅 and 𝛥𝑇𝐴𝑃 . The proposed parameter
optimization scheme is illustrated in Fig. 7.

In the scheme and in what follows, the symbols 𝐹0, 𝛥𝑇 𝐿𝑅, and
𝛥𝑇𝐴𝑃 represent quantities observed in the data through video analytics
procedures, whereas the same symbols with an overline represent quan-
tities resulting from the numerical simulation of the model. For what
concern oscillation frequencies, 𝑓 𝑙

0 and 𝑓 𝑟
0 are the natural frequencies

of the mechanical oscillators representing the folds, 𝐹0 is the resulting
model oscillation frequency, and 𝐹0 is the desired oscillation frequency
as observed in the data.

The parameter optimization algorithm performs an iterative search
in which the error terms 𝑒𝑟𝑟𝐹0 = (𝐹0 − 𝐹0)2, 𝑒𝑟𝑟𝐿𝑅 = (𝛥𝑇 𝐿𝑅 − 𝛥𝑇 𝐿𝑅)2,
and 𝑒𝑟𝑟𝐿𝑅 = (𝛥𝑇𝐴𝑃 −𝛥𝑇𝐴𝑃 )2, are summed into the error criterion using
a linear scalarization model, i.e. 𝑒𝑟𝑟 = 𝑤1 ⋅𝑒𝑟𝑟𝐹0+𝑤2 ⋅𝑒𝑟𝑟𝐿𝑅+𝑤3 ⋅𝑒𝑟𝑟𝐴𝑃 ,
where 𝑤1, 𝑤2, and 𝑤3 are weights that allow to balance the importance
of the error components. In our experiments, we have set 𝑤1 = 1∕𝐹0, so
that the pitch component is a relative error, and we have empirically
set 𝑤2 = 𝑤3 = 1∕0.1, since 0.1 is a typical value assumed for the
𝛥𝑇 parameters. With this choice, the range of the two unbalancing
error components and the range of the relative pitch error become
comparable. In each iteration, the three parameters are minimized one
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after the other according to:

𝑓0 = argmin
𝑓0

𝑒𝑟𝑟

̂𝛿𝑓 0 = argmin
𝛿𝑓0

𝑒𝑟𝑟

̂𝑠𝑎𝑔 = argmin
𝜏𝑠𝑎𝑔

𝑒𝑟𝑟

(6)

where 𝑓 𝑙
0 and 𝑓 𝑟

0 are initialized as 𝑓 𝑙
0 = 𝑓 𝑟

0 = 𝑓0. Afterwards, 𝑓 𝑙
0 and

𝑓 𝑟
0 differ by 2𝛿𝑓0, i.e., 𝑓 𝑙

0 = 𝑓0 − 𝛿𝑓0 and 𝑓 𝑟
0 = 𝑓0 + 𝛿𝑓0; and 𝜏𝑙𝑠𝑎𝑔

and 𝜏𝑟𝑠𝑎𝑔 are assumed to be equal during the minimization of 𝑒𝑟𝑟𝐴𝑃 ,
i.e., 𝜏𝑙𝑠𝑎𝑔 = 𝜏𝑟𝑠𝑎𝑔 = 𝜏𝑠𝑎𝑔 . The pseudocode of the iterative procedure is
listed in Algorithm 1. In summary, first the natural frequency is tuned
to minimize the error, since the frequency is the parameter that has
the most influence on the error. Second, the natural frequencies of
the vocal folds are unbalanced by offsetting them, which primarily
effects the lateral phase difference. Third, the sagittal delay is tuned.
It was chosen to tune the model parameters one by one instead of
in parallel to keep the search fast. This works particularly well with
our model because the individual parameters mostly effect individual
components of the model error in a decoupled way. In particular,
the average of the left and the right vocal fold’s natural frequencies
primarily effected the vibration frequency, the difference between the
left and the right vocal folds’ natural frequencies primarily effected
the lateral phase difference, and the sagittal delay parameter primarily
effected the sagittal phase difference. The tuning is repeated in a loop
until convergence. The chosen strategy has proven to be effective as
compared to a few alternatives we also experimented with.

