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DOUBLING INEQUALITY AT THE BOUNDARY
FOR THE KIRCHHOFF-LOVE PLATE’S EQUATION
WITH DIRICHLET CONDITIONS

ANTONINO MORASSI - EDI ROSSET - SERGIO VESSELLA

The main result of this paper is a doubling inequality at the boundary
for solutions to the Kirchhoff-Love isotropic plate’s equation satisfying
homogeneous Dirichlet conditions. This result, like the three sphere in-
equality with optimal exponent at the boundary proved in Alessandrini,
Rosset, Vessella, Arch. Ration. Mech. Anal. (2019), implies the Strong
Unique Continuation Property at the Boundary (SUCPB). Our approach
1s based on a suitable Carleman estimate, and involves an ad hoc reflection
of the solution. We also give a simple application of our main result, by
weakening the standard hypotheses ensuring uniqueness for the Cauchy
problem for the plate equation.
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1. Introduction

Let us consider the following Kirchhoff - Love plate’s equation in a bounded
domain Q C R?

L(v) := div (div (B(1 — 6)V*v+BoAvh)) =0, in Q, (1.1)

where v represents the transversal displacement, B is the bending stiffness and
o the Poisson’s coefficient (see (2.2)—(2.3) for precise definitions).

Assuming B, o € C*(Q) and given an open portion I" of Q of C®* class,
the following Strong Unique Continuation Property at the Boundary (SUCPB)
has been proved in [8]

Lv=0, in Q,
V= % =0,onT, — v=01inQ, (1.2)

fgmgr(p) V= O(fj‘), as r — 0,Vk € N,

where P is any point in I" and »n is the outer unit normal. The above result is
the first nontrivial SUCPB result for fourth-order elliptic equations. Until paper
[8] appeared, such SUCPB results were confined to second order elliptic partial
differential equations [2], [3], [7], [9], [12], [13], [27], [28], [35].

The SUCPB and the related quantitative estimates (in the form of three
spheres inequality and doubling inequality), turned out to be a crucial prop-
erty to prove optimal stability estimates for inverse problems with unknown
boundaries for second order elliptic equations [5]. The optimality of the loga-
rithmic character of the stability estimates in [5] has been proved in [17]. For
this reason, the investigation about the SUCPB has been successfully extended
to second order parabolic equations [14], [18], [21], [22], [38] and to wave equa-
tion with time independent coefficients [36], [39]. We refer to the Introduction
and the references in [8] for a more complete description of the unique contin-
uation principle in the interior for plate equation and for the SUCPB for elliptic
equations.

An application of the SUCPB proved in [8] to inverse problems has been
given in [34], where an optimal stability estimate for the identification of a rigid
inclusion in an isotropic Kirchhoff - Love plate was proved. A crucial tool used
in [34] is a three spheres inequality at the boundary with optimal exponent [8,
Theorem 5.1].

The main result of the present paper is the following doubling inequality at
the boundary (see Theorem 2.2 for precise statement)

[ w2 < K[ w2, (13)
JB, ()N JB,(P)nQ



DOUBLING INEQUALITY AT THE BOUNDARY FOR A PLATE 29

where K is constant depending by v, but independent of r. It is well known that
also a doubling inequality implies the SUCPB, [24], [23]. The interior version
of the doubling inequality for the plate equation was obtained in [29] and [19]
for anisotropic plates. It is worth noticing that the doubling inequality turns out
to be a more powerful tool than the three spheres inequality. In fact, the dou-
bling inequality in the interior has been employed to investigate the smallness
propagation from measurable sets (of positive measure) of a solution to second
order elliptic equation [30], and to prove size estimates for general inclusions
in electric conductors and in elastic bodies [6], [19], [20], [32]. In particular, in
Corollary 4.1 we give a first simple application of the doubling inequality at the
boundary (1.3), which allows to weaken the hypotheses ensuring uniqueness for
the Cauchy problem for Kirchhoff - Love isotropic plates.

The proof of inequality (1.3) is based on a strategy similar but sharper than
the one followed in [8]. Firstly, similarly to [8], we {latten the boundary I'
by introducing a suitable conformal mapping (see Proposition 3.1). Then we
combine a reflection argument with the following Carleman estimate

3
2 /,O 227y Pdxdy + ) 70 /ka-l 2| DR Py < (14)
. k=0 ~

<C [ p* 2Y(A%U) dxdy,

for every T > 7, for every r € (0,1) and for every U € C7'(B1\ B,/s), where
p(x,y) ~ v/x2+y? as (x,y) — (0,0) (see Proposition 3.5 for a precise state-
ment). We emphasize that, with respect to the Carleman estimate employed in
[8], the presence of the first term in the left hand side of (1.4) is the key ingre-
dient in order to prove our doubling inequality at the boundary. At the best of
our knowledge, Bakri is the first author who derived a doubling inequality in the
interior starting from a Carleman estimate of the kind (1.4) [10], see also [11]
and [40].

The paper is organized as follows. In Section 2 we introduce some notation
and definitions, and state our main result, Theorem 2.2. In Section 3 we collect
some auxiliary propositions, precisely Proposition 3.1 introducing the confor-
mal map used to flatten the boundary, Propositions 3.2 and 3.3 concerning the
reflection with respect to {lat boundaries and its properties, a Hardy’s inequal-
ity (Proposition 3.4), a Carleman estimate for bi-Laplace operator (Proposition
3.5), some interpolation estimates (Lemma 3.1) and a Caccioppoli-type inequal-
ity (Lemma 3.2). In Section 4 we establish the doubling inequality at the bound-
ary, and we state and prove Corollary 4.1. Finally, the Appendix contains the
proof of Proposition 3.5, in which we have presented the arguments in detailed
form for the reader’s convenience.



30 ANTONINO MORASSI - EDI ROSSET - SERGIO VESSELLA

2. Notation and main result

We shall generally denote points in R? by x = (x;,x2) or y = (y1,y2), except for
Sections 3 and 4 where the coordinates in R? are renamed x,y. In places we
will use equivalently the symbols D and V to denote the gradient of a function.
Also we use the multi-index notation. We shall denote by B, (P) the disc in R?
of radius r and center P, by B, the disk of radius r and center O, by Br' , B, the
hemidiscs in R? of radius r and center O contained in the halfplanes R? = {x; >
0}, R? = {x, < 0} respectively, and by R, ;, the rectangle (—a,a) x (—b,b).

Given a matrix A = (a;;), we shall denote by |A| its Frobenius norm [A| =
A ;‘):,-_J- aﬁ-.

Along our proofs, we shall denote by C a constant which may change from
line to line.

Definition 2.1. (C** regularity) Let Q be a bounded domain in R?. Given k, c,
with k € N, 0 < ¢ < 1, we say that a portion S of dQ is of class Ck@ ywith
constants ry, My > 0, if, for any P € §, there exists a rigid transformation of
coordinates under which we have P = 0 and

Qn Rm,ZM[mJ - {x € RF{}-.ZMum | X2 > g(xl )}
where g is a C*¥ function on [—ry, rg] satisfying
8(0) =5'(0) =0,

llgllcta| - rg.r)) < Moro,

where

k
||8||ck-a([ n,,n,_'):z”f) sup |8(‘}|+?{§m|g|k1a,

i=0  [~ro.ro
®) (1) — o)
e sp [EO0O-£901]
1,5C|—rgry) |“‘_S|
t#s

3 2] having middle

plane Q and thickness h. Within the Kirchhoff - Love theory, the transversal
displacement v satisfies the following fourth-order partial differential equation

We shall consider an isotropic thin elastic plate Q x [

L(v) :=div (div (B(1 — 0)V*v+BoAvh)) =0, in Q. 2.1)
Here the bending stiffness B is given by

n? E(x) 5
2955 (o) -



DOUBLING INEQUALITY AT THE BOUNDARY FOR A PLATE

31

and the Young’s modulus E and the Poisson’s coefficient ¢ can be written in

terms of the Lamé moduli as follows

Cp(0)(2u(x) +34(x)) x) = A
S TOESTE A O ESXO))

On the Lamé moduli, we shall assume

i) Strong convexity:

px)=a >0,  2p(x)+34(x) =% >0, in Q,
where oy, 1 are positive constants;

ii) Regularity:

||A’||Cq{ﬁr“}’ ||p||C4(ﬁr[}} i A{)'.!

with Ay a positive constant.
It is easy to see that equation (2.1) can be rewritten in the form

Av=a-VAv+q(v) in Q,

with VB
i=—2-
B
_ Z 1,
i,j=

Let

QF{} - {x € Rr{}-.ZMufu | X2 > g(XI)} ’

Iy = {(x1,8(x1)) | x1 € (—ro,r0)},
with

g(0) =g'(0) =0,

llgllcoa(|ry.ry)) < Moro,

for some & € (0,1]. Let v € H*(€,,) satisfy

Liv)=0, inQ,,

d
v=2""9

== r
an on

7 s

(2.3)

(2.4)

2.5)

(2.6)

2.7)

2.8)

(2.9)

(2.10)

2.11)

(2.12)

(2.13)



32 ANTONINO MORASSI - EDI ROSSET - SERGIO VESSELLA

where L is given by (2.1) and n denotes the outer unit normal.
The assumptions (2.4), (2.11) and (2.5) guarantee that v € Hﬁ(Qr), see for
instance [4].

Theorem 2.2 (Doubling inequality at the boundary). Under the above hy-
potheses, there exist k > 1 and C > 1 only depending on o, W, Ao, My, &, such
that, for every r < & we have

[ [v|* < CN* / [v|?, (2.14)
J BNy, JBNQ,
where s
N = Jm0e, M (2.15)
fgq, ne,, [v[>* .
T 0

3. Preliminary results

In the following Proposition, proved in [8], we introduce a conformal map which

flattens the boundary I, and preserves the structure of equation (2.6).