Algorithm 1 Iterative parameter estimation algorithm
Initialization:
Set 𝑓0 = 𝐹0,
Set 𝛿𝑓0 = 0,
Set 𝜏𝑠𝑎𝑔 = 0
while 𝑒𝑟𝑟 > 𝜖 do
Tune the folds: 𝑓0 = argmin

𝑓 𝑙,𝑟
0

𝑒𝑟𝑟

Unbalance the folds: 𝛿𝑓0 = argmin
𝛿𝑓0

𝑒𝑟𝑟

Set A-P phase delay: 𝜏𝑠𝑎𝑔 = argmin
𝜏𝑙,𝑟𝑠𝑎𝑔

𝑒𝑟𝑟

end while

A comparison between manual and automatic parameter tuning
performed on subjects S1–S5 is shown in Fig. 8. The number of iteration
for the tuning was limited to a maximum of 7, and the value of the
error threshold parameter 𝜖 for early stop was set to 0.1. With this
settings, the iterations required for the five cases varied from 2 to 7. In
general automatic tuning produced comparable or better results, except
for one case (i.e., for subject S3, automatic pitch tuning did not reach
the desired accuracy within the maximum number of iterations).
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Fig. 8. Parameter tuning error: comparison between manual tuning (circle marker) and
automatic tuning (dot marker), performed on subjects S1–S5.

6.1. Exploration of the model behaviour

In this section, the model’s behaviour is explored in terms of nat-
ural frequencies 𝑓 𝛼

0 , vibration frequency 𝐹0, delay parameters 𝜏𝛼𝑠𝑎𝑔 ,
nd observed delay times 𝛥𝑇𝐴𝑃 and 𝛥𝑇𝐿𝑅. The tuning of the model
arameters was performed by the automatic parameter optimization
escribed in Algorithm 1, which minimizes the difference between
bserved parameters and target parameters. In particular, in Figs. 9,
0, and 11, target values shown on the x-axes are tried to be matched
utomatically by only tuning single model parameters.

Fig. 9 shows the relative offset of the natural frequency of the folds
or different vibration frequencies in the range [60−260] Hz. Subglottal
ressure was set to 1300 Pa and to 2600 Pa. It is interesting to note the
ifference between the natural frequency of the folds and the resulting
scillation of the model, due to the nonlinear feedback structure of the
rocessing loop.

Fig. 10 shows the computation of the natural frequency unbalancing
f the two folds to obtain different 𝛥𝑇𝐿𝑅 values, in the range [−1, 1]

ms and for two 𝐹0 values, 100 and 200 Hz.
Fig. 11 shows the computation of the sagittal phase delays 𝜏𝑙,𝑟𝑠𝑎𝑔

to obtain different 𝛥𝑇𝐴𝑃 values, in the range [−1, 1] ms and for
two different fold length values. In this case, it is to note that the
relation between the 𝜏𝑠𝑎𝑔 parameters and the resulting 𝛥𝑇𝐴𝑃 is roughly
proportional, and depending on the vocal fold length 𝑌 only partially.

Figs. 10 and 11 relate the asymmetry parameters to the model
parameters to develop a more intuitive and mechanistic understanding
of the parameters and their relationship.
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Fig. 9. Tuning of the natural frequency of the folds for different vibration frequencies
in the range [60–260] Hz, and different subglottal pressures.

Fig. 10. Computation of the natural frequency unbalancing of the two folds to obtain
different 𝛥𝑇𝐿𝑅 values, in the range [−1, 1] ms.

Fig. 11. Computation of the sagittal phase delays 𝜏 𝑙,𝑟𝑠𝑎𝑔 to obtain different 𝛥𝑇𝐴𝑃 values,
in the range [−1, 1] ms.

6.2. Evaluation using the corpus

The automatic parameter optimization described in Algorithm 1
was carried out on the 30 video snippets (S1–S30) from nine different
subjects, by comparing the observed and modelled vibration frequen-
cies and time delays. The snippets were first analysed to extract the
hemi-GAW parameters of timing and amplitude asymmetry, and the
model parameters were tuned by the iterative algorithm. The results
are reported in Table 4.