Proposition 3.1 (Reduction to a flat boundary). Under the hypotheses of The-
orem 2.2, there exists an injective sense preserving differentiable map

@ = (¢,y): [~1,1]x[0,1] - Q,

which is conformal and satisfies

((—1,1) x(0,1)) D By (0)NQy, (3.1

O(([—1,1] x {0}) = {(x1,8(x1)) | x1 € [-r1,11]}, (3-2)

@(0,0) = (0,0), (3.3)

%‘: < |Dd(y)| < % Vy e [-1,1] x [0,1], (3.4)

4 <|D® '(x)| < ﬂ, Vx € ®([—1,1] x[0,1]), (3.5)
o coro

Zhl<1om) < Thl, Ve [-1,1x (0,1, (3.6)

with K > 8, 0 < ¢y < C being constants only depending on M, and «.
Letting
u(y) =v(®(y)), ye[-11]x0,1], (3.7
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thenu € H®((—1,1) x (0,1)) and satisfies
Au=a-VAu+q(u), in (—1,1)x (0,1),
u(y,0) =uy,(»1,0) =0, Vy € (=1,1),

where

a(y) = [Vo(y)* ([D2()] 'a(®(y)) —2V(IVek)| 2)),

33

(3.8)
(3.9)

acC([-1,1] x[0,1],R?), g, = Y\a|<2 caD* is a second order elliptic operator

with coefficients cq € C*([—1,1] x [0, 1]), satisfying

lalles-10)x0,1102) <M1y leallez-1,1)x0.1)) < M,
with M| > 0 only depending on o0, Y, Ao, My, Ct.

(3.10)

In order to simplify the notation, in the sequel of this section we rename x,y

the coordinates in R
Let u € H°(B,') be a solution to

A’u=a-VAu+q(u), in B/,
u(x,0) =u,(x,0) =0, Vxe(—1,1),
with g2 = ¥ 4| <2 caD?,
||a||C3{E]‘ f1[.3‘2} SM': ||C(X||CQ(E1|) SMH

for some positive constant M.
Let us define the following extension of u to Bj (see [26])

— . M(X.,}‘): in BII E
u(x:}) B { 'W(X.,}‘), in B] E

where
w(x,y) = —[ux, —y) + 2yuy (x, =) +y*Au(x, —y)].
We refer to [8] for a proof of Propositions 3.2 and 3.3 below.

Proposition 3.2. Let
F:=a-VAu+q>(u).

Then F € H*(B| ), u € H*(B1),
ANu=TF, inB,

where

B F(x,}’)a I‘.PIBi 1
F(x,y)={ Fi(x,y), an:=

and
Fi(x,y) = —[5F (x,—y) — 6yFy(x, —y) + Y’AF (x,—)].

(3.11)
(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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In the following proposition, we shall denote by F, for k = 2,3, any differ-
ential operator of the form Y4 <;cq()D%, with [leg ||z~ < cM;, where ¢ is an
absolute constant.

Proposition 3.3. For every (x,y) € B, , we have
JFl (x':y) - H(X,y) + (PZ(W))(xvy) + (R?(u))(x: _y)': (320)
where
a
H(x,y) = 6;‘ (Wyx(x,Y) + ttye (2, =)+

12
® a(x,—y), (321
y

as
62 (—w (1,) + ity (v, )

where ay,ay are the components of the vector a. Moreover, for everyx € (—1,1),

Wy (,0) + 1ty (x,0) = 0, (3.22)
Wy (x,0) + tyy (x,0) =0, (3.23)
e (x,0) = 0. (3.24)

We shall also use the following Hardy’s inequality ([25, §7.3, p. 175]), for
a proof see also [37].

Proposition 3.4 (Hardy’s inequality). Let f be an absolutely continuous func-
tion defined in [0,4-o0), such that f(0) = 0. Then

|oef2

JO 5

gs) ds<4 L | m(f'(-?))zd.v- (3.25)

Another basic ingredient for our proof of the doubling inequality at the
boundary is the following Carleman estimate, whose proof is postponed in the
Appendix.

Proposition 3.5 (Carleman estimate). Let us define

plxy) =0 (V@2 (3.26)

where
o(s) = —— (3.27)
(14 V5)°
Then there exist absolute constants T > 1, C > 1 such that
3
42 [p 22 Rdxdy + ¥ 1 [plk}l 2\ Dk Pdxdy (3.28)
: k=0 :

<C / p® 2%(A%U)%dxdy,

for every T > 7, for every r € (0,1) and for every U € Cy'(B1 \ B,/4).
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Remark 3.6. Let us notice that

5 <op(s)<s, Vs<l1,

1

2 2
VEIY < pley) < VP H)2, V(xy) By, (3.29)

4

We shall need also the following results.

Lemma 3.1 (Interpolation estimates). Ler0 <& <1 and m e N, m > 2. For

any j = 1,---,m—1 there exists an absolute constant Cy_ ; such that for every
ve H™(B)),

i
gty +€ "y

IJ”DJVHLZ{BrI) S ij (Srm”D’hv LE(B'_' }) ) (3-30)
See [4, Theorem 3.3].

Lemma 3.2 (Caccioppoli-type inequality). Ler u € H*(B|') be a solution to
(3.11)—(3.12), with a and q satisfying (3.13). For every r, 0 <r < 1, we have

C
D'u < —||lu
D5, < 51

Ly Vh=1,..6, (3.31)

where C is a constant only depending on O, 1 and Ay.

See [8, Lemma 4.7].

4. Proof of the main theorem

Lemma 4.1. Let u € Hﬁ(BI') be a solution to (3.11)=(3.12). There exists a

positive number Ry € (0,1), depending on My only, such that, for every R and

for every r such that 0 < 2r < R < %, we have

R(2r) ** /B u|* +R' ZT/B‘ lul? < (4.1)

2 “ER
r 2T 2 R[} 2T/ 2
(%) ./B;'“”(z) [,
Ry

for every T > 1, with T,C positive absolute constants.

<C(Mi+1)

Proof. Let Ry € (0, 1) to be chosen later and let

Ry
()<r<R<7. 4.2)
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Let n € C5°((0,1)) such that

0<n<l 4.3)
2 R
n =0, in (0,%) U (gR(), ]) , n=1, in [%1§] : (4.4)
dk
Nyl<cr*, in (f,i) . for0<k<4, (4.5)
di* 4’2
an 0= in (R0 2p for0 < k<4 (4.6)
m\ —.,z or . .
dfk (] 1 273 0 <K=
Let us define
§(x,y) =n(VaZ+y2). “.7)

By a density argument, we may apply the Carleman estimate (3.28) to U = &u,
where @ has been defined in (3.14), obtaining

4r2/ p 2 |+ 4.8)

+ 62&[ p 127 pk(& |2+Z,56 Zk/ P22 DR (EW? <
-“'n

k= k=0
<c [ p* P+ pf ZTIAZ(éw)I;
-“'[} "Ry

for T = 7T and C an absolute constant.
Let us set

Jo— / p ZTZ(’}C 4 Du))>+
r-"Z\Brj‘i

k=0

820y (H D)), (49
+/,2\BM’° Y (4 DA, 49)

k=0

Jl _ p8 2TZ(R€\] 4|Dku|)2

ZRU !s\BRU /2 k=0

+ p® 2TZ(R§ D). (4.10)

’ BZR[};'_'&\BRU,!Z k=0
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By (4.3)—(4.10) we have

/Bry

3 3
ZT() Zk/‘ p2ki 21|Dk(§u)|2+2,rﬁ Zk[ p2HI 2T D (E 2 <
k=0 /B, k=0 /By,
SC[I p 21§2|A21¢|2+C/ p¥ 22E2 AP 4+ Cy+C,
8}, JB,

for T > T, with C an absolute constant.
By (3.11) and (3.13) we have

[ p® 2TE2|A%u)? -<CM2/ p® ’Téz): \D*ul?. (4.12)

By (3.17), (3.19) and by making the change of variables (x,y) — (x,—y) in
the integrals involving the function u(x,—y), we can estimate the second term
in the right hand side of (4.11) as follows

[ p*ewuP<c [ p* &)+
,BR“ ,BR“

2 3
+CM.2[ ptrEry |D’“w|3+CM%/ p* TEXY IDMu’. (4.13)
/By, k=0 /B, k=0

Now, let us split the integral in the right hand side of (4.12) and the second and
third integrals in the right hand side of (4.13) over the domains of integration

B, \B 4 By, 1, \B;»- Bog, 3\ B, /o- Then. letus insert (4.12)(4.13) in (4.11),
obtaining

1,'4r2/ p > &+ (4.14)
/B,

3 3
+ZT6 Zk[ p2ki 21|Dk(§u)|2+2,r6 2&/ P20 D (E 2 <
k=0 By, k=0 By,

2
e ot e em? [ pt Y D
b BR h Ru-'Z rf2 =l
+CM2/ - p® 2TZ|DM|2+CM (Jo+J1),
R“,r" rf2 k=0

for T > T, with C an absolute constant, where M| = \;‘MIZ + 1.



38 ANTONINO MORASSI - EDI ROSSET - SERGIO VESSELLA

The second and third integral on the right hand side of (4.14) can be ab-
sorbed by the left hand side so that, by easy calculation, by (3.29) and for
Ry < Ry :=min{1,2(2CM7) '}. we have

3
174,2/ p2 21|§E|2+21_6 2&/ P28 Dy 24 (4.15)
JBg JB: \B'
0 k=0 Ry 2\ r/2
3
+Z 16 2% kaiI Z'rlew|2 <
k=0 ’ BRU;Z\B;;Z

2 2
<c [ p* gy + O Uo+ 1),
T TRy
for T > 7, with C an absolute constant. The first integral on the right hand side
can be estimated by proceeding as in [8, Theorem 5.1]. For completeness we
summarize such an estimate.
By (3.21) and (3.13), we have that

[t EIM P < M+ b+ 1), (4.16)
TRy
with
Ro 0 1 4 1g2
h= [ ([ I ualo et gl ) ax, @.17)
J—Rg \J o

Ro

B [ ([ o)~ nleoop e ) s @)

13:-[ \ ([ U |y (W (x,3) + (e (x,—y) ) p* "‘ii\zdy) dx. (4.19)

Ry o0
Now, let us see that, for j =1,2,3,

I SC/ p ZT§2|D3W|2+CTZ/ p® 2T E2 D P+
/By, /By,

+c[| p® ZT§2|D3H|2+C1:2[| p® TED* > +C(Jy+Jy), (4.20)
JBy, JB

Ry
for T > 7, with C an absolute constant.
Let us verify (4.20) for j = 1.
By (3.24) and Hardy’s inequality (3.25) we gel
0 3 0 3
[ et &L ay<4 [ |8 fual et & v @21