Figs. 12, 13, and 14 show Bland Altman Plots of the estimated
and reference vibration frequency 𝐹0, and sagittal phase asymmetry
parameters 𝛥𝑇 𝐿𝑅 and 𝛥𝑇𝐴𝑃 . The x-axes show the means of the pairs of
estimated and reference values, and the y-axes show their differences.
The blue lines and shaded areas reflect the means of the differences, and
its confidence intervals, reflecting the estimation bias. The red lines and
shaded areas are the upper and lower 95%-limit of agreement, and their
confident intervals, reflecting random estimation errors. The blue areas
do not include 0 difference for the frequency, but include 0 difference
for the timing asymmetry parameters. Hence, the estimate of frequency
is biased by approximately 9.28 Hz, but the timing asymmetry estimates
appear to be unbiased. The limits of agreement reflect the intervals
within which 95% of the estimation errors are expected. They are
[−32.17,+50.72] Hz, [−0.54,+0.47] ms, and [−0.85,+0.88] ms for the

frequency, lateral phase difference, and sagittal phase difference.
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Table 4
Model tuned on hGAW-based asymmetry data.

Snippet HSV data GAW analysis Model output GAW analysis Model parameters

𝐹0 (Hz) 𝛥𝑇 𝐿𝑅 (ms) 𝛥𝑇 𝐴𝑃 (ms) 𝐹0 (Hz) 𝛥𝑇 𝐿𝑅 (ms) 𝛥𝑇 𝐴𝑃 (ms) 𝑓 𝑙
0 (Hz) 𝑓 𝑟

0 (Hz) 𝜏 𝑙𝑠𝑎𝑔 = 𝜏𝑟𝑠𝑎𝑔 (ms)a

𝑆1 181.0 0.200 0.150 181.0 0.125 0.155 191.3 194.8 0.319
𝑆2 117.0 −0.980 0.640 115.4 −0.986 0.697 130.6 116.1 1.390
𝑆3 285.0 0.650 −0.260 279.5 0.427 −0.286 287.1 309.1 −0.568
𝑆4 222.0 0.010 −0.400 221.9 0.006 −0.408 230.4 230.5 −0.794
𝑆5 222.0 −0.600 −0.350 220.9 −0.571 −0.366 246.9 225.6 −0.713
𝑆6 267.0 −0.188 −0.375 261.0 −0.189 −0.37 270.0 267.0 −0.732
𝑆7 364.0 0.167 −0.917 369.0 0.159 −0.601 368.0 370.0 −1.16
𝑆8 267.0 −0.0625 −0.25 262.0 −0.0756 −0.257 277.0 276.0 −0.481
𝑆9 250.0 −0.667 −0.917 243.0 −0.612 −0.741 255.0 244.0 −1.47
𝑆10 364.0 0.286 −0.0714 352.0 0.272 −0.187 372.0 379.0 −0.368
𝑆11 333.0 0.575 −0.15 274.0 0.302 −1.12 348.0 371.0 −2.26
𝑆12 333.0 0.325 0.175 320.0 0.324 0.181 341.0 348.0 0.352
𝑆13 308.0 0.361 0.278 302.0 0.35 0.285 316.0 323.0 0.568
𝑆14 235.0 0.722 0 224.0 0.499 0.172 242.0 249.0 0.319
𝑆15 286.0 0.477 −0.5 267.0 0.491 −0.454 281.0 292.0 −0.891
𝑆16 286.0 0.438 −0.125 277.0 0.295 −0.181 298.0 305.0 −0.35
𝑆17 308.0 0.306 0.417 350.0 0.801 1.03 324.0 329.0 1.79
𝑆18 308.0 0.417 0.222 289.0 0.596 0.46 302.0 310.0 0.891
𝑆19 308.0 −0.4 0.05 290.0 −0.305 0.168 312.0 304.0 0.298
𝑆20 250.0 −0.917 0 236.0 −0.925 0.461 247.0 237.0 0.891
𝑆21 308.0 −0.325 0.025 277.0 −0.302 0.181 303.0 287.0 0.344
𝑆22 286.0 −0.611 −0.0833 264.0 −0.438 −0.34 281.0 271.0 −0.66
𝑆23 235.0 −1.0 −0.125 199.0 −0.975 −0.306 221.0 205.0 −0.568
𝑆24 286.0 −0.575 0.275 266.0 −0.567 0.454 272.0 265.0 0.891
𝑆25 250.0 −1.22 0 235.0 −0.454 0.287 250.0 241.0 0.568
𝑆26 308.0 −0.531 0.156 280.0 −0.469 0.28 303.0 291.0 0.535
𝑆27 267.0 −1.08 −0.0556 257.0 −0.537 −0.272 281.0 268.0 −0.534
𝑆28 308.0 −0.556 0.278 372.0 −1.28 −1.63 318.0 305.0 2.26
𝑆29 286.0 −0.95 0.3 265.0 −0.627 0.559 281.0 265.0 1.14
𝑆30 308.0 −0.675 0.275 308.0 −0.627 0.454 315.0 308.0 0.891

aNote: a minus sign in this column means P→A sagittal propagation.
Fig. 12. Bland Altman plot related to 𝐹0 matching. The 𝑦-axis shows the difference
of the vibration frequency 𝐹0 observed in the high-speed video, and the vibration
frequency 𝐹0 observed in the output of the proposed model. The 𝑥-axis shows the
pairwise means of 𝐹0 and 𝐹0.