0 0
7 7 7 2
<16 [ ey (x,—)Pp* 2E%dy+16 [ lualx, )P[0, (" 7)[*ay.
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Noticing that |p,| < 1, we obtain

|ay(p4 ’ré)l <2€2 8 2T+2,1_2p6 21’&2: (422)

for T > 7 := max{7,3}.
By integrating over (—Rp,Rp) and by introducing the change of variables
(x,y) — (x,—y), the use of (4.22) in (4.21) gives

h<C [ &p* *uP+C [ 0" TP o [ 8200 2 uf
"u Ru "u
(4.23)

Recalling (4.3)—(4.7), we find (4.20) for j = 1, the other cases following by
using similar arguments.
Next, by (4.15), (4.16) and (4.20), we have

3
4}2/ p? 21|§E|2+ZT6 Zk[ P2 Dy 2y (4.24)
/Bry k=0 By 2\B))»
3
_i_z,rﬁ % P27 phyy 2 <
k=0 I By 12\B, /3

<ot [ pt EDup +CM2/ p¥ 7E DI+
-“'(J
+CM2T? fg p° ZE DUl + CMi T /B p° 2f&lbwlz+Cf"»ffn (Jo+J1),
"Ry ’

for T > 7, with C an absolute constant.

As before, we split the first four integrals in the right hand side of (4.24)
over the domains of integration B;':,Z\Bfmr, BﬂE .;’%\BR /» and B‘f 2 \Bf:,z, and
we observe that the integrals over BR JZ\B , can be absorbed by the left hand

side. Recalling (3.29), for Ry < R, = min{R,2(2CM7}) '} we obtain

3
¢4r2/ p 2 e+ Y 7 Zk/ p* D P (4.29)
J B, k=0 -“'(J ’2\3’1’"’
3
+ z 6 2% / pP 12T DRy 2 < CTEH?(J(]‘FJI):

B Ry/2 \B /2

for T > T, with C an absolute constant.
Let us estimate Jy and J;. From (4.9) and recalling (3.29), we have

w s (07,

/2 k=0 /2 k=0

Z(r" 4D u))? +/ Z (r* 4|D"w|)2}. (4.26)
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By (3.15), we have that, for (x,y) € Br;,2 and k=0,1,2.3,
2+k
ID'wl < C Y " KD u) (x,—y). (4.27)
h=k
By (4.26)-(4.27), by making the change of variables (x,y) — (x,—y) in the
integrals involving the function u(x,—y) and by using Lemma 3.2, we get

To -<C( ) ):r”‘ 3[ D ul? <c / luf?, (4.28)
k=0 B
where C is an absolute constant. Analogously, we obtain
R 2t
I < c( ") [ |uef2. (4.29)
2 By,

Recalling that r < R < %, by (4.25), (4.28) and (4.29), it follows that

2 21‘.'4(2?‘) 2':/ |u|2+’fﬁRl 21[ |L{|2S
/By \B}), JBE\B/,

< 4y / p 2 2r|€.u|z+zfﬁ 2&/‘ p2 127 phy? <

t
k=0 Ru.."l \Br,fz

27
=2 | (r\ 2, (Ro / 2
5CTM2'{(4) Jo 1 +(2) . 1

TRy

7

for T > 7, with C an absolute constant. Hence, we have

(2r) ZT/} } u|* +R' 2?[ lul* < (4.30)

5\B;, By\B/,

L 2 R, 2T
<aii|(5) L (T) ) e
4 2 JBj,
Now, adding R(2r) ** [+ |u* to both sides of (4.30) we get the wished esti-
rf2

mate (4.1) for r < R/2 and R < Ry, with Ry = R. O

Proof of Theorem 2.2. Let us fix R = % in (4.1) obtaining

=1 1-27
R R
—U(Zr) 2?[ luf? + (—”) [ uf? < (4.31)
JB} 4 JB!

Ky /4

<ait|(5) [ (%) 7L e
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for every T > 7, with T, C absolute constants.
Now, choosing T = 1, where

_ ACMN
T =T+logy —— (4.32)
Ro
and
- fB’_‘{ |*¢~*'|2
N = W (4.33)
Bi_z“,r"i u
we have
- 1-27 = 27
(%) [owe=am () [ e
4 JB} 2 /By
Hence, by (4.31), we obtain
R — 9 25
“0(ap) 20 / u|? < CM; (f) ’ / lul?, (4.34)
4 JBj, 4 JB}
where C is an absolute constant. Using(4.33) and (4.34), we have
/ lu? gcﬁ*/ lul?, (4.35)

where C depends on M| only.
Now, let r < 5 < % and let j = [log, (sr ')] (for @ € R', [a] denotes the
integer part of a). We have

2jr§s<2j'|r

and applying iteratively (4.35) we obtain

il 2 75\ log, (CN)
[ [ < (W) [ uP<cw () [ b
JB{ JBT. JB} r JB}!

241,
Finally, coming back to the original coordinates and using Proposition 3.1, we
can choose s = Zr—fr (< %) in the above inequality and derive (2.14)—(2.15), with
Cc=3k O
Ry -
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Corollary 4.1. Assume the same hypotheses of Theorem 2.2 and let E be a
measurable subset of I, with positive one-dimensional measure. We have that
if

Lv=0, in Q,,,

v=29"=|D*|=0, onT,, (4.36)

Dv=0, onE,

then
v=0, inQ,.