7. Discussion and conclusions

We discussed the modelling of sagittal phase differences in vocal
folds oscillations by means of a lumped and distributed elements vocal
fold model. The lumped components of the model represent the fold
mass and the aerodynamic interaction with the glottal airflow, whilst
the distributed elements (delay lines) represent the vertical and the
sagittal propagation of the fold displacement. Although the model
retains the main features of a physical model, it also relies on several
simplifications and modelling solutions which are not strictly physically
justified, and it should therefore be classified as a mathematical model.
We address the reproduction of the oscillatory patterns observed in
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Fig. 13. Bland Altman plot related to 𝛥𝑇𝐿𝑅 matching. The 𝑦-axis shows the difference
of the lateral timing asymmetry parameter 𝛥𝑇𝐿𝑅 observed in the high-speed video, and
the lateral timing asymmetry parameter 𝛥𝑇𝐿𝑅 observed in the output of the proposed
model. The 𝑥-axis shows the pairwise means of 𝛥𝑇𝐿𝑅 and 𝛥𝑇𝐿𝑅.

high-speed video recordings of the folds, including vertical and sagittal
phase differences and left–right fold mass unbalancing. The model was
assessed qualitatively, by empirically tuning its parameters to replicate
some oscillatory patterns observed in high-speed videoendoscopic data.
Kinematic asymmetry measures regarding timing were derived from the
peak analysis of the hemi-GAWs and were compared to those obtained
from the HSV data. The comparisons suggest that it is possible to inde-
pendently control the lateral and sagittal phase differences by tuning
the left and right mass unbalancing, and the sagittal propagation delay
respectively. Also, the model parameters were shown to be adjustable
automatically, using an iterative search procedure.
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Fig. 14. Bland Altman plot related to 𝛥𝑇𝐴𝑃 matching. The 𝑦-axis shows the difference
of the sagittal timing asymmetry parameter 𝛥𝑇𝐴𝑃 observed in the high-speed video, and
the sagittal timing asymmetry parameter 𝛥𝑇𝐴𝑃 observed in the output of the proposed
model. The 𝑥-axis shows the pairwise means of 𝛥𝑇𝐴𝑃 and 𝛥𝑇𝐴𝑃 .

Limitations of the study and suggestions for future work include
the following. First, it was assumed that model parameters do not
change over time. In particular, frequencies and timing differences
often change slowly, reflecting intonation-like variations, but also fast,
reflecting perturbation of the voice source. Regarding the latter, mod-
ulations may exist even on a pulse-to-pulse time scale. Since voice
quality may be strongly affected by fast modulations, they should be
considered in future studies. Second, we assumed that the vocal fold
contours are reflected by upper and lower margin only. This restricts
modelled GAWs to have sharp peaks only, whereas smooth vocal fold
contours would allow the simulation of rounded lateral peaks. Third,
the mass–spring system is driven as if there was no vocal tract. The
basic assumption to achieve this is that the pressure 𝑃𝑙, which is given
relative to the supraglottal threshold, is assumed to be constant. This
is a simplification which nevertheless allowed the creation of a quite
realistically looking motion that is driving the delay-lines included in
the model. As a consequence, our model is not capable of rippling
and skewing of the glottal pulse shape caused by the feedback of the
vocal tract. Fourth, one would have expected from first principles that
the speed of the travelling waves depend on the vocal folds’ natural
frequencies. Thus, a lateral unbalancing of the natural frequencies
could result in laterally different delay parameters. However, for the
purpose of automatic parameter estimation, we assumed for now that
the sagittal delay parameters are equal for the two vocal folds. Finally,
one could argue that using the RMS difference of phonovibrograms
instead of timing and frequency differences only would in the future
enable a more complete evaluation of the vibration patterns produced
by the model.
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