Proof. We only sketch the proof and, without loss of generality, let us assume
that I',, is the interval Z,, = (—rp, rp) in the x-axis. Also, for any point P € Z,, =
(—ro,ro) we denote by Z,(P) the interval (P —r,P+r), by Z, = Z,(0).

It is enough to prove that |D3v||21r[} is an A, weight. In fact, by this property
we have that |D3v| =0 on I';, (see [23]) and, by the uniqueness for Cauchy
problem (see [33. Section 3]), it follows that v = 0 in €,,. In order to prove that
|D3v||21r is an A, weight, in view of the results in [15], it is sufficient to prove
that it sgitisﬁes a reverse Holder inequality.

We can rewrite the doubling inequality (2.14) as follows

/B} » |v|2 <y /B' » |v|2, forevery P€ Z, />, and r <ro/C, (4.37)

r

where C > 2 only depends on &, Y, Ao, Mo, o and Cp only depends on o, Y.
Ap, My, o and v, but is independent of r and P (the latter can be achieved by
standard argument, see for instance [19, Proposition 2.1]).

By the stability estimate for Cauchy problem for equation Lv = 0 ([33, Sec-
tion 3]) we have that, for any P € Iruﬁ and any r < ry/4C,

o 168
[ v[* < (H[ |D3v|2) ([ |v|2) : (4.38)
JB}(P) J1,.(P) /B4, (P)

where 6 € (0,1) and C depend on o, ¥, Ag, My, &. By (4.37) and (4.38) we
have

/ v|? gc@/ > < (4.39)
. B;r{P) K B,’ (P)

o 168
<ca(r [ ove) ([, 1) -
T (P) /B, (P)

2 2 \1/8 .7 3 2
= (¢ . .
/ v|= < (CyCr) ' °r / |D7v| (4.40)
. B‘Jr{P}

L2

hence
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Since v € H*(B/), we have that |D3v||z1r{p) e H'2(Z4,(P)), and by the

mn

imbedding theorem we have |D*v| € L9(Z4,(P)) for every g € (0,4-0), see for
instance [1]. Let us fix ¢ > 2. By imbedding estimates, standard trace inequali-
ties, (4.37), (4.40) and by Lemma 3.2 we have

1
3 (7[ |D3v|"‘) ‘< (ra)[ |D4v|2+}.67[ |D3v|2) <
S T5e(P) JB3,(P) JB;,(P)
1 1
2 2
<c(f,,w8) sccensr (. ove)
JB,,(P) J Iy, (P)

hence we have proved the following reverse Holder inequality

1 1
(7[ |D3v|‘=’) "< C(C3c))» (7[ |D3v|2) ' (4.41)
I, (P) J I, (P)

which completes the proof. L

[S1E

5. Appendix

In this Appendix we prove Carleman estimate (3.28). We proceed, similarly to
[16], [31], [40], in a standard way by iterating a suitable Carleman estimate for
the Laplace operator.

In the present section we denote by xy, x> the cartesian coordinate of a point
x € R2.

Proposition 5.1 (Carleman estimate for A). Ler r € [0,1) and let € € (0,1).
Let us define

p(x) = 9 (|x)., for x € B\ {0}, 5.1)
where S
e(s) = ————. 5.2
o) = o (52)

Then there exist Ty > 1, C > 1, only depending on €, such that

I
Tzr/p 2020y + Z % /py"E ZT|Dj‘:;af|2dx§ (5.3)

k=0

SC[p4 20| AulPdx,

for every T > Ty and for every u € Cj (B \E,H).
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Proof. Let u be an arbitrary function in Cy’ (Bl \Er;"‘) and let us express the

two dimensional Laplacian in polar coordinates (p, 1), that is (here and in the
sequel S' = dB))

1 1
Au:uperEuerEu,,ﬂ, forp >0, €S (5.4)
By the change of variable p = ¢', u(t,9%) = u(é', ), (t,9) € (—e0,0) x S! we
have
e (Au)(e',B) = Lt := (it + gy (t,8), for (1,0) € (—o0,0) xS'.  (5.5)

For sake of brevity, for any smooth function &, we shall write &', h”, ... instead
of hy, hy, ... By (5.1) we have (here and in the sequel we omit the subscript €)

@(t) :=log(¢(e')) =t —¢€ 'log(1+€*), forte (—e,0). (5.6)
We have
’ 1 " o ee* .
q}(f)—m, (P (f)——m, [()TFE(—OO,{)). (5?)
Let

f(t,9) =e "u(t,0), for (1,19) € (—e0,0) x S'.

We have
Lofi=e L) = 29" f+ 200 4 PO [ 4 fog.  (5)
Acf Sef
Denote by [(-) the integral [*_ Jei (+)d¥dt and let
LI 5.9
?’-—a— +e. (5.9

We have

_[?Iﬁrfl2 > /YIATfIEJrz_[yATfSTf, (5.10)
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2 [yAcsSef =2 [ (9" +200'F) foo+ (5.11)
+2 [y(fgo”f'+2f(p'f’) (P9 f+f") ==L +b.
Let us examine /.
By integration by parts and taking into account (5.9), we have
h=2 [ (19" ffoo +2579'f fao) =
=2 [ (~ere"r3—2e19'raso) =2 [ (~er9"s3 oo (73)') =
' I 2 ‘ eSt 3
= 217/]&0 fo= 2817/ Trealo
Hence, we have
eSf 5
I :281"/@)‘,3. (5.12)
Now, let us consider 5.
By integration by parts, we have
I2 -2 /"]’(TB(PHQOQ)‘Q +213(Pf3ffr + Tﬂoﬂffﬂ—Fqu)’f’f”) _ (5_13)
_5 /T3ygo”(p’2f2 +7 (79" (fz)’ —t(y"f) f + Tyl (17)

!

Since y¢' = 1, we have

[ro (72 = [ =0, (5.14)

and the last term in the last integral of (5.13) vanishes. By considering the first
and second term in the last integral of (5.13), we have

2 [ 10 2 () (1) =
— 2.[ T3¢r;§0:f-2 _ ((P,Q)ffg — 273 / (P”ﬂorfz.

By (5.7), we have
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qo”go’— ge!
(1+ett)
and, therefore,
"on 3\ [ 2\ 3 g 5
2 [ €992+ 7 (197 (1) =22 /mf : (5.15)

Concerning the third term in the last integral of (5.13), we have

2 [ e (ro"s) £ =25 [~y 12~ (v9") £f =
_ 21:/ —ye" 17 — % (ve")" >

and, by (5.9), (5.7), we have

In addition, it is easy to check that

83881[
‘('J’(P m, forevery t € (—o0,0),
hence
J eet et
> - - 7 - -
/ '}’Q}f f _21./1+€£’f T, (1_|_gst)3f (5.16)

By using inequalities (5.13)-(5.16), we have

3 ee* 2.2\ £2 o
L>2t /m(l—er )/ +2‘r[1+£tf > (5.17)
>'r
- /(1+eH 1+8‘ ’

for every T > £//2.
By (5.11)-(5.17) we have
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'/YILTJ"IZ > /YIATfIZJr (5.18)
et _ ! .
w20t [ (TG ) e [

for every T > £/+/2 and for every f € Cy((—e°,0) x S").
In order to obtain the first term on the left hand side of (5.3), inspired by
[10, Theorem 2.1], we use the first term on the right hand side of (5.18).
Observe that by the trivial inequality (a+b)* > $a*>—b* and by (5.7). (5.9).
we gel

. 1 i »
[ 1145t =3 [1eo's)’ = [1(e0"s)’ - (5.19)
2 1 2 2 eZEt L e
:21,'“./‘1_'_83;]‘”_8 TZ‘[mfz, forevery T > E

By inserting the inequality (5.19) in (5.18) we have

) 1 ) e (1—et IEE! 2
[ricaiz2e [lames [SE2S e cm

e A2 -2 - £
—|—281:‘ e (f —i—ff,) , forevery 7 = E
Now, noticing that (l —ET 'eg‘) > 1/2 for every T > €/2 and by using the
trivial estimate -z > 1/2 for 1 € (—e,0). (5.20) gives

3

[ricap=2 [ 2450

S | eEIf-Z_i_ST'/eSI (ffz_i_fg), (5-21)

for every T > %
Now, by Proposition 3.4 we have

0 |
(1, %)e 'dr = / s 2f2(logs, ¥)ds < (5.22)
J oo J0

I 2 0
<4 / ‘aif(logs, ¥)| ds=4 / f2(r,0)e 'dt, forevery ¥ € S'.
Jo |ds Je

On the other side, since f(r,7%) = 0 for every t < log(r/4), by (5.22) we
have
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0

P 0)e ‘dr<4/mg 2, e tdt < 22 /; (1,9),

for every ¢ € S'.

By integrating over S! the above inequality and by using (5.21), we have

16 16 €
2ot < — "2-< [ L f > —. 5.23
[rer<= s LS, forevery £ (5.23)
By (5.23) and (5.21) we have
C [ L f? > et [ e f2+ (5.24)
. . ' £
+eT [e” (f?+f3) +7°r /fze !, forevery T > 7

where C 1s an absolute constant.

Now we come back to the original coordinates. Recalling that f(r,¥) =
e "Pu(e', 1), and by using (5.1), (5.5) and (5.8), we have

0 0
[ [ecPava= [ [ o200 @u)e, 0)Pavar= 525
® M-S - M-S

1
_ / / e 290080) 03| (i) (¢, ) Pl Bdp = / p x| Auf2dx.
Jo Js 4 By

Similarly, we have

0
[ . e 'dddt = /B p *Tlx| uldx (5.26)
. o0 W ~ 1

and

0
/ fref'dddt = [ p x[f Zuldx. (5.27)
— /B,

Concerning the second integral on the right hand side of (5.21), let 6 € (0,1) to
be choosen later, we have

/0 / (7% +£5) dt‘»‘dr>5[0 / (f*+f3)dvdr > (528

Y%

g/ /Ie“e 200 (| (e, ) Pe® + [ug (¢!, 0) 2 — 222[u(e', 0)?) dddr =
J oo J§

5
:5[3 p 2 2 (|2 Vuf? — 222(u?) dx
" 1
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Choosing 6 = %, and by (5.24) and (5.25)-(5.28), we have

€ 7
C/ p 2f|x|2|Au|2dxz£/ p 2 x|f|Vul2dx+ (5.29)
- B] R BI

+8T3 21 g2 2 21y -3 2
— | p x| wdx+t | p “F|x| “wdx,
2 J By J By

for every T > % and for every u € Cj(B1\ B,/4). Finally, since by (5.1) we
have ]
2 Hal < p(v) < Il

we can replace T in (5.29) by (7 — 1) and we obtain the desired inequality (5.3).
O

In order to prove Proposition 3.5, we need the following

Lemma 5.1. Given { € C*(B,\ {0}) and u € C3 (B, \ {0}), the following iden-
tities hold true:

/guAu =— [(§|V1¢|2+ (Vu-VQ)u), (5.30a)
/ £Y |9l = / (—D*CVu-Vu+AL|Vul+ £ (Aw)?),  (5.30b)
] =& .
/g Y (O = — [gAuA2u+ (5.30¢)
S et -

/ (—tr(D2uD*C D) + AL | DPul + %AC(AH)Z).
Proof. Concerning (5.30a) it is enough to note that
/CuAu - [vu-V(gu) - /(C|Vu|2+(Vu-VC)u). (5.31)

In order to prove (5.30b), let us compute

/C(ﬂ’-‘)z = / i £0jjudu =

Jk=1

2 2
[ X @u&osunct S = [ Y @ q0du-+ 3)(E0u) 9 =

Jk=1 J.k=1

_ /ngvu-ng Y [pul+2 Y dgauudju.

Jk=1 Jok=1
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Noticing that dudju = %3k(8ju)2 and integrating by parts the last term on the

right hand side of the above identity, we obtain (5.30b).
In order to derive (5.30c¢), let us apply (5.30a) to Au, obtaining

/ CAuN u = —/(C_,’|VAL¢|2+ (VAu-V{)Au). (5.32)

From (5.30b), we have
2
_ [ (VAU = — / w(DUD*CD%) — AP+ Y |0l (5.33)
- h i,j.k=1

and. 1n addition,
/(VAu VO Au=——= [Z 9;C9;(Au)* /AC_,’ (Au)>. (5.34)

From (5.32)—(5.34), identity (5.30c¢) follows. O

Proof of Proposition 3.5. Letr € (0,1). For the sake of brevity, given two quan-
tities X,Y in which the parameter T in involved, we will write X < ¥ to mean
that there exist constants C,C’ independent on 7 and r such that X < CY for
every T > (.

Let U be an arbitrary function of C5(By \ B, ). By applying (5.3) to u = AU
we have

/px 2 A2y 2 = [,04 2( 2)|A(AU)|ZZ (5.35)
27 [p 2 DauP =2 [ p

4 /p > 2*|UP, forevery U € Gy (By \ B, /a).

Similarly we have

/ps 2|2y > 3 /pe A Ay P = (5.36)
_ 3 [,04 25 9)|AUPR >
> 76 /pzs 2|2 4 1 /pzue 2|y 2,

hence, by (5.35) and (5.36), we have
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42 /p 2212 4 16 /pZS 2|2+ (5.37)
St /p2'2£ 2|y < /px 2| A2y 2.

Now we estimate from above the terms with second derivatives of U.
Let us apply Lemma 5.1 with { = {; := p*'%¢ 27_ Since

VG| < 7p?'2 2% and  D?G| S o2p? 2 %7, (5.38)

by (5.30b) and (5.38) we get

/p4|2£ 2| D2y < /p4|2£ 2 (AU + 72 [p2|2:5 2|y, (5.39)
By (5.3) we have
[p4125 2 AU = /ps A2 9P < (5.40)
S‘T 3[p81£ 27|A2U'|2§’r 3/p8 2|20 P

Now, we can use (5.37) to estimate the second integral on the right hand side of
(5.39), obtaining

2 /pz}zs 2\yyPR <t 2/p8 2| A2U P (5.41)

By (5.39), (5.40) and (5.41) we have

1,:2 [p4128 2T|D2U|25 /px 2T|A2U|2‘ (5-42)

Let us estimate from above the terms with rthird derivatives of U. To this
aim, we apply Lemma 5.1 with { = {, := p®'2¢ 27 and likewise to (5.38) we
have

|VCZ|5TP5}2£ 21.'1 and |D2g2|5,1_2p4|28 21" (543)

By (5.30c) and (5.43) we have

/pmze 2DUP < /pmze 2\ AU || AU | + 72 /p4|2£ 2D2UP. (5.44)
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As next step, we estimate from above the first term on the right hand side of
(5.44) as follows

| 1 .
/pmzs 2 AU | A2 | < S /pmzs 2T|AU|2+§ /pxub 222y 2,

The above inequality, (5.42) and (5.44) give

/pﬁ}ZE 2T|D3U|25 /p8 2T|A2U|2. (545)

Summing up, (5.37), (5.42) and (5.45) we have

3
0 s o o 5 [ 0 s

k=0

Finally, choosing € = % in (5.46) we obtain the wished estimate (3.28). O
